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ON SIMPLE SINGULARITIES OF SKEW-SYMMETRIC MATRIX FAMILIES

Abdrakhmanova N. T. (Russia, Moscow)
Lomonosov Moscow State University
abd.nelly@yandex.Tu

Astashov E. A. (Russia, Moscow)
Lomonosov Moscow State University
ast-ea@yandex.Tu

There exists a number of papers devoted to the classification of smooth or analytic matrix
families. Such families naturally appear in the study of binary differential equations, dependency sets
of vector fields on manifolds, as well as in connection with other problems in differential geometry.
It is natural to consider such families up to G-equivalence, i. e., up to parameter-dependent linear
base changes and parameter changes.

In [1] analytic families of square matrices, which can be viewed as linear maps between
equidimensional spaces, are considered. In particular, normal forms of G-simple mappings (i. e.,
those having a finite number of adjacencies) are obtained. An ideologically similar paper [2] is
devoted to the study of analytic families of symmetric matrices. In [3] analytic families of skew-
symmetric matrices are considered. In particular, a complete classification of two-parameter and a
partial classification of three-parameter 4 x 4 simple skew-symmetric matrix families are obtained.

We obtain a necessary existence condition for G-simple analytic skew-symmetric matrix
families in terms of number of parameters, matrix size and 1-jet rank. We also classify
skew-symmetric matrix families with 1-jet of corank zero. Our work is generally inspired by
aforementioned papers [1] and [2], while our results are new compared to those obtained in [3].

Our main results are as follows.

Theorem 1. If either of the following conditions holds, then there exist no G-simple skew-
symmetric n X n matrix germs with r parameters:

(a) n=r=>5;

(b)n>6and3<r<@—3.

Theorem 2. Any skew-symmetric n X n matriz germ that has 1-jet of rank
linear map between the parameter space and the skew-symmetric n X n matriz space is G-simple and
G-equivalent to the germ

-1
D) s a

0 r12 .- e T1,n
—r12 0
)
0 Tn—1,n
—Tin - oo T Ip—1n 0

where each entry above the main diagonal is a different parameter z; ; (1 <1 < j < n).

Theorem 3. Assume that A is a skew-symmetric n X n matriz germ with r parameters that
has 1-jet of rank s as a linear map between the parameter space and the skew-symmetric n X n matrix
space. If one of the following conditions is satisfied, then A is not G-simple:

(a) n=s5=2>5;

(b)n>6and3 <s< N —3;

(c)n>=3,7r>3, and s = 0;

(d)n>=5r=2 and s =0.
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RATIONAL INTEGRALS OF MAGNETIC GEODESIC FLOWS ON 2-SURFACES

Agapov S.V. (Russia, Novosibirsk)
Sobolev Institute of Mathematics
Novosibirsk State University
agapov.sergey.v@gmail.com, agapov@math.nsc.ru

In the talk we will consider integrable geodesic flows and also magnetic geodesic flows on
2-surfaces having an additional rational in momenta first integral. We will describe various
approaches which allow us to construct new integrable examples of metrics, magnetic fields and
such integrals.

The talk is based on joint work with Vladislav Shubin.
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MODELING OF CIRCADIAN OSCILLATOR FUNCTIONING!

Akinshin A. A. (Russia, Novosibirsk)
Sobolev institute of mathematics
andrey. akinshin@gmail.com

Golubyatnikov V.P. (Russia, Novosibirsk)
Novosibirsk state university
golubyatn@yandex.Tu

Kirillova N. E. (Russia, Novosibirsk)
Sobolev institute of mathematics
n.kirillova@g.nsu.Tu

We study non-linear smooth kinetic dynamical system
i1 = ki(D1(z2) - m(w3) — 21); @e = ke(Le(s) - Le(1) — 20); £ = 2,3, 4;

&5 = ks(T's(x6) — x5); @6 = ke(Le(x4) — x6); (1)

as a 6D model of circadian oscillator in order to find cycles in its phase portrait. Similar model was
proposed in [1]. All the variables denote concentrations of the components, the rates of their natural
degradation are characterized by positive coefficients k;; here and below 1 < j < 6.

Positive functions L; are monotonically decreasing, they describe negative feedbacks, L;- < 0.
Positive functions «1, I';, increase monotonically, and describe positive feedbacks, F; > 0. See [1],
[2] for biological interpretations. We do not specify in our theoretical studies analytic forms of all
these functions.

Inequalities (2) imply uniqueness of an equilibrium point Sy of the system (1):

LyLiT) Ty > LY LoTyTh;  LaLiTT3 > L) L3TyT%. (2)

These conditions are just sufficient for uniqueness of this point Sp.
Theorem, [2]. If the conditions (2) are satisfied, and

—Lgl5Laly > 8 — 2(T17) LT3 + Ty LyTa),

then the point Sy is unstable, and the system (1) has a cycle.
All the derivatives L;-, F;-, 4 here and the values of these functions compose the linearization
matrix M of the system (1) at the equilibrium point Sy.
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s =

Fig. 1: Projections of a trajectory of the system (1) and its limit cycle onto 2D plane

Now, we have performed numerical experiments with trajectories of the system (1)
and their limit cycles (see an example on the Figure 1) using special cloud application
https: //andreyakinshin.shinyapps.io/clock-bmall /
2D plane mentioned above corresponds to the pair of eigenvalues of M which have positive real
parts. In some cases, we have observed here bifurcations of cycles.

For some other dynamical systems of biochemical kinetics, we have proved existence of at
least two cycles in their phase portraits.
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BOJARSKI-MEYERS ESTIMATES OF SOLUTIONS TO ZAREMBA PROBLEM
ON A FRACTAL FOR LAPLACIAN?

Alkhutov Yu. A. (Russia, Vladimir)
A.G. and N.G. Stoletov Vladimir State University
yurij-alkhutov@yandez.ru
Chechkin G. A. (Russia, Moscow)
Lomonosov Moscow State University
chechkin@mech.math.msu.su

Consider a bounded Lipschitz graph plane domain D = {(z,y) : 0 <z <1, 0 <y < 1}. We
define the Sobolev space of functions W} (D, F'), where F C {(x,y): 0 <z <1, y =0} is a closed
set, as a completion of functions infinitely differentiable in the closure of D and equal to zero in a
neighborhood of F', by norm

1/2
lolwgoi=( [ars [1vopas) .
D D

A priori, the functions v € Wi (D, F) are assumed to satisfy the inequality

10 o0y < C I Vo |y - (1)

!Supported by RFBR grant 20-31-90011.
2The work of the first author (AYuA) were supported in part by RSF (project 22-21-00292).
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We consider the Zaremba problem

0
Au=1 in D, wu=0 on F, =0 on G, (2)
on
where G = 0D \ F, and g—z is the outward normal derivative of the function u, and [ is a linear
functional on the space W3 (D, F).
A variational solution to problem (1) is a function u € W} (D, F') subject the equality

/Vu-Vgodac:/f~Vg0d:c
D

D

for any ¢ € W4 (D, F). Here f = (f1, f2), f; € La(D), appears in the representation of the functional
l due to the Hahn-Banach theorem.
Let {/;} be a decreasing sequence of positive numbers such that 21,11 <; (j =1,2,...) and
let Ay be a closed interval {(z,y) : 0 <z <1, y =0} . Denote by E; the subset of Ay, which is the
union of two closed intervals As and A3 with length 5 and which contains both ends of the interval
Aq. Thus, we remove from the interval Ay the interval of length I; — 2l centered in the middle of
Aj. Next, we repeat the procedure with the intervals Ay and Ag (here the role of Iy passes to l3)
and thus obtain four closed intervals with length I3. Let their union be denoted by Fs and so on.
oo

We put F' = (] Ej. It is clear, that the compact F' is the classical Cantor set on the segment [0, 1].
j=1

Moreover, inequality (1) is valid and hence we have the unique solvability of problem (2).

2
Theorem. If f € (L2+5O(D)) , where 6y > 0, then there are positive constants 0(dp) < dg
and C(0g) such that for solution of problem (2) the following estimate holds:

/|Vu|2+5dx < C’/\f|2'HS dx.
D D

References

[1] Alkhutov Yu.A., Chechkin G. A., Increased integrability of the gradient of the solution to the Zaremba
problem for the Poisson equation. // Russian Academy of Sciencies. Doklady Mathematics 103 (2),
69-71 (2021) (Translated from Doklady Akademii Nauk 497 (2), 3-6 (2021))

[2] Yu.A. Alkhutov, G. A. Chechkin, The Meyer’s Estimate of Solutions to Zaremba Problem for Second-
order Elliptic Equations in Divergent Form // CR Mécanique, V. 349 (2), 299-304 (2021)

ON ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO HIGHER-ORDER DIFFERENTIAL
EQUATIONS WITH EXPONENTIALLY OR POWER-SMALL PERTURBATIONS?

Astashova I. V. (Russia, Moscow)
Lomonosov Moscow State University
Plekhanov Russian University of Economics
ast. diffiety@gmail.com

Concider the equation

n—1
g™+ 3 0@y = p(a)lyFseny + f(), (1)
j=0
where k£ > 1, n > 2, the functions p, f, ao, ..., a,—1 are continuous for > 0. We discuss qualitative

and asymptotic properties of solutions to (1). (See, for example, [1-2] and references therein.)

3This work was partially supported by RSF, grant 20-11-20272.
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Theorem 1. If f =0, the continuous functions ag, ...,an—1 and p satisfy the conditions

o

/x”_j_1|aj(x)|da:<oo forall j € {0,...,n—1} (2)
xo
and, for some integer number m € {0,...,n — 1}, the condition
[ar i ) de < o, 3
o

then for any C # 0 there exists a solution y to equation (1) satisfying, as x — oo,

- Cm!zmI

(4) zaes ;

yV(x) ~ - for all j € {0,...,m},
(z) (m —j)! { }

o0

y(z) =0 (z™77) and /sj_m_l ’y(j)(s)} ds <oo forallje{m+1,...,n—1}.

Theorem 2. ([5]) Ifa; =0 for j =0,...,n — 1, the function f in equation (1) satisfies the
condition

|f(z)| < Ce P, C >0, B>0,

and p is a bounded continuous function, then for any vanishing at 400 solution y(x) to equation
(1) there exists a unique solution z(x) to equation (1) with f =0 such that

ly(z) = 2(2)| = O(e™),  z— o0, (4)

and vice versa, for any vanishing at +oo solution z(x) to equation (1) with f = 0 there exists a
unique solution y(x) to equation (1) such that condition (4) holds.

The same result ([5]) is obtained for power-small perturbations f.

Remark. Asymptotic behavior at infinity of solutions to equation (1) with additional
conditions for the function p and the problem of the asymptotic equivalence of solutions is described
in [3-5].

An extension of Theorem 2 for equation (1) with a; # 0, under conditions similar to (2)-(3)
is also discussed.
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STABILITY AND CHAOS IN PERTURBED 4-DIMENSIONAL INTEGRABLE MAPS

Bain D.D. (Russia, Yaroslavl)
P. G. Demidov Yaroslavl State University
danila.bain @yandez.com

Bountis A. (Russia, Yaroslavl))
P. G. Demidov Yaroslavl State University
tassosbountis@gmail.com

It is well-known how stability and chaos arises in perturbed integrable 2-dimensional maps
as, for example, the so-called McMillan map [1, 2]. Moreover, in the case of two weakly coupled
such maps, chaotic behavior has been studied in the vicinity of unstable fixed points and periodic
orbits. Very little is known, however, of how chaos arises in more general integrable 4-dimensional
maps found in the literature [3|. The main purpose of this work is to study perturbations of such
4-dimensional integrable maps and compare their dynamics with the case of two coupled McMillan
maps, which is more familiar from the theory of 2N-dimensional conservative dynamical systems.
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ANALYSIS OF THE ORBITAL STABILITY OF PENDULUM OSCILLATIONS OF A SYMMETRIC
RIGID BODY WITH A FIXED POINT IN A UNIFORM GRAVITY FIELD*

Bardin B. S. (Russia, Moscow)

Moscow Aviation Institute (National Research University)
Mechanical Engineering Research Institute of the Russian Academy of Sciences
Moscow Automobile and Road Construction State Technical University (MADI)

bsbardin@Qyandez.ru

Maksimov B. A. (Russia, Moscow)
Moscow Aviation Institute (National Research University)
badmamaksimovl @gmail.com

The motion of a rigid body with one fixed point in a uniform gravitational field is considered.
It is assumed that the body is dynamically symmetrical and its main moments of inertia relative to
the fixed point are in the ratio 1:1:4. Due to the dynamic symmetry of the body, periodic pendulum
oscillations are possible about the main axis of the ellipsoid of inertia located in its equatorial plane.
Such motions are unstable in the sense of Lyapunov, but the problem of their orbital stability is of
interest. If the center of mass of the body lies in the equatorial plane of the ellipsoid of inertia, then
the Goryachev-Chaplygin integrable case takes place. The orbital stability of pendulum periodic
motions of a rigid body in the case of Goryachev-Chaplygin was studied in [1-4].

In this work, no restrictions are imposed on the position of the center of mass of the body.
In this case, the problem has two parameters. The first parameter determines the position of the
center of mass and is the angle between the position vector of the center of mass and the equatorial
plane of the ellipsoid of inertia, the second parameter is the amplitude of oscillations. The aim of
this work is to study the orbital stability of pendulum oscillations.

In the case when the amplitude of pendulum oscillations is small, the analysis of orbital
stability can be carried out analytically. For this purpose, the equations of motion were written

“The study was carried out at the Moscow Aviation Institute (National Research University) with a grant from
the Russian Science Foundation (Research 19-11-00116).

23



in Hamiltonian form. Using the methodology of [5], local coordinates were introduced in the
neighborhood of unperturbed periodic motion, and the problem of orbital stability of pendulum
oscillations was reduced to the problem of stability of the equilibrium position of a second-order
system with periodic coefficients. Hence, by the Depri-Hori method, a linear canonical change of
variables was constructed, which reduces the quadratic part of the Hamilton function to normal
form. Based on the analysis of the normalized linear system, the regions of parametric resonance,
inside which the oscillations are orbitally unstable, were analytically constructed. For the values of
the parameters outside the regions of parametric resonance it was found that pendulum oscillations
are orbitally stable almost everywhere.

In the case when it is not possible to introduce a small parameter, rigorous conclusions about
the orbital stability can be obtained using the technique developed in [6]. This technique reduces
the problem of orbital stability of periodic motions to the problem of Lyapunov stability of a fixed
point of a symplectic mapping generated by a phase flow of a system of equations of perturbed
motion. In this paper, the indicated symplectic mapping was constructed up to terms of the fifth
degree in the expansion of its right-hand side in a power series of canonical variables. This made it
possible to apply the methods of the KAM theory and obtain rigorous conclusions about the orbital
stability of pendulum oscillations for all possible values of the parameters.
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ENERGY FUNCTIONS FOR DIFFEOMORPHISMS GIVEN ON SURFACES®

Barinova M. K. (Russia, Nizhny Novgorov)
HSE University
mkbarinova@yandex.Tu

If the chain recurrent set Ry of a diffeomorphism f given on a closed n-manifold M" is
hyperbolic (equivalently, f is an {2-stable) then it coincides with the closure of the periodic points
set Pery and its chain recurrent components coincide with the basic sets.

A Lyapunov function for a diffeomorphism f : M™ — M™ is a continuous function ¢ : M™ — R
with the following properties:

1) if o ¢ By then o(f(2)) < o(a);

2) if z,y € Ry then p(x) = ¢(y) iff  and y are in the same chain component;

3) ¢(Ry) is a compact nowhere dense subset of R.

A Lyapunov function ¢ : M™ — R for a diffeomophism f : M™ — M"™ is called an energy
function if Cr, = Ry, where Cry, is a set of the critical points of ¢.

Analogically definitions can be done for a flow f! given on a manifold M™. It follows from
the results of C. Conley [1], that a Lyapunov function exists for any dynamical system, flow or

5The author is partially supported by Laboratory of Dynamical Systems and Applications NRU HSE, of the
Ministry of science and higher education of the RF grant ag. No 075-15-2019-1931.

24



diffeomorphism. This fact is known as “The Fundamental Theorem of Dynamical Systems”. For
energy functions the analogical fact is not true. The first example of a Morse-Smale system which
does not possess an energy function has been constructed by D. Pixton [2].

Starting from the dimension n = 2 a basic set of an {)-stable diffeomorphism f : M"™ — M"
can be non-trivial, i.e. other than a periodic orbit. The first result is about an existence of an energy
function for Q-stable diffeomorphisms given on surfaces with non-trivial attractors and repellers.

Theorem 1. Every Q-stable diffeomorphism f : M? — M?, whose all non-trivial basic sets
have positive dimensions, possesses a smooth energy function which is a Morse function outside
non-trivial basic sets.

The question about an existence of an energy function for 2-diffeomorphisms with zero-
dimentional basic sets was open until now. In the work [3]| of H. Kalai were considered so called basic
sets without pairs of conjugated points® which are most closely related to the topology of the ambient
manifold. The simplest example of a diffeomorphism with such a basic set is a D A-diffeomorphism
obtain from an Anosov diffeomorphism by “Smale surgaries” in two directions.

The second result of the work is a proof of the following theorem.

Theorem 2. Every Q-stable diffeomorphism f : M? — M? with a zero-dimensional non-
trivial basic set without pairs of conjugated points does not possess an enerqy function.
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DYNAMICAL PROPERTIES OF DIRECT PRODUCTS OF DISCRETE DYNAMICAL SYSTEMS’
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A natural way for creating new dynamical systems is to consider the direct products of already
known systems. The paper is devoted to the research of some dynamical properties of direct products
of homeomorphisms and diffeomorphisms. In particular, authors proves that a chain-recurrent set
of the direct product of homeomorphisms is a direct product of the chain-recurrent sets, and also
that the direct product of diffeomorphisms holds a hyperbolic structure on the direct product of
hyperbolic sets. It is known fact that if a diffeomorphism has a hyperbolic chain-recurrent set, then
it is Q-stable [1]|. In this case, it follows from the results of the paper that the direct product of
-stable diffeomorphisms is also {2-stable. Another question which was raised in the article concerns
the existence of n energy function for the direct product of diffeomorphisms already possessing
energy functions. Energy function is a smooth Lyapunov function [2] whose set of critical points
coincides with the chain-recurrent set of the system. As a result, it is proved that in this case the
function can be found as a weighted sum of their energy functions.

5Two distinct points z,y € A are said to be a pair of conjugated points if =,y € (W; N W;‘), (z,y)° N A =
(z,)*NA=0.

"The author is partially supported by Laboratory of Dynamical Systems and Applications NRU HSE, of the
Ministry of science and higher education of the RF grant ag. Ne075-15-2019-1931
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IMPROVED POINCARE INEQUALITY FOR A SUBLINEAR EMBEDDING
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Let Q ¢ RY, N > 1, be a bounded domain with C1*-boundary 9. Poincaré inequality states
that the best constant for embedding of WO1 2(Q) into Lo(Q) is )\%, where )\ is the first eigenvalue.
The equality is achieved only on multiples of the first eigenfunction. A well-known refinement of
Poincaré inequality is that the gap in Poincaré inequality can be estimated rom below:

/ ]Vu|2da: -\ / uldr > (Mg — )\1)/ |VUL|2dfCa
Q Q Q

where ut

= u—uly, ¢ is the normalized first eigenfunction, and ull = fQ p1u dz. Similar statement
for embedding of Wol’p(Q) into L,(12) for p € (2,4+00) was proven in [1].

We extend these results to embedding of Wol’p into Ly for 1 < g <p < oc.

Theorem 1. Let 2 < ¢ < p < 00, and let Q be of class C1°.

Let

) fQ |Vu|Pdx

Al = min S

ueWy P (Q) (fﬂ |uyqu) q

and let o1 be a normalized minimizer of this Rayleigh quotient, i.e. fQ |u|dz = 1.
Let ul = Jo |17 2010 da and ut = u — ullpy.
Then there exists C' > 0 such that

IVullz — Ml > C <|u“yp—2/Q Ve P2 [Vt 2 dz + /Q |vui|de> . Vue WIP(Q).
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PASSAGE THROUGH A CRITICAL ENERGY LEVEL IN A HAMILTONIAN SYSTEM
WITH SLOW DEPENDENCE ON TIME

Bolotin S. V. (Russia, Moscow)
Moscow Steklov Mathematical Institute
bolotin@mi-ras.ru

We consider a smooth Hamiltonian system

§=0,H(2,7), p=—-0,H(2,71), T=e<1, z:(q,p)ERZd,
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slowly depending on time. The energy E(t) = H(z(t),7(t)) changes slowly. For ¢ = 0 we obtain a
frozen autonomous system with Hamiltonian H, depending on a parameter 7. If d = 1 and energy
levels v, p = {H; = E} are closed curves, for small €, (7(t), £(t)) approximately follow level curves
of the adiabatic invariant
I(7, E) = A(vr.p) —7{ pdg.
Yr,E

For trajectories passing near a hyperbolic equilibrium zo(7) of the frozen system, the adiabatic
invariant is destroyed. This case was studied by A. Neishtadt [1]. Without loss of generality let
H(zo(7),7) = 0. Suppose the equilibrium has a figure 8 separatrix { H, = 0} which divides the plane
in 3 regions G (7). In the interior of G (7) there is an adiabatic invariant Iy(7, E), so (7(t), E(t))
shadows its level curves. When E(t) approaches the critical level E = 0, the trajectory may be
captured: E(t) will stay near 0 for a long time, and z(¢) will shadow the separatrix, or scattered:
E(t) cross 0 and z(t) will move into another region Gy/(7). Then (7, E) will shadow a level curve
of Iy/(7, E) till E reaches 0 again, and so on. We obtain a partial analog of Neishtadt’s results for
d > 1 constructing trajectories with E(t) passing through the critical level [3]. Passage through
noncritical levels was studied in [2].

Let a(7) = min Re A for eigenvalues A of zo(7). We call an eigenvalue A leading if |[Re A\| = a(7).
There are 2 generic cases:

1. Two real simple leading eigenvalues +a/(7).
2. Four complex simple leading eigenvalues +a(7) £ i5(7).

Let W (7) be the stable and unstable manifolds of zo(7) and strong(T) C W*(7) the strong

invariant manifolds corresponding to the nonleading eigenvalues. We call a transverse homoclinic
orbit - : R — W+(T) nw-= (T) leading if ’YT(R) §Z Ws—trong(T) U s?rong(T)'

Let P(r) = A(v,) be the Poincaré function and A an interval on which P/(7) > 0. Fix small
0 > 0. We assume that € > 0 is small enough. Consider the complex case.

Theorem 1. For any 19 € A there exists a trajectory (z(t),7(t)), 0 < t < T, such that
7(0) = 7109, E(0) =9, E(T) = =9, and (7(t), E(t)) shadows a level curve of

Eln|E]|

I(t,E)=P(1)+ o(7)

+O(|E]). (1)

In the real case there exist v4 (y;) = . liim I3 (+). We call a leading homoclinic 7, positive
—> 00

if w(vy (77),v—(v+)) > 0, where w = dp A dq. Suppose there exist positive homoclinic v}, negative
homoclinic 72, and w(vy (y}),v_(72)) > 0. Suppose Poincaré’s functions Py(7) = A(yF) satisfy
P/(1) > 0, 7 € A. There exist functions I;(7, F) of the form (1) with P = P, such that the
following holds.

Theorem 2. For any 19 € A there exists a trajectory (z(t),7(t)), 0 < t < T, such that
7(0) = 19, E(0) =0, E(T) = =6, such that (7(t), E(t)) shadows a level curve of I for E >0, and
a level curve of I for E < 0.
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AN EXAMPLE FOR BIFURCATION OF SOLUTIONS OF THE BASIC EQUATIONS
IN SEMICONDUCTORS

Borevich E.Z. (Russia, Saint Petersburg)
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danitschi@gmail.com

A simple mathematical model describing the mobile carrier transport in semiconductor devices
is considered. Two functions v(z) and n(x) describing the electrostatic potential and the density of
mobile electrons, satisfy for 0 < 2 < 1 the system of equations [1]

{(D(IU'I)(TL’ -m')) =0,
—v"=f—-n

(1)

and boundary conditions
v(0) =0, o(1)=2'(0)=v'(1)=Ey, Ep>0. (2)

The constant f > 0 represents a homogeneons density of ionized impurities, and D(]v'|) > 0
is the diffusion coefficient of electrons which depends on the electrical field. For all parameter f
there exists a trivial solution v(z) = Eypz, n(x) = f to problem (1)-(2). System (1)-(2) is equivalent
to system of equations

u=1,
D(Ju+ Eo|)(—u" + fu+ fEy + Egu’ + uu') = j, (3)
v(0) =0, wo(1)=7(0)=12'(1) = Ey,

where j is the electron current density. Suppose that j = fEqD(Ey) + ¢ and

EyD'(Ep)

—1 0.
D2(Ey)

Under such conditions the problem (3) has a bifurcational solutions of points fx, k = 1,2, ... [2].
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OPTIMAL TRAJECTORIES OF THE MARKOV-DUBINS HYBRID MODEL
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The paper considers a model of a hybrid system of variable dimension (HSVD) describing
the plane motion of a group of controlled objects. Movement begins with one composite object
(carrier), from which simple objects are separated during the functioning of the system. A modified
Markov-Dubins model is used to describe the motion of the carrier [1,2,3]. The advantage of the
model is that the curvature of the trajectory has no discontinuities, it changes linearly over time.
In other words, the control object does not have shock effects, as in the well-known Markov-Dubins
models. The trajectory of the carrier is a smooth connection of clotoids (Euler spirals) and rectilinear
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sections. The switching of a hybrid system is considered to be the separation of simple objects from
the carrier, while the number of controlled objects increases, therefore, the dimension of the system
also increases. The classical Markov-Dubins model [2] is used for the movement of simple objects,
the optimal trajectories of which are smooth connections of segments and arcs of circles.

The task is to find a control that ensures that simple objects achieve their fixed terminal
positions (goals) as quickly as possible. The quality of control is assessed by the maximum time to
achieve all goals, i.e. the task of group performance is solved.

The motion of the carrier is described by the equations

i(t) =Veosy(t), g(t) =Vsiny(t), () =w, w)=e |e<1, (1)

where x,y are plane coordinates,V is the magnitude of linear velocity,y is the angle between the x
axis and the direction of motion, w is the angular velocity, € is the angular acceleration. The initial
state of the carrier is set: ©(0) = zg, y(0) =yo, ~(0) =10, w(0) = wp.

At the moment of switching ¢, n simple objects are separated from the carrier, the initial
states of which coincide with the state of the carrier

zi(t) =z(), wi®)=y(), @) =0, i=1...,n (2)
Separated simple objects move according to the equations
#; =Vecosvy, Ui=Vsiny, Yi=w;, |w|<1l, i=1,...,n, (3)
to achieve the specified terminal conditions (goals):
zi(tp) = ap, wiltp) =yp, i=1,....n, (4)

where t% — end time movement of the i-th object.
The quality of group control is assessed by the time of achievement of all goals:

T = max {t%}. (5)
i=1,....,n

It is required to find the smallest value of the functional (5) and the control on which this
value is achieved.

Using the maximum principle [4] for the carrier, it is shown that the optimal angular
acceleration is either maximum in modulus (for turns) or equal to zero (for rectilinear motion).
Optimal control of simple objects is known [2]|. Therefore, to solve the problem, it is enough to find
the optimal point of separation of control objects and build the optimal trajectory of the carrier
falling at this point. Thus, the problem is reduced to finite-dimensional minimization. To solve the
problem, an algorithm has been developed, the application of which is demonstrated by academic
examples.
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GENERIC SOFT L0OSS OF STABILITY IN OCEAN CIRCULATION BoX MODEL
WITH TURBULENT FLUXES®
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In the Wilander model [4] a homogeneous surface water layer of constant thickness is influenced
by the atmosphere above it and the underlying deep water layer with constant temperature and
salinity T4, Sa and Tp, ,Sp,, respectively. The interaction between the layers is described by
Newton’s law, while for interaction with the atmosphere the exchange coefficients ¢g and gp for
salinity and temperature are constant and satisfy the relation 0 < ¢g < ¢r,, and for turbulent
exchange between two water layers, this coefficient is a function of the differences in the densities p
and pg of the surface and deep layers, respectively. We will call this function transfer function and
denote it by qop; it is nondecreasing, having values being close to zero at significant negative values
of this difference, and rapidly growing near zero.

After choosing the temperature, salinity and density of the deep water layer as zero for these
indicators, the Wilander model takes the form

{ T =qr(Ta—T) = qo(p)T (1)
S =qs(Sa—5) —qo(p)S

where T and S are the temperature and salinity of the surface water layer. We take the dependence
of the density of the surface layer of water on its temperature and salinity as a linear function

p=—-aT+pS (2)

with @ > 0 and 8 > 0 (as in many other works with similar models, for example, [2], [3], which
provides a linear approximation near zero to any differentiable function p = p(T,S) with zero
value at zero and negative and positive derivatives at zero with respect to temperature and salinity,
respectively.

As in [1], it is assumed that in the state of equilibrium of the surface water layer with the
atmosphere, its temperature and density are higher than the temperature and density of the deep
water layer, respectively, i.e. T4 > 0 and —aT'4 + 8S4 > 0.

We show that for a generic smooth families of the considered transfer functions the analysis
of the occurrence of self-oscillations of temperature and salinity in the model under study reduces
to the analysis of the appearance of nontrivial fixed points of the composition of typical finite
parametric smooth families of pairs of real line involutions with a common fixed point.
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We consider the problem of constructing solutions of a small amplitude of a nonlinear shallow
water equations in a one or two-dimensional domain. We assume that the function D(z, y) specifying
the depth of the basin is smooth, and VD(z,y) on the set D = 0 (i.e., on the shoreline of the basin
in the absence of waves). The smallness of the amplitude is characterized by a small parameter e.
The solution of the system is called a smoothly dependent triple (region, the free surface elevation,
velocity), such that the sum of the free surface elevation and depth is positive inside the region
and is zero at its boundary, and the functions themselves that define the free surface elevation
and velocity are smooth in this region and satisfy nonlinear shallow water equations everywhere
in the region. The asymptotic solution is determined in a similar way, only the equations must be
satisfied with an accuracy up to some degree of a small parameter €. We use a variable substitution
(such as the simplified Carrier-Greenspan transformation) to construct asymptotic solutions of the
Cauchy problem with small smooth initial data for nonlinear shallow water equations, depending
on the unknown solution itself and transforming the domain in which the latter is defined into
an undisturbed domain independent of the solution, and then the resulting nonlinear system is
solved by standard methods of perturbation theory. As a zero approximation, a linear hyperbolic
system with degeneracy at the boundary of the domain arises. One of the main results of the talk
is formulated as follows.

Under the above assumptions about the depth function, nonlinear shallow water equations with
small initial data has an asymptotic solution up to an arbitrarily high degree of the small parameter
€. This asymptotic solution is asymptotically unique.

We give precise constructive formulations of this and related other useful statements and
describe the relationship with the results available in the literature, as well as examples, including
for tsunami waves. The obtained solutions will also be compared with the results of a laboratory
experiment.

References

[1] S.Yu. Dobrokhotov, D.S. Minenkov, and V.E. Nazaikinskii, Asymptotic Solutions of the Cauchy
Problem for the Nonlinear Shallow Water Equations in a Basin with a Gently Sloping Beach, Russian
Journal of Mathematical Physics, 2022, Vol. 29, No. 1, pp. 28-36.
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We consider a linear Hamiltonian system consisting of a real scalar Klein—-Gordon field v (z)
and its momentum 7(x), z € R? and a harmonic crystal described by the deviations u(k) € R™ of

9The work was supported by the Russian Science Foundation (project 21-71-30011).
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the particles (atoms, ions, etc.) and their velocities v(k) € R", k € Z%. The Hamiltonian functional
of the coupled field—crystal system reads

H(w, 7w, 0) =5 [ (190 + milo@)P + fr(@) ) da

Rd
+% 3 ( > (k) - V(k—Fyu(k) + Iv(k‘)IQ)
kezd k'ezd
T Z /R(a: — k) - u(k)y(z) d.
keZd g

Here mg > 0, the coupled function R(-) € R™ is a smooth vector-valued function, exponentially
decaying at infinity, “-” denotes the inner product in R"™, V is a real interaction matrix,
V(k) € R" x R", d,n > 1. This model can be considered as the description of the motion of
electrons (so-called Bloch electrons) in the periodic medium which is generated by the ionic cores.
Understanding of this motion is one of the central problem of solid state physics.

We study the Cauchy problem with the initial data Yy = (1o, 70, uo, vo). We assume that Y
belong to the phase space £ = HT! @ HS @ (2 @ (2, where HS = H2(R?) denotes the weighted
Sobolev space, £2 = ¢2(Z9) is the Hilbert space of vector-valued sequences u(k) € R", k € Z¢, with
finite norm || (k)*u(k)||2(zey < 00, (k) := Vk* + 1, 5,0 < —d/2.

We assume that Yy is a random function of the form Yy(p) = > (a(p1)Ya(p), where

+

p = (p1,...,pq) € P = RUZ (4 are nonnegative cut-off functions equal to one for £p; > a
and zero for £p; < —a with some a > 0, the random functions Y (p) have Gibbs distributions gg, ,
B+ =T¢ ! with temperatures Ty > 0. Given t € R, denote by j; the probability Borel measure in
&S that gives the distribution of the random solution Y (¢) = (¢ (-, t), w(-,t),u(-,t),v(-,t)) with the
random initial data Yp. The main result is the following theorem.

Theorem. The measures us weakly converge to a Gaussian measure [oo aS t — 00 on the
space £2, s, < —d /2. The correlation matriz of pso is translation-invariant w.r.t. shifts in Z¢. The
explicit formulas for the limiting correlation functions are given.

In non-equilibrium statistical mechanics, the heat flux is often calculated in models, which
are an open system coupled to at least two reservoirs with different temperatures. These models
differ in the description of the system, reservoirs and the type of interaction between them, see,
e.g., [1]. Similar to these models, our system can be represented as a “system -+ two heat reservoirs”,
where “reservoirs” are described by the solutions Y (p,t) with coordinates lying in two regions with
p1 < —a and p; = a, and an “open system” by the solutions with coordinates from the remaining
part of the space. Initially, the reservoirs are assumed to be in thermal equilibrium with different
temperatures 7_ and 7'y. The limiting energy current density is J = —¢ (T} — 7-,0,...,0), ¢ > 0,
i.e., the heat flows (on average) from the “hot reservoir” to the “cold” one. Thus, we prove that there
exist stationary non-equilibrium states (or the probability limiting measures fio), in which there is
a non-zero heat flux in the studied model. For initial measures which are translation-invariant w.r.t.
shifts in Z?, the weak convergence of p; was proved in [2]. For the Klein-Gordon fields, the similar
results were obtained in [3], [4].
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ON THE NONWANDERING SET OF SIMPLEST SKEW PRODUCTS
ON n-DIMENSIONAL (n > 2) CELLS, CYLINDERS AND TORI
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Using results presented in the survey [1], we generalize methods of [2] and apply them to the
description of the nonwandering set of continuous skew products in the following cases:

1. the set of periodic points is not empty (if the phase space is n-dimensional cylinder or a
torus), and this set is closed for all maps under consideration;

2. the set of periodic points is empty for self-maps of n-dimensional (n > 2) cylinders and
tori, and the nonwandering set is minimal.
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The tracing control problem is considered. The considered approach based on the reference
signal can be presented as the output of the linear Generation model that is GM with specific
precision. Reference model design is the significant problem especially if the reference signal either
has complex shape or it is defined by tabular or graphical form. GM increases the tracing accuracy
and reduces a time-lag even for simple reference signal compared to the reference model.

Consider the reference signal f is assigned by graphically or in tabular form over a finite time
interval f = {f1, f2,..., fx}, where f; is the value of function on t;, i = 1..N. The method allows
to determine the minimum order N and parameters ay ;, j = 1, N of the autoregressive model of
reference signal [1]

fl=ani1fpq— - —anN-1fr-Ni1 — ONNSE_N-
Then roots of characteristic polynomial of the autoregressive model are calculated. Then the
continuousization of roots is performed. n roots match eigenvalues of Ar of GM in state space.
The remaining N — n roots form the input 7. If n > N the matrix Ar is extended by n — N fast
eigenvalues. Define GM as the continuous dynamic system with the order n is equal to the order of
the control plant order, and the output approximates a signal f with the specific precision Ar

xr = Arxr + Brn, yr = Crxr,
WhereAp:( ~ ~ ),Bp:(O I)T,
—Bo .. —Bn
Cr=(1 0 ... 0)
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—Bo ... — Bn_1 are coefficients selected from the characteristic polynomial based on the n roots.
Weight coefficients n(t) and initial conditions of a GM xr(0) are calculated based on uncertain
coefficients method taking into account values of the reference signal and its derivatives at zero.

If the reference signal is defined by the continuous function f(¢) then it is necessary to
discretize them with a constant sampling step h. A sampling step holds conditions of the Kotelnikov-
Shannon sampling theorem. Often the checking a theorem conditions is difficult so it is proposed to
calculate the sampling step based on the Lipschitz constant. Incorrect choice of the sampling step
leads part of the roots of the Characteristic polynomial are wrong. If the deviation between the
output of the GM and the reference input is more than specified precision, it is necessary to reduce
the sampling step.
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We consider an Euler-Lagrange-Liénard type equation
i+ h(z)i* + f(x) &+ g(z) =0 (1)
and the corresponding dynamical system

t=y, §=—g)— flx)y—hx)y’ (2)

There are many examples in the natural sciences and technology in which this and related
systems are applied [1-6]. Such systems are often used to model either mechanical or electrical,
or biomedical systems, and in the literature, many systems are transformed into Euler—Lagrange—
Liénard type to aid in the investigations. They can be used, e.g., in certain mechanical systems,
where f(x) represents a coefficient of the damping force and g(z) represents the restoring force
or stiffness, when modeling wind rock phenomena and surge in jet engines. Such systems can be
also used to model resistor-inductor-capacitor circuits with non-linear circuit elements. Recently,
e.g., system (2) has been shown to describe the operation of an optoelectronics circuit that uses a
resonant tunnelling diode to drive a laser diode to make an optoelectronic oscillator. There are also
some examples of using such systems in ecology and epidemiology.

We suppose that system (2), where g(x), h(z) and f(x) are arbitrary polynomials, has an
anti-saddle (a node or a focus, or a center) at the origin and write it in the form

T =y,
j=—ar(l+az+...+aya”)+ y(ao+ o1z +... 4 agyz?) (3)
+1y%(co+ecrx+ ...+ cap ).

Following [1-5], we carry out a global qualitative analysis and study multistability and limit
cycle bifurcations of the Euler-Lagrange-Liénard polynomial system (3) by means of canonical
systems containing field rotation parameters [6].

Theorem 1. The Euler—Lagrange—Liénard polynomial system (8) with limit cycles can be
reduced to one of the canonical forms: .

r=1Y,
j=—z(l4+amz+...+ayz?)+y(a—p1—...— a1 + iz (4)
+oox? + ..+ Pop_ 122 4 agra®®) + 12 (co + 1z 4 ...+ conx®)
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or :L’ = y7
y==x (ZL‘ — 1)(1 +bix+...+ b21_1332l_1) +vy (Oto —B1— ... — ﬂZk—l + Bix (5)
+aga? + .4 Bop—12?F 7+ agpa®) + yP(co + 1w + .+ cona?™),

where 1+ a1z 4. .. +agz® #0, ag, o, ..., aoy, are field rotation parameters and b1, Bs, ..., Bap—1
are semi-rotation parameters.
By means of the canonical systems (4) and (5), we prove the following theorem [6].
Theorem 2. The FEuler-Lagrange—Liénard polynomial system (3) can have at most
k+1+41 limat cycles, k+1 surrounding the origin and l surrounding one by one the other singularities

of (3).
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This report is devoted to the study of homotopy types of orientation-preserving Morse-Smale
diffeomorphisms on closed orientable surfaces. Since any Morse-Smale diffeomorphism has a finite
set of periodic points, then, according to the Nielsen-Thurston classification, it is homotopic to
either a periodic homeomorphism or an algebraically finite order homeomorphism. It follows from
the results of V. Grines and A. Bezdenezhnykh that any gradient-like diffeomorphism is homotopic
to a periodic homeomorphism. However, when the wandering set of a given diffeomorphism contains
heteroclinic intersections, then the question of its homotopy type has remained open until now.

In the present work, it is proposed an algorithm for recognizing the homotopy type of a non-
gradient-like Morse-Smale diffeomorphism by its heteroclinic intersection. The algorithm is based
on the construction of a filtration for a diffeomorphism and calculation of the intersection index of
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saddle separatrices in the fundamental annuli of filtration elements. It is established that a Morse-
Smale diffeomorphism is homotopic to a periodic homeomorphism if and only if the total intersection
index over all homotopic annuli is equal to zero.

ON GRADIENT-LIKE FLOWS WITHOUT HETEROCLINIC INTERSECTION!!
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We will say that gradient-like flow f! belongs to a class G(M™), where M™ is connected closed
oriented manifold of dimension n > 3, if:

(a) Morse index (dimension of unstable manifold) of any saddle equilibrium state of the flow f*
equals either 1 or n — 1;

(b) invariant manifolds of different saddle equilibria do not intersect.

Denote by v+ and iy« the numbers of saddle and node equilibria of the flow ft e G(M™) and
set

gyt = (Vft — pypt + 2)/2.

Everywhere below S7 stands for manifold which homeomorphic either to the sphere S™ if
g = 0 or to connected sum of g > 0 copies of S"~! x S™.
Theorem 1. Let ft € G(M™), n > 2. Then M™ is homeomorphic to S;Lft.

For n = 2 Theorem 1 immediately follows from [5] and for n > 3 it follows from [1], [2].

Theorem 2 below states that for manifolds Sj, n > 4, the condition (b) implies the condition
(a).

Theorem 2. Let f! be gradient-like flow on Sy, 9 2 0, n > 4. If invariant manifolds of
different saddle equilibria of f' do not intersect, then Morse index of any saddle equilibrium equals
1 or (n—1), that is f* € G(Sy). Moreover, there exists k > 0 such that vy = 2g+k and pupr = k+2.

For case ¢ = 0 Theorem 2 is proved in [4], where necessary and sufficient conditions of
topological equivalence of flows from class G(S™), n > 3, where obtained. Theorem 2 allows to
obtain topological classification of flows from class G(Sg), g > 0, in combinatorial terms using
techniques of [4], [3].

For any f! € G’(S;) we put in correspondence a bicolor graph I'y+ which describes mutual
arrangement of invariant manifolds of saddle equilibria of the flow f!, and provide the following
result.

Theorem 3. Flows f!, f'" G(Sg) are topological equivalent iff their bicolor graphs T s, Ly
are isomorphic by means preserving colors isomorphism.
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STABILITY OF THE ANEURYSM IN A MEMBRANE TUBE

Il’ichev A.T. (Russia, Moscow)
Steklov Mathematical institute RAS
ilichev@mi-ras.ru

Shargatov V. A. (Russia, Moscow)
National Research Nuclear University MePHI
shargatov@mail.ru

The results that are presented in this lecture are largely initiated by the studies given in [1]
and [2]. The spectral stability of aneurysm-type solutions was studied in [3] in the absence of liquid
inside the tube (the pressure control case). The authors found that the entire family of aneurysm-
type solutions is spectrally unstable. In [4] the stability of the entire branch of aneurysm-type
solutions in the presence of a fluid with zero mean flow was studied. It was found that solutions of
the aneurysm type are still unstable. The authors of [5] undertook an analysis of the stability of
solutions of the aneurysm type in the presence of a mean flow and found that if the flow velocity at
infinity is sufficiently large, then these solutions can be spectrally stable. It is proved in [6] that for
membrane tubes with localized inhomogeneity (thinning) of the wall a family of waves of smaller
amplitude, which increases with the increasing of the inflation pressure, is spectrally stable. It is
proved in [7] that a family of traveling solitary waves is stable if their propagation velocity is greater
than a certain critical value. The stability of solitary waves in membrane tubes of finite length was
considered in [8]. A survey on the spectral stability of weakly and fully nonlinear steady and running
solitary waves in the ideal fluid-membrane tube system can be found in [9] (see also the references
therein).

In all these papers, the fluid was considered ideal and the velocity profile was constant at each
cross-section of the tube. At the same time, if we talk about an adequate blood model, it is known
that the flow of blood in the arteries can be described by a non-Newtonian incompressible fluid.
Viscosity plays a significant role in the further development of an aneurysm. In particular, the role
of wall shear stress is essential for this process. However, we are not interested here in the process
of further development of the aneurysm, the modeling of which goes beyond the framework of the
theory of nonlinear elasticity.

We examine the stability of the family of bulging waves (aneurysms) in a fluid-filled
axisymmetric membrane tube with the localized wall thinning. The problem of finding the unstable
discrete spectrum of the linearized governing equations in the right half Q" of the spectral parameter
complex plane is equivalent to determining the zeroes of the Evans function, which locate in Q.
To compute their number we evaluate the Evans function at some contour including an interval of
the imaginary axis and then use the argument principle in the spirit of [10].
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ON HYPERBOLICITY OF SL(2,R)-COCYLES OVER IRRATIONAL ROTATIONS
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We study a skew-product map
Fap:T'xR? - T! x R? (1)
defined for any (z,v) € T! x R? by
(z,0) = (0w(), A(x)v),

where o,(r) = x + w is a rotation of a circle T' with irrational rotation number w and
A:T! — SL(2,R) is a transformation of the form:

Here R(p) denotes the rotation in R? over an angle ¢ and Z(\) = diag{\, A\"'} is a diagonal matrix.
It is assumed that C'-functions ¢ : T' — 27T, X : T' — R satisfy the following conditions

N
(H) {zeT': cos(p(x)) =0} = [J{es},
j=0
(Hy) ¥Yij=0,...,N, CUe < |/(x)| < CYe™!, Vo € Ud(ey), e < 1,

N

(Hs) |cos(p(x))| = Cs Vo e T\ | Uelcy),
j=0

(Hi) ind(p) =0,

(Hs) Mz)>=X>1 VoeT!

where O}, are positive constants, U.(x) is a e-neighborhood of a point # € T! and ind(y) stands
for the index of a closed curve ¢(T?!). Additionally, we assume that the functions ¢ and A depend
smoothly on a parameter ¢ € [a, b] € R such that

dp(c;(t), cx (1))

(Hs) ’ dt

‘>C4>0, Vt € [a,b], j #k,

where p denotes the standard distance in T!.

One may note that matrices Ay = A(c¥(z)) appearing in the definition of the cocycle,
corresponding to (1), admit an estimate [|Ax|| > Ao and are hyperbolic. However, ||[] Akl can
be much smaller than []||Ag||. The obstacle to this fact is the presence of the critical set, which
can be defined for the skew product (1) as

N
Co = U{Cj}-

J=0
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Each time a trajectory of a point € T' under the rotation o, falls into a small neighborhood of
the set Cp, the hyperbolic properties of the cocycle are weakened. Since o, is ergodic, every point
x € T' reaches a small neighbourhood of Cy after some iterations. Thus, the hyperbolicity of the
cocycle strongly depends on the dynamics of the critical set itself.

We apply the critical set method (|1]- [3]) to study how hyperbolic properties of the cocycle,
corresponding to (1), are related to the rotation number and the parameter ¢. Using notions of
primary and secondary collisions we formulate sufficient conditions on w and ¢, which guarantee
uniform (non-uniform) hyperbolicity of the cocycle.
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Consider a nonlinear equation

t4u=AF(u(t—-T)), (1)
where
b, x<pg,
F(z) =4 f(z), prL<wz<pg,
d7 T > PR,

here p;, < 0 < pg, b and d are constants.

We assume that function f(z) is piecewise-smooth, preserves its sign on the intervals (pr,, 0)
and (0,pgr), and that if f(z) = 0, then f/(z() # 0. We consider positive, negative, and zero values
of parameters b and d.

The aim of this study is constructing asymptotics of solutions of this equation and finding
conditions on signs b and d for having a relaxation cycle of equation (1). We consider 9 cases of
signs of b and d and find conditions on them and on function f(z) for having a relaxation cycle —
solution of equation (1). We find asymptotics, amplitude and period of these relaxation cycles.

GEOMETRY OF GENERALIZED VIRTUAL POLYHEDRA

Khovanskii A. G. (Canada, Toronto)
University of Toronto
askold@math.toronto.edu

I will discuss generalized virtual polyhedra and their mixed volumes. Mixed volumes of
polyhedra and of virtual polyhedra appear in many problems of algebraic geometry and singularity
theory related to geometry of toric varieties. It turns out that generalized virtual polyhedra are
important for the theory of torus manifolds. Torus manifold is the main object in torus topology
which generalizes algebraic geometry of toric varieties. In the talk I will deal with a pure geometrical
part of this story, so I hope that the talk will be very understandable.

12This study was supported by the President of Russian Federation grant No MK-2510.2022.1.1.
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MODEL FOR EMERGENCE AND DEVELOPMENT OF ROGUE-WAVES BASED
ON 3D NAVIER-STOKES EQUATIONS

Koptev A. V. (Russia, Saint-Petersburg)
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Alex. Koptev@mail.ru

Rogue-Waves (or Monster-Waves) is one of the most dangerous phenomena encountered by
seafarers. Such waves can reach up to 20 meters high with a huge destructive force and often lead
to disasters. A comprehensive study of the nature of waves of this type is one of the most important
and urgent problem. We propose the model of wave formation based on 3D incompressible Navier

— Stokes equations
ou ou ou ou op 1
— — — —=——4=—A 1
8t+u8x+v6y+w8z 8x+Re “ (1)

ov ov v dv  Op 1

ow ow ow ow  Op

ou Ov Ow
e i (4)

Where main unknown are velocity components u, v, w and pressure p. Re is Reynolds number,
g is the gravity. It is proposed to consider the motion in deep water, so the flow area is assumed
to be quite extensive and the influence of limiting surfaces can be ignored. Following the method
of constructing solutions to the Navier-Stokes equations described in [1], we can show that there
is exist a class of exact solutions to equations (1-4) corresponding to motion in deep water. Two
solutions of this class look as [2]

Solution 1
u= —e%(AOe”"_%_Z + Boe ®7V7%) v = %e%(—Aoex_Qy_Z 4 2Ce™TvT22),
1 o —r—y—2z T+y+22
w= ek (Boe — Coe ) (5)
12¢ 1 —3y—3z 3 2r—y+z
pP—Ppo=—gz+eke (11401506 - ZAOCOG ).
Solution 2
21t r—2y—4z —z—4y—2z 1 2u r—2y—4z r+4y+2z
u = —eRe (Ape + Boe ), v= Se R (—Aoe +2Cpe ),
1 oue —x—4y—2z r+4y+2z
w = gehe (Boe —4Cpe ), (6)

p—po=—gz+ eHe (ZAOBOe_Gy_GZ + 3ACoe*™T2v=27),

Where pg is pressure constant and Ag, By, Cy are an arbitrary constants defined by
initial conditions. Formulas (5-6) represent exact solutions of equations (1-4). They determine the
fluid velocity and pressure in the entire area, both at depth and near the surface. The motion
corresponding to formulas (5-6) is identical in its main characteristics to the motion with the
formation of Rogue-Waves near the surface. Formulas (5-6) allow you to get the estimates of the
wave appearance zone on the surface and calculate the wave profile. In particular is possible to
expect the height of the wave h as a function of coordinates and time. For this purpose it is enough
to suppose z = h and p — pyp = 0 . If the values of constants are selected according to equalities
Ag=2, By = %, Cp = 1, then for solutions 1 and 2 the wave profile is determined by

—ghe ™" + %e%(e_?’y_‘m - ge%_y) =0,
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—ghe + ée%(e_Gy_M + 362212 = 0.

Those ratio present the transcendent equations with respect to unknown h. The numeral
decisions of these equations are given by the value of height of wave above the surface of horizon as
a function of coordinates x, y and time ¢. It’s interesting to mark that values of h calculated from
the previous equations can be both positive and negative. It corresponds to that a Rogue-Wave can
be both as a large comb and as a large cavity.
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ON MODULI FINITENESS CRITERION FOR MORSE-SMALE FLOWS ON SURFACES!?

Kruglov V. E. (Russia, Nizhniy Novgorod)
National Research University Higher School of Economics
kruglovslava21 @mail.ru

Two flows ft, f'*: M — M on a manifold M are called topologically equivalent if there exists a
homeomorphism h: M — M sending trajectories of f? into trajectories of f* preserving orientations
of the trajectories. Two flows are called topologically conjugate if h sends trajectories into trajectories
preserving not only directions but in addition the time of moving. To find an invariant showing the
class of topological equivalence or topological conjugacy of flows in some class means to get a
topological classification for one.

The Morse-Smale flows were introduced on the plane in the classical paper by A.A. Andronov
and L.S. Pontryagin in [1]. The non-wandering set of such flows consists of a finite number of
hyperbolic fixed points and finite number of hyperbolic limit cycles, besides, there is no a trajectory
connecting saddle points. The most important for us combinatorial topological invariants for Morse-
Smale flows are the Leontovich-Maier’s scheme [2,3| for flows on the plane, the Peizoto’s directed
graph [4] for Morse-Smale flows on any closed surface and the Oshemkov-Sharko’s molecule [5] for
Morse-Smale flows on any closed surface.

J. Palis in [6] proved that the class of topological equivalence of a flow can contain any number
of topological conjugacy classes, describing by analytical parameters called moduli of stability.

Any limit cycle generates a modulus equals to the period of the cycle. Additionally, in [7] it
was proved that the presence of a cell bounded by limit cycles gives infinite number of moduli.

Theorem 1. A Morse-Smale surface flow has finite number of moduli iff it has no a trajectory
going from one limit cycle to another.

Second, we use the complete topological classification with respect to equivalence for Morse-
Smale surface flows [5], [6] by means of an equipped graph th describing dynamics of ¢'.

To distinguish topological conjugacy classes we add to the equipped graph an information on
the periods of the limit cycles. It gives a new equipped graph T:;‘. In this way we get the following
result.

Theorem 2. Morse-Smale surface flows ¢, ¢t without trajectories going from one limit cycle
to another are topologically conjugate iff the equipped graphs T:‘; and T;’ft are isomorphic.

Acknowledgements. The results have been obtained in collaboration with O. Pochinka.
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ON COMPLETE CONTROLLABILITY OF A CLASS OF HIGHLY DEGENERATE 4-LEVEL
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Our work explores the complete controllability problem [1], [2], [3] for a particular class of
closed 4-level quantum systems which are described by the Hamiltonian

H = Hy +u(t)V (1)
with bare and coupling Hamiltonians Hy and V' respectively defined as follows
-3 0 0 0 0 wvi2 0 O
_ 0 1 .0 0 1Y 0 w3 0
Ho=%Yy o100 V=l vis 0 w3y @)
0 0 01 0 0 w3 O

Here u(t) is an arbitrary function of time with real values, which represents the control performed
by shaped laser field acting on the system, while Hy and V' itself remain constant with v;; € C\ {0},
€ R\ {0}. Similar systems arise in the analysis of second order traps for quantum control
landscapes [4].

For real valued coefficients this system was studied in [5]. As our main contribution, we
investigate properties of this system with regards to complete controllability for arbitrary non-zero
complex values of the coefficients v19,v93,v34. Specifically, we use a criteria provided by Polack,
Thomas and Tannor [6] to show that the system is irreducible (i.e. it attains connectivity in every
basis). Also, we apply a special recurrent procedure |7] to build and study a dynamical Lie algebra
of the system. In terms of the following formulas

Cs = —iHy

C3=—iV

1 = [Co, Gl (3)
([, ci] 1< g2t

e { [ei i P S R R =2

1 This work is partially supported by the RSF grant 22-11-00330.
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we prove that the set
{C5.C1,C3,C3,C5,C3,CF,C4, CF, G5, G5, G5°, CF°, C°, O (4)

forms a basis in the space of 4 x 4 skew-Hermitian matrices. It allows us to conclude that the
dynamical Lie algebra is isomorphic to su(4) and, according to the well-known theorem of complete
controllability [1], the system is controllable.

References
[1] Albertini F., D’Alessandro D. Notions of controllability for bilinear multilevel quantum systems //
IEEE Trans. Automat. Control. 2003. Vol. 48. No. 8. P. 1399-1403.

[2] Boscain U., Gauthier J-P., Rossi F., Sigalotti M. Approximate controllability, exact controllability,
and conical eigenvalue intersections for quantum mechanical systems // Commun. Math. Phys. 2015.
Vol. 333. Pp. 1225-1239.

[3] Turinici G., Rabitz H. Quantum wavefunction controllability // Chem. Phys. 2001. Vol. 267. Pp. 1-9.

[4] Pechen A.N., Tannor D.J. Are there traps in quantum control landscapes? // Phys. Rev. Lett. 2011.
Vol. 106. P. 120402.

[5] Schirmer S.G., Fu H., Solomon A.I. Complete controllability of quantum systems // Phys. Rev. A.
2001. Vol. 63. No. 6. P. 063410.

[6] Polack T., Thomas H., Tannor D. J. Uncontrollable quantum systems: A classification scheme based
on Lie subalgebras // Phys. Rev. A. 2009. Vol. 79. No. 5. P. 053403.

[7] D’Alessandro D. Introduction to Quantum Control and Dynamics, 2nd Edition. Boca Raton, Chapman
and Hall/CRC. 2021.
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Relationship between the complex world, and the real world, which V.I. Arnold considered to
be the physical one, was one of the most principal and most intriguing to him. In particular, he made
important contributions [1, 2| to the Hurwitz problem about enumeration of ramified coverings of
the sphere, both in the real, and in the complex case.

In the Hurwitz problem, one specifies ramification points (critical values) of the covering on
the sphere, together with a ramification profile over each of these points. The number of complex
ramified coverings is independent of the specific positioning of the ramification points. As usual, the
real problem is much more difficult. In this case all ramification points must either be real, or split
into complex conjugate pairs, and the number of real ramified coverings depends critically on the
order of the real critical values.

The talk will address these problems and some recent progress [3, 4, 5| reached by Arnold’s
former students and followers.
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DERIVATIVE OF SUB-RIEMANNIAN GEODESICS IS L,-HOLDER CONTINUOUS
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The talk will be devoted to the long-standing open problem on the smoothness of abnormal
sub-Riemannian geodesics. I will show that the derivatives of abnormal sub-Riemannian geodesics
are always L,-Holder continuous. This result has a number of interesting implications concerning
(i) the Fourier coefficients decay on abnormal controls, (ii) the rate of their approximation by
smooth functions, (iii) the corresponding generalization of the Poincare inequality, and (iv) the
compact embedding of the set of shortest paths into the space of Bessel potentials. The result is
obtained in the joint work with Mikhail I. Zelikin.
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FEEDBACK CONTROL METHOD IN THE INVESTIGATION
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Last years, a part of mathematical control theory, namely, the theory of control for distributed
systems, has been intensively developed. To a considerable degree, this is stimulated by the fact that
a rather wide set of applied problems is described by such systems. At present, there exists a number
of monographs devoted to control problems for distributed systems. In most of these works, the
emphasis is on problems of program control in the case when all system’s parameters are precisely
specified. But the investigation of control problems for systems with uncontrollable disturbances
(game or robust control problems) is also natural. Similar problems have been less investigated,;
in our opinion, this is connected with the fact that the well-known Pontryagin maximum principle
is not really suitable for solving such problems. In the early 70’es, N.N. Krasovskii, working in
Ekaterinburg, suggested an effective approach to solving guaranteed control problems. This approach
is based on the formalism of positional strategies and extremal shift methods. In the report,
we discuss applications of the feedback control method developed by the Ekaterinburg school to
investigating some problems of guaranteed control and dynamical tracking of inputs and solutions
of a parabolic equation with memory. This equation includes the Schlogl system

%y(y’ t) - ALy(Va t) + R(y(l/, t)) = ’LL(Z/, t) + f(y, t) n Qy
Ouy(v,t) 0 in Xy
y(v,0) = yo(v) inQ

and the FitzHugh-Nagumo system

%y(y, t) — Apy(v,t) + R(y(v,t)) + z(v,t) = u(v,t) —v(v,t)+ f(v,t) in Qy
Ouy(v,t) = 0 in Xy
y(v,0) = yo(v) in
%z(y, t) + Bz(v,t) —yy(v,t) + 6% = 0 inQy

z(r,0) = 2zp(v) in Q.

In recent time, control problems for such systems have been actively discussed in works by German
mathematician F. Troltzsch [1], [2] and his colleagues as well by Austrian scientist K. Kunisch [3].
It should be noted that control and tracking problems for other classes of distributed equations with
memory have been intensively investigated by L. Pandolfi, who brought a considerable contribution
into control theory for distributed systems including the development of the method of regularized
extremal shift.
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LOCAL DYNAMICS OF A SECOND-ORDER EQUATION
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Consider a second-order differential equation with delayed feedback, which is an
implementation of the modified Ikeda equation with a time delay:

d’y dy dy
5dt2+dt+5y—F(dt(tT)>. (1)

Here ¢ and ¢ are small and proportional parameters 0 < e < 1, § = ke, 7 is a delay parameter, real
and positive. The function F' is sufficiently smooth, such that F(0) = 0. Thus, equation (1) has a
zero equilibrium state. Let study the local dynamics in the vicinity of the equilibrium state,in the
phase space 0[1—1,0]' Note, that the problem under consideration is singularly perturbed.

The characteristic quasi-polynomial of the linearized at zero equation (1) has the form:

X4 A+ ke = ABre . (2)

It is shown that for |51] < 1, the zero equilibrium state is stable, and for |8;| > 1, it is unstable.
In critical cases 1 = %1, the characteristic equation has an infinite number of roots tending to the
imaginary axis at € — 0. Thus, the critical cases have infinite dimension.

To study the behavior of solutions in 51 close to —1, the solution of problem (1) is reduced
in the case under consideration to a partial differential equation (3) with boundary conditions (4):

v 182V k2 1% av\?
87:28215+kv_2J2(V)+5V+ﬁ2J<Ulat>+53J<<at> >, (3)
1
/V(T,t)dt 0, V(rt) = —V(rt+1). (4)
0

Theorem 1. Let Vi (7,t) be a bounded with its derivatives solution (3) with boundary conditions
o .

(4), where Vi (1,t) = 3 ™" +tDiy (1) then
—o0

o) 1
y(t) = gz e’ilm(/\n0+6)\n1+52)\n2+..-)tvn(€2t) + 5% / V2(t752t)dt,

—00 0

is asymptotic in the residual with an accuracy of O(¢3) uniformly over t > 0 by the solution of (1).
Problem (3), (4) is an analog of normal form. It’s solution determine main terry of asymptotic
approximate for solution of (1). To study the behavior of solutions in the case of a close f; = 1, the
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solution of the problem (1) is reduced in the case under consideration to the differential equation
(5) and the partial differential equation (6) with boundary conditions (7):

W(r) = (26— DW(r) — 2 BBVRIW AW () + 5 e kW)W (r), 6
2 2 3
ZZZ;%X+kv_‘;J2(v>+ﬁv+ﬁ3J<<g> ) (6)
1
/V(n,t)dt 0, Vnt) = Vn t+1). (1)
0

J(V) denotes the primitive function V' with a zero mean:
JHV)=J(I(V)), (J(V); = V.
For e < g, the solution of equation (5) tends to zero.
Theorem 2.Let e < g, let Vi(n,t) be a bounded with its derivatives solution (6), (7), and

Vi(n,t) = 32 €™V, (n), then

o0
y(t) — 2 Z6iIm(>\n0+€>\"l+€2>\"2+'")tVn(62t)

—00

is asymptotic with respect to the residual with an accuracy of O(g3) uniformly over t > 0 solution
(1).

k
Theorem 3.Let e > > let W,(7) is a stable solution (5), then

y(t) = £1 (Wi (et) Ve 4 TV, (et)e~IVER) 4 O(e3)

is a periodic stable solution (1).

A-FLOWS AND CHAOTIC LAMINATIONS!®

Medvedev V. S. (Russia, Nizhniy Novgorod)
Laboratory of Dynamical Systems and Applications
National Research University Higher School of Economics
medvedev@unn.ac.ru

Zhuzhoma E. V. (Russia, Nizhniy Novgorod)
Laboratory of Dynamical Systems and Applications
National Research University Higher School of Economics
zhuzhoma@mail.Tu

We consider two-dimensional basic sets of flows satisfying axiom A (A-flows) on a closed
orientable 3-manifold M?3. Such basic sets are one-dimensional chaotic laminations of topological
dimension two. It was proved by authors that given any closed 3-manifold M3, there is an A-flow
ft on M? such that the non-wandering set NW (f?) consists of a non-orientable two-dimensional
expanding attractor and trivial basic sets. In particular, there is a nonsingular A-flow ft on a 3-sphere
S3 such that the non-wandering set NW (f!) contains an orientable two-dimensional expanding
attractor. The natural question is what topological structure of basins of 2-dimensional expanding
attractors. The main results are the following statements.

Theorem 1. Let f' be an A-flow on an orientable closed 3-manifold M3 such that the
non-wandering set NW (f') contains a 2-dimensional non-mizing attractor A,. Then there is a
compactification M(A,) of the basin W#(Ag,) by the family of circles i, ...l such that

15The authors are supported by the grant RNF 22-21-00304.
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o M(A,) is a closed orientable 3-manifold;

e the restriction ft|Ws(Aa) 1s extended continuously to the structurally stable nonsingular flow ft
on M(A,) with the non-wandering set NW (f') = Ay UF_, Il; where 4, ..., 1, are the repelling
isolated periodic trajectories of ft;

o the family L = {l1,...,lk} C M(A,) is a fibered link in M (A,).

Theorem 2. Let {l1,...,l;,} C M3 be a fibered link in a closed orientable 3-manifold M?3.
Then there is a nonsingular A-flow f' on M?> such that the non-wandering set NW () contains a
two-dimensional non-mizing attractor and the repelling isolated periodic trajectories ly, ..., I.

Corollary. Let {l1,...,lx} € M3 be a fibered link in a closed orientable 3-manifold M3.
Then there is a one-dimensional foliation F on M? containing a chaotic laminations of topological
dimension two such that F has the compact isolated leaves [y, ..., [.

ON 2-DIMENSIONAL EXPANDING ATTRACTORS OF A-FLOWS!S

Medvedev V. S. (Russia, Nizhniy Novgorod)
Laboratory of Dynamical Systems and Applications
National Research University Higher School of Economics
medvedev@unn.ac.ru

Zhuzhoma E. V. (Russia, Nizhniy Novgorod)
Laboratory of Dynamical Systems and Applications
National Research University Higher School of Economics
zhuzhoma@mail.Tu

A-flows was introduced by S.Smale. This class of flows contains structurally stable flows
including Morse-Smale flows and Anosov flows. Due to Smale’s Spectral Theorem, the non-
wandering set of A-flow is a disjoint union of closed transitive invariant pieces called basic sets.
Important type of basic sets are expanding attractors introduced by R.Williams. The minimal
topological dimension of expanding attractor for A-flows equals two. The natural question is what
closed manifolds admits A-flows with 2-dimensional expanding attractors. The main results are the
following statements.

Theorem 1. Given any closed 3-manifold M3, there is an A-flow f' on M3 such that the
non-wandering set NW (f!) consists of a non-orientable two-dimensional expanding attractor and
trivial basic sets.

Theorem 2. There is a nonsingular A-flow f* on a 3-sphere S% such that the non-wandering
set NW (f!) contains an orientable two-dimensional expanding attractor.

Theorem 3. Given any closed n-manifold M™, n > 4, there is an A-flow f* on M™ such that
the non-wandering set NW (f!) contains an orientable two-dimensional expanding attractor.

GENERALIZED SOLUTIONS OF DIFFERENTIAL EQUATIONS
WITH LIE ALGEBRA STRUCTURE

Miller B. M. (Russia, Moscow; Australia, Melbourne)
IITP RAS
Monash University
bmiller@iitp.ru

Consider the system described by the differential equation, which is affine in an unbounded
control

X(t) = B(X(t), t)w(t), (1)

6The authors are partially supported by Laboratory of Dynamical Systems and Applications NRU HSE, of the
Ministry of Science and Higher Education of the RF grant ag. Ne 075-15-2019-1931.
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with control w € K, where K € R™ is a convex cone. The control w(t) corresponds to the controls
which are unbounded in the norm but restricted in the integral sense so that w(t) satisfies the
constraint

T
AuwwﬁSM<m. @)

with some constant M.

The equation in (1) is affine with respect to a control variable w(t). This type of controls admits
the generalized inputs such as § — functions which could produce the jumps of phase variable X (t)
[1]. The general representation of solution is given by Theorem 2.14 [2].

Suppose that f(x) and g(z) are two smooth vector-fields in R™.

Definition 1. The product or the Lie bracket [f, g] of two smooth vector-fields in R™ will be
defined as

[f. 9)(=) = fa(z)g(z) — g, (z) f(2),
where fl(x), gi.(z) are (n X n) matrices of partial derivatives of the vector-field components. If
[f,g] = 0, then the pair of the vector-fields f, g will be called commutative.

Theorem 1. In the commutative case that is if the columns of matriz function B(x,t) satisfies
Bi, B;] =0 for all i, j the general solution of the system
J

N
X(t) =) Bi(X(t))wi(t) (3)
i=1

with the initial condition X (0) = o, admits the representation

X(t) =On(En(t), Pn_1(En—1(t), ..., ®(&L(t), z0) .. .)), (4)

where
t
& = /wk(s) ds,
0

and Dk (t,y) is the solution of the differential equation

y(t) = Br(y(t)), y(0)=y. (5)

The same representation one can be obtained if the columns of matrix function B(z,t) are in
involution.

Definition 2. The set of the vector-fields { f;(x),i = 1,..., N} will be called involutive if the
Lie brackets of any f;, f; are the linear combinations of {fj(z),7 = 1,..., N}, i.e. there exists the
set of constants {ci-‘ij, i,j7,k=1,..., N} such that

N

i 51 =Y _clife. (6)

k=1

The set {cﬁj,i,j,k = 1,...,N} will be called the set of structural constants of the Lie algebra
L{f1, f2,..., [n} generated by vector-fields { f;(x),i =1,..., N}.

Theorem 3. If the columns of matriz function B(z,t) are in involution the general
solution of (8) admits representation (4), where functions £(t) = {&(t)} corresponding to controls
wW(t) = {w;(t)} are the solution of the system

- —

L)) =w(t),  £(0) =0, (7)

where analytical functions L% depend on the structural constants of the Lie algebra

L{B1,Bs,...,Bx}.
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To obtain the representation like (4) in a general case, when functions {f;} are in involution
(see Def. 2), we need the following
Lemma 1. Let ®;(£,y) € RN, where € € R', y € RV, be a solution of the differential equation

0

a?@i(&y) = fi(®i(&,y)) (8)

with the initial condition
®;(0,y) = y.

Suppose that the set of functions {fi,i =1,..., N} satisfies (6), so they are in involution. Then for
any i,j =1,..., N we have the relation

R 1 Z A S(@iE ) )

where ’yfj(f) are the analytical functions depending on the structural constants of the Lie algebra
L{f1,..., fn} only.

The detailed derivations of further relations are in [1], pp. 178-185, and in [2], pp. 236-244.
Some examples of these methods applied to systems with involution properties are given in the
above monographs.
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ON DIFFERENTIAL EQUATIONS OF INTEGRABLE BILLIARD TABLES

Mironov A. E. (Russia, Novosibirsk)
Sobolev institute of mathematics
mironov@math.nsc.ru

We introduce a method to find differential equations for functions which define tables, such
that associated billiard systems admit a local first integral. We illustrate this method in three
situations: the case of (locally) integrable wire billiards, for finding surfaces in R® with a first
integral of degree one in velocities, and for finding a piece-wise smooth surface in R?® homeomorphic
to a torus, being a table of an integrable billiard.
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ON OPTIMIZATION OF COHERENT AND INCOHERENT CONTROLS
IN SOME OPEN QUANTUM SYSTEMS!”

Morzhin O. V. (Russia, Moscow)
Steklov Mathematical Institute of Russian Academy of Sciences
Department of Mathematical Methods for Quantum Technologies
morzhin.oleg@yandex.ru

Pechen A.N. (Russia, Moscow)
apechen@gmail.com
Steklov Mathematical Institute of Russian Academy of Sciences
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Control of quantum systems (e.g., individual atoms, molecules) is an important direction in
modern quantum technologies [1-4]. Typically in experimental situations controlled systems are
open. Environment is often considered as having deleterious effects on the dynamics. However,
it also can be used for controlling the system. A powerful method of incoherent control for any
N-level systems, including in combination with coherent control, was found and studied in [5]. In
this case, spectral density of the environment, i.e., distribution of particles of the environment in their
momenta and internal degrees of freedom, is used as the incoherent control function to manipulate
the system. This spectral density is often considered as thermal (Planck distribution), but in general
it can be any non-equilibrium non-negative function, possibly depending on time, of momenta and
internal degrees of freedom of environmental particles. Numerical simulations were performed for
an explicit example of four-level systems using global search optimization by genetic algorithms.
Initially for this incoherent method it was not clear to what degree it allows for manipulating
the system. In [6], a significant advance was achieved where it was shown that certain two-stage
sequential in time combination of coherent and incoherent controls allows to approximately steer
any initial density matrix (d.m.) to any given target d.m. This property approximately realizes
controllability of open quantum systems in the set of all d.m. — the strongest possible degree of
quantum state control. Also [6] gives a numerical example for the case with N = 2.

Based on [5, 6], the works |[7-11] consider some one- and two-qubit (N = 2,4) open
quantum systems evolved via the Gorini-Kossakowski-Sudarshan-Lindblad master equation
@O = i [Hs + eHegrn(s) + Hugr), p(1)] + €Ly (p(t), p(0) = po with N-order d.m. p(t),
simultaneous coherent u (it enters into the Hamiltonian) and incoherent n (in general, it inters
into both the Hamiltonian (via Lamb shift) and the dissipative superoperator £,,;)) controls from
various classes, with various objective functionals to be minimized / maximized and represented,
e.g., by the squared Hilbert-Schmidt distance, ||p(T') — prarget||?, between the final d.m., p(T), and
a given target d.m., prarget, the Hilbert-Schmidt scalar product (mean value), (p(T), prarget), the
Uhlmann—Jozsa fidelity, etc., with use of the Pontryagin maximum principle [11|, Gabasov second
order necessary condition for optimality [8], various iterative optimization methods. Also some
modification of the two-stage method is constructed [10]. An important goal of the study is analysis
of optimal control structures, trajectories, for such cases as singular controls. For accelerating such
computations, e.g., multi-step gradient projection methods are under study. Moreover, such an
objective functional can be extended for constraining the evolution of d.m. over the whole time
interval.
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SOME CONTROLLABLE AND UNCONTROLLABLE DEGENERATE
FOUR-LEVEL QUANTUM SYSTEMS

Myachkova A. A. (Russia, Dolgoprudny)
Moscow Institute of Physics and Technology
miachkova.aa@phystech.edu

Pechen A.N. (Russia, Moscow)
Steklov Mathematical Institute of Russian Academy of Sciences
National University of Science and Technology "MISIS"
apechen@gmail.com

Establishing controllability of quantum systems is an important topic in quantum
control [1,2,3,4,5|. In this talk, we discuss some our results on controllability of a class of four-level
quantum systems with given free Hamiltonian and interaction Hamiltonian. The free Hamiltonian
is a diagonal matrix Hy = diag(a,b,c,c), where a,b and ¢ are not equal one to another, and the
interaction Hamiltonian has the form

)

V13 V14
0  weg way
viz vi3 0 vy
vy V3 vz 0

V=

where matrix elements satisfy the additional constraint
1}13’[);3 + ’1)141];4 =0. (2)

We find some particular values of the parameters for which the system is controllable, and
some values for which the system is not controllable.

For the controllable case, a basis of 16 matrices forming a Lie algebra was numerically
constructed. In this case the algebra generated by all independent commutators ¢Hg, ¢V has
dimension N2, and the system is controllable. During the proof and consideration of special cases
we obtained a set of criteria, the satisfaction of which guarantees the controllability of the system.
On the contrary, we show that for |viz| = |ves| the system ceases to be controllable. The same
happens if vy = 0. For these cases, we conduct a study of the states for reducibility by seaching for
operators commuting with both Hy and V.
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EQUATIONS GENERATED BY THE FRACTIONAL HARDY-SOBOLEV INEQUALITY,
AND THEIR PERTURBATIONS!®

Nazarov A.I. (Russia, Saint Petersburg)
PDMI RAS and St. Petersburg State University
al.il.nazarov@gmail.com

We consider linear and non-linear equations related to the fractional Hardy—Sobolev
inequality. We prove nondegeneracy of ground state solutions to the basic equation and investigate
existence and qualitative properties, including symmetry of solutions to some perturbed equations.

This talk is based on the joint paper with R. Musina [1].
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SOLUTION OF THE 33RD PALIS-PUGH PROBLEM FOR GRADIENT-LIKE
DIFFEOMORPHISMS OF A TWO-DIMENSIONAL SPHERE!?

Nozdrinova E. V. (Russia, Nizhny Novgorod)
Laboratory of Dynamical Systems and Applications
National Research University Higher School of Economics
maati@mail. ru

The problem of the existence of an arc with no more than a countable (finite) number of
bifurcations connecting structurally stable systems (Morse-Smale systems) on manifolds is on the list
of fifty Palis-Pugh problems under number 33. In 1976, S. Newhouse, J. Palis, F. Takens introduced
the concept of a stable arc connecting two structurally stable systems on a manifold. Such an arc does
not change its quality properties with a little perturbation. In the same year, S. Newhouse and M.
Peixoto proved the existence of a simple arc (containing only elementary bifurcations) between any
two Morse-Smale flows. For Morse-Smale diffeomorphisms given on manifolds of any dimension,
examples of systems that cannot be connected by a stable arc are known. In this direction, the
question naturally arises of finding an invariant that uniquely determines the equivalence class of
the Morse-Smale diffeomorphism with respect to the relation of the connection by a stable arc. In
the report we give an answer to the question for gradient-like diffeomorphisms of a two-dimensional
sphere is obtained. We prove that there exists countable many of equivalence classes of such systems.

18 Author’s work was supported by the RFBR grant 20-01-00630.
9The author is partially supported by Laboratory of Dynamical Systems and Applications NRU HSE, of the
Ministry of science and higher education of the RF grant ag. Ne075-15-2019-1931.
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CRITERION FOR THE EXISTENCE OF A CONNECTED CHARACTERISTIC SPACE OF ORBITS
IN A GRADIENT-LIKE DIFFEOMORPHISM OF A SURFACE?

Nozdrinova E. V. (Russia, Nizhny Novgorod)
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National Research University Higher School of Economics
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National Research University Higher School of Economics
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The classical approach to the study of dynamical systems is to single out a dual attractor-
repeller pair, which are attractive and repulsive sets for all other trajectories of the system. If it is
possible to choose a dual pair of attractor-repeller in such a way that the space of orbits in their
complement (the characteristic space of orbits) is connected, then this creates the prerequisites for
finding complete topological invariants of the dynamical system. Thus, the complete topological
classification of Morse-Smale 3-diffeomorphisms is essentially based on the presence of a connected
characteristic space of orbits associated with the choice of a one-dimensional dual attractor-repeller
pair. The report will present a criterion for the existence of a connected characteristic space of orbits
for gradient-like diffeomorphisms on surfaces, and also construct. Gradient-like diffeomorphism
without a connected characteristic space on orientable and non-orientable surfaces of any kind.

ON ONE BIFURCATION OF LIOUVILLE TORI IN THE PROBLEM OF VORTEX DYNAMICS?!

Palshin G. P. (Russia, Dolgoprudny)
Moscow Institute of Physics and Technology (national research university)
palshin. gp @phystech. edu,

Consider one generalized model of vortex dynamics. The model includes two special cases:
a model of N interacting magnetic vortices in ferromagnets [1] and a model of N hydrodynamic
vortices in an ideal fluid [2]. The vortices are at positions ro, = (Za,Ya), @ = 1,...,N. They are
characterized by constant intensities I, and polarities \,, which take values +1 or —1 depending on
magnetization directed up or down respectively. The ideal fluid case is reached under the condition
of equality of polarities: A\ = -+ = An.

In this work, a restricted model of three vortices is considered. The restriction consists in
fixing one of the vortices at the origin of the Cartesian plane. Equations of motion of such a system
can be written in Hamiltonian form:

I'y I’ I't Iy : oH . OH
H=—Inl{ i+ —Inly+ ——1In/ r =—, I =—— =1,2 1
N ney + Ay nfy + M Ay ney2, ala 83/04’ alYa Oy’ o ) 4y ( )
where £, = |rq| and o3 = |rq — rg|. In addition, this system has an integral of the angular

momentum of vorticity F = T'1£3 + T'af3, so it is completely Liouville integrable system with two
degrees of freedom.

The main role in the study of such dynamical systems is played by the bifurcation diagram
Y of the momentum mapping F(z) = (F(z),H(z)). In the restricted system of three magnetic
vortices in the case of equal intensities I'1 = I's and positive polarities Ay = Ay = 1 a bifurcation
diagram contains one-into-three tori bifurcation (Fig. 1). Here T? denotes the presence of a two-
dimensional Liouville torus in the preimage of the momentum mapping. Such a bifurcation was
found in another generalized vortex model [3] (at equal vortex intensities) and in the integrable case
of Goryachev-Chaplygin-Sretensky in the dynamics of a rigid body [4].

20The author is partially supported by Laboratory of Dynamical Systems and Applications NRU HSE, of the
Ministry of science and higher education of the RF grant ag. Ne075-15-2019-1931.
21The work was supported by the Russian Foundation for Basic Research, grant no. 20-01-00399.
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Fig. 1: Bifurcation diagram ¥ for parameters I'y =T2 = 1.3, \1 = Ay =1

For the system (1) an explicit reduction to a Hamiltonian system with one degree of freedom
was performed. The bifurcation of one torus into three occurs as follows: T? — S! x (Sl Usty Sl) —
3T?2. With the help of the reduced Hamiltonian level curves in Fig. 2, this bifurcation is clearly visible
(ho =1, f1 = 6.05, fo = 6.1665, f3 = 6.3).

2 (1) 2/ (2) 2 3)
1 1f 1
v g AN U oo
1 -1F 1
2 -2 2
2 1 0 1 2 2 1 0 1 2 2 1 0 1 2
U u U

Fig. 2: Hamiltonian level lines corresponding to the one-into-three bifurcation

The author expresses his gratitude to Professor P. E. Ryabov for posing the problem and
attention to this work.
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ON RESOLVENT APPROXIMATIONS IN HOMOGENIZATION

Pastukhova S. E. (Russia, Moscow)
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In the space R%, d>2, we consider the equation of an arbitrary even order 2m>4
u® € H"(RY), (A-+ 1w =f, feL*RY,
Ac= (D)™ ¥ D*(ags(x)DP), (1)

la|=|8|=m
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with e-periodic coefficients af 5(2)=aas(y)|y—c—1,, € > 0 is a small parameter. Here, a=(a1, ..., aq)
is a multiindex of length |a|=)", a;, a;> 0 are integers; D*= D‘f‘l ...DY?, Di=Dy,, i=1,...,d; the
coefficients anp(y) are real, measurable, 1-periodic (Y=[—1%,1)? is a periodicity cell) and satisfy the
conditions (C):

Gap = ABas HaaﬁHL‘X’ (Y) <AL, Vo, B, ol = |8l =m,

/ > aap@) DD dz > )\0/ > D% dx Ve € C5o(RY)
|la|=|Bl=m la=m
with some positive constants Ag and Aj.
It is well known [1] that the family {A.}. G-converges to the limit operator A of the same
class (C) but with constant coefficients, namely, A—(—l)m >, D% 5Df8 Recently, it was proved

la|=|B8l=m
[2] that (A.+1)"1=(A+1)"'4+0(¢?) in the operator norm in L2(R%). Now, we find the following
approximation for the resolvent (A.+1)~! in the energy operator norm || - || L2(Rd)— H™ (RA):
Ac+ D)L= (A+ D)+ e™Kpn(e) + €™M K (e) + O(e?), (2)

where K, (¢) and K,,+1(¢) are certain correctors.
As for the solution u® to (1), relation (2) means that

[u — 0% g (ray < CEZHfHLQ(Rd), C = const(\o, A1, d),
where we set

V(@) =u(z) + ™ Y Ny(x/e)O°Dlu(z) +™ Y Ny(x/e)O°Du(x).
[v|=m |6]=m+1

Here, u = (A+1)71f; N, (y) and Ns(y), for all indices 7, |y| = m, and §, |§| = m+1, are solutions to
the cell problems on Y'; ©° is the appropriate e-smoothing operator needed due to lack of regularity
of data in (1), e.g., ©°=5°5° and S¢ is the Steklov smoothing operator,

(Sp)(x) = /ng(:n —ew)dw, Y =[-1/2, 1/2)d.

Asymptotic of type (2) was earlier [3] found under conditions (C) without assuming symmetry
of coefficients ang. In this case, the asymptotic turns to be more complicated in comparison with
(2). Instead of the classical homogenized operator A, we have here the new kind homogenized

operator A, = A + B, where the operator B=(—1)™ > D%basD? has order 2m + 1 and
lor|=m,|6|=m+1

the constant coefficients b,s are calculated in terms of the afore-mentioned solutions N, and Nj to

the cell problems whereas the coefficients of A are calculated only in terms of N,,.

To prove all these results, we apply the approach proposed in [4], [5] (see also [6]).

References

[1] Zhikov V.V., Kozlov S.M., Oleinik O.A., Ngoan H.T., Averaging and G-convergence of differential
operators// Russian Math. Surveys 1979. Vol.34. No 5. P.69—147.

[2] Pastukhova S.E. Approximation of resolvents in homogenization of higher order elliptic operators//
J. Math. Sciences 2020. Vol. 251. No 6. P.902-925.

[3] Pastukhova S. E. Improved approximations of resolvents in homogenization of higher order operators//
J. Math. Sciences 2021. Vol. 259. No 2. P.230-243.

[4] Zhikov V.V. On operator estimates in homogenization theory// Dokl. Math. 2005. Vol.72. P.535—538.

[5] Zhikov V. V., Pastukhova S.E. On operator estimates for some problems in homogenization theory//
Russian Journal of Math. Physics 2005. Vol. 12. No 4. P.515-524.

[6] Zhikov V. V., Pastukhova S. E. Operator estimates in homogenization theory// Russian Math. Surveys
2016. Vol.71. P.417—511.

95



GRAPE METHOD FOR OPEN QUANTUM SYSTEMS DRIVEN
BY COHERENT AND INCOHERENT CONTROLS??

Petruhanov V. N. (Russia, Moscow)
Steklov Mathematical Institute of Russian Academy of Sciences
Moscow Institute of Physics and Technology
vadim. petrukhanov@gmazil.com

Pechen A.N. (Russia, Moscow)

Steklov Mathematical Institute of Russian Academy of Sciences
National University of Science and Technology “MISIS”
Moscow Institute of Physics and Technology
apechen@gmail.com

Quantum control which studies methods for manipulation of individual quantum systems is
an important tool necessary for development of quantum technologies [1]. Often in experimental
circumstances controlled systems can not be isolated from the environment, so that they are open
quantum systems. Moreover, in some cases the environment can be used for actively controlling
quantum systems, as for example in incoherent control [2,3]. While in some cases the solution for
the optimal shape of the control can be obtained analytically, often it is not the case and various
numerical optimization methods are needed. Large class of methods are gradient-based numerical
optimization algorithms, one of which is GRadient Ascent Pulse Engineering (GRAPE) developed
originally for design of NMR pulse sequences |4] and later applied to various problems, e.g. |5,6].

In this talk, we consider generalization of GRAPE method to the case of open quantum
systems driven by coherent and incoherent controls [7]. We obtain analytic expression for gradient
of Mayer-type functional with respect to piecewise constant control for general N-level quantum
systems. Then one-qubit system is considered in more details. In this case, the state of the system
can be represented by vector in Bloch ball. Due to low dimension the corresponding 3 x 3 matrix
exponentials can be analytically diagonalized; for that we compute eigenvalues of the right-hand
side matrix of the system evolution equation. We find that in the case of constant coherent and
incoherent controls u € R and n € R, the half-plane R x Ry 3> (u,n) can be divided into two
domains with different dynamics, similar to phase diagram. In suitable coordinates, the dividing
these two domains curve is a plane cubic curve with casp. We also illustrate the performance of
the algorithm for the problem of steering the system from a given initial state to a given final
state in a fixed time. Moreover, we compute gradient and Hessian (in the sense of Fréchet) of
the objective functional with respect to controls in the functional space L2, i.e., without piecewise
constant assumption on the controls.
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SHADOWING IN THE NEIGHBORHOOD OF A HYPERBOLIC EQUILIBRIUM POINT
FOR FRACTIONAL PROBLEMS?3

Piskarev S.I. (Russia, Moscow)
Lomonosov Moscow State University
piskarev@qgmail.com

This talk is devoted to the shadowing in the neighborhood of a hyperbolic equilibrium point
u* of the abstract semilinear fractional Cauchy problem

Du(t) = Au(t) + f(u(?)), u(0) = u’,

in a Banach space E, where D{' is the Caputo-Dzhrbashyan derivative (0 < o < 1), the operator A
generates an analytic and compact Cy-semigroup exp(-A) and the function f(-) is smooth enough
[1,2]. We are considering existence of solution of the problem

Difv(t) = Ausu(t) + Fu- (v(1)),

Py(T) = Pv*,(I — P)v(0) = (I — P)v™.

We show that such a decomposition of the equation keeps the same structure under general
approximation schemes. The main assumption of our results are naturally satisfied, in particular, for
operators with compact resolvents and can be verified for finite element as well as finite difference
methods.
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NON-SINGULAR MORSE-SMALE FLOWS WITH THREE PERIODIC ORBITS
ON ORIENTABLE 3-MANIFOLDS?*

Pochinka O. V. (Russia, Nizhny Novgorod)
Laboratory of Dynamical Systems and Applications,
National Research University Higher School of Economics
olga-pochinka@yandex.ru

Shubin D. D. (Russia, Nizhny Novgorod)
Laboratory of Dynamical Systems and Applications,
National Research University Higher School of Economics
schub.danil@yandex.ru

The topological equivalence of non-singular Morse-Smale flows under assumptions of various
generalities is considered in a number of papers. However, in the case of a small number of orbits, the

23This work was carried out with the financial support of the Russian Science Foundation, project no. 20-11-20085.
24The author is partially supported by Laboratory of Dynamical Systems and Applications NRU HSE, of the
Ministry of science and higher education of the RF grant ag. Ne075-15-2019-1931.
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known invariants can be significantly simplified and, most importantly, the classification problem
can be brought to realization by describing the admissibility of the obtained invariants. In a recent
paper, an exhaustive classification of flows with two orbits on arbitrary closed n-manifolds was
obtained. In this talk, a complete topological classification is obtained for flows with three periodic
orbits given on orientable 3-manifolds.

A KNON AS A COMPLETE INVARIANT OF MORSE-SMALE 3-DIFFEOMORPHISMS
WITH FOUR FIXED POINTS?®

Pochinka O. V. (Nizhny Novgorod)
Laboratory of Dynamical Systems and Applications,
National Research University Higher School of Economics
olga-pochinka@yandex.ru

Talanova E. A. (Russia, Nizhny Novgorod)
National Research University Higher School of Economics
eltalanova@rambler.ru

Gradient-like flows on 3-manifolds with exactly four fixed points allow only lens spaces. This
fact is a direct consequence of the existence of a Morse function with four critical points and Morse
inequalities on the same 3-manifold. A similar question for gradient-like diffeomorphisms is open
today. One of the approaches to solving this problem is to find a complete invariant of the topological
conjugacy of the cascades under consideration and build a model representative in each conjugacy
class based on the abstract invariant. With the help of such an algorithm Ch. Bonatti and V. Grines
proved that the topological conjugacy of gradient-like 3-diffeomorphisms with a single saddle point
is completely determined by the equivalence of Hopf knots on the manifold S? x S', which are the
projection of a one-dimensional saddle separatrix. In this paper, a similar result is established for
gradient-like 3-diffeomorphisms with exactly two saddle points and a single heteroclinic curve.

ATTAINABLE SET FOR A 2-STEP FREE CARNOT GROUP WITH POSITIVE CONTROLS?®

Podobryaev A.V. (Russia, Pereslavl-Zalessky)
A K. Ailamazyan Program Systems Institute of RAS
alex@alex. botik.Tu

We consider a control system on a 2-step free Carnot group with positive controls in the first
layer of the corresponding Lie algebra. We suggest an approach to find the attainable set for such
control system. This attainable set has a probability interpretation.

A 2-step free Carnot group of rank r is the set G = R” x A’R" equipped with the multiplication
rule (z,y) - (2/,y") = (x + 2",y +y +x A2) for z,2' € R" and y,y’ € A’R".

We consider the left-invariant control system

T =u, y=xAu, u=(ug,...,u,) €R", U, ..., u = 0.

Our goal is a description of the attainable set A4 from the point (0,0) for this control system.

For any set of positive numbers (c1, ..., ¢,) consider a dilation that isamap D., . : G — G
such that D¢, . (z,y) = (cizi, cicjyij) for i@ = 1,...,r, i < j. Note that dilations preserve our
control system. Denote by A; = {(z,y) € A|z = (1,...,1)} the section of the attainable set. Since
A coincides with the closure of the orbit of A; with respect to dilations, then it is sufficient to
describe the section A;. Let us consider the set B = 3((1,...,1)T + A;) instead of the set A;.

25The author is partially supported by Laboratory of Dynamical Systems and Applications NRU HSE, of the
Ministry of science and higher education of the RF grant ag. Ne075-15-2019-1931.

26The work is supported by the Russian Science Foundation wunder grant 22-21-00877
(https://rscf.ru/en/project/22-21-00877/) and performed in Ailamazyan Program Systems Institute of Russian
Academy of Sciences.
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H. Abels and E.B. Vinberg [1] suggested a probability interpretation of the set B. We give
an alternative proof of the following theorem based on the geometric control theory [2].

Theorem 1. ([1]) Let &,...,& be independent random wvariables such that
P(& =---=&) =0. The points of the set B have the coordinates p;; = %(yz‘j +1) =P(& < &).

In paper [1] the attainable set A was regarded as a 2-step nilpotent Lie semigroup of rank r
and the set B was described for r = 3 with the help of an algebraic method. The result implies some
not obvious bounds for probabilities P(&; < ;). But it seems that the method is unapplicable in
more complex cases r > 3.

We propose a constructive and algorithmic approach for » = 3. The conjecture is that this
method will be useful also for r > 3.

The idea is to consider the time-optimal problem on the group G and then to describe
extremal trajectories that come to the boundary of the attainable set. These are optimal
trajectories for a reduced problem. We find extremal trajectories with the help of the Pontryagin
maximum principle [2,3]. Then, second order optimality conditions due to A.A. Agrachev and
R. V. Gamkrelidze [4] distinguish optimal trajectories. More exactly, we get the number of control
switchings for different kinds of optimal trajectories (bang-bang, singular and mixed). This implies
a parametrization of the boundary 0.A. The answer is given in the terms of the set B.

Theorem 2. (1) The set B for v = 3 is a curved polyhedron carved from the cube [0,1]3 with
(p12, P23, p31)-coordinates by the surfaces p1a + pasps1 = 1, (1 — p12) + (1 — pasg)(1 — p31) = 1 and
surfaces obtained from these surfaces by any permutations of these variables.

(2) The vertices, edges and faces of B correspond to the endpoints of the extremal trajectories of the
time optimal problem with not more than 2, 3 and 4 switchings, respectively.

Theorem 3. The boundary of the set B for r = 4 can be obtained by extremal trajectories of
the time-optimal problem with not more than 8 switchings of the control.
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ON RECONSTRUCTION PROBLEM FOR A QUASI-LINEAR STOCHASTIC EQUATION
UNDER CONDITIONS OF UNCERTAINTY?"

Rozenberg V. L. (Russia, Yekaterinburg)
Krasovskii Institute of Mathematics and Mechanics, Ural Branch of the RAS
rozen@imm.uran.ru

We consider a stochastic differential equation with state-dependent diffusion:
da(t,w) = (A(B)a(t,w) + BEur(t) + F(2)) dt + Us(t) alt, w) dE(t, w). (1)

Here, t € T = [0,9], z € R™, 2(0,w) = x¢ is a known deterministic or random (normally distributed)
vector; w € Q, (2, F, P) is a probability space, £(t,w) € R is a standard scalar Wiener process; A(t),
B(t), and f(t) are continuous matrix functions of dimension n xn, nxr, and n x 1, respectively. Two
external disturbances act on the system: vectors u;(t) € R" and us(t) € R™ (the main diagonal of a
diagonal matrix Us(t) € R™*™) with values from given convex compact sets; both functions are of

2"The work was performed as part of research conducted in the Ural Mathematical Center with the financial support
of the Ministry of Science and Higher Education of the Russian Federation (Agreement number 075-02-2022-874).
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bounded variation. The input w1 enters into the deterministic term and influences the mathematical
expectation of the desired process, whereas the vector us regulates the amplitude of random noises.

There exists a unique solution of equation (1) defined as a stochastic process satisfying
corresponding integral identity containing the Ito integral for any ¢ with probability 1. The problem
under discussion is as follows. At discrete, frequent enough, times 7, € T', 7; = i0, d = 9/, i € [0 : ],
the information on some number N of realizations of the stochastic process x(7;) is received, at
that only ¢ (¢ < n) first coordinates are measurable. It is required to design an algorithm for the
dynamical reconstruction of unknown disturbances u;(¢) and ua(t). The probability of an arbitrarily
small deviation of approximations from the desired inputs in Lo-metric should be close to 1 for
sufficiently large N and the time discretization step 6 = §(NN) = 9¥/I(N) concordant with N in an
appropriate way.

The specific properties of equation (1) admit the reduction of the problem to an inverse
problem for a nonlinear system of ordinary differential equations describing the mathematical
expectation and covariance matrix of the desired process. To solve the latter problem, a finite-
step (I(N) identical steps) solving algorithm based on the approach within the theory of dynamic
inversion [1] is designed.

In connection with the lack of incoming information, a block-identifier is introduced for the
dynamical reconstruction of unmeasured coordinates to get the information on the whole phase
state. This information is fed to a block-controller forming (by the feedback law) model controls
to approximate real disturbances synchronously with the process. We denote the output of the
algorithm by (u¥(-),udY(-)) emphasizing the dependence of all its parameters on the number N of
available trajectories of (1). In the report, we discuss new (comparing with previous results; see, for
example [2]) assumptions on the structure of equation (1), which are sufficient to prove

Theorem. The accuracy of the algorithm is estimated as

P (gm0 = O} < AN)) =1 - 9(N), (2
1=1,2;n1=r,n2=n
where h(N), g(N) — 0 as N — oo and can be written explicitly.
The realization of the algorithm, the choice of its parameters, and the character of convergence
in estimate (2) are illustrated by a model example.
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ASYMPTOTIC MODELLING OF INTERFACES IN KIRCHHOFF-LOVE’S PLATES THEORY

Rudoy E. M. (Russia, Novosibirsk)
Lavrentyev Institute of Hydrodynamics of SB RAS
rem@hydro.nsc.ru

In the present work, we consider a composite structure consisting of two plates glued together
by a third one (adhesive layer) along some common interfaces. The structure is in equilibrium under
the action of applied forces. The composite plate is fixed on the parts of the external boundary.
The equilibrium problem (case of pure bending) is formulated as a variational one. Namely, a
minimization of the energy functional over a set of admissible deflections of the composite plate in
the space H2. It means that the deflections of each plates are described by biharmonic equations. And
on the common boundaries the condition of equality of the deflections and their normal derivatives
is satisfied. It is assumed that the elastic properties of the adhesive layer depend on its thickness e
as eV, N € R. Parameter ¢ is a small parameter of the problem. But the elastic properties of the
glued plates do not depend on € and remain constant.
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The main goal of the work is to strictly mathematically justify the passage to the limit when
€ tends to zero. It is shown that there are 7 limit problems in dependence on N. Moreover, for these
7 problems it is shown that the influence of adhesive on adherents can be replaced by interface.
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PHASE TOPOLOGY OF ONE MODEL OF A LAGRANGE TOP
WITH A VIBRATING SUSPENSION POINT?®

Ryabov P. E. (Russia, Moscow)
Financial University under the Government of the Russian Federation
Institute of Machines Science, Russian Academy of Sciences
PERyabov@fa.ru

Sokolov S. V. (Russia, Dolgoprudny)
Moscow Institute of Physics and Technology (State University)
Institute of Machines Science, Russian Academy of Sciences
sokolov.sv@phystech. edu

The report is devoted to the phase topology of one model of a dynamically symmetric rigid
body in a homogeneous gravity field. One of the points of the body lying on the axis of symmetry (the
suspension point) performs high-frequency periodic or conditionally periodic oscillations (vibrations)
of small amplitude. Due to the presence of vibrations of the suspension point, the differential
equations of motion of a rigid body describing its orientation relative to the coordinate system
clearly depend on time. In the works of A. P. Markeev and O. V. Kholostova [1], [2], [3], a
transformation is indicated that leads the original equations of motion written in the form of Euler-
Poisson equations to an approximate system with respect to new variables, which also has the form
of Euler-Poisson equations, but does not explicitly depend on time. It turns out that the resulting
system of differential equations is a completely Liouville-integrable Hamiltonian system with two
degrees of freedom. Such a system can be subjected to bifurcation analysis and clearly demonstrate
the problems of stability research based on the analysis of the type of singularities, namely, stable
solutions correspond to elliptic non-degenerate singularities, and unstable solutions correspond to
hyperbolic non-degenerate ones [4].

The report presents the analytical results of bifurcation analysis: an explicitly bifurcation
diagram of the integral mapping is obtained as part of the discriminant of the fourth degree
polynomial. As it turned out, such a polynomial participates in explicit integration. All phase
variables are expressed in terms of elliptic Jacobi functions. All separating curves that form an
atlas of bifurcation diagrams are found. It turned out that there are only five types of bifurcation
diagrams, three of which are new compared to the classical case of the Lagrange top (without
vibrational potential). The results of the study of the stability of equilibrium positions and regular
precessions are clearly presented. As it turned out, both equilibrium positions in the presence of a
vibrating suspension point can be unstable, which corresponds to the existence of focus singularities
in this model [5|. The appearance of a “double pinched” torus in the considered mechanical system
is unique (Fig. 1).

28The work was partially supported by the Russian Science Foundation, grant no. 19-71-30012 and the Russian
Foundation for Basic Research, grant no. 20-01-00399.
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SELF-SIMILAR ERGODIC CONSTRUCTIONS, AND APPLICATIONS

Ryzhikov V. V. (Russia, Moscow)
Moscow State University
vryzh@mail. ru

We consider self-similar ergodic transformations and flows that preserve the sigma-finite
measure. Their properties and spectra of induced Gaussian and Poisson dynamical systems are
studied. As an application we prove that for any set M C N, there is a Poisson suspension with
spectral multiplicity set of the form M U {oco}. It is shown that there is a Gaussian flow S; such
that the automorphism Sp» has spectral multiplicities {1, 00} as n < 0, and {p", 00} as n > 0, its
infinite tensor power T; is so that automorphisms 7,» have different spectral types for n < 0, but
all automorphisms T)»,n > 0, are isomorphic.
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INVARIANT MEASURES FOR HAMILTONIAN FLOWS AND RANDOM WALKS IN INFINITELY
DIMENSIONAL PHASE SPACES

Sakbaev V. Zh. (Russia, Moscow)
Moscow Institute of Physics and Technology
Sfumi2003@mail.ru

We study the class of finite additive measures on the real separable Hilbert space F endowed
with a shift-invariant symplectic form. Any measure from this class is invariant with respect to the
group of symplectomorphisms preserving finite-dimensional symplectic subspaces (see [1]).

We study Hamiltonian flows in a real separable Hilbert space endowed with a symplectic
structure. Measures on the Hilbert space that are invariant with respect to the group of
symplectomorphisms preserving two-dimensional symplectic subspaces are investigated. These
construction gives the opportunity to present a random Hamiltonian flow in phase space by means
of a random unitary group in the space of functions that are quadratically integrable by invariant
measure. The properties of mean values of random shift operators are studied. This presentation is
applied to the studying of walks along the random Hamiltonian field on the symplectic space, its
mean values and its distributions.
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STEADY STATES OF THE VLASOV EQUATION
WITH A LENNARD-JONES TYPE POTENTIAL

Salnikova T. V. (Russia, Moscow)
Lomonosov Moscow State University
tatiana.salnikova@math.msu.ru

We consider a system of mutually gravitating particles with possible collisions. As it is
known, when pair collisions of an infinitely large number of gravitating particles are taken into
account, the probability density function evolves in accordance with the Vlasov-Boltzmann-Poisson
system of equations. The collisions can be described using the theory of inelastic interaction of
solids with Newton’s recovery coefficient for the relative velocity of colliding particles. In numerical
implementation, the main difficulty of this approach is to track and refine a huge number of time
moments of particle collisions.

As another approach, we suggest to add to the gravitational potential the potential of repulsive
forces, similarly to the intermolecular Lennard-Jones forces. Numerical experiments show that when
the Jacobi stability condition is satisfied, both models lead to a qualitatively identical character of
evolution with the possible formation of stable configurations. [1] The probability density function
is determined by the Vlasov kinetic equation with a modified gravitational potential called the
Lennard-Jones type potential. The existence and nonlinear stability of steady states of the proposed
dynamical model with a modified gravitational potential is under consideration.

Unlike many works on this topic for the gravitational and electromagnetic interactions of
particles, there is no Poisson equation in our system. Using the energy-Casimir method (|2]), the
existence of a large class of nonlinearly stable equilibrium solutions of this equation is proved. For
this mathematical model it is shown that the total energy of the system has a minimizer under
prescribed mass-Casimir constraint. This minimizer is a steady state, and its nonlinear stability is
derived from its minimizing property.[3| This analytical study justifies the use of such mathematical
model with the potential of Lennard-Jones type to describe the evolution of the relevant physical
systems.
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A NON-AUTONOMOUS MODEL INCORPORATING EFFECTS OF TOXICITY
AND NUTRIENTS LEVEL ON PLANKTON DYNAMICS

Samares P. (India, Kalyani)
University of Kalyani
samaresp@yahoo.co.in

A mathematical model for the interacting dynamics of phytoplankton-zooplankton is
proposed. The phytoplankton have ability to take refuge and release toxins to avoid over predation
by zooplankton. The zooplankton are provided some additional food to persist in the system.
The phytoplankton are assumed to be affected directly by an external toxic substance whereas
zooplankton are affected indirectly by feeding on the affected phytoplankton. We incorporate
seasonal variations in the model, assuming the level of nutrients, refuge and the rate of toxins
released by phytoplankton as functions of time. Our results show that when high toxicity and refuge
cause extinction of zooplankton, providing additional food supports the survival of zooplankton
population and controls the phytoplankton population. Prey refuge and additional food have
stabilizing effects on the system; higher values of the former results in extinction of zooplankton
whereas phytoplankton disappear for larger values of the latter. Seasonality in nutrients level and
toxins released by phytoplankton generates higher periodic solutions while time-dependent refuge of
phytoplankton causes the occurrence of a period-three solution. The possibility of finding additional
food for zooplankton may push back the ecosystem to a simple stable state from a complex dynamics.

SAFETY PROBLEM FOR TIME-VARYING DELAY SYSTEMS
IN TERMS OF BARRIER FUNCTIONS

Sedova N. O. (Russia, Ulyanovsk)
Ulyanovsk State University
sedovanoQulsu.ru

We use the following notation: Rt = [0,400), R" is the n-dimensional space of vectors
x = (x1,...,2,)" with the norm |z|, C = C([-r,0], R") is the Banach space with the supremum-
norm ||-||. For a continuous function z(t) € C([a—r,a+ ), R") (o« € RT, 8 > 0) an element z; € C

is defined for any ¢ € (o, a + 3) by x¢(s) = z(t +s), —r < s < 0, @(t) stands for the right-hand
derivative.
We consider a time-varying nonlinear system with delay described by the equation

() = f(t,20), (1)

where t € RT, x(t) € R", the (nonlinear) functional f meets the Caratheodory-type conditions
from [1].

Let Xo C R™ be the set of initial states, and an open set U C R™ be the set of unsafe states
with U N Xy = 0.

The study of safety in the context of dynamical systems dates back to the 1940s (see [2]).
Safety is the property that requires that solutions of the (1) starting inside the set X will never
reach the “unsafe” set U.
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We define safety of a system in terms of the set S being forward invariant. We say that a set
S is forward invariant if for all solutions of (1) starting from S remain in S for allt € I (I C R" is
an interval where the solution exists; sometimes the name forward pre-invariant is used to indicate
that solutions may not exist for all ¢ € R [3]). So the safety with respect to the pair (X, U) is
verified when a set S C R"™ with Xy C S and SN U = () is forward invariant. In this case S can be
called the safety set. This motivates viewing set invariance in the context of safety.

Based on this approach, the concept of barrier functions (or safety functions) has
been established that allows one to ensure the forward invariance. A super level set
S ={z € R" : B(z) > 0} of a continuously differentiable function B : R™ — R can be used
as a safety set if the conditions ensuring its invariance are satisfied. These conditions are usually
formulated in terms of the derivative of the function B by virtue of the equation of dynamics. In
this case, the function B is a barrier function.

Thus, the introduction of barrier functions suggests that stability analysis and control design
methods based on Lyapunov functions can be appropriately transposed to address safety issues.

In [4] the authors extend the concept of safety to time delay systems by utilizing Lyapunov-
Krasovskii functionals. In this study we use the Lyapunov-Razumikhin approach to guarantee
the safety for (1). Razumikhin-type conditions are used when estimating the barrier function’s
derivative. Taking into account the time-dependence, it is possible to weaken the traditional sign
definite estimate of the derivative.
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ASYMPTOTIC SOLUTION FOR THE CAUCHY PROBLEM FOR THE WAVE EQUATION
WITH TIME DISPERSION??

Sergeev S. A. (Russia, Moscow)
Ishlinsky Institute for Problems in Mechanics RAS
sergeevsel Qyandex.Tu

The dispersion fenomenon for the wave propagation is well known. In many such problems
the so-called time dispersion effects appear (for example Maxwell equations) which means that the
dependancy on frequency can be non-polinomial.

We consider the following Cauchy problem

9 (@)u = (p, A(x)p)u, v € R?,

T 0
_0=V(= —U|i—g = 0.
uli=0 (h)’ atu|t_0
Here h < 1, @ = —ih%, p = —thV. Function ¢(x) is smooth and bounded: cpr > ¢(z) > ¢, > 0.

Initial function V' (y) is smooth and fast decaing while |y| — +o0o with all derivations.
As for the fucntion g(w), we assume that it is smooth, odd and monotonically increasing not
faster than some polynomial, and g(w) — oo while w — oo. With small w we have

g(w) =w+ %”w?’ +O®W),

29This work was supported by the Russian Science Foundation, project number 21-11-00341.
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where g3 > 0. Also we suggest that ¢”(w) is not zero for w # 0. Also we assume ¢'(w) > 1 with
w > 0.

These conditions on the function g(w) allow us to define the pseudo-differential operator
d(w?) = ¢?(©) as fuention on operator &?. Then we can inverse this pseudo-differential operator
and obtain the second-order Cauchy problem.

The task is the construction the asymptotic formulae for the solution of posted problem. The
case is that in the approach described above it is neccecary to evaluate the inverse function g=!(p).
In order to obtain the constructive asymptotic formula for the solution we have to avoid evaluation
of the inverse function. It can be done it we consider the extended phase space including time and
frequency with the space variables and corresponding momenta.

SHORT-WAVE ASYMPTOTICS FOR EVOLUTIONARY EQUATIONS
WITH ABRUPTLY VARYING COEFFICIENTS

Shafarevich A.I. (Moscow, Russia)
Moscow State University
shafarev@yahoo.com

We study Cauchy problems for hyperbolic coeflicients with coefficients, depending in a singular
way on a small parameter (weak limits of the coefficients are either discontinuous functions or delta-
type distributions). We study short-wave asymptotics of these problems; the main attention is paid
to the behavior of geometric objects (Lagrangian surfaces of complex vector bundles), corresponding
to such solutions. In particular, we describe rearrangements of these geometric objects near the
supports of singularities of coefficients.
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BOUNDARY OPTIMAL CONTROL AND HOMOGENIZATION: CRITICAL CASE

Shaposhnikova T. A. (Russia, Moscow)
Lomonosov Moscow State Universit
shaposh.tan@mail.ru

We consider the homogenization of an optimal control problem in which the control v is placed
on the part I'g of the boundary and the spatial domain contains a thin layer of "small particles very
close to the controlling boundary, and a Robin boundary condition is assumed on the boundary of
those "small particles". We assume that the size of the particles and parameters involved in the
Robin boundary condition are critical (and so they justify the occurrence of some "strange terms"in
the homogenized problem and in the limit of the cost functional).
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SINGULARITIES OF SOLUTIONS TO THE GAS DYNAMICS EQUATIONS
AND THE LINEAR WAVE EQUATION

Shavlukov A.M. (Russia, Ufa)
Institute of Mathematics with Computing Centre
aza3727Qyandex.ru

Shown that the catastrophe germs of smooth mappings defining all three typical singularities
of solutions to the system of isentropic gas flow equations coincide with germs of similar catastrophes
of solutions to the linear wave equation with constant coefficients. A hypothesis is put forward that
a similar "inheritance"should take place for typical singularities of solutions to systems of equations
of an isentropic gas flow in spatially non-one-dimensional cases as well.
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EFFECTIVE METHODS FOR HITCHIN SYSTEMS

Sheinman O. K. (Russia, Moscow)
Steklov Mathematical Institute of the Russian Academy of Sciences
sheinman@mi-ras.ru

The Hitchin systems emerge as natural integrable systems on the moduli spaces of stable
holomorphic vector bundles. Introduced by N.Hitchin in 1987, they have been applied in topological
field theory later. Since then, the development splitted into two branches: the first one more in
spirit of algebraic geometry (B.vanGeemen — E.Previato’ 1996, C.Simpson, A.Zheglov), and the
second one mainly in spirit of integrable systems (K.Gawedzki — P.Tran-Ngoc-Bich’ 2000, A.Gorsky—
N.Nekrasov—V.Rubtsov’ 2001, I.M.Krichever’ 2002). I will report on the progress in the second
direction in my talk.

In [1] Krichever represented Hitchin systems in the form of the Lax-type equations L = [L, M]
where L, M are meromorphic time-dependent matrix-valued functions on a Riemann surface .
They are assumed to have stationary and dynamical poles, with a special Laurent expansions at
the latter. In a neighborhood of such dynamical pole ~

T, TLoy +0(—2) (1)

where o, 3, € C? are vector-columns, z is a local coordinate, 2 is the coordinate of v, the T means
transposition, B,:YF ay = 0, a, is an eigenvector for Lg,. The set {a,3,,2,} together with main
parts of L in the stationary points are dynamical variables of the system.

Based on this representation, Krichever has constructed integrable hierarchies corresponding
to a given L, developed their Hamiltonian theory and gave an outline of their integration by means
of the technique of Inverse Spectral Problem. Later we had rebuilt the whole theory, except for the
last point, for g-valued L, M where g is a semi-simple Lie algebra.

Nevertheless, an explicit description of Hitchin systems had not yet been obtained. In [2],[3]
we propose a solution of the problem for a hyperelliptic curve using Separation of Variables. Let
¥ be given by the equation y? = Prgy1(z), where Pogyq is a degree 2g + 1 polynomial, and y;, x;
satisfy the relation yf = Pygi1(zi).
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Theorem 1. For L € g where g =sl(n+ 1),sp(2n),s0(2n + 1)
1°. Hamiltonians H](Z), H}l) of the Hitchin system are defined from the system of linear

S

equations (1 =1,...,dimg- (g —1)):

n [dj(g—1) (dj—1)(g—1)—2 i
NS> Bk + Y H a0 =0 (2)
j=1 k=0 s=0

where dj are exponents of g, g = genus(X), d =n+1,2n,2n + 1 depending on g.

2°. the Poisson bracket is given by  {\i,x;} = dijy;.

Action—angle variables are also found out explicitly.

We finally address the Inverse Spectral Problem in the case when L, M take values in a semi-
simple Lie algebra. A conventional approach is as follows: take a spectral covering (spectral curve)
A — ¥ equipped with a divisor D; take the matrix ¥U(q), ¢ € ¥ whose columns are evaluations of the
Baker—Akhieser vector-function, i.e. the vector-function having prescribed exponential singularities
and D as a pole divisor, at preimages of ¢; obtain L and M as follows:

L(q) = ¥(q)A(@)¥(q)~", M(q) = —0,%(q) ¥(q)". (3)

It is a distinctive feature of the semi-simple case that the Baker—Akhieser function has
unremovable dynamical poles. We propose a solution of the problem for the Lie algebra sl(2),
and the L having double poles (the work in progress) instead of (1).

Theorem 2. There exists a unique Baker—Akhieser vector-function with time-independent
pole divisor D and dynamical poles of the form ¢(z) = vy /(2 — 24) + piyay + O(2 — 24) (ay € C?
are given, fiy, vy € C), giving L, M by means of (3).
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ON SOME SOLUTIONS OF SEMILINEAR EQUATIONS IN R” WITH FRACTIONAL
LAPLACIAN®Y

Shcheglova A. P. (Russia, Saint Petersburg)
St. Petersburg Electrotechnical University
St. Petersburg University
apshcheglova@etu.ru

Let n > 2, and let s € (0,1). Denote by 2 =
n—2s
Sobolev-Slobodetskii space H*(R™). For ¢ € (2,2}), we consider the equation

the critical embedding exponent for the

(=A)u+u = |u|i?u in R", (1)

where (—A)® is the conventional fractional Laplacian in R™ defined for any s > 0 by the Fourier
transform

(=A)*u = F~([g** Fu(€)) .

Expanding on the variational method proposed in the work of Lerman, Naryshkin and
Nazarov [1], we describe a method for constructing bounded solutions for equation (1) from the

30The research was supported by RFBR grant 20-01-00630.
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solutions of a same equation in a special type of domains with different operators of the fractional
Laplacian.

Namely, let 2 C R™ be a convex polyhedron. For a positive sequence R — +o00, we define a
family of expanding domains Qp = {x € R™ : /R € Q} and consider the problem

(—A)&Ru+u:\u|q_2u in Qg, (2)

where (—A)&%R stands for some fractional Laplacian in 2z, such as spectral fractional Dirichlet or
Neumann Laplacian, etc.

Lemma 1. There exists a least energy solution u of (2), positive and smooth in Qg.

Now we assume that the polyhedron 2 has the following property: the space R™ can be filled
with its reflections, colored checkerwise. Then we can extend the function w to the function u in
the whole space by reflections consistent with the boundary conditions of (—A)g, .

Theorem 1. The function u is a solution of the equation (1) in R™.

In this way, we construct solutions of the equation (1) with various symmetries. Among them,
there are: positive and sign-changing periodic solutions with various periodic lattices, quasi-periodic
complex-valued solutions, breather-type solutions. These classes of solutions, apparently, were not
studied earlier. In the local case, similar solutions are considered in [1]. However, some of our
solutions are new even for s = 1.

This talk is based on joint work with Alexander Nazarov, see [2]. A part of our results was
announced in the short communication [3].
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STUDY OF HYBRID PROJECTIVE SYNCHRONIZATION BETWEEN SIMPLE AND LU
CHAOTIC SYSTEMS

Shukla V. K. (India, Basti)
Shiv Harsh Kisan P. G. College
vshukla1100@gmail.com

In this article, hybrid projective synchronization between two chaotic systems has been
discussed. The Simple chaotic system is considered as drive system and Lu chaotic system is
taken as response system. Nonlinear control method has been used to analyse the hybrid projective
synchronization of fractional systems. For numerical simulations ABM method has been used and
results obtained are presented graphically.

“ADIABATIC APPROXIMATION"IN STUDIES OF RESONANCE PHENOMENA
IN THREE-BODY PROBLEM?!

Sidorenko V. V. (Russia, Moscow)
Keldysh Institute of Applied Mathematics
vusidorenko@list.ru

When studying resonance effects within the framework of three-body problem, it is useful to
take into account the behavior of approximate integrals of motion, called adiabatic invariants (AI)

31The work was supported by the Russian Foundation for Basic Research (grant 20-01-00312A).
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[1,2]. The standard scheme of the adiabatic approximation in the investigations of mean motion
resonances (MMR) as a first step involves averaging over the fastest dynamic process ( i.e., over the
orbital motion of the objects in commensurability). In averaged equations of motion one should take
a subsystem that describes the process of “intermediate"time scale - the variation of the resonant
angle. This subsystem can be interpreted as 1IDOF Hamiltonian system, depending on other variables
as slowly varying parameters. Consequently, the value of the “action"variable for this subsystem will
be an adiabatic invariant (Al). Studying then the properties of level surfaces of Al in the subspace of
the slowest variables, one can draw conclusions about the secular evolution of the orbits of celestial
bodies in MMR. More delicate situation arises in the case of nonuniqueness of the resonant modes
allowed by the system [3,4]. In particular, in this case it is necessary to identify regions in the phase
space, where resonant modes can coexist, to compare the probabilities of the capture into different
modes, and to analyze the possibility of a transition between these modes. Fortunately, the theory
of Al allows to do almost all of this.
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TRANSIENT RESPONSE OF COLLINEAR GRIFFITH CRACKS IN A FUNCTIONALLY
GRADED STRIP BONDED BETWEEN DISSIMILAR ELASTIC STRIPS UNDER SHEAR
IMPACT LOADING

Singh R. (India, Varanasi)
Indian Institute of Technology (BHU)
singhritika0711@gmail.com

This article analyses the interaction between a central and two symmetrically placed collinear
Griffth cracks subject to transient response under anti-plane shear impact loading. The cracks are
situated in a strip constituted by functionally graded material (FGM) bonded between two dissimilar
elastic strips of equal thickness. The material properties of FGM are assumed to vary exponentially
as a function of thickness [1]. Applying integral transforms, the boundary value problem reduces
to a system of singular integral equations in the Laplace transformed domain. These equations
are solved numerically using the Lobatto-Chebyshev collocation quadrature approach. The inverse
Laplace transform is used to find the approximate expressions of dynamic stress intensity factors
(DSIFs). The striking feature of the article is the study of phenomenal changes of shielding and
amplification through dynamic stress magnification factor (DSMFs) at the tips of the cracks under
the sudden impact loading applied at the upper material surface. The effects of impact load applied
at different surfaces, positions of cracks’ axis and the thickness of the strips of the composite material
on the possibilities of cracks’ arrest are depicted graphically for different particular cases.
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MASSLESS DIRAC EQUATION WITH A LINEAR POTENTIAL AND LOCALIZED R.H.S.%?

Tolchennikov A. A. (Russia, Moscow)
Institute for problems in mechanics RAS
tolchennikov-aa@gmail.com

We consider the two-dimensional massless Dirac equation with a linear potential and localized
right hand side:

_ 0
r100Y + 01(_ih¢$1) + 02(_ihwz2) 1/}0 (CC x ) ’

where 2° = (—a,0), a > 0, ¥°(x) — smooth, fast-decaying function, h << 1, o; — Pauli matrices.
The solution must satisfy the absorption limit principle. The talk will be devoted to the construction
of an asymptotic solution as h — 0. Using the method of [1], we can construct an asymptotic solution
outside a neighborhood of a singular line x5 = 0. Earlier in the paper [2|, the asymptotics of the
fundamental solution for singular ray zo = 0,1 > 0 was obtained.

This is joint work with S.Yu. Dobrokhotov and I.A. Bogaevsky.

References

[1] A.Y. Anikin, S.Yu. Dobrokhotov, V. E. Nazaikinskii, M. Rouleux, The Maslov canonical operator on
a pair of Lagrangian manifolds and asymptotic solutions of stationary equations with localized right-
hand sides // Dokl. Math., 96, 406-410 (2017).

[2] 1. A. Bogaevsky, Fundamental solution of the stationary Dirac equation with a linear potential //
Theoretical and Mathematical Physics, 205, 1547-1563 (2020).

ON THE CONSTANCY OF THE GROUND-STATE SOLUTIONS TO THE FRACTIONAL
SEMILINEAR NEUMANN PROBLEM33

Ustinov N. S. (Russia, Saint Petersburg)
St.Petersburg State University
ustinns@yandex.Tu

Let n > 1, and let 2 C R"™ be a bounded domain with Lipschitz boundary. Assume that
€(0,1), 2% :==2n/(n — 2s) and

[1,2%] ifn>2 or n=1and s <1/2;
geN[l,0) ifn=1and s=1/2;
[1,00] ifn=1ands>1/2.

We consider the following fractional semilinear Neumann problem:
(—A)gu(@) +ule) =ut (@) in Q ue HY(Q), (1)

here (—A)g, stands for the s-th power of the conventional Neumann Laplacian in €2 in the sense of
spectral theory. For the bounded domain € its quadratic form is defined by

(=A)gpu,u) Z A (u

with )\; as eigenvalues and ¢; as orthonormal eigenfunctions of the Neumann Laplacian in €. The
operator (—A)ssp is called the spectral Neumann fractional Laplacian.

32Supported by Russian Science Foundation under grant no 16-11-10282.
33Qupported by RFBR grant 20-01-00630A.
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The ground-state solution to the problem (1) (up to multiplication by a constant) is an
extremal function for the fractional embedding theorem H*(Q2) — Lq(12) :

u 25 _A < U, U —I— u 2
inf Zf[u]:= in HHQﬂ — in {(=A)%p 2> [ull7, o)
ueMs(Q) 7 uEH(Q) ||uHLq(Q) wEHS (Q) HuHLq(Q)

> 0. (2)

For ¢ € [1,2%), this embedding is compact, and therefore the ground-state solution to the
problem (1) exists. Moreover, in [2] it was shown that, for ¢ = 2%, the ground-state solution to
the problem (1) exists in any C? domain €2 for n > 3 and 2s > 1.

In this talk we discuss the problem of constancy of the ground—state solutions in (1). The
simple fact here is that for ¢ € [1,2] such solution is unique and constant. For the interesting case
q > 2 the answer depends on the domain size: for the family of domains {2, we prove that, for small
dilation coefficients €, the ground—state solution is also unique and constant, whereas for large ¢, a
constant function is not even a local minimizer in (2). We also discuss whether a constant function
is a global minimizer in (2) if it is a local one.

For the local case s = 1 similar effects were established in [1]| for the Neumann problem with
p-Laplacian.

The talk is based on work [3].
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TRAVELING WAVES IN A LONG TUBE

Vasyutkin S. A. (Russia, Novosibirsk)
Novosibirsk State University
Lavrentyev Institute of Hydrodynamics
s.vasyutkin@g.nsu.ru

Chupakhin A.P. (Russia, Novosibirsk)
Novosibirsk State University
Lavrentyev Institute of Hydrodynamics
alexander190513@Qgmail.com

The study of fluid flow in an elastic tube is of considerable interest both for fundamental
hydrodynamics and for numerous applications: blood flow in vessels, fluid transport in pipelines,
etc. An accurate description of this problem includes both finding the velocity and pressure of the
fluid, displacements of the pipe walls and stresses in them, and finding the position of the walls. This
is a problem with an unknown boundary, the conditions for the coupling of velocity and stresses are
set on it. The complexity of this problem initiates the derivation and study of approximate models.
One of the most common is the long tube model (one-dimensional model of hemodynamics), in
which it is assumed that the length of the tube exceeds its cross-section. The introduction of a
small parameter in the problem - the ratio of these quantities - allows us to move to an approximate
model in which the velocity is averaged over the pipe section. A lot of works devoted to the one-
dimensional model are devoted to both the mathematical side of the issue and physical applications
[1,2]. The characteristic modes of motion in such a system are traveling waves, the study of which
was started in [3].
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In this case, the system of equations is reduced to a system of ordinary differential equations.
The principle is the closure of this system by a kind of equation of state, which sets the dependence
of pressure on the radial displacement of the pipe wall. The paper investigates solutions of the
traveling wave type for a pipe given by a Coiter shell. In this model, the pressure is represented as
a function of the displacement of the wall and the derivatives of this value. The report examines
the influence of elastic and viscous factors on the behavior of the solution near the singular point
of the corresponding dynamical system.
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INVERSE PROBLEMS FOR THE NONLINEAR STATIONARY EQUATIONS??

Velisevich A V. (Russia, Krasnoyarsk)
Siberian Federal University
velisevich94 @majil.ru

Lyubanova A. Sh. (Russia, Krasnoyarsk)
Siberian Federal University
lubanova@mail.ru

We study two inverse problems of recovering unknown coefficients in the higher and lower
terms of the stationary diffusion equations. The first one is the inverse problem of identifying a
constant coefficient in the higher term of a nonlinear equation.

Problem 1. For given functions f(x), g(x), B(x), h(x), ¥i(p), i = 1,2, and a constant ¢ find
the pair of function u(z) and constant k satisfying the equation

F{—div(M(2)Vpr (1)) + m(z)u} + gla)ia(u) = (), (1)
the boundary condition
and the condition of overdetermination
8¢1 (u) .
k/aQ i hds = . (3)

Here 2 C R" is a bounded domain with a boundary 99, ¢t € (0,T), M(x) = ((m4j(x))) is a matrix
of functions m;;(z), 4,7 =1,2,...,n; m(z) is a scalar function,
% = (M(z)V,n), n is the unit vector of the outward normal to the boundary 99.
The second inverse problem deals with the recovery of the coefficient in the lower term of a nonlinear
equation.

Problem 2. For given functions f(z), 8(x), h(z), r(u) and a constant p find the pair of

function u(x) and constant k satisfying the equation

—div(M(z)Vu) + m(z)u + kr(u) = f, (4)

34The reported study was funded by Russian Foundation of Basic Research [grant no. 20-31-90053].
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boundary condition (2), and the condition of overdetermination

ou
/{m 8Nh(x)d8 L. (5)

Under certain hypotheses on the input data the local existence and uniqueness of the strong
solution of the above-stated inverse problems are established. The proof of existence is based on
original approach developed by A. Sh. Lyubanova [1]. The approach relies on the method of reducing
the inverse problem to an operator equation Ak = k of the second type for the unknown coefficient
Ek |2]. It is shown that the operator of this equation is a contraction on a set constructed with the
use of the comparison theorems for elliptic equations. The contractibility of the operator A provides
the uniqueness and stability of the solution.

Practical interest in such problems is due to the fact that in numerous applications the
coefficients of equation (1) characterize the physical properties of the medium: thermal conductivity,
permeability, absorption etc.

References
[1] Lyubanova A.Sh. Identification of a constant coefficient in an elliptic equation. Applicable Analysis.
2008. V 87 No. 10-11. P. 1121-1128.
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HIGHER ORDER TRAPS IN QUANTUM CONTROL LANDSCAPES%
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Steklov Mathematical Institute of Russian Academy of Sciences
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apechen@gmail.com

Quantum control is an important tool for modern quantum technologies [1]. A typical problem
of quantum control can be formulated as the problem of maximizing the objective functional which
is determined by the state of the quantum system. Trap is a point of local but not global optimum
of the objective functional. Traps, if they would exist, could complicate the search for the global
optima of the objective functional [2,3,4,5]. In this talk we provide a classification of traps, in which
the n-th order trap is determined by the Taylor expansion of the objective functional up to the n-th
order. Examples of n-th order traps in the landscape of the problem of maximizing the expectation
of a quantum mechanical observable for multilevel quantum systems are found [6]. We then consider
the problem of controlled generation of single-qubit phase shift quantum gates. It was previously
known that for sufficiently long times traps for this quantum control problem do not exist. We show
that control landscape for this problem for short times is also free of traps [7].
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VECTOR BUNDLES AND THE RIEMANN-HILBERT PROBLEM
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NRU HSE

ilyavyugin@yandez.ru

The classical Riemann—Hilbert problem asks: is it possible to construct a Fuchsian system
on the Riemann sphere with prescribed singular points and a monodromy representation. The talk
is devoted to a generalization of this problem to the case of a compact Riemann surface of an
arbitrary genus g. We consider the statement proposed by H. Esnault and her co-authors, which
asks the question of the existence of a logarithmic connection in a semistable bundle of degree zero.
This problem was studied in the papers of H. Esnault, C. Hertling, E. Viehweg and A. Bolibruch,
which we will mention in our talk. We answer to three questions related to this problem: we have
given a stronger counterexample to the problem of constructing a connection in a semistable bundle
than the counterexample in the paper of Esnault and Hertling (see [1]); we have described a class
of bundles with a connection in which an arbitrary monodromy representation and a set of singular
points can be realized; we study problems of solvability of this problem for completely reducible
monodromy representations. The results presented in the talk are based on joint work with Lada
Dudnikova.
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DYNAMICS OF REGULAR TOPOLOGICAL FLOWS ON MANIFOLDS>0
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Regular topological dynamical systems are defined as dynamical systems whose chain-
recurrent set is topologically hyperbolic and consists of a finite number of fixed points and periodic
orbits. For such systems, provides an exhaustive description of the behavior of invariant manifolds
of chain components, both from the point of view of asymptotics and from the point of view of the
topology of their embedding in the carrier manifold.

Also it is proved that for a regular flow without periodic orbits, given on a topological manifold
of any dimension, there exists a (continuous) Morse energy function. The result obtained is an
ideological continuation of the work of S. Smale [1], in which he established the existence of a
smooth energy Morse function for any gradient-like flow on a manifold, and a partial solution of

36This work is supported by the grant RFBR (project 20-31-90069) and by Foundation for the Advancement of
Theoretical Physics and Mathematics BASIS (project 19-7-1-15-1).
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the Morse problem on the existence of continuous Morse functions on any topological manifolds.
Namely, a topological manifold admits a continuous Morse function if and only if it admits a regular
topological flow without periodic orbits. This result was obtained in the present work within the
framework of constructing a continuous Morse-Bott energy function for an arbitrary continuous
regular flow on a topological manifold, and is an analogue of the theorem K. Meyer [2|, who in 1968
constructed the Morse-Bott energy function for an arbitrary Morse-Smale flow on a smooth closed
n-manifold.

Denote by G* the class of regular flows. The dynamics of flows of the class G* is close in its
properties to the dynamics of Morse-Smale flows.

We proves the existence of a continuous energy function for any regular flow. This is result
are the ideological continuation of the works of S. Smale [1] and K. Meyer [2] on the existence of the
Morse energy function for gradient-like flows and the Morse-Bott energy function for Morse-Smale
flows, respectively.

A function ¢ is called a continuous Morse-Bott function if any connected component of the
set Cry, is either a non-degenerate critical point or belongs to a non-degenerate critical submanifold.

Statement (|4, theorem). Any reqular topological flow ft : M™ — M™ without periodic orbits
has a continuous energy Morse function.

The concept of a continuous Morse function was introduced by Morse back in 1959 in [5]. The
question of the existence of a continuous Morse function on an arbitrary topological manifold is
still an open question. The continuous Morse function generates a topological gradient-like flow on
the manifold [6], then Statement is a partial solution of the Morse problem: a topological manifold
admits a continuous Morse function if and only if it admits a topological flow with a finite hyperbolic
chain-recurrent set.

Statement follows directly from a more general result.

Theorem 2. ([3|, theorem 2). Any reqular flow f* € G* has a continuous energy Morse-Bott
function whose critical points are either non-degenerate or form non-degenerate one-dimensional
manifolds.
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Ha orpeske [t1,t2] paccMOTPUM YIPABIISIEMYIO CHCTEMY

&= f(t,r,u), wu(t) €U s B. tE [t1,ta], x(t1) =1, (1)
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rae f: R X R" x R™ — R", U — menycroe noaMuoxkecrBo R” u x1 € R™.

Onpenesienne 1. Ilapa (z(-),u(:)) € C([t1,ta], R") x Loo([t1,t2], R") momycruma st
ynpasJisiemoii cucrembl (1), ecan myist Hee BbINOHSIOTCs yeaoBus (1). @yHknuio z(+) B 3TOM cirydae
HasbiBaeM donycmumol mpaexmopuet 1isi cucreMsl (1).

Ilycrs D — MHOXKeCTBO BCeX JONMYCTHMBIX TPAeKTOPHil JjIst ympasisieMoii cucteMbl (1) u
D — ero 3ambikanue. Oupeaenum mHodscecmeo docmusicumocmu, 1jist cucteMbl (1) OTHOCHTETBHO
orkpsitoro Mmuoxkecrsa V. C C([t1, t2], R™):

R(t,V)={&eR" |Jz(-) e D:x(tz) =&, () V}

Onpenesienne 2. Ckaxem, 49ro ynpasisieMas cucrema (1) JIOKaJbHO —yIpaBisema
orHocutenbHo dyukuuu Z(-) € C([t1,ta], R™), ecau st moboit okpecrroctu Vo 9r0ii dyHKINM
BBIIIOJIHSICTCS BKJIIOUCHUe

:/B\(tg) € int R(tQ, V)

@Oyuknus Z(-) He obsi3aHa npuHaIekarh D, HO, oueBuHO, uTO Z(+) € D.
Onpenenenne 3. Oyukuus z(-) € D Has3bBaeTcs TPaeKTOPHUEH I'eOMETPUYECKOTO
JIOKAJIbHOTO MH(MHUMYMa, eCJIU CYIIeCTBYeT OKPECTHOCTD V 9TOi (PYHKIUU TaKasi, YTO

Z(t2) € OR(t2, V),

rge O obozHadaeT T'paHUIly MHOXKecTBa. cmo, uro ecm Z(-) € D, To mbo cucrema (1)
JIOKAQJIHO yIpPaBJisieMa OTHOCUTETHHO dbyHKIMH T(-), Jub0o Ta (DYHKIUS SIBIAETCS TPACKTOpUei
FeOMETPHUYECKOTO JIOKAJIBHOIO HHpUMYyMa.

Cucreme (1) u k € N comocraBuM CJIe/IyOIIYI0 BBIIYKJIYIO YIIPABJISIEMYIO CUCTEMY

k
&= ai(t)f(t,z,ui(t), alt)eF, u(t)eU" muan b te [t (2)
=1

rie BF = {@a = (a1,...,a1) €RE: S8 ay=1}ua-) = (wa(-),. .., uk(-)).
Onpepenenne 4. Tpoiika (z(-),u(-),@(-)), donycmuma st ynpasisiemoii cucreMmsl (2), eciu

JIUIsT Hee BBIMOJHEHB! yeaoBust (2) u z(t) = x7.

Beeaem muoxkecrso A(Z(+), u(+), a(+)) memymaesbix dyukmumit (-) € AC([t1,ta], (R™)*), ms

KOTOPBIX CIIpaBeJIJIMBBI COOTHOIIICHM A

k
B(t) = —0(t) Y ai(t) fo(t, B(1), Us(t)),
=1

max(y(t), £(t,2(t), w)) = (¥(t), 2(2)).

Teopema 1. Iycrs (Z(-),a(:),a(-)) — gomycruMas TpoiiKa jyisl BBIIYK/IOH cucreMmsl (2) u
AZ(),a(-),a(-)) = 0. Torma cucrema (1) JTOKATBHO YIpaBIIseMa OTHOCHTEIBHO (byHKIHE Z(-).

Teopema 2. Eciu dbyakuust Z(-) siBisieTcsi TeOMETPUYECKUM JIOKAJIBHBIM HH(MUMYMOM st
cucrembt (1), To AE(),a(-),al-)) # 0 as moboit JOMyCTIHMOM 11st BBITYK/ION cucTeMbl (2) Tpoiikn
(), (), a(-))-

Teopembr 2 mpejcraBiseT coboit ceMeifiCTBO COOTHOINEHHUN B BUJE NMPUHITUIIOB MAKCHMYMA.
ITpu stom, ecau (Z(+),u(+)) — onrTuMasbHBII Hporece, To 310 ceMeiicTBo (upu k =1, Ui () = u(-) n
a1(-) = 1) comepxkut Kiaaccudeckuii npuanun Makcumyma [ToHTpsirnHa B reomerpuyeckoii dhopme,
a TakKe ¥ JPyrue COOTHOIIEHHs, KOTOPble, BOOOIIE rOBOPs, JAIOT JONOJHATEIBHYIO HH(POPMAIIIO
06 onTUMAaJIbHOI Ipolecce, U TEM CaMbIM, KaK CJIEJLyeT U3 [IPUMEPOB, JIAHHAsI TeopeMa yCHJINBAeT

npuHnun MakcuMmyMma [loHTpsirnuna B reomerpudeckoit popme.
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VN CCIEJOBAHUE YCTOMYNBOCTU KOJIIMHEAPHON TOYKU JIMBPALIUU L4 B IIJIOCKOM
CJIABORJIJIUIITUYECKON OTPAHUYEHHON ®OTOTPABUTALIMOHHON 3AJIAYE TPEX
TEJI IIPU PEBOHAHCAX YETBEPTOI'O ITOPSIIKA®’

Asnmromikus A. H. (Poccusi, Mocksa)
MockoBCKMii aBHAIIMOHHBII HHCTUTYT (HAIIMOHAJBHBIH HCC/IeI0BATEIbCKIN YHUBEPCUTET )
avdyushkin.a.n@yandex.ru

PaccmarpuBaerca nBukeHWe YACTHUIBI MAaJiOl MacChl B II0JIe T'DABUTAIIMOHHBIX CHJI,
BO3HHUKAIOIIUX CO CTOPOHBI JIBYX MACCUBHBIX T€JI, JIBUXKYIIUXCS 10 M3BECTHBIM SJUIMIITUICCKIM
opbutam. [loMuMO cHI TPABUTAITMOHHOTO MPUTSKEHUSI CO CTOPOHBI YKA3aHHBIX TeJ Ha TaCTUILY
Tak>Ke JIEHCTBYIOT pelyJIbCUBHBIE CHJIBI CBETOBOrO naBjeHusi. Ilpeamosaraercs, 9To 4YacThIa He
OKa3bIBacT BJIMAHHNE Ha JBUXKCHHC 9TUX TeJI. B r/IaHHOI‘/JI IIOCTaHOBKE 3a/1a9y O JIBUZKEHUUN TaCTUIIbI
Ha3bIBAIOT OrPAHMYEHHON (bOoTOrpaBUTAIMOHHON 3aadeil TpéxX Tesn. B mamHoil 3aade cyIiecTByer
W3BECTHBIM YACTHBIN ciiydail NBUXKEHUs — KOJIJINHeapHas TOodka Jjubpanuu i, Korjga dacTuia
BCE BpeMsl PacCIoIaraeTcd MeXKIy HMPUTATHBAIONIIME IEHTPAMU Ha OXHOW ¢ HEUMHU HIpsmoil. Touka
Jgmbpanuu L1 sIBJIsIeTCsT TOJIOKEHUEM OTHOCHUTEJIFHOTO PABHOBECHsI BO BPAIAIOIIEHCS BMECTe ¢
MIPUTATUBAIONINMEI TETAMU CUCTEME KOODIMHAT.

UccnenoBanus ycroituuBocTu TOUKH Jubparuu L) B OrpaHudeHHOl (HhOTOrpaBUTAITMOHHON
3a/1aue TPEX TeJl NPH PE30HAHCe YeTBEPTOro IOPsKa IIPOBOJAMINCH U paHee. B paborax [1], [2]
UCCJIeJIOBAHNE BBINOJHEHO B CIydae KPYLOBBIX OpOUT mpuTaruBaronmx reja. B [3] paccmorpen
cJIyvail, KOrja MPUTITHBAIONINE TeJIa MMEIOT PABHbBIE MACChI M JBUXKYTCA 1O CJIA003IIUITHICCKAM
opbuTam.

B nmammoit pabore He HAKIAIBIBAIOTCS OIPAHUMYEHUsI HA MACCHI MPUTSITUBAIONINX TEJI, HO
npejosiaraercs, Kak u B pabore (3], 4T0 OHM JBUKYTCS O CIA0OLIUITUIECKUM OPOUTAM.
[IpoBoauTcst mccaemoBaHue yCTONYIMBOCTU TOYKH JimOparuu L [jig HEPACCMOTPEHHBIX paHee
cJIyJaeB Pe30HaHCOB 4eTBEPTOro mopsiaka. IIpesamosaraercs, 9To B MpeaeabHOM CIydae KpPyTroBoOi
opburel (e = () Touka Jubpanuu ycroiiunBa B JIMHEHHOM INPUOJIMMKEHUH, & YaCTOThl Wi, W9
(w1 > wg > 0) JMHEAPH30BAHHOI B OKPECTHOCTU TOYKHU JIMOPAIMN CUCTEMbI YPABHEHUI IBUKEHUST
TOYHO WU TPHUOJMKEHHO YIOBJIETBOPSIIOT OJHOMY W3 CJEIYIONINX PE30HAHCHBIX COOTHOIIEHUM
dwy = 1 nwmm 2(wy + wz) = 1. Ha cmabossmmnrudeckoil opbure Hajgudne JaHHBIX DPE30HAHCOB
MOXKET TPUBOJIMTH K HEYCTONYIUBOCTHA TOUKM JuOparuu. UToObl peruTh BOIPOC 06 yCTONINBOCTH
dyukius [amuibrona OblIa pa3joykeHa B P B OKPECTHOCTH TOYKH Jjudparmu L ¥ Ipu ITOMOIIH
[IOCJIEIOBATEILHOCTH KAHOHUYECKHUX 3aMEH IEePEMEHHBIX ObLIa IPHUBE/eHa K HOPMAaJbLHON dopMe.
Ha ocnoBanun anaimsa Ko3(hUIMEHTOB MOy IEHHBIX HOPMAJIbHBIX (DOPM, HUCIIOJIb3Ys METOIUKY,
U3JI02KEHHY0 B 4], 6bL1u nostydenbr obactu hopMaIbHO# yCTORINBOCTH 1 06IACTH HEYCTOHINBOCTH
TOYKH JIHOPAIIUN.
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BOCCTAHOBJ/IEHUE OINIEPATOPA IIIPEAUHIEPA C CUHIVJSPHBIM ITOTEHIIUAJIOM
HA MOJIVIIPSIMOW T10 HAMNEPEJ 3AJAHHOMY CYIIECTBEHHOMY CIIEKTPY>®

Aradoukun I'. A. (Poccusi, Mocksa)
MI'Y um. M. B. Jlomonocosa, MockoBckuit nienTp dbyHIaMEHTAJIBHONR U IPUKJIAIHON MaTeMaTuKN
agafgr.an@yandex.Tu

Paccmarpusaercst camocomnpsizkennbiit oneparop [pénunrepa B La([0,00)), onpemnessiembiii
dOpMAILHBIM BLIPAKEHUEM

2
H = _ﬁ -+ Zak(sxk,
k=1

D(H) = {u € WQZ([O, +00) \ {zx, k € N} NC([0, +00)) : u(0) = 0},

rie ar € R — Bo3pacratomast oc/ie/10BaTe/IbHOCTD ITOJIOYKUTEIBHBIX YNCeI, & Yepe3 0y, 0OO3HaYeHA
JeabTa-QyHKINSA ¢ HOCUTEIEeM B Tg. MBI ITOKaXKeM, 9TO, BapbUpysl 3HAYEHUS Gp U Tk, B KadecTBe
CYIIECTBEHHOTO CIeKTpa oreparopa H MoxKHO peasm3oBaTh Jioboe Halepel 3aJaHHOE 3aMKHYTOEe
nosyorpaaudennoe MuoKecTtBo S C R. Ilpm sTomM mepBoobpasHasi HMOTEHIIMAIA OKA3BIBACTCS
ACUMITOTHYECKU (HO HEe MOHOTOHHO) PACTyIIel, M MOXKHO yKa3aTh sSIBHblE OLEHKH CKOPOCTH ee
pocra.

Ta ke TexHuKa MOXKeT OBLITH TPUMeHeHa U B H60Jiee TPOCTOM CiIydae JJjis olleparopa

2 too
H= _@ + ;akX[mk_l,xk]a

D(H) = {u € W3([0, +00)) : u(0) = 0},

CO CTYIIEHYATHIM MOTEHIHAIOM (3/1eCh, KAK OOBITHO, X 4 O3HAYAET XapaKTEePUCTHIECKYIO (DYHKITIIO
mHOkecTBa A). 3716Ch B KadecTBe CyIIECTBEHHOIO CIIEKTPA YJAETCsl PEATM30BaTh TOT Ke KJIACC
MHOKECTB, 9TO W B Ipeabiaymeit 3agade. OmHAKO MOCKOJIbKY Ha CYIIECTBEHHBIN CIEKTP TaKOTrO
olepaTopa BJINSET TOJbKO OTPUIIATE/IbHAS YACTh IOTEHINAJA, YCIOBHUS HA Gf U Tf OKA3bIBAIOTCH
Ky/la MeHee OrPaHUINTETHLHBIMMA.

Ormerum, 9TO B 00emx 3a7a1uax yciaosus upuxiie B Hysie MOTYT ObITH 3aMEHEHBI Ha, YCJIOBUS
Heitmana; oOrmuit pe3y/ibTaT MPU 9TOM OCTAETCS IMPEXKHUM, a CaM PACCYKJICHHUS IPETEPIIEBAIOT
COBCEM HE3HAUUTEJIbHbIE N3MEHEHUSI.

JIureparypa
[1] Karo T. Teopusi Boamymienuii auHefiHbIX oneparopos. M.: Mup, 1972.

[2] Simon B. A canonical decomposition for quadratic forms with applications to monotone convergence
theorems. // J.Func.Anal. 28, 1978. C. 377-385.

[3] Pux M., Caitmon B. Metonbr coBpemenHoit Mmaremarnaeckoit dbusukn. Tom 4. Aranus omepatopos. M.:
Mup, 1982.
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BO3MOYKHOCTU U OTPAHUYEHUSA BBIYNCJIUTE/IBHON JUHAMUKU:
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B HacCTod1iee BpeMs B T€OPUN JUHAMUYICCKUX CUCTEM HMIMPOKO HUCIOJIb3YyEeTCA KOMHBIOTeprIﬁ
SKCIIEPUMEHT, TJIABHBIM 00pa30M KaK 9BPUCTUYIECKUN WHCTPYMEHT JIJIsI BLISBJICHWS CBOWCTB, B
OCODOEHHOCTH B ciiydae pa3dMepHocTH 3. Bojee Toro, copMupoBaiach BETBb TEOPUU TUHAMUIECKUAX
cucTeM, HasblBaeMasl BbIamcsnTenpHON jamHamukoil (Computational Dynamics). A6cosmorHoe
GoJibIUHCTBO TIyOJinKaruii o cucreMe JlopeHIa npeabaBIIsieT ee CBOWCTBA, MOIyJdaeMble Ha OCHOBE
BBIYUCTUTEHHBIX SKCIIEPIMEHTOB. Be3yc/IoBHO, €CTi B TOCIEYIONEM TPUBOIUTCS JT0KA3aTETHCTBO
Ha yPOBHE CTPOTOCTHU, NMPUHSTOM B MATEMATHKe, TO HUKAKHUX BOIPOCOB He BO3HUKAIOT. OHAKO
JTOJIT pe3yIbTATOB, YCTAHOBJIEHHBIX TAKUM CIIOCOOOM, HWYTOXKHO MaJja. B Tex ciydasx, Korma
IEJTBI0 UCCJIEIOBAHUS SIBJISIETCS MPAKTHYECKOE TPUMEHEHUE, TaKoe IMOJIOKEHNE JOMyCTUMO. Eciu
JKe pedb UJIET O TEOPEeTHIECKUX HMCCIEJOBAHUSIX, TO KarKIbIl BBIBOJ 0e3 J0Ka3aTeIbCTBA JOJIKEH
OBITH CPOPMYIMPOBAH B BUJE TUIIOTE3BI, & TEOPEMBI CHADKATHCS JIEYKTUBHBIM JIOKA3ATEHLCTBOM.

C 9T0if TOYKM 3peHWusi, Ha HAIl B3MVISIJ, JO CHAX IIOP OTCYTCTBYET CTPOrOe IOKA3aTEIbCTBO
HAJIMYUs Xa0TUIeCKO# TpaekTopun B cucteMax Jlopenta u Pécciepa. Obbnémucrast ctarhst B. Takepa
[1], toe yTBepxIaercs (akT COBIAJEHHsI T€OMETPUIECKOIO aTTPAKTOPa € aTTPAKTOPOM CHCTEMbI
JIopeHTia, comepKUT CyIIEeCTBEHHBIH MTpobeT.

OCHOBHOI'?‘I 3JIEMEHT BBIYHMCJIUTEILHONI JAUHaMUKH COCTOUT B HpI/I6.HI/I}KeHHOM pernrenun 3aa91
Komum & = f(z), «(0) = £ omuuM u3 OTHOIIATOBBIX METOIOB, T.€. B BHJE DPEKYPDPEHTHOI
HOCJIEJIOBATENILHOCTH Tyl = Ty + AF (2p, h), 20 = &.

BeiBoz 0 moBejiennn ucTHHHOTO perenus  (t) sToil 3amaqn Kommm memaercs, Kak mpasuiio,
MCXO/Isl U3 OLEHKH BUIR | (nh) — x| < Ch¥, 3 KOTOPOro BBITEKAET, UTO MPUOIMKEHHOE PEIICHIE
MO2KHO CeJIaTh CKOJIb YTI'OJIHO 6HI/I3KI/IM K TOYHOMY PENIeHUIO (HOCTOHHH&H C 3aBUCUT OT JaHHBIX
zagaan Kormm, JUimHBL OTpe3Ka BpeMeHu 1, 0T KOMIAKTHON 06J1acTH, /i€ JEXKUT JyTa TPAeKTOPHUH

LTI — nocrosumag Jlummma). Ho

Ha orpe3ke Bpemenu [0, 7] u Bcerja COIEPKUT MHOKHUTEIb €
TaKOI OIEHKH HEIOCTATOTHO JIst 0G0CHOBAHUS PE3YJIbTATOB KOMIILIOTEPHOIO 3KCIepuMenTa. Jesio B
TOM, YTO BBIYHMCJIUTD TIOCIE0BATEIHHOCTD Ty, 38 UCKJIIOYEHNEM HECKOJIBKO YJIEHOB, Ha CAMOM JIejie
HEBO3MOZKHO. [Ipu YMCIEHHOM pelennn U3-3a OKPYTJIEHUI IOy 9aeTCsl IpyTras MOCIeI0BATETHHOCTD
Yn. Eciu TouHOCTH apudMeTHuecKnX Oorepalinii, BLIIOJTHICMbIX HA KOMITBIOTEDE, PABHA 102, To
mMeeT MecTo orenka Busa |z (nh) — y,| < Ch™11074,

[TosTromy moka He OyayT yCTAHOBJIEHBI OIEHKU MPHUHIUIUAILHO JPYyroro BHJA, JIJIs
YTBEPKJIEHUSI O TOM, YTO IIPH JOCTATOYHO MAJbIX h CBOficTBa  (t) OKaXKyTCsl TAKUMU Ke, KaKue
HaBJIIOIAIOTCS Y TIOCTIEI0BATEIBHOCTH ¥y, HET OCHOBAHUIA.

B kadecTBe JIEMOHCTPAIMU BBIEU3IOKEHHOTO PACCMATPUBAETCA 3a/a49a O CYIIeCTBOBAHUN

3aMKHYTOU TPaeKTOpHUH B cucTreMme Pécciepa:
t=—-y—z y=x+ay, 2=b+ z(x —c).

Ha pucynke nokazano orobpazkenne Ilyankape npua = b = 0.1, c = 1 u ¢ = 0.9, mocTpoerHOE
C TOMOIIBIO YHCIEHHOTO pelieHusi. B mepBoM ciiydae CTPOro JIOKa3bIBAETCA, ITO OTOOParKEeHWe
ITyankape mMeeT HENOIBUXKHYIO TOUKY, B TO K€ BpeMms s ciaydas ¢ = 0.9 sToro He yrgaercs.
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CVIIECTBOBAHUE JUCKPETHBIX BEIVIIUX BOJIH B MOJHOCBSI3HON LIENHN
PEJIEMHBIX TEHEPATOPOB M2KU-TJIACCA??

Augnekcee B. B. (Poccus, fpociaasin)
Apocasckuit rocynapcrBennniii yuusepcurer um. 1. I'. [lemuosa
vladislav. alexeev.yar@gmail.com

BesienoBa B. K. (Poccust, fpociasib)
Apocmasckuit rocymapcrBennbiit yausepcuter um. 1. I'. [lemumosa
verzelenowal2@gmail.com

IIpeobpaxkenckast M. M. (Poccusi, fIpociasib)
Apocnasckuit rocymapcTBeHnblil yauBepcuteT uM. 1. I Jdemumopa
[MerTp MHTErPUPYEMBIX CHUCTEM
rita.preo@gmail.com

Teneparopom Masku-Tacca npunaro nasbiBarh 1] smekrpudeckuit reneparop, byHKIMOHY-
pOBaHUe KOTOPOro ONUChIBaeTcst ypasHenueM Maku—Iacca [2]
av acV(t—7)

& .
TR g v ey

Baecy V(t) — aro dyHKIms Haupsizkenusi, a > 0 — ypoBeHb HaCblllleHHsl HeJuHe#HocTH, b > 0
— RC-nocrosinnas, 7 > (0 — 3anasupiBaHue 1o BpeMeHHu, napamerp vy > 0 omnpegnesnser dopmy
mesimHeiinoit dyukiuu, ¢ > 0 — cuna obparnoit cBasu. Mbl paccMarpuBaeM MOJTHOCBSI3HYIO €I
reneparopoB Msku-I'1acca, rjie KaxK/Iblil TeHEPATOD CBA3AH € KaXKJbIM:

ajej (Vi(t —7) +'§:Zlﬂxk¢j‘ﬁit‘—'hk))
1 + (Cj (V](t — T) + Z;:n:(),k;éj Vk(t - hk)))vj ’
Bnece Vj(t) — HampsizkeHus B seKkTpudeckoii remm Msku-Tumacca, a; > 0 — ypoBHH HaCBIIIEHUA

Heymueitnoit bynknuu, b; > 0 — RC-nocrosguusie, h; > 0 — 3ana3/bIBaHus 110 BpEMEHH, TapaMeTPhI
v; > 0 onpenenaior dbopmMy nesmHeitHo# gynkmun, ¢; > 0 — cuia obparHoii casu, j = 1,...,m,

av;
dt

= —b;V; + 7=0,1,...,m.

rJie M — KOJITYECTBO I'€HEPATOPOB.

Mpbr mogmenum cuctemy muddepeHnnaabHO-PA3SHOCTHRIX YPABHEHU IIPEIE/IBbHOM, KOTOpas
[IPA 3TOM II0 MPEXKHEMY 00jaJaer OOraroil JUHAMHUKON U MOXKET PACCMATPUBATHCS B KAIeCTBE
CAMOCTOSITEJIBHOM MOJIEJI DeHEPATOPOB. 3a CYeT IOJHOCBSI3HOCTH IEIU BO3HHUKAET OOJIBIIOE
KOJIn4ecTBO (baKTOpUaa OT KOJMYECTBA TEHEPATOPOB B IIEMH) COCYIIECTBYIONIUX PEKIMOB,
ITIOCTPOEHUIO KOTOPBIX IOCBHAIIEHA HACTOAIAs padboTa.

39U cenenoBanne BBIMOIHEHO 3a cueT rpanTa Poccniickoro HaydHOro hoHIa (mpoext Ne 21-71-30011).
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SHAYEHUA UHBAPUAHTOB BACUJIBEBA YETBEPTOI'O ITOPSAIKA
HJIgd TOPUYECKUX V3JIOB

Annénos C. B. (Poccus, Konmomna)
TocynapcTBEHHBIH COMUAILHO-I'YMAHUTAPHLIA yHUBEPCATET
allenov@list.ru

Broruuciienne maBapuanToB BacuiibeBa y3/10B 110 OIPEIeIeHNI0 BO3MOXKHO TOJIBKO BPYUHYIO, U
[PAKTUYECKH HE MOJIAeTCsl IPOIPAMMHON peasn3alyu (T.K. 110 CyTH, SIBJISIETCs AJITOPUTMUIECKOT
IIPOIEIYPOil  SKCIOHEHIUAJIBLHON CJIOXKHOCTU 1 Tpebyer 00sI3aTeIbHOr0 IIPUBJICYEHUsT JIPYTHUX
MHBApUaHTOB). B paboTe MpOBOJSATCS BBIYUC/IEHHS WHBAPDUAHTOB BachibeBa 4eTBEPTOro MOPsIKa
JIJIsI TOPUYECKHUX y3JI0B, 3aJaHHbIX JuarpaMMaMiu ['aycca, 1o CTpeIoIHbIM (DOpMyJIaM, oIy IeHHBIX
aBTOpOM B paborax [1], [2], [3].

3amMedeHo, 9To MeJIOUnNC/IeHHast ocieaoBareabaocTs 0, 3, 25, 98, 270, 605, 1183, 2100, 3468 ...,
3a/1a10111as1 UHBAPUAHTHI Y€TBEPTOTO MOPsJIKa (2, ¢)-TOPUUECKUX y3/I0B OTCYTCTBYET B 3JIEKTPOHHOI
SHIMKJIONE NN TEJIOTUCACHHBIX I0C/Ie0BaTeIbHOCTel. Takas perucrparus ObLIa MPOBEIEHA IO
momepom A180324 nHa pecypce oeis.org.

Pacecmorpum Topuaeckue y3mibt 1(2,2n + 1) obpasoBannbie 3aMbIKaHIeM KOCHI 5 = (07)
U3 JABYX HHUTEHl C HEYETHBIM YHMCJIOM IIE€PECEeYEHUil, €CJIU YHCIO IepecedeHuil IETHO, ITOJIyYIaeTCs
JByXKOMIIOHeHTHOe 3aremuienne. CoorsercrByonias jauarpamma Laycca ysua T'(2,2n + 1) cocrour
u3 2n + 1 mepecekaroIuxcsi CTPEJIOK CO 3HAKAMU MHUHYC.

G(T(2,2n + 1)) = .

WusapuanTbl BacuiibeBa y3/I0B MOIYT ObITh OIMCAHBI CTPEJOYHBIMEU (OPMYIaAMU  BHJIA:
Vo(K) =< P,,G(K) >, tne V,,(K) — unBapuant BacuibeBa nopsijika He Bbime n y3na K, P, —
CTPEJIOYHBIH TOJIMHOM TOpsKa 71 (T.e. BKJIOYAET CTPEJIOYHBIE JHATPAMMBI C He 0ojiee deM n
CTPEJIKAMU U XOTsl Obl OJIHY JIMATPAMMY C 1 CTPEJIKAMHU), CKOOKa < -,+ > 3aJaeT CIocod MojCcYeéTa
mwm QyHKINIO Ha quarpaMmme [aycca yaia.

Bobrauciennst o CTpesiodHbIM (hOopMy/IaM, MOJIyUIeHHBIX aBTOPOM IPHUBOIAT K PE3YJIbTaTy:
VE(T(2,2n + 1)) = 0, T XK. HE OJHA U3 CTPEJOUHLIX JUArPAMM (OPMY/IbI HE BKJIAIBIBACTCS
B amarpammy [aycca ysma G(T(2,2n + 1)). Ilpu seraucienmn V2 (T) HeoGXomuMo HafiTn €HCIO
BJIOZKEHUIl JJIsl JIBYX CTPEJOUYHBIX juarpaMm B ¢opmyie, BiaoxuMbix B G(T(2,2n + 1)). Orcrona
nomyunm: VA(T(2,2n+ 1)) = in(n+ 1)(2n + 1)%

PaciipocrpaHsisi 10 CUMMETPUY TIEPEMEHHBIX TI0JIyY€HHbIE PE3YJIbTAThl HA TOPUYECKUE y3JIbI
T (p, q) mosyaaem GOpPMyJIbI, KOTOPbIE COIVIACYIOTCs € pe3ysbraraMu paborsl [4]:

YrBepxkaeuue. Ecau T(p,q) — mopuueckuti yaea, mo unsapuarmu, Bacuavesa wemsepmozo
NOPAOKA GHIMUCAAIOMCA NO POPMYAAM:

2n+1

VH(T(p,q)) = 0;

299 2
VRT(p.q)) = P I,

(p® — 1)%(¢* — 1)
576

VE(T(p,q) =
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B nmoknane 6ymer paccMOTPEHO HECKOJIBKO ITPUMEPOB CEpUil y3JI0B, [IJisi KOTOPBIX HAMICHBI
3HaYEeHUs MHBAPUAHTOB BacuibeBa 4eTBEPTOro MopsiaKa 0 CTPEJIOIHBIM (popMyIaM. Y Ka3aHa CBA3D
[I0JIYYEHHBIX 3HAYEHUIl ¢ APYIrUMHU YUCJIOBBIMU I10CJIE/I0BATE/ILHOCTAMMU.
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N CCIELOBAHUE NTEPUOANYECKUX ABUYKEHUI HEABTOMHO! TAMWJILTOHOBOI
CUCTEMBI C IBYMSI CTEIEHSIMU CBOBOJBI B CJIYUYAE KPATHOI'O BHEUIHETO
PE3OHAHCA?

Awnrunos A. A. (Poccusi, Mocksa)
MockoBckuii aBUAIMOHHBII MHCTUTYT (HAIMOHAJIBHBIN UCCIIEI0BATEIBCKII YHUBEPCUTET)
antipant@mail.ru

PaCCManHBaQTCﬂ HEaBTOHOMHas TI'aMHWJIBTOHOBa CUCTEMa C JABYMdA CTCIICHAMU CBO6O,Z[bI7
raMIWIbTOHUAH KOTOPO#l sBJisieTcsi 27m-riepuojindeckoil (pyHKIueil BpeMeHu ¢ W aHAJUTUYECKH
3aBUCAT OT MaJioro mapamerpa ¢. lIpeamosnaraercd, 4ro cucreMa OJiM3Ka K ABTOHOMHON, T.e.
npu € = (0 raMWIbTOHHMAH SBHO OT BPEMEHU He 3aBUCUT. B Npe/e/IbHOM ciiydae, KaHOHUYECKast
CHCTEMa UMeeT TIOJIOXKEHIE PABHOBECHUsI, KOTOPOe Ipu € # () pa3pyIaercs BHEITHUM TEPUOIUICCKIM
BozjeiictBueM. Ecim xors Obl onHa W3 4YacTOT JIMHEAPU30BAHHON B OKPECTHOCTH IOJIOXKEHUS
paBHOBECHSI CUCTEMBI OJIN3Ka K IeJIOMY JHUC/LY, TO IIPU € HE PABHOM HYJIIO UMEET MECTO PE30HAHC B
BBIHY 2KJICHHBIX KO.}Ie6aHI/IFIX7 KOTOprfI TaK>Ke Ha3bIBalOT BHEITHUM PE30OHAHCOM. HpI/I OTCyTCTBUUA
BHEITHETO PE30HAaHCA KAHOHWYECKOasl CHCTeMa WMeeT eIUHCTBEHHOEe IIEPUOJINYECKOe pellleHue,
POXKJTaroIeecst U3 IMOJIOYKEHIST PABHOBECUsI. DTO PeIleHne MOYXKHO IOCTPOUTH B BHJIE CXOSIIIIENOCSI
psifia IO IEJIBIM CTEleHsIM MAaJoro mapamerpa . B paborax [1,2| 6buto mokazaHo, 4TO HpH
HaJIMYUM BHEITHETO PE30HAHCA UMEET MeCTO OudypKalus MePUOTUICCKUX PEIEHUH, POXKTAIONINXCS
U3 TI0JIOZKEHUS] PABHOBECHS, 8 CAMU TU PEIIEHU [IPEJICTABUMBI B BUJIE PHAJIOB IO JIPOOHBIM CTEIIEHSIM
€.

B mamnoit pabore paccMaTpuBaeTCs HEWCC/IEIOBAHHBIN paHee Cydail KpaTHOIO BHEITHEIO
pe30HaHCa, KOTJla YaCTOThI JUHEWHON CUCTEMBI OTHOCATCA Kak 1:2; a HauMeHbIast U3 HUX COBIAJIAeT
C YacTOTOHl BHEIIHEro BO3MyIIeHHs. Pa3paboTaH KOHCTPYKTHUBHBI aJIlOPUTM, [O3BOJISIIONTUI
IIOCTPOUTH yKA3aHHLIE BBIINIE IMEPUOINYIECKNE PEIeHns MPU KPATHOM PE30HAHCE YKA3AHHOI'O BBIIIIE
THUIIA, & TAKXKe HCCJAeI0BATh BOIpoc 00 nx Oudypkanuu. Ha ocHoBe maHHOTO ajropurMa HOJIyYeH
ABHBII BHJ aCUMITOTUYECKHX PA3JIOKEHUN IJIsi PE30HAHCHLIX MEPUOJINYECKUX JIBUKEHUN II0
apobubIiM crerenaMm €. VcciaemoBan Borpoc o OudypKanyuu JMaHHBIX MEPUOJAUICCKUX PEITeHUIA.
OripejiesieHO KOJIMYECTBO PA3JIUYIHBIX [EPUOJINYECKUX PEIIeHnil U HalileHbl 0bJIacTu 3HAYeHUit
ImapaMeTpoB, IPU KOTOPBIX OHU CYIIECTBYIOT, a TaK)Ke YKa3aHbl YCJIOBUSA WX OudypKaiuu.
B kadecrBe mUpWIIOXKEHUS PACCMOTpPEHa 33ja4a O IMEePUOJUYECKUX JIBHKEHHUAX JUHAMUYECKH
CUMMETPUYHOTO CIYTHUKA OTHOCHUTEJIbLHO IEHTPA MAaCC B IEHTPAJTHLHOM TI'DABUTAIMOHHOM IIOJIE
Ha ciabossumnTudeckoil opbure. Takue JBUKeHUs UCCIIe0BAIUChL paHee B [3| mpu orcyrcerBum
BHEIITHEr0 pe30HaHca U B [4,5] npu Hajmdum mpocTOro BHEIIHEro pe3oHaHca. B manHO#l pabore
OBbLI PACCMOTPEH CJy4all KpaTHOTO BHEIIHEro pe30oHaHCa. B 4yacTHOCTH, ObLIM ITOCTPOEHBI SBHbLIE

40PaBora BbimoHEHA IpU PUHAHCOBOH HomaepKKe Poccniickoro donna dbyHIaMEHTaIbHbIX HCCIIEI0BAHMI, IPOCKT

Ne 20-01-00637.
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ACUMIITOTUYECKNE BbIPAXKEHN s, OIIUCHIBAIOIINE IEPUOIUYECKIE JIBUKEHNS CIIy THUKA, POXKIAIONTNAECs
U3 TIOJIOYXKEHUsI ero OTHOCHUTEJILHOIO paBHOBECHsSI Ha Kpyropoit opbute. DBouia wucciemoBana
budypKalus yKazaHHbIX HEPUOIUICCKUX JIBU2KEHU.
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MHOKECTBO PA3PE3A B CYBPMMAHOBOW 3AJAYE HA I'PVIIIIE KAPTAHA

ApnenroB A. A. (Poccus, Ilepecnasib-3atecckuii)
WucturyT nporpamMubix cucreMm nM. A. K. Airamassina PAH
aaa@pereslavl.Tu

Uccnenyercss HUIBIIOTEHTHAs JICBOMHBapUaHTHAasl CcyOpUMaHOBa 3aJada B IISTHMEPHOM
IIPOCTPAHCTBE C JIBYMEPHBIM YIIDaBJICHHEM, KOTOPYIO MOXKHO IIPEJICTaBUTh KOOPJMHATHO KakK
CJIe/IYIONIYIO 3aJa4dy ONTUMAJIBHOIO YIIPaBJIECHUS:

(

z(t) =wui(t),
y(t) = ual(t),
2t) = 5(—ua(t)y(t) + ua(t)x(t)), (1)
o(t) = ua(t) (2(t) + ¥2(1)),
Li(t) = —3ur(t)(22(t) + y2(1)),
(2(0),y(0),2(0),v(0),w(0)) = (0,0,0,0,0), (2)
(z(T),y(T), 2(T),v(T),w(T)) = (x1,41, 21, v1, w1), (3)

T
l(uy,ug) = /0 \/ud(t) + ui(t) dt — min, (4)

rne T ectb komednoe spems, (z,y,z,v,w)(t) € R° szamaér smement rpymmsl Kaprama, a
(u1,uz)(t) € R? onpenenser ynpasenue.

Bagaua (1)-(4) umeer HAIISAHYIO M€OMETPUYECKYIO MHTEPIPETAIUIO B BUje OOOOIIEHHOI
sagaun  Jdumonsl [1| u  sBisiercss  eIMHCTBEHHOH CcyOpUMaHOBOW 3ajzadeii Ha  CBOOOIHOI
HUJILIIOTEHTHOl Tpyline riyOuHBl TpU U GoJiee, KOTOpasl sIBJIAeTCs MHTerpupyemMoii 1o JInysuiuio
[2,3]. MsBecTHO, 4TO perenusi Ha IJIOCKOCTH (T,Y) CyTh JyI'H 3JacTUK Oiinepa, 6Gosee Toro,
JIOCTATOYHO MaJIble JIyTH BCEX BO3MOXKHBIX 3JACTUK BCErJla ABJSIOTCS ONTUMAJILHBIMU. SIBHAs
rmapaMeTpu3alinsd IKCTPEeMAJIbHBIX peleHnit nHa rpymnmne Kaprana B KOOPIUHATHOM BHUJIE IPUBEICHA
B pabore [4].

B HejaBueii pabore [5] Obuta j1okasaHa Ciejyolas TeopeMa O €MHCTBEHHOCTH DEIIeHUs B
CUTYaIul OOIIEro IOJIOXKEHNUS.

2 2
Teopema 1. Ecau z; (a:lvl + yrwy — W) % 0, moeda cywecmsyem eduHCMBEEHHOE

pewenrue 3adavu (1)—(4).
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JlaHHOE WCCIeIOBaHNE HAIPABICHO Ha JeTaJbHOE M3yUeHHe CHMMETPHYHBLIX PeIeHHH co
CJICTYIONIIMH YCJIOBHAMU:
2., .2
(z1 + y1)2’1> —0

()

z1 (9611)1 + yrwy — 5

I13BeCcTHO, YTO MHOXKECTBO KOHEUYHBIX TOUYEK, KOTOPOE OIUCHIBAETCS YCIOBUIMU (5), COMEPKUT
MHOXKECTBO pa3pesa, T.e. TOYKH, B KOTOPBIX COOTBETCTBYIOIIME Treojie3ndecKue (KCTpeMasbHbIe
pemterusi I[IMII) Tepsiror CBOO ONTHMAJIBLHOCTD.

Ha nanHbBIil MOMEHT MHOXKECTBO TOUEK (D) HCCIIeI0BAHO I YnucieHHo. HekoTopbie cBoiicTBa
3TOI0 MHOKECTBA, OOHAPY?KEHHBIE B XOJle YACJIEHHOI'O UCCJIE/IOBAHUS, TOKA3aHbl aHAJIUTUIECKH.

B noknane Oymer yIesleHO OT/JebHOEe BHHUMaHWe KpPaTHBIM pelreHHsM. JlokasaHo, 4TO
CyIIEeCTBYeT 10 KpaifHell Mepe TpHU pa3jndHble (DOPMBI 3JIACTUK, KOTOPBIE JOCTABIISIOT PEIICHUE
6eCKOHETHOI KPATHOCTH B ONpeesiéHHble TouKn MHOXKecTBa (D). Omua m3 Takux ¢opm, B Buje
BOCBMEDKH (JIeMHUCKAThl BepHysin), Oblia yHac/eloBaHa W3 CyOPMMAHOBOW 3ajadd Ha TPYIIIe
Smures [6].
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OB OCJIABJIEHUU TTOCTAHOBKH SAJIAYN OIITUMAJIBHOT'O VIIPABJIEHUA
C ®ABOBBIM OI'PAHNYEHNMEM

Acees C. M. (Poccusi, Mocksa)
Maremarmaeckuit nnctutyT uM. B. A Crexnoa PAH
aseev@mi-ras.ru

B nmoknane Oymer pacckazaHo 00 OJHON HOBOI 3ajiatde ONTUMAJBLHOTO YIIpaBJIEHUSI,
BKJIIOUAIONIE B CBOIO IIOCTAHOBKY MHOXKECTBO "HexKkejlaTesIbHBIX'"COCTOSHMI CHCTEMBI. B
KJIACCHYECKOll TEOPUH ONTUMAJIBLHOTO YIPABJIEHUsI, HAJIUIME TAKOTO (OTKPBITONO) MHOXKECTBA
HEXKEeJIATE/IbHBIX COCTOSHUN OOBITHO MOJEIUPYETCS IPU IOMOIIN 3aJaHus (pa30BOr0 OrpaHUIEHUs,
YCTaHABJIMBAIOIIET0 3allpeT Ha MPOXOXKJEHHEe TpaeKTopuii depe3 sro muoxkectBo (cm. [1]). B
paccMmaTpuBaeMoit 3ajade, HaXOXKIeHWE TPAEKTOPUII B MHOXKECTBe HeXKeJIATEJbHBIX COCTOSHUI
BO3MOXKHO, HO TITpadyeTcs MPU MOMOIIY JOMOJHATEIHHOTO HHTErPAILHOTO YjeHa B PyHKITMOHATE
[IEHBI, COJMIEPKAIIET0 XAPAKTEPUCTUICCKYIO (DYHKIMIO OTKPBITOIO MHOXKECTBA HEXKeJIATETbHBIX
cocrostamit. Jlannast 3a/1ada TECHO CBsI3aHa ¢ 3ajadell ¢ ha30BbIM OIPAHHIEHUEM, KOTOPAsT MOYKET
paccMaTpUBATLCH, KaK ee IMPeJesIbHbIH ciyuail. B HeKOTOPBIX cuTyarusax paccMaTpuBaeMas 3a/1ada
OKA3bIBAETCST SKBUBAJIEHTHON COOTBETCTBYIONIEH 3a/1at1e ¢ (ha30BBIM OIPAHTIEHUEM.

B noknage 6yayT mpeacTaBiaeHbl HEJABHO IOy YeHHbIE HEOOXOIUMBIE YCIOBUS OIITUMAJIBHOCTH
[IEPBOTO TIOPS/IKA JIJIs PacCMaTpUBaeMoii 3a1a4u (cM. [2]) u pacCMOTpeH MILTIOCTPUPY IO IIPUMED.

Jlureparypa
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[2] Acees C.M., VYcunennoe Bkjodenue Oisiepa—Jlarpanyka g OIHON 3a7a9d  ONTHMAJILHOIO
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JIBYMEPHAS 3AJAYA OIPEJEJTEHUS CKOPOCTU PACITPOCTPAHEHUS BOJIH JIJI5
YPABHEHNIA BA3SKOYIIPYTI'OCTU B CJIABO FOPI/IBOHTAH]DHO—HEOAHOPOAHOIQ/I CPEJE

Axwmaros 3. A. (Poccusi, Biaaukaskas)
FOzkubIit MaTeMaTHdecKuit THCTUTYT BilaJukaBKa3ckoro HaydHoro nenrpa PAH
ahmatov1993Q@yandex.ru

Toruesa 2K. JI. (Poccusi, Binajukaskas)
FOxmbiit MaTemaTndecknit nHcTUTYT Briagmkaskasckoro Haydnoro meaTpa PAH
jannatuaeva@inboz.ru

[IpencraBimena aByMepHast obpaTHasl 3ajada IOCIEJ0BATEJBHOINO OIPENe/eHUs] JIBYX
HEU3BECTHBIX (s/[pa UHTErPAJIbHOIO Oleparopa ¥ JBYMEPHON CKODOCTH DPacHpOCTPAHEHUs
BOJIH) JIJISl CUCTEMbI YDABHEHHIl BsSI3KOYIPYIOCTH B €J1a00 IOPU30HTAJIbHO-HEOHOPOIHOI Cpe/ie.
Boccranoserre HeN3BECTHBIX XapaKTEPUCTUK JJIsI CPEJT C MOCTeIeiCTBHEM, HECOMHEHHO, SBJISIETCST
aKTyaJbHOI 3ajlaueil ¢ TOYKHU 3peHUs NPUJIOKEHUI, TaK KaK CTAHOBUTCS BO3MOXKHBIM ITPOBOJIUTH
aHaJIN3 BJIMSIHUS IaMATH CPelIbl Ha ee XapaKTepucTUku. Ilpum sToMm Tpebyercs OIHOBPEMEHHO
(i mocJIeI0BATENIbHO) HAXOAUTD KOI(DMUIMEHT ypaBHEHHsI U siJIPO WHTErPAJBLHOIO OIIepaTopa.
Jlas mpakTHYeCKUX IMPUJIOXKEHUH 00Jiee MHTEPECHBIM SIBJISETCs CJIydail, Koraa XapaKTepPUCTHUKU
CpeJibl 3aBHUCAT OT JBYX U bOojiee nepemenHbix. Hampumep, juisg reodu3ukn OJHUM U3 OCHOBHBIX
BOIIPOCOB SIBJISIETCST KOJIMYECTBEHHAs OLEHKA TOPU30HTAJIBHBIX HEOJHOPOMNHOCTEH B CKOPOCTSAX
ceficMnueckux BOJIH. HakormieHbl (pakThl, CBUJIETEILCTBYIONIAE O CYNIECTBOBAHUU BHYTPH 3EMJIH
HEOJIHOPOIHOCTEH 10 TeorpaduyecuM KOOPAMHATAM, WM TOPU30HTAJbHBIX HeOoZHOpomHocTeil. K
YUCJTY TAKUX (PAKTOB OTHOCATCS CHCTEMATHYIECKUAE OTKJIOHEHUS ToIOrPadOB BOJIH OT YCPETHEHHOTO
rogorpada, acuMeTpusi TPABUTAIIMOHHOIO M 3JeKTpoMarHuTHOro moJeit. IIpm 3TomM oTKIOHEHNS
oT rojorpadoB, OTBEYAIOIINX CHEPUIECKA-CUMMETPUYIHOMY PACIPEIEIEHNI0 CKOPOCTEH YIPYTrux
BOJIH, JlocTarouHo MaJibl [1]. B paGore [2] paccmorpena ojHa MoJeibHAsi 3ajada OIpeIeseHust
JBYMEPHOIO siapa UHTEerpo-auddepeHuaJbHoro ypaBHeHust B cpelle co ¢jiabo INOPU30HTAJILHOM
HEOJIHOPOJIHOCTBIO, B KOTOPOIl Pa3BUTHI METO/[bI PEIlleHnsl OOPATHBIX 3a/ad 13 paboTsl [3].

Paccyorpum npn @ = (22, 23) € R3, t € R, 23 > 0 unTerpo-auddepennuanbioe ypaBHenue

5 =S (st sge) + [[e=n S 2 (s ) i,

Ipun Cjaeayromnx HavaJbHbIX U I'PDAHUYIHBIX YCJIOBUAX

U |t<0= 0, (1.2)
ou t ou
0) | z—(,t k(t—71)— d = —8(xq)d (¢ 1.3
o2 0) [ g+ [ K- Fh || =) (13
u(x,t) — dyukuus cmemenus, a(xg,x3) > 0 — Ko3hDMUIMEHT, ONUCHIBAIONIMI CKOPOCTH

pacrpocTpaHeHust BOIH B cpeje, k(t) — GyHKIus mamMsTy, yIuThIBAIONAs BI3KIE CBOICTBA CPEIbI;
§(+) — menmwbra-dynkims dupaka, ¢ (-) — npoussoguast §(-).

IIpsimasi 3ajaga 3akiovaercs: B orbickanuii dbyHkmn u(xe, r3,t) u3 ypasHenus (1.1) upu
COOTBETCTBYIONIUX HAYAIBLHBIX ¥ TPAaHNIHBIX ycrosusx (1.2), (1.3).

OGparHas 3ama4a: onpe/eanTb KodabGunuenT a(ra, £3) U siipo NHTEIPATBLHOIO OllepaTopa
k(t), t > 0, Bxomamux B (1.1), ecsim ormocmresnbHo perennst 3agaqn (1.1)—(1.3) usBecrna
JIOTIOJIHUTEIbHAST MHMDOPMAIHST

F,,[u](z3,t,v)|zs=10 = g(t,v), t>0, veER, (1.4)
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[e.e]
g(t,v) — samamnas byukms, Fy,[ul(rs,t,v) = [ u(we,23,t)e "2 dxy — obpas Oypbe
— 0o
dyukmun u(x,t) Mo mepeMeHHoi Ty (31€Ch U Jasee i — MHUMAs €/IHUIA).

Onpegenenne. [apa bynknmit a(z2,r3) € CHR x [0,00)), k(t) € C([0,00)) naspiBaerca
perrerneM obparroii 3aqa4au (1.1)—(1.3), ecsim coorBeTcTBYIOINIEE €if perenue npsiMoit 3agadu (1.1)—
(1.3) u(w,t) n3 knacca ob6obmennbx dyukumit D'(R3 x R) ynosnersopsier (1.4) mus g(t,v),
npunaiexarieii kiaaccy D'([0,00)) st HeHysieBoro bUKCHPOBAHHOIO 3HAUEHUST V.

[Ipeanonaraem, aro a(xg, x3) ci1abo 3aBUCUT OT TOPU3OHTAILHOL TIEPEMEHHON Xo:

a(xy, x3) = ao(x3) + exgay (x3) + O(e?), (1.5)

rge € — Maselii mapamerp. B pasencrse (1.5) 6yaem cunrtarh ag(r3) 3aZaHHON IOJOKHUTEIHHOM
BestmauHoi. B pabore mocTpoen MeTosia naxoxkaenust k(t) m aj(x3) ¢ TounocTwio 10 Bemauanl O(£2).
st aT0ro okaszasoch J0cTaTovuHbIM 3ajanue GyHkuuu ¢(t, V) s OJHOTO HEHYJIeBOIO 3HAUEHUsI
npeobpazoBanns V. Pe3ynbraraMu HCC/IEI0BAHUS SIBJISIIOTCS TEOPEMbI II00AIbHOM OIHO3HATHOM
Pa3peIMMOCT U YCTONYINBOCTU PEIleHus 00PaTHOM 3a1a4u.
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O JIOKAJIBHBIX KOOPJIMHATAX B 3AIAYE OB OPBUTAJIBHON YCTOMYNUBOCTU
MMEPUOJUYECKUX JIBUYKEHUN KOHCEPBATUBHBIX CUCTEM?*!

Bapaun B. C. (Poccusi, Mocksa)

Mockosckuii Auarnonnbiii THCTUTYT (HAIMOHAJIBHBIN MCC/IEI0BATE/IbCKUN YHUBEPCUTET )
MockoBckuii aBTOMOOUIIBHO-IOPOXKHBII rOCyIapCTBeHHbI TexHnueckuil yausepcurer (MAJIN)
WNucruryr mamuHoBemenust uM. A. A. Biaronpasosa Poccuiickoit akaeMun Hayk
bsbardin@Qyandez.ru

AHaanz opOUTANBHON YCTONYUBOCTH IMEPHOAMYECKUX JBUXKEHHI KOHCEPBATUBHBIX CHCTEM
yI0OHO TTPOBOJUTDL IIPU ITOMOIIU BBEJICHUS JIOKAJIHHBIX KOODJIMHAT — IIEPEMEHHBIX, OMUCHIBAIOIINX
[IOBEJIEHNEe CUCTEMBl B MAaJIOfl OKPECTHOCTH UCCJIEAYEMOrO IEPUOIANIECKOrO JBUXKEHUSI. DTO
[IO3BOJISIET CBECTU 33/1a9y 00 OPOUTAJIBHON YCTONYIUBOCTHU K 3ajiade 00 yCcTOMIuBOCTH 110 JISIIyHOBY
[TOJIOZKEHUST PABHOBECHSI IEPUOINIECKOI TaMUJIbTOHOBOM cucTeMbl. JIj1s pererus mocieiHeit 3a1aqm
MOKHO IIPUMEHUTH XOPOIIIO PA3BUTHIE METO/BI U KOHCTPYKTUBHBIE AJITOPUTMbI TEOPUU YCTONYUBOCTH
raMIJIBTOHOBBIX CHCTEM, OCHOBaHHBIE HA METOJe HOPMAJBHBIX (opM u Teopun KAM.

[Tepexom oT mCXOMHBIX (TVIOOAJIBHBIX) MEPEMEHHBIX K JIOKAJTBHBIM KOODJIMHATAM YaCTO
SABJISIETCS HempocToit 3amadeii. Muorma JjokajgbHblE KOOPAWHATHI YIAAETCH BBECTU CJICIYIONIUAM
obpazom. CHavajga B gBHOM BHJE CTPOUTCS KAHOHHYIECKAd 3aMeHa IePEeMEHHBIX, TO3BOJISIONIAS
B 00JlacTH TEPUOAMYECKUX JIBUXKCHUII HA WHBAPUAHTHOM JIBYMEPHOM MHOIOOOPA3UM BBECTH
repeMeHHble JleicTBUe-yTo/1. Ecm Takyio 3aMeHy yJIaeTcs IMOCTPOUTh, TO B KadeCTBe JIOKAJbHBIX
KOODJIMHAT, MOXKHO BBLIOpATh BO3MYINEHHE TIEPEMEHHON JIeHCTBUA U BO3MYIIEHUS JPYTHUX
KAHOHMIECKUX II€PEMEHHBIX, OPTONOHAJbHBIE K WHBAPUAHTHOMY MHOTOOOpA3Wio, Ha KOTOPOM
JIEXKUT HCCaelyeMasi MepuoandecKasi TpaeKTopus. Takoil IOaxXoJl, B YACTHOCTU, HPUMEHSJICA B
zajadax 00 opOUTABLHON YCTOMINBOCTH MASTHUKOBBIX MEPUOJINIECKUX IBUKEHUI TBEPIOTO TeJa.
[Ipr npuMeHeHUU HJAHHOTO TOJXOJA MOXKHO CTOJKHYTBCH C PSAJOM TEXHUYECKUX 3aTPYyIHEHUI,

“Hccnenosanme BbIOMHEHO B MOCKOBCKOM aBHAIMOHHOM HHCTUTYTE (HAIMOHAJIBHOM HCCIIEOBATEIHCKOM
yHEHBepcuTeTe) 3a cuer rpanTta Poccuiickoro mayunoro donga (mpoekt Ne22-21-00729).
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KOTOPBIE COCTOSAT KaK HAXOXKJICHUM YKA3aHHON BBINE KAHOHUYECKOW 3aMEHbI MEPEMEHHBIX, TakK
U B MOCTPOEHUU pazjoxkenus dyuknun [amMuabToHa B P B OKPECTHOCTU HEBO3MYIIEHHOIO
[IEPUOJINIECKOro JBUKeHus. JIpyroit mMeros BBeIeHHS JIOKAJIHHBIX KOODJIMHAT OBLI IIPEJJIOXKEH
B pabre [l|] m ocHOBaH Ha IOCTPOEHMH JIMHEHHONW KAHOHMYECKON 3aMeHbl I[E€PEMEHHBIX C
[IEPUOJINIECKUMU KO3 PUIeHTaMu. ITOT MeTOJ, JaéT BO3MOXKHOCTb OOONHTH YIIOMSIHYTbHIE
BBIIIIE TEXHUIECKWE 3aTPYAHEHHUsS U II03BOJIIET PeIllaTh IMUPOKHI KPyr 3amgad o6 opOuTaIbHOM
YCTOWYUBOCTH, HO B Dsijie CIy4YaeB ero IPUMEHeHHe TaKyKe MOYKET OKa3aTbCd 3aTPYIHUTEHHBIM
13-3a TOSBJICHUS] CUHTYJISIPHOCTU B KOdd dunmeHTax JnHeHON 3aMeHbl.

B nannoit pabore mpemjiaraeTcs METOJ BBEJEHUS JIOKAJIHHBIX KOODJMHAT IPU I[TOMOIIA
[IOCTPOEHUsI HEJIMHEHHOM KAHOHIUYIECKO 3aMeHbI mepeMeHHbIX. OmrcaH KOHCTPYKTUBHBIN aJIlOPUTM
IIOCTPOCHUA yKaSa.HHOfI 3aM€E€HbI II€epeMEeHHbIX B BHJ/E PAJO0B II0 CTEIIeHAM HOBBIX IIE€PEMEHHBIX
— JIOKaJIbHBIX KOOpAWHAT. JIaHHBIN METON MO3BOJISIET M30EXKATb CHUHTYJISPHOCTU IIPU BBEJIEHUU
JIOKaJIbHBIX KOOpJZHWHaAT W MO2KET IHIPUMEHATHCA KaK IIPpU aHaJUTUYIEeCKOM, TaK W IIPU YUCJICHHOM
aHajn3e OpOUTAJBHON ycToWdmBocTH. B KadecTBe NUPUJIOXKEHUS PACCMOTPEHBI JBE 3aJadu
KJIACCUYeCKO 1 HeOeCHOH MeXaHWKH: 3ajlada 00 OpOMTAJbHON yCTOWYMBOCTH IIEPUOIMYECKUAX
JIBUKEHUIT TSI?KEJIOr0 TBEP/IOTO TeJia ¢ HEIOBUXKHOI TouKol B ciry4dae Bobbuiesa-CrekioBa u 3a/1a4a
00 opOUTAIBHON YCTONINBOCTH EPUOINIECKUX JIBUKEHUN TUHAMIIECKT CAMMETPUIHOTO CITY THUKA,
Ha Kpyrosoii opbure. Pesysbrarsl mccieoBanusi opOUTAIBLHON yCTOWYMBOCTH, IIOJIyYEHHBIE Ha
OCHOBaHWM IIPEJUIOXKEHHON METOJMKH, IIOJTHOCTBIO COIVIACYIOTCS W CYIIECTBEHHO JIONOJIHSIOT
pe3yJIbTaThl, I0JIyIeHHble PaHee B yKa3aHHBIX 3a/adax JIpyruMu Merogamu [2,3].
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[TOCTPOEHUE U AHAJIN3 OPBUTAJILHON YCTOMYUBOCTU MEPUOANYECKUNX
JBUXKEHUH B IIJIOCKOI KPYT'OBOI OI'PAHUYEHHOI 3AJJAYE YETBHIPEX TEJ*2

Bapaun B. C. (Poccusi, Mocksa)

Mockosckuii Apnanuossblil VIHCTUTYT (HAIMOHAJIBHBIN UCCIIEI0BATEILCKUI YHIBEPCUTET)
MockoBckuii aBTOMOGUIIBHO-IOPOXKHBI TOCYaPCTBEHHbIN Texundeckuii yausepcurer (MAJIIT)
WNucturyr mammuaoBeenust uMm. A. A. BiarorapasoBa Poccuiickoit akajemun HayK
bsbardin@yandex.ru
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CyxoB E. A. (Poccusi, Mocksa)
Mockosckuii Apnanuossblil VIHCTUTYT (HAIMOHAJILHBIN HCCIIEI0BATEILCKUI YHIUBEPCUTET)
sukhov.george@gmail.com

PaccmarpuBaercs miockast KpyroBasi OrpaHUYeHHAs 381298 IeThIPEX TEJ B CJIEIYIOINIEH TOCTa~
HOBKe. Tesio MaJIoit MaccChl IBUKETCS B TPABUTAIIMOHHOM II0JIe TPEX OCHOBHBIX TPUTATUBAIONINX TeJT
€ MaccaM® M1, Mg U M3, KOTOPbIE B3aUMOIEHCTBYIOT 110 3aKOHY BCEMUPHOTO TSATOTEHUS U JBUIKYTCS
[0 KPYTI'OBBIM OpOUTaM, 00pa3ys HMOCTOSHHYIO KOH(MUIYDAIMIO — PABHOCTOPOHHUI TPEYTrOJILHUK.
Takoe JgBU2KEHME OITUCHIBACTCS XOPOIIO U3BECTHBIM YaCTHBIM pelenrneM JlarpaH:ka 3a1atu Tpex TeJl.
[Ipeonaraercs, 9To TEJIO MAJIOH MACCHI HE BJIMSET HA JIBUKEHHE TPEX OCHOBHBIX TeJI, & TapaMeTPhI

“Hcenenosanue  BbIoaHEHO B MOCKOBCKOM —ABHAIMOHHOM HHCTUTYTE (HAIMOHAJIBHOM  MCCJIEIOBATETHCKOM
yHuBepcuTere) 3a cder rpanTa Poccuiickoro nayusoro dgonma (mpoekt Ne22-21-00729).
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3aJa91 TAKOBBI, YTO YKa3aHHOE JBUKEHNE OCHOBHBIX IIPUTSITUBAIONINX TeJI yeToNunBo. CyIIecTBYIOT
TaKue JIBHUXKCHUA TeJla MaJIon MacCChbI, IIp1U KOTOPBLIX OHO 06pa3yeT C IPUTATHUBAOIIUMU TeJIaMU
KOH(MDUTYypaIuo Hen3MeHHOM GOPMBI 1 pa3MepPOB, TaK HA3LIBAEMYIO IEHTPAJILHYIO KOH(DUTYPAIIIO.
HenTpanbuoit KoHMUTYypAIUU COOTBETCTBYET IIOJIOYXKEHUE OTHOCHUTEJIBLHOIO PaBHOBECHS Teja
MaJIoll MacChl BO BPAINAIONIENCsT BMECTe € HPUTATHBAIONIMMU TEJIAMU CHUCTEME KOOPIWHAT. DTH
IIOJIO2KEeHU A PaBHOBECHUSA 6y,ZLeM Ha3bIBaTb TOYKaMM .HI/I6paLLI/II/I OI‘paHI/I‘IeHHOfI 3aJa91 9eTbIpex TeJI.
VCTOHYNBOCTD JAHHBIX TOYEK JIMOPAINN O3HAYAET YCTONINBOCTD BCeil IeHTpaIbHOM KOHMUTYpaIi.

B macrosiieit paboTe paccMaTpuBaeTCs YaCTHBIN CIydail, KOTJa JIBa U3 OCHOBHBIX TEJI UMEIOT
paBHBIE MACCHI: My = m3 7% mqi. B sToM ciydae 3ajada 06 yCTONIUBOCTH TOYEK JIUOpaIuu ObLIa
0/IpOOHO mccieioBana B pabore [1].

B manHOIT paboTe OBLIN IOCTPOEHBI CEMENCTBA MEPUOANIECKNX IBUKEHNH Teaa MaJIoi MacChl,
POXKIAIOIINECT W3 YCTOWYHMBBIX TOYEK JIMOPAIMM, W HCCIEI0BaHa MX OpOHUTabHAA YCTOMIMBOCTD
B JuHeiHOM npubamkenuu. g 3HadYeHuil mapaMeTpoB 3aJaud M3 MAaJOW OKPECTHOCTU TOYEK
JMOpaIun  yKa3aHHbIe ceMeifcTBa ObLIM IOJIYYeHbl aHAJIUTHIECKH C HCIIOJb30BAHUEM METOIA
HopMasbHbIX dopm. HccienoBanue 3amatyu O CyIIECTBOBAHUU W OPOUTAJBLHON yCTOWYIUBOCTH
CeMECTB IePUOIMYCCKUX JIBUKEHUI ITPU TPOU3BOJIbHBIX 3HAUYEHUAAX apaMeTPOB BBIIOJIHSJIOCH IIPA
IIOMOIIN AJIMOPUTMa YUCJICHHOI'O IPOJIOJI2KEHU A [2], KOTOPBIA OCHOBAH Ha METOAUKE, IIPeAJIO?KEHHOMN
B [3], [4]. Pesynbrarbl ucciiegoBaHusi TpENCTABJIEHbI B BUJE JIMArDAMM CYIIECTBOBAHUS U
OpPOUTAILHON YCTONYMBOCTU PACCMATPUBAEMBIX CEMEHCTB MEPUOIMIECKUX JIBUYKEHU, TTOCTPOSHHOIM
B IIPOCTPAHCTBE NapaMeTpPOB 3aJavu.
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O NEPUOANYECKUX JIBUXKEHUAX TEJIA C BHYTPEHHEN ITIOJABUKHOM MACCOW
110 HAKJIOHHOM TIJIOCKOCTHU MPY HAJIMYNU AHU30TPOITHOTI'O CYXOI'O TPEHM I
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PaukoB A. A. (Poccusi, Mocksa)
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Paccmarpupaercst MexaHUYecKasi CHUCTEMa, COCTOSAIIAs U3 TBEPJOrO Teja U IOABUKHOMN
BHyTpeHHe#l Macchbl. B Hava bHBII MOMEHT BPEMEHH TeJIO IMOKOWTCHA Ha HAKJIOHHOW IEePOXOBATOM
IJIOCKOCTH, OIPUpAasiCh Ha Hee OJHON W3 CBOUX ILJIOCKUX TpaHeii. IlojgBuxkHast Macca coBepIiaer
BHYTPH TeJIa OTHOCUTEIbHOE JBAYKEHNE B BEPTUKAJBHON IIJIOCKOCTH 110 OKPYZKHOCTH, IIEHTP KOTOPOH
COBIIQJIAET C IIEHTPOM MACC KOpIyca. YTJIOBasi CKOPOCTb KPYTOBOI'O JIBUXKEHUsI BHYTPEHHEH MacChl

4
3Uccnenopanue Bomosmeno B MOCKOBCKOM —aBHAIMOHHOM HMHCTHTYTE (HAIMOHAJBHOM MCCIICIOBATEIHCKOM
yHEHBepcuTeTe) 3a cduer rpanta Poccumiickoro mayunoro donga (mpoekra Ne 19-11-00116).
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IOCTOSHHA. 3a CUET IePEeMEIIeHHs BHYTPEHHeH MacChl M IOJ JefICTBHEM CHJIBI TSZKECTU TeJI0
MOZKET COBEpHIaTh IIOCTYIIaTE/IbHOE HpﬂMOﬂI/IHefIHOe JABU>KEHHNE I10 HaKJIOHHO 1mockocTu. B obinactn
KOHTAKTa TeJa U OIOPHOH IJIOCKOCTU JEHCTBYIOT CUJIbI CyXOr'0 aHU30TPOIIHOI'O TPEHUSI.

B pab6orax [1], [2], [3], [4] paccmarpuBamoch nBHZKeHME JAHHOM MEXAHHIECKONH CHCTEMBI 110
FOPUBOHTAJBHOI IIepoxXoBaToil ItockocTu. B wacTHOCTH, B |1] GBI BBINOIHEH MOJTHBII KadeCTBEHHbII
aHaJIn3 JIBU2KCHHs TeJla KaK B CjAydae CyXoro, Tak MU B CiIydae BA3KOI'O TpPEHU:I. B CcJIy4dae
AHI30TPOIIHOIO CYyXOro TpeHus B [4] GbLIK nccsIe0BaHbl IEPHOUICCKIE PEXKIMBI JIBHZKEHUS.

YpapHenus JBUKEeHHs KOpPIyca IO HAKJOHHOH IIJIOCKOCTH IpPH HaJIMYUU aHU30TPOIIHOIO
TPeHHs COJepKaT deThIpe Iapamerpa: KOI(DUIMEHTHI TpeHHs! IpU JBIZKEHHN BBePX (BIIepen)
U BHU3 (Ha3aJ), YroJ HAKJIOHA OIOPHOW IIJIOCKOCTH K TOPH30HTY M Oe3pa3MepHBI IapaMerp,
SaBI/ICSIH_[I/Iﬁ OT MAaCCOBBIX, 'reOMETPUYIECCKUX N KMHEMAaTHYICCKNX XapaKTePUCTUK CHUCTEMDI.

B nmanmnoit paboTe mCCI€OBAJNCH BO3MOYKHBIC PEXKUMBI JIBUYKEHUS KOPIIyCa U3 COCTOSHUS
ITOKOSI TIPU YCJIOBUM, 9TO KOI(MDMUIINEHT TPEHUs IPU JABMKEHUU BBEPX 10 HAKJIOHHON ILJIOCKOCTHU He
IpeBoCcXoIuT KodddummenTa TpeHus Npu IBUKEHIH BHU3. BBLIO yCTaHOBJIEHO, YTO B 3aBUCUMOCTHU
OT 3HAYEHUN FTUX napaMeTpOB BO3MOZKHBI IIATH Ka9C€CTBEHHO Pa3J/IMYHBIX CJIy4dad: 1) KOpIryc He
MOXKET HaIaTh JIBUZKEHHE U3 COCTOSIHUSA IOKOsI; 2) KOPIIYC MOXKET HAYaTh JBHKEHUE U3 COCTOSTHUSI
IIOKOs BBEPX, HO HE MOXKET HadaTb JIBUXKEHUC BHUSI; 3) KOpIIyC MO2KET HavdaTb JABUXKEHHNE Hn3
COCTOSTHHSI IIOKOsI BHI3, HO HE MOYKET HAYaTh JABUKEHNE BBEPX; 4) KOPIIYC MOKET HAYATh JABUKEHIE
U3 COCTOSIHUS IIOKOSI KaK BBEPX, TAK U BHH3; D) B HAYAJBHLIH MOMEHT BPEMEHH KODILYC HadHHAET
JIBUTAThCA BHU3 0€3 OCTAHOBOK C HApPACTAIOMIEHl CKOPOCTBIO.

ITokazano, uro B ciaydasx 2), 3) u 4) ABHIKEHHE KOpPIIyCa SBJISACTCS IIE€PUOJANYECKHM. B
YaCTHOCTHU, B CJIy4ae 2) KOpIYC MOXKET COBepHIaTh TOJIBKO IHOCTyHaTeJbHOE JIBUXKEHUE BBEPX C
OCTAHOBKaMIU W [IEPUOJIAMHE [IOKOsL. B ciydae 3) nMeeT MeCTO MepUOIMIECKHI PEKIM, IIPH KOTOPOM
KOpPIIyC COBEpHIaET MMOCTYyIIaTE/JIbHOE JBUZKEHNE BHU3 C OCTaHOBKaMM U IIEPUOIaMU ITOKO4I. B cjry4dae
4) B 3aBHCHMOCTH OT 3HAYEHHI ITApAMETPOB 33491 BO3MOKHDI HECKOJIBKO KaTeCTBEHHO PA3/IHIHBIX
HepUOJMIEeCKUX PEeKUMOB JIBUKeHHudA. JlaHo I10/pobHOE ommcaHue U I0JIyd9eHO aHaJUTHIeCKOe
IIPEJICTABJICHUE BCEX IEPUOJIMYICCKUX PEXKUMOB JIBUKCHUSI.
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OB OITUMAJIbHBIX BJIOYKEHUSX B PABBUTUE TEXHOJIOTUI B IHEHTPAJIM30BAHHOU
MOJAEJIM 9KOHOMNYECKOI'O POCTA

BensikoB A. O. (Poccusi, Mocksa)

MockoBckuii rocynapcTBennbiii yauBepcureT umMenn M.B. Jlomonocosa
Harmmonanbublit ucciienoBarenbeknii rexnosiorndecknii yausepcurer ‘‘MUCuC”’
[leHTpaibHBIT SKOHOMIKO-MaTeMaTndeckuit macturyr PAH
a_ belyakov@inbozx.ru

B yupomgénsoii nocranoske 3ajgaun [1| 06 ONTUMAJIBHBIX BJIOXKEHUSIX B TEXHOJIOIMMYECKUIl
POCT TIOKaXKeM, UTO He HYKHO BKJIAJIbIBATH B TEXHOJIOTMH, a JIUIIb B (PU3NIECKUN KaluTad, T.e.
[IPOUBBOJIUTL CTAHKU W 0DOpy/OBaHUe, MOKa (pU3MIecKuil KamuTasa He JJOCUTHET OIPEe/IeIEHHOrO
ypOBHsI. A 3aTeM HaYaTh BKJIAJBIBATH B PA3BATHE TEXHOJOIUI IMOCTOSHHYIO JIOJIYIO OT BBIIIYCKA.

HOCTaBJIHeMbeI HaceJIieHuEeM IIOTOK TPY/1a B 3KOHOMHUKE CUUTAEM IMOCTOAHHBIM WU HOPMUPYEM
K efuHuIE. PaccMoTpuM 3a/iady IeHTPAJIBLHOTO IIAHUPOBIIMKA, MAKCUMU3UPYIOIIEr0 JIUCKOHTUPO-
BaHHYIO ¢ HOPMO#l p > 0 MoIe3HOCTD MOTPeduTE e B SKOHOMUKE

e Ply(C(t))dt - max , C(t)>0, G({)>0, K(t)>0
| ertucwi s max o () (v
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k* k*ZO

e CKOpOCTb PpOCTa (1)I/ISI/I‘I€CKOFO KarmraJa K (qHCTbIe I/IHBeCTI/ILLI/II/I)
K(t) = F(K(1),A(t)) - C(t) - G(t), K(0) = Ko >0,

— TO, UTO OCTAETCsI OT YUCTOrO BhITycKa F' mocje dacTHOro norpebseruss C' U rocygapCTBEHHBIX
TpaT G Ha yBeJIMYEHUE YeTOBEYECKOTO KamnuTaaa A, T.e. pa3BUTHe TEXHOJOTHI:

A(t) =~G(t), A(0) = Ay >0,

rnme v > 0 — xosdpdunuent 3hdHeKTUBHOCTH HUHBECTUINN B dUejgoBedeckuil karmutaa. DyHKIIUIO
F(K,A) Bo3bMEM JmHENHHO OmHOpOmHOI, n muddepennupyeMoii mo o6enM NEepeMEeHHBIM U C
yOBIBAIOIIIUMU YACTHBIMEU IIPOU3BOJHBIMU 110 KaXKJOH TepeMeHHON. Byraem mpeamonarars 49TO,
moTpebuTresn 06/1a1aI0T TOCTOAHHONW IMOJOKUTEILHON OTHOCHTEILHON HECKJIOHHOCTBIO K PUCKY

0= “:,((CC?)C s Beex C' > 0.

[Tpumenus jiocraTounble ycjoBusi onrumasbHocTn Manracapsina [2], yupo6HO 3anmcarhb
Pe3Y/IbTAT B YIEJIbHBIX [T€PEMEHHBIX
F(K,A) K G C
(k) ::T’:F(k‘,l), k= T 9= 7 ¢i= 7
OnrumabHBIM perieHneM npu kg < k* Oyer quHAMWKa ¢ HYJIEBBIME BJIOXKEHUSIMU B U€/IOBEUECKUIA
karmrai, ¢(t) =0, npu t € [0,T] cornacHo cucreme:

k(t) = f(k(t) = c(t),  k(0) = K, (1)

t) _
0 —= = f(k(t)) — T)=c" 2
S = ) = () = 2
no momenta T = T(kp), Korja yJIeJbHBIH KalUTaa U MOTPEOJICHHE JIOCTHIHYT PacCUNTAHHBIX
uz f'(k*) = (f(k*)— f(E)k)y u ¢ = (%—%—kz*)% suavenuit k(T) = k* un
¢(T) = c¢*, rae yJeabHble BJIOKEHHsI B 9U€JIOBEYECKUX KamuTas ¢(-) CKAYKOM YBEJIUIATCS C HYJIs
o g% = “’;7*7)7'0 U, KaK U OCTaJIbHbIE yjeJbHble lepeMennble, ¢(t) = ¢* u k(t) = k*, mis Bcex

t > T ocramyTcst TocTOTHHEBIMA. OUTHMANIBHAS TPACKTOPHUS YAETHHBIX KAHUTAIa W TOTPEOICHUST
Ha a30Boil jmarpaMme 00O3HAUEHA CTPEJIKAME, BeAyIUMU B TOUKY (K, Cy), Ijie BJIOXKEHUs B
qenoBetecknit karmran G(t) Bozpacraior ¢ 0 1o gy Age?9+(=1),

JIureparypa

[1] Lucas, Robert E. Jr. On the mechanics of economic development // Journal of Monetary Economics
22 (1988) 3-42.

[2] Seierstad, A., Sydseeter, K. Optimal control theory with economic applications. Elsevier North-
Holland, Inc. 1986.

91



BHYTPEHHEE PACCESHUE APHOJH),ZLA N KBASUKJIACCUYECKHNE ACHUMIITOTUKN

Boraesckunii U. A. (Poccust, Mocksa)
MockoBckuit rocymapcTsennbiii yausepcurer umenu M. B. JIomonocosa
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B 1988r. B.U. Aproaba HaImén HOpMaJbHble (DOPMBI HEKOTOPBIX OCOGEHHOCTEH ypaBHEHUST
SIKOHAJIA, BOSHUKAIONINX HEYCTPAHUMBIM O0OPA30M B CHCTEMAX JUHEHHBIX YpPaBHEHUN, MOSBJISIO-
IIUXCsl BO MHOIHX 3ajiadax Maremarudeckoii dusukn [1]. B ykasanuoii pabore paccMaTpuBasIich
yPpaBHEHUS SKOHAJIA, OITUCHIBAIONE KOPOTKOBOJHOBBIE ACUMIITOTUKY PEIIEHNI PacCMaTPUBAEMOTO
KJIacCa CUCTEM. B 9Toit cuTyarun jijist peaJu3annn ocobeHHocTell ApHOIbIa TPeOYIOTCsS YCITOBUST
TUIUYHOCTH, KOTOPbIE PEIKO BCTPEUAIOTCA B MIPUKJIAIHBIX 3aa4dax. Hanpumep, B cIydae 3ByKOBBIX
BOJIH CP€/ia JIOJIKHA OBITh M HEOIHOPOJIHON, U AHU30TPOITHOA.

HepaBHo 0OHApYKUIOCH, YTO 0OCYXKJIaeMble OCOOEHHOCTH BCTPEUYAIOTCS B yYPABHEHUSIX
SHKOHATA, OMUCHIBAIOIINX HEKOTOPHIE KBA3WKIACCHYIECKNE aCUMOTOTHKA. OJMH U3 MPUMEpPOB —
6esmaccoBoe ypapheHue Jlupaka, OIMCBIBAIOIIEE PACIPEJEIeHIe KBA3HMUYACTHIL (IJIEKTPOHOB U
JIBIPOK) B rpadene.
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K MCCITEIOBAHUIO HEJIMHEHBIX ITIPOLECCOB ACUMIITOTUYECKNMHU METOJAMUN

Borganos A. H. (Poccusi, Mocksa)
HNU mexanuku MIY
bogdanov@imec.msu.ru

Verexu B MaTeMAaTHIECKOM MOJEIUPOBAHUM Psifia  CJAOXKHBIX 3aJad, JOCTUTHYTBHIE C
UCIIOJIB30BAHUEM ACHMIITOTHYECKUX METOJIOB, K IPUMEDPY, B IPUIOXKEHUH K ra3oBoil quHamuke [1],
MO3BOJIAIOT PACCUUTBIBATEL Ha JaJIbHENIee IJI0A0TBOPHOE IIPOABUZKEHNE B 9TOM HAIIPABJICHUN.

B aspomexaHmKe ecCTeCTBEHHBIM PA3BUTHEM KJIACCUYECKUX ITOCTAHOBOK 3a/1a4 JUHAMUKH YIap-
HBIX BOJIH $IBJIFAETCA MaTeMaTHU4YeCKOe MOJECJIMPOBAHUE IPOIECCOB PACIPOCTPAHCHUA HEJIMHEHHBIX
BO3MYIIEHUI Yepe3 HEOJHOPOHYIO Cpelly — aKTyaJIbHbIX B CBS3H C IPUJIOKEHUSME 3334 [2].

[Tosryuennast [3] U3 pelleHnusl JIMHEAPU3UPOBAHHOU 3aJ1aud CBA3b CKOPOCTU HEJIMHEUHON
BOJIHBI C XapaKTEPUCTUKON HEOIHOPOJHOCTH CPEeIbl Iepes ee PPOHTOM IIPEIACTAB/ISIET WHTEPEC He
TOJIBKO IOTOMY, YTO 3aMe4YaTesIbHO IIPOCTa U JijId IOJYyYEeHUdA 3TON 3aBUCUMOCTU MCIIOJIL3YIOTCA
OTHOCUTE/IbHO IIPOCTBIE METO/IbI: TIPUMEHEHHBIH JIjIsI ee TOJIYIeHUs METO U CIOCOObI OIIPE I/ IEHIS
TOYHOCTU U YTOYHEHU II0JIY YCHHOI'O PE3YJIbTaTa MOI'YT CJLY2KUTh METOA0JIOTMYCCKUM PYKOBOJICTBOM
IpU NPUMEHCHUN ACUMIITOTAYECKHX METONOB B 3ajladaX TEOPUM HEJWHEHHBIX ypaBHEHUN B
YaCTHBIX ITPOU3BOJIHBIX U MaTEPHUAJIOM JJisi JAaJbHEHIero pa3BuTus yKa3aHHbIX MeTo/10B. JlelicTBys
PEIUTEIFHO, MOYKHO IOJIy9IUTh OTBET B JIOCTATOYHO CJOXKHON 3ajade (9TO IPABUIO aBTOD
Bocrpunst yepe3 O. C. Poizkosa).
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OBPATHAS 3AJAYA [1JI BEIPOYKJIEHHOI'O YPABHEHUA C JIPOBHBIMU
[NPOU3BOAHBIMU ['EPACUMOBA-KATIYTO

Boiiko K. B. (Poccusi, Hensibunck)
YenssOMHCKHUI TOCYIapCTBEHHBIN YHUBEPCUTET
kvboyko@majil.ru

[Iycre X, Y — OGanaxoBbl mpocTpaHCTBa. DBymem mupemnosararb, aro n € N\ {1},
L, My, Ms,...,.My,_1 € L(X;)), ker L # {0}, M,, € CI(X;)), Dy, — obiacrb onpejiejeHust
oneparopa My, Ha KoTopoii 3ajiana nopma rpabuka ||-|| p,, = ||-||x+||My-||y. Byaem npeanonarars

takxke, 4ro M, (L,0)-orpanuden [1].
Paccmorpum obpaTHyio 3a/1a9y i BHIPOXKICHHOTO SBOJIIOIIMOHHOTO YPABHEHUST

D¢ La(t ZD TM;x(t) + o(t)u, te[0,T], (1)

el <o << <o, <am—-—1<ao<mjeN j=12....n,m—-1<a<m,
e C([0, T;R), u € Y, T > 0, ¢c HAYAJIbHBIMU yCIOBUAMU
x(l)(O)le eX,1=0,1,...,m, —1, (Pm)(l)(()) =g eXl=mym,+1,....,m—1, (2)

1 yCJIOBHEM IIepeolipeae/IeHu A
T
/ 2(t)dpu(t) = 21 € X. (3)
0

Pemennem 3sagaan (1)—(3) Gymem maseiBarbs napy (z(t),u), rme dynknus x(t) sBisercs
pemenueM 3ajaun (1), (2) ¢ coorBercrBytomum u € U, yroBierBopsioree (3).

Ecmu oneparop M,, (L, 0)-orpanuntien, To 3amada (1)—(3) sKBuBajIeHTHA CHCTEME JIBYX 32184
Ha JIONOJIHSIONINX JIPYT JApyTa nosmpocrpancreax X0 u AL

Ditv ZDQ]L "Mjau(t) + o)Lyt te (05T,
J=1

T
oDy =v, 1=0,1,...,m—1, /v(t)dﬂ(t) =T,
0

n—1

Dirw(t) = =Y DY M, i Mjow(t) — (t) M, ju’, t€[0,T],

n
j=1

T
w(l)(o) =w;, [(=0,1,...,m,—1, /w(t)du(t) = wyp,
0

rae v(t) = Px(t), w(t) = Pyx(t), vy = Pz, 1 =0,1,...,m—1, wy = Poxy, | = 0,1,...,my, — 1,
vr = Pap, wr = Pyxp, ut = Qu, u° = Qou. O6o3maummM

T
1/10=wT—/
0
—1

T
Y1 =vr — / X1 (tvdp(t), x1=
0 l

mp—1

3

T t
Xio()widp(t), xo= /du / - S)Miécp(s)ds
=0 0

S

Ot~

dpu(t) /X (t — s) Ly o(s)ds,
0

I
)
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gt >0
—1

1 n—1 .
Xio(t) =g [ | A"+ D XYM Mo | x
~0 J=1
n—1
x [ AT N XTI MM | M),
j=(n—1),

mpu (n—1); =min{j € {1,2,...,n =1} : I <m; — 1}, =0,1,...,my — 1,
-1
1 n n
AT =AML M, XTI = N AL M, | eMd,

211 — .
= =N
’yl J J 1

Xl,l(t) :

npu ny = min{j € {1,2,...,n} : 1 <m; —1},1=0,1,...,m—1,

-1

1 n—1
Xo(t) =5 [ [ A1+ S OAYM Mo | eMd),
~0 Jj=1
-1
1 n
Xa(t) = o= [ (AT - S ONGLTM; | eMdA

A1 Jj=1

Teopema 1. IIycmo» L, M; € L(X;)), j=1,2,...,n—1, M,, € Cl(X;)) (L,0)-o2panuyen,
M;P = QMj, j = 1,2,...,n—1, ¢ € C([0,T;R). Tozda sadawu (1)-(3) xoppexmna 6 mom
u moavko 6 mom cayuae, kozda cywecmeyrom Xo' € LX), x7t € L(XLYY). Ipu omom
pewerue umeem ud u = Xalwo + xflwl.
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YCTONYUBOCTDL PEILIEHUN CUCTEM ITAPABOJIMYECKUX YPABHEHUI
C 3ATIA3/IBIBAHUAMU

Boiikos U. B. (Poccus, Ilensa)
[Tensenckuii rocyapCTBEHHBINH YHUBEPCUTET
boikov@pnzgu.Tu

Uccnenyercss ycTOWYMBOCTD pEIIEHNN CHUCTEM JIMHEHHBIX W HEJIUHEHHBIX MapaboIMmdecKuX
yPaBHEHU C 3ala3/IbIBAHUSIMU.

UccnenoBannio ycTORYINBOCTU pelieHuil mapabondecKuX ypPaBHEHUN TOCBAIIEHA OOIIUPHAsT
mureparypa [1]-[3].

I/IMeeTCH paa IIPpUKJIaIHbIX 3a/a9, B YaCTHOCTH, B IKOJIOTMU U B MMMYHOJIOTUU, KOTODPLIE
MOJICJINPYIOTCST CUCTEMaMU yYPAaBHEHUI B YACTHBIX [POM3BOJHBIX [MapabOJIMIecKOro THIA C
3alla3dbIBaHUAMU. 9TO ABJAETCA CTHUMYJIOM JIJIgd HCCJIEI0OBaAHUA y(}TOﬁ‘{HBOCTH perrenud 3TUX
CUCTEM.

[Tpennaraercs HECKOIBKO METO/OB UCCJICIOBAHNAS YCTONYNBOCTH PENIEHU CHCTEM TapadoJin-
geckux ypaHenuii. OJuH 13 METO/IOB UCCJIE0OBAHUS 3aK/II0YAETCH B CJIE/LYIOIEM.

[Ipu uzsokeHUU MeTOJ[a UCCJIEeIOBAHUSI OI'PAHUYUMCS PACCMOTPEHHEM JIMHEHHON CHUCTEMBI

ypaBHeHU
2 2 9
Ou;(t, x1,72) 62uk(t—n~,x1,m2)
B D 3 bigu(t — g1, 2), 1)
k=1 j=1 J =
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ui(t, z1,22) = @i(t,x1,22), —n <t < 0,i=1,2. (2)

Byaem cunrars, uaro dyskmun u;(t, x1,x2), Oui(t,x1,22)|0t, i = 1,2, cymmmpyemsl ¢
KBaJIPATOM 110 IPOCTPAHCTBEHHBIM HEPEMEHHBIM.

K nmagampnoii 3amade (1)-(2) nmpumensiercss npeobpaszosanne Pypbe MO IMPOCTPAHCTBEHHBIM
HEPEMEHHBIM U HUCCIELYeTCs YCTONYMBOCTH CHUCTEMbI  OOBIKHOBEHHBIX  JiuddepeHmaabHbIx
yPaBHEHU ¢ IMapaMeTpaMy w1, ws U C 3alla3JbIBAHUAMN B CIIEKTPAJILHON 061aCTH.

[TosrydeHHble JIOCTATOYHDBIE YCAOBUSI YCTOMYMBOCTH B CIIEKTPaIbLHON obaacTu TpancdopMu-
PYIOTCA B JIOCTATOYHBIE YCJIOBUS YCTOMYMBOCTU PELICHUl HavaIbHOI 3a/a4y, BbIPAXKEHHOI uepe3
ko3 dunmentsr ypapuerust (1).
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[TPUB/INZKEHHBIE METO/Ibl PEIIEHUA 'MIIEPCUHTYJ/IAPHBIX
NHTETPAJIbHBIX YPABHEHUN

Boiikos U. B. (Poccus, Ilensa)
[Tensemnckuit rocyJapCTBEHHDIH YHIBEPCUTET
1.v.boykov@gmail. com

Pynues B. A. (Poccusi, C.Ilerepbypr)
C.IleTepOypr rocy1apCTBEHHbBL YHUBEPCUTET
v.rudnev@spbu.ru

BoiikoBa A. W. (Poccus, Ilensa)
ITensenckuii rocy1apcTBEHHBIN yHIBEPCUTET
allaboikova@mail.ru

lunepcuHryIsipHble  MHTEMPAJIbHBIE yPABHEHUS HAXOAT IMUPOKOE NPUMEHEHHE KaK MPH
MOJIEJIMPOBAHUN PA3JIUIHbIX SIBJIeHUIT B (DU3MKe U TEXHOJIOTUSIX, TaK U IIPU MCCIIEOBAHUN
pPa3IMYHBIX KJIACCOB ypaBHEHUI MaremMarnyeckoil ¢usukn. B 9acTHOCTH. METOH] TPaHUIHBIX
UHTErPaJbHbIX YPABHEHUN IO3BOJISIET MPUBOAUTH SJUIMIITHYECKHe, TapabondecKue W TUIep-
GoJinyecKre ypaBHEHUsI K Pa3/JUIHbIM KJaccaM THIEPCUHTYJISIPHBIX MHTErPAJbHLIX yPaBHEHUI.
AHaymTUTHYECKIE METOABI PEIIeHNs] TMHEPCUHTYIAPHBIX HMHTErPAJbHBIX YPABHEHUN M3BECTHDI
TOJILKO JIJIsi OY€Hb Y3KOTO KJIacCa YPaBHEHHUIA, , CJIeJIOBATEIBLHO, IIEPBOOYEPE IHOM 3a/1a4ell ABIsAeTCst
pasBuTHE UPHUOJIUKEHHBIX METOJOB BBIYUCJIEHUs] THUIEPCUHTYJISPHBIX HMHTETPAJIOB M PEIICHUsI
PUIIEPCUHTYJISIPHBIX UHTEIPAJIBbHBIX YPABHEHUIA.

[Tpubsin>KeHHBIM METO/IOM BBIYUCJIEHUS TUIIEPCUHTY/ISIPHBIX HHTEIPAJIOB ITOCBAIIEHO BOJTBITIOE
quCI0 paboT, B KOTOPBIX MPEITOXKEHBI Pas3JInvdHble MeToAbl. JlocTarodHo moapobHBIE 0030PHI
paboT, BBIIOJIHEHHBIX B 9TOM HallpaBjeHuu, npejcrasiensl B [1], [2], [3]. Hecmorpst Ha akTmBHOE
pasBUTHe STOr0 HAIPABJIEHUsI, B HACTOsIIEE BPEMsi OTCYTCTBYIOT YUCJIEHHbIE METO/IbI BHIYUC/IEHUSI
MHOTUX KJIACCOB TUIEPCUHTYIIAPHBIX, TIOJTUTUIIEPCUHTYISIPHBIX U MHOTOMEPHBIX THIIEPCUHTYIISTPHBIX
HHTErPAJIOB.

Ananorudnasi KapTUHA CKJIAILIBAETCS U B HAIIPABJIEHUH, CBA3QHHOM C YUCICHHBIMEI METOIaMU
peIlleHnsT TUIEPCUHTYIISPHBIX WHTErPaJbHBIX ypaBHeHHi. OmyOJMKOBAHO OOJIBIIOE YHUCIO PadorT,
HOCBSIIEHHBIX PA3JINIHBIM YUCJIEHHBIM METOJIAM PEIIEeHUs OTIEIbHBIX KJIACCOB MUIIEPCUHTYIISAPHBIX
MHTErPaJIbHBIX YPABHEHUN, IPEMMYIIECTBEHHO IEPBOTO POJIA.

Hocrarouno nonpobuble 0630psl 9TuX pabor comepxkarcsa B (1], [4]. Heobxomumo ormeTuts,
9TO0 B OOJIBIIUHCTBE PabOT pPACCMATPUBAIOTCS THIIEPCUHIYJISIDHBIE HMHTErPAJIbHBIE YDABHEHUSI
¢ OCOBEHHOCTSIMH BTOPOTO TOPsiKa. UMCIeHHbIE MEeTOJbI PEIIeHUsT IIOJUIUIIEPCUHTYIISIPHBIX
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MHTETPAJTbHBIX YPABHEHUI I MHOTOMEPHBIX TUIIEPCUHTYIISIPHBIX NHTETPANBHLIX YPABHEHUN HATAJIN
Pa3BUBATLCS B MTOCTEIHUE JTEKAJIbI.

Jannass pabora mOCBslleHa TPUOJMKEHHBIM METOJI[aM BBIYHCJIEHUsS] TMIIEPCUHTYJISIPHBIX,
MTOJIUTUTIEPCUHTYJIIPHBIX U MHOIOMEPHBIX THUIEPCUHTYISIPHBIX HWHTETPAJIOB U MPUOJIKCHHOMY
PEIIeHNIO NHTEIPAJIbHBIX YPABHEHUN C [I€PEUNUCTICHHBIME BBIIIIE HHTEPAJIAMHU.

Jlan 0630p npub/INKEHHBIX METOJIOB BBITUCJIEHUS TUIIEPCUHTYIIPHBIX HHTEerpaJsos. [Ipeacras-
JIEHBI YUCJIEHHDBIE METO/IbI BEIYUCIIEHUS THIIEPCUHTYJISPHBIX U IIOJUTUIEPCUHTYJIAPHBIX UHTETIPAJIOB.

[IpetoxkeHbl U 0OOCHOBAHBI TTPUOJIMAKEHHBIE METOJIBl PEIeHNs] TUIEPCUHTYISTPHBIX WHTE-
FPAJIbHBIX yPaBHEHUI ¢ OCOOEHHOCTSIMUA TPETHETO U YeTBEPTOro MOPsiIKOB. [IpuBeieHbl Ynciennbe
[IPUMEPBHI, ULTICTpUpYoiue 3hdOEKTUBHOCTh IIOCTPOEHHBIX AJTOPUTMOB.
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OINITUMAJIBHOE VIIPABJIEHUE I'MBPU/JHBIMU CUCTEMAMU IMEPEMEHHOM

Boprakosckuit A. C. (Poccusi, Mocksa)
MockoBCKMitT aBHAIIMOHHBII HHCTUTYT (HAIIMOHAIBHBI HCCIEI0BATEIbCKIN YHUBEPCUTET )
asbortakov@mail.ru

PaccmarpuBaercst 3ajada ONTHMAILHOIO YIPABJIECHNS MHOPUJIHON CHCTEMOM, HEIpPEePLIBHOE
JIBUPKEHIE KOTOPOH YepejryeTcsi ¢ AUCKPETHBIME M3MEHEHUSIMU (LEePEK/IIOUCeHUIMA ), IPH KOTOPBIX
MEHSIETCSI [IPOCTPAHCTBO cocTostHmit. CMeHa PasMEpPHOCTH IIPOCTPAHCTBA COCTOSIHUI IIPOUCKOIMNT,
HallpUMEp, IPU U3MEHEHUUN KOJIMYEeCTBa YIIPpABJIAEMbIX O6'I)€KTOB7 9TO XapaKTEpHO, B YaCTHOCTH,
JUIst 3aJlad  YUPABJIEHUs] TPYIIAMU IIOJBUXKHBIX OOBEKTOB II€PEMEHHOrO cocraBa. MoOMeHTHI
HepekJIoveHnii 3apanee He 3ajatbl. OHU OLIPEJIETISIOTCS B pe3ysibraTe MEHUMU3AIMN (DyHKIMOHAJIA,
OpH 9TOM HE WCKJIIOYAIOTCS IPOIECCHl € MIHOBEHHBIMH MHOIOKPATHBIMH IIE€PEK/IIOYCHUSIME
[1]. Moxasanbl HeOOXOAMMBIE YCJIOBHsI ONTHMAJLHOCTH YIIPABJIEHHsI TAKMMHU cucreMamu. V3-3a
HAJIMYHs] MTHOBEHHBIX MHOTOKPATHBIX HEPEK/IIOYCHUIT 1 YIPABJICHUI IePEKTIOUCHUSMU STH YCIOBUST
OTJINYAIOTCS OT U3BECTHBIX [2-4].

1. ITocramoBka 3amaum. IlycTts Ha 3amaHHOM MIpPOMEXKyTKe BpemeHu 1 = [to,tF]
JUHaAMHUYecKast cucremMa copepmaeT N MepekJIIoUYeHHuii B MOMEHTBI BpeMeHu ti,...,tnN:
to < t1 < ... <ty < tp. Mexay HepaBHBIME IIOCJIEIOBATEIbHBIMA MOMEHTAMU ITEPEKTIOUEHUIA

COCTOAHHNE CUCTEMbBI USMEHAECTCA HEITPEPBIBHO:
g = filt,zi(t),wi(?)), teT;=[titit1), €N,
a B MOMEHTbBI HepeKJIIO‘IeHI/II?'I — JUCKPETHO:
xi(ti) = gi(ti,xi—1(ti),v), i=1,...,N.

b: T; i C i — TOSIHIE CHUCTEMBI IIOCJIE 1-T'0 MEePEKJIIOUEHUs, U; i C i —
3mec i(t) € X; € R™ — cocrosgHue cucre ocJie {-T0 IIepeKJIIode , ui(t) € U; C RPi
ylpaBJieHue HelnpepbiBHBIM jBuzkenueM, v; € V; € R% — ynpasienue i-M nepexsrouenuenm, N —
MHOYKECTBO HOMEPOB HEHYJIEBBIX (II0 JIJIMHE) TPOMEXKYTKOB T;.
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HavasbHoe cocrosinme cucreMbl 3aj7aHo xo(tg) = g, & KOHEYHOE — YJOBJIETBOPSET
repmuHaIbHOMY yesoBuio I'(tp, xn(tr)) = 0. Bagada MoKeT OBbITH JOIOJHEHA [TPOMEXKYTOUHBIME
OrPaHUYEHUSMH.

Ha mHoxkecTBe jomycruMbix mpoteccos Dy (to, xo) 3a1an GyHKIMOHAT

Nt N
Io(to, o, d) = 2/ Ft i), ws(0)dt+ > g) (b w1 (), v0) + Fiv(tr, an(te), (1)
i=0 /i

=0
riue giO — HeoTpuIarejbHas GyHKIUd, a ty+1 = tp. KommdecrBo N ¥ MOMEHTBI II€PEKJIIOUYEHNN
t1,...,tN 3apaHee He 3aJaHBbI 1 MOI'YT OTJINYIATLCSA y PA3HBIX IPOIECCOB.

Tpebyercst HaiiTu HaumMmeHblllee 3HavYeHHe (yHKIHOHAJMA (1) W ONTHMAJBHBINA IIPOIECC
d* € Dy(to, o), HA KOTOPOM 3TO 3HAYECHUE JOCTUTACTCS.

2. YcnoBus ontumasibHOCcTU. BBesem dyukiun lamumibrona — Ilonrpsruna (I'TI) s
HEIPEPBIBHOTO JIBUYKEHUS U IePEKJIIOYEHNIT COOTBETCTBEHHO:

Hi(Pi, ty wi,u5) = i filt, ziywi) — fA(E w0, u4),
Hi (it i1, 05) = igi(t, 251, v5) — g9 (6, i1, v3).

Teopema. Ilycmv onmumarvroit npouecc umeem N nepexsrovenuti 6 momenmot t1, ..., tN:
to < t1 < ... <ty < tp. Toeda cywecmsyrom dynwryuu Pi(-), i = 0,1,..., N, u maxue wucia
A0y ALy - - AN+1, HEPABHDBIE HYAIO OOHOBDEMEHNHO, WIMO GHINOAHAIOMCA:

1) dugppepenyuarvroie ypasrerus:

_OH;(¥i(t), £, xi(t), ui(t))
al'i ’

Pi(t) = teT, ich;

2) pexyppenmmuvie YpasHeHUs:

OH;(i(ts), ti, xi1 (i), vi)
0xi—1

Yi1(t;) = , 1€ N;

3) ycaosus mpanceepcasbHOCmU:

{Fniltr] — HN[tr|}otr + {FNay[tr] + ¥ (tr) oy r =0

dna mobwx sapuayul, ceasarnnur pasencmeom Iy i[tploty +Tnqy [tr]dzy = 0;
4) yeaosue maxcumyma dymxyuu LI no ynpasaenuro HENPePpbIHbIM 06UNCEHUEM

H;(i(t), (1), ui(t)) = max Hi(i(t), t, m4(t), u;)

noumu 6cr00y na T;, i € N;
5) ycaosusa nenososcumesvrocmu eapuayuy Gyrkyuu L'l no ynpasienuo nepexaoueHuamu:

OH; (P(t:), ti, i1 (L), vi)
E)vi

5v,~<0

A A06VT donycmumslr sapuayud 0vy;, 1 =1,..., N;
6) ycaosue ckavwka dynkyuu I

Mo Hi (i (ti), tis i1 (ts), wits) — Hi(Pim1(ts), ts, xim1 (), ui(ts)) —

COEt). fmia(b)vi)y o i1

ot
7) yeaosus donoanarowetds nesrcecmrocmu: Ni(ti—1 —t;) =0, i=1,...N+1;
8) ycaosus neompuyamesvrnocmu: A; =0, i=0,1,..., N+ 1.

B dopMynupoBKe TeopeMbl apryMeHT t, 3aK/IOYeHHDLIH B KBaJpaTHble CKOOKH, O3HAdaeT, 4TO
GbYHKIMS BBIYUCCHA HA ONTUMAJILHOM IIPOIECCe B YKA3AHHBIA MOMEHT BPEMEHU.
JokazaresbcTBO TEOpeMbl IIPUBE/IEHO B [1].
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[IPUMEHEHUE METOJ/IA UHTETPAJIbHBIX IIPEOBPA3BOBAHUN [1JId PEIIEHUSA
VPABHEHUI C JJUGPEPEHIIMAJIBHBIM OIIEPATOPOM BECCEJIA

Bpursuna JI. FO. (Poccust, Besmkuit Hosropos)
Hosropomckuit rocymapcrBennbiit yuuBepcuteT uMenu fpociasa Mynporo
lyubov. britvina@novsu.ru

Metos MHTErpajibHBIX Mpeobpa30BaHUil MIMPOKO MPUMEHSIETCST He TOJBKO JIJid PEITeHUsT
Pa3/IMYHBIX 3aJad MaTeMaTHIecKoil (U3UKM, HO IPHU MOIEJUPOBAHUN OHOJIOIMIECKUX CHCTEM,
udpoBoit  06paboTKe CHUTHAJOB, NPU aHAJU3e BPEMEHHBIX DSJIOB, SIBJISIETCS MOIIHBIM MaTe-
MaTndecKuM HHCTpyMeHTOM. OCoGEHHO aKTUBHO WHTErPAJIbHBIX ITPeo0pasoBaHuMs W 000DIIEHNe
OTIEPAITMOHHBIX METOJIOB WCIOJIB3YETCsT MPU  PEIeHUH 33789 PATHOTEXHUKH, 3JIEKTPOTEXHUKH,
P POBOIT STEKTPOHUKHT U T.II.

Kiaccmaeckasi cxemMa MeTO/la MHTETPAJIBHBIX TTpeobpa3oBaHmii Hadaaa (hOPMUPOBATHLCS €ITe
B XIX Beke mpu dopmupoBanuu teopum mpeodpasosannit Pypre u Jlanmaca. Ee peasmzaruio
MOKHO HAWTH B MHOTOYUCJICHHO JIMTEPATYpE, B 9aCTHOCTH MOYKHO yroMsanyTh kauru V. Cremmona,
A.C. Yobuauma, B.A. Hurkwna, A.Il. Ilpynaukosa, H.J/Ixx. Tpanrepa, P.B. Yepuwmis.
BriocsiesicTBun 9BOJTIONMST BBIYUCAUTENLHON TEXHUKH W U3YUEHWE IUCKPETHBIX TPeoOpasoBaHmil
MMO3BOJTAJIO TPUMEHSITH METOJI JIJIsT PEITIEHUsT CJIOKHBIX TPUKJIATHBIX 3a/1a4.

Jlpyroe HampaBJ/ieHWE Pa3BUTHUsI METOJ[ MHTErpajbHBIX ITPeoOpPA30BAHUI IMOJIYUMJI TOC/IEe
BBEJIEHUsI TIOHSITUsI ODODOIEHHON cBepTKU. B JaHHOM WCCIEJIOBAHUN MBI HCIOJb3YEM TIOJIXO]
B.A. KakunueBa [l|] Kk ompejeneHnio u KOHCTPYMPOBAHHIO OOOOIIEHHBIX CBepTOK. Ha ero
OCHOBE MOKHO IOCTPOMTH DAa3/M4YHble CBEPTOUYHbIE KOHCTPYKImU (cMm., Hampumep, [2|-[3]), B
JIOKJIaJIe BO3MOXKHOCTH IIOJIX0J/Ia JEMOHCTPUPYIOTCS Ha IPUMEPe MHTErPAJbHOIO MPeodpa3oBaHUsT
Xankens. [losydennbie KOHCTPYKIMK TO3BOJISIIOT TO-HOBOMY B3TJISTHYTH HA METOJ] WHTETPATLHBIX
mpeoOpa30BaHUil U UCCIEIOBATh 381841, cojep:Kaliue auddepeHIuaabHbiil onmeparop becces.
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BasKHBIM MeXaHU3MOM BO30Y 2K IeHUsI BHY TPEHHUX I'paBUTAIMOHHBIX BOJIH (BI'B) B pupoabIx
(okean, armocdepa 3eMiIH) U UCKYCCTBEHHBIX CTPATH(MUIIMPOBAHHBIX CPeJIaX SABJSETCS WX IeHepa-
sl MCTOYHUKAMU BO3MYIIEHUN pPasindHoll (DU3NIECKON NPUPOJIBI: €CTECTBEHHOIO (JIBUKYIIUECS
BO3MYIIIEHUsT aTMOCHEPHOrO JaBjienus, OOTeKaHne HepOBHOCTeHl pesbeda OKeaHa, IMOIBETPEHHDLIE
ropbl) W AHTPOIONEHHOrO (MOPCKHE TEXHOJOIMYECKHe KOHCTPYKIIMU, CXJIONbIBAHUE O6JIacTh
TypOYJIEHTHOIO IIepeMeNiBaHysi, [0/IBO/IHbIe B3DBIBbI) XapaKTepoB. B YacTHOCTH, KacaresibHOe
HAIIPSIKEHUE BETPa, CO3/IaBAEMOE JIBUKYIIMMCS yPAraHOM, MOXKeT (DOPMHUPOBATH HA OKEAHUIECKOM
ITIOBEPXHOCTU CTPYKTYPY B BHJIE JIBUKYIIEHCA BOPOHKHU C IOYTH PajauasibHOi cuMmmerpueit. Kak
[IOKA3BIBAIOT PE3y/IbTaThl MOHUTOpUHTa MUpOBOro okKeaHa, JIBUKYIIUECH BO3MYIICHUS MOPCKOM
IIOBEPXHOCTU ABJIAOTCA OJHUM N3 OCHOBHBIX IMPUPOJAHBIX MEXaHHN3MOB I'€HEpallull MHTCEHCUBHBIX
BI'B. Anamuruyeckue pesysabrarbl pemieHuil 3amad o remepanuu BI'B npencrasiasiioress B camoii
ob1rieit nHTErpayibHOM (popMe, U B 9TOM CJIydae MOJIyYeHHbIe MHTErPAIbHbBIE IPEICTABICHUS TPEOYIOT
pa3paboTKM YHUCJIEHHBIX M aCUMITOTUYECKUX METOJOB UX HCCeJoBanusd. lIpu mareMaTudeckom
mozenupoBanun reHeparuu BI'B, B0o30yKmaeMblx HEJOKAJbHBIMUA HUCTOYHUKAMU BO3MYIIEHUN,
nanboJiee PACHPOCTPAHEHHBIMU SBJSAIOTCH Ba crocoba. [lepBblit 3ak/ioyaercd B YHCJIEHHOM
peIlleHn: CHCTeMbl ypaBHEHUi rujpojauHamuku, onwucbiBamomeit BI'B, k HemocraTkam KOTOpOTro
cJieJlyeT OTHECTU OrPAHUYEHHOCTH OOJIACTU IPOCTPAHCTBA, B KOTOPOM BO3MOXKHO YHUCJIEHHOE
pemienne 3agaun . [Ipu usydenun manbaero pacrpocrpanenusi BI'B mpsimbie unciennbie pacdeTsb
HeIeJIeco00pa3Hbl, TaK KaK B JajbHEll 30HE BOJIHOBBLIE II0JISI OTHOCHTEILHO MAJIbl 10 aMILIHTY/IE
U OOBITHO WX MOYXKHO OIMCATH ITOCPEJICTBOM JIMHEHWHBIX ypaBHeHuii. Kpome toro, adbdexkramn
BA3KOCTH, BpallleHUd Cpeabl H €€ CXKUMaEMOCTHU HpeHe6pe}KI/HVIO MaJIbl W HE€ CKaAa3bIBAIOTCd Ha
nabHeM pacupoctpaHenun BI'B . [lostoMy BoJiHOBoe moJsie B JajbHEll 30HE MOXKHO OITHCATH
CPaBHUTEILHO IPOCTBIMU aHaIuTHIecKuMu opmynamu. Pacipocrpanenne aucneprupyomux BI'B
B cTpaTudUINPOBAHHBIX CPEJAX U CO3/IaBAEMbIe UMK BOJIHOBBIE KAPTUHBI HA OOJIBIINX PACCTOAHUAX
OT NICTOYHUKOB BOSNIyH_LeHI/IfI (I\/IHOFO 60.HI)H_II/IX €ro XapakKTepHbIX paSl\JepOB) IpakKTUIeCKH HE 3aBUCUT
oT uX (GOPMBI U OIPEIETIETCH TOJIBKO 3aKOHOM JIUCIIEPCUUA U CKOPOCTBIO mcTOYHUKA. llosromy
BTOPOI CIIOCOD COCTOUT B TOM, UTOOBI 3aMEHUTH (DYHKIIMIO, OIMUCHLIBAIONLYIO (POPMY HEJOKAJIHLHOIO
HUCTOYHUKA, (QPYHKIIMEN, UMEIOIee JOCTATOYHO IIPOCTOE AaHAJUTUYEeCKOoe HIpejcTaBienne. Perena
3aJiada O TMOCTPOCHUHU aHAJUTHIECKUX PEIeHuil, onuchiBaoux reuepannio BI'B or HesokaabHOTO
MCTOYHUKA BO3MYIIEHUN, KOTOPBLIA JBUXKETCA HA IMOBEPXHOCTU CTPATU(MUIMPOBAHHON CpPEIbI
KOHeUYHO# miryOumHbl. Vcmosmp30BaHo Moje/ibHOE pacipeeiienne hopMbl UCTOUHUKA, 00JIaIAf0IIee
pa,ILI/IaJIbHOI‘/'I CI/IMMeTpI/Ief}I, KOTOpOE€ Ka4dYeCTBEHHO BEPHO OIIMChIBa€T OCHOBHBLIE IIPOCTPaHCTBEHHO-
BpPEMEHHBIE XapaKTEPUCTUKH NPUPOJHBIX HCTOYHUKOB reHeparuu BI'B B okeane. Ilomydennoe
pelienre MpeJCcTaB/asgeT CcoDOt CyMMY BOJIHOBBIX MoOJ. M3ytueHbl 1Ba crocoba aHAIUTHIECKOTO
npeJicTaBieHus pemieHus. l[lepBwlit MeTOJT — pa3jioyKeHue pelieHus B DAl 110 COOCTBEHHBIM
GbYHKIMSIM OCHOBHOM CIIEKTpaJIbHOM 3aJa4i ypaBHEHUs BHYTPEHHUX BOJIH. BTOPOIT MeTO/ OCHOBAH
ma Teopeme Mutrar-Jleddirepa o pazmoxkenns mepoMopdHBIX GYHKINNR I CIydas MTPOCTBIX
ostrocoB.  [lpuBesieHbl pe3ysibTarThl YUC/IEHHBIX pacdeToB BI'B, wmrrocTpupyronmx jBa MeToma
AHAJUTUTIECKOTO TIpecTaBaenns pemennii. [lokazano, aro moass BI'B Ha 60abIux paccTOSHASAX OT
JIBUZKYTIETrOCsT HEJIOKAJIBHOTO UCTOYHUKA (MHOTO GOJIBIIMX €r0 Pa3MepPOB) MPAKTUIECKU HE 3aBUCHT
oT ero pOpMbI U OIPEJIE/ITeTCS 3aKOHOM JIUCIEPCUN U CKOPOCTbIO mcToYHuKa. PopMa MCTOTHUKA
OTIpeJIeJIsieT CBOMCTBA BO30YKIAEMbIX BOJHOBBIX IOJIEH TOJBKO B OJIM2KHEI 30HE.

4 Pagora BemosHena npu GuHaHCOBON MOIIEpKKe PP®I mpoext 20-01-00111A.
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['PAIVIPOBAHHASA TAPAMETPUYECKASA UEPAPXUA KOPTEBETA-IE OPU3A
U TUIEPSJIJIMIITUYECKHUE CUT'MA-OYHKIINN
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Maremartudecknii nanctutyT uMm. B.A. Crexkmosa PAH
buchstab@mi-ras.ru

Cranmonapuoe ypasuenune Kopresera—me ®@pusa (kparko Ka®) u” = 6u'u onpenenser
ceMeiiCTBO HOIMHOMHAIBHBIX TaMIJILTOHOBLIX cucreM B C?, 3aBHCsIIEe OT OJHOTO HapaMeTpa.
DT0 ceMeiicTBO SKBUBAJCHTHO jJmHaMmuecKoil cucreme B C3 ¢ rpajynpoBaHHBIME KOODIHHATAMH
T1,1, T21 U T3, |Ts1| = $+1, pelerne KOTOPOit MOXKHO 3a/J[aTh B BUJIE T11 = @, To1 = ¢, To1 = @,
rie p = o(z,\) — dbysknus Beiiepirpacca oHOPOHONH HEOCODO! JTUIITUIECKON KPUBOIi

y? =23 + Mz + Ng, || =2, |y] = 3, |Aas| = 25.
I[Ipu sTOoM A4 3ajaeT mapaMeTrp CeMeHCTBa, a Ag 3aJaeT 3HAYEeHHE TIaMUWJIbTOHHAHA. JTOT
KJIACCUYECKUI Pe3ysIbTaT clelyeT U3 TeopeMbl Beilepirpacca 06 yHI(DOPpMI3AIUT 3JUIHMITHIECKOR
KpuBoil. B koopauuarax mpocrpancrsa C3 jamHas KpuBas 3aJaeTcsd B BHJIE IIEPECEUCHHS JBYX
TCUIIEPIIOBEPXHOCTEN, KOTOPBIE MPEICTABJISIOT cO0O0 MOBEPXHOCTH YPOBHS 3HAUEHHI OJHOPOIHBIX
HOJIMHOMOB Ay = Mg (21,1,%31) 1 A¢ = N6(Z1,1, 22,1, %3,1)-

Hauunas ¢ 1995 rozma, B mukie pabor B.M. Byxmrabepa, [1.B. Jlelikuna u B.3. QHombckoro
OblI1a TI0CTpOeHA Teopust curMa-PyHKIM (2, \) HEOCOOBIX MHIIEPIJUINITHIECKIX KPUBBIX

y? =2t 2?9 Mg + Magt2, x| =2, [y| =29 + 1, |Aas| = 25,

rae 2 = (21,...,229-1), A = (Ag,...,Agg42). Ilome mepomopdubix dyHKIMA Ha sKOOHAHE
TAKOi KPUBOIT TIOPOKIAETCS BCeMU JIOTapuMIYeCKIMI TPOU3BOIHBIME (DYHKINHN 0 (Z, A) MOpsiIKa
2 wu Bbime. Ilpunoxkenusi Teopunm curmMa-QyHKIUH CYNIECTBEHHO WCIOJNB3YIOT BBIYUCIEHUE
areOpamIecKoil CTPYKTYPBI 9TOTO IIOJIS.

B nokname Oyner onmcana rpajgyupoBaHHas umepapxusg Kiad, 3aBucsiasi oT OECKOHEYHOI'O
HabOpa mapaMeTpoB ag,dg, ..., |ask| = 2k, u juist Kaxkgoro g = 1,2,... BBeJEHBI CTallMOHADHbIE
g-ypPaBHEHUsT 9TOI MEPAPXUL.

Hamnpumep, crammonapuoe 2-ypaBHeHHE UMEET BHU]T

u® = 10uu” + 20u/'u" — 30uu’ — 16a4u’. (1)

Kaxknoe cramuonapHoe g-ypaBHEHHE OLpeIesseT CeMeHCTBO MOJTMHOMUAIBHBIX TaMUJIBTOHO-
Beix cucreM B C?9, 3aBucsiiee oT ¢ mapaMeTpoB. DTO CEMEHCTBO SKBHBAJCHTHO IMHAMIYECKOL
cucreme B C39 ¢ rpajiynpoBaHHBIME KOOPIMHATAMMI

T1k—1,T22k—1,232k—1, K =1,...,9, |Tsor—1| =5+2k—1,5=1,2,3,

Ka)K,Z[beI I1apamMeTp ceMeliCcTBa sIBJIAETCA OIHOPOOHBIM IIOJIMHOMOM OT 9THX KOODAMUHAT. HaHpHMep,
— 2
4&4 =31 — 6.%'171 — 43}1’3.
B ClIy4dae g = 2 YpaBHoeHnue (1) 3a1a€T B (CG JUMHAMHUYIECKYIO CUCTEMY

/ /
Ty =T21, oy =31, T3y = 4@11721 + T23),

/ /
T3y =T23, Toz =T33, T3z =4(r11723+ 12171 3).
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B mokmnaze Gyzer mokaszaHo, 4To ecyid napamMerpbl {asy } 3a/aHbl peKypcueii

k—2
2a95 12 = Aogg2 — E agiy2a2k—2;, k = 3,
i=1
C HAYaJbHBIMU YCJIOBUIMHU 204 = Ay, 206 = Ag, TO i Jiioboro g > 1 napamerpuyeckasi Hepapxust
Kn® onpenenser B C39 uHaMiraecKyro CHCTeMy, PeIleHIe KOTOPOil MOYKHO 33/1aTh B BIJIE T12k—1 =

o o _ y __ Of
©1,2k—1, T2,2k—1 = ] 01> L3,2k—1 = P11, K =1,...,9,10¢ f'=F-n
?Ino(z,\)
12k—1 = P12k—1(2,A) = ——(——F——, k=1,...,9.
p p ( ? ) 6213Z2k_1 Y ) Y
IIpu srom nHAGOP (A4,...,A24+2) 3a4aeT HapaMeTPhl CEMEHCTBA AMHAMHIYECKHX CHCTEM B C%9,
a HAOOD (A2g44, ..., \g+2) 3a/aeT 3HAYEHHS TaMHJIBTOHHAHOB STHX CHCTEM. DTOT De3yJIbTaT

TECHO CBsI3aH C OIIMCAHUEM SKOOWaHa HeOocoDO TUIEepPI/IMITUIECKOl KPWBOH poja ¢ Kak
§-MEPHOT'O TTOAMHOro00pas3ust B C39 , 38JQHHOI'O0 B BHJE IIEPECEUYCHHsI 2¢ T'UIIEPIIOBEPXHOCTENR. DTH
TUTIEPIIOBEPXHOCTH MIPEJICTABJIISIIOT COOOM MTOBEPXHOCTU YPOBHEH 3HAYMEHN OJHOPOIHBIX TOJTMHOMOB
Ao, = )\Qk(élj@"j), k=2,...,2g9+ 1.

B pesymbrare Mbl moaydaeMm, 4TO I Jioboro g > 2 dymknms u = 2011(z,A)
TUIEPIJITUITUYECKONR KPUBOU PO ¢ YJIOBJIETBOPSET MEPAPXUU U3 ¢ yPABHEHMil. DTa Mepapxusi
HaunHaercss ¢ ypasHenus Kiad 44 = o — 6ud/, roe 1 = g—% uu = 887“1, U 3aKAHINBACTCS

CTAIIMOHAPHBIM ¢-ypPaBHEHUEM.
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MCCIEAOBAHUE TTOPOYIIPYTOM MOJE/IN B3AUMOJENCTBUS YKUJIKIX CPE]
IOJIOBHOT'O MOBTA C TOYKM 3PEHUST MOJETNPOBAHUS I'M/IPOLIEDATNNY
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OpauM u3 cuenudUYecKux JJIss MO3ra, SBJIEHHI SIBJISETCA TedeHue IepeOpOoCcinHaIbHONR
xugkocrn (IICZK, smksop). Hekoropbie HeBposiormdeckue 3abosieBaHusi M3MEHSIIOT XapaKTep
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tedenusi LIC2K, 9ro, B cBOIO 04Yepenib, MOXKET IIPUBECTH K M3MEHEHUsIM B TOJIOBHOM Mosre. OaHuM
U3 TaKuX 3ab0JIeBaHUil SIBJIsIETCS THAPOIedans, MpU KOTOPOH KeJYJ0YKH T'OJJOBHOTO MO3ra
YBEJIMIUBAIOTCS, YTO MPHUBOIUT K CMEIIEHWIO W CIABJIMBAHUIO MO3TOBOM TKAHH. DTO COCTOSHUE
XOPOIIIO OIMCAHO C TOYKH 3PEHUs] KJIMHUIECKUX IPOSIBJIEHUI, HO €ro HPUYUHBI PA3BUTHUS ILJIOXO
M3y YIEHDI.

B pabore nsyuaercsi BiusiHuE B3aUMOAEHCTBUsI KUIKUX CPEJ POJIOBHOI'O MO3ra Ha CMEIEHHe
CTEHKHU JKEJIYIOYKOB U IIEPUBEHTPUKY/ISIPHOE [aBJICHHE C IIOMOIIBIO YCOBEPIIEHCTBOBAHHOM
MaTeMaTUIeCKOl Mojiesin  MHOrO(a3HOW MOPOYIIPYroi s [MapeHXWMbI TOJIOBHOIO MO3ra
MaremaTmiaeckoe MOAEINPOBaHWE OBLIO BBITOMHEHO Ha ocHoBanmum MPT maHHBIX weThIpex
no6posoibiies (MTIL CO PAH) B aBymepHOM npubinKeHun.

BszaumoseiicTBre KUJKUX Cpej B JIAHHONW MOJEJM ONKMCHIBAeTCsS HabOOPOM U3 YeThIpex
YHCJIOBBIX KOI(PUIMEHTOB B3auMozeiicTBusi. Ha oOCHOBe pe3ysibTaToB YHCACHHBIX PaCIeTOM
KaIeCTBEHHO OIMCAH XapaKTep BJIUsHUsS KO3(MMUIIMEHTOB B3aMMOJIEHCTBHUS Ha CPeJIHee CMeIeHne
CTEHKHU KeJIYJI0YKOB M IIEPUBEHTPUKYJIAPHOE IaBjieHue. [IpoBeeHo HCCeq0BaHNe JIOKAJIHM3AIINN
MeCT MAKCHMAaJBHOTO CMEIeHNsI CTEHKHU JKEeJIYJIO0YKOB B 3aBUCHMOCTH OT KO3(DPUIHEHTOB
B3anmoieitcTBust. OOHAPYKEHO, 9TO BO BCEX PACCMOTPEHHBIX CJIydasxX Ha CTEHKE KEJIYI0IKOB
OJIMHAKOBBIM 00PA30M JIOKAJIM3YIOTCS 30HbI, COOTBETCTBYIOIINE PA3IUIHOMY COCTOSTHUIO 3J0POBbSI:
CcKaThe KeJIYI0IKOB, HOpMa, ruaporedasind. Takke I KOJUIECTBEHHOIO W3YYEeHUS BJIASTHUS
Ha CpejHee CMeIEeHNEe CTEHKH YKeJIY0YKOB 3HAYEHUN ImapaMeTpoB B3aMMOJEHCTBUS JJIsT KaXKI0T0
U3 YeThIpex JM0OPOBOJIBIEB ObLIa ITOCTPOEHA MHOXKECTBEHHAs JIMHEeHas perpeccusi. B pesyiabrare
CTaTHCTUYECKOTO aHaIn3a ObLIO OOHAPYXKEHO IIpeob/iajalollee BIUSHAE KAIIUJLISPHO-JIUKBOPHOIO
3BeHa. A TakyKe HaiijeHbl HaOOPbI KOIMDMUIMEHTOB B3aUMOIECHACTBUs, KOTOPBIE COOTHOCATCS
C TAKUMH I1aTOJOIMYECKHE COCTOSIHUsI KaK: HOPMOTEH3WBHAasl TUIpoledasns, BHyTpHIEPEIIHAS
IUIEePTEH3Us] U 3aMeCTHTe/IbHAs BEHTPUKYJIOMeraausi Ha (oHe JmTesibHOll runonepdysun [3).
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O HEKOTOPBIX ACIIEKTAX TEOPUU DJIJIUIITUYECKNX KPAEBBIX 3AfZLA‘{46

BacuaseB B. B. (Poccusi, Beraropos)

Benropoackuii rocynapCcTBeHHbIA HAIMOHAILHLIA UCCICI0BATE/ILCKIN YHUBEPCUTET
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ABTOpPCKMIT ITOJIXO/] K TEOPUHU KPAEBbIX 33184 JIJIsT SJITUITHIECKUX [1CeBIOMMDIEPEHITNATBHBIX
ypaBHEHUII Ha MHOrooOpasmsix € HerVIaJIKOfl TI'paHuIleil OCHOBAH HA JBYX IIOCTYJATaxX — 3TO
JIOKAJIBHBIA HPUHIUI U OPUHIUI (BAKTOPU3yeMocTH [1]| /umnrudeckoro CUMBOJIA B I'DAHUYHOlM
TOUKe. AGCTpaKTHAsT CXeMa WMCCEOBAHUS C WCIOJb30BAHNEM JIOKAIBHOTO TPUHIAA U3JI0XKEHA B
paborax aBropa [2,3]. 31ech MbI ONUIIEM HEKOTOPBIE JIAJILHEHIIINE UCC/IEIOBAHNUS, CBA3AHHBIE C 9THM
IIOJIXO/IOM.

1. JlokanpHas cuTyanmusi W IIpelesIbHBIN mepexon. MojenbHoe ypaBHeHHe B KOHYyCe

C C R™ mmeer Bug
(Au)(z) =v(z), v € C, z € C, (1)

rie A : H%C) — H*%(C) - ucesnomuddepennnaibupiii oneparop ¢ cumBoiom A(E),
V/IOBJIETBOPSIIONIAM YCJIOBHIO

ci(1+[€)* < [A)] < ca(1 + [€])

46PaGora BbIIOAHEHA TpH (DUHAHCOBOH momuep:kke Munncrepcrsa obpasoBannst u Hayku P®. npoexT

FZWG-2020-0029.
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Konyc C MoxkeT HMeTb HeKHe IIapaMeTpPbl, BOT HPHMEPBLI, B JIBYMEDHOM CJlydae KOHYC
C4 = {z € R* : © = (x1,72),22 > alzi|,a > 0} ¢ pacTBOPOM @, B TPEXMEPHOM CJIydae
Ci’b = {r € R : 2 = (w1,79,23),23 > al|z1| + |z2|,a,b > 0} ¢ mByma mapamerpamu a, b.
EcrecTBeHHO BO3HUKAET BOIIPOC, €CJIH UMeeTCsl peliierne ypasaerust (1), 4To MOXKHO 0XKUJIATH, KO/
apaMeTpbl CTPEMSITCs K IpejiesibHbIM 3HadeHusM 0 u co. Hekoropsle ciaydan pasobpaus! B [4].

2. JIucKpeTHBbIi BapuaHT M anmnpokumMmarus. MoXKHO BBECTH JIMCKPETHBLIE aHAJIOTH
npocrpancts H*(C') u paccMoTpeTh JUCKPeTHBINH aHaaor ypasHenus (1). B wacraoctn, B cirydae
JUCKPETHOrO TMoJynpocTpancTsa hZ'',h > 0, onmcana KapTHUHA Pa3pPeNInMOCTH JUCKPETHOTO
BHBJIOra ypasHenust (1) U IOKAa3aHO, YTO JUCKPETHOE pelieHrne 00JIaaeT almpOKCAMAIMOHHBIME
CBOMCTBAMHU TIpU MAJIBIX 3HAYCHUAX h. AHAJIOTMYHBIC PE3YJIbTATBI HOIYYEHBI JJIS JTUCKPETHOIO
KBaJIPAHTA.
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B kiaccnveckux paborax (cM. [1]) ypaBHeHust jist 110Jieil IpejiaraloTcst 6e3 BbIBOJIA IPABBIX
JacTeli. 3/1echb MBI JlaeéM BBIBOJ IPABBIX dacTeil ypapHenuit MakcBe/ta m JUHINITEHHA B paMKax
ypapHeruit Biacosa-MakcBesnia-9QHHINTERHA U3 KJIACCHIECKOTO IPUHIIAITS, HAMMEHBIIETO JIeHCTBUST
[2-9] a Takxke ux ruzpommHaMuueckux u LamuibroH-AK0OUeBBIX caencTuil [2-4, 9]. Yekopennoe
pacmupenue Bcesennoit, ormeuennoe HobeseBckoit mpemueit o dpusuke B 2011 roay, BbI3bIBaET
npucrajgbHoe BHUMaHHe. OOIIENPUHSTHIM 00bsICHEHHEM ceffuac siBjsieTcst nobaBjieHne JisiMOa-
wieHa OWHINTEHA B PEISTUBUCTCKOE JeiicTBre. V XOpOIo M3BECTHO, 9TO B HEPEISTUBUCTCKOMN
TEOPUH 9TO COOTBETCTBYET JOOABIEHUIO OTTAJKMBAIOIIErO KBaJpaTHIHOro norenrmana [20-28]. Mt
usyuaeMm pemenne tuna Ppupamana [2-4] (mogeas Mumna-Makkpu) u roukn Jlarpanzka ¢ Takum
HoTeHImaaoM [4].
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OCHM/IJISITOP C MAMSITBIO KAK MOJIE/JIb JBYMO/IOBOT'O JUHAMO?*”
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leneparusa KpynmHOMacCIITaOHBIX MATCHUTHBIX IIOJIEl KOCMUYECKUX OOBEKTOB YCIIEITHO
OIUCHIBACTCS B PAMKAX TEOPUH TMJIPOMAIHUTHOIO juHaMo [1]. B peasbHBIX KOCMUYECKHUX JMHAMO-
cucreMax HaOJIIOMAIOTCS CJIOXKHBIC JTUHAMUYECKUE PEXKUMBI OCIUJLIMPYIOMEro Tuia u 3PdeKTh
naMATH (SPeTUTapHOCTH).

Hokura nocsimiieH naTerpo-auddepeHuaibHoil crucTeMe

dx
dt

%: [D—/OtK<tpT> x(T)y(T)dT]x—y.

Dra cucreMa MOYKET PACCMATPUBATLCSA KAaK MOJIE/b JIBYMOJIOBOIO IUHAMO ¢ namsaThio |2]. PazoBbie

=o(y — ),

(1)

[epeMeHHble & U Y MMET CMbBICJ IIePEMEHHBIX aMILIATY] TOPOUIAJBHON M TOJIOUAJIBHON MO/T
MAaTHUTHOTO TOJsI. VHTerpabHBI <WIeH OMUCHIBAET SPEJIUTAPHYI0 O0DPATHYIO CBS3bL B JIHHAMO-
cucreMe — TOJaBjeHre TypOyJIEHTHOIO TIeHEepaTopa AaKTYaJbHBIM W IIPOIIJIBIMU 3HAUCHUSIMU
cimpasibHocTH 10151, HeorpumarenbHoe simpo K (s) omeparopa TONABJICHHS 3aTyXaeT Ha
6eckoneunoctu. [losoxkurensuse o, D, p —

YIIPABJISIIOIIIE [TapaMeTPhI.

Hynesast Touka nokost cucremsl (1) ycroituusa npu 0 < D < 1 u meycroiiuusa npu D > 1,
II09TOMY JAUHAMO «paboraers mpu D > 1.

Teopema 1. IIpu ozparuuenmnom adpe K(s) u npoussosvnus HAHAAOHOIT YCAOBUAT CUCTIEMA
(1) umeem eduncmsernnoe pewenue na npomexcymre [0;+00).

Jl7sT HEKOTOPBIX KJACCOB SIJIEP C SKCIOHEHITUAJBHOW ACUMIITOTHKONW yIaeTCsl MCKIIOYUTD
UHTErpaJibHbIil wieH u3 cucreMbl (1) m cBectu ee K judpdepeHnuaIBbHON 3a CYeT pacHIupeHust
pasMepHOCTH (Ha30BOTO MPOCTPAHCTBA, & MMEHHO, CIIPaBETHBA

Teopema 2. Ecau adpo K(s) asasemcea pewenuem auretinozo 00mopodnozo dugddeperiyu-
ANBHO20 YPABHEHUA NOPAJKA N ¢ NOCMOAHHMU Kodppuyuenmamu, mo (1) pasrocusvha cucmenme
dugppeperyuarvnoix ypasrerut nopadka k, ede 3 < k < 3n — 2, ¢ Hea8HO 3a40AHHVMU HAHAAOHBLMU
YCAOBUAMU 1A BCE JONOAHUMENDHDBIE PA306DIE NEPEMEHHDLE.

Teopema 3. IIpu dugpeperyupyemom adpe K(s) cucmema (1) pasrnocuavha ypasreruio

d*x dx

2T 1
gz Tt

4"Pabora BeimosnHena no npoexty PH® 22-11-00064 «MojenupoBanye JUHAMUYECKHUX IIPOIECCOB B Teocdepax ¢
Y9IETOM HACJIEICTBEHHOCTUY.

+ 4Az® — 2Bz =0, (2)
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2de A=K(0)/8, 2B=o0(D—-1)— /0 Jop(t = T)22(1)dr,  Jop(s) = 21pK/ (s)+ oK (s).

Ypasuenne (2) dopMasbHO MOXKHO DPACCMATPUBATH KAK OCIUJUISTOD C 3PEJIUTAPHBIM
«morerrmaiomy U = Az — Bx?. D10 103BOJIseT HHTEPIPETUPOBATD PA3JINYHbIE ANHAMUTIECKIE
PEKUMBI cucTeMbl (1) ¢ TOYKN 3peHHsi TEOPUH OCIIUILISTOPOB.

st aucnensoro wuccsenosanusi cucreMbl (1) paspaboraHa HesiBHAsI PA3HOCTHAs CXeMa,
o0beMHAONAs HessBHBIM Mertonx Pynre-Kyrra 2 mopaaka g auddepeHnnaabHOil 9acTu U
dopmyiry Cumiicona Jijisi HHTErpaJibHOM. Pazpaborana mmporpamMmMa MojeanpoBanus. B ciaydae sapa
K (s) = e cucrema (1) paBHOCHIIbHA KJIACCHIECKOI
cucreMe JIopeHia. DTo UCIOIb30BAIOCH JJI BePUMUKALNNA CXEMbI U IIPOTPAMMHOIO
KO/Ia.

PesyabraThl 4MCIEHHOTO MOIEIMPOBAHUS IIOKA3AJM, UTO IPU BAPLUPOBAHUU IIAPAMETPOB B
cucreme (1) u ocrsitope (2) BO3HUKAIOT BCE JIMHAMUYECKHE PEKUMbI, TUIIMIHBIE J[JIsl PEAJTbHBIX
KOCMUYECKUX JUHAMO-CUCTEM.
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Bunapnoe auddepennuanbioe ypasuenne (BDE — binary differential equation [1]) — 1o
HesiBHOE JnddepeHImaIbHoe ypaBHeHue BUIa

F:=ap?+2bp+c=0, (1)

rae p = %, a dyuknnn a = a(z,y), b = b(z,y), ¢ = c(x,y) oupeneseHsl B OKPECTHOCTH
rouku (0,0). B uccienosanuu ypasuenus (1) BO3HUKAIOT 3HAYUTEIbHBIE TIPOOJIEMBI, KOTJIa BCE TPU
K03 duIimenTa OJIHOBPEMEHHO 00pAIAIOTCS B HYJIb

a(0,0) = b(0,0) = ¢(0,0) = 0. (2)

JBa 6uHapHLIX ypaBHEHHs Oy/1eM Ha3bIBATh aHAINTHIECKH ((HOPMAIbHO) SKBUBAJIECHTHBIMI,
ecJM HeKOoTopasl JIOKaJbHas aHajuTudeckasi (dpopmasbHast) 3ameHa koopguHar (z,y) — (X,Y)
[IEPEBOJIUT PEIEeHNsI OIHOIO YPABHEHUSI B PEIIEHNUS IPYTOrO.

Tononornueckast kinaccudukanust (Tunudebix) ypasaenuit (1), (2) wucciemosanacs B [1].
OpHako ryiajKast ¥ aHaauTHIecKas (M Jaxe hopMaibHas) KIACCHMDUKAIME TAKUX yDaBHEHHH K
HACTOSIIIIEMY BPEMEHU M3YUYCHBI MAJIO.

YuauTbiBasi U3BECTHBIE DE3YJIbTAThl O JKECTKOCTH JJIsi BBIPOXKJIEHHBIX OCOOBIX TOYEK
AHAJNTHIECKNX BEKTOPHBIX MOJIEHl Ha IUIOCKOCTH, cM. [3], Obuta chopMmynnpoBana aHAJIOIHIHASL
runoTesa st BDE:

T'unoreza. (o owecmxocmu BDE) Jlaa munuwnwwx BDE (1), (2) uz @opmanvran
IKBUBAAEHIMHOCING BALUETM, AHAAUTNULECKYIO.

48Pabora BeImONHEeHA Mpu mopuepskke POD®Y u BAHT (npoext Ne 21-51-54003).
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[Toka rwmoTesa 3Ta He JOKA3AHO, OJIHAKO HEKOTOPBbIE YaCTHBIE pE3YIbTAThl BCE-TaKH
yCTaHOBUTDH YIaJIOCh.

Byzem paccmarpusath Komitekcnyio sepemio BDE (1), (2): (z,y) € (C2,0), p € C, a,b,c —
rosiomopdusie B (C2,0) dynxmnum, yaosersopsiomue yeaosuio (2).

Torna Twmmanoe BDE (1) ompegenser B (C2,0) x C rimagxyto rumeprnosepxuocts Mp
(nmoBepxHOCTD ypasHeHusi ). KonTakTHbIe 110CKOCTH dYy = pd BBICEKAIOT HA MOBEPXHOCTHU yPABHEHUSI
rojjoMopcdHOe Tosie HampaieHuilt. Paccmorpum cioermst Fp moBepxHocTn ypaBHeruss Mp nHa
daz30BbIe KPUBBIE STOTO TOJIsI HATIPABJICHUIA.

JIemma 1. [2| Jlas munuwnozo BDE (1), (2):

1. Tosepxnocmo ypasuenwus Mp npodossicaemes 00 KOMNAEKCHO20 NOOMHO2000pA3USA
Mp C (C2%,0) x CPY, codeporcawezo chepy P = (0,0) x CP*;

2. Caoerue Fp npodoasicaemces 00 KOMNAEKCHO-GHAAUMULECKOZ0 CAOEHUS §F TOOMH02006D0-
susa Mg, chepa P asasemes caoem amozo caoenus.

Cnoenne §r okpecrnocru (Mg, P), cdepsr P, onpenenennoe B iemme 1 mo BDE (1), (2) 6yzem
Ha3bIBATDH CJIOCHUEM, UHyIMPOBaHHBIM 3TM BDE.

Jpa cnoennsi (F,M,P) u (§,M,P) GyieMm Ha3BIBATH AHAIMTHUCCKH SKBHBAJCHTHBIM, €CINI
cymecTByer rojgomopdusM Hekoropoit okpectnoctu M/ C M cdepnl P Ha HEKOTOPYIO OKPECTHOCTh
M c M C(bepbl P, nepeBogsmuii cion (orpannuenus na M) cioenust § B caou (orpaHuveHus Ha
M/ ) ciloeHust 8 OTMernM, 4TO aHAJIATUYECKN SKBUBajeHTHLIE BDE cooTBeTCTBYIOT aHAIUTHYIECKI
SKBUBAJIEHTHBIE WH/LY[MPOBAHHBIE CJIOeHUs [2].

Teopema 1. (0 orcecmrocmu caoenuti, undyyuposarnvr BDE) Uz dopmanvrot sxeusarerm-
nocmu munuunoir BDE (1), (2), caedyem anasumuueckas dK6UBAACHMHOCTD UNOYUUPOBAHHDLT
croerudl.
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B wmacrogmeil paboTe pPacCMOTPEHBI IOTOKHM € KOHEYHBIM TI'HIIEPOOIMYECKUM  IIEITHO
peKyppeHTHbIM MHO2KECTBOM 663 TeTePOKJINHUYICCKUX HepecequI/Iﬁ Ha IIPOU3BOJIbBHBIX 3aMKHyTbIX
n-MHOroobpasusx. Jljis TaKMX MOTOKOB JIOKa3aHO CyIeCTBOBAHUE JyasbHOIO aTTPaKTOpa U pemel-
Jiepa, pasjeneHabix (n—1)-mepHoit cdepoii, sBiistroleiicst cekyeit ayist 61y K JAINIX TPACKTOPUil B
JIONOJTHEHUHU K aTTPaKTOPy U pelesiiepy. Takoe npejcrapienne JUHAMIKN PACCMOTPEHHBIX IIOTOKOB

OPabora BbIIONHEHA U OJIEPKKe J1abopaTopur JMHAMUYECKUX cucreM u npuiaoxkenmii HIIY BIID, rpant
MununcrepcrBa Hayku u Bbiciiero oopasoanust PO cormammenne Ne 075-15-2019-1931.
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[IO3BOJISIET TIOJIyYUTh TOIOJOTUYECKUN WHBAPUAHT, HA3BAHHBIN chepUIecKoil cxemoil MoToKa, u
COCTOSINIINM B COBOKYITHOCTH PA3HOPA3MEPHBIX Cep, ABJIAIONINXCS MEePeCceIeHneM CeKyIreil cdepsl
C MHBAPUAHTHBIMH CEJJIOBBIMU MHOIOOOPA3USAMH.

O BAJJAYAX MUHUMUBALIUM, BOSHUKAIOIIMX B HEPABEHCTBAX
JJIA TTIPON3BOJAHBIX B [TIPOCTPAHCTBAX COBOJIEBA®

Tl'apmanoBa T. A. (Poccusi, Mocksa)
MI'Y numenn M.B.JIomonocosa, MockoBckuit 1ieHTp (byHIaMEHTAJBHON U MPUKJIATHON MATEMATHKI
garmanovata@gmail.com

ﬂﬂ?{ IMOJIy9Y€HNd TOYHBIX OIEHOK B HEpaBEHCTBaX /JJId IMPOMEKYTOYHBIX IIPOU3BOJIHBLIX B
upocrpancrsa Cobosesa H := W [0; 1] (1 < p < 00) BazHOe 3HAYEHNE UMEeT 3a/[aua 00 OnucaHuu
HanMEHbIINX BO3MOXKHBIX BEJIMYNH B HEpaBE€HCTBaX BHJ/la

1 1/p
1f P (a)] < Anpp(a) (/ rf<”><x>rpdx> , a€(0;1), k=01,...,n—1
0

[Ipu sTOM BO3HHMKaeT BOIPOC O SIBHOM Buje (QYHKIHUN, KOTOPblie B H 3aJai0T (PYHKIIUOHAJIBI
fr=f®a) (0<k<n—1).
B pabore nosryueno 1moJjiHoe onmcanne Kaacca CIIafiHoB @y ; TAKUX, YTO I ITPOU3BOJILHOIL

dysxnun f € H BBIIOJIHEHO
1

%) (a) = / £ @)QE)(w, a)dx
0
ITokazano, 9YTO 9THU CIIAWHBI 3aBUCIT OT 1 IPOU3BOJILHBIX KOHCTAHT 1, V1,. . ., Un_1, KOTOPBIE,
BOOOIIE rOBOPsI, 3aBUCAT OT P U OT a.

n,k,p n,k‘ p/ [071]7 p p/

VO,V1 53 Vn—

Takzke 1IOKa3aHO, ITO 1A Qp 1 (x) = argminHQilnllH L,/[051] CYMIECTBYIOT hyHKIIM feMt,
KOTOPBIX JIOCTUTAETCS PABEHCTBO

. 1 1/p
|f<k>(a)|:An,k,p(a)</0 |f(”)(:n)|pda:> . ae(0;1), k=0,1,...,n—1.

Teopema 2. Pynrxyuu f umenm eud:

= Q) ()" sgn Q\) ()

Hamnee mcenemyercsa CBA3b yKa3aHHOH 3aJadnm OpH p = 2 U 3aJa9d OPH IPOU3BOJIHLHOM
1 < p < oo. B pabore [1]| mosy4eno ommcanne GyHKIuit gy 1 (2, @), KOTOpBIE COBHAMAIOT € Qy 1 (x, @)
npu p = 2.

Teopema 3.

HQ&%(@HLP,[O;H = min Hgnk r,a) ZCJIL“ Iz o [0:1]*

€0,C15--+,Cn—
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50PaGora BemosHena mpu nogaepxkke PHO (npoexT Ne 20-11-20261)
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OB HCITIO/IbBOBAHNU METOZA OBOBIIEHHBIX CTEIIEHE! ITPU [TOCTPOEHUU
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06061mennoii crenensio X M C nopsika n ¢ kosdduimentom C, TOPOKIEHHOH ONEPATOPOM
D, maszoBeM sjement mociaeoparensuoctn bynkmuit X ™ (z) C' nepemermoro x [1], ceazamibix

COOTHOIITEHNEM
Hampuwmep, ecnn
d2
D=— 2
et (2)

TO IMeeM II0C/JICJ0BaTEC/IBbHOCTD

(3)

2 2p+1
X(p)czp!(xp zt )

c1 + c
2p)! T (2p+ )

[TockombKy oneparop (2) JUHEHHbI MOYKHO FOBOPUTH O MHOTOYJIEHAX U JlayKe (DYHKIMIX KaK
smHeitHbx KoMbuHamusax OC. Hampumep, nmeem:
upu h > 0 exphX - C = cich|a|x + cash |a z;
unpu h < 0 expaX -C = c¢j cosax + cosinax.
OTMmeTuM, ITO
DexpaX - -C =aexpaXC. (4)

2X npu o > 0 mMeeT MOHOTOHHBII XapaxkTep, a mpi o < 0 OCIHJLIHPYIONTTii.

Ananorndno, ecau 1ano S HepeMeHHBIX T ¥ COOTBETCTBEHHO S ONEPaTOPOB

Taxum obpazom, e

82
D=2 j=1035, 5
TO I0CJIE0BATEILHOCTD X fp 1)X§p 2)...Xép S)C' cpsi3aHHAS COOTHOMICHHEM
> (pd) d (pj—0ij)
D [[x;"c=p [ X" C. (6)
j= =1

Ha30BeM O0DOOIIEHHO CTeIeHbIO, 3aBUCsIIeil OT S 1epeMeHHBIX. Bee 3/1eMeHTBI 110C/1e[0BaTeIbHOCTH
MOZKHO YMHOXKUTH Ha OJJHO U TO 2Ke JIEHCTBUTEILHOE THCIIO0, ITO He MenseT cBoiicts (1), (5). B ciyuae
(4) nst OC mmeem
2 .

Pj 22+l

J
& Ci2
(2p))! (2p; + 1)

S
X§p1)X§p2)...XépS)C = p1!pal...pg! H (7)

=1

OTHOCUTEJILHO YMHOXKEHUS Ha JeiicrBuTebHyio kKoHcrauty h OC cucrema crerneHHast
obpa3yeT JIMHelHOe BEKTOPHOE IIPOCTPAHCTBO. YpaBHeHme Jlamiaca IpPU WCIOJB30BAHWHU IIPH
UCIIOJIB30BaHUN O11epaTopoB D; u3 (4) MOXKHO 3aIicaTh

> DV =0, (8)

e V (x1, ..., x5) .
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[TocsieoBaTesibHOCTE Ga3uCHBIX perteHnil (7) MOYKHO 3ammcaTb B CHUMBOJIHYECKOi (opme

n
Vo = (Z hiXi()> [IPM YCJOBUHU, UTO h; JAefCTBUTE/IHLHDBIE

S
> hi=0. 9)
1

Meron momcka perneHuil ypaBHEHUI KaK JUHEHHONH KOMOWHAIINM HE3aBUCHUMBIX II€PEMEHHBIX He
ABJISIETCsT 9eM-TO HOBBIM. OH HPHUMEHSIJICS IIPH ITOCTPOEHUN CUCTEMBI CepruuecKuX (byHKIUH u
BBEJICHUN CIIMHOPOB  |2].

B cayuae (8) coorHoleHre OTHOCUTCS He K YUCJIOBBIM HepeMeHHbIM, a K OC.

JIureparypa
[1] Tnagpimes 0. A. @opmanusm Bysnbrpamu-Bepca n ero npuiiokeHusi B MaTeMaTHUeCKOl dusmke.
Kanyra.: 3-8o KI'TIY nm. K.9. [Inonkoskoro, 1997.

[1] Bpurkman I. IIpuMeHeHre CIMHOPHBIX HMHBAPUAHTOB B aroMHON dusuke. M.: TJI, 1959.

PEXXUMBI TUITA KJIACTEPHOM CHMHXPOHU3ALIMU M BEI'VIIUX BOJIH
B OJAHOM CHUCTEME CHHI'VJISIPHO BO3MVYIIEHHBIX YPABHEHUIT

Imesun C. . (Poccust, fIpociasinb)
ApocraBekuit rocymaperBennniit yuusepcurer uM. 1. I'. [lemumosa
glyzin@Quniyar.ac.ru

Konecos A.}O. (Poccus, fpocnasin)
Apocnasckuii rocymapersennniit yuusepcurer um. 1. T'. [lemumosa
kolesov@uniyar.ac.ru

BromuTcst B paccMOTpeHHne HOBas MaTeMaTHYeCKasl MOJIeJb HEHPOHHON CeTH ¢ 3JIeKTpUde-
CKUMU CBA3SIMH, IPEJICTABIIAIONIAs COOON CHHTYISIPHO BO3MYIIEHHYIO cucTeMY auddepeHInabHO-
Pa3HOCTHBLIX ypaBHEHWII C 3ama3jbiBaHueM. l3jiaraiorcs HEKOTOPbIE METOJbl KCC/Ie0BAHUS
BOIIPOCOB O CYIIIECTBOBAHUU U YCTOMIUBOCTH B ITOH CHUCTEME PEJAKCAITMOHHBIX IMEPUOINIECKIX
aBkennit. B ciiydae audpy3MOHHBIX W CHMMETPUYHBIX IIOJHOCBSASHBIX HEWPOHHBIX —CETei
YCTAHABJIUBAETCS PEAJM3yeMOCTh B COOTBETCTBYIOIIUX MATEMATUIECKUX MOMIEIX (eHOMeHA,
CBSI3QHHOTO C HAKAIJIMBAHUEM COCYIIECTBYIONMX OJHOTUIIHBIX ATTPAKTOPOB (IPEJEIbHBIX IIUKJIOB).

[IpemmosioykuM Terepb, 9TO HMEETCS CeTh W3 M, M = 2, HEHPOHOB C IOTEHIIMAJAMU
uj =u(t),j =1,2,...,m. Byaem cuurars, 4T0 OHI JIEKTPUIECKH B3AaHMOIEHCTBYIOT MeXK Ly cO0O0i
[0 IPUHIUNY “KaXXJIblii co Bcemu . Torga coryiacHO OOMICIIPUHSITBIM IIPEJICTABICHUSIM O IPUPOJIEL
9JIEKTPUIECKAX CHHAIICOB MPUXOIUM K CHUCTEME BHUJIA

s=1

s7#]

KOTOpasi M sIBJISETCS OJIHOW M3 BO3MOYXKHBIX MaTEMaTUYECKUX MOJEJIEdl 3JIeKTPUUYECKUX CUHAIICOB
(em. [1,2]). Onnako, HA HAII B3I, 9Ta MOJEb HyXKJIaeTcsi B HEKOTOPOii MouduKaIum.

CyTb ymoMsiHyTON MOAM(pUKAINE COCTOUT B TOM, YTO cjaaraeMoe B npasoii wacru (1),
OTBeYaloIee 3a CBSI3b MeXK/y HEfpOHAMU C HOMepaMU S U j 3aMEeHSIETCSI COOTHOIIIEHNEM

djs g(us/uj)u;, djs=const € R, (2)
re dynkuus g(u) € C3(R,) ynoBaeTBopseT TpeboBaHMISM

g(u) — b, ug'(u), v’g"(u), u3¢" (u) = O(1/u) upm wu— 400, b= const > 0. (4)
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Mopnens (1), B 9TOM ciaytdae, npuobperaer B (cM. Takxke [3])

m

’dj: |:)‘f(uj(t_1))+Zdj7sg<f>]ujv j:172,...,m. (5)
s=1 J
s#]

Moneas  (5)  paccmarpuBaercss B JIByX — HamboJiee  TOIYJISIPHBIX — CJIydasix:
dsy1,s = dss—1 = d = const € R, dj;, = Ompu j # s+ 1,7 # s —1 — Kojpmno mim
HEMOYKa OCIILISTOPOB (B 3aBUCUMOCTH OT YCJIOBHH HA TIDaHMUIAX WM3MEHEHUsI WHJEKCA S); W
djs = d = const € R — cuMMeTpu4Has 110JHOCBA3HAA CETh.

OCHOBHBIM PE3yIBTATOM PABOTHI B MEPBOM CJIyUae SIBJISIETCS JI0KA3aTETHCTBO COCYIIECTBOBA-
HUsI 9KCIIOHEHITMAIBHO OPOUTAJBHO YCTONYIUBBIX ABTOBOJIHOBBIX MEPUOMIECKAX PEKUMOB, THCJIO
KOTOPBIX HEOTPAHWYEHHO PACTET C POCTOM m. Bo BTOPOM ciiydae JOKA3AHO COCYIIECTBOBAHUE W
YCTOWYHUBOCTh MEPUOIUIECKIX PEKUMOB JIBYXKJIACTEPHOU CUHXPOHU3AIUHU, UUCJO KOTOPBIX TAKIKe
HEOTPAHUIEHHO PACTET C POCTOM M.

JIureparypa

[1] Tabzur C. ., Koaecor A.FO., Pozor H.X. O6 omHOM cmocofe MaTeMaTHIeCKOTO MOJEINPOBAHUS
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HelpoHHbIX cersix // Ussectust Bysos. ITHJI. 2021. T. 29, Ne 5. C. 775-798.

BAJIAYA TUITA KomIn J/1s1 OJHOIO KJIACCA UHTEMPO-IUOOEPEHIIMATBHBIX
VPABHEHU B BAHAXOBBIX ITPOCTPAHCTBAX?!

Tonosa A. 1. (Poccust, Hensbunck)
YestObnHCKUN TOCYIAPCTBEHHBII YHUBEPCUTET
sashka_ 1997 godova55@mail.ru

®Penopos B. E. (Poccust, Hesnstbunck)
YenssOMHCKHUI TOCYTapCTBEHHBI YHUBEPCUTET
karQ@Qcsu.ru

B pabore wuccrenyorca wuHTerpo-guddepeHnuaabHble ypaBHEHUS B 0aHAXOBLIX ITPO-
CTPAHCTBAX C OIEPATOPAMU, IPEJCTABILIONMMU CODOHl KOMIIO3UIIUIO OIEPATOPOB CBEPTKU U
muddepeniupoBanus. [lojiydeHbl yCIOBUS OMHO3HAYHON PA3PEIIMMOCTH JijIss TaKuX 3aJad.
[Tono6ubiME MeTotaMu B paborax |[1-3| uccsteoBanucsy paziudnbie jipobHble aud depeHnuaibHbie
ypaBHEeHUS B OAHAXOBBIX ITPOCTPAHCTBAX.

[Tycrs X — 6anaxoBo npocrpanctso, A € L(X), 1. e. A — suHeliHbIil OrpaHUYeHHbII O1IepaTop,
K € C(Ry4; L(X)). Onpenennm nnrerpo-nauddepennuaibhblii oneparop tumna Pumana—/InyBusiis

¢
D p(t) = D™ (T 2)(8) = D™ / K(t — s)2(s)ds,
0
rne D™ — mpowusBoanast opsinka m. Paccmorpum 3agady tuna Kormum

(JE)B0)=ape X, k=0,1,...,m—1, (1)

JIJ1sl ypaBHEHUS

(D™ Fa)(t) = Az(t) + f(1), t € (0,T), (2)
rae f:(0,7] — X.

5!PaGoTa BBITIOAHEHA B paMKAX HpPOEKTa 10 rpanTy llpesmmenta P® mas MOAZEpIKKH BEIYIIHX HAYIHEIX IIKOJT

HI-2708.2022.1.1.
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Permenvem 3amaum (1), (2) naswBaercs dyskmus x : Ry — X, rTakasg, 9O
JEz € "1 (R; X)NC™(Ry; X), yenosus (1) u pasencrso (2) aa t € (0,7 BbimosHsIoTC.

Teopema 1. Ilyemv A € L(X), K € C(Ry;L(X)), cywecmeyem npeobpasosarue
Jannaca K,  xomopoe  aeasemca  odnoswaunoli  anmaaumuueckol  gymxyueti 6
Qr, ={p € C:|u| > Ry, |arg p| < 7} npu nexomopom Ry > 0 u ydosaemeopaem ycaosuro

Ix >0 >0 YAEQr, KONy > X, (3)

npu amom das ecex A € Qg, cywecmeyem K\ e £(x), feC(0,T);X)N L (0,T; X). Toeda
ONA BCET T, X1,y . .., Tm—1 € X cywecmeyem eduncmeennoe pewenue zadavu (1), (2), npu smom
oMo uMmeem 6ud

m—1 t
2(t) = 3 Xp(t)z, + / X1 (t — 5) f(s)ds,
20e .
Xp(t) = o— /(Amf{()\) —A)TIANIRAGN D >0, k=0,1,...,m—1,
T
Y
Y :i=YRUYR+ UYR,— — NOAOIHCUMENBHO OPUEHMUPOSAHHBLT KOHMYD, YR ‘= {Rei“’ Lp e (—77, 77)},

YR+ = {re'™ :r € [R,00)}, yr— = {re”™ :r € [R,00)}, R > Ry.

IIpumep 1. [Iycte m — 1 < a < m € N, K,(s) := %I, torma J&e = J* — omeparop
JPOGHOrO MHTerpupoBanust Pumana — JIumyBmuis mopsinka o, D™ HKm-o .= RLpa
npobuoro auddepennuposanusi Pumana — Jluysuiis nopsiika o [3].

Ipuwmep 2. ITyctba € R, a > 0, 8 € (0,1), K(s) = s PE,1_p(as*)I, tne B, 1 — bynknus
Murrar-Jlecddaepa. Torma mpeobpazosanue Jlamnaca K (A) = AP~ (X — q)7T ynosrersopsier

yernosuio (3) ¢ x € (0, 8) u obparmmo mpu |A| > al/®.

— oreparop

JIureparypa

[1] Fedorov V.E., Phuong T.D., Kien B.T., Boyko K. V., Izhberdeeva E. M. A class of distributed order
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[2] Fedorov V.E., Plekhanova M. V., Izhberdeeva E. M Initial value problems of linear equations with the
Dzhrbashyan —Nersesyan derivative in Banach spaces // Symmetry. 2021. V. 13. No. 6. 1058.

[3] ®enopos B.E., Typos M. M. JTedekt 3amaun tuma Komm st MuHEHHBIX ypABHEHUH ¢ HECKOIBKAMHI
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MAJIBIE 3HAMEHATEJIM U CXOJIUMOCThH ®OPMAJIbHBIX PEIIEHUN
¢-PASHOCTHDBIX VPABHEHUT

T'onnos P. P. (Poccusi, Mocksa)
NucruTyT npobiem nepenaun undopMmanuu uM. A. A. Xapkesunaa PAH
gontsovrr@gmail.com

T'oproukuna . B. (Poccusi, Mocksa)
NucruryT npukiaagaoit maremaruku uM. M. B. Kengpima PAH
1goryuchkina@gmail.com

[Ipennaraercs ITOCTATOYHOE YCIOBUE CXOAUMOCTH (DOPMAJIBLHOIO 0000UiéHH020 CTEIIEHHOI'O
psaga  (psia 1O KOMIUIEKCHBIM —CTEIEHSIM HEe3aBUCHMON IEPEMEHHOM),  YIOBJIETBOPSIOIIETO
aJIredbpandeckoMy ¢-Pa3sHOCTHOMY YPaBHEHUIO IIPOU3BOJILHOIO HOPsaKa. Pesyiabrar dhopMmyupyercs
C UCIIOJIb30BAHNEM IMeOMETPHUYECKOTO CBOMCTBA, OTHOCSIIEroCs K IOJIYIPYIIIe [MOKa3aTesell CTeleHn
TakKoro psija. JdaHHas IOJIyrpyIma KOHEYHO IOPOXK/IeHa, U B 3aBUCUMOCTH OT TOI'O, PACIIOJIOXKECHDI
J1 Bce eé obpasylolme B HEKOTOPOH OTKpBITON mosymiockoctu B C wmim HeT, BBIIESIOTCS
JBe pasjIM4Hble CUTyallud. B mocjegHeM ciiydae BO3HHKaeT (eHOMEH MaJibIX 3HaMeHaTeJel, U
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HAIIIe UCCIIeOBAHNE CXOIUMOCTH (POPMAILHOTO 0G00IIEHHOTO CTEEHHOTO Psi/Ia, YIOBIETBOPSIONIETO
asrebpanveckoMy ¢-PasHOCTHOMY YPABHEHUIO, IPOJIOJZKAET COOTBETCTBYIONIME HUCCJIEI0BAHS
CXOJIMMOCTHU KAGCCUNECKUT CTENEeHHBIX psiyoB [1],[2], a Takke HamomMuHaeT wmcciieoBaHEEe BOIPOCA
muHeapusanun guddeomopdusma (C", 0) — (C", 0) ¢ auaroHaJbHON JMHENHHON YacTbio (3.

JIureparypa
[1] Siegel C.L. Iteration of analytic functions // Ann. Math. 1942. V. 43. Ne 4. P. 607-612.

[2] Di Vizio L. An ultrametric version of the Maillet-Malgrange theorem for nonlinear g¢-difference
equations // Proc. Amer. Math. Soc. 2008. V. 136. Ne 8. P. 2803-2814.

[3] Sternberg S. Infinite Lie groups and the formal aspects of dynamical systems // J. Math. Mech. 1961.
V. 10. Ne 3. P. 451-474.

OCHUITIALIMOHHBIE CBOMCTBA PEIIEHUI B 3AJTAYE O IIOTEPE YCTOMYUBOCTH
KOJIOHHBEI ITPU YCJIOBUAX MOHOTOHHOCTH

T'onuapos B. }O. (Poccuss, Mocksa)
MAU (HIY)
fulu.happy@gmail.com

Paccmorpum 3agaay

(p(x)y" (@) + py"(x) =0,  y(0)=y'(0) =y(1) =¢(1) =0 (1)

0 IIOTEPe YCTOMUMBOCTH YKECTKO (PUKCAPOBAHHON KOJIOHHLI.
31ech IpeJIIo/IaraeTes, 4To

pec LOO(07 1)’ Pmin £ vrai minxG(O,l) p(x) > 07

a cama 3a7a4da (1) paccMarpuBaercst B 0000OIIEHHOM CMBICIIE.
Xoporo u3BecTHO, 4TO 3aja4a (1) uMeeT cueTHOE MHOXKECTBO COOCTBEHHBIX UHCEJ [if; TAKUX,
91O

O<pp Spe <. .. <pup<..., lim pg = o0,
k—o0

[IpUYEM KazK/I0e COOCTBEHHOE 3HAYMEHUE i}, MOYKET OBITH IIPOCTBIM UJIU JIBYKPATHBIM.
B pabore ucciie/lyoTcst OCIMLIAIMOHHbIe CBOIicTBA cOOCTBeHHBIX (DyHKIWM 3aaqdu (1).

Hust coberBennoit dynknun y(z) 3azaan (1) GyaeM BBIIEIATD CIEIYIONNE OCIAIIAIOHHBIE
CBOICTBAa:

(01) y(x) na unmepsase (0,1) coxpansem suax, obaadaem 6 mounocmu 06YMsA MOYKAMU nepeauda
U OOHUM IKCTNPEMYMOM;

(02) y(x) na unmepsane (0,1) mensem snax, a umenno umeem eQUHCMEEHHT HYAb, KOMOPHLT
AGAACTNCA NPOCMBIM, 0 MaKdHce 06Aa0aem 6 MOYHOCTIU MPEMA TOYKAMU NEpeeuda, 00HUM
MAKCUMYMOM U OOHUM MUHUMYMOM;

(Og) Odan k > 3 cobemeennasn pyrnxyua y(x) umeem na unmepsane (0,1) ne boaece k — 1 nyaed c

yuemom xpammnocmu, 6 mowrocmu k+ 1 movex nepeeuba u, xkpome mozo, npu k = 28 mensaem
3HAK.

[Tepeitném K HOPMYIMPOBKAM OCHOBHBIX yTBEPXKIECHUI PabOThHI.
Teopema. ITycmo p(x) asasemes monomonnot na (0,1).
Tozda cnpasedauevl caedyrujue YymeeprcoeHus:

(M) ece cobemeentvie 3HANEHUA [l ABAAIOMCA NPOCTBLMU;
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(M) ecau svinoansemea nepasencmeo

Pmin Z . 1 :
pmax 4X’Vk‘/2‘| + 1

(2)

2de {Xs}seNn — nocaedosamesvHOCb  BCET  NOAOACUMENLHOIT — KOPHel — YPaBHEHUA
tg X = X, ynopadowennux no 603pacmanuto, mo cobcmeennas Pynrkyus yr(x), omeevarowsan
COOCMBEHHOMY YUCAY |1k, o0aadaem ocuyuariyuortoim ceoticmeom (Og);

(M3) ecau p € AC(0,1), mo dan s € N cobemeennan Pynruyus yas—1(x), omeeuarowasn
COOCMBEHHOMY HUCAY Jh2s—1, obaadaem ocyuarayuornvim ceoticmeom (Ogs—1).

Bysem rosoputh, uto p(r) sBisieTCs cummempuunotl Pynrkyuel nopadka m, eciu OHa
SIBJISIETCST CHMMeTpUIHON dyHKIwmeil Ha Kaxk oM n3 uarepsasios (0,1), (0, %), o (0,27,

Teopema. ITycmov s = (2r — 1)2972, 2de r,d € N, u m < d, a ¢ynkyua p(x) Acisemcs
cummempuuHot nopadka m u nesozpacmarowet wa [0,27"].

Yepes zos—1(x) 0603navum cobemeennyro gyrnkyuro zadavu (1), 06aadarowyro oCUuALAUUONH-
nowm ceoticmeom (Ogs—1).

Toz0a cnpasedausovl caedyrougue ymeeprcoeHus:
(i) Pynryus zos—1(x) ne mensem snara na unmepsase (0,1);

(i) ecau p € AC(0,1) u p(x) empozo yovsaem wa (0,27™), mo zos—1(x) coxpansem swar Ha
unmepsaae (0,1).

B wacmmnocmu, ecau m € {1,2}, mo ymeepocdernus (1) u (i) cnpasedausv, dasa kascdozo

s € N.

K BOITIPOCY CYIIECTBOBAHMS U EAMHCTBEHHOCTU ONTUMAJIBHON ®OPMBI
HEO/JHOPO/IHOW KOJIEBJ/TIOIIENCST BAJIKY

T'onuapos B. FO. (Poccusi, Mocksa)
MAU (HIIVY)
fulu.happy@gmail.com
Mypasgeii JI. A. (Poccusi, Mocksa)
MAU (HNVY)
I_muravey@moail.ru

Paccmorpum 3agaay

(u”(2)y" (x))" = Au(z)p(x)y(z),
y(0) = (uy")(0) = y(1) = (uy")(1) =0

O TOTEPETHBIX KOJIEOAHNSAX MIapPHUPHO 3aKPEILIEHHON OaIKM.
Bynem npenmosarars, 94To

ueU={veL>®0,1): vmin < () < Vmax},
p € L>(0,1), vrai minge o 1)p(z) > 0,

paccmarpuBas 3a1ady (1) B 0000OIEHHOM CMBICIIE.

31ech u — pacrpeiesieHue TIIOMIAIN TOTIEPETHBIX CeUeHNn , p — MepeMeHHast TIJIOTHOCTE DAJTKH,
a v > (0 xapakTepusyer THUI CeUeHUil OAJIKM.

Haunmenblinee mosiozkuTesibHOe cOOCTBeHHOE 3HadeHuwe 3ajadn (1), obo3HavaemMoe B Jajlb-
HeilieM depe3 Ap[u], cOOTBeTCTBYeT HaMMEHBIIEl YacToTe COOCTBEHHBIX KojiebaHuii Oasku, a
OTBEYAIOIas eMy coOCTBeHHasT (DYHKIUS Y 3aJaET PacIpeie/ieHue mporuoos.

YacToThl COOCTBEHHBIX KOJIEOAHHUI OaJIKM OIpPedessioT Oe3pe30HAHCHBIE IIOJIOCHI YaCTOT,
BHYTPpHU KOTOPBIX YaCTOTBI IIPUKJIaIbIBACMbIX K 6&.}11{6 BHEITHUX BOSMyI_U,eHI/IIU/I HE OKa3bIBaIOT
HEXKEJATETLHOTO BO3IEHCTBYS.
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B c¢Bst3u ¢ 9TMM B IpusiozkeHusX 1| Bo3HUKaeT 3a1aua paciiupenis 6e3pe30HaCHOTO HHTEPBaJIa
JaCTOT B IIPOCTPaHCTBE JOIIYCTUMBIX ITapaMeTPOB KOHCTPYKIUU, KOTOPpad JIJ1d HauMEHbIIIEN YaCTOThI
KoJIeOaHnit O3HATAET 68 MaKCHUMU3AIIUIO.

s pacupenenenus v € U macca banku onpejessgerca hopMmy/ioi

1
M[u] :/0 p(z)u(x) dx.

3ajaB MakcuMaJjbHOe 3HadeHue 1m > 0 st Macchbl OAJIKU, OIPEJe/INM MHOYKECTBO JOIIYCTUMBIX
paclpejiesieHuit oA/ 1 I0IIePEYHbIX CeUYeHUt:

U={uecU: Mlu|<m}.

B pabore ucciemyercs 3aga4a onpeie/eHus OITHMAIBLHON hOPMbI OAJIKH, MAKCUMU3UPYIOIEH
HaUMEHBIIYIO YaCTOTy CODCTBEHHBIX KojeOaHuil: HaifiTu pacupenenenne 4 € U Takoe, I9T0O

M i) = sup A [u). (2)
ueU

Ananornusbie (2) 3a/1a41 ONTHMATBHOIO IPOEKTUPOBAHKsI OAJIOK B KJIACCe HEOTPUIATEIbHBIX
HeIIPePBIBHBIX (DyHKIMi 6e3 orpaHnveHuil Ha MHHAMAJIbHOE U MAKCHMAaJbHOE 3HAYeHHe ILIONaIN
HOIIEPEUHBIX CeUeHNUIl MCCIIe/[0BAINCH B |2, 3.

OcHOBHOII pe3y/IbTaT PabOThl 3aKJIIOUEH B CIIEJYIOIIEM YTBEPKIEHIH.

Teopema. Cywecmeyem eduncmeennas onmumarvnas gopma i € U, MaAKCUMUSUPYIOUQA
HAUMEHDUYIO YACTNOMY COOCMEENHUT Koaebaruld N1 [-] na muoocecmee U.

CymecrBoBanne ontuMaybHOM (opmbl i ciaydasd 0 < v < 1 ObLIO yCTAHOBJIEHO paHee B
pab6ore [4].

B noknaze Takike IIaHHpyeTcs OOCYIUTH CHOPMYIMPOBAHHYIO 33J1ady ONTHMAJILHOIO
IIPOEKTUPOBAHUS JIJIsl JIDYTUX KPaeBbIX YCJIOBUIL.

JIureparypa
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[3] Karihallo B.L., Niordson F. Optimum Design of Vibrating Cantilevers // Journal of Optimization
Theory and Applications. 1973. Vol. 11. No. 6. Pp. 638-654.
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CHEKTPAJILHBIE CBONCTBA JU®OEPEHIUAJIBHOTO OIEPATOPA C MHBOJIIOIUE?

I'pannnbinmukosa 1. A. (Poccust, Mocksa)
MockoBckuit rocymapcTBeHnblil yuusepcuter umenu M. B. Jlomonocos
yasya.granilshchikova@yandex.ru

Pacemorpum quddepenimanbablii onepaTop L, onpeneéHHbLi BbIpasKeHneM
Ly) = a(x)y'(x) + ' (=2) + g(@)y(x) + r(x)y(=2), = € [-1;1]
na obnactn D(L) = {y € Wi([-1,1])| Uo(y) = 0} C La([~1;1]), /e Kpaesoe yciosue

Uo(y) = y(—1) — hy(1) = 0.

52PaBora BeIIOIHEHA IPH O epsKKe rpanTa PH® Ne 20-11-20261
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®yukuus ax) — BEleCTBeHHO3HATHAS, TaKasl ITO
a(z) € AC[-1,1], d(x) € Loo[—1,1],

n smbo |a(x)] > lmmasecexz € [-Lillna(z) # of—z)opu|a(z)] = 1, mmbo
la(z)| < 1u a(z) = a(—z) ausa seex © € [—1;1]. Dyukuun g(z), r(r) CyUECTBEHHO OrPAHUYEHBI,
KOHCTaHTa h IPE/IoaaraeTcs KOMILIEKCHOT.

PaccmorpuM criekrpasibHyo 3ajady s oneparopa L:

L(y) =Xy, U(y)=0. (1)

Pabora mOCBsIeHAa HU3yYEeHHIO BONPOCa 6GA3MCHOCTH 1O Puccy coOCTBEHHBIX (DyHKIMI
oneparopa L B npocrpanctse La([—1; 1]). PaccMmoTpensl Ba oxo/a K 10Ka3aTe/IbCTBY GA3MCHOCTH:
OIIEPaTOPHBIN U Yepe3 CBEJeHUE K CUCTEME.

[TepBblit 3aK/I09aeTCs B TOM, YTOOBI BBIACJNTD 339K CIEIUAILHOIO BUA, JJIS KOTOPBIX
cobcTBenHble  (DYHKIUMM HaxomaTcss aBHO. Jlis Hux 6GasucHOcTh 10 Puccy J0KasbIBaeTcss 1o
OIIPEJIETICHUIO: OHM MIPEJICTABJISIIOTCS B BU/E KOMOUHAIIMNA OIPAHUIEHHBIX U 00OPAaTUMBIX OIIEPATOPOB,
NPUMEHEHHBIX K HEKOTOPOMY OPTOHOPMHUPOBAHHOMY 0a3uWcy. 3aTeM IpH IIOMOIIM TEOPUH
Bosmymiennit ([1]) 3amaua obobuiaercs.

Jpyroit cocob - cBecTn 3a1ady K CHCTEME ypaBHEHWIl, He COJEepPZKAIINX HHBOJIONHIIO, KAK
9TO Tpogeano, K upumepy, B [2]. Tlonydennasi cucrema OPUBOAUTCS K BUILY, JIJI KOTOPOTO y¥Ke
paccMarpuBaJicsi Boupoc 6asucuocTu 110 Puccy cobersenubix ynknuii ([3]).

B 060oux MeTomax CymecTBeHHYIO POJIb HI'PAET OIPEJIeICHIE PEryIapHOr0 KpaeBoro yCJIOBHUS.
Ob6a mojxo/a Ja0T ClIejlyolnee yTBepK IeHue.

Teopema 1. B npumamwir oepanuvenusr na ox) cobemeennvie dynrkyuu 3adavu (1)
C MPOUBBONOHUMU CYUWECTNEEHHO 02DAHUNEHHbIMU Kodppuyuenmamu g(x), r(x) u peeyraprom
KDAEBHIM YCAOBUEM COCTNABAAIOM 6e3Yca06HbIl basuc co ckobkamu 6 npocmpancmee Lo([—1;1]),
npu 2Mom 6 ckobku caedyem 005eIUHAMD MOABKO ACUMNIMOMUUECKY CONUNCANOULUECH CODCTNEEHHBLE
BHAUEHUA.

Jloxura ocHOBaH Ha coBMecTHOI pabore ¢ A. A. IlIkajukoBbIM.

JIureparypa

[1] IIIkanukos A.A. Bo3MylueHHsI CaMOCONIDSI)KEHHBIX U HOPMAJBHBIX OIEPATOPOB C JUCKPETHBIM
crekrpoM // Yenexu mareM. Hayk. 2016. 71, o 5. 113-174.

[2] Kypmomos B.IIL., Xpomor A.II. O 6asucax Pucca m3 cOOCTBEHHBIX M IIPUCOEJIMHEHHBIX (DYHKIHIH
dyukumonanbao-uddepeHIMaIbLHOr0  ypaBHeHus ¢ omneparopoM orpaxenusa [/ Huddepeni.
ypaBuerud. 2008. 44:2. 203-212.

[3] Shkalikov A.A. Regular Spectral Problems of Hyperbolic Type for a System of First-Order Ordinary
Differential Equations // Matematicheskie Zametki, 2021, Vol. 110, No. 5, pp. 796-800.

O COEAMHUMOCTU I'OPU3OHTAJIBHBIMU JIOMAHBIM HA I'PVIIIIAX KAPHO

I'pemnosB A. B. (Poccusi, HoBocubupck)
Nucruryr maremaruku um. C.JI. Cobosesa CO PAH
greshnov@math.nsc.ru

[Iycrs G — rpynma Kapao, X1, ..., X, — ee ba3ucHble rOpU30HTAJIBHBIE JIEBOMHBAPUAHTHBIE
BekTopHble noJist (1], [2]. Topusonranbroii k-momanoii, coepuusionieii Touku u, v € (G, Mbl HA30BEM

n . .
00'beINHEHNEe OTPE3KOB HHTErPAJIbHBIX JIMHU{T BeKTOPHBIX noseit » al X;, j =1,...,k, Va] = const,
i=1

n .
II0CJIC/IOBATE/IBHO COCJIMHAIONMNX napel Touek Mj;_1 u M; = exp ( > agXl) (Mj—1), My = w,
i=1
My, = v. MbI pemaem 3ajiady 0 HAXOXKJIEHUU MUHUMAJBHOTO 4ucjaa Ng Takoro, 4To Jodble JBe
TOUKM Ipyibl KapHo MOXKHO ObLIO ObI COEUHUTD TOPU3OHTAILHOM [-jToManoi, Tie | < Ng. lannas
3a/1aua TECHO CBsI3aHa C J0Ka3aTesbcTBoM TeopeMbl Pamesckoro—Yoy, cm. [1], [2]. B mokmane mbr

obcy M peleHus JaHHOM 3a/1[a4y Ha KOHKPETHBIX IpuMepax rpymnn KapHo, a Takke ITPUMEHEHUS
IIOJIyYCHHBIX PE3yJIbTaTOB K HEKOTOPBIM 33/1a9aM aHAJIN3a U T€OMETPUN.
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JIureparypa
[1] Bonfiglioli A., Lanconelli E., Uguzzoni F. Stratified Lie groups and potential theory for their sub-
Laplacian. Berlin—Heidelberg: Springer—Verlag, 2007.

[2] Agrachev A., Barilari D., Boscain U. A comprehensive introduction to sub-Riemannian geometry.
Cambridge Univ. Press: Cambridge, 2020.

O TOMOJIOTUM HECYIIMX MHOTOOBPABUMH, JOIIYCKAIOIINX AUPDEOMOPDU3MEI
C XAOTUYECKO! I'MIIEPBOIMYECKON TUHAMUKOI®?

I'punec B. 3. (Poccust, Huzxuuit Hosropos)
HanumonanbHblii mecie10BaTe/IbCKUil yHUBEPCUTET «BhICIIas mKoIa SKOHOMHUKT»
vgrinesQyandex.ru

Jlok1a1 TIOCBSIIIEH U3y YEeHUIO TOIOJIOT MU 3aMKHYThIX IVIAIKUX MHOroobpasuit M™, nomyckaro-
mux A-nuddeomopdusmer f: M™ — M™, To ectb guddeoMopdu3MbL, YI0BIETBOPAIONINE AKCHIOME
A C. Cwmeiina:

e Hebuyxpatoniee Muoxkecrso NW (f) muddeomopdusma f sipisiercs: ruepbomIecKM;
® MHOXKECTBO Iepuojuueckux touek f miorao 8 NW(f).

Cormtacuo C. Cwmeitry, NW ( f) npeacrasiisiercs: B Bijie KOHETHOTO OO'bEIMHEHUsI HETIEPECEKATOTIIXCST
MHBAPUAHTHBIX 3aMKHYTBIX MHOXKECTB, KaXKJI0€ U3 KOTOPBIX COJEPXKUT TPAH3UTUBHYIO OPOUTY. DTU
MHO2KECTBa HA3bIBAIOTCS OA3UCHBIMU.

Eciu pasmepHocTh HekoTOpOro 6asumcHoro wmuHoxkecrBa A muddeomopduszma f Oosibiire
eJIMHUIIBI U COBIIQJAET C Pa3MEPHOCTHIO HecyInero muoroobpasus M™ (n > 1), To A exuHCTBEHHO
U coBmamaer co BceM MHOroobpasmem M™. B artom ciyuae muddeomopdusm f o siBisiercs
muddeomopdusmoMm AHOCOBA.

Cornacuo k. @paukcy u Ill. Heroxaycy, eciiu pazMepHOCTh KaXKJIOT0 CJIOsi HEYCTOUYIUBOIO
WK ycToiumBoro cioenust auddeomopdusma AHocoBa, 3alaHHOro Ha MHOroobpasum M"™, paBHa
enunauie, To M" gaBJIA€TCT N-TOPOM.

Ecin pasmeprocTb GasucHoro mHOXkectBa A A-muddeomopdusma f pasa n — 1, To,
cornacuo P. Ilaeikumy, A sBastercss muboO aTTpakTOpoM, JIOO peneiepoM. Bojee Toro, ecyu
A sBisieTcst PaCTArMBAIONIUMCS ATTPAKTOPOM WM CXKUMAIOIIAMCH PEIeIIEPOM, TO OH HMEEeT
JIOKAJIbHYIO CTPYKTYpy mpousseieHnst KanrtopoBa MHOXKecTBa 1 (n-1)-mmcka. ABTOp I0K/Ia/Ia
n E. B. 2Kyxoma mokazanaun, uTo eciim HeOJIyXKIarolnee MHOXKECTBO CTPYKTYPHO YCTOHYIMBOIO
muddeomopdusma f COmEPKUT OPUEHTHPYEMBII PACTATUBAIONINIICA ATTPAKTOD (CKIMAIOMIUNCS
periesiiep) KOpasMepHOCTHU OJIMH, TO Hecylnee MHOroobpasue M™ spisiercss n-topom. Henasuo oHu
(Bmecre ¢ B. MezBeieBbim) Jroka3aitu, 9To ecan HeOIy XK qaoriee MHOKecTBO A-muddeomopdnama
f cocroutr u3z k > 2 pacrAruBaronmxcs aTTpaKTOPOB U C2KUMAIOIIUXCS PEIe/JIEPOB KOPA3MEPHOCTH
OJIMH, TO Hecylee mMHOroobpasme M™ romeomopdmHo cBsi3HO# cymme k konwmit Topa T" u m > 0
kormit "1 x S!, ryie m 3aBuCHT OT CBOMCTB ATTPAKTOPOB U PEIIe/LICPOB.

st n = 3, B JOKJIaJie OIUCHIBAETCSI TOIOJIOTHIECKasl CTPYKTYPa 3aMKHYTBIX OPUEHTHPYEMbIX
3-MHOTO0OpAa3uit, JOIYCKAIONX CTPYKTYPHO ycroiuupbie juddeoMopdusMbl, HEOIYXKIAONHTE
MHO>KeCTBa KOTOPBIX COCTOAT M3 6&3HCHI)IX MHO2KECTB Pa3MEPHOCTHU JIBa.

Ecin n = 2, to mnosepxuocts M? m060ro poma JOIMYCKAET CTPYKTYPHO YCTOIIHMBBI
muddeomopdusm  f, HEOTYKIAIONEE MHOXKECTBO KOTOPOTO COJEPXKHUT OJIHOMEPHBIN aTTpaK-
Top win peneiep. Kpome Toro, cymiecrByer IIyOOKasi B3aMMOCBS3b MEXK/y JIUHAMHUKON
A-muddeoMopdu3MoB, POJIOM  HeCyInei ToBepxHOCTH u JeiictBueMm audeomopdusma B
dyHIaMEHTAIBHON I'PYIIIE TOBEPXHOCTH.

B nokiane obcyx)igaercsi MPUMEHEHUE BBIMIEONNCAHHBIX PE3YJIbTATOB K TOIMOJOTMIECKON
kitaccudukannu A-nmuddeomopdusMoB Ha, MHOI00Opa3UsIX.

53TTomroToBKa JOK/Ia/a TOepKaHa J1aGopaTopuneil JMHAMUYECKUX ciucreM ¥ npuioxkennit HIIY BIITD, rpant
MunucrepcTBa Hayku U BbIciiero oopazosanust PP cormamenne Ne 075-15-2019-1931.
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Jlyist 3HAKOMCTBa € OCHOBHBIMU IOHSITUSIMHU M PE3yJIbTaTaMH, HCHOJIb3YEeMBIMU B JIOKJIAJIE,
[OJIE3HO UCHOJIb30BaTh 0030pbl, cTaTbu ¥ KHUrH [1-7].
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BO3MVYIIEHUA HETUIIEPBOJIMYECKUX ABTOMOP®NU3MOB JIBYMEPHOTI'O TOPAS

I'punec B. 3. (Poccus, Himxuuit Hosropos)
HarnmonanbHblil rccsie1oBaTe/IbCKuil YHUBEPCUTET «BhICIias 1mKoa SKOHOMUKI»
vgrinesQyandez.ru

Munx, 1. . (Poccusi, Huzxauit Hosropopn)
HarnmonanbHblii nccseoBaTe/IbCKuii yHUBepeuTeT «Bhiciias mKoia SKOHOMUKT»
dmitriimints @gmail. com

Yusmna E. E. (Poccust, Huxunit Hosropon)
Harmonasbublii ncciegoBaTe bekuil yanBepcuTer «Boicimast mKoia SKOHOMIKH»
k.chilina@yandex.Tu

Herunepbonuueckue ajrebpandeckue aBTOMOPGMU3MBI JIBYMEPHOIO TOPa HE SBJISIIOTCS
CTPYKTYPHO YCTONIUBBIMU OTOOPAXKEHUSIMU, [TOITOMY [PEJICKA3ATH JUHAMUKY CKOJIb YTOIHO MAJIBIX
BO3MYIIEHUIT TaKUX OTOOparKeHuit HeEBO3MOXKHO. B HacTosiIeM MoKJ1aje MpUBeIeHbl 0TOOPaskKeHus,
KOTOPBIE SIBJISIIOTCST  BO3MYIIEHUSAME HETHIepOoJndecKux aBTOMOPGMU3MOB JBYMEPHOTO TOPa
[TOCPEJICTBOM WX CYHEPIO3UIUN ¢ TOMOTOIHBIMEI TOXKIECTBEHHOMY I'PaJIMEHTHO-TIOJ00HBIMEI TUd-
deomopduzmamu. [Tokazano, 4To mosrydeHHble 0TOOPAXKEHUS SABJISAIOTCH CTPYKTYPHO YCTOMYIUBBIMU
U UX JIUHAMUYIECKIE CBOMCTBA OIPEJIEISTFOTCS CBOMCTBAMU BO3MYIAEMbBIX aBTOMOP(MU3MOB.

Paccyorpum mucdbdeomopdusmbr M, n L. msymepuoro topa T? = R2?/Z2) zapucamme ot
napamerpa € € (—1,1) u 3agannbie dhopmynamu:

T = he(x) (mod 1) T = 1h.(2z) (mod 1)

— ) g _ ) rue
Y = he(y) (mod 1) Yy = he(y) (mod 1)
S

k + % arctan (%tg(ﬂ'z)) ) (k—Lk+1)(kez)

£ -

he(z) :==
) k43 2=k+1(ken)
Iycre A = <z Z) € GIl(2,Z). Torma orobparkenue A: T2 — T2, sanannoe dopmysoit

~ | ZT=ax+ by (mod 1)
A: , HA3bIBAETCs AJrebpandecKuM aBTOMOPMU3MOM JIByMEPHOI'O TOPA.
y=cr+dy (mod 1)

54PaBora 0AroTOB/IEHA B XO/€ IPOBEICHUSI UCC/Ie0BAHMS (Ne 21-04-004) B pamrax IIporpammsr «Hay4ubrit dousz
HarpoHaIbHOTO MCCIIe/[0BaTeJILCKOTO yHUBepcuTeTa «Bpiciias mkona skonomuxkus (HUY BIID)» B 2021- 2022 rr,
a Takke mpu nozzepxkke Jlabopatopun murammdeckmx cucrtem u npmiaoxkennit HUY BIID, rpantr Munucrepcrsa
HayKH U BbIciIero obpasosanus P® corsnamenne Ne 075-15-2019-1931.
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Ecin coberBennble 3nadennst marpuiiel A € GI(2,7) He paBHBI 10 MOJYJIIO €IUHUIE,
TO ajredpamvecKuii aBTOMOPQUIM A naswbiBaercs ruriepbosimiaeckuM. B mpoTuBHOM ciytae
aBTOMOPQPU3M A naspiBaercst HErnIrepOOTMIECKIM.

N3BecTHO, YTO KaXKIblil KJIACC COIPSYKEHHOCTH HErunepOoInIecknx —ajaredpandecKux
aBTOMOP(MU3MOB JIByMEPHOI'O TOpa IOCPEICTBOM aJiredpandeckoro aBTroMopdu3Ma 3aJ1aeTcsd B
TOYHOCTH OIHOW U3 CJIEIYIONINX MaTPHIL;:

= (3 1) o= (3 )= 3 ) e (0 ),

0 1 0 1 0 -1
A5:<_1 0>,A6:<_1 _1),A7:<1 1>,m€{0,1,2,...}.

O6oznaunm depe3 Pery(z) mepuos TOYKH 2 OTHOCHTEIbHO oTOOpazkenus f, a depes {1y
HebuTy K 1arornee MHOXKecTBO f. [lycTh f — romeomMopdusM 3aMKHYTOI OPUEHTHPYEMOIT TOBEPXHOCTH
M? nepuona n. Honoxum By = {z € M?|Pers(z) < n}.

Iycrs fo 4 = Mo A, ge A= Lco A rne A€ Gl(2,7).

Teopema 1. ITycmv ¢ € (—1,0) U (0,1). Toeda eepnvi caedyrowue ymeeporcoeHus.
Omobpasicenus [ a,0); fe,Ass fe,As A6aa0mces epaduermuo-nodobrvmu duppeomoppusmamu u
Qf. ayy = Bisoy ey, € Biays Qpay = Bj,. Mnoowceemeo Qy, , coenadaem ¢ mmnodicecmeom
Qu. u Pery, ,(2) = Per 4(2) daa moboeo z € Qp. . u A € {Az(0), Az, As}.

Teopema 2. I[Tycmv e € (—1,0)U(0,1). Tozda seprv caedyrowgue ymeeporcdenus. IIpu m = 21
(I € N) dugdeomoppusmvo. fo a,(m)y U fe as(m) A6AA0MCA Judiheomopdusmamu Mopca-Cmetina
C OPUEHMUPYEMBIM 2EMEPORAUHUYCCKUM MHOHCECTNEOM, COCTNOAWUM U3 M 2eMEPOKAUHUYECKUT
opbum. Ilpu m = 2l — 1 (I € N) dufeomopusmvi ge a,(m)y U e ,Az(m) ACAAIOMCA
dugppeomoppusmamu  Mopca-Cmeting ¢ opueHmupyemsvim 2emMePoKAUHUMECKUM  MHONHCECTLEOM,
COCMOAULUM U3 4M 2eMEPOKAUHUMECKUT OPOUM.

SEPKAJIbHO CUMMETPUYHBIE [TAPHI 110 BEPIIYHAY-XIOBIIY-XEHHUHI'COHY
N NX HEKOMMYTATHUBHBIE AHAJIOTU

I'yceitn-3ane C. M. (Poccus, Mocksa)
MI'Y um. M. B. Jlomonocosa
sabir@mccme.ru

JlBoiicrBenHOCTh bBeprinynma—Xobma—XeHHUHICOHa — IIepBasi CHUCTEMATHIEeCKas IOIBITKA
KOHCTPYUPOBAaHUSA 3€PKAJIbHO-CUMMETPUIHbIX Mojeseit Jlanmay—['un3bypra. BxomabiMu gTaHHBIME
nast (opbudosnmnoit) mozenn Jlammay-I'musbypra ssasiercss mapa  (f,G), cocrosimas u3
KBa3UOIHOPOIHOIO MHOTOWIEHA f OT HECKOJIbKUX IMEPEMEHHBIX W KOHETHOW IPYIIIBI COXPAHSIOIINX
ero JUHENHHBIX IpeobpazoBanuii. B korcTtpykmun Bepriynmga—Xiobma—XeHHMHICOHa B KadecTBe
f ydacTByrOT, Tak Ha3bIBaeMble, ODpATUMbIE MHOTOUWIEHBI, a B KadecTBe (G MOATPYIIBI T'PYIII
UX JuaroHaJbHbIX cuMMerpuil. (KBasmomHopomubit MHOTOWICH f HA3BIBAETCS 00PAMUMDBLM, €CIIH

KOJINYECTBO MOHOMOB B HEM DPABHO KOJIMYECTBY N HepeMeHHbIX, T.e. f(ZT) = Y i a; H?:l :UJE”,
a; # 0 u det(E;;) # 0. Be3 orpanmuenust obmHOCTH MOXKHO cuuTaTh 4ro a7 = 1.) Ilo mape
(f,G) ouncanmoro Buna crpourcs apoiicrsennas napa (f, G). (Ipu stom f(z) = 37, |J xf“)
Hpoitcrennble napwut (f,G) un (f, é) 00J1aJTAI0T PSIIOM  “3€PKAJIBHO CHUMMETPUIHBIX CBONCTB
(manpumep, cuMMmerpueil psijia opoudOIHBIX MHBAPUAHTOB, MIPOCTEHINNM U3 KOTOPBIX SIBJISETCSI
opbudosHast MIepoBa XapaKTEPUCTUKA).

Hpoiictennocts Beprirynga—Xiobmuia—Xenununrcona 6pia 0600mena Ha mapbl Buga (f, @),
rie f — obparuMblii MHOTOYJIEH, & G — moJstytipsimoe  tipomsBesiene G X S rpynner G
JIMaroHABLHBIX CHMMETPHUl MHOTOUIeHA f W TPYNmbl S MepecTAHOBOK KOOPJMHAT, COXPAHSIIOINX
f m G. Koncrpykiust ocHoBana Ha njee A.Takaxalmm v 1modTOMy Ha3bIBAETCS JIBORCTBEHHOCTHIO
Bepriynga—Xiobma—Xennuurcona— Takaxamu. Oka3blBaeTcsi, 4TO JBOMCTBEHHDLIE I1APhI MOTYT
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[PETEH/IOBATh HA 3€PKAJBHYI0 CHUMMETPUYHOCTbD TOJIBKO TIIPU  BBIIOJHEHUU CIENHAJIbHBIX
OTpaHUYEHUN Ha TPyIIy S [epecTaHOBOK KOOP/MHAT: TaK Ha3bIBAEMOe ycJjioBhe derTHocTu. st
YIOBJIETBOPSIIONINX YCIOBHIO YETHOCTH JIBOMCTBEHHBIX Map B HEKOTOPBIX CAydasX Oblia JTOKa3aHa
CUMMETPUIHOCTh TAKUX MHBAPUAHTOB, KAK 0pOMMOIIHAS SMJIEPOBA XapaKTEePUCTUKA, OpOUD O THAST
n3eTa~-PYyHKIMS MoOHOApomuu, opbudongnas E-pynkmus. Bosee Toro, wmmerorcss yKa3aHUs
HA TO, YTO PACCMATPUBAEMblE HMHBAPUAHTHI PA30MBAIOTC Ha cjaraemble (MM MHOMKUTEIH),
COOTBETCTBYIOIINE KJIACCAM COIPSY)KEHHOCTU 3JIEMEHTOB TIpYHIbl S u 00Ja/alonume TeMH XKe
CUMMETPUSIMU.
JlokJta OCHOBaH Ha COBMECTHBIX pe3ysbTarax ¢ B.D0egmHroM.

'EJIBbAEPOBCKAS HEMPEPBIBHOCTDH PEIIEHUIT BEIPOYK/IAIOIIETOCS HA YACTU
OBJIACTU SJUIUIITUYECKOTO (p, q)-JIATITACUAHA

I'yceitnoB C. T. (Azepbaiimkan, Baky)
Mexanuko-Matemarnueckuii @akyabrer, BaKMHCKUI roCyIapCTBEHHDBIN YHUBEPCUTET
sarvanhuseynov@rambler.ru

Pacemorpum B obmactu D € R™, n > 2, ceMeiiCTBO /IIUNITAIECKAX YPABHEHUH
L. = div(wea(z)|VuP®~2Vu) = 0. (1)

C IHOJIOKUTEIbHBIM BeCOM w(z) u mokasaresieM p(x). 3xech a(x) = {a;j(x)}, neficrBurenbHast
cUMMeTpHYecKas MaTpUIla € M3MEPUMbIM 3jieMeHTamu. [Ipejnosioraercsi, 9T0 OTHOCHTEJILHO
K03buImenToB omneparopa L BBITOJTHEHBI YCIOBUS

n

ple? < ) al@)gg < pEP pe(0,1]. (2)

1,j=1

[Ipemanonaraercs, aro obmacrs D pasmenena runeprsiockocteio Y = {x : x, = 0} #a gacru
DWW =Dn{z:2,>0}, D®D =Dn{z:z,<0}u

ew(z), ecom z € D),

we =14 w(x), ecmm x € DB, (3)
e €(0,1]
q, ecinu x € D(l),
p(x) =1 p, (4)
1<qg<p,

rae w(z)-Bec, yposiaersopstonmii A,y-yciaosuio Makenxaymra.
Kpome Toro, mpejanosioraeresi, 9To B OTKPBITHIX Mmapax Bg, J0CTaTo9HO MaJjoro pajuyca Ry
C IEHTPOM Ha TUIEPIUIOCKOCTH Y JIjIs MOYTH BCEX TOYEK x u3 mosymapa Br, N {z : x, > 0}
BBITIOJTHEHO HEPABEHCTBO
/
w(x) < yw(x'), ~=const>0, (5)

rjae &' — TOYKa, CUMMETPHYHAsI & OTHOCUTEIBHO TUIEPINIOCKOCTH Y. Jljisi oupejesieHust peneHust
ypasuenus (1) BBeJeM Kitacce yHKIHT

Wiee(D) = {u: u € Wy (D), [Vul'™) € Lj,.(D)},

1,1 .
rpe W, (D) — coboseBckoe IpOCTPaHCTBO (YHKIWIA, JIOKAJBHO CyMMHPyeMbiX B [ BMecTe C
00OBIEHHBIMI TTPOU3BOIHBIMU TIEPBOTO TIOPSIIKA.

ITox pemennem ypasaenust (1) nornmaercst dbyskius u € Wio(D), yaoBierBopsiommast
HHTErPATHLHOMY TOXKIECTBY

/we(az)a(a:)\VuP(x)qu -Vdr =0 (6)
D
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Ha 1pobubix yHKIuax ¢ € C§°(D). Jna nokasarens p(-), 3amaHHOro paBeHCTBOM (4), Tyajgkue
dyukiwn wiorher B Wi,.(D) (em. [1]), BeaencrBue dero B nHTErpasgbHoM ToXx/ecTBe (5) B KadecTe
npobHbIX dyHKIWH MOXKHO 6parh dunuTHbe QyHKuu u3 Wi (D).

B pabore [3| mokasano, uro jist OKazaTess p, 3aJaHHOIO paBeHCTBOM (4), r060e perenne
ypastenust (1) npu kaxjaom dukcuposannom 3uadennn & € (0,1] B npousBosbHON m0706MACTH
D' C D npunajeskut npocrpanctsy C%(D’) rensaeposbix 8 D' dynxmuit. Hac maTepecyer Bompoc
0 HE3aBUCUMOCTH TIOKA3aTeJIsl (L OT € .

Paccmorpum cemeiicrBo {u(z)} pemennii ypasuenuit L.u® = 0, orpanumvennoe B L
PABHOMEPHO 110 € Ha KOMIAKTHBIX HoAMHOKecTBaX D. OCHOBHOI NEJbIo SBJISIeTCsl JJOKA3aTeIbCTBO
CJIEJIYIONIETO YTBEPKICHHUS.

Teopema. Cywecmeyem nocmosannas o« € (0,1), sa6ucawas moasvko om pasmepHocmu
NPOCMPAHCMEa N KOHCMAKM, [, P, 7Y, ¢ U 6€ca w, makaa, 4mo cemetcmso {us(x)} xomnaxmmo

6 C*(D") 6 npouszsoavroti nodobaracmu D' cD.
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JIOKAJIBHBIN T[TPUHIIMIT MAKCUMYMA B SAJAYE OIITUMAJIBHOI'O VYIIPABJIEHNA
C HEPEI'VJIAPHBIMU CMEIIAHHBIMUW OI'PAHUYEHWSAMU

Amurpyk A. B. (Poccusi, Mocksa)
LeHTpaJbHBI 9KOHOMUKO-MaTeMaTndeckuii uacruryt PAH
MI'V um. M.B. Jlomonocosa

optcon@mail.Tu

Ocmomnosckuii H. IT. (ITonbma, Bapmasa)
NucruryT cucremubix ucciaenopanuii [IAH
Nikolai. Osmolovskii@ibspan.waw. pl

PaCCManHBaGTCﬂ HpOCTeﬁHIaH 3alada CO CMENIaHHbIM OI'DaHUYE€HUEM:
J(IL‘(to),l’(tl)) —min, = = f(x,u), G(m,u) <0, (1)

rae t € [to,t1], = € R", uw € R™, dyukmun J, f,G riajkue, 1 HAC MHTEPECYIOT HEOOXOINMBIE
YCJIOBHs €1a00ro MEHAMYMa Ha HEKOTOPOM Iporiecce Z(t), u(t).

Ecim mpu G(x,u) = 0 Bcerma Gyu(xr,u) # 0, TO cMellaHHOe OrpaHUYEHUE
PE2YAAPHO, W  COIPSZKEHHAs IePEMEeHHas JIOJIKHA  YJIOBJIETBOPATHL OOBLITHOMY yPABHEHHIO
—tp = p fo(&,0) = NG (&, 1) ¥ yCIOBUIO CTAIMOHAPHOCTI 10 YIPAB/IEHHIO 1) fy (&, 1) —AGy (&, 1) = 0,
rae A € Lifto,t1], A(t) =20 u A(t)G(&(t),a(t)) =0 (cm. mamp. [1]).

st obmmieit 3a1a9u ¢ Hepe2yAAPHbLMY CMENIAHHBIMU OIPAHUYIEHUSIMU HEOOXOIUMBIE YCIIOBHS
ciaboro munuMyMa norydensl A.fl. dybosunkum u A.A. Muwnorunsiv |2, 3]. Jost 3amaqau (1) onu
COCTOAT B cleyomeM. BeegeM mmooicecmeo hasosvis mouex

N = {(z,u) eR"™: G(z,u) =0, Gu(z,u)=0}

ITycrs clm (4) ects 3ambikanuwe rpaduka dbynkmun 4(t) mo mepe Jlebera, a clm (@)(t) ects
COOTBETCTBYIOIIEE eMy MHOIO3HaYHOe oToOpaxkenue [to,t1] — R™. OupejennM MHOXKECTBO

D:= {te€to,t1]: (Z(t),clm(a)(t)) NN #Q}.
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HCHO, 9TO OHO 3aMKHYTO. Baﬂa,H,I/IM Ha HEM MHOTI'O3HAQYHYIO (byHKHI/IIO

S(@(t), clm (@)(t)) == {Go(@(t),u) : u € clm (a)(t), (&(t),u) €N }.

Teopema. IIycmv npouecc Z(t),u(t) docmasasem caabvilc munumym. Tozda natidymes
mroorcumenu:  wucao ooy = 0, dymkuyua A € Li[to,t1], maxas wmo n.e. A({t) = 0
u AE)G(z(t),u(t)) = 0, dynkyua oepanuvennot eapuayuu P(t), wmepa dn € C*[to,t1],
dn > 0, cocpedomouennan wa muoocecmee D, u dn— usmepumasn ozpanuvennas GyHKUUA
s(t) € convS(&(t),clm (a)(t)) n.e. no dn, daa KoOMOPLT ELNOAHENDL:

yeaosue nempusuasvrnocmyu g + |[A|[1 + dn ([to, t1]) > 0, (2)

CONPANCEHHOE YPABHEHUE 6 MEPMUHAT MEP:

dp = = fe(,a)dt + A\Gx(2,0)dt + sdn, (3)
YCAOBUA MPAHCEEPCANBHOCTIU

77b(t0 - 0) = aOJzo ) ¢(t1 + 0) = _aojzm ) (4)

U 06vIuHOE Yycaosue CmayuorapHocmu no yYynpasAeHuIo

Vfu(®,1) — AGu(Z,4) = 0. (5)

Takum 06pa3oM, OCHOBHOE OT/IMYUE OT DPErYJISIPHOIO CJIydasl COCTOMT B TOM, UTO Telepb
¥(t) »ro QyHKIMS OrpaHMYEHHONH BapUAIMU, M B CONPSZKEHHOM YDABHEHUM HPHCYTCTBYET
JIOTIOJTHATEIbHBIIl  YJI€H, COOTBETCTBYIONIMIT BO3MOXKHBIM CcKadukaM (t) Ha MHOXKecTBe D.
Hamnpasienust s1ux ckaukoB s(t) JiexkaT B BbIIYKJIOH o6osouke MHOXKecTBa S(Z(t), clm (@) (t));
snaudenusi pyskiuu $(t) BHe D He UrpaioT POJIML.

IToapobHoe JoKa3aTEILCTBO TEOPEMBI JaeTcs B [4].

JIureparypa
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MOMEHTHBIE YPABHEHUSA JIJIA JIMHEMHOW CUCTEMBI JU®PEPEHIINAJILHBIX
VPABHEHU C ITOJTYMAPKOBCKUMU KOYPPUITUEHTAMU

Basbssosa T. B. (Poccusi, Mocksa)
HarponasibHbIi nCC/Ie/10BATEIbCKUIT TEXHOJIOTNYECKUil YHUBEPCUTET
«MOCKOBCKUIT HHCTUTYT CTAJIN U CIIJIABOB»
Zavyalova.tv@misis.Tu

B pabote paccmaTpuBaeTcs cucreMma JUHEHHBIX TuddepeHInajlbHbIX yPaBHEeHN , TapaMeTPhbl
KOTOPOIT 3aBUCAT OT IOJyMapPKOBCKOT'O CJIyYalfHOTO IIPOIECCa:

& = Alty(o)e, 1)

rjae x(t) — m-sexrop, A(t,y(t)) — mMarpuna, pa3MepHOCTH N X 7, 3aBUCSIIIAs OT II0JIyMapPKOBCKOTO
KOHETHO3HAYHOTO Cyrydaitnoro npomecca y(t) . Takue cHCTeMbI HA3BIBAIOT CHCTEMAME CO CJTydaiiHOf
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crpykrypoit. IlosymapkoBekmii ciydaiiHbelil mporiecc coderaeT B cebe CBOMCTBA MapKOBCKUX
meneil ¢ JUCKPETHBIM BPEMEHEM W OJHOPOJHBIX MapKOBCKUX IIelleil C HEPEPBIBHBIM BPEMEHEM.
Omnpeiesienne u CBONCTBA MOy MAPKOBCKUX MIPOIIECCOB MOPO6HO onmcanbl B paborax (1], [2]. Takum
o6pazoM, moBejieHne cUCTeMBbI (1) MOJHOCTHIO OMMCHIBACTCS CJIyYailHBIM MapKOBCKUM IIPOIECCOM
{z(t),y(t)} € R"™™ ¢ usBecTHOl MIOTHOCTHIO PACTIPE/IETECHHS.

Byaem mupejmosarath, 4ro B CiaydaiiHblii MOMeHT BpemeHu 7T cucrema (1) mepexomut
ckaukoobpazno u3 cocrosuuss y(7 — 0) = y; B cocrogume y(7 + 0) = y;. Bpems npebbiBanns
cucrembl (1) B COCTOSIHMU Y; CJIydailHO M 3aBHCHT OT COCTOSIHHS, B KOTOPOE CHCTEMa HEePEXO/HUT
yj . Tora ecTecTBEHHBIM SIBJISIETCSI IIPEIIOJIOZKEHIE I O CKAIKOOOPA3HOM H3MeHeHnH BeKTopa (1)
COIVIACHO COOTHOIIIEHUIO:

N
olr+0) = (K + 360, alr - 0) @)
s=1

rae Kjj — Marpuiia pasMepHOCTH 7 X 1, 3aBUCHINAsT OT II0JIyMapKOBCKOIO Ipolecca, (Js MaTPHIbI,
pa3MepHOCTH N X N, £ — HE3ABUCUMBbIE CJIyYalHbIe BEJIUIUHBI, JJisd KOTOPbIXx ME; =0, D& = 1.

Hust cucremsr nuddepennuanpubix ypasHenuit (1) m yciaoBumeM ckadka (2) BBIBOAATCS
HHTErpajbHbIe YPABHEHUsI JIJIsi MOMEHTOB TIEPBOTO M BTOPOTO TMOPSAAKOB. [loydeHHbIe Pe3yIbTaThl
0606IIAIOT PE3YIILTATBI MCCIICI0BAHNS MOMEHTHBIX ypaBHeHuit cucremel (1), (2), mosydennsie B
pabore [3]| Ha ciayugail, Korja napamMerpbl CHCTEMBI 3aBHCAT OT II0JIyMapKOBCKOIO CJIyYaitHOTO
mporiecca.

JIureparypa
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O JIOKAJIbHO PABPEIIMMOCTU BBIPOYKJIEHHOI'O KBA3UJIMHENHOI'O YPABHEHUS
C TTPOU3BOJAHBIMU ['EPACUMOBA —KATIYTO

Baxaposa T. A. (Poccust, Hensbunck)
Yesrsi0MHCKMI rOCY/1aPCTBEHHBIN YHIBEPCUTET
tanya_ 1997 smirnova@mail.ru

®Penopos B. E. (Poccus, Hensabumnck)
Hensa6UHCKUI TOCY1aPCTBEHHBIN YHIBEPCUTET

kar@csu.ru
IIycte X', )Y — 0GaHaxoBBI MPOCTPAHCTBA, Dtﬁ — mpousBoaHas ['epacumoBa — KarmyTo,
L(X;)) — 6aHaxoBO IPOCTPAHCTBO BCEX JIMHEHHBIX OIEPATOPOB, HEIPEPHIBHO JEHCTBYIOMIUX U3
X B Y, L(X;X) = L(X), CI(X;)) — MHOXKECTBO BCEX JIMHEHHLIX ONEPATOPOB C IJIOTHBHIMI

B mpocrpancree X obsacraMu onpejesenus, jgeiicreyronmux B ). Ilycre LM € CI(X;))
mMeroT obacTi onesienieruss Dy, Dy coorserctienno, ker L # {0}, obosmaunmm wepes pk (M)
mHOKecTBO Takux p € C, aro orobpaxenune ul — M : Dy N Dy — YV UHBEKTUBHO, IIPU STOM
RL(M):= (uL — M)'L e L(X), LE(M) := L(uL — M)~' € L(D).

[Iyctrb m—1<a<meN, LLMeCl(X;)),neN, oy <as < - <ap,<a, X —
OTKpbITOe MHOXKeCcTBO B R X X", N : X — Y, T > tg, f: [to,T] — ). Pemenuem Ha orpeske
[to, 1] 3amaqun [loyonrepa — Cugoposa

(L2)®(t) = yp, k=0,1,...,m—1, (1)
JJI KBaSI/IJII/IHGﬁHOFO ypaBHeHHSI

DYLa(t) = Mx(t) + N(t, DX x(t), D®x(t), ..., D (t)) 2)
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OylzeM HasbiBaTh Takylo dyHKmmio x : [to,t;]] — Dy N Dp, uro Lz € C™ Y([te,t1];Y),
D¢Lx € C((to,t1];Y), Mx € C((to,t1];)), Bomonmsiorest yenosust (1), npu Beex t € (o, t]
BBILOJIHSAIOTCS BRJIoyenue (t, Di'x(t), Di?x(t),...,Dy"x(t) € X u pasencrso (2).

Onpepenenne |1, 2|. ITycmv LM € CUX;Y). Hapa (L,M) npunadsesrcum kaaccy
Ha (0o, ap0) , ecau

(i) ecywecmeyrom makue 6y € (7/2,7) u ag > 0, wmo npu scex X\ € Sy, qp 6INOAHAECTNCA
exaouenue A\ € pk(M);

(ii) npu wobwx 0 € (1/2,6p), a > ag cywecmsyem maxas nocmosnnas K = K(0,a) > 0,
wmo npu ecex X\ € Sp,

max {1 (M) 12 (MDlle} < rramngs

Beesnem obosnauenust ker R{;(M) = XY, kerLﬁ(M) = Y. Yepes X! (V') obozmadmm
3aMbIKaHue obpasa imRﬁ (M) (imL{j (M) ) B Hopme mpocrpanctBa X () ), a gepe3 Ly (M) —
cyxenne omepatopa L (M) ma Dy, :== Dy NX* (Dyy == Dy NY*), k = 0,1. Obozuaunm

T:= (x1,x2,...,2,) € 2" . Ucnonap3yst HaYaJIbHBIE TAHHBIE Y0, Y1, - - -, Ym—1 , OLPEICITUM
o (t—to) (t—tg)m™ 1 e~ -
y(t) = yo + 1 Y1 +-~~+Wym—1, Uk = Dy *li=,y(t), k=1,2,...,n.

O6osnasnmm V := X N (R x (XH").

Teopema 1. Ilycmv X u Y pefaercusrv, (L,M) € Hao(bp,a0), L1 € L(XLYY)
waw My € LAXLYYH, n € N, a < a3 < -+ < ap < m—1 < a < m € N,
N : X — Y, oan ecex (t,z1,22,...,2,) € X, maxux, wmo (t,Pxy, Pxo,...,Px,) € V,
svinoansemes, N(t,z1,Za,...,2y) = Ni(t, Px1, Pxo,..., Px,) npu nexomopom Ny € C’(V;X) ,
im@QN; C imL, LleNl € C(V; DLl—lMl) AOKAABHO AUNUWUUEE0 MO T, Yi € L[DLl‘lMl]
npu k=0,1,...,m—1, (to,Lflyl,Lflgg, - .,Lflgn) € V. Toeda cywecmeyem edurcmeerHoe
pewenrue 3adavwu (1), (2) na ompesxe [tg,t1] npu nexomopom t1 >t .

Teopema 2. ITycmv X u Y pepaercuenn, (L, M) € Hq(bo,a0), L1_1 c Ly xh, v —
omxpvimoe mmodicecmso 6 R x (XN, N : X — Y, dasa ecex (t,x1,20,...,T,) € X , mawuz, ¥mo
(t,Px1, Pxa,...,Pxy) €V, N(t,21,22,...,2n) = Ni(t, Pxy, Pao, ..., Pxy), 2de Ny € C(V;X),
QN; € C(V3DM1L;1) AOKAADHO AUNUUYUEBO NO T, Y € DMlL;1, k= 01,....m—1,
(to,Lflﬂl,Lf1§2,...,Ll_lgn) € V. Tozda cywecmsyem eduncmeennoe pewerue 3adauu (1), (2)
na ompeske [to,t1] npu nexomopom t1 >ty .
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CJIOYKHOCTH KJIETOYHBIX MYJIbTUIIJIEKCOPOB C [TIOBTOPAIOIIMMNCA BXOJAMUN

Busos B. C. (Poccust, Mocksa)
BMK MI'V um M.B. Jlomonocosa
v28815@gmail.com

Mogein kierounsix cxem (KC) Brepsbie 6buta nipesyioxkena B 1967 rony C.C. Kpasiossim B
pab6ote [1], B koTopoii jyist Heé Obur nosryueH nopsiiok dyuknun [ennona. Mogens KC sBisercs
MaTeMaTHIecKoil Mojesabio uaTerpadbibix cxeM (MC), yunreiBaromieit ocobeHroCTH (DU3MIECKOTO
cuHTe3a. AHAJIOrMYHAST MaTeMaTHIecKas MOJIEIb B 3apyOeKHBIX UCTOYHUKAX ObLia onucana B 1980
rony K.J. Tommnconom B pabore [2|. dust uccienosanuii, cesasanubix ¢ VC, momesnb siBiasiercs
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ocaoBonoyiaramomieit. B ucciaenosanun I'. Bunapau, M. Iparmun, ®.I1. IIpenapar [3| mokasano,
YTO MOJIEJIb IIJIOCKAX CXeM TOMIICOHA SIBJISIETCsT YOBJIETBOPUTEIbHBIM IpubsmKkennem Jijist UC B
cJlydae MOHOKDHUCTAJIMYECKUX CHUCTEM, U 00Jiee TOro, OHA OCTAETCsl TOYHBIM HPUOJIMKEHUEM JIJIst
oTaebHbIX KoMITOHeHTOB VIC B city4asix, KOT1a MOJIeIb He MOYKEeT BEPHO OTPa3uTh BCe OCODEHHOCTHU
[IPOEKTUPYEMBIX CHCTEM.

Kak B Teopermueckux wuccienoBanusix, Tak u upu cuarese NC, wacTto mpumeHsieTcs
MysnbTUIIeKcopHas byHKiwsa aareopbl jgoruku (PAJI). OB6BIMHO COOTBETCTBYIOMINE CXEMHDIE
peasymzaruun OAJI, Ha3bIBaEMbIe MYJIBTUILIEKCOPAME, SIBJIAIOTCS COCTABHON JacThbio 00JIee CJIOXKHBIX
CXeM, CXeM BBIOOpa M3 IaMsITH U KOMOMHAIIMOHHBIX OJIOKOB. DTHM O00YyCJIOBIEHA HEOOXOMMMOCTH
UX ONTUMUBAINU IO Py XapaKTEPUCTUK: 3aJI€PKKE, MOIIHOCTH, IIomaau, u up. PyHKInoHaI
ILJIOIIA/U CXEMBI €CTECTBEHHBIM 00Pa30M BO3HUKAET B MOJIEJIN KJIETOUHBIX CXEM.

Panee B pabore [4] Obun mokasaHbl ACHMITOTHYECKHE BEPXHUE U HUXKHHUE OINECHKH JIJIsT
IUIOIIA/IN CXEeM, Peau3yIoNux JIermudpaTop Mnopsjaka n 0e3 MTOBTOPAIONIMXCS BXOI0B. DBoJee
TOro, JIAHHBIE OIEHKU COBIIAJAIOT B IEPBOM UJIEHE PA3JIOXKEHUS, UMEIOT BHU/I n2”_1(1 + O(%)) .
B macrosmeii pabore ycTaHaBINBAIOTCH ACUMITOTHYECKHE BEPXHUE OIEHKHU ILIOIMAIU CXEM C
HOBTOPSIOIUMECS BXOJAMU, peajusyomux myabruiiekcopayo @AJI nopsiaka n , Buga 2™ log(n)+
o@2m).

JIMuHHBIE KJIETOYHBIE CXEMbl — STO BBIJIEJEHHBI KJACC KJIETOYHBIX CXeM, KOTODBII
xapakTepusyercs cieayomumu cBoitcreamu. Jlanabivu KC peausyercst ofgaa cymecreertass OAJI
nu6o cemetictBo DAJI, BBIXOABI KOTOPBIX PACIOJIOKEHBI JTUO0 Ha OFHON, b0 Ha JBYX 3apaHee
BBIOPAHHBIX CTOPOHAX, M BXOJIbI KOTOPBIX MOT'YT MOBTOPSATHCS CKOJIb YTOJIHO DOJIBIIOE YUCTIO Pas.

Onpepenenne 1. Caooicnocmovio PAJI (cucmemor PAJI) f(z1,...,2,) € N 3HATIMBIME
[IEPEMEHHBIMU B MOJIEJIA KJIETOUHBIX CXEM C IMOBTOPHBIMU BXOJIAMU HA3bIBAETCSI MUHUMAJIbHASI
IJIOIIA/b KJIETOYHOH CXeMbl X C IIPOU3BOJIBHBIM YHCJIOM IIOBTOPEHUI IPOU3BOJILHBIX BXOJIOB,
peanusyiomein f .

AR(f) = le%n AR(E)

Teopema 1. (o nosmoprom mysvmunaekxcope). s ciaoxkuocTn cxeMmbl S, peajnusyorieit
mysbruiiekcopuayo OAJI p, , B Mogesm KC ¢ mOBTOpHBIME BXOJIaMU BEpHA BEPXHsIsI OIEHKA

An(S) < 2"logy(n) + O(2")
Caencteue 1. 13 meopemovr 1 caedyem
AR(pn) < 2"logy(n) +O(2")
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[ITEPMOAUYECKOE YIIPABJIEHUE CUCTEMOU JIOTKN — BOJIBTEPPA,
COXPAHAIOIIEE BUJJOBYIO CTPYKTYPY BUOCOOBIIIECTBA

MNBanosa A. C. (Poccus, ITerpozaBo/ick)
WNHcruTyT OpUKIaIHBIX MaTeMaTndeckux ucciaenosanuii KapHIl PAH
OUIL «Kapenbcknit nayunbiii nearp PAH»
a_ s twanova@bk.ru

Kupnnnos A. H. (Poccus, TlerposaBosck)
NucruryT npukiaajgaeix Matemarudeckux uccienosanuit KapHI[ PAH
OUIL «Kapenbcknit Hayunblii nearp PAH»
krllv1812Qyandex.ru

[Ipemanosaraercst, 4To apeaj OOUTAHWS JBYX BUJOB, XUIMHUKOB U KE€PTB, COCTOUT U3
HECKOJIbKUX yYACTKOB, IPUYEM 2KEPTBBI HE MOKUJIAIOT yYACTKH, & XUITHUKH MUTPUPYIOT MEXK]Ly
yuaactkamu. llepen momysisinyeit XUIMHUKOB BO3HUKAIOT JIBE OCHOBHBIE 33JIa9H: BLIOOPA yYaCTKa U
OIIpejieJIeHnsl MOMEHTa BPeMeHH yxoja ¢ ydacTka. COryIacHO KJIACCHIECKOMY DPe3yJIbTATy TeOPUU
onrumasibHoro dypaxkuposanust (the Marginal Value Theorem, MVT, [1]), nomyssinust nmokumgaer
y4aCTOK B MOMEHT BPEMEHU, IIPU KOTOPOM CPEJIHss CKOPOCTD HOTPEOIEHNS SHEPT N MaKCUMAaJIbHA..
PeanmbHoe BpeMs, NpOBeIeHHOE WOMYJANMell Ha yYacTKe, Yallle CYIIECTBEHHO OTIUYIAETCH OT
uporuosupyemoro ¢ momompio MVT. B [2| mpesioxken 1moaxos jyis OlleHUBAHHsI BPEMEHH,
[IPOBEJIEHHOrO TOMYJIANell Ha ydacTKe, OCHOBAHHLI HA MUIIEBON NPUBJIEKATEILHOCTH yYIACTKA,
KOTOpas BBEJIEHA OIHUM U3 aBTOPOB U sBJIgeTCH (DyHKIMEH BUIA

n(t) =A+ /0 xo(7) (x1(7) /22 (T) — N) dT,| (1)

rge ¢ = 0 — MOMEHT BpeMeHH IOsiBJIeHHsI XUIHUKOB Ha ydacTke; 1 = x1(t),rs = za(t) —
YUCJIEHHOCTH KEPTB U XUIIHUKOB, cooTBeTcTBeHHO; 0 < A, A — moporosble nocTosinuble. Bejmauna
x1/w9 — \ xapakrepusyer uzbbiTok (x1/re > \) mwin HegOCTATOK ( X1/T9 < A ) IHIIEBOrO pecypca,
HNPUXOIAIIErOCA Ha OJHOrO XHIMHUKA. 34 CUYEeT MHTErpaja IPOUCXOOUT HAKOIUICHUE M3OBITKA NI
HEJIOCTaTKa IHINEBOro pecypca. Ha BaxKHOCTH DACCMOTDEHUsSI BEJIMYUHBI X1/To NPH ONUCAHUM
JIMHAMUKY HOITY/ st o6paruin Banmanue P. Apautu u JI. T'uus6ypr B [3]. 3a cuer muoxuTesst o
[OJI MHTErPAJIOM YUTEH MPHUHIUIT «CTaja ceOsio01eBy, npeyiokennblii Y. lamuibronom B [4] mis
00bACHEHNS OJHOBPEMEHHOCTH MUTPAIK ocobeil momynsanuu. o Hadaaa MATPAIMA HEJOCTATOK
[UIIEBOIO PECYPCa JOJXKEH HAKAILIMBATLCA B TEUYEHHE HEKOTOPOIO0 BPEMEHM, KOIZa HAKOILICHUE
JIOCTUTAET TIOPOTOBOI0 3HAYEHHS, MOIYJ/IANNs MOKUIAeT yIacToK. IIpemonaraercs, 9o npu n > A
XUIHUKYA HAXOJATCS Ha ydacTke, a npu n(t) < A — BHe yuacrka. IIpomuddepenmmposas (1)
U yUIUTBIBas, UTO JAMHAMUKA B3aUMOJIECHCTBYIONIUX IOMYJISIIUNA OIMChIBaeTCsS cucTteMoil JIorkm —
Boabreppa ¢ ynpasieHneM, IOIyduM

i‘l :xl(a—bxg—ul), 532 :Sﬂg(kbxl —m—u2), ﬁ:$1 *)\CEQ, (2)

e a,b,k,m >0, u,us — UHTEHCUBHOCTH U3bATUsI 0COOEH XKEPTB M XUITHUKOB, COOTBETCTBEHHO,

0 < u; < a,0 < wy. IlocranoBka 3aja4m: HafiTH HepuojuMYecKoe yupasieHune u; = uq(t),
ug = ug(t), mpu koropom n(t) > A, t > 0.
ITycre uzbsitue Haumuaercs npu ¢ = 0, npudem uz (1) cuoemyer, uro n(0) = A.

Beegem muoxkecrsa: I = {(z1,22,A) : 11 — Avg > 0,21 > 5,6 < x2 < 7}, K1 = {(z1,72,A) :
1 — Azg > 0,27 > %,xg > %}, Ky = {(:Bl,l'Q,A) txp — Ay > 0,21 < %,6 < 22 %},
e > 0. [ls KaxK10ro u3 BBEIEHHBIX MHOXKECTB IIPEJIJIOXKEH CBOI CIIOCO0 YIIpaBJIEHUsI, COXPAHSIIONTII
BUJIOBYIO CTPYKTYpy OmocoobmecrtBa ydacrka. Ilycrs z19 = 21(0),290 = x2(0). Torma s
My(z10,220,A) € II mocrpoeno mepmopmdeckoe yHpaBjIeHHE, JOKA3aHA [MEPUOJUTHOCTD
coorBeTcTBylomiero perterust cucrembl (2). st Mo(z19, v20, A) € K7 U Ky HaiiyieHo yupasiienue,
npu kotopoM 1 = A . Ilpuuem mist My € Ky 1okasaHa TeopeMa, JAroIasl yCJIOBUE MEPUOINTHOCTH
COOTBETCTBYIOIIEH TPAEKTOPUU CHCTEMBI (2).
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[TOTEPA YCTOMYUBOCTU HYJIEBOT'O COCTOAHUA PABHOBECHA OJIHOV KPAEBOU
3AJIAYN C JOTIOJTHUTEJIbHON BHYTPEHHEN CBSA3bIO

MNBanosckwuii JI. . (Poccusi, flpociasib)
ApocraBekuii rocymaperBennbiit yuusepcurer um. 1. T Jlemumosa
leon19unknown@gmail.com

PaccmorpumM KpaeByio 3aiady € JIONOJHUTEIBLHON BHYTPEHHEH CBA3bI0 BO BTOPOM KPacBOM
YCJIOBUU:
. "
i =u" 4 yu — u3, (1)

u'(0,t) =0, u'(1,t) = au(xg,t). (2)

Baecw u(z,t) — rmagkas dyukuus npu t > 0 u x € [0,1], @ u vy — jeficTBUTE/IbHBIE YUCIA, A&
napamerp zg € [0,1). dust 3amaun (1), (2) MOXKHO BBLIEJUTH JIBa CIIOCODA IIOTEPU YCTORIMBOCTH
HYJIEBOTO COCTOSIHMSI PABHOBECHUsSI — JIMBEPIeHTHBIH, KOIJIa B CIEKTPE yCTOWYUBOCTU MOSIBJISAETCS
HyJIeBOE 3HAYEHHUE, U KOJIOATEIbHBIN, COOTBETCTBYIOIMUI CIydaio Mepexoa BbIX0Ja KOMILIEKCHO
CONPSI?KEHHBIX COOCTBEHHBIX 3HAYEHUN € JIEBOH KOMILIEKCHOM IOJIYILIOCKOCTH Ha MHUMYIO OCb.
Basaua uccaeoBaHus COCTOSIA B U3yUEHUH XapaKTepa MOTepU YCTONIMBOCTH HYJIEBOIO PEIeHUsI
kpaesoit 3aaun (1), (2), T.e. B moncKe KPUTHIECKUX 3HAYCHUIT TAPAMETPOB (v, Y U Xo ¥ HOJIYICHUH
ACUMIITOTUYECKUX CbOpMy.H JJIgd PE2KUMOB, OTBETBJIAIOIIUXCA OT HYJIEBOI'O COCTOAHHNSA PaBHOBECHUA.

[TosryunTh KpUTHYECKHE 3HAYEHUs TTapaMeTPOB C UCIOJIb30BAHMEM OJHOTO JIUINb AHAJUTHU-
YEeCKOro almapara JIOBOJbHO 3aTPYAHUTENLHO. B CBA3M ¢ 9TUM, HCCJIEI0BAHUE OCYNIECTBIISAIOCH
9HUCJIEHHBIM CIIOCODOM.

B pesyibrare uccienoBanus ObLIM HARIEHbI 3HAYEHHs] TapaMeTpOB (v, Y U I( , IPH KOTOPHIX
HPOUCXOJAT pasynuHble OudypKanuu HyJIeBOro COCTOSIHUS paBHOBecHsi Kpaesoil 3azaun (1), (2).
[Tpu 3HavYeHusIx mapaMeTpa « , OJM3KUX K KPUTUIECKUM, ObLIa MOCTPOEHa HOpMaJjbHas dhopMma u
Ha, €6 OCHOBE OBLIIN OIPEJIC/ICHBI YCIOBHUS MOSBICHNS ITPOCTPAHCTBEHHO HEOHOPOIHBIX YCTONINBBIX
COCTOSIHUI PABHOBECHUSI B OJIHOM CJlydae W IUKJIOB B JPYIOM.
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OB OJIHOM METOJE IHOCTPOEHHUS PEIIEHUI CUCTEM OBBIKHOBEHHBIX
JIUOOEPEHIINATBHBIX YPABHEHUI

UrnareeB M. FO. (Poccusi, Caparos)
CapaToBCKUil TOCYHUBEPCUTET
ignatievmu@squ.ru

PacemorpuM cucremy OOBIKHOBEHHBIX b dDepeHImaibHbIX YpaBHeHUI BUIa;
y' = pBy+z Ay + q(2)y, x € (0,00) (1)

CO CHeKTpaJibHbIM mapamerpoM p, rae A, B,q(x) — n X nm — warpuns, n > 2,
¢jk(-) € L1(0,00) N Ly(0,00), p > 2, ¢j; = 0, marpunsr A, B HOCTOSHHBI U yJOBJIE€TBOPSIIOT
CJIEJTYTOIIIM YCJIOBHUSIM.

Ycaosue A. Marpuna A sresmaronambua. Cobersennsie snavennst {f;}]_; marpuist A
pa3/IMYHbl U TAKOBBI, 9TO [ — [y ¢ Z upu j # k, kpome Toro, Repu; < Reps < -+ < Rep,, u
Reur #0, k=1,...,n.

Ycaosue B. Marpuna B pmaronanbna: B = diag(by,...,by,), smementsr by, ..., by
pas/IMyHbIe HEHYJIEBbIe KOMILIEKCHBIE YUCJIa, HUKAKNE TPU U3 KOTOPBIX He JIEYKAT Ha OJIHON MPSIMOI.

n

Kpowme Toro, ) b; =0.
j=1

Onpepesienne. O6osnaunm vepes Ry, ..., R, (3aBucsiuiyro or p) [nepecTaHOBKY YHCEI
bi,...,b, Takyio, uto RepR; < RepRy < --- < RepR,,, 4epe3 fi,...,fn — COOTBETCTBYIOIIYIO
[IEPECTAHOBKY BEKTODOB €1,...,e, crangapraHoro 6asmca B C". k-m pemenuem tuna Beits

Ha30BéM perierne Wi (-, p) cucremsr (1), YAOBIETBOPSIONIEE YCIOBUSIM:
(2, p) = O (a*),2 = 0, Vi(z, p) = exp(paRy)(fi + o(1)),z — cc.

O6o3Ha9IM
Y= U {z : Re(2b;) = Re(zby)} .
(k.g):i#k
Berony naee S — mpou3BOJIBHBIN OTKPBITHIN CEKTOP C BEPINUHON B Hadaje KOOPIUHAT, JIEXKAIIHit
B C\ X. Ilycte ¢(2) = (c1(2),...,cn(2)) m e(z) = (e1(z),...,en(2)) cyrh dbyHnIamMeHTAILHBIE
MaTPUIIbI HEBO3MYIIIEHHOW CUCTEMBI

d
YW _ By + 1Ay, z€ S,
dz
TaKHe YTO
erx(z) = exp(zRi)(fx + 0o(1)), z = 00, ck(z) = 2M*(hg + o(1)), z — 0,

rje hr — COOCTBEHHBIN BEKTOP MaTPHUII A, COOTBETCTBYIOMNN COOCTBEHHOMY 3HAYEHWIO [if; -
Bynem roBoputh, 9T0 B ceKTOpe S BBIMOJHEHO YCAOBUE UHBOPMAMUBHOCTIU, €CITH JIJIsT KaZKI0TO
E = 2,...,n det(ei(2),...,ex—1(2),cx(2),...,cn(2)) # 0. B srom ciyuae mus cucremsr (1) ¢
q =0 k-e pemenne Tuna Beiiyist cyIecTByeT u €JIMHCTBEHHO NPpK BeexX p € S mBcex k=2,...,n.

[Henbio HACTOSAIIETO UCCIEOBAHUS SIBJISETCS TTOCTPOEHUE W M3ydeHre perneHnit Tuma Beits
Juist cucteMbl (1) ¢ mpomsBosibHO# ¢(+) . [jist 9TO# 1em npUMeHsIeTCsl MeTOJ, OCHOBaHHBIH Ha
MPUBJEYEHNN TEH30PHO-3HAYHDBIX PEIEHNl HEKOTOPHIX BCIOMOTATENbHBIX (M (DEPEHITHATBHBIX
cucreM [1], [2]. KirroueByto poJib urpaer ciie(yIommii pe3yibTrar.

Teopema 1. Ilycmo 6 cexkmope S swvinoaneno ycaosue un@opmamusrocmu. 3adurcupyem
npoussosvnoe k € {2,...,n}.

Tozda: dan ecex p maxux, wmo Ag(p) # 0, k-e pewernue muna Betliaa cywecmeyem u
eduncmeenno; npu kagcdom gpurcuposannom € (0,00) sexmop Wi(x,p) ecmwv eduncmsenroe
pewenue AUHeTHOT CUCTEMbL:

Fk*l(xap) A \Ilk(x7p) = Fk(l’,p), \I]k($,p) N Tk(xap) =0.

S’ Uccnemosanme  BRIIOAHEHO 3a  cdeT rpamta  Poccmiickoro — mayumoro  comma  Ne  21-71-10001,
https://rscf.ru/project/21-71-10001/.
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Baecy Ti(z,p), Fr(z,p), k=1,...,n — Pdyndamermanvhroie mensopol, onpejesieMble Kak
B pabore [2], Ax(p), k = 2,...,n — xapaxkmepucmuveckue GYHKUUU, ONPEIEITeMbIe DABEHCTBOM
Fi—1(z,p) NTi(w, p) = Ar(p)er A+ Nen.
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PA3BPEININMOCTD HEJIMHENHOI'O BBIPOYKJIEHHOT'O YPABHEHISI
C YCJIOBUEM HA OBPA3 HEJIMHENHOT'O OITEPATOPA®®
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YenssOnHCKHUI TOCYIapCTBEHHBIA YHUBEPCUTET
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ITinexanoBa M. B. (Poccust, Hemnsibunck)
YenssOnHCKUI TOCYTapCTBEHHBIN YHUBEPCUTET
FO2xHO-Y paabckuil TOCYIapCTBEHHBII YHUBEPCUTET
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Cynaraiimep E. A. (Poccust, Yenstouuck )
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[Iycte D" — npobnas upomsBomHas Jxkpbamsna — Hepcecsra, acconmumpoBaHHas C
nocegoBareabHocTeio {ag}, 0 <ap <1, k=0,1,...,n—1, X orkpsiTOe MHO)KECTBO B R X X" |
Lel(X;Y), ker L#0, M € Cl(X;)), oneparop N : X — ) HequHEHHBDIIL.

PaCCMOTpI/HVI Ha4vaJIbHYIO 3a/iav1y AJid HeJINHEeITHOT O YpaBHEHUA
D" La(t) = Ma(t) + N(t, Dx(t), D7z (t), ..., D1z (t)) + £(1), (1)

D% Px(tg) =z, k=0,1,...,n—1. (2)

Oynkuns x € C((to,t1]; Dar) N C((to, t1]; X') saBaserca pemenunem 3anaun (1),(2) ma [to, 1],
ecom Mx € C((to;tl];y) , D%z € C([to,tl];)() , k=0,1,...,.n—1, D"Lx € C((to,tl]; X) , AJId
Beex t € (to,t1] smementst (t, D7°x(t), D7 x(t),..., D% 'x(t)) upuHamzeRar MHOXKeCTBY X H
BBIIIOJIHEHO paBeHcTBo (1) npu ycsiosuu (2).

Ipesmomnozkuym, uro imN C Y. Torna dyuknus f : [to,T] — Y moxker ObITH 3a/aHa Kak
qacTb oreparopa N 06e3 norepu obmaocTU. Jlasee crpoka Hal cUMBOJIOM OyieT 0603HAYATH HADOD
U3 N 3JEeMEHTOB ¢ HoMepaMu oT 1 110 n, Haupumep, T = (T1,Z2,...,Ty).

Teopema 1. Ilycmv onepamop M  (L,p)-oeparuuen, X — omkpwuimoe MHOHCECMEO
6 mpocmpancmee R x X", N € C*X;Xx), imN c Y1, f € C(to,T}Y),
(D H)Y My (I-Q)f € C((0,T]; X) dan 1 =0,1,...,p, D*(D"H)' My (I-Q)f € C([0,T]; X)
onn k =0,1,...,n—1, 1 =0,1,...,p. Toeda na ompeske [to;t1] cywecmsyem eduncmeenroe
pewenue 3adavwu (1),(2).

Iycrs Q C R? — orpannuennas obsacTs ¢ riajgxoit rpanumein 0§) . PaccMoTpuM Haua bHO-
KPaeByIo 3a/1a4y

%(st)—x (s), k=0,1 n—1, se€Q (3)
otk ; L0) — L1k ) — Uy Ly ; ;
xi(s,t) =0, (s,t) € O x [to,t1], i=1,2,3, (4)

56PaGora BBIIONHEHA npu noaaepxkke I'panrta llpesunenta Poccuiickoit @esepanuu s NOJIEPKKA BEILYIITAX
Hay4HbIX 1Ko (mpoekr HIII-2708.2022.1.1).
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D°"Axy = x1 + hl(S, Dgoxl, DUOCL‘Q, DUOCE3, ... 7D0n—1x1’ Donfll‘g, DG"71$3) + f1 (S, t),
D" Axz = x9 + fa(s, t), (5)
OZAx3+f3(S,t), (S,t) € x [to,tl],

rne D% npobGuast mpoussonnas xpbamsna — Hepcecsina 110 nepemenHoit ¢ .

Obo3HaunM qepe3 A orepaTop Jlammaca c 00J1aCTBIO OIIpEeIeIeHUST
H2(Q) = {2 € H*Q) : z(s) = 0,s € 99} C L2(), {px} — opromopmmpoBannas b
Lo(Q) cucrema coberBeHHBIX (DYHKIHUI ¢ COOTBETCTBYIOMIUMU COOCTBEHHBIMU 3HaueHusiMU { Ak}
omepaTopa A, IPOHyMEpPOBaHHLIME B HOPAIKE BO3PACTAHUA C yH9ETOM MX KPAaTHOCTE.

Ceeziem 3aziaay (3)—(5)  3azaue (1),(2), nomobpas npocrpancrea X = H02+2] () x HY(Q) x
HIP(Q), Y= (H¥Q)?, e j> ¢ -1, HYY(Q) == {z € H*Y(Q) : 2(s) = 0,5 € dQ} u
OTIEPATOPEI

A 0 O I 0 0
L= 0 0 A |eLX;Y), M= 01 0 |eLX;)).
0 0 0 0 0 A

Teopewma 2. I[Tycms hy € C®(QxR3™;R) , daa nexomopozo T > to, f1 € C([to, T]; H¥(Q)),
fi € C™([to, T); H¥(Q)), i = 2,3, Dof3 € C™([to,T); H¥(Q)), zy € Hg ™ (Q) daa
kE=0,1,...,n—1. Tozda dan nexomopoezo t € (to;T| cywecmsyem edurcmesenroe pewenue 3adayu
(3)-(5) na ompeske [to;t1] .
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JIMHENHBIE YACTHO-UHTEI'PAJIbHBIE YPABHEHUS B AHU3OTPOITHBIX
[IPOCTPAHCTBAX JIEBETA
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YacTHBIM WHTErpajioM Ha3bIBAETCS WHTETPAIbHBIN OMepaTop ¢ MHTEIPUPOBAHUEM IIO YaCTH
IlepeMeHHbIX aprymenTta GyHkiun. JIMHEeHHbIH YaCTHO-UHTErPAJIbHBIN OepPaTOp BKJIIOYUAET B cels
BCEBO3MOXKHBIE HADOPBI IIEPEMEHHBIX UHTEIPUPOBAHUS, B TOM 4YUC/Ie «KpaiiHue oneparopoly Ko —
orepaTop yMHOXKEHUs Ha (DYHKIHUIO U MHTErPAJIbHBIN orepaTop. JInHeliHOe JacTHO-MHTErpaibHOe
ypasHenue Ppe/rosbmMa 2-ro pojia UMeeT BHJL

w(@) = A (Ku) () + f(x) = A (ZKaU) (z) + f(z), (1)
«
IJle MHOI'OMEPHBIE YaCTHO-UHTErpaJjbHble onepaTopbl K, OIpeje/ieHbl PABEHCTBAMUI

(Kau)(x):/ ko(z;te) u(xs, ty) dty, (2)

r=(x1,22,...,2p)ER,, a = (a1,02,...,q;,) (M<N)— MYJbTUUHJIEKC U3 HATYDPAJLHBIX HE
coBragaomux nces or 1 10 n, Do=(aqa,,ba;)X ... x(aq,,,ba,,)-
IIycte p = (p1,p2,---,Pn), Pi > 1. Ammsorpommoe mpocrpamcrso Jlebera Lp(D),

bn bl % P:il i

onpesnenénnoe wopmoit | fllz, py = <f ( . (f |f(t)[P dtl) > dtn> ,  SIBJIAETCSI
Qan, a1l

HanaxoBbIM mpocTpancTBoM. Ob6osHauum q = (qi1,...,qn) — COUPSIKEHHBII K P MYyJbTHUHJIEKC,

T.€. Pii + qii = 1.
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B patore [1] mokazana orpaHuveHHOCTH HOPM uTepanuil K2 u B aHH30TPOITHOM IIPOCTPAHCTBE
Jlebera Ly (D), mpudeM BBIIOTHSAETCS HEPABEHCTBO

J
K2 ullp, 0y < H HkaHme i

- piqa)(DaxD)HuHL
i=1 e

(pa‘p]}l)(Da’a)’
Fa

13 KOTOPOTO CJIEIYET, 9TO I IPUHAIIEKHOCTH DyHKIUN K| g[u npocrpancrsy Ly(D) mocrarodno
npuHaJIe)KHOCTH byHKIM ko (2,t,) u u(zg,ta) TPOCTpAHCTBAM L(q e’ q,)(Da x D) m

L(pa;péﬂ)(Da@) COOTBETCTBEHHO, TJe Do = (Pags---sPay,), Pu = (%1,...,%n7m). IIpn
OecKOHEWHBIX wuTepanuax j — oo u p; > 1 momyaum u €  Lg,.o0)(Da X Da),
ko, € L(qa;pmoo)(Da X D), T.K. MyJIbTHHHIEKC « TIpOOEraeT BCE IOJMHOXKECTBA MHOMKE-
crBa {1,2,...,n}, TO s orpaHmdeHHocTH oneparopa K, W WX WTEpaIUil JOCTATOTHO
U € Lo, 00)(D) = Loo(D) 1 ko € L(1,00)(Da X D). Us (2) crenyer, uto Kqu € Loo(D), Torma

13 HEpaBEHCTBaA MuHKOBCKOI'O ciaenyer

KUl Lo () =

ZKau
(0%

<Y Koty py <
Le(D) @

<3 (Ikallzg oy pax 1l o)) < Nl zsimy D Walliy o (0 )

Econ [A| X kol o0y (Daxp) < 1, TO B cuity reopempr Banaxa oneparop A = AK + f ssisercs
~ ;

CKUMAIONUM U ypaBHeHue (1) mMeer eJIMHCTBEHHOE pellleHue.
B [1] mokasambl cyiiecTBOBaHHE U €AMHCTBEHHOCTb YACTHO-MHTErPAsIbHOrO ypasHeHus (1)
B cayuae K = K, B Buie omneparopHoro psina Heifimana. B ciyuae oneparopa K = ) K,,
[0

BKJIIOUaomeM omnepatopel Ko (ymuoxkenue Ha dyskumoo) u K, (MHTerpajbHBIH omepaTop),
CIIpaBeINBa
Teopema. Ilycmv ko € L(1,o0)(Da X D), [ € Loo(D), u nycmo [N < 1/M, e2de

M = ZHkaHL(lm)(DaxD): mozda 6 Loo(D) cywecmeyem npeden ® = lim,_o0 Oy
~ ;
r . .
pyrryuonarvnot. nociedosamenvrocmu  O.f = o (x) = S NK'f(z). Onepamop @
=0

deticmeyem oeparunenno us Loo(D) 6 Loo(D) u ydosaemeopaem mepasencmey ||®[r_(p)y <
limr=ss||®r |1, (p). To2da cywecmeyem u eduncmeennoe pewenue ypaswenus (1) 6 eude pada

o
Hetimana @(x) = Y AN"K™f, npuvem |||, < 1”ﬂ|‘>\L\01\04
m=0

B eBkimmoBom mpoctpancTtBe Ro 71 HEIPepBIBHBIX (DYHKIWI U sIep W IPU OTCYTCTBUU
B (1) omeparopa Ky wuccienoBaHue JIMHEHHBbIX YaCTHO-MHTErpaJIbHBIX ypasHeHuil Ppejirosbma
soiosaeno A.C. Kammrsuuabiv [2].
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[IPSAIMBIE I OBPATHBIE 3AJAYN ATMOC®EPHOTO SJIEKTPUYECTBA
B KBASHNCTAIONMOHAPHOM NIPUBJIMYKEHUN®

Kanuaun A. B. (Poccust, Huxnunit Horopo)
Hwuxeroposicknii rocynapersennbiit yuusepcuter um. H. . JIobadesckoro
avk@mm.unn.ru

Troxtuna A. A. (Poccusi, Huxkunit Hosropop)
Huxeropomackuit rocymapcrsennbiit yaupepcureT uM. H. V. JlobageBckoro
kalinmm@yandez.ru

B pabore paccmarpuBaeTcss mepapxus KBa3UCTAIMOHAPHBIX IPUOIMKEHUR MIJIs CHCTEMBI
ypaBHeHmnii MakcBesjia B 3aBUCHUMOCTH OT XapaKTEPHBIX IPOCTPAHCTBEHHO-BPEMEHHBIX MACIITab0B
u koaddunumentor cucrembl [1-3]. B pamkax 35Toif mepapxum M3ydaroTCsl [TOCTAHOBKU 3aJad
O CO3/IaHUN JIEKTPOMATHUTHBIX IIOJIeH 3aaHHON KOH(MUTYypaluu, KOTOPble (OPMYIUPYIOTCS
KaK 3a/a1 OIITUMaJIbHOI'O YIIpaBJIEeHUdA C OIlepaTOPHBIMH OI'DaHUYCHHUAMU, O6yC.HOB.HeHHbIMI/I
duznTeckuMu 0CODEHHOCTSIMU siBJIeHHs. Vccaemyiorcs 3amadn (DUHAIBHOTO HAOJIIONCHUS 1T
HOBBIX KBa3MCTAIIMOHAPHBIX HEKJacCHuecKnX (hopMyupoBok [4,5], B yacTHOCTH, paccMaTpuBaeTcs
obpaTHasi 3aja9a Jist T7I00aJIbHOl 3JeKTpudeckoii e B armocdepe 3emin [6].
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O METOJAX YMCJIEHHOI'O PEIIEHN A MHTET'PAJIbBHBIX VPABHEHI POMAHOBCKOI'O
C YACTHBIMU MHTET'PAJIAMU

Kamureun B. A. (Poccus, Jlumenk)
Jlunenkuit rocymapcrBennsiii iefgarorndeckuit yausepcuret umenu 1. I1. Cemenosa-Tsan-111arckoro
kalitvin@mail.ru

K unTerpasbHoMy ypaBHeHHIO POMAHOBCKOIO € 9aCTHBIME HHTETPAJIAMU
b
x(t,s) = )\/m(t, s,0)x(o,t)do = AN(Mx)(t,s) (1)
a

¢ HempepbIBHOI Ha [a,b] X [a,b] X [a,b] 3amannoil dyHKIMEH m M HEeKOTOpPON KOoHCTaHTOH A > 0
HPUBOJIUTCS 3a/1a49a JIBYXCBS3HBIX MAPKOBCKHX IIelleil. 3a/iauu MHOTOCBSI3HBIX MapKOBCKUX Iierieii
[PUBOJATCS K HHTErPAJILHBIM ypaBHEHUsIM POMAHOBCKOIO ¢ Hem3BecTHOI QyHKIMel, 3aBucsmieii or
n nepeMeHHbIX [1].

5TPaoTa TOAIEpIKAHA HAYIHO-00pPA30BATEILHBIM MATEMATHICCKAM IeHTpoM "Maremarnka TexHOIOrHi GyLyie-
ro"(Cormnamenne Ne 075-02-2022-883).
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Ocobennoctb ypaHeHust (1) 3akito4aeTcst B TOM, YTO Y HEU3BECTHOW (DYHKIMHU MOJ] 3HAKOM
HMHTErpaja CHavaja I[ePeCTaBISIOTC IIEPEeMEHHBIC, a 3aTeM IPOU3BOAUTCS MHTEIPUPOBAHME 110
onHoil u3 nepemennbix. B cuiy sroro oneparop M B ypashenuu (1) — He MHTerpasbHBIA U He
BIIOJIHE HeNpepbIBHBI. Ypasuenne (1) ¢ HempepbiBHbIM siipoM u3ydeno B.J. Pomanosckum B [1]
¢ TPUMEHEHHWEM METOJIOB, aHAJOTMIHLIX MeTony Ppearonbma. Bosee obmume Kiaacchl JMHEHHBIX
MHTEerpasIbHBIX ypaBHeHuil Turna PoMaHOBCKOroO ¢ 9acTHBIME MHTErpajaMy U3ydeHsl B [2].

HaiiTi TouHOE perrenne nHTerpaIbHbIX ypaBHEHHH POMaHOBCKOTO YIAETC B PEJKHIX CITyTasaX.
[TosToMy B pabore uaydaercs NPUOINKEHHOE W YUCIEHHOE PelIeHHe YaCTUIHO HHTErPajIbHOTO
ypaBHeHuss PoMaHOBCKOrO

b

x(t,s) = /m(t,s,a)x(a,t)da + f(t,s) = (Mx)(t,s) + f(t,s). (2)

Byzaem paccmarpuBaTh ypaBHeHue (2) ¢ 3aJaHHBIMEA HelpepbIBHbIME dyHKIusMu f(t,s) u
m(t,s, o), rue t,s,0 € |a,b].

Ouina u3 cxeM Ipub/IMKEHHOIO pelieHusl ypaBHeHus (2) npemioxena B.J. Pomanosckum B
[1] u ee MOXKHO IPUMEHUTD JIJIsT YUCJECHHOTO PEIIeHHsl STOTO yPABHEHUS.

Orpesok [a,b] pa3zobGbem Ha paBHbIE YacTH JUIMHON § Toukamu t; = s; = o; (1 = 0,...,n;
to = so = 009 = a,ty, = S = o, = b). llycrs zg = x(tk, s1), frr = f(tk, s1), mpkr = m(tg, g, on).
Yepez A 00603HAYNM OIPee/INTEb CUCTEMBI JITHEHHBIX aareOpanvecKux ypaBHEHUI

xkl:fkl-i-(sthkmhkl (k,l:1,...,n). (3)
h=1

Ecan n — 0o, To cucrema (2) anmpoKcuMUpPyeT ypaBHEHH (2), a ee pelleHne CTPEMUTCA K PEIIIeHIIO
)] )

ypasuenus (2) [1]. To ecrb, unciennoe perenne ypaBaenusi (2) Moxker ObITh HafijieHo 110 dopmyJie

3). 3amernM, uTo pemrenue (3) Haxomureda npn yegosnn A # 0. Ilpw noctarodno 6ospmmx 1 3TO
)

ycsioBue o3nauaet, uro 1 & o(M) (o(M) — cuexrp oneparopa M) .

Jpyroii MeTo/| YMCIEHHOIO PelleHns: ypaBHeHus (2) OCHOBAH Ha YUCJIEHHOM DEleHUN CHCTEMbI
nHTerpajabunix ypasaenuii @penrosbMa ¢ mapamMeTrpoM t

y(t,s) = ff k(t,s,o)y(t, a)da—ffl(t, s,0)z(t,o)do + g(t, s),

_ b b (4)
z(t,s) = [l(t,s,0)y(t,0)do— [ k(t,s,0)z(t,0)do + h(t,s)
upu yeaosuu y(t, s) = y(s,t), z(t,s) = —z(s,t).

Hanpumep, cucrema (4) ¢ HOPUBEIEHHBIM JIONOJIHUTEIBHBIM YCJIOBHEM IOJIY9IaeTCsl U3
ypastenus: (2) ¢ npumenenuem obosuauennit y(t,s) = (z(t,s) + x(s,t)), 2(t,s) = 3(z(t,s) —
2(s,1), g(t,s) = 3(f(t,8)+ f(s,1)), h(t,s) = 3(f(t;5) = [(5,1)), k(t,s,0) = 5(m(t,s,0) +
m(s,t,0)),l(t,s,0) = 1(m(t,s,0) — m(s,t,0)).

C upumeHeHueM KBaJpaTypHbIX dopmya cucrema (4) ¢ JIONOJHUTENBHBIM YCJIOBHEM
3aMCHSIETCs CHCTEMOll JIMHEHHBIX ajrebpanmdecknx ypasHenuit. Hampumep, npu mcnonab3oBaHnm
bopMyJIBL JIEBBIX HPSMOYTOJBHUKOB OTPE30K [a,b] pasbuBaercss HA n DPABHBIX YacTell TOYKAME
ti=s;=0;=a+ih, tne h=(b—a)/n,i=0,1,...,n, a cucrema (4) 3aMeHsieTCsi CUCTEMOIi

n—1 n—1

Yij(n) = h(Z kijpyip(n) — > lz‘jpzz‘p(n)> + 945,
p=0 p=0
n—1 n—1

zij(n) =h ZO Lijpyip(n) — ZO Kijpzip(n) | + hij,
p= p=

riae gij :g(ti, Sj), hij :h(ti, Sj), kijp:k‘(ti, Sj, Jp), lijp:l<ti, Sj, Up) (i,j,p:(), 1, ey — 1).
[Mocrennsist cucrema (5) perraercst pu KazkioM dukcuposanaom i = 0,1,...,n — 1, Te. eé
pellleHne CBOAUTCS K PEIIEHUI0 1 CUCTeM JIMHEHHBbIX ajrebpandeckux ypasHenuil [3]. Tak kaxk npu
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KaxkJI0M (bukcupoBaHHOM ¢ € [a,b] cucrema (4) ecTb cucTeMa JIMHEHHBIX HHTEIPAJIBHBIX YPABHEHUI

(n) (n))

C BIIOJIHE HEIIPEPLIBHBIMHU MHTErPAJIbHBIMU OllepaTOpaMu, TO IIPU N —> OO DPEIICHue (yw ) Zij

cucreMsl (5) crpemurcest K (Yij, 2ij), tae Yij = y(ti, 55), zij = 2(i, 55).
ITpoBepka JIONOJHATEILHOTO YCIOBUsI CBOJUTCS K OIEHKE MAJIOCTH YUCJIa

6 = maxy;(lyi; — vjjl + 215 + 245))-

Ecim 0 mocraToyno majio, TO TpUOIMKEHHBIE 3HAYEHWs DeIlleHust ypaBHeHus (2) B TOdYKax
(ti,sj)(i,j =0,1,...,n — 1) BbramCIsIIOTCS 110 (POPMYITE

x(ti, s5) = y(ti, s5) + 2(ti,s5)(4,5 =0,1,...,n —1).

HermocpejicrBeHnoe npuMeHeHne KBaipaTypHbIX hOpMyJI K ypaBHEHHIO (2) ¢ HelpepbIBHBIMU
sazanabiMu byskiusvu f(t, s) u m(t, s, o) ocioxkusiercs: TeM, uro oneparop M B ypaBHenuu (2)
He sIBJISIeTCsI BIIOJIHE HEIPEPBIBHBIM, a M3BECTHBIE 0OOCHOBAHUSI METO/a MEXaHUYECKUX KBaJIPATyP
JUIST MHTErPaIbHBIX ypapHeHnid OpearoabMa UCIoIb3yI0T HOJTHYI0 HEPEPbIBHOCTH MHTErPAIbHBIX
OTIEPATOPOB, ONPEIEIAIONIX Takue ypasnenns. Onnako, ecin 1 € o(M?), To MeTo MeXaHIIeCKHX
KBaJ[pATyp HPUMEHSIETCs He K ypaBHEHHIO (2), a K 9KBUBAJEHTHOMY €My OOPATUMOMY yPABHEHUIO

z(t,s) = (M?z)(t,s) + (M [)(t,5) + f(t,s) (6)

C BIIOJIHE HEIIPEPBIBHBIM HHTErPAIbHBIM omnepaTopoM M2, TIpu srom ucnosnssyercs hopmyia

/ / (t,s)dtds = ZZ%JPQ’Z ti,sj) +rpo(2), (7)

=1 j=1

e a <t <ty <---<tp<ba<sy <sy<---<sg < b llpeanonaraercs, 9To KBaJpaTypHBIi
nporiecc (7) cxomurest, T.e. st 11060 HenpepbiBHOl dbyuKiuu f € C(D) BBINOJHIETCS YCJIOBUE

rpo(z f f (t,s dtds—z Zlfy”sz(t,,,sj) — 0 npu P,Q — oo.
i=1j=

Ypasuenne (6) 3amuiiem B Bue

b b
x(t, s):/ / k(t,s,o,01)x(01,0)dordo + g(t, s), (8)

rne  k(t,s,0,01) = ml(t,s,0)m(o,t,o01), a byakuus ¢(t,s) oupeieysiercsi pPaBEHCTBOM

g(t,s) = ffm(t, s,0)f(o,t)do + f(t,s).

[Monarast 8 (8) t =t,, s= 5, U 3aMeHsIst HHTETPAJ 10 GOPMyJIe

// (tp, Sq,0,01)x(01,0)dordo = ZZ’YZ]PQkPQU‘T(t“S])+rquQ7

=1 j=1

rae kpgij = k(tp, Sq,ti,8j), & TpgpQ — OCTATOK, IOJyHIHM CHCTEMY, IIOCJIe OTOPACHIBAHNS OCTATKOB
B ypaBHEHHsIX KOTODOil OyieM HMeThb CHCTEMy yPaBHEHHN I NPUOJIMKEHHBIX 3HAYEHUH Tpg
dbyskimn © B Toukax (tp,sq) (p=1,...,P;q=1,...,Q):

P Q

Tpg = szyijPQkpqijxij +g(tp73q)(p =1,....,P;q=1,.. -¢Q)7 (9)
i=1 j—1

rae xi; = z(t;, sj). B cuny [3| cupasemusa

Teopema. [Iycmo evnosnenv, ycaosua: 1) npu xasrcowxr P u Q xospduyuenmove vijpg
dopmyav, (7) noroorcumenvrve u cyuecmeyem maroe wucro G, wmo viip < G; 2) npouecc (7)
cxodumes; 3) xg € C — pewenue ypasnenus (8).

Tozda npu docmamouro bosvwur P u @ cucmema (9) umeem pewerue
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Tpg(p=1,...,P;q=1,...,Q), lgng%%}éqgQ |zpg — zo(tp, sq)| = 0 npu P,Q — oo,

a CKopocCmdv cxodumocmu OUEHUBAEMCA HEPABEHCTNEAMU

c1Rpo < max Tpg — To(tp, Sq)| < R
1 PQ\lépéP,léqéQ‘ Pq 0(1)7 q)‘\ 210PQ,

2de Cl U Co — NOAOHCUMENOHDIE NOCTNOAHHDILE,

Rpg = LB I7PQ(2paPQ)ls  ZpePq(t, ) = k(ty, sq,t, 5)wo(t, s).

[Ipubimxenne xpq(t,s) k pemenmio I(t,s) ypaBHeHns (8) MOXKHO OIPEJENTh PABEHCTBOM

P Q

Tpg(t,8) = hg D > %ijpQklt, s, ti, ;)i + g(t, s).
i=1 j=1

Jpyrue ajJropuTMbl UHCJIEHHOIO DeIIeHHsi ypaBHeHUs (2) MOryT OBbITb [OCTPOEHBI C
HCIIOJIb30BaHUEM METOoJa nrepaluii uian Meroja Heiorona-KanTopoBuda. DTu MeTOIbl MOT'YT OBITH
TaKzKe ITPUMEHEHBI JIJIsT PellleHns HeJIMHEHBIX ypaBHeHI POMaHOBCKOTO C YaCTHBIMU MHTETPAJIAMU.

[IpuBenenHble cXeMbl YUCIEHHOIO PEIeHUsl YPaBHEHHsT POMAHOBCKOIO XOPOIIO Pean3yIoTcs
¢ IpUMEHEHNEM s3bIKa IIporpaMmMupoBanusi python.
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Panee mamu ObLI IpeJIOXKEH METOJ PEIIeHHs OJHOMEDPHON 3aJa4y TEIJIOINPOBOIHOCTA B
MHOTOCJIOMHON Cpelile ¢ HEeIPEePbIBHBIMU YCJIOBUSIMU COTJIACOBAHUS (DYHKIMH TEMIIEPATYPhI U
noToka Mexjty ciosmu [1-3], a Takyke mpH HEWJIEAJILHOM TEIJIOBOM KOHTAKTE CJIOEB C YCJIOBHUSIMU
COIJIACOBaHUsA TPETHLEro THuila [4] DTOT METOJ, COCTOUT B COBMECTHOM HUCIOJIL30BAHUU MATPUYHOIO
Meroza, annapara 06o6meHabx crerneneit bepea [5] u meroma @ypbe. Takoit moaxo Mo3BOIMI B
€/INHON aHAJUTUIECKON (POpPME MOIYyIUTh PelleHue 33 a4n JJIsl IIPOIECCa TEIJIOIPOBOIHOCTH KAK B
MHOT'OCJIOWHON Ccpefie ¢ INIOCKUME CJIOsIMH, TaK U B cpeje, 00J1aJaromieil oceBoil min IeHTPaIbHOM
CUMMeTpUen.

58 cenenoBanus mpoBeneHbl Npu (GUHAHCOBON mommepxke Poccuiickoro donma bYHIAMEHTAIBHBIX UCCIETOBAHMII

(mpoekT Ne 19-03-00271).
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B HaCTOHH],eI'?'I pa60Te IIOJIy9€Hbl HEKOTOPbIE OIEHKHU CXOJINUMOCTH peIHeHI/Iﬁ YKa3aHHbIMHA
MeTOJaMt 3a/Jia’ur  TEeIJIOIIPOBOJHOCTU JIJId Pa3JIMYHbIX TeHJIO(‘bI/ISI/ILIeCKI/IX n reoMeTpuveCKmux
IIapaMeTpOB CJIOEB IIpU UAEAJIbHOM TEIIJIOBOM KOHTAaKTE.
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JIOKAJIN3ALINA MHBAPMAHTHBIX KOMITAKTOB U ITOBEAEHUE TPAEKTOPUN
JAMHAMNYECKNX CUCTEM

KanaruukoB A. H. (Poccusi, Mocksa)
MockoBckmii rocyiapcTBeHHbL TexHnUeckux yHuBepcurer nm. H. 9. Baymana
skipper@bmstu.ru

PaccmarpuBatorcss JuHAMHYECKHE CHCTEMbBI, KOTOPBIE OIHMCBHIBAIOTCS CHCTEMAaMH OOBIKHO-
BEeHHBIX (D epeHIMalbHbIX YDABHEHMIT, aBTOHOMHBIX M HEaBTOHOMHBIX. OJIMH U3 METOJI0B
KavYeCTBEHHOIO aHAJN3a TAKUX CHCTEM COCTOUT B IOCTPOEHUU MHOYKECTB B (Da30BOM IIPOCTPAHCTBE
cucTeMbl (HA3bIBAEMBIX JIOKAJTM3UPYIOIIMME ), KOTOPBIE COJEPKAT BCE MHBAPUAHTHBIE KOMIIAKTHbIE
MHOYKEeCTBa cucTeMbl [1].

[TocTpoeHne JIOKATU3UPYIONX MHOYKECTB JlaeT MHOIO HMH(pOPMAIUU O KavdeCTBEHHbBIX
CBOMCTBAxX CHCTEMBI. B 4acTHOCTH, JIOKAIN3UPYIONIIe MHOKECTBA IO3BOJISIOT BBIJIEINTH B (ha30BOM
IPOCTPAHCTBE OOJACTH, B KOTOPBIX IMOBEJICHUE TPACKTOPUIl ONpeIe/seTcss HEKOTOPBIM THUIIHTHBIM
crieHapreM. BHe JIOKAJIN3UPYOIero MHOXKECTBA, MOBEJIEHIe TPACKTOPHIl JOCTATOYHO IIPOCTOE, B TO
BpeMsI KaK B JIOKQJIU3UPYIONIEM MHOXKECTBE KOHIIEHTPUPYETCsS BCsI CJIOXKHAs JIMHAMUKA CHCTEMBI.

[Tycrs ¢ momorpio Jjokamusupyonieil dyakunn ¢: R" — R mua cucrembr & = f(x),
rie f: R" — R"™ — rnpagkoe orobpazKeHne, MOCTPOEHO JIOKATM3UpYIolee MHOXKeCTBO 2(p),
OIIpejiesiseMoe HEPABEHCTBOM @inf < () < @sup [1]. Toukn momommenust Q°(¢) K MHOKECTBY
Q(p) MoxkHO paszmennTsb Ha jaBe Tpynnbl. K roukam I poga orrecem Te Toukn x € Q°(¢) , B KOTOPBIX
o(x) > Peup, @(x) > 0 wm @(x) < pine, ¢(z) < 0 (3mecs H(x) obO3HAUAET HPOU3BOJHYIO
dyukmum ¢ B cuty cucremsl). Ocranbuere Toukn B () ormecem K Toukam 11 pona.

Teopema 1 [2]. [Iycmv mpaexmopus ~ cucmemv. & = f(x) npoxodum wuepes moury
xo € Q(p) I poda. Toeda sma mpaexmopua ocmaemca 6 muoocecmse Q°(p) npu t >0 u yrodum
6 beckoneurnocms npu t — +oo, m.e. |y(t)] = +o0 npu t — +00.

Teopema 2 [2]. I[Tyemv mpaexkmopus ~ cucmemor npoxodum wepes mowky o € Q(p) II
poda. Tozda nosederue mpaekmopuu npu t — +00 NOYUHAECTNCA 00HOMY U3 CACOYIOULUT CUEHAPUES:

1) ocmaemcea 6 mmoorcecmee Q(p) u npu t — +00 yrodum 6 beckoneuHocmy;

2) mpaexmopus ocmaemcea 6 mnooicecmae Q°(p) u npu t — 400 cmpemumca ¥ epanuye
AOKAAUSUPYIOUIE20 MHOIHCECMBG, G €€ W -NPEJeNHOE MHOHCECTNEO ABAAEMNCA UHEAPUAHIIHHLM
BAMKHYMBIM TOOMHONCECTNBOM YHUBEPCAABHOR0 CEUEHUA;

3) mpaexmopus nokudaem mnoorcecmeo Q°(p), nepexrods 6 AOKANUSUPYIOUWLELE MHONHCECTNEO
Q(p), u ocmaemea 6 nem;
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4) mpaexmopus nepexodum 6 mmnoocecmeo (@), 3amem nokudaem €20 u, ne 6036PAULGACD,
Yyrodum 6 OECKOHEUHOCTD.

B ciydae HeaBTOHOMHOIN juHAMHYECKOW cucreMbl & = f(t,x) 107 WHBAPHAHTHBIM
MHOXKECTBOM IOHUMAaeTcsI Takoe moamMuokectBo M C R™ has3oBoro mpocTpaHcTBa CUCTEMBI, UTO
JIst JTI000i Toukn xg € M cymecrByeT dha3oBasi TPACKTOPUs CHCTEMBI, IIPOXOIAIIAs depe3 TOIKY
To B HEKOTODBIl MOMEHT BPEMEHU tq , EJIUKOM cojepkutca B M .

1T HeaBTOHOMHOM CHCTEMBI IIOJIyYeHBbI Pe3y/bTaTbl, aHAJOTUIHBbIE TeopemMaMm 1 um 2 s
ABTOHOMHO{i CHCTEMbI, HO OHU JIOCTHIAIOTCsS TIPU JIONOJTHUTEJIbHBIX YCIOBUAX Ha mosejenue o(t, x)
[IPOU3BO/HON JIOKATU3UPYIONIell (QYHKIUKU B CUILy CUCTeMbI [3].
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[IOCTPOEHUE PEHIEHUA 3AJTAYU HEVMAHA J1JIS TIOJIMTAPMOHUYECKOTO
VPABHEHUA B EAMHUYHOM IIIAPE

Kapauuk B. B. (Poccusi, Yessibunck )
FOxHO-Ypasibekuii rocypapersennbiit yuusepcurer (HITY)
karachik@susu.Tu

OnauM u3 3 HEKTUBHBIX METOJIOB IIPEJICTABJICHUS PEIIEHNI KPAEBBIX 33189 JIJIsi SJIAIITHIE-
CKUX ypaBHEHHUIl sIBJIsIeTCsl METOJI, OCHOBAHHBIN Ha nocrpoennn dyHkimn ['puna sagaan. B [1,2,3]
[pUBEJICH SBHBIN B GyHKIuu ['punHa i OUrapMOHHYIECKOTO U 3-TapMOHUYECKOTO YPaBHEHUSI
B eIuHUYHOM Immape. fBubiit Bum dyuknuu ['puna 3amadn upuxie jis MOJIATAPMOHTYIECKOTO
ypaBHEHUsI B EIUHAYHOM IIape IMOCTpoeH B pabore [4]. B macrosmeit 3amerke HpUBOAUTCS
IpeJicTaBjcHuE pelrenns 3ajadn Helimana Jijisi OJHOPOJIHOTO IMOJUTAPMOHMYECKOIO YpPaBHEHUS B
eJIMHUYHOM IIape uepes3 pernerus 3aa4 Jupuxiie s ypasaenus Jlamnaca anajoruaso padore [5].

Paccmorpum  cienytomyio 3amady Hefimana gjs  1TOJUrapMOHUYECKOTO YPaBHEHHS B
equHIIHOM mape S C R”

ou o1y
Ay(x) =0, z €S, $|35 = o(s),. .., W\as = Ym-1(s),s € 0S. (1)

Jtst mocTpoeHns peleHnst 9Toi 3a/1a91 HeOOX0IMMBbI TIpeIBapUTEIbHBIE 0003HaIeHusI. BBegemM
CITeNMaIbHBIE TIOJTMHOMBI BHIA
1

H) = gt =2 (=25 +2), seN, 2)

u omnpesenM (pakTOpUaIbHYIO CTEIleHh MOHOMa B (popMe Al — AA=1)...(A=m+1). Kpome
9TOro0, BBEJeM onepaimio jauddepennuposanus noauuoma P(\) B Buje

(1)

PO =P, PR = PEDN)) = PEDON+1) - PEDO). (3)

Teopema 1. [lycmov zapmonuveckue gynrkuyuu qr(T) ABAAOMCA PEUWEHUAMU CACOYIOULUT
saday Jlupuzae das ypaswenus Jlansaca 6 S

Agp(z) =0,z €S;  qrlos = Yr(s), s € 95,
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2de Py, € O 17k+2(9S)  k=0,...,m —1, € > 0. Tozda 0aa CYwecmeo6anus, pewenus 3a0au
Hetimara (1) neobrodumo u docmamowno sunosnenue ycrosus (cm. makoce [6])

m—1
h%—i_l)qj (O) =0,
7=0

2de h,(%) — KoapPuUUUEHMDBL U3 NPEACTNABAEHUSA

3
L

A = AN =2)...(A=2m+2)= > AWAVL
J

I
=)

Pewenue 3adavwu Hetimana (1) mooicem 6vimo npedcmasaeno 6 sude

1
u(z) = /0 v(tz) % +C,

2de C' — npouscosvbHas NOCMOAHNAL,

H
| —

m—

TEKOLL (1 A [~ 1)gy(a),

Q

j=0

NOAUHOM _ P 3 onpedenademcAa paseHCcmeom
Km 1 >\7 2 1 ’ 0 )

)_l

Kpn-1(As |zf* = |90!2 "Hy(N),
k=0

noauromo, Hy () mazodamea us (2), a npoussodnan H,gj)()\) bepemcsa 6 cmuicae (3).

(1]
2]
13l

4]

[5]

[6]
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BU®YPKAIIMM B YPABHEHUAX BTOPOI'O ITOPAIKA C 3AITA3/IbLIBAHUEM

Kamnenko U. C. (Poccus, fpocrasmib)
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PaCCMOTpI/IM CHUHTYJIAPDHO BOSMYIIIEHHOE YpaBHEHUE BTOPOT'O MOPsAJKa C 3alla3/IbIBAaHUEM

e%i+o(e)d + k(e)z = f(a(t — 7(2)),2(t — 7(z)),e), 0<e< 1. (1)
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Baecb * € R, f u 7 > 0 nocrarouno rnagkue dyukmuu. Ilyers f(0,0,¢) = 0, Torma
x = 0 sBJIsIeTCsI COCTOsTHMEM DaBHOBeCHsl. PaccMOTpuM HEKOTOPYIO Majiyio (HO He 3aBUCSIIYIO OT
€ ) okpecTHOCTD HyJIs. [TycTs 1151 Becex @ u3 910l oKpecTHOCTH T(Z) OrpaHMYeHa MOCTOSHHON M :
0<7(x) < M.

[TocraBuMm 3a/1ady HCCIEIOBATDH YCTORUIMBOCTD HYIs B (DAa30BOM MPOCTPAHCTBE C[l_ Mo TPH
JIOCTATOYHO MaJIbIX € U OIHUCATH IIPOUCXOIsIIue OudypKaIuu.

Ormernm, uTo ypasHenue (1) mosmydaercs u3 ypaBHEHUsI ¢ OOJIBIINM 3aIa3/[bIBAHICM

Z+at+bxr=g(x(t—Tr(z)),&(t —Tr(x))) (T >1).

Torma ¢ =T, o(e) =ea, k(e)=0b, f(x,y,e) = g(z,ey).

B ciyuae, korya 3amnasapiBanue nocrossuno 7(x) = T, 3aza4a obcyxaanach B [1], a cayuaii,
korja jononannrensio f(x,y,e) = f(x,e) — B [2]. Hekoropsle pesynbrarbl Jyist ciydas, KOIja
3ara3/pIBaHne 3aBUCUT OT UCKOoMOi dyHkIimn (state-dependent delay), uznoxensr B [3].

Budypkanumonsble curyaryuu BOSHUKAIOT, KOIJIa IIPU MAJIbIX € B CIIEKTPE JIMHeapU30BaHHOI
3aJIaYN HET TOYEK C MOJIOXKUTEJBHON M OTHEeIEHHON OT MHUMOM OCH BEIECTBEHHON YacTbhio, U MPH
9TOM €CThb TOYKH CKOJIb YIOJHO OJyim3Kme K MHUMON ocu. HawmbosbImit mHTEpec NnpejicTaBiIsiior
CUTYaINH, B KOTOPBIX KOJMYECTBO TAKUX TOYEK CKOJIb YTOIHO BEJINKO. By/ieM MOBOPHUTH, UTO TaKUe
KPUTHYIECKUE CIyIal UMEIOT OECKOHEUHYIO Pa3MEPHOCTb.

B GeckoHETHOMEPHBIX KPUTUIECKUX CAYYasX MOXKHO BBIJIEGIUTH JBE OCHOBHBIX CHUTyanun. B
[epBOil U3 HUX BCe KPUTUIECKHE TOUKH CIIEKTpa crpemsTcs npu € — 0 K MHUMOIT ocu. Bo BTopoit
— TpeJieT KaxXK 10 TOYKN HAXOMUTCS B JIEBOW KOMILIEKCHOM MOIYILIOCKOCTH, T.O. TIPU YMEHBITIEHUN
€ K HYJII0O TOYKHU CIEKTpa CTHaJasa IMOIXOJAAT K MHUMOIl OCH, a 3aTeM OTXOJdT oT Hee. [Ipu sToMm,
MIPHU JOCTATOTHO MAJIBIX 3HAUCHUSIX TTApAMEeTPa € , BCeria B JTI000H MaJIOf OKPEeCTHOCTH MHUMOM OCH
HAIETCST CKOJIb YTOHO MHOTO TOYEK CIIEKTpA.

B kpurnueckux ciydasix MOCTPOEHBI CIelUaIbHbIe HeJTUHEHHbIe YPABHEHUsI — HOPMAJIbHbIE
U KBa3WHOPMAJbHBIE (DOPMBI — KOTOpbIE HE 3aBUCSAT OT MaJjoro mnapamerpa Jinbo 3aBUCAT OT
HEero peryssipHo. VX pelieHust onpejiesior IJIABHbIE YaCTH ACUMITOTHYECKOrO MPUOIMKEHUsT
pemenuii (1). Kak mpaBuio, KBasmHOpMasbHble (DOPMBI IMPEJCTABISIOT CO0OW HeJHEeHbIe
napaboJinIecKne YpaBHEHUs ¢ TePUOIMIECKUMI UIH AHTUIEPUOIMIECKUMU KPAEBBIME YCJIOBUSIMU.
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MATEMATUYECKAS MOJIEJ/Ib IIIYMIIETEPOBCKOTO IUKJIA BHEAPEHUA TEXHOJIOTHN

Kupumnnos A. H. (Poccus, Ilerpozasosck)
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Ha ocHoBe pesyibraros, nosy4deHHbIX B |1],[2], npeyraraercst Mojiesb Iy MIIETPOBCKOI'O IIUKJIA
BHEJIpeHUs1 HOBOIT Texuosornu. IllymmeTepoBcKasi JUHAMUKA ONKMCHLIBAET IIPOIECC SHIOTEHHOTO
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TEXHOJIOTMYECKOTO0 Pa3BUTHs, OCHOBaHHLIN nHa Kommemmuu V. IIlymmerepa, corsiacHo KOTOPOil B
OCHOBE KOHOMHUYECKOTO Pa3BUTHs JIEXKUT B3aUMOJIEHCTBUE IIPOIECCOB UMUTAIMU ¥ MHHOBAIuM |3|.
PaccmarpuBaeTcst SKOHOMHUYECKast cucTeMa (0Tpac/ib, KOPIIOPAIHsl ), B KOTOPOH HPEeIIPUsITHSI
MOI'YT HAXOJUThCS HA OJIHOM U3 JIByX YPOBHEl TEXHOJIOIMYECKOTO PA3BUTHs, HU3KOM (yPOBeHb 1) u
BbICOKOM (ypoBeHb 2). Ilyctsb ¢;(t) —cymMmapHblii KanuTaa Ha ypoBHE ¢, ¢ = 1,2, B MOMEHT BpeMeHH

t . Monaraem, uro quHaMuka (c1,C2) 3a7aeTCs CUCTEMOI
1

¢ = )\—I(V —c1 —c2) + pce, &

C2

ZT(V—C1—02)—/~L02+<P017 (1)
2

rjge V — eMKOCTb 9KOHOMUYecKoil uumu, ¢ € [0,1)— 1051 CpejcTB, KOTOPYIO NPEIPUATHS HA
ypOBHE 1 TpaTaT Ha pa3BUTHE IPOU3BOICTBA HA YPOBHE 2 B €IMHHILY BpeMeHHu, A; > 0 — yIesbHas
cebecTonMOCTh TOBapa Ha ypoBHe i, p € [0,1) — umHTeHCMBHOCTH amopruzaimu. Ilycrs, Si;—
cucrema (1), B kotopoit ¢ > 0, > 0 Sjg— cucrema (1) npu ¢ > 0,4 =0 , Sp1) — cucrema (1)
mpu o =0,u>0.

IIpenaraemasg MOIEIL HNPEACTABISCT CODOM CUCTEMY C IEPEKIIOYCHHUAMHU MEXKIY TPEeMsI
nojcucremMaMu  S11, 510, 501 KaxKjasi U3 KOTOPBIX, KAK IOKA3aHO, MMeeT IJI0DAJbHO yCTOWINBOE
paBHOBECHE.

OnwmireM KpaTKO MPOIECC MEPEKJIOUEHUsT MEXKTY OJCUCTeMaMu. 1 10b6aabHast yCTONIHBOCTD
PABHOBECHII C SKOHOMMYECKOH TOYKM 3pEHHS O3HAYAET CTArHAIMIO, KOTOPYIO MO3BOJISAIOT
[IPEOJo/IeBaTh IEPEeKJIOYeHUs MeXKJy IojcucTeMaMu. VI3HA4YaJbHO, IPU IOSBJECHUH HOBOIL
TEXHOJIOTUN, JUHAMUKA KAIMTAJa OIMCHIBACTCA cucTeMoit Sig. lasee, BCIEICTBHE IMOABJICHUS
AMOPTU3AIMOHHLIX U3JEPKEK, IPOMCXOIUT IIEPEK/II0UYeHNe K CUCTeMe S1{ B MOMEHT IIepeCcedeHUsI
MTOJIOYKUTEJIFHON TOJIyTpaeKTopueil mpaMoit ¢ = €, rje € > 0 Jg0cTaTOYHO MaJiasd MOCTOSHHAS.
ITocjie 3TOro BO3MOXKHEL JIBa, CJlydas: yCIEIIHOe BHEAPEHNEe TeXHOJOMMU WA HeyIadHOe BHEIpEHHe.
st onmcannst 9THX CIydaeB pacCMOTPHM pasHoBecue (cf,ch) cucremsr S1p. Ecim ¢ > 0, e
d > 0 HEKOTOpOe MOPOroBOe 3HAYEHUE, TO MOJIAraeM, YTO TEXHOJIOTUsSI BHEJIPEHA YCIIeIHO, ca(t) - 0
npu t — 00 , ¥ IPOUCXOIUT IEPEKII0UeHre K cucreMe S1g . B IpOTUBHOM cjIydae, HOBasl TEXHOJIOTUsI
He BHE/IPEHA, IPOUCXOIUT MEPEKITIOYEHIE K cucreMe Sy , moce dero ca(t) — 0, mockonbky (V,0) —
106aJIBHO yCTOIYMBOE paBHOBecHe cucreMbl S1g. B KadecTBe JIMHUM IePeK/II0YeHNs UCIO/Ib3YeTCsI
npsaMas Co = %cl, YTO HUMEET SKOHOMHUYECKOe ODOCHOBaHME. B IpencTaBiIeHHOM HCCJIEI0BAHUH
paspaborano (popMaJIbHOE OLUCAHHUE IIPEICTABJICHHOIO BLIIIE IIPOLECcca IepeK/IrodeHus. JJoKa3aHo
CYIIECTBOBAHUE 3aMKHYTBIX TpaekTopumii. [TokazaHo, 9TO NIyMIETEPOBCKOMY IMKJIY COOTBETCTBYET
rubpuaHas CUMBOIMYECKAs JUHAMAYIECKASA CHCTEMA.

[Tepekarouennss MexKJly CHCTEMAMH IIO3BOJIAIOT OINUCATH IPOIECC YXOJaa SKOHOMUIECKOM
CHUCTEMBI OT PAaBHOBECHOI'O COCTOSIHAsS B Pe3yJbTaTe B3aUMOIEICTBUS IIPOLECCOB MHHOBALWIL 1
AMUTAIIN [IpU BHEAPEHUN HOBBIX TexHoJsioruii. Mojenb oTpakaeT TrI00aabHYI0 MUKJIXIHOCTD
SKOHOMHUYECKOI'O IIPOIECCa BHEAPEHUS HOBOI TEXHOJOIMH, HE CBOIMINYIOCA K JIOKAJIbHBLIM
CTAIMOHAPHBIM IIPOIECCAM.
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Awnnoramusi. Paccmorpenbl 3aj1adn Ha COOCTBEHHBIE 3HAYEHUsI, B KOTOPBIX HAJATAIOTCS
JIONOJIHATEILHDBIE YCJIOBUS BO BHYTPEHHMX TOYKaX. [Ipu 9TOM Ha BCeM OTPeE3Ke COOTBETCTBYIONINN
oTIepaTop SIBJISIETCS TOJIOXKUTEIHHO OIMPEJEJeHHBIM W CAMOCOIPSI2KEHHBIM. PelleHust Moy YeHbl B
SIBHOM BHJI€ C ITOMOIIHIO OOOOIIEHHBIX TPUTOHOMETPUYECKUX CUCTEM.

KiroueBbie ciioBa: puddepeHnnaabHbIil 011epaTop, CIIeKTP, 0000IIEHHBIE TPUTOHOMETPHUYe-
CKHE CHUCTeMbl, BHYTPEHHSIST I'PAHNIa, COOCTBEHHBIE 3HAUEHUS.

Abstract. Eigenvalue problems are considered, in which additional conditions are imposed
at internal points. Moreover, on the entire interval, the corresponding operator is positive definite
and self-adjoint. Solutions are obtained explicitly using generalized trigonometric systems.

Keywords: differential operator, spectrum, generalized trigonometric systems, inner
boundary, eigenvalues.

BBenenne. B paGore [1| mpum pereHnum HIPOYHOCTHBIX 3aJ@d 3JIEMEHTOB KOHCTDYKIMIL
MCIIOJIb30BAJINCh HEKOTOPBIE CBOMCTBA (DYHKIWI, MOIY/Ib YeTBEPTOl MPOU3BOIHON KOTOPOil paBeH
camoii sroii dbyukiuu. B crarbe 2] muddepennuanbabie cBoiictBa Takux QyHKIuii 0600IIeHbI
Ha CHCTEMBI IIPOU3BOJILHOIO MOPsiJIKA M BBEIEHO IOHATHE ODOOIIEHHONH TPUIOHOMETPUUECKON
cucremsl (OTC). Ha ocroe stux pesyibraros B paborax [3]-[4] ycranosiens marpudnble cBoiicTBa
kBagpaTuaHbIX popMm dyrKImi OTC u nokazana 3¢pPEeKTUBHOCTD UCIOJB30BaHUSI TAKUX CHCTEM B
PEIeHnN Psijia TPUKJIAJIHBIX 3a/1a4.

Onpenenenane dyskumii OTC. O6001IEHHOE TPUIOHOMETPUUECKON CHUCTEMOI IOPsIIKa,
HasblBaeTCcd HaboOp m, n € N (QyHKIuNA, KOTOpbIE, 3a HUCKJIOYEHUEM MOCIeIHEN, Tpu
b PEepEeHITUPOBAHIN TIOCIE0OBATEIFHO TIepexosT npyr B apyra u pasubl 0 mpu x = 0. Ilpwm
ToM mocsensst pyuknud npu r = 0 paBHa 1 U npu B3ATUU MPOU3BOJHON 3Ta (PYHKIUS JIJIst
cucreM 1iepsoro tuna (o.m.c. [n;1]) mepexoxuT B nepByo (GyHKIHUIO, a JJIsi CHCTEM BTOPOTO THIIA
(0.m.c. [n;2]) — B nepByto dbyHKIUIO O 3HAKOM MuHYC. [loKa3aHo, 4TO MCCIIeOBAHHBIE CBOHCTBA
OTC 3aBucaT OT 9€THOCTU WU HEUYETHOCTU IMOPSIJIKA CUCTEMBI, a TaK¥Ke OT ee THUIIa.

3agaum ¢ JIOTIOJIHUTEIBHBIMUA YCJOBUSMH BO BHYTPEHHUX To4dKaX. Cucrembr
YETHOI'O TOPSIIKA HUCIOJIB30BAHBI MPU PEIIEHUHN CIIEKTPAJbHBIX 3aJad [JIsi OlEPATOPOB YETHOTO
[TOPSIJIKA, BBIIIIE BTOPOTO. YCTAHOBJIEHA IIOJIOKUTEJIbHAST OIPEIEJIeHHOCTh U CaMOCOIPSIKEHHOCTh
COOTBETCTBYIONIUX JIMHEHHBIX OIIEPATOPOB HE TOJBKO B CJIyYae CTAHJIAPTHBIX I'DAHUYHBIX YCJIOBHIA,
HO W B IPU HaJWIUHU JOMOJHUTEJbHBIX YCJIOBHII BO BHYTPEHHHX TOUYKax obJyiacTu. Paccmorpu,
Hampumep, B obsactu D Ha ocu abcrumce ¢ BHeNmHel rpanuneit I' w BHyTpeHHe# rpanuriein -y
CIEKTPATBHYIO 33/1aTy

XV(z) = 2X(x), (1)
X"(2)|zer = X (2)|zer = 0, (2)
X(a:)]x@ =0. (3)

ITox pemennem 3agaqdu (1)-(3) mbl monumaem dynkiuo X (z), ymosiaersopsiomas (1) Bo
BHYTPEHHUX TOUKax obsactu D, B Toukax BHemIHel rparnibl I yeaosuio (2), B TOYKax BHyTpEHHE
dX(zr) d?’X(z)

de ’  dx?

B o0JiacTu

IPAHUIBI Y YCJIOBHIO (3) M YCIIOBUSIM HENPEPBIBHOCTHU MTPOM3BO/THBIX

D|J~ (ycmoBusim cornacoBaHusi).
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d4
dx?
OCTaBaTHLCA IIOJIOZKUTEJILHO OIIpeaeJICHHBIM N CaMOCOIIPAXKEHHDBIM. HpI/I 9TOM B Dpdae CJIyLIa.eB
pernienue IIOCTaBJICHHOMN 3alav9U IIOJIYIE€HO B sIBHOM BH/IC [4]

JlokazaHo, UTO MpH TAaKUX YCJIOBUAX U OUpeIeseHusX omeparop L IIPOJIOJIZKAeT

JIureparypa
[1] Kpsutos A.H. O pacuere 6anox, jexamux Ha ynpyrom ocaosanuu. JI., uzx. AH CCCP, 1931.
[2] Koo A.T. 3ajgaum Ha CcOOCTBEHHbIE 3HAYEHUS i OIHOIO JIMHEHHOIO [apaMeTPHU30BAHHOIO

oneparopa. Hden. BUHUTI Ne 5428-80, 24 nek. 1980, 34c.

[3] Kanoso A.T., Wmoxur A.A., Kynoseix I'.B., Jlanynosa WN.A. OGoOmeHHBIE TPUTOHOMETPUIECKIE
CHCTEMBI U CIEKTPAJIbHbIE 3aJa9H C JONOJHUTEbHLIMA BHYTPEHHUME IDAHUYHBIMU yCaoBUAMEU [/
NzBectnsa FODY. Texnnueckne nayku. Ne 4, 2021. C.178-191.

[4] Kiuoso A.T., Mmoxun A. A., Kynossix I. B. I[Ipumenenue 06001IeHHBIX TPUIOHOMETPUYECKUX CUCTEM B
creKTpaibHbIX 33auax. // Marepuassr XII Mex rynaponHoit HayaHO-TexHuIecKoil Kondepeniwn u-
dbopmaTka, yIpaBJIsIONe CUCTEMBI, MATEMATHIECKOe I KOMIIbIoTepHOEe Mosiesuposanne (MYCMKM-
2021) B pamkax VII Mexpynapognoro nayanoro ¢opyma Jlonenkoii napognoit pecrybauku k 100-
sgeruto JlouHTY. r. Hormenk, JIOHHTY-2021, c. 105-109.

Cr1oCcOBbl ®OPMUPOBAHU S JOITIOJTHUTEJIBHBIX COCTABJIAIOIIMX B CUCTEMAX
C KOMIIVIEMEHTAPHBIM YIIPABJIEHUEM

Ko63eB A. A. (Poccusi, Bragumup)
Bragnvupcekuit rocynapersennsiit yansepenter uMern A. I u H. T CroseroBsix
kobzevf2@mail.Tu

[ToBbIeHe TOYHOCTH CHCTEM ABTOMATHIECKOTO YIIPABJIEHHUSI — OJTHO U3 OCHOBHBIX TPeOOBaHMI
K CHCTeMaM AaBTOMATHYECKOTO YIIPABJIEHUsS, PabOTAIOINNX B VCJIOBHAX IMHPOKOIO CIEKTPA
BOBMYTIAONIIX Bo3neiicTeuit. /st moctpoernst Takux CAY MCIOMB3YIOTCS METOIBI OMTHMAIBHOTO
U aJAlTHUBHOTO YIPABJICHWUS, JUHAMUYECKHE MMOJMHOMUAIBHBIE PETrYJISTOPhI, PEryJISATOPBI €
HaOJIIOIATEISIMU COCTOSIHUI W ¢ TMHAMUIECKON Koppekmuei armkeHus. OHUM U3 MEPCIEKTUBHBIX
HAIIPABJICHUI 3]IECh TAKXKE MOYXKET PACCMATPUBATHCS KOMILJIEMEHTAPHOE YIIPABJIECHUE YIIPABJISIIOIIETO
BozjeticTBus. IIpu aTOM B yrpaBJsioliee BO3IAeHCTBIE JIsT IPSIMOTO KOHTYPA CUCTEMbI BBOJIUTCS
JIONIOJIHUTEJTbHAST COCTABJISIIOIIAs, KOTOPAasi IIOJIAeTCs Ha BXOJ| OCHOBHOT'O KOHTYpa. [IpuHInnunaibHas
0CO6€HHOCTB TaKOr'o yupapJICHUAd — IPU 3TOM HE U3MEHAIOTCA BHYTPEHHUE ITapaMeTPbl CUCTEMbI 1
[I0Ka3aTe/n KadecTBa CBOOOIHBIX MEPEXOIHBIX HTPOIEccoB. JdhdeKTuBHAasT 00JIaCTh TPUMEHEHUS —
CUCTEMBI U O6’beKT]:>I, YV KOTOPBIX UMeEECTCs BBaNMOCBA3b BOSMYIICHU A C YIIPABJIAIOIITUM BOS,ZLGI;‘ICTBI/IQM.

Kommiementaproe ympaBieHHe OCHOBAHO HA YeTBEPTOH MOMUMUIMPOBAHHON (dopMe
unBapuantHoctun (1. B dyHkumm ommbkm BBOIUTCS JIONOMHATENBHAS —COCTABJSIONIAST B
YIPaBJISIIONIee BO3/EHCTBUE ISl TApDUPOBAHUS JIOMOJHUTEIBHOIO (HEPACYETHOTO) BO3MYIIEHUS
Af(p) wim myist nepexojia Ha HOBYIO TPaeKTOpHIo JBrzkenns. Heobxomumo omubKy, 06yCI0BIEHHY IO
cocrapisiomeii A f(p), CKOMIIEHCHPOBATH JONOJHUTEIbHBIM yiipasieHueM Ag(p) . Muaue, umeem
bYyHKIUK yIpaBjIeHUs U BO3MYIIEHUS B BUJIE

9(p) = g0(p) + Ag(p); f(p) = folp) + Af(p).

IIpu sTOM BO3MOXKHBI JBa MPOCTHIX, HO HPUHIUIUAJIBHO PA3HBIX Cr0co0a (POPMUPOBAHUSA
JIONOJTHUTEJIbHBIX COCTABJISAIONINX B 3akoHe ymupasieHus |[2|. Tlepswiii crmocob mnpegycMarpuBaer
dopMupoBaHue JOMOJHATEILHON, ABTOHOMHOM COCTABJISIONIE B y2Ke C(POPMHUPOBAHHOE YIIPAB-
Jstoriee Bozzeiicreue. B KoHType dopMUpOBaHUsT JOMOJHATEIBHOIO yIPaBJIeHust (aJanTanun) ¢
nepeaTouHoil dbyukiumeii K (p) BBOAATCS MHTEIPUPYIOIINE 3BEHbsI ¢ KDATHOCTBIO MHTEIPUPOBAHUST
(cTemeHbIO acTATH3Ma ITOTO 3BEHA), MPOIMOPIMOHATLHBIM CTEIIEHH MPOM3BOAHBIM YIIPABJISIONIErO
BO3JECTBHSI. DTO XapaKTEPHO ST IBYX IIOCJIEIOBATEBHO COEIUHEHHBIX CHCTEM, TJ€ BTOPAasi
BOCIIPOU3BOJIUT JIBUZKEHHUE IIEPBOW (CHCTEMBI CJICXKEHUsST 33 MOJBUMKHBIMEU O0beKTaMu). BTopoii
CII0COO COCTOUT B KOPPEKIMHU IMPOrPAMMHON TPAEeKTOPUM IPU €€ PAa3JI0KEHUU B HHTEPIIOJIATOPE
Ha, yIPABJISIONINE JJIsi IPUBOJIOB BO3IEHCTBUS (TEXHOJIOIMYECKHE CUCTEMBI, MOOUIbHBIE POOOTHI).
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31ech CTEleHb acTaTu3Ma 3BeHa aJallTallld BCEr/a IIepBOrO IOPsIAKa, & €ro BBIXOAHON CHIHAJI
IIePEMHOXKAETCs C CUI'HAJIOM YCTABKU COOTBETCTBYIOIICH IIPOU3BOIHON YIIPaBJISIOIIEIO BO3AeiCTBUA.
B oboux ciydasix MmepBHYHON IEPEMEHHON B aJITOPUTMAX SIBJISIETCSI OIIMOKa OT HEpPACIeTHOI'O
JOMOJTHATEILHOTO Bo3MyIenus. st ee BbIIeeHUsT U3 TEKYyIel OmMMUOKU CUCTEMbI UCIOJIL3YEeTCs
STaJIOHHAs MOJEAb W MOJEIN II0 OIINOKE YIPABJAIOIIEI0 W BO3MYIIAIOINIETO BO3JIEHCTBUI,
OCHOBaHHBIE Ha Ko3(ddunumentax ommbok. VceaemoBanus mokasain 3aBUCUMOCTh Ko3adhuimenTa
mepenadn  KOHTypa aJalTalud B (QYHKIUH OmMMUOKK OT BO3MyIeHus. lIpm Bo3MyIeHnn,
ONUCHIBAEMOI'0 CTAITMOHAPHBIMU CJYIANHBIMUA BO3/IEHCTBUAMU, UCIOJIL3YETCd AallllapaT OIHCAHUS
CJIyYaiHBIX CTAIMOHAPHBIX IIPOIECCOB W cOOTBeTcTBYyMONIEe eMy omucanne CAY. Bnech Tpebyercs
[IPOBEJIEHUE JIOMOJTHATEIbHBIX NCC/IEIOBAHUIA.

B xouTypax dpopMupoBaHus JOMOJHATEILHOIO YIIpaBIeHus BecbMa 3D PEKTUBHO TPUMEHEHNE
HEUPOCETEBBIX PEryasaTOpoB. PaccMarpuBaeTcsi HMOAXOJ K IPOEKTHPOBAHUIO aIallTHBHOIO HHTEJ-
JIEKTYaJILHOTO PEryJIsiTOPa KOPPEKIUHU YIIPABJISIONIEr0 BO3ACHCTBUSA B JIUHAMUIECKUX CHCTEMaxX Ha
OCHOBe HepoceTeBOro peryJsropa ¢ onjaiiH-obydennem [3]. Meronuka cunTesa HeiipoceTeBoro
peryyisTopa IpeayCMaTPUBACT CJICAYIONIYIO MOCIEI0BATEILHOCTD poIeayp: 1. Bubop monoaoceuu
cemu, OIpesiesieHbl TpeOOBAaHWSI W IPOIEAYyPHI 10 BBIOOPY YHCIO HEHPOHOB, CKPBLITHIX CJIOEB,
CTPYKTypa cBsizeil u mup. 2. Bwbop dynkyuu axmusauyuy Hetdporos. JIydilnyio CcXOmuMOCTb
mmportecca O0ydeHusT ODeCIevYnBaeT MPHUMEHEHHEe CUIMOUIAJIBLHON M IKCIIOHEHIINAIbHOW (DyHKIIHI
aKTUBAIUHU (IPOrPAMMOIl IPEIyCMOTPEHBI CUIMOM/IAIbHAs, JJorapruMUIecKasi, SKCIIOHEHIIUATbHAS,
cunyconaibHast). 3. Onpedesenue 6ecos nelponos. s HavdagbHONH WHUNNATM3AIMNA BECOB
HEUPOHHOI Jjist OeCHpPEenATCTBEHHOIO PACIPOCTPAHEHUs 3HAYEHUN AKTUBAIMU M TPAIUEHTa II0
ceTH Jucrepcus BblOMpaercss Om3Koil wmim paBHOW emunuiie. 4. Buwbop anzopumma ob6yuweHus.
Pexkomenyercst MCIIob30BaTh aJOPUTM OOPATHOIO paclpocTpaHeHns omubku. 5. Onpedesenue
JuCKkpemu3ayus 6 cemu; TMCKPETHOCTb MOXKHO B IIEPBOM ITPUOJIMYKEHUN BBIUYUC/INTE, KAK OTHOIIIEHHE
BPEMEHU ITEPEXOIHOIO IIPOIECCa BHYTPEHHEI'O0 KOHTYPa CUCTEMBI K UHUCJIY HEHPOHOB B CKPBITOM CJIOE.
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OB MHTEIPUPYEMOCTH YPABHEHUI JANHAMUKU
B HEIIOTEHILIMAJIBHOM CHUJIOBOM IIOJIE

Koznos B. B. (Poccusi, Mocksa)
Maremarnyeckuit uactutyT uM. B. A. CrekjoBa Poccuiickoil akajemMun HayK
kozlov@pran.ru, vvkozlov@mi-ras.ru

PaccmaTrpuBaercss Kpyr BOIPOCOB, CBSI3aHHBIX C TOYHBIM HWHTEIPUPOBAHUEM YpPaBHEHU
JIBUKEHUST MEXaHHYIEeCKUX CHCTEM B HEINOTEHIMAJIbHOM CHJIOBOM MOJe (YacTO HA3BIBAEMBIX
MUPKYJISIUOHHBIME ). [10/IX07] K MHTErpupOBAHUIO OCHOBAH Ha Teopeme diiepa-Axobu-JIu: ecm
N -90CJI0 CTeneHeir cBOOOMABI, TO (C¢ y46éroM coxpaHeHust (a30BOro o6bEMa) I TOTHOTO
MHTErpUpOBaHUS HEOOXOJMMO HMETh eIeé 2n — 2 [epBbIX HMHTErPAJOB W TOJIEH CHMMETPHii,
HaXOJISANUXCA B HEKOTOPBIX €CTECTBEHHBIX OTHOIIEHUSAX. YKa3aHbl CJaydand JBUXKEHUS B
HEIMOTEHITUAJILHOM T10JIe, WHTEIPUPYEMbIe C IMOMOIIBIO pasjesieHus mepeMeHHbIX. OOCyKIanTcst
TEOMHTPUYIECKHE CBOWCTBA CHUCTEM C HEHETEPOBBIMU MOJISIMH CHMMETPHU. YKa3aHbl MPUMEPHI
CYIIECTBOBAHUSI HENPUBOJIUMBIX MOJMHOMUAIBHBIX UHTETPAJIOB TPETHEH CTEIMEeHU 10 MMILYJIbCAM.
Paccmorpena 3asiada 00 yCJIOBHUSIX CYIIECTBOBAHUS OJJHO3ZHAUYHBIX IOJMHOMUABHBIX WHTErpaJjioB
IUPKYJISAIMOHHBIX CUCTEM C JIByMsI CTEIIEHSIMHU CBOOOJIBI I TOPUIECKUM ITPOCTPAHCTBOM ITOJIOYKEHUIA.
[TokazaHo, 9TO B TUIMYHOM CJIydae YPaABHEHUsI JBUXKEHHUS BOOOINE HE JIOIMYCKAIOT HEIOCTOSIHHBIX
MOJTMHOMUATHLHBIX WHTETPAJIOB.
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ACHUMIITOTUKA PELIEHUN AVNOOEPEHIINAJIBHBIX YPABHEHUI
C KOOOPUIINEHTAMU—-PACIIPEAEJIEHNAMUI ITEPBOTI'O ITOPSA KA

Koneunas H. H. (Poccusi, Apxanresibek)
Cesepabiit (Apkruueckuii) denepasbhbiii yausepcunrer umenn M. B. Jlomonocosa
n.konechnaya@narfu.ru

Paccmorpum nudpdepeninnanbioe BbIpazKeHUEe BUIA
1(y) == y™ + (a1 + p1(@)y" ) + (a2 + pa(2)y" > + ... + (an + 1l (2))y,

7€ G1,G2,...,0, U A — KOMILUIEKCHBIC UHUCIA, P1,P2,-..,Dn — KOMILIEKCHO3ZHATHBIE M3MEPUMBIE
Ha Ri(:=[0,+00)) dyHKIMH, & BCe NPOU3BOHbIE IOHUMAIOTCS B CMbIC/IE TEOPUH PACIPE/IeICHUI].
IIycrs nasee

n
1
‘p1| + (1 + |p2 - p1|) Z |pj| € Lloc(R+)'
Jj=2
B nokuaze Oymet mpecTaBiiena KOHCTPYKITUS, TIO3BOJIAIONIAs IIPU BBIIOJTHEHUH TOTO YCIOBUS
OIIPEJIC/INTH, B KAKOM CMBICJIE CJlejlyeT NoHUMaTh ypasuenue [(y) = Ay . Byzaer ycranossieno, uro

IJIABHBIN YJIEH aCUMIITOTUKH IPU & — +00 PYHIAMEHTAJIBHON CUCTEMBbI PEIIeHUH 9TOr0 ypaBHEHUS
onpeJienseTcsd, KaK U B KJaCCHIECKOM CJIydae, 10 KODHAM MHOTI'OYJICHA

Q(2) =2" +a12" '+ a2 4 .. Fa, — )\

ecau QYHKIUA D1, P2, - - -, Pn YAOBJIETBOPSIIOT OIPEJIEIEHHBIM YCIOBUSIM HHTEIPAJIBHOIO yOBIBAHUSI
Ha GECKOHEYHOCTH.

Teopema 1. ITycmv 6 ypaswernuu l(y) = Ny wucao A omauuno om an, a PYHKUUU
D1, P2, - - -y P MAKUE, 4MO

2" |+ (1 +p2 —pl) Y Ipsl) € LY (Ry),
j=2

M — HAUBOALWEE U3 HUCEA, PABHOLT KPAMHOCMAM KOPHET MHozourena (Q(z) .

Toeda ypasuenue l(y) = Ay umeem @Pyndamenmanrvryro cucmemy pewenuts y;,
Jj=1,2,...n, maxyro, wmo ecau z1 — Kopenv muozouserna Q(z) xpammocmu ly < m, mo amo
ypasherue umeem nodcucmemy dyroamernmanvror pewenut y; , j = 1,2,...11, maxyro, wmo npu

T — +00 Cnpasediucs. pasercmsea
yj(x) = %11+ o(1).

Taxkyio »Ke acHMITOTHKY HuMeeT U JpyTasg HoJcucTeMa (QyHJAMEHTAIbHBIX PpeIleHui ¥ ,
j=1U+1,...11 + 2, orBevaromasi KOpHIO zg MHOrowieHa ((z) KparHocTu lo, U T.I.

B noxajzie Takke OyzieT pacCMOTPeH CiIydail, Korjaa a; = a2 = ... = a, = A = 0, a uMeHHo,
OyIeT M3JI0XKEHO [I0KA3aTe/ILCTBO CJIEAYIONEl TEOPEMBI:

Teopema 2. Paccmompum ypasHerue

y™ 4 1 (2)y" Y 4 phy(2)y "D 4.+ pl(2)y = 0.

Hycms gyrxuuu p1,p2, ..., Pn MKUE, YIMO

n

Ip1| + (1 + z|p2 — p1]) Za:j_lej\ € L'(Ry).
=2

Tozda omo ypasrenue umeem @yndamermanrvryro cucmemy pewerud y;, j = 1,2,...n,
MAKYI0, WMo NPU T — +00 CNPABEJAUBH, PABEHCTNEA
LT
ir)=-——+10+o .
i) = gy (1 +0(D)

Hokua ocnoBan Ha coBmecTHOIt ¢ ipodeccopom K.A. Mupzoesbiv padore [1].
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JIureparypa

[1] Koneunast H. H., Mup3zoes K. A. TuiaBHblIii ueH aCUMITOTHKYA PeIleHui JHHeHHbIX JuddepeHimab-
HBIX ypaBHEHUI ¢ KoadduImenTaMu-pacipe/eleHusMu 1epBoro nopsiaka // Marem. 3amerku. 2019.

T. 106. Nel. C. 74-83.

K 3AIAYE OB VIIPABJIAEMOCTHU CUCTEMBI C JINHENHBIM BXOJOM B 9{3_

KopueeBa O. A. (Poccusi, Biagumup)
Braguvmupceknit rocymapersennsiit yausepcuteT um. A. . u H. . CronetoBbix
korneevaolya@bk.ru

Macrepkos FO. B. (Poccusi, Biaguvup)
Baamgumupckuii rocymapcrBentblii yausepcurer uM. A. I u H. I". CroseroBsix
jura.masterkov@yandex.ru

Paccmarpupaercst cucrema:
i = f(z) +uBz, zcNR: uch (1)

Onpegnenenne. Cucmema (1) nasveaemea enoane ynpasasemoti 6 N2 = (r1,z2) 1 7; >0,
ecau dan mobwx deyr movex x',x® € ML matidymes epema T > 0 u usmepumoe ynpasaenue
u:[0,7 — M| makue, wmo paspewuma kpaesas 3a0a4a

i = f(z) +uBz, z(0)=z' z(r)=2% (1)

Ipuvem x;(t) = z;(t,u(-)) >0 dan ecex t € [0,7].

[Ipe/nonaraercss, 9T0 KOMIIOHEHTBI BekTOp-byHKIMU f;(x) ecTb opHOpoaHbIe (DyHKIUH
crenenn s, re. fi(kwy,kre) = K2fi(x1,12).

[Tosyuensl HEOOXOMMBIE U JIOCTATOYHbIE YCJIOBHUs BIIOJIHE yIpaBjsieMocTu cuctembl (1).

JIureparypa

[1] Byrkosekmit A.T. Teopust m meroxn Ha3oBoro moprpera AMHAMAYECKUX CHCTEM C yIpABJIeHUEeM //
Apromaruka u Tejlemexanuka. — 1985. — Ne. 12, — C. 43-53.

ACUMIITOTUKHU PEIIEHUI n X n CUCTEMbI OBBIKHOBEHHBIX JIU®PEPEHIINAILHBIX
VPABHEHUII IEPBOT'O HOPSIIKAS

Kocapes A.II. (Poccusi, Mocksa)
MI'V um. M. B. Jlomonocosa
ruterminals@gmail. com

PaccmarpuBaerca n X n cucrema audepeHIIuaIbHbIX YPABHEHUNH BUIA
y = M(2)y + Bla)y, « € [0,1], (1)

rae A(z) = diag {vi(x),...,m(x)}, vi(x) # vj(x) mpn i # j, vi(x) #0, i,j =1,...,n, Bce
ssieMeHThl MaTpul;, A u B MOryT npuHMMaTh KOMIUIEKCHBIE 3HAYEHHsI, A - KOMJICKCHBIH GOJIbIIOf
napamerp. Hamma 3ajada - mOJIyduTbh acHMITOTHYECKOE IOBejeHHEe (ByHIAMEHTATBHON MaTPUILI
perrennii st cucremsl (1). OTeIbHO PaCCMOTPUM JIBa BAPUAHTA [VIAJIKOCTH KO3(hMUINEHTOB:

e A(z), B(x) € L1]0,1],
o A(x), B(x) e WF[0,1], k> 1.

59PaBora moggeprkana rpaarom PODU No 20-11-20261
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B nepBom citydae MeTO/I [0 CyIIeCTBY HOBTOPSIET UICKO CTAaThu |1], BO BTOPOM HCIIOIB3yeTCs IIPUHITA-
MUAJILHO JAPYTON MOJXOM, KOTOPBIH MO3BOJISIET SBHO BLIMHUCATH KOIMDMUIIUEHTH ACUMITOTHIECCKOTO
pasyoxKenus 110 cremensM AL ¢ Tounocreio 10 o(A7F) .

[Tepen bopmyMpOBKOI OCHOBHOIO PE3y/IbTaTa OMPEIe/IMM MATPUIIBI

E(x, ) = diag{e™o mdt Mo mdty - hp(2) = diag{edo it elo bandty,

Teopema. ITycmo snemernmoe mampuy, A(z), B(x) npunadaesrcam npocmpancemsy L1[0,1] . Tozda
6 Kkaoicdom cexmope 11, 6 womopom ece seauvunve Re{A(vj(x) — vi(x))} coxpanaom ceoti snax
oasn scex x € [0,1], cywecmsyem dyndamernmanvras mampuya Y (x, ) cucmemwv (1), umerowasn
npedcmasaerue

Y(xz,A\) = M(z)(I + R(x,\))E(x,\), (2)

2de R(xz,\) - eonomoppran mampuy-pynxyus 6 cekmope 11 npu docmamouno boavwuz |A|,
npuvem
[R(x, N)lcjoq) = o(1), o(1) =0 npu A — o0, Aell

Ecau donoanumenvino saemernmor mampuy, A(x), B(x) npunadaescam npocmpancmey WE[0,1]
npu wexkomopom k > 1 (m.e. nepeve k — 1 npouseodnux abcoaommo HenpepuisHb), Mo
Pyndamenmanvuyro mampuyy Y (x,A) moocno ewbpamv makot, wmo R(x,\) donyckaem

npedcmasierue
R'(z) R*(x)
R(z,\) = 3 + et \
2de o(1) - beckoneuno manas Pynryus pasnomepro no x € [0,1] npu A — oo, A €1l.

Mampuy-dynrxyuu R™ nocaedogamesvro uituUCAAIOMCA N0 HOPMYAGM

+o(1)A7F,

n

gij = bjelo b (O -bu®at pij = Z qis(O)rk;(t), 1=1,... .k,
s=1, s#i

rij = —2—, i#} ri :/0 pis(t)dt,

Y~ Y
d,.m m
——r..—|—p.. T
potl = A rg‘“:/ PN )dt, m=1,...k—1.
Vi — Vi 0

B gacrHOCTH, 9TA TeopeMa BKJIIOUAET B cebsi ABa Hanboiee BOCTPeOOBaHHBIX Cydas. B mepBom
ciydae yHknun Ha juaroagu A(z) kosumaeapusl, To ectb A(x) = p(z)D, toe p(z) > 0,
D = diag{di,...,dn},0 # dj € C,d; # d;j upu i # j. B srom ciayuae npsamsie Re{\(d; — d;)}
pasbUBAIOT KOMIUIEKCHYIO IJIOCKOTH Ha He Gosee qeM n? —n cextopos I, , B KazK/0M U3 KOTOPBIX
BepHO 1pejcrasienue (2). Bo Bropom ciayuae dyskiun #a guaroHagn A(r) HeKOUIMHeApHBI, HO
JIeskaT Ha OJHOI mpsiMoit, To ectb A(x) = diag{ai(z),...,an(2)}, a1(x) < - < ap(x), ai(z) #0
Vz € [0,1]. B arom ciyuae upescrasienue (2) BEPHO Jlsl JIEBOI U IPABOii IOJIYIIIIOCKOCTEIA.

Jokitan ocHoBaH Ha coBMecTHOI padore ¢ A. A. IIIKaJuKOBBIM.

JIureparypa

[1] Capuyk A.M., IIkanukos A.A. AcumnrornuecKuil aHanu3 penieHuil OOBIKHOBEHHBIX AuddepeHiy-
AJbHBIX ypaBHEHUI ¢ Koadduimenramu-pacupegeseausayu // Marem. ¢6. 2020. T. 211. Nell. C. 129—
166.
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[TOJTOYKEHUE PABHOBECUS B ,HI/IHAMI/ILIECKOIU/I MOJIEJIN PBIHKA

KotiokoB A. M. (Poccusi, Mocksa)
Wucruryr npobaem yrupasienus PAH num. B. A. Tpanesnukosa
amkotyukov@mail.Tu
ITaBnoBa H.T. (Poccusi, Mocksa)
WucturyT nupobaem yrpasienuss PAH nm. B. A. Tpanesaukosa
natasharussia@mail.ru

JloK1a)1 TOCBSIIIIEH IIPUJIOXKEHWIO TEOPUU HAaKPLIBAIOIMIMX OTOOpPasKEeHUl K MCCJIeI0BAHIIO
CYIIIECTBOBAHMUSI TTOJIOXKEHUST PABHOBECUS B JUHAMUYIECKON Mojenn puiaka. [lorydens moctaToqmnbie
YCJIOBUsI CYIIECTBOBAHUSI ITOJIOYKEHNsT PABHOBECUSI B JIMHAMHYECKON MOJIE/N ‘CIIPOC-TIPEJIOKEHHE,
B KOTOPOIl 0TOOparkeHusl CIpOca U IPEJIOKEHUsI BOCCTAHOBJIEHBI II0 IJACTUIHOCTIM CIPOCA U
peJytoXkennsd 1o 1eHe. JlocTaTodnble yCIOBUS MOJYYEHBI KaK CJIEJICTBUS PE3YJIbTATOB TEOPUN
HaKPBLIBAIOMINX OTOOPaXKeHuil, B YaCTHOCTH, TEOPEM O TOYKAX COBIAQJIEHUS HAKPBIBAIOIIETO WU
JINTIIITAIIEBOTO OTOOparkKeHuii.

JIureparypa

[1] Apytionoe A.B. Haxkprisatomume 0oTOOpayKeHHsST B METPUUECKUX IPOCTPAHCTBAX U HENOJBIKHBIE
roukn // Hokmaaer Axagemun Hayxk, 2007. T. 416. Ne2. C. 151-155.

[2] ApyTionoe A.B. Touknm coenasieHnsi nByx orobpaxkeHnii // @DyHKIMOHAJBHBIN AHAJIA3 U €ro
nputoxkernsi, 2014. T. 48. Bem. 1. C. 89-93.

YCPEJHEHHAA KPYTOBAS IMTPOCTPAHCTBEHHAA OI'PAHUYEHHASA 3ATAYA TPEX TEJI:
BHYTPEHHUI BAPUAHT, HOBBLIE PE3YJIbLTATHI®

Kpacuasuukos I1. C. (Poccusi, Mocksa)
MockoBCKMii aBUAIIMOHHBIH HHCTUTYT (HAIIMOHAJIBHBIH MCC/IEI0BATEIbCKUN YHUBEPCUTET )
krasil06@rambler.ru

Hobpocaasckuit A. B. (Poccusi, Mocksa)
MockoBcKMii aBHAIIMOHHBIN HHCTUTYT (HAIIMOHAJIBHBIH MCC/I€0BATEIbCKIN YHUBEPCUTET )
a.dobroslavskiy@gmail.com

Kitaccnueckasi 3aja4a 00 9BOJIIOIUK KEIJIEDOBCKUX 3JIEMEHTOB OPOMTBHI CIlyTHUKA B IIOJIE
npursizkernst Cosana u FOmmrepa (acrepommmeiii Bapuant) xopomo usydena ([1]-[5]). Tem me
MeHee, OTKPBITBIMH OCTAIOTCsI CyIECTBEHHbIE BOIIPOCHI: BOIIPOC O CYIIECTBOBAHUU AHAIUTUIECKOTO
[PEJICTABJICHUS JIBAXK/Ibl YCPEJIHEHHO cuitoBoil QyHKIMU 3a/1a9u, BOIPOC O MOCTPOEHHH (ha30BbIX
HOPTPETOB KosiebaHUil BHICOKUX MPHUOJIMIKEHNI, yINThIBasi HATMYINE KPUBBIX HEAHAJNTHIHOCTH [4]
YCPEeTHEHHON CUIOBOM (DYHKIINMN.

Urak, paccmarpuBaeTcs 3ajada 06 9BOJIONUH SJIMIITHYECKOH opOuThl acreponpa P 1of
JIeHCTBUEM IPUTSKEHNST IEHTPAJbHO TOUYkH S ¥ IPaBUTAIMOHHBIX Bo3MyineHmii or FOmmrepa
J, KOTODBIl JIBIZKETCsI OTHOCUTEIBHO S 110 KPYroBoil opbure pajyyca T; U HUMEET Maccy 1myj .
Yepennennast cuioBasi GyHKIHS 33290 UMEET BUJL

1 2T 2T fmj
W = 5 2/ / I dAjdA,
(2m)2 Jo o [r—ryl

rJle T — pajJuyc - BEKTOP acTePOU/Ia B I'eJIMOIEHTPUIECKON CUCTEME KOODJMHAT, Aj, A — JIOJIPOTHI
tena J um acrepouga P .

[Tosryueno siBHOE aHAJIMTUYECKOE BbhIpakKeHue /sl yepeauennoit cuiosoit dyuknuun W B Buze
CTeNeHHoro psjia no (a/ry) npu ycjaoBuM BbioJiHeHUs: HepaBeHcTBa a(l 4+ €) < 7y (BHyTpeHHMI

W = — g Dy, <> )
rivl—e 1 ry
50U ccnenoBanus monmeprkanst rpanrorm PH® Ne 22-21-00560 u BbimosnseHb: B MOCKOBCKOM ABAAIIOHHOM UHCTUTYTE
(HAIMOHAIBHOM HCCJIEIOBATEILCKOM YHUBEPCUTETE).

BApPHUAHT 331441 ):
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e
e—1

k
1 2
D, = (]_ 4 6)2k+2 PQk(O) PQk(O)PQk(COS i)F271 <2, 2k + 2; 1; > + Z(—l)nAgik) cos 2nw
n=1

J(0)P{™ (cos i) (m < 2k).

1 2 2k —m)!
Aﬁ%k):Fggg<2,1,2k:+2;1—m,1+m; €>( ! pon

P
e—1) (2k+m)!" 2

Baecy Fh 1, ngng — runepreomerpudeckue dyukiuu laycca u Kiaysena, PZ(,T) — [PUCOEIU-
HenHast dyukius Jlexxauapa, a,e,i,w — OCKYJIUPYIOIIHEe OOJIbINAS ITOJIYOCh, SKCIIEHTPUCUATET, yTOJI
HAKJIOHA U apryMEHT MEPUIEHTPA HEBO3MYIIEHHOTO KEILJIEPOBCKOI'O JLINIICA, aCTEPOU/IA.

[Tosyaeno Tak»ke siBHOe Bbipazkenue st psamga Pypbe ycpeamennoit ¢gpyumun. HucieHHO
moKa3aHo, 4To psin Pypbe M CTEINEHHON psAx, omnucbiBafomye (GyHKInio W, pacxomsTcs BIOJb
KPUBBIX HEAHAJMTUIHOCTU, KOTOPbIe BIepBble ObLIn onucanbl B crarbe [4]. OnHako, Te e camble
BBIYUC/IEHNS [IOKA3aJIM, 9TO PSAIbI SIBJIAIOTCS ACHMITOTHIECKUME 110 IlyaHKape: mepBble TPUIAIATD
wieHoB psia Pypbe npubmmkaoT GyHknuio W ¢ BHICOKOH CTENeHbI0 TOYHOCTH, CTEIEHHON psil
rapaHTHUPyeT BBICOKYIO CTelleHb mpubmkenus mo 10-tu wienam psima. CregoBaTeIbHO, MOXKHO
HCIIOJIb30BaTh AHAJIMTUYIECKOe Npub/nkenne pyHKuu W B Buge cyMMbl 1epBbiX 10-TH 1jI€HOB
CTEIeHHOTO PsAJIA.

Ha ocHoBe m3BecTHOi peJlyKIuu 3aja4qi K OJHOI creneHn cBobo/b! [5]| mocTpoenbl dhazosbie
IOPTPeThl KoJIeOaHUit B IIJIOCKOCTH €,w BO BTOPOM, TPETbEM W YETBEPTOM IIPUOIUKEHUSIX II0
Mmajiomy napamerpy (a/ry).
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O NPOCTON AYTE, COEJUHSIOUIEN 3-IUPPEOMOPO®U3M C PACTSTMBAIOIIUMCS
ATTPAKTOPOM U AHOCOBCKUI JUPOEOMOP®U3M

Kpyraos E. B. (Poccusi, Huxxunit Hosropon)
Hayuno-ucciienoBarensckuit Huxkeroposckuit rocymapersennbtit yuusepcureT uMm. H. V. JIobauesckoro
kruglov19@mail.ru

[IpejicraBiennbie pe3ysbTarThl MOJaydeHbl B corpyaaudecrBe ¢ B.3. ['pumecom u O.B.
[Tounnkoit.

B mokmame paccmarpuBaioTcs A-auddeoMopdusMbl ¢ IBYMEDPHBIM PACTSITHBAIOIIIMCS
ATTPAKTOPOM (CKUMAIONIMMCS PENe/IJIepOM) Ha TPEXMEPHBIX 3aMKHYTBIX MHOroobpasusix. B.3.
Ipunecom u E.B. 2Kyxomoii (2002) mokazano, 4dro st wucciaeayeMbix auddeomopdusmon
muoroobpasue M3 romeomopdno Topy T3, a E.B. Kyxoma u B.C. Memsemes (2002)
YCTAHOBUJIU, UTO Ha TPEXMEPHOM TOPE He CYyNIeCTBYeT rpydOnix nuddeoMopdu3MoB ¢ yKa3aHHBIMU
CBOICTBAMU IPU YCJOBUM, YTO JBYMEDHBI DPACTAIMBAIOIIMIACS aTTPAKTOD (peresiep) sBJsiercs
HEOPHEHTUPYEMBIM, IIOTOMY 0e3 OorpaHuveHusi OOITHOCTH PACCMOTPUM CTPYKTYPHO YCTOWIUBBII
mapdeomopduzm f : T3 — T3 rakoif, uTo ero HeGIyKIAIOIEE MHOMKECTBO COIEPIKHT
pacTaruparonuiicss arrpakrop A TomoJsiormueckoit pasmepHocTr 2. ArTpakTop A siBiIsiercst
opuntupyembiM. Tak kKak jyst mpousBosibHOl Toukm x € A dimW9(z) = 1, To MHOXKeCTBO
W#(x)\x cocrouT u3 JAByX KOMIIOHEHT CBsi3HOCTH. Touka x € A Ha3bIBaeTCs IPAHUIHOMN, eCjiu
OJIHA M3 3THX KOMIIOHEHT CBS3HOCTH He Tepecekaercst ¢ A . O6osmadmm o1y kommonenty W (z).
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MuoxkectBo ['p BCeX T'paHHYHBIX TOYEK MHOXKeCTBa A He MyCTO W COCTOUT U3 KOHEYHOTO
YU/ TIEPUOJIMYIECKUX TOUYEK, KOTOPble pasOMBAlOTCs Ha ACCOIMUPOBAaHHBIE Iapbl (p,q) TOUYEK
omunakoBoro nepuoga. Crpykrypa muoxkecrBa T'(f) mebuyxmarommx Todek auddeomopdusma
f, e npunayiexamux A , Buepsbie ommcana B.3. I'punecom u E.B. 2Kyzkomoit (2002). A nmenso,
JUI KaXKJI0f accOIMUpOBaHHON mapbl (p,q) TPAHUYIHBIX TOYEK CYINECTBYET HATYPAJIBHOE UHCJIIO
kpq Taxoe, aro mopmuoKecTBO 1), MHOXKecTBa 1'(f) cocrour us kp, IEepHOSUYECKHX HCTOYHUKOB
A1,y Oy, W kpg — 1 NIEPHOTMIECKHX CEVIOBBIX TOYEK Py, ..., Py 1, 9epejyiomuxcs Ha mpoCToil

kpqil kpq
ayre lp, = Wop)u | WP)U U W3 (o) UIW(q).
i=1 i=1
yeot dupdeomopdusmos Ha3bIBaLTCS OTHOTIAPAMETPUIECKOE ceMeiicTBO auddeomopdu3mMon

ot M™ — M"™ t € [0,1], cocrapisiromux ruaakoe orobpaxkenune ® : M™ x [0,1] — M™ rakoe,
910 @[ prnyqey = - Jyra ¢ maspiBaeTcs npocmot, €CM OHA COJEPAKUT JIUNIL KOHETHOE THCIIO
6udypKAIMOHHBIX TOYEK U Bce OUdYpKAIUK SBJISIOTCS 3JIEMEHTAPHBIMU (TUITMYHBI CEJII0-y3€e/T I
o).

Hajname pocToii myru, cBsa3biBaroeii jiroboit rpyobiit nuddeomopdusm ¢ pacTaruBaionnM-
csl aTTPAKTOPOM (CXKUMAIOIIMMCS PeleslJIepoM) KopasMepHocTd 1, JAeHCTBYIONMi Ha 3aMKHYTOM
n-MepHOM, n > 4, mHOroobpasmum, anoncuposano E.B. ZKyxomoit u B.C. Meusenessim (2003),
[IPA 9TOM OTMEYAETCs, YTO B CJIydae, KOIJIa Pa3MEPHOCTb HECYIIEro MHOIrooOpasusi paBHa TPEM,
[PEISITCTBUEM JIJIsT AHAJOTUIHOTO BBIBOJIA CJIYXKUT BO3MOXKHOCTH HAJIAUUST JUKUX OTHOMEPHBIX
cermapaTpucC y U30JIMPOBAHHBIX CeIIOBLIX mepruoandecknx Touek. B.3. I'punecom, E.B. Kpyriosbim,
T.B. Meusenesbin u O.B. Tloumnkoii (2020) moka3aHO, 9TO KaK OJHOMEPHBIE CelapaTPHUChI
M30JUPOBAHHBIX IEPUOANIECKIX CEJJIOBBIX TOUeK auddeomopdusma f | Tak U My IKH OTHOMEPHBIX
cenapaTpuc, IPUMBIKAIONINX K OJHOMY U TOMY K€ UCTOYHUKY, siBJITIOTCs pyunbiMu. B.3. I'punecom,
E.B. Kpyrioseim u O.B. ITounnkoii (2020) mocTpoeHa mpocrast jyra, COeAUHSIONas CTPYKTYPHO
ycroitumBbiit 3-auddeomopdusm ¢ pacrarupaonuMcs arrpakropom u DA-muddeomopdusm.

Teopema 1. Jlaa awbo20 cmpyxmypro ycmotinueozo Jduddeomoppusma 3amKHymMo20
mpexmeprozo mnozoobpasus M3 | nebayorciaouee Mnosicecmeo Komopozo codepaicum 06yYmepHoil
PACMALUBUIOUWUTICA GMMPAKMOP, CYULLCMBYEM NPocmas dyaa, COeIUHAOUAA €20 C GHOCOBCKUM
dugppeomopdusmom.

O JIBUXKEHMU TBEPJOI'O TEJA C HEHOABUYKHOII TOYKON B IIOTOKE YACTUII

Kynemos A. C. (Poccusi, Mocksa)
Mexanuko-matemarndeckuii pakynsprer MI'V nm. M. B. Jlomonocosa
kuleshov@mech.math.msu.su

TagxxkueB M. M. (Poccusi, Mocksa)
Mexanuko-maremarndeckuii daxyiasrer MI'Y um. M. B. Jlomonocosa
mazuta-jr@Qyandex.ru

PaccmaTrpuBaercst 3a1ada 0 ABUXKEHUU TBEPIOTO Tejla C HEIOJIBUKHONW TOYKOM B CBOOOTHOM
MOJIEKYJITPHOM TIOTOKe dacTutl. [lokazano, 9To ypaBHeHNE TBUKEHUS TeJ1a 0000ITAIOT KIACCHIECKTE
ypaBHeHust Oitnepa-llyaccona MBUMKEHUS TSXKEJIOIO0 TBEPIAOrO0 Teja C HEMOABUXKHON TOUYKOM
U TPEJCTABIAIOTCT B (OpMe KIIACCHUecKnX ypaBHenuit Ditnepa-llyaccoma B ciaydae, korma
[IOBEPXHOCTb TeJjia, 00TEKAeMOI'o IMOTOKOM YACTHUIL, HpeicTaBiser coboii cdepy. OOcyxKparcs
BOIIPOCHI CYIIECTBOBAHUS IIEPBBIX MHTErPAJIOB B pacCMaTpuBaeMoOil 3a1a4de

PaccmoTpum 3amady O JBUXKEHHUU TBEPJOTO TeJia B IOTOKE YACTHI] BOKPYI' HEIOJIBHKHON
TOUKH. ByneMm mpesrosiararb, 9TO MOTOK YACTHIL IIPEICTABIIAET CODOM CBOOOIHDIN MOJIEKYJ/ISIPHbIM
MOTOK TIOCTOSTHHON TJIOTHOCTH p, YaCTHUIBI KOTOPOTO MBUXKYTCS TOCTYMATETHHO C TOCTOSTHHOM
abCOJTIOTHON CKOPOCTHIO

—V = 07,

rIe v — eIUHUYHBI BEKTOD, HAIIPABJIEHHBINH BJIOJIb HAOETaIONero MOTOKA. TerIOBhIM JIBUZKEHUEM
MOJIEKYJI B TIOTOKE IIpeHebperaem.
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[TomyunMm BbIpakeHUe IJIsi MOMEHTA, AEHCTBYIOIIErO Ha TeJIO C HENOJBUKHONH TOYKOH co
CTOPOHBI TOTOKA TacTutl. Oboznatnm depe3 ) HEMOABMAKHYIO TOUKY TBEPJOTO Tesa. Pacnpesenenne
CKOpOCTEel B TBEPJOM TeJie olpeiesisercs hopMyJioil ditiepa

up = [w x OM],

s
e M — mpousBoJibHAS TOYKA TBEPOrO Teja. K 0603HauuTh yros Mex 1y BekropamMu w u OM
yepe3 «a, TO

lupr| = |wHOM|sinoz < |w|’0M’

[Ipemamooxkum, 9TO BeIMIMHA CKOPOCTH HADETaloIero moToKa vy CyIIECTBEHHO ITPEBOCXOIUT
ITPOU3BE/IEHNE XapaKTEPHOTO 3HAYEHUS YIJIOBOI CKOPOCTU TBEPAOTO Tejla W XapaKTepHOTrO
PACCTOAHUST OT HETIOJABUKHOM TOUKH JI0 JIO00H U3 TOUEK TBEPIOrO TEJa, TO €CTh

w||OM]|

1. 1
< 1)

IIycTts wacTunbl B3aUMOJIEHCTBYIOT € TeJOM abCOJIIOTHO HEYIPYro, TO €CTh I0CJIe
CTOJIKHOBEHUS CKOPOCTL YACTHIILI IO OTHOINEHUIO K Tedy paBHa Hymio. IlycTs moBepxHOCTL Tesa
BBINYKJIA. PacrooKuM MepreHIuKyIsIpHO BEKTOPY ¢ ILIOCKOCTH II. YmobHO mOMECTUTL 3Ty
IJIOCKOCTb Ha HEKOTOPOM paccrosiauu oT Touku (O mo3aiu (IO OTHOIIEHWIO K BEKTOpPY )
resta. [Ipoeknust Tea Ha miockocTh I BIob BekTOpa v (OPTOrOHAIBHAS TPOEKIUS) SIBJISIETCS
HEKOTOPOit m1ockoii durypoit Sy . Torma ¢ yaerom npesmosnoxenust (1) MOMeHT, jeficTByOMMit HA
TEJIO ¢ HENOJBUYKHON TOYKOW CO CTOPOHBI TOTOKA YACTHUIl, MOXKHO IIPEJ/ICTABUTL B BUJIE:

2
Mo = —pugS(y)ly x e(v)]- (2)
/
Baecy S(y) — mwmomans durypsr Sy, a ¢(y) = O'G — BekTOp, COEIUHSIIONINI TOYKY
O’ — mpoeknmo nemomsmzkHOi Toukm (O Ha miaockocTb II, ¢ menrpom Mace G OIHOPOIHOI

IJIACTUHBI, uMerorieil popmy dburypsr Sy . Takum 0b6pa3oM, ypaBHEHUsI IBUKEHUST TBEPJIOTO TeJIa ¢
HEIIOJABUZKHON TOYKON B IIOTOKE YACTHUIL UMEIOT BH]I;

Joo + [w x Jw] = —pugS(My x e(y)], A+ [wxA] =0, (3)

rae J = diag (A1, Az, A3) — TeH30p UHEPIUHU Tejia OTHOCUTEIHHO HEmoABUKHOM Touku O .
MoKHO paccMarpuBaTh CUCTEMY ypaBHeHHH (3) Kak BO3MOXKHOe 0000IIEHNe KJIACCHIECKIX
ypaBHenuit Jitsiepa-Ilyaccona.

NHBAPUAHTHBIE MHOI'OOBPA3UA U IVIOBAJIBHBI ATTPAKTOP OBOBIIIEHHOI'O
HEJIOKAJIBHOI'O YPABHEHUI PI/IHBBVPFA—I[AH'ZLAyﬁl

Kynukos A.H. (Poccust, dpociasib)
Apocmasckuit rocymapcrBennniit yuusepcuter uM. 1. I'. [lemumosa
anat_kulikov@mail.ru

Kynukos . A. (Poccust, dpocnasin)
Apocmasckuit rocymapcTBennniit yuusepcuter uM. 1. I'. [lemumosa
kulikov_d_ a@mail.Tu

OJIHUM U3 CaMbIX M3BECTHBLIX HEJIMHEHHBIX ypaBHEHUil ¢ YACTHBLIMM IIPOU3BOJIHBIMU MOYKHO
CYMTATh KOMILIEKCHOE ypaBHeHue ypasHenue I'mnzOypra-Jlanmay. B opurnnaiabHOM ero Bapuante
[1] oo nmeer citemyrommii By

ug = yu — (1 +ic)ulul® + (a4 ib)uge, a > 0,7v,¢,b € R.

1

51PaGoTa BBLINONHEHA B PAMKAX PEAJHU3AIME IPOrPAMMBI PA3BUTHs PEMMOHATILHOIO HAYYHO-06Pa30BATEIHLHOIO
MaremaTuaeckoro nenrpa (Apl'Y) npu dbunancosoit nomnepkke MunncTepcTBa HAYKU U BHICIIEro obpasosanus PO
(Coryamenue o upemocrapieHny u3 deepaiabHoro Gomkera cyocumnun Ne 075-02-2022-886).
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OGBIYHO, €ro JOMOJHSAIOT MEePUOIUIECKUMI KPAeBbIME ycsoBusgMu. B psiyie pabor (cM., Hampumep,
[2]) 6bLIa pe/yIoKeHA Creyomas MoAndUKAIUs TAKOro yPaBHEHUs

2T
ur = yu — (1 +ic)uV(u) + (a + ib)ugy, V(u) = L / lu(t, z)|*dz. (1)

™
0

VYpasuenue (1), ero ecrecTBeHHbIe O0OOIIEHUs IMOJYYHJIN HA3BAHUE HEJOKAJIHHOTO yPABHEHUS
['unsbypra-JTannay (HYTJI). K rakum Bepcusiv HYTJT npusoguT MaTemaTnyeckasi MOJIEJb TAKOTO
SABJICHUS KaK (PepPPOMArHETHU3M.

Paccmarpupaercst onua n3 BosaMoXKHBIX BapuanToB HYITJI

u = yu — (L +ic)uV(u) + (a + ib)ugy + (p + iq)uy, a > 0,7,¢,p,q,b € R. (2)
Ypasuenne (2) OyneT u3ydaTbcsi BMECTE € MEPUOAMICCKIMI KPACBBIME YCJIOBUASIMA
u(t,z + 2m) = u(t, z), (3)

a TaKzKe Ha4daJIbHbBIMHA YCJIOBUAMU
u(0,z) = f(x). (4)

Ananus magasabHo-KpaeBoit 3aaun (2), (3), (4) mokasan, uro npu f(x) € Hy (mpocrpancrsy
27T NepUOJNIEeCKUX KOMILIEKCHO3HAUHBLIX (DyHKIuUil, KoTopble mupunasiexkar Le(0,27)) ona
riobajbHO paspernMa (uMeer pernenue npu Beex t > 0 ). CooTBeTCTBYIONIHE PENICHUST IOy CKAIOT
IPEJICTABJICHAS] B SIBHOM BHJIC, KOTODBIl HCIOIb3yeT (DYyHKIMOHAIbHBIE psijibl. Bosee Toro, Bce
pelrieHnsl HadajabHO-KpaeBoil 3amaun (2), (3), (4) nupu ¢ > 0 uMeOT HenpepbIBHbIE YaCTHbBIE
[POU3BOJHBIE JTIOOOTO MOPSIJIKA.

Iycrb a, = v—an?—qn, b, = —bn?+pn, rae n € Z. O6ozmaunM uepes Zi, TOIMHOYKECTBO
Tex m € Z, s KOTOPHIX G > 0 U Gy, # apn, m € Zgzy, ecm cymectByer napa m,k, s
KOTODBIX Gy, = a > 0. Kpaesas 3azada (2), (3) umeer ojiHOMepHbIe HHBAPHAHTHBIE MHOTOOOpa3ust
Ap o up(t, @) = nm exp(iopt +imx +ivm), em € R, t1e Ny = \/am, Om = by — Cm,m € Z14, a
TaK’Ke TPeXMepPHble HHBAPUAHTHBIE MHOT000PA3UA By k¢ U i (t, ) = N exp(iomt+ima +ipm) +
nk exp(iot + ik + i), TIE 12, + 77,3 = am (ag = am), Om = by — Cap, 0 = by — cag, Pk, Pm €
R, m,k € Zs4.

Kpaesast 3amada (2), (3) mmeer rmobanbbli arTpakTop (cMm. oupenenenue u3 [3]) A, ruae
A={0lUALUBL Ay = U A, By = U B, k, {0} — HyseBoe cocTOsIHIE PAaBHOBECHSI.

meZiy m,k€Za+
Cayuait a = ¢ = 0 3aciaykuBaer orjesbHOro anajmsa. Illpu p = ¢ = 0 aHAJIOrHYHBIE BOIPOCHI
6N U3yUeHbl B padore [4].
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[3] Temam R. Infinite Dimensional Dynamical Systems in Mechanics and Physics. New-York,Springer-
Verlag, 1997.

[4] Kulikov A., Kulikov D. Invariant varieties of the periodic boundary value problem of the nonlocal
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OB MHTEI'PUPOBAHUU YPABHEHUN T'VIYBOKOW ®UJIBTPALIIN

Kymuep A.T. (Poccusi, Mocksa)
MockoBckuit rocymapcTBennblii yausepcurer numenu M. B. JIomonocosa
kushner@physics.msu.ru

Myxwuna C. C. (Poccusi, Mocksa)
WucturyT npobiem yrpasienust umern B.A. Tpanesaukosa PAH
sveta.mukhina.1998@mail.ru

@Paiizysumuna . P. (Poccust, Mocksa)
MockoBckuii rocynapcTBenuniii yuusepcuter umenu M. B. Jlomonocosa
faizullina.er14@physics.msu.ru

YpaBHeHUsT OJHOMEPHOIl (PUIBTPAINE CYCIEH3NH B IIOPHCTOI cpefe (ypaBHEHUs IUIyOOKOM
dbumnprpanum) nmetor Bux (M. [1])

ou ou

R O
ot ox
o (1)
o (v)u

Baech t — BpeMsi, & — NPOCTPAHCTBEHHAsI KOOPAMHATA (HAIIPABJIEHUE BO3PACTAHUS COOTBETCTBYET
HAIpaBJIeHUIO (bUIBTPAIMA), U, U — KOHIEHTPAIMH KUJIKOH 1 TBepoil a3 cOOTBETCTBEHHO, a
dyukuus h(v) upexacrasisier coboit kKoaddunment dunbrparmu.
Bamenoii mepeMeHHBIX cucreMa (1) CBOAUTCH K CHMILUIEKTHYICCKOMY THIIEPOOJITICCKOMY
ypasaenuio Momzka—AMiepa BuIa
Ugygy = Mg, )ttg, - (2)

Dromy ypasHenuio orsedaer sddekrunas auddepenimanibaas 2-dopma (eM. [2])
w = 2h(p2)p1dqr A dga — dgq1 A dp1 + dga A dpa,
3ameTnMm, 9T0 BHemHu auddeperimant GopMbl w HE PaBeH HYJIIO:
dw = 2h(p2)dq1 A dga A dpy + 2p1h (p2)dgr A dga A dpa # 0.

[Tosromy, cormacHo [2|, ypaBHenue (2) He MoOXkKeT OBITh HPUBEJIEHO K BOJHOBOMY yDPaBHEHHIO
Ugg, = 0 € IOMOIIBIO CHMILIEKTHYECKOro Ipeobpazopamus. OJHAKO OJUH U3 TEH30PHBIX
unBapuanToB (popm Jlamnaca) ypaBaenus (2) HyseBoii, a Apyroii uMeer BUJ

A = —h"(p2) (h(p2)p1p2dg1 A dga — h(p2)prdqr A du + prdgr A dps) .

[TosTomy ypaBHenue (2) KOHTAKTHO SKBHBAJIEHTHO BOJHOBOMY YPAaBHEHHIO TOLJa U TOJIBKO TOLJA,

korga h’(p2) = 0, me. xorma dbyuknusa h smueitna (cm. [3].) Ilocrpoennoe Hamu KOHTaKTHOE

peobpa3oBaHue 03BOJIAeT HaiiTu obinee pemterne cucteMsl (1) st junedHbIX DyHKIH h .
Teopema. Cucmema ypasrenutd 2ay6okot Gurvmpayuu

ou ou
o or (o + B)u,
w_ (1)
ot

umeem obulee peuteHue

x x
ST aB(CE) —aa 0T 2(A B(-Z ' )
oB (=)~ ed(t - ) o (At =2) - (7))
3decv A u B — npoussoavhvie GyHruuL.
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ONTUMAJIBHOE YIIPABJIEHUE PACIIOJIO?KEHUEM TOYKM IITAPHUPHOT'O
COE/IMHEHU S YKECTKHNX BKJIFOUEHUN B 3AJIAYE O PABHOBECHU TJIACTUHBI®?

Jlazapes H. IT. (Poccus, fxyrck)
Cesepo-Bocrounsrit denepasbublit yaupepcurer umenun M. K. Ammocosa
nyurqun _ lazarev@mail.ru

ITapun E. ®. (Poccus, fAkyrck)
Cesepo-Bocrounsiit denepanbubiit yuusepcurer umenn M. K. Ammocosa
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CemenoBa I'. M. (Poccust, fxkyrck)
Cesepo-Bocrounstit demepanpubiit yauusepcurer nmenn M. K. Ammocosa
sgm.08@yandez.ru

PaccMmaTpuBaeTcss MoOJeIb O PaBHOBECHU HEOIHOPOJIHOM ILIACTUHLI THMOIICHKO, KOHTaK-
TUpYyIOImell ¢ YKeCTKUM NpensTcTBUeM. llpeamojaraercs, 4TO ILUIACTHHA COAEPXKUT [IBA TOHKUX
KECTKUX BKJIFOUYEHUA. HpI/I 9TOM BKJIIOYEHUA COCINHECHBI HIaPHUPHBIM O6pa3OM. MeHﬂH KOOPpJMHATBI
TOYKHU COEJIMHEHNs] BKJIIOYEHHII IOJydaeM CeMeidCTBO COOTBETCTBYIOIIMX BapUAIMOHHBIX 3371a4.
OTHOCUTEJILHO YKa3aHHOTO ceMeiicTBa (pOpMyJIMpyeTcs 3ajada ONTHUMAJbLHOrO yIPABIEHUS C
PYHKIMOHAIOM KadecTBa, OIPEIEJEeHHBIM C IIOMOIIBI0 IIPOU3BOILHOIO HEIPEPBIBHOIO (PYyHKIINO-
HaJla, 3aJIaHHOrO Ha mnojaxoidmieM mnpocrpaHcTse CobosieBa. YHpapieHHue 3a7aeTcsd IapaMeTpoM
KOOPJMHATHI TOYKN COCIUHEHUS BKJIIOUEHHI. YCTAHOBJICHA Pa3pelIMMOCTh 3aJa9d ONTUMAJILHOIO
yIPAaBJICHUSI, & TaK»Ke HeIpepbIBHAs 3aBUCUMOCTb PEIIeHUi#l OT yKa3aHHOro mnapamerpa. llpwu
JIOKa3aTeIbCTBE CTPOUTCS II0C/Ie/I0BATEILHOCTh TECTOBLIX (DYHKIUI, NPUHAIIEIKAIIIX Pa3HbIM
MHOZKECTBAM JIOIIYCTUMBIX (DYHKIMI, KOTOpas CXOAUTCS B IIOAXOJSAIIEM CMBICIE K IIPOU3BOJILHOI
Harepes BbIOpaHHOi TecToBOl byHkmu [1].
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PEAVKIUA CUCTEM HIJIEBUHIEPA K JIMHENHBIM CUCTEMAM
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PaccmoTpuM  Habop  (PYHKIMOHAILHBIX — KBAJPATHBLIX  KOMILIEKCHO-3HAYHBIX — MATPHIL
Bi(z), i = 1,2,...,n pa3mepa p, omupejuejeHHbIXx B okpecrHocru U C CP = C" \

52PaBora BHIIOJIHEHA IPH HOJIEPIKKE TOCYIAPCTBEHHOr0 3anauns Munobpuaykn P® (HP Ne FSRG-2020-0006).
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Ut<icj<n{(21, 22, .., 2n)| 2i—2; = 0} nekoropoit Toukn z° = (29, 29, ..., 28) € U xommzexcnoro

simueitHoro npocrparcrea C™. Mebr 6ysem uccienoBarh perenust cucreMb! Lmesurrepa

d(z; — zj)
dBi(z) =— Y [Bi(2), Bj(z)| ——2, (1)
= R T Zj
J=1,j#i
C HEKOTOPLIMH HadagbHbIME yciaosusamu B;(20) = BZQ. Buecy [B;, Bj] = B;Bj — B;B; — 310
d(Zi—Zj)

OOBIYHBIE KOMMYTATOPBI MATPHIL, & , 1 <1< j <n — mepomopdubie nuddepeHnnaabHbie

zi—zj
1-bopmbr Ha C™. Cucrembr [liesunrepa (1) siBJIslIOTCS HETMHEHHBIMA MATPUYHBIMU CUCTEMAMHU

ypasuenuii [Iabda. Xopomo ussecrso [1,2,3], uro cucrema (1) siBisiercsi BIOJIHE HHTErPUPYeMOii

cucrenmoit [lcbadbda B okpectnoctn U Toukn 20 u moboe ee pemenne (Bi(z), Ba(z), ..., Bu(2))
MepOMOP(MHO IPOJOJIZKAETCsI Ha BCe yHUBepcajbHoe HakpbiTue jonoianenuss CP. Takzke xoporio
U3BECTHO, 4TO pu p = 2 uw n = 4 pemenne cucrema [llnesunrepa [1] B Kimacce marpui ¢

HYJIEBBIM CJIEJIOM DEJIyIUpyeTcsi K pemennto ypasaenusi [lernese VI (koropoe B €BOIO ovepejb
MOXKHO PeIyIUPOBAHUTD, TPHU MOIXOMSNINX TapaMeTpax, K Jobomy u3 ypasuennit [lemmese I-
V u B obmem ciyuae, perienne ypaBaenusi lllnesmHrepa BhIpaykaeTcss depe3 TPAHCIEHICHTHBIE
[Tennese. Tpancnennentnoie [lenneBe BXoaaT B 6oJiee CIOKHBIN Kytace PYHKIUN, C TOYKU 3PEHUST
reopuu [anya [4], uem runiepreomerpudeckue dbyskimu. Mbl B Kjlacce BEpXHE-TPEYTOJIbHBIX MATPHUIL
Bi(z)i=1,2,...,n, B KoTopoM Oymem pemars cucrembl [Ilre3nnrepa, ykaxKeM pPeLyKIHIO 9THX
CHUCTEM, TPU HEKOTOPBIX JOMOJHUTETBHBIX OTPAHUYEHUSIX HA CODCTBEHHBIE YHCTIA PACCMATPUBAEMBIX
MaTpuil, K JuHeiHbM MdaddoBbiM cucremam. [Ipu sToM mnosydenHble JuHelHbIe MhaddOBLI
CUCTEMBI UMEIOT PEIEeHNsT He CJIOXKHEee, ¢ TOUKM 3peHusi Teopun [ajya, deM TumepreoMeTpuaecKue
dyuknuu. Bee Bblllle cKazaHHOE CYMMUPYETCS B CJIEJYIONIEM YTBEPXKJIEHUH

Teopema. Paccmompum cucmemy Illaesunzepa 6 ¥aacce GePTHE-MPEY2OALHBIT MAMPUL,
Bi(z) = (b[*(2)), bi*(z) = 0, r > s,i = 1,2,...,n ¢ NOCMOANHOMYU OUAZONANDHOLMU
anemenmanu bE*(2) = NF. Ilyemv dan wasicdozo i duazonaavivie snemenmuve N obpasyrom
apugpmemudeckyro npozpeccuto ¢ odnoti u Mot oice pasnocmuvlo A dan ecex i. Toeda 6 waacce
maxux mampuy, cucmema [llresuneepa (1)

1) pedyyupyemes x nabopy aunetnor cucmem Ipagppa

d(zz — Zj)

Zi—Zj

db*(z) = (s—m)A D (b°(2) = b}°(2))

J=1,j#i

(2)

2) pedyuyuposannan cucmema (2) umeem 6bazuc peweHuli NPedcmasAeHHbl 2UNeP2eoMempu-
YECKUMU UHMESPAAAMU

‘< oo dt
bfs(z)zﬁi/H(t—zk)ﬁi S i=1,...,n, (3)
5, k=1

ede napamempv. BI° umerom swavenus [1° = --- = [1F = (s — r)A, a nemau 7;
8 MAOCKOCTU KOMNAEKCHOT Nepemenmots nepemennots t, no xomopot 6edemcs UHMePUPOSAHUE
BOUPAIOMCA MAKUM 00pPa30M, YMOOBL OHU HE MPOTOOUAY HEPE3 MOYKY 2, & = 1,..., N U 4Mmoboi

nodunmezpanvroe supasicenue 6vino 00no3nawHbM (Hanpumep, nemau Ioreammepa,).

JIureparypa

[1] Bomubpyx A.A. OGparHble 3a/7a9d MOHOJAPOMHUHU B AHAJIMTUIECKON Teopun uddepeHrnanibHbIX
ypasuenuii. M: MITHMO, 200 c., 2009.
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N CCNIEJOBAHUE MTPOJOJTHLHBIX KOJIEBAHUI BECKOHEYHOI'O HEO/IHOPO/IHOT'O
CTEPKHS TIPU [TOMOII METOJIA PUMAHA

JIurBunos B. JI. (Poccusi, Mocksa, Ceizpanb)
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Annoramusa. Merog Pumana paccMaTpuBaeTcs HOPUMEHUTEILHO K PElIeHMIO  3aa4H,
OIMCBIBAIOMIEH CBOOOAHBIE MPOJOILHBIC KOJICOAHHS HEOTPAHMYEHHOIO HEOJIHOPOIHOIO CTEpPIKHS.
MaremaTudeckas IOCTAaHOBKA 33J1a4d  BKJIo4YaeT auddepeHnualbioe ypaBHEHHE B YaCTHBIX
IIPOU3BOJHBIX OTHOCHUTEJIHLHO HUCKOMOI1 d)yHKH‘I/H/I CMeIleHnda 1 HEeOAHOPOAHbIC HavaJJIbHbIe yCJIOBI/Iﬂ.
Pemenue npousBoanuTcss B 6Ge3pasMEPHBIX IIEPEMEHHBLIX B AaHAJMTHYECKOM BHje. lloaydeHo
CPABHUTEJBHO IIPOCTOE BBIPAXKEHUe JIsT IIPOJOJBHBIX KOJeOAHWI HEOIHOPOIHOIO CTEPIXKHSI,
YTO II03BOJISET MCIOIL30BATH IOJIYYEHHbIE Pe3y/bTaThl I aHaJIN3a KoJeOaHWil OIHOMEPHBIX
HEOJHOPOJHBIX TEXHUYICCKUX O6'])€KTOB.

1. BBenenue.

OHOMEpHBIE HEOJHOPOJHBIC CHCTEMbI IIMPOKO PpACHPOCTPAHEHLI B TEXHUKE: KaHATBI
IPY30I0LEMHBIX YCTAHOBOK |1|, rubkume 3BeHbst nepeiad |2, 3|, crepKHU TBEpJOro TOIINBA
[1], 6ypuibuble Komounbl U T.2. Hajmudame HEoQHOPOAHOCTEl CBS3aHO C IIEPEMEHHON CKOPOCTBIO
PACIIPOCTPAHEHUS BOJIH B MEXaHMIECKHIX OODBEKTAX W BLI3BIBACT 3HAYUTENBLHBIC 3aTPYAHEHHUS IIPU
OIUCAHUN TAKHX CHCTEM.

B nannoii crarbe ucnosb3ys Meros Pumana [4] HAXOAUTCS AaHATMTUYECKOE DEIeHNe 33a9H O
IPOJIOJIBHBIX KOJIEOAHNAX HEOrPAHMYCHHOI'O HEOIHOPOIHOIO CTEPIKHSL.

2. ITocranoBka 3aga4u.

Huddepennuanbioe ypaBHeHHe, ONMCHLIBAIOIICE IPOIOJIbHBIE KOJIeOAHUS HEOrPAHUYEHHOIO
HEOJIHOPOJIHOTO CTepxKHsl, numeer Buj [1, 4|:

Uge(2,t) — a*(2, ) Upp (2, 1) = 0. (1)
Hauasnbhble yciioBus

Uz, 1) = f(2); (2)
Up(x,1) = F(2). (3)
B samaue (1)-(3) obosmaveno: U(w, t) — IPOJOJIBHOE CMeIlleHHe TOYKH CTEPXKHS C
KOODJIMHATOH = B MOMEHT BpeMmenu t; a(z,t) = x/t — mepemeHHasi CKOPOCTb PaCIPOCTPAHEHUSI

[POJIOTIBHBIX BOJIH B CTEPXKHE.
Beenem B 3321y (1)—(3) HOBBIE IIEpEMEHHBIE:

t
E=uxt; T=-—.
x
[Ipsmast ¢ = 1 B HOBBIX I[IEpEMEHHBIX OyJIeT MMeTh BHUJ PABHOOOYHON rumepGoJbl (CM.
PHUCYHOK ).

Ha pucymnke obozmnageno: C' (fo, 7'0) — dukcupoBaHHas TOUKa; ) — 00JaCTb, OrpAHTICHHAS
KOHTYPOM, cocTosammM u3 ayru AB kpusoil | u npyx xapakrepuctuk CA u BC', napajuleabHbIX
0CSIM KOOD/IMHAT.

ITocste npeobpazoBaHmii MOy YUM

Uer) ~ e U6:7) = 0. @)
HauatbHbie yeaosus
Uel,._, = 57/ + 5 FI&) )
vl =-Sre+ire: )
vl =1 )




3. Pemnenne 3agaun.
Hust pemennsi 3amaun (4)—(7) wucnonssyem wmeron Pumana [4]. @opmyna Pumana jyist
paccMaTpuBaeMoii 3a/a9u UMeeT BU/L:

U(€o.m) = (U(s,TW(f,T))B; UEDVED),

+3 [ (e nee.n) - Ve ne(e m) - Ve mIUele 7)) de-

AB

—(V(&T)U-(&7) = UET)VR(E,7))dr) . (8)

CoryacHo ykazanHoMmy Metoiy dyukius Pumana V(ﬁ;T;EQ,TO) JMOJIZKHA YAOBJIETBOPATD
YPABHEHUIO, COPsizKeHHOMY (4)

Verl6,7) + 5gVrl6,m) =0 ©)

1 yCJIOBUAM
V(& 70360, 70) = \/g; (10)
V(¢,7:6,70) =1 (11)

na xapakrepucrukax CA m BC' coOTBETCTBEHHO.
U1z (9), (10) u (11) caexyer, uro dbyukius Pumana nveer Bu:

V(& 7580,70) = \/520‘ (12)

[Moncrasasist (5)—(7) u (12) B dbopmyay (8) mosmyuanm:

Ui - ( )+ vEs (1) + / b ) (13)

IIpn BeiBOJE (13) yuTeno, 4To

U(B) = f(&): U<A>=f<); VB) =1; V(A) = V.

70

BOSBpaH_[a,HCb K UCXO/JHBIM II€pEMEHHBIM, IIOJIYIUM

U(a:,t):% (f(a:t)thf( \ﬁ/f Z_gff )dz). (14)
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4. 3akJjioueHue.

B cayuae omHOpojHOrO crepkHsi pemienue (14) coBnajaer ¢ KJIACCHYECKHM, YTO TOBOPHUT O
KOPPEKTHOCTH IIOJIYYEHHBIX Pe3yJILTaTOB.

HpI/IMeHeHI/Ie MeToJa PI/IMaHa IIO3BOJINJIO HOJIyLII/ITb CpaBHI/ITe.HbHO HpOCToe Bpra,)KeHI/Ie JJIA
[IPOJOJILHBIX KOJEOAHUI HEOJHOPOJHOIO CTEp:KHsI, UTO IIO3BOJISIET MCIIOJIb30BAThH II0JIYIEeHHbBIE
pPe3yJILTATHI JJIsl aHAIN3a KOJeOaHU OJHOMEPHBIX HEOJHOPOIHBIX TEXHUYECKUX 00BEKTOB.
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HEJIMHENHAS MATEMATHUYECKAST MOJEJIb IIPOJOJIbHO-IIOIIEPEYHBIX KOJIEBAHMI
CTPYHBI C ABUYKVYIIENCSA 'PAHULIEN

JIntBuuosa K. B. (Poccusi, Mocksa)
MockoBckwuit rocymapcTBensblil yauBepcurer nuM. M. B. Jlomonocosa
vladlitvinov@rambler.ru

JIntBunos B. JI. (Poccus, Mocksa, Cbi3pann)
MockoBckuii rocynapcTBennniii yuusepcuter um. M. B. Jlomonocosa
Camapckuil rocyjapcTBeHHbBI TeXHUIeCKUi yHuBepcuTeT, pusnasi B r. Chl3paHb
vladlitvinov@rambler.ru

o HacTosiIero BpeMeHH 3aJad9d O IIPOIOJbHO-IIONEPEUHBIX KOJIEOAHUAX OOBEKTOB C
JBUZKYIIIAMUCA TPAHUIAMU PEIIaJUCh B OCHOBHOM IIDU JIMHEHHONU NOCTAHOBKE, HE YYUTBHIBAJICS
SHEpreTUvIecKuii oOMeH dYepe3 IBIKYIIMYIOCA TPAHUILY U B3AUMOJEHCTBHE MEXKIY MPOIOJIbHBIMU
u mornepedHbIME  Kosiebauusivmu  [1-5, 7, 8]. B penkux ciydasx yauTBIBAJIOCH JEHCTBHE CHT
COIIPOTHUBJIEHUS BHEIHEN CpeJibl [6] Peanbuble ke TexHUUIEeCKHE OOBEKTHI HAMHOIO CJIOXKHEE,
HalpuMep, MPHU YBEJIUIEHUM WHTEHCUBHOCTHU KOJeOaHWit OOJIBbINOe BJINSHUE HA KOJe0aTeTbHbIM
IIPOIIECC OKA3BIBAIOT MeOMEeTpUYECKNe HEJTUHEHHOCTH 00beKTa.

B cBsI3M ¢ MHTEHCHUBHBIM pPa3BUTHEM YHCIEHHBIX METOJIOB IOSIBUJIACH BO3MOXKHOCTH 0oJiee
TOYHOI'O OINCAHUsT CJIOXKHBIX MaTeMaTHIeCKUX MOJeJell IIPOJ0ILHO-TIONEPEYHBIX KOJIeOaHMiA
00BEKTOB C JBUXKYIIUMHUCS TPAHUIIAMHE, YINTBIBAIOIUX OOJIBIIOE 9HCI0 (DAKTOPOB, BIUMIONNX HA
KoJj1e6aTe/IbHBII IIPOIECC.

B pabore mocrapiena HOBas HeJIWHEHHAasT MaTeMaTHIECKasT MOJIETIb IIPOIO0IbHO-IOMEPETHRBIX
KoJIebaHUl CTPYHBI C ABUKYINEHCS TpaHUIEl, B KOTOPOWl y4YTeHa I'eOMEeTPUYIeCKas HEJIMHEHHOCTD,
BSI3KOYIIPYTOCTb, SHEpreTutiecknit oOMeH depe3 rpanuily. [lojiydeHbl rpaHUYHbIC YCIOBUS B CJIytae
HaJINIAsA B3aUMOJIEHCTBUST MEXKIY JacTIMU O0beKTa CJIeBa U CIPaBa OT JBUKYIIENHCS TPAHUIIBI.

[IpousBenena uHeapusanus I[TOJYyYeHHOW Mojenu. llpu 3ToM cobJrogaeTcss TPUHITATL
OJTHOPOIHOCTHU: B YACTHOM CJIydae MaJbIX KOJeOaHuil MoTydeHHbIe JUHEHHBIE MOJIE/N COBIAJH C
KJIACCUYIECKUMHU, UITO CBHUJETEJILCTBYET O KOPPEKTHOCTH IIOJIyUEeHHBIX pe3yabTaroB. llomyvuenHas
MaTeMaTHIeCKas MOJIE/]b IO3BOJIAET OINMCHIBATL KOJeOAHUS OOJIBINON WHTEHCUBHOCTH CTPYHBI C
JBUKYIIENCdA TpaHUIIEH.
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n
Ap-Oneparopom Jlamnaca—Kunpusnosa Oyziem HasbiBaTh oneparop Ap= Y. B, , rie

i=1
B—az:a%z T B%i’ a;>—1. B cdepnueckux kooppuuarax z=r0 (O€R,, [©|=1) B pabore
[1] nokazano, uro AB:Bn+\a|71+%2AB,® upu stoM n+|al > 0. Ipucyrcrue B 910i1 dbopmye
oneparopos Beccensi ¢ orpunarenbabiv napamerpom «;€(—1,0) mo3BoJsIeT IPOU3BOJIBHO MEHSTDH
Pa3sMEpHOCTb €BKJIMJIOBA MPOCTPAHCTBA IyTeM BBEJCHUS CKPLIMLLL NEPEMEHHBT CO chepuueckot
cummempueti. Hanpumep, B obmactu ;>0 s npomsBosibHoro m u  yER,, momyunwm:

eci |a|=0, To %f(a:i, 2 )=3""1 Ba, f(|y|,2") . B uacruocru, oneparop Jlannaca—Kunpustosa ¢

JIPOOHBIM HapaMeszOM |a|=n—14+{|a|} okazkeTcss mpoMeKyTOIHBIM MeXK /Ly oneparopamu Jlamtaca
B R, uB Ryp1 B TOM embicae, aro limyyy 0 Ap, = Ap u limgyy 1 Ap, = Apq (em. [1]).
Iyers (u,v)a= [p+ w(@) v(z) [ 2{"dz, tne a;>—1, R — esximuoo n-nomynpoct-
paHcTBO TouekK ¢ Koopaunatamu z; > 0 B Ry, . Yepes Sey, = Sep(R;)) 06o3matmm noganpocrpanctso
npobubix dyukmuii JI. IIsapma, cocrosmee U3 YETHBIX 110 KasKJIOMYy apryMeHTy Z; (DYHKIUH.

CooTBercTByoliee IPOCTPAHCTBO 0000meHHbIX (yHKIMil oboszHaunm S, . DyHjpaMeHTaJIbHBIM

ev
permerneM Apg-oneparopa HasbiBaeTcss 0000menHas dynkuugs £ € S, | Takas, dTO
(E,ABp)a = ¢(0), V ¢ € Su(RS). ®ynmamenranbhnoe pemenue oneparopa Ap ¢

HOJIOXKUTEJIbHBIMU (v; U3BeCTHBI [3], [4].
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Teopema. [Tyecmv a=(—B,7)=(=PB1,- -, —BmiV,- s Yn-m), —Bi€(—1,0), vi >0, m>1.
IIpu  1<n+|a|<2  dyndamernmanvroe pewenue Ap-onepamopa ¢ 0cobeHHOCVIO HA  KOHYCE
Tl |g|2—n—lel
n+la]—2) [S1(n)]a

Jesumana [2]: TTu(t)=C(v) [ u (\/t2 + 72— 27 cosﬂ) sin’" !B dB, >0, a |S1(n)|a

nAOUWadL Ha2pYHCEHHOT chepbl.

|z| = |y| umeem eud Eap(|x|, |y|) = 0 2de TV — o6o6wenmmii cdeuz Iyaccona—

[Iycrs f(|z]) € S., perynsipuasi obobmennas dyukius. Torna Apg, (€,T|y|f(\y|))a = f(|x]).

||
Bepazkenne U(|z]) = [ f(|y|) (T||;‘|\x|2_”_|a‘) y*dy Oynem HasbBaTh B -norennuasnom Helorona
Ri
(ma xomyce |x| = |y|). Temepp ormernM, uro B ciaydae «; > 0 um n+|a| > 2 wnHTerpassl Tuma
B -TIOTeHIUAIOB ¢ 0COOEHHOCTBIO B TPOW3BOMLHOM Touke R, wmssectmwr, cm. [3], [4]. 3mech mac
uHTepecyer caydail a;>—1 u 1<n+|a|<2, BO3HUKAOIIMIA IPH HAJTMYUN XOTsI ObI OJIHOT'O OIIEPATOpa
Beccens ¢ orpuniarensubiv mapamerpom —f1€(—1,0) B omeparope Jlamnaca—Kunpusinosa. Ciremyst
[5], BBeeM dbyHnKImORATBHOE HpOcTpancTBo Jlebera LY, ¢ momomauTepubiM Becom (1 4+ |z]|2)7/2 .

P
Nmeer mecTo ciiesyioniee yrBepK/ienne (rtuma mnepsoii Teopembl CobosieBa 0 moTeHnuamax, cM. |5,

c. 241).
ITyemo  f(z)eLf,(RY), 2—n—|oz|<l;§/__11 . Mpu 1<n+|y|<2 u z€R},  cnpasedausa ouernra
2—n—|a|
Uf(2)| < Cllflleg, (1+]2]?) 2
Hrnmeepan Uf asasemcs nenpepvienot Gynkyuets om x .
Eciun dyuknust f dunuTHASI, TO yKa3aHHOE HEPABEHCTBO clipaBeiuBo npu v=0.
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OB OJITHOM 3AJIAYE JOJITOCPOYHOT'O IIJIAHUPOBAHUA

Macrepkos FO. B. (Poccust, Biaguvup)
BaaguMupckuii rocytapcTBeHHDBIN YHUBEPCUTET
Jura.masterkov@yandex.Tu

3a/iaun IAHUPOBAHUS IPOU3BOJICTBEHHBIX IIPOIECCOB SIBJISIIOTCS BayKHOM YaCThIO PA3BUTHS
SKOHOMUKHU. B JJaHHOM ciiyuae pacCMaTpPUBAETCH BOIPOC 00 ONTUMHUBAIMHA PAbOThl OEH30KOJIOHKH.
Tounee o cuabxkenun O6eH30KOJOHKU TOIIUBOM. [Ipesmosiaraercss, YTO €MKOCTH )i XPaHEHUS
KayKJOr0 THIA TOIJINBA OTPAHUYEHBI BEJMYUHOW 2y W JIJIsI TOTO, YTOOBI MOTOJHHUTDH KAaXKIYTO
€MKOCTh, HeOOXO/IMMO IpepBaTh OOC/IyKWBAaHWE KJIMEHTOB 10 JIAHHOMY BHUJIy TOILJIUBA HA BPEMsI
0 > 0, T.e. mOTepaTb MPHUOLLTL, YIYIMIEHHYIO 3a BpeMs 3arpy3ku. Tpebyercs CIIAHUPOBATD
[IOTIOJTHEHUE 3allacoB TOILIUBA 3a Bpemst 1 >> § Tak, ITOObBI MUHUMHU3UPOBATHL YIIYIIEHHYIO
BoIrojy. IlmorHocTs moroka kimenToB p(t) > 0 CTpoOWTCS HAa OCHOBE CTATHCTHYECKUX JTAHHBIX
[0 AHAJIOTUYHBIM TEPUOJAM MPONLIBIX JIET U [0 TOH IJIOTHOCTU CTPOUTCS (DYHKIUS CKOPOCTHU
norpebsiernst f(t), KoTopasi orpaHudeHa csepxy. st IpocTOTHI mpejoaaraeTcs, 9To GyHKIUs
f(t) sBasiercs memnpepbiBHOii Ha orpeske [0,T]. Ilpubbuib, mojaydeHHast OT MPOJAYKE TOIJIUBA,
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OYEBHUJIHO TPOIOPIHMOHAJILHA KOJUYECTBY IMPOJAHHOTO TOILIMBA WM IleHe P cpejHell KOP3UHBI
nokymnaressi. TakuM o0pa30M MbI IPUXOIUM K 3a/1a4e:

t to 173 T
S(T,k‘,tl,tg...tk)zp /f(t)dt+/f(t)dt+“'+ / f(t)dt+/f(t)dt — Imax (1)
0

t1+06 tp_1+9 tr+0

t;+0
/f(t)dtgzo, ief{l,2.. .k}, 0<ti<ta<---<tp<T. (2)
t;

Teopema 1. Ecau ¢pynryus f(t) nenpepwena na ompesxe [0,T], mo cywecmsyem pewerue
sadavu (1)(2).

Jlannas 3ajiada CBOJMTCA K KOHEYHOMEDPHOI 3ajade ¢ OrpaHUYEHUsIME TUIA HEPABEHCTH,
JJUIsl  OITUMAJIBHOIO PEIICHUsI KOTOPOH ]Aﬁ‘; tAl,tAg .. .tAk BBIIIOJIHEHbl CTaHAapTHBIE YCJIOBUS
cranmoHapaocT 1o t;,4 € {1,2...k} u ycjaoBusI TOMOJHSAIONIEH HEKECTKOCTH.

O/HAKO CJIOXKHOCTh UCCJIEyeMOTO BOIPOCA COCTOUT B TOM, 4YTO NpH usMeHenuu 1 (jaxke
HEOOJIBITIOM ), DPEIleHne MOXKET M3MEHUTBhCS CKadkoM. Jlayke mpw JI0CTATOYHO XOpoilmeii (CcKazKem
T -nepuouieckoil (pyHKIMU) Pe3yJIbTaThl UCCICIOBAHUS HA IIEPUOJIE HEJIb3sl PACIPOCTPAHUTH HA
npomexxkyTok [0,nT]. asee: xoresoch OGbl MMETh XOPOIIMH aJrOPUTM DEIeHUs JAHHON 3a/adH,
KOTODBIIl O3BOJIsIT ObI B CJlydae BHE3AIIHOIO M3MEHEHUsT YCJIOBU (HAIPUMED PE3KOIO yBEJIMICHUsI
IUJIOTHOCTU TOTOKA p(t) ) JOCTATOYHO GBICTPO [IEPEHACTPOUTH CUCTEMY.

3AJIAYA BBICTPOAENCTBUA HA TPVIIIE ['EI3EHBEPTA
C VIIPABJIEHHUEM B ITOJIYKPYTI'E®

MairrakoB A. I1. (Poccusi, Ilepeciasib-3anecckuii)
WNucruryT nporpammubix cucreM uM. A K. Alytamassua Poccniickoii akajgeMun HayK
alexey.mashtakov@qgmail.com

PaccMaTpuBaeTcs clie/Iyiolnas 3a/1a49a Ha IJI0CKOCTH. JIaHbl TOuKn ag,a; € R? | JUmmmiesa
kpuBasz 7 C R?, coepunsiomas a; ¢ ag, BEKTOD ve R? u wmcio S € R. Tpebyercst Haiitu
IiPaT‘{aI'?'IH_IyIO ymmmnmneBy Kpusyio v C R? | coeumsiontyio ag ¢ aj , MOHOTOHHYIO B HAIIPABJICHIN
U, Ul KOTOPOI 3aMKHyTast KpuBasg U5 orpanmumsaer B R? o6yacThb aarebpandecKoi Mo, m
S.

BBejieM JIeKapTOBLI KOODJAMHATEI &,%y Ha IUIOCKOCTH RZ2 ¢ HadajoM KOODAHHAT ag U
HanpasjenneM ocu Oz BJOJb BEKTODPa v Torna ay = (0,0), a1 = (z1,y1), a Kpusas
v(t) = (z(t),y(t)), t € [0,t1] sABIAETCH perieHmeM CiIeLyIONIEN 3a1a41 OBICTPOIEHCTBHS:

ZiI:U1, IL‘(O) 207 x(tl) =T (I‘,y,Z) :qERSa
§ = ug, 2(0)=0, z(t) =y  ui+us<1,u >0,
=3 (wr—uy), 2(0)=0, z(t)=S5, {1 — min,

rje ynpasienus u; npuHajiexar kiaaccy L([0,1],R) .

Sajiavua sIBJISETCsI JIEBOMHBAPUAHTHOM 3ajadeil OblcTpojelicTBust Ha rpyiie leitzenbepra c
MHOKECTBOM JIOIIYCTHMBIX yIIpaBjenuii — nosykpyrom. Ciydail, Korja MHOMXKECTBO JOIMYCTUMBIX
yIPaBJIEHUH SABJIAECTCS TEJBIM KPYTOM, IIPEJICTABJIAET CODOH XOPOIIO WU3BECTHYIO —3aJa4y
Hunonsr [1,2] — kpaeyroabHbIil KaMeHb CyOpUMaHOBOI reomerpui [3).

Bajiaua IpeICTaBIISIOT HHTEPEC B MeOMETPUIECKOll Teopur yrpasieHus [4], Kak MoJesbHbIil
opuMep, B KOTOPOM HyJIeBOe yIpaBJeHHe HaXOJUTCS Ha TPAHUIE MHOMXKECTBA yIPABJIAIONINX
napamerpoB. AHajioruuHasi 3aja4a ObICTPOJIEHCTBUsI Ha Ipylne JBuxkenuii miockoctu SE(2) ¢
TAKUM OrpaHrveHreM Oblia UCCiieloBaHa B HejaBHell pabore [5].

53UccnenoBanne BBIIONHEHO 3a cuer Tpanta Poccmiickoro mHaywHOro omma (mpoekr Ne  22-21-00877,
https://rscf.ru/project/22-21-00877/) B Mucruryre nporpammubix cucreM uM. A.K. Ajinamaszsma Poccuiickoit
aKaJeMuH HayK.
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I[Tomumo wmHTEepeca B TEOpUH aKTyaJbHOCTH 3aJadd  OOyC/IOBJIEHA MPUIOKEHUSIMHU B
pobororexnuke u obOpaboTke wu30Opaxkenuii. PaccmarpuBaemas ympapiisgemasi CHCTEMa 3aJIa€T
HIJILIIOTEHTHYIO AIIIPOKCUMAIUIO /I Moeell MOOUJILHOrO poboTa, KOTOPBLIA MOXKET IBUIaTbCs
BIlepe/ U BpalllaTbCdA Ha I/ICKpHB.HGHHOfI ITIOBEPXHOCTU. OHTI/II\J&.HbeIe TPpAaeKTOPUUN HUCIIOJIb3YIOTCA
JIJIST TIOMCK& BBIIEJISIIONINXCS KPUBBIX HA N300ParKeHUSsIX.

Jlng 3amaun [MOJIYyUeHbl CIeLyIOINUe Pe3yJbTaThbl: HailJeHO MHOXKECTBO JocTu:KuMocTu A
CHCTEMBI U JOKA3aHO CYIIECTBOBAHHE ONTHUMAJLHON TPAeKTOPUU [Jjisi TPAHUYHBIX YCJIOBUN U3
A, U3 HeoOXOOUMOrO YCJIOBHS ONTHUMAJILHOCTH — IIPHUHIMIIA MakcuMyMa IloHTpsruma HapIeHbl
9KCTPEMAJIbHBIE TPAEKTOPUH; HCCJIEI0BAHa ONTUMAIBHOCTD SKCTPEMAIbHBIX TPAeKTOPHil; orcaHa
CTPYKTYpa ONTUMAaJIbHOIO CHHTE3A.

Teopema. Mnootcecmso docmusrcumocmu, Ynpasasemots CucCmemss umeem eud

A={qeR¥2>0U{gc Rz =0, 2 =0}.

as mobozo q € A cywecmeyem eQuHCMBEHHAA ONTMUMGALHAA MPAEKTMOPUA, NPUTO0AULA 6 ] .
OnmumasdbHas Mpaexmopus Ha NAOCKOCIU T,y COCMOUM He 00Aee Yem U3 MPexr Ce2MeHmMos
caedyrowezo suda: 1) dsusicenue no npamot 6doav ocu Oy ; 2) deusicerue no dyze okpyAHCHOCTU;
3) dsuotcenue no npamoti 6doav ocu Oy .

Yacrb pesynabraros momydena coBmectro ¢ A.O. YepnbimesbiM B xo1e MOty st « COBpeMeHHbIE
METOJ[bI TeOpUU WHMOPMAIINY, ONTUMU3AINN U yipasieHusi», Cupuyc, 2021.
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VHTETPAJIBHBIE IPEJCTAB/IEHUS] JJIsI TIOJTU/IOTAPU®MOB U ACCOLUUPOBAHHBIX
C HUMH OYHKIUIT

MupszoeB K. A. (Poccusi, Mocksa)
MockoBckuii rocyapcTBennbiii yausepcureT uMenn M.B. Jlomonocosa
Hentp dyHmaMmenTa bHON 1 TpUKIAHON MaTemaruku MIY
mirzoev.karahan@mail. ru

Cadonosa T. A. (Poccusi, ApxaHrebek)
Cesepubiii (Apkruueckuit) denepanbubiii yausepcurer umenn M.B. Jlomonocosa
HenTp dyHaaMeHTAILHON 1 IpUKJIaIHONH MaTeMaTuku MI'Y
t.Safonova@narfu.ru

Kak usBectno, nommmorapudymaeckast pynkiust Lig(z) u acconmupoBantas ¢ ueit pyHxims
Tis(z) mopsizika S OT apryMeHTa 2z OIPEJEJIsIOTCsS PABEHCTBAME

+o0 Sk +oo (_1)k—1z2k—1
LZS(Z) :ZE u TZS(Z) :Zw,
k=1 k=1

riae z, s € C',upuuém |z| < 1 (em., vanp., [1, ch. 7, dopmysiet 7.1 u 7.4]), a 3Hauenust srux dbyHKIWi
B TOUKe z = 1 paBHbI 3HadeHusiM j3eta-pyHkiun Pumana ((s) u 6era-dyuximn Jupuxie [5(s)
coorBercTBeHHO, T.e. Lig(1l) = ((s) u Tis(1) = 5(s).

54PaBora BeImosHEHA TP hUHAHCOBOH T IepxKKe PH® (mpoekT Ne 20-11-20261).
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Hamu B pabGorax [2] m [3]| mpemioxken MeTom, MO3BOJISIIONIMI CPEJICTBAMU CIHEKTPATHHOM
TEOPHH CAMOCOTIPAAEHHBIX TubdepeHImaTbHBIX ofepaTopos B npoctpanctse L£2[0, 1], momydars
UHTErpaJjibHble IIPEJICTABIEHUs] HEKOTOPBIX CTEIEeHHBIX PHAJOB U ClelnuajibHbIX GyHKIMA. B
YaCTHOCTH, CIIpaBejInBa CIeIyIOas TeopeMa.

Teopema 1. IIpu m=1,2,... u z € [—1,1] cnpasedausv, pasencmsa
(27r)%m+1 zsin2mx
Li — (—qymrd / B
tam+1(2) = (=1) (2m + 1)! 2m1 (@ 1 — 2z cos 2mw + 22

2zcosTx

Tigmy1(z) = (=1)™ /E2m 1(w) arctg 1_7226155,

4(2m —1)!

. (2% + 2) cos

T = ()" | Eam-
iam(2) = (1) 2(2m_1)[/ 2m 1($)1+2z2cos27r$+z4 ”
0

a npu z € (—1,1] - pasencmeo

1
2m
, z(cos2mx — z)
L =(-™ (B - B
tam(2) = ( 2m)! / 2m( 2m) 1 —2zcos2mx + 22
0
2de Bp(z) u En(x) (n = 1,2,...) — mnoeousenv, Bepryaru u Disepa coomsememeento, a

B, = B,(0) - wucaa Bepryanu.

Ormernm, uyro dopmymbl jyuist Ligg,(z) u Ligymy1(z) upn z € (—1,1) 6bumm nosydeHsl
panee B pabore [4]. Kpome Toro, mpu z = =+1 mnpuseaénubie Bblie (GOPMYJIbI COBIAJAIOT CO
CJIEJTY FOIIMMU U3BECTHBIMU (DOpMYyIaMu Jjist 3HadeHnii ( -pyuknun Pumana u (3 -pyuknun dupuxiie
B HATyPAJbHBIX TOYKAX

clom) = ()" S B pam 1) = <—1>m+1<7;/(22)§,:;“E2m,
B(2 ()" [ B
m) = 2m — 1 ) CcoSTTX
( 1)m+1 27.‘_ 2m~+1 !
(2m+1) = 22m 1 1] /BgmH x) ctg mrdr =

[e=]

(—)mEnP (1)@ [ By(a)

- Bom1(z) tg made =
T 2(1 - 2-2m)(2m + 1) / zot1(2) 8 72dr = T S Gy | Sinme
0 0

dzx,

e E, (n=1,2,...) - gucia Dilrepa.
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O BBIPOXKJEHHBIX PE3OHAHCAX U CMHXPOHUBAIIIN
KBABUIIEPUOINYIECKUX KOJIEBAHMIT®

Moposos A. . (Poccusi, Huxkuauit Hosropon)
Huxeroposicknit rocynapersennniit yuusepcurer uMm. H.M. JlobadyeBckoro
kirill.morozov@itmm.unn.ru

Mopozos K. E. (Poccusi, Huzkuuit Hosropop)
Hwmxeropomackuii rocymapersennniii yausepcuter uMm. H.U. JlobageBckoro
morozov@mm.unn.ru

B pabore wuccienyercs moBefeHue pemieHuil cucTeM, OJU3KUX K JIBYMEPHLIM HEJIMHEHHBIM
raMIJIBTOHOBBIM, IIPU HAJUYUU MAaJIbIX KBa3UIIEPUOIUIECKUX 110 BpeMeHu Bo3Mmytenwuii. [Ipemmoa-
raeTcs, YTO BO3MYIIEHHAs aBTOHOMHAs CUCTEMA, MOJyUYEHHAs U3 UCXOIHONW yCPEIHEHUEM IIPaBBIX
JacTeil 110 BpEMEHHU, MMeeT I'pYObIil MpeJebHbIN UK. BBOIUTCS Onpese/ieHne BBIPOXKJIEHHOTO
PE30HAHCA 1 MCCJIE/LYeTCs TOOJIOT IS BBIPOK IEHHO I PE30HAHCHOI 30HBI JIJIst 4eTHOTO 1] n HeweTHOrO
[IOPSiJIKOB BBIpOXKIeHus. Perraercd 3ajada 0 CHUHXPOHHM3AIUU KBA3UIEPUOJUYIECKUX KOJeDaHUi
IIpY TPOXOXKJICHUU WHBAPUAHTHOTO TOPA, COOTBETCTBYIOIIErO MPEIEILHOMY IUKJIY BO3MYIICHHOM
ABTOHOMHO{I CHCTEMBI, Yepe3 pe3oHaHCHYIo 30ny. VcciieioBanre OCHOBAHO Ha aHAJIU3€e CIIENNAIbHOMN
YCPETHEHHON CUCTEMBI MAsTHUKOBOTO THUIIA, KOTOpas ONpeJesiseT IUHAMUKY B PE30HAHCHON 30He.
JLJ1st cucTeMbl TIePBOTO TPUOJIMKEHNS OIIPE/IE/IAIOTCS OCHOBHbBIE CTPYKTYPBI (ha30BOTO IPOCTPAHCTBA
U I KaXKJOW U3 HUX HM3YydaloTcsd OndypKalud KBA3UIIEPUOMUIECKUX PEIIeHU, TPUBOMIAIINE K
cuHXpoHu3auu kKoyiebannii. JlokazaHo cyIecTBOBaHUE MHTEPBAJIOB CHHXPOHUBAINHU 110 [TapaMETPy
paccrpoiiku. ObHapykeHbl HOBbIe 3(hdEKThI, BO3ZHUKAIONINE B PE30HAHCHOW 30HE. B kKadecrBe
npumepa ucciaemayerca ypasuenue tumna lyddunra-Ban nep Ilosis, B koTopoM MOTYyT BO3HUKATD
BBIPOXK IEHHBIE PE30HAHCHI PA3JIUIHOTO THUIIA.
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['AIIEHUE KOJIEBAHUN JIBUKYIIETOCs ITOJIOTHA
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KnroueBbie cioBa: [amenue kosiebanmii, rumepboimdecKne ypaBHEHUS, aBTOMOJIE/IbHBIE
peIIeHns CMEITaHHbIX 38J1a4, ONTUMAIbHBIE PEXKUMBI.

1. PaccmarpuBaercs ciemyromasi MOJeIb HOMEPEYHbIX Koiebanuit w(x,t), CBI3AHHBIX C
JIBYZKeHHeM OyMazkHOro mosoraa (cM. [1]):

d*w 0*w 5 o\ dPw

— 4+ 2v +(vg—c)—=—=g(x,t) O<x<I, t>0 1

dt? 09zt (v ) dx? 9(@,1) ’ (1)
rje ¥y — BEKTOP MPOJOJBHON CKOPOCTH JBHXKEHWsS TIIOJIOTHA, ¢ - TIPOJOJbHAsT CKOPOCTD

PaCcIpOCTpaHeHnsl BO3MYyIeHUi B mostotHe, ¢ (x,t) — yupasmsomast dyaknust. IIpu sToM 3a1aHbI
IDAHUYHbBIE YCIIOBUS
w(0,t) =w(l,t)=0, t>0 (2)

55Teopermdeckas 9acTh PaGOTHI HOIIEpKaHa POCCHHCKHM HayYIHBIM (DOHIOM (rpaar PH® Ne 19-11-00280),
paKTHYIeCKas 9acTh (MCCIeI0BAHUE BBIPOXKICHHBIX PE30HAHCOB B ypasHeHun tuna lyddunra-Ban nep Ilons npu
KBA3UIIEPUOAMIECKOM BO3MYIIeHNN ) nomaepkana Munobpaayku P® (npoext Ne 0729-2020-0036).
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U Ha4aJbHbLIC BO3MYIICHUS
w(z,0) = hy (x) ,we (2,0) = hy (), x€[0;1]. (3)

2. MeToj; aBTOMOJIEJIbHBIX pelleHuii oJHOpoIHOl cMeranHoit 3agaqan (1)-(3).
Bamernm, 94To Jisl pellleHnst CMeNTaHHO 38,1291 OOBIYHBIM IIPHEMOM YCTAHABJINBAECTCS «3aKOH
COXPaHEHUsI SHEPTUM» :

!
E(t) = /0 [wf (z,t) + (¢ — v§) w2 (z,t)] dz = Const. (4)

IIpu sTOM JUIst BBIBOJA TPOGJIEMBI MOMEHTOB TpebyeTcsi HANTH ero perieHue B BUJE Psijia
CTOSIYNX BOJIH, TO €CTh, TaKyl0 CHCTEMY CTOSYMX BOJH vy (x,t), k = 1,2,..., 4r0 cucrema
{vg (=, 0)}?,3:1) 6buta 661 Oasucom Pucca B Lo (—1,1) . Ilokazano, 1to

ok (2,1) = exp {i“;” (2 = A) t - voa] } sin (’“f) , (5)

upuyeM 6asucuocrs Pucca cucremsr {vg, (x,0)}72, BbITeKaeT u3 paGor [2-4].
3. O ramennu KoJiebaHUH ABUXKYIIErOCs IOJOTHA.
B pabore Mbl Gyjiem IpejnosaraTh, 9To yupasisionias dbyakius g(z,t) uMeer Bu

g(z,t) = uo(t)xo(z) + ur(t)x1(z), (6)

e xo(z), x1(x) — xapakrepucrudeckas (GYHKIHSA JIBYX Y3KHX HEIEPECEKAIOIINXCS OTPE3KOB,
KOTOpbIe TipuHajyiexkar orpes3ky [0,1] u mupunoit 2¢ . BeegeMm MuHMMu3upyeMblii yHKIMOHAT

l
J(t) =/[wg($,t)+(c2—vg)wi(frjt)]dwr?/\@(ug(t)+U%(t)) (7)

0
[Honoxum 2)Xe = W n Oyaem CUINTATh byHaKIIINT
ug(t) KycOUHO-IIOCTOSHHBIMU Uk(t) = Ugp, Hput,_ 1 < t < t,, k = 0,1,p = 1,2,...,P.
3necb P MoxkeT mpuHUMATh 3HadeHust or 1 jgo N, rme N — 49uC/Io IIaroB IO BPeMeHH,

HCIHOJIb3YEMBIX [IPH YIHCJIEHHOM PpelleHun 3ajadn. Takum obpasoMm, GyHKnmoHays J CTaHOBHTCS
dyHKIyei 3HAYCHTH Upy .

okasano, uro ipu hg (r) € W (0,1) ,hy (z) € La (0,1) maiiaéres Takoe MHHIMAILHOE BPeMs
t="T) = (Cilcvg) U Takoe OlTHMaJjbHOe yupasienue ¢o(x,t) € Lo (0 <z <[,0<t<Tp), uro B

MOMeHT BpemeHH T mpobieMa MOMEHTOB MMeeT eJIMHCTBEHHOe pemieHue ¢o (z,t), Ipu KOTOPOM
sueprust E (t) cucremst (1)-(3) Toxaecrsenno pasna 0, To ects w (z,7p) = 0,w (x,Tp) = 0.
Takum obpazom, KojebaHusl CTPYHBI 32 BpeMsi 1y racaTcs IOJTHOCTBIO.
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DPPEKTUBHBIE KBABUKJ/IACCUUYECKUE ACUMIITOTUKU

Hazaiikuuckuii B. E. (Poccust, Mocksa)
Uucturyt mpobsiem mexanukn nm. A. FO. Ummmackoro PAH
nazaikinskii@yandex.Tu

Kanonunueckuii omneparop, cozpansbtii B. IT. Maciaoseim [1] B 1965 1., siBisiercss ogHum
U3 MOIIHEHINUX CPEJICTB MOCTPOCHUS TJI0DAJIBHBIX KBA3UKJIACCUIECCKUX acuMOTOTUK. OH OCHOBaH
Ha TeOMeTPHIECKOM O0bEKTe — JIarPaHKEBOM MHOroobpasmm A B ¢a30BOM IIPOCTPAHCTBE R%g ) -
Kanonwaeckuit omeparop jeficTByeT Ha Tyajkue GYHKIUH Ha A W TepeBOauT ux B
OblcTpoocnuLIUpyomue (GyHKIUM Ha KOoHMUrypalmoHHOM IpocTpaHcTBe R” | 3aBucamme or
majoro mnapamerpa h > 0. B mpaktumueckux pacderax BaykKHO, YTOObI ACHUMIITOTHUKA ObLiIa
5 HEKTUBHON, T.€. MO3BOJISIA UCCIEN0BATH 3aJady JOCTATOYHO OBICTPO W € JOCTATOTHO
CKPOMHBIMHU BBIYUCIUTENbHBIME 3aTpaTamu. llonsarue 3ddekTUBHOCTH 3aBUCUT OT UMEIONTUXCS
BBIUHUCJIUTETBHBIX CPEJICTB U CYIIECTBEHHO HU3MEHUJOCH C IIOSBJIEHHEM CHCTEM TEXHUIECKUX
peruuciaennii Wolfram Mathematica, MatLab u uM 10100HBIX, IPEIOCTABJISIIONUX IPUHIIAIINAILHO
HOBBIE BO3MOX@KHOCTH OIIEPATUBHON peaiu3alii U BU3yaJIM3aluu BbraucieHuii. Kiraccumdaeckoe
ompejiesieHne KaHOHUIECKOr0 OIepaTopa He BCEIa YIAOBJIETBOPseT TpeboBaHusM 3(DPHeKTUBHOCTH,
OTYACTH TOTOMY, UTO UCIOJIB3yEeMbIEC UM JIOKAJbHBIE KOODJMHATHI HA JIAIPAHXKEBOM MHOT000Opa3uu
allpUOpPU HUKAK He CBsI3aHBI C pelrraeMoil 3ajadeil. B jrokiae maH 00630p COBPEMEHHBIX BepCHil U
MopUKAIINN KAHOHMYIECKOTO OIIepaTopa, MO3BOJISIONUX CTPOUTH 3P DEKTUBHbIE ACUMIITOTHKHE. K
COOTBETCTBYIONIAM KOHCTPYKIIASIM OTHOCSITCST

e HOBbIEe (QOPMYJIbI, ITO3BOJISIONINE 3AlMUCATH KAHOHUYECKUN OIEPATOP B IPOU3BOJIBHBIX
KOODJIMHATAX Ha JIArPAHKEBOM MHOT000Da3uH;

® I[IpEJICTABJIEHUS KAHOHUYECKOI'O OIEPAaTOpa B OKPECTHOCTH OOIUX KAayCTUK B BHJIE
crieruaibHbIX yHkumit (Diipu, [Tupcu u ap.) CJI0KHOrO apryMmeHTa;

e B 3aJ@YaX C JIOKAJIM30BAHHBIMU HAYAJILHBIMHU JAHHBIMUA — O0DOOIEHNS KaHOHUYECKOTrO
olepaTopa, IMO3BOJISIIONIME HMCC/IeI0BaTh Ciaydan, Korjga 3¢hdeKTHUBHbIE TaMUJIBTOHUAHBI (M, Kak
CJIeJICTBHE, JIAPAHXKEBbI MHOI00Opa3usi) MMEIT OCOOEHHOCTH ClienuasbHOro Bujga upu p = 0
(crozia OTHOCSITCsI, HAIpUMED, BOJTHOBOE ypaBHEHME, CUCTEMBbI, rurepbosmyeckue 1o IlerpoBckomy,
nceBoupepeHIua bHOe  YPaBHEHUE, OIMCHIBAIOIee BOJIHBI Ha BOJE B JIMHEAPU30BAHHOM
IPUGJINKEHAH C YIETOM JUCIEPCUU U T. IT.).

Jlokitas, ocHOBaH Ha pe3yJibraTax MHorojerTHeil coBmectHoit paborer C.FO. dobpoxorosa,
A U. MTadapesnda u aBTOpa, KOTOPbIE B OCHOBHOM 000011ens! B 2], [3], [4].
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KOPOTKOBOJIHOBBIX ACHMIITOTUK B OKPECTHOCTH TOYKU BO3Bpara Kaycruku // Marem. samerku. 2020.
T. 108. Ne3. C. 334-359.

[4] Ho6poxoros C.YO., Haszaidikuuckuit B.E., IHadapesna A.M. DddekTuBHbE aCHMITOTUKA
pemennii 3amaun Komm ¢ JioKaam30BaHHBIMU HAYAJbHBIMYU JAHHBIMHA JJIS JIMHEHHBIX CHCTEM
nuddepeHuanbHbIX U TceBnouddepennnaibubx ypasaenuit // Yenexu mar. mayk. 2021. T. 76.

Ne5(461). C. 3-80.
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DJIACTUYHOCTDb CITPOCA U [NPEOJIOXKEHNSA B MATEMATHUYECKNX MOZIEJIAX PBIHKA

Huxkanopos C. O. (Poccusi, Mocksa)
Wucruryt npobsiem ynpasjienust uMm. B. A. Tpanesnukosa PAH
nikanorovsoQyandez.ru

DJIACTHYHOCTh OKA3BIBACT, KAK PEArupyeT OIWH MapaMeTp (CIpoc, MpeIoKeHne) Ha
u3MeHeHue Jpyroro(IeHbl, o0beMbl MpojaxK). TakuM 00pa3oM, HPU MOJIETUPOBAHUN IKOHOMU-
YECKHMX IMPOIECCOB IACTUIHOCTH MOXKET OBITh HUCIIOIL30BAaHA IS HMCCACIOBAHHSA, AHAIA3A U
[IPOIHO3UPOBAHUSI PA3IUIHBIX N3MEHEHHH 3KOHOMUYECKO# cucTeMbl. IIONBITKH HCIOIB30BATH
MaTeMATHKy KakK HMHCTPYMEHT MCCJIEJI0OBAHNsS YKOHOMUYECKHMX IIPOIECCOB Hadaiauch eme B XII
Beke. IlepBasi MaTeMaTHKO-9KOHOMHUYECKasi MOJE/b ObLia omybinukoBaHa B cepemuie XIII Beka,
aBTOpoM jaHHON Mouenn 6bwl Ppancya Kepus. C rmex mop jgaHHas o6JiacTh MaTeMaTUYECKHUX
HCCJICIOBAHUI AKTWBHO PAa3BUBACTCA M CTAHOBUTCA TOJLKO Oojiee akTyanabnoil. CymecTByror
pPa3IuYHble BUILI MATEMATUYECKUX MOJE/ell SKOHOMUYECKHUX ITPOIECCOB, BO MHOTOM 3TO 3aBUCHUT
OT HAYaJbHBIX JAHHBIX W IeJIell uccjaeaoBanmsa. Hampumep, CyIMECTBYIOT MOMAEIW PBIHKA, B
KOTOPBIX OTOOParKEHUsI CIIPOca U MPEJIOKEHUsT SIBJISIIOTCS PEIIeHneM 3aJladl Ha, HAXOXKJIEHUE
ycsioBHOTO 3KcTpemyMa [1]. B Apyrux Mogesisix CHpoc ¥ IpeJIOYKeHUs] BOCCTAHABJIMBAIOTCS
C HOMONIBIO M3BECTHBIX cTarucrmdeckux gamnbix [2|, [3]. D(p,p,t) : R} — R} -~
orobpazkenne cmpoca. S(p,p,t) : R} — R} — orobpaxkenne mupemioxkenus. B moxmaze
[IPEJICTABIEHBI PE3YJIbTaThl UCCAEJOBAHUSA CBONCTB 3JACTUIHOCTH 110 IEHAM B JIUHAMUYECKUX
Mojensx "crupoc-upemiokenne". B dacTHOCTH MCCIeI0BaHUS BOIPOCOB BBLIYUCICHUS] TOYEUHONH U
JIyTOBOM 3JIaCTUYHOCTEH CIpPOCa U IPEIJIOXKEHUS II0 CTATUCTHYECKUM JTAHHBIM, BOCCTAHOBJICHUS
oToOparkeHuil Crpoca M HPEJJIOYKEHUs C KMCIOJIb30BAHNEM HANJIEHHBIX (DYHKIUN 3JIaCTUIHOCTH,
a TaKyKe IPUMEHEHHUE IOJIYYCHHBIX PE3YJIbTATOB JJIA HCCICIOBAHMSA MATEMATHYECKOUX MOJE/IEH
poiaka. OJHUM W3 TPWIOXKEHWH TOJyIeHHBIX PE3yJIbTATOB SIBISIETCST HAXOMKICHHUE IIOJIOYKEHUST
PABHOBECHS PBIHKA, W HCCJICIOBAHUS €ro CBOMCTB. lccienoBanmsa M BHIMHUCICHUA ITPOBOIUIACDH
C WCIOJIB30BaHuEM Teopuu JuddepeHIManbHbIX yPABHEHU, PE3YyIbTATOB TEOPUH HAKPBIBAIOIINX
0TOOparKeHUil, & TaK>Ke IUCICHHBIX METOJOB.

JIureparypa

[1] Apytionos A. B., XKyxkosckuii C. E., ITapnosa H.T. «PaBHOBeCHBIE IIEHBI KAK TOUKA COBIIAJIEHUS JIBYX
orobpakenuii». / /K ypHaJl BBIYUCINTEIBHON MaTeMATUKU U MaTeMaTudeckoil pusuku. — 2013 r. — T.
53, Ne2.

[2] Joonas Vauhkonen Cross-Price Elasticities in Fashion Retail Pricing (Master’s thesis Espoo, April 16,
2018).

[3] Harish Abbott, Udatta S. Palekar Retail replenishment models with display-space elastic demand
(Department of Business Administration, University of Illinois at Urbana-Champaign, Urbana, IL
61820, United States).

CTPYKTYPA AJIPA 3AJAYN [IIBAPIIA B DJIJIUIICE

HuxousaeB B.T. (Poccus, Bemukuit Hosropos)
Hogsropocknii rocyiapcTBeHHBIN YHUBEpCUTET UMeHN fpociaBa Myporo
vg14@inbozx.ru

IIycts Bce cobcrBenHble Yucjaa MaTpuilbl J € C* jexxar B BepxHeil MTOJTYTLJIOCKOCTH.
Hazosem kKommtekchyio £ -BekTop-byHKmmuio ¢ = ¢(z) € C1(D) amammrmdeckoit o dyrmucy [1] B

obsactn D C R?, ecqu BoimosHeno ypasuenne — — J - — =0, z € D.

0 ox
[lycrs xoutyp I' = 0D. Paccmorpum Cﬂ?{mymmylo 3adawy Ileapua |1|, wiu sadawy S.
Tpebyercst naiitn anaaurudeckyo 1o Jlyruucy B obmactu D dyHKImo ¢(z) 10 rpaHUIHOMY
yciosuio Re gi)(z:)|F = 1(w), rae BemecrsenHas {-sekrop-dyukius ¥(w) € C(I") 3anana.
Onpepenienne 1. Hdopom Ker S sadawu [lsapuya S 6 obaracmu D nasosem pewenus ¢(z)
00nopodrot 3adawu Re gﬁ(z)}r =0.
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Ec/i £p0 COCTOMT TOABLKO U3 HOCTOSHHBIX BeKTOpoB ¢(z) = ic, ¢ € RY, To ero mazosem
TpuBHATBHBIM. CIIpaBe BRI CJIEYIONINE YTBEPIKIEHUS.

Teopema 1. Hempusuaavroe adpo 3adaywu Llsapua 6 npoussosvrom aasunce D cocmoum
U3 BEKMOP-NONUHOMOS.

Teopema 2. Ilycmov 2 X 2-mampuua J umeem kpammoe cobCMBERHOE HUCAO N U
HedUuazoHarbHY10 dHcopdanosy dopmy. B smom cayuae mempusuasvroe adpo sadawu Illsapua 6
2ANUNCE COCNOUM U3 00HO020 BEKMOP-NOAUNHOMA ¢r(Z) cmenenu n.

[Iycrs w = w(t), t € [—m,m) — napamerpusanus sjumnca I' = 0D.

Teopema 3. Ilycmov 6 ycaosuaxr meopemv, 2 eexmop-nosumnom ¢n(z) € KerS. Tozda
CMPABEIAUBO NPEICTNABACHUE

Im ¢, (w(t)) = (a1 cosnt + by sinnt, as cosnt + be sin nt)T. (1)
Nubivu coioBamu, paszsoxenne (1) we comepxkur coslt,sinlt upu | < n.

JIureparypa

[1] Commaror A.TI. 3amaua [MIsapua musa dyrkmmit, anamutuaecknx o Jdyrmucy // CoBp. MareMaTnka
u ee npuioxkenus. 2010. T. 67. Ne 68. C. 99-102.

Tornosiorud AMTEBPAUYECKN PA3JIEJIMMBIX CUCTEM

Huxkonaenko C. C. (Poccust, Mocksa)
MockoBckuii (bU3MKO-TEXHUIECKNIT HHCTUTYT (HAIIMOHAIBHBI HCCIIE0BATEIbCKIN YHIBEPCUTET )
nikostas@masl.ru

OHUM W3 METO0B KAUeCTBEHHOI'O aHAJIN3a PEIIeHNii BIIOJIHE HHTEIPUPYEMOil TaMUJIBTOHOBOM
CUCTEMBI SIBJISIETCsl M3ydeHHe TOIoJorun eé cjoeHus: JIMyBusuis, TO ecTb cyioeHus (Ha3oBOro
IPOCTPaHCTBa Ha COBMECTHBIE ITOBEPXHOCTU YPOBH{ IMEPBBIX MHTEI'PAJIOB CUCTEMbI (I/IHBapI/IaHTHbIe
topel JlmyBwinss u ocobbie ciom). A.T. ®Pomenko u ero mkosoit [1] mocrpoena Teopust
TOIIOJIOTUYECKO K.HaCCI/I(i)I/IKaHI/II/I NHTETrpupyeMbIX CHCTEM, OJJHHUM WHU3 OCHOBHLIX pPE3YyJ/JIbTaTOB
KOTOPO#1 SIBJIsI€TCS IIOJIHOE OIMCAHUE TOMOJIOruu cjoenns JInyBuiuisi Ha 3-MEpHOM MHBAPUAHTHOM
[IOJIMHOT000pA3UK  HEBBIPOXKJIEHHOW WHTErPUPYEMONl CHCTEMBI € JBYMSI CTEIEHSIMUA CBODOJIBI.
CootrBercTByOMuUil  KIACCUMDUIUPYIONTN WHBAPHAHT, HA3BIBAEMBIl Meuenot moaekyrol (nam
uneapuarmom Pomenxo—L{uwanza), umeer cTpykTypy rpada ¢ 9ucjaoBbIMu MeTKamu. Pé6pam 51oro
rpada 0TBevYaloT OJIHOIAPAMETPUYECKUE CEMENCTBA PErYJISIPHBIX CJIOEB, a BepIInHaM — 6udypKarun
CJIOGHUSI, TaK Ha3bIBaeMble amomovl. [IOMCK 3TOro MHBapwaHTa i KOHKPETHOUW WHTErpUpyeMOit
CUCTEMBI MO2KET OKa3aTbCd BECbMa HeTpI/IBI/IaJIbHOfI 3&/18,‘{6171, O/THAKO B psJie CJIydaeB OH MO2KET 6]:>ITb
BBITIOJTHEH aJiropuTMudecku. OTHUM U3 TAKUX CJIYyYaeB SBJISETCS KJIACC GA2EOPAUMECKY, PA3OEAUMDBLT
cucmem. CUCTeMATHIeCKUIT TTOAX0 K M3y IeHNIO (ha30BOM TOMOJOTUN TAKUX CHCTEM OLLT 3a7I07KEH
M.II. XapsamoBbim B [2|. Asnrebpantdeckoe pasjeeHue 03HAYAET, YTO MaMIJIBTOHOBBI YDABHEHUS
Ha KaXKJIOM CJIO€ CBOJISITCI K CHCTeMe ypaBHeHmit Abest

P(u;)
U= Y—"2 i=1,2,
Ul — U2
rae P — MHOI'O4JIEH C KO3C1)(1)I/ILLI/IGHTaMI/I, 3aBUCAIIUMU OT KOHCTAaHT IIE€PBBIX MHTEr'PaJIOB. HpI/I

9TOM, YTO OCOOEHHO BarKHO, NPEIIOIAraeTCsl, YTO Bee (ha30Bble ePEMEHHBIE IIPE/ICTABIISIOTCS KaK
paIoHaIbHbIe (DYHKIMH OT PAIUKATIOB BHIA +/U; — (5 , TJIe U; — IIePEeMEHHBIC DPA3Je/eHns, o
— KOPHH MHOT'OYJICHAQ P Bpra.}KeHI/Ie (baSOBbIX IIepeMEHHbIX B TaKOM BHJE IIO3BOJIACT ITOHATDH
CTPYKTYpPY TPOEKIHH KasKJOTO CI0sl Ha IJIOCKOCTH Das/e/ISIoNuXcs MepeMeHHbIX RZ(uj,ug) u
B SIBHOM BHJIE OIMCATH TOIOJIONMIO CJIOSI U CJIOeHWsl B 1eoM. IIpu 9TOM MedeHasi MOJIeKyJia
AJICOPUTMUYECKHU OILIPEJIEJISIeTCs] HEKOTOPOil Zg -MaTpHIEH, KOTOpasi, B CBOIO 0Yepe/ib, OJHO3HATHO
3a/1aéTcst (bOpMyJIaMi 3aBUCUMOCTH (DA30BBIX [IEPEMEHHBIX OT IIEPEMEHHbIX Pa3/eJIeHUsI.

B kadecTBe CIIEACTBHS NPHBEIEM CIHCOK AAeMEHMapHor OudypKanuii, KOTOpble MOTYT
BO3HUKATH B a/Ire0panvecKu pas3/ie/MMbIX cucreMax (T.e. budypkaruii, 0TBEYaONX 0IHOMY KOPHIO
KpaTHOCTH 2 MHOrO4YIeHa P).

166



Teopema 1. Bcakxas saemMenmapHas KOMNAKTMHAA MONOAOLUNECKY YCTMOTUNUBAA HEGDIPOIHC-
dennasn 3-mepras OuPYpPKayUs AUYBUANEEE CAOEHUA AN2EGPAUMECKU Pa30eAUMOT CUCTNEMbL UMEEM,
mun odnoz0 us amomos A, B, Cy, Py, Dy, A*, A*.

Sameyvanne. [logpobHoe onncanue MEPEUNCIEHHBIX B TeOpEMe aTOMOB MOXKHO Haiitu B [1].
Hanprnmep, atom A COOTBETCTBYET BBIPOXKICHHMIO JBYMEDHOIO TOpPa B OKPY?KHOCTL, aToM B —
nepecTpoiike JByX TOPOB B OJMH (CM. PHUCYHOK).

Puc. 1: Atombr A (cieBa) u B (cmpasa)

JIureparypa
[1] Boscunos A.B., ®omenko A.T. VHTerpupyeMble raMUIbTOHOBBI CUCTEMBI. ['€OMeTpUsI, TOIOJIOTHS,
kJaccudukarms. Tom 1. Mxkesck: uzma. gom “Yamyprekuit yausepcurer’; 1999.

[2] Xapaamos M.II. Tonosmormveckmit anagu3 u Oynesbl GyHKiuu. 1. MeTomsl m npuiokeHus: K
kiaccuaeckuM cucremaM // Heqma. nuramuka. 2010. T. 6. Ned. C. 769-805.

JIMHAMUKA KOJIECHOT'O AIIIIAPATA HA «MUKCTE» IIPY PA3JIMYHBIX YCJIOBUSIX
B3AUMO/IEICTBUSA KOJIEC C JJOPOI'OIN

Hosogeposa A. II. (Poccusi, Mocksa)
MUPSA — Poccuiicknii TeXHOJIOITIECKHH YHUBEPCUTET
an.novoderova@yandez.ru

O/1HO M3 YaCThIX IPUYINH HAPYIIEHHsT Oe30IIaCHOCTH JIBUYKEHUST CIyKaT JepeKThl JOPOXKHOIO
HOKpbITHs. K HHM OTHOCHTCS <«MHKCT» |1, 2] — ydYacToK OMOpHOIl IJIOCKOCTH, COJEPIKAIIMii
MHOPOJIHBIE BEIIECTBA C JIPYIUM KO(MMUIIUEHTOM TPEHUSI: TPsi3b, MECOK, TOJIOJE, JIY?Ka, PA3INTOe
Macjao U T. 4. JokJaa MOCBAIEH UCCIEIOBAHUIO JUHAMUKI 3aJHEIIPUBOJIHOIO KOJECHOIO AIllllapaTa
(puc. 1) Upu TOMANAHWHM HA <«MUKCT» B XOJ€ DPABHOMEPHOIO IIPSMOJUHEHHOIO JIBUXKEHUS U
GHOopMHUPOBAHNIO BO3SMOXKHBIX AJTOPUTMOB PAbOTHI CHCTEMBI aKTUBHOI be3omacHocTn. MccnemoBanne
IPOBOJIUTCsI € HUCIHOJB30BAHUEM MeTOJ0B (DPAKIIMOHHOIO aHajm3a (pasjesieHus JIBUXKEHUil),
TEOpUHU BO3MYINEHUI 1 MeToma (Has3s0oBOil IJIOCKOCTU. DTU METOJbI IMO3BOJISIOT IHOHU3UTH MOPSIIOK
HCCJIEIyeMBIX yPaBHEHUI, MMPOBECTH UX AHAJUTHYECKOE HUCCJIEIOBAHUE, OIEHUTH IIOIPEITHOCTDL U
[PeJIeJibl IIPUMEHUMOCTH [OJIyYeHHBIX pe3ysbraTos [1—3].

ITokazano, 4To JABUKEHNE allllapaTa Ha «MHKCTE», IIPH KOTOPOM OJIHO KOJIECO BeIyIle 3aIHeil
OCH TIOTIaJIAeT Ha YIACTOK C MEHBIIMM KO3 PUITMEHTOM TPEHUsI, & KOJIeca IepeIHell OCH, OCTABIITHEC ST
Ha ydacTKe ¢ OOJIbIINM KO3(h@UIMEHTOM TPEHHsI, COXPAHSIOT CIEIIEHNE C OIOPHON ILJIOCKOCTBIO
[1, 2|, moxer 6bITb paszbuTo Ha TpHU drama: 1) U3MEHEHHe CKOPOCTell TOYeK KOHTAaKTa KOJec,
COXPAHUBIINX CIEIJIEHNEe ¢ OIOPHOI IJIOCKOCTBIO, U YIJIOBOM CKOPOCTH BBIXOIHOTO BAJIa, JIBUIATE IS
(B caryuae, Korjia X0oTsi Obl OJJHO U3 KOJIEC BEJLYIIEl OCH COXPaHSIET CIEIIEHUE C OOPHOMN ILJIOCKOCTHIO )
WJIA M3MEHEHUE TOJIBKO YTTIOBOM CKOPOCTH BBIXOJIHOTO BaJia JBUraTe s (B CIydae CKOIbXKEHUsT 060nX
KOJIEC BeJIyIieil ocn); 2) MeJJIeHHOe 10 CDABHEHUIO ¢ 3TAoM 1 W3MEeHEHUe IOIEPEYHOl U YIJIOBOii
CKOPOCTEHl KopIlyca alapara; 3) MeJJIeHHOe 110 CPABHEHWIO C TAIloOM 2 U3MEeHEHUe IPOI0JILHOM
CKOPOCTH KOPILYCa AllllapaTa.
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Puc. 1: Monenb 9eTBIPEXKOJIECHOTO AIapaTa

K magasy 2-ro srtalia JBHXKEHHsI Ha <«MHUKCTe» KOPIIYC allapara IprobpeTaeT HEHYJIEBYIO
YIVIOBYIO CKOPOCTH ([IPOBEJIEHBI AHAJMTUYECKHUE OIEHKH YTJIOBOM CKOPOCTHU, IOKA3aHO, YTO yder
TPEHUST BePUCHUs He BINsIET HA MMOJIyIeHHbIe pe3yabTarhl). [lokasano, 9To Koseco BeyIeil 3a el
OCH, OCTaBIIIeeCs] Ha, yIacTKe ¢ OOJIBITNM KO (MUIIMEHTOM TPEHUsI, COXPaHsIeT CIEIIJIEHNE C OIOPHOIA
IJIOCKOCTBIO UJIM BO30OHOBJISIET CIEILJIEHUE C HEll TI0C/Ie CKOJIbYKEeHUsI. 3aHOC pa3BUBAETCS B CJIyvae,
KOT/Ia IIOIE€PEYHbIE CKOPOCTH MUKPOIIPOCKAJIL3bIBAHNSA KOJIEC OTBEYAIOT OBICTPOMY YOBIBAHUIO
CTabUIN3UPYIONINX MOMEHTOB.

JIureparypa

[1] Buaxosa A.B., Hosogeposa A.Il. 3aHoc KosecHoro anmapata Ha «Mukcres // Becrauk Mock. yH-Ta.
Cep. 1: Marem. Mexan. 2020. Ne 5. C. 38-50.

[2] Hosoxwmios H.B., ITasaos U.C., ®ponbuos B.A. O mnoeejeHun aBroMoOuis Ha <«MuKCTe» [/
Mexanuka TBepmoro tema. 2001. Ne 3. C. 61-67.

[3] Buaxosa A.B., Hosoxuios . B. O 3aHOCe KOJIECHOTO 9KUMAXKa IIPU «OJIOKUPOBKE» U «IIPOOYKCOBKE
onuoro u3 Kosiec // @ynnamen. U npuki. maremaruka. 2005 T. 11. Bom. 7 C. 11—20.

[TPYHIIUIIBI TOCTPOEHUA AUPDPEPEHIIUATHLHBIX VPABHEHUI
MATEMATHUYECKON ®U3UKU

OscauaukoB B. M. (Poccus, Mocksa)
Poccuiickuii yHUBEpCUTET TPAHCIOPTA
OvsyannikovVM@yandez.ru

Mmuorue dusnyueckue sABJIEHUS W WHXKEHEPHBIE IIPOIECCHI OINUCHIBAIOTCH YPaBHEHUSIMU
MaTeMaTUIeCKOil (DU3NKM, WCIOJb3YIOMeil uHTerpajibHoe U ud@epeHIuajbHOe UCIUCTIEHUE.
Mexx 1y UpUPOIHBIMY $IBJIEHUSMHU U OIKMCHIBAIOIIUM UX MaTEMAaTUYEeCKUM AIapaToM CyIIeCTBYeT
pazjityue B TOM, YTO I[OCTPOEHUE IPOCTPAHCTBEHHON TI'€OMETPUYECKON MOJEeIN U BPEMEHHOM
MOJIEJTN JBUYKEHUS MTPOU3BOIUTC KOHETHO-PA3HOCTHBIMU YPABHEHUAMHU ¢ KOHEYHBIMU BEJTMIMHAMA
npupaiiennit Koopguraar Az, Ay, Az wu Bpemenu At, a B ommcanun JguddepeHImaIbHbIM
yPpaBHEHHEM IPUPAIIEHUs] MPUMYT OECKOHEYHO MaJiyio BequduHy. [Ipu coBepiieHun mpemaebHbIX
nepexosioB B juddepeHninaibHOM U UHTErPAJIbHOM HCUYUC/ICHUN TEPSAeTCs YacTh HH(MOPMAINH,
9aCcTh MOAPOOHOCTEl sIBJICHUsI, XOTd U IPUOOPETAETCs IIPOCTOTA OIIUCAHUSI.

leomerpudeckoe onmcanue 06bEKTA U €r0 IMePEMEIECHIS HEBO3MOXKHO B TEPMUHAX OECKOHETHO
MaJIbIX BeJinanH. Bee mHTepBa/Ibl BpeMeH! U KOOPAMHAT KOHEUHBI Ha TAax (PU3NIECKOTO OIMUCAHUS.
[Torom 1pu omnucanuu SBJIEHUS WM JBHKeHUs JuddEPeHINaIbHbIMI YPABHEHUSAMHI ITPOUCXO/IUT
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obennenne nadopmarun. U3secrno BeickasbiBanne H. A. Creskuna: «CrarnBanme o0beMa B TOUKY
JIMIIAET ero HeKOTOPbIX (busnveckux cBoiicTs». [loTepro nHMOpMaImu IpU COBEPIIEHUHN TIPe/IeJIbHBIX
epexo1oB orMedad emie Komm — o/l u3 co3uaresieil TeOpun IpeIe/bHBIX 1ePEX0I0B.

B npupojie JBUzKeHU KUJAKOCTEl U ra30B BO3HUKAIOT CAMOIPOU3BOJIBHBIE SIBJICHUSI B BHJIE
BUOpanuii, reHepain 3ByKa, KOTOPbIE YMBIIUICHHO B OINCAHWE JIBUXKEHUS HE 3aKJIAJIbIBAJINCD.
Mo2KHO paccMaTpuBaTh HCUE3AIOIIEe [IPU HPEIEIbHBIX II€PEX0JIaX WICHBbI OMMOKAMU OCTPOEHH
u 6e3 coxkajeHusl oropachiBaTh. A MOXKHO IepefiTu Ha onucanue sipjaeHuil nuddepennuaibHbIMA
yDaBHEHHsIMI 0oJiee BBICOKOIO IIOPsi/IKa 110 BPEMEHH, IOJIy4nTh wuHbOpManuo 06 3Tux
CaMOIIPOM3BOJIBHBIX IIPOIECCaX, HA3BAHHBIX aBTOKOJICOAHHUSIMU, a HOTOM DEIIUTh, OHHUCHIBAIOT JIH
oHM HabJII0/[AeMble HAMU SIBJICHUSI.

Takoe MOJIOKEHNE BO3HUKAET JJIsl CJIANAeMbIX BBICOKOIO IMOPSIJIKA MAJOCTU YDABHEHHUsI
HePa3pPBIBHOCTH HECXKIMAEMON JKIJIKOCTH, BbIBeIeHHOro Jitzepom B 1752 1. [1], [2], (3], maBmem
06oCHOBaHME JIJIsl BBEJIEHNUST OIIEPATOPA JIMBEPIeHIN

Ou Ov  Ow B o(u,v) O(v,w) I(w,u) 20w v,w)
8m+8y+8z+(t to) Y + + + (t —to) 78@7%@_0.

31ech %, v, W KOMIOHEHTBI CKOPOCTEH B0JIb KOOPAUHATHBIX OCEll T, Yy, 2 ; t—ty UHTEpBaJ

(u,v) N O(u, v, w)
z,y) — O(x,y,2)

VYpaBHeHne HEPA3PBIBHOCTU BXOJUT B CHUCTEMY yPABHEHHIl ra30BOil JIMHAMUKU W THIPOJIH-
HAMUKH, UMEIOIIEHl [epBblil mopsioK juddepenimaibHoctu 1m0 Bpemenn. B 2006 r. ypaBHeHue
HEPA3PBIBHOCTU Jityiepa ¢ WIEHAMEH BBICOKOTO TIOPSIKA MAJIOCTH OBLIO TEPEINCAHO aBTOPOM JIJIsT
TeUeHMs CXKUMAEMON JKIJIKOCTH U rasa [4], [5] BBeJeHneM nepeMeHHOil IIOTHOCTH p B TAKOM BHJIE

BpeMeHn JiebOpPMAIME KOHTPOJIBHOU (DUTYDHI; SIKOOMAHBI TI0JIsT CKOPOCTU

BTOPOI'O 1 TPEThEro NopAaKOB, COOTBETCTBEHHO.

F(t—to)p 8(u,v)+8(v,w)+8(w,u) +(t—to)2p8(u,v,w) _0. (1)

9p , O(pu) | I(pv)  O(pw)
TTor oy T Aw,y)  0(,2) () (.9, 2)

ot ox oy 0z

[TogBrTach BO3MOYXKHOCTD HCIOJIB30BAHIEM METOA aKyCTUIecKoi anasoruu Jlanrxuma 1952-
54 TT. BBIBECTH BOJIHOBOE ypaBHEHWE C yYE€TOM YJEHOB BBICOKOT'O IIOPSJIKA MAaJIOCTH YPAaBHEHUS
uepaspbisaoctu (1). Iuddepennuanbapivu ypaBHeHusiMu 60Jiee BBICOKOTO MOPsIIKA 110 BPEMEHH,
9eM CHCTeMa ypPaBHEHUU I'MJIPOTa30/IMHAMUKHY, SBJIAIOTCS BOJIHOBBIE YPABHEHUS BTOPOIO U TPETHETO
nopsijika auddepeHnnaIbHOCTU 110 BpeMeHu. BoJIHOBoe ypaBHEHHE BTOPOT'O IMOPSIKA 110 BPEMEHU
IIOJIy9aeT BU]T

p N &*p N ’p ( 1 )82]) _ po[a(u,v) N (v, w) N 8(w,u)] L _to)p028(u,v,w).
oxr? = 0y? 922 ot? A(x,y)  O(y,z) O(z,x) A(z,y, 2)

31ech ¢y — CKOPOCTDb 3BYKa, pg — TEPMOJMHAMHUYECKas ILJIOTHOCTD. B IIpaByIo HEOHOPOIHYIO
YacTh BOJHOBOTO ypaBHEHHs IONAJIH cjaraeMble ¢ SKOOMAHAMH BTOPOTO HOPSIKA, CO3IalONTIMIE
HepHoJYecKUe 3BYKOBble KOJIeOaHusa U BUOPAIIIH.

BoJioBoe ypaBHeHHe TpeThero nopsiKa 1o BpeMent [6] mo/tydaercst, eciin B3sTh MPOU3BOIHYIO
110 BPEMeHHU OT BCeX CJIaraeMbIX BOJHOBOrO ypasHenus (2). [Ipu HEKOTOPBIX yIPOIIAIONHAX YCIOBHAX
OHO Oy/JIeT UMeTh BU/I

(2)

2
Co

1\ 0% B 28(u,v,w) 3
(cg) g3 ~ 10 ANz, y,2)’ 3)

EFO pernrenue 6yﬂeT OIINChIBATh BOBHUKHOBEHUE OYEHDb prTOFO BO BpeM€EHHU I10IbeMa JTaBJICHU A
P 1O CTENeHHOMY 3aKOHY TPeTbero WM Jaxke 4eTBePTOro IOPsjiKa, eCIH TPEeXMEePHOCThb TedeHHs
OyZeT HapacTaTb JIMHEHHO BO BpPEMEHU. DTOT IOIbEM JABJIEHHS MOXKHO pPacCMATPUBATH, Kak
I'UJIpABIMYECKHil yiap.

Taxkum 00pazoM, MPOBOJST HECKOJIBKO Pa3 B3ATHE IIPOU3BOMHBIX II0 BPEMEHHU OT IIOJIHOI'O
ypaBHeHUs] Hepas3phIBHOCTH iiepa 1 100aBUB IIOJIydYeHHLIE BOJHOBbIE YpPaBHEHHs K CHCTEMe
ypaBHeHI/IfI TUAPOra3oJuHaMUKU, YIaeTCdA COXPaHUThb U UCIIOJIb30BaTh B PEHICHUAX YJICHbI BBICOKOI'O
HOpsJKa MAaJIOCTH, IIOJyYdUB HOBBIe Oojiee IOJAPOOHbIE pe3y/bTaTbhl O XapaKTepe JIBUZKeHUs!
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cKUMaeMbIx kujkocreil u razo. Ha kondepennnun DIFF-2020 pemenust [6] BosiHOBBIX ypaBHEHMi
(2), (3) paccMarpuBaJUCh NPUMEHUTENHHO K 0Opa30BaHUIO BOJIH JlaBjieHust B Typbune CastHo-
[Tyrrenckoit '9C, korma B 2009 r. iponsoiinia aBapus ¢ BBIOPOCOM POTOpa B MaIlnHHbIi 3aJ1. Ceiidac
MBI OOCYIMM aHAJOTHIHBIE PEIICHUsT IPUMEHUTETBHO K 3a/1a19€e CeHCMOIOTUN U BYJIKAHOJIOTHH.

B npocrpancrBe 3emiin 10J] BYJKAHOM HMMEIOTCS OOIIUPHBIE OOJIACTH, 3aHATHIE YKUJKON
pacruiaByientoit jaBoit. [lpyn ygacTunm KUIKOCTH B CYTOYHOM BPAIATEIBHOM JIBHXKEHUHM 3EMHOTO
mrapa B Hejf, CONJIACHO BOJIHOBOMY YPaBHEHHIO (2), TeHEPUPYIOTCS BOJIHDI JIABJICHUsI, HHTEHCHBHOCTD
KOTOPBIX IPONOPIMOHaIbHA 4-0if crernenu yriaoBoit ckopoctu spaienus [6]. [Togobuast renepaiust
BOJIH IIPOUCXO/JUT B JIyXOBBIX MYy3bIKAJIbHBIX MHCTPYMEHTAX HA IOBOPOTAX BO3/YIIHOIO KaHAJIA.
B ruzgpasiauueckoii Typbune KojiebaresbHbIE DEIeHUsI BOJHOBOIO ypaBHeHUs (2) TIPUBOIAT K
pACKAYKe OCH BpAIEHUS W YBEJUUCHWIO AMILIATYABl BUOPAINK TOMINMUMHUKA. BHyTpu 3eMHOTO
mapa HePUOJUIECKHE BOJIHBI MOTYT MPUBOIUTH K MECTHBIM KOJIEOAHUSIM TBEPJAOH yIpyroit
MOPO/IbI, OTPAHMYIUBAIONIEH TPOCTPAHCTBO JIABBI, B MEPIEHIUKYISIPHOM K TEPEMENTEHIIO KUTKOCTH
nanpasjiennn. Ha mmoBepxHOCTH 3eMJIH 3TH BOJIHBI IIPOSBJISIIOTCS, KAK CeCMUYECKHE.

B ruapasautveckoit TypOWHE OHOBPEMEHHO C KOJEOAHUSMH OCH KOJIEDJIETCS JUCK C
JIOTIATKAMHU, TOSABJISETCH TPEXMEPHOCTh TEYEHUsI, YBEJIMIMBAECTCH B HEKOTOPbIE MOMEHTHI BPEMEHU
CKOPOCTDb HATEKAHMS BICOKOCKOPOCTHOTO IIOTOKA BOIBI Ha JJonaTKu. BosHosoe auddepennnanibroe
ypaBHEHHE TPETHhEro MOpsifKa M0 BpeMeHu (3) Mmpu HEHyJIeBOH HpaBoil 9acTH CO3MAET BOJIHY
CUJPABINYIECKOro yaapa. Baytpu 3eMHOro 1mapa BO3HUKIIHE KOIeOaHUsT TBEPAOH yIIPyToil OPOIbI,
OTPAHUYUBAIOIIEH ITPOCTPAHCTBO JIABBI, IPUBOJIAT K 00Jiee BhIPAYKEHHON TPEXMEDPHOCTH JIBUKEHUS
JIABBI, BO3HUKHOBEHUIO TUIPABIMIECKOrO yapa, COIACHO PEIIeHUI0 BOJHOBOIO ypaBHeHus (3), u
U3BEPIKEHUIO JIABHI.

OfHUM W3 TPU3HAKOB HPUOJIMIKAIONIEIOCS W3BEPXKEHUS SBJISETCS MO/IPACTAHUE BYJIKAHA IO
BBICOTE Ha JIECATOK MIJITUMETPOB, M3MEPSIeMOe JIA3ePHON TEeXHWKOW. ITO M €CTh JEMOHCTDAITUSI
MECTHOI'O TIePEeMeIeHUsi TBEPIOi yIPYTOil MOPOJIbl, OIPAHUYUBAIONIEN IPOCTPAHCTBO JIABHI.

Takum 00pa3oM, MPEIJIOKEHO TP 3AMUCH CUCTEMBbI yPABHEHUI TUAPOra30[AMHAMUKNA HE
UCKJIIOYATh MPEJIEbHBIMUA TIEPEXOJIAMHU  CJiaraeMble BBICOKOTO IOPsJIKA MAaJjOCTH U3 YpPaBHEHUS
HEPA3PBIBHOCTH, a JIOTOJHUTL CHCTEMY YPaBHEHHUN T'HIPOTA30/IMHAMUKN BOJHOBBLIME yYPABHEHUSIME
(2), (3), yumTHIBaIOIINMHA CJlaraeMble BBICOKOTO IIOPsZKa MAJIOCTH, U IIOJIydIaTh Oojiee IOJIHOE
peleHne 3a/1axu.

Ammapat ydera WIEHOB BBICOKOTO TIOPSIIKA MAJIOCTH YPABHEHUsT HEPA3PBIBHOCTH, BBIUUCTICH-
HBIX DIIEPOM, MOXKET ObITH ITOJIE3€H JJIsI IPOsICHEHUS TEOMETPUIECKON KAPTUHBI MTOJIOCTEN € KUITKOMN
JIABOH, PACIIONIOXKEHHBIX TIOJT BYJIKAHAMU.
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OB OJHOMEPHBIX AIBU>KEHMNAX HEU30TEPMUYECKON PABPEYKEHHO! T'A3OB3BECH®

ITanos A. B. (Poccusi, Hensibunck)
YenssOnHCKUI TOCYIapCTBEHHDI YHUBEPCUTET

qjd@bk.Tu

PaccmarpuBaercs cucrema ypaBHEHU

dp1 | O(p1v1) dp2 | O(p2v2)

o T or U T e
pP1 <881;1 +v1%1;1> + g]; = —Pzg, p2 <a;f +v2681;2> = Pzg,
i;l Ul%? 51?;2 = Z(vl TU2)2 - %Q(617€2)7
%4—@2% = q(e1, e2),

e p1, P2 — IJIOTHOCTHU MEPBO U BTOpOit dasbl, v1, V9 — CKOPOCTHU a3, p — JaBJIeHUE B IIEPBO
dasze, ey, ea — BHyTpennue sueprun das, q(e1,es) — yHKIUS, onpepessionias 06MeH SHepruei
MexK Iy dhaszamu.

JlagHas cucTeMa OIMCHIBACT JIUHAMUKY Pa3PEeXKEHHON TIa30B3BECH B HEM30TEPMUYIECKOM
caydae [1] CranuoHapHble JIBUXKEHUSA 3TOH MOJIEIN OIPEHEISIOTC JIMHAMUYECKONR CHCTEMOR B
R3, KoTopasi HMeeT KpHBBIE OCOOBIX TOUEK. B moK/aze GyIeT pacckazaHo O (hasOBOM IOPTPETE
B OKPECTHOCTH HEKOTOPHIX KPUBBIX OCOOBIX TOUEK MAHHON TUHAMHUYIECKON CHCTEMBI.

JIureparypa
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@) CTABUJIMBAIINIM CJIABBIX SHTPOIIMIHBIX PEIIEHUN BBIPOXK/IAIOIINXCS
HEJIMHEVHBIX [TAPABOJIMYECKUX YPABHEHUN

ITanos E. FO. (Poccusi, Besmkuit Hosropo)
Hosropomckuit rocymapcrBennblit yuunBepcuteT uMenn fpociasa Mymporo
eugeny.panov@novsu.ru

B nosynpocrpancree II = (0,400) x R™ paccmorpum HesmHeiiHOe 1apabo/mieckoe

yDaBHEHUE
us + divyp(u) — D2 - A(u) = 0, (1)

B KoTOpoM BekTOp moroka @(u) = (¢1(u),...,on(u)) u cuvmMerpuuHasi Marpura aud-
dysun  A(u) = (Aij(u))?jzl [PEJIIIOJIAraoTCs  JINIL  HenpepbiBHbIMU. B (1) o06o3HaueHo

n
82
D? . Alu) = ———A;j(u). Ilpennosiaraercst BBIIOJHEHHBIM YCJIOBUE HapaBOJIMIHOCTH:
895,-8% J

Vu,v € R, u>v marpuna A(u) — A(v) > 0 (HeoTpuIATEJBLHO OLPEIEsIeHa). DTa MATPHUIA MOXKET

UMeTb HETPUBHAJIBHOE $I/IPO, TaK ITO ypaBHeHue (1) sIBJIsSeTCsT BHIPOKIAIOMIMMCS TapabO I IeCKIM
ypasuenueMm. B yacraom ciyuae A(u) = 0 OHO npeBpamaercs B 3aKOH COXPAHEHUsI [IEPBOTO MOPSIIKA

ur 4+ divgp(u) = 0. (2)

Hamomuum (cm. [1],[2]), uro ciabeim sHTpOnmitHbiM perenueM (3.p.) ypasHenusi (1) HasbiBaercst
dyukmus v = u(t,z) € L>®(II), ymosiaerBopsitomiast SHTporUitHOMY yciaoBuio: Vk € R

|u — Kl¢ + diva[sign(u — k) (o(u) — ¢(k))] = D3 - [sign(u — k)(A(u) — A(k))] <0 (3)

56U ceneoBanne BBIMOIHEHO 3a cueT TpanTa Poccmiickoro Hay4aroro domma Ne 22-21-20063.
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B cMbIcie pachpeenennii Ha II. B ciayuae 3akonoB coxpanenust (2) coorHomienue (3) cBOAUTCS
K u3BeCTHOMY »sHTpoumitHomy ycnosuio Kpyxkosa [3|. Ilycrs u = w(t,x) — cuaboe 3.p.
ypaBrenust (1), mepmojuueckoe IO TPOCTPAHCTBEHHBIM IE€PEMEHHBIM € TIPYIIIOH EePHOJIOB
G: Ve € G u(t,x+e) =u(t,x) n.s. na II. Herpyaao ycraHOBUTH, YTO CpejlHEE 3HAUEHUE U 10
IPOCTPAHCTBEHHBIM TIepeMeHHbIM m = [ u(t, z)dx me 3aBucuT or Bpemenn t, 3gecs T =R"/G —
COOTBETCTBYIONIHIA TOD (MK siYefiKa epUoMIHOCTH ), CHAOKEHHBIT HOpMUPOBaHHOI Mepoit Jlebera
dx . OCHOBHBIM Pe3y/IbTaTOM PabOThI SIBJIAETCS CJIEYIONIee CBOWCTBO CTAOUIN3AIMN PEIIEHUsT IPH
OOJIBITTNX BPEMEHAX:
Teopema 1. Ilpednonoorcum, umo VE € R™, £ £0, Ve e R

dyrryuu p(u) - & — cu, A(u) - € 0dnospemerno ne nocmosrHv

HU 6 KaKOT OKPECTHOCTIUY M. (4)
Tozda
. _ 1
%Sjll(gl u(t,-) =m s L*(T). (5)

Kaxk nokasano B [4], 1711 6ostee y3koro Kiacca (CHIbHBIX) 9.p. B cMbicate [5] (em. Takzke [4],[6])
cBoiicTBo crabuamusanuu (5) BepHO 1pu GoJiee caaboM ycjoBuH, 4TO (4) BBIIOJHEHO TOJBKO JIJIsI
“pezonancubx” Hanpasienuit £ € G, £ # 0, ne G' — aBoiicTBeHHas pemeéTKa K rpyliie NepuojIoB
G . Qna nokazarenbcrsa Teopembl 1 HCHOJIB3YIOTCS YCTAHOBJICHHBIE B |7| IPUHIMIIBL JIOKAJIX3AIAN
yabTpa-napabosndeckux H-Mep, cooTBETCTBYIONIUX OC/IEI0BATEILHOCTH, Oy Y€HHON U3 U Iy TEM
MacIITabHBIX IPeoOpa30BaHuii HE3ABUCUMBIX [IEPEMEHHBIX.
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METOZI MOMEHTOB B 3AJTAYAX OIIEHKN COCTOSAHUSA U TTOUCKA OIITUMAJIBHOT'O
VIIPABJIEHUA OJISd CUCTEM AJPOBHOT'O IIOPAIKA

IToctaoB C. C. (Poccusi, Mocksa)
Wucturyr npobyiem ynpasienust um. B.A. Tpanesnnkosa PAH
postnov.sergey@inbox.ru

MeTon MOMEHTOB, IITIPOKO MIPUMEHSIEMBIN B TEOPUN YIIPABJIEHUS JJIsT CUCTEM IIEJIOTO IOPSIKA,
[03BOJISIET CBOJAMTH 3aJ1ady IIONCKa OITUMAJILHOIO ylpaBieHus K [-mpobseme momentos [1],[2].
OnTuMabHOCTL TPU 9TOM MOYKET MTOHWMATHCS KAK MUHUMAJIBHOCTH HOPMBI YIIPABICHUS TPH
3aJIAHHOM BPEMEHM yIIPaBJIEHUs, MO0 KaK MUHUMAJIHLHOCTH BPEMEHU YIIPABJIEHUS] TIPU 3aaHHOM
OTpaHUYEHUN HA HOPMY ylupasjeHus. Takke U3BECTHO IPUMEHEHHE METO/[a MOMEHTOB B 3a/lavue
OIIEHKY COCTOSIHUSI JIMHAMUYECKOIN CUCTEMBI B YCJIOBUSIX JICHiCTBUS HA HEE BHEIIHUX BO3MYIIEHUI |1].
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B macrosimeit pabore wucciemyeTcs BO3MOXKHOCTH AHAJOTUYHOIO IPUMEHEHUsI METOJa
MOMEHTOB B 33/Ia4aX ONTUMAJJIBLHOIO YIIPABJIEHUS U OIEHKU COCTOSHUS JIJIs JTMHAMUYECKUX CUCTEM,
KOTOPBIE OIUCHIBAIOTCS JIMHEHHBIMU YPABHEHUSIMU JIPOOHOTO MTOPSIJIKA:

0D Gi(t) = aingr(t) + baun(t) + fi(t),i = 1,..., V. W

31echk orepaTop ApobHOro U EepeHIupPOBaHUsT MOXKET IOHUMAThCs B CMbIce Xujabdepa,
Anamapa, Dpueiin-Kobepa, Kamyro-®abpunno, Aranrans-bBaneany u ap. Oyuxium ¢;(t), ui(t)
u fi(t) OUMCBHIBAIOT COOTBETCTBEHHO COCTOSIHME CHCTEMbI, YIIPaBJICHHE U BHEIIHee BO3MYIIEHHUE.
YipasiieHne cauTaercs sjaeMeHToM npocrpancrsa Ly[0,T], p > 1.

IIpu wcciieioBanun 3a/@4n ONTHMAJIBHOIO YIPAaBJIeHHs! cucreMoii (1) ImosydeHbl ycaoBus,
pH KOTOPBIX COOTBETCTBYMOMIAst [-1pobjieMa MOMEHTOB SIBJISIETCS KOPPEKTHOH U paspernmoii.
DTU yCJIOBUsI CBSI3BIBAIOT MApaMETPhbl orepaTopa JpobHOro audbepeHupoBanus ¢ MapaMeTpoM
p. Takxke mojydeH psiJi aHAJIUTUYECKUX PEIIEHW 3aJadd ONTUMAJbHOrO yopasieHus. [lpu
UCCJIEJIOBAHUN 3aJIa9i OIEHKU COCTOsIHMsI CUCTeMbl (1) TakzKe MOJIydeHbl AHAJOIMYHBIE YCJIOBUSI
KOPPEKTHOCTH U PA3PENUMOCTH HOJIYyYaeMOil POOJIEMbI MOMEHTOB 1 TIOCTPOEHO €6 aHATUTHIECKOe
pelrienue.

Kpowme Toro, ncejieoBana BO3MOXKHOCTh IPUMEHEHUST METO/Ia MOMEHTOB JIJIsl TIPUOTMZKEHHOTO
pelieHns 3aJa9i ONTUMAJILHOIO YIPaBJIEHUs JJIs CUCTEM C PaCHpPEeIeIEHHBIMU IapaMeTpaMiu,
KOTOpBIE OIHUCHIBAIOTCA UM DY3MOHHO-BOJHOBBIM yPABHEHUEM:

@) oDEQUe ) = 5 |ue) * 0] g@)Qant) + +0,0) 4wtz ) @)

x ox

rae Q(x,t) — cocrosinue cucremsl, « € (1,2), t > 0, =z € [0,L], (z,t) € Q = [0,L] x [0,00).
QOyukius Q(x,t) cunraercs auddepeHIpyeMOoil Ha MOJOKUTEJBHON II0JIyOCH 10 BpPeMEHHOIH
HepeMeHHOM u jBak bl juddepennupyemoii Ha orpeske [0, L] 10 IpOCTpaHCTBEHHOl epeMeHHO.
[Tpu npubIMKEHHOM peIleHnr 3aJa4i  ONTUMAJIBHOIO YIPABJICHUS I CHCTEMBI (2) TakiKe
HOJIy9eHbl YCJIOBHsI KOPPEKTHOCTH ¥ PA3PEIIUMOCTH COOTBETCTBYIOIMIEH MPOGJEMbl MOMEHTOB U
HOCTPOEHBI €€ pertenus. Kpome Toro, nce/iejoBaHo BIUSHIE OTPAHUIEHUs HA HOPMY YIIDABJICHHsT Ha
CYIIECTBOBAHKE PEIeHUs 3a/a49u ObICTPOIEHCTBIS (KO ONTUMAJIBHOCTD YIIPABJIEHHs IIOHUMAETCs
KaK MUHIMAJIbHOCTH BPEMEHU YIIPABJICHIS).
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BURSTING ®®EKT B MOJIEJU IIEPLEIITPOHA, OIIMCAHHOI CUCTEMO PEJIENHBIX
JIMOOEPEHIINATBHBIX YPABHEHUIT C 3ATIA3/IBIBAHUEMS”

IIpeobpaxkenckast M. M. (Poccusi, fIpociasinb)
dApocnackuit rocynapctBenabiit yauBepcutet uM. I1. I'. Jlemumosa
[MenTp MHTErPUPYEMBIX CUCTEM
rita.preo@gmail.com

[Ipeioxkena QeHoMeHOIOrMYeCcKasi MoJiesib HefipoHHOl cetn B Buje neprentpona [1]. Kak
5TO XapaKTEPHO JJIsl KJIACCHYECKOIO IMEPIENTPOHA, B MOJENN YYACTBYIOT TPU THIIA JIEMEHTOB:
CEHCOPHBIE, ACCONMATUBHBIC W pearupyioniie. [lycth mx MeMOpaHHBIE MOTEHIHATIBI OOO3HAYCHBI
coorBerctBenno S;(t) (i=1,...,n), A;(t) (7=1,...,m), R(t).

[Ipeamomnozxum, aro Aj(t) u R(t) yIoBIETBOPSIOT CHCTeMe ypaBHEHHIT

A1) = A (FA(E = 1)) + G (i wSk(®) ) 45(0),

R(t) = Ar(F(R( — h) + 1S vidi() ) RO,

5"UcenenoBanne BBIMOIHEHO 3a cueT rpanTa Poccniickoro HaydrOro hoHma (npoexT Ne 22-11-00209).
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rie S;(t) — usBecrHble yHKIWMU, Ag, AR > 0 XapakTepusyoT CKOPOCTh 3JIEKTPHYECKOIO [IPOIECCa,
KOHCTaHTa Wji — 9TO BEC k -it BXomsmieil (pyHKIME 1 j -if aCCOIMATUBHOM, KOHCTAHTa U; — BEC
1 -i accormaTuBHO# dyukiuu, F, G u ‘H — peneitubie dyHKIMAN:

Flu) ¥ {

def [ —B, 0<u<by,
g(u)_{ 0, u>04,

1, O0<wu<l,
—a, u>1,

def [ & 0<u<0bg,
) = { =1, u>0g,

mapaMerpbl «, 5,04,€,m,0r > 0 — koHcTaHTHl. OYHKIIMOHMPOBAHUE KaXKIOT0O OTIEIBHOIO HEpOHA
ACCOIMATHBHOTO ¥ PEarupyIoIero CJI0eB OMUChIBAETCst TuddepeHIaibHO-PA3HOCTHBIM yPaBHEHUEM

U= AF(u(t —1))u,

KOTOpO€e 00J1a/IaeT MEePUOMIECKIM PEKUMOM € OJJHUM BCILJIECKOM 3a, [epuoj |2].

CBs13b MKy HEAPOHAMU Pa3HBIX CJIOEB IPEIOJAraeTCsl OJHOHAIIPABICHHON M CHHAIITHIE-
ckoit. /it Mojie/IMpoBaHus XUMHYECKUX CHHAICOB WCIOJIB3YeTCsl MOJXOJ, TPEeJJIOKEHHbIH B [3],
KOTOPBII OCHOBaH Ha MOAUMUKAINYA WU OLICTPOil ITOPOTOBON MOLYJISIIINT [4,5].

Bursting-sdpdexToM HasbBaeTCH ABICHHE XapaKTEpHOE I HEAPOOMHAMUKH, COCTOAIICE B
caenyromeM. Jlyist MeMOpaHHOrO MOTEHIINAJA, TIEPEMEXKAIOTCS TIPOMEKYTKI C HECKOJBKUMU TIOJPSI
UJIYIIAMU BCIUIECKAMH W IIPOMEXKYTKH C OTHOCUTEIHHO MAJIBIMU 3HAYCHAAMHU.

OcHoOBHOI pe3ysibTaT paboThl COCTOUT B TOJLyIeHUN Jjisi CUCTeMbI (1) PeKUMOB, B KOTOPBIX
dbyuxnun A;(t) — mepmogmdecKue ¢ OJHUM BCIUIECKOM Ha Iiepuojie, a R(t) — mepuonmdeckast
¢ bursting-adpdexkrom. Ilpuuem Takoil cI0KHOCTH OODLEKTa M3 PEArUPYIOIMIEro CJIOA  YIAeTCs
JOOUTHCS Jazke IIPU JOCTATOYHO IPOCTHIX BXOAHBIX QyHKIUAX S;j(t) (HaIpuMep, TOXKIECTBEHHBIX
KOHCTAHTAX ).

JIureparypa
[1] Xatikun C. Heiiponnsie cetu. [onneiit kype. Ilep. ¢ anrn. Buibsme. 2016.

[2] Kolesov A.Yu., Mishchenko E. F., Rozov N. Kh. A modification of Hutchinson’s equation // Comput.
Math. Math. Phys. 2010. Vol. 50. No 12. P. 1990-2002.

[3] Glyzin S.D., Kolesov A.Yu., Rozov N.Kh. On a method for mathematical modeling of chemical
synapses // Differential Equations. 2013. Vol. 49. No 10. P. 1193-1210.

[4] Terman D. An introduction to dynamical systems and neuronal dynamics // In Tutorials in
Mathematical Biosciences I: Mathematical Neuroscience. Berlin: Springer. 2005.

[5] Somers D., Kopell N. Rapid synchronization through fast threshold modulation. Biol. Cybern. 1993.
No. 68. P. 393-407.
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OB OJIHOM XAPAKTEPUCTUYECKON 3AJIAYE C HEJTOKAJIbHBIMU YCJ/IOBUAMU
JJ1s1 YPABHEHU S YETBEPTOI'O ITOPSAIKA

ITynskuna JI. C. (Poccus;, Camapa)
Camapckuii HalMOHAIBHBIN UCCIenoBaTeIbCKUi yHuBepcuTeT nMenn akaemuka C.I1. Koposea
louise@samdiff.ru

I'mnes A.B. (Poccusi, Camapa)
Camapckuil HaIMOHAIBHBIA HCcIenoBaTeIbCKuil yausepenter nmenn akagemuka C.I1. Koponesa
toshqaaa@gmail.com

B JOKJIa/le pacCMaTpUBaeTCdA 3a/Jada C HEeJIOKAJIbHBIMU YCJIOBUAMU JIJId YPDaBHEHUA

Uyy — (aUg)s — (Duayy)z + cu = f(z,y),

KOTOPOE MOXKHO HHTEPIPETUPOBATL Kak 0000IIeHne ypaBHeHus bByccunecka-JIsBa, Tak um Kak
ypaBHEHUE C JOMUHUPYIOMEH CMeImanHol mpon3BoaHoit. ObpaTnB Ha 9TO BHUMAHNE, €CTECTBEHHO
pPacCMOTpETh JIJIst HETrO 3aJIa9K ¢ yCJIOBUSIME Ha Xapakrepuctukax. Cumrast b # 0 Bcrojgy B objracTu
Q = (0,a) x (0,b), 3anumieM ypaBHEHHE, CJIeJIaB HE3HATUTEIbHBIE IPEOOPA3OBAHMNS, CJIEILYIONIM
obpazom

Uzzyy + (Aug)z + (Buy)y + Cu = F(z,y)

n 6y,ZLeM I/I3y‘IaTb ,Z[.J'IH HETO 3a,zLatIy OTBICKaHM A peHleHI/IH, y,ELOB.J'[eTBOpHIOH_LeFO yC.J'IOBI/IHM
b
/ K (2, y)ule, y)dy = (), uy(@,0) = (),
0

/ " Kol yyule.y)de = py),  ua(0,y) = vly).

[Ipu BbImOSHEHUU pPsga yYCJIOBUI Ha BXOJHBIE JIaHHBIE CYIIECTBYET €IUHCTBEHHOE peIleHne
IIOCTABJIEHHOM 33/1a4n U € CQ(Q)OCl(Q) , IMEIOTIee HEIIPEPBIBHYIO B {) CMEIAHHYIO IPOU3BOIHY IO
Ugryy. /I JTOKA3aTEILCTBA 9TOrO yTBEPIKJIeHUsl IIOCTaB/IeHHas 3a/iada CBeJleHa SKBUBAJICHTHBIM
00pa3oM K JIByM, OJIHa U3 KOTOPBIX OKa3ajach KJacCHYecKo#l 3asadeit ['ypca mjis mpocreiiiero
runepOOIMIEeCKOr0 YPaBHEHUSI BTOPOTO ITIOPs/IKA, a BTOpPas — HHTEIPAJBHLIM AHAJIOTOM 3aJ[aduu
I'ypca pnsa marpyKeHHOTO ypaBHeHUs. PasyMeeTcs, MMEHHO BTOpas M3 ITHX 3a7ad OKa3ajach
MHTEPECHO!, TaK KaK 00beHIIa B cebe KaK MHTErPaJIbHbIN aHasIor 3a1a4u 1'ypca /s ypaBHEeHUS
BTOPOI'O HOPSJIKA, TaK U KJIACCHIECKYIO 3a/iady ['ypca Jijisi Harpy?KEeHHOTO ypPaBHEHUS.

BEKTOPHBIE MMTOJIS C HEU30JIMPOBAHHBIMU CTALIMOHAPHBIMU TOYKAMU
X INPUMEHEHU A

Pemuzos A. O. (Poccusi, Mocksa)
MockoBckuit (hU3MKO-TEXHUYECKUN HHCTUTY'T
alexey-remizov@yandex.Tu

10T 0030PHBII JTOKJIa HOCBAIIEH [VIAIKUM BEKTOPHBIMH IOJISIM, CTAIlOHApHBIE (0COObIE)
TOYKHA KOTOPBIX HE H30JUPOBAHBI, a 00pa3yioT IIoJaMHOroobpasue ¢Ha3oBoOro IMIPOCTPAHCTBA,
Jale BCero IMOAMHOrooOpasne KOpa3MEpPHOCTH JiBa. B JIOKAJBHBIX KOODAWHATAX TaKWe IIOJIs
3allChIBAIOTCS B BU/IE

T=v, y=w, Z=av+bw, i=1,...,n, (1)
rie v = v(z,y,2), w=wxyz2), a = a;j(x,y,z), b; = bi(x,y,z) — UPOU3BOJIbHBIE TIJIaJIKUE
dbynxmun nepemennnix x € RY, y € RY ) 2 = (21,...,2,) € R". Crammonapubie Touxn mosa (1)

3aJ1a10TCs JIBYMsI YPaBHEHUSIMU:

v(z,y,2) =0, w(z,y,z)=0,
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zaJlalonmMn  nonMuoroobpasue W $hazoBoro mpocTpaHCTBa, KOTOPOE TOYTH BCETJIA SIBJISETCS
[IEHTPAJIBHBIM MHOTO0Opa3UEM.

[Toass Takoro Tuna BO3BHUKAKT (yCTOWYMBBIM 00pa30oM) BO MHOIHX 33J@daX aHaJn3a,
reoMeTrpun, TEOpUuu JUHAMUICCKUX CHUCTEM, OINTUMAJIbHOTO YUpPaBJICHUd W [OP. pPa3aesaax.
YVCTORYNBOCTD 3aK/II0YAETCS B TOM, YTO [PU MAJIBIX BO3MYIIEHUSIX MCXOHON 3a/1a4uu Bce (DYHKIUU
v, w U a;, b cierka meusiorcs, nogmuoroobpazue W€ nedopmupyercs, HO He ucUe3aeT U HE
pacrajaeTcs Ha YacTH, Tak Kak (yHKIMOHAIBHbIE CBSI3U MEXK Iy KOMIOHeHTaMu 1ot (1) ocrarorcs
HEU3MEHHBIMU.

B nokmajsie miaHupyercs paccka3aThb HECKOJIBKO TEOPEM O JIOKAJbHBIX HOPMAJIbHBIX (hopMax
BEKTOPHBIX mojieil Buga (1) m 0 HEKOTOPbIX uX NpuMeHeHusx (HesiBHbIe uddepeniuaabHbie
ypaBHEHWSI, OCOOEHHOCTH T€OJAE3UIECKUX IIOTOKOB B IICEBIOPUMAHOBLIX METPHUKAX II€PEMEHHOM
CHIHATYDBI, 33/1a9a ONTUMAJbHOIO YIIPABJICHUS).

BAJIAYU ONTUMAJIBHOTO MPOMBICJIA /IS CTPYKTYPUPOBAHHBIX TTOITY/ISIIIAI®®

Poauna JI. M. (Poccusi, Mocksa)
MocKOBCKUIT MHCTUTYT CTAJIU U CILJIABOB

LRodina67@mail.ru

3aJaun ONTUMAJIBLHON SKCILIyaTaIldd IOMYJIANN, 3aJaHHBIX PA3JIMIHBIMUA JUHAMUIECKAMU
CHCTeMaMU, HAaJaJIl BBI3BIBATH MHTEPEC YUEHBIX, HAUWHAsl C IPOIILJIOTO BeKa. B HacTosiiee BpeMs
MHOYXKECTBO pabOT MOCBSINEHO WM3YYEHWIO BJIUSHUS ONTUMAJHLHOIO IPOMBIC/IA Ha JUHAMUKY WU
COCTaB CTPYKTYPUPOBAHHBIX MOITYJISIUI, HCCAEIOBAHUIO 33029 IIEPUOSITIECKOr0 NMITYJILCHOIO cObopa
BO300OHOBJISIEMOTO PECYPCa 1 3314 OIITUMAJIbHOI SKCIUTyaTauu noiyJisimu ¢ quddysueii, em. [1-3].

PaccmoTpuM Momesb HOIMYJISIUN, Pa3BUTHE KOTOPOM MPH OTCYTCTBUM SKCILIyaTAIUN 3aaHO
cucremoit nuddepeHnnaabHbIX YPaBHEHTH

&= f(x), tne veR} ={zeR":2,>0,...,2, > 0}.

[Ipennosnaraem, uro B MomeHTsl BpeMmenu 7(k) = kd, d > 0 u3 nOIyJsiiun U3BJIEKAETCsl HEKOTOPast
JTOJIsT GUOJIOTUIECKOTO PECypea

u(k) = (w1 (k),...,un(k)) €10,1]", k=1,2,...,

4TO NPUBOJUT K MTHOBEHHOMY YMEHBIIEHHMIO ero KonamdecTsa. Ecim n > 2, to pecypc x € RY
SAIBJISIETCS HEOJHOPOIHBIM, TO €CTh JINOO COCTOUT U3 OTACIbHBIX BUJOB X1, ...,Ln, JIMOO Pa3iesieH
Ha 7 BO3PACTHBIX I'PYIIIL.

Takum obpazomM, paccMaTpUBACTCS SKCILUIyATUDPYyeMasl IOMYJISIUs, 3aaHHAs YIIPaBJIIEMO

CUCTEMOM
.i'i = fl(x), t 75 k‘d,
xl(kd) = (1 — ul(k)) . a:z(kd - 0),
rne x;(kd — 0) u x;(kd) — KommuecTBO pecypca i-T0 BHjA JO U 1ocje c¢6opa B MOMEHT
kd coorBerctBenno, ¢ = 1,...,n, k = 1,2,.... llpenmosaraemM, 9T0 BCE PEIIEHUS CHUCTEMBI
& = f(x) sBisiercss HEOTPUIATEJBHBIM HPU JIFOOBIX HEOTPUIATEbHBIX HAYAIBHBIX YCIOBHUSIX;
JIJIsl 9TOrO HEOOXOMMO U JIOCTATOYHO, YT00bl byHKImU f1(2),. .., fr(z) yroBierBopsiiu ycioBuo

KBa3UIIOJIOXKUTETBHOCTH (M. [4, c. 34]).
ITycrs X;(k) = xi(kd — 0), C; > 0 — croumoctb pecypca i-ro Bujga. Cpednetl epemernot
6v120007, OT U3BJIEIEHNS PeCypca Ha30BeM (PYHKIUIO

k n
H. (a,2(0) = lm +5° 3 CX,()ui()
1

k
k—o0 =1 i—

58 PaBora BBIIONHEHA IPK BUHAHCOBON HOIEpKKe Poccuiickoro dhouma GpyHIaMeHTaIbHBIX HCCIeI0BAHN (mpoekT

Ne 20-01-00293).
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AHAJIOrIHO, ¢ 3aMeHOil HIPKHEro Ipeiesia Ha BepxHuil, onpegemny pyrxmuo H* (@, #(0)) u, ecom
BBIIIOJIHEHO paBeHcTBO H, (71, a:(O)) = H* (ﬂ, 1’(0)), TO OIIPEIEIUM IIpeiesl

kK n
H(a,2(0)) = lim %ZZCiXi(j)ui(j)-
j=1i=1

k—o0

O6osuaunm udepe3 ¢(t,x) pemnenue cucreMbl & = f(z), yIOBJIETBOPSIONIEE HAYAIBHOMY

yeaosuio (0, z) = x. Beegem B paccmorperne (yHKIIO

D(x) =Y _ Ci(pild,x) - i)
=1

B IPE/IIOJIOKEHUH, 4To s jioboro x € R pemenust ¢(t, z) cymecrsyior nipu t € [0,d].

Teopema. ITycmo gynryus D(x) docmuzaem makcumaivio2o 3HaveHus 6 mouke x* € R%

u xp < @i(d,x*) # 0 daa ecex i = 1,...,n. Toeda das moboeo x(0) € R’} marozo, wmo
0i(d,z(0)) > xf, i=1,...,n, cywecmeyem pexrcum IKCNAYGMAayuL T*, npu Komopom Gynkyus
H(u,z(0)) docmueaem nauboavwiezo swavenua H(u*,z(0)) = D(z*).

eTcd

JlokazaTeIbCTBO JAHHOTO YTBEPXKIEHUS U ITOCTPOEHUE YIIPABJIEHUN, IPU KOTOPBIX JOCTUTA-
HauboJsibiiee 3Hadenne GyHriun H (ﬂ,x(O)), upusejieHo B [5]. Pesysnbrarel uccienoBatust

IPOUJIJIIOCTPUPOBaHbI Ha ITpUMEPax pa3JIMYHbIX MO,ZLGJIefI BBaI/IMO,ZLefICTBI/IH JBYX BHJ/IOB.

(1]
2]

13l
4]

5]
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SAJAYA O MEPUOANYECKHNX 1O BPEMEHU PEIHIEHUAX KBA3UJIUHEITHOTO

VPABHEHUSA DUJIEPA-BEPHYJ/IJIM C OAHOPO/JHBIMU I'PAHUYHBIMU vC10BUsSIMN®?

Pynakos . A. (Poccusi, Mocksa)
MocKkoBCKHit rocy1apcTBEHHBIN TeXHUYecKuil yHuBepcurer uMm. H.9. Baymana
MockoBCKMii aBHAIIMOHHBIN HHCTUTYT (HAIIMOHAJIBHBIH MCC/IEI0BATEIbCKIN YHUBEPCUTET )
rudakov_ia@mail.ru

Paccmorpum KBasuiinbeiinoe ypaBHeHue Jiliepa-BepHyiin ¢ OJHOPOIHBIMU T'DAHUYHBIMA

YCJIOBHUAMU Ha OTPE3Ke

Upt + Upgpy — QUgy + g(:n,t)\u|p_2u =0, O0<z<m, teR; (1)
u(0,t) = ug(0,8) =0, t € R; (2)

Ug (T, 1) = Ugae(m,t) — hu(m,t) =0, t € R; (3)
u(z,t +T) =u(z,t); 0O<z<m teR. (4)

59PaGora BhImOMHEHA TIPU (BUHAHCOBOI mOmAepsKKe MEHECTEpCTBA HAYKH M BBICIIETO 0Opa3oBaHms Poccmitckoit
Deneparun (mpoekt 0705-2020-0047).
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B ypasuenun (1) u rpanuaHOM ycjIoBUH (3) KOHCTAHTHI @, h SBJISIOTCS TOJOXKUTEIBHBIMA U
p > 2. (5)

By,aeM npeariojiaraTb BBIIIOJIHEHUE CJIEIYIOIMNX YCJIOBI/Iﬁi

T 2772, b,c€ N, HOJI(b,c) = 1; (6)
g(x,t) € CYHQ) u T — nepuomudsa 10 t; (7)
g(z,t) >0 ¥(z,1) € (8)

a>0, (2a+1)b/4 ¢ N. (9)

O6osnaunm Q = [0, 7] x R/(TZ).
Teopema. [Tycmo swvnoanens, ycaosus (5)-(9). Toeda dasn awbozo d > 0 sadaua (1)-(4)

umeem 0606wenHoe pewerue
u € Hy(Q) N CHR),

maxoe, wmo ||ullp, @) = d, Upz,Uzze € C(Q) u epanuunvie ycrosua (2),(3) evinoanenvi 6
KAACCUMECKOM CMBICAE.

JIureparypa
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[TOCTPOEHUE MATEMATUYECKOW MOJIEJIN 3AIIATHI UHO®OPMAIIMOHHON CUCTEMBI

Poiokuna O. B. (Poccusi, Xabaposck)
JlaJIbHEBOCTOYHBII T'OCY/IAPCTBEHHBIII YHUBEPCUTET IIyTell coobIeHus
ribkina_ ol@mail.ru

Ot TOro, HACKOJBKO XOPOIIO ITpopaboTaHa MOe/ b Yrpo3 MHMOPMAIMOHHON 6e30MacHOCTH,
3aBUCHUT 3(PPEKTUBHOCTD IPUMEHEHHUSI KOHTPMEDP 3alllUThI, [TOBBIIIEHNE YPOBHS 3alllUIIEeHHOCTH, a
Tak>Ke ONTHMU3AIHS 3aTPaT 38 CUYeT YCTpaHEeHUs] aKTyaJbHbIX yrpo3. OIHaKo JaHHBIE, Ha KOTOPBIX
CTPOATCA MOJICJIN prOS, IIOCTOAHHO MEHAIOTCHA, YTO IIPUBOAUT K TOMy7 Y9TO paHee CO3JaHHbIe MO/Ie/IN
yCcTapeBaioT U TPeOyIioT OOHOBJICHUSI.

Bompocbl maremaTrmdeckux Mojesieil yrpo3 06e30macHOCTH WHMOPMAIUU, YIUTHIBAIOIINX
JUHAMUKY W3y9eHbl He B JOCTATOYHON Mepe. HambGosbImit mHTEpeC BBI3BIBAIOT HCCACIOBAHUS B
objrtactu Teopun guddepenimaabubx ypasuenuii. [Ipu pazpaborke mogesieit 6€301aCHOCTH yIPO3
HCIIOJIb30BaHNE IAHHON TEOPUHU SIBJISIETCS JOCTATOYHO HOBBIM HAIIPABJIEHHEM WCCIEIOBAHUNA U
TpebyeT rirybokoro msydenus. Ha ceromHsmmHuil JIeHbh MPAKTUYIECKH HE CYIIECTBYET aJ1eKBATHBIX
JUHaMHIYecKuX Mozesieit. Takum ob6pasoM, paspaboTKa IMHAMUYECKHX MOoJeseil siBisiercs Hanboee
PUOPUTETHBIM HallpaBJIEHUeM uccjiegoBanus |1].

B pamkax maHHOI TeMbl OBLIM PACCMOTPEHBI CJIEIYIOIIHE BOIIPOCHL:

— IpeJicTaBeHa MOJEIb yrpo3 HH(MOPMAIMOHHON 0e30MacHOCTH, pa3paboTaHHas HAa OCHOBE
MaTeMaTHIeCKOil MOJIesin BOeHHBIX jeiicruit Jlandecrepa [2];

— IIPOMJUIIOCTPUPOBAHO IPUMEHEHHnEe pa3pabOTAHHOIO METOHa K OIEHKE 3allUIIeHHOCTH
MHMOOPMAITMOHHON CUCTEMBI;
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— ITIPOBEJIEH KAYECTBEHHBI M YUCJCHHBIN aHAJN3 TMOJYyYEHHBIX PE3YJIbTATOB € IIOMOIIBIO
MaTeMaTHIecKoil mporpammHuoil cpeasl MathCAD;

— IOCTPOEHA, TUHAMWYECKasl CUCTEMa C HHBAPUAHTAMU JIJIsl UCC/IeIoBaHusT Mojesn Jlanaecrepa
yrpo3 nHMOPMAaIMOHHON 0E3011acHOCTH;

— JJIA HOCTpOGHHOffI ILHH&MHLIGCKOIZ MOJe/IM TPUMEHEH IIepexXo K MOJe/In C yIIpaBJIEHUEM C
OeJIbIO COXpaHEHUA OIIPpEaeJIEHHOTO CBOICTBa MOJeJIn (I/IHBapI/IaHTHOG praBJIeHI/Ie).

B pabore wucmonabsoBasnch MeTOALI Teopun auddepeHInaIbHbIX YpPaBHEHHUH, a TaK¥XKe
UCJIEHHBIE METOJIBI PeIlienns cucteM nuddepeHITnalbubIX yPABHEHH.

Kpowme Toro, e 9T0 OBIIO BO3MOXKHO, MPOBOIUIOCH CPABHEHUE TIOJYIEHHBIX PE3YIHTATOB C
y?Ke M3BECTHBIMU, HAIIPUMED, CPABHEHHE TIOBEJEHHUS CUCTEM JIJIsl MOJIYIEHHBIX MOJIEell C XOPOIIo
U3yYeHHBIME MOJeIsAME [3)].
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undopmarmn // VMudopmarmonnsie cucremsl n texuosornu. 2020. Ne 3 (119). C. 113-123.

[2] Pwibkuna, O.B., Ilocrpoenue mozenn yrpo3 Ge3onacHocTu MHGOPMAIUY HA OCHOBE MATEMATHYECKOM
mogzienn Jlangecrepa // Hayuno-rexuuueckoe u skoHoMuueckoe corpyauudecrso crpad ATP B XXI
Beke. 2021. T. 1. C. 255-260.

BIOKHH .B. qgaHcKas, E. B. TPOEHHE MATEMATHIECKON MOIEN uTHl HHMOPMATIHOH-
3| Pwiokumua, O.B., Kapauanckas, E. B. I[loctpoenne maremaruaeckoii Mmomenn 3a OpPMAITIo
Hoii cucreMmbl // Mndopmanuonnsre cucreMsl u TexHosorun. 2021. Ne 6 (128).
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Yexkun A. M. (Poccust, Mocksa)
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chekina_ ev@mail.Tu

PaccMmoTpuBaeTcs CIlyTHHK, IPEJICTABIISIONUN COO0i TMHAMUYECKN CUMMETPUYHOE TBEPJI0€
TeJIO, IIEHTP MacC KOTOPOT'O JIBH2KETCS 110 KPYTroBOil opOuTe. Y paBHEHH JBUYKEHUS TAKOI'O CIIy THHKA
OTHOCHUTEJILHO €ro IIeHTPa MacC JIOIYCKAIOT CEMeHCTBO YaCTHBIX PEeIeHN, COOTBETCTBYIOIINX
IIJIOCKUM MasITHIKOBBIM KOJI€OAHUSIM OCH CHMMETPUHU CIyTHUKa B IJIOCKOCTH opOuThl. Ilmockue
[IEPUO/INYECKHUE JIBUKEHHUS HEYCTONYUBBI 110 OTHOIIEHUIO K BO3MYIIEHUSM KOODJIMHAT M CKOPOCTEil,
[IOCKOJIbKY WX IIeDHOJ 3aBUCHUT OT HA4YaJIbHBIX ycjaoBuil. OJHAKO IpeJcTaBsjieT WHTepeC
HCce0BaHne OPOUTAIBHON YCTONYNBOCTH, T.€. yCTOWYNBOCTH 110 OTHOIIEHUIO K ITPOCTPAHCTBEHHBIM
BO3MYIIEHHSIM U BO3MYIIEHUSIM II€PUOJIA.

Hannas 3amaga Obuia paccMoTpeHa panee B pabore [1]. Bwuio mposeseno jerasibHoe
HCCJIe0BAHNE YCTOMYMBOCTU HA OCHOBAHHMM PAa3JIOXKEHUs] IaMUJIBTOHMAHA B PsAJ B OKPECTHOCTHU
HEBO3MYIIEHHOT'O JIBV2KEHNS JI0 YJIEHOB 4YEeTBEPTON CTEleHHM BKJIIOYNTe bHO. HemcciaemoBaHHBIMEI
OCTaJINCh 3HAYEHHS I1apaMETPOB, COOTBETCTBYIOIIME KDPHUBBIM BBIPOXKJIEHUS, Ha KOTOPBIX JIJIsd
[IOJIyYEeHHs BBIBOJIOB 00 YCTONYMBOCTH HEOOXO/IMMO PACCMATPUBATE UJIEHBI ECTON CTEIIEHN U BBIIIE
B paszsiokeHnn pyHknuu [amMuiproHa.

7OPaBora BBIIOJHEHA 3a CYeT IpaHTa Poccmiickoro HaydHOro Gomma (npoext Ne 19-11-00116) B MockoBckoM
aBrarmonHoM mHCTHTyTe (HarmoHAIBHOM MCCIE0BATEIHCKOM YHUBEPCUTETE )
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OnHOIl W3 CyIIECTBEHHBIX TPYIHOCTEH JAHHON 3aJladd sIBJISIETCS BBEJIEHUE JIOKAJIBHBIX
KOODJIMHAT B OKPECTHOCTH IIePUOINIECKOil opbuTsl. B pabore [2] mpeioxkeH c11ocob, B COOTBETCTBAM
C KOTOPBIM JIOKAJIbHBIE KOOPAUHATHI MOI'YT OBITH BBEJIEHBI HEJIMHEHHON KaHOHHYECKON 3aMEeHO
IIEPEMEHHBIX, KOTOpad CTPOUTCA B BHJE CTEICHHBIX PAJOB [0 HOBOI IIepeMEHHOI (ﬂOKaﬂbHoﬁ
koop/mHare). JlanHast MeTO/[MKa, CyIECTBEHHO YIPOIIAET IPOIECC BBEICHUS JIOKATBHBIX KOOD/IMHAT
1 IIO3BOJILAET ITOJIYYIHUTDH SIBHBII B PA3JIO2KEHUsA B PA FaMHUJIBTOHHaHa BO3MYIIEHHOT'O JIBU2KCHUNA
JIO YJIEHOB IIECTOr0 U 00Jiee BBHICOKOTO MOPSJIKA.

B namnoii pabore, cieyst [2], 6bL1u BBeIeHbBI JIOKAIbHbIE KOODJAUHATBI U [IOJIY Y€HO PA3JIOXKEHUe
raMUJIbTOHNAHa BO3MYIIEHHOTO ABVXKCHUA B PAJ IO YICHOB IIECTOM CTENCHU BKJIIOYUTEIBHO.
B mtockocTu mapaMerpoB 3ajaqu (aMILTHTY/IbI KOJebaHuii 1)y U MHEPIUOHHOrO Hapamerpa « )
OBbLIN TIOCTPOEHBI IUArPAMMBI yCTONIUBOCTH (CM. puc. 1), YTOYHEHBI PE3YJIbTATHI PabOTHI [1] u
IIPOBEAECHO UCCICAOBAHNEe YCTOMYNBOCTU Ha JIBYX BBIPOXKJICHHBIX KPUBLIX Y1 U 79, KOTOpOE paHee
HE IIPOBOJUJIOCE.

Puc. 1: ImarpamMmma yCcTORINBOCTH.

JIureparypa
[1] Markeev A.P., Bardin B.S. On the stability of planar oscillations and rotations of a satellite in a
circular orbit.// Celestial Mechanics and Dynamical Astronomy. 2003. Vol.85. No.1. P.51-66.

[2] Bardin B.S. On a Method of Introducing Local Coordinates in the Problem of the Orbital Stability
of Planar Periodic Motions of a Rigid Body. // Rus. J. Nonlin. Dyn. 2020. Vol. 16. No.4. P. 581-594.

CYBPUMAHOBA CO®EPA KAPTAHA

Cauxkos 0. JI. (Poccus, Ilepeciasib-3amnecckuii )
WNucruryT nporpaMMubix cucreM PAH
yusachkov@gmail.com

Jlokutay, TOCBAIIEH CTPYKType Iepecederust cybpumaHoBoit cdepbl Ha rpynne Kaprana c
3-MepHBIM WHBAPUAHTHLIM MHOr000Pa3neM OCHOBHBIX CUMMETPUIA.

Aurebpa Kaprama — 3T0 cBOOOZHAS HUJIBIOTEHTHas aJjrebpa ¢ 2-Ms 00pa3yOIIUMU
rnybunsr 3. B meit cymecrByer 6a3uc Xi,..., X5, B KOTOPOM HEHYJIEBble CKOOKU HMEIOT BU/I
[X1, Xo] = X3, [X1,X3] = X4, [Xo, X3] = X5. CoorBercrByIonias cBsi3Hasi OJHOCBsI3HAsT TPYIIIIA
Jlu G nazwiBaercst rpymmnoit Kaprana.

Ha mpocrpamncrse ngsz MOXKHO BBECTH 3aKOH YMHOXKEHUs, IPEBPAIAIONIAI 3TO
bR~ B lad b

npocTpancrso B rpyuny Kaprama: G = R?E’%w’w, B KOTOPOH JIEBOMHBAPUAHTHLIE IIO-
0 y 0 2?2 4+y% 0
Jist, mnopoxkpamorme ayrebpy Kapranma, wmmeror Bug X = 09— — T — — —F——
Oz 20z 2 Ow

0 $8+x2+y22
S0y 20z 2 ov
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PaccmarpuBaercs cienyrorasi BapuannoHHasi 3ajada. llycrs Ha €BKJIMJIIOBOI ILIOCKOCTH
3aJ1aHbl TOYKH ag,a; € R?, coemunennsie Kpusoii 79 C R?. Ilycrh Takske 3a1ansl uncio S € R
i Touka ¢ € R?. Tpebyercst coeMuHUTh TOUKH ao, @ Kpardaiimeii kpusoit 7 C R? Tak, 9To6bI
KpUBBIE 79 W 7Y OIPAHUYMBAJIN HA ILIOCKOCTH OOJIACTH aJirebpamdecKoil miomaan S, ¢ IEHTPOM
Macc €. DTy IeOMETPUYECKYIO 3aJlady MOXKHO MepedopMyInpoBaTh Kak 3ajady ONTUMAJIbHOIO
yIpaBJICHUA

G =uX1(q) +uXa(q), q=(z,y,2,v,w)€G =R (1)
q(0) = q0, q(t1) = a1, (2)

t1
l:/ u? 4+ u3 dt — min. (3)
, Ve

D10 cybpHMaHOBa 3a/ada JIsd CyGPUMAHOBOI CTPYKTYphI Ha R | 3a1aHHON BEKTOPHBIME IIOJISIME
X1, X2 Kak OpTOHOPMHUPOBAHHBIM PEEepOM. JTa CyOpUMAaHOBa CTPYKTypa — €IWHCTBEHHAsI, C
TOYHOCTBIO Ji0 aBToMopdusMa rpyimbl Kaprana, JieBonHBapuanTHasi CyOpUMaHOBa CTPYKTYpa €
BeKTOpOM pocra (2,3,5) . CiegoBaresibHO, MOXKHO cuuTarh, 9t0 go = (0,...,0).

OcHOBHOIT 00BEKT IOKJala — CeUeHne eIMHUIHON cyOpruMaHOBO# cephl S ¢ LEHTPOM (g

JABYMEPDHBIM MHBapUaHTHBIM MHOFOO6pa31/IeM OCHOBHBIX CI/IMMeTpI/IIU/I El s 62 :

S={qeS| (=) =q}=Sn{z=V =0},
V(q) ::Uv—l—yw—z(z:Q —{—y2)/2,

a TakKe ero pakTop 10 I'PYIIIE BpaIleHmi S=5 /SO(2). Hust 91X 06bEKTOB YLy T IPEJICTABICHDI
PE3yIbTATHI IO CJEAYIONUM BOTIPOCAM:

e Crpykrypa dakropa S ,
e Xapakrepusalusl ToYeK dpaKTopa S ,

e Kparnocts Touek dakropa S,

~

e Perynspaocts dakropa S,

e AmnajuTuyeckue cBoiicTBa (hakTopa S ,
e Fxp-log kareropus,

o Crparudukanns YUTHA.

JIureparypa
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PaccmarpuBaercs cienytoras cybyopeHIieBa 3aada Ha rpyiie [eiizenbepra:

:i::ul,

Z):U%

. 1 Jr1

Z=—-u —UsT
2 1Y 2 24,

q=(z,y,2) €R® wu; =chv, wuy=shv, veER,

q(0) =0, q(t1) = q1,
t1 — max.

BynyT nsnoxkens! ciemyromniye pe3yabTaThl:
e [1apaMeTpu3alusd IKCTPEeMaJIbHBIX TPAeKTOPUit,
® OIIMCAHNE MHOYXKECTBA JOCTUKUMOCTH,
® OITUMAJIbHBII CUHTES.

Amnajyiornunbie pe3ysbTarThl OyIyT paccMoTpensbl st rpynnbl SO(3) .

CTOXACTUYECKUE I'MCTEPE3UCHBIE [TIPEOBPA3OBATE/IN

CemenoB M. E. (Poccusi, Boponex)
Boponexckuii rocy1apcTBEHHBIN YHUBEPCUTET
mkl150@mail.ru

CosoBbeB A. M. (Poccusi, Boponex)
AO «Konnepu «Cossesaue»
darkzite@yandez.ru

Bopaynos C. B. (Poccusi, Boponex)
Bopounexxckuit rocy/1apcTBEHHBII YHUBEPCUTET
shorzunov@gmazil. com

Meanemrenko II. A. (Poccusi, Boponex)
Boponexxcknit rocy1apcTBEeHHBIN YHUBEPCUTET
melechp Qyandex.Tu

Kak uzBecTHO, MOJIe/IMPOBaHIE CJI0XKHBIX TEXHUIECKUX CUCTEM HEPEJIKO TPeOyeT IPUBJICYCHUsT
METO/IOB OIMCAHUS HEJIWHEHHOCTEe#l T'MCTepe3WCHOro THUla. 1akoro THIA HEJIUNHEHHOCTH MPUCYIIH
MHOI'UM (DU3UYECKUM, (DUBNKO-XUMHUIECKUM, OMOJOIMYECKMM M SKOHOMHYECKUM IIPOIECCaM, 9TO
[IPOSIBJIIETCA B CHJIY BHYTPEHHEH CTPYKTYPBI 9THX IIPOIECCOB, JIUOO SBJISIETCS CJIEJACTBHEM WX
JUHAMUYIECKUX OcobeHHOoCTel. XapaKTEepUCTHKNH MHOTMX TEeXHUYECKHX CHCTEM JH0O0 W3BECTHDI
JIUIIb C HEOOIBITON TOYHOCTHIO, JUOO HE MOTYT OBITH OIEHEHBI 0e3 Pa3pPyIIaloNero KOHTPOJII.
Bojsiee Toro, mx mapameTpbl MOI'YT HCIBITHIBATH PETYJIsipDHbIE WX HeperyjspHble H3MeHEHUs
B 3aBUCHMOCTHA OT BpPeMeHH. B CBsI3U C 3TUM BO3HUKAET HEOOXOIUMOCTH OOODINeHusT Momesei
TUCTEPE3UCHBIX ITpeobpa3oBaTesieil, YINTBHIBAIONINX BEPOSITHOCTHBIN XapaKTep I[MapaMeTpoB, WX
omnpenensitorux. Hacrosiiast paboTa IOCBSIIIIEHa ODOOINEHUIO OJHONH W3 W3BECTHBIX MOJeei

182



rucrepe3uca — mpeobpasoBaresisi [Ipeiizaxa, B KOTOpO#l mapamMeTpbl 3JEMEHTAPHBIX peJie, €ro
COCTaBJISIONINX, IBISIOTCS CAyYallHBIMUA BEJIMIMHAMHA.

B kitaccuueckoM Ioaxo/ie K OIMCAHUIO IUCTEPESUCHBIX HesnHeliHocTell, passuroM M. A. Kpac-
HocesibekuM 1 A. B. TTokposckuM [1], rucrepesucHbie oriepaTopbl TPAKTYIOTCSI KaK IIpeodpa3oBaTelIH,
OIIpeJIeJIEHHbIE HA IIPOCTPAHCTBE HENPEPLIBHBIX (DYHKINNA, JTUHAMUKA KOTODPBIX OIUCHIBAETCS
COOTHOIIIEHUSIMU: “BXO/I-COCTOSIHIE U “COCTOSTHUE-BBIXOT .

O6osnaunm uepes R, 3, xg, tg] rTucTepesucHblil npeobpazoBarTesb, OTBEYAONINl Hewe-
aJbHOMY pejie ¢ ToporoBbiMu wuciaamu o« u (3, rme zg € {—1,1} — HauasbHOe cocTosiHUE
npeobpaszoBatess, ty — Ha4YaJbHBIH MOMEHT BpeMmeHu. [IpocTpaHcTBOM cocTOSHUIT HeHIeaIbHOTO
peJie sIBJISIETCs JIByXdJeMeHTHoe MHOxKecTBO {—1,1}. Bxosom cucrembl siBjsieTcst HelpepbIBHAST
upu t >ty dyskuus u(t), BeIxogoM — crynendaras dyHkuus z(t), onpejessemas OlepaTopPHbIM
COOTHOIIIEHUEM:

z(t) = Rla, B, xo, to]u(t). (1)

Ilo amamormm c kiaccmdeckuM orepaTopoMm Ilpeiizaxa, ompenennMm ero croxacTHIecKuil
JUCKPETHBII aHAJIOT COOTHOIIEHUEM:

N
EnIp(t), &, B, o, to, u(t)] =  mjRlpo, &y, By, wo, tolu(t), (2)

=1

e o , Bj — HeNpepbIBHBIE CJIyYailHble BEJUYUHBI C 3aJJaHHBIM 3aKOHOM pAaCIpPEeNEeJICHU, O]
IIOHUMAETCs BECOBOM MHOXKHUTEJIb, COBIAJAIOIIUN C IIOIIQ IO IIPAMOYIOJIbLHAKA Qij C IEHTPOM
B T ouke (o, [j) co croponamu Aa; u Af;.

Jtst TOro, 9TOOBI OCYIIECTBUTD MEPEX0/I K KOHTUHYAJBHOMY CJIYYa0, HeOOXOIMMO ITPOITOPIIHO-
HAJILHO YMEHBIIUTH BKJIAJ HHIUBUIYATBHOIO PeJjie, KOTJa UX 9UCJI0 (HEUIeATbHBIX Pesie) CTPEMUTCS
kK Geckoneunoctu [2]. Croxacrmueckum oneparopom Ilpeiizaxa HasoBem mpeofpasoBarTesib,
COIIOCTABJIAIONINYA BCAKOMY HEIPEPLIBHOMY BXO/AYy /JIByXIlapaMeTPUYCeCKUil CciydalHblil IIpolecc,
SIBJISIOIUTICS TIpeIesioM cyMM (2) IIpU CTPEMJIEHUM JIMArOHAJIU [PSMOYTOJbHIKA, Qij X HyIO.
3aMeTHM, UTO BBIXOJIOM CTOXaCTHYECKOIO aHajora omneparopa llpeiizaxa sBjsieTcss CirydailHBIA
[pOIIECcC, KOTOPBIHA 0bJiajaer CBOMCTBOM MHBAPUAHTHOCTU Topsiaka p, (p > 1), 10 OTHOIIEHWUIO
K II0CJIe/IoBaTeIbHOCTH pasbuenust muoxecrsa {(a, §) : oo < £} .

JIureparypa
[1] Kpacuocenbckuit M. A., TTokposckuit A. B. Cucremsl ¢ rucrepesucom. M.: Hayka, 1983.

[2] Bopsyuos C.B., Cemenos M.K., Cembpecrok H.II., Menemenko II.A., Comnosbes A.M. Croxa-
CTHYECKasl MOJEJb TUCTEPE3UCHOrO Mpeobpa3oBarTesis ¢ JOMEHHOH crpykTypoil // Maremarudeckoe

mogesmpoBanue. 2021. T. 33. Ne9. C. 60-86.
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@) MMPOEKIITMOHHOM METOAE ['AJIEPKNHA PEIIEHUA HECTAIIMOHAPHOTO YPABHEHUA
ANOPY31N C IIEPEMEHHBIM KOSCIDCDI/IU‘I/IEHTOM71
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CrenoBu4 M. A. (Poccus, Kamyra)
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®ununmos M. H. (Poccust, Mocksa)
WNucruryT obimeit u vHeopranuveckoii xumun um. H. C. Kypunakosa PAH
fil@igic.ras.ru

ITocrpoena adppeKTUBHAA BEIYUCIUTENbHAS CXeMa € UCIIOIb30BaHIeM IPOEKIIMOHHOIO METOJIa
lajepkuHa /IS pelneHrsl JIBYMEPHOrO HECTAMOHAPHOIO ypaBHeHHs JudQy3un ¢ HepeMEHHLIM
kodddurmenrom. Panee [1, 2| nokasaHbl HEKOTOPBIE BO3MOXKHOCTH HCIOJIb30BAHUS 9TOTO
MeTOa JJId pelleHnsl CTAIMOHAPHOrO ypaBHeHus anddy3unm M HOIydeHa IOPAIKOBAas OICHKA
HOrPEIHOCTH HEBA3KU, COOTBETCTBYIOWE npubiu:keHnoMmy ypasHennio muddysuu. Hacrosmas
paboTa TPOJOJKAET TaKWe MCCICJOBaHns. PacCMOTpEeHHe IPOBEJIEHO I HEeCTAIMOHAPHOIO
ypasHenus auddy3un, ONUCHIBAIONIEr0 3aBUCUMOCTL OT BPEMEHU KOHIEHTPAIMH HEePAaBHOBECHBIX
HEeOCHOBHBIX Hocutesieit 3apsizia (HH3), renepupoBaHHbIX BHEIIHUM BO3JefCTBUEM (3apsi?KeHHBIME
YACTUIAMY WMJIM  3JEKTPDOMATHUTHBIM ~W3JIyYeHHEM) B OJHODPOJIHOM IOJIYIIPOBOJHUKE, IIOCTIe
[PEeKpaIlleHus! JIeHCTBUsI BHEIIHEro UCTOYHUKA |3, 4]:

dc(x,y,t)
ot

= DAc(x,y,t) — C(f’(ij)’t)

C FpaHI/I‘{HbIMI/I yCﬂOBI/IHMI/I
C(ZL‘, Y, O) = n(:v, y)> C(:tOO, Y, t) =0, C(ZC, +o0, t) =0, C(.Z', Y, +OO) =0,

—oco < x <00, —o0o<y<oo, 0Lt <oo.

Baecw ¢(x,y,t) — 3aBucumoctsb kKounenrpaiuun HH3 or Bpemenu, n(x,y) — kounenrparus HH3 B
CTAITMOHAPHOM CJTydae, JI0 BBIKJIIOUeHNs BHEITHero BosieiicTeus, cm. [3, 4], A = 92 / 0% +0? / oy? —
nBymepHblii oneparop Jlamiaca, D = const — koaddunmenr mubdysun u T = T(t) —
3aBuCHMOCTb BpeMenn xxu3nu HH3 or Bpemenn nocsie Bbikitouenus: aentaero ucrounnka HH3 (B
OTJIMYRE OT PACCMOTPEHHOI paHee MaTeMaTH4iecKoii Mojenu |3, 4], B KoTopoii T 6blLiIa MOCTOSHHOI
BesIm4anHOMN). B Hacrosmieii paboTe paccMOTpeHa MaTeMaTHIecKasl MOJIEJb, OIUCHIBAIONIAS JIBa
MexaHu3Ma pekoMbuHanun HepasHoBecHbix HH3 npu Beikt0Yennn BHelHero Boseiicrsus |5, npu
9TOM 3aBHUCHMOCTDH Uncjia HepaBHOBecHBIX HH3 oT Bpemenu ommchiBaeTCst JIBYMsI 9KCIIOHEHTAMHU.
Peinrenne ObLIO TIOJIyYeHO B WJIMHJPUYECKOIl CuUCTEMEe KOOPJAWHAT B BUJE
YacTu4dHOll cyMMbI psgga @ypbe o moauduiinpoBaHHbIM dyHKIusaM Jlareppa.

JIureparypa

[1] Maxapenkos A.M., Cepernna E.B., Cremosua M. A. ITpoekrmonnsiii Meros asepkuna perenus
craronapHoro auddepenimanbHoro ypasaennst quddysun B noaybeckonednoit obaacru // 2Kypram
BBIUKCJ/INTE/IFHON MaTeMATUKU 1 MaTeMarudeckoii pusuku. 2017. T. 57, Ne 5. C. 801-813.

[2] Makarenkov A.M., Seregina E.V., Stepovich M.A. The Projection Galerkin Method for Solving
the Time-Independent Differential Diffusion Equations in a Semi-Infinite Domain // Computational
Mathematics and Mathematical Physics. 2017. Vol. 57, No. 5. P. 802-814.

[3] Polyakov A.N., Smirnova A.N., Stepovich M. A., Turtin D. V. Qualitative properties of a mathematical

model of the diffusion of excitons generated by electron probe in a homogeneous semiconductor material
// Lobachevskii Journal of Mathematics. 2018. Vol. 39, No. 2. P. 259-262.

"'HccnenoBanus MpoBeIeHb! IpH (GUHAHCOBON mommepxke Poceuiickoro donma bYHIAMEHTAIBHBIX UCCTIETOBAHII

(mpoekT Ne 19-03-00271).

184



[4] Turtin D. V., Seregina E. V., Stepovich M. A. Qualitative Analysis of a Class of Differential Equations
of Heat and Mass Transfer in a Condensed Material // Journal of Mathematical Sciences (United
States). 2020. Vol. 250, Issue 1. P. 166-174.

[5] Bouu—Bpyesuua B. JI., Kanamuukos C. . ®usuka noayupoBoguukos: Y yebHoe rocobue Jjist By30B. M.:
Hayka, 1990. 685 c.

K PEIIEHNIO OBPATHOI 3AJIAYM TEOPUM PACCESIHUSI HA BCEI OCH"?

CoapnaroB A.Il. (Poccusi, Mocksa)
DenepalbHblii nccaenoBarenbekuii neHTp "Mudopmaruka u yupasiaenue" PAH
soldatov48Q@gmail.com

O6cyKmaroTest  JOCTATOYHBIE YCJIOBHSI BBIIOJHUMOCTH OCHOBHOH Teopembl  DajiieeBa-
Mapuenko. IlpuBogurcs npercrasienue perteHusi obpartHoit 3ajaqu [lltypma-J/IuyBuiis Ha Bee
OCH, OCHOBAHHOE Ha MCCJIEIOBAHUN KpaeBoil 3ajaqn juist byHKmn MocTa 1 cOOTBETCTBYIOMEro eif
CHHTYJISTPHOTO MHTETPAJILHOTO ypaBHeHus. /loKa3bIBaeTcs OTHO3HATHA PA3PENTUMOCTD 3TOH 3a1aun
B COOTBETCTBYIOIIUX BECOBLIX Kjaccax lesbiepa.

K PEIIEHUIO 3AJAYN PEKOHCTPYKIIUM YIIPABJIEHUII BAPUAIIMOHHBIMU
METOJAMU"™

Cy66oruna H. H. (Poccusi, Ekarepuntypr)
WNucturyr maremaruku u mexannkn uM. H.H. Kpacosckoro YpO PAH
Yp®YV mmenn nepsoro IIpesugenta Poccun b.H. Enxbruna
subb@uran.ru

KpynennukoB E. A. (Poccusi, EkarepunOypr)
WNucturyr Mmaremaruku u Mexannkn uM. H.H. Kpacosckoro ¥YpO PAH
Vp®@Y umenu nepsoro IIpesnnenta Poccun B.H. Enbrinna
krupennikov@imm.uran.ru

B nokimaze obcyxKmaeTcss HOBBIM METOJ, PElleHdsl 3aJadd JIUHAMUYIECKON PEKOHCTPYKIINU
yupassernii (3IPY) s nnaamudeckux yupasisiembix cucreM. [log 3/IPY nonummaercs 3ajada
[IOCTPOEHNUs AIIPOKCUMAIUI HEU3BECTHOIO YIIPABJIEHUsI 110 HETOYHBIM JIUCKPETHBIM 3aMepam
HaOJIIOJIAeMOl TPAEKTOPUU JIMHAMUYECKON CHCTEMbBI, KOTOPas MOPOXKAETCS STUM yIIPABJICHHEM.
Hormyctumble yrpaBjienuss — u3Mepumblie (DYHKIMHM, 3HAYEHUS KOTOPBIX OIPAHUYEHBI U3BECTHLIM
BBIITYKJIBIM KOMITAKTOM.

[IpeiokeHHblii aBTOpaMu JIoKJIaga HOBbIH noaxox [1,2] x pemenuto 3/IPY onupaercs
Ha BCIOMOTaTeJIbHbIE BApUAIMOHHbIE 3aJa4d I PEryJsipu30BaHHbIX [3] wMHTerpaabHbIX
GYHKIMOHAJIOB HeBsi3KH. OTImdIuTe/bHass OCODEHHOCTb IIOJXOJa — WCIOJb30BAHUE BBIMYKJIO-
BOTHYTBIX (DYHKITMOHAJIOB. [Ipy 9TOM BO BCIIOMOTaTeIbHBIX 3a/[aYaX UIYyTCS JIUIIb CTAIIMOHAPHDBIE
TOYKHU (DYHKIIMOHAJIOB, & HE SKCTPEMYM.

Ha ocHoBaHme 51010 1o/1x0/1a paspaboran u 06ocHoBaH ajroputM [1,2|, mossossiomuii crpoutsb
AIMMTPOKCUMAIINN HEU3BECTHOT'O YIPABJIEHUS, CXOJANINECS K MCKOMOMY IPU YCJIOBUU BBIMOJTHEHUSI
OIIPEJIEJIEHHDBIX YCJIOBUAN COIVIACOBAHUS [APAMETPOB allipoKcuMaluu. JdOEeKTUBHOCTh aJTOPUTMA
obycJioBjieHa cBesenueM perrenust 3/IPY k waTerpupoBanuto guHeitabrx O/1Y.

B nmoxmaze mpemaraercs cpaBHeHue ABYX MOAnMUKAIIi 3T0oro nogaxoaa. CyTs Moaudukarmit
BAKJ/IFOYAETCS B PA3HON IIOCTAHOBKE BCIIOMOTATEIbHBIX BAaPUAIMOHHBIX 3ajad. A WMEHHO —
paccMaTpUBAIOTC PA3JIMYHbIE KPAEBbIE YCJIOBHS.

[Tpengiozkennbtii B paborax [1,2] momarosstii ajnropur™m perenust 3/IPY Ha kaxkom mare (T.e.
Ha OTpe3Ke BpeMeHH |[t;_1,t;|) UCIOIb3yeT BCIOMOraTesbHble KOHCTPYKIMKM U3 3aJa4di Ha IIOUCK

"Pa6ora Bemosaena mpu noggepxke PH® (mpoext Ne 20-11-20261)
"3PaGota BBIIOIHEHS, TIpH HopAepkKe PODU (mpoekt 20-01-00362).
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CTalTUOHAPHBIX TOYEK HEBBIIIYKJIOTO Cl)YHKL[I/IOHaHa,

ts

; 2 (1) — 20 2 2|y 2
ety - [ [AROPOF O,y 0

2 2

ti—1

rje i — HOMep Iara ajJropuT™Ma, « — MaJblii peryiaspusupyionmii (o Tuxonosy [3]) mapamerp.
Oyuxius 40 (t) ABIsSeTCS INIAIKOH HHTEPHOJIANNEH IUCKPETHRIX 3aMepoB. JlomycTumbre byHKIHI
— nenpepbiBHO muddepeniupyembie napbl (z;(+), w;i(+)) : [ti—1,t;] — R™ x R™ | ynoBieTBopsiomiue
nuddepeHaIbHbIM YPABHEHUAM, ONUCHIBAIONM JUHAMHUKY CHCTEMbI, 1 KPAEBBLIM YCJIOBUSM JIJIs
x;(+) BuzA

_ .0
wi(tio1) = Yi_1- (2)
Kpaesble ycioBust st u;(-) Ha MEPBOM IIare 3aJal0TCs U3 COOOPAYKEHWs BBIIOJHEHUsI YCIOBUS
#1(0) = 9°(0). Ha kaxk[I0OM IOCJIEIYIONIEM Iare HCIOIb3yeTCs CHeUAIbLHEI BHIGOD KDPAaeBBIX

yesosuit  (x;(ti—1),u;(ti—1)), obecneunBaromuii mocrpoenne Toukn (;(-),u;(+)), 6am3Koil K
CTAIIMOHAPHOI TOYKe (DYHKIIMOHAJIA.
B ok/1a/1e paccMaTpuBaeTcsi TakKe JIPYroii criocod nocrpoerust napbl pyukumit (x;(+), ui(-)) .
Omnw ompejiessieTcst Kak CTalioHapHast TOYKN dyHKIHoHAIa (1) IpH KpaeBbIX YCIOBHIX BHIA (2).
[TpuBoAMTCS KAYeCTBEHHBIH M KOJUYECTBEHHBI aHaJu3 pPEe3y/IbTaToB NPUMEHEHHs] STUX
MoanbUKAaIIiA.

JIureparypa

[1] Cy66oruna H.H., Kpynennuko E.A. Ciabble co 3Be3/0i AaIIPOKCUMAIMH DEIICHUS 389K
nuHaMudeckoil pekorcrpykuuu // Tp. Wu-ta maremaruku u mexanuku ¥YpO PAH. 2021. T. 27, Ne
2. C. 208-220.

[2] Cy66oruna H.H., Kpynennukos E.A. Cmaboe co 3Be3ioil pellleHHe 3aJa49d JMHAMHYECKOI
pekorcrpykuuu. // Tpynsr Maremarudeckoro uncruryra um. B.A.Creknosa PAH, 315. 2021. C.
247-260.
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O MATEMATHUYECKO! MOJAEJIM JUHAMNKN PACIIPOCTPAHEHUS ITAHJEMWN
(COVID-19)

Taxupos 2K. O. (V36ekucran, Tamkenr)
Nucturyr Maremaruku AH PY3
prof.takhirov@yahoo.com

AnsapxxonoB B. (Vs6ekucran, Tamkenr)
Uucturyr Marematukn AH PY3
bunyodbek. anvarjonov@bk.ru

Maremarmyeckue MpOrHo3bl B 60pb0OE C SMUIEMUSIMHA eIlle He JTOCTHUIJI CBOErO COBEPIIEHCTBA.
Brictpoe pacnpocTpanenne, coocobbl U IPOLEAYPHI, CBSI3aHHBIE C CIAEPKUBAHMEM IIAHJIEMUH,
TpeOYIOT CaMOr0 PAHHEro IMOHUMAaHUs B IIOWCKE pPEIIeHUii B COOTBETCTBUH C IIPUBBITHBLIMU,
PU3NOIOrnIeCKUMHI, OMOJIOrTIeCKUMUI 1 9KOJOTMYECKIMU aCIeKTaMU YKI3HHU ¢ 60J1e€ COBEPIITEHHBIM
MaTEeMaTUYECKUM MOJICJUPOBAHUEM | IIPOCHO3AMHU. DIMUJIEMHUOJOIMYECKUE MOJIEIH  ABJISIIOTCS
KJIIOYEBBIMU HHCTPYMEHTAMHU B IIPOTPaMMaX yIIpPaBJIEHHUsI OOIMECTBEHHBLIM 3PaBOOXPAHEHUEM,
HECMOTPs Ha BBICOKUI ypPOBEHb HEOIIPEJCJICHHOCTU B KaXKJI0M M3 9TUX MOJEJIeH.

Bo MHOrmx ciydasix mpejiaralorcsi MaTeMaTHIeCKHe MOJIEJM, COCTOAIINE N3 HEeJIUHEHHBIX
cucrem OJLY [1]. Ho maremaruyeckoe MojempoBaHue ¢ IPOCTPAHCTBEHHBIME 3bdeKTaMu urpaer
BayKHYIO POJIb B XapaKTEPUCTUKE W MMOHUMAHNE PACIPOCTPAHEHNA KOHKPETHOTO WHQEKITMOHHOTO
zaboneBanusi. Ilonnmanme mpocrpancrBenHoro pacupeneirenns COVID-19 Heobxomumo  iis
BBISICHEHMsI MEXaHU3MOB [IepeJlad U IeJIeHAIPABIeHHBIX Mep KOHTPOJIsI [2].
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IIpocrpancTBeHHAsT HEOIHOPOIHOCTh HEM30EXKHA U MOXKET BJINATH Ha IUHAMUKY IIepeaadn
6osiesnu. B jpasbmeiiiiem 60Jibiliee  BHUMaHUE CTAJO0 VACAATHCA JIUHAMUIECKUAM PEaKIIMOHHO-
b dY3MOHHBIM  MOJIEJISIM  SIHUJIEMUNl ¢ TIPOCTPAHCTBEHHON HeogHopoaHocThio [3,4]. B pabore
HCCTIeYeTCsI POCTPAHCTBEHHO-HEOIHOPOIHAST HeJTMHEHAsT MOJe/Th peakiuu-1uddy3un

Si(t,x) =V - D1(S)VS(t,z) + A(z) — B(z)Ef(S) — p(x)S,
Li(t,z) =V - Do(I)VI(t,z) + B(z) Ef(S) — (u(z) + a(z) + p(z))1,
Ey(t,x) = V- D3(E)VE(t,z) + 0(x)[(1 — E) + (§(z) +v(2))E,

(

S(O,JT) = (Pl(x)v 1(071:) 802( ) E O,iﬂ) (.TL‘),
0 0 0

e t > 0,2 € 2,9 C R" — orpanndennasi obJjacTb ¢ riajkoii rpanuneii 0, ¢(x)(i = 1,2,3)
— HEOTpHIATEJIbHbIE HENpepbIBHbIE 10 [énbaepy orpanmventble (byHKIUH, & % IPEJICTABJISIET
BHEIITHIOID HODMAJIbHYIO MpoM3BojHYyI0 Ha O,z = (r1,Z2,..,Ty),n = 1 — [ejoe 4YUCIO.
S(t,z),I(t,x) m E(t,r) — KOJMYECTBO BOCIPHUUMYUBBLIX, WHMOUIMPOBAHHBIX JIHI, a TaK¥kKe
KOHIIEHTPAIMs TATONEHOB OKPYKAIoIIeii cpesibl (BUPYCOB Win GakTepuii).

B mpocTpaHCTBEHHO-HEOMHOPOAHBIX —CpeJax —CHadajla —yCTaHABIMBAECTCS KOPPEKTHOCTD
pellleHnit, B TOM 9KCjie HEOTPUIATEILHOCTD U TIPeJIe/IbHas OTPAHNIEHHOCTD pertenuii. Onpeiessiercst
6a30BbIlt HOMED BOCIpou3BeieHus Ry . YCTaHOB/ICHBI IOPOTOBbIE KPUTEPUM IJIOOATBLHON TUHAMUKH
MOJIEJTH.

JIureparypa
[1] Wang S. et al. Mathematical modeling of transmission dynamics of COVID-19.Big Data and
Information Analytics // 2021.Vol. 6, pp. 12-25. DOI:10.3934/bdia.2021002.

[2] Guo Z.G. et al. Spatial dynamics of an epidemic model with nonlocal infection. Appl. Math. Comput //
2020. Vol. 377, 125-158.

[3] Luo Y. et al. Global dynamics in a reaction—diffusion multi-group SIR epidemic model with nonlinear
incidence // Nonlinear Analysis: Real World Applications.V. 50, December 2019, 365-385.

[4] Wang N. et al. Dynamics in a reaction -diffusion epidemic model via environmental driven infection
in heterogenous space // Journal of Biological Dynamics. DOI: 10.1080/17513758.2021.1900428

JINHEAPU3ALIMA C ITIOMOIIBIO ®YVHKIIMOHA/ILHOI'O [TAPAMETPA

Tpemes [I. B. (Poccus, Mocksa)
Maremarudecknit uactutyT uMm. B. A. Crekjosa PAH
treschev@mi.ras.ru

PaccmoTpuM raMmMJIBTOHOBY CHCTEMY OKOJIO TIOJIOYKEHUSI PABHOBECHUS] WJIM CHUMILIEKTUYIECKOE
OTOOpaKeHNe OKOJIO HEINOJBUXKHOW TOYKM B (Ha30BOM IPOCTPAHCTBE PA3MEPHOCTH 21 .
[IpeirtookuM, 9TO CUCTEMA 3aBUCUT OT (DYHKITHOHAJBHOTO IAPAMETPA, SIBJIAIONIErocs (DyHKIMEH n
repeMeHHbIX. V3ydaercss BO3MOXKHOCTD UCIIOJIB30BaTh (DYHKIINOHAIBHBIN ITIapaMeTp [JIsl IOy 9eHHs
CHCTEMBI, COINPSI?KEHHON JTUHENHON HA OTKPBITOM MHOXKECTBE.
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OB OJJHOM KJIACCE YPABHEHUI1 BOJIbTEPPA

Tpycosa H. U. (Poccus, Jlumnenk)
JIumenkunit rocyIapCcTBEHHBIN eJarornIecKuii yHUBEPCUTET
nmenn I1.I1. Cemenona-Tau-I1Tanckoro
trusova.nat@gmail.com

MHuoromepHbBIit YaCTHBIN HHTErpaJ 1o mapy B R, or cdepuieckn cuMMETPUIHBIX (PYHKIIAN
110 YaCTH IePEMEHHBIX UMEET BU/I,

/ k(e |tal) ulltal, 2a) dtas @ = (tas2a) € Ry X Ry .

[ta|<R

Cdepuueckoe mpeobpaszoBaHie KOOPAUHAT WHTEIPUPOBAHUS IPUBOIUT K OJHOMEPHOMY BECOBOMY
YACTHOMY HUHTEIDAJLY

R
|S1(m)| /0 k(x;r) u(r, zg) P dr

B ciyaae mHOrOOCEBOI cHEPUIECKON CUMMETPUN MbI IIPUXOJUM K MHOTOMEPHOMY BECOBOMY
9aCTHOMY WHTErpasy

m P1 Pm m
H‘Sl(gz” / : kQ(r’ Lo T) U(T1,...,7'm7 xa) HTfm_ldr,
=1 r1=0 Tm=0

i=1
rie m=4~01+ ...+, n:\xgm\, r= ("1, yTm)

Haubosee obitieit popmMoit TaKOro Bujia 9acTHBIX UHTETPAJIOB OIPEIE/INM BhIPAKEHHEM

by bim LSS
o
/ ko(z; to) u(te, zw) Hta/dtai.
0 0 i=1
BecoBbIM YaCTHO-UHTErPAJIBHBIM  OlepaTopoM Bosbreppa OyjieM Ha3blBATH CJEYIONIEe
BbIDasKEHNE

Lo

(Kou)(z) = / ko (23 ta) u(ta, T5) £1° dta, (1)
0

rjae Yo > —1 (em. [1]). MysnbTunHgekcsl o 1 @ MOTYT IPUHUMATH 3HaUeHus 1 win 2.

YacrHo-MHTErpaJibHOE ypaBHeHue Bosibreppa Broporo poja ¢ omeparopoM (1) umeer Buj

p(r) — AKap(z) = f(z). (2)

Pemenne ypaBaenust (2) Haxo[ UM II0 CXeMe, IIPEJJIOKEHHOIT B [2], B BECOBOM aHU30TPOIIHOM
npocrpanctse Jlebera L) (D), p = (p1,p2, p3)

p2/p1 p3/p2 1/ps3
g = ([ [] [1mapan | apan) " apan)

D3 D2 Dy
rae D; = (0,b;) .

Teopema 1. ITycmo p > 1 u r > 1 — npouseoavnoe wucao v 1/p+1/p' =1, 1/r+1/r' =1,
u nycmyv ko € LE;“[’)Z“(;OW)E)(DM X Dy, X Dy_).

Tozda pewenue ypasnenus (2) cywecmsyem 6 eude

T

(@) = f(z) + A / R(a; ta: ) F(ta, 2a) 00 da

0
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2de pesoaveenmnoe adpo R(xz; ta; \)  onpedeasemes ¢ nomowpro pada, COCMABAEHH020 U3
UMEPUPOBAHHILT AED

o
R(z; ta; \) = Z)\ék‘gﬂ)(:n; ta) -
/=0

Hmeem mecmo ouenka
C
{+2
S22y (pxpry) < v

2de xoncmanma C we zasucum om £ .
Aprop Oaaromapen mnpodeccopy JILLH. JIsxoBy B3a mocTaB/IeHHYIO 3aJady W BBIPAsKaer
UCKPEHHIO 6JIAr0LAPHOCTD 38, KOHCY/ILTALMIO.

JIureparypa
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I[TOJTHOTA CUCTEMBI COBCTBEHHBIX ®YHKI[UI OIEPATOPA IIIPEJIUHIEPA
C KOMIIJIEKCHBIM CTEINEHHBIM ITOTEHIIUAJIOM

Tymanos C. H. (Poccusi, Mocksa)
MockoBckwuii meaTp GyHIAMEHTAJILHON U TPUKJIAIHON MaTeMaTHKN
sergey.tumanov@yahoo.com

PaccmarpuBaercst oneparop

d? o
Leo = 2 + cx
B Ly(Ry) ¢ rpanuunbiv yeaosueMm Jupuxie npu ¢ € C, |arge|l <7, a>0.

Omeparop L., uMeeT KOMIIAKTHBIHI OOPATHBIN, CIEKTP €ro JHCKPETHBINA, KOPHEBBIE
HOJ[IIPOCTPAHCTBA OJHOMEPHBI [1].

[Ipu 0 < |argc| < ™ OH He CAMOCONPSIKEH, Oosiee TOro, 06JIAIACT MIJIOXUMU CHEKTPATIbHBIMU
CBOJiCTBAMU: HOPMa PE30JIbBEHTHI SKCIIOHEHIMAIBHO PACTET PU YJAJIEeHUN OT CIIeKTpa [2]; pacTyr
HOPMBI CIIEKTPAJIbHBIX IPOEKTOPOB [3]. B arux ycsioBusix omeparop He MoOxkKeT ObIThb II0JO0HBIM
CaMOCOIIPsI?KEHHOMY, €ro cobcTBeHHble (yHKIMU He obpasytor Gasuca Pucca B Lo(Ry). Tem ne
MeHee, BOIPOC MOJIHOTHI €ro CUCTeMbl cobcTBeHHBIX dyHKIwmii (c.c.d.) B Lo(R4 ), Boobre roBops,
OTKPBIT.

Hnst o > 2 3amada o nossore c.c.dp. L., BIOIHE HCCIeqoBaHa [2,4]: cucrema monHa mpu
Becex c€ C: |arge| < .

IIpu « € (0,2) nosnnora mokazana st |argc| < to(a) = 2ra/(a +2) [4]. B 1o xe Bpewms,
npu tp(a) < |arge| < 7 BOmpoC MOYTH He U3yUeH, TAK KaK sIBJISIETCS TOpa3o 6ojiee CJI0KHOI
sasiadeii. CoOTBETCTBYIONIME apryMeHThI IPUBOJATC B paborax [1,4].

Mpsr nokazkeM, aro cymectByer At = At(a) > 0 (HenpepbIBHO 3aBUCSINEE OT (v ) TAKOE, UTO
c.c.dp. Lo monna upu |argce| < to(a) + At(w) .

CdopmyupyeM OCHOBHOI pe3yJibTaT PabOThI.

Jst koMmtekcHpx amcen ¢ = |(|e?®8¢, —7 < arg(¢ < 7 u BemecTBenHBIX (3, uepes (P
6ysieM 0603HauaTh riaasnyio Bersb: (P = |¢|PefareC

Hns 0 € [to(a), ) N [to(a), Ta) , mostoxkuM

Co(0) = ettt @=0)/a  7,(9) = (sinto(a)/ sin 6)/,
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u orpeeauM QYyHKITIIO

Zo(0 Co(6

) )
0(9)=ﬂ?{/ \/Mdg—2/\/mdg}:
0 0
Zo(6
=% { VJerca — et ac),

)
/ \ /ez‘ega — eito(a@) d¢ —
re MHTErPUPOBAHNE BEIETCS IO OTPe3KaM, a BeTBU KOPHS BhIOpaHa Tak, ITOOBI

'aS
—~

0(0)

o

Go(0)

Zo(0) Co(0)
R / \ ell¢o —eito(@) d¢ >0, RN / \/ el — eito(@) d¢ > 0.
0 0

Teopema. Jlas aobozo o € (0,2) dynxuyusa p(0) umeem eduncmesernviti Hoav Op(a) enympu
unmepesaaa: (to(a), ) N (to(a), Tax)

Oo(a) = to(a) + At(a), At(a) > 0.

DQynruyus Oy(a) nenpepwena npu « € (0,2) .
IIpu |arge| < Oo(a) c.c.¢p. onepamopa Lo nosna 6 La(Ry).
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O PA3PEIIUMOCTHU OJIYJIMHENHBIX [TAPABOJIMYECKUX YPABHEHUI
BTOPOI'O TIOPSIIKA HA COEPE™

Tyuunkuit . B. (Poccusi, Mocksa)
WucturyT npobaem yupasienust um. B. A. Tpanesaukosa PAH
dtunitsky@yahoo.com

O6ozHaunm uepes ¢ Merpuky Ha chepe S?. Merpuka g muaymupyer na S° mepy V = Vy .
[Honoxum

(u,v) = /u(m)v(m) dv.
S2
J1st KpaTkocTH Gy/1eM UCHOJIB30BATh COKPAIICHHE 7. 6., KO/ PEYb UJIET O BBIIOJIHEHUH KAKUX-JI100
CBOWCTB MOYTH BCIOAY OTHOCUTEJIHLHO Mephl V .

IIpe oo, 4To HApsALy ¢ ¢ Ha S? 3ajamHa eme oama MeTpuka a. IlycThb oHa m3MepuMa
U CYIIECTBYIOT TaKue MOJIOXKUTEIbHBIE YACIa Qg U a1, UYTO II.B.

aog(n,m) < a(n,n) < aig(n,n) (1)

7 Pabora BIIOIHEHA IIPH PUHAHCOBON mojepxKKe Poccnitckoro nayanoro ¢gomia (mpoexr 19-11-00223).
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npu Beex 7 € T*S?. PaccmorpuM oneparops! d)f n dy , dopMabHO CONpsAZKEHHBIE C ONEPATOPOM
BHerrHero auddepennupoBanus d OTHOCATEIBHO METPUK @ U ¢ COOTBETCTBEHHO. B YacTHOCTH,
(a(du,v),1) = (a(a,d}v),1) naa Bcex muddepenmmanbubix k-bopm u u (k + 1)-dopm v,
k=0,1,,u d; = *dx, rie * = %, — oneparop Xo/zKa, HHYINPOBAHHBI MeTpUKOi a . Oupeneaum
na dbynxmuax u € C(S?) mmmeitnbiit qudbdepenaTLHbI onepaTop BTOPOTO TOPsIKa

%

Lu = Au + bu + dy(uc), (2)
rie A = A, = d} od — zeomempuueckuti aanaacuar (onepamop Jlanaaca — de Pama), a b
U ¢ — U3MEPHUMble U OTrPAHMYEHHBIE OTHOCUTEJIBHO METPUKU ¢ BEKTOPHOE IIOJie U JIMHeHHas

muddepenmanibaas dopma Ha S?. Yeiosme (1) osmagaer, gro omeparop (2) pagHomepHo
anaunmuuen Ha S?.
Paccmorpum dyuKImio

f:SPxR > (z,7)— f(z,r) €R,

KOTOPAsl yJOBJIETBOPSIET JIOKAILHOMY yCJIOBHIO JIMmIuia o mepeMeHHoil u , T.e. st moboro r € R
HANJIETCsT TaKast IOJIOKUTE/IbHAST IIOCTOSIHHAs (g = fio(7) , 9TO mast 71,79 € [—7, 7] ILB.

|f(or1) = fCara) < po(r)|ry — raf. (3)

Crabvim pewenuem ypaBHEHUS

Lu= f +d:h, (4)

rae h — m3MepuMast orpaHmdeHHas JnHeiinas quddepenimaabaas dopMa Ha S? | Ha3bIBAETCST TaKast
bynxmus u € WH2(S2) | uro f(-,u) € L%(S?) n

L(u,v) = (f(-;u),v) + (b, dv) 127452
nuis Besikoit bynkmum v € C*°(S?), rme £ — HenpepbiBHas 6unHeiinas dbopMa
L:Wh(S?) x C=(S?) 3 (u,v) = (a(du,dv), 1) + (bu,v) + (uc, dv) r2(res2) € R.
[Tockosbky oneparop L (2) symunTudeH, TO 3BOTIONUOHHOE yPABHEHNE

94

Lg=f+d'h
5t La=f+d; (5)

napabosmano. Caabvm wim 0bobuwerhvim pewenuem ypasaenusi (5) na nosyunrepsaie [0,7),
T € (0, 400] , IPpUHUMAIOIIUM HAYAJIbHOE 3HAYCHUE

q(0) = qo, (6)

qo € L?(S?), maspBaercs taxas dbynxmua q € Wi,.(T;S?) ,
W(T;S?) = L*(T; Wh2(S?)) (| L™ (T; L*(S?)),

aro f(-,q) € L}, .([0,T) x S?) un

(@(0)5(6)) + £1(a.8) = (a0, p(O) + [ ((Fa(r)p(r) + (hodplr) o)
0

ns Besikoro p € C*°([0,T) x S?) u t € [0,T), re

£:W(T:8) % C(0.7) x 89 3 (a.0) = [ (£(a(r).() = (alr). /(7)) dr € R
0
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Oynxunsa u € WH2(S?) nasweaercs caaboum cybpeweruem (cyneppewenuem) ypasuenns (4),
ecrm f(-,u) € L?(S?) u aya meorpunatensubix bynkmmit v € C°(S?)

‘C(uv U) < <f(’ ’LL), v) + <h7 dv>L2(T*SQ) (‘C(u’ U) > <f(v u)v v> + <h7 dU>L2(T*SQ)> :

Oynkuns g € Wioe(T;S?) N C(T; L*(S?)) naswiaercst caaboim cybpewenuem (cyneppeuwieruem)
sagaun Komu (5), (6) na nosyunrepsane [0,T), T € (0,400, ecmu f(-,q) € L2 ([0,T) x S*) un
JUTS BCeX HeoTpuuaTe bubx dynknmii p € C([0,T) x S?)

(a(®)5(0) + £1(a.8) < (an,p(O) + [ (17 (2ar) D) + (o) zaqaeeey) dr
0

( > (a0 + [ (17(2a(r)).ple) + (b dp(r))sacreco) d¢>>, te(0,1).
0

CupaBeJIuBO CJIEYIONIEe yTBEPKICHNUE.

Teopema  (cymiecTBoBaHWE U €IWHCTBEHHOCTH  perrenusi).  [lyemov  mempura
a € LOO((T*SQ)@)Q) ydosaemeopsaem ouenke (1), eexmopnoe none b € L¥(TS?), aunetinovie
dudeperyuanvrve gopmo, c,h € L>(T*S?), cywecmeyem maxoe wucro 1 € R, wmo

<C’ dU>L2(T*SQ) + <H,U> 20

ons moboti neompuyamenvnoti dynxuyuu v € C(S?), a dynwyua f € L%’C(SQ x R) u n.e.
ydosaemesopaem ycaosuro Junwuya (3). Ecau qio u qao — caabvie cybpewerue u cyneppeuienue
sadauu (5), (6) na [0,T), T € (0,40], u q1,0,q20 € L>=([0,T) x S?), mo na [0,T) cywecmeyem
eduncmeennoe caaboe pewenue q omot 3adawu, npuvem qio(t) < q(t) < goo(t) n.e. npu

tel0,T).

AHAJIMTUYECKUE B CEKTOPE PEIIEHUS OJIHOT'O YPABHEHUS
C HECKOJIbKMMU MPOU3BOAHBIMU PUMAHA-JINYBU/IIS™

Typos M. M. (Poccust, Yessibnnck )
YenssOnHCKHUI TOCYTapCTBEHHDBI YHUBEPCUTET
turov_m_ m@mail.ru

Penopos B. E. (Poccus, Yensibunck)
Yesrsa0MHCKMI rOCy1apCTBEHHBIN YHIBEPCUTET
kar@csu.ru

ITycTs Df — Jgapobuasi mpouwsBogHasi Pumana — JluyBuwiiss, Z — 0aHaXoBO IIPO-
crpanctBo, L(Z) — 6aHAXOBO NPOCTPAHCTBO JIMHEHHBIX OrPAHMYEHHBIX OIEPATOPOB Ha Z
Ry :={ae€R:a>0}, Ry =Ry U{0}, paccmorpum juddepenimpaibHoe ypaBHeHne JpoGHOTO
HOpsiIKA

m—1 n T
DRz(t) =Y A;DY () + > BIDMa(t) + ) CuJFx(t), tERy, (1)
j=1 =1 s=1

mem—1l<a<meN, 0<ap<a<- - <a,<a,m—1<og<meN, qq—m;#a—m,
l=12,....n, i > P2 > -+ >0 20, 45 € Cl(2), j=12,....m—1, B € Cl(2),

l=1,2,...,n, Cs €Cl(2), s =1,2,...,r, T.e. 3aMKHYyTbI€ JIMHEHHBIE OMEPATOPHI C OOIACTIMU
oupeneneauss Da,,Da,,...,Da,, ,, Dp,,Dp,,...,Dp,, Dc,,Dc,,...,Dc, COOTBETCTBEHHO.
[Tox permennem ypasuenusi (1) OGygem mnonmmarh Takyio ¢yskmmo z : Ry — 2, gro

">Pabora BbIIoaHEeHA mpu mongepskke PH®, npoext 22-21-20095.
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J"%% € C™(Ry; 2), J" %% € CI(Ry;Dy,), j=1,2,...,m—1, J" ¥z e C™(Ry; Dp,),
I=1,2,...,n, Jtﬁsz € C(Ry;Dey), s =1,2,...,r, u Bomosansiercst pasercTso (1) npn t € Ry .
Hns ypasrenus (1) paccMoTpum HenosiHyo 3ajady tuna Korm

DR (0) = 2k, k=m*,m* +1,...,m— 1, 2)

rjge m* — rak HasbiBaeMbIil edekT 3amaun Tumna Ko 1], KoTopslii onpeiessiercss HabOpOM drcest
a,x1,092,...,0n.
Ob6o3naunMm

m—1 n r
D= () Da,n(\ D5 N () De.,
7=1 =1 s=1

-1

m—1 n r
Ryi= [ AT = X"HA; =N "B =Y AP0 | Z2-D.
7=1 =1 s=1

Omnepenenenne [2|. Habop oneparopos (A1, As, ..., Apm—1,B1,...,Bn,C1,...,Cy) upuna-
nexut knaccy Aq’ (0o, ag) npu nekoropwix 0y € (7/2,7), ag =0, eciu
(i) D mwiorHo B Z ;
(ii) mpm Becex A € Spyq0 := {0 € C: |arg(p — ap)| < O}, p=0,1,...,m — 1 cymecrByioT
m—1 .
omepaTopsl Ry - (I — > N7MA; | € L(Z);
Jj=p+1
(ili) mpu mobsix 6 € (w/2,600), a > ag cymecryer Takoe K (6,a), uro mus Bcex A € Sp,,
p=0,1,....m—1

K(0,a)

m—1
Ry-|I— N A < ———.
’ 2 ! A —af]A]*T

Teopema. I[lycmo m—1l<a<meN, 0<a<a< <o, <a, m—1l<aog<meN,
ag—myFa-—m,l=12....n, 1 >P>--->320, 4;€Cl(2), j=1,2,....m—1, B €
CZ(Z), l=12,...,n, CSGCZ(Z), s=1,2,...,r, (Al,AQ,...,Am_l,Bl,...,Bn,Cl,...,CT)E
Ax"(0o,a0), zx € D, k= m*m*+1,....,m — 1. Toeda cywecmeyem eduncmeennoe pewenue
sadavu (1), (2), npu smom ono umeem 6ud

m—1
(1) = Z Zp(t)zp,
p: *
ede
1 m—1
- m—a a—l-pr a—m—14j—p 4 . At
Zp(t) = 5= | A"TRy | A I ‘Z A Aj | eMax,
oo Jj=p+l1
wowmyp Ty =T UTZ, UTY - T = {AeC:|A-ag—e| =ro > 0,arg X € (—bo+¢,00—¢)},

rf ={reC:arg(A\—ap—¢) = £(6) — €),|A —ap —¢| € [ro,00)}, € € (0,60 —7/2), 19> 0.
IIpu smom pewenue anarumusecku npodoscumo 6 cexmop {t € C:|argt| < by —w/2.t #0}.

JIureparypa

[1] ®enopos B.E., Typos M. M. Jledekr 3amaun tuma Komu st MMHEHHBIX ypaBHEHUH ¢ HECKOIBKAMUI
upoussogubiMu Pumana — Jlnysmas // Cub. mar. xxypa. 2021. T.62, Ne 5. C. 1143-1162.

[2] Fedorov V.E., Du W.-S., Turov M. M. On the unique solvability of incomplete Cauchy type problems
for a class of multi-term equations with the Riemann — Liouville derivatives // Symmetry. 2022. Vol.
62, no. 1. P. 75.
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O HEKOTOPBIX JOCTATOYHBIX YCJIOBUAX DODOEKTA BOJIBIIION BOJIHBI
IJId YPABHEHUSA [TIPEJIUHTEPA C ,ZLI/ICKPETHOI;I [IPOCTPAHCTBEHHO! I[TIEPEMEHHO

PusmmmonoB A. M. (Poccusi, Mocksa)
Poccuiickuit yausepcurer tpancnopra (MUNT)
amfilimonov@yandez.ru

Kak ussecrno [1], [2], [3], B cayuae kiraccuueckoil 3ajaun 0 KosiebaHusX HATH ¢ OyCHHAMHU,
paccMaTpuBaeMoil Ha HEOIPAHUYEHHOM ITPOMEXKYTKE BPEMEHU, BO3MOXKEH 3D DEKT OOJIBINOI BOJIHDL.
971orT 3PdEKT MOXKET BOSHHUKHYTH, €CJIM KOJUIECTBO OyCHH BO3PACTAET, OCTABAsICH ITPOCTHIM
YUCJIOM, WU CTENEeHbIO JBOHKH. B sTOM citydyae KosiebaHUs JUCKPETHON IMEIMOYKH MOTYT TeM
CUJIbHEE OTJIMIATHCS OT KOJIeOaHu! HePEepBIBHOM CTPYHBI, YeM OOJIBINE THCI0 OYCUH YITOMSHYTOTO
BUJIa, BBHJy BO3MOXKHOCTH HeorpanumdeHHoro (mpu N — 00 ) NpeBbIIeHHs] 3HAYECHWI pereHuii
HaJ MaKCHMAJbHOH BEJIWYUHON HAYaJbHBIX ycjoBuit. OTmernm, 49TO, B oTam4dne OT 3hderTa
nokasmmsanunu Anjepcona [4], B adderre GObINOI BOJHBI MAcChl BCeX OyCHH OJUHAKOBHI (B
sddekTe AmIEpcoHa MACCHl - OJUHAKOBO DACIPEICTCHHDIC HE3ABUCUMBIE CIIyUIAWHbIC BEJIMYUHBI,
IPUHUMAIOIINE TOJI0KUTEIbHbIe 3HaYeHus [4]).

B cBoe Bpemsi ObLIM IPEANPHHSTHI IONBITKE |5| mepenecenusi sdbderra JIoKaIun3anun
Amnepcona ma ypasuenue [llpenmnrepa ¢ JUCKPeTHOH MpoCTpaHCTBEHHON mepemennoif. Tax, B
YaCTHOCTH, B [5] ObLIa PACCMOTPEHA MOZED

Zi’j = zj+1 t €525 + 2j-1, Zo(t) = ZN(t) =0, zj = Qj, j=0,...N—1, — -1, (1)

r1e €; — He3aBHCHMBIC, OJIMHAKOBO DAacCIpeliejieHHble CIydaiiHble BEJIMYUHBI, IPHYEM
—e<€gj<e<00,a tr zj(t) — anasor BoIHOBOH MYyHKIHN.

Hacrosimasi pabora mOCBsiIlieHa aHAJN3Y BO3MOXKHOCTH BO3HHKHOBEHHs aHasora 3¢dexra
OostbIoit BoIHBI B Mozesu (1) mpum OAMHAKOBBIX 3HadeHHsX € = —2. OcHOBHOe omym4me oOT
MEXaHIIECKOMN JIMCKPETHOM I[EIIOYKN COCTOUT B HAJIMYUH 3aBUCUMOCTEl (Ha/] KOJIBIIOM IEJIBIX THCET)
MeXK/Jy COOTBETCTBYIOHNIMMU JaCTOTaMU.

Pemtenue 3aza4n (1) MozkeT GBITH HOCTPOCHO B SIBHOM BHJIE

N-1 - . , N-1 .
z(t) = e I; aj sin <F‘7> e Rt Wy = cos N %=y Tzl o sin (WT)

Bgenem obosznagenue

d;-v = Z ‘aksin (%\?])‘

Teopema 1. [Tycmo ;=1 (j=1,...,N—1), N =2". Tozda

sup |2;(t)] = dfY. (2)

Teopema 2. Cnpasedausa caedyrowas acumMnmomuieckas OUueHKa

. N .
lim d;' = Clnj+ O(1), (3)
N—o0
2de C — nexomopas KoOHCMaHma.
U3 (2) u (3) caemyer, 9T0 IPU CIETAHHBIX TPEIITOIOKEHUSIX, CYIIECTBYIOT MOMEHTHI BDEMEHH
t, B koropele mpu N = 2™ u m — oo BeimunHa |2;(t)|, HEOrpaHUYEHHO BO3PACTAET C POCTOM
J, OTKyJa W CJIeJyeT BO3MOXKHOCTHL TosiBjeHus: dddekra Gosbimoit Boubl B Momesnu (1). Bosee
[O/IPOOHBIN aHAIN3 TOKAZBIBAET, YTO IMOCKOJIBKY MOJLYJIb PEIIEHUS SIBJISIETCS TOUTH-IEPUOMIECKOH
dyHKIMEl, TO TAKUX MOMEHTOB BDEMEHH — CYETHOE OTHOCUTEIHHO IJIOTHOE MHOXKECTBO [6].

JIureparypa

[1] Filimonov A.M., Kurchanov P.F., Myshcis A.D. Some unexpected results in the classical problem of
the strings with N beads when N is large. Computes Rendus Acad. Sci. Paris t. 313, Serie 1, 1991, p.
961 - 965.
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[2] Filimonov A.M. Some unexpected results on the classical problem of the string with N beads. The
case of multiple frequencies. Computes Rendus Acad. Sci. Paris t. 315, Serie 1, 1992, p. 957-961.

[3] Myshkis A.D., Filimonov A.M. About the string with beads. Journal “Matematicheskaya Fizika,
Analiz i Geometriya” which will be devoted to Prof. V.A. Marchenko 80th Anniversary. 10, 3, 2003,
p- 301-306.

[4] Aspepcon @. JIokasbHBIE MOMEHTHI ¥ JIOKAJIU30BAHHBIE COCTOSIHUS. Ycrexu GU3NUecKux Hayk, T. 127,
1, 1979, c. 19 - 39.

[5] Ishii K. Localization of Eigenstates and Transport Phenomena in the One-Dimensional Disordered
Systems. Progress in Theoretical Physics, Supplement, v. 53, 1973, p. 77-138.
[6] JTepuran B. M. Iouru-nepnoguaeckue dynkmun. M., TTTU, 1953, 396 c.

O HEKOTOPBIX CBOMCTBAX I'EHEPATOPOB AHAJIUTUYECKUX PA3PEIIAIOIINX
CEMECTB OIIEPATOPOB JIJISI YPABHEHMIT C JUCKPETHO PACIIPEIEJIEHHOI
JIPOBHOI1 ITPOU3BO/IHOI®

®unnn H. B. (Poccus, Yenstonnck)
Yensgbunckuit ['ocymapcTBeHHbIil Y HIBEPCUTET
nikolay _filin@inboz.ru

Penopos B. E. (Poccus, Yensbunck)
Yessiounackuit ocymapcTBeHHbBIN Y HUBEPCUTET
kar@csu.ru

[Tycts Z — 6GamaxoBo mpocrpanctBo, Cl(Z) — MHOXKECTBO BCEX JIMHEHHBIX 3aMKHYTBIX
OIIepaToOpoOB, ILIOTHO OIpEeIeJeHHBIX B 2, AelCTBYIONMX B mpocTpaHcTBO Z . O603HAIUIM
Spa ={pneC:larg(p—a)l| <0, p#a} upn 0 € (rv/2,7], a € R.

[Iyctb n € N, wp, € C, k=1,2,....n, 0 <oy < ag < -+ < ay, oneparop A € CI(2)
npuHaTeKuT Knaccy Ay, 3(0o,ao) , ecm yIoBIeTBOpSIeT CIIey oM YCIOBHAM:

n
1) cymecrBytor Takue 6y € (w/2,7|, ap >0, 410 > wipA™ € p(A) s Bcex A € Sy a0
k=1

2) npu s06bix 0 € (1/2,6p), a > ag cymecrsyer Takoe K (6,a) > 0, aro mst Bcex A € Sy,

n n -1
> wpA T <Z WA T — A> H < I|(A(ff|)‘
k=1 k=1 £(2)
B [1] nokasamo, ato A € Ag,,}(00,a0) TOrMA M TOMBKO TOrJA, KOTJA CYIMIECTBYeT
AHAJIITHYIECKOE B CEKTOPE, CMMETPUYHOM OTHOCUTEIbHO Ry | pazpemniaolnee ceMeiicTBO OIepaTopoB.
Teopema. [Tycmv w, € R, a, > 2, A € Ay,1(00,a0) npu nexomopwz 0y € (7/2,7],
ap = 0. Toeda A€ L(Z2).

JIureparypa

[1] ®enopos B.E., ®umun H.B. Jluneiinble ypaBHEHWsI ¢ JUCKPETHO DACIPeEJeHHON ApOGHOM
IPOM3BOJIHON B GaHaxoBbIX TpocTpancTBax // Tp. VH-Ta maremarukn u mexanuku YpO PAH. 2021.
T. 27, Ne 2. C. 264-280.

KPAEBBIE 3AJIAYM O KOHTAKTE IIJIACTUH U BAJIOK C YCJIOBUSAMUN HEIIPOHUKAHUSA

®ypueB A.U. (Poccusi, HoBocnbupck )
UNucturyr maremaruku nm. C. JI. Cobonea CO PAH
al. furtsev@muail.ru

B JOKJIa1e 6yﬂyT OpeacTaBJI€EHbl PE3YJIbTaTbl HCCJICAOBaHUA DPAJa KpaeBbIX 3a/Jad O
KOHTaKTe IIJIaCTUH MM TOHKHUX 6a.HOK, BBITIOJIHAIOINUX  POJIb HpGHﬂTCTBI/IfI II0 OTHOIIECHHIO K

"SPaGora mogmepxkana Poccmiickum dhoHmIOM dyHIaAMEHTATBHBIX UCCIe0BaHMil 1 BbeTHAMCKON akajieMueil HayKu
U TexHojoruu, npoekt 21-51-54003.
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mwiactuHaMm. COTIaCHO HCHOJIb3yeMOW MOJIEJIN, B UCCIEAYEMBIX 3a/adaX pPedb MJET O PABHOBECUHU
KOHTAKTUPYIOMINX IIJIACTUH ¥ 0ajioK, KOTOPbIe II0/IBEpKeHbl u3rudy. Ilpm sTOM MHOXKECTBO
TOYEK, B KOTOPBIX IIOCJE M3ruba MPOUCXOIUT KOHTAKT, JI0 PENIEHUs SBJISIETCS HEU3BECTHBIM.
OIHOBpEMEHHO IpH MTOCTAHOBKE 3aJad Ha MHOXKECTBE BO3MOXKHOTO KOHTAKTa 3aJIaf0TCS KpaeBble
YCJIOBAA, HE JOIYCKAIOIAEe MEXaHMYeCKH HexKeslaTeJbHOe $BJICHNE B3aNMHOI'O IPOHUKHOBCHUA.
C MareMaTHIeCKON TOYKU 3pEHUsl yKa3aHHBIE YCJIOBUsl IPEJCTABJISIOT COOOil OJIHOCTOPOHHUE
OrPAHNYCHUA B BIJC HEPABCHCTB HA HEU3BECTHBIC PEIICHUS.

OCHOBOTIOJIATAIONINN  [TOJIXOJ], MPUMEHSIEMbIN /I AHAJM3a HUCCIeyeMbIX 3aJad, COCTOUT
B WHCIOJIb30BAHUU WX BapPUAIMOHHBIX I[IOCTAHOBOK. TakyKe WHCCJIe0OBaHa CBA3b YKA3aHHBIX
BapHUAIMOHHBIX MTOCTAHOBOK C KPaeBbIMU 3aadaMu. JlanbHedmuil ana 3 HallpaB/ieH HA U3YUeHUe
3aBUCHUMOCTH peH_IeHI/Iﬁ OT reOMETPUICCKUX U MEXaHN1IEeCKNX ITapaMeTpOB 3aJa4. BOJ’IBH_IOG BHUMaHUE
YAEJICHO UCCICAOBAHUIO IPEAEIbHBIX IIePEeX0[0B 0 MaJlbIM IIapaMeTpaM, BOIIPOCaM aCUMIITOTUKU
byHKIMOHAIOB dHepruu, auddepeHnupyeMocT SHEPIU, 8 TaKKe OTBLICKAHUIO COOTBETCTBYIOIIECH
HPOU3BOJHOM.

JIureparypa

[1] ®ypues A.M1. O KOHTaKTe TOHKOIO IIPENSTCTBUs M IJIACTHHBI, COjeprKallell TOHKOe BKJOYeHue //
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wracTuHbl 1 6anku // Cubupckue 3j1eKTpoHHBIEe MaTemaTndeckue nspecrus. 2018. T. 15. C. 935-949.

[3] ®ypues A.U. 3agaua 0 KOHTAKTe IIACTUHBL U OAIKHA IpU Haamauu crierienus: // Cubupckuii 2Ky pHaJ
nurycrpuasabioit matemaruku. 2019. T. 22. No. 2. C. 105-117.

[4] ®ypues A.U. 3amaua o6 OJHOCTOPOHHEM KOHTAKTe ILUIACTUHBI THUMOIIEHKO M TOHKOTO YIIPYTOro
npengarcreus // Cubupckue sekrponnbie Maremarudeckue ussectus. 2020. T. 17. C. 364-379.

[5] ®ypues A.U. IIpousBoHast SHEPrUM JIJIsi KOHCTPYKIMMN, COCTOSIIEN U3 MUIACTUHBI U TOHKON Ganku //
Matremarunyeckue 3amerkun CBOY. 2021. T. 28. No. 2. C. 68-87.

O CUCTEMAX HEJIMHENHBIX UHTETPAJIbHBIX YPABHEHUIT TAMMEPIITENHOBCKOTI'O
THUIIA HA TIOJIYIIPSIMOI”

Xauarpsin X. A. (Apmenusi, Epesan)
Epesanckuit ['ocymapcrBennbiit Y HuBepcuTeT
khachatur.khachatryan@ysu.am

PaccmarpuBatoTcs cuCTEMbl WHTErpPAJIbHBIX ypaBHEeHHI [aMMepIITeHHOBCKOIO THIIA C
MOHOTOHHBIMU HEJIMHEHHOCTSMHU. Takue CHUCTEMbl BO3HUKAIOT B PA3JIMYHBIX OOJIACTSAX ecTe-
CTBO3HAHMS. B YaCTHOCTM, CHUCTEMBbI YKa3aHHOI'O XapaKTepa BCTPEUAIOTCS B TEOPUU IIE€PEHOCA
M3JIyYeHAS B HEOJHOPOJHBIX CpellaX, B KHUHETUYCCKOH TEeOpUM TIa30B U B MaTeMaTUYCCKON
TEOPHUH IIPOCTPAHCTBEHHO-BPEMEHHOI'0 paciipocTpanenust snugemun. CriepBa Mbl OyIeM UCCIE0BATh
COOTBETCTBYIOIUEC KBa3W/JIMHENHbIE CUCTEMbl WHTErPaJbHBIX ypaBHEHUI U JIOKaXKeM TeopeMy
CYIIECTBOBAHUA OJIHOIIAPAMETPUYCCKOrO CeMeHCTBa OlPAaHUYCHHBIX HETPUBUAJDLHBIX PEHICHUR.
Sarem OyayT wu3ydeHbI HEKOTOPbIE KATECTBEHHBIE CBOMCTBA ITOCTPOEHHBIX pemenwii. Jlasee,
HCIOJb3Ys 3TU PE3yAbTaTbl, Mbl 3afiMeMCd HCCICAOBAHUEM CUCTEMOI MHTErpajibHbIX YpPaBHCHUN
C CHUJIbHOW HEJMHEHHOCTHIO Ha IOJIOXKUTEJIbHON MoIynpsamoii. s 9TOf CHCTeMBI MBI JIOKAXKEM
KOHCTPYKTUBHYIO TEOPEMY CYIIECTBOBaAHUS OIPDAHUYEHHOI'O PEIIeHNsI 1 UCCJIeLyeM aCUMIITOTUIECKOe
[IOBEJICHUE TIOCTPOCHHOT'O peIeHus: Ha OeckoHedHOCTH. B KOHIE HTOKJ/Ia/a IPUBEIEM YaCTHBIE
IpUMEPbl COOTBETCTBYIOMIUX MaTPUYHDLIX sJep U HeJMHEHHOCTEH JJIsl UJIIOCTPAIUU ITOJIYy YeHHBIX
pe3yIbTaToB.

""HccenoBanye BBIIOIHEHO 3a c4eT TpaHTa Poccmiickoro naydnoro gponma (mpoexT Ne 19-11-00223).
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O HEOBXOAMMBIX YCJIOBUAX HJI CITABO OBFOHHI-OU_LEI"/I OIITUMAJIBHOCTHU

Xgomnun 1. B. (Poccusi, Exarepunbypr)
WNucruryr maremaruku u Mexanuky uM. H.H. Kpacosckoro YpO PAH
khlopin@imm.uran.ru

Paccmorpum 3amady ynpasiienus Ha O€CKOHEIHOM ITPOMEXKYTKE:

mm/ folr,y(r), u(r)) dr,

g(t) = f(t,y(1), u(t)) = a9 €ER™, Li{g?sup{yw)} CCx

Bynem npemmosiarars BBIOJIHEHHBIMU CJIEAYIONINE THIOTESbI:
(HO) Cs m U 3amkuyThl B R™ 1M HEKOTOPOM KOHEYHOMEDHOM E€BKJIMJIOBOM IPOCTPAHCTBE;

(H1) orobpaxenust f: Ry x R™ xU = R™ u fp: Ry xR™ x U — R nenpepsiBasl 10 (7, u) u
bopesieBcKue 10 t

(H2) y BCSIKOTO 6OpeIEBCKOro yIPaBJICHUST u € B(R4;U) moJie
(t,z) +— f(t,z,u(t)) yooBIETBOpSIET YCIOBHIO IOJJIMHEHHOTO POCTa, MOPOXKIAET IPH
moboM nadanbHoM yctosun y(0) = T eamucrsennoe (ma Ry ) pemenume ¢t — y(T,u;-),

upu sroM ¢t —  fo(t,y(Z,u;t),u(t)) nokampHO cymmmpyemo. Bosee Toro, y orobpazkeHuit
(t,z) — f(t,z,u(t)) u (t,x) — fo(t,z,u(t)) mpom3BoIHbBIE IO T CYIIECTBYIOT, HEIPEPHIBHBI
[0 T ¥ JIOKAJIbHO CYMMUDPYEMBI 110 T .

Bazsa M DYHKIMOHAT KAUeCTBa IPABIIOM:
0
J(Z,u;6) = / fo(t,y(Z,u;t),u(t))dt  VzeR™ue BRy;U)0€R,.
0

B kadecTBe KpuTepusi ONTUMAaJIbHOCTH BbIOEpeM cj1abo OOTOHSIOMNI KPUTEpUiil, & UMEHHO: OyaeM
roBOpuTH, 4TO yupasjienue 4 € B(Ry;U) caabo obeonaowe onmumasbro, ecin

limsup[J(z,u;0) — J(z,0;0)] >0  Vue B(Ry,U).
6100

Beegnem st Beex (z,9,u, A, t) € R™ x R"™* x U x Ry x R}y ramuiabroHnan

H(z,v,u,\t) :¢f(t,x,u) f)\fo(t,x,u).

Teopema. Ilycmov  ewvnoanens, npednososicenus  (HO) —(H2). Iyemv  ynpasaenue
@ € B(Ry;U) caabo obzonstowe onmumanvHo.

Tozda natidemes nenyaesasn napa (P, \) € C(Ry, R™*)x {0, 1}, ydosaemsoparowasn ycaouo
MAKCUMUSAUUY 2AMUNDTOHUAHA

SugH(y(xo, ;t), p(t), v, A t) = H(y(xo, 4;t),1(t), a(t), A, t)
ve

u COTLpﬂOfC@HHO?j cucmeme

0H

w(t) = _% (y(.%'(], U; t)> w(t)> ﬁ@)? A, t)

ONsL NOYMU BCEX HEOMPUUATINENDHDIT t> 0, a MawrHCe YCAOBUN TMPAHCEEPCANDOHOCTNU

aJ
—1(0) € N(z0;Cas) + co Limsup {)\n (T, U3 0 )} (1)
Tn—20, AnlA, Ontoo O
T (0,000 ) —J (20,565 )—0
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20e N(x0;Cas) — HOPpMasvHwill npedesvrodi konyc Kaapka 6 mouke xg & mHodtcecmey

Cas = {# € R™ | Limsup{y(z, 4;0)} C Coo }
610

mex nosuyuti T, HAYUHGA C KOTMOPLLT Ynpacienue U cobaodaem mepmMunasbHOE YCA0GUE.

Be3 ycmoBus TpancBepcabHOCTA HEOOXOANMOCTh IpUHIHIIa MakcuMyMa [lonTpsaruma XopoIrno
uzsectHa; cm. [1]. Ocobennoctb Teopembl Bbillle — He TPeOyIOlee HUKAKUX JIONOJTHUTEILHBIX
ACUMIITOTUYECKUX [PEJIIIOJIoKeHnii Heobxomumoe kpaesoe yeiaosue (1) .

OrmernM, 9TO B psijie ciydaes ycaosue (1) MOXKHO u ynpocTuTh, Hanpumep, npu Coo = R™
HOPMaJIbHBIN KOHYC B ycsioBun (1) CTAHOBUTCS HYJIEBBIM U €10 MOYKHO OIYCTHTb. FC/IM TpaIMeHThI
no x or J(x,u;0) paBHOMepHO orpanmveHsl mo (z,6), To MOxkHO mpucBouth A = 1, B (1)
3aMEHUTh HOPMaJIbHbIH KoHyc Kiapka Ha HOpPMAaJbHBINH TPEJIE/bHBI KOHYC, JIONOJHUTETHHO B
BepxHeM Ipejiesie 110TpeboBaB I, € C,s. Haxoner, kak NokasblBaeT KOHTpUpuMmep B [2], naxe
[pU OYEHb MSATKHUX IPENOJIOKEHNsIX, 0e3 BbIIyK/Ioil 060moukn yciaosue (1) mepecraer GbITH
HEOOXOAMMBIM /IS HACTOJIBLKO CIab0ro KpUTEpHUs Kak CJab0 OOTOHSIOMAA ONTHMAILHOCTD.

JIureparypa
[1] Halkin H. Necessary conditions for optimal control problems with infinite horizons // Econometrica.
1974. Vol. 42. P.267—272.

[2] Khlopin D.V. Necessary conditions in infinite-horizon control problem that need no asymptotic
assumptions // arXiv preprint arXiv:1910.12092

O TOBBIIIEHHON CYMMUPYEMOCTH T'PAJIUEHTA PEIIEHUST 3AJJAYN 3APEMBBI
J1711 HEOJJHOPOHOT'O YPABHEHUST p-JIATITACA™

Yeukuna A.T. (Poccusi, Mocksa)
MI'Y umenn M.B. Jlomonocosa
chechkina@gmail.com

B nokjajie mpejicTaB/IeHbl PE3YJIbTATRI, MOJIyYeHHbIe cOBMeCTHO ¢ FO.A. AJIXyTOBBIM.

[ycts obmacts D C R? takopa, uto D = {(z,y): 0 <z <1, 0 <y < 1} u MHOMNecTBO
F Cc{(z,y): 0<x <1, y=0} samruyro. Oupesennm coboJIeBCKOE IPOCTPAHCTBO (byHKITHI
WI} (D, F) kak nonoJsiHenue 6eckonedno nnddepeniupyeMpx B 3aMblkannn D dYHKIHIT, pABHBIX
HYJTIIO B OKpecTHOCTH F' (byHKIMIA, 10 HOpME

1/p
v lhw o,y = ( [bras [ |vu|pdx) |
D D

Arnpropu mpeoaraeTcsi BbIIOJHEHHBIM HepaBeHCTBO Ppuipuxca

v llL,m< N Vo llL,m) - (1)

[Tomaras G = 9D \ F', paccmorpuMm 3ajad1y 3apeMObl

%:OHaG, (2)

Apu = div(|[VulP?Vu) =1 B D, u=0mnakF, 3
n

rue % 03HAYAET BHENIHIOK HOPMAJIbHYIO IPOU3BOAHYI0 (PYHKIMHU U, a | SBJSeTCsS JIMHEHHBLIM
dbynxmuonanom na Wy (D, F).

Moy pemennem 3azaqu (2) noHuMaeTcsi GyHKIUS U € Wpl (D, F), jist KOTOPOii BBITIOJIHEHO
HHTErpajbHOe TOXKJIECTBO

/|Vup_2Vu-V<pdx:/f~Vg0d:c
D D

"Pa6ora noggepxana rpaarom PH® (mpoekT 22-21-00292).
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JUIsST BCeX TPOOHBIX (DYHKIWM ¢ € Wpl(D,F). Buecy f = (f1, f2), a dyukuun f; € Ly (D), e
p = p/(p—1), yaactByor B npejcraBiennn dbynkimonana | . Takoe npejcrapienue dbyHKIMOHAIA
BbiTekaer u3 (1) u reopembr Xana-Banaxa.

Onpesterum jyist komnakra K C R? emkoers Cy(K) , kotopas npu 1 < ¢ < 2 onpejensieTcs
PaBEHCTBOM

Cy(K) = inf { /|ch|qda:: © € C°(R?), ¢ >1ma K}
R2

Hmxe BF° o3HavaeT OTKPBLITHIN KPyT pajuyca T ¢ IEHTPOM B TOYKe Tog M B ciaydae 1 < p < 2
pejosaraeTcs, 9To npu ¢ = (p+1)/2 BBIIOJIHEHO CJlejiyolee YCJIOBHE: JIJIs IIPOM3BOIBHON TOUKH
zo € F mpn r <1 cnpaBenmmBo HEPABEHCTBO

Co(FNB,") > cor®™7, (3)

B KOTOPOM IIOJIOXKUTE/IbHAsI IIOCTOSIHHASI ¢y HE 3aBHCHUT OT Xg U T .

Ecmu p > 2, To npennomnaraercst, uro Muoxkectso F' me nmycro: F # O .

Teopema. Ecau f € Ly5,(D), 2de 0o > 0, mo cywecmeyem nosorncumesvnas, nOCmMoAnHas
§ < g, BasucAwan Moavko om §y u p, MaKas, ¥mo oas pewenus 3adaqu (2) cnpasedausa ouenka

/\Vu]p+5 dr < C/ ’f‘p’(1+6/p) de,
D D

6 Komopot koncmanma C 3asucum moavko om p, Oy u eesuwuns, ¢g u3 (3) npu 1 <p<2,a
npu p > 2 moavko om p u oo .

Bo Bcex paccMaTpuBaeMbIX CJIydasiX HepaBeHCTBO (1) BBIOJIIHEHO, UTO BJIEYET OJHO3HAUHYIO
pa3penmMocTsb 3a1a9n (2),

Anajiornvnble pe3ysIbTaThl JIs JIMHEHHOIO SJUIMIITUYECKOIO YPaBHEHHsI BTOPOIO IIOPsiJIKa
nostydensl B paborax [1] u [2].

JIureparypa

[1] ¥O. A. Auxyros, I'. A. Yeukun, [ToBblnennas cyMMUDPYEeMOCTb TPAJMEHTA PEIIeHNs 3a1a9u 3apeMObl
s ypasaenust [lyaccona // Hokmanst PAH, T. 497 (2, 2021). C. 3-6.

[2] Yu.A. Alkhutov, G. A. Chechkin, The Meyer’s Estimate of Solutions to Zaremba Problem for Second-
order Elliptic Equations in Divergent Form // CR Mécanique, V. 349 (2, 2021). P. 299-304.

MATEMATHUYECKOE MOJIEJITMPOBAHUE BJIMAHUSA CAXAPHOI'O JJUABETA 1 TUIIA
HA COCYIBI TOJIOBHOT'O MO3I'A

Yepesko A. A. (Poccusi, HoBocubupck)
Nucruryr rugpomunamuku CO PAH
cherevko@mail.ru

Bagosa I'. C. (Poccusi, HoBocubupck )
Wucturyr ruapomnnamukn CO PAH

AxysioB A. E. (Poccusi, HoBocubupck)
WucruryT nurosorun u regeruku CO PAH

IMapmwuu 1. B. (Poccusi, HoBocubupcek)
WNucruryr ruapogunamuku CO PAH

Typ . A. (Poccusi, HoBocubupck)

WNucruryr nuronoruu u renerukun CO PAH

Caxapublii quaber | Tuna (MHCYJINHO3ABUCUMBI) — TsXKeJI0€ ayTOMMMYyHHOEe 3aboJeBaHue,
IIPY KOTOPOM HApYIIEHHBI UMMYHUTET YHUUYTOXKAET KJIEeTKHU IIOJ2KEJIYJI0UHO 2KeJle3bl, OTBeYalolinue
3a MPOU3BOJICTBO WHCYJIMHA. TedeHue 3abo0/ieBaHUs XapaKTEPU3YeTCd IOCTENEHHLIM IOPaXKEHUEM
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MHOTUX OPraHoB (B YaCTHOCTH CEPJIia, KPOBEHOCHON CHUCTEMBbI, HEPBHOI CHCTEMBI, TI0YEK, OPIaHOB
3peHwst ).

B kpoBocHabGkeHUM TOJIOBHOIO MO3ra BarKHYIO POJIb UIpaeT Buiin3ueB Kpyr - KOMILIEKC
KPYIIHBIX apTepuii, pacipeIesiolnnii KpOBb Ha, BXOJE B MO3IOBYIO KPOBEHOCHYO CETh. XOTsI AuabeT
BBI3bIBACT B [IEPBYIO OYEPE/Ib MOPAKEHNE MEJIKIX COCY/I0B (KAIMIISPOB), HO MHTEPECHBIM 1 BaXKHBIM
ABJIFAETCA BOIIPOC O TOM, IIPUBOAAT JIM MU3MEHEHUA B beHKL[I/IOHI/IpOBaHI/II/I KpOBeHOCHOfI CUCTEMBI
U aJlalTalusd K 9TUM KM3MEHEHUsIM, K U3MEHEHWSM T[e€OMETPHH U TeMOJIMHAMUYECKOI'O PEXKUMa
Bumsuesoro kpyra.

s oTBeTa Ha STOT BOIPOC B PabOTe UCIOIH30BAJOCH COYETAHUE IKCIEPUMEHTATBHBIX
METOJIOB M MATEMATUIEeCKOI0 MOJIe/IMpOBaHus. B paboTe uCIob3yeTcs: FTeHeTUIeCKast JIMHUST MbITITEi
NODSCID (MIIul' CO PAH). lannasi jauHUsI MbIIIell BBICOKOUYBCTBUTENbHA K HMCKYCCTBEHHO
BBI3BAHHOMY caxapHoMmy jgmabery | rwuia. DKcrepuMeHTasbHAs TPYINIa cocTosjia u3 15, a
KOHTPOJIbHAas 3 17 )KuBOTHBIX. M3MeHnenus B reoMeTpun KPOBEHOCHOHN CUCTEMBI 10 MepPe Pa3BUTHI
aunabera OTCJEXKUBAJIOCH € IOMOIBIO TOMOrpaduyecKux uccjienoBanuii Ha 6asze SPF-BuBapus
NIul’ CO PAH. [dnsa nonydenus gpanubix MPT ucnonssosascs Tomorpad Bruker BioSpec c
cutoit mogist 11,7 Tur. Tocute monydennst u 06paboTku ToMOrpaduIecKux JTaHHBIX NeMOJIMHAMUYECKT
SHaYUMbI€ ITapaMeTPhbI OIIpeae/IsA/INCh Ha OCHOBE MaTeMaTU1IeCKOI'0O MOJAe/JIMPOBaHN . TequI/Ie KpoBu
onmchbiBaJioch ypasuenusimu Habbe-CTokca /I TPEXMEPHOI'O JIBUXKEHUS HEC2KMMAEMOil, BI3KOM
KuakocTu. CTaTUCTUIECKUN aHAJIN3 MOJIYIEHHBIX DPE3YJIbTATOB IOKA3aJ, 9TO Y XKUBOTHBIX C
caxapHbIM JIMabeTOM JIMTEIbHOCTHIO 2 Mecsiiia HaOJIOIAI0TCA 0oJiee BbIParyKEHHbIE CTATUCTUYECKHU
3HAYMMBIE DA3JINUNdsl KAaK B AHIMOAPXUTEKTOHUKE TAaK U B IEMOJMHAMUKE, YeM Y >KUBOTHBIX C
caxXapHbIM JUabeTOM JIJIMTE/ILHOCTBIO 1 MECsdIl, DTO CIPABEIINBO KaK JJI CTAIMOHAPHOIO, TaK U
JIJIsT HECTAIIMOHAPHOTO MOJEJIMPOBaHUS.

Takum 06pa3soM MOKA3aHO, ITO € YBEJMIEHUEM MTPOJIOIKUTEIBHOCTH 3a00/IeBaHUST CAXapHBIN
nuaber | Tuna HaYMHAET BIUATH HA NEMOJIMHAMUKY W CTPOEHUE JlaKe KPYITHBIX COCY/OB IOJIOBHOTO
MO3Ta.

[TOCTPOEHUE KBAJIPATYPHBIX ®OPMYJI /11 CBEPTKU C ITIOMOIIbIO OIIEPATOPOB
B3BEILIEHHBIX CABUTOB"™

YkasioBa [I. I'. (Poccusi, Biajumup)
Braguvupceknit rocymapcrennbiit yaupepcurer uM. Al u H.I'. CroseroBsix
darya.vasilchenkova@mail. ru

Konnakosa E. H. (Poccusi, Biaagumup)
Bragmvmupceknit rocymapersennniit yausepcuteT uM. Al u H.I. CromeToBbix
kebox@mail.ru

Paccmorpum 3ajiady 1MOCTpOEHUsT TOYHONW KBaIpaTypPHON (QOPMYJIBI JJIsi CBEPTKH Bellle-
n

creernoro sapa w(z) € L; wm tpuronomerpudeckoro Mmuorounena T,(z) = Y m(x),
k=0
Tk(x) := ay cos kx + by sinkx, x, ag, by € R:

I(x) = — /w(t) - Tp(x —t) dt. (1)

B kavecrBe ammapara OyjeM HCIOJIB30BaTh aMILIUTYHO-(a30Bblil onepatop (ADPO) —

peobpa3oBaHue BUIA
n

H(T, { X}, {\j}iz) = ZXj T (2= Aj)

rae A\j, X; — cBOOGOIHBIE BEIECTBEHHBIE MApaMeTpPhl (HEKOTOpble X; MOIYT OBITH HYJIEBLIMH).
Iopsmox AQO ne npeseimaer n u pasen unciay ciraraembix 8 H(T,, {X;}, {)\;};2), B koTopsix

"UcenenoBanne BBINOIHEHO Ipy (DUHAHCOBOI mozaepxkke PODI B pamkax Hayuroro mpoekta Ne 20-31-90010.

200



exp(i)j) momapno pasim4nbl, a X; # 0. ADQO BBeseHbl n npuMeHANNCh B paborax [1],[2],[3] ms
BBIJICJICHUS] 13 TPUTOHOMETPUIECKIX MHOTOUYIeHOB 1), () rapMOHUK M CyMM IapMOHUK, IOCTPOEHUSI
TOYHBIX JBYCTOPOHHUX oneHok tuna Peiiepa u Bepumreitna juist muorowienos T, (r) u ux

ITPOU3BOJHBIX.
Tak, B pabore |3| mpuBe/ieH YMCIEHHBII aJrOpuT™ BbleIeHus ¢ moMorbio ADO B3BereHHbIX
rapMOHUK. A MMEeHHO, Jijisi Habopa BEIIeCTBEHHBIX BECOB P = (p1,P2,...,Pn) CYMMa B3BEIIEHHBIX

rapMoHUK MHOrOwIena 1, (x) nmeer Buj

7- n, P; T Z kak (2)

PLEP

Torma 3amaqa o upezacrasiaennn (2) B Bujge ADO:

a0 Xj+ T (T, pix) = H(To, { X5}, {}; 2). (3)

j=1

C nmomorpio 3a1aun (3) yAaJoch HOJIYIUTh TOYHbIE KBaJpaTypHble (DOPMYJIbI JIJIsi CBEPTKH
(1) B cayuae derHbIX u HedeTHBIX sitep w(z). O6benunsis U HOPMYJIBL, [OTyIaEM CJIeyIOIIee
upejcrasienne (1) s mpousBosibHOrO sipa w(x) € Ly :

I(x) +ao (W —po) = H(Tu AX;}, N} 2) + H(T X5} (N1 @), (4)

ﬂ' n
re ay = 27rfT w = ZXJ, po = %fw(:v)dx; T, = > apsinkz —
-7 k=1
by cos kx — muorousen, compsuxennerit Kk Ty, ; {X;}, {\;} — mapamerper AOO g samaan (3)
¢ secamn pp = = [ w(x)coskrdr; {X;},{)\;} — mapamerper A®O st sajaun (3) ¢ Becamm

K
—T

f w(z) sin kx dx .

>n~

[IpuBenem 4mcaeHHbI npumep (¢ OKpyrieHneM Ko3DUIMEHTOB 10 BTOPOro 3HaKa IOCJe
sangroit). st sapa w(z) = sin(z — 22) u npomssonbHoro muorounena T3(x) dopmyna (4)
[IPUHUMAET BUJL:

T

1
— /sin(az —2%) - T3(x —t)dt + 0.52a9 = 0.15 (T3(x — 2.76) + Ty(x + 2.76)) + 0.03 T3(x) +
7r

+0.22 (T3 (x — 2.34) + T3(z +2.34)) + 0.23T3(x).

JIureparypa

[1] Bacuibaenkosa I.T., Hanuenko B. V. Boijesenue rapMOHUK U3 TPUIOHOMETPHUYECKUX MHOIOWICHOB
aMiuuTyaHo-ba30BbIMu oneparopamu // Anrebpa u anasms. 2020. T. 32. Ne2. C. 21-44.

[2] Bacuisaenkosa [.T., Handyenko B.U. Beimesienne HECKOJbKUX MAPMOHUK W3 TPUTOHOMETPUIECKUX
muorousenoB. Hepasencrsa tuna Peiiepa // Huddepennuaibible ypaBHEHUS M JIUHAMUAYECKUE

cucremsr, Co. ct., Tp. MITAH. 2020. T. 308. C. 101-115.

[3] Danchenko V.I., Chkalova D.G. Bernstein-type estimates for the derivatives of trigonometric
polynomials // Probl. Anal. Issues Anal. 2021. Vol. 10(28). Ne3. P. 31-40.
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TEH30PHBIE UHBAPUAHTHI AMHAMUYECKUX CUCTEM C IIEPEMEHHOW JTUCCUIIALIME

ITamonun M. B. (Poccusi, Mocksa)
MockoBckuit rocymapcrsennntit yausepcurer umenu M. B. Jlomonocosa
shamolin@rambler.ru, shamolin@imec.msu.ru

Usgecrno [1, 2, 3|, uTo HaJu4ue JOCTATOYHOIO KOJIMYECTBA HE TOJILKO MEPBBIX MHTEIPAJIOB,
HO W JPYIUX TEH30PHBIX WHBAPUAHTOB IIO3BOJISIET IIOJHOCTHIO IIPOMHTEIPUPOBATL CHCTEMY
nmuddepennuaabHbIX ypaBHeHuit. Tak, HampuMep, HAJIMYINE UHBAPUAHTHON quddepeHinaibHoMl
dopmbl  (pazoBoro ob6beMa IMO3BOJIAET MOHU3UTH IIOPSII0K paccMaTpuBaeMoil cucreMmbl. s
KOHCEPBATUBHBIX CHUCTEM 3TOT (haKT JOCTATOYHO ecrecTBeHeH. Jlisi cmcrem ke, obOJaarommx
OPUTATHBAIONIIMA WM OTTAJKUBAOIMUAME  (ACHMITOTHICCKAME) HPEJACTBHBIMI  MHOKECTBAMI,
HE TOJIbBKO HEKOTOpbIE€ II€epBble HWHTErpaJibl, HO U KO3C1)CbI/IHI/IeHTbI nMermmnuxcsa HNHBapUaHTHBIX
nmuddepeHanbHbIX GOPM JIOXKHBL, BOODIIE MOBOPs, COCTOATL M3 TPAHCICHICHTHBIX (B CMBICJIE
KOMILJIEKCHOTO anaaun3a) dbyukwuii [4, 5, 6].

Kak mnokasano panee, 3amada o jaBukenuu (n + 1)-MepHOro MasiTHUKa Ha 0GOOGIIEHHOM
cdepuyeckoM IIapHUpe B HEKOHCEPBATUBHOM IIOJI€ CHJI, T.€. B ‘TOTOKe Haberaoleil cpejbl,
BaIlOJIHATONIENR BCeOOBEMIIIONIEE N -MEPHOE IIPOCTPAHCTBO, MPUBOANT K CHUCTEME HA KacaTebHOM
paccjaoeHnH K 71-MEpHOI cdepe, IpH 3TOM METPUKA CIEIUAJBLHOIO BHIa Ha Hell MHIYIMpOBaHA
JIOTIOJIHUTEJIbHBIME I'PyTIIaMu cuMMmerpuit |7]. JuHaMudeckne cuCTeMbl, ONMCBHIBAIOIINE JIBUKEHUE
TaKOr0 MadATHUKA, 00JIaIal0T 3HAKOIIEPEeMEHHOH Jauccunalnyeii, W IMOJIHBIA CIHCOK IEPBBIX WHTE-
IrPajioB COCTOUT U3 TPAHCICHIACHTHBIX (DYHKIINI, BBHIPAXKAIOIINXCI U€Pe3 KOHEUHYIO0 KOMOWHAIIUIO
9JIEMEHTApHBIX QyHKIMiA. B maspHeiinmem TakxkKe pas3obpaHbl 3aJadW O JABUXKEHWH TOYKH IIO
MHOI'OMEPHBIM IIOBEPXHOCTSIM BpallleHus, B mpocrpancrBax Jlobadesckoro u T.x1. Ilosydenmbie
pe3yIbTaTbl OCOOEHHO BaKHBI B CMBIC/IE MIPUCYTCTBUAS B CUCTEME MMEHHO HEKOHCEPBATHBHOTO IIOJIS
cun [5).

B pabore 11pe/rbsiBiieHbl TeH30pHbIe nHBapuaHThl (Aud depennuaababie GOPMBbI) J1JIsT OTHOPOJI-
HBIX JUHAMUYECKIX CHCTEM Ha KacaTeJbHBIX PACCIOCHUSIX K IVIQJIKUM 7 -MEPHBIM MHOTO0Opa3UsIM.
HOKaS&Ha CB4A3b HaJMWYINgA [JaHHBIX HWHBapHaHTOB M IIOJIHBIM Ha60pOlVI IIEePBLIX MHTErpaJioB,
HEOOXOAUMBIX JIJIsi MHTEIPUPOBAHUS TeOHe3MUYECKUX, MOTEHIIUAIbLHBIX U IUCCUIATUBHBIX CHCTEM.
HpI/I 9TOM BBO/IMMbI€ CHJIOBBIC IIOJIA JIeJIal0OT pacCMaTpUuBaeMble CHUCTEMbI JIUCCUIIATUBHBIMU C
JECCHIAIEel pa3HOro 3HaKa 1 0000IIAaT paHee pacCMOTPEHHBIE.

JIureparypa
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Apreprosenosnasi riepebpasibHast Majbdopmanust (ABM) siiisiercst BpOXKIeHHOl aToI0rHeit
Pa3BUTHUsI COCYJIOB TOJJOBHOI'O MO3Ta, IIPU KOTOPOW apTepHabHOE W BEHO3HOE KPOBEHOCHBIE PYyCja
COEJINHEHBbI HAIPIMYIO KJIYOKOM OeCHOpSIOYHO TEPeIIeTeHHBIX BBIPOXKIEHHBIX COCYJ/IOB, MUHYsI
KallnJIJIAPHYIO CETh. Han6onee OpeJIIOYTUTEIbHBIM METOJI0M JIieUeHU A JTaHHBIX IIaTOJIOTUH SIBJIIETCA
SMOOJINBAINASA - 9TO MAJOMHBA3MBHOE XUPYPIUYECKOE BMEIIATEIBCTBO, MPEJCTABIISIONIee CoDOi
BHYTPHUCOCY/JIUCTOE 3aIlOJIHEHNE KJIyOKa MaToJIOrmdeckux cocyioB ABM crenuajbHBIM KUIKIM
TBEP/ICIONIUM BEIeCTBOM (9MOOIMIECKH areHT) ¢ Mesblo OJIOKMPOBAHUS KPOBOTOKA Yepe3 HUX.
JlaHHBI CcIIOCOO XWPYPIUYECKOr0 BMEIIATE/JILCTBA IMUPOKO IPUMEHSIETCs, HO [0 CHUX 10D B
HEKOTOPBIX CJIydasX COIPOBOXK/IAETCA WHTPAOINEPAIIMOHHBIM Pa3PBhIBOM COCYJIOB MaJibhOpPMAIIIH.
Hesibto paboThI SBJISIETCS MaTEMATHYIECKOE MOJIEJUPOBAHNE JAHHOTO IPOIECCa U MOCTPOEHUEe Ha
9TOI OCHOBE ONTUMUBAIMOHHOIO aJIOPUTMa IMOOIM3AIUN aPTEPUOBEHO3HON MaibhOpMaIin.

B nannoit pabore 1S ONMCAHWS ITPOIECCA SMOOJIUBAINN IIPEJIaracTcs KOMOMHIPOBAHHAS
MOJIeJIb, B KOTOPOH Hapsily ¢ TeYeHHEM KpoBH U 3sMbojmdeckoro arerta B ABM yunrhiBaercs
OKPY2KAIOIINII [ATOJIOTMIO KPOBOTOK. [Iporecc smbosimzamnum MOJEJUPYETCS KaK IPOIECe
MHOTOKOMIIOHEHTHOH (pubTpaluu, Ije BbiTecHseMo#l (a3oii dBJ/IAeTCAd KPOBb, & BBITECHSIOINICH
SMOOJINYIECKUI areHT; IOJIyYeHHbIE yPABHEHHUS PEINAIOTCH YUCAEHHO C IOMOIIBI0 MOHOTOHHOM
moudukanun cxembl CABARET [1].

OcHoBHast 1e7b  PabOTHI 3AKJIIOYAETCS B OTBICKAHUU ONTUMAJBHOIO C TOYKU 3PEHUS
6e3omacHoctTu U 3HHEKTUBHOCTU CIeHAPUS SMO0IU3AIUN  apPTEPUOBEHO3HON MaJibpopMaIuu.
HesteBoit dyHKIMOHAT U OrpaHUYEHNS, BO3HUKAIONINE B TAKOW 3a/1ade ONTUMAJILHOTO YIIPABICHUS,
BBIOUPAIOTCA B COOTBETCTBUU C MEJIUITMHCKUMY TOKA3AHUSIMU. Y TPABIECHUEM SIBJISIETCS 3aBUCSIIAS
OT BpeMeHU (PYHKIWS, OIPEeIeIsolast 00bEMHBIN pacxol 3MO0JIMIecKoro arenTa Ha Bxoje B ABM.
CdopmynupoBana u Jjisl CIENUAIBHOTO 3aKOHA, TOJAYMH STOTO BEIECTBA YUCJCHHO DEIeHa 3a/1a9a
ONTUMAJILHOIO yIIPABJIEHUS IMOOMN3aIeil METOIOM POsI TaCTHII.

IIpu usydeHun 3a7a4u ONTUMAJBHON SMOOJU3AINMKA HUCIOJIb30BAIUCH (DUIBTPAIMOHHBIE U
reMo/[uHaMYIeCKNe XapaKTEepUCTUKU, IIOCTPOEHHBIE C IIOMOIIBIO HpI/I6J’II/I)KeHI/Iﬂ KJIIMHNYECKNUX
JIAHHBIX, TIOJIyYEHHBIX BO BpEMs MOHUTOPUHTA TI'E€MOJMHAMUYECKUX [APAMETPOB BO BpeMs
Heiipoxupyprudeckux onepanuii B8 HMUIL um. Memankuna [2].

JIureparypa
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PaCCManI/IBaeTCSI 3aJda4da

—y" = Apy, x€(0;1) (1)

y(0) = y(1) =0, (2)

rae Bec p(x) = Y 2, myd(x — x;) . Toukn x; u Ko3GOUIMEHTHI M BBHIOUPAIOTCH CHEIHAIBHBIM
obpazoM: mnepsoobpasnas P Beca (P’ = p u npoussojHas NOHUMAaeTcss B OBGOOIICHHOM

CMBICJIE) Y/IOBJIETBOPSIET YPABHEHUIO CAMOIIOZOOWs, T.e. SBJSETCA CaMOIOM00HON dyHKIumeii, a
JUIL TIPOU3BOJIBHON (DYHKIMH Y € VV21 [0;1] orobpazkeHume y +> py SBJISETCS HEKOMIAKTHBIM
MyJIBTUILINKATOPOM U3 IPOCTPAHCTBA W21 [0;1] B JBOMCTBEHHOl NPOCTPAHCTBO W2_1[0; 1].
Kosddunmentsr m; MOKHO OObEIMHUTH B IPYHIBI 110 7 — 1 WIEHOB B KaXJOW TIpyIIIe Tak,
YTO BBIIOJHEHO DABEHCTBO Mji(n_1)k = dkmj, j=12...,n—1, k =0,1,... (d # 0).
[Tapamerp camonofobust d HA3BIBAETCS 6EPMUKAALHIM MACWMAOUPYIOWUM MHOHCUMENeMm. Takue
Beca HA3BbIBAIOTCS 71 -3BEHHBIME CaMOIIOI00HBIME BecaMu. CTOUT pasniesisiTh 3aJlady Ha JIBE: C BECOM,
y KOTOPOro Bce KO3MDMUIMEHTHI m; OJHOIO 3HAKA, U HA 3aJ1a4dy, KOIjia He BCe 1M; OJIHOIO 3HAKA.

Teopema 1. [lycts k03hDUIUEHTHI 171; UMEOT OIWH 3HAK, TOTJA CIIEKTP 3aJa9l COCTOUT U3
He Oojtee weM n— 1 OoTpe3Ka HempepbIBHOTO ciekTpa. MoxKeT ObITH He Oojtee 1eM 1 — 2 cOOCTBEHHBIX
3HAUYEHU, He OoJiee OJIHOTO B JIAKYHAX HEIPEPBIBHOTO CIEKTPA.

B caydae, Korma Bce CKadKd IIOJOXKUATEIBHBI, 3aja49a PaBHOCHJIbHA CIEKTPAJIBHON 3ajade
JUIsL OTlepaTopa, KOTOPBIH MOJ00EH CaMOCONIPsi>KEHHOMY OIlepaTopy B Bujie fKoOMEBON MaTpUIIHL.
B sToM ciydae siBHO yKa3aHBI TPAHUIBI HEIIPEPBIBHOTO CIEKTPA U IMTOJYYEeH KPUTEPHUil MMOSBICHUSI
COOCTBEHHBIX 3HAYEHUII B JIAKYHAX.

B apyrom ciydae, Korjia He BCe m; OJHOTO 3HAKA, 3aJjava PABHOCUJIbHA CIEKTPAJIBHON
3aJiade JjIs OlepaTopa, KOTOPLIH 1M000eH J-caMOCOIPs2KEHHOMY OIIEPATOPY B BHJIE KOMILJIEKCHOMN
cuMmMeTpudHOM AKoOmeBoit MaTpPUITHI.

Teopema 2. Ilyctb He Bce KOI(MDPUIMEHTHI M,; WMEIOT OJWH 3HAK, TOTA HEIPEPBIBHDLIN
CIIEKTP 3ajiadi IpecTBisierT coboit MHOXKecTBO {A| L, (A) € [—2,2]} w1 HeKOTOPOro MHOrOWICHA
L, () ¢ xomiuiekcHbIME KO3 uUIIneHTaMN.

SlBHO yKa3aHBl T'PAHWIBI HEIPEPBIBHOI'O CIEKTPAa W IMOJy4YeH KPUTEPUil MOsiBJICHUS
CcODCTBEHHBIX 3HAYEHWI B JIAKYHAX JJIsl cJIydast "3HaKOIIOCTOSTHHOIO " Beca.

CHEKTPAJIBHBIE CBOMCTBA 3AJIAYM /151 OBOBIIIEHHON CTPYHBI
C OTPULATEJIbBHBIM MACIITABNPYIOIINM MHOYKUTEJIEM®?

ITefinaxk U. A. (Poccusi, Mocksa)
MTI'V umenu M.B.JIomonocosa, MockoBckuii ieHTp PyHIAMEHTAJIBHON U MPUKJIAIHON MATEMATUKN
tasheip@mail.ru

PaccmarpuBaercst 3aga4a

=y =Xy, € (0;1) (1)

y(0) =y(1) =0, (2)

rue Bec p(x) = Y oy myd(x — x;) . Toukn x; 1 Ko3bOUIMEHTB M BBLIGHPAIOTC CHEHUATLHBIM
obpasom: mneppoobpasnas P Beca (P’ = p u mnpoussojHas IOHUMAETCS B OGOBIIEHHOM

CMBICJIE) YJIOBJIETBOPSIET YDPABHEHUIO CAMOIIONO0MsI, T.e. SBJSETCS CaMOIOIOOHON dyHKImei, a

8! PaGora Bermosmena mpu noggeprxke PH® (mpoext Ne 20-11-20261)
82PaGora BemosHEHA IpH MO AepkKe PHO (npoexT Ne 20-11-20261)
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JUIL TIPOU3BOJIBHONW (DYHKIMH Y € VV21 [0;1] orobpazkeHume Yy +> py SBISETCS HEKOMIAKTHBIM
MyJIBTUILINKATOPOM U3 IPOCTPAHCTBA I/V21 [0;1] B JBOMCTBEHHOlI NIPOCTPAHCTBO W2_1[0; 1].
Kosdbdunmentsr m; MOKHO OObEJIMHUTH B IPYHIBI 110 1 — 1 WIEHOB B KaXJOW IpyIIlle Tak,
YTO BBINOJHEHO DABEHCTBO Mji(n_1)k = dkmj, j=12....,n—1, k =0,1,... (d # 0).
[Tapamerp camonoobust d HA3BIBAETCS GEPMUKAALHIM MACWMAOUPYIOUWUM MHOHCUMENem. Takue
BE€Ca HA3bBIBAIOTCA 7 -3BEHHbBIMU Cal\IOIIO,Z[O6HbIMI/I BeCaMU. CHGKTpaIH)HbIe CBOIICTBa 3a a9 CHUJIBHO
3aBUCAT OT 3HAKa d .

Teopema 1. Ilycts d > 0, Torma crekTp 3aja4du cocTouT u3 He Oojiee ueM n — 1 orpeska
HEIPEPBIBHOTO cIleKTpa. MoxkeT OBITEH He OoJiee ueM N — 2 COOCTBEHHBIX 3HAYEHNI, He O0JIee OIHOTO
B JIAKYHaX HEIPEPBIBHOTO CIIEKTPA.

fBHO yKa3aHLI T'PAHUIBI HENPEPBIBHOIO CIEKTPa U IOJYYeH KPUTEPHUil IOsIBJICHUST
COOCTBEHHBIX 3HAYCHUII B JIAKYHAX.

Caydait oTpunaTe/bHONO MACIITAOUPYIOIIEr0 MHOXKHUTEJISI CYIECTBEHHONO OTJIUYAETCS OT
[TOJIOYKUTEJIHOTO.

Teopema 2. Ilycts d < 0, TOrga CIEKTP 3a1a4u COCTOUT U3 He Dojee ueM 2n — 2 OTPEe3KOB
HernpepbeIBHOTO criekTpa. MoxkeT ObITh He 6osiee 1eM 2n—3 cOOCTBEHHBIX 3HAYEHUS, He Hojiee 0JIHOTO
B JIAKYHaX HEIIPEPBIBHOI'O CIICKTPA.

fBHO yKa3aHBl T'PAHUIILI HEIPEPHIBHOI'O CIEKTPAa ¥ IOJy4YeH KPUTEPUNl MOsiBJIEHUS
COOCTBEHHBIX 3HAYEHUII B JIAKYHAX.

CIHEKTPAJIBHBIE 3AJTAYN J1JId TIYUYKOB OITEPATOPOB U UX TTPUJIOYKEHU I

ITkasmkoB A. A. (Poccusi, Mocksa)
MockoBckuii rocymapcTBeHHbIN yHUBepcuTeT nMenu M. B. Jlomonocosa
ashkaliko @Qyandex.ru

[IyukoMm omepaTopoB B CHEKTPAILHON TEOPHUH HA3LIBAIOT OIIEPATOPHBINA IOJHMHOM
A()\) =Ag+ A A1+ -+ ANA,,.

Brece A;,0 < j < m, OorpaHMYeHHBIC WM HEOTPAHMYECHHBLIC OIEPATOPLI B CernapabebHOM
ruabbepToBOoM mpocTpancTBe H. Takme cmekTpaibHBIE 3aJa9id BOSHUKAIOT IMPU pas3leIeHun
BPEMEHHOI MJIM IIPOCTPAHCTBEHHON IIepeMeHHON B ypaBHEHNN

du d™u
Aou+ A —+ -+ A"—— =0,
0 Vat AT g
rme u = u(t) — dbyHrmusa co 3HaveHusiMu B npocrpancTBe H . IlocraHoBKa CIEKTpATbHBIX

3aJ1a4 JIs IIy9KOB CYHIECTBEHHO 3aBUCHT OT IIPUPO/ILI COOTBETCTBYIOIIEro ypaBHeHUs. B 1ok/aje
OyayT cOPMYJIUPOBaHbI MOCTAHOBKHU 3aJ1a4 JJIs THIEePOOJMYICeCKUX U 3JTMITHIECKUX YPaBHEHUil 1
IpUBeeHBl 00IIUe TeopeMbl JJIsi COOTBETCTBYIOIIUX MM IIyYKOB. 3JIeCh B KadeCTBe UJLIIOCTPAIN
MBI TIPUBEJIEM HEKOTOPBIE PE3YJILTATHI JIsi OTHOCUTEILHO TPOCTOTO BOJIHOBOTO (TUNEPGOIMIECKOro)
ypaBHeHus ¢ JeMidpupoBaHueM, I KOTOPOIO 3TU Pe3yJIbTaThl SBJSIOTCA HOBLIMU. DTO ypaBHEHHUe
U CHeKTpaJbHasd 3aJada JJIsg HEero pacCMaTpPHBAINCh B HECKOJIBKHX paboTax, B YaCTHOCTH, B
crarbe JI.M1.Bopucosa u P.@paiiraca (Jour. Diff. Equations, 247 (2009). 3028-3039), rue umerorcst
HOJPOOHBIE CCBIIKH. 37€Ch BBIIUIIEM TOJBKO CIIEKTPATBHYIO 3aJady, IOJIyYalonylocs Moc/Ie
npeobpazoBanus Jlamaaca 3Toro ypasHeHus:

v — (N4 20b(z) — q(x))v =0, x€(0,1),

rje dbysknus v = v(z) nogunHeHa KpaebiM yciaosusaMm v(0) = v(1) = 0. D1y 3azady npejcraBumM
Kak 3aJ/ia4y Ha COOCTBEHHbIE 3HAYEHUsI JJIsl [IyYKa OlepaTOpPOB B I'MJILOEPTOBOM IpocTpancTBe H =
L2 [0, 1] .

L(\) = A+ AB+ NI,

83PaGora BemosIHEHA pH HoAepyKKe TpanTa PH® Ne 20-11-20261.
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rie Ay = —y" + q(z)y —oneparop IlIrypma-JIuysusis ¢ kpaeBbiMu yeiaosusivu Iupuxmie, B —
omnepaTop yMHokenus na dyHkmuio b, I — ToxkaecTtBeHubiit oneparop. Oyukiuu b u ¢q g
[IPOCTOTHI CINTAEM HEIPEPBIBHBIMU.

, 06(2)3Ha‘{I/IM Tepes W% HO,ZLHpOS?TpaHCTBO KOPa3MepHOCTH 2 B CODOJIEBCKOM IIPOCTPAHCTBE
Wy = W5[0,1], cocrosimee u3 dyHKunii, oA9NHEHHBIX KpaeBbM ycosusMm Jupnxie. Yepes Hoy =
[WQQ, LQ]G, 0 < 0 < 1 obo3HAUYMM COOTBETCTBYIOIINE HWHTEPIOJSIIIUOHHBIE TpocTpaHcTBa. st
IPOCTOTHI HPEJIIIOIOKHUM, UTO BCe cOOCTBeHHBbIE 3HadeHus {Ap} mydka L(A) mpocrbie (MOXKHO
[I0Ka3aTh, 9TO JJIs 9TOTO IIYUYKa TOJBKO KOHEYHOMY YHC/IY COOCTBEHHBIX 3HAYEHUI MOIYT OTBEYATH
JKOPJIAHOBBI IIEMIOYKH) ¥ UM OTBEYAIOT COOCTBeHHBbIe DYHKIWMU Yx = Yk (x) . MunuMyM u MakcuMym
dbyuknun b oboznauum depe3 b_ u by .

Teopema 1. [Ipoussodnvie no Keadviwy uenowku yx = {yk, \kyr} 00pasyrom 6e3ycaoervil
6asuc 6 npocmpancmeaxr Hog = Hg @ Hop—1 npu 6 € [1,2]. B wacmuocmu, sadavwa Kowu das
YPaBHEHUA

L(d/dt)u(t) =0, u(0)=¢p, u'(0)=1v, t=0,

¢ nauarvnumu yeaosuamu {p, 1} € Ho umeem eduncmeennoe KAACCUMECKOE PEUEHUE, KOMOPOEe
npedcmasAiemcsa padom

ult) = 3 expple)e.
k

Imom pad 6esycrosno crodumca npu t = 0 6 mpocmpancmee Hs u ocmaemcs 6e3ycao8Ho
cxodauwumes 6 npocmpancmee Hy nocae duddepervyuposanus no nepemennoti t. 3decv cp —
YUCAOBBIE KOIPPUUUERMDL, KOMOPBLE BBIPANHCANOMCA ASHLMU HOPMYAAMU HePe3 onepamopv, A u
B.

Teopema 2. Bce nesewecmeenmvie cobemeennvie snauenun nywka L(N) aescam 6 nosoce
—by < ReXd < —b_, wucao ewecmeennvlr coBCMEEHHHT 3HAUEHUT KOHEUHO, NPUUEM 6 CAYUAE
b(x) = 0 wucao nosodHcumeavHur cobecmeerHbr 3naverul nywka (undexc neycmotvusocmu)
coBNadaem ¢ yuemom KpamHoCmU ¢ YUCAOM OMPUUAMENLHBLT COOCMEEHHVIT 3HAYEHUT 0Nnepamopa
HImypma-Jluysusia A .

3AJAYA CMEIIAHHOT'O YIIPABJIEHUSI
JIJ1s1 JIMHENHBIX HEBBIPOYK/IEHHBIX YPABHEHUIT®

IMTykauua A. ®@. (Poccust, Hesss6unck )
YensstOUHCKMI TOCYIAPCTBEHHBIA YHUBEPCUTET
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IIycte Z — pediekcuBHOe 0OaHAXOBO IPOCTPAHCTBO, U — 0AHAXOBO IIPOCTPAHCTBO,
A € L(Z), B € LU;Z), npocrparcrso yupasiennit U = L,(to,T;U) x Z™ ¢ HOpMOIL
| (u,v)||Z = Hu||%q (toT20) T |v]|%m . PaccmoTpum 3az1aty cMeIIaHHOrO yIIpaBiIeHus]

Dz(t) = Az(t) + Y Nie(t) Dy 2(t) + Bul(t), t € (to, T), (1)
k=1
2F(te) = v, k=0,1,...,m—1, (2)
(u,v) = (u,v9,v1, ..., Vm—1) € Uy, (3)
m—1
J(z,u,0) = ||z = zal om-1(tt0,11:2) + 6w = wall], (o g + 01 D ok —varlZ — inf,  (4)
k=0

84lccnenoBanme BblmosHeHO Ipu mommepxke 'pamrta IIpesmmenta Poccmiickoit @emepamuu mjis IIOLIEPIKKH
BeIyIUX Hay4IHBIX mKoJ, npoekt HIII-2708.2022.1.1.
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rme Up — MHOKECTBO JOIYCTHMBIX yupasjiennmii, Uy C U, samammel zg € C™ ([to,T); 2),
ug € Ly(to, T5U), vap € Z, k=0,1,....m—1, >0, 61 >0, meN, m—1<a<m,
re{0,1,...,m—1}, ¢>1.

Pemenus samaqau (1), (2) 6yuem uCKaTh B IPOCTPAHCTBE

m—1
Qaq(to, T; 2) = {z e C™ ([to, T); 2) : I (z - z(k)(to)ng) eW (to, T; Z)} .
k=0
Teopema 1. Ilyemv o > 0, ¢ > (a —m+1)", a, < m—1, A € L(Z), omobpasrcenus
N @ (to,T) — L(Z) usmepumor u cywecmsenno oepanuserve wa (to,T), k = 1,2,...,n;
205215+ 2m—1 € Z. Ipednonooicum, wmo Uy — nenycmoe 6binykioe 3aMKHYMOE NOOMHONCECTNEO
6 U = Ly(to, T;U) x Z™, npocmparcmeo Qg q(to,T;2Z) wnenpepviero erosceno 6 banaroso

npocmparcmeo ), Komopoe, 8 c6010 ouepedv, HENPEPLIGHO BAOHCEHO 6 W,;"_Q(to,T; 21) . Tozda
npu 6 >0 sadaua (1) — (4) umeem pewenue (2,0,0) € Qqaq(to,T;2Z) X Uy .
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PaccmarpuBatoress  nBe  auddepennuanbabie  urpbl  aByx . Ilepas wurpa  I'(xg)
OIMChIBAEMast CUCTEMO BUIA

j::f(:v,u)—i—g(x,v), 95(0):$0> uel, vev,

e x € RF, U = {ug,...,u,} C Rl — MHOXecTBO 3HAMEHMIl yIpaBJICHUs MpeCiIeI0BATENs,
V C R® — KoMHmaKT — MHOXKECTBO 3HadeHuil ynpassienus yberatomero. [lenbio mnpecnemoBarens
SIBJISIETCS TIPUBEJICHNE TPACKTOPUHU CHCTEMBI B JIIOOYIO HaIepe]] 3aJaHHyI0 OKPECTHOCTH HYJs 34
KoHe4HOe Bpems. [IpecsenoBaresib HCIONB3YeT KyCOTHO-TIOCTOSHHYIO CTPATErHio, JJIst ITOCTPOCHUST
KOTOPOIl pasperiaeTcss UCIOJIb30BaTh TOJMBKO HH(MOPMAIUIO O 3HAYeHUH (a30BBIX KOODJIMHAT B
TOUKaX pa3OMeHnst BPEMEHHOI'O MHTEpBasIa. Y IpaBIeHne yoeraomero — u3MepuMast (pyHKIUs, s
[OCTPOEHHsI KOTOPOIl HeT orpaHudeHuii 1o jpocrynuoit nadopmanuu. B 1] mosydens! jocrarodsble
YCJIOBHS CYIIECTBOBAHUS OKPECTHOCTU HYyJIsA, W3 KaKJIOH TOYKH KOTOPOH MPOMCXOJUT & -TIONMKA,
KOTOpasi 03Ha4aeT IepeBOJ| CUCTEMbl B CKOJIb YIOJHO MAJIyI0 OKPECTHOCTH HYJIsl 338 KOHEYHOE
BpeMsi. B HaCTOSIIEM HUCCIE0BAHUM DACCMATPUBAETCA BCIOMOTATEIbHAs CUCTEMAa ¢ = W,
w € Dy(0), y(0) =z, y€RF tme D,(0) — 3amMKHyTHII ITap pajmyca p ¢ TEHTPOM B HyJIe.
IIycrs 3amano mponsBosbHOe n3MepuMoe yrpasierne w : [0,7] — D,(0) rakoe, aro |y(t)| < r,
y(T) = 0. Ilpu 3roM p He IPEBOCXOIUT HEKOTOPOI'O MOJIOKUTEILHOTO dnciaa. Canraem, 9ro r < £q ,
€0 — PaJauyCc OKPECTHOCTH HY/IsI, U3 KaXKIOW TOUYKU KOTOPOil MPOUCXOAUT € -mouMKa. llokazano,
qro B urpe I'(xp) TpoMCXOIUT €-mouMKa 3a BpeMsi 1 ¢ BBIIOJHEHUEM CJIE/LYIOIIEro yCJIOBUSL: JIJIs
aoboro § > 0 wu soboro t € [0,7T] cupaseiyuso HepaseHncrBo ||z(t) — y(t)|| < 4.
Bropast urpa I'(x,%¢) omnuceiBaemasi cucreMoii Buja

jj:f(w,;'v,u)—I—g(a:,i‘,v), 13(0):.7}(], ZE(O):LEO’ ’LLEU, ’UGV,

85PaGora BbITONHEHAa HpH  TOJEpiKKe MuHECTEpCTBA HayKu UM BBICHIero obpasosammst P® B pamkax
rocynapcrserroro 3ajganaua Ne 075-01265-22-00, npoekt FEWS-2020-0010 "Pa3suTne Teopuu U METOIOB YIIPABJICHUS
u crabunmsanun auHaMudeckux cucreM'n rpanta POOU (mpoekr 20-01-00293).
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e x,# € RF. Bgece U, V, ynpaienme yGeraiomero, ¢-HOMMKA OIPEIEIAIOTCH
anamorniHo. lIpecienoBarens HCHONB3yeT KYCOTHO-NOCTOSIHHYIO CTPATETHIO, ISl IIOCTPOEHHS
KOTOPOI pa3penraeTcs UCHOJB30BATH TOJBKO HWHMOPMAIHI0 O 3HATEHHH (DA30BEIX KOOPIHHAT MU
CKOPOCTH B TOYKAX pasbHeHnsi BpeMeHHOro nHTepBana. B [2] momywens mgocraTovnbie yeaoBms
cymecrBoBaunst okpecrHocTn Hyis O, (0) Takoif, uro mms mobbix xg,i9 € Og(0) B urpe
I'(xg, dg) TpoOMCXOOAT £ -MOUMKA. AHAJOIHIHO, PEAJH3YETCS € -TOUMKA OTHOCHTEJTBHO CHCTEMBbI
Buta §j = w, w € Dy(0), y(0) = g, §(0) = &g, y € R*.

Tak kak ynpasienue w(:) BCIHOMOIATENLHON CUCTEMbI ABJISETCH POU3BOJBLHBIM ¢ YUETOM
VKa3aHubiX (haz0BbIX OIpalHyucHuil 1 KPaeBbiX yCJI0BHI, TO €ro MOKHO BBIOPATL ONTHMAIBLILIM B
COOTBETCTBHH € [TPOU3BOIBHBIM KprTepneM KadecTra. OTHOCHTeIbHAA OITHMAJIBHOCTD TTOHNMACTCA
37€Ch KaK BO3MOXKHOCTB & -MOMMKH IPH [BIZKEHHH CKOJIb YTOAHO OJH3KO K HEKOTOPOMY
ONTUMAIBHOMY DENIEHHIO BCIIOMOIraTeJbHOI CHCTEMEI.
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