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ON SIMPLE SINGULARITIES OF SKEW-SYMMETRIC
MATRIX FAMILIES

ABDRAKHMANOVA N.T.!, ASTASHOV E.A.2

There exists a number of papers devoted to the classification of smooth
or analytic matrix families. Such families naturally appear in the study
of binary differential equations, dependency sets of vector fields on
manifolds, as well as in connection with other problems in differential
geometry. It is natural to consider such families up to G-equivalence, i. e.,
up to parameter-dependent linear base changes and parameter changes.

In [1] analytic families of square matrices, which can be viewed
as linear maps between equidimensional spaces, are considered. In
particular, normal forms of G-simple mappings (i. e., those having a finite
number of adjacent G-orbits) are obtained. An ideologically similar paper
[2] is devoted to the study of analytic families of symmetric matrices.

In [3| analytic families of skew-symmetric matrices are considered. In
particular, a complete classification of two-parameter 4 x4 G-simple skew-
symmetric matrix families and a partial classification of three-parametric
4 x 4 G-simple skew-symmetric matrix families are obtained.

In our work we obtain a necessary condition for a skew-symmetric
matrix family to be G-simple in terms of number of parameters, matrix
size, and 1-jet rank. We also classify skew-symmetric matrix families with
1-jet of corank zero. Our work is generally inspired by aforementioned
papers [1] and [2], while our results are new compared to those obtained
in [3].

The main results of our work are given in Theorems 1, 2, and 3 below.
We consider the set Sk], of germs at zero of n xn skew-symmetric matrix

e . . _ n(n=1)
families analytically depending on r parameters and denote N = ———-.

Theorem 1. If either of the following conditions holds, then there exist
no G-simple germs in Sk;,:

a)n=r=>5;

b)n>6and3 <r <N —3.



Theorem 2. Assume that a germ A € Sk, has 1-jet of corank zero.
Then the germ A is G-simple and G-equivalent to the germ

0 r12 .- T1n
*ZELQ 0
9y
0 Tn—1,n
—T1,n . ceo T Tn—1n 0

where each entry above the main diagonal is a different parameter
l‘i7j(1§i<j§n).

Theorem 3. Assume that a germ A € Sk; has 1-jet of rank s. If any
of the following conditions is satisfied, then the germ A is not G-simple:
a)n=s=>5;
b)n>6and3<s< N —3;
c)n>3,r>3, and s = 0;
d)n>51r=2 and s=0.

The research was supported by the Russian Science Foundation grant
21-11-00080.
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ASYMPTOTIC HOMOLOGY OF PATHS SPACES:
TWO CASES STUDY

AGRACHEV A.A.

Given a nonholonomic vector distribution on a smooth manifold M,
it is well-known that embedding of the horizontal loop space into the
whole loop space is a homotopy equivalence.

We know however that horizontal loop spaces have deep singularities
and extremely rich local and global structure even if M is contractible.

In principle, one can recover hidden structural complexity of the
horizontal loop spaces calculating homology of some natural filtrations
of the space. I am going to show two examples of such calculations.

SISSA, Trieste and MIAN, Moscow. Email: agrachevaa@gmail.com

ON A CYCLE IN ONE MODEL
OF CIRCADIAN OSCILLATOR

AKINSHIN A.A.!, GOLUBYATNIKOV V.P.2, KIRILLOVA N.E.3

We consider 6D nonlinear kinetic system of differential equations
1 = ki(T1(@2) - m(es) —an); 5 = ki (Tj(es) - Lj(en) — )5 5 = 2,3, 4;

@5 = ks (I's(z6) — 25); 26 = ke(Le(z4) — T6); (1)
as a model of circadian oscillator functioning proposed in [1|. All the
variables denote concentrations of its components, the rates of their
natural degradation are characterized by positive coefficients k.

Smooth positive functions I'y, and 7; increase monotonically, they
describe positive feedbacks. The shapes of their graphs was described
in [2], see the Figure 1 there. Smooth positive functions L, are
monotonically decreasing, they describe negative feedbacks in the
oscillator. In contrast with [1, 3], we do not specify here analytic forms
of all these functions. As in algebraic topology, subscript . denotes all
possible values of corresponding indices.

Lemma 1. If the functions I's(x5), I's(zs5), are proportional to T'4(xs),
and the functions Lo(x1), Ls(xz1) are proportional to Ly(x1), then the
system (1) has a unique equilibrium point Sp.

Actually, proportionality conditions of this Lemma have a biological

background, they are just sufficient, and can be relaxed considerably.
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Theorem 1. If the conditions of the Lemma 1 are satisfied, all
coefficients ky are equal, and

—LgT5Lal"y > 8 — 2(T'17; LT3 + Ty LoT), (2)
then the point Sy is unstable, and the system (1) has a cycle.

Here all the derivatives L, I",, 7| are calculated at the equilibrium
point Sp; note that L, < 0, see [4].

In order to carry out numerical experiments with trajectories of the
system (1), its limit cycle, and visualization of these results, a special
cloud application based on the “client-server” approach similar to [3] is
elaborated: https://andreyakinshin.shinyapps.io/clock-bmall /

The numerical simulations are performed using the 'Isoda’ solver from
the Livermore family, which automatically switches between stiff and
non-stiff methods. Here, we have observed bifurcation cycles as well.

In the cases when the condition (2) is not satisfied, we have seen in
these experiments that trajectories of the system (1) tend to the stable
equilibrium point Sg.

The research was supported by RFBR, grant 20-31-90011.
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ON THE DIRICHLET PROBLEM FOR A LINEAR
SECOND ORDER ELLIPTIC EQUATION WITH A
PARTIAL MUCKENHOUPT WEIGHT

ALKHUTOV YU.A.!, SURNACHEV M.D.2
In a bounded domain D C R™, where n > 2, we consider the equation
Lu = div (w(x)Vu) =0 (1)

with a nonnegative weight w € L!(D) such that w=! € LY(D). To define
a solution we introduce the class of functions

W =W(D,w) ={ucW"Y(D) : (u*+|Vul*)w e LY(D)},
equipped with the norm

1/2
ullw = (/(u2 + ]Vu\Q)wd:c> .
D

By Wo(D,w) we denote the closure in W(D,w) of the set of functions
from W(D,w) with compact support in D.
A function v € W(D,w) is a solution of (1) in D if

/Vu-wwdx:o Vip € Wo(D, w).
D

We consider partial Muckenhouipt weigts introduced in [1] and [2].
The domain D is split by the hyperplane ¥ = {x,, = 0} into two parts
DW = Dn{x, >0} and D® = DN {z, <0}, and the weight

w=w; in DY =12,

where the weights w1, we are even with respect to ¥ and belong to the
Muckenhoupt class As. We assume that for balls B, of radius with centers
on X for almost all z € B, for r < rg there holds

w1 () wa(7)
(B = B

with a constant C independent of r and x. Our conditions imply

(2)

/]u|2wdx < C’(n,w)/\Vqudx Yu € Wy(D,w),
D D

9



so the space Wy (D, w) can be equipped with the scalar product

(u,v) :/Vu-Vv wdx.
D

Let us define a (generalized) solution to the Dirichlet problem
Lup=0 in D, Uf|8D=f€C(8D) (3)

Extend f by continuity to the whole space without increasing the

maximum of its modulus. Let fr € C°°(D) uniformly converge to f
in D. Let ug be solutions to the Dirichlet problems

Lup =0 in D, wug— fr € Wo(D,w).

Then uy, uniformly converge to a function u in D and ug — u in W (D', w)
for any D' @ D. The limit function u is a solution to (1) in any D" € D,
is independent of the extension and approximation of f, and u is called
the (generalized) solution of the Dirichlet problem (3).

Theorem 1 ([3]). Let the intersection of complement of D with {x,, < 0}
contains an open cone in a neighbourhood of the boundary point xo. Then
for any f € C(0D) solutions of the Dirichlet problem (3) are continuous
at o and
«
58C us < C(r/p)*gsc f+ 20 £,

for sufficiently small 0 < r < p. The positive constants C' and o depend
only on the dimension of the space, the angular opening of the cone, the
Muckenhoupt constants of the weights w1, wa, and the constant in (2).

The proof relies on a special form of the Harnack inequality established
in [4]. The research was supported by RFBR grant 19-01-00184.
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REGULARITY PROBLEM TO A CLASS OF STRONGLY
NONLINEAR PARABOLIC SYSTEMS

ARKHIPOVA A.A.

We consider elliptic and parabolic quasilinear systems of equations
with nondiagonal principal matrices and strongly nonlinear (quadratic)
in the gradient additional terms.

Partial regularity of weak solutions to the strongly nonlinear systems
is always studied under the assumption that the solution is bounded and
its L°°- norm is small enough.

We relax this assumption and study weak unbounded solutions. Under
a one-side restriction on the strongly nonlinear terms, we describe
conditions of the local smoothness of weak solutions.

As is known, the one-side condition for the strongly nonlinear term
provides boundedness and further regularity of solutions to the scalar
elliptic and parabolic equations. At the same time, this condition does
not guarantee smoothness of weak solutions even for the diagonal
systems. The singularities can appear in the case of such systems.

The research was supported by RFBR, grant 20-01-00630a.
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ANTISYMMETRIZED
GELFAND-KAPRANOV-ZELEVINSKY SYSTEM, ITS
SOLUTIONS AND THEIR APPLICATION

ARTAMONOV D.V.

In the 80-th I.M. Gelfand, M.I. Graev, V. S. Retakh, A. V.
Zelevinskii, M. M. Kapranov created the theory of A-hypergeometric
functions. These are multivariate functions that can be viewed as
generalizations of hypergeometric functions of one variable. There
many such generalizations, but from one hand the class of A-
hypergeometric functions includes most of certain examples of
multivariate hypergeometric functions and from the other hand it
posesses a lot of good properties. In particular these function satisfy
a promiment system of PDE called the Gelfand-Kapranov-Zelevinsky
(GKZ for short) system.

Such functions appear in many areas of mathematics: PDE, geometry,
algebra, representation theory. They naturally appear in the following
situation. Consider the group GL,(C) and function on this group. The
group acts on these functions by left shifts and thus the space of functions
is a representation of GL,(C). Every finite dimensional representation
of GL,(C) can be realized as a subrepresentation in this space. The
question is what are the functions that form a base in such a realization
of a finite dimensional representation?

To answer this question we come naturally to the following
construction.

Cosnider the complex space whose coordinates zx are indexed by
proper subsets X C {1,...,n}. For all possible indices i < j < y, and
subsets Y C {1,...,n} we consider the following system of PDE:

O*F O?F

_ — O
021,..i—iiyO021, . imijyy  O%1,.,i-ij Y021, i—iiyY

This is a particular example of a GKZ system, it’s solution space is
well investigated. But we associate with it the antisymmetrized GKZ
system (A-GKZ for short)

12



0*F 0*F
021, i—ii Y021, imijyy 021, .i-ijyO21,. i-iiyY
0*F
+ ~0
021, i—i, y021,. i—ii.,y

_|_

In the talk a description of the solution space for this system will be
given. It turns out that solution of the GKZ system are in some sence
the intial conditions for the solutions of the A-GKZ system.

The obtained description of the solution space for the A-GKZ system
allows to answer the question in the representation theory posed above.
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ON AN OPTIMAL CONTROL PROBLEM WITH A
DISCONTINUOUS INTEGRAND

ASEEV S.M.

We consider the following problem (P):
T
IT2()) = T 0), (7)) + [ Aw(t)sas(a(t) di = i,

(t) € F(z(t)),
I’(O) € My, x(T) € M.

Here z(t) € R", F(-) is a locally Lipschitz continuous multivalued
mapping with nonempty convex compact values, ¢(-,-,-) is a locally
Lipschitz continuous function, A(-) is a C*(R™) positive function, My
and M; are nonempty closed sets in R™, M is an open set in R", and

1, xeM,
5M($):{O v M

13



We assume that both the set M and its complement G = R" \ M
are nonempty, and for any x € G the Clarke tangent cone T (x) has
nonempty interior. The terminal time T" > 0 is free.

Theorem 1. Let x.(-) be an optimal trajectory in (P), and Ty > 0 be
the corresponding optimal terminal time. Then there are a ¥° > 0, an
absolutely continuous function v: [0,T.] — R™, and a bounded reqular
Borel vector measure n on [0, Ty] such that the following conditions hold:

1). We have suppn C M = {t € [0,1y]: z.(t) € 0G}. Moreover,
for any continuous function y: M — R™ with values y(t) € Ta(z4(t)),
t € M, the following inequality takes place:

/ y(t)dn < 0.
m
2). For a.e. t € [0,Ty] the refined Euler-Lagrange inclusion holds:

U(t) € com){u: (u,¢(t) + /Ot Az (s))dn

~

40 [ oarGon () PG ds) € Ry (0). .0 .

3). Fort = Ty and for any t € [0,Ty) which is a point of the right
approzimate continuity of the function dpr(x.(+)) we have

i (P o0+ [ Ao o0 [ ouan o)D)

~ON(@()0as (24(1)) = H (F(2(0)),(0)) — ¥°A(2+(0))dnr (2:(0)) .

4). The transversality condition takes place:

B o Ty (s
(F(F(e(T2)), (T + /0 M ()t v? [ Gag(aa(s)) 226D

; D ds),

o T T (s
00, 0T = [ A oDdn = o [ o) P as)

€ YO DP(T, 2 (0),.(T2) + {0} x Ny (@.(0)) x Nz (w(T2)).

5). The nontriviality condition holds:
W0+ W(O)1H4+ Il # 0.



Here N A(a) is the cone of generalized normals to a closed set A at
a € A, 0p(T,x1,x2) is a generalized gradient of a function ¢(-, -, ) and

T _ [ Mo if 2.(0) €M, M, if z.(T,) € M,
"TIMNG i z(0)eG, T | MING if 2.(T)) €G.

The proof of Theorem 1, discussions and an example see in [1].
The research was supported by the Russian Science Foundation under
grant 19-11-00223.
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OPTIMAL DESIGN PROBLEM FOR THREE DISKS ON
TORUS

ASHIMOV YE.K.

One of the topical problems both in geometry and physics is an
optimal design problem. Majority of valuable works were devoted to
the problem for elliptic functions, for example, the square lattice, the
hexagonal lattice, problems with the fundamental translation vectors.
Note, that the vectors are periods for the square lattice, and there are
two fundamental translation vectors for the hexagonal lattice. Moreover
all these combinations are linear. It is considered, that the periods can
be continued and shifted.

Consider the torus, the hexagonal lattice, with the fundamental
translation vectors. Also we consider Weierstrass functions and their
invariants. It is well-known, that the problem became sophisticated under
consideration of the complex variable functions.

In general case, the series associated to periodic analytical
functions, KEisenstein’s series, are considered. The series are used
under consideration of the Weierstrass invariants. A supplementary
Weierstrass’ function is introduced. The function is used for simulation
of the disks. Then the disks are summarized. The disks are embedded to

the square with probability and this radius on Ox axis. The same on the
15



axis Oy. Therefore, it is verified an imposition of the disks. In the case
of the disks imposition are thrown out.

The process is repeated for all disks. We are going to use the Eisenstein
structural sums for multivariable functions. It should be noted, that they
are applied to compete a property of the composite fibre materials. The
random process is called isotropy. It is possible, that there are a lot of
disks.

Regarding this we have to simulate and assume that the second disk
is known a3=0. Then we calculate e2. It is calculated with one unknown
point. By minimizing of the function we can find the optimal packing of
the disks. In the paper we describe the problem deeply.

The research was financially supported by the Science Committee of
the Ministry of Education and Science of the Republic of Kazakhstan
(Grant No. AP08856381).
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A SOLVABILITY TO NONLOCAL PROBLEM FOR
SYSTEM OF HYPERBOLIC EQUATIONS WITH
PIECEWISE-CONSTANT ARGUMENT OF
GENERALIZED TYPE

ASSANOVA A.T.

On the domain Q = [0,7] x [0,w] we consider the nonlocal problem
for system of hyperbolic equations with piecewise-constant argument of
generalized type

0%u ou ou
5100 Alt, x)% + B(t, x)a + C(t, x)u(t,z) + f(t,x)+
() 20D ., ()
P20 52U o), wepul @
u(t,0) = (1),  te[0,T), 3)

where u(t,x) = col(uy(t, x),ua(t, x), ..., un(t,x)) is unknown vector fun-
ction, the n x n matrices A(t,x), B(t,x), C(t,x), Ao(t,z), Co(t,x) and
n vector function f(¢,z) are continuous on Q; y(t) = (; if t € [0;,0;41),
J=0,N—-1;0; <( <041 forall j =0,N —1;
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0=10) <6 <..<6Oy_1 <0y =T;then xn matrices P(z), S(x)
and the n vector function ¢(z) are continuous on [0,w], the n vector
function () is continuously differentiable on [0, T.

Let C(€2,R™) be the space of continuous on 2 vector functions u(t, x)
with the norm ||u||op = max ||u(¢, x)|].

)

A vector function u(t,z) € C(Q,R") is a solution to problem (1)—(3) if:

(i) u(t,x) has partial derivatives du(t 2) ¢ C(Q,R"), au(t ?) ¢ C(,R™);

(i) the mixed partial derivative 2 éigxm) exists at each pomt (t,z) € Q

with the possible exception of the points (6j,z), 7 = 0, N —1, for all
x € [0,w], where the one-sided mixed partial derivatives exist;

(iii) system of hyperbolic equations (1) is satisfied for u(t,x) on each
subdomain (0;,0;41) x [0,w], j = 0,N — 1, and it holds for the rlght
mixed partial derivative of u(t,x) at the points (6;,z), j = 0,N — 1

z € [0,w];

(iv) boundary conditions (2), (3) are satisfied for u(t, z) at the lines ¢t = 0,
t =T, x =0, respectively.

Differential equations with discontinuities comprise an important
tool for understanding real-world problems since they mathematically
express real phenomena. A particular class of such equations constitute
differential equations with deviating arguments that, in turn, include
functional-differential equations, delay differential equations, differential
equations with piecewise constant argument [1]. Differential equations
with piecewise-constant argument of generalized type are introduced in
the work [2]. Mathematical modeling of real processes often leads to
differential equations with piecewise-constant argument of generalized
type. Therefore, the questions of solvability of boundary value problems
for such equations are of great importance and relevance.

By a new unknown functions [3| problem (1)-(3) is reduced to a family
of problems for system of differential equations with piecewise-constant
argument of generalized type and unknown functions. It is shown that
the solvability of problem (1)-(3) is equivalent to the solvability of of
family problems. Methods for solving problem (1)-(3) are proposed.

This research is funded by the Science Committee of the Ministry
of Education and Science of the Republic of Kazakhstan (Grant No.
AP08855726).
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EXISTENCE OF A SOLUTION OF DISCRETE
EMDEN-FOWLER EQUATION CAUSED BY
CONTINUOUS EQUATION

ASTASHOVA 1.1, DIBLIK J.2, KOROBKO E.?

We consider a second-order non-linear discrete equation of Emden—
Fowler type

A?u(k) + k*u™ (k) = 0, (1)

where k € N(ko) := {ko,ko + 1,...}, ko is an integer, u: N(ky) — R is
an unknown solution, Au(k) := u(k + 1) — u(k) is its first-order forward
difference, A?u(k) = A(Au(k)) is its second-order forward difference,
and «, m are real numbers

We study the asymptotic behaviour of the solutions of equation (1)
when &k — oo and we suppose to prove that there exists a solution to
equation (1) such that

u(k) ~ask™?, (2)

where s := o+ 2/(m — 1), ax = [Fs(s+1)]Y (™1 We will assume that
the sign + in equation (1) is admissible only in the case of m having the
form of a ratio of integers p/q where the difference p — ¢ is odd.

The form of a possible solution in the right-hand side of (2) is suggested
by continuous Emden-Fowler equation

y'(z) £ k%" (z) =0

having exact solution y(x) = axx™%.
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Theorem 1. Let s > —1, m # 0 and m # 1. Assume that there exist
positive numbers €;, 1 = 1,...,4 such that either

ms >0, e3 <e1, €3 >¢€4, €3 >mse1/(s+2), 4> msea/(s+2),
or
ms <0, €3 <e1, €9 >¢eq, €3 > —msea/(s+2), 4> —mse1/(s+ 2).

Then, for sufficiently large fized kg, there exists a solution u: N(ky) — R
of equation (1) such that inequalities

ar  bs be 171
—e1 < |u(k) — T el | |perr| S

—e3 < [Au(k:) —a(E)-a (kbi)] [A <kﬁl>r <es
and

5 +0 (;) < [A%(k) ~ A2 (%) _ A2 (kbil)] :
()] <o)

where by := axs(s+2)/(s+ 2 —ms), hold for every k € N(k).

The Theorem 1 makes assumptions about m and s. Nevertheless,
because the parameters in Emden—Fowler equation (1) are m and «,
we analyse their possible values deduced from this theorem, visualizing
the results in an (m, «)-plane. All the results are illustrated by examples.

The first author was supported by Russian Science Foundation, RSF
20-11-20272. The second and the third authors were supported by the
project of specific university research at Brno University of Technology,
Faculty of Electrical Engineering and Communication, FEKT-S-20-6225.
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ON THE EXTREMUM CONTROL PROBLEM WITH
POINT OBSERVATION FOR A PARABOLIC EQUATION

ASTASHOVA 1.V.l, FILINOVSKIY A.V.2, LASHIN D.A.3

We consider the mixed problem for parabolic equation:

u = (a(z, t)ug)s + b(x, t)ug + h(z, t)u, (1)
(x,t) € Qr =(0,1) x (0,T), T >0,

U’(O?t) = (p(t), ux(Lt) = w(t)ﬂ te (O,T), (2>
u(z,0) =¢&(x), z€(0,1). (3)

Here a, b and h are smooth functions in Q7, 0 < a1 < a(x,t) < ay < oo,
o € Wi (0,T), v € Wa(0,T), & € L2(0,1). We study the extremum
control problem for the functional

T
Jlzp.g] = /0 (ug(zo. 1) — ()*p(x)dt, e z€Z, (4)

where u, € V;%(Qr) is a weak solution (see [4, 5, 6]) of the problem

(1) — (3) with the control function ¢. Here p(x) € Loo(0,T) is a weight

function, ess i(nfT)p(t) = p1 > 0. Let the functions z and p be fixed.
t€(0

)

Consider the minimization problem

m[z, p, ®] = inf J[z, p, ¢]. (5)
ped
Theorem 1. Let w be a solution of the problem (1) — (3)
with nonnegative boundary and initial functions: ess i(nf )ga > 0,
te(0,T

ess inf 9 > 0, ess inf & > 0. Then the solution u is nonnegative
te(0,7) z€(0,1)

too:
ess inf u>0.
(x’t)EQT
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Theorem 2. Let a; >0, b, —h >0, (z,t) € Qr; b >0,
(x,t) € [0,20] x [0,T], zo € (0,1]; b(1,t) < 0, t € [0,T]. Then for the
solution w of the problem (1) — (3) the inequality

Zo
lu(zo, )l .0 < ¢l 01 + a (a2ll¥ll o) + 1€l Li0.1))
holds.

Theorem 3. Let xy and a, b, d satisfy the conditions of Theorem 2.
Then the following inequality holds:

TJ[e, p, z])“
P1

Il = max{o, 1o — (

o

o (azll¥ll Ly 0,y + ||5”L1(071))}'

Theorem 4. For any z € Ly(0,T) there exists a unique function pg € ®
such that

m[znoa (I)} - J[zap7 SOO]
Theorem 5. Let a, b, h do not depend on t and m[z,p,®] > 0. Then
po € 00.

Theorem 6. Let a, b, h do not depend ont and ®;, j = 1,2 are bounded
convex closed sets in W2 (0,T) such that ®3 C Int®; and

m[z, p, ®1] > 0.

Then
mlz, p, 1] < m|z, p, Dol

Definition 1. We call the problem (1) — (3), (5) exactly controllable
from the set ® to the set Z, if for any z € Z there exists pg € ® such
that

J[z, p, 0] = 0. (6)

The exact control is the function ¢o € Wi (0,T) making the functional
to vanish (6).

Theorem 7. The set Z of all functions z € Ly(0,T) admitting exact
control, i. e. such that J[z,p,¢] = 0 for some ¢ € WH(0,T) is a first

Baire category subset in L2(0,T).
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Definition 2. We call the problem (1) — (3), (5) densely controllable
from ® to Z, if for any z € Z we have

m[z, p, ®] = 0.

Theorem 8. Let a, b, h do not depend on t. Then the problem (1) —
(3), (5) densely controllable from W3 (0,T) to La(0,T).

Remark 1. We also obtain necessary conditions for an extremum in terms
of the conjugate boundary value problem.

The research was supported by RSF grant 20-11-20272.
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]

(6]
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ON SPECTRA OF LAPLACIAN IN FICHERA-TYPE
DIRICHLET LAYERS

BAKHAREV F.L.

The main aim of the talk is to discuss the spectral problem for the
Dirichlet Laplacian

—Au(z) = Au(x), z€ O, u(z) =0, z€00 (1)

in two domains O C R":
1. “Corner layer”

" R": | mi ‘ <1%. 2

1 {x € \in } (2)
2. “Cross layer”

b= R™: i il<1y. 3

> {fce min |z < } (3)
For n = 2 these domains are waveguides, and the problem (1) is

well studied, see, e.g., [1] and references therein. In both domains ©2
and ©3 the continuous spectrum of the problem (1) coincides with the

ray [%,oo), and there exists a unique eigenvalue A\, < %2, see [2], |1,
Proposition 1.2.2] for the two-dimensional corner, [3|, [1, Proposition

1.5.2] for the two-dimensional cross, and also [4] for a more general

setting. Numerical calculations give \e(©7) ~ 0.929 - Z-, see, e.g., [6],

2

[1, Proposition 1.2.3], and A,(©3) ~ 0.66 - =, see, e.g., [1, Proposition
1.5.2].

The case n = 3 was considered in [5] where the domain ©3 was named
the Fichera layer. For both domains O = @g? (j = 1,2) it was proved
that the problem (1) has at most finite number of eigenvalues below
the continuous spectrum. However, the existence of an eigenvalue was
supported only by computation, without a theoretical proof.

We prove the existence of the discrete spectrum for the problem (1)
for O = O} and O = ©% in any dimension n > 3. Then we apply the
obtained results to the so-called Brownian exit times problem in these
domains. For some classes of convex unbounded domains this problem is
well studied, see, e.g., [7, 8, 9, 10]. For ©2 and ©3% it was considered in
[11].
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We note that the quantity of eigenvalues below the continuous
spectrum in O = ©F and O = O3 for n > 3 is unknown. We conjecture
that similarly to the case n = 2 there exists a unique eigenvalue in
arbitrary dimension for both domains.

The results are mainly obtained in collaboration with Nazarov A.I and
Matveenko S.G. The research was partly supported by Russian Science
Foundation grant 17-11-01003.
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HOMOGENIZATION OF TRAJECTORY ATTRACTORS
FOR REACTION-DIFFUSION SYSTEMS IN
PERFORATED DOMAINS

BEKMAGANBETOV K.A.', CHECHKIN G.A.2, CHEPYZHOV V.V.3

We consider reaction-diffusion systems in perforated domains that
contain rapidly oscillating terms in the boundary conditions and in the
equations. In the problems under study, a small parameter € characterizes
the diameter of perforation holes and the oscillation rate of coefficients.
We do not assume any Lipschitz condition for the nonlinear functions in
the equations, so, the uniqueness theorem for the corresponding initial
boundary value problem may not hold for the considered reaction-
diffusion systems. We study the asymptotic behavior of trajectory
attractors of the considered inital-boundary value problem as ¢ — 0+.
We apply homogenization methods and the the theory of trajectory
attractors.

The homogenization of attractors for reaction-diffusion equations was
studied by the authors in their recent works [1]-[3], where the reader can
also find an overview of the results, historical notes, and an extensive
bibliography. In particular, the cases of periodic perforated domains and
scalar reaction-diffusion equations were treated in [1] and [3].

Attractors describe the behavior of solutions to dissipative nonlinear
evolution equations as the time tends to infinity. Attractors show the
most important limit objects of the dynamical systems, that is, sets of
trajectories characterizing the entire dynamics of the model governed by
evolution equations.

The theory of trajectory attractors for dissipative partial differential
equations was developed in [4]. This approach is essentially useful in the
study of the long-time behavior of solutions to evolution equations for
which the uniqueness result for the corresponding Cauchy problems has
not been proved yet (for example, the 3D Navier-Stokes system) or fails
(for example, the reaction-diffusion equation considered in this report).

We prove that the trajectory attractor of the considered reaction-
diffusion system in a perforated domain converge as ¢ — 0+, to the
trajectory attractor of the corresponding homogenized reaction-diffusion
system with an additional “strange term” (potential).

The first author is supported by the Committee of Science of the

Ministry of Education and Science of the Republic of Kazakhstan (grant
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No. AP08855579). The work of the second author is partially supported
by the Russian Foundation for Basic Research (project No. 20-01-00469).
The work of the third author is partially supported by the Russian
Science Foundation (project no. 20-11-20272).
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ON THE FREDHOLMNESS OF THE DIRICHLET
PROBLEM FOR A SECOND-ORDER ELLIPTIC
EQUATION IN GRAND-SOBOLEYV SPACES

BILALOV B.T.!, SADIGOVA S.R.?

It is considered a second order elliptic equation with nonsmooth
coefficients in grand-Sobolev classes WqQ) (©2) on a bounded n-dimensional
domain € C R™ with a sufficiently smooth boundary 02, generated
by the norm of the grand-Lebesgue space L (©). These spaces are
non-separable and therefore the definition of a reasonable solution in
them faces certain difficulties. For this purpose, a subspace N(?) (Q) is
distinguished in which infinitely differentiable and finite functions are
dense. The strict inclusion W7 () C NqQ) (Q) holds, where W7 () is
the classical Sobolev space. This raises specific questions dictated by the

theory of spaces Wq2 (Q), for example, the characterization of the space
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of traces of functions from qu) (Q) cannot be characterized following
the classical case. In this paper, the corresponding theorems concerning
traces, extensions, and compactness of a family of functions from N qk) (Q)
are proved. These results are applied to obtain a Schauder-type estimate
up to the boundary. Schauder-type estimates make it possible to establish
the fredholmness of the Dirichlet problem for the considered equation
in spaces Nq2) (Q) with data from grand-Lebesgue type spaces that are
different from Lebesgue spaces. Therefore, the results of this work cannot
be directly obtained from the results of the L,-theory. This work is a
continuation of the research carried out by the authors in articles [1, 2.
This work is supported by the Scientific and Technological Research
Council of Turkey (TUBITAK) with Azerbaijan National Academy
of Sciences (ANAS), Project Number: 19042020 and by the Science
Development Foundation under the President of the Republic of
Azerbaijan — Grant No. EIF-BGM-4-RFTF1/2017- 21/02/1-M-19.
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SIMPLE ERGODIC PROPERTIES OF TORUS PIECEWISE
ISOMETRIES

BLANK M.L.

By now, we have learned reasonably well how to study hyperbolic
(locally expanding/contracting or both) chaotic dynamical systems,
thanks to a large extent to the development of the so called operator
approach. Contrary to this not much is known about piecewise
isometries, except for a special case of one-dimensional interval

exchange transformations (IET) and a few similar very exceptional
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multidimensional systems. It is worth noting that IETs are fundamentally
different from the general situation in the clear presence of an invariant
measure (Lebesgue measure), which helps a lot in the analysis.

While the IET represent mainly pure theoretical constructions, the
general piecewise isometries appear naturally in various applications
like contemporary methods of machine learning, some piecewise smooth
physical models (in particular Fermi-Ulam models), etc. Indeed, local
translations of an IET disrupt its structure completely, while preserve
the class of general piecewise isometries. Note also that the maps from
this class in general are non-invertible, which adds possibilities for
applications for “real life” modeling, but also additional problems for
their analysis.

In general from a measure-theoretical point of view one of the
first steps in the analysis of a dynamical system is the study of
its invariant measures. In some cases one can easily find a “good”
invariant measure (e.g., for IETS), or to prove its existence if the map,
defining the dynamical system, is continuous or satisfies some special
properties (e.g., piecewise expanding). For systems with singularities
(e.g., discontinuities) even the question about the existence of an
invariant measure might become a difficult problem. The class of
piecewise isometries represents an example of the latter sort. The point
is that the methods (e.g., operator approach or symbolic dynamics) well
established for other types of chaotic dynamical systems do not work in
this setting and one needs to look for new approaches.

Let X be a subset of the Euclidean space R4, d > 1 equipped with a
certain translationally invariant metric p(+, ), and let {X;} be a partition
of X into disjoint regions. By a region we mean a convex set with a
nonempty interior. The union of boundary points of all regions we denote
by I', which by definition is of zero d-dimensional Lebesgue measure.

A piecewise isometry (PWI) is a map T : X — X, satisfying the
property that its restriction to each region X; is an isometry. We will
refer to {X;} as a special partition, and to the maps T;|x, as local maps.

A restriction Tjx, is said to be an extendable isometry if it can be
extended to an isometry 7; on the entire X such that Tj|x, = X -
Correspondingly a piecewise isometry T is said to be extendable if its
restriction to each region X; is an extendable isometry.

The main result of our study is the following theorem about extendable

torus piecewise isometries.
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Theorem 1. Let T be an extendable PWI of the unit torus X with a
finite special partition {X;}. Then there exists at least one probabilistic
T-invariant measure pr. Additionally, if the boundary set I' contains no
pertodic points, this measure is non-atomic.

The proof of this statement, as well as a number of related results may
be found in [1].

References
[1] Blank Michael, Statistics of torus piecewise isometries, arXiv:2106.16021.

Institute for Information Transmission Problems RAS; and National Research
University “Higher School of Economics”, Russia. Email: blank@iitp.ru

ON UNIFORM CONVERGENCE FOR OPERATORS IN
DOMAINS FINELY PERFORATED ALONG A MANIFOLD
WITH NONLINEAR ROBIN CONDITION

BORISOV D.I.}, MUKHAMETRAKHIMOVA A.I.2

We consider a boundary value problem for a second order scalar
differential operator H. with variable coefficients in a multi-dimensional
domain (). finely perforated by small holes distributed along a given
manifold S. This manifold is located inside a given domain 2. The sizes
of the holes and the distances between them are governed by a small
parameter €; the union of the holes is denoted 6°. The perforated domain
Q. is obtained from 2 by removing the holes 6°. The shapes of the holes
in 0° are arbitrary as well as their distribution along the manifold. The
equation we consider in €2, reads as

"9 0 - 0 0 —
Z 8561'14”856]' +Z:A]85Uj axjAJ +A0 A te _f

4,j=1 j=1
for a given complex parameter A and a given function f € Ly(€.); the
differential expression (without ) is assumed to be formally symmetric.
On the external boundary of the domain we impose the Dirichlet
condition, while on the boundaries of remaining holes are subject to
a nonlinear Robin condition. We consider two main cases. In the first
case the sizes of the holes are of the same order as the distances between

them, while in the second case the sizes of the holes are much smaller
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than the distances between them. We show that in the second case the
homogenized problem involves no boundary condition on the manifold
S, while in the first case the homogenized problem involves a nonlinear
d-interaction on S.

Apart of the classification of the homogenized problems, our main
result provides the estimates for the convergence rates and the main
feature is that these estimates are uniform in the right hand side f.

The research was supported by Russian Science Foundation, project
no. 20-11-19995.
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ON PERIODIC SOLUTIONS FOR A FIRST-ORDER
DIFFERENTIAL INCLUSION TYPE

BOUABSA A.!, SAIDI S.2

In this paper we are going to study the stability of arbitrary global
periodic solution to a class of perturbed differential inclusion. Our study
is mainly motivated by [1| and [5]. We study here the existence and
uniqueness result which is obtained on the entire R for a Lipschitz single
valued perturbation strongly monotone. We further prove that the unique
solution is periodic when the right-hand-side is periodic in time.
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EXISTENCE AND UNIQUENESS RESULTS FOR A
HEMATOPOIESIS MODEL WITH VARIABLE DELAYS
AND A NONLINEAR HARVESTING TERM

BOUAKKAZ A.l, KHEMIS R.?

In this work, we investigate the following model of hematopoiesis with
a time-varying delay and iterative terms:

x(t—7(t))

2 (t) = —a (t) x (t) +p (t) 1+ (2] (t)

—n(La),aP0),
where z12 (t) = z (x (1)), a,p, T € C(R, (0,00)) are T—periodic functions
and h : [0,T] x R? — (0,00) is a continuous harvesting function.

Here x (t) is the density of mature cells in blood circulation at time ¢,
a (t) is the rate of lost cells from the circulation, p(¢) is the production
rate and 7 (t) represents the transit time required to release mature cells
into the circulating bloodstream.

By using the Green’s functions method as well as Schauder’s fixed
point theorem, we derive some sufficient criteria that ensure the existence
and uniqueness of positive periodic solutions for equation (1).

For T > 0, let X be the Banach space of T'—periodic continuous functions
equipped with the supremum norm and

QZ{%EPT, OSZL‘SM, |x(t2)—$(t1)|§L|t2—t1|, th,tQER},

is a closed convex and bounded subset of (2.
Throughout this work, we need the following assumptions:

h(t+T,x,y)=h(t,z,y), forall t,z,y € R, (2)
2
EIklak2 >0: ‘h(t7x17x2) - h(tvylay2)’ < Zkl ‘x’b - y1| ) (3)
i=1
e (t=r(®)
2 t—r7(t _ 2]
p0 SEF —h (s00.0%0) >0 e Tl @)
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exp(ftT a(u)du)

Furthermore, for Ho = supycp ) h (¢,0,0) and 8 = oo (/T a(wdu) -1’

assume that
T8 (Ho+ (k1 + ke + lpl) M) < M, (5)
and
B2+T |lall) (Ho + (k1 + k2 + [[p[) M) < L. (6)
The conversion of equation (1) into an equivalent integral one, allows
us to define an integral operator A : Q — X as follows:

o0 = [ [p6 EET D i (st 6%0) | 6 5 s
where

exp ([ a (u) du) .
exp (ftTa (u) du) -1

Theorem 1. If conditions (2)—(6) hold, then equation (1) has at least
one positive periodic solution in §2.

G (t,s) =

Theorem 2. Besides the hypotheses of theorem 1, we suppose that
BT (lpll + k2 (1 + L)+ k) < 1. (7)

Then, the solution of equation (1) is unique.
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VIRTUAL LEVELS OF LINEAR OPERATORS IN
BANACH SPACES

BOUSSAID N.!, COMECH A.2

Virtual levels of Schrédinger operators (also known as threshold
resonances) admit several equivalent characterizations: (1) there are
corresponding wvirtual states from a space slightly larger than L?; (2) there
is no limiting absorption principle in the vicinity of a virtual level (e.g.
no weights such that the “sandwiched” resolvent is uniformly bounded);
(3) an arbitrarily small perturbation can produce an eigenvalue. We
develop a general approach to virtual levels of operators in Banach spaces
and provide applications to Schrodinger operators with nonselfadjoint
potentials and in any dimension, deriving optimal estimates on the trace
of the resolvent [1, 2|. In particular, we prove the following results.

Let A be a closed densely defined operator in the Banach space X.
Assume that E and F are Banach spaces such that E C X C F (as sets)
and that A has a closed densely defined extension A : F — F.

Theorem 1 (Limiting absorption principle vs. virtual states). Assume
that §2 is an open connected subset of C such that 2No(A) =0 and that
20 € 0(A) N OS2. The following two statements are equivalent:

1. v € Ny is the smallest value such that there is a bounded finite rank
operator B : F — E such that the resolvent (A + B — z)~! has a limit
as z — 29, z € {2,

(A+B—-2D)ygp:= wlm (A+B—-2l),gp: E-F (1)

z—20, 2€(2
in the weak operator topology of mappings E — F.

2. Dimension of the space of solutions to the problem

~

(A—21)¥ =0, ¥ € Range ((A + B - ZOI)E}E,F) (2)

equals r. Here B : F — E is any finite rank operator (or, more generally,
any A-compact operator) such that the limit (1) exists.

Definition 1 (Virtual levels). If the statements in Theorem 1 hold with
r = 0, we say that zg is a regqular point of the essential spectrum of A
relative to (2, E, F). If r > 1, we say that zq is a virtual level of A of
rank r relative to (£2, E, F). The solutions to the problem (2) are called

virtual states corresponding to virtual level zg (relative to (2, E, F)).
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Theorem 2 (Virtual levels vs. bifurcations). Assume that (2 is an open
connected subset of C such that 2N o(A) =0 and that zy € o(A) N L.

(1) If there is a sequence of bounded operators V; : F — E, j € N, with
lim; o || VjllroE = 0, and a sequence of eigenvalues z; € aq(A+V;)N42,
zj = 20, then zy is not a reqular point of cess(A) relative to (£2, E, F).

(2) Assume that zy is a virtual level of A of finite rank r > 1 relative
to (2,E,F), and moreover assume that there is a finite rank operator
B : F — E such that there is a limit s-lim (A + B — zI)™! in the

z—20, 2€(2

strong operator topology of mappings E — ¥. There is § > 0 such that
for any sequence z; € 2N Ds(20), 7 €N, zj — 20, there is a sequence of
finite rank operators

‘/j :F—E, HV;HF%E — 0, Z5 € Ud(A+ V]), 7 eN.

Here is an application of the theory to the limiting absorption principle
of Schrédinger operators in R? near zg = 0 (previously unknown).

Theorem 3. Let V € Ceomp(R?, C). There is a limit of (~A+V —2I)~1
as z — zg, z € C\ [0,400) in the weak operator topology of mappings
LA(R?) — L2, (R?), s, > 1 if and only if there is mo solution
U € L*2(R?) to the equation (—A +V — 20I)¥ = 0.
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CONTINUAL MODEL OF HYPERCYCLE REPLICATION
BRATUS A.S.!, CHMEREVA 0.S.2

Continual model of hypercycle replication in a form of nonlinear integ-
ro—differential equation with delayed in space variable are considered.
The existence and uniqueness theorem together with non-negativity
solution are proved. Spatially nonhomogeneous steady state solution is
considered. It is proved the existence of closed trajectories for sufficiently
small diffusion coefficient. The results of computational modelling are
presented.

This investigations are supported by RFBI grant Ne20-04-60157.
'Russian University of Transport, Russia.

Email: alexander.bratus@Qyandex.ru
2Moscow State University, Russia. Email: o.s.ch@yandex.ru

ON THE SOLVABILITY OF A THREE-POINT
BOUNDARY VALUE PROBLEM FOR LINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

BRAVYI E.I.

We consider a boundary value problem

#(t) = (THx)(t) — (T~2)(t) + f(t), tel0,1], (1)
z(0) + z(1) = 2z(c), (2)

where ¢ € (0, 1) is a given point, T and T~ are linear positive operators,
acting from the space of real continuous functions CJ0, 1] into the space
of real integrable functions L0, 1] with the standard norms, f € L0, 1]
(here positive operators map continuous non-negative functions into
non-negative integrable functions). An absolutely continuous function
x : [0,1] — R is called a solution of problem (1)—(2) if it satisfies
equation (1) for almost all ¢ € [0, 1] and satisfies three-point boundary
value condition (2).

If we put ¢ = 0 or ¢ = 1, then condition (2) coincides with the
periodic boundary value condition. Integral necessary and necessary
conditions for the unique solvability of the periodic boundary value
problem for equation (1) in terms of two quantities fol (TT1)(s)ds and

fol (T~1)(s)ds are known [1] (here 1 : [0,1] — R is the unit function).
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Various three-point boundary value problems are also considered for
functional differential equations (see, for example, |2, 3|). Similar integral
necessary and sufficient conditions for three point problems, in particular,
problem (1)-(2), as far as we know, have not yet been obtained. It
is natural to consider the conditions for the unique solvability of this
problem in terms of four parameters, namely, the integrals of 71 and
T~1 over intervals [0, ¢] and [c, 1]:

c 1
/ (T*1)(s)ds = Py, / (T*1)(s)ds = Pg, (3)
0 c

c 1
/ (T"1)(s)ds = My, / (T71)(s)ds = Mp. (4)
0 c

We are interested in the structure of the uniquely solvable set € R4,
that is, the set of all points (Pp, Pr, My, Mp) for which any problem
(1)-(2) with positive linear operators T, T~ satisfying the equalities
(3)—(4) is uniquely solvable.

It is easy to construct the set of unique solvability for two zero
parameters My, = 0 and Pr = 0. This section of €2 plays an important
role in the construction of the entire solvability set.

Theorem 1. Let My = 0 and Pgr = 0. Let non-negative numbers Pp,
Mg be given. Boundary value problem (1)—(2) is uniquely solvable for all
linear positive operators T+, T~ satisfying the equalities (3)—(4) if and
only if

Pr, € (0,4), Mr =0,

2(1 —MR—FW), Mg € (0,3/4),
0< P < Mpr/(2Mg —1), Mg € [3/4,3/2),

(1—Mpg++2Mg+1)/2, Mg < [3/2,4).

But in general case conditions of solvability (necessary and sufficient)
turn out to be rather complicated.

The work is performed as part of the State Task of the
Ministry of Education and Science of the Russian Federation (project
1.5336.2017/8.9).
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EXISTENCE AND UNIQUENESS RESULTS FOR A CLASS
OF ITERATIVE DIFFERENTIAL EQUATIONS WITH
INTEGRAL BOUNDARY CONDITIONS

CHOUAF S.!, KHEMIS R.2, BOUAKKAZ A.3

This work is devoted to investigate the following nonlinear second-
order boundary problem with iterative terms:

" (t) = —f (t,z (8), 2P (1)) + g (t,z (), 2P (1))
+ &g (tx(t), 2 (1), 0<t <, (1)
2(0)=0, o f) x(s)ds =z (b) withn € (0,b), a € R¥,

where z(? (t) = 2 (z (t)) and f,g : [0,b] x R?> — [0, +00) are continuous
functions with respect to the first variable and are globally Lipschitz-
continuous with respect to the other variables. By virtue of Schauder’s
fixed point theorem, we establish the existence of bounded solutions.
Moreover, under an additional condition, and by the help of the
contraction mapping principle, we prove the uniqueness and continuous
dependence of the sought solution. For n € (0,b), let

n
CBrnt = {x € C([0,8],R) : 2 (0) =0, a/ z(s)ds=z(b), « ER*,},
0
endowed with the supremum norm, be a Banach space and
for0< L<band M >0, let

r— x €CBrnt, 0 < <L,
o \x(tz)—x(tl)\ SM‘tQ—tll, th,tze[o,b} ’

a closed convex and bounded subset of CBp,;.
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Moreover, we assume that

| +3p% 1 b (2b+ an? + 2am + 4) — an?
5\ 3725~z T 20 <L (2
C<3|2b—o¢772| +2 + 12b — an?| W= (2)
¢(3b2+n%|od) w(4b+2a+2an)
e T T ) < @

o+ Yoy ki Yoo MIT!

where p = sup |f(5,0,0)] and ¢ = p+ LY2 ¢ Z;;B M.
s€[0,b]

Theorem 1. Suppose that conditions (2) and (3) hold. Then problem
(1) has at least one positive bounded solution z in T

For i = 1,2, let ¢; and k; be the Lipschitz constants for f and g
respectively.

Theorem 2. Under hypotheses of Theorem 1, assume further that
3b24ajn® | 1 2 j=i—1 3 rj
<b (3|2b—|3n772| + 2b> i Ci Z;:E MJ)

b(2b+a772+2an+4>—ocn2 2 j=i—1 : (4)
+ S kidZe M) <1,

[2b—an?|
then problem (1) has a unique solution in T

Theorem 3. Suppose that the conditions of Theorem 2 hold. The unique
solution of (1) depends continuously on functions f and g.
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OPTIMAL CYCLIC DYNAMIC OF DISTRIBUTED
POPULATION UNDER PERMANENT AND IMPULSE
HARVESTING

DAVYDOV A.A.', VINNIKOV E.V.2

We consider on n-dimensional torus a distributed renewable resource,
the dynamic of which is described by equation of Kolmogorov-Piskunov-
Petrovsky-Fisher type in the divergent form

pr = (a(2)ps)z + alz)p — b(a)p?, (1)
where p = p(x,t) is the density of the resource at the point x at time ¢,
functions «, a and b characterize the diffusion of the resource, the rates
of its renewal and saturation of the environment with it, respectively. It
is assumed that the last two functions are measurable and bounded. In
addition, it is assumed that the saturation rate b is positive and separated
from zero by some positive constant, the matrix « is positive definite,
and its elements have derivatives satisfying the Holder condition with
some positive exponent. Such conditions are imposed on the saturation
and diffusion rates in the paper [1], some of the results from which are
used in our studies.

The resource is exploited in two modes simultaneously. The first one
is permanent harvesting of a part of current density of the resource,
that adds to equation (1) the term —u(z)p to its right hand side. A
measurable function u characterizes this harvesting, it is considered as
control and satisfies condition U; < u < Uy everywhere on the torus
with some measurable bounded functions U; and Us. Such a control is
called admissible. The second is a periodic impulse harvesting of a share
of the resource. In this mode, the available effort E to harvest or a
part of this effort is distributed over the torus with a measurable effort
density r = r(x), which everywhere on the torus satisfies the constraints
Ry < r < Ry with some nonnegative bounded measurable functions
Ry, Ro, R1 # Ro. Such effort density is also called admissible. Admissible
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efforts exist iff [ Ry(x)dz < E. It is assumed that this condition is
Tn

fulfilled. Besides we account the effect of both the difficulty of resource
detecting or extracting, depending on both the point of the resource
area and the effort density applied at this point, namely, the harvest
proportion is defined as

1 — e V@)

where a nonnegative continuous (or measurable) function v reflects this
complexity.

The evolution of the resource density between subsequent impulse
harvesting is defined by the solution of the Cauchy problem for the
studied equation (1) with the additional term —u(z)p in righthand side
and the initial data that are the resource density after the impulse
harvesting.

We prove that if [ Ri(z)de < E then there exists admissible

’I["n,
harvesting strategy {u, r}, which provide maximum time averaged
income over all admissible strategies, if the initial resource density is
no less its limit density without any harvesting.

This research continues the studies in [2], [3]|, [4], but it differs
from them in the mode of harvesting, which is mixed here, and, as a
consequence, in the formulation of the optimization problem, although
the basic ideas of the proofs are from these works.

The research was supported by RSF grant 19-11-00223.
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STABILITY IN METRICS C° C! AND ABSOLUTE
STABILITY OF NEUTRAL SYSTEMS WITH
NONLINEARITY OF LURIE TYPE

DIBLIK J.

In the talk we consider absolute stability of a system of nonlinear
differential equations of neutral type

&(t) = Az(t) + Ba(t —7) + Dz(t — 1)+ bf(o(t)), t=0 (1)

where z = (z1,...,2,)7: [-7,00) — R", A, B and D are n x n
constant matrices, b is an n-dimensional column constant vector, 7 > 0
is a constant delay, f: R — R, f(0) = 0, is a Lurie-type nonlinear
function satisfying Lipschitz condition, o(t) := ¢’ z(t) and ¢ is a column
n-dimensional constant vector where the superscript T° denotes the
transpose.

The exponential C? stability of (1) is studied. Its proof is carried
out by the Lyapunov-Krasovskii method of functionals. Then, the
exponential C! stability of (1) is studied and final result on absolute
stability of (1) is formulated. The results are illustrated by an example.
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VERSION OF FLOQUET THEORY FOR DELAY
DIFFERENTIAL EQUATIONS

DOMOSHNITSKY A.

We propose a version of the Floquet theory for first order functional
differential equation

m

2(t)+ Y aj(t)a(t —7i(t) =0, t € [0,00), (1)

j=1
assuming that a;(t) = a;(t + w), 75(t) = 75t + w), t — 75(t) > 0,
O m
J > aj(t)dt = oo for j = 1,..,m, t > 0. The Floquet formula of
0 j=1
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solutions’ presentation is proposed. On this basis new assertions on
stability are obtained.

Ariel University, Ariel, Israel. Email: adom@ariel.ac.il

HOMOGENIZATION OF NONSTATIONARY PERIODIC
EQUATIONS AT THE EDGE OF A SPECTRAL GAP

DORODNYI M.A.

In Ly(R), we consider a second-order elliptic differential operator A,
€ > 0, given by the differential expression

A, = —%g(l‘/€)%+672‘/($/8). (1)

Here g is a measurable function such that 0 < ap < g(z) < a1 < o0,
glx+1)=g(x),z e R, and V € L1(0,1), V(z + 1) = V(x), x € R. We
assume that infspec A =0, A := A;.

It is well known that homogenization for operator (1) is a threshold
effect near the edge of its spectrum. The spectrum of operator (1) has
a band structure and may have gaps. Does it make sense to associate
analogs of homogenization problems with the edges of internal gaps?
We study this issue for a nonstationary Schrodinger equation and a
hyperbolic equation involving the operator A..

Let 0 > 0 be a (non-degenerate) left edge of a band with odd number
s in the spectrum of the operator A. Let f,g € La(R). Consider the
Cauchy problems

.0
Zaue(xvt) = (Asue)(xat)a

ue(z,0) = (T f)(2),
5?2
——ve(z, 1) = —(Av.) (2, 1) + e 2ov (2, 1),

(2)

o2 (3)
02(2,0) = (Te)(@), (Br02)(,0) = (Tog) (@)
where
(Tef)@) = 2072 [ @10 Y ™es(w/ecbing, ., () dh

Jj=s
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Here {eik‘” iz, k) 3"; ¢ are the Bloch waves corresponding to the spectral
bands of the operator A with numbers j > s,

Q= (—jm,—(j — 1)U ((j — V)m,jr], jEN,

are the Brillouin zones, and (®f)(k) is the Fourier image of a function
f(z). We prove the following estimates

Jue(-8) = 7o (f2uol, Ollagry < CO+ el ey
f e H(R),
oe(+2) = o (/)0 )l acey
<COHAY) vz + Ile) (65)
fe HY(R), g € H'*(R),

where ug and vg are the solutions of the effective problems

.0 hom 82 hom

ZEUO(x7t) = (AO'O UO)($7t)a @’Uo(.%',t) = _(Aa ’Uo)(l',t),

Uo(CL‘,O) = f(CL‘), ’U(](I',O) = f(ﬂl’), (atUO)(xao) = g(.fU),
Abom — fbgj—;, by > 0 is the coefficient in the asymptotics of the band

function E(k) = Es(k): E(k) ~ 0 +byk?, k ~ 0; and ¢, (7) = ps(z,0) is
the periodic solution of the equation Ay, = op,, normalized in Ly(0,1).

These results are sharp with respect to the norm type as well as with
respect to the dependence on t. The other edges of the spectral gaps have
also been studied. The results are published in [1].

This research was supported by Young Russian Mathematics award
and Ministry of Science and Higher Education of the Russian Federation,
agreement Ne(075-15-2019-1619.
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DELTA-SHAPED PERTURBATIONS OF THE
LAPLACE-BELTRAMI OPERATOR ON A
TWO-DIMENSIONAL SPHERE

DOSMAGULOVA K.!, KANGUZHIN B.E.2

In a Hilbert space H with scalar product (-, ) and norm || -||g consider
a closed linear operator B with domain D(B) dense in H. We assume
that

KerB # {0}, Ran(B) = HanddimKer(B) = m < oc.

We define an additional norm || - ||; on the domain D(B) and denote
the closure by D(B) this norm by W. We assume that the additional
norm || - ||; is stronger than the norm | - ||, that is Vo € D(B) € H
the inequality ||z|lo < CJ/z||1 holds. It is clear that the embedding
W C H has been completed. In the dual space W* we choose a system
m of linearly independent functionals Uy, ..., U,,. Then there is a unique
system of elements {¢1, ..., p2} from Ker(B), subject to the conditions

(Ug; pr) = 0z t, 2 =1,2,...,m

where (Uy; p,) means the value of the functional U; on the element ¢,
and d;, is a Kronecker symbol.

Let Ag is an invertible restriction of the operator B. The operator A,
is defined by the formula Au = Bu on the domain

D(A) = {u €EDB):u=A"f = @ Us (A f),Vf € H}
s=1
Theorem 1. Operator A is an invertible operator, and

AT =AY s Us (Mg f) Vf € H.

s=1

Moreover, for the resolvents (A — XI)~! and (Ao — M)~! the second
generalized Hilbert identity is valid:

(A A = (8o~ A~ F— SO AG - ADNouls((Ag — AD)L)
s=1
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Note that the inequality D(A) # D(Ag) can hold.
The Laplace-Beltrami operator is considered on the two-dimensional
8”129 02 ct 9%‘5’ %;ﬂ , which plays the role
of the operator Ag. The eigenvalues of the operator Ay have the form
A = (I + 1), where [ > 0 are integers. Each eigenvalue \; has a
multiplicity 2] + 1. They correspond to their eigenfunctions
om P (cos)cosmp,m =0, ...,1
! Pl‘m‘(cosﬁ)simm]ga,m =-1,-2...,—1.
Green’s function of the operator Ag has the form

unit sphere: Ag2® =

-l

e(p,0;0, ) = Z”HZ "(,0)Y" (@, B).

The indicated Green’s functlon satlsﬁes the representation

e(e,0;,8) = !
ARk V2(1 = sinasing — cosacospcos(0 — B)

Let choose as q)o((ls, 9) = 5((]5, 97 ¢07 90)?
®1(4,0) = a%aw,e 0, 00),
(1)2(¢, ) - Ba (Qbae (;50700) where (¢7 0)

is a fixed point. Further, according to the above scheme, a biorthogonal
system of functionals Uy, U;,Us is constructed. Then, according to
Theorem 1, the invertible operator A is written out. The operator A can
be interpreted as a delta-shaped perturbation of the Laplace-Beltrami
operator on a two-dimensional sphere.

This work was financially supported by the Science Committee of the
Ministry of Education and Science of the Republic of Kazakhstan (Grant
No. AP08855402, IMMM).
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ON THE ASYMPTOTICAL NORMALITY FOR THE
SYSTEM “FIELD-CRYSTAL”

DUDNIKOVA T.V.

The talk is devoted to study of the long-time behavior of distributions
of solutions for infinite-dimensional Hamiltonian systems. As a model,
we consider a linear Hamiltonian system consisting of a real scalar Klein—
Gordon field 9 (z) and its momentum 7 (z), z € R?, coupled to a “simple”
lattice described by the deviations u(k) € R™ of “atoms” and their
velocities v(k) € R™, k € Z% d,n > 1. The Hamiltonian functional
of the coupled field—crystal system reads

H(b,u,m0) = 5 [ (6@ +milp@) + (@) do

]Rd
d
LT (S hulht ) — u) P + Bt + o))
kezd j=1
+> /R(w — k) - u(k)p(z) da.
k€Zipq

Here mg, vy > 0, the coupled function R(x) is an R"-valued smooth
function, exponentially decreasing at infinity. This system can be
considered as the description of the motion of electrons (so-called Bloch
electrons) in the periodic medium which is generated by the ionic cores.

For the coupled system, we study the Cauchy problem with the initial
data Yy = (v, uo, 70, vg). We assume that the initial data Yy belong to
the real phase space &.

Definition 1. £ := H.™(RY) @ [(2(Z)]" @ HE(RY) @ [(2(ZD)]", where
H2(R%) are the weighed Sobolev spaces, s,a € R.

Assume that the initial state Yo(p) (p € RY U Z9) of the system
is a measurable random function with the distribution . The initial
measure /o is a Borel probability measure in £2 which is translation-
invariant with respect to the subgroup Z¢ in two half-spaces p; > a
and p; < —a with some a > 0. Given t € R, denote by iy
the probability measure that gives the distribution of the solution
Y(t) = (¢, t),ul-t),7(-,t),v(-,t)) to the Cauchy problem with the
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random initial state Yy. We study the asymptotics of u; as t — +oo.
The main result is the following theorem.

Theorem 1. The measures p; weakly converge to a limiting measure oo
as t — 0o in the spaces G for any s <0 and f < a < —d/2. Moreover,
the measure ps 15 a Stationary Gaussian measure which is translation-
invariant with respect to the group Z. The explicit formulas for limiting
correlation functions are given.

We prove the weak convergence of the measures by using the strategy
of [6]. In the case when the initial measure pg is translation-invariant
with respect to the subgroup Z?, Theorem 1 was proved in [2]. Also,
we consider the case when the measure g is a Gaussian measure in
&S, with s, < —d/2, and initially some infinite “parts” of the system
have Gibbs distributions with different temperatures. In this case, we
calculate the limiting mean energy current density in the terms of the
correlation functions of pg. The similar results were obtained for the

harmonic crystals in [1, 4] and for the Klein-Gordon fields in [3, 5].
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CONSERVATION OF THE INTEGRABILITY PROPERTY
OF C'-SMOOTH MAPS OBTAINED BY SMALL
PERTURBATIONS OF SKEW PRODUCTS

EFREMOVA L.S.
Let J, J' be closed intervals in the real line, and J? = J x J’ be a

closed rectangle in the plain. In the recent papers [1]-[3] maps of the
form

®(z, y) = (f(z) + p(z, y)iﬁ%(y))’ where (z,y) € J?, (1)



were considered under the following conditions:

(ig) maps (1) are C'-smooth on J?;

(iig) ®(0J%) C 0J%, where O(-) is the boundary of a set;

(i,,) the equality u(x, y) = 0 holds for every (z, y) € 0.J%

(if) f is Q-stable in the space of C'-smooth self-maps of the interval J
with the invariant boundary;

(ii,) the standard C'-norm of p satisfies some conditions of smallness
that is connected with the previous condition (if).

We prove the existence of the invariant lamination and the
integrability property of the map (1) on the support of this lamination.
We study the periodic trajectories of maps (1) and construct new
examples.
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ON ODD-ORDER QUASILINEAR EVOLUTION
EQUATIONS WITH GENERAL NONLINEARITY

FAMINSKII A.V.

On an interval (0,R) for an arbitrary R > 0 consider an initial-
boundary value problem for an equation

up = (=10 + a7 )
-1
— > (=1Y0] [agj1(t, 2)0] ™ u + ag;(t, 2)Du]

7=0

l
+Z ’“a’“ gkta:u ..,ﬁi_lu)]:f(t,x), l €N,

k=0
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with an initial condition
u(0,z) = uo(x)
and boundary conditions
du(t,0) = du(t,R) =0, j=0,...,1—1, dLu(t,R) =v(t).

Equations of such a type are the class of quasilinear evolution
dispersive equations describing wave processes in various media.

It is assumed that ag; < 0, the coefficients a; for j < 2/ —1 are small in
some sense or have appropriate signs, the functions g (¢, x, yo, ..., y—1)
satisfy certain growth restrictions with respect to y;. Then for small
functions uy € La(0, R), v € La(0,400) and f € La((0,+00) x (0, R))
there exists a unique weak solution to the considered problem u(t, z) such
that u € C([0,T]; L2(0, R)), dLu € La((0,T) x (0, R)) VT > 0. Moreover,
if v and f decay exponentially when ¢ — +o0o0 then the solution also
decays exponentially in Lo (0, R).

The obtained results can be applied for the Kaup-Kupersmidt
equation (for example)

2 3
Ut — Ugzzze + bua:xac + AUy + ciu Ugzx + CoUUL Ugy + C3U, + C4uu:vacm+
2
+ CrUzpUzr + CeU UL + Crut, = 0,

for which there is no global a priori estimate for solutions in the space
L5 (0, R) without assumptions on their certain smallness.

The results were published in paper [1].

The author was supported by the Ministry of Science and Higher
Education of the Russian Federation: agreement no. 075-03-2020-223/3
(FSSF-2020-0018).
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FREE BOUNDARY PROBLEM OF
MAGNETOHYDRODYNAMICS FOR TWO LIQUIDS

FROLOVA E.V.

We consider the free boundary problem of magnetohydrodynamics,
which describes the motion of two viscous incompressible liquids under
the action of magnetic field. The interface between the liquids is
unknown. Let the bounded variable domain ¢ is filled by the first
liquid. The domain €4 is surrounded by the bounded variable domain
Qoy, filled by the second liquid. The boundary of (o consists of two
disjoint components: the free surface I'; and the external given boundary
S which is a perfectly conducting closed surface. We assume that both
I’y and S are homeomorphic to a sphere, dist{I'g,S} > ¢ > 0.

We assume that the initial position of the free boundary I'g is a small
normal perturbation of the given smooth closed surface G

Lo={z=y+N(y)poly), yeG}

where N (y) is the external normal to the surface G, pg is a given function,
|po| < 2. We are looking for the free boundary in the similar form

Iy ={z=y+N(ypyt), yeGa},

where the function p(y,t) is unknown, and use the Hanzawa coordinate
transform to reduce the MHD free boundary problem to the problem
in a domain with a given boundary. We obtain the solvability result
for the corresponding linear two-phase problem for the magnetic field
[1] and prove the local solvability of the free boundary MHD problem in

Sobolev-Slobedetskii spaces W; A/ 2, 1/2 <1 < 1 in the 3-dimentional
case.

Then, we consider the free boundary MHD problem in the multi-
dimentional case. The maximal L, — L, regularity result for the linearised
two-phase problem for the magnetic field is obtained in [2]. This part of
the talk is based on the joint work with Prof. Y. Shibata.
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NONLINEAR BOUNDARY-VALUE PROBLEMS
FOR HEAT-ELECTRICITY EQUATIONS

GALKIN V.A.

The process of direct transformation of heat energy to electricity
is considered. The effect is based on electrons generation on heated
emitters in chain of elements (EGE) which are connected in series. The
mathematical model of above mentioned phenomenon is based on system
of nonlinear boundary-value problems for equations

u'(z) + f(z,u(x) =0, 0<az<lL

The dependence of function f on argument u is non-linear due to
Stephan-Boltzmann radiation law for heated bodies and is of polynomial
form. Similarly behavior of f is produced by non-linearity of electric
characteristics for EGE.

The justification of effective numerical methods are described for
above mentioned problems and regularization is applied to the boundary-
value problem with Stephan-Boltzmann heat non-linearity.

The symbols V., Vi are used as notification for potentials of emitter
and collector respectively. The index ¢ points out the relation of value
under consideration to i— th EGE in chain which consists of n elements.

The system of equations for the potentials is written below

‘/;He + Biej(Vie—Vig) =0, (1)

V;,k + B’i,kj(‘/i,e - V:L,k) = Oa 07, <z < hi7
where (., Oi are positive constants and j is current density. The following
boundary conditions hold

1
u.
Br,i

LS| 1
(0;) = 7;(%%(%) + @U5(05>), (2)
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1 1
ﬁk,i ( ) Be,i

where positive constant -y is deﬁned as

1
fyj[R(ﬂe,n ﬁkn +Zh

=1
The boundary-value problem (1), (2) is solved by the regularization
method. It is supposed that current density has bounded negative
derivative such that

u;(hl) =0,

9j
ou
where A and § are positive constants. Suppose the value k£ > A. Let us
consider the functional space

H={u}, u=(ui,uo,,un}, u € W0 hi], 1<i<n.
The norm on Hilbert space H ib defined as following

[ =3 / e + (2] do L5

110

—A< = < -4,

The operator P: H — H is defined by relations
u= P(v),

wp —k(w; — ;) + (Besq + Bra)ji(ui @) =0, 0; <& < hyy 1<i <n,

1 1
/Bkz _72 ﬂks EUS(OS))’
/31 )(0) + ﬂl (k) =0,

Theorem 1. Operator P has unique fized point and boundary-value
problem (1), (2) has an unique solution when regularization applied to
the Stephan-Boltzmann law.

The research was supported by RFBR grant 20-07-00236.

Surgut State University, Russia. Email: val-gal@yandex.ru

52



BLOW-UP FOR SEMILINEAR PARABOLIC EQUATION
WITH NONLINEAR MEMORY CONDITION AND
VARIABLES COEFFICIENTS

GLADKOV A.

We investigate the global solvability and blow-up in finite time for
semilinear heat equation with a nonlinear memory boundary condition:

ur = Au+c(t)uf for x € Q, t >0, (1)
t

6u((9]96/,t) = k(t)/ ul(z,7)dr for x € 9Q, t >0, (2)
0

u(z,0) = ug(z) for x € Q, (3)

where (2 is a bounded domain in R" for n > 1 with smooth boundary
09, v is unit outward normal on 9, p > 0 and ¢ > 0. Here ¢(t) and k(%)
are nonnegative continuous functions for ¢ > 0. The initial datum wug(x)
is a nonnegative C!()) function which satisfies the boundary condition
at ¢t = 0.

We prove global existence of solutions of (1)—(3).

Theorem 1. If max(p,q) < 1, then every solution of (1)—(3) is global.

If max(p,q) > 1 solutions of (1)-(3) may tend to infinity for finite
time.

Theorem 2. There are not nontrivial global solutions of (1)—(3) if

p>1 and /ooc(t)dt:oo
or "
g>1, k(t)>k(t) >0 and /Ootk(t) dt = oo
and at least one of the following condz’tionsois fulfilled
k(t) < t% for large values of t, ¢ > 0,

or
t179k(t) is nonincreasing for large values of t.

Let min(p,q) > 1. To formulate global existence result for problem
(1)—(3) we suppose that

/ T elt) + th(1)) dt < (4)
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and there exist positive constants «, tg and K such that a >ty and
Eork(T)
t—tg V t—T1

Theorem 3. Let min(p,q) > 1 and (4), (5) hold. Then problem (1)—(3)
has bounded global solutions for small initial data.

dr < K for t > a. (5)

Similar results we obtain for the case p =1,q > 1.
The results of the talk have been published in [1].
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ON THE WENTZELL CONDITION FOR ONE
EVOLUTION EQUATION

GONCHAROV N.S.!, ZAGREBINA S.A.2, SVIRIDIUK G.A.3
Let @ C R", n € N\ {1}, be a bounded connected domain with the

boundary 0% of the class C*. In cylinder Q7 = Q x (0,7), T € Ry, let
us consider the linear Dzekzer equation

A — A)uy(z,t) = apAu(z, t) — BoAu(x,t)—

_’7/“($7t) + f($at)7 (xa t) € QT-

which modeling the evolution of the free surface of the filtered liquid
[1]. In particular, the authors are interested in the solutions, which must
satisfy both to Wentzell boundary conditions

(1)

Au(x,t) + Oq%(l’,t) + fru(z,t) =0, (z,t) € 02 x (0,T), (2)
and to Roben boundary conditions
Oéz%([l),t) + Bou(x,t) =0, (x,t) € 0N x (0,T), (3)
as well as the initial Cauchy condition
tlirgl+(u($,t) —up(z)) =0, z €. (4)
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Here A € R, ag, Bk, v € Ry, k = 0,1 are real parameters characterizing
the medium; the function f(x,t) corresponds to liquid sources, v = v(x)
is a external unit normal to 9f2. In this report the authors, taking into
account the use of methods of the theory of degenerate holomorphic
semigroups, construct exact solutions for the linear Dzekzer equation
with Wentzel and Roben boundary conditions. In particular, for suitable
spaces 4 and § the following theorem is proved.

Theorem 1. Let A € o(A) and the coefficients (ag,y) € R? and B € Ry
are such, that no eigenvalue A\, € o(A) is the root of the equation
B0 — ok +7 = 0. Then for any | € C((0,7);3%) N CO(0, 7); 3")
and ug € Y such that

> (uo,order =Y (f(0), or)5%%k

B ISVRE
o Ak:)\Oéo)\ BoA* —

there exists the unique solution u € C1((0,7);4) N CY([0, 7];4h) to Ca-
uchy-Wentzell problems (1)-(4), where the solution uw = u(t) has the
following form

), Pk)FPE
i { R
Ze (w0, P g@ksz:: ao>\ ﬁoAz—’er
u(t—s)
bl ) / / e (Pk>3§0kdlu’
u [k

where the dash at the sign of the sum means that there are no summands
with numbers k such that A\ = A\g.

The research was partially funded by RFBR and Chelyabinsk Region,
project number 20-41-740010.
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FOURIER TRANSFORMS WITH NON-TRIVIAL KERNEL
AND INVERSION THEOREMS

GORSHKOV A.V.

Usualy Fourier transform F can be associated with some operator
A with the full set of generalised eigen functions. It lead to inversion
formulas for F~! as well as Plancherel equity. But if A has the non-
zero kernel, then the system of generalised eigen functions should
be complemented by ordinary eigen functions {ey} associated with
eigenvalue A\ = 0 for which Plancherel-Parseval equity like

IFIZ = 1L+ Y ew)?
k

holds.
We study Weber-Orr transform in the space of square-integrable
functions Ly(rg, 00;r) with infinitesimal element rd r:

Wiex1[f](A) = /OO P i 2 Yk(/\S)Jkil()\TO)f(S)SdS,
"o \/Jlgﬂ()‘m) + Y2, (Aro)
W,;,iﬂ[f](r) _ /0°° Ji (A7) Yyex1 (Aro) — Yk()\T)Jkil(/\TO)f()\))\d)\,

VIR o) + Y2, (Aro)

where 79 > 0, k € R, Ji(r), Yi(r) are the Bessel functions of the first
and second kind respectively.

Lemma 1. For k > 1 function 1/r* € ker(Wyx_1), and for k < —1
rk e ker(th_i_l).
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Theorem 1. Let f(r)\/r € Li(rg,00) N La(rg,00), ro > 0, k € R. Then
the Weber-Orr transforms satisfy almost everywhere

f(T’) = Wk_,]i—l [Wk,k—l[f]] (7’), k<1,

_ 2(k=1)  ,oo
Fr) =Wy Wiralf]] (r) + Ml),f“/ sTRHLf(s)ds, k> 1,

r 0

Fo) =Wk Wegpalfl] (r), k> -1,

k 00
f(r)= Wk:IiH W k1 [f1] () — W/ sFHf(s)ds, k < —1.

g
and the following Plancherel-Parseval equity holds:
11200 00y = IWh k1 [F11Z5 0,000 % < 1

1175 0,000 = IWhk-1 L1117 5 0,000m)
+2(k — 1)r§(k_1) (f, 1/7”’“)

Hf”%g(ro,oo;r) = ‘|Wk7k+1[f}”%2(0700;7')7k > —1,

2
k>1,

La(ro,00m)

I712(0.00ir) = Wik 11z 0.0
2(k + 1) k)2
G k< —1.
T(z)(kﬂ) (f )Lg(?”o,oo;?")
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VANISHING TOPOLOGY OF MATRIX SINGULARITIES
GORYUNOV V.V.

We are considering local singularities of holomorphic families of
arbitrary square, symmetric and skew-symmetric matrices, that is, of
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mappings of smooth manifolds to the matrix spaces. Our main object
is the vanishing topology of the pre-images of the hypersurface A of all
degenerate matrices in assumption that the dimension of the source is at
least the codimension of the singular locus of A in the ambient space.

We will notice that the complex link of A is homotopic to a sphere of
the middle dimension and give a geometric interpretation of such spheres.
This will allow us to introduce vanishing cycles on the singular Milnor
fibre of a matrix family, that is, on the local inverse image of A under
a generic perturbation of the family. According to Lé and Siersma, such
a fibre is a wedge of middle-dimensional spheres. It turns out that in
some important cases, which include all simple matrix singularities, the
number pa of the spheres in the wedge is equal to the relevant Tjurina
number 7 of the family. This allows to formulate a general puan = 7
conjecture for matrix singularities.

I will also introduce two kinds of bifurcation diagrams of matrix
singularities. For simple matrix families, there is a version of the Lyashko-
Looijenga theorem for the larger diagrams, while the smaller ones are the
discriminants of the Weyl and Shephard-Todd groups.

The talk is mainly based on the paper [1].
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IDENTIFYING, MODELLING AND NUMERICAL
ANALYSIS OF THE OPERATION OF ASYNCHRONOUS
MOTOR

GOURI N.!, MIHOUB M. L.2, BENDJAMA H.3

In this talk, we study the steady-state operation of motor-converter
system. However, difficulties arise during the operation of this system.
These difficulties present discontinuities on time. In order to avoid this
problem we will try in our study to investigate in numerical analysis,
applying mathematical techniques in differential equations which model
the operation of the system. We aim in this work to optimize the

functioning of the system and its efficiency.
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CONFORMAL INVARIANCE OF THE STATISTICS OF
THE ZERO-ISOLINES OF 2d SCALAR FIELDS IN
INVERSE TURBULENT CASCADES

GREBENEV V.N.!, WACLAWCZYK M.2, OBERLACK M.?3

This study concerns conformal invariance of certain statistics in 2d
turbulence. Namely, there exists numerical evidence by Bernard et al.
[Nature Phys. 2, 2006], that the zero-vorticity isolines x(I,t) for the 2d
Euler equation with an external force and a uniform friction belong
to the class of conformally invariant random curves. Based on this
evidence, the CG invariance was formally proven in [Grebenev et al.
J. Phys. A: Math. Theor, 50, 2017| by a Lie group analysis for the
1-point probability density function (PDF) governed by the inviscid
Lundgren-Monin-Novikov (LMN) equations for 2d vorticity fields under
the zero external force field. In this work we consider the first equation
from the LMN chain for 2d scalar fields under Gaussian white-in-time
forcing and large-scale friction. With this, the flow can be kept in a
statistically steady state and the analysis is performed for the stationary
LMN. Specifically, for the inviscid case we prove the CG invariance of

the 1-point statistics of the zero-isolines x(I) of a scalar field, i.e. the
59



CG invariance of the probability fi(x(l),®)d¢ that a random curve
x(l) passes through the point x with ¢ = 0 for | = ;. We show
an example, where the proposed transformations represent a change
between PDF’s describing homogenoeus and non-homogeneous fields.
Possible implications of this result are discussed. The results presented
are published in Phys. Rev. Fluids 6, 084610 (2021).
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LANDIS’ PROOF OF HARNACK INEQUALITIES
GRIGOR'YAN A.A.

We present the approach of E.M. Landis to the proof of the uniform
Harnack inequality for second order elliptic equations both in divergence
form (theorem of Moser [6]) and in non-divergence form (theorem of
Krylov-Safonov [4]). Different parts of this method were published in [3]
and [5].

This approach has been recently used in [1| and [2] in order to prove
the Harnack inequality in the setting of Dirichlet forms on fractal-type
spaces.

The research was supported by SFB1283 of the German Research
Council.
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ON GRADIENT-LIKE FLOWS WITHOUT
HETEROCLINIC INTERSECTION

GUREVICH E.Y.

We will say that gradient-like flow f! belongs to a class G(M™), where
M™ is connected closed oriented manifold of dimension n > 3, if:
(a) Morse index (dimension of unstable manifold) of any saddle
equilibrium state of the flow f! equals either 1 or n — 1;
(b) invariant manifolds of different saddle equilibria do not intersect.

Denote by vy and pye the numbers of saddle and node equilibria of
the flow f! € G(M") and set

gft = (I/ft — /,Lft + 2)/2
Everywhere below S7' stands for manifold which homeomorphic either
to the sphere S™ if g = 0 or to connected sum of g > 0 copies of S*~! x S!.

Theorem 1. Let f' € G(M™), n > 2. Then M™ is homeomorphic to
S;Lft.

For n = 2 Theorem 1 immediately follows from [5] and for n > 3 it
follows from [1], [2].

Theorem 2 below states that for manifolds S}

: . L. 'R n = 4, the condition
(b) implies the condition (a).

Theorem 2. Let f' be gradient-like flow on S92 0, n >4 If
invariant manifolds of different saddle equilibria of f' do not intersect,

then Morse index of any saddle equilibrium equals 1 or (n — 1), that is
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ft e G(S}). Moreover, there exists k > 0 such that vy = 29 + k and
Bt = k+ 2.

For case ¢ = 0 Theorem 2 is proved in [4], where necessary
and sufficient conditions of topological equivalence of flows from class
G(S™), n > 3, where obtained. Theorem 2 allows to obtain topological
classification of flows from class G(Sg), g > 0, in combinatorial terms
using techniques of [4], [3].

For any f! € G(S;‘) we put in correspondence a bicolor graph Ty
which describes mutual arrangement of invariant manifolds of saddle
equilibria of the flow f*, and provide the following result.

Theorem 3. Flows ft f'" € G(Sy) are topological equivalent iff
their bicolor graphs Lo, Ipre are 1somorphic by means preserving colors
1somorphism.

The research was supported by RFS, grant 21-11-00010.
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PERIODIC, PERMANENT, AND EXTINCT SOLUTIONS
TO POPULATION MODELS

HAKL R.!, OYARCE J.2

The existence of a critical parameter A, > 0 is proven for some
population models, that splits the set of parameters into two parts

where the existence, resp. nonexistence, of a positive periodic solution
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is guaranteed. Moreoever, it is shown that in a quite wide class of
population models, all the positive solutions are permanent, resp. extinct
ones, provided there exists, resp. does not exist, a positive periodic
solution. The results are based on a theoretical research dealing with
a boundary value problem for functional differential equation with a real
parameter

u'(t) = L(u)(t) + AF(u)(t) for a.e. t € |a,b], h(u) =0,

where ¢ and F' : C([a,b];R) — L([a,b];R) are, respectively, linear and
nonlinear operators, h : C([a,b]; R) — R is a linear functional, and A € R
is a real parameter.

R. Hakl acknowledges support from RVO 67985840.
J. Oyarce acknowledges support from Chilean National Agency for Research
and Development (PhD. 2018 — 21180824).
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ON ASYMPTOTIC PROXIMITY TO HIGHER ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

I.ASTASHOVA!, M.BARTUSEK?, Z.DOSLA3, M.MARINI*

We study the existence of unbounded solutions and their asymptotic
behavior for the equation

n—1
ul™ + " a;(t)u) = r(t)|usgnu (1)
=0
where A > 0, n > 3, the functions r, ag, . . . , a,_1 are continuous for ¢ > 0,

considered as a perturbation of the linear differential equation
n—1
V4 3 a0 =0, 2
§=0

and for the special case of equation (1) where a;j(t) = 0 as j # n — 2,
an—2(t) = q(t) > 0:

u™ + q(t)u(”_Q) = r(t)|u|’\ sgn u, (3)
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considered as a perturbation of the linear differential equation
y™ + gty =0. (4)

Definition 1. By a solution to (1) or (3) we mean a C" function wu
defined on [T, ), T, > 0, satisfying (1) or (3) on [T, 0), and such
that

sup{|u(t)|:t>T} >0 for any T > T).

Definition 2. Equation (1) is said to be in asymptotic prozimity to (2)
if for any solution y of (2) there exists a solution u of (1) such that
ultimately, i. e. for sufficiently large t,

uD(t) =y D) (1 +6(t) +eit), i=0,...,n-1,
where all §;, €; are continuous functions tending to 0 at infinity.

Definition 3. Equation (1) is said to be in strong asymptotic prozimity
to (2) if for any solution y of (2) there exists a solution u of (1) such
that ultimately

ul () =y () +ei(t), i=0,...,n—1,
where all €; are functions of bounded variation tending to 0 at infinity.

Theorem 1. Consider equation (1) with A > 1. Suppose that the

continuous functions ag,...,an_1 Satisfy
00
/t”_j_1|aj(t)]dt<oo forallj € {0,...,n—1},
0
Assume that for some integer number m € {0,...,n — 1}
00
/ 1 A-Dm )] df < o,
0

Then for any C # 0 there exists a solution u to equation (1) satisfying,
as t — oo,

Cmltm—J
(m— )

u(j)(t)—>0 forallje{m+1,...,n—1}.
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In particular, if
[o.¢]

/t“"l)yr(t)y dt < oo,
0
then (1) is in asymptotic proximity to (2).

Theorem 2. Let the equation
h" + q(t)h =0

be non-oscillatory. Assume that for some real number m € [0,n — 1]

o0
/ t’n71+m)\+lq |7’(t>| dt < 0,
0
where iq = 0 in the case [[tq(t)dt < oo and ig = 1 in the case
o0

Jo tq(t) dt = oo.

Then for any solution y to (4) such that y(t) = O(t ™) there exists a
solution u to (3) such that ultimately

WD) =y (t) +ei(t), i=0,...,n—1,

where all €; are functions of bounded variation tending to 0 at infinity,
i.e. (3) is in strong asymptotic proximity to (4).

As a corollary, we obtain more precise result on the strong asymptotic
proximity of (3) to (4).

Remark 1. Some methods of proofs and some previous authors’ results
are contained in [1]—[4]. Related results can be found in [5] and [6].

The research of I. Astashova (Theorem 1) has been supported by
RSF (Project 20-11-20272.), the research of M. Bartusek and Z.Dosla
(Theorem 2) has been supported by the grant GA20-11846S of the Czech
Science Foundation.
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FUNDAMENTALS IN PEACEMAN MODEL FOR
WELL-BLOCK RADIUS FOR NON-LINEAR FLOWS

IBRAGUIMOV A.

In our talk we will present recent non-published results on PDE
aspects of the flow in porous media. This research was motivated by
discussion with my teacher Evgeni Mikchalovich Landis.

We consider sewing machinery between finite difference and analytical
solutions defined at different scale: far away and near source of the
perturbation of the flow [2]. One of the essences of the approach is that
coarse problem and boundary value problem in the proxy of the source
model two different flows [3]. We are proposing method to glue solution
via total fluxes, which is predefined on coarse grid. It is important to
mention that the coarse solution “does not see” boundary.

From industrial point of view our report can be considered as a
mathematical “shirt” on famous Peaceman|1| well-block radius formula
for Darcy radial flow but can be applied in much more general scenario.

This is a joint project with E. Zakirov. I. Indrupskiy, D. Anikeev from
Oil ang Gas Res. Inst. of Russian Academy of Science.
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OPTIMAL BOUNDS FOR THE ATTRACTOR DIMENSION
OF THE DAMPED REGULARIZED EULER EQUATIONS

ILYIN A.A.

We consider the following approximation of the damped Euler system,
the so-called inviscid damped Euler-Bardina model

ou+ (u, V)u+~yu+ Vp =g,
divu =0, u(0)=uy, u=(1—-ald)u.

The system is studied for d = 2,3
1) on the torus Q = T¢ = [0, L]? with standard zero mean condition;
2) in Q C R%;
3) on the sphere or in a domain on it Q C S?;
4) if @ ¢ R or Q ¢ S?, then @|po = 0 and @ is recovered from u
by solving the Stokes problem if there is a boundary, or the Helmholtz
equation, otherwise.

Here o = o/ L?, and o/ > 0 is a small dimensionless parameter, so that
@ is a smoothed (filtered) vector field, and v > 0 rendering the system
dissipative.

The phase space with respect to % is the Sobolev space H! with
divergence free condition

HY(T), z €T [ u(z)dz=0,
ueH' :={ H'(RY), zecR? diva =0,
H(Q), ze€QgRYS?
where d = 2, 3.

Theorem 1. Let d = 2. In each case of the boundary conditions the

system possesses a global attractor A € H' with finite fractal dimension
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satisfying

1 2
pmin ([rovgle, 192, e RY S
. 1 ay 2c
dimp A < — - )
8m ||9||L2 0 C R2.S?
20274 r € G RS
In the 3D case the estimates in all tree cases look formally the same
dim A<ngH%2 zeT zeR z2€ Q¢ R3
F = 127 055/2’}/4 ) ’ ) .

Finally, on the torus T¢, both for d = 2 and d = 3, the upper bounds
are optimal in the limit as o — 0.

This is a joint work with S.V.Zelik and A.G.Kostianko and
was supported by Moscow Center for Fundamental and Applied
Mathematics, Agreement with the Ministry of Science and Higher
Education of the Russian Federation, No. 075-15-2019-1623.

References

[1] A.A.Tlyin and S.V.Zelik,. Sharp dimension estimates of the attractor of the
damped 2D Euler-Bardina equations. Partial Differential Equations, Spectral
Theory, and Mathematical Physics, EMS Press, Berlin, 2021, 209-229.

[2] S.V.Zelik.,, A.A.Illyin, and A.G.Kostianko Dimension estimates for the
attractor of the regularized damped Euler equations on the sphere. Mat.
zametki, 111:1 (2022), 55-67.

[3] S.V.Zelik, A.A.lyin, A.G.Kostianko. Sharp dimension estimates for the
attractors of the regularized damped Euler system. Doklady Mathematics 104:1
(2021), 169-172.

[4] A.A.Ilyin, A.G.Kostianko, and S.V.Zelik. Sharp upper and lower bounds of
the attractor dimension for 3D damped Euler-Bardina equations. Physica D,
accepted for publication.

Keldysh Institute of Applied Mathematics, Russia. Email: ilyin@keldysh.ru

ON THE SOLVABILITY OF A
PARAMETER-DEPENDENT CANTILEVER-TYPE BVP

INFANTE G.

We utilize a Birkhoff-Kellogg-type theorem [1] to discuss the
solvability of a parameter-dependent fourth order equation subject to

functional boundary conditions. We prove the existence of non-negative
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solutions for this problem. A localization of the solutions is obtained via
their norm.
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SINGULARITIES OF PARALLELS TO TANGENT
DEVELOPABLE SURFACES

ISHIKAWA G.

A surface in Euclidean 3-space is called developable if it is locally
isometric to the plane. Developable surfaces are roughly classified into
cylinders, cones and tangent developables. A tangent developable surface
is defined as a ruled surface by tangent lines to a space curve and
it has singularities at least along the space curve, called the directriz
or the edge of regression ([1]). The class of developable surfaces (resp.
tangent developable surfaces) turns to be invariant under the parallel
deformations by the flow generated by the unit normal vector field along
the surfaces.

The notions of tangent developable surfaces and their parallels are
naturally generalised for frontal curves in general in Euclidean spaces of
arbitrary dimensions.

A smooth map-germ f : (R™,0) — R is called a frontal if there

exists a smooth n-plane field (R",0) > u — f(u) C Ty R™*P along

f such that f.(T,R™) C f(u), ie., if the “tangent spaces"along f is
well-defined even on singular (non-immersive) points of f (|2]). Then
the pull-back Euclidean bundle f*(TR"*?) is decomposed into the sum
Ty @ Ny of the tangent bundle Ty (of rank n) and the normal bundle Ny
(of rank p) of f over (R",0).

Let 71,...,7, be a local frame of T;. Then the tangent map
Tan(f) : (R™,0) x R™ — R™"P to f is defined by

Tan(f)(u1, ..., Up, S1,- - - %%n) = f(u)+ >0 simi(u).



See [3]. Moreover if the normal bundle N of a frontal f is a flat bundle,
then the family of parallels P(f) : (R™,0) x RP — R™P to f is defined
by

P(f)(uty oo un, m1yeeymp) = flu) + 30 rvi(u),
for an orthonormal and normally flat frame v,..., 1, of Ny ([4][5]).

If n = 1, we see that the tangent map or the tangent developable
surface Tan(f) : (R%,0) — R*P of a frontal curve f : (R,0) — RI*?
has the flat normal bundle under some weak conditions and then we can
discuss its parallels P,(Tan(f)), (r € RP~!) to the tangent developable
surface Tan(f) of f ([5]).

In this talk the singularities appearing on parallels to tangent
developable surfaces of frontal curves and the expressions of their
directrixes are studied from both geometrical and dynamical aspects of
frontals. Moreover the classification results of generic singularities on
parallels to tangent developable surfaces for frontal curves in 3 or 4
dimensional Euclidean spaces are presented (see [6]). The related topics
such as the generic bifurcations of wave fronts by Arnold, Zakalyukin,

and so on will be mentioned, regarding the general classification problem
of frontal singularities (|7][8][9]).

The author was supported by JSPS and RFBR under the Japan-
Russia Research Cooperative Program 120194801 and JSPS KAKENHI
Grant Number JP19K03458, JP19H00636.
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ON DIFFUSE ORTHOGONALLY ADDITIVE OPERATORS
ITAROVA S. Y.

Orthogonally additive operators in vector lattices have been studied
by some authors in [2, 3, 4, 5]. It was shown in [5] that the vector space
OA,(E, F) of all regular orthogonally additive operators from a vector
lattice F to a Dedekind complete vector lattice F' is a Dedekind complete
vector lattice. This result motivate to state natural questions about
the order structure of OA,(FE,F). In these notes we consider diffuse
orthogonally additive operators and state the criterion of the diffuseness
of a regular orthogonally additive operator.

For the standard information on vector lattices and orthogonally
additive operators we refer the reader to [1, 4].

Definition 1. A map T from a vector lattice E to a vector lattice F' is
said to be an orthogonally additive operator if T'(x +y) = Tx + Ty, for
every disjoint x,y € E.

Definition 2. An orthogonally additive operator T: £ — F' is said to
be disjointness preserving if Tx 1 Ty for all disjoint x,y € E. The set of
all disjointness preserving orthogonally additive operator from F to F
we denote by OAg,0(E, F). We say that a regular orthogonally additive
operator T': E — F' is diffuse if T € {OAgpo(E, F)}2.

Definition 3. Let E, F' be vector lattice with F' Dedekind complete and
T € OA.(E,F). We define a function py: E — FT called the Enflo-
Starbird function of T, by setting
m m
pT(:c)—inf{\/\Thci: x = |_|37Z-, xz; € E, mEN}, x € FE.
i=1 i=1
The next theorem is the criterion of the diffuseness if a regular

orthogonally additive operator.
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Theorem 1. Let E, F be vector lattices with F' Dedekind complete and
T € OA,(E,F). Then the following assertions are equivalent:

(1) T is diffuse;

(2) pr(z) =0 forallz € E.
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THE SOMMERFELD PROBLEM FOR THE HELMHOLTZ
EQUATION

KALMENOV T. SH.!, LES A. K.?

The study of a time-periodic solution of the multidimensional wave
equation g—;ﬂ — Ayt = f(x,t), u(z,t) = e*u(z), over the whole space
R?3 leads to the condition of the Sommerfeld radiation at infinity. This is
a problem that describes the motion of scattering stationary waves from
a source that is in a bounded area.

The inverse problem of finding this source is equivalent to reducing
the Sommerfeld problem to a boundary value problem for the Helmholtz
equation in a finite domain. Therefore, the Sommerfeld problem is a
special inverse problem. It should be noted that in the work of Bezmenov
[I. V. Bezmenov, Transfer of Sommerfeld radiation conditions to an
artificial boundary of the region based on the variational principle, Sb.
Math. 185 (1995), no. 3, 3-24| approximate forms of such boundary
conditions were found. In [T. S. Kalmenov and D. Suragan, Transfer
of Sommerfeld radiation conditions to the boundary of a limited area, J.
Comput. Math. Math. Phys. 52 (2012), no. 6, 1063-1068|, for a complex

parameter A, an explicit form of these boundary conditions was found
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through the boundary condition of the Helmholtz potential given by the
integral in the finite domain 2:

e ) = [ o= € N)ple Vi 1)
where e(z — £, ) are fundamental solutions of the Helmholtz equation,
—Ae(z) — Xe(x) = 0(x),

p(&, A) is a density of the potential, A is a complex number, and § is
the Dirac delta function. These boundary conditions have the property
that stationary waves coming from the region €2 to 992 pass 92 without
reflection, i.e. are transparent boundary conditions. In the present work,
in the general case, in R™, n > 3, we have proved the problem of
reducing the Sommerfeld problem to a boundary value problem in a finite
domain. Under the necessary conditions for the Helmholtz potential (1),
its density p(&, \) has also been found.

The research was supported by by the grant of the Science Committee
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ON ASYMPTOTIC AND NUMERICAL SOLUTION TO
ELLIPTIC-PARABOLIC EQUATION

KAPUSTINA T.O.

This research is devoted to singularly perturbed elliptic—parabolic
equation with small parameters by the elder derivatives. Coeflicients
of equation and boundary conditions obey the requirements providing
existence of unique solution [1]. First, asymptotic representation for our
solution with respect to the small parameter is constructed. We use
boundary functions method [2|, and its modification for mixed type
equations [3], [4].

Then, an efficient numerical algorithm for our problem is created.
The main idea is that numerical calculation of parabolic equation is

much easier and requires less operations then the elliptic one. Using once
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more the smallness of parameter, we construct approximate factorization
of elliptic operator, replacing it by the product of two parabolic
operators [5]. Instead of one elliptic problem, we calculate numerically
two successive parabolic problems, providing their well-posedness by the
choice of time direction. To begin algorithm, we need to know initial
condition for the first parabolic equation. As it cannot be calculated
explicitly, we replace it by its asymptotic representation calculated in
the first part.

Combination of asymptotic representation and factorization idea, both
suitable for equations with small parameters, allow us to create an
effective numerical algorithm. The main advantage of this algorithm is
significant gain in speed and economy of computer resources, compared
to classical numerical scheme.

Thus we unite asymptotic and numerical approaches for singularly
perturbed elliptic—parabolic equation.

This research is supported by Moscow Center for Fundamental and
Applied Mathematics, project 075-15-2019-1621.
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POSITIVE PERIODIC SOLUTION FOR A NEUTRAL
DELAY HEMATOPOIESIS MODEL

KHEMIS M.!, BOUAKKAZ A.2, KHEMIS R.3

The present work is concerned with the existence and uniqueness

of positive periodic solutions for the following first-order neutral delay
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production blood cells model:

) 22
Ele(t) —ex (t -7 (1)) :—a<t>x<t>+w

dt
“H <t,x(t),x[2] (t)) : (1)

where ¢ € 0,1, a,p,7 € C(R,R%) and H € C([0,T] x R% R%) are
T—periodic functions,  (t) represents the density of mature cells in blood
circulation at time t, 1% (t) = z (z (t)), a(t) is the destruction rate of
blood cells, p (t) is the production rate and 7 (¢) represents a transit time
required for the release of mature cells into the bloodstream. The method
used here lies in Banach and Krasnoselskii’s fixed point theorems.

Let Pr be the Banach space of all continuous and T-periodic functions
equipped with the supremum norm and for «, 5,I" > 0, let

D={xe€Pr, a<z(t)<p, |z(t2) —z(t1)| <T|ta —t1], Vt1,t2 € R},

is a bounded convex and closed subset of Pr.
For ease of exposition, we introduce the following notations:

a1 = sup a(t), po= inf p(t),
' oel0.7] () ’ o€[0.T] 0

exp (— fOT a(u)du)
exp (f(;f a(u)du) 1
exp <f0T a(u)du)

L2 - ’
exp <fOT a(u)du) -1
p1= sup p(t), Hy= sup H(0,0,0),
c€[0.7] o€l0.7]

L3 = Hy+ B (A + A2+ cap) ,
Li= (T +1) A+ A2 +p1) + car.

Furthermore, we need the following hypotheses:
There exist two non negative constants A; and Ao such that

|H (t,21,22) — H (t,y1,y2)| < Ao —yi + A2 |lz2 —w2f ,  (2)

TLopy +c <1, (3)
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(67
LiTpg—— — LoTL > 4
1p01+6 ol L3+ ca 2 «, (4)

and

Ly(2+Tar) (Bpr + L3) +cI' (I'+1) <T (5)
First of all, we convert equation (1) into an integral one. Next, we define
two operators R, Ry : D — Pr as follows:

4T 22 (o
)0 = [ 6 (t0) |plo) s — H (70 ()5 (0)
—ca (o) x (o — 7 (0))]do,
and
(Rax) (t) = cx (t — 7 (1)),
where

exp (fts a(u) du) ‘
exp (ftTa (u) du> -1

Theorem 1. If hypotheses (2) - (5) are satisfied, then equation (1) has
at least one positive periodic solution in .

G (t,s) =

Theorem 2. Suppose the condition (2) holds. If
LolL,T+c<1,

then equation (1) has one and only one positive periodic solution in D.
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ON NEUMANN TYPE PROBLEMS FOR HIGHER ORDER
ORDINARY DIFFERENTIAL EQUATIONS

KIGURADZE I.T.

On a finite interval [a, b], we consider the differential equation

u®™ = p(t)u + q(t) (1)
with the Neumann type boundary conditions
u(k)(a) =cy (k=1,...,m—1), u(2m—1)(a) = Cim, )

uP (@) =cop (k=1,...,m—1), u®" V() =cyy.

Here m > 2, p,q : [a,b] — R are Lebesgue integrable functions, while c;
(1 =1,2;k=1,...,m) are real constants.

We call (2) Neumann type conditions since they do not contain the
values of a solution sought at the points a and b. Thus, in the case where
p(t) =0, problem (1), (2) either has no solution or has an infinite set of
solutions. In the case, where

mes {t € [a,b] : p(t) # 0} >0, (3)

we found integral conditions guaranteeing the unique solvability of
problem (1), (2).
Put

b

P_= / (—1)™p(e)]_ dt,
b

Py= / (—1)™p(0)] dt,

0 22—2m(b_a)2m—1
" (2m=-3)((m—2)1)%
The following theorem is valid.

Theorem. Let along with (3) the inequality
Pr<P_/A+{,P-)
hold, or

(=1)™Mp(t) >0 for a<t<b, /b Ip(t)|dt < 1/6y,.

Then problem (1), (2) has a unique solution.

Analogous results are obtained for nonlinear differential equations.
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ON ORBITAL STABILITY OF GROUND STATES FOR
FINITE CRYSTALS IN FERMIONIC
SCHRODINGER-POISSON MODEL

KOMECH A.IL

We consider crystals which occupy the finite torus T := R3/NZ3 and
have one ion per cell of the cubic lattice I' ;== Z3/NZ3, where N € N.
We denote by o(x) the charge density of one ion,

o€ C¥(T), / o(x)dr =eZ >0, (1)
T
where e > 0 is the elementary charge. Let us denote

T.=TV .= {z=(v1,..,a5):2; €T, j=1,..,N}, N := N3.

Let ¢(-,t) € F for t € R be the antisymmetric wave function of the
fermionic electron field, g(n,t) denotes the ion displacement from the
reference position n € I'. Denote the second quantized operators

N N
AP =N Ay, U@ ) =) D(wj,t).
=1 i=1

The coupled Schrédinger-Poisson-Newton equations read as follows

(T 1) = —%A®¢(E,t)—e<b®(f,t)¢(f, B, zeT, @)

—AdD(x,t) = p(x,t) = Z o(z —n—q(n,t)) + p(z,t), x € T(3)
nel’

Min,t) = —(VO(z,t),0(x —n — q(n,t))), nel, (4)
where
N
(x,t) := —e T — T z,t)|?dzT, x .
o (.1 /T;& D@ Pdz, ceT.  (5)
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We show that under the Jellium condition all ground states with
I’-periodic arrangement of ions have the form

S(t) := (Yoe ot F7.0), reT. (6)
Here B
FreT: 7(n)=r nel, (7)
while 1 is an eigenfunction
1 _
—§A® Yo(T) = wotho(z), TET, (8)
corresponding to the minimal eigenvalue wg := min Spec(f%A‘g’). We

establish the stability of the real 4-dimensional solitary manifold
S ={Sar = (¥a,7,0) : Vo(T) = “o(T), a€0,27]; €T} (9)
We denote the Hilbert manifolds
V:=H(T)oToRY. (10)

Theorem 1. Let the Jellium and Wiener conditions hold (see [1, 2]).
Then for anye >0 there exists 6 =3(g) >0 such that for dy(X(0),S5)<d
we have

mdy(X(t),5) < e, t eR, (11)
where X € C(R, V') is the corresponding solution to (2)—(4).

Remark 1. The Pauli exclusion principle, i.e., the antisymmetry of the
wave functions ¥ (Z,t), plays the crucial role in the proof of the orbital
stability.
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ON LARGE TIME BEHAVIOR OF SOLUTIONS OF
HIGHER ORDER EVOLUTION INEQUALITIES

KON'KOV A.A.!, SHISHKOV A.E.2

We consider inequalities of the form

S aa(m,tou) —u > fla,t)g(u) i Qx (0,00), (1)
|a|=m
where ) is a non-empty open subset of R™, m,n > 1, and a, are
Caratheodory functions such that

’a’a(xata C)’ S A<p7 ‘Oé‘ =m,

with some constants A > 0 and p > 0 for almost all (z,t) € Q x (0, 00)
and for all ¢ € [0, 00).

For solutions of (1) we obtain exact sufficient conditions to stabilize to
zero in Li-norm on any compact subset of {2 as ¢ — oo. These conditions
are different in the cases of so-called slow diffusion p > 1 and of fast
diffusion 0 < p < 1. Detailed proofs of all results are given in [1, 2].

This research is supported by RUDN University, Strategic Academic
Leadership Program. The research of the first author is also supported
by RSF, grant 20-11-20272.
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STABILITY OF SOLITARY WAVES OF KLEIN-GORDON
EQUATION WITH MEAN FIELD INTERACTION

KOPYLOVA E.A.

We consider U(1)-invariant nonlinear Klein-Gordon equation on a line
with mean field self-interaction:

(1) = 651#(93,t)—me(w,t)er(Jé)oF(W(-,t)7p>), P(x,t) € C, xeR.



We write the equation as the dynamical system:

90)=op e 0] O oy, ) 0 = [0 0)) @

The system admits finite energy solutions of the form

__—iwt __—iwt QD(.%‘,U)) _

U, (z,t) = e “o,(x)=ce [—iwgo(x,w)] , we€(—=m,m),
called solitary waves. The solitary waves form a two-dimensional solitary
manifold in the Hilbert space of finite energy states of the system.

We show that for the system (1) the standard criterion for orbital
stability ([1] and references therein) holds:

8wQ(¢w) - 80.)(“-’”90&)”L2(R)> < Oa (2)

where the charge Q(¥) = Im [ ¢ ()7 () dx is conserved.

In the case when p is close to d-function, we express the criterion
in terms of nonlinearity condition. In particular, in pure power case
F(z) = 2z?¢%1 the criterion holds for any x < 0 and w € (—m,m); if
k > 0, it holds only for m/k < |w| < m.

Our second result is asymptotic stability of solitary waves. Namely,
we prove scattering asymptotics of type

W(t) ~ Wy, () + W)L,  t— foo, (3)

where W (t) is the dynamical group of the free Klein-Gordon equation,
1 € E:= H'(R) @ L?(R) are the corresponding asymptotic scattering
states, and the remainder decays to zero as O(|t|~'/2) in global norm of
E. The asymptotics holds for the solutions with initial states close to the
stable part of the solitary manifold, extending the results of [2, 3].

The proof is essentially based on properties of linearized dynamics at
a solitary wave e~ “!¢,,. The model (1) allows us to explicitly check the
most of them. Namely, we prove weighted energy decay for the solution
of the linearized equation and the limiting absorption principle for the
corresponding resolvent. For linearization operator we prove the absence
of virtual levels at the embedding threshold +i(m + |w|) and give the
criterion for the absence of virtual levels at the endpoints +i(m — |w|) of
the essential spectrum.

We show also that under condition (2), the linearized operator has no
real nonzero eigenvalues, and zero eigenvalue is of multiplicity 2 in the

case when 0,,9(¢,) # 0.
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The only assumption we postulate is the absence of pure imaginary
eigenvalues of the linearized operator. For p close to d-function, we
provide examples of nonlinearities when this assumption is satisfied. In
particular, in pure power case F(z) = 22T1 the condition holds for any
k < —=1/2 and w € (—m,m); if Kk > —1/2, kK # 0, it holds only for

1+2k)2
W29 < o] < m.

m
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ON THE ASYMPTOTIC CLASSIFICATION OF
SOLUTIONS OF SECOND-ORDER EQUATIONS WITH
POWER-LAW NONLINEARITY OF GENERAL FORM

KORCHEMKINA T.A.
Consider the second-order nonlinear differential equation
v =p(x, y, o) [y |y Msen(yy), ko >0, k1 >0, ko, ki €R (1)

with positive continuous in x and Lipschitz continuous in u, v function
p(z, u,v) satisfying inequalities

0<m<p(z,u,v) <M < +00. (2)

The results on the behavior of solutions depending on the nonlinearity
exponents kg, k1 and qualitative properties of solutions were studied
in [1].

The asymptoptic behavior of solutions to (1) in the case k1 = 0 is
described in [2, 3|. In the case p = p(z) asymptotic behavior of solutions
to (1) is obtained by V.M. Evtukhov [4]. Using methods described in |5,
6, 7] by 1.V. Astashova, the behavior of solutions to (1) near domain
boundaries is considered with respect to the values kg and k.
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The following definitions are used further:

Definition 1. 7] A solution y: (a,b) - R, —o0o < a < b < +00 to an
ordinary differential equation is called a p-solution, if

1) the equation has no other solutions equal to y on some subinterval
(a, b) and not equal to y at some point in (a, b);

2) the equation either has no solution equal to y on (a, b) and defined
on another interval containing (a, b) or has at least two such solutions
which differ from each other at points arbitrary close to the boundary of

(a, b).

Definition 2. [8] A solution satisfying at some finite point z* the

conditions lim [|¢/(z)] = oo, lim |y(z)] < oo is called a black hole
T—* T—T*

solution.

Definition 3. [9] A p-solution satisfying at finite point (its domain

boundary) Z the conditions lim ¢/(z) = 0 and lim y(z) # 0 is called a

Tr—T T—T
white hole solution.

Definition 4. A solution to equation (1) is called a Kneser solution at
decreasing argument on the interval (—oo; zo) if y(x) > 0, y/(x) > 0 for
any < xo.

Definition 5. A solution to equation (1) is called a negative Kneser
solution on the interval (zq; +00) if y(z) < 0, ¢/ (x) > 0 for any x > xy.

Definition 6. [10] A u-solution y(z) to equation (1) is called a singular
of the type II at a point a € R iff lign y(x) = ligl y'(z) = 0.

Lemma 1. Let the function p(x,u,v) be continuous in x, Lipschitz
continuous in u,v and satisfying the inequalities (2). Then all p-solutions
to equation (1) are monotonous.

Denote

1
S

T kothk -1 Po
- 1
For s > 0,t € R\ {0} denote D(s,t) = (|1 — kq| s [t|"0) TF1 .

Theorem 1. Suppose ko + k1 < 1. Let the function p(x,u,v)
be continuous in x, Lipschitz continuous in wu,v and satisfying

inequalities (2). Let there also exist the following limits of p(x,u,v):
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1) p+ as x — 400, u — +00, v — 400,

2) p_ as x — —00, u — —00, U — +00.
Denote p, = p(a,0,0) for any a € R. Then a < —1 and all increasing
p-solutions to equation (1) according to their asymptotic behavior can be
divided into three types:

1. Increasing solutions defined on the whole axis with zero at some
point xg:

y(z) = Clp-) (xo —2) (L +o(1)), = — —o0,

y(x) = C(ps) (x — z0) “(1+0(1)), x— +o0.
2. Positive singular solutions defined on semi-azis (a,+00):

y(x) =C(ps) (x —a) " *(1+o0(1)), z—a+0.

y(x) = Clps) (x —a) *(1+0(1)), x— +oo,
3. Negative singular solutions defined on semi-axis (—00,b):

y(z) = Clp-) (b—2) (1 +0(1)), = — —o0,
y(x) =C(pp) (b—2z)"*(1+0(1)), z—0b-0.

Theorem 2. Suppose ko + k1 > 1, ki < 2. Let the function
p(z,u,v) be continuous in x, Lipschitz continuous in u,v and satisfying
inequalities (2). Let there also exist the following limits of p(x,u,v):

1) P* asxz — a—0, u — 400, v — +00, for every a € R;

2) P, asxz — a+0, u— —00, v — +00, for every a € R;

3) Py as v — 400, u — 0, v — 0;

4) P_ asx — —oo, u— 0, v — 0.
Then o > 0 and all mazimally extended increasing solutions to (1)
according to their asymptotic behavior can be divided into three types:

1. Increasing solutions with two wvertical asymptotes x = x. and
T=a% x, <zt

y=C(P") (z* —x) (1 +0(1), © — az* —0,
y=—C(Pp,)(x—z) “(140(1)), 2 = x«+0.

2. Kneser solution at decreasing argument defined on the semi-axis
(—o0,x*):
y = C(P_) o (1 + o(1)), @ — —o,

y=C(P")(z* —x) (1 +0(1)), z = z* — 0.
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3. Negative Kneser solutions defined on the semi-azis (., +00):
y=—C(Pp,)(x—zs) “(140(1)), 2 =z« +0,
y=—-C(Pr)xz *(1+0(1)), z — +o0.

Theorem 3. Suppose k1 > 2. Let the function p(x,u,v) be continuous in
x, Lipschitz continuous in u,v and satisfying inequalities (2). Let there
also for any a,b > 0 exist a limit Py as x — a, u — b, v — +00 and for
any a,b < 0 a limit Py as x — a, w — b, v — +00. Then any increasing
u-solution y(x) to equation (1) is defined on a finite interval (x—_,zy)

and has finite limits y, = lim Oy(l‘) and y_ = lierO. Moreover,
ToTL— T—T_

~ 1

y'(2) = D(Poy, y4) (x4 —2) BT (140(1), 2= a2y —0.

y'(x) = D(Py_y_,y_) (x — x_)_ﬁ (I14+0(1)), x—ax_+0.

Theorem 4. Suppose kg > 0, 0 < ki < 1. Let the function
p(z,u,v) be continuous in x, Lipschitz continuous in u,v and satisfying
inequalities (2). Denote py = p(zy,y4+,0) and p— = p(z_,y—,0).
Then any decreasing p-solution y(x) to equation (1) is defined on a
finite interval (v—,x4), has a zero at some point xo and finite limits

yr = lim y(z) andy_ = lim . Moreover,
z—x4—0 z—x_+0

1

y(@) = ~Dlpy.ys) (. —2) 7 (L+0(1)), @ —ay 0.

y'(x) = —D(p_,y_) (x — x_)ﬁ (14+0(1)), x—x_+0.

Theorem 5. Suppose 1 < ki < 2. Let the function p(x,u,v)
be continuous in x, Lipschitz continuous in wu,v and satisfying
inequalities (2). Let there also p(x,u,v) — pf as x — +oo, u — a,
v = 0 and p(z,u,v) — p, as v — —oo, u — a, v — 0. Then any
decreasing p-solution y(x) to equation (1) has a zero at some point x,
is defined on the whole axis and have finite limits yy = xgrfooy(x) and

y— = lim . Moreover,
T—r—00

~ 1

(@) = =D(py, .+ ) (x—20) 5 (1+0(1)), z— +oo.

y(z) = =Dy ,y_) (w0 —2)TF (1+0(1)), - —oo.
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Theorem 6. Suppose k1 > 2. Let the function p(x,u,v) be continuous in
x, Lipschitz continuous in u,v and satisfying inequalities (2). Let there

also

exist limits p* as x — +o00, u — —o0, v — 0 and p~ as T — —00,

u — —00, v = 0. Then —1 < a < 0 and any decreasing solution to (1)
has a zero at some point xo and has the following asymptotic behavior:

y(@) = =C(p") (x —20) (1 +0(1)), = — o0,

y(x) =C(p~) (xo — ) *(1 4+ 0(1)), x— —o0.

The research was supported by RSF, project number 20-11-20272.
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SEMICLASSICAL SPECTRAL ANALYSIS FOR
BOCHNER-SCHRODINGER OPERATORS AND
BEREZIN-TOEPLITZ QUANTIZATION

KORDYUKOV YU.A.

Let (X, g) be a closed Riemannian manifold, L a Hermitian line bundle
on X with a Hermitian connection VZ and E a Hermitian vector bundle
on X with a Hermitian connection VZ. We assume that the curvature
RE = (VF)? € Q%(X) of V! is non-degenerate.

Let AL"®E be the Bochner Laplacian acting on C®(X, LP? ® E) by

ALP®E _ (yLP8EY* yLOE

where (VI'®E)" : C®(X,T*X ® LP @ E) — C®(X,LP ® E) is the
formal adjoint of VI"®F . C®(X  [PQFE) — C®(X, T*X®@ PR E). Let
V € C>*(X,End(E)) be a self-adjoint endomorphism of E. We study the
Bochner-Schrédinger operator H), acting on C*°(X, LP ® E) by

1
Hy,=-AY®F 1V
p

First, we give a rough asymptotic description of the spectrum of H,
in the semiclassical limit p — oo in terms of the spectra of certain
model operators. Under some conditions on the Riemannian metric g,
this allows us to prove clustering of eigenvalues near certain numbers,
which can be naturally called Landau levels. We fix such a cluster
and develop calculus of Toeplitz operators acting on the eigenspace,
corresponding to this cluster. We show that it provides a Berezin-Toeplitz
type quantization of the manifold X equipped with the symplectic form
B = iR~

The research was partially supported by the development program of
the Volga Region Mathematical Center, agreement N 075-02-2020-1478.
Institute of mathematics, Ufa Federal Research Center of Russian Academy of
Sciences, Russia. Email: yurikor@matem.anrb.ru
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SOLVABILITY FOR A CLASS OF HIGHER ORDER
NONLINEAR FRACTIONAL DIFFERENTIAL
EQUATIONS

LACHOURI A.!, ARDJOUNI A.2

In this work, we study the existence and uniqueness of solutions to
the following higher order fractional differential equations with multi-
strip fractional integral boundary condition

Hey (t) = f(t,x), t € (1,T),
z(1)=0, 2/ (1) =0, 2" (1) =0,...,z"2 (1) = 0,

\ (1)
HDBy (T) = Y 0; [H3%x (n;) = 3%z (p;)] .0 € R,
i=1
where 7D 79P denotes the Hadamard fractional derivatives of orders
a and B respectively, n—1<a<n,n—2<p<n—-1,n>2né€N,
HyXi is the Hadamard fractional integral of order \; > 0, i = 1, ..., k,
Th’,piE(l,T), l<pi<m<..<pg<mn<T, f:[l,T] xR —=>Risa
given continuous function.
To obtain our results, We convert the problem (1) into an equivalent
integral equation. Then we construct appropriate mappings and employ
the Schauder fixed point theorem to show the existence of a solution.
We also use the Banach contraction principle to show the existence of a
unique solution. At the end, an illustrative example will be introduced
to validate the theoretical results.
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ASYMPTOTIC LOCALIZATION, MASSIVE FIELDS, AND
GRAVITATIONAL SINGULARITIES

LEFLOCH P. G.

I will review three recent developments on Einstein’s field equations
under low decay or low regularity conditions. First, the Seed-to-Solution
Method for Einstein’s constraint equations, introduced in collaboration
with T.-C. Nguyen, generates asymptotically Euclidean manifolds with
the weakest or strongest possible decay (infinite ADM mass, Schwarzs-
child decay, etc.). The ’asymptotic localization problem’ is also proposed
an alternative to the ’optimal localization problem’ by Carlotto and
Schoen. We solve this new problem at the harmonic level of decay.
Second, the Euclidian-Hyperboloidal Foliation Method, introduced in
collaboration with Yue Ma, applies to nonlinear wave systems which
need not be asymptotically invariant under Minkowski’s scaling field
and to solutions with low decay in space. We established the global
nonlinear stability of self-gravitating massive matter field in the regime
near Minkowski spacetime. Third, in collaboration with Bruno Le Floch
and Gabriele Veneziano, I studied spacetimes in the vicinity of singularity
hypersurfaces and constructed bouncing cosmological spacetimes of big
bang-big crunch type. The notion of singularity scattering map provides
a flexible tool for formulating junction conditions and, by analyzing
Einstein’s constraint equations, we established a surprising classification
of all gravitational bouncing laws. Blog: philippelefloch.org
Sorbonne University and CNRS, France. Email: contact@philippelefloch.org
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NUMERICAL APPROXIMATION OF
TWO-DIMENSIONAL STOCHASTIC NEURAL FIELD
EQUATIONS WITH FINITE TRANSMISSION SPEED

LIMA P.M.!, SEQUEIRA T.

Neural field equations are intended to model the synaptic interactions
between neurons in a continuous neural network, called a neural field
[1], [2]-This kind of integrodifferential equations proved to be a useful
tool for the spatiotemporal modeling of the neuronal activity from a
macroscopic point of view, allowing the study of a wide variety of
neurobiological phenomena, such as the processing of sensory stimuli.
The aim of the present talk is to study the effects of additive noise in
one- and two-dimensional neural fields, while taking into account finite
signal transmission speed. A Galerkin-type method to approximate such
models is presented, which applies the Fast Fourier Transformation to
optimise the computational effort required to solve this type of equations.
Numerical simulations obtained by this algorithm are presented and
discussed.
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CONVEX TRIGONOMETRY
LOKUTSIEVSKIY L.V.

The talk will focus on the singularities of solutions of Hamiltonian
systems describing geodesics on Finsler and sub-Finsler manifolds.
The Hamiltonian is usually non-smooth, and therefore the uniqueness
of solutions is lost. I will speak about a new apparatus of convex
trigonometry, which makes it possible to prove the uniqueness of
solutions at almost all points of nonsmoothness and fully investigate
remaining ramification points. In the last 2 years, this apparatus allowed

to make great progress in the study of sub-Finsler geodesics, and even
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to write out explicitly the formulae for geodesics on some manifolds
that previously did not lend themselves to precise research. Examples
are problems on the Cartan and Engel groups, all three-dimensional
unimodular Lie groups, isoperimetric inequalities in the Finsler metric,
ete.
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ON A DIRICHLET PROBLEM IN A CONVEX DOMAIN
MAKAR-LIMANOV L.G.

In my talk I’ll recall the story of a proof that the solution of a Dirichlet
problem Au = —1 in a convex domain which is zero on the boundary
has only one local maximum and remind why this is true.
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INVERSE PROBLEMS FOR THE KAWAHARA
EQUATION WITH INTEGRAL OVERDETERMINATION

MARTYNOV E.V.

In the following research we study the inverse problems for the
generalized Kawahara equation

Ut — Uggzer + OUgze + aUz + F/(u)ul" = f(t> J)) (1)
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u = u(t,x), a,b € R, | F(u) |< ¢ | u|? where 1 < ¢ < 6 posed on a
rectangle Q7 = (0,7) x (0, R) with the initial condition:

w(0,7) = ug(z), z € [0,R]; 2)
boundary conditions:

u(t,0) = p(t), u(t,R) =v(t); (3)

ug(t,0) =0(t), wux(t,R) =h(t), (4)

Uz (t, R) = o(t), t€[0,T]; (5)

with integral overdetermination:

R
/ u(t, z)w(x)dx = @(t), te€][0,T]; (6)
0
Impose the following conditions to some function w:
we H0,R), w(0)=w(R)=uw'(0)=w'(R)=u"(0)=0. (7)
The main results of our research are the following thoerems:

Theorem 1. Letug € La(0,R), p € Wpl(O,T), w,v € (H*°NL,)(0,T),
h,0 € (H>NL,)(0,T), f € Ly(0,T; Ly(0, R)) for some p € [2,+oc],
the condition (7) is satisfied and, moreover, w'(R) # 0,

R
»(0) = / up(x)w(x)dz. (8)
0
Let
co = [[uoll Lo 0.R) + 1l mr2rs 0,y + 1Vl 2750,y +
1ol s o,y + 101 s 0.y + 1 | La(@r) + 16"l £y 0,1)-
Then

1). For fized co there exists a Ty > 0 such as if T € (0,Tp), then
there exists a unique function o € L,(0,T) and the corresponding unique
solution u € X (Qr) of the problem (1)-(3) with condition (6).

2). For fixed T there exists a 6 > 0 such as if co < &, then there exists
a unique function o € L,(0,T) and the corresponding unique solution
u € X(Qr) of the problem (1)-(3) with condition (6).
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Theorem 2. Let ug € Ly(0, R), ¢ € WX(0,T), v € (H¥>(L,)(0,T),
h, 0 € (H/>NLy)(0,T), o € Linaw(2,p)(0,T) for some p € [1,+0q] the
condition (7) is satisfied and there exists a positive constant gy such as
for allt € [0,T]

R
g0 <| /0 g(t,v)w(z)dz | . 9)
Let

co = |lwollzoc0.r) + el 25 0.0y + 1M 25 0.+

12l 150,y + 101 175 0,1 + 0l ooy + 119 1 2 0.7)-

Then

1). For fized cq there exists a Ty > 0 such as if T € (0,1y), then there
exists a unique function fo € Lp(0,T) and the corresponding unique
solution uw € X (Qr) of the problem (1)-(3) with condition (6).

2). For fized T there exists a 0 > 0 such as if co < 6, then there exists
a unique function fo € Ly(0,T) and the corresponding unique solution
u € X(Qr) of the problem (1)-(3) with condition (6).

This work is supported by the Ministry of Science and Higher
Education of the Russian Federation: agreement no. 075-03-2020-223/3
(FSSF-2020-0018).
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MESO-SCALE UNIFORM ASYMPTOTIC
APPROXIMATIONS FOR SINGULARLY PERTURBED
PROBLEMS

MAZ’YA V.G.!, MOVCHAN A.B.2

There is a growing interest to problems in physics and mechanics
associated with domains whose boundaries are singularly perturbed. In

particular, heterogeneous solids containing large number of inclusions or
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perforations represent the object of studies, which may require advanced
numerical methods or analytical homogenisation approximations. The
numerical evaluation of physical fields around multiple defects of different
scales, and full computational analysis of their interaction, represent
a serious challenge. The asymptotic approximations, which take into
account a large number of inclusions within the cluster and different
scales reflecting on the size of individual inclusions, offer an efficient
analytical tool, which can also enhance the existing numerical schemes.
Green’s functions, and their uniform asymptotic approximations, are of
special interest, as motivated by the pioneering work of J. Hadamard.
The uniformity of the asymptotic approximations is important, as
well as the formal link between Green’s functions and solutions of
boundary value problems for meso-scale structures, containing large
clusters of defects. In mechanics, such systems involve large number
of small inclusions, so that a small paramater, the relative size of an
inclusion, may compete with a large parameter, representing an overall
number of inclusions. We demonstrate that the approach of meso-
scale asymptotic approximations provides an effective alternative to the
conventional homogenisation algorithms for solids with large clusters of
small inclusions. Also, problems of vibrations in domains with meso-
scale structured interfaces are discussed in detail. Theoretical results are
accompanied by numerical simulations and illustrative examples.
!Department of Mathematics, Linképing University, Sweden.

Email: vladimir.mazya@liu.se

?Department of Mathematical Sciences, University of Liverpool, UK.
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STOCHASTIC SEMIGROUPS ASSOCIATED
WITH PARTIAL DIFFERENTIAL AND
PSEUDO-DIFFERENTIAL EQUATIONS

MELNIKOVA 1.V.1, BOVKUN V.A.2

The lecture is devoted to operator semigroups topical both from the
point of view of applications and studying solution operators to PDEs
and some more general YDEs.

The semigroups under study describe important probability
characteristics of stochastic processes, defined as functions of transition
probabilities P (0, z;t, B):
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fRn 0 x;t dy) (f(-),p(O,x;t,-)> (1)

and transition densities p, in general, generalized functions. For U(t),
t > 0, related to Markov processes, the semigroup property follows from
the Kolmogorov-Chapman equation:

P(s,x;t,B) = [gn P(s,z;7,dy)P(r,y;t,B), 0< s <r <t
Markov semigroups are families with the following properties:

Utll=1 f>20=Ul)f>0; f<1=U®l)f<1 feBy(R").

The relevance of studying semigroups associated with Levy processes,
the important subclass of Markov processes, is due to the fact that
Levy processes allow simulating various continuous and jumps random
disturbances arising in physics, economics, social and biosystems. Along
with the study of semigroups, an important place in the lecture is given
to semigroup generators, which are proven to be YDOs and operators
with kernels.

The modern theory of operators has provided techniques for studying
PDE s and more general YDEs for probability characteristics of LI'©vy
processes (see, e.g. [1], [2]). Moreover, techniques of operator semigroups
combined with the generalized Fourier transform techniques allowed
us to extend the Gelfand-Shilov classification of Cauchy problems for
PDEs to some subclass of WDEs, including problems related to Levy
processes, which we classify as problems well-posed in the Petrovsky
sense. The lecture is divided into three sections. In Section 1, we
consider the semigroups of operators U; (t) —U4(t),t > 0, associated with
basic LI'(©vy processes: shift, Wiener, simple and compound Poisson
processes. It is shown that the considered semigroups are representable
in the form (1) with the transition densities p, generally, generalized
functions on the space Cj.

Section 2 shows that the generators of an important subclass of
Markov semigroups, Levy semigroups, are ¥DO s with symbols s(z, «)
of not more then power growth in a and locally bounded in z, and
operators with kernels from the space S'(R?"). The proof is based on
the famous Levy—Khintchine formula and Schwarz’s kernel theorem. A
construction of kernels is given for generators of semigroups Uy — Uy and
for the semigroups themselves.

In Section 3, on the basis of the generalized Fourier transform
techniques, an extension of the Gelfand-Shilov -classification is
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constructed for the case of equations with WDOs of a special form. The
scheme establishing connections between properties of solution operators
to the Fourier transformed Gelfand—Shilov systems and the semigroup
properties of the solution operators [3] has been extended to equations,
that contain WDO's associated with Levy processes.
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PERIODIC SOLUTIONS OF A NEUTRAL DELAY MODEL
OF SINGLE-SPECIES POPULATION GROWTH WITH
ITERATIVE TERMS

MEZGHICHE L.!;, KHEMIS R.2, BOUAKKAZ A.3

In this work, we consider the following first-order neutral delay
differential equation:

puw—fx@—funy:—a@mmw+f(uxuyxmug

—H@x@wmm) (1)

where ¢ € [0,1[, a(t),7(t) € C(R,(]0,00)) and f,H € C (R3]0, c])
are T-periodic functions. With the help of Banach and Krasnoselskii’s
fixed point theorems, the existence and uniqueness of positive periodic
solutions to the equation (1) are established.

Let Pr be the Banach space of all T—periodic continuous functions
endowed with the usual sup norm and

K= {x S PT, m<x < M, ’x(tg) —x(t1)| < L’tg —tl\,th,tQ ER},

is a closed convex and bounded subset of Pp. To simplify notations, we

introduce the following constants:
96



ap = infyeprya(t), a1 = supeprya(t), fr = maxepr |f (£,0,0)],
A= Z?:l ki Z;;%) L7, Ay = 222 1l Z;i%) L

u)du
Hy, = maxXge[o,T] |H (tv 0, 0)’ T = exp(( )

) _ exp(fo a(u du)
1’ exp(fo du)

In this work, we assume that:
(Hy) f(t,z1,22) and H (t,z1,x2) are globally Lipschitz in x1,xz9, i.e.
there exist positive constants ki, ks and [, o such that:

2
|f (&, x1,22) = f (t 51, 92)] Szkiuxi—in (2)
i=1
2
|H (t,1,22) — H (ty1,92)] <> Ll — il (3)
i=1

(H3) There exists fp > 0 such that:
f(t,ml,mg) > fo, Vt € [O,T], Vxi,22 € R. (4)
(H3) The following estimates are satisfied:

mTA + UQT% +c<1, (5)
mT fo —nT (MAZ:- Hy) — cT'mpai M Lo, (6)
2 (2 + alT) ((AlM—l- f1> + (AQM—‘F Hl) + CMa1> +L(1 + L)C <L.

(7)

Theorem 1. If conditions (2)-(7) hold, then equation (1) has at least
one solution in K.

Theorem 2. Suppose (2) and (3) are satisfied and if
T (A1 + As+car) +c < 1, (8)

then equation (1) has a unique solution in K.
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CHARACTERESTIC LIE ALGEBRA OF KLEIN-GORDON
EQUATION AND HIGHER SYMMETRIES

MILLIONSHCHIKOV D.V.

Consider Klein-Gordon equation written in the form ug, = f(u). We
define characteristic Lie algebra x(f) as a Lie subalgebra in the Lie
algebra of differential operators generated by two operators

0 0 0 0
Xo= 50Xy = fa—ul+D(f)a—m+---+D”’1(f)%+...,
where D = ula% + uQa%l + -+ un+1% + ... The properties of the
characteristic Lie algebra x(f) are related to the integrability of Klein-
Gordon equation. We are going to discuss characteristic Lie algebras of
two integrable cases: sine-Gordon f(u) = sinh h equation and Tzitzeica
f(u) = e + e2* equation.
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SYNCHRONIZATION OF QUASIPERIODIC
OSCILLATIONS IN NEARLY HAMILTONIAN SYSTEMS:
THE DEGENERATE CASE

MOROZOV A.D.!; MOROZOV K.E.2

Quasiperiodic perturbations of two—dimensional nearly Hamiltonian
systems with a limit cycle are considered. We study the behavior of
solutions in the neighborhood of a degenerate resonance, i.e. such a
resonance that correspond to an extremum of the natural frequency of
the unperturbed Hamiltonian system. Special attention is paid to the
synchronization problem. Bifurcations of quasiperiodic solutions that
take place when the limit cycle passes through the neighborhood of a
resonance phase curve are studied. This study is based on the analysis of
an autonomous nearly Hamiltonian system of a pendulum type, which
is obtained by the method of averaging and determines the dynamics in
the resonance zone. To a first approximation, two possible topological
structures of the averaged system are distinguished. For each case, the
intervals of a control parameter that correspond to the synchronization
of oscillations are specified. The results are applied to an equation of a
Duffing—Van der Pole type.

The research was supported by RFBR, grant 20-31-90039.
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BOUNDS ON THE SPEED OF SUBSPACE EVOLUTION
MOTOVILOV A.K.

Let H be a (possibly unbounded) self-adjoint operator on a Hilbert
space $). Assume that Py is an orthogonal projection in §) such that the
domain Dom(H) of H is invariant under Py, i.e.,

PyDom(H) C Dom(H). (1)
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Under the hypothesis (1), we study the subspace path
P, :=Ran(P;), T7€R, (2)

formed by the ranges of the orthogonal projections P, = e 1H7 Py elH7,
Below, the notation ¥(R, Q) is used for the maximal angle between
subspaces R and Q of the Hilbert space ),

J(R, Q) := arcsin(|R — Q||), (3)

where R and @ are the orthogonal projections in $ onto R and 9Q,
respectively. By using the maximal angle (3) as the measure of closeness
between subspaces in the path (2) we estimate the speed of their variation
with varying 7. Our first principal result concerning the subspace path
(2) is as follows.

Theorem 1. Assume the hypothesis (1). Assume, in addition, that

Vi, p, = sup (I — Py)H f]| < oo, (4)
f € PBo NDom(H)
lfll=1

where I is the identity operator in $). Then the following sharp inequality
holds:

19(31357‘1315) <Vup|t—s| forany s,teR. (5)

Corollary 1. Suppose that Vi p, # 0. Assume that at 7 = Ty the
mazimal angle between the initial subspace Po and a subspace in the path
Br, 7 > 0, reaches the value of 6, 0 < § < T, that is, (Po, P1,) = 0.

Then

0
Ty > . 6
Q_VH,PO (©)

Theorem 2. Assume the hypothesis (1). Assume, in addition, that

ABy, = s (JHfP = {HL ) <00 (@)
f € PBo N Dom(H)
If1l=1
If AEqy, # 0 then the following lower bound holds:
0
Ty > 8
> Rp 0

where 0, Ty are the same as in Corollary 1.
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Inequality (8) represents a generalization of the celebrated bounds on
the speed of variation of one-dimensional subspaces known in quantum
theory as the Mandelstam-Tamm and Fleming quantum speed limits.

Our final lower estimate for Ty concerns the special case of bounded H.

Theorem 3. Let H be a bounded self-adjoint operator on the Hilbert
space $). Suppose that the spectrum of H lies in the segment [m, M| and
m < M. Then the following lower bound holds:

260
M—m’ )

where 8 and Ty are the same as in Corollary 1.

Ty >

This presentation is based on joint works [1, 2| with Sergio Albeverio.
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ON A GELFAND-SHILOV TYPE SPACE
MUSIN I.KH.
Let H = {h,}>2; be a family of convex functions h,: R” — R
with h,(0) = O such that for each v € N:

1) hy(x) = hy([z1], .. |2al), 2= (21,..., 20) € R
v|[0,00)" 18 nondecreasmg in each variable;

2) h
3) dim, hugfj) - e
)

4)VYM >0 3FA,p > 0s.t. for x = (z1,...,2,) € [0,00)"
hl,(.’lf) < Z T IHM + A%M;
1<j<n:x;#0

5) Ja, >0 and 34, > 0 s.t. for z = (1,...,2,) € [0,00)"

hu( ) - hy+1 > ay - ij Yvs
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6) 31, > 0 such that for z,y € [0,00)"
hy1(z +y) < hy(z) + ho(y) + 1.
For each v € N and m € Z define the normed space
Gm(h) ={f € C"(R"):

|27 (D f) ()|
[l = sup gy < oo}
" mGR",BGZ’iJa\Sm ﬁ!eihy('@)

Let G(hy) = () Gm(hy). Endow G(h,) with the topology defined by
m=0

the family of norms || - ||;,,5, (m € Z4). Considering G(H) = |J G(h)
v=1

supply it with the topology of the inductive limit of spaces G(h,).

For f € G(H) let (Ff)(z) = ﬁ Jzn f(&)e!®8) de, x e R™.

The Young-Fenchel conjugate of a function g : R™ — [—o0, +0o0] is the
function g* : R™ — [—o00, +00] defined by ¢g*(z) = sup ({(z,y) — g(v)).

yeRr"
For v € N, m € Z, consider the normed space
Em(hy) ={f € C*(R"):
14 ||z|)™ (D f)(x
)= s QEEDTON@L

T€R™, Q€LY ale=hv(a)
Let £(hy) = ) &Emn(hy). Endow E(h,) with the topology defined by the
m=0

family of norms py,, (m € Z). Let E(H) = J E(hy). Supply E(H)
v=1

with an inductive limit topology of spaces € (hy).

Denote by A the mapping f € £(H) — Fy, where F is the (unique)
extension to entire function in C™.

For each v € N define a function ¢, on R" by

ou(x) = hE(In" |21|,...,InT |2,]), 2 = (z1,...,2,) € R™.
For each v € N and m € Z, consider the normed space
En(py) ={f € H(C"):

pom(f) = sup £ ()| + [l=[D™ < o,

D epIma)
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o0

Let @ = {p,}22, and E(®) = |J E(py). Supply E(®) with a topology
v=1

of the inductive limit of spaces E(g,).

Theorem 1. The mapping A establishes an isomorphism between the
spaces E(H) and E(P).

Theorem 2. The mapping AF establishes an isomorphism between the
spaces G(H) and E(P).

Theorem 3. The Fourier transformation establishes an isomorphism

between G(H) and E(H).

Institute of Mathematics with Computing Centre of Ufa Federal Research
Centre of the Russian Academy of Sciences, Russia.
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LANDIS PROBLEMS. RECENT PROGRESS
NADIRASHVILI N.S.

Survey of works related to the problems raised by E.M.Landis, from
old results to the most recent ones.

Centre national de la recherche scientifique, France.
Email: nnicolas@yandex.ru

ON THE PHRAGMEN-LINDELOF PRINCIPLE
FOR MIXED BOUNDARY VALUE PROBLEMS
IN UNBOUNDED DOMAIN

NAZAROV A.L

We investigate the qualitative properties of solutions to the Zaremba
type problem in unbounded domain for the non-divergence elliptic
equation degenerating at infinity. We establish the Phragmén-Lindel6f
type principle on growth/decay of a solution at infinity. The result is
formulated in terms of so-called s-capacity (the concept introduced by
E.M. Landis in 1960s) of the Dirichlet portion of the boundary, while the
Neumann boundary should satisfy certain “admissibility” condition.

The talk is based on the joint paper [1].
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ASYMPTOTICS AT INFINITY OF SOLUTIONS TO
ELLIPTIC PROBLEMS IN ANGULATE DOMAINS WITH
ALTERNATING BOUNDARY CONDITIONS

NAZAROV S.A.

Although results are obtained for general second-order formally self-
adjoint systems with polynomial property [1]|, we here consider the mixed
boundary-value problem for the Poisson equation

—Au(z) = f(z), x €Q, u(z) =0, z € 'p, Jpu(x) =0, z €'y, (1)

where  C R? is a domain with a Lipschitz boundary which, outside the
disk Bp of radius R > 0, coincides with the angle

K={z:7r>0,0€(0,a)}
of opening « € (0, 27). Moreover, I'p contains the ray
Yo={z:r>Rp=0a}
and the set of intervals
v ={r:ry=0,21 — RE (=bj ™ bj ™)} C Ty, b>0, m>0, (2)

while FN = 00 \E

The case m = 0 when the intervals (2) are distributed periodically
along the abscissa axis, was in essence considered in the paper [2] and
the infinite asymptotic series at infinity was constructed involving power-
logarithmic functions r*®(y;Inr) written in the polar coordinates (r, )
as well as the boundary layers r#WU(z;Inr) located near the ray Y.
Here, ® is a polynomial in Inr with coefficients in C*°[0, o] while the
polynomial ¥ has coefficients periodic in x; and exponentially decaying

as o — +00. The negative exponents A and u are taken from certain
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countable sets given in [2|. In particular, for a compactly supported right-
hand side f, the main term takes the form

Kor~™sin (ggo) (3)
with some coefficient K € R.

In the case m > 0 the lengths of the intervals (2) vanish in the limit as
7 — +o0o. However, the asymptotic results mentioned above remain valid,
in particular, the main asymptotic term keeps the form (3). However,
higher-order asymptotic terms get boundary layers of two types, namely
the periodic in x1 exponential ones near Yy and the power-law ones in
the vicinity of the interlas 7.

The main difficulty in the performed analysis of the problem (1)
concerns the justification of the asymptotic formulas that requires
derivation of various weighted a priori estimates of the solution, reduction
of the original problem to the pure Dirichlet problem in the angle K,
and restoration of decay properties of the asymptotic remainders near
the boundary ray Y.

References

[1] Nazarov S. A. The polynomial property of self-adjoint elliptic boundary-value
problems and the algebraic description of their attributes. Uspehi mat. nauk.
1999. 54, 5. 77-142 (English transl.: Russ. Math. Surveys. 1999. 54, 5. 947—
1014).

[2] Nazarov S. A. Asymptotics of the solution of a Dirichlet problem in an angular
domain with a periodically changing boundary. Math. Notes. 1991. 49, 5. 502-
509.

Institute of Problems of Mechanical Engineering, Russian Academy of
Sciences, St. Petersburg, Russia. Email: srgnazarov@yahoo.co.uk

NARROW ESCAPE PROBLEM
NURSULTANOV M.!, TZOU J.C.2, TZOU L.3

Let (M,g,0M) be a compact connected orientable Riemannian
manifold with non-empty smooth boundary. Let also (X¢,P,) be the
Brownian motion on M with initial condition at x, that is, the stochastic
process generated by the Laplace-Beltrami operator A,. For any I' C M
open we denote by 7 the first time the Brownian motion X; hits I':

m:=inf{t >0: X, € I'}.
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In the case when I' = I'c ;, is a small elliptic window of eccentricity
V1 —a? and size ¢ — 07, the narrow escape/mean first arrival time
problem wishes to derive an asymptotic expansion as ¢ — 0 for the
expected value E[rr, ,[Xo = x| of the first arrival time 7r, , amongst all
Brownian particles starting at x.

Many problems in cellular biology may be formulated as mean
first arrival time problems; a collection of analysis methods, results,
applications, and references may be found in [5|. For example, cells have
been modelled as simply connected two-dimensional domains with small
absorbing windows on the boundary representing ion channels or target
binding sites; the quantity sought is then the mean time for a diffusing
ion or receptor to exit through an ion channel or reach a binding site
8, 4, 6].

There has been much progress for this problem in the setting of planar
domains, and we refer the readers to [4, 6, 10, 1| and references therein
for a complete bibliography. An important contribution was made in the
planar case by [1] to introduce rigor into the computation of [6]. The
use of layered potential in [1]| also cast this problem in the language of
elliptic PDE and facilitates some of the approach we use here.

Few results exists for three dimensional domains in R™ or Riemannian
manifolds; see [2, 7, 9, 3| and references therein. The additional
difficulties introduced by higher dimension are highlighted in the
introduction of [1] and the challenges in geometry are outlined in [9].
In the case when M is a domain in R? with Euclidean metric and Feq
is a single small disk absorbing window, [7, 9] gave an expansion for the
average of the expected first arrival time, averaged over M, up to an
unspecified O(1) term.

In this paper we outline an approach which allows one to derive all the
main terms of E[rr, ,[Xo = | for Riemannian manifolds of dimension
three with a small absorbing window which is boundary geodesic ellipse.
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A NOTE ON THE EIGENVALUE CRITERIA FOR
POSITIVE SOLUTIONS OF A CANTILEVER BEAM
EQUATION WITH FREE END

PADHI SESHADEV

In this paper, we study the existence of at least one positive solution
to the fourth-order two-point boundary value problem(BVP)

u"(t) = Aq(t) f(t u(t), 0<t<l,

u(0) =4/'(0) =" (1) =4 (1) =0,
which models a cantilever beam equation, where one end is kept free.
Here

fGC([O,H XR+7R+)> gEC([O,l],R+)
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and A is a positive parameter. The sufficient conditions are interesting,
new and easy to verify. We have used some inequalities on the nonlinear
function f and eigenvalues of a linear integral operator as bounds for the
parameter A in order to obtain our results. Our approach is based on a
revised version of a fixed point theorem due to Gustafson and Schmitt.

Birla Institute of Technology Mesra Ranchi — 835215, India.
Email: spadhi@bitmesra.ac.in

ON ENTROPY SOLUTIONS OF SCALAR
CONSERVATION LAWS WITH DISCONTINUOUS FLUX

PANOV E.YU.
In the half-space II = (0, +00) x R™ we consider the conservation law
up + divyp(u) =0 (1)

with a jump continuous flux vector ¢(u). The curve (u, o(u)) in R**! is
known to admit a continuous extension

u=>bv) e C(R), ¢u)=g)eCR,R"),

such that the function b(v) is non-strictly increasing and [b(v)| — oo as
v — 00. After the change u = b(v) equation (1) reduces to the equation

b(v) + divyg(v) =0 (2)
We study the Cauchy problem for equation (1) with initial data
u(0,x) = ug(z) € L=(R"). (3)

Definition 1 (cf. [1]). A function v = wu(t,z) € L*(II) is called an
entropy solution (e.s.) of problem (1), (3) if there exists a measure valued
solution v, (v) of equation (2) such that the push-forward measure
(b*v4,2)(u) coincides with the Dirac mass 6(u—u(t, z)) for a.e. (¢, z) € II,
. ) — . 1 n

and etsi%lJrPu(t, ) =ug in L, (R").

We recall (see [2]) that v, is a measure valued solution of (2) if for
allk e R

gt/|b(v) — b(k)|dvt 5 (v) + divx/sgn(v —k)(g(v) — g(k))dv »(v) <0
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in the sense of distributions on II. We observe also that in view of the
assumption (b*vyz)(u) = 6(u — u(t,xz)) we can write

/w ) — b(k) dur.0 (v) = [ut, z) — b(R)].

The main our result is the existence of the largest and the smallest e.s. of
(1), (3). In the case of continuous flux vector this property was known,
see [3]. In particular, this result implies the uniqueness of e.s. in the
case of periodic initial data and the following more general comparison
principle.

Theorem 1. Let u; = ui(t,x), us = ua(t,z) be e.s. of (1), (3) with
initial functions ugi, ug2, respectively. If ugr < uge a.e. in R™ and at
least one of these initial functions is periodic then ui(t, z) < us(t,x) a.e.
wn 11

The research was supported by RSF grant 22-21-00344.
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ON ONE NONLOCAL PROBLEM FOR SECOND ORDER
LINEAR SINGULAR DIFFERENTIAL EQUATIONS

PARTSVANIA N.

On a finite open interval Ja,b[, we consider the linear differential
equation
" =p1(Wu+ pa(t)u’ + q(t) (1)
with the nonlocal boundary conditions

ao b
/)MW%®=@7AU@WNFW2 2)
¢ 109



Here p; :]a,b]— R (i = 1,2) and q :]a,b[— R are measurable functions,
satisfying the conditions

b b
/ () (b-1)lpa (8) +pa(8)] ) dt < +ox, / (t-0)(b-1) g(t)|dt < +o0, (3)

a

a < ay < by <b,c (i =1,2) are real numbers, while ¢1 : [a,a0] = R
and g : [bo, b] — R are nondecreasing functions such that

p1(a0) > p1(a), @a(b) > p2(bo).

We assume that the values of any solution to equation (1) at the points
a and b are its right and left limits, respectively, the existence of which
is guaranteed by condition (3).

We are mainly interested in the case where the functions p; and ¢ have
nonintegrable singularities at the points a and b. However, the results
below on the unique solvability of problem (1), (2) are new even in the
case where those functions are integrable on [a, b].

For any continuously differentiable function w defined on some interval
I C la,b], we put

ha(py, p2, w)(t) = [pr(B)]_w(t) + [p2(t)]_w'(t),
ha(p1,p2, w)(t) = [p1(B)]_w(t) — [p2(t)] ' (t).

Theorem 1. Let conditions (3) hold and there exist a number ty € |a, b|
and continuously differentiable functions wy : [a,to] — [0,4o00[ and
wa : [to, b] = [0, +0o0[ such that
to
wy(a) =0, wi(t) >0, /hl(pl,pg,wl)(s)ds <wi(t) for a <t<ty,

t
t

wa(b) =0, wh(t) <0, /hg(pl,pg,wg)(s)ds < Jwh(t)| for tog <t <b,

to
to t

limsup/ hl(pl’z?’wl)(s)ds—I—limsup/ h2(p1’%2’w2)(8)d8 <2. (4)
t—to wi(t) t—to |wy ()]

0

Then problem (1), (2) has a unique solution.
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Note that the strict inequality (4) in Theorem 1 is unimprovable and
it cannot be replaced by the nonstrict one.

Corollary 1. Let conditions (3) hold and there exist ty € |a, b[ such that

to b
[ (o) Apa0))de < 1, [ (G0l (0)-+pa(0) )t < 1. (3

Then problem (1), (2) has a unique solution.

Corollary 2. Let conditions (3) hold and there exist nonnegative
constants ¢; (i = 1,2) such that

p1(t) > —l1, pa(t)sgn(2t —a —0b) < ¥y for a<t<b,
+oo dx
—s < (b—a)/2. 6
/0 0 + lox + 22 (b=a)/ (6)
Then problem (1), (2) has a unique solution.
In the right-hand sides of inequalities (5) in Corollary 1, the number 1

cannot be replaced by 1+ ¢ no matter how small € > 0 is, and the strict
inequality (6) in Corollary 2 cannot be replaced by the nonstrict one.
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IMPROVED APPROXIMATIONS
FOR RESOLVENTS OF ELLIPTIC OPERATORS
IN THE ENERGY OPERATOR NORM

PASTUKHOVA S.E.

In the space R? d>2, we consider divergence-type operators of an
even order 2m>2

Ac= (1" Y D*(agu(2)D)

la|=|8]=m
with e-periodic coefficients ag5(z) = aas(y)ly=c-12, € > 0 is a
small parameter. Here, a=(a1,...,qq) is a multiindex of length

lal=a1 + ... + ag, o €ZL>q, D* = D‘lll ...Dsd, D; =Dy, i=1,...,d;
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the coefficients a,p(y) are real, measurable, 1-periodic with periodicity
cell Y=[-1,1)9 and satisfy the conditions

213
laasllLoeyy < A1, Vo, B, |al = |B] =m

/ Z aap(r)DP oD dzx > )\0/ Z |D%p|? da

|al=[B]=m laf=m

for all ¢ € C$°(R?) with some positive constants A\g and ;.
With the family A. we associate the homogenized operator

A=(-1)™ > D%asD" (2)
|l =[8]=m

which is of the same class (1). The coefficients a,p are constant and are
expressed via solutions to so-called cell problems. It is known [1] that

1(Ae +1) 7" = (A+ 1) 7" = " Kellp2(may prm ray < Ce, (3)
where the constant C' depends only on the dimension d and the constants
Ao and Aj in (1). The correcting operator K. is obtained by using the
solutions to the cell problems introduced to compute the coefficients aqg.

Now we seek e2-order approximations of the resolvent (A + 1)~! in

the energy operator norm || - ||f2_,gm. To this end, we introduce the
homogenized operator, slightly different from that in (2); namely,

"D DN D e ) basD)
la]=m |B]l=m |6]=m~+1
Here, the coefficients aqp are the same as in (2) and b,s are constants

defined via solutions to the additional cell problems. We define the
correcting operators

= > Ny( D”SE(A5+1)’1

[y|=m
and

Kmii(e)= Y Ns(= D5S€SE(A +1)7!
|6|l=m+1

where N, |y|=m, and Ns, |0|=m+1, are the solutions to the above-
mentioned cell problems, S¢ is the Steklov smoothing operator defined
as (S°¢)(z) = [y ¢(x — ew) dw. In [2], the following estimate is proved:

(A1) 4™ () +e™ Kinpr (6) = (Ac+1) " 2ty prm(ray < Ce,
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where the constant C' is of the same type as in (3).
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ON VARIATIONAL APPROACH IN HOMOGENIZATION
OF CONVOLUTION TYPE OPERATORS

PIATNITSKI A.L.

We consider a symmetric operator of the form

A= g [ e(FAE Y ) -y )

€ ele

with a small parameter € > 0 and the corresponding quadratic functional

Ff(u) = 5d1+2/Rd /Rd a(w ; Z/)A<§’ g)(u(y,t) — u(z,t))? dydz.

The talk will focus on I'-convergence results for functional F¢, as € — 0.
We assume that the coefficients a(z) and A(&,n) possess the following
properties: integrability

a(-) =0, /a(z) dz=1, /|z|2a(z) dz < 00 (2)
R4

R4

ellipticity”
0 <A™ <A n) <At (3)

for some positive constants A~ and AT. symmetry
a(—z) = a(z) for all z € RY,  A(&,n) = A)(n,€) for all £, 1. (4)

We also assume that either A(€,n) is periodic both in £ and 1, or A(&,n)
is random statistically homogeneous ergodic random field.

In the periodic case the following result holds:
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Theorem 1. Let A(&,n) be periodic in & and 7, and assume that
conditions (2)—(4) are fulfilled. Then, as € — 0, the family F° T'-
converges in L*(RY) equipped with a weak topology to the functional F°
defined by

/ aVu - Vudz, if ue HY(R?),
Rd

400, otherwise,

FOu) =

where a 1s a symmetric positive definite constant d x d matriz.
Similar result holds in the random case.

Theorem 2. Let A(&,n) be random statistically homogeneous ergodic
random field in R??, and assume that conditions (2)—(4) are fulfilled.
Then almost surely the family F¢ T'-converges in L*(RY) equipped with a
weak topology to the functional F° defined in Theorem 1 with a constant
deterministic positive definite matrix a.

This is a joint work with Andrea Braides (Rome).
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OSCILLATION CRITERIA FOR THIRD-ORDER
DIFFERENTIAL EQUATIONS WITH NEUTRAL
COEFFICIENTS

PINELAS S.

In this work it is introduce a criteria to the oscillatory behavior of
solutions to a class of third-order differential equations with neutral
coefficients. Sufficient conditions for all solutions to be oscillatory are

given and some examples to illustrate the main results.
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THE KALTON AND ROSENTHAL TYPE
DECOMPOSITION OF ORTHOGONALLY ADDITIVE
OPERATORS

PLIEV M.A.

Narrow operators on symmetric function spaces, as introduced in [1],
may be thought of as a generalization of compact operators. There
is a deep connection between the theory of narrow operators and
classical results of Kalton [3], Rosenthal [5], concerning decompositions of
continuous linear operators on £(L1). The next theorem can be regarded
as a generalization of [3, 5] to the setting of dominated orthogonally
additive operators (OAOs) on lattice-normed spaces (LNSs).

All necessary information on LNSs and dominated OAQOs the reader
can find in 2, 4].

Theorem 1. Let (X, E) be a decomposable lattice-normed space, where
FE is a vector lattice with the principal projection property, F' be an order
continuous Banach lattice and T: X — F be a dominated orthogonally
additive operator. There then exists a unique decomposition

T =Ty +Ty
where Thr is a narrow operator and Ty is an atomic operator.

The research was supported by the Ministry of Science and Higher
Education (the agreement numbers is 075-02-2021-1844).
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SURFACES IN R?> AND THEIR CONTACT WITH CIRCLES
REEVE G.

It has long been known that we can use the contact between a
surface and so called model submanifolds to tell us about the underlying
geometry of the surface. For example, we can tell something about how
flat a surface is by its contact with either planes or lines, and something
about how round it is by its contact with spheres or circles. In this talk I’ll
revisit the idea of contact between a surface and circles and introduce the
concept of a "surface of centres"of circles with sufficiently high contact,
a kind of generalisation to the focal set. This is joint work with Peter
Giblin.
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DECOUPLING OF QUASILINEAR DYNAMIC SYSTEMS
ON TIME SCALES

REINFELDS A.

Let T be unbounded above and unbounded below time scales T [1].
We consider the rd-continuous on ¢ € T dynamic system

B = AW+ f(t2,y), !
Y )y +g(t, z,y),
in a Banach space, where nonlinear terms are e-Lipschitz and the system

(1) has a trivial solution. Let X (¢,7) and Y (t,7) be the transition
116



operators of the corresponding linear system

2 = A(t)x,
{yA ~ By. @

Suppose that the system (2) satisfy the conditions of integral separation

v = max <Sup / Y (s,0(0)|| X (¢, 5)| At ,

s —0o0

+oo
Sup/ |X(s,a(t))||Y(t,s)|At> < +oo

S
with the separation constant v. Based on the integral version of the idea
developed in the article 2| we generalize [3].

Theorem 1. Let 4ev < 1 and the linear system (2) is regressive. Then
the dynamical systems (1) and

{ v = Az + f(t 2, ult 7)), )
y® = Bty +g(t,v(t,y),y).
on time scales are global dynamic equivalent.

In the case of unbounded above time scales we also find sufficient
condition under which the system (1) is dynamic equivalent to system

(4).
Theorem 2. Let 4ev < 1 and the linear system
2 = A(t)x
is regressive. Then the dynamical systems (1) and
2 = Atz + f(t,z,u(t,2)),
{yA = B()y+g(t, k(t,z,y),y). @

on time scales are global dynamic equivalent for t > 7.
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AN ADDITION TO A NEW APPROACH TO NON-LOCAL
BOUNDARY VALUE PROBLEMS

RONTO M.!, RONTO A.2
We study the non-linear boundary value problem of general form
u'(t) = f(t,u(t)), t €la,b]; ®(u) =d, (1)

where ® : C([a,b],R™) — R™ is a vector functional (possibly non-linear),
d is a given vector, and f : [a,b] x D — R™ is a continuous function
satisfying the Lipschitz condition in a bounded closed domain D,

lf(t,x) — f(t,y)| < K|z —y|, forall {z,y} C D, te€|a,b]. (2)

We are interested in establishing the solvability of (1) and approximate
finding its solution. An approach to this was suggested in [1|, which
involves a kind of reduction to a parametrized family of problems

u'(t) = f(t,u(t)), t €la,b];  wu(a) =z, u(b)=mn, (3)
where z = col(z1,...,2,), n = col(n1,...,n,) are unknown parameters.
AssUMPTION 1. There is a non-negative p such that, componentwise,

1
p = B (b—a)dpp,n(f),

where 5[a,b]7D(f) - %(max(t,u)e[a,b]XD f(tv u) - min(t7u)6[a7b]><D(ta u)) :

ASSUMPTION 2. r(Q) < 1 for the spectral radius of Q) = 3(1’17660](_

The techniques are based on properties of the iteration sequence

Um+1 (t, 2,m) = ug (t, 2,m) /fsum(szn))d

t—a

/fsumszn))d (4)

where ug (t,z,n) = ( — —) + b en, t € [a,b], m=0,1,2,.... These
formulas are used to compute the correspondlng functions explicitly for
certain values of m which, under additional conditions, allows one to
prove the solvability of the problem and construct approximate solutions.

If the function involves transcendental non-linearities with respect to the
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second variable, the correspondent explicit computations, in the general
case, cannot be carried out due to the impossibility to find the exact
values of the corresponding integrals. One of the ways to overcome this
difficilty is to use, instead of (4), the polynomial approximations

t
ol (€, m) = wolt, & 1) + / Ly(Nvmr (€, m))ds

t—a

b—a

b
/ Ly(Nvm—1(-,&,m))ds, t € [a,b], m=1,2,...,

where vf (t,€,1) = uo(t,&,n). Here, we need to construct the gth order
Lagrange interpolation polynomials L,(Nvy,—1(-,&, 1)) over the ¢ + 1
Chebyshev nodes for functions obtained as a result of application of the
Nemytskii operator N, (Ny)(t) := f(t,y(t)), t € [a,b], y € C([a,b],R™).

To relax the conditions involved in Assumptions 1 and 2, following [2],

we use the interval division tg = a, tx = tp_ 1+ hg, E=1,.... M — 1,
tyr = b, and instead of (3), consider M model problems
du®)

= f(t, u(k)), t € [tp—1,te]; u(tpg—1) = z(kfl), u(ty) = z(k),

where k =1,2,..., M and 29, 2 . (V) are to be determined. Each
of these problems is studied on an interval of length hj. Assumption 1 is
then replaced by r(Qx) < 1,k =1,2,..., M, where Qj, = %Kk and K},
is the Lipschitz matrix for f on [t;_1,t,] x D¥, DI¥l ¢ D. Assumption 2
is likewise weakened. The approach is illustrated on examples.
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THE RESOLUTION OF SINGULARITY IN THE
NEIGHBORHOOD OF A SECOND ORDER SINGULAR
EXTREMAL IN TWO-INPUT CONTROL PROBLEMS

RONZHINA M.I.', MANITA L.A.2, LOKUTSIEVSKIY L.V.3

Pontryagin’s maximum principle (PMP) reduces the study of optimal
control problems to the study of controlled Hamiltonian systems. If the
Hamiltonian system is affine in control, then the typical phenomenon is
the existence of a singular trajectory that is characterized by the fact
that the Hamiltonian reaches its maximum over a finite time interval
at more than one point. In other words, the optimal control can not
be determined directly from the PMP maximum condition. A class of
problems that appear in many applications is the ones with singular
trajectories of the second order.

The behavior of optimal trajectories near a singular trajectory of the
second order can be quite complex, e.g. nonsingular trajectories can
have infinite number of control discontinuities near the matching point
with the singular arc (this is called the chattering regime, or Fuller’s
phenomenon). In problems with one-dimensional control, it was proved
that optimal chattering trajectories are typical for controlled systems
with singular trajectories of the second order [1, 2].

In the case of one-dimensional control, the problems with singular
trajectories of the second order are well studied. A complete description
of the structure of optimal solutions in a neighborhood of singular
extremals of the second order was given by [2]. In problems with
multidimensional control the behavior near a singular trajectory can be
much more complex and has been studied only in a few special cases.

The main tool of studying the behavior of nonsingular extremals in a
small neighborhood of a singular extremal is the resolution of singularity.
The method consists in a geometric transformation that replaces a
singular point with a surface of higher dimension.

In the series of papers [3, 4, 5] we have implemented the resolution
of singularity in a neighborhood of a second order singular extremal
for problems with two-dimensional control. We consider a Hamiltonian
system that is affine in two-dimensional bounded control taking values in
an ellipse. In a neighborhood of a singular extremal of the second order,

we obtain a family of solutions in the form of logarithmic spirals that
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reach the singular point in a finite time and have a countable number of
revolutions around it.

This work is partially supported by the Russian Science Foundation
(grant No. 20-11-20169).
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ASYMPTOTIC MODELLING OF SOFT AND STIFF
INTERFACES IN KIRCHHOFF-LOVE’S PLATES THEORY

RUDOY E.M.

The characterization of the interface conditions between bonded
together elastic media is a classical problem in solids mechanics. This
problem arises in many fields of engineering when composite material
should be modelled. For example, laminate structures can be built by
gluing together thin plates. Due to the small thickness of glue layer (or
adhesive) the numerical computation of the solution of the corresponding

boundary value problem can be very difficult because it requires a
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fine mesh and, consequently, increasing of degree of freedom of the
corresponding system.

In this situation, instead of the full model the approximate model with
the interface condition between adherents is introduced. Many interface
conditions are currently studied rather well from both mathematical
and mechanical point of view for different models of solids mechanics:
linear and nonlinear elasticity, piezoelectricity, magneto-electro-thermo-
elasticity [1, 2, 3, 4, 5].

In the present work, we consider a composite structure consisting of
two plates glued together by a third one (adhesive layer) along some
common interfaces. The structure is in equilibrium under the action of
applied forces. The composite plate is fixed on the parts of the external
boundary. The equilibrium problem (case of pure bending) is formulated
as a variational one. Namely, a minimization of the energy functional over
a set of admissible deflections of the composite plate in the space H?2.
It means that the deflections of each plates are described by biharmonic
equations. And on the common boundaries the condition of equality of
the deflections and their normal derivatives is satisfied. It is assumed
that the elastic properties of the adhesive layer depend on its thickness
e as eV, N € R. Parameter ¢ is a small parameter of the problem. But
the elastic properties of the glued plates do not depend on € and remain
constant.

The main goal of the work is to strictly mathematically justify the
passage to the limit when ¢ tends to zero. It is shown that there are 7
limit problems in dependence on N. Moreover, for these 7 problems it
is shown that the influence of adhesive on adherents can be replaced by
interface [6].

The research was supported by RFBR grant 18-29-10007.
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ON A PROBLEM GOVERNED BY SUBDIFFERENTIALS
AND CAPUTO FRACTIONAL DERIVATIVES

SAIDI SOUMIA

Differential equations of fractional order have recently been
proved valuable tools in modeling many phenomena in various
fields of science and engineering. There are many applications to
problems in viscoelasticity, electro-chemistry, control, porous media,
electromagnetics, etc. There has been a significant theoretical
development in fractional differential equations in recent years, see for
instance [1], |2], and the references therein. In particular, the existence
of solutions of boundary value problems and boundary conditions for
implicit fractional differential equations and integral equations with
fractional derivatives constitutes an attractive subject of research.

We study here a dynamical system involving a differential inclusion
governed by subdifferential operators and a differential equation with
Caputo fractional derivatives [3]. To establish our main theorem, we
combine the necessary results of fractional calculus and an existence
(and uniqueness) theorem concerning first-order evolution problems with
single-valued perturbations [4].
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SUB-RIEMANNIAN GEOMETRY AND BICYCLE
MATHEMATICS ON THE GROUP OF MOTIONS OF THE
PLANE

SACHKOV YU.L.

We will discuss the unique, up to local isometries, contact sub-Rie-
mannian structure on the group SE(2) of proper motions of the plane
(also known as the group of rototranslations).

The following questions will be addressed:
geodesics,
their local and global optimality,
cut time, cut locus, and spheres,
infinite geodesics,
bicycle model,
bicycle transform and relation of geodesics with Euler elasticae,
group of isometries and homogeneous geodesics,
applications to imaging and robotics.

The research was supported by RSF grant 17-11-01387-P.
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ON MATHEMATICAL MODELS OF EVOLVING
NETWORKS

SADYRBAEV F.!, SAMUILIK I.2, SILVANS A.3

We study systems of ordinary differential equations (ODE), which
model the interrelation and evolution of large networks. We mean gene
regulatory networks (GRN), neuronal networks and telecommunication
networks. They can contain an arbitrary number of elements, which
are interpreted as genes in the case of GRN. These systems contain
multiple parameters. The interrelation between the elements of a network
is described by the so called regulatory matrix W, that is a square matrix
with constant coefficients. The state of a network is associated with the
solution vector X (t) = (x1(t),...,xn(t)), where ¢ is interpreted as time.
Evolution of a network can be described by studying the behavior of
solutions of the associated system of ODE. The main factor, defining the
evolution in a model, is the set of possible attractors in phase space. One
can find non-trivial attractors in these systems, and they vary in nature.

Both analytical and computational means are used in the study of a
system. The study of stable equilibria can be made using the standard
analysis of critical points. The geometry of the vector fields can be
investigated using the method of nullclines, this works well in low
dimensional cases. The computational approach is productive, however
the usual restrictions on capability of devices arise.

In our talk we try to mention the typical issues that arise in qualitative
study. The main problem is to treat systems of high dimensionality, where
we encounter issues with visualisation and processing limitations.

Nevertheless, the amount of relevant results increases, and some
suggestions for behavior of the state vector X (¢) can be made even for
relatively high-dimensional cases.
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DYNAMICS OF LOCALIZED WAVES WITH
CONTROLLABLE NONLINEARITIES

SAKKARAVARTHI K!, KANNA T?

The objective of the present work is to investigate the consequences
of varying nonlinearities in the dynamics of localized waves propagating
through inhomogeneous media. For this purpose, we consider a coupled
nonlinear Schrodinger equation consisting of temporally varying self-
phase & cross-phase modulations and four-wave mixing nonlinearities
governing multimode beam propagation in inhomogeneous fiber. The
corresponding mathematical model is described as
0A; < 0?

M
. T 5ax2+v<z,m>> Aj+9(2) (55 |41+ oo |Ad* ) 4
l

M
—y(2) | Y oeAf | A5 =0, j=1,2,3,---,M, (1)
4

where Aj(z,z): jth optical mode, d: second-order dispersion, oj;:

self-phase modulation, oj;: cross-phase modulation, o,: four-wave

mixing, V(z,z): graded refractive index profile, and ~y(z): temporally-

varying nonlinearity. We investigate the importance of such modulated
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nonlinearities in the dynamics of optical bright solitons, spatially
or temporally periodic (Akhmediev or Ma) breathers, and doubly
localized bright-dark rogue waves with the help of explicit analytical
solutions constructed through a dedicated similarity transformation. We
explore the possibility of controlling these solitons, rogue waves and
breathers possessing different characteristics. Especially, we provide a
demonstration for three types of inhomogeneities that shows snaking or
creeping, tunnelling through a localized barrier/well, and amplification
driven by compression type modulations with physically interesting
changes in their dynamical characteristics. An important advantage of
our study is that the methodology can be extended to multicomponent
systems in a straightforward manner.

The results discussed in this work will be beneficial to the theoretical
studies and experimental realization in engineering and controlling
mechanism of different waves. Particularly, the wave propagation
in graded refractive index (GRIN) media can attract interest toward
further exploration in the context of atomic soliton/breather/rogue wave
management in binary and spinor condensates, periodic lattice arrays,
magnetic materials with layered structure, and so on. Furthermore, the
influence of such modulations in higher-dimensional nonlinear optical
systems featuring vortex solitons, optical bullets, resonant solitons,
lumps and dromions will be immediate future interest.

The research work of K. Sakkaravarthi was supported by the Korean
Ministry of Education, Science and Technology through APCTP Young
Scientist Training (YST) Program.
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BOUNDARY OPTIMAL CONTROL AND
HOMOGENIZATION: CRITICAL CASE

SHAPOSHNIKOVA T.A.

We consider the homogenization of an optimal control problem in
which the control v is placed on the part I'g of the boundary and the
spatial domain contains a thin layer of "small particles very close to the
controlling boundary, and a Robin boundary condition is assumed on
the boundary of those "small particles". We assume that the size of the
particles and parameters involved in the Robin boundary condition are
critical ( and so they justify the occurrence of some "strange terms'"in
the homogenized problem and in the limit of the cost functional).

Let Q C R} = {x € R" : z, > 0}, 00 =TcUT, T'g = 002 N {x, = 0}
is the (n — 1)-dimensional domain on the plane z,, = 0, I'1 = 9Q \ T.
We set j = (j1,---9n-1,0), 5i € Z,i=1,...n— 1 and G% = a.Gq + ¢J,
where Gy is the unit ball with the center (0,...,0,1/2) and a. = Cpe®
witha=(n—-1)/(n—2), Y. ={j €Z":j = (j1,..,Jn-1,0),GL C Q}.
Next, we introduce sets

Ge = Ujer.GL, S: = Ujer.0GL, Q. = Q\ Gz, 00 = S: UToUT}.

For an arbitrary function v € L?(T), we denote by u.(v) € HY(Q.,T'1)
the solution of the problem

—Au.(v) = f, x € €,
Opue(v) + e Ya(x)us(v) =0, =z € S, (1)
Oyue(v) = v, x € Iy,
us(v) =0, xz eIy,

where f € L*(Q), a(x) € C®(Q), a(z) > ag = const > 0, v € R, d,g
is the partial derivative along the outward unit normal vector v to the
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boundary. Consider the cost functional J; : L?(Tg) — R,

1.0) = 3 [ B@)V(ua(o) — un)V(ue(o) = ur)ds + 5 ol

Qe
where B(x) = (b;j()) is an n X n positive symmetric matrix, b;; € C*(€2)
and ur € HY() is the target function, n, N are arbitrary positive
constants. It is well known that there exists a unique element v, € L?(Ty)
such that J.(v:) = érzl(ilgl)Jg(v). It is known that an optimal control
v 0

ve = —3: P-, where (ue, P:) is a weak solution of the coupled system

( —Au, = 7, x € (e,
AP, = div(B(z)V (ug —ur), x € Q,
Opte + e Va(x)u. = x €S,
O Pe — (B(z)V (ue — UT)H/) +ea(z)P. =0, ze€S, (2
Oyue = — 35 Px, x €T,
0, P. — (B(z)V(ue —ur),v) =0, z el
us = P. =0, zely.

Denoting by u. and E the E L_extensions of functions u. and P: to ,
we have as € — 0,uz — ug, P- — Py, weakly in H'(Q,T').

Theorem 1. Let n > 3, o = v = =L and a pair (ue, P:) is a weak
solution of the system (2). Then, the pair (ug, Py) is a solution of the
system

—AU(] — f’ APO = le(BV(UO - uT))7 ‘S Q’
dyug + Ala(g)(ij_)cnuo = _%Pﬂa z € I,
0, Py — (B(x)V (ug — ur).v) + A i Po
_A % ug = 0 x e FO’
o = Py — 0. reli.
where trB(x) = 3 bj(x), A1 = (n — 2)Cf Pwn, Ay = %7 Cn = n07_02’

j=1
wy, 18 the surface area of the unit sphere in R™.
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SOME NEW SOLUTIONS TO SEMILINEAR EQUATIONS
IN R WITH FRACTIONAL LAPLACIAN

SHCHEGLOVA A.P.

2
Let n > 2, and let s € (0,1). Denote by 2} = n2 the critical
n

—2s
embedding exponent for the Sobolev—Slobodetskii space H*(R"). For
q € (2,2%), we consider the equation

(—A)P*u+u=|u%  inR" (1)

where (—A)® is the conventional fractional Laplacian in R™ defined for
any s > 0 by the Fourier transform

(=A)"u = F~ (| Fu(f)) .

Semilinear equations driven by fractional Laplacian have been studied
in a number of papers. We construct some new classes of solutions to the
equation (1), which, apparently, were not considered earlier.

In [1], for the model equation

—Au+u=1u? in R",

a variational approach was suggested. It is based on the concentration-
compactness principle by P.-L. Lions and on the reflections. This
method, also applicable to the equations driven by p-Laplacian, allows to
construct in a unified way the solutions with various symmetries which
can also decay in some directions.

Let €2 C R™ be a convex polyhedron. For a positive sequence R — +o0,
we define a family of expanding domains

Qr={zeR" : /R Q}
and consider the problem
(—A)gutu=luf""u in Qp, (2)
where (—A)g, stands for some fractional Laplacian in Qp, such as

spectral fractional Dirichlet or Neumann Laplacian, etc.

Lemma 1. There exists a least energy solution u of (2), positive and

smooth in Qg.
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Now we assume that the polyhedron €2 has the following property:
the space R™ can be filled with its reflections, colored checkerwise. Then
we can extend the function u to the function u in the whole space by

reflections consistent with the boundary conditions of (—A)g, .

Theorem 1. The function u is a solution of the equation (1) in R™.

In this way, we construct solutions of the equation (1) with various
symmetries. Among them, there are: positive and sign-changing periodic
solutions with various periodic lattices, quasi-periodic complex-valued
solutions, breather-type solutions. These classes of solutions, apparently,
were not studied earlier. In the local case, similar solutions are considered
in [1]. However, some of our solutions are new even for s = 1.

This talk is based on joint work with Alexander Nazarov, see [2]. A
part of our results was announced in the short communication [3].

The research was supported by RFBR grant 20-01-00630.
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CRITICAL TRAVELING WAVES
SHCHEPAKINA E.A.!, SOBOLEV V.A.2, ZHANG L.3

The paper deals with a special type of traveling waves. We call these
traveling waves critical since they simulate critical phenomena. The
specificity of critical traveling waves is that they profile is a duck-
trajectory (or canard) [1]. Recall, that canards are trajectories of a
singularly perturbed system which at first move along the stable slow
invariant manifold and then continue for a while along the unstable slow

invariant manifold |2, 3|.
131



Canard traveling waves were considered first in [4] for a combustion
model, where it was shown that they separate the waves of slow burnout
and the explosion waves. Later, other papers on the canard traveling
waves appeared, see, for example, [5, 6, 7, 8] and references therein.

It should ne noted that critical traveling waves are of different types
depending on their profile which can be periodic, homoclinic, and
heteroclinic. For heteroclinic profile, it is possible to distinguish the cases
of point-to-cycle and point-to-point traveling waves.

In this paper, we demonstrate some types of critical traveling
waves using the reaction—diffusion system. We consider processes
characterized by small diffusion, which leads to the appearance of
singular perturbations in the corresponding ODE systems. The use of
the method of invariant manifolds of singularly perturbed systems allows
us to reduce the traveling wave problem of the original PDE system to
the analysis of their profiles in the ODE system with the lower order.

This work is partially supported by RFBR and NSFC according to
the research project No. 20-51-53008 (E. Shchepakina and V. Sobolev),
and NSFC projects No. 12011530062, No. 12172199 and No. 11672270
(L. Zhang).
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LARGE SOLUTIONS OF SEMILINEAR ELLIPTIC
EQUATIONS WITH DEGENERATE ABSORPTION TERM

SHISHKOV A.E.!, YEVGENIEVA Y.A.?
Let 2 C R™, n > 1, be a bounded domain and f(-,-) a nonnegative

continuous function in Q x R! such that f(x,0) = 0 Yz € Q. We consider
the so-called large solutions of the equation

—Au+ f(x,u) =0in £, (1)

i.e. solutions u(x) of (1), satisfying boundary condition
d(laggou(x) =00, d(x):=dist(x,00N). (2)
When f = f(u) is monotonic function, then the existence of large

solution is associated with well known Keller-Osserman condition on the
growth of f(u) as u — co. An adaptation of mentioned KO-condition to
nonmonotonic f(-) was realized in the work of S. Dumont, L. Dupaigne,
O. Goubet, V. Radulescu (2007), for general nonlinearities f(x,u) —
by J. Lopez-Gomez (2000) and many other authors. More difficult is
problem of uniqueness of large solution. For smooth domain € and
flu)=uP p= Z—i‘g, n > 2, uniqueness was firstly proved by C. Loewner,
L. Nirenberg (1974), for general f(u) = uP, p > 1, mentioned uniqueness
was proved by C. Bandle and M. Marcus (1992). As to f(z,u), M. Marcus
and L. Veron (2003) proved uniqueness of large solution for C?-smooth
bounded Q if: f(z,u) > cod(z)uw? Vo € Q,Vu >0, p > 1, a > 0,
cp = const > 0. At last in [1] authors hypothesized the uniqueness if the
following condition holds:

f(z,u) = coexp (—crd(z) ™) uP
VeeQ, Vuz0,p>1, 0<a<l, ¢ >0.
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We prove the validity of this hypothesis. Moreover, we prove even more
general result.

Theorem [2]. Let f(xz,u) > cohy, (d(x))uP Yo € Q, p > 1, where
ho(s) = exp (—s 'w(s)) and nondecreasing continuous function w(-)
satisfies Dini condition:

/ s lw(s)ds < 0o, Ve > 0. (3)
0

Then equation (1) admit only one large solution.

Problem: whether is condition (3) necessary condition for uniqueness
of large solution?

As it was shown in [3] condition (3) is sufficient condition for existence
of so-called very singular solution u,(x) of equation (1) with arbitrary
a € 09, i.e. solution of (1), satisfying boundary condition ug(z) = 0
Ve € 00\ {a} with singularity in the point {a} more strong than
singularity of corresponding Poisson kernel. We proved (see [2]) that
condition (3) is also necessary condition for existence of very singular
solution u,(z) of (1) with arbitrary point a € 9.

The research of the first author is supported by RUDN University,
Strategic Academic Leadership Program.
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ON A CHARACTERIZATION OF SETS OF TRANSEFER
TIMES

SHKREDOV I.D.

We consider the set of transfer times between two measurable subsets

A, B of positive measures in an ergodic probability measure-preserving
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systems of a countable abelian group G. If the lower asymptotic density
of the transfer times

Rap={9€G | wAng™'B) > 0}.
is small, then we prove this set (as well as our system) must be close to
a periodic set (system).
Joint work with M. Bjorklund and A. Fish.
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OPERATOR ESTIMATES FOR HOMOGENIZATION OF
CONVOLUTION-TYPE OPERATORS

SLOUSHCH V.A.!, PIATNITSKI A.L.2, SUSLINA T.A.3,
ZHIZHINA E.A.4

In Lo(R?), we consider an operator A., € > 0, given by

(Acu)(z) == e™"? /Rd a((z —y)/e)u(z/e,y/e)(u(z) — uly)) dy,
zeRY ue LyRY.
It is assumed that a(z) is an even nonnegative function of class L1 (RY),
llal|z, = 1; a function u(x,y) satisfies the following conditions
p(z,y) = ply,x), 0<p_ < p(r,y) <pg <+oo, x,yc€R,

ple+m,y+n)=p(x,y), z,yeR) mnez
In addition, we assume that

My = / |z[*a(x) de < 0o, k=1,2,3.
Rd

The operator A. is bounded, self-adjoint, nonnegative, mino(A;) = 0;
see [1]. We study the resolvent (A, + I)~! for small e.

We show that [|(Ac + I)™! — (A + )71 1,5, — 0, & — 0, where
AY is the effective operator. It turns out that A is elliptic second-order
differential operator A? = — div ¢°V.
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Let Q := [0,1)% be the cell of Z%; let v(z) = (vi(x),...,va(zx))!, z € RY,
be a Z%periodic solution of the “cell problem”:

Jraa(z —y)p(z, y)(v(z) —v(y)) dy = [paalz — y)p(z,y)(z — y) dy,

Jov(y)dy = 0.
1)
The problem (1) has the unique Z%-periodic solution. We define the
effective matrix ¢° = {%gij}i,jzlﬂ._vd by

gij = / dx / dy Gy, y)a(e — y)u(z,y),

Gz] x y) yZ)( - yj) U]( )(331 - yz) - Ui(x)(gcj - yj)’
i,7=1,...,d.

The matrix ¢" is positive definite. The effective operator A? = — div ¢V
is defined on the Sobolev space H2(R?). Our main result is

Theorem 1. [4] We have
[(Ae + D)7 = (A° + D)y ey Loy < Cla, ple, €>0. (2)

Remark 1. 1) The effective operator A is unbounded. 2) The estimate
(2) is order-sharp. 3) The constant C(a, i) is well controlled.

The method is further development of the operator-theoretic approach
suggested by M. Sh. Birman and T. A. Suslina in the papers [2, 3].
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INVARIANT MANIFOLDS, CANARDS AND TRAVELING
WAVES

SOBOLEV V.A.l, SHCHEPAKINA E.A.2, ZHANG L.3, WANG J.4

The main object of our consideration is the following system of
differential equations:

= f(x,y,t,e), ey=g(x,y,t,e),

where x and f are vectors in Euclidean spaces R, y and g are vectors
in R", t € R, and ¢ is a small positive parameter. The second equation
of the system contains a small factor € at the derivative. That makes the
system singularly perturbed. The goals of the paper are to construct a
transformation reducing this system to the system of form

b =p(v,t,e), €&=mn(v,z,t¢)z

and to consider some applications of this splitting transformation. In
particular, the traveling waves problem for the singularly perturbed
semi-linear parabolic equations can be investigated by this way. The
corresponding problem for a singularly perturbed ODE system can
be reduced to a certain problem of lower dimension using a splitting
transformation. The main attention is paid to the study of the so-called
critical traveling waves, which play an important role in solving various
applied problems. In this case, the technique of canards trajectories is
essentially used. Let us consider in more detail one of the interesting
situations that arose in the study of critical traveling waves.

A statement of the type "The life of canard is very short"can often be
found in papers. However, it is not difficult to give examples of canards
living for centuries. Consider the system & = z, €% = 22 + 22 — a?. The
circle (z+5)?+2% = a*— % is a canard. The upper semicircle is unstable

and the lower one is stable. This canard exists provided a? > £2/4, i.e.,
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this canard lives for centuries. Then it is possible to investigate traveling
wave solutions for the following parabolic equation

ou 0%u ou ou
— =ec—— —a— —b(=—
ot 0s? Os 0s
Let u(s,t) = z(£) with ¢ = s — vt. Then we get —va’ = ez” — az’ — ba'
—cx? + o?. and the case v = a may be considered as a special critical

case. In this case, the equation above becomes ez” — bx'? — ca®? +a? = 0,

which is equivalent to the following planar system
d d
d%:y’ 5d—gzby2+cm2—a2.

The first integral of this system is

)2 — cu® + o

c ec ¢ o 26
(y2+bx2+be+2b3—b>e vt =C.
For simplicity, it is useful to consider the partial case b = ¢ > 0, under
which the planar system under consideration has two equilibrium points,
a saddle at (a/v/b,0) and a center (—a/v/b,0) for positive . There is a
family of periodic canards within the homoclinic orbit, and this orbit is
also a canard. With b = 1, we can see the already familiar canard in the
form of a circle.

It is for this canard that we can get a traveling wave in an explicit
form

u(s —t) = Bsin(s —t) — /2,
where 3% = o? — £2/4.
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UNIQUENESS CRITERIA FOR AN UNCERTAIN
DIFFERENTIAL EQUATION ON TIME SCALES

SOUAHI A.

This work concerns the investigation of sufficient conditions for the
existence and uniqueness of the solution of the following initial value
problem with fuzzy derivative up to the first order on arbitrary time
scales:

{ TD%u(t) = f(t,u(t)), tE€ [to,to+alr,0<a<1 )
T u(ty) =0,

where TD® is the (left) fuzzy Riemann-Liouville fractional derivative of
order o on time scales T and } I is the fuzzy Riemann-Liouville fractional
integral on time scales, and [tg,tg + a|r is an interval on T. We assume
that f is a right-dense continuous function.

The theory of time scales calculus allows to study the dynamic
equations, which include both difference and differential equations. Both
of which are very important in implementing applications.

Our ideas arise from the papers [1, 2, 3|, where the authors used
Nagumo and Krasnoselskii-Krein conditions on the nonlinear term f,
without satisfying Lipschitz assumption. Motivated greatly by the above
works, under appropriate time scales versions of the Krasnoselskii-Krein
conditions, we obtain the uniqueness and existence of solution for the
following two classes of differential equations, namely the first order ODE
and the fractional one.
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ON MUTUAL DUALITY OF "WEAK"CESARO AND
WEIGHTED SOBOLEV SPACES ON THE SEMI-AXIS
AND THEIR REFLEXIVITY

STEPANOV V.D.

Let I := (0,00), p € (1,00), p' := I%,ﬁ > %. We define Cesaro-type
spaces as follows:

<1 [T NP \F
Cesy,p(1) :={f:||f||cesp,ﬂm =([7( [1n) a) <oo}.

It is an ideal complete linear space. For 8 = 1 it is classical Cesaro space
(see [1] and literature given there).
Along with spaces Cesy g([) it is of interest the study of non-ideal

Cesaro-type space
11 T PN\
Cespp(D) =4 £ 1 e, oty = ( /0 L /0 / d:c> “ ool

Clearly, L, ,(I) C Cespp(I) C Cespp(I), where the first imbedding
follows from Hardy’s inequality and weighted Lebesgue space L(I) is
defined by the norm

s = ([ |v<x>f<x>|pdx);’

The main problem is to characterize the associated spaces

|fg]
X! im (g lgllx: = sup 29 oy,
Ty
| [; fol
X, = {g: lgllxg = sup LI < oy,

rex IIfllx

which we call “strong” and “weak” associated spaces, respectively, when
X € {Cespp(I),Cespp(I)}-

Theorem 1. Let 1 < p < o0, > %, X = Cespp(l). Then

1
ol

_ P’ P
lgllx;, = llgllx; = (/ (" lgl e ) dﬂ?) :
1
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Let vo,v1 > 0, v < oo ae. on I, L ¢ ¥ (I), vo € LY (),

V1 loc loc

[vol[z1(ry > 0. Weighted Sobolev space is defind by

Wy (1) = {u: [[ullw ) == llvoul Loy + o1 Dullogry < 00}

We also need the subspace WI} (I) C WI} (I) of all absolutely continuous
functions with compact support [2].

Theorem 2. Let 1 < p < oo, f=a+1> 1% and let X = Wpl/B(I)
be the Sobolev space with weights vo(x) = mpa®, vi(z) = x°. Then
l9llx: = llgllces,, ,)s 19llxs, = l19llces, 5 (1)

Theorem 3. Lletl < p<oo, f=a+1> 1% and let X = Cesp ()
Then X = {0}, X}, = W, 5(I).

Corollary 1. Let X € {Cesps(I), W, 5(I)}. Then [X ]}, = X.
Remark 1. Similar results are valid for the Copson function spaces [3].

The work of the author (except Theorem 1) was supported by the
Russian Science Foundation under grant 19-11-00087 and performed in
Steklov Mathematical Institute of the Russian Academy of Sciences.
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STATIONARY VORTEX FLUID MOTIONS AND THE
MAXIMUM PRINCIPLE

STEPIN S.A.

The topic of the talk is revision of solvability conditions for equation
Au = f(u) arising at the study of stationary plane-parallel ideal fluid
motion with a prescribed vorticity. Investigation of the properties of
solutions to the equations of the class in question is carried out within
the framework of the approach based on application of the maximum
principle.

Moscow State University, Russia. Email: ststepin@mail.ru

OPERATOR ERROR ESTIMATES FOR
HOMOGENIZATION OF HIGHER-ORDER
HYPERBOLIC EQUATIONS

SUSLINA T.A.

Suppose that I' is a lattice in R?, © is the cell of I'. For instance,
if I' = Z%, then Q = (0,1)%. Our main object is a selfadjoint strongly
elliptic operator of order 2p, p > 2, acting in Ly(R% C") and given by

A =bD)'F(xBD), D=—iV, ¢x)i=gx/o). (1)

Here ¢ > 0; g(x) is a Hermitian (m X m)-matrix-valued function. It is
assumed that g(x) is bounded, positive definite, and I'-periodic. Next,
b(D) is a differential operator of order p of the form (D) = >_,, _, baD?,
where b,, are constant (mxn)-matrices (in general, with complex entries).
We assume that m > n and the symbol (&) = Z|a\:p bo €% has maximal

rank: rank b(€) = n for 0 # & € R%. The precise definition of the operator
(1) is given in terms of the corresponding quadratic form.
We study the Cauchy problem for the hyperbolic equation:

3t2u5(x,t) = —(Acu.)(x,t), x¢€ RY, ¢ € R,
uc(x,0) = ¢(x), (Oruc)(x,0) = p(x).
For ¢, € Ly(R% C"), the solution of problem (2) is represented as

(2)

(uE)('a t) - COS(tA;/Q%fQ—F Aa_l/Q Sln(tA;/Q)’(b



We are interested in the behavior of the solution of problem (2) for small
€. So, in operator terms, the problem is to study the behavior of the

operator-valued functions cos(tA;/ 2) and AZ 1/ sin(tA;/ 2) for small .

In order to formulate the results, we introduce the effective operator
A given by A% = b(D)*¢°b(D), Dom A° = H?(R% C"). Here ¢° is a
constant positive matrix called the effective matrix. Recall the definition
of g°. Let A(x) be a periodic solution of the “cell problem™

b(D)*g(x)(b(D)A(x) + 1,,) =0, /QA(X) dx = 0.

Then ¢° = Q7! [, g(x)(b(D)A(x) + 1,,) dx. Our main result is
Theorem 1. [1] Let t € R and € > 0. We have

e0s(242%) — cos(t(4%) ) oy 1y < O+ 1D

HA;1/2 sin(tAY/2) — (A%) Y2 sin(t(A%)1/2) HHl(Rd)—>L2(Rd Clt|e.

For a fixed t these estimates are order-sharp.

Under some additional assumptions the results are improved. In
particular, this is the case for a scalar operator with real-valued
coeflicients.

Theorem 2. [1| Let n = 1. Suppose that the matrices g(x) and by have
real entries. Fort € R and € > 0 we have

HCOS(tA;/Q) — COS( (AO 1/2 HHP""Q(Rd)—)LQ(Rd) X C(]- + |t|)52
[ A=Y sin(tAY?) — (A°) 712 sin(t(A)Y?)]| o gty o ety < ClEE™

In terms of the solution of problem (2), we deduce the following results.
Let ug be the solution of the homogenized Cauchy problem:

OPug(x,t) = —(A%)(x,t), xeR? teR,
U.()(X, O) = ¢<X)7 (875“0)(}{7 0) = ’l,b(X)

Corollary 1. 1°. Let ¢ € HPYH(R%C") and 4 € HY(RY;C"). Then
uc (1) = o )|z, ey < C(1 + [t)ell @l zrovr(ray + Clelel|P]l i (ray-
2°. Let n = 1. Suppose that the matrices g(x) and by have real entries.

Let ¢ € HPY2(R%,C") and 4 € H?(RY;C"). Then
lue(,8) = o ()l ey < C(L+ [N Bl p+2gay + Clele® 9] 2 (ray-

The research was supported by RSF grant 17-11-01069.
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THE WAVE EQUATION WITH SYMMETRIC VELOCITY
ON A HYBRID MANIFOLD OBTAINED BY GLUING A
RAY TO A THREE-DIMENSIONAL SPHERE

TSVETKOVA A.V.

We study the Cauchy problem for the wave equation with variable
(symmetric) velocity on the hybrid manifold obtained by gluing a ray to
a three-dimensional sphere. It is assumed that the initial conditions are
localized on the ray and the velocity on the sphere depends only on the
geodesic distance to the gluing point.

The wave operator on such an object is determined based on two
considerations. The first is that on each component of the hybrid
manifold the operator must coincide with the standard wave operator.
The second is that the operator must be self-adjoint. In order to
guarantee self-adjointness, it is necessary to choose the boundary
conditions at the gluing point in a certain way. Wherein the solution
on the surface will have the singularity at the gluing point.

In the talk the asymptotic series of the solution of the problem as
parameter characterizing the initial perturbation tends to zero will be
given. Since the sphere is compact, then the wave propagating over the
sphere is reflected at the pole opposite to the gluing point and returns
to the ray. Thus, the question of the distribution of wave energy at
every moment of time is also interested. We will describe the energy
distribution for each boundary condition defining a self-adjoint operator.

The talk is based on the joint work with A.I. Shafarevich.

The research was supported by RSF grant 21-71-00065.
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ON EXTENSIONS OF SOBOLEV FUNCTIONS DEFINED
ON COMPACTA

TYULENEV A.lL

We fix the following data:

(A) parameters n € [2,00) NN, p € (1,n], d* € (n — p,n] and
parameters ¢ € (0, min{p — (n — d*),p — 1});

(B) an arbitrary compact set S C [0, 1]" with HL (S) > 0.

We assume that the definition of the Sobolev space WI} (R™) is known.
Since n—d* < p < n, it is well known that for every element F' € VVp1 (R™),
there exists a representative F having Lebesgue points everywhere except
a set of H% -measure zero. Therefore, given F € VVp1 (R™) we define the
d*-trace of F' to the set S by letting

FI¥ :={f:S—=R: fisBorel and f(z) = F(x) for H¥ —a.e. z € S}.

Define the d*-trace space W]} (R")|ds* by the equality
Wpl(]R") = {[f]: [f] = F|& for some F € WI}(R")}

and equip it with the usual quotient-space norm, i.e., for each element
[f] € WEHR™)|E we set

1wy oy 2= nECIF g ey < 1] = FIE ).

Denote by Tr|¢ : Wy (R") — W;(R”)\fg the corresponding d*-trace
operator.

Theorem 1. There exists a bounded linear operator Ext = Ext(S,¢)
mapping the space W;(R”)\g* into the space W,__(R™). Furthermore,
ExtoTrd =1d on WI}(R")\%* and the norm of Ext depends on n,p,d*
and €.

Remark 1. The detailed exposition of the results is available in [2|. The
short announcement of the results from [2] was recently published in [1].

This work was supported by the Russian Science Foundation under
grant 19-11-00087 in the Steklov Mathematical Institute of Russian

Academy of Sciences.
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TWO-DIMENSIONAL RECTANGULAR INTEGRATION
OPERATOR IN WEIGHTED LEBESGUE SPACES

USHAKOVA E.P.

Let v > 0 be a weight function on R? := (0,00). For p > 1 the
weighted Lebesgue space Lg(Ri) consists of all Lebesgue measurable
functions f on R% such that ||f|[p. = [ge [fIPv < oo. The two-

+

dimensional rectangular integration operator I3 is defined by the formula

Lyf(x,y): //fstdsdt (x,y)e]Ri.

The dual to Iy transformation I3 has the form

Lg(s,t): / / (z,y) dzxdy, (s,t) € R%r.

For given weights v,w and fixed parameters 1 < p,q¢ < oo we study
boundedness properties of I from LY(R%) to Li,(R2).
In 1985 E. Sawyer found a version of the boundedness criterion [2].

Theorem 1. [2] Putp/ :==p/(p—1) and o :=v'7 . Let 1 < p < ¢ < .
The operator Iy is bounded from LH(R%) to LL,(R2) if and only if

\\H

1
A1 = sup [I;’w(tl,tg)] q [IQU(tl,tQ)] < 00, (1)
(t1,t2)€RE

t1 t2 : 1
Ag = sup <// (I20) w> [Lo(ty,t2)] 7 < oo, (2)

(tl,tz ERZ

1
o 1
7

A3 = sup </ / (Iﬁ"w)pla) [I2w(t1,t2)}fq < 0. (3)
(tl,tQ)ER%r t1 to



Besides, the operator’s norm |]I2HL€(R2+)_>L5U(R2+) is equivalent to 35| A;
with equivalence constants depending on p and q only.

In one-dimensional case the analogs of the conditions (1)—(3) are
equivalent to each other (see e.g. [1] and references therein). For the two—
dimensional operator I this, generally speaking, is not true. Moreover,
as shown in |2, §4| for p = ¢ = 2, no two of the conditions (1)—(3) are
sufficient for I, : LY(R%) — L%(R?). However, the construction of the
second counterexample in [2, §4]| fails in the case p < q.

The main result of this work is a new boundedness criterion for the
two—dimensional rectangular integration operator Is from Lg(Ri) to
L%(Ri) in the case 1 < p < ¢ < oo. In comparison with Theorem 1,
where the norm || I2|| := HIQHLi’(Ri)—w&(Ri) is equivalent to A; 4+ Ag+ A3,
it is proven in Theorem 2 that for 1 < p < ¢ < oo the boundedness of
Iy is controlled by the Muckenhoupt—type functignal Ajq only. To state

_ pe=h)

our result we need notations: o = «a(p,q) = e o = ald,p),

q i SoNE 1N\
Coar = 337 [(%) max{a, 2q(q") » } (%) 4 31}) (o) ¥ (35’31i1) e } )
Theorem 2. For 1 < p < q < oo the operator Iy is bounded from
LE(R%) to LE,(R2) if and only if A1 < co. Moreover,

Ay <2l pp@2 )1, @2) < Car Al

Remark 1. The results of Theorems 1 and 2 are related as follows:
1

1
Ay < || L € Cia[Ai+As+As] < Coi[l+a(p,q)a+a(d,p)7 ]| Ar, (4)

where limyyq [a(p, ¢) + (¢, p’)] = co. Thus, the last estimate in (4) and
the upper bound in Theorem 2 have blow-up for p 1 q.

The case of parameters 1 < g < p < oo is also considered in the work.
The research was supported by RSF grant 22-21-00579.
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ON THE EXTREMAL FUNCTION IN THE EMBEDDING
THEOREM OF FRACTIONAL ORDER

USTINOV N.S.

Let n > 1, and let 2 C R™ be a bounded domain with Lipschitz
boundary. Assume that s € (0, 1), 2} := 2n/(n — 2s) and

1,2%] ifn>2 or n=1and s <1/2;
ge[l,00) ifn=1ands=1/2;
[1,00] ifn=1ands>1/2.
We consider the fractional embedding theorem H*(Q2) < L, ()

P
inf Z2[u]:= inf H'Lw > 0. (1)
ueHs(Q) ¢ wEH(Q) ”uHLq(Q)
For g € [1,2%), this embedding is compact, and the extremal in (1) exists.
Moreover, in [2]| it was shown that, for ¢ = 2%, the extremal in (1) exists
in any C? domain € for n > 3 and 2s > 1.
The properties of extremals in (1) depend on the shape of the
domain €, on its size, and on the norm of H*(2). We define

3 () = (=A)&pu ) + [lull7, ), (2)
where the quadratic form ((—A)g,u,u) is defined by

(=A)&u,u) == ZAS U )10 (3)

with A; as eigenvalues and ¢; as orthonormal eigenfunctions of the
Neumann Laplacian in €2. The operator (—A)g, generated by (3), is
called the spectral Neumann fractional Laplacian.

In this talk we discuss the problem of the constancy of the minimizer
in (1). The simple fact here is that for ¢ € [1,2] such minimizer is
constant and unique. For the interesting case ¢ > 2 the answer depends
on the domain size: for the family of domains €2, we prove that, for
small dilation coefficients e, the unique minimizer is constant, whereas

for large €, a constant function is not even a local minimizer. We also
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discuss whether a constant function is a global minimizer if it is a local
one.

For the local case s = 1 similar effects were established in [1] for the
embedding theorem W} (Q) < Lg(2) with the Neumann p-Laplacian.

The talk is based on work [3].
The research was supported by RFBR grant 20-01-00630.
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NONLINEAR ELLIPTIC EQUATIONS WITH MEASURED
VALUED ABSORPTION POTENTIAL

VERON L.

Joint work with Nicolas Saintier, Universidad de Buenos Aires,
Argentina (Ann. Scu. Norm. Sup. Pisa, XXII (2021), 351-397).

We study the existence of solutions to the problem

—Au+g(u)o =p in Q, (1)
u=0 on 0f2,

in a bounded domain €2, where ¢ is a nonnegative Radon measure in
2, g : R — R is a continuous absorbing function (i.e. rg(r) > 0 for |r|
large enough) and p is a Radon measure in Q. We study in particular
the case where g(r) = |r[P~!r with p > 1. We give results on existence
and uniqueness of solutions under appropriate assumptions on o, usually
in a Morrey class of measures, and on p usually under a capacitary
type absolute continuity. Applications are proposed in connection with

Neumann type nonlinear problems.
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AN ANALYTICAL FIRST INTEGRAL WITH A FRACTAL
NATURAL BOUNDARY

VARIN V.P.

Iterations of an analytical map (or a formal power series)
o0
y — F(y) :Z/+Z eny™™, FM(y)=FoFo---0F(y), ntimes,
n=1

have an obvious semigroup property:
FW(y) = F(y), FO(y) =y; FO™(y) = FO(FM(y)), n,m > 0.

The classical problem of a continuous iteration (CI) consists in
generalizing this property to arbitrary complex numbers, i.e., in
construction of a continuous group of maps y — F (@) (y).

This problem is usually treated as a combinatorial one. It is solved
with Jabotinsky infinite matrices and Bell exponential polynomials [1].
We have found an elementary solution of this problem [2].

The CI can be written as
oo

FOy) =g+ anw)y™, (1)

n=1

where a,,(z) are uniquely determined polynomials of a degree < n:

by, = ian(:c) , bn=cn—dp(1), ap(z)="0byx+dy(x),
dx =0
T /n-1
where d,(z) = / <Z (m—+ 1) an(t) bnm> dt, n>1.
0 m=1

Formal power series (1) are almost always divergent if x is not an
integer. Although the (isolated) proofs of this fact are rather difficult
(see [3] for the logistic map y — y — y?).

The map y — F™ (y) can be considered as a discrete dynamical
system. Then the construction of CI can be considered as a restoration

of a continuous dynamical system (CDS) by its discrete reduction, while
150



the formal series (1) represent invariant curves of CDS. An analogy with
the Poincaré map is obvious.

The existence of analytical invariant curves in a CDS is equivalent to
the existence of an additional analytical first integral. These curves in
a CDS are found usually (and locally) as divergent power series. Thus
most often they are not regarded as existent, not to mention analytical.

The CI (1) gives an example of a CDS with almost always divergent
expansions of invariant curves, which are analytical nonetheless [4].

Theorem 1. For an arbitrary formal series F(y), there exists an
analytical first integral H(x,y) the level lines of which correspond to the
invariant curves of continuous iteration for sufficiently small complex y.

For the logistic map y — y—y?, the first integral H(z,y) can be found
explicitly

1 1
H(z,y)=—x+ " + 3 log(y?) + U(y), where

Uly)—Uly—y°) = % %log(l—yﬂ

By this equation, the function U(y) is computed constructively and
with an arbitrary precision. So U(y), in a sense, is a new special function.
All its singularities are found explicitly. They form the Julia set of the
map y — y—y2, while U(y) is holomorphic inside this set, i.e., in a Fatou
domain with a fractal boundary.

Thus a CDS can be integrable in a finite domain with a fractal
boundary, while chaos (i.e., nonintegrability) be the property of its first
integral.
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SPHERICAL POLYHARMONIC EQUATION AND
SPHERICAL CUBATURE FORMULAS

VASKEVICH V.L.

Let S be the sphere of unit radius in R", n > 2. The projection of an
arbitrary point x in R", z # 0, to S will be denoted by 8; i.e., we assume
that & = x/p, where p = |z|. So 6 is a point in S. In what follows,
the integrals over 6 are surface integrals over dS. Let us consider the
differential equation of the form

(=D)"u(0) = p(6), (1)

where © is the Laplace—Beltrami operator with respect to df [1], m is
a positive integer, and p(f) is a continuous function on S which obey
the orthogonality condition [ p(f)d# = 0. The main results of the talk
are about the solutions to (1). They are formulated in the following two
theorems [2].

Theorem 1. Let m be an integer and m > (n — 1)/2. Then for every
functional 1(8) in C*(S) with (I,1) = 0, the problem

(—D)™u(0) = 1(0), /u(&) do =0, (2)

has a unique solution w(f) in the spherical Sobolev space H™. For
m > (3n—2)/4 the solution to (2) belongs to the space C?m=3n/2+1)(g)

The expansion of u(f) in the series has the form

) 1 a(k)

U0 =2 s gz 2B ThVal0)

Here the set of functions {Yj ;(0) | [ = 1,2,...,0(k)} constitute an
orthonormal basis for the space of spherical harmonics of order k:

/ Y51 (0) Y p(0) dO = 6.

Theorem 2. Let p(0) be a member of the spherical Sobolev space H® for
some s > (n—1)/2 and the equality [ p(0) df = 0 holds. Then there is a
unique solution to the spherical polyharmonic equation

(=2)"u(6) = p()
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such that it is orthogonal to the identically-one function and belongs to
the space HY for ¢ = s+2m. The function u(0) can be written as follows

u(®) = [ G(6-8p(6") a0
where the function G(6 - 0') is the Green’s function of (—D)™.
The definition of G(6 - 0') is as follows

G- 0) = anll kzl k™ (n (:L(Z)— 2)™ G- 0). (3)

Here G,gn) is the normalized Hegenbauer polynomial. For s > (n—1)/2 the
series on the right-hand side of (3) converges absolutely and uniformly.
For two points # and 8 in S the function G(#-61)) is a solution to the
equation

1

On—1

(=D)"G(H - V) = 6(0 — ) —

/5(0 —¢)do.

Spherical polyharmonic equation (1) with error functionals in the right
hand side is very impotent in the theory of cubature formulas [3—4].
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LIMIT CYCLES BIFURCATING FROM A PERIOD
ANNULUS OF PLANAR HAMILTONIAN SYSTEMS

XIAO DONGMEI

In this talk, we first introduce Hilbert 16th problem on a period
annulus and the Arnol’d-Hilbert’s 16th problem, then give an answer
on the Arnol’d-Hilbert’s 16th problem for a class of planar polynomial
Hamiltonian systems by a small perturbation. This is based on joint
works with J-P. Franciose and H. He.

Shanghai Jiao Tong University, China. Email: xiaodm@sjtu.edu.cn

STABILITY RESULTS OF A COUPLED SYSTEM OF
NONLINEAR FRACTIONAL DIFFERENTIAL
EQUATIONS INVOLVING RIEMMAN-LIOUVILLE
FRACTIONAL DERIVATIVES

YESSAAD MOKHTARI S.

Recently, several existence and uniqueness results for some systems
of fractional differential equations was obtained by means of fixed point
type theorems

For example In [3] X. Su established sufficient conditions for the
existence of nontrivial solution for a two-point boundary value problem
for the following system :

D (t) = f (t,v(t),D v (t)), 0<t<1,
DPu(t) =g (t,u(t), D u(t), 0<t<l, (1)
u(0) =u(l)=v(1l)=v(0) =0.
Where 1 < o, 8 < 2,a—v > 1, B—pu>1, v,u >0, f,g :
[0,1] x R xR — R are given continuous functions and D is the Riemann-
Liouville fractional derivative.

Definition 1. The system (1) is stable (with respect to orders of
derivatives) if and only if

Ve>0, 3K >0, la—a|" + 8- 8| <e
=

lu —u| + |v — 7| < ke,
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where (u,v) et (@, V) are respectively the solutions of (1) with the orders
of derivatives replaced by @, 5, 7 and .

Lemma 1. Let a, €1 and ea € Ry (0 <t < 1), suppose that 6 : [0,T] — R
is a continuous function such that

€2 v a—1
6(2)] < e+ F(a)/o (x =15 (1) dt, Va € [0, T,
then

0 ()] < e1Bq (2T7),

Eq is the Mittag-Leffler function : Eq(z) = > 72, F(#kﬂ)’ (a>0).

— 1 1 ;
Theorem 1. Let 9y, = Mot T Tla—s1) if

max |f (s,v(s), D v (s))| < oo, max [g(s,v(s),D"v(s))| < oo,
te[0.1] t€[0.1]

and
A =max (Ky, Ly, K¢, Lg) max {t(a), V(g0 } <1,
then system (1) is stable.

Remark 1. The Gronwall inequality implies the stability of solutions to
the system (1).
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BIFURCATION OF POSITIVE PERIODIC SOLUTIONS
TO NON-AUTONOMOUS UNDAMPED DUFFING
EQUATIONS

SREMR 1J.

We will discuss a bifurcation of positive w-periodic solutions to the
parameter-dependent equation

u" = p(tyu — h(t)u® + pf(t), (1)
where p,h,f: R — R are w-periodic locally Lebesgue integrable
functions and i € R is a parameter.

A particular case of (1) is the Duffing equation
u" = au —bu® 4+ F(t), (2)
with a,b > 0, which is derived when approximating a non-linearity in
the equation of motion of various oscillators. Our results can be applied,
for instance, to the forcing terms

F(t) :== — fo, F(t):=A4 <sin2;rt — ;) ,

where fp, A > 0. If F(t) = —pu, then the phase portraits of (2) can be

elaborated depending on the choice of the parameter p and, thus, one can

show that, crossing the value %a 35, @ bifurcation of positive periodic

solutions to equation (2) occurs.
We extend this result for the non-autonomous equation (1) under the
assumption that the Green’s function of the periodic problem

W = pt)u u(0) = u(w), W(0) = /()

is negative and

h(t) >0 fora.e.t€R, / f(s)ds < 0.
0
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O MHOTOMEPHOM AHAJIOTE CUCTEMBI
A.B. BUITAI3E

ABJJPAXMAHOB A.M.!;, ABJPAXMAHOBA P.I1.2

Paccmorpum cucremy Bunaie wsz = 0, rae w = u + 4v; €CJii BMECTO
W = U + 1V B3ATb W = U + 1V, TO CHUCTEMa Wsz = ( B BeIIeCTBEHHOI
dopme 3anumercs Taxk

—Au + 2g(ux +v,) =0,

ox
0
—Av + 26—y(ux +vy) = 0.
[TosTomy cucremy
0 " Ou;
—Au; + A —2 =0, i=12,. 1
u; + oz J 8$j y L y 4y ey T ( )

—1

MOXKHO CYMTATh MHOTOMEPHBIM aHajiorom cucrembl buraaze. [loryuaem
YCJIOBHsI paspermmocTu 3aja4au Jupuxiie jist cucreMbr (1) B 3aBHCHMO-
CTH OT A.

st cuctemMbl

SR et ad) du A (S0 ) o =12, (2)
7 J
J

7

KOTOpasl sIBJISIETCST SJLUTATITUIECKON CUCTEMON Be3jie, KpoMe TOYKN
T] =x9 = ... =2, = 0 u n -MepHoOit chepwr 72 + 3 + ... + 22 = A\, T7Ie
OHa, BBIPOXKTAETCS.

1. Iycrs obnacts D = {X € R : 2?2 + 23 + ... + 22 < R?} R? > \.
Paccmorpena 3azada upuxie jyisi cucreMmbl (2) B coejyomedi mocra-
HOBKe: HaliTu pery/ispHoe B 001acTi [ orpaHIdeHHOe PEIIeHIe CUCTeMbI
(2), ynosnersopsomee na rpanune I' = {X : 22 + 23 + ... + 22 = R?}
YCIOBUSIM

wilp = fj: f; € C*(T),j =1,2,..,n — 1, (3)
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u"‘ér = foifn€CY0p), or={X :2, =0, zit+ai+. . +22 | = R?}

)

Hokazano, uro 3amaga (3),(4) mias cucrembl (2) paspemnva u ee

pellenne eIMHCTBEHHO B Kjiacce (DYHKINN, OrpaHnIeHHBIX Ha OeCKOHe-
HOCTH.

2. B ciyuae R? < )\ k xpaesbiM yeousM (3),(4) Heobxomumo moba-
BUTH YCJIOBHE
n
8uk

Txk“[‘ = fat1; fay1 € CHH(D) (5)
k=1

Hokazano, uro 3amada (3),(4),(5) st cucremsl (2) paspemmma u ee
pelenre eIMHCTBEHHO B KJIACCe OIPAHUYEHHBIX (DyHKITHIA.
LY dpumckumit TocynapcTBeHHEI aBUAIIMORHLIN TeXHIIeCKIH YHIBEPCUTET,
Yda, Poccusi. Email: abdrai@mail.ru

2y(bI/IMCKI/II7I rOCyZIapCTBEHHBII aBUAIIMOHHBIN TeXHUYIECKNN yHUBEPCUTET,
Yda, Poccus. Email: vimk rimma@mail.ru

O CUCTEMAX, PEIITIEHN A KOTOPBIX HE
COIAEP2KATCA B I'VIOBAJIBHBIX ATTPAKTOPAX

ABJZIEEB H.H.

N3BecTHO, 9TO TEOpUs ATTPAKTOPOB JUHAMUIECKIX CUCTEM HE TTO3BO-
JIsTeT HaiTh ri1obaIbHbIE aTTPAKTOPbI HEKOTOPBHIX YPABHEHUN U CHCTEM.
OnvH U3 aJbTepHATUBHBIX IOIX0J0B — TEOPUsT TPAEKTOPHBIX ATTPAKTO-
pos [1]. B [2] mpusenen mpumep ypasrernus (B RY), mpocTpancTso Tpaek-
TOPUI KOTOPOT'O COJIEP?KUAT HE BECh CBOW TPAEKTOPHBIN aTTPAKTOD, XOTA
u 1epecekaercss ¢ HuM. B [3, 4] mocrpoen npumep cucremsl, Jiis KOTO-
POl MUHMMAJIbHBIIT TPACKTOPHBIIN aTTPAKTOP IEJUKOM JICKAT BHE IIPO-
CTPAHCTBA TPAEKTOPUIL ITOM CUCTEMBI U JJisT KOTOPOI'O CYIIECTBYET IJIO-
OaJIbHBIN ATTPAKTOP B CMBIC/IE ATTPAKTOPA TPAEKTOPHBIX ITPOCTPAHCTB,
HO aTTPAKTOPOB B CMBIC/IE JUHAMUYIECKUX cucTeM He cyiecrByer. O-
HaKO, KaK 3TO OOBIYHO OBIBAET, MEPBLIN MPUMEP OKA3aJICS JOCTATOTHO
IPOMOBIKUM; [e/Ib HACTOMAIIEH 3aMeTKI — JaTh 00Jjiee MPOCTON IpUMED
TaKON CUCTEMBI.

Bynem paccmaTpuBaTh Ha IJIOCKOCTHU MOJISIPHYIO CUCTEMY KOOPIWHAT

(p < 2m; mg ynobersa cantaem ¢ = 0 mpu r = 0).
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IIpumep 1.

pr=N1=pl-1-p), 1)
' =271 —p)?
MuHuMAaIBHBIM TPAEKTOPHBIM aTTPAKTOPOM cUCTeMBI (1) sIBJIsIeTCst MHO-
xkectBo u3 oxuoit dbynkmun: {(¢(t), p(t)) = (0,1)}. Arrpakropa nuna-
MUYECKOI CHCTEMBI HET, T.K. Ce9eHHe MUHUMAJBHOTO TPAEKTOPHOIO aT-
TpakTopa — Touka (¢ = 0,p = 1) — He UHBapUAHTHA.

DTOT TpUMep MOXKHO HEMHOIO MOMU(PUINPOBATDH, YTOOLI MUHU-
MaJIbHBII TPAEeKTOPHBIA aTTPaKTOp CoIeprKall OECKOHETHOE KOJIMIECTBO

dyHKIMI.
IIpumep 2.

pl=1[1-p|-(1-p),
0, p#1, (2)
@2r—)?, p=1.
MuHIMATLHBIM TPACKTOPHBIM ATTPAKTOPOM CHCTEMBI (2) sIBJISIETCST MHO-
xkecrBo {(p(t), p(t)) = (const, 1)}. ArTpakTopa JIMHAMAYECKON CHCTEMBI

HET, T.K. CedeHne MUHUMAJIBLHOIO TPAEKTOPHOIO ATTPAKTOPa — OKDPYIK-
HoCTh {p = 1} — He uHBapuaHTHA.

¢ =
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KJIACCU®KAIINSI CUMMETPUI 1 3AKOHOB
COXPAHEHUS CUCTEMBI YPABHEHUII JIBYMEPHOII
MEJIKOHM BOJIBI HAJT HEPOBHBIM JTHOM

AKCEHOB A.B.!, IPY>KKOB K.II.?

B 6e3pasMepHBIX EpeMEHHBIX CHCTEMa yPaBHEHMil JIBYMEpPHON MeJ-
KO BOJIbI HAJl HEPOBHBIM JTHOM MMeeT cJiejytomuii u [1]
Up + Uty + vy + 1z = 0,
Vg + Uz + vy + 1y = 0, (1)
e+ [u(n + h)la + [o(n + h)]y = 0.
Buecw z = —h(z,y), h(z,y) = 0 — upobuis nua, u = u(zx,y,t),v =
v(x,y,t) — KOMIIOHEHTBI CpeJIHeil 110 TIyOuHe TOPU30HTAIBHON CKOPOCTH,

n =n(x,y,t) — oTKIOHEHHE CcBOOOHOI noBepxHOCTH (1) 4+ h = 0).
OmepaTops! CHUMMETPHH CHCTEMbI ypaBHeHuit (1) umem B Buje

0 0 0
ngl(xvyvt7u’v7n)% +§2(xayatvuavvn)aiy +€3(‘T?y,tau7van)a +

0 0 0
JFU%%?/»@%“J?)% +772(:Cayatvuvvvn)% +773(l‘7?/7t,U,U,77)6*n-

[Ipumensist cTaHIaPTHBLI KpUTEPUt HHBADUAHTHOCTH [2], mostyanm e-
peolpeie/IeHHYI0 JIMHEHHYIO OJHOPOIHYIO CUCTEMY OIIPEIE/IAIONINX YpaB-
nenwnii. MccteioBanme Ha COBMECTHOCTD OIPEIE/ISIONIEH CUCTEMBI TPUBO-
JUT K CAEYIONIEMY PE3YIbTATY

&' = —ax — 2By + 2k(t), n'= (a + 2C)u — 2Bv — dx + 2k,
€2 = —ay+2Bx +2(t), n*= (a+2C)v + 2Bu — dy + 2I,

z? +y2...

€ = —2a(t) — 204, 7P = (24 + 4C)n + @ — 2kx — 20y + f,

riae bdysknnu a(t), k(t), I(t), f(t) u korcTanTsr B, C' 11t KaXK10ro mpo-
duns mua h(x,y) onpenensoTces U3 KIACCHMUIUPYIONEro yPaBHEHIs

(—ax — 2By + 2k(t)) he + (—ay + 2Bx + 21(t)) hy —

R T (2)

— (24 + 4C)h(z,y) = — a+2xk+2yl— f.

AHajn3 pe3y/ibTaToB I'PYIIIOBON KIACCU(DUKAINN TOKA3BIBAET HEBO3-
MOXKHOCTD JIMHEAPU3AIU CUCTEMbl YPABHCHUHN ABYyMEPHON MEJIKON BOJIbI
HaJl HEPOBHBIM JITHOM C IIOMOIILIO TOYCYHONH 3aMEHbI IICPEMEHHBIX.
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lMmapomuHamMutdeckre 3aKOHBI OIPEIE/ITIOTCS TPORKON (DyHKITMiA
P(.’B, y; t: ’U,, 1)7 77)7 Q(IB, y; tv ’U,, Uv 77)7 R(.’B, y; t: ’U,, ’U, 77)7 TO}K,I[GCTBQHHO YIEOB'
JIETBOPAIOIINX YPaBHEHUIO

D, (P) + Dy(Q)+ D¢(R) =0

HA PENICHUsX CHCTeMbl ypasHenuii (1).
HO.HyLIGHO, 9TO T'MAPOJMHAMHNYICCKNE 3aKOHBI COXPpaHCHNA NMEIOT BUJI:

P= (77+h(:n,y))2 (ua(t) — Z:E—By—i-k:(t)) +uR,
Q= (77+h(x,y)>2 <va(t) - gy+Bx+l(t)> +vR,

2, ,2 '
R = (n+h(m,y)><x —2Fy a—2xk—2yl+2uk(t)+2vl(t) +

+2B(ev — yu) — o+ yo) + aft) (u? 4% + 7~ (1) + F(0),
rae dynkiun a(t), k(t), [(t), f(t) n nocrosunas B oupeJesiorcs n3
kitaccudurmpyormero ypasuernns (2) npu C' = 0.

[Tokazano, uro cucrema ypasHenuil (1) obanaer ne 6osee, 1eM JeBsi-
TUMEPHBIM IIPOCTPAHCTBOM T'HJAPOJMHAMUYICCKUX 3aKOHOB COXPaHEHUA.

Criucok JmuTepaTypbl

[1] Cmoxep lotc. Bomubt Ha Bome. MaTemarnueckas Teopust u npuiaoxkenus. M.: To-
CY/IapCTBEHHOE U3/IaTe/IbCTBO MHOCTPAHHON JiuTepaTypbl, 1959.
[2] Oscannukos JI. B. T'pynmosoit anamms nuddepennnansabix ypasaenwit. M.: Ha-
yka, 1978.
! MockoBckwmit Tocynapersennblii yausepcuter umenn M.B. JIomonocosa.
Email: aksenov@mech.math.msu.su
2MockoBckmit TocynapcTennbiit ynusepcuter nvern M.B. Jlomonocosa.
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OBOBHIEHHBIE PEINTEHNA CTAIIMOHAPHBIX
KPAEBBIX 3AJTAY JJId BUKBATEPHVNOHHBIX
BOJIHOBBIX YPABHEHUII I X CBOMICTBA

AJIEKCEEBA JI.A.

PaccmarpuBatoTcs KpaeBble 3a7adu Jijig OMKBATEPHUOHHBIX BOJIHO-
BbIX (OMBOJTHOBBIX) yPaBHEHHII, KOTODBIE SIBJISIOTCS OMKBATEPHUOHHDI-

mu 0606mmenumu ypasuennit Makcseia u dupaxa [1-3]. B paGore [4]
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aBTOPOM HCCJIEOBAHBI HECTAIMOHAPHBIE PEIIEHUs STUX YPABHEHUN 1 UX
cBoiicTBa. 3/16Ch PACCMATPUBAIOTCS MX CTAIlMOHAPHBIE PEIeHus ¢ (PUKCH-
poBamHoO#l Yactoroit kosiebanuii. [loctpoensr dyHIaMeHTAIbHBIE U 0000-
IIIEHHbIE PEICHUsI YPaBHEHUs JJisi OMaMILIUTYH KojebaHuii, KOMIOHEH-
ThI KOTOPBIX SIBJISTIOTCS ODOOIIEHHBIMU (DYHKIMSIMU MEIJIEHHOT'O POCTA.
C ucnob30BaHueM METOa 0600IIEHHBIX (DYHKIINI IIOCTPOEHBI 0600IIIEeH-
HbIe PeIleHnsl OMBOJTHOBOTO YPABHEHUs B OTPAHUYCHHON 00JIACTH T10 W3-
BECTHBIM 3HAYEHUAM OMKBATEPHUOHA Ha I'paHulle 06JIACTH U JIAHbI UX
peryJisipHble HHTErpaJibHbIE IIPEICTABIEHNUs JJIsi BHYTPeHHUX Touek. [1o-
CTPOEHO MHTErPAJIBLHOE IPEJICTaBICHUE XaPAKTEPUCTUIECKON (DbyHKITUU
MHOXKECTBa depe3 (pyHIAMEHTAJBHOE PEIIeHne 3TOr0 yPABHEHUSI.

O1u HopMyJIbI SABJISIOTCS AHAJOTAMM U3BECTHBIX (opmya ['puna u
laycca jytst samunTraeckux ypaBHEHU, ©X OMKBATEPHUOHHBIM 0000IIe-
nueM. Ha rx 0CHOBE ITOCTPOEHBI PA3PEIIAOIINEe CUHTYJIsIPHBIE TDAHUIHBIE
WHTerpajbHble YPABHEHUs JJIsi PEIIEHUs CTAIMOHAPHBIX U HEPUOJUIE-
CKHUX 110 BPEMEHU KPAEBbIX 3a/1a4.

Pabora Bbinosinena npu puHaHCOBON mOjepxKkKe Komurera Haykun
MunncrepcrBa obpazoBanus u HaykKu Pecrybsmku Kasaxcran, rpadt

AP05132272, 2018-2020 rr.
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O IVIAZIKX PEIITEHUAX OJHOI'O KJIACCA
OIIEPATOPHO-IN®PEPEHIINAJIBHBIX YPABHEHUI
YETBEPTOI'O IIOPAIKA

AJIUEB A.P.!, MYPAJJOBA H.JI.?

ITycrs A - caMOCONpPSIZKEHHBIN ITOJIOXKHATEIHHO-OIIPEICICHHBII orrepa-
TOp B cemapabenbHOM IM'mab0epTOBOM IpocTpancTse H.

Ob6ozuaunM depes Hy mKaJy ruib0epTOBBIX IPOCTPAHCTB, ITOPOXK IEH-
HyIO orepaTopoM A, T.e.

Hy = Dom <A9) ) 0> 0, (:L',y)g = (AexaAey)a T,y € Dom(Ae)

PaccmoTrpum onieparopro-auddepeHInaibHoe ypaBHEeHIEe YeTBEPTOrO
IIOpsJiKa BUJIA

<_$+A><i fu@+§;&d“”®=f®J€R’ (1)

rae Aj, j =1,2,3, - auHeitHbIe, BOOOIE TOBOPS, HEOTPAaHUIECHHBIE OIle-
paropel B H, f(t) € Wi (R; H),u(t) € Wy (R;H), R = (—00,+00).
Baecw mog W3 (R; H) jyist 1iesibix qmcest m > 1 HoHnMaeM Iuib0epToBo
npocrpancTso (em. [1])

d™u (t)
datm

WQm(R;H):{u(t): ELg(R;H),Amu(t)GLQ(R;H)}

C HOpPMOWA

1/2
+ HAmUH%Q(R;H)> ;

- (Hﬁm

rje uepes Lo (R; H) 0603HaYe€HO I'MaBOEPTOBO IPOCTPAHCTBO BEKTOP-
dbyukimii f (t), onpenenenubix B R, co 3Havenusimu B H 1 Jijist KOTOPBIX

Lo(R;H)

1/2

+oo 5
Ivhmwnz([ nf@mﬂQ < oo

ITponsBo/iHble OHUMAIOTCSI B CMBICJIE TEOPUH pactpejenaenuit (cum. [1]).

B nacrostimeit pabore mokazaHa CIeIyIOIIALd
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Teopema 1. Ilycmov A - camoconpatcerHvili NOAOHCUMENLHO-ONPEJE-
nennvits onepamop 6 H w onepamopw Aj € L(Hj, H) N L(Hjt1, Hy),
7 =1,2,3, npunem 8bNOIMHAECNCA HEPABEHCTNEO

}n]’<1,

3
e P

20e

1 . N (d—i .
nj = o PA- DU =123

Tozda dns mobozo f (t) € Wi (R; H) ypasnenue (1) umeem edurcmeen-
noe pewenue u (t) € Wy (R; H).

Yepes L (X,Y) TpaJuiuoHHO MOHUMAETCS MHOXKECTBO JIMHEHHBIX
OTPAHUYEHHBIX OIEPATOPOB, JEHCTBYIONNX U3 IMJIBOEPTOBA ITPOCTPaH-
crBa X B JpYyroe ruab0EepPTOBO IIPOCTPAHCTBO Y .

Crircok JuTepaTypbl

[1] JTuonc 2K. JI., Madowcenec 5. HeoqHOpOHBIE FPAHUIHbIE 330a9H U UX HPUIIO-
»xeHns. M.: Mup, 1971.

L AzepbailIzKaHCKIil TOCYIapCTBCHHBI YHUBEPCUTET HETH I
npowmbliieHHocTd, Asepbaiiazkan. Email: alievarazQyahoo.com

?Haxuuepanckuit WHCTUTYT yunreseit, AzepbaiiKan.
Email: nazilamuradova@gmail.com

OB OIIEHKAX MEWVIEPCA JJISI PEIIIEHUN 3AJIAYN
3APEMBBbI

AJIXYTOB 10.A.l1, YEYKUVH I'.A.2

Pabora mocssimena oneHKaM pelreHuil 3aja9u 3apeMObl I paBHO-
MEPHO 3JLIUITUIECKOrO OIEPATOPa BTOPOro HOPSAKa IUBEPreHTHOIO BU-
Jla ¢ CHMMETPUIHBIMEI U3MEPUMBIMEA KO3(MMUIMEHTAMEI BUIA

Lu := div(a(z)Vu)
B OpaHUYIEHHON cTporo JjumnmuieBoit oogactu D C R™, rne n > 1. Pac-
CMATPUBAETCS 3a7a9a
Lyu=divf B D, u=0mnakF,
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e f € Lyo(D), FF C D — 3aMKHyTOE MHOXKeCTBO, a Ou/Ov o3Hadaer
BHEIITHIOIO KOHOPMAJIBHYIO TTPOU3BOHYIO.

Huxe B° — OTKPBITHII N-MEePHBLI AP PaJuyca I ¢ LeEHTPOM B TOU-
Ke Tg, mes,—1(F) — (n-1)-mepras mepa Jlebera muoxkecrsa E, a Cp(K)
Oo3HAYAET P-eMKOCTh KoMmmakTa K. JlomomHuTeibHO OyIeM cUuTaTh, ITO
p=2n/(n+2)upun >2up=3/2upu n = 2. lpexnonaraercs
BBITIOJIHEHUE OJHOTO U3 CJIECIYIOMINX YCIOBHI, BBITTIOTHEHHDBIX JJIs TIPOU3-
BOJIbHOM TOUKM Tg € F mpu r < ry:

Co(FNB,") > cor™ P wiu mes,_1(FNB,’) > cor™ L. (2)

B KOTOPBIX IOJIOXKUTEIbHASA IOCTOAHHAS ¢y HE 3aBUCUT OT T U 7.
CrpaBeJIMBO CJIEYIOINIee YTBEPKICHHUE

Teopema 1. Ecau f € Loys,(Q2), 2de 69 > 0, mo cywecmsyrom nono-
orcumenvhve nocmosmnmvie d(n,dy) < og u C makue, wmo das pewenus
3adauu (1) enpasedausa ouyenka

/|Vu]2+5da: < C’/|f]2+5 dz,
D D

2de C' sasucum moavko om 6y, PA3MEPHOCTNU NPOCTPAHCNEA N, GEAUMUH
co u Ty u3 (2), NOCMOAHHVT IAAUNMUNHOCTIU MAMPUDL KOIPPHUUUEH-
MO8 ANAUNMUMECKO20 ONEPAMOPA, G MAKHCE OM TAPAKMEPUCTIUK AUN-
wuyesot obaacmu D.

Bropoe ycinoBue u3 (2) B TepMuHAX MEPBI SBJsIeTCs H0JIee CUIBHBIM,
4geM ycsoBue u3 (2) B TepMHHAX €MKOCTH, TO €CTh U3 YCJIOBUSI B TEPMU-
HaX €MKOCTH HEJIb3$ CJIeJIaTh BBIBOJL O CIPABEIIMBOCTU AHAJOIHIHOIO
yCJIOBUS B TEDMHHAX MEPBHL.

Bormpoc o 1oBbIIIIEHHO# CYyMMUPYEMOCTH I'DAJIMEHTa PEIIEHUH SJLINII-
TUYECKUX YDABHEHUIH sIBJISIETCsI KJIACCHIECKUM M BOCXOJIUT K pabore [1],
B KOTOPOI paccMOTpeHa 3aia4a Jlupuxiie jjist JTUHEHHBIX JIMBEPTeHTHBIX
PaBHOMEDPHO JUIMIITUYECKUX YPABHEHUN BTOPOrO MOPSJIKA C U3MEPUMBbI-
Mu Ko3(dduImeHTaMu Ha IJIOCKOCTH. [l032ke B MHOTOMEPHOM CJIydae U
yPaBHEHU{l TAaKOI'0 YK€ BUJIa IOBBIIIIEHHAs CyMMUPYEMOCTh I'DAJIUEHTa Pe-
meHus 3a1a9n Jupuxiie B 00J1aCTH € JIOCTATOYHO PEryJISPHOI IpaHuIeil
ObL1a ycraHosieHa B [2].

Ilepsorit aBTop nogaepxkan rpantom PH® nomep 22-21-00292.
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CTAIINMOHAPHAA 3AJAYA CJIO2KHOTI'O
TEIIJIOOBMEHA B CUCTEME CEPBHIX TEJI C
ITOJIVIIPO3PAYHBIMMU BKJIFOYEHUAMN

AMOCOB A.A.

K mnacrosimeMy BpeMEHH JOCTATOYHO IIOAPOOHO M3ydeHa pa3perin-
MOCTH Pa3/JUYHBIX TOCTAHOBOK CTAIMOHAPHBIX M HECTAIIMOHAPHBIX Kpa-
eBBIX 3a/1a4 CJIOKHOIO (PaJUAINOHHO - KOHYKTUBHOTO) TEILIOOOMEHa B
CHCTEMaxX, COCTOSAINX JIMOO TOJBKO M3 HENPO3PAYHBLIX JUOO TOJLKO U3
HOJTYIPO3PAYHBIX it u3aydenus tea. O630p COOTBETCTBYIONUX MaTe-
MaTudeckux pabor 3a mepuoz ¢ 1937 r. mo 2020 r. moxxuO HaiiTu B [1].
B To ke Bpemsa 3a7auu paJMAOHHO - KOHYKTUBHOTO TEIIOOOMEHa B
CHCTEMaX, COCTOANMX KaK U3 HEMPO3PAYHBIX, TAK U U3 MOJIYTTPO3PATHBIX
JUIST U3JTY9eHUsT TeJl, OCTAIOTCS IOKa HEJOCTATOUHO MCC/IET0BAHHbIMU. B
9TOM HAIPABJIECHUN €IMHCTBEHHBIMY, 110 MHEHUIO aBTOPA, SIBJISETCS CTa-
Teu 1] — [4].

B nokmame paccMaTpuBaeTcs CTalMOHApHas HEJIMHEHHas Kpaepas
3a/1a4a, OIMCBHIBAIOIIAA CJIOXKHBIN (pa):LI/Iam/IOHHo—KOH,zLyKTHBHbH‘/’I) Tel-
JIOOOMEH B CHCTEME TPEXMEPHBIX CEpPBIX TeJI, COAEPKAIIUX IOJIyIPO-
3pavHble JJId U3JIyYIeHUA BKJIIOYCHUSA. I/ICKOI\J])IMI/I (byHKH‘I/IHIVH/I ABJIA-
10TCsl  abcosIoTHAsl Temiieparypa w(r) M HHTEHCHMBHOCTH W3JIyYeHUs
I(w, z). IIporecc CI0KHOIO TEIIOOOMEHA OMHMCHIBACTCS CHCTEMOIl, CO-
CcTosIMel W3 HEJIWHEWHOTO ypaBHEHUsI TEeIJIONPOBOJHOCTH, HHTErPO-

nuddepeHnnaabHbIX yPABHEHUH IEPEHOCA U3y UI€HUsT U WHTErPAJILHOrO
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YPaBHEHMUSI, OTPAXKAIOIIEr0 TEILIOOOMEH U3JTy I€HUEM MEK/Iy CEPBIMU I10-
BerHOCTHMI/I. ypaBHeHI/IH JOIIOJIHATOTCA Kpa.eBbIMI/I yC.J'[OBI/ISIMI/I7 OIIUCHI-
BAIOIIIMU OTPayKeHNe U MpeJIOMJIEHIe U3JIyIeHNsT Ha TPAHUIAX Pas3/iesa
cpe/.

B [4] ycranoBiiena ojHO3HAUHAST pa3peIIUMOCTh 1ol 3aa4u. Jlokasa-
Ha TeopeMa cpaBHeHMs. [loka3aHO, YTO yBeJIMYEHHE CTEIIEHN CYyMMUpPYe-
MOCTH JIaHHBIX IIPUBOJIUT K YJIYUIIIEHUIO CBOMCTB pellleHuit, B TOM 4ucje
— K 9KCIIOHEHIIMAJIbHOIl CYMMHUPYEMOCTU 1 OrPAHUYEHHOCTH.

Pabora BbIllosiHEHA 3a cdeT rpaHTa Poccuiickoro HaydHOro (oHIa
(mpoekT Ne 19-11-00033).
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Hanmuwonanbubrit ncciaenoBaTeIbcKuil yaHuBepeuTeT «MOCKOBCKMIt
sHepreTudyeckuiit nucruryT», Mocksa, Poccusi. Email: AmosovAA@Qmpei.ru

O SBHAKOIIOCTOAHCTBE ®YHKIINN I'PTHA
KPAEBOU 3AJAYN YETBEPTOTI'O ITOPAJKA HA
I'PA®E

AHYYNHA I0.A.

Kpaessle 3a/1aun Ha rpadax paccmarpuBaiuch B paborax [1], [2], [3].
ITycrs na orpeske [0,1], [ > 0, BemecTBeHHON OCH 3aJaHbl JIBa Ha-
bopa A, u B,,, cocTosdlilne COOTBETCTBEHHO U3 M PA3JIMIHLIX TOYEK (f,
k = 1,n, u u3 m paznu4sbix To4ueK bg, k = 1, m. Ilomaraem, aTro MHO-

xecrBa A, n By, He mepecekaiorca n 0 < a1 < ag < ... < a, < I,
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0<b <by<...<by <l Uckmounm u3 unarepsasa (0,1) Touku MHO-

xectBa A, u By, IlonydenHoe 06beuHEHE HHTEPBAJIOB 0003HAYNM e~

pes S. Jis neorpunarensubix Ha orpeske [0, 1] bynxmuit p; € C277[0,1],

j=0,2; »iel[lofl} po () > 0 u npoussosbroii dyukmuu  f € C () pac-
x )

CMOTPUM KPAEBYIO 3aJ1a9y [Jisi T PEepEeHIINaIbLHOTO YPABHEHUS

(po (@) u” (2))" = (p1 (@)W ()" + p2 (2) u (z) = [ (x) (1)
IPpU I'PAHUYIHBIX YCJIOBUAX
w(0)=u 0)=u(l)=u"(1)=0 (2)

7 YCJOBHUSIX COTJIACOBAHUS JBYX BUJIOB: B KaXK/I0M TOYKE G 33 TaHBI YCJIO-
BUS

u) (ay, 4+ 0) = ul9) (a, — 0), i=0,2,
" (ag +0) — " (ap — 0) = —ypu (ak) ,
rje yr — HeoTpUIaTeIbHas KOHCTAHTa, a B KarxKJoil Touke by 3a/aHbl
YCIIOBHSA

(3)

u(bk—l-O):u(bk—O),

4 . 4
u® (b +0) = ul) (b —0), j=1,2 @

PaccmarpuBaemasi Kpaesast 3amada (1)-(4) mpu cooTBeTCTBYIOIIEM
rogbope KoadpurmenToB gudhepeHnnaaIbHOr0 ypaBHEHU MOACIUPYET
MaJjible yrupyrue jiedOpMaIii CTEPXKHS € IIPOMEXKYTOYHBIME 3aKPeILie-
uusivu [4]. Tlepssiit Buj yesroBuit cormacoBanust (3) COOTBETCTBYET COEJIU-
HEHUIO CTEePKHH C IPYXKUHOH, 3aKPEIJICHHOI Ha HEIOABUXKHONI oIope, a
BTOPOIt BU/ yCJIOBHIT coryiacoBanus (4) — MapHUPHOMY 3aKPEILICHHUIO.

[Tonyaeno npencrasienne dyuknun ['puna wepes dyuknuio ['puna
JAPYyrofl KpaeBod 3a/a4d, y KOTOPOUM KOJIMYECTBO HCKJIIOYEHHBIX BHYT-
PEHHUX TOYEK MEHbBIIE Ha eJUHUILY, YTO H03BOJISET MOCTPOUTH (DYHKIIUIO
['puna, ncrosb3yst n3BecTHbIE MpecTaBIenns dpyukmun ['puna KpaeBbix
zajgad. [locrpoensr rpacduku dyukiuu ['puna u ee obracreil 3HAKOIIOCTO-
AHCTBa C HCIIOJIB30OBaHUEM IIaKeTa ITPpUKJIAJHBIX MaTeMaTH4YeCKUX IIPO-
I'paMM IIPpU Pa3JUIHOM KOJIMYIECTBE MCKJIIOYECHHBIX TOYEK, a TaKz>Ke IIpu
Pa3/IMIHbIX BHUaX yC.HOBI/II/UI COorJIaCOBaHU . B pdae ciryvdaeB oIy 1€H Kpu-
Tepuil MOJOKUTEIHHOCTA (DYHKIINK B TEPMUHAX OFPAHUYUEHUN HA YCJIO-
BHUs coryiacoBanusi. PekyppeHTHbIe (DOPMyJIbl IpeCTaBICHUST DYHKITUU
['puna nosyuens! Brepsbie. Pe3yabrarshl paboThl YaCTHYIHO U3JI0KEHBI B
crarbsax |5], [6].
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Boponexkckuit rocyiapcTBeHHBIN yHUBEpCcuTeT, Poccust.
Email: anuchina@math.vsu.ru

KOPPEKTHASI PA3SPEIIIMIMOCTDb KPAEBOI 3AJJAYN
AJId CUCTEMBI JINOPEPEHITNAJIBHBIX
YPABHEHUWUN HA ITPEJEJIBHOM I'PA®E-3BE3/1E

AY3EPXAH T'.C.

Paccmorpum 3Be3mubiit rpad ', cocTosimuit m3 MHOYKECTBA BEPITUH U
MHOXKeCTBa nyr. Bepmunbl rpada HymMepyeM HATyPAJbHBIMU YUCIAMU
ot 0 1o m + 1. lyru rpada HyMepyIOTCs 9epe3 €7, ..., €m+1. Ha KaxKaoi
JIyre e; pacCMaTPUBACTCs BEKTOP-(yHKIUS

Yi(zj) = [y vo; )t
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KOTOpAas YIIOBJIETBOPSIET CJEIYIOIIell cucTteMe JuHEeHHBIX auddepeniiu-
aJIbHBIX ypaBHEHUN

2 2 (o
y(45) = o (g gy ) D
2 T 2
e e ) — e ) = gyt
2 20 (1
) = by ) T8
2 2 T 2 2 T
g rene) ) = )10 ) = gt)
2 1¢4
Iy (45) = 2 () () )
J j
200 (1 2,
+dij(uj(xj)fj(xj)d y;iig ])) - —dxj(u](xg)d yj;ﬁ J)) = g3;(z;)

Cucrema (1) simneitabix jauddepeHnuaabHbIX ypaBHEHUH COCTOUT U3
Tpex audhepeHnnaabHbIX YPABHEHUU PA3HBIX [TOPSIIKOB OITUCHIBAET COB-
MECTHBIE TIOIIEPEUHBIE, IPOIOJIbHBIE KOJIEDAHUS CTEPKHEN COeTMHEHHBIX
B ojiHOM y3iie. Eciau quamerp cedenusi w(z) cUuTaTh MajbIM, TOTJA CH-
crema (1) pacmajaercsi Tpu MOCJIEOBATENILHO pPeIllaeMble CUCTeMbl. B
cuity mMajioctu cucrema (1) nmpumer Buj

d dws(z)

—a(ﬂ(z)( e )) = F3 (2)

2 2,w >
A ) — e D) — Q@

BO MHOT'UX UH>KCHEPHBIX pacYdeTaxX CHUTaeTCdA, IYTO JBUZKCHUA Pa3aejid-
IOTCH: IIoIIepevIHbIe KOJIe6aHI/IH HE BJINAIOT Ha IIPOJAOJIBHBIC N HaO60pOT.
OHako 1o100HbIe pa3iesleH1e ABUXKEeHUI CTepKHsl He BCeryla OIpaB/Ibl-
Baercs. Takum obpasom, B obmem ciryudae cucrema (1) He Bceryia pacia-
Jlaercs Ha ypasHenus tuna (2) u (3).

B JOKJIa/le BBIZIBJICHBI YCJIOBUYA COIIPAZKEHUA B COCJUHUTEJIBHOM Yy3JI€ U
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COOTBETCTBYIOIINE YCJIOBHUsI 3aKPEILJIEHUsI B TPAHUIHBIX BEPIITHHAX, KOTO-
POM COOTBETCTBYET KOPPEKTHO PA3PEIINMOil 3aj1a4n jijist cucreMbl (1).

Hoxnam nogarorosyen copmectuo ¢ B.E. Kanryxunbim u nipu dhuHan-
copoit nojepkke Komurera mayku MOH PK rpamr NeAP 08855402
"Kpaepbie 3ajiaqn st cucrteM andpepeHInaibHbIX ypaBHEHU Ha Teo-
MeTPUYECKHX I'padax U UX TPUMEHEHUSI [P PACIeTaX COeJUHEHU N yIIpy-
IUX TOHKHUX CTepKHeit ".

Kazaxckuit HannmonabHbIM yHuBepcuteT nMenn aab—Papadu.Kazaxcram.
Email: auzerhanova@gmail.com

ACUMIITOTUYECKUE SPIOANYECKUWE BBICIIIVNE
VMHBAPUNAHTHBI SALEIIJIEHNN 11

AXMETBEB II.M.

B MarauTHO# rupogMHAMUKE WHBAPUAHTHI MATHUTHBIX MOJIEH MMe-
10T 6OJIBIIOE 3HAYEHHE. Pednb mier 0 MarHuTHOM 1oJie B obiacti ) C R3
MIPOBOATIEH KUJIKOCTH, MATHUTHOE TIOJIE€ HAITPABJIEHO MO0 KACATEJHHOM K
rpanure obsactu Jf), MHBAPUAHTHI MATHUTHBIX MOJIEH UIMYTCsT OTHOCH-
TEJBLHO T'PYIIBI COXPAHAIONNX 00beM 1rddPeoMopdu3MoB, HEITOIBUK-
HBIX B HEKOTOPOIl OKPECTHOCTH OECKOHEYHOCTH.

ITo Teopeme ApHOJbIA ONpemeeH ACUMITOTHYECKUIA 3ProanvecKui
nHBapuaHT Xomda, KOTOPbIi Mbl 0003HAYHNM 4epe3 xpB. VIHBapuauT
Xornda spisiercss DyHKIHMEH Ha IeKapTOBOM KBajpaTe ()2, CMbICI KO-
TOPOrO COCTOUT B TOM, UTO BBIIYCKAIOTCS MATHUTHBLIE JIUHUU U3 TOYEK
X1, X9 € ) u mouTn JyIst JI000it mapbl (X1, X2) BBIYUCISACTCS aCHMITOTH-
geckuit KoaddurmenT 3anenienns g (xi,X2).

Kaxk ormeueno B [1], cnocka na crp. 163, B KOHCTpyKIu XB(X1,X2)
MMeeTCsl TPYIHOCTb. DTO OTHOCUTCS JIUIIb K CIYyYal0 MATHUTHBIX ITOJIei
HeOOIIEero MOJIOKEHUsI. 31eCh Ke IIPeJIaraeTcsl MPOBECTH JT0Ka3aTe b
CTBO CYIIIECTBOBAHUSI B TOJHOM OOIHOCTH.

Bosiee rubkoe orpenesierne rayccoBa 3alerjieHus MATHATHBIX JIMHII
(pasmes 4.3 [1]) MOXKHO TBITATHCS [IPOBECTU OTKA3ABIINCH OT IIOHSITHUSI
CUCTEMBbI KOPOTKHX IyTeit. TpyaHOCTb, Ha B3IV aBTOPA, COCTOUT B
J0KA3aTe/IbCTBE TOr0, YTO SProfMIecKyio TeopeMy Bupkroda s muc-
KPETHOI AIMIPOKCUMAIIAY MAIHUTHOTO ITOTOKA MOYKHO ITPUMEHHUTD TaKKe
K CAaMOMY MarHWTHOMY IMOTOKY. lIpyM Tex mjin WHBIX JOIOJHUTE/BHBIX
IIPEJITOIOYKEHUSIX, HAIIPUMED, [IPU OTCYTCTBUU HyJIEil MATHUTHOIO ITOJIS

171



B obsactu ) (Ipe/osoKeHe 0 MArHUTHON TPYOKe), yKa3aHHAasi TPY/I-
HOCTB IIpeojojieBaeTcst. IlocTpoeHns Mbl IIPOBOAUM JIMIIL B IIPEJIIIOJIO-
JKEeHUN O MArHUTHOH TpyOKe.

B jokiaje [2| aBrop aHOHCHMpOBaJI CyIIECTBOBAaHME BBICIIUX (T.e. HE
cBosisimuxcst K KO3 hUImeHTaM 3aleieHns) aCAMITOTUIECKHX 3Pro-
JMYEeCKAX MHBAPUAHTOB 3allellieHuii. Brocaencrsuu, npu myO/InKaLym
JokIaa [3| yeaosue sprojudarocTr (CynecTBOBaHNE IUIOTHOCTU MHBAPU-
aHTa MAHUTHBIX JIMHUH) 0Caab/1eHO J10 yesioBusl ¢aboil SproguaHocTy,
49TO, KOHEIHO, HEeXKeJIaTeJIbHO, HO JOIyCTUMO Jjist IpuioxkeHuit. Koned-
HO, MOXKHO HAIEATLCA Ha TO, UYTO 3PLOAUICCKUE CPEIHNE BLICIINX UHBA-
PUAHTOB MArHUTHDLIX JIAHANA KOPPEKTHO IIOYTH BCIOLY OIPEIE/ICHbI s
MarHUTHBIX II0JIeil obiiero suaa B obyactu ().

MuI BepHEMCS K HOCTPOEHUIO U BBIITOJIHUM €r0 B IePBOHAYAJILHON (hop-
MyJIMpOBKe Jjist uaBapuanta Ms, caenys [4]. dus uaBapuanra My oxu-
JlaeTCst TPUJIOXKeHne, cM. [5], HO 9TOT BOIPOC /10 KOHIIA He MCCJIeIOBAH.

Pabora Bemmosnmena upu nomuep:kke Russian Science Foundation
(project 21-11-00010).
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O EUHCTBEHHOCTU PEIIEHUI
HAYAJIBHO-KPAEBBIX 3AJIAY J1JIdA
ITAPABOJIMYECKUX CUCTEM B O'PAHUYEHHBIX
OBJIACTAX HA IIJIOCKOCTU

BAJIEPKO E.A.!, YEPEIIOBA M.®.2

PaccmoTpensl epBast 1 Bropasi Ha9aJIbHO-KPaeBble 33189 1T OTHO-
MEpHBIX (II0 IIPOCTPAHCTBEHHON mepeMenHoit) napabommaeckux mo [Ter-
POBCKOMY CUCTEM 2—TO MOPSIKA ¢ IEPEMEHHBIMU KO3 PUImEeHTaMU B 00-
JIACTSIX C HErJIAJKUMM OOKOBBIMU T'DAHUIIAME. YCTAHOBJIEHA €IMHCTBEH-
HOCTH KJIACCHYECKHUX PEIeHn YKA3aHHBIX 33/a9 B OTPAHUIEHHONH 00,18~
cru §) ¢ HETJIaAKUMU OOKOBBIMU TPaHUIAMHU, JOIYCKAKIUMU, B YACTHO-
cTH, «KmoBb», B poctpanctee CH0(Q) dbynkmmit, HempepbBHBIX B
BMeCTe C IIPOU3BO/IHON 110 IIPOCTPAHCTBEHHON IIepEeMEeHHOM.

Pabora BTOpOro aBropa BBITIOJIHEHA 3a CUeT rpaHTa Poccniickoro Ha-
yuasoro donma (npoekt Ne 19-11-00033).
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OB ACUMIITOTUYECKOM IIOBEJIEHINU PEIIIEHUN
OJTHOI'O JINMHEMHOI'O ABTOHOMHOTI'O
JIN®PEPEHIIMAJIBHOI'O YVPABHEHU A

HENTPAJIBHOT'O TUIIA

BAJIAH/IH A.C.

B pabore m3yyarorcs acuMOTOTHYECKHE CBONCTBa pernrenuit qudde-
PEHINATBEHOTO YPaBHEHUSI

&(t) —az(t —h) = —bx(t) + cx(t —h), t =0,

v = pl6), ()= w(e), €€ [-h0) .
BO3HUKAOIIETO B PA3JUIHBIX PUKJIATHBIX 38/[a9aX: JUHAMIKA [TOIYJIs-
MU KJIETOK, JBU2KEHUE IJIOCKUX YIPYTUX IJIAT C YIETOM TPEHUS, UCCIIe-
JoBaHue j1ePeKTOB C MOMOIIbI0 yibTpasByKa. C JIpyroif CTOPOHBI, 3TO
ypaBHEHHe, HEeCMOTPsi Ha IPOCTOTY, 00JiagaeT OOJIBIINM Pa3HOOOpa3u-
€M aCUMITOTUYECKUX CBOWCTB PEIIeHUIl U MO0ITOMY UHTEPECHO TaK¥kKe C
TeopeTnveckoit Touku 3penus |1, 2, 3, 4, 5, 6].

Kpurepuit skcroneHnuaabHoii yeroitunsocTu jiiist ypasuenus (1) ycra-
HOBJIeH B |7, TJe mocTpoena 061acTh YCTONYUBOCTH B TPEXMEPHOM IPO-
crpaHcTBe KoadduiimeHToB. OTMETUM, YTO HEOOXOTUMBIM YCIOBHEM IKC-
HOHEHIMAJIBLHO ycToitunBocTn jiyist (1) sABJISIeTCsT BHIIOJIHEHNE HEPABEH-
crBa |a] < 1; B 9TOM ciiydae MOTepsi SKCIHOHEHIMAIBHOM yCTONINBOCTH
[IPOUCXOUT 38 CUYET IOSBJIEHUS CTAIMOHAPHBIX WU HEPUOJUIECKUX Pe-
MeHnii. ACUMIITOTHYeCKasT yCTONIMBOCTD, He COBIAIAIONIAsT ¢ IKCIIOHEH-
IAAJIbHON, OTCYyTCTBYET.

IIpu |a| > 1 ypasuenue (1) umeer HeOrpaHWYEHHbBIE DEINEHUs, 3HA-
90T, ypaBHEHHE HeycToiumBo. Hambosiee CIIOXKHBIM sIBIISIETCS Caydaii
|a| = 1. IIpuumnHa B TOM, 9TO 3/1€Ch XapaKTepucTHIecKasi DyHKIUS ypaB-
HeHusi (1) MOXKeT MMeTbh Ha KOMIIEKCHOMN IIOCKOCTHU IIOCJIEI0BATE b
HOCTBb HyJIeil, HEOIPAHUUIEHHO MPUOIMKAIONIYIOCST K MHUMON OCH, 00
JIEYKAIIY 0 HA MHUMOM OCH. DTH CJIyUIan MOTpebOBaIU OT/IeIBHOIO U3y Ie-
Husi. B paborax |7, 8| nupuseensr a3pdbeKkTUBHBIE YCIOBHS, IPH KOTOPBIX
ypasuenue (1) 0bsaaeT CBORCTBOM aCUMITOTUYIECKON YCTOHYUBOCTH, He
COBIAJIAIOIIEH ¢ SKCIIOHEHITUAJIBHON; YCTAHOBJIEHA, TaKKe PaBHOMEpHas
YCTOWYHUBOCTh B CJIyYae HAJUUUs § XapaKTEePUCTUIECKON (byHKInu Gec-
KOHEYHOTO MHOYKECTBA UMCTO MHUMBIX KODHEH.

174



Pabora BoimosiHEeHA B pamkax rocsajganus MuHucTepcTBa HAyKH U
BhIcIIero obpasoBanusi Poccuiickoit Penepainn (3amanne FSNM-2020-
0028).
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OIIMCAHUE IIOKA3ATEJIA ITEPPOHA
JINMHEMHOUN JINP®PEPEHIIMAJIBHOU CUCTEMBI
C HEOTPAHNYEHHBIMU KOO PUITNEHTAMN

BAPABAHOB E.A.l, BEIKOB B.B.?

Hns 3ananaoro n € N yepes M, 0603Ha4YNM KJIacc JUHEHHBIX Tu-
depeHnnaIbHbIX CUCTEM

r=A(t)z, zeR" teRy=]0,+00), (1)
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¢ KYCOYHO-HENpPEepBIBHBIME KO3 dunmenramu, depes M, — ero moi-
KJ1acc, K09 OUIMEHTHI CUCTEM KOTOPOIO OMPAHUYEHBI HA MOJIYyOCH, & Ue-
pe3 x(+;€) — pemenue cucrembl (1) ¢ HadaabHbIM BekTOpoM (0;€) =
= ¢ € R™. O6ozraunm uepes R := R| [{—o0, +oc} pacmupennyto umc-
JIOBYIO NIPSIMYIO C €CTECTBEHHBIM MOPSIJIKOM U TIOPSIKOBOI TOIo 10T e

Huotcrum noxazamenem Ieppora uenynesoro pemenus (-; &) cucre-
mbl (1) HassBaercs [1| BeananHa

rle(: O] = lm - Infla((: ), ©)

t—+o0

a ¢yHkmua HadaigbHoro BekTopa ma: R™ \ {0} — R, ompenensemas
pasercTBoM mA(§) = w[x(+; )], — nokasameaem Ileppona cucremsr (1).
Huxrane mokasarenn [leppona mpemcTaBiIstioT cob0il OIUH M3 IPUMEPOB
MHOTOYHCICHHBIX ACUMIITOTHIECKAX XAPAKTEPUCTUK — (DYHKIMOHAJIOB,
OIIPEJICTIEHHBIX Ha PemeHnax AudGepeHnnatbHbIX CUCTEM B OTPAXKaIo-
IUX T€ WU WHBIE KAYECTBEHHBLIE MU ACUMITOTHYECKHE MX CBOMCTBA.
Baxkmeiimmuit n3 HuX — XapaKTepUCTHIECKU mokasareib JIsamynosa (ero
olpejieJIeHne [OJIydaeTcsl 3aMeHON B (2) HUKHEro Impejieia BEPXHUM).
[IpuBesemM HEKOTOpBIE U3BECTHBIE CBOCTBaA HoKazareas [leppona, moka-
3bIBAIOIMEe €ro IIpuHIUIINAaJIbHbIC OTJINYNA OT IMOKa3aTeJsIsd HHHyHOBa.

A.M. JIAnyHOBBIM YCTAHOBJIEHO, ITO YHCIO PA3IUTHBIX MOKA3aTesei
JlsmyroBa cucrembr u3s M, He npeBocxoauT ee pasmeproctu n. O. Ilep-
poH o6HapyKu [1], 4ro JyIsi HUYKHUX HOKa3aTeseil 9T0 yTBEepK IeHUe He
BepHo. Jlj1s1 nuaroHaJIbHbIX CHCTEM U3 M, KOJIMYECTBO Pa3/IMIHbLIX 3Ha-
gennii mokasaresst Ileppona we npesocxogur 2" — 1 [2] u Moxker ObITH
JMOOBIM TAKUM HaTyPaJbHBIM duciaoM [3]. B obmiem cirydae MHOXKeCTBO
P sBiisieTcss MHOXKECTBOM 3HAYeHMH TMokasareseil [leppoHa HeKOTOpOi
cucTeMbl U3 M, TOTJA U TOJIBLKO TOTJa, KOrjaa P — orpaHudyeHHoe Cyc-
JIMHCKOE MHOXKECTBO, COJIeprKalllee CBOI TOUHYIO BEPXHIOKW I'DaHb [4].

Crapures 3a/1a4a TEOPETHKO-MHOKECTBEHHOTO ONUCAHNUST I/ KazK/10-
0 HATYPAaJBLHOIO M KJjiacca (DyHKIIi 7571 = {74 : A € M,}. UsBecrHo,
aT0 P, — MOKJIACC BTOPOTO, HO He MepBoro, Kiacca Bapa [5].

B [6] mokazano, urto mist o6oro n > 2 Kiace P,, CONEPIKUT BCe Helpe-
poisable dyuknun f: R™\ {0} — R, ynosiersopsiomiue ycaoBuo

f(e) =f(©), ¢eR"\{0}, ceR'\{o0}. (3)

IToJsmoe onucanue xJiacca ﬁn JI7Is1 JII000T0 1 > 2 JaeT CJieIyoIast
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Teopema. ODynuxuyua f: R™\ {0} — R npunadaeosrcum waaccy P,
npu = 2, ecAU U MOALKO ECAU OHA YIOBAETNEOPAEM YCA0sUIO (3) U
dasn mobozo r € R npoobpasz f~! ([—oo, r]) aeasemes Gg-MHOMHCECTNEOM.

Kaacc Py cocmoum u3 ecex nocmoannur dynxyud R\ {0} — R.

(1]
2]
3l

(4]

5]
(6]
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ACUMIITOTUKA 3AJAYNN PUMAHA — I'JIBBEPTA

AJId MOAEJIN COMOBA MATHUTHOI'O
IIEPECOEAJVHEHU S B IIJIASME

BE3POJHBIX C.11.!, BJIACOB B.1.2

Bosnaukaromuii B iazme CoJtHETHOM KOPOHBI 3 ()eKT MArHUTHOTO TIe-
pecoeInHeH s, 3aK/TFOUAONINIACS B W3MEHEHNH KOH(MUTYPAIME MATHUAT-
HOTO TIOJIsI C CYIIIECTBEHHBIM BBIJIEJIEHUEM SHEPIUH, UTPAET BayKHYO POJIb
B MexaHusMe CosiHevuHbIX Benbiniek [1]. MarauTHoe 1ojie B obJs1acTu 1ie-
pecoeIMHEHNs MOYKHO PaCCMaTPUBATh KaK IJI0CKOe, T.e. B = (By, By, 0),
a Beqmuuny JF = B, — 1B, — Kax aHaJIUTUYeCKyI0 (PyHKIHIO IIepeMeH-
HOTO 2z = & + %Y.
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Moguenb gannoro addexra, npemioxkentnas B.B. Comosbim (1], cBoguT
BBIUHCJEHNEe MATHUTHOTO OJsI K 3aaade Pumana — I'mabbepra B O1HO-
CBsI3XHOMN 001acTu X, mpeicTaB/Isionieii coboil BHEITHOCTD CUCTEMBI Pa3-
pesos I'g, 'y, ..., T'4. Buecy I'g — orpesok [— R, R] BemecrBeHHOl ocu —
n300pazkaer TOKOBBIH cJioi (Takoii ke, kak B Mojesnu C. 1. CeipoBaTcko-
ro [2]| sroro acpdekra). K ero koniam mpucoe/iHeHbl OCTAIbHbIE Y€ThIPE
paspesa JauHoi r, uzobpaxkaromue MII-yrapHble BOJHBI. JTH pa3pe-
3e1 I, j = 1,4, pacio/ioxeHbl 3¢pKaIbHO-CUMMETPUIHO OTHOCUTE/IHHO
JIEKAPTOBBIX OCEl, IpudeM pa3pe3 B IEPBOM KBaJIpAHTe HAKJOHEH K OCH
x nox yriaom o < w/4. B momesn ComMoBa NPUHUMAETCsI, UTO HA Pas-
pese I'g HOpMaJibHAsT KOMIIOHEHTa B,, MArHUTHOTO TOJIsI PaBHA HYJIIO, a
Ha paspesax ['j, j = 1,4, oHa NOCTOsIHHA U DaBHA 3aJAHHON BeJIMYHHE
B > 0. Beipaxkasi B, depe3 F u KOMIUIEKCHYIO €IMHUYHYIO HOPMaJb V
o dopmyne By(z) = Re [v(z) F(z)], nonydaem us srux ycnosuii Tpe-
oyemyto 3ajauy Pumana — ['misbepra

Re[v(2)F(z)] =0, z¢€Ty; Rel[v(2)F(z)] = B, ze€T, (1)

B KOTOpOfI ee npejanoJjaraercd, 9To IIoJIe UMeeT JIMHENHBIN POCT Ha
6€CKOH6‘{HOCTI/I, T.C.

F(z) ~ —ipz, z — 00, (2)

rje p > 0 — 3ajannpiii napamerp mMouesn. Crieyer OTMETHTh, 9TO MO-
siesib ChIpOBATCKOTO [2] COEpKUT TOKOBBIIAT CJION, HO HE HE BKJIIOYAYET
YJIAPHBIX BOJIH, TOTJa Kak Mojesb llerueka [5]|, HAMpOTHB, COMEPKUT
OECKOHEIHO JJIMHHDIE YIaPHBIE BOJIHBI.

C momorpio MeTo/10B, paspaboTaHublx B (3| u [4], mpoBexeno acum-
ToTHYeCKOe uccieopanme 3anaan (1), (2) kak npu ykopodenun bpoHTa
YJAApHBIX BOJH, T.e. mpu p = r/R — 0, Tak u 0pu uX OGECKOHEIHOM
BBITATUBAHUY, T.e. Ipu p — 00. OHO mokazaso, 4rto 1npu p — 0 u ogHO-
BPEMEHHOM COIIACOBAMHOM HOpPsIKa p~ /2 Bospacranuu napamerpa 3 13
yeaosust (1), a Takyke (DUKCHPOBAHHBIX OCTAIBHBIX Hapamerpax R, a,
moyesin riosie ComoBa npespainaercs B mnoJsie CbIpoBaTCKOrO.

Takzke ObLIO YyCTAHOBJIEHO, YTO €CJIH p — 00, & KO3(MDMUIMEHT [ B
(2) cormacoBasHO yMeHbITaeTCs 10 3aKoHy fi(p) = pg plie—1D/(2(1=20))
o = const, a ocrajbHble apamerpsl Mojen (R, a, ) dbukcuposassl, TO
npu 0 < a < 1/4 nupenensroe nosie Comosa coBajaer ¢ nojieM Ilerdeka.
CuestoBarenibio, Mojenn CoipoBarckoro u [leTdeka MOXKHO paccMaTpu-
BaTh Kak IpejiesibHble ciaydan Mogean ComoBa.
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KPAEBBIE 3AJAYN OJIA TUIIEPBOJIMYECKNX
YPABHEHNY C MHBOJIFOIIVMENW 1 BBIPOXK/IEHNEM

B>KEYMUXOBA O.HU.

[Iycts Q ecrp umnrepsan (0,1) ocu Oz, () ecTb HPSIMOYTOJBLHUK
2 x (0,T) xoneunoit Beicorer 1. lanee, mycts () ecTb 3aJaHHast HH-
BoJtrorust orpeska [0, 1], a = const, b(x,t) u f(x,t) ecTb 3ajaHHbIe OIpE-
JleJIeHHbIe Ha MHOYKecTBe () (DyHKIINH.

KpaeBas 3agada I. Hatmu dynrkyuro u(x,t), asasowyroca 6 nps-
MOY2orvHUKE () DEWEHUEM YPABHEHUA

Ut (X, 1) — Ugg (2, 1) — Atz (©(2),t) + b(z, )u(z, t) = f(z,t)
U MAKYI0, WMo 0AA Hee BLINONHAIOMCA YCAOBUA
u(0,t) = u(1,t) =0, te(0,7),
u(z,0) = wy(x,0) =0, x €.

[Ipencrasaennas 3aa1a B ciaydae a = () JOCTATOTHO XOPOIIIO U3y IeHA
(cM., Hanpumep, pabors |1, 2| u 6ubsinorpaduio B HUX).

B pabore mist runepboJIMIecKoro ypaBHEHUs C IIEPEeMEHHBIMU KO-
durmeHTaAMI ¥ C WHBOJIOIHEH B CTapIINX MPOU3BOJHBIX HCCJIEI0BaHA
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Pa3pemmMOCTh HAYAJIBHO-KPaeBoil 3amatu B mpoctpancTtBax Cobosesa.
Jlist m3ygaeMoit HavuaIbHO-KPAaeBOil 3aatdi METOJOM PEry/spU3alliu U
MEeTO/IOM IPOJIOJIZKEHNUSI IO HapaMeTpy [3]| ¢ IOMOIIbIO anprOpPHBIX OIle-
HOK JOKAa3bIBAIOTCA TEOPEMbl CYIIECTBOBAHUA U €JMHCTBEHHOCTU pery-
JIAPHBIX PEIICHUIL.

Cnucok Jureparypbl

[1] Jadvwrcencran O. A. Kpaesble 3anaun maremarudeckoil dbusuku. M.: Hayka,
1973. 408 c.

[2] Koorcarnos A. H. HagaabHO-rpaHUIHBIE 331891 JJIsI BBIPOXK IAIOIIUXCS TUIEPGO-
Jmdeckux ypasHennii// Cubupckue 3JIeKTPOHHBIE MAaTeMaTUIECKUE U3BECTHS.
2021. T. 18. Ne 1. C. 43-53.

[38] Tperoeun B. A. ®yuxknmonanpublit anamus. M.: Hayka, 1980. 495 c.

Kabapmumo-Bankapckuit rocy1apCTBEHHBIH YHUBEPCUTET
nM. X.M. Bepbekosa, Poccusi. Email: bzhoksana@gmail.com

OBPATHA4A 3ATAYA OJId JNOPEPEHITVNAJIBHBIX
OITEPATOPOB C
KOO PUITMEHTAMU-PACIIPEJIEJIEHNAMUN

BOHJAPEHKO H.II.
JloKJta,1 TOCBSAIIEH 0OpATHOM CIIEKTPAIBLHOM 3a1a4ue 1J1sT TuddepeHIm-
aJIbHBIX OIIEPATOPOB N-T0 TMOPsIKa (n > 2) ¢ KoaddumenraMu-pacipe-

JeeHusIMU. PaccMaTpuBaioTCs OepaTopbl, MOPOXK IEHHBIE CJIe Ly IOIUMU
muddepeHnnaaIbHBIMUA BbIPAKEHUSAME IPU N = 21M:

lom(y) = y O™ + 3 (1) (7 () y oy o)
k=1

m—1

1 30 (<15 (o @)y ) B (o) )y (R )
k=1

rue

Tlyev s TmyO1lyveyOm—1 € LQ(O, 1),
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u pu n = 2m + 1:

lom1(y) =y 113 (—1)F (7 (2)y R k)
k=1
m—1
+ 2 (D (e @)y D)) 4 (o @)y mE D) )
k=0
rie
Tlyev+yTmy00y---,0m—1 € L1(0, 1).

OmnepaTops! ONPEJIETIAIOTCS B COOTBETCTBUY € PETYJISIPH3AIMOHHBIM [10/1-
XO/IOM, IIPE/JIOKEHHBIM B |1, 2.

s muddepenipanbroro Beipazkennst £y, (y) IOCTpoeHa MATPUILA
Beitna-1Opko M (), amanormdnas MaTpulle, UCHOIb3yeMoil B [3| s
s depeHIaIbHbIX OIEPATOPOB BBICIINX MTOPSIKOB € PErYIISIPHBIME KO-
s¢dpdunmentamu. PaccmarpuBaercsa obpaTHast 3a1a9a, COCTOAIIAs B BOC-
cranosyieann kKoadbdumnmenros {7} u {0} mo M()N). dokazana Teo-
peMa eIMHCTBEHHOCTH perienust obparHoii 3agaan (cm. [4]). Tlomydaen-
Hble Pe3yJIbTaThl 0000maT pedyabrars! [5] mist oneparopos HItypma-
JImyBUIIS ¢ CHHTYJISIPHBIMA MOTEHIINAJIAMA U3 KJIacca Wz_l(O, 1).

HccnenoBanne BBIIOIHEHO 3a CYeT rpanTa PocchilcKoro Hay<IHOrO

donma Ne 21-71-10001, https://rscf.ru/project/21-71-10001/
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OB ACUMIITOTUKE PEIIIEHINA KPAEBBIX 3A/TAY B
IIEP®OPMPOBAHHBIX OBJIACTAX C TPETbUM
HEJIMHENHBIM I'PAHUYHBIM YCJIOBUEM HA

TPAHUIIAX OTBEPCTUN

BOPUCOB [J.11.'; MYXAMETPAXNUMOBA A.1.2

[Iycre © = (x1,...,%,) — JeKapToOBbl KoopauHaTel B R™, Q C R"
— HeOTPAaHWYEHHAs O00JIACTb, € — MAJIbII IMOJOKUTEJIbHBIN IapaMeTp u
n = n(e) — dbyuxuus, yaosiaersopsitomas 0 < n(e) < 1. Iosmoxum:

S ={{z: z, =0}, 0 := {:v : —% <z < %,i = 1,...,n—1},
II:=0 x R, b; > 0. O6ozraunm gepes M € Il GpukcupoBaHHYIO TOY-
Ky ¥ Uepe3 w (PUKCHPOBAHHOE OrPaHUIEHHOE MHOXKECTBO. B OKpecTHO-
cru S BeiGepem Toukn Mp = e(My + M), My, = (biky, ..., bp—1kn—1),
k= (k1,...,kn—1) € Z" ! rakue, uro dist(ME, S) < Rog, rne Ry > 0.
O6osnaunm: QF := Q\ 6°, 0° := {x (x — M})e Ew}.
keMe

IIycrs Ajj = Aij(x), Ai = Ai(z), Ag = Ao(x) — dyukimn, 3aganmble

B Q u yJosierBopsiomue: A;j, A; € WL(Q), Ay € Loo(Q), Aijj = Ay,

Z Aij ()& = colé e &= (&...,&) € R™, ¢ > 0. IIpeanosna-

4,j=1

raeM, uro A;; =1, A; =0, A; = 0 upu |z, | < 7. Ilycrs a = a(u) — Gec-
koneuno guddepennupyemas dyHkus, yuaosiersopsomas a(0) = 0,
|%| < ag, TIe ag — HeKoTopad KoHcraHTa. O6o3HaYnM:

- 0 0 —
Z 8{E1 2]81}] Z::AJTIE]—T%A]‘FAO

i,7=1
PaccMaTpuBaeTcs Kpaesas 3aJiada:

Oue
On
rie f € LQ(Q)HWQ(](Q;%)HWS(Q_) fi={z:0< :I::L‘n <70}, g €N, A

(L=Nue=f, z€Q°, u.=0, xz €0, +a(,us) =0, z € 06°,

— BEIIIECTBEHHOE YHCIIO, 8 Z A;j cos(v, OZL’l) 5T Z Aj cos(v, Oz;),
J 4
i,j=1 Jj=1
cos(v, Ox;) — KocuHyc yriaa Mex ity ocbio Ox; U eJIMHUIHON HOPMAJIBIO I K
00°, HanpaB/ieHHOI BHYTpb MHOXKecTBa 0. B pabore paccMaTrpuBaioTcst
JBa coydast: 1) a = 0 nom 2) n(e) — 0.
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Hamr ocHOBHOI pe3y/jbTaT yTBepzKJaeT, YTO aCUMITOTHKA (DyHKIMU
ue B W2H(QF) umeer Bu
T,

uc(&m) = X (5 )ue(@m) + (1= X7 (55) Jul (€', m) + O(e

£2 g2

N A
e ug®(z,m) = Zoémum(x,n), u (& 2’ n) = Z €M (&, 2',m), N —
m=

IPOU3BOJILHOE HATYPAIbHOE YHUCI0, X = X (Tp) — 6eCK0HeqH0 b depen-
upyemasi cpesatoriasi (byHKIMs, paBHAsI HYJIIO TIpU |T,| < 1 u eaunure
wpi o] > 2, € = (€,60) = (a'e,wne ), dymxim ug - pemernie
3ajla4u

M\Z

);

(L=Nup=f B Q, upy=0 na 0Q, (1)
dyukMU Uy — pemenus 3agauu (1) ¢ f = 0, dyHkuMu v, — pemenus
3a/1a4

_Afvm = fm B R" \ (:)77’ % = ¢m Ha 6(:)777 fO = Oa Q;Z)O = Oa
Ovg
m—2 om— 2f 822) 1
=2 2 4+ (Ay
fm (m —2)! 9z 2 )+ Z O&;0x; + A)vm—2,

L v
Z 87;- i — L1 (v1, -+, U1),

rew = | {5 n~ Y& — M — M) € w}, Ve — eIUHIYIHAS HOPMAJIb
kezn—1
K w', HanpaBJieHHas BHYTPb W', 1; — KOMIIOHEHTBI BeKTOpa Ve, Lp,

HEKOTOPbIE CbI/IKCI/IpOBaHHI)Ie IIOJIMHOMBI.

! Bammkupckuil TOCyIapCTBEHHEIH TIeIarornIecKuil yHIBEpCUTeT nMeH: M.
Axwmymaet, Poccusi. Email: borisovdi@yandex.ru

2BamKI/IpCKHﬁ TOCYJAPCTBEHHBIN TIeJaroruviecknii yuupepcureT uMenn M.
Axmysutel, Poccusi. Email: albina8558@Qyandex.ru

183



T'PYIIIIOBON AHAJIN3 KUHETUYECKUX
VPABHEHUM U ITPOBJIEMA 3AMBIKAHUSI
MOMEHTHOM CUCTEMBI

BOPOBCKUX A.B.!, IIJTATOHOBA K.C.?

OHOl U3 OCHOBHBIX MaTeMaTHIECKUX IIPOOJIEM, CBI3aHHBIX C MOJIE-
JIIMU KHHETUYIECKON TEeOPHH, SBJIAETCA MpobJieMa 3aMbIKAHUST MOMEHT-
HOII cucreMbl, Bocxosiada K paboram JIxx. K. Makcsesura. es namero
ITO/IXO0/1a K PEIIeHHUIO 9TOH IIPO0JIeMbI COCTOUT B TOM, 9TOOBI B OCHOBaHIE
BBIOOpaA 3aMBIKAHHUS IIOJIOXKUTH I'PYIIIOBbIE CBOMCTBA MuddepeHnaib-
HBIX ypaBHeHHI. Pedb mmer o TOM, 9TOOLI, OIpPEIE/INB IPYIITY CUMMET-
puii KHHETHIECKOTO YPaBHEHUsI, IEPEHECTU ee JefCTBUe Ha MOMEHTHBIE
BEeJIMYNHBI, HAWTH WHBAPUAHTHI TON I'PYIIBI B TEPMUHAX MOMEHTHBIX
BEeJINYINHBI, I «yPEe3aHNue» U 3aMBbIKAHNE MOMEHTHON CHCTEMBI, IIPUBOJISI-
mmee K ypaBHEHUAM CILIOIIHON CpPebl, OCYIECTBIISITh C IMTOMOIIBIO STUX
WHBApPUAHTHBIX COOTHOIITEHMUIA.

Peanm3yemocTsb 9TOI CXeMbl yCTaHOBJIEHA, HAa IPOCTEHINeil cuTyarmn
OJTHOMEPHOTO KMHETUIECKOT'O yPAaBHEHUsT, (PAKTUIECKU COBIIAIAIONIErO C
ypaBHenueM JInyBusiis

fitcfet (Ff)e=0 (1)
(t — BpeMst, & — IPOCTPAHCTBEHHAsT KOOPIUHATA, ¢ — CKOPOCTb,
F =F(t,x,c)

— BHeIIIHee CUJIOBOe IoJie, HeumsBecTHas (yukuust f(t,x,c) — dasoBas
IJIOTHOCTD PACIIPEJIEICHUST TACTHIL).

Oxaza/och, 9TO 3aJady IPYIIOBOro aHajm3a ypasuenus (1) meob-
XOJIUMO COIPOBOJIUTE JIONOJIHUTEILHBIMI YCJIOBUSIMU, HAJIAraeMbIMHU Ha
IPYIILy IIPpeobpa3oBaHmii. TO yCIOBUS

® UHBAPHUAHTHOCTH IIPH ITHX IPEOOPA30OBAHUAX COOTHOIICHHH
dr = cdt, dc = F dt, (2)
YTO BBIPAYKAET COXPAHECHIE OTHOIICHNUST MEK/Ty (DU3UIECKUMHU Be-

mnanaamu (t, x, ¢, F);
® MHBAPUAHTHOCTHU CEMEHCTBa MPSAMBIX

dx = dt =0, (3)

HEOOXOIUMOe, ITOOBI COXPAHAICT (PUIUIECKUH CMBICT MOMEHT-
HBIX BEJINYNH;
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® UHBAPUAHTHOCTU DU 3aMEHAX [IePEMEeHHBIX BEJMIMHBI
(1+cl, + FO.)f(t,x,c)dzde, (4)

Ha JiI060ii noBepxuocTH t = 6O(x,c), 9TO BBIparKaeT HE3ABUCH-
MOCTDBH KOJIMYIEeCTBa IaCTHUIl B HEKOTOPOM Cba3OBOI\J O6'beMe OT BBI-
6opa crcTeMbl KOOPINHAT.

YCcTaHOBIEHO, YTO TPYIIA TOYEUHBIX TPEOOPA30BAHUN IMPOCTPAHCT-
Ba mepeMeHHbIX (t,x,c, f), OCTABISIONNX WHBAPHAHTHBIMU COOTHOIIE-
aust (2), (3) u Besmuuny (4), coBnagaer ¢ rpyumnoit quddeomopduszmos
POCTPAHCTBA IIEPEMEHHBIX (£, &) U TOPOXKICHHBIX UMH [IPE0OPA30BAHMIA
OCTAJILHBIX II€PEMEHHBIX; I'PYIIIa SKBUBAJEHTHOCTH ypaBHeHus (1) coB-
naJjiaeT ¢ 3TO IpyIIIoN.

OcymiecrBiiena rpynnosast kiaccudukanus ypasaenuii (1) B ykazan-
HOM KJjiacce rmpeobpa3oBaHuii, MaKCHMaJjbHasI I'PYIIa CAMMETPHIl OKa3a-
J1aChb BOCbMUMEPHO ():Lnﬂ F = 0 1 5KBUBAJEHTHBIX eﬁ) U COBIAJIAIOIICH
C IPOEKTHUBHOII rpymmoil B R2.

JLisT TOJTyIeHHBIX TPYIIT CHMMETPHI O0Ka3a0Ch BO3MOXKHBIM SIBHO
OIHICaTh JEHCTBYE 3TUX TPYIIT HA MOMEHTHBIE BeJIMUMHbBI, ¥ HAUTH UHBa-
puantel. B ciyuae F' = 0 naitnennstit quddepeHnuaibHblil THBAPUAHT
upusest K cucreme pp + (pu)y = 0, ug + uu, = 0, KOTOPasi XOPOIIO U3~
BECTHA KaK YPaBHEHUs «THJIPOIUHAMUKN 0€3 JTABICHUS.

Tounble HOPMYJIMPOBKU ITOJYIEHHBIX PE3YIBTATOB OYJyT MPEICTAB-
JIEHBI B JIOKJIaJIe, UX MOXKHO Haiitu B paborax [1-2].

Cnucok Jureparypbl

[1] ITaamonosa K. C., Boposckuxr A. B. I'pynmoBoii aHaan3 0JHOMEPHOTO ypaBHE-
Hust BosbiiMana. YciioBus coxpaHeHus (GU3UIECKOrO CMBICIA MOMEHTHBIX Be-
suana // Teopernmdeckast u maremarndeckas dusuka. 2018. T. 195, Ne 3. C.
452-483.

[2] Boposckux A. B., ILnamonosa K. C. I'pynmnosoil aHaau3 OJHOMEPHOTO ypaB-
wenus Bonprmana. V. [lonnasa rpynmoBas kiraccudukanyst B obmeM ciaydae,

2019 , TM®, T. 201, Ne 2, C. 232-265.

'Mockosckwmit Tocynapersennblii yausepcnter umern M.B.JIomonocosa,
Poccusi. Email: bor.bor@mail.ru

2MockoBckmit TocynapcTBennbii ynusepcuter umenn M.B.JIomonocosa,
Poccusi. Email: kseniya-plat@yandex.ru
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NHTEPITIOJIAIITVMOHHBIE TEOPEMBI J1JI4
HEJIMHENHBIX OIIEPATOPOB TUIIA YPBICOHA

BYPEHKOB M.U.!, KAJTMJOJIJAN A.X.2, HYPCYJITAHOB E.JI.?

Iycrs (V,v), (U, ) m3mepumsie npocrpancrsa u Z(U), M (V') nop-
MHPOBaHHbIE IPOCTPAHCTBA V-U3MEPUMBIX U [i~-U3MEPUMBIX DYHKIHIA, CO-
orsercrBenHo. [Tycrs K : RxU XV — R, u oneparop T : Z(U) — M(V)
OIPEJIEJIEH CJIEJYIONMM PAaBEeHCTBOM: i JiioObix [ € Z(U)

T(f.y) = /U K(f(@),z.9)dp . yeV 1)

1 IIpeaItoIOZKUM, YTO 9TOT MHTErpaJl CyIieCTByeT U KOHEYECH [Jisgd ITOYTH
Becex y € V. aHHBII ollepaTop HA3bIBAETCHA UHTEIPAJILHBIM OIIEPATOPOM
VYpbicoHa.

XOpOIII0 U3BECTHO, YTO OJHUM M3 JOCTOMHCTB METOJa BEIIEeCTBEHHOMI
MHTEPIIOJISIIANA, OCHOBAHHOIO Ha cBoiicTBax BBegenHnoro Ilerpe K-dyn-
KIIMOHAJIA, SIBJISIETCS BO3SMOYKHOCTD IIEPEHECEHNST OCHOBHBIX PE3YJILTATOB
9TOI0 METO/Ia, YCTAHOBJIEHHBLIX B JJUHEHHOM CJIydae, Ha HEKOTOPBIE KJIac-
Cbl HEJMHEHHBIX OIEpPATOPOB, HAIPUMEpD, Ha KJACC JIMIIIHAIEBLIX WA
reJIbJEPOBBIX OIIEPATOPOB , T.€. HAKJIAIbIBAJIOCH YCIOBHUE BUIA:

ITf=Tylly <CIlf —gll-

3aMeTnM, 9TO omepaTop Y PhICOHA, BOODIIE TOBOPs, HE ABJISIETCS KBa-
SUJIMHERHBIM OIIEPATOPOM UJIN I'eJIbJIEPOBBIM OIEPATOPOM, ITO3TOMY CO-
OTBETCTBYIOIINE WHTEPIIOJSIIHOHHBIE TEOPEMBI He IMPUMEHUMBI K 9TOMY
omepaTopy.

B mannoit paboTe oIy deHbl HHTEPIIOJSIIINOHHBIE TeopeMbl MapIiinnke-
Buya, Kasbjaepona u Creitna-Beiica jist mmupoKoro Kjacca HeJIUHERAHBIX
onepaTopos. JlaHHbIe TEOPEeMbI TPUMEHUMBI JJIsT P-OJHOPOTHBIX OIIEPATO-
poB, ipu 0 < p < oo. IlocTpoeH MHTEPIOIAIMOHHBIN METO, OXBATHIBA~
FOIIUIL OITepaTOPhl THITA Y PHICOHA. B 9aCcTHOCTH, TOJTYUIEHBI CJIEJTYOIIHIe
yTBep)KILeHHH.

Teopema 1. ITycmv p >0, 1 < py < p1 <00, 1 < qo,q1 < 0, g0 # q1,
O<o<17<00,0<b0<1lu

1 1-6 6
R + —

p Po n
Ilyecmoy T onepamop Ypoicona.

1-6 6

qo q1

9

1_
q
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Ecau das nexomopwx My, My > 0 caedyrowue HepageHcmsa umerom
MECNO

1T =T,y < MillF 1y was 0= 0,1,
moeda
—0 a0
ITCF) = T2, ) < ME MY Fln, 0
2de ¢ > 0 3asucum moavko om napamempos po, P1,qo,q1, 0, T, 0.

Teopema 2. Ilycmo 0 < py < p1 < 00, 0 < qo,q1 < 00, Qo # q1
0<fd<lu

p=(1—-0)po+0p1, q=(1-0)q+0bq.

Ecau T onepamop Ypuvicona u daa nexomopwux My, Ms > 0 umerom me-
CMO HEPasEHCMEaA

/V (0 )T (f.y) — T(0, )% dv

< M /U (wi@)|f @ )P, f € Ly (Uswi ), i=0,1,

I7(f) = TO)II] < My~ MY £11Y

Lq(V,vé_efu?,l/) Lp(U,wé_gwf,u)’

2de ¢ > 0 3asucum moavko om pg,p1 u 0.

Pabora Bwimosinena mpu mojiep:kke MuHucTepcTBa 00pa3zoBaHUsA U
nayku Pecnyosmku Kazaxcran, rpantr AP08856479.
'Maremaruueckuit macturyT mm. C.M. Hukomnsckoro, Poceniickuit
yHUBepcuTeT ApyKObl HapomoB, Poccusi. Email: burenkov@cardiff.ac.u
2Espasuiickuit narmonanbHbiit yausepcuter nvenn JI.H.Tymmesa.
Email: aitolkynnur@gmail.com

3MockoBckuii rocygapcTBennblii yausepcurer nvenu M.B. Jlomonocosa
(Kasaxcranckuii dunnain); HCTUTYT MATEMATHKH U MATEMATHIECKOTO
mogstesimpoBarus MOH PK, Kasaxcran. Email: er-nurs@yandex.ru
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O PACXOOAIIINXCHA PAJTAX B METOIE ®YPBHE

BYPJIVIIKAA M.II.', BEJIOBA 1.B.2, TPUT'OPBEBA E.11.3

TpagunuoHHO B HCC/IEIOBAHUE 33849 MeTOI0M DPypbe U3ydaercs co-
OTBETCTBYIOIAs CIIEKTPaJIbHAsT 38898 U 00CY XK TAI0TCsT BOITPOCHI CXO/U-
MOCTH (POPMAJIBHOTO PENIeHUsT U BO3MOXKHOCTH €r0 HMOYJIEHHOTO audd-
depennupoBanust. TpyaHocTH, CBsA3aHHBIE C IIOJYYEHHEM yTOYHEHHBIX
ACHUMIITOTHYECKUX (POPMYJI JIJI PEIIeHU CIeKTPAJILHON 3a1a49i, C BO3-
MOXKHOI KPATHOCTBIO CIIEKTPA, YCIIEITHO MPEOIOJIEBAIOTCS 38 CUIeT UC-
HOJIb30BaHUsl pe30sibBeHTHOrO mojaxoza [1]. Ilpu srom meron Pypbe
[IPUMEHSIETCST C MCIOJIL30BAHUEM HJIEH 10 YCKOPEHHUIO CXOIUMOCTH Psi-
goB, uaymux or A.H. KpbuioBa, 1 MO3BOJIAIONINX TOJIyYaTh KJIACCHIe-
CKOe pellleHre IpH MUHUMAJIbHBIX TPeOOBaHUsIX Ha HadaJbHbIE (PYyHK-
nur. B 5TOM HampaBjeHHM HOCTUTHYTO MHOIO YCIIEXOB IIPH IOy YeHUU
KaK KJIACCHYECKUX, TAK OOOOIIEHHBIX PeIleHuii (MOHMMAEeMBbIX KaK IIpe-
Jiest Kiaccndeckux). JlasbHeiinee pa3Burue STUX Wil TPOJOKEHO B
paborax A.Il. XpoMoBa U CBSI3aHO C NPUBJICYEHHEM PACXOMAIINXCS Psi-
108 [2|. Ero mojxos mo3BoIMII Oy YUTh HEOOXOAUMBIE M JTOCTATOYHbIE
YCJIOBHSI CYIIECTBOBAHUS KJIACCHYECKUX U ODOOIIEHHBIX PEIIeHMil B CIIy-
JasiX CyMMHUPYEMbIX IIOTEHIINAJIOB U HAYAJIbHBIX (PYHKIIMI U, TEM CAMbBIM,
PACIINPUTE TPAHUILI IpUMeHeHusT MeToma Pyphbe.

B pabore paccMmaTpuBaeTcs CMeIIaHHAsI 3a/a49a JIJIsT BOJTHOBOIO ypaB-
HEHWsI Ha FeOMETPHIECKOM I'pade, COCTOAIEeM n3 JABYX pebep, OaHO n3
KOTOPBIX 00pa3yeT IUK.JI:

O*u(x,t)  Ou(z,t)

nt) 2D Gapute.), )
ul(O,t) = ul(l,t) = UQ(O,t), UQ(]_,t) = 0, (2)

ullac(()? t) - ulla:(L t) + u/2x(07 t) =0, (3)
u(x,0) = p(x), wu(z,0)=0, =ze€][0,1]. (4)

Bnech u(w,t) = (ui(x,t), uz(z,t))T (T — sHax TpamcoHmpoBamms),
S [07 1]7 t € (—00,+00), Q(z) = diag(qi(z), ¢2()),

o(x) = (p1(x), p2(2))T, qj(x),¢j(z) € L[0,1] 1 KOMIIEKCHOZHAMHBI.
YeqoBust (2) 06ecneunBalOT HENPEPLIBHOCTH DEIIeHUs BO BHYTPEHHEM
yaiie rpada U HEMOJABUXKHOE 3aKpeIieHne CBOOOIHOIO KOHIIA Ha BTO-

pom pebpe. Vcnosb3yst npueMsr u3 [2|, perenne npeJcraBisieTcs: B BUjie
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OBICTPOCXOISIIIIETOCST PsIIA;

at) = ZAn($at)7

Fﬂe Ao(z,1) = 5[®(x + ) + (z — 1)), B(2) = (¢1(2),2())", upn
€ [0,1], a ¢ orpeska [0, 1] mpojosrzkaeTcst Ha BCIO OCh C IIOMOIIBIO CO-
OTHOH_IeHI/II/I

1 (—2) = 5281 (1 — 2) + 28s(w) — D1 (2)],

3
By(—z) = %[2@( z) +281(1 — z) — $a(2)], _
(1)1(1 + IE) = [2(1)1(1') + 2(1)2($) ( l’)] (1)2(1 + {L‘) = —(1)2(1 — Il?),
THt—7 _
Ap(x,t) = %Of dr —‘tf+ Fooa(n,m)dn, n>1,

F,(z,t) = —diag (¢1(z), ¢2(z)) Ap(x,t) mpu € [0,1], a uepes F o6osna-
weno npojoskenne dynkmm F = (Fy, F»)T ¢ orpeska [0, 1] ma Bco och
C TIOMOIIBIO AHAJTOTUIHBIX COOTHOIIEHUIA.

Pab6ora Beinosrena npu dunancosoit nomaepkke PH® (mpoext Ne 19-
11-00197, Bemmosasiemslit B BoponeskckoMm rocyHusepcurete).

Criucok JurepaTypbl

[1] Bypayuyras M. II., Xpomos A. II. Pe30bBEHTHBIIN OAXO/ /IS BOJTHOBOT'O YPaB-
mernus // 2KBMuM®. — 2015. — T.55, Ne2. — C.51-63.

[2] Xpomos A. II. O KIacCHUECKOM DEIIEHHH CMEIIAHHON 3aJadu JJisi OJHOPOJL-
HOT'O BOJIHOBOI'O yPaBHEHUSsI C 3aKPEIIEHHBIMU KOHIIAMU ¥ HYJIEBOI HAYaJbHOM
ckopocteio // U3s. Capar. yu-ra. Hos. cep. Cep. Maremaruka. Mexanuka. Vu-
dopmaruka, 19:3 (2019), 280288

' Boponeskcknii rocyiapcTBeHHbIH yHIBepeuTet, Poccus.
Email: burlutskaya@math.vsu.ru

2BopomnercKuil TOCyIapCTBeHHEI YHIBEpCHTeT, Poccus.
Email: ianabeloval23@yandex.ru

3BopoHe:KCKHit TOCYIAPCTBEHHDIH yHIBepcuTeT, Poccusl.
Email: elenabiryukova2010@Qyandex.ru
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O IIPEJEJILHOM IIOBEJEHUUN PEIIIEHUN
DJIJINIITUYECKUX IICEBIOAN®PEPEHITNAJIbBHBIX
VPABHEHUMN

BACUJIBEB B.B.
IIycrs C'¢ — yron Ha 1LJ10CKOCTH
2
1 ={z eR*:z = (21,22), 22 > alr1|,a > 0}.
PaccmaTpuBaercst Mofie/ibHOE YpaBHEHUE BUIA

(Af)(z) = g(z), =eR*\CY, (1)

B npe/osoxkenny, 4to cuMBost A(§) ~ (1 + |£])® nonyckaer BOJIHOBYIO
akropusarmuio orHocuTenpHO0 —C¢ [1]. DTO O3HAMAET, YTO MMEETCs Clie-
IMAJBHOE TIPEJICTABICHIE CHMBOJIA

A(§) = A (&) - A=(9)

C MHOYXKUTEJISIMHE, 00JIQIAIONIIMU CIIEIINAIbHBIMU CBOMCTBAMU, CBSI3aHHbI-
MU C QHAJUTUYECKUM TPOJIOJI2KEHUEM B PaIualibHble TPyOdaThie 00IacTh
KOMILJIEKCHOTo npocTpancrsa C2.

*

Conpsazxennbim konycom C¢ x C nasbiBaeTcsa KOHyC

2. .
{x e R* : x = (21, 22),ame > |11|},
* *
pajuanbnas Tpybuaras obmacre T(CT) nan xomycom C — 510 MHOKe-
*
crBo Buga R? + ¢ ce .
BomroBast hakTopusarys mpeanoaraeT aHaAJTUTHIECKYIO TPOJIOJIKI-
*

mocte A (§) BT (— CY), u A_(§) — B T(Cfi) C OIleHKaMU

[AZH(E i) < e (1 + [€] + )™,

[AZN(E +im)| < ea(L+ [€] + 7)), vreCy,

YUCJIO & HA3BIBACTCS MHJIEKCOM BOJHOBON (baKTOpU3aInu.

[Tpu Hasm4uu BosIHOBOM (akTopusalmu u yciosuu |e—s| < 1/2 pere-
Hue ypasHeHus (1) CylmecTByeT u eJJMHCTBEHHO, U MOYKET ObIThb ONUCAHO
unrerpasbHoil opmysioii [1]. Hac uarepecyer cirydait, 1to mpousoiiier

C pelleHneM Ipu a — 00.
190



Teopema 1. [Ipednosostcum, wmo 604H06aH GaKmMOPu3auUA ¢ UHOEKCOM
&, e — s| < 1/2, cywecmeyem das ecex docmamouno Gosvwur a u
g € H"%(R?). Tozda npedea pewenus ypacnernua (1)

Jim_a(&1,&2)
cyuiecmeyem u npuHuMaem ciedyrowut eud
. 1~ L .
Jim g1, &) = AH(€)3(6) — 5AT(&1,0)9(41,0).

B ciywae, xorga yciosue |& — s| < 1/2 He BBIIOIHAETCS, BOSMOXKHA
HeeJUHCTBEHHOCTD peleHust. HekoTopble cuTyanun ¢ JOMOJIHITEILHBIME
IPAHUYHBIMU yCJIOBUSIMU PACCMOTDEHBI B [2,3].

Pabora sBemosnena npu moggep:xkke Munobpuayku P®, mpoekTt
FZWG-2020-0029 .

Cnucok Jureparypbl

[1] . Bacuaves B. B. Mynbrumamukaropsl uarerpanos @ypre, ncesnomuddepen-
nuabHbIe ypaBHEHUsI, BOJTHOBas (pakTopm3anus, kpaesbie 3agaan. M.: YPCC,
2010.

[2] Kutaiba Sh., Vasilyev V. On solutions of certain limit boundary value problems.
ATIP Conf. Proc. 2020. V. 2293, 110006.

[3] Vasilyev V. B. On certain 3D limit boundary value problem // Lobachevskii J.
Math. 2020. V. 41, Ne 5. P. 913-921.

Benropockunit rocy1apcTBEeHHBIN HAIMOHAIBHBIA MCCIIeI0BATETHCKIIT
yuuBepcurer, Poccusi. Email: vbvb7@inbox.ru

O HEKOTOPBLIX HAYAJIbHO-KPAEBBIX 3ATAYAX B
ASPOTMAOPOVIIPYTOCTN

BEJIBMUCOB II.A.}, TAMAPOBA 10.A.2

Paccmarpupaiorcst HavaabHO-KpaeBble 3a0a9u AJIsT cucTeM muddepen-
ITHaJIbHBIX ypa.BHeHI/IfI C 9aCTHBIMU IIPOMU3BOJIHBIMM, OIIMCBIBAIOIIUEC Ma-
TeMaTH4YeCKue MOJIeJ I MeXaHUYEeCKON CUCTEMBI «pr6OHpOBOﬂ - JaTYUK
napiieHust». [IpenioskeHHbIe MOIEIN IPeIHASHAYMEHBI /IS NCCETOBAHMS
COBMECTHOI JMHaMUKN LIyBCTBI/ITe.HI)HOl"O JICMEHTa JaTYruKa JaBJICHUA 1
paboueit cpenbl B gBuraTesie u B Tpybornposose. Ha ocrnose aTux momereit
3aKOH M3MEHEHUsI JaBJICHUsI Pabodeil cpeibl B KaMepe CrOPaHUsl JIBUIa-
TeJisd PACCUUTBHIBACTCS 110 U3MEHEHUIO BEJIUYUUHbBI 1eDOPMAI YIIPYTOTro

3JIEMEHTA JIaTYnKa. Pa3zpaboTaHbl aHAJINTHYECKNE U YNCJIEHHbIE METO/IbI
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pellieHnsi yKa3aHHBIX HAYaJIbHO-KPAEBbIX 3aJlad, B OCHOBY KOTODBIX I10-
JIO?KEHBI, B YACTHOCTHU, MeTO ['ajilepKrHa 1 MeTOJT KOHEUHDLIX PA3HOCTE.

IIpuBenem B KadecTBe MpUMEpa MATEMATUYIECKYIO ITOCTAHOBKY, COOT-
BETCTBYIOINILYIO JIBYMEPHOU MOJIE/IM MEXAHUIECKON CHUCTEMBI «TPyOOIpo-
BOJl — JIATYHK JlaBjieHnst» (pabodasi cpejia - njeasbHasi U CKUMaeMasl)

pu = ai(pez +9yy), € (0,1), ye(0,h) (1)

©y(x,0,t) = @y(x,h,t) =0, x€(0,1), (2)

ea(l,y,t) = w(y,t), ye(0,h), (3)

—pot(0,y,t) = P(y,t), y € (0,h), (4)

mab + Dw”" + Nw" + pu”" + f(w,w) = (5)
=Py — pope(l,y,t) — P,y € (0,h).

B (1)-(5) umaekcsl x, y, t cHE3Y 0003HAYAIOT YACTHBIE IIPOM3BOJIHBIE; TOU-
Ka ¥ IITPUX CBEPXY — YaCTHBIC IPOU3BOIHLIE 110 { ¥ 10 iy COOTBETCTBEHHO;
P(y,t) — 3ajaHHbBIil 3aKOH M3MEHEHUs JIaBJIeHUsT pabodeil cpesbl B Ka-
Mepe cropanust (Ha Bxoze B Tpy6omnposon z = 0); ag, po, Po, Py, m, D,
N, B — HeKOTOpbIE IOCTOAHHBIC, ABJIAIONINCC XAPAKTEPUCTUKAMEI MeE-
XaHUIecKoil cucremsl; f (W, w) — HEKOTOpas JUHEHAST WM HeJnHeHHAs
dyukus, sasucsmas or gedopmanun w(y,t) nu ckopoctu gedopMaryn
w(y, t).

Umeem cBsizanmyio 3ajady (KoTopasi JOJKHA OBITH JIONMOJHEHA Ha-
YaIHHBIME YCJIOBUSIMHA) JIJIsT TIOTEHINAIA CKOPOCTH paboteii cpeibl B TPY-
6orrpoBoze p(z,y,t) u medbopmanuu w(y,t) ynpyroro sjaeMeHTa JATHIH-
Ka, PACIIOJIOZKEHHOIr0 B KOHIle Tpyborposoga ¢ = [. Heobxomumo Takxke
3a/1aTh IPaHUYHbIe ycaoBust st w(y,t) npu y = 0, y = h, cooTBeTCTBY-
IOl TUILY 3aKPeILIEHNs] KOHIIOB SJIeMeHTa (HAapuMep, w = wy = 0 1y1st
JKECTKOT'O 3allleMJIEHNsT, W = Wyy = 0 JIJIsI IMAPHIPHOTO 3aKPEIJIEHNS).

Oyuu u3 crnocoboB perenns: ykasauuoil 3ajgaqdu (1)-(5) ocHoBan Ha
BBEJCHUU pre,ZLHeHHbIX XapaKTEePpUCTUK OCHOBHBIX BEJIMYUH JUHaAMMWYIC-
CKOIl CHCTEMBI U CBEIEHNH PEIeHNs 381841 K UCCIeI0BaHI0 nuddepen-
IaJIbHOI'O ypaBHEHUA C OTKJ/IOHAIOMIMMCHA apryMeHTOM, CBA3bIBAIOIIET'O

YCPEHEHHY IO BeJInIuHy JedopMaIu yiupyroro sjaeMenTa gardauka 0(t)
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C 3aKOHOM U3MEHEHUsI yCPEeIHEHHOIO JaBJIeHUsT Pabodeil Cpeibl B JBUTa~

resie G(t)

o= 2) b o) o)
) ooe T

. l . l
—pPoapWo |:(9 (t — ) —0 <t + >:| = Q[G(t) + (Po - P*)h],
aq a
rae mo, o, Yo, Wo - HEKOTOPbIE IIOCTOAHHBIC.

Pabora Beimonnena npu dpuuamcoBoi noamepxkke PODOU u YiabaHOB-
ckoit obsactu, rpanat 18-41-730015.

LV nbsiHOBCK Mt TOCYJIAPCTBEHHBIN TeXHUYIECKU yHUBEpcUTeT, Poccus.
Email: velmisov@Qulstu.ru

2VnanoBcKmit rOCyJIapCTBEHHBIN TeXHUIEeCKUil yHUBepcuTeT, Poccus.
Email: kazakovaua@mail.ru

BSPOBCKHﬁIQDMXJHOKAHbHOﬂ
TOIIOJIOTNYECKON SHTPOIINU IUHAMUNYECKNX
CUCTEM

BETOXVH A.H.

PaccmaTrpuBaeTcst mapaMeTpudIecKoe CeMeicTBO JUHAMUYIECKUX CHC-
TeM, OIIPEJICJIEHHBIX Ha JIOKAJbHO KOMITAKTHOM METPUYIECKOM ITPOCTPaH-
CTBE W HEIPEPBIBHO 3aBUCSIINX OT IapaMeTpa U3 HEKOTOPOro MeTpHhdie-
CKOro mpocTpancTsa. Jjist Jiro60ro Takoro ceMeiicTBa JJOKAJIbHAST TOIOJIO-
rUYecKasi SHTPOIUsST BXOJISIIINX B HENO JUHAMIUYECKUX CHCTEM U3Y4IaeTCst
Kak (DYHKIMS [apaMerpa ¢ TOYKH 3peHusi O3POBCKOH Kjaccudurammm
PyHKIHIL.

Caenyst [1], npusesem Heobxopumoe B JasbHEIIIEM ONpeIe/IeHIe JIO-
KaJIbHOM TomoJioruyeckoii surpormu. [lycrs (X, d) — J0KagIbHO KOM-
MAKTHOE METPHUYeCKOoe MpoCTpaHcTBo, a f : X — X — HempepbIBHOE
oTobpaxkenne. Hapsiy ¢ ncxomnoit MmeTpukoii d onpemeanm Ha X JTOMOJ-
HUTETHLHYIO CUCTEMY METPUK

di(z,y) = max d(f'(2),f'(y)), =yeX, neN,
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rae fi i € N, — i-a ureparus orobpaxkenus f, fO = idy. s Beaxux
z€X,neN, r>0wuce >0 obosuaunm uepes Ny(z, f,r,&,n) Makcu-
MaJIbHOe YHCI0 To4Yek B mape By(r,e) C X, nonapubie dy-paccTosiHus
MEXKJIy KOTOPBIMU 00JibIle, deM r. Torma AokaivHyto monoso2uyeckyio
aHmMponuto oTobpaxkKenusl f B TOYKE T ONPEIESISIOT POPMYJIOi
hqq(f) = lim lim lim llnNd(:L',f, T, E, ).
r—0e—=0n—oon

ITo merpudeckomy mnpocrpancrBy M, Touke £ € X U HEIPEPHIBHOMY
0TOOPAKEHUTO

fMxX—->X (1)
obpasyeMm (HYHKITIIO

o= hd,x(f(:ua )) (2)

Teopema 1. Jlas awobwr v € X u omobpasicenusn (1) dynruus (2)
npunadaescum mpemoemy 63po6ckomy KAaCCy na npocmpancmee M.

OTmeruM, 9TO U3 9TOrO pe3ysbrara B Cuily TeopeMbl Bapa |2, rr. 1X,
§39, VI| Beirekaer, uro qyist m00bx € X u orobpazkenusi (1) B moaHOM
METPHUYECKOM IIPOCTpaHcTBe M Hafimercd BCiomy IUIOTHOE MHOXKECTBO G
tuna (G5 Takoe, 4To cyxkenue GyHKIimu p — hg(f(p, ) Ha MHOXKe-
crBo (G HenpepbIBHO. BO3HUKAET €CTeCTBEHHBI BOIPOC O HAUMEHBIIEM
69POBCKOM KJIacce, KOTOPOMY HPUHAIeKUT GyHKnus (2).

Teopema 2. Cywecmsyrom M, X, u omobpasicerue (1) maxue, wmo
das moboti mowku x € X Pynruua (2) 6crody paspuisna u He npunadie-
atcum 6mopomy 6aPoscromy Kaaccy Ha npocmparncmee M.

Cnucok Jureparypbl

[1] Kamox C. B., Xacceabnam 5. BBeneHue B TEOPHIO JUHAMHYECKUX CUCTEM C
o63opom mocsieaux gocrmxkenuii. M.: MIIMHO, 2005.
[2] Xaycdopd . Teopus muoxkects. M., 1937.

MockoBckuit rocymapcrBennbiit yuuBepcuter nmenu M. B. Jlomomocosa,
MockoBcKuii rocyiapCcTBEHHbBIN TeXHUYECKHiT yHuBepcuTeT nuMenn H.D.
Baymana, Poccus. Email: anveto27@Qyandex.ru
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O BAPUMAIIMOHHBIX TITPUHIINITAX JIJIA
CAMOCOIIPA>XKEHHBIX TAMUJIBTOHOBBIX CUCTEM

BJIAIVMUPOB A.A.

PaCCl\TOTpI/IM CaMOCOHpﬂ}KeHHyIO I‘aMI/I.HI)TOHOBy CHCT@IVIy
Jy' = [AA + Bly, M*Jy(0) = N*Jy(1),

rie A € (L41]0,1])™*™ — cymmupyemasi MaTpudHO3HAYHAs (DYHKIUS C
[OYTH BCIOJly HEOTpHIATeJbHbIMEU 3HadeHusimu, B € (L1]0,1])"*" —
cyMMUpyeMasi MaTPUIHO3HAUHAsT (DYHKITUS C TOYTH BCIOJLy CAMOCOIIPSI-
JKEeHHBIMU 3HadeHusiMu, marpuna J = —J* € C™*" HeBbIpoXKjeHa, a
pacmmpennasi Marpura (M* N*) uMeer MAKCUMAJIbHBIH PAHD U HOJIUH-
usiercs yeaoputo M* JM = N*JN. OmnepaTopHyto MOJEb 9TOi CUCTEMBI
o6pasyer juHeiinblii myuok T%: C — B (D1, D7) onepatopos, oTobpazka-
IOIIUX TTPOCTPAHCTBO

DF = {y e (W0, 1))" + M*Jy(0) = N*"Jy(1)}

B pocrpancTBo ®~ = (L1[0,1])".
BBojst B paccMoTpeHme I'Mab0epTOBO IIPOCTPAHCTBO §), MOJIydacMoe
IIOTOJTHEHUEM [POCTPAHCTBAa DT OTHOCHTEILHO HOPMBI BHIA

1
|w%=/§:&wwm,
0 i

BMeCTe C €CTeCTBEHHBIM BIIOJIHE HElIpepbIBHBIM BioxKenuem [ T: D1 — £,
a Takxke Bioxkennem I~ : $ — D~ co cpoitcrBom [Ty = Ay, MBI 10Ty
JaeM BO3MOXKHOCTH IIOCTABUTH B COOTBETCTBUE UCXOHON 3a/1a4e Olpe/ie-
JIEHHOE B IIPOCTPAHCTBE §) JIMHEIHOe OTHOIIIEHUE

Tt = )T ) (]

¢ pesosbeentoit (T — \)~F = It - [T%\)]7' I~. B ciyuae, korna s
HeKOTOporo omneparopa D € B($)) coorBeTcTByONMiA OIepaTop

T%(D) = T%(0) — I~ DI+

obJiasilaeT OrpaHUYIEeHHBIM OOPATHBIM, CIIEKTPLI OTHOIeHus 1'® u mydka
T* 3aBesomo cosmagaior. CymecTsoBamue Takoro omneparopa D € B($)
HAMH JIaJIee BCETIa TPEJIIOIaraeTCsl.

OCHOBHBIM PE3y/JIBTATOM HACTOSIIErO JOKJIAJA ABIACTCS CJIE Ly IONHit

dakT.
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YrBepxkaenue 1. [Tycmov donoanumenvro 3aPurcuposarv, HEKOMOPbLE
camoconpagicermvie epanuinvie yeaosus MiJy(0) = N§Jy(l), daa wo-
MOPHLT COOMBEMCMBYIOWULL AUHETHBIT NYHOK Tg :C— B(DF, D7) ume-
em KOHewHOe “UCAO OMPUUAMEALHHIT cobecmeennur 3navenud. ITyemo
makotce Oas ecarxoeo eexmopa v € C" watidemcsa nocaedosamenn-
nocms {yn 102, asemenmos nodnpocmpancmea My = [Tg (p)]"Him A4,
2de p < 0, co ceoticmeamu limy, o0 Yn (0) = Mov, lim, o0 yn (1) = Nov
U
7}1_{20<Tg (:U’)ym yn> =0

. Tozda cocuumannoe ¢ Y4emom KpammHocmu YUcA0 PACNONOHCEHHBLIT CAe-
6a om nPouseosvHo Purcuposarmot mowku x € p(T?) N p(Tg) NR coob-
cmeennuir 3navenut ommuowenua T npesocrodum makxosoe das ommo-
wenua T 6 mowrnocmu Ha ompuyamesvHvil UHOEKE UHEPUUL MATPULDL

C,, = [N*JNy — M*JMp] [S,.(1)No — S,.(0) M) [S,.(1)N — S,.(0) M],
ede uepes S, € (W0,1])™*" obosnaueno npouseosvnoe necwiposcier-

noe pewenue ypasrenua S, = —S,.J 1A + BJ.

YacTHBIMU CJIydastMu 3TOrO (haKTa SBJISIFOTCS 110y Y€HHbIE HA COBED-
IIEHHO JPYTOM IIyTH HeJlaBHUE Pe3ysbraThl [2].
Pa6ota Bermosaena npu noggepkke PODU, rpant Ne 19-01-00240.

Crircok JuTepaTypbl

[1] Baadumupos A. A. // Marem. samerkn, 2020, T. 107 (4), C. 633-636.
[2] Kypoukun C. B. // K. Bbrumci. marem. u marem. ¢bus., 2018, T. 58 (12),
C. 2014-2025.

OUIT 1Y PAH, BIT um. A.A. Jloponaunpina PAH, Poccus.
Email: vladimirov@shkal.math.msu.su
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O CBOMICTBAX ITOJIVIPVIIII, IIOPOXKJIAEMBIX
BOJIBTEPPOBBIMUA
UHTEI'PO-INOOPEPEHIIMAJIBHBIMU YPABHEHUAMN

BJIACOB B.B.

[IpejicraBiienbl pe3yJbTaThl, OAa3UpYIONIUEcss Ha MOJXOME, CBA3AH-
HOM C KCCJIEJIOBAHMEM OJHOIAPAMETPUYIECKUX MOJIYTPYIII i JIMHeH-
HBIX JBOJIONMOHHBIX YpaBHEHUN, IIPUMEHEHHOM K HCCJIEJOBHUIO BOJIb-
TEPPOBBLIX HHTErpo-AuddepeHuagibubix ypaBuennii. [IpuBoaurca me-
TOJI CBEJICHUS MCXO/HON HAYAJBHON 3aa9u JJisi MOJEIBHOIO0 HUHTErpPO-
nuddepeHnnaabHOr0 ypaBHEHUsI C OIIEPATOPHBIMUA KOI(PDUITMEHTAMEI B
ruap0epTOBOM MpocTpaHcTBe K 3amade Komm amst auddepeHiinaibHO-
ro ypaBHEHHs IEPBOro IMopsika. JlokasbiBaeTcs CYIIECTBOBAHUE CXKU-
MaroIeil U IKCIOHEHITMAJIBHO YCTONInBOit Co-TOIyTPYIIIBl IPU OIIpe-
JEEHHBIX MPEIIOJIOXKEHUIX O Ipax UHTErPAJIbHBIX orepaToposB. [l
IIIPOKOTO KJIACCa sJIep MHTEIPAJTBHBIX OIEPATOPOB YCTAHOBJIMBAIOTCS
Pe3yJIbTATBI O CYIIECTBOBAHUM U €IUHCTBEHHOCTH KJIACCUYECKUX PEITe-
HU YKa3aHHBIX yPABHEHUI, C OTIEHKAMU CKOPOCTHU UX SKCIIOHEHIIMIHLHOTO
ybobiBanusi. [IpuBosmsaTcs: IpuMephbl TPUMEHEHUS TTOJIYI€HHBIX Pe3yJIibTa-
TOB JIJIst HHTErPO-TudHepeHnnalIbHbIX YPABHEHUN ¢ 9KCIIOHEHIUATHHbI-
MU ¥ JPOOHO-IKCHOHEHIMAIbHBIMEU siipamu (dbyukinun PaborHoBa) nH-
TerpaJsibHBIX oreparopos (cum. [1]-[3]).

Pabora Bermosnena npu noiaepxkke POOU, rpant 20-01-00288.

Cnucok Jureparypbl

[1] Baacos B. B., Paymuan H. A. DkCIOHEHIMAIBHASA YCTOHYIUBOCTD MOJIYTPYIII,
IIOPOXKTAEMBIX BOJIBTEPPOBBIMU HHTErPO-IuddepeHInaIbHBIMI Y PaBHEHU MU
¢ cunrynsipasivu siapamu // duddepennnanbasie ypasaerns. — 2021. — T.
57, Ne 10. — C. 1426-1430.

[2] Baacos B. B., Paymuan H. A. CnekTpasbHbIi aHAIN3 U PA3PEIIIMOCTD BOJIb-
TEPPOBBIX MHTErpo-auddepennmaababix ypasaenuit // Jdoknansr Poccuiickoit
akagemnn Hayk. Maremarnka, nHpOpMATHKA, IPOIECCHl yrpaBaenus. — 2021.
— T. 496. — C. 16-20.

[3] Baacos B. B., Paymuaw H. A. CnexrpasbHblii aHamm3 (yHKIMOHAIBHO-
muddepennmanbubix ypasuenuit. M.: MAKC Ilpecc, 2016.

MockoBsckuil rocymapcTsennslit yauBepcuteT nMenn M.B.JIomoHoCOBa,
Mockosckuit Lentp dbyHnmaMenTanbHON 1 IPUKJIAIHON MaTeMaTuku, Poccust.
Email: victor.vlasov@math.msu.ru
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O KPATHOCTSX I ACUMIITOTUKE COBCTBEHHBIX
S3HAUYEHUI 3AJIAY JUPUXJIE I HEUMAHA J1JI51
OIIEPATOPA JIAIIJIACA B ITPSIMOYTOJIbHUKE

BOUTHUIKUI B. U.

Pabora nocesiena nccieJOBAHNIO pacipe/iesieHnusi KPaTHOCTeH 1 TOY-
HOIl aCMMIITOTHKE COOCTBEHHBLIX 3HadeHuit 3amad lupuxime n Heitmana
Juts onteparopa Jlammaca B npsmoyrosbroit obsacrtu 2 = (0;a) x (0;b).
XopoIIo U3BECTHO, YTO dTA 3a/1a9a UMEET JUCKPETHBIN [T0JI0KUTE/ILHBIIH
(HEOTPHIATEIBHBIIT) CIIEKTD, COCTOAIMINI U3 M30JMPOBAHHBIX COOCTBEH-
HBIX 3HAUEHWIT KOHEYHBIX KPaTHOCTEH C Mpeae/bHOIl TOUKON Ha O6ecKo-
HEYHOCTH. B cydae npsaMoyro/ibHoit 00/1acT Bce COOCTBEHHDBIE 3HAUEHU ST
BBIMHCJIAIOTCH 110 hopMyJie

k2 Tm\ 2
Mo = (2) 4 (TR
a b
rae k,m € N uwm k,m € NU {0} coorsercrBenno st 3amaqau Iupn-
xJie wian Heiimana. C ncrionb3oBaHreM KJIACCHYECKUX U HOBBIX PE3Y/Ib-
TATOB TEOPUU YHUCEI W TEOPUU JUOMAHTOBLIX MMPHUOJIMKEHUN yCTAHOB-

JIeHa 3aBHCHMOCTH CIIEKTPAJIBHBIX CBOCTB OT TOTO, SIBJISIETCS JIH THCJIO
f? := (a/b)? pamuoHaTLHBIM WJIH HET.

Teopema 1. Ecau f2 ¢ Q, mo ece cobemesenmvle 3Havenus 00HOKPAM-
HbE, NPU IMom s a0bozo € > 0 cyuecmeyem 6eCcKOHENHO MHO20 Pa3-
auvnvir nap (ki,my) u (k2,me), k1 # ko, mi1 # ma maxuz, wmo

‘)‘klﬂh - /\k2m2‘ <e.

Teopema 2. Ecau f? € Q, mo cyuwecmesyem 6eckoredno mHozo xpam-
Houx cobemeennoir 3navernul. B cayvwae f € Q wpamnocmu ne asasmomces
PABHOMEPHO 02PAHUMEHHBIMU, NpUudem dan a0b020 d € N cywecmeyrom
cobcmeerHble NOONPOCMParcmea, pasmeprocmu d.

Samevwarue 1. Ilo-Bummmomy, KPaTHOCTH HE SIBJISIIOTCS PABHOMEPHO
orpaHIYIeHHBIME 115 060ro f2 € Q (B psAsie KOHKPETHBIX TPIMEPOB 3TO
BBITIOJIHEHO). B 0IHOMEPHBIX CHIeKTpasIbHBIX 3a1a49aX HabII0aeTCsT HHAS
kapruna. Hanpumep, B 3amade llrypma-JInysumis (maxe st merma-
KHUX [OTEHIINAJIOB) COOCTBEHHbIE 3HAYEHUS SIBJISIIOTCS ACUMIITOTHYECKH
upoctbivu (cM., Hapumep [1]).

Teopema 2 BHavase jokasbiBaercst st f = 1 (ciaydait KBajparTHOi

006J1aCTH ), TJIe MOYKHO TIOJIyYUTh SBHYIO (hopMyJLy st KojmdecTsa v(n)
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pazsioykennii mesioro uncaa n = (a?/m?)\ B BUje CyMMBI IBYX KBaJIPATOB
HOJIOKUTEJIbHBIX (HEOTPUIIATEIbHBIX) TIeJIbIX YhCes. A UMEHHO, eciiu

n= 20‘pf1p§2 .. .plﬁlq?lq;2 gl

rje p; — upocrble ynciaa suga 4k + 1, ¢; — npocrole uncia suga 4k + 3,
aaﬂia’w S NU {0}7 B = (Bl + 1)(ﬁ2 + 1) e (/Bl + 1)a TO

0, ecmu xoTs OBI OJHO Y; HEIETHOE;
v(n) = ¢ B, ecnu Bee v; u B(a+ 1) — uerHbIe;
B F 1, ecnu Bce y; uernble, a B(a + 1) — HeyerHoe

(“muHyc” B TOCIEIHEN CTPOUKE COOTBETCTBYET 3a1ade upuxire, “moc”
— 3azade Heiimana).

Ha OCHOBE yTOquHHOﬁ ACUMIITOTUKHU YUCJIa IIEJIbIX TOYEK BHYTPU IJI-
murca (em. [2], [3]) yeranosiena dopmyiia st qucsia COOCTBEHHBIX 3HA-
4yeHuil B nosyunrepsaie [0; A)

N(\) = ibA¢ ai—i_b)\l/2
4 27
Ora dopmysna yrounser ussectnyo dopmyiay Beits (cMm., nampuwmep,
[4]). Bosee Tounast oreHKa OCTATOYHOrO WeHA IIOKa He JokasaHa. M3-
BecTHO, uTo oHa pasHa O(N), e 1/4 <t < 131/416 + .

FOMNETE), Ve >0, A— +oo.

Cricok JuTepaTypbl

[1] Caswyx A. M., IHxasuxos A. A. O cobcrBeHHBIX 3HaUeHUsAX oneparopa [IITyp-
ma—JInyBuiuis ¢ norennuanamu u3 npocrpancrs Cobosesa // MareM. 3aMeTKH.
— 2006, T. 80, Bom. 6. — C. 864-884.

[2] Huzley, M. N. Exponential Sums and Lattice Points III. // Proc. London Math.
Soc. — 2003, Vol. 87 (3). —P. 591-609.

[3] Nowak, W. G. Primitive lattice points inside an ellips // Czechoslovak
Mathematical Journal. — 2005, 55 (130). — P. 519-530.

[4] Cagpapos, IO. I. AcumnroTnueckre OLEHKH Pa3HOCTH CUATAOINX DYHKIMI 3a-
naq Tupuxie n Heiimana // @yukn. anamms u ero npmit. — 2010, T. 44, . 4.
- C. 54-64.

Du3NKO-TEXHIIECKNH MHCTUTYT KPBIMCKOTO (eiepaabHOr0 YHUBEPCUTETA
nMenn B. . Bepuagckoro, Poccusi. Email: victor.voytitsky@gmail.com

199



3AJAYN OIITUMAJIBHOT'O CBOPA PECYPCA 13
CTPYKTYPUPOBAHHOMN IIOIIYJIALINN

BOJIJEAB M.C.!, POJWUHA JI.1.2

BaauaM onTUMAIBLHON SKCILIyaTAINH TTOYJISIA, 3aJaHHbIX PA3JINd-
HBIMM JIMHAMUYIECKIMH CHCTEMAaMHM, ITOCBAIMICHO MHOYKECTBO PaboT yde-
HBIX, HAUMHAs C IPOILJIOro BeKa. B HacTosIee BpeMsl BeLyTCs aKTUBHBIE
HCCJICIOBAHUS 10 U3y IEHUIO ONITUMAJIBLHOTO MIPOMBIC/IA U €r0 BIUSHUS Ha
JNMHAMUKY ¥ COCTAB CTPYKTYPUPOBAHHBIX IIOIIYJISIHI, PACCMATPUBAIOTCS
31091 TIEPUOIMIECKOI0 NMILYILCHOTO cO0pa pecypea, 3a1a9u OITHMAb-
HOM 3KCILTyaTanuu momyasiyun ¢ auddysneil, nceaeayercs MakCuMalb-
Hast 3pHeKTUBHOCTL cOOpa U BBITOJa OT dKCILTyaTarnu. MHoro mybm-
KaIii MOCBSIIEHO BOIPOCAM SKCILIyaTaIluy HOIYJIAIU, OIpeIeeHHbIX
BEPOSITHOCTHBIMU MOJIeJIsIMU (0030p JInTepaTypbl puBejieH B [1]).

PaccMoTpuM MOJIEb TIOIYJISIIAN, PA3BUTHE KOTOPOil IPU OTCYTCTBUH
SKCILTyaTalluK 3a/aH0 cucTeMoi juddepeHnuaabHbIX ypaBHeHn i

= f(x), tne veR} ={zeR":2,20,...,2, > 0}.

[Ipepnosnaraem, 49ro B MomeHTbl  Bpemenu 7 (k) = kd,
d > 0 u3 NONyJsAIMU U3BJIEKAeTCs HeKoTopas J0Jsd  pecypea
u(k) = (ui(k),...,un(k)) € [0,1]", k = 1,2,..., 970 UPUBOAUT K

MI'HOBEHHOMY YMEHBIIIEHUIO ero KojudecTBa. Hcam n > 2, To pecypc
x € R} gABIgercsa HEOAHOPOAHBIM, TO €CTh JHOO COCTOUT U3 OTJEIbHBIX
BUJOB ZX1,...,Tn, JUOO pa3/iejieH Ha 7 BO3PACTHBIX TpYII. 3J1ech
B CKOOKax MbI O0O3HAYaEM BpEMeHHbIe, a HUXKHUMU WHIEKCAMEU —
IPOCTPAHCTBEHHBIE TIapaMeTphbl; Tak, 4depe3 u;(k) obosHauaercst H0Jst
pecypca i-ro Bujia, U3BJIEYEHHOTO B MOMEHT kd.

Taxum 06pazoM, MbI PACCMATPUBAEM IKCILIyaATUPYEMYIO IOIYJISIINIO,
3aJIAHHYIO YIIPABJISIEMO CUCTEMOiT

i = fi(x), t#kd,

zi(kd) = (1 ui(k)) - :(kd — 0), (1)

riae zi(kd — 0) u z;(kd) — KosmuecTBO pecypca i-ro BuIa J0 U HOCTe
cbopa B MmomeHT kd coorBercTBeHHO, ¢ = 1,...,n, k = 1,2,.... Ilpen-
nosiaraem, 9To perterue o(t,z) cucremsl & = f(x) sABIsSETCS HEOTPUIA-
TeJIbHBIM IIDpHA .HIO6I:)IX HeOoTpullaTeJIbHBIX HaYaJIbHbIX yCJIOBI/I?[X7 TO €CTb
dyukpm f1(x), ..., fr(x) yIOBIETBOPSIOT YCAOBUIO KEAZUNOAOHCUMEND-

nocmu (cM. |2, c. 34]).
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[Tycrs X;(k) = 2;(kd—0) — kommuecTBO pecypca i-ro Bujia 10 c6opa B
moMmeHT kd, k = 1,2, ..., 3aBucsiiee ot jgoseii pecypca u(l),. .., u(k—1),
COOPAHHOIO B MPEJBLIYIIUE MOMEHTHI BPEMEHU W HAYAJLHOIO KOJIMYe-
cra x(0); C; > 0 — croumocTh pecypca i-ro Buja. Cpeduetls spemenmol
6b,20001 OT U3BJIEUEHUsI PECypCa HA3BIBAETCST (DYHKIIHS

1 kK n
H.(3,2(0) = lm 33" CXi(ul). (2)
k—o0 j=1i=1

B [3] mosyuensr onenkn ¢yHKum (2) jis OJXHOPOJHBIX U CTPYKTY-
PUPOBaHHBIX Homy isnuii. Ouucan crocob J00bIYM pecypca JJIsl PEsKIMA,
cbopa B JOJITOCPOUHON TEPCIIEKTUBE, IIPU KOTOPOM COXPAHSIETCS] 9acThb
TIOTLYJISIIIU Y, HEOOXOMUMAsT JIJIsl €€ BOCCTAHOBJIEHUS U JIOCTUTACTCST MAKCH-
MaJibHAsl CPEJIHsIsl BPEMEHHAas BBITOJIA. Pe3yabTaThl UCCAEJIOBAHUS TPO-
WLTIOCTPUPOBAHBI HA MIPUMEPAX MOjeell B3auMoeficTBUsI JIBYX BUJIOB,
TaKUX KaK KOHKYPEHIUS 1 CUMOMO3.

Pabora Beimosinena npu nojepkke POOU, rpart Ne 20-01-00293.
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NCCJIEJOBAHUE BOIIPOCA CYIIIECTBOBAHUY
HECKOJIBKIX PEIIIEHUI 3AJIAYN IIIOYOJITEPA —
CUIOPOBA JAJIsSI OAHOM MATEMATNYECKON
MOJIEJIN JE®OPMAIINN JIBYTABPOBOI BAJIKI

I'ABPUJIOBA O.B.!, HUKOJIAEBA H.T'.2

JunaMuky gedopMalny IBYTaBPOBO DAJIKH MOIEIUPYET yPABHEHIE
Xodda. B pabore [1] I A. Ceupumiokom n B.O. Kazakom 6b110 110Ka-
3aHO, 9TO B ciay4dae af > (0 ¢dazoBoe mpocTpaHCTBO ypaBHeHHs Xodda
SIBJISIETCSI IIPOCTHIM HaHaxoBbIM C'° — MHOroobpasueMm. B ciydae aff < 0
¢dazoBoe MPOCTPAHCTBO MMeeT COOPKY YHUTHH KaK ITOKa3aHO B paboTax
[2, 3]. B manHOM wuCCIe0BAHMN OIDAHUYUMCS OJJHOMEDHBIM CJIydaeM
(n=1).

Samuriem ypasaeHue Xodda:

g + Uggr = cu+ Bu®, t € (0,7) (1)

s mamero caydas 3amgada [loyonrepa — CugopoBa BBITVISIUT CJIELY-
FOIIIIM 0Opa30M:

A(u(,0) = uo(z)) + (uew(z,0) —uo(x)) =0, z € (0,1)  (2)

[Monoxum U = Ly(Q2), h = W21 Oboznaunm §, U mpocTpancTBa conpsi-
»keHHble K ), 4 orHOCHTENIbHO J1BOficTBeHHOCTH (-, ). IIpn n = 1 cormacuo
teopeme Biozkernst CoboseBa Bee BrokeHust ) «— U — Lo(Q) — U* — F
IJIOTHBI U HEIIPEPBIBHBI.

dazoBoe TPOCTPAHCTBO ‘B 71 JAHHOTO yPaBHEHUS IPUMET BHI:

B ={ueci: (au,¥) + (Bu’, ) = 0},¢ € ker L, |9y ) = 1. (3)

Cunras, 1ro aff < 0 mpencraBuM BEKTOP U B BHJE U = S + v, IJe
ved ={ued: (ur) = 0}, samernm, uro MHO)KeCTBO B C™ —

l
nuddeomopno muozxkecry B = {(s,v) € RxU : s3||y||{+3s* [ 30 do+
0

+ s(3flzp2v2 dz +af™t) + jl/i’l)3 dz = 0}.
0 0

YpaBHeHUe, ONpPeessionee MHOXKECTBO ‘B, sBJseTcs KyOmdIecKuM
ypasHenueM obiero suaa as® + bs? + cs +d = 0. Jloboe Kybuueckoe

ypaBHEHME OOIMEero BUIA IIPU ITOMOIIU 3aMEHBbI § = ¥y — 3% MOKEeT OBITH

IPHBEJICHO K KaHOHMUecKoit dopme y° + py + ¢ = 0 ¢ Kosbdurmentamm
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l l l
a= HwHﬁ, b=3 [ dr,c=3 [¢?v dz+af~td= [vidr,
0 0 0
2 3
p= 3agca2b yqd = %(%_%—Fg)v@(svv) :p3+q2,R(8,U) = 332”"¢”ﬁ+

l I
+ 63f1/)3v dr + 3f?/)2112 de + af~ ' Jna  gasbHei-
0 0

nIero PaCcCMOTPEHUA BBEJIEM ciaenayronume MHO2KeCTBa

Ut =v et Q(s,v) > 0,4t =v e dt:Q(s,v) <O0.

Teopema 1. IIycmv n=1,a8 <0, = A\;. Toeda

(i) daa mobozo ug € Ut N UL cyweemeyem mpu pewenua sadavu (1),
(2);

(i) dan mobozo ug € ULt N UL cywecmeyem odno pewenue sadavu (1),

(2).

Crircok JuTepaTypbl
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nedopmanuy aByTaBposoil 6anku // HOxkHO-Ypasbckash MOJIOJEXKHAsT IIKOJIA
110 MaTeMaTUIeCKOMY MOJEJIUpPOBaHu0. — 67-71 c.

'FOsxm0- Y pasibeKuil TocyIapeTBeHHbI yHIBepcuTeT, Poccniickast
Oeieparust. Email: gavrilovaov@susu.ru

2}OzkHO0- Y pasibCKuil TOCYIApCTBEHHEI YHUBEpCHTeT, Poccuiickas
Oeneparus. Email: et1814nng42@susu.ru

METOAbBI IIOCTPOEHUN A HEOTPAHUYEHHDBIX
SHTPOIINMHBIX PEIITEHUN OHOMEPHBIX
3AKOHOB COXPAHEHUA

TAPISIHIL JI1.B.!, TOPULIKUN A.10.?

B nosoce Iy = {(t,z) |t € (0, T), x € R}, e 0 < T < +o0,
paccMmaTpuBaeTcs 3aaada Kot

ur + (f(w)e =0, (¢, z) € Iy, uli=o = up(x), = € R. (1)
203



Mpsr 6yemM CTPOUTH KyCOYHO TJIaIKHe 0OOOIIEeHHBIE SHTPOIUITHBIE Pelle-
Hust 3agaqu (1).

Panee GbLIM OCTPOEHBI IPUMEPHI HEOIPAHUIEHHBIX (HO IIPH ITOM JIO-
KaJIbHO O'PAHUYEHHBIX) 000OIIEHHBIX SHTPONUIHBIX perteHuii 3a1a4 Ko-
mu (1), nmeromux ciepyoIyo crpykrypy. Homymnnockocers ¢ > 0 se-
JINTCST TJIQJIKIMU HEIIEPECEKAIOIIMMUCS KPUBbIMU 1), Ha CUETHOE UHCIIO
obstacreit. B obracTsix MeXKJ1y STUMEU KPUBBIMU PEIIEHHUE SBJISIETCS KJIac-
CUYECKUM, & JIMHUS CHJIBHOTO pa3phiBa [, hopMmupyercs Kkak orudarorias
ceMeiicTBa XapaKTEePUCTHK.

[TpuHIUIHAIBHON! OCOOEHHOCTBIO ITUX PEIIEHU SIBJISIETCS CMEHA 3Ha~
Ka IIPU [EePexXoJie Yepe3 KaxKIyIo JIMHIIO pa3pbiBa. 1eM caMbIM, HapyIia-
eTCsl IPUHIIATT MAKCUMyMa, U, KaK CJIEICTBUE, TEPSIeTCsI € IUHCTBEHHOCTD
SHTPONUAHOTO pereHust 3aa9u Koim, ecjin moji penieHneM MOHUMATD
dyukmuo He u3 npocrpancrBa Lo (Il7) (kak B Kiaccuyeckux paborax
C.H.KpyxkkoBa) a B 60Jiee MHUPOKOM KJIACCE JIOKAJBHO OIPAHMYEHHBIX
dbyuxuuit, u € Log joc(II7). OTMeTHM, 9TO 3HAKOIOCTOAHHBIX SHTPOIMIi-
HBIX PEIIEHUH y paccMaTpUBAEMBbIX 3aJ/iad HE CYIIECTBYET.

Takwue perernst ObLIU TOCTPOEHBI JIJIE CTEIEHHON (DYHKIUU TOTOKA
f(u) = |u|* tu, a > 1, m HEOTPAHIIEHHBIMI TPU T — — 00 HAYATLHBIMH
yenosuamu ug(x) = |z|?, Bla — 1) > 1, mwmm ug(z) = 7.

Pertenne cTpomsioch 1pu HMOMOIIM HEKON PEKYyPPEHTHOH MPOIIELyPHhI,
11032Ke€ OBbLIT IIPEJIJIOXKEH C1I0C00, OCHOBAHHBIN HA HAJIMYUH Y UCCJIELyeMbIX
3aJ1a9 IPyII CUMMETPH.

B pabore [1| cdhopmysmpoBan eauHbIil M0X0/] K IIOCTPOCHUIO TAKOI'O
TUIA PEIIeHnit B cirydae HedeTHOI dyHKImn noroka f(u), uMeromeir B
HyJIe €IMHCTBEHHYIO TOYKY Iepernba, OCHOBAHHBIN Ha [IPE00PA30BAHUN
Jlexxannpa. Kak m3BectHo, mmenno mpeobpaszoBannem Jlexkamapa ompe-
JIeJIAIOTCs orubalorye ceMefcTB MPAMBIX Ha ILIOCKOCTH.

OxkaswIBaeTCst, 9TO B CayUdae CTENEeHHONW (DYHKIIMU MOTOKA W HAYAb-
HBIMU JIAHHBIME, COBITQIAIONIUMA CO CTEITEHHO MJIM 3KCIOHEHIINAIBHOM
dpyHKIME Ha MUHYC GECKOHEUHOCTH, MOXKHO IPUMEHHUTH OINMCAHHYIO B
crarbe [1] nporeypy nocrpoenus pemierusi. [IpuHInuaibHoe oTInane
3aKJ/II0YAETCs B TOM, JIMIIb 9aCTh YAapHOH BosiHBI 1o (a He BCs Kpu-
Bast ['g, Kak B paHee IIOCTPOEHHBIX PEIIeHNUsIX) 06pasyeTcss Kak orubaro-
masi ceMeficTBa XapaKTePUCTUK, UIYIIUX OT HAYaJbHBIX YCJIOBUIA.
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Teopema 1. V szadan Kowwu (1) ¢ dynxyuet nomoxa f(u) = |u|* tu,
a > 1, U NoA0KHUMENLHVMU HAHANDHOMU YCAOBUAMU, COBNAAIOULU-
mu co cmenennoti g(x) = |z|?, fla — 1) > 1, uwau skcnonenyuarvno
h(xz) = e dynryueld na Munyc GECKOHEUHOCTIU, CYUWECMBYIOM 3HAKO-
uepedyrouueca Kycowno eaadkue 0606werbe SHMPONuiHbIe Pewenus co
CHETMHDIM YUCAOM YOAPHYIT BOAMN.

Pa6ora JI.B. laprsaum BeimostaeHa npu nojaep:kke [Iporpammer [pe-
sunenta Poccuiickoit Peeparun A1 rOCYIapPCTBEHHOM MOIIEPKKNA MO-
JIOABIX poccuiickux yuenbrx, rpant MK-1204.2020, a Takxke mpu moi-
nepxkke MuHuCTEpCTBA HAyKHM U BBICIIEro obpazoBanus Poccun, mpoekT
0705-2020-0047.
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soBanust Jlexxanzapa // Mar. c6opauk. 2021. T. 212. Ne 4. C. 29-44.

' MockoBckuit rOCyJapCTBEHHBII TeXHUYECKUN YHUBEPCUTET
nvmenn H.9. Baymana, Poccus. Email: gargyants@bmstu.ru
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AHAJINTNYECKNE HEPABECTBA TUIIA
MAPKOBA-OPUJAPNUXCA-KOJIMOT'OPOBA

TAPMAHOBA T.A.

Byunem paccmarpusarh npocrpancrsa Cobosesa W;[O; 1] cocrosimue
u3 Beex ynxiii, Takux uro fU)(x) € AC[0,1] u f9)(0) = f9)(1) =0,
Vi=0,..n—1,a fM(z) ¢ L,[0,1]. Hopma B JaHHOM IIPOCTPAHCTBE
olpe/Jie/iseTcs paBeHCTBOM:

1 v
£ higioay = | [ 170 @)Pda
0

OupenenuM BeTMYMHBL Amk(a) KaK HaWMEHbIIINE BO3MOXKHBbIE KOH-
CTaHTBI B HEPABEHCTBAaX

2 o
F9 @) < A2 @Iy f € W05 1],
205



TaKI/Ie HepaBEHCTBa HA3bIBAIOTCA aHAJIUTUICCKUIMU HEepaBEHCTBaAMU TUIIQ
Mapxkosa-®Ppugpuxca-Koamoroposa.

[epIo TaHHOTO MCCICIOBAHUS SIBJISIETCS yCTAHOBJICHHUE SIBHOTO BHUJIA
bynkimit Ay, i (a), s Beex a € [0,1] u marypanbhbx n u 0 < k < n.
Tak:ke paccMaTpuBaeTCst 3a7a49a 0 HAXOXKIEHUU TOUHBIX SHAYTEHU

A= sup A, p(x).
x€[0;1]

IIycts Jp ) OllepaTop BIIOXKEHHs W3 HIPOCTPAHCTBA W?[O; 1] B upo-
crpancreo WE[0;1] (n > k > 0), rorga | Fnxll = Ank. Takum ob6pasowm,
A, — xKoHCTaHTa BIOKeHMs IpocTpancrsa Cobosesa WZ" [0;1] B mpo-
crpancrso WX [0;1].

Cwmemennble nomHoMb Jlexkanpa 06pa3yioT OpTOrOHAIBHYIO CUCTE-
My B mpocrpancTse Lo[0; 1] u onpeensiiorest Kak

1
[TepBoobpasznas mopsizika 0 < m < n OIpeIeIsaeTcst Kak
- 1 (n—m)

Basaua 0 HAXOXKIECHUS KOHCTAHT BJIOXKeHUs B nmporcpancrsax Cobo-
JieBa ObLiTa pacCcMOTpeHa B OOJBIIOM KoanmdecTBe paboT. V3 mocmemnnx
pesyibaroB B padore [1] 6buin 1mosrydenbl hOpMYJIbL JJIsi KOHCTAHT A%,O?
A%J u A%’Q, a TakyKe YCTaHOBJIEHA CBA3b MEYKJly KOHCTAHTAMU BJIOYKE-
HUs U [IepBOOOpasHbIME TTOJIMHOMOB Jlexkanapa. B pabore 2| mosydenst
JIOKaJIbHbIE CBOCTBa (DyHKIHT A%k(m) U 1PEIbABIEHBI (POPMYJIBI JIJIsT
A%, u AZ . B paborax [3], [4] Gbum Haiigensr skcTpemasbHbe GyHK-
UK, HA KOTOPBIX JOCTUIAETCsS PABEHCTBO B HepaBeHCcTBax Mapkosa-
Opugpuxca-Koamoroposa, T0Ka3aHbl pa3/ndHbie CBOWCTBA (YHKIU

A, (@), B vacTHOCTH
JIemma 1. Jas mobwx a € [0,1] umeem mecmo paserncmeo

A2 (@) = A2y (a) — (20— 1) (PY(a)) 2.

n

Teopema 1. Jlasa ecex uemmnwvix k mounoe 3HaveHue KOHCIMAHMDL 6.A0-
olcenua umeem 6ud

k—1)1)?
Ai,k = A%,k(l/Q) - 24n—3k—2(2(616_ ((]i/g) _)1;!)2(271 — 2%k —1)




[ToctetoBaTE/IBHO TOKA3BIBAIOTCS CJIEIYIONIHE (DAKTHI.

Jlemma 2.

(k=n)(py — _©
P (*) (n—k)!2F1 n—k+1 ’

—4t],

2det =a® —a, oF1(t) — eunepeeomempuneckan dynxyus Taycca.

Teopema 2. Jlna 406w 0 < j < m umeem MECMO PAGEHCMEO

(9 (p) = (22 — 23 =D By,
P = (0 -y (D)

Teopema 3. Qynxyuu Ay j ydosaemeopa0m COOMMHOUEHUIO

) _t2n—2k—l
A% (1) = .
k(1) (2n — 2k —1)((n — k — 1)!)2
—k,n—k—1%1 on—k
. ’ 27 .
3F2[ n—k on—2k |
edet =a® — a, 3F» — 2unepzeomempuneckas GyHKUUA MUNG (3,2)

CaencrBue 1. 1) ITyemv n € N, k € NU {0}, k - wemno un > k,
mozda . )
- — k-1 — E—1)N
JF) k,n—k—3,2n k;l :(( ")
n—k, 2n — 2k 2k(n — k)2
2

2) Ilyemv n € N, k € N, k - newemno u n > k, mozda

- — k-1 - k!N)?
) k,n—k—3,2n k;l _ (k)
n—k, 2n — 2k 2k (n — k)2,
=
ede (m);:=m(m+1)...(m+1—1) — cumson Ilozzammepa.

YrBepxkaeuue 1. Jlaa wobozo newemnozo k = 3 snavenue AEL i Ydo-
b
BAEMBOPACTN, HEPABEHCTNEAM

(k11)? )
4n—3k—1 _ k+1y2 . _ < An,k
2 (n— E)1)2(2n — 2k — 1)

2 ((k —2)m?
A < 24n=3k=3((n — kXL _1)1)2(2n — 2k — 1)
: !

Pabotra Beinosaena npu nopgepkke PODU, rpant 19-01-00240.
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MI'Y umenu M.B.Jlomonocosa, MockoBckuit eHTp OyHIAMEHTATBHON 1
NpUKJIaIHON MaTeMaTuku, Poccus. Email: garmanovata@gmail.com

O CYIIECTBOBAHUUN IMNEPNO/INYECKUX IIO
BPEMEHU PEIIIEHU B TA30OBO INHAMUKE

FOJIVBATHUKOB A.H.!, VKPAUHCKHUI JI.B.2

Jlaro m0Ka3aTeIbCTBO IVIO0ABHON aHAJIUTHIHOCTU PEIleHus YpaBHe-
HUI OJTHOMEPHON ra30oBO JUHAMUKY JJI CJI0A I'a3a, 3aKJAI0YEHHOTI'O MEeXK-
Jly JIByMsl TIOPIITHSIMH, Ha OJTHOM U3 KOTOPBIX (m = 0) yCa0Bus 3a/1a10TCs
HEePUOANIECKAM 00pa3oM, a Ha BTopoM (m = M) ¢ HeoOOXOMMOCTbIO MO/
buparorcsi. B mpocreiimieit mocTaHOBKe cECTeMa YpaBHEHHUH I 3aKOHA
JBIKeHns ra3a x(m,t) umeeT BU

Ty +pm =0, px), = f(m).

PaccmarpuBaeTcst palloHaIbHBIN [OKa3aTe b aauadbarst v = k/l > 1,
rae k u | — meJible 9ncia. 3a CUeT BBeJIeHNST HOBBIX HEM3BECTHBIX (DYHK-
it p = ¢~ % u 2y = ku cucrema ypaBHeHWiI MOKeT OBITH 3allCaHa B
KBas3mJINHERHONE dhopme

U = F(m)d q,  qm = ¢" M, (1)
rne F(m) = (1/4)fY7. KmoueBbIM IPemMyIIecTBOM JaHHOH HhOPMEI
YPABHEHUIT SIBJIsIETCST TOT (PAKT, UYTO BEJIUIUHA ¢ BXOJIUT B IIPABbIE YaCTH
CHUCTEMBI AHAJUTUYECKU TIPHU MOJIOKUTENBHBIX k u [. CTouT 3aMeTHuTh,
YTO [PU OTPULIATESIBHBIX Kk 1 | JIaHHOE CBONCTBO CIIPABEIJIUBO JJIsI yPaB-
HEHMii, pa3pelIeHHbIX OTHOCUTEIBHO U U (¢

*D Gy @ = FHm)q™ TV,
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YTO MO3BOJIAET PACCMOTPETh HAYAIBHYIO 3amady. Jljas m3ydeHus KOH-
KpeTHOIT 3a/1a4un K ypaBHeHUsIM (1) J06aBIISAIOTCS JJIsT TPOCTOTHI YCJIO-
BUsA, MOJICJIMPYIONIUE MPOIECC TEPUOINIECKUX KOJeOaHUN MOPIIHSA IPH
COXPaHEHNN Ha HEM TEPMOJMHAMUYECKUX [TaPAMETPOB B IPOIECCE JBU-
JKEHUS

u(0,t) = upT cos(t/T), q(0,t) = qo. (2)

[Tycrh Tak»Ke cripaBe IuBbl pa3joxkenus (31eck F,, He 3asucst or M)

oo o0
F(m)=>_ Fum", ®(m)=Y_|Fum"
n=0 n=0

Crpownrcs perenne 3a1a4au (1)—(2) B Buzne crenennoro psina. st moka-
3aTeJIbCTBA €ro CXOAUMOCTH UcHosb3yeTcs TeopeMa Kosasiesckoii [1, §7]
U, B 9aCTHOCTHU, METOJ[ MaxkopaHT. Ho B oTsinumne OT KJIaCCHYECKUX pac-
CYZKJICHUIA, TIeJIBIO SIBJISIETCSL JJOKA3ATEIbCTBO CXOJMMOCTU HE B HEKOTO-
poii okpecTHOCTH HYyJIs, a Ha MHOKecTBe U = {m € [0, M|, t € [0,27T]}.
JauHoro pesysibraTa MOXKHO JOOHTHCS BBIOOPOM mocTosiHHOil N, orpa-
HUYHBAIOIIEH CBEPXY YJIEHBI PA3JIOXKEHHsi B Psijl IPABBIX dacTell KBa-
SWJINHEITHOW CHCTeMBI (ITOCJIe 3aMEHBI MCKOMBIX (DYHKIU, MPHBOISIIEH
HaJaJIbHbIEC YCJIOBHS 3a/[a9l K TOXKJICCTBEHHO HYJIEBBIM), B BH/IC

N = max{1,[1 +upexp(R/T) + ®(R)] D},

rie Besmanna ug exp(R/1T) — mpesmosaraeTcs IMOCTOSHHON DU yMEHb-
meann T (9To (baKTUYIeCKH TOBOPUT O HEOOXOIMMOCTH B YMEHDIICHUN
AMILTATYABI KOJTeOAHUIT TIOPIITHS DU MOBBIIICHAN UX 9aCTOTHI), MHOMKI-
rens D = (R+qo)* ™ mpu R4+-qo > 1uD = (R+qo) ' upu R+¢qp < 1,
a R — 4mcio, HeMHOTO MeHbIIlee pajuyca CXOauMocTn psiga s F'(m).
[Tpu nannom N HyKHBIM yMenblnerueM M u T (4T0 ¢ MeXaHUYECKON
TOYKU 3PEHUsi SIBJISIETCsI BHIOOPOM HE3aBHCHMBIX MAacCIITabOB) yIaeTcs
IIOMECTUTH BCE MHOKECTBO U BHYTPb KPYyTra CXOAUMOCTH PEIICHUS MaXKO-
PAHTHOH 3218491 U TEM CAMBIM IapaHTHPOBATH OTCYTCTBHE 0OPA30BAHUS
YJAPHBIX BOJIH B IIPOIIECCE JABUMKEHUS raza. llepnoandeckne 1mo BpeMeHn
yeaosust u(0,¢) u ¢(0,t) IpUBOAAT K HEPUOMIECKOMY 110 BPEMEHH peliie-
HUIO, 9TO MOYKHO YBHJIETH C TIOMOIIHIO METOJA MATEMATUYIECKON UHILYK-
un 1o KoadbunmeHTaM passioKeHust B CTeleHHOi psiyt pyHKIwmit u(m, t)
u g(m, t). [IpuBeieHbl HepaBEHCTBA JIJIsl CPEJIHUX 3AKOHA JIBUZKEHHSI C MO-

HOTOHHBIM BecoM X (m).
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CIIEKTPAJIbHBIE CBOMICTBA O/JJTHOI'O OIIEPATOPA
C MHBOJIIOIIUEN

I'PAHMNJIBIINKOBA f.A.

Paccmorpum muddepenrmanbabiit oneparop Lo, onpeneseHHBIN Ha
dyukiustx uz npocrpancrsa Cobonesa Wi ([—1;1]):

Lo(y) = a(z)y (z) + ' (—=) (1)
¢ KPaeBbIM YCJIOBHEM
Uo(y) = y(=1) = fy(1) =0 (2)
Baech a(x) - BemecTBeHHO3HAUHAST (DYHKIIUSI, TAKASI YTO
a(z) € C([-1;1)), o (2) € Loo([-1;1]), ()] #1 (3)
B ompenenennn Ly npucyrcrByeT oneparop uasosmonmn Jy(x) = y(—x),

u nozpasymesaercd, aro y'(—z) = J Ly(z).

N3zyunm KpaeByro 3a1atdy Jjis BO3MYIIIEHHOT'O OllepaTopa Ha TOM Ke
IIPOCTPAHCTBE

L(y) = a(@)y'(z) + ¢ (=) + g()y(z) + r(z)y(—2) = My(z)  (4)

U C TeM Ke KpaeBbIM ycsioBueM. IIpeonoxum, 4To cynecTByoT dhyHK-
mun g(x) u r(x) Takue, 9o ypaBHeHHe (3) MMeeT pellleHne B

Y(z) = P 4 () 5)
rje dbyukmun (), ¢(r) 3aBUCAT TOIBKO OT ().

Ounpenesnienne 1. Kpaepoe ycioBue Buia (2) HA30BeM PEryssipHBIM, €C-
JIVL JIJIsl HETO BBINOJIHSIOTCS COOTHOIIEHUSI:

B# (1)

B # (1)
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st TakoTO yCJI0BUS HalileM COOCTBEHHBbIE 3HAYEHUST U COOCTBEHHBIE
dyukImm Bo3myenHoit 3anaun (4),(2):

A = %(lnA+2m'k:),k€Z

y(z)L (ln A+27rik) y(—z)& (ln A+2m’k)
yr(z)=e " + c(x)e t
rie kKomiuiekcueie uncia A = A(S, a(x)), I' = T'(a(z)).
Uccnenysa 6a3ucHOCTD 110 Prccy coOCTBEHHBIX (DYHKIUIA U1 PA3JIMY-
HBIX (), TOJIydaeM CJIEJYIONLYI0 TEOPEMY:

Teopema 1. ITycmv das eewecmeernosnaunot gynryun o) 6vinoame-
now yeaosus (3), u aubo |a(x)| > 1, aubo |a(z)| < 1 ua(x) = a(—z). To-
2da cywecmeyrom makue gynryuyu g(z),r(x), wmo ypasrerue (4) ume-
em pewenue suda (5). IIpu smom cobemeenmvie Pyrkyuu sadavwu (4),(2)
¢ napamempamu o(x), g(z),r(T) U peysapHoM KPAEBBIM YCAOBUEM CO-
cmasasrom besycaosnwudl basuc Pucca npocmpancmea Lo([—151]).

Wcnonb3yst mogaunaeHHOCTD ortepaTopa L — Lg ortepaTopy L, morydaem
OoJtee OOIIMiI BHIBOJ,

Teopema 2. [Tycmo das sewecmeennodnawnoli gynryuu o) evno-
nenv, yeaosua (3), u aubo |a(x)| > 1, aubo |a(z)| <1 u a(z) = a(—z).
Tozda cobcmeennvie gynkuyuu 3adavu (4),(2) ¢ npoussosvrvmu cywie-
cmeenno oepanusernumu Kospduyuenmamu g(x), r(x) u peeyaaprvim

KPAEBLIM YCAOBUEM COCTNAGAAIOM be3ycaosnbid basuc Pucca npocmpan-
cmea Lo([—1;1]).

IIpumep 1. Ecin |a(x)| < 1 n o(x) mederna, To 6e3yciioBHast 6a3ncHOCTH
no Puccy me rapanrtupyerca. B ciaydae a(r) = kz, k € (—1;1) ee ne
Oymer.

Jloxkutaj ocHoBaH Ha coBMecTHOI pabore ¢ A.A.IllkaIuKOBBIM
Pabora mongepxkana Poccuiickum dommom dyHIaMeHTaAIbHBIX UCCIIE-
nosauuii (PODI), rpant No 19-01-00240.
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Mockosckuit rocymapcTBeHHbIH yHUBEpcUTeT nMenn M. B. Jlomonocosa,
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IHEPNTOANYECKOE PEINIEHVNE YPABHEHUNA
CIIMHOBOI'O TOPEHUA

I'PEBEHEBA A. A.!, XABOBA 10.A.2

ypaBHEHI/IIO CIIMHOBOT'O pe€XKMMa I'OpeHUud TOHKOCTEHHOI'O KPYIoBOI'O
DUJIMHAPa paJuyca I COOTBETCTBYET KpaeBasd 3aga4da:

Ere=ci(1-3¢) s s,

5(75733 + 27‘(’7") = £(t7$)7

(1)

rie &(t,x) — koopauHaThl ToueK dpoHTa ropenus, 0 < ¢ << 1 — un-
KPEMEHT HEYCTONYIMBOCTU MaJibIx KoJiebauuit dponra, A > 0 — Koppe-
JIANMOHHAS JJINHA TEIIOMPOBOTHOCTHOM CBA3M COCEIHUX yIACTKOB HC-
KPUBJIEHHOTO (PPOHTA, TOUKa Oo3Ha4daeT AuddepeHnnpoBaHue 1Mo BpeMe-
un, A — ogHOMEpHBI oneparop Jlamaca.

st mocrpoenust pemennst 3aga4an (1) npumensiercst meros [amepku-
Ha — DEIeHne MPEJICTABIISIETCS B BUJIE

x

€ =yo(t) + yi(t) cos(9) + V(t,0), 0 = =

r

Haiiieno nepuojmieckoe perienne Tuila Geryrieii BojHbl ypaBaenust (1),
POBEJICH aHAJM3 €r0 YCTONINBOCTH.
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namuka. 2017, T. 25, Ne 6, C. 57-69.
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IIIeHUs OZHOrO Hapaboudeckoro ypasHenus // Jnnamudeckue cucreMbl. 2018,
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'Kpeimckuit deepanpbHblii yausepcureT uM. B. . Beprasckoro, Poccust.
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OB O/THOM 3AJJAYE JMUPUXJIE AJISI YPABHEHUN
COCTABHOTI'O THUIIA C PABPBIBHBIMU
KOR®PUITNEHTAMMN

I'PUTOPBEBA A.1.

PaccmarpuBatorea nuddepennnaibibie ypaBHEHUS BUJIA
Dy [(—l)thngu — h(x)ugy | + a(x)uzy + c(z,t)u = f(x,t), (1)

(p > 1—nenoe, Df = g—;, D, = %)

ITycrs x ecth TOuka orpeska [—1,1] ocu Oz, t ecTb TOYKa OTpE3-
ka [0,7], 0 < T < oo, Q1, Q2 u Q ecrb mumusapsr (—1,0) x (0,7),
(0,1) x (0,7) u (—1,1) x (0,T"), coorsercrBenHo, c(x,t) u f(x,t) —
dbynkmum, onpenenennwie pu (z,t) € Q, h(x), a(r) —3azanmbe dynk-
1y, onpegesennbie pu & € [—1,1], ¢t € (0,7) u umerormue pa3pbiB 1-ro
pona npu x = 0, a, f — 3ajaHHbIe JEHCTBUTEILHBIE YUCIIA.

KpaeBasi 3amaua: naiitu GyHkimo u(z,t), siBASIONLYIOCA B IHJITH-
npax Q1 u Q2 pemenneM ypasHenus (1) u Takyro, 9TO JJIs Hee BBINOJI-

HAIOTCA yCJIOBUA

U(—l,t) = U(l,t) - O) te (OaT)v (2)
DFu(z,t)|i=0 =0, k=0,...,p, z € (=1,0) U (0, 1), (3)
Dfu(.’b,t)h—’f— ’ kZO, Dy T € (7130)U s L)y (4)

a TaK K€ YCJIOBUS CONPAKCHUA

u(—0,t) = au(+0,t), uy(+0,t) = Puy,(—0,t), t € (0,7). (5)
[lenbio paboThl SIBJISETCS JOKA3ATEIBCTBO CYIIECTBOBAHUS U €J[MH-
CTBEHHOCTH PEryJISiPHBIX PEleHuil.
Pesynbrarhl GbIIH HOJIYYEHbl B PAMKAX BBIIOJIHEHUST TOCYIAPCTBEHHO-
ro 3ajannst Munobpuaykn Poccun (HUP Ne FSRG-2020-0006)

Cesepo-Bocrounsrit denepasibhbiii yausepcurer um. M.K. Ammocosa, Poccust.
Email: shadrina ai@mail.ru
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TRANSMISSION EIGENVALUES /J1J11 CEMEIMCTB
TOYEYHHBIX ITOTEHIINAJIOB

I'PUHEBUY II.I".!, HOBUKOB P.I".2

B wnacrositiiee Bpems B JUTEpAType aKTUBHO OOCY2KJIaeTCHA 3aJada O
transmission eigenvalues — ypOBHSIX SHEPIUH B 3a{9aX PACCESTHHUS, JJIsT
KOTOPBIX MOYKHO HaifiTH TaKyio KOMOWHAIIMIO 1A IAI0IINX BOJH, YTO Pac-
CesTHHAST BOJTHA TaKas ¥Ke, KaK eCIi ObI pacceBaTebh OTCYTCBOBAJ. JTO
CBOMCTBO SIBIISIETCSI OCTabJIEHHON Bepcuell CBOWCTBa CBOMCTBA IMPO3pad-
HOCTU ITpHA IL&HHOﬁ QHEepIrum. I/ISBGCTHO7 9TO AJId JO0CTAaTOYHO I'JIaJIKHX I10-
TEHITNAJIOB TaKue yPOBHU 0OPA3yI0 JUCKPETHOE IMOIMHOXKECTBO U KPaT-
HOCTU BBIPOXKJICHNA KOHEYDI. MI)I PaCcCMOTPEHJIN HpOTI/IBOHOJIO)KHbeI
cJlydaio — CHCTEeMYy TOYededHbIX paccemBareseit tuna Bere-Ilaitepiica-
Bepesnna-Danneea. Hamu mokazano, 9To /11 TAKAX ITOTEHIINAJIOB BCE
ITOJIOXKUTE/ILHBIC YPOBHU SHEPIUU SBJAIOTCS transmission eigenvalues
OECKOHEYHON KPATHOCTH.

Pabora BbImosiHeHa mpuU IOJJAEPKKE COBMECTHOrO IpoekTa Pd-

@I /CNRS, rpanr POOU 20-51-1500/PRC no. 2795 CNRS).

!MaremaTuaeckuit macTutyT mm. B.A. Crexinosa PAH, UncruryT
reoperuyeckoii puszuku nm.JI.[. JTangay PAH, MI'Y uM.
M.B.JIomonocoBa, Poccusi. Email: pgg@landau.ac.ru

2Bricimas moanTexXHIYecKas Ko, OpaHius.

Email: novikov@cmap.polytechnique.fr

PACHIMPEHUE IITPOCTPAHCTB HEIIPEPBIBHBIX
OYHKIINU N X ITPUMEHEHUWE K 3AJJAYE
ANPUXJIE HJIL SJIJIMIITUYECKOI'O YPABHEHU A

IYIIAH A.K.

XopoIo M3BeCTHO, 9TO He J1000e KIACCHIEeCKOE PEIICHUE SIBIISIETCS
06001eHHBIM. OCHOBHBIM COJIEPXKAHUEM HACTOSIIIETO JOKJIAIA STBJISIETCS
pacimpeHre MHOXKECTBa TPAHUYIHBIX (DYHKIIUNA W U3MEHEHHe OIpeiesie-
HUsI TIPUHSITUSI TPAHUIHOTO YCJIOBHUsI, KOTOPhIE BKJIIOUAIOT KJIACCUIECKOE
u 0bob1ennoe pemntenusi. Mbl orpannyanmMcs paccMoTpenueM 3agaqan Jlu-

puxJie JJjis paBHOMEPHO 3JUIMITUYECKOIO YPaBHEHUA
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n

> (w0 ) =0, w€ Q. ulog = € L0Q).p > 1. (1)
J

0x;
ij=1""

rae () — orpaHmYeHHass 00JIaCTh N-MEPHOTO €BKJINI0BA IIpocTpancTBa R,
a (a;j(z)) — MaTpuia ¢ U3MEPUMBIMU U OrDAHHYEHHBIMHU SJIEMEHTAMIL.
[Tox pemennem 3ama4n monumaercs (n — 1)-MepHO HenpepbIBHAsS (DYHK-

st uz Wy 10c(@), yosrerBopsitomast (1). [lpocTpancTBo s-MepHO Hempe-

poiBubIx dyukimit Cs ,(Q)) 66110 BBeeno B paborax (1], [2]. O6oznaumm
cumBosioM Mg, 0 < s < n, — MHOXKeCTBO GOPEJIEBCKUX HEOTPHIATETbHBIX

mep p, (@) =1, ¢ HocuresnsiMu B (), yIOBJIETBOPSIIONIUX OIEHKE

3IC>0Vr>0Ve' eQ  pu({z: |z —2° <r}) < Cr (2)
|lpl|s = inf C. @ynkims v : Q — R npunannexur Cs ,(Q), ecan "6ius-
KM MepaM u3 M COOTBETCTBYIOT Oin3Kue 3HadeHns " ; (DyHKIIH 13 9TO-
IO IMPOCTPAHCTBA €CTECTBEHHO PACCMATPUBATH KakK OTOOparKeHne

ps O p — v € Ly(p); nogpobree cm. [2|. Ha mpocrpamncrse Cs,(Q)
sBosuTCest HopMma [[v||P = sup m [ |v|Pdp(z). Tlpu ecrecTBeHHOM
s(Q) HEM —

OTOXK/JIeCTBJICHNE (DYHKIINI BBEJIEHHOE ITPOCTPAHCTBO SIBJISIETCsT OAHAXO-
BBIM, MHOKECTBO HEIPEPBIBHBIX QYHKIHUIT 7I0THO B HeM. [lasiee Mbr Oy-
JIEM TIPEJIIoJIaraTh, 9T0 HOPMAaJIb K TPAHUIE PACCMATPUBAEMOi 001acTH
ynosJierBopsieT yesopuio Juau. OT ko3 duimenToB ypaBHeHust OypeMm
TpebOBATH HEMPEPBIBHOCTD 10 {uHu Ha rpanuie. OTKa3aThes OT TOCTIE/I-
HETO YCJIOBUST HEJIB3SI.

Teopema 1. [3]. Jas w060t ug € L,(0Q) pewenue u(x) sadawu (1) us

npocmparcmea Cn_1,(Q) cywecmsyem, oHo eOUHCMBEHHO U OAA He2o
CNPAGEIAUBH OUECHKA

[P < const / g ()P dS.
Cn—l,p(Q) 8@
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OTMeTnM, 9TO yTBEPIKICHHE TEOPEMBI OCTACTCSI CIIPABEIIUBBIM, €CIIH
pacIIupuTh Kjiacc Mep: B oneHke (2) B3saTh Mepy Kapiecona. 9To pac-
MUpeHne HEMEJJIEHHO JIaeT CBONWCTBO BHYTPEHHEN HENPEPBIBHOCTU pe-
IIeHUd. KaK IIOKa3bIBaeT CJIeI[yIOH_Lee yTBep)KILeHHe 60.HI)H_[e yBe.HI/ILH/ITb
KJIACC Mep HEeJIb3l.

Teopema 2. [4]. Ouenka [ |u(z)|Pdu(z) < const [ |ug(x)|PdS cnpased-
_ 2Q

Q
auea onn ecex ug € Ly(0D) mozda u moavko mozda, xoeda mepa fi
asaaemesa mepot Kapaecona.

Jlnst aHamuTUYecKoit B Kpyre (DYHKIUU ¢ TPAHUYHBIM 3HAYEHUEM U
sTa Teopema ObLIa JoKazaHa Kapseconom. Iljist rapMOHUYIECKUX (DYHK-
I 9TOT PE3yJIbTAT ObLI yCTAHOBJIEH XepPMaHIEPOM.

Maremaruaeckuit uacturyT uMm. B.A.Crexksioa PAH.
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OB OJJHOM KPUTEPUUN SKCIIOHEHIINAJIBHOMN
ANXOTOMUN JJIA JNPPEPEHIIMAJIBHBIX
YPABHEHUU N ETI'O ITPUJIO2KEHN AX

JEMUJIEHKO T'.B.

Bynem paccmarpuBarh KjacC CUCTEM HEJIUHEHHBIX TuddepeHInaib-
HBbIX yYpaBHEHUM

dy
dt
rJie saeMeHThl MaTpull A(t) pasMepa n X n sBJISIIOTCs HellpepbIBHbIME T-

nepuojnIecKuMu QyHKIMIME, a HerpepbiBHAsi BeKTOp-pyHkims f(t,y)
JIOKQJIBHO YAOBJIETBOPsAeT ycioBuio JInmmuiia mo y

Ifty") — fFE v < Lily' —
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U CJIEIYIONINM YCIIOBUSIM

fE+Ty)=fty), [fE9I<a@+yl)*,

e ¢ > 0, w > 0 — KoHcTaHTHL. lIpennonaraercs, YTo IuHelHAs CUCTEMA

dy =A(t)y, —oo<t< o0, (2)

dt
9KCIIOHEeHINAIbHO auxoToMudHa [1]. CornacHo creKTpajbHOMY KpUTe-
PHIO 9TO SKBHBAJIEHTHO TOMY, 9TO CIEKTP MaTpuiibl Monoapomun Y (1)
He TIePECEeKAeTCsl € eJIMHUIHON OKPYKHOCTBIO. B pabore [2] ycranosien
HOBBI KPUTEPUii SKCIOHEHINAJIHLHON JTUXOTOMUM, KOTOPBIN (hopMytu-
pyeTcda B TepMHUHAX Pa3PEIIMMOCTH CHeNUAJIbHONI KpaeBON 3a1adn IJisd
nuddepennmaabHOTO ypaBHeHus JIsamyHnosa

%H + HA(t) + A*()H = — (Y1) P*Q(t)PY ~1(t)

YY) (I - P Q) (I — P)YL(t), 0<t<T,

rie Q(t) € C[0,T] spmuToBa MaTpuIia, yA0BIETBOPSIONIAs YCIOBHIO

T
/Q(s)ds > 0,
0

Y (t) — marpunanT JuHeiHOi cucreMsbr (2),
P’=P PY(T)=Y(T)P.

Haia et — Ha OCHOBE 9TOT0 KPUTEPHUsI [TOJIYYUTh OIEHKHI IIapaMeTPOB
JUXOTOMHH, JOKa3aTh TEOPEMY O BO3MYINEHHH JJIsi 3KCIOHEHIINAIBLHOM
JUXOTOMUM, U3yYUTh YCJIOBUS CyIIeCTBOBaHUS 1-IepUOAMIECKUX Pellle-
Huii cucreMbl (1), yCTAHOBATH MX YCTOWYIMBOCTH IPU MAJIBIX BO3MYIIE-
HUSIX KO3(MOPUIMEHTOB U HEJTMHERHBIX T1IeHOB.

Pabora BbimosrHeHa 11pu brHAHCOBOH nommepkke Poccuiickoro dhorma
dyumamenTasbHbIX uccsenoBanuit (mpoext Ne 18-29-10086).

Cnucok Jureparypbl

[1] Haneywui FO. JI., Kpeiin M. I'. Ycroitansocrs pemenuii auddepeHnnanbHbIX
ypaBHeHuit B 6anaxoBoMm mpocrpancrse. M.: Hayka, 1970.

[2] Demidenko G. V. On conditions for exponential dichotomy of systems of linear
differential equations with periodic coefficients // Int. J. Dynamical Systems
and Differential Equations. 2016. V. 6, No. 1. P. 63-74.
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MNucturyr maremaruku um. C. JI. Cobosrea CO PAH, Poccus.
Email: demidenk@math.nsc.ru

OBPATHA4A 3AJTAYA OJId YPABHEHWUA
TEIIJIOITPOBOJHOCTU C HEM3BECTHBIM
COCTABHBIM NCTOYHUKOM

JNIEHIICOB A.M.

Paccmorpum HauaabHO-KpaeByto 3aia4y s dbyHkuun u(z, y, t)

u = Au+ F(z,y)pi(t) + G(z,y)p2(t), (w,y) €D, ¢t>0, (

u(xz,0,t) =0, z€R, t>0, (
uy(x,l,t) =0, zeR, t>0, (3

u(x,y,0) =0, (z,y) €D, (

rie D ={(z,y): z€R, ye(0,])}.

Cdopmysnupyem obparhyto 3auady. [lycrs dyukium py(t) u pa(t) 3a-
naubl , a byakiun F(z,y) u G(z,y) nensBecrubl. Tpebyercst onpeeanThb

F(x,y) u G(x,y) , eciu 3aaHa JIONOJTHUTEIbHAsT HHMOPMAIUS O perle-
uun 3aja4an (1)- (4)

uy(z,0,t) = h(z,t), ze€R, t>0, (5)
rae h(x,t) - 3amannast GyHKIMS.
B ciyuae, korga pi(t) = e #1t a po(t) = e H2! obparnas szajaua

UMeeT eCTeCTBEHHYIO (PU3MYECKYIO HHTEPIPETAIHIO.

B jok/a/ie npuBoATCs IPUMEPBI HEeIMHCTBEHHOCTH PEIIeHusT 00paT-
HOI 381891, JIOKA3bIBAIOTCS TEOPEMbI €JIMHCTBEHHOCTH €€ PEIIeHUs B CIIe-
uaJIbHbIX Kiaaccax yakmmit F(z,y) u G(x,y), obcyKIaeTcs 3aBUCH-
MOCTb €JIMHCTBEHHOCTHU PeIIeHus] 0OOPATHON 3a/1a9i OT 3aJaHHBIX (DYHK-
it p (t) u p2(t) u ycranaBaumBaeTcs CBsi3b 0000IIEHNsT OOPATHOI 38/ 1a4n
C Teopuell aHAJIUTUIHOCTU PEIICHUN JIMITUYCCKUX YPABHEHUN ITPOU3-
BOJIBHOT'O TIOPSIJIKA.

MockoBckuit rocymapcrBennbiit yauBepcurer umeru M.B.Jlomonocosa,
Poccusg. Email: den@cs.msu.ru
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O MOBEJEHUU PEIIIEHUN ITAPABOJINYECKIX
YPABHEHUII ITPU BOJIBIIINX 3HAUEHUSIX
BPEMEHN

JEHNCOB B.H.

B noaynpocrpancrse [t > 0] = [z € EV,t > 0] paccmorpum 3amadqy
Kot
N
ou 0 ou
GID S AR B |
ot g;l Oz (autz ) om o

u(z,0) = ug(z),z € BV,
[Ipeamnonoxum, uro MmaTpuna KodddunuenTos ay (x,t) = ay(z,t) - cum-
METPUYECKasi M BBIIOJHICTCS YCJIOBUE DABHOMEPHOIl MapabojmIHocTy
(1.3) u3 paborst [1] (em. [1] , cTp. 13).
Xopormo uzsectno, uro G(z,y,t) dyHgaMenTaabHas MATPUIIA Perie-
uuit ypasuenusi (1), yZ0BJIeTBOPSIET OlEHKAM

7,2 2

¢ nocrosguubiMu C; > 0,7 = 1, ..., 4, 3apucsaimyumu oT N U HOCTOSHHBIX U3
YCJIOBUSI PABHOMEPHOI napabosmaHocTu ypasHenust (1).

MpbI u3yduM BOIIPOC O CYIIECTBOBAHUU IIPEIE/IOB IIPHU { — +00 MOJIU-
dbunuposanubix cpegnux Yesapo 1o t or u(x,t)

N

Cit™ 2 exp

a

lim & 1 / (1 - Z>au($,t7)d7

t—+oco (%
0

u cpegaux Abesns o t ot u(x,t)
o0

lim /e_Tu(ac, tT)dr.

t—+00
0

Teopema 1. ITycmw ug(x) € C(EN) u ydosaemsopaem ycrosuro
uo ()] < M(1+ [[™), M > 0,m >0,

u nycmov a = a(t) - MOHOMOHHO B03PACTNANOULGA PYHKUUA, MAKAA, HINO
tm
lim — =1.
t—+oo a(t)
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Tozda das pasrocmu
I(w,1) = ulw,t) — S(u, 2,1, a(t))

UMEETN, MECTNO OUEHKA

M
sup | I(z,1)] < —— — 0, 2)
% tm/2

pasromepno no T na xascdom xomnaxme K ¢ V.

U3 nepasencTBa (2) cieyer TeopeMa O PaBHOCTAOUTH3AIN

lim wu(z,t) — S(u,z,t,a(t)) =0,

t—+00

pu t — 400, paBHOMEPHO 10 T Ha KazkjoMm KommakTte K B F1V.

Cnucok JuTeparypbl

[1] @Ppudman A. @. YpapHeHHs ¢ YACTHBIME IIPOU3BOHBIMHA IIAPAGOIMIECKOIO TH-
ma. M.: Mup, 1968.

[2] Henucos B. H. O nosenennn peniernii napaboandecKux ypaBHEHUN 11py G0JIb-
MAX 3HAYEHUsIX BpemeHu. ycmexu Marem. Hayk, 1.60, Ne 4, ¢.145-212, 2005.

MockoBckuit rocymapcrBennniit yuusepcurer umeru M.B.Jlomonocosa,
Poccus. Email: vdenisov2008@yandex.ru

I10JId PUBA U IIEPNO/INMYECKUWUE TPAEKTOPUN
JEHVNCOBA H.B.

BekTopHoe 1oJie v Ha TpexMepHOM MHOroobpasnu () ¢ popmoii obbeMa,

) HazwiBaercst nosem Puba, eciiu Haiijgercst
1-dpopma 1) Takasi, 94TO

1) i,Q = do,

2) iy = P(v) > 0.
B cuMIniekTHeCcKoi TONOJIONME W3BECTHA CJIEIyIOIIasi THIIoTe3a BeiiH-
creifHa: BekTOpHOE 1oJie Puba Ha JI000M TPEXMEPHOM 3aMKHYTOM MHO-
roo6pasuu Beer/ia NMeeT XOTsi Obl OJIHY [EPHOMYECKY IO TPACKTOPHIO (CM.
o6cyxenue B [1]). Ilpasia, moka 3To JOKa3aHO JJIsl CJlydasi TPeXMep-
ublit cdepsr [2]. Ipumennm sror pesynbrar Xodepa K 3ajade o mnepu-
OIUYIECKUX TPaeKTOPHUsX (PUKCUPOBAHHON 3Heprunm h B 3aadax JUHA-
muku, Korma M — nBymepnas cdepa. Torma npu h > maxV suepre-

THYeCKOe MHOroobpasue () — PacC/IoeHHOE IPOCTPAHCTBO ¢ 6azoi S? u
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csioeM OKpyzKHOCTb — Oyzer nuddeomopdro SO(3) (Tpexmephas cde-
pa ¢ OTOXK/IECTBJIEHHBIME AHTHUIIOJAJIBHBIMU TOYKaMn ). Tak Kak numeercst
Hepas3BeTBJIeHHOe JBY/IMCTHOE HakphiTHe S° — SO(3), To Hamre BeKTOp-
Hoe 110J1e v (onpeesienHoe aud depeHnnaIbHBIMU yPABHEHUSIME) MOKHO
noyEaATh Ha S°. U ecim v ecTh BekTOpHOE Mosie Puba ma SO(3), To Ta-
KOBBIM Oyzer u "mogusitoe"BekTopHoe moJie. CieaoBaTebHO, €CIU BbI-
nosieno Hepasenctso infy |9(v)| < u?, To ¥ (v) > 0 — rupockonmIecKue
cuyibl He Tak Bejuku. Torjga jpuHaMudYeckasi cucreMa OyleT UMETb XOTsI
OBl OJIHY HEPUOIUIECKYIO TPACKTOPHUIO IPU (PUKCUPOBAHHOM 3HAUCHUM
[TOJTHBIN SHEPTIHUH A.

CTOuT TOI4epKHYTh J[Ba MOMeHTa. Tak Kak S? 0[HOCBsI3HA, TO JI06ast
samkHyTas 2-dopma I' ma S? (dI' = 0) Gyaer Tounoit. C apyroii cropo-
HBI, HEPABEHCTBO, YKBUBAJICHTHOE YCJIOBUIO TOJIOKUTEILHON OITPE/IesICH-
HOCTH KBaJapaTudHoil ¢popmbl 4LgLg — L% (Lo — KuHETHYECKAST HEPIHs,
Lo=h—-V,a L) — 1-dpopma rupoCKONUIECKUX CUJ), YTO, B YACTHOCTH,
BJIEUET OIPAHUIEHHOCTH CHU3Y (DYHKIIMOHAA YKOPOUYEHHOTO JeHCTBUS

/(2\/L0L2 + Ly)dt.

9T0 06CTOSTETHLCTBO TO3BOJISIET JTOKA3aTh CYIIECTBOBAHNE TEPHUOIATE-
CKOIl TPaeKTOPHUH BapUAIIMOHHBIMI METOJAMHU, UTO U ObLIO (DAKTHIECKH
caesano Bupkrodom B [3] (OTHOCHTENEHO COBPEMEHHOIO COCTOSIHUS BO-
npoca cM. [4]). B [5] cumiutekTnueckast TOHOIOrNS IPUMEHSIETCS st
JIOKA3aTeIbCTBA CYIIECTBOBAHUS IEPUOANIECKNX TPAECKTOPHUl B ciIydae,
korma M? — ByMepHBIH TOP.

Pa6ora Bemmonaena 3a cuer cpeacrs rpanta PH® (mpoekr Ne 21-71-
30011).

Cnucok Jureparypbl

[1] Xodep X., I'osomopproie kKpusvie U QUHAGMUKE 68 MPETMEPHOM NPOCIPAHCTNGE,
B ku.: Jlekmuu o cumiiekTuvdeckoil reomerpun u tonosorun. M.: Uzn-so MII-
HMO, 2008, C. 39-104.

[2] Hofer H. Pseudoholomorphic curves in symplectizations with applications to the
Weinstein conjecture in dimension three, Invent. Math. 1993. V. 114. P. 515-563.

[3] Birkhoff G.D., Dynamical systems with two degrees of freedom, Trans. Amer.
Math. Soc. V. 18. 1917. P. 199-300.

[4] Taiimanos M.A., 3Bamkxnymoe sKCMpPEMait MG O08YMEPHOIT MHOLO0OPASUAL,
VYMH. 1992. T. 47. Ne 2. C. 143-185.

[6] Kozsos B.B., Bapuauuorhoe uCHUCACHUE 6 UEAOM U KAACCUMECKAA METAHUKA,
YMH. 1985. T. 40. Bem. 2. C. 33-60.
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Mockosckuil rocymapcrsennsiit yausepcurer nMenn M.B.JIomonocOBa,
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Poccusi. Email: ndenis@mech.math.msu.su

OYHKIIVN BECCEJIA 1 JIATPAH>KEBBI
MHOTI'OOBPA3MA

JTIOBPOXOTOB C.10.', MUHEHKOB /I.C.2, HABAKUHCKHUII B.E.?

C  momompoo  HegaBHo — mocTpoeHHBIX  C.HO.Jl0GPOXOTOBBIM,
B.E.Hazajikunckum u A.VM.ITadapesuuem [1] HOBBIX uHTErpaabHbBIX
IIPEJICTABIEHUI JIJIsI KAaHOHUYECKOro oreparopa MacioBa ycTaHas-
muBaercst coorBercrue [2| dyukimit Beccesist J, ¢ HeKOMIIAKTHBIME
JIArPAHKEBBLIMU MHOTO00Da3UsIMU, AHAJOTHIHBIMU TOpaMm JImyBu/uisa B
TEOPUU UHTETPUPYEMBIX CHCTEM. DTO JAET, B YACTHOCTU, BO3MOXKHOCTD
MOJIyIUTh Pa3JIndHble ‘TeoMeTpuYecKue’ acCUMIOTOTUKH JJjisd (YyHK-
nuit Becceng. B kadecTBe NpuaoKeHUs PACCMATPUBAIOTCA 33JaUU O
HecceseBbIX BOJIHOBBIX IydKax [3].

Pa6ora BbIIOIHEHA 110 TeMe rocyaapcTBeHHoro 3aaanusi (N rocperu-
crparun AAAA-A20-120011690131-7).

Cnucok Jureparypbl

[1] Hobpoxomos C. FO., Hasatixunckui B. E., Iagapesuw A. H., Hoeble nHre-
rpaJibHbIE TIPEJCTABJIEHUs] KAHOHUIECKOro oneparopa MacioBa B 0COOBIX Kap-
rax, U3s. PAH. Cep. matem., 81:2 (2017), 53-96

[2] Hobpoxomos C. FO., Munenxos /[. C., Hasatixuncxut B. E., Ilpencrasie-
Hust pyHKImit beccenst ¢ moMompo KaHOHTYecKoro ormeparopa Maciosa, TM®,
208:2 (2021), 196-217

[3] Hobpoxomos C. FO., Maxpaxuc I., Hasatixuncxut B. E., Kanonndeckuii ome-
parop Maciosa, ogaa dopmyna XepMaHaepa U JOKaJIU3alus pereHus bep-
pu—Banaka B Teopun BOJHOBBIX myukoB, TM®, 180:2 (2014), 162-188

'HucruryT mpobmem mexannku uv.A.FO . Nmummckoro PAH, Poccns.
Email: s.dobrokhotov@gmail.com

?MNucruryr npobaem mexanuku umM.A.FO . Mmmnckoro PAH, Poccus.
Email: minenkov.ds@gmail.com

3UucTuTyT mpobiaem Mexanuku uM. A JO . Mmuuackoro PAH, Poccus.
Email: nazaikinskii@googlemail.com
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O HEKOTOPBIX HECTAHJIAPTHBIX KPAEBBIX
3AJAYAX 3D-BEKTOPHBIX IIOJIEI

JOVBUHCKUI FO.A.

[Mpenmaraercsa Mmeronnka GpOPMUPOBAHNS IUKJIA HECTAHIAPTHBIX Kpa-
€BBIX 33189 TEOPUH IOJA W UX UCCIICIOBAHUS.

B ocrHOBe pa3spaboTKu HOBBIX KPAEBBIX 3a1a4 TEOPUH BEKTOPHBIX IIO-
Jeil nexxuT PYHKIUOHAJIBHO-IEOMETPUIECKUI IIOAX0]] OIUCAHUS AIEP
OIIEPATOPOB I'PAHUYIHOIO CJIeJa U sjep PYHKIMOHAJOB IPAHUYIHOTO CJIe-
na B upocrpancrsax CobosieBa. DTH siApa Pa3/IUYHbI U OIPEIEISIOT
TeM CaMBbIM pPa3JINYHbIE 6&30]3516 IIOJIIPOCTPpaHCTBa MCKOMBIX pe]]leHHfI.
ITpu sTOM sijipa ONEpaToOpoB Cjie/la MPUBOAAT K KPAEBLIM 3a/1adaM C JIOo-
KaﬂbeIMH(TOqequIMI/I) I'PaHUIHBIMUA yC.)'IOBI/IHMI/I7 a dapa (byHKH‘I/IOHa,—
JIOB CJieJla K KPAeBbIM 3a/1a4aM C HeJIOKAJIbHBIMU (MHTEIPAIbHBIMHI) IDa~
HUYIHBIMHU YCJIOBUSAMM. OCHOBHbIMI/I OCO6eHHOCTHl\H/I I/IByqael\IbIX KpaeBbIX
3aJ1a4 SIBJISTIOTCSI:

1) HeIOKaJIbHOCTL KPAeBbIX yCJIOBUIA,

2) HaJIM4YMe B IPAHUYIHBIX YCJIOBUSIX OCHOBHBIX OIIEPATOPOB TEOPUH O~
JIsl TIEPBOrO MOPSJIKA, T.€. IPAJIMEHTa, JUBEPIeHIMA U POTOPA.

IIpumepamu TakuX 3a7a49 SIBJISIOTCS CACAYIONINE 3a0a9N JIJI CUCTEMbI
ypasaenuii [Iyaccona:

—Au(z) = h(z),z € G C R, (1)

() = 0, [l 9 ) = 0

—Au(x) = h(z),x € G C R3, (2)
[y =034, =a-n()er

Bnech u(z) 1 o € R! — nckoMble BeIMYHHbL
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HenokanbHoCTh KpaeBbIX yCa0BUil 00yCI0BIeHA TeM (PAKTOM, UTO OIe-
paTophl ciea KaxK o (hukcupoBaHHON (GyHKIN 13 npocrpaHcTea Co-
0oJ1eBa, OIPEJIETISIIOT JINHEHHbIE HelpepbiBHbIe (DYHKIIMOHAJBI HAJ Tpa-
HUYIHBIMA IIPOCTPAHCTBAMEU APOOHOTO Hopsinka. fAapa stux dyHKIMoHA-
JIOB CyTb IOJIIPOCTPAHCTBA KOPA3MEPHOCTHU €JIMHUIIA, U KOTOPBIE 33/1a-
FOTCsI UHTErPAJBHBIMU COOTHOIIEHUSIMU, TTPUBOJSIIIMMEI K HEJIOKAJBHO-
CTU KPAEBOI'0 YCJIOBUS.

[Tpu nocraHoBKe 3a/1a4 CyIIECTBEHHO PA3/IMiIaTh Kjaaccuueckue (pery-
JISIPHBIE ) ONEPATOPBI CJIEJIA, IIPUBOJISIIINE K PEry/ISPHBIM (byHKIIMOHAIAM
HaJI JIPOOHBIMY IPAHUIHBIMU ITPOCTPAHCTBAMU, U CUHIYJISIPHBIE OTIEPaTO-
PBI CJIeJIa, SBJISIFOIIErOoCsi CHHTYJISIPHOM 0000IIeHHON (DYHKITHEH Hal IpOo-
CTPaHCTBOM CJIEIOB B CMBICJIE TEOPUU CODOOJIEBCKUX ITPOCTPAHCTB.

IIpumepoM CHHTYJISSPHOTO omepaTopa CJjeja SBJSIeTCS OIepaTop, Co-
nocraBJsitonieit Kaxk1oit dbyukiun u(x) uz npocrpancrsa CobosieBa mep-
BOI'O TIOPsiJIKA TPAHUYIHOE 3HAYCHUE JIMHEHHON KOMOUHAIMY

ou .
— — [rotu, n| — divu - n.
on

YKazaHHast JUHEHAST KOMOUHAIMS UMeeT CJIejT, KaK (DYHKITHOHAT HA/l
IPOCTPAHCTBOM JPOOHOrO TOpsijika 1/2; u jyist roragkux (yHKIWi sB-
JITeTcsl OOBIYHBIM I'PAHUYIHBIM CJIEIOM yKa3aHHOW KomOumHamuu. MMenHo
sI/Ipa CUHTYJISIPHBIX OIEPATOPOB CJIeJa W siIpa CUHTYISPHBIX (DYHKIIAO-
HaJIOB CJIeJla MPUBOJAT K KPaeBbIM 3aJadaM, COIEPKAIUIM B KPaeBbIX
YCJIOBUSIX OIEPAIIUN TEOPUHU IOJIsI TIEPBOTO MOPSIKA.

Heobxomnmo orMeTuTh, 9T0 siapa (QyHKIIMOHAJIOB CJI€/Ia MMEIOT, KaK
W3BECTHO, OJHOMEPHOE KOSIIPO, B TO BpeMsl KaK s/Ipa OlepaTOpOB CJie-
Jla IPUBOJISIT K pa3iokeHusiM mpoctpancTs CoboseBa ¢ HecKoOHeIHOMED-
HBIM KOsiipoM. [losToMy MeTomuKu JT0Ka3aTeIbCTB KOPPEKTHOCTH COOT-
BETCTBYIOIINX 33/1a9 BeCbMa Pa3/nIHbl. B mepBoM ciiydae ycTaHOBJIEHUE
PaspenImMOCTH 3aa9d Ha sIpe JIOTOJIHSIETCS KJIACCUIECKUM pe3yJibTa-
TOM O MPOIOPIUOHATBHOCTH (DYHKIINOHAJIOB, UMEIOINX OJNHAKOBOE $1-
PO, B TO BpeMsl KaK BO BTOPOM CJIy4dae TpedyeTcsl pelIuTh BOIIPOC O MIPOo-
JOJIZKeHU U Ha.ﬁ,ZLeHHOI‘O pernieHnuda Ha 6eCKOHe“IHO—MepHOe KOAJPO IIyTeM
JIOIIOJIHUTEIHHOTO TPeOOBAHMS HA MPABYIO YaCTh CUCTEMBI YPABHEHMIA.

HoﬂyquHbIe PE3YyIbTAaThL OHy6JII/IKOBaHbI B CTAThAX:

Pabora BeinosHena npu nojep:kke Munobpraykun Poccun (mpoekt

FSWF-2020-0022).
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Hanumonanbusrit uccienosarenbekuit yausepcurer "MIOU Poccust.
Email: julii dubinskii@mail.ru

OB OTHOM HAYAJIbHO-KPAEBOW 3AJIAYU C
NHTETPAJIBHBIM CMEIIIEHUEM /1J1d YPABHEHUI
TUITEPBOJIMYECKOI'O TUITA

JIO2KEBA A.B.

B pabore mpeacraBiieHbl pe3y/bTaThbl Pa3peIIuMOCTH B KJIacce pe-
IYJISIDHBIX PeIeHnil HavYaJbHO-KPAeBbIX 3aJad JJIsT THIEePOOTUIECKIX
YPpaBHEHUI.

[Iycts ) ecTb orpaHumveHHasi 00J1acTh U3 mpocTparcTBa R™ ¢ ruaj-
Koii (6eckoneuno—muddepennupyemoit) rpanuneii I, @ ecrb nummHap
Q x (0,T) xoneunoit Bbicorel T, S = I'" x (0,T) ecrb GoKOBasi rpaHu-
na Q. Hanee, nycrs c(z,t), f(x,t) u N(z,t) ecrb 3ajanuble QyHKIHUH,
ompesiestentble pu = € Q, y € Q, ¢ € [0, 7.

Umercss dyukuus u(z,t), sSBISIONYOCS B NUIMHAPE () DEleHneM
yPABHEHUSI

uy — Au+ c(x, t)u = f(x,t) (1)
1 TaKylO, 9TO IJId HEE BBIIIOJIHAIOTCA YCJIOBUA
ou(x,t
20— [ Nty Oy aiyes = 0 2
v Q
u(z,0) =0, =z €, (3)
u(z,0) =0, zel (4)
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B usy4aembIx 3a/1a9ax ycaoBre (2) siBjIsieTCsl HEJIOKAJIbHBIM aHAJIOTOM
IPAHMYHOIO YCJIOBUS BTOPOil HaYaIbHO-KPAEBOH 3a0a4n JJIs THIEePOOI-
Jeckux ypasHeHuit. IMeHHO 9TO ycjioBHE U OIpeesisieT MHTEerPaJIbHbIT
ouneparop Ppejrosabma, ucoib30BaHHbIT B padore [1]

Teopema 1. [lycmb 8bNOAHAIOMCA YCAOBUA

c(z,t) € C(Q);
N(z,y) € C3(Q x Q).

Toz0a dan 060t pyrkyuu f(x,t) makod, wmo

flz,t) € La(Q),  fi(z,t) € L2(Q),

neaokasvras 3adaua I umeem pewerue u(:c, t) maxoe, 4mo
U(SL‘, t) € LOO(O> T; WQQ(Q))a ut($7 t) S LOO(Ov T; W21 (Q))a
Utt(iﬁ, t) S LOO(O, T; LQ(Q))

Meto1, uCIOIb3yeMblil B paboTe, MO3BOII OTKA3ATHCS OT 00PATUMO-
CTH paHee UCIOJIB3yeMOoro omeparopa Ppearosbma, MOPOXKICHHOTO WH-
TerpajbHbBIMUA I'PDAHUYHBIMU YCJIOBUSIMU, & TAK2KE OT yCJIOBUN MAJIOCTH.

Pabora BeimosiHeHa mpu (bpuHaHCOBOH mnommepxkke Munobpuayku PO
B paMmKax rocymapcrserroro 3amanus No 0778-2020-0005

Cnucok JuTeparypbl
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OBb OLHEHKAX ITEPBOI'O COBCTBEHHOI'O
SHAYEHN A 3AJAYN INITYPMA-JINYBNJIJIA C
NHTEI'PAJIBHBIMU YCJIOBUSAMU HA ITOTEHITNAJI

E?KAK C.C.!, TEJIbHOBA M.}O.2

JlamHas paboTa sIBJISIETCS MIPOJIO/IKEHIUEM U3YUeHUs OIEHOK IIePBOIO
cobcrBennoro 3uavenus 3agad [lrypma — JluyBuiis ¢ mHTErpaabHBIM
YCJAOBHEM Ha, ITOTEHIMAJI, HadajIo KOToporo OnLio moJoxkeno HO.B. Ero-

posbim 1 B.A. Konjparsesbiv B [1].
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Paccmorpum 3amaay Hlrypma — JInysuiuis
¥ +Q2)y+ Ay =0, =z¢€(0,1), (1)
y(0) =y(1) =0, (2)

rje () mpuHaIeXKUT MHOKECTBY Tf, 5 JAEHCTBUTEIHHBIX HEOTPUIIATEC b

HBIX JIOKJIbHO uHTerpupyembix Ha (0,1) dyHKuii, yaoBIeTBOPSOMUX
VHTETrPAJIbHBIM YCJIOBUSAM

1
/ (1 2)PQ (@)de = 1, a,B,7 € R, 7 #0, (3)
0

1
/ z(1—2)Q(z)dxr < co. (4)
0
3y9aioTess ONeHKN BeJTMIuH

Mag~y = _inf AN(Q) m Mypg,= sup I(Q).
Q€Ta,p,y QE€Tw .

Hokazano (cm. 2], [3]), aro

M@= inf - R[Qy]= inf
yeHL(0,1)\{0} yeHE(0,1)\{0} Jo y2dx
Teopema 1. Ecauvy > 1, a, 8 < 2y —1, mo cywecmeyrom maxue PyHx-
wuu Qx € To g ut € H(0,1), u> 0 na (0,1), wmo ma 5~ = R[Qx, ul.
Kpome moeo, u ydosaemeopsaem ypasrenuo

_a B ot
W +mu=—z77(1—x)T7 ui (5)
U UHME2PANLHOMY YCAOBUIO
1
B 2y
/xlvl—xlwuw Tdr =1. (6)
0
Teopema 2. 1) BEcruy =1, a, <0, mo mapgy = ZWZ

2) Bcruy=1,<0<a<lumwa<0<f <1, momagy =>0.
3) Bcruy=1,0<a,B<1, momagy = 0.
4) Ecouy > 1, o, f <y, mo mapgy = 0.
5) Ecruy 21, o>y uau B>y, mo mag~ < 0.
6) Ecauy <0, 0,0>2y—1uwwd<y<l1, —o0<a,f <00, mo
Ma, By = —O0.
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Teopema 3. 1) Fcauy > 1, —0 < o, < 00 wau 0 < v < 1,
a<2y-1, —co< <0 (f<2y—1, —00 < a < o0), mo
Magn = 2.

2) Bcruy <0 unu 0 <y <1, o,8>2y—1, moMygy < 2.
Ecau v < =1, a,8 > 2v — 1, mo cywecmsyrom maxue
pyrryuu Qi € Top~, u € HJ(0,1), w > 0 na (0,1), wmo
Mg~ = R[Q«, u]. Kpome moeo, dynxuyus u ydossemsopaem
ypasneruto (5) u unmeepanvromy ycaosuto (6).
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'Poccmitcknit skoHOMIIecKuii yansepcureT uM. 1.B.Ilrexanosa, Poccns.
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CUHI'VJIAPHO BOSMVIIIEHHA{A 3A/TAYA KOIIIN
IIPU HAJINYUU "CJIABOMN"TOYKU IIOBOPOTA
ITEPBOTI'O IIOPAAKA ¥ IIPEJAEJIBI'O OITEPATOPA C
KPATHBIM CIIEKTPOM

EJINCEEB A.T".!;, KNPMYEHKO II.B.2

Pacemorpum 3amaay Ko

et = A(t)u + h(t), 1
u(0,e) = u°, (1)
T7I¢ BBITIOJTHEHBI CJIETYIONINE YCITOBUST
1) a(t) € C*([0,T], R");
2) A(t) € C=([0,T], L(R", R"));
3) Jyist COOCTBEHHBIX 3HAYECHUIT 1IpeJiesbHOro onepaTopa A(t) :
a) Vi€ (0,T] Ai(t) # M(t);
b) yciosue ciaaboit TouKu IOBOpOTA TIEPBOro Hopsijika npu t = 0:
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Ao(t) = Au(t) = ta(t), af(t) #0;

¢) reoMeTpuYecKasi KpaTHOCTh COOCTBEHHBIX 3HAYEHU paBHA asred-
panmdecKoil ;Lnﬂ Beex t € [0,T];

4) Re \i(t) < i=1,2, ama te[0,T);

5) A(t) = M (t ) 1 (¢ )—i—)\g( )Pa(t), dim ImP; (t) = m,dim ImP,(t) = n,

m+k=n,
snech dimImP;(t),i = 1,2, — pasmepHOCTb 00pPa30B MTPOEKTUPYIONUX
OIepaToOPOB Ha COOCTBEHHDIE MOIPOCTPAHCTEA.

B paccmarpusaemoit 3agade (1) xapakrep 0COGEHHOCTH CBOJUTCS K
HAJIMUIUIO «cJIaboit» TOUKHM moBopora (ycjioBue 3), CyIECTBEHHO 0COObIe
CHHTYJIIDHOCTH B 9TOM CJIydae MOXKHO HAUTH U3 DelleHus CJejlyomei

zaga4yn Komu:
J(t) = M) 0N (0 1)y
=100 e “\1 0/”

(2)

Perug (2) MeTO10M 10CI/I€10BATEIBHBIX IPUOIIMKEHUTT, MbI IPUXO/UM
K psgam st J(t), dieHaMu KOTOPBIX sBJIsTIOTCs "k-MOMeHTHBIe " mHTer-
pauJIbr:

( t S1 Sk—1

o1y = eP1 D/ / Ae(s1)/e / o~ Dp(s)/e / (DA /E g s

)

0 0 0
k unTerpason
S1 Sk—1
ook = eapg(t)/ / A@(sl)/s/eAw / o= D*Ap(sy)/e dSk dSl
0 0

k unTerpason
3)
Nmenno »Tn mHTErpaJibl MPEACTABIISIOT COO0I MHOrooOpasme (yHK-
nuit HeoGxoxuMoe Jyisi peryispusanuu 3agadn (1). Bmecro mnckomoro
perennst u(t,e) 3amaan (1) Oymem usydars BekTop-byHKIWMO 2(t,0,¢€)
TaKylo, 4TO ee Cy?KeHHe COBIIQJIaeT C NCKOMBIM PeIIeHUEeM

2(t,0,8)|o=0, (1) = ult,€), s=1,2, k=0,00
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C yuerom (1),(3), uctonbsys dbopmyiy cioxkHOro juddepeHnnposa-
HIsI, MOYKHO 3aIlMCaTh 3aJady Jisl pacimpeHHoil dyukiun z(t, o, €):

2 oo

At)z — > > (NsOs e — aag,syk,l)agjzk =¢ez — h(t),

=1 k=0 s (4)
2(0,0,¢) = u°.

Bagaua (4) sBasiercs peryispHoii o €. [losromy pemienne (4) Gymem
OIIPEJIENIATh B BUJIE PErYJISIPHOIO Psijia MO CTEHEeHsIM €, TO eCTh

R 00 ko ) 2 o & &
2= €%, 2= ) osk(t,e)zg,(t) +w" (1),
k=0

s=1p=1 (5)
rae zF (1), wk(t) € C°°[0,T].

[Moacrasus psig (5) B 3amady (4) , HOLyYIUM CEPHIO MTEPAIMOHHBIX
3a/1a1,13 PEIIeHNsT KOTOPBIX OIPENIEIAIOTCS CIaraeMble PsiIa.

I'maBHBIN YiIeH aCHMITOTUKHU PEITEHUs IOCJIE CYXKEHUsI 3AIUINETCsS B
BUJIIE

2
Ugl(t,é‘) = Z Us(t, 0)(PS<O)'U,O + %(Oh)(o))eéwsu)_‘_
s=1

2 oo (6)
> US(tvO)PS(O)ZO
s=1p=1

op(0)asp(t ) = ATHB)A(H).

Teopema 1. O6 omeHke ocrtarka (ACHMTOTHYECKAS] CXOI-

MocCTb). [Tycmo dana 3adava Kowu (1) u évinosnenv, ycaosus 1) =+ 5).
Tozda eepra ouenka

‘ ‘ n 2 T n

u(t,e) = 3213 > 2 p(t)osp(t,e) + + 3 efwg(t)

H <C- €n+1,
q:O C[OvT}

2de C > 0 — xoncmanma, ne 3asucawas om e, a zd p(t), wq(t) noayuenv
u3 pewenus umepayuortur 3aday npu 0 < g < n,0 < p < r.

Teopema 2. O npenesbHOM nepexogne. [Tycmy dana 3adava (1) u
soinoanens, ycaosua 1) +5). Toeda:

a) ecau ReN; < =6 <0, mo

lim u(t,e) = —ATY(t)h(L), t € [0, T,

0o > 0— cxoav y2o0Ho Mano;
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b) ecau ReX; <0, moV(t) e C[0,T]
T
lim [ (u(t,e) + A~ (t)h(t))p(t)dt = 0.

e—0
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2Mockosckmit Queprermuecknit Mucruryt, Poccus.
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Ob OZIHOM METO/JE ITIOJIVHEHNA TEOPEM
CPABHEHUNA OJI5 HEAABHBIX
ANOOEPEHIINMAJIBHBIX YPABHEHUU

KYKOBCKUI E.C.

B nokitajie mpuBoAATCs yTBEPXKICHUS O CYIIIECTBOBAHUU U OIEHKAX Pe-
IIIEHUI OIIEPATOPHBIX YPABHEHUN B YACTUIHO YIIOPSIOICHHBIX ITPOCTPAH-
cTBaX M 0OCY?K/IAeTCs UX IPUMEHEHNE K UCCJIeIOBAHUIO HEsIBHBIX (T.€. He
pa3peIeHHbIX OTHOCUTEIBHO IIPOM3BOIHON HcKoMoil dyHKIwn) nudde-
PEHIIMAJILHBIX YPABHEHU, K MOJYUYEHUIO i TaKUX yPABHEHUI TeOpeM
CpaBHEHWUSI.
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[Tycrs (X, %) —UacTu4HO ylOpsi0UeHHOe MHOXKeCTBO, Y # O, y € Y,
F: X x X — Y. Paccmorpum ypaBHeHue

F(z,z) =y, (1)
pelieHne KOToporo 6yjieM UCKaTh B HEKOTOPOM 3aJAHHOM HEITyCTOM MHO-
xkecree X' C X. Onpenennm copokynHoctb =(X, F,y) neneit S C X
TaKuX, ITO

Vue S dzeX z=u, F(r,u)=y.

Teopema 1. Ilycms svinosmersv, caedyrousue yea08us:

e cywecmeyrom uy € X, xg € X makue, wmo xo = ug u F(x9,up) = y;

e daa mobvir u € X, x € X makuz, wmo x < u u F(z,u) =y, natidymea
anemernmu, v € X, w € X, daa komopux w I v < u u F(w,v) = y;

e dasa npoussoavnoli beckoneunot uenu S € Z(X, F,y) cywecmeyrom
anemenmo, v € X, w € X, ydosaemeopaowue CooOmHouLeHUAM

VueS w=v=u F(wv)=uy.
Tozda cywecmeyem pewenue x € X ypasrernus (1) maxoe, wmo x < uyg.

Teopema 1 ucnoJsb3yercst B JOKA3aTEIbCTBE TEOPEMbI CPABHEHUS 1151
crucrembl auddepeHnuaJIbHbIX YPABHEHUH

fi(t,l‘,i?,ibi) =0, te [0, 1], 1=1,n. (2)

Baech dyukiwmn f; : [0, 1] xR xR" xR — R y10B1eTBOPSIOT CII€/yIOMIM
yeaoBusim: npu n.e. t € [0,1], wobwxr x,v € R™ u y; € R dynrwyun
filx,v,y5) 1 [0,1] — R usmepuma, gynwyus fi(t, -, -, y;) : R" x R” - R
YoLi6aem u HeNpepuIeHa CNpasa no KaANCOOMY APRYMEHMY L1, ..., Ty U
U1y ey Up, Pynkyus fi(t,z,v,-) : R = R nenpepwisna.

st cucrembl (2) mostydena TeopeMa O JIBYXCTOPOHHEM HEPABEHCTBE,
YTBEPKJAIOIIAA, UTO €CAU OAf HEKOMOPHLT AOCONMOMMHO HENPEPLIEHLL
Pyrryut v, 1 66MoAHENDL HEPAGEHCTEA:

v(0) = 1(0), v =,
fi(tvy(t)vv(t)vl)i(t)) > 07 fi(tan(t)777(t)’77i(t)) < Oa te [07 1]7 1= 1777

mo cywecmeyem pewenue 3adavwu Kowu dan cucmemo, (2) ¢ nauais-
rowm yeaosuem x(0) = a, 7(0) < a < v(0), ydosaemsoparousee oyenre

n<z<.
IIpescraBiienHble B JOKJIaJe yTBEPXKJIEHUS DPA3BUBAIOT DPE3Y/IHTATHI

pabot |1, 2| 0 HAKPBIBAIOIIUX 0TOOPAYKEHUSIX YACTUIHO YIIOPSIOYEHHBIX
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LPOCTPAHCTB, & TaKzKe [OJIyYeHHbIe B [3] TeopeMbl cpaBHEHHUsI JIJIsl HesiB-
HBIX JuPEPEHITNATBHBIX YPABHEHUH.
Pabota Bernosaena npu noggepkke PH®, rpant 20-11-20131.
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PEIITEHUWE 3AJAYN KOIIIN AJI<
TUIMTEPBOJINMYECKOTI'O
ANPOPOEPEHIINMAJIBHO-PASHOCTHOI'O YPABHEHU A
C HEJIOKAJIBHBIM ITOTEHIINTAJIOM

3AMILIEBA H.B.

Uccnenosana ciepyormias 3a1ada: Haiitn GyHkimo u(x,t), yaoBie-
TBOPSIOINLYIO YCJIOBUAM

u(z,t) € C1(D) N C?*(D),
0?u(x,t) 2 O*u(x,t)

+bu(zx —h,t) =0, (z,t)€ D,

ot? Ox?
u(z,0) = up(x), uzr,0)=0, zekR,
rie a > 0, b > 0, h # 0 — B3ajaHHble BEIIECTBEHHbLIE YHCIA,

uo(x) € L1(R) n up(z) € C(R), D = {(z,t)|]x e R,0 <t < T} —
obacTh KoopauHatHoit miockoetn Oxt, D = {(x,t)|x € R, 0 <t < T}.

JUtst mocTpoeHusT perreHust 3aJa9u OBLIN MCIOJb30BAaHBI KJIACCHYe-
CKasl OIlEPAIlIOHHAs CXeMa U HeKoTopble miuew pabor [1, 2|. B pabo-
Te [3] mokazano, 4TO0 HEOOXOIMMBIM YCIOBHEM CYIIECTBOBAHUS PEIICHUS

ABJIAETCHA Tpe6OBaHI/Ie IIOJIOZKUTEJIbHOCTHU BeH.[eCTBeHHOfI JaCTu CHUMBOJIa
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b depeHInaIbHO-PA3SHOCTHOTO OlEPAaTOpa B YPaBHEHUU, KOTOPOE Ia-
panTHEpyeTCca BumomHeHneM yeaosuit 0 < b < 2a%/h? na xoadbdunmenTo
a, b m cnBur h.
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Mockosckuii rocymapcrennsiit yanBepcurer umenun M.B. Jlomonocosa,
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OB ACUMIITOTUKE PEIIIEHUI MHTETPO-
INODOEPEHIINMAJIBHBIX OIIEPATOPHBIX
VPABHEHUN

3AKOPA JI.A.

Paccmorpum B rusibbepToBoMm nipoctpanctse H 3amaay Korm

t
d? d =
%’g - _Ad% — Bu+ / e PCu(s) ds + g(t) + Y e fi(t),
k=0

0
u(0) =u°, /' (0) =ul,

(1)

rne A, B — caMOCOIpPsIzKEHHBIE TIOJIOXKUTEILHO OILIPEIC/ICHHBIE OIIepaTO-
pbl, C' — caMOCONPSI>KEHHBI HEOTPULIATEILHbIN onepaTop, b > 0, u

D(A) = D(B) € D(C). 2)

N3 (2) n mepasencrsa laiinna (em. [1, rn. I, §7, Teopema 7.1]) coemy-
er, B wacriocty, aro D(AY?) = D(BY?) c D(CY?). Takum obpasom,
oneparopsl Q := BY2A71/2 i Qy := CY/2A~1/2 orpanuuensr.

Bynem cumrars, 9To cymecTByeT KoHcranTa 7y > 0 Takas, ITo

A2l < [B2ul? = 67N CM2ul? Vu e D(AY2) = D(BY2). (3)
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Onpenenenne 1. Oynaxmus u € C2(Ry; H), rae Ry = [0, +00), HazHI-
Baercs pemtenueM 3a1aan Kommu (1), ecom
1) u(t) € D(B), v (t) € D(A) aus moboro t € Ry n Bu, Av' € C(R4; H);
2) B (1) BBIIOJIHEHO ypaBHeHMe IpU Beex t € Ry 1 HaYa/bHBIE YCJIOBUS.
Teopema 1. ITyemwv 6 3adave (1) svinoanenv yeaosus (2) u (3). Ilpeo-
noaoocum, wmo u’, ut € D(A), fy € C'(Ry; H) (k =0,n), dynryusa g
A0KaavHo 2eavdeposa, oo = 0, 0 # o € R (k = 1,n). Tozda umerom me-
Mo CAeYIULUE YMBEPIHCICHUA.

1) Badawa Kowu (1) umeem eduncmeenmnoe pewenue.

2) Beau Yim_g(®)]| =0, lm_ |fi(t)] =0 (k=0.m). mo pewerue

sadavu (1) ydosaemsopaem coomuoweruro

AV (u(t) - ATV2(Q1Q1 — b7 Q3Q2) T AT fo()+

n e*io'k
+) =
10},

k=1

2
+

t

A_I/QL_I(Z'%)A_mfk(t))

u(t) = e T ATYPL T (iog ) ATV fr(t)
k=1

2
=o(1), t— o0,

(4)

_l’_

2de L(\) — onepamopnuili ny4ok, onpedeasemviii no dopmyae
_ 1 1 b
L) =T-XA""— - (Q1Q1 — - Q3Q2) + —— Q5Qo.
A b b— A
8) Ecau g(t) =0, fi.(t) =0 (k =0,n), mo cxodumocmo x nyawo 6 (4)
IKCNOHEHUUANDHAA.
B [2] anasoruunasi Teopema JlokazaHa Jjisi HEIOJHOIO WHTErpo-jud-
depeHnmaIbLHOro ypaBHeH!sl BTOPOro MOPsIKa.
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OB O/THOM HAYAJIbHO-KPAEBOI 3AJTAYE
HEJIMHENMHO-BA3KOM CPE/bI

3BSAT'MMH A.B.
B orpanmdennoii obsactu 2 C R™, n = 2,3, ¢ 10CTATOYHO TJIAIKOM

rpanuteii J€) na orpeske spemenu [0,7], T > 0, paccMmaTrpuBaercst cJie-
Jylollias HadaJbHO-KpaeBas 3a/lada:

ov ov
Gt T 2y, P Ro(R0)Ew)] -
M1 . t o o . _
—m_a)D”/o“‘S’ E(v)(s,2(53t,2)) ds + Vp=f, (1)

Z(T;t,az):x+/ v(s,2(s;t, @) ds, t,7€[0,T], z€Q, (2
t

dive(t,z) =0, tel[0,T], x¢€Q, (3)

)

v]t=0 = vo, U|[0,T]xasz = 0. (4

31ech, v — BEKTOP—@PYHKINSA CKOPOCTH JBUYKEHUS YaCTUILI CPEIbI, P —
dyukus nasienns, f — QyHKIUS TIOTHOCTH BHEIIHUX CuJl, (T3, &) —
TPAeKTOPHsI YACTHUIILI CPEIbl, YKA3bIBaIoOIlas B MOMEHT BPEMEHU T pac-
[TOJIOYKEHIE YACTUIIBI CPEIbl, HAXONSAIIEHcss B MOMEHT BpeMeHH t B TOUKe
x, p1 = 0,0 < a < 1 — HEKOTOpBIE KOHCTAHTBL. 31ech 1'(f) — ramma-
GyHKIMa Ditaepa, ompeaesseMas depe3 abCOTIOTHO CXOMSITUIACT NHTe-

rpan () = [t te ! dt. Yepes € = (£i5(v)), Eij(v) = %(g;; + g?z),

i,j = 1,n, oboznagaercs Tenszop ckopocreii pedopmarun. Tenzop I2(v)
onpeienisiercs pasencteoM: I5(v) = E(v) : E(v) = doij=1 [£:(v)]?. Bis-
KOCTB Cpejibl f19($) oupesesiena npu s > 0 HenpepbiBHO uddepeHnupy-
eMoii cKaJsisipHO# (byHKIHEH, J1JIs KOTOPOI BBINOJHEHBI HEPABEHCTBA, (CM.
1))

a) 0<C1 < p(s) <Cy < oo

b) —sp'(s) < p(s) mpu p/(s) < 0;

) |sp/(s)] < Cg < 0.

PaszpemnmimocTs HauabHO—KpaeBbix 3a1a9 (1)—(4) ¢ mOCTOSTHHON BSA3KO-
CTBIO paccMaTpuBasach B paborax [2]-[4].

Omnpegenenne 1. Ilycts f € Lo(0,T; V1), vy € VO, Oyukmusa v € W
={v € Ly(0, T; V)N Loo(0,T5VY), o' € Ly/3(0,T5 V—H} maspisaercs
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cs1abbIM pelleHreM HadaabHO-KpaeBoil 3agadn (1)—(4), ecam mast Beex
¢ € V! npu outn Beex t € (0,T) oHa yI0BIETBOPSIET PABEHCTBY

/ - dip; .
W= | Z vy 52 do+2 [ plBa(o)E(): Elp)dot

s ([ - 9re@e @) dse) = (.0

u HadasgbHOMY yciaoBuio (4). 3aech z(v) — peryJisipHbIi JIArpaHKeBbIi
HOTOK, HOPOXKICHHBII V.

Teopema 1. IIycmo f € Lo(0,T; VL), vg € V0. Toeda naranvro—
kpaesas 3adava (1)—(4) umeem xomsa 6v. 0dro caaboe pewenue v € Wi.

HccnenoBanme BBIOJHEHO 3a CUeT T'paHTa POCCHIICKOTO HAyTHOTO

domma Ne 21-71-00038, https:/ /rscf.ru/project/21-71-00038 /
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O CBOMCTBAX PEIIEHUN ITPSIMOM CUCTEMBI
KOJIMOTOPOBA U OIIEHKAX JIJ14
COOTBETCTBVIOIIINX MAPKOBCKUX IIEIIEI C
HEIIPEPHLIBHBIM BPEMEHEM

3ENO®MAH A.U.

PaccmarpuBaercst (KOHeUHAst WM CYeTHasi) npsiMast cucrema Kosmo-
rOpOBa, OIUCHIBAIONIAs IOBEIEHUE BEPOSATHOCTEN COCTOSTHUMN JIJIsl HEOHO-
POJIHOI MapKOBCKOW IENU C HENPEPBIBHBIM BPEMEHEM. DTO — JINHEHHas
cucreMa, UMEIOIas B,
® _ Awp. (1)
rae marpunia A(t) ¢ JokambHO mHTErpupyeMbiMu Ha [0, 00) KoabbuIm-
eHTaM# CYIIECTBEHHO HEOTPUIATE/bHA, a CyMMa 3JIEMEHTOB 0 KarKJi0-
My CTOJIOIy paBHA HYJIIO, B CJIy4ae CYETHON CUCTEMBI J00ABJISIETCS ellle
YCJIOBHE OIPAHHYEHHOCTH: Sup; |a;i(t)| < oo mourm mpu Beex t > 0, ra-
paHTUPYIOIIee BO3MOXKHOCTD [IPUMEHEHHs pe3ysbTaToB u3 [3].

Haunbosiee m3ydeHHBIM sIBJISIETCSI CJIydail MPOIECCOB POXKJIEHUST U T'U-
6esm, 1yst KOTOpbIx Marpuna A(t) — tpexamaronasbaas. CooTBETCTBY-
IOIIe OJIHOPOJIHBIE IPOIECCHl (TO ecTh cuTyarmsi, Korjga A He 3aBucur
OT BPEMEHH) BO3HUKJIN BIIEPBbIE IIPU OIMCAHUI OMOJIOTMYECKIX 3a/1a4, a
3aTeM 3a/1a4, CBA3aHHBIX C TEOPUeil MaccoBOro obciry KuBanusd, cM. [8, 1],
a MCCIIe/I0BaHNsT HeABTOHOMHOI cucTeMbl (1) Jyisi KOHKPETHBIX MOJIesIeit
Havauch B 1970-x rojax, cM., Hanpumep, |2, 6, 7|, 1 aKTHBHO 1IPOIOJI-
JKaTCs U ceiivac, M. [4, 5.

ﬂ.ﬂﬂ IIOCTPOECHUA 1 OIlEHUBaHUA IMPEAE/IbHBIX XapaKTEPUCTUK OIINCHI-
BaeMbIX MOJIEJIell OCHOBHOI WHTEpEeC MPEJCTABIIAIOT OIEHKH CKOPOCTH
CXOJIMMOCTH, YCTOMYMBOCTH, IMOTPENTHOCTH, MOJIyYaeMOU ITPU AIlITPOKCH-
MAaIsiX C TIOMOIIBIO ycedeHuii (cucreMaMu MeHbIIel pa3MEPHOCTH ).

[TpumMeHsteMblii TIOIXO0J OCHOBAH HA HECKOJLKUX CIEIHUAJbHBIX IIPe-
obpaszoBanusix cucrembl (1), a 3areM wuCC/IeIOBAHUU NPEOOPA3OBAH-
HOIl CHCTEMbl B COOTBETCTBYMOIIMM 00pa3oM MOJ0OpaHHBIX "Beco-
BbIX ' TIPOCTPAHCTBAX MOC/IEI0BATEILHOCTEN.

B nmoknane 6ymayT chopmynpoBaHbl OCHOBHbBIE TIOHATUSI U PE3YJIbTa-
THI, onupatoruecst Ha pesyiabrarsl [10, 11, 12|, a Takke paccMOTpPEHBI
HEKOTODPBIE UX PACIIUPEHUs Ha CJIydail 6ojiee obIIero mpocTpaHcTBa Co-
crostauii, cm.[9].
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PEIIIEHUE ITOJIYTPAHUYHOM 3AJJAYUN JIJISI
JAECKPUIITOPHOI'O YPABHEHUNA B HACTHBIX
ITPOU3BOJHBIX

3VBOBA C.IL.', MOXAMA/I A.X.2, PAEIIKASI E.B.3

PaccmarpuBaerca ypaBHenue

ou ou
AE_B%"i_f(tax)v (1)

rae A : By — Fs, E, E5 — 6aHaxoBbl IPOCTpaHCTBa; A — JIUMHEHHBI
3aMKHYTBIH (DPe/roIbMOB ONEpaTop ¢ HYJIeBBIM HHaeKcoM, dom A = Fi;
B € L(Ey — Ey), AB™Y, (t,2) e Tx X, T =1[0,t], X =[0,21]; f(¢,2)
— 3aJIaHHAs JOCTATOYHO INIAAKASA BEKTOP-(PyHKIMA CO 3HAYCHUAME B Fo;
u = u(t, x) ncKoMas BeKTOP-(YHKIIHSI.

ITox PpeIIeHIeM yPaBHEHUS (1) TOHIMAECTCSI BEKTOP-
dyukmua v = wu(t,xr) € dom A, menpepsiBaO gudddepenmpyemast
1o t u x, ynosiersopsionias (1) npu Beex (t,z) € T x X.

Nmercst perenne ypasaenus (1) ¢ ycaoBusMu

u(0,z) = p(x), =€ X; u(t0)=yt), teT, (2)

riae p(z), ¥(x) — 3amaHHBle JOCTATOYHO IJIaJIKUe BEKTOP-(DYHKIMUA CO
3HaYEeHUSIMU B Fy.

PaccmarpuBaercst pery/sipHblii ciydaii, To ecth my4ok A — AB 06-
paruv mpu A € U(0)(C. Ussecrno [1], uto Ay = (A — AB)"'A:
dom A — E; umeer uncio 0 HOpMAJbHBIM COOCTBEHHBIM YHUCJIOM, TO
€CTh MMEET MECTO pasdjiokenne Fi B IPAMYIO CyMMy

Ey=M®&® N, (3)

rie M umBapmanTHO oTHOCHUTeNbHO A\ M Takoe, uro cyxenne Ay ore-
paropa Ay ma M obparumo; N — KOPHEBOE IOIIPOCTPAHCTBO Jijist Ay,
N = lin {v1,v2, ... vp}, rae {v;} — B—rKOpAaHOBa IENOYKA IPHCOEIN-
HEHHBIX 3JIEMEHTOB Jjis1 A, OTBeYaroIas HyJIeBOMY COOCTBEHHOMY THCILY,
p — nopsiyiok nostoca oneparopa (A — AB) B okpectaocTH TOUkH A = 0.
Ypasuenue (1) paciienisiercss Ha ypaBHEHUsSI B IOJIIPOCTPAHCTBAX
M u N. B M »sro muddepeHinaibioe ypaBHEHHE 10 BbIJIE/ICH-
moit mepemennoit t, B N 310 muddepennuaibnoe ypaBHEHHE 10
BBIIEJIEHHON mepeMenHoit x. M omHO ajrebpam<eckoe COOTHOIEHNE
u(t,z) = Qu(t,x) + Pu(t,z), tne @ nu P — npoekropbl Ha M u N.
B srom cmbicsie ypasaenue (1) — nuddepennuaibao-anrebpanieckoe.
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Hns pemenust 3azaun (1), (2) TpebGyercsi BbIOJIHEHNE HEKOTOPOTO
yCJIOBHsE coriacoBanust st p(x) u (t).

Teopema 1. [Ipu anasumuueckot sexmop-dpymnruuu o(z), Juddepen-
yupyemotls p pas sexmop-dynrkyuu Y(t) u 6vNOAHENUL YCAOBUA CORAACO-
sanua das p(x) u P(t) pewenue u(t, ) 3adauu (1), (2) cywecmeyem u
eAUHCBERHO.

[Tosygensr dopmyiibl jist nocrpoerust u(t, ).
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CTPATETI'NA ITIETPOBCKOTO - JIAH/IICA
NJIBbAIIEHKO 1O.C.

Crparerust [lerposckoro - Jlamanca MoxKeT ObITH B IPUHIUIIE [IPUMeE-
HEHa K JIIOOBIM KOMILJIEKCHBIM ITOJIMHOMUAJILHBIM JIMHAMIYIECKUM CHCTE-
maM. Eciu crereHn MHOTOY/ICHOB, 3a/IaI0NINX CUCTEMY, HE IIPEBOCXOIAT
d, npocTpaHcTBO KO3(MPUIMEHTOB KoHeuHOMepHO. CTparerust MMpUCIo-
cobJjiena, Jijist TOro, 9To0bl JIOKA3bIBATD, YTO HEKOTOPOE CBOWCTBO HE MO-
2KeT OBbITH JIOKAJILHO TUIIMIHBIM B IPOCTPaHcTBe Koaddurmenton. [Ipes-
ITOJIOXKHUM, 9TO “HEXKeJaTeJbHOE  CBONCTBO BBINOJHAECTCI B HEKOTOPOIt

0obJIacTH MPOCTPAHCTBA KOI(DPUITMEHTOB.
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IITar 1. Teopema o coxpanenun. Ecan “HexkenareabHOe” CBONCTBO BbI-
[TOJIHSIETCST B HEKOTOPOU 06JIaCTH IMPOCTPAHCTBA KO (MUIIUEHTOB, TO €10
MOYKHO “@HAJIITUIECKH TPOIO/IKUTE B JIIOOYIO 00JIaCTb 3TOT0 IIPOCTPAH-
CTBa.

IITar 2. BergenuTs B mpocTpaHCcTBe K03 OUINEHTOB 007aCTh, COCTO-
SINIYIO U3 JIETKO HUCCJIEYEMBIX CHUCTEM, JJIsi KOTOPBIX ‘‘HexKelaTebHOe”
CBOIICTBO 3aB€/JOMO He€ BLIIIOJIHACTCH.

IIporuBopeune mexkmy 1marom 1 u marom 2 JIOKa3bIBAET, U9TO ‘HEXKe-
JlaTeJIbHOE” CBOMCTBO HE MOYKET BBIOJIHSITBCS JJIsl BCEX YpaBHEHU U3
Kakoil 66 TO HU OBLIO, CKOJIb YIOZHO MaJIoii, 06JIacTH IPOCTPAHCTBa, KO-
3 PUIIEHTOB. DTY CTPATErHIO YIAAJIOCH OCYIIECTBUTH JJI IIOJHMHOMIE-
AJbHBIX aBTOMOPMU3MOB KOMILIEKCHOI 1mockoctu. okazano [1], gro
ITOYTH BCE TaKHe aBTOMOPMU3MBI HE UMEIOT MOMOK/JIMHUYIECKAX KaCaHU
1 II0O3TOMY YI0BJIeTBOPAIOT TeopeMe Kymku - CMmeiina.

Crparerust Ilerposckoro - Jlanmuca Bocxoaur K paboram 50-X rofos,
Ie aBTOPBI IBITAJIUCH pemuTh 16 mpobiaemy ['mibbepra 11t mpeaeb-
HBIX UKJI0B. K 9T0it paboTe BOCXOAUT HE pelreHHast 10 CUX IOp IMpobJie-
Ma COXPaHEHHUs: MOYKHO JIM AHAJUTUIECKU ITPOIOJIKUTH KOMILIEKCHBIM
[IpeIebHBINA UK/ TOJHHOMHUAJIHLHOTO BEKTOPHOI'O IIOJIA CTEIEHN 7 Ha
IIOCKOCTH Ha BCE MPOCTPAHCTBO TAKUX MOJIeH?! DTa KIyde WHTEpecHast
IpobJIeMa JI0 CHX 0P KJET CBOEr0 PEITeHUs.
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PEIIIEHNE CMEIIIAHHOM 3AJTAYN JJIsI BOJTHOBOI'O
YPABHEHUWS HA TPA®E METOJA0M JTAJIAMBEPA

KAWBIPBEK »K.A.

[IycTb m-durcupoBanHoe HATYpPAJIbHOE YUCI0. PACCMOTPUM CMEIaH-
HYIO 33/1a4y JIJI CUCTEMBI BOJIHOBBIX yPaBHEHU

32um+1($m+1,t) _ 82um+1($m+1at)
ot? 8x$n+1
82um(xm, t) 82um(:cm, t)
ot? 0z2,

=0,0 < zmyt1 < bpy1,t >0,

=0,0 <z < by, t >0,

82u1 (1‘1, t) B 82’&1 (l’l, t)

— 0,0 <21 < bi,t >0,
ot? Ox?

¢ ycsoBusiMu Bua (a)
Um+1(1,t) = u1(0,%) = un(0,1)
2
Oum+1(1,t) _ Ou1(0,1) - 8um(0,t)’t >0 (2)
0T m+1 o0x 0T

u ycsosusimu Bua (b)
Um+1(0,8) = 0,u1(1,t) =0, .., upm(1,t) = 0, > 0, (3)
a TakyKe HAYAJIbHBIME YCIOBAME

Um41(Tm11,0) = @mi1(Tmy1),0 < Trng1 < bimgt,

0
aum—f—l(w’m—f—l,o) = ¢m+1(ajm+1); 0< Tl < bm-‘,—ly
U (T, 0) = ©m (), 0 < Xy, < by,
0
&um($m70) = gOm(ZL’m),O < ITm < bm7 (4)
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Coryacuo pesysbraram paborsl [1] samada (1), (2), (3), (4) Moxer GbITH
MHTEPIPETUPOBaHA, KaK CMeIlaHHas 3a/a49a JJisi BOJTHOBOI'O ypaBHEHUSI
Ha rpade-3Be3/ie.

B noxnane dopmyna larambepa agantupoBana Jjisi CMEIIaHHON 3a/1a4u
(1)- (4). IIpuBeneHbl WILTIOCTPATUBHBIE IIPIMEPbI PACIIPOCTPAHEHHSI BOJIH
C MAJIBIMHA HOCHUTEJISIMHU BJIOJIb I'paha-3Be31bl.

Pabora Brimoniaena copmectro ¢ B.E. KanryxuabiM u npu duHaHCO-
Boit mojiiepkke Komurera nayku MOH PK rpant NeAP 08855402 "Kpa-
€BbIe 33JIa9H JJIsi cucTeM i PepeHInaIbHbIX YPABHEHN HA TeOMETPH-
Jeckux rpadax M UX MPUMEHEHUs [PU pacdeTax COeJIMHEHUH yIpyrux
TOHKUX cTepxKHei ".
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KPUTEPUI MUHNMAJIbHOCTHU OIIEPATOPA
JIATIJTIACA

KAJIbBMEHOB T.II.', KAXAPMAH H.2

[ycrs 2 C R™ xomeunasi obyacth ¢ riajako#t rpanureit 0§). Yepes
Ap— obosnaunm 3ambikanue B Lo(2) oneparopa Jlamnaca

Au= f(z), =xe€q. (1)

Ha noaMuoxkecTse dbynkmun u € C2H(Q), u‘xeaﬂ = % seon = 0, rme
%_ HOpMaJIbHAas IPOU3BOJAHAsL, a depe3 Aj— coupsikenusiii B Lo(2)
omeparop K Ag.

Oneparop Ag— HazoBeM MUHHMAaJBHBIM oreparopoM Jlamnaca A, a
Aj— MaKcHMaJIbHBIM onepaTopa A.

B pabore wmaiijena HeoOXOJAUMOE U JOCTATOYHOE YCJOBHsl Ha
f € La(Q), niist KOTOpBIX

Aou = f(a), )
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Kazaxcran. Email: n.kakharman@math.kz

OB OBPATHBIX 3AJAYAX OIIPEAEJIEHIN A
KO PUITMEHTA IIOIJVIOIITEHN S B
BBIPO2K JAIOININXCA ITAPABOJIMYECKUX
YPABHEHUAX ITP1 YCJIOBAN MHTET'PAJIBHOT'O
HABJIFOJEHN A

KAMBIHUH B.JI.

N3zyvaercsa oJHO3HAMHAs PA3pPEIIMMOCTL OOPATHON 3aJa9u B NPSAMO-
yroabauke @ = [0, 7] x [0,1] a1st napabomaecKoro ypaBHeHUst

p(tv x)ut — Ugg + b(ta x)ux + C(tv .CE)U + ’)/(.CE)U = f(t7 :E)a (1)
C KpaeBbIMH yC.HOBI/IHMI/I

U(O, x) = UO(x)a u(tv 0) = ;ul(t)7 u(tv l) = ,UQ(t)a (2)
U JIONOJIHUTELHBIM YCJIOBAEM MHTETIPaIbHOTO HaOJIIOICHI
T
[utta(o) i = o) 3)
0
a TaKzKe OJIHO3HAYHAsA PaspeHIuMOCTh 00paTHOM 3aaun jijis napaboJm-
YEeCKOro ypaBHEeHHs
ur — a(x)Ugy + b(2)ugy + c(t, x)u + y(z)u = f(t,x), (4)

¢ yeaosusivi (2),(3). B paccmarpuBaeMbIx 3a/1adax HEM3BECTHOI SIBJISIET-

cs napa {u(t, z),y(x)}, dyukus y(x) — HeoTpuaTEIbHA U OrPAHIYCHA.
Ypasuenus (1) n (4) npeamosaraloTcst BIPOZK TAIOIIMUICS:

B ypaBHenuu (1) mpe/mosiaraercst, 9To

0 < p(t,z) < p1, 14/0 € Ly(Q),q> 1, (5)
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a B ypaBHeHuu (4) 1pejnosiaraercsi, 9ro
0 <a(z) <ai, /a1 € Ly((0,1),q > 1. (6)

Jltst 0bemx 3a/1a9 yCTAHOBJIEHDBI JOCTATOYHBIE YC/IOBHSA, 00ECIIeTNBAIO-
e CYIIECTBOBAHIE U €IMHCTBEHHOCTD pelenust. [IpuBeaeHs! mpuMepsl,
JUIST KOTOPBIX ITPUMEHUMBI JTOKa3aHHbIE TEOPEMBI.

Panee B paborax [1,2] 6bl1a ycraHOB/IEHA OJIHO3HAUHAST PA3PEIIUMOCTh
0OpATHBIX 3aJad OIpeae/ieHnsT KO3(M @ UIIMEHTa MOIVIOMIEHUsT B CUIBHO
BBIPOXKTAIOIITNXCS Hapa6O.HI/ILIeCKI/IX YpaBHEHUAX TIPpU AOIIOJITHUTEILHOM
YCJIOBUU MHTEIPAJILHOTO HAOJIIOIEHNUS BUIA

l
/u(t,x)w(x) dx = (t),
0

a B paborax [3,4] upu ycioBun narerpasbaoro Habsoerust (3) Gblia nc-
cJlefloBaHa OJIHO3HAYHAS PA3PENIUMOCTh OOPATHBIX 33J1a9 OIPEIeIeHNs
HEeU3BECTHOI NPaBoiil YacTu B 1apabo/InIecKuX yPABHEHUSIX C YCJIOBUSIMU
ciiaboro Beipoxaenus (5) u (6).

VceneioBanne BBIMOJHEHO TIPU NOJIepKKe [IporpaMMbl TOBBIIIEHUSsT
koHKypenTHOcocooHoctu HUAY MUOU, npoext Ne 02.203.21.0005 ot
27.08.2013.

Crucok JuTepaTypbl
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[4] Hussein M. S, Lesnic D., Kamynin V. L., Kostin A. B. Direct and inverse
source problems for degenerate parabolic equations // Journal of Inverse and
Ill-posed Problems. 2020. Vol. 28, No 3, P. 425-448.

Harmmonamnbubrit ucciemoBarensekuii saepubiit yausepcurer "MUDU Poccust.
Email: vlkamynin2008@yandex.ru

246



O CIEKTPE JEJBTAOBPA3HBLIX BO3MVIIIEHUN
OITEPATOPA JIAILJIACA

KAHI'Y>KVH B.E.

B rusib6eproBom npocrpancTse H co cKalsipHBIM NPOU3BeIeHueM (., .)
1 HOPMOIi || - ||p paccMOoTpuM 3aMKHYTBIN JMHEHHBINH onepaTrop B ¢ 06-
nacreio oupenenenns D(B) miorustii 8 H. Cunraem, 4ro

KerB # 0, Ran(B) = H,dimKerB = m <o .

Ha ob6siactu onpenesnenuss D(B) 3a1a/uM J0MOTHATENBHY O HOPMY || - |1
u 3ambikarue D(B) 110 sroit HopMe obo3Haunm depe3 W. Cunraem, 4ro
JIOTIOJIHUTEIbHAsE HOpMa, || - ||; crubHee uexonnoit HopMEL || - [|g, TO ecTb
Beinosasiercst Hepaseucrso ||  [|o< C' || z ||;. [ousTHo, YT0 BBIIOIHEHO
Bioxkenne W C H. B conpsikennom ripoctpancTse W* BoibepeM cucremy

u3 m JInHEeIHO He3aBUCUMBIX dyHKITMOHAIOB Uy, ..., U,,. Torma naiinercs
eJINHCTBEHHAs CHCTEMA JIEMEHTOB {@1, ..., om } 13 Ker B, nojunHeHHast
YCJIOBUSM

<Ut; g07«> = 5152, t, z = 1, 2, AL
rie (Ug; @ )- o3Hav9aer 3Hauenne pyHKIpoHasa Uy Ha 9JIeMEHTe @y, 1 Oy~
cumBos Kporekepa.
[Tycts Ag-obparumoe cyxenue oneparopa B. Oneparop A, onpeaeanm
o ¢popmysie Au = Bu Ha 00J1aCTH OIpee/IeHusT

DA)={ueD(B):u=A"f=> @, UsAy'f),Vf € H}.
s=1
Teopema 1. Onepamop A- obpamumviti onepamop, npuvem
AP =AY ps - Ud(Ag ' f),Vf € H. (1)
s=1

Sameuvanue 1. Teopema 1 yTBep:KaeT, 9To sl HOCTPOESHHUSI OOPATUMOIO
cyzkenust A omneparopa B, Kpome (pUKCHUPOBAHHOI'O OOPATHUMOIO CyrKe-
HHUS JIOCTATOYHO 3aJIaTh HAOOp JIMHEHHO HE3aBUCUMBIX (DYHKIIMOHAJIOB

{U1,....;Up } us W*.

Teopema 2. Pesoaveenma (A — ) ™! onepamopa A umeem caedyrowsee
npedcmasaerue

A=p) =o' F=D AA =) o Ud((A= )1 f). (2)
s=1
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Sameuanue 2. Teopema 2 yTBepKIaeT, YTOObI 3HATH 3HAYEHUE PE30JIb-
BeHTHI (A — u)*l Ha IPOU3BOJIBHOM 3jieMeHTe f n3 H J10CTaTOYHO HAWTH
sHavenue pe3osbeeHThl (A — 1)~ Ha amemenTax @1, ..., .

Teopema 3. Pesoaveerma (A — pl)~! onepamopa A mosicem Goimov G-
YucAeHa no Popmyae

(=)™ f = (Bo=pD) =D ws-Us((Ao—u)lfH(—l)”m

s=1

20e mampuuoe D(p) w H(w; f) sadaromes no cneyuarvhoim Gopmyaam.

B jokiajie ob6cyKIaloTes TeopeMbl O ClieKTpe orepaTopa A B ciydae
CHUHTYJISIPHBIX BO3MYIIeHUil oreparopa Jlamnaca.

Pabora Bbinosinena npu puHAHCOBOI mHOjjepxKKe Komurera Hayku
MOH PK rpant NeAP 08855402 "Kpaessie 3ajiaun st cucreM gaudde-
PEHIUATBHBIX YPABHEHUN HA T€OMETPUIECKUX I'padax U UX IPUMEHEHUS
[P pacuerax COeIUHEHUHN yIpyrux TOHKUX crep:kHei ".

Kazaxckuit HanmonabHbI yHUBepcuTeT uMenn aab—Papadbu, UucturyT
MaTeMaTHKH ¥ MaTeMaTUIeCcKoro MojeupoBanus, Kazaxcram.
Email: kanguzhinb3@Qgmail.com

O EAJNHCTBEHHOCTU BOCCTAHOBJIEHIMN 1
OBJIACTU OIIPEAEJIEHN A BOSMYIIEHHOTI'O
OIIEPATOPA JIAILJIACA

KAHI'V2KUH B.E.!, AKAHBA E.H.2, KAUBIPBEK K.3

B pabore mano kKoppekTHOe ompeiesieHne (pOopMAILHOTO OIepaTopa
Jlamaca ¢ iesibTa0bpa3ubiM Bo3MyIeHueM. s 3amanus obacTu ompe-
JeJIeHnsT YKA3aHHOTO OIepaTopa UCIIOJIb30BAHBI IPEIe/bHbIE 3HATEHUS
ITOTEHITNAJIOB MIPOCTBIX W JABOHHOIO cjoeB. JlokazaHo, 9TO 10 HAOOPY
CITEKTPOB HEKOTOPBIX STAJOHHBIX OIEPATOPOB MOXKHO OJIHO3HATHO BOC-
CTAHOBHUTH TI'PAHUYHBIE IJIOTHOCTH IOTEHIMAJIOB IPOCTBIX U JIBONHOIO
CJIOEB.

1. ITocranoBka 3azaaumn. Ilycts ) — d-MepHbIil e quHIIHB m1ap. To-
ria ussecred |1, 2| Bug dyuxiun [puna 3agaun Jupuxie B Q s ome-
paropa Jlamnaca. s 29 € Q seesem BY — map pajmyca ¢ ¢ meHTpoM
B 2V, JTomyctumbivu dbynxmusayu h(z) cautaem GyHKINN, 06,18, a101I1e
ceoiictBavm: 1. h(x) € W2(Q\ BY), Ve > 0. 2. hl|gpq = 0. 8. Cyme-
CTBYIOT KOHeuHble npejiennl Ys(h), s = 0,...,d. Hanee, nyst dbyHKImn
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h(z) BBeseM (byHKIMOHAJIBI B BUJIE [IPEJEIbHBIX 3HAUEHUIT IOTEHIIUAIOB

IIPOCTLIX U ABOMHOIO CJI0EB Ipu § = 1,...,d :
) oh , (ts — )
v0(h) = — lim adstv 7s(h) = d lim mh(t)dst,

aBY aBY

IJie v — BHEIHAs HopMasb B Touke t K OBY.
[Tycrs W22 SEOAN {2°}) kmace nomycrumbix dynrkun A() ¢ HEKOTOPHIM

JOTMIOJTHATETLHBIM cBolicTBOM. [lasee paccmoTpuM omepaTop L : VV22 7(Q\
{2°}) — L2(Q), tne Lu=Au(z) mpu z € Q\ {2°}, u nycrs obmacts
ompeeaeHnst orneparopa L ecThb

D(L) = {u e W2, (Q\ {«}) : /53 S, s =0.1...d),

rje Bs(t) — durcupoBanHblil HAOOpP QYHKIWIT ONPE/IEIEHHBIX Ha OKPY K-
woctu Of).

2. OcHoBHas 4actb. B pabore 1] gokazano, aro oneparop L obpa-
tuM. HaMmu Ob1I0 HaliJIEHO pellierre OlepaTopHOro ypaBuenust Lu = f u
JOKa3aHa

Teopema 1. Obaacms onpedeaerusn onepamopa L mooscho sanucams 6
sude

D(L)={ue Wgw(ﬂ\{xo}) :Vi(u) =0, s=0,1,...,d}

¢ HekomopuM  Habopom  eapmoHuveckur 6 2 PyHruul
{Ks(&),s=0,1,...,d}.

O6parHast 3a/1a4a 3aK/II0UAETCs B BOCCTAHOBJICHNH IPAHUIHBIX (DYHK-
i {K(§), s = 0,1,...,d} mo HekoTopoMy HaBOPY CIEKTPOB Olepa-
Topa L W JONOJHUTEIBHBIX, TaK HA3BIBAEMBIX TAJOHHBIX OIEPATOPOB.
Husgm € {0,1,...,d} BBesieM sTajoHHBIH oneparop L, : WZQ,Y(Q\{SCO})
— La(Q), Lpu = Au(z) npu z € Q\ {2°} ¢ obmacteio onpenenenus
D(Ly) = {u € W3 (Q\ {z°}) : Vi(u) = 0, s = 0,1,...,m, vs(u) = 0,

s=m+1,...,d}. Oueparop tuna L,, ¢ TeM ¥kKe JIeicTBIEM, HO C JAPYIH-
mu rpannanbivu dysaxiuamvu {Kg(€), s =0,1,...,d} obo3nadum yepes
Ly,.
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Teopema 2. [Tycmv namypasvnoe wucao m € {0,1,...,d}. Ipednoso-
aHCUM, 4MO cnexmpvl onepamopos Ly, 1 u Ly, ne nepecexaromces. [Tycmo
cnexmpov, onepamopos L, u L., cosnadatom.

Tozda, ecau Ks(f):l?s(f), s=0,1,....m — 1 6 Ls(Q), mo
Km(§)=Km(§) 6 La(2).

Crircok JuTepaTypbl
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OBIIIME PEIIEHN Y BOJITHOBBIX YPABHEHUI C
ITEPEMEHHBIMY KO®PUIIMEHTAMUN

KAIILIOB O.B.

[Tosryaensr obmine pemreHus jisi HEKOTOPBIX KJIACCOB JIMHEHHBIX BOJI-
HOBBIX YPaBHEHUI C MEepeMEeHHBIMU Kodddunmentamu. Takne ypaBHe-
HUS OMHUCBHIBAIOT KOJIEOAHUsT CTEPyKHEH, aKyCTUIeCKHUe BOJIHBI, 8 TaK¥XKe
K HUM CBOJSITCS HEKOTOPbIE MOJIEJM Ta30BOW muHaMmuku. s mocTpo-
eHUs ODIINX PEITeHn MCIOIB3YIOTCs CIlelnaIbHble TUIBI IPeodbpa3oBa-
Huit Ditnepa-lapby — npeobpaszopanus Tuia JleBu. Tu npeobpasoBaHus
MIPeICTABISIIOT coboi mudpepeHInalbHbIE TOICTAHOBKY IIEPBOTO TMOPSII-
ka. JIj1st mocTpoenust KaxKi0ro mpeobpa3oBaHust HEOOXOIUMO PeIaTh JIBa
JINHEHHBIX OOBIKHOBEHHBIX (D hepeHITnabHBIX YPaBHEHUSI BTOPOI'O 110~
psifika. PerreHust OHOIO W3 3TUX ypaBHEHWI HAXOMSATCS W3 PEIeHMHi
JPYTOro ¢ IoMoIbio nuddepeHuaabHol MOICTAaHOBKY 1 POPMYJIbI JIu-
yBUJIsI. B obI1ieM citydae pemrarh 3TU OOBIKHOBEHHBIE MuddepeHnaib-
Hble ypaBHeHust He TpocTo. OHAKO MOYKHO YKa3aTh HEKOTOPYIO (hOpMy-

JIy CYTIepIIO3uINy peobpasoBanuii Tuma Jlesu.
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CrapTys ¢ KJIACCHIECKOTO BOJHOBOTO YPABHEHUs C MOCTOSTHHBIME KO-
s durimeHTaMu 1 UCIOJb3ys HallIeHHbIe TPeodbPa30BaHUsI, MOXKHO CTPO-
UTb OECKOHEUHDbIE CEPUU yPaBHEHUM, 0018 aI0NUX ABHBIMI OOIIUMHI Pe-
mennmMu. C MTOMOIIBIO MeTo/Ia MaTBeeBa Moy IeHb! IPeJIeTbHbIE (DOPMBI
UTEPUPOBAHHLIX Tpeobpa3oBannii. [IpuBoggaTcs psi/i KOHKPETHBIX IPUME-
POB ypaBHEHUI 00J1a/IAI0IINX OOIIUME PEIICHUSIMY.

Pabora nmogmepkana KpacHogpckum MaTeMaTuuecKuM MeHTpOM, du-
naucupyeMbiM Munobpaayku P® B paMKax MepONpUSTHIl 110 CO3IAHUIO
u pazsuruio perunoHabHbix HOMII (Cornamenue 075-02-2020-1631).
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O 3AJIAYE CTE®AHA OJI4
MATHUTOTIMJIPOANHAMUNYECKOM CPE/BI C
PEOJIOTUYECKUM 3AKOHOM
O.A. JIAJBI2KEHCKON

KHNCATOB M.A.

Pabora mocesiiiieHa TeopeMe CyniecTBOBAHUS €IMHCTBEHHOIO KJIACCHU-
geckoro pertenus 3ajgaan CredaHa, BO3HUKAIONMEN TpU W3YIEHUN Mar-
HUTOTUIPOIUHAMITYECKOTO TTOTPAHUTHOTO CJIOS B BA3KOM CpeJie C MHHEK-
et MOIMPUIIMPOBAHHON cpebl ¢ peosiormvdeckuM 3akonoM O. A. Jla-
JIBIZKEHCKOIA.

Pa6ora Bemosaena npu nogaepxkke PH®, rpant 20-11-20272.
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QIIVNINMIITUNYECKUE U ITAPABOJINMYECKIUE
YPABHEHUS C NUHBOJIIOILIMEN

KO>KAHOB A.U.

Omnpenenentas Ha HEKOTOPOM YHCIOBOM MHOXKecTBe E byHKIWs ©(T)
Ha3BIBAETCs] WHBOJIIOIAEN Ha 9TOM MHOXKECTBe, eCJii pu T € [ BBITION-
usterest @(p(x)) = x. duddepennnaapaple ypaBHEHNsT ¢ WHBOJIIONUEH
B HEU3BECTHOM pEIIeHNN aKTUBHO M3y4YaloTCs B IIOC/IeTHEE BpeMs, HO
IIPU 3TOM UCIIOJIB3yeTCsl B OCHOBHOM METOJI pa3/leJIeHns] TepeMEHHBIX,
U PacCMaTPUBAIOTCH yPaBHEHUdA C IIPOCTEHIIeN JIMHETHON MHBOJIIOIUE.
B macrosimem moksage OyyT m3garaTbCst Pe3yJIbTaThl O PA3PEIImMOCTH
€CTeCTBEHHBIX KPAEBBIX 3aJa4 JIsT HEKOTOPBIX KJIACCOB SJIIUITHIECKIX
7 1apaboIMIeCKUX YPAaBHEHUN BTOPOrO MOPSIKA C IIE€PEMEHHBIMU KO-
durmenTaMu U MHBOJIIONKEH 0OITHIO Buga. Kpome Toro, Oy1yT n3yueHbl
HEKOTOPBIE C/Iyday yPABHEHUI C BBIPOXKIEHUEM U OOIell MHBOJIIOIUE.

YTouHuM, UTO HAIIEH IIEJIBIO SABJISIETCS JTOKA3aTEILCTBO CYIIECTBOBA~
HUS U €ITHCTBEHHOCTH PETyJIsIPHBIX PEITeHU — peleHnit, TMEeIInX Bce
ob6obmiennbie 110 C.JI. CobosieBy Ipou3BOAHbIE, BXOISIINE B COOTBETCTBY-
Iolllee ypaBHEHUE.

PesynbraTsl, mnpejacraBiaeHHbIe B JIOKJIaJIE, TOJIYUIEHBI B COTPYIHIYE-
cree ¢ O.U. BxkeymuxoBoit.

MNucturyr maremaruku um. C.JI. CobosreBa CO PAH, Poccusi.
Email: kozhanov@math.nsc.ru

CBOMCTBA PEIIIEHUN HEJIMHENHBIX
DJIJINIITUYECKNX YPABHEHUM C L,-IAHHBIMU B
HEOTPAHUYEHHBIX OBJIACTAX

KOXKEBHUKOBA JI.M.!, KAIITHUKOBA A.II.2

B neorpanmuennoii obmactu 2 C R" = {x = (x1,...,2,)}, n > 2,
paccmarpuBaercs 3aaada Jupuxie

—diva(x, Vu) + M'(x,u) + b(x,u) = u, p€ L1(Q), x € Q, (1)

ul =0. (2)
[2/9]

Baech dynknum a(x,s) = (a1(x,8),...,an(x,s)) : QxR" — R"™, b(x, s0) :

Q x R — R, umeror pocr, ompeesisieMblii 06001enHoit N-dyHKIIeH

M (x, z), koTopast He 0bsi3aHa YIOBIETBOPATH Ag-yCIOBUIO.
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I. Chlebicka B pabore[l] st ypaBHeHust
—diva(x,Vu) =pu, x€§, (3)

IIpU HEKOTOPBIX VCJIOBUAX peryiaspHocTH Ha dyHKImo Mys3unaka-
Opuua M (x, z) B ciydae obieil Mepbl (1 JloKa3aja CyIecTBOBaHUe, a
B caydae auddy3HO MEPHI (4 U €IMHCTBEHHOCTh PEHOPMAJIM30BaAHHOTO
perennst 3anaau Jupuxie (3), (2).

Eciu  dyukmust Mysminaka-Opanua M He yaosierBopsieT Ao-
YCJIOBUIO, TO COOTBETCTBYIOIIEe mnpocTpancTBo Mysumika-Opiinda He siB-
JisieTcst pehJIEKCUBHBIM 1 PACCMaTpUBaeMasi 3a/1ada 3HATUTETbHO YCI0K-
usiercst. OOBITHO, €cjiM OrpaHWYeHnit Ha pocT 0000ImeHHo! N-dyHKIMNI
M (x, z) He Tpebyercsi, TO IPEIIOJIAraeTCs, YTO OHA TOMIUHSIETCS YCJIO-
BUIO log-resibJIepOBCKO#l HENPEpPBIBHOCTH IO TepeMeHHol X € (), 4To
MPUBOJIUT K XOPOIIUM ANMPOKCHMAIIMOHHBIM CBOHCTBAM IIPOCTPAHCTBA
Mysunaka-Opanda.

B pabore 2] mokasaHo cylecTBOBaHHE PEHOPMAJIM30BAHHOTO Delle-
uust 3a1a9n (3), (2) ¢ p € L1(Q2) u HeoqHOpoaHOi aHI30TPOITHON dyHK-
mueit Mysninaka-Opinaa. B pabore [3] ycranosiensr cymiectBoBanne u
€TMHCTBEHHOCTh SHTPONMUAHOTO ¥ PEHOPMAIM30BAHHOTO PEIeHnit 3a/1a-
T (3), (2) ¢ p € L1(Q2), mokasaHa nx SKBHBAJEHTHOCTD B IIPOCTPAHCTBAX
Myswuiaka-OpJnaa.

Bce mporuTnpoBaHubie BhIIE Pe3yILTATHI Oy IeHBI B OTPAHTIEHHBIX
obmactsx. st snmmunTudecknx ypaBHEeHUI ¢ HECTAHIAPTHBLIMHU YCJIOBU-
SIMH POCTa ¥ TAHHBIMU B BUje Mepbl (Miin Li-TaHHbIMI) PE3YIbTATHI CY-
IMECTBOBAHUS W €IMHCTBEHHOCTH SHTPOMUNAHBIX W PEHOPMATU30BAHHDBIX
pereHnii B TMPOU3BOIBHBIX HEOTPAHNICHHBIX ODJACTIX YCTAHOBJIEHBI B
paborax [4] — [6] u n1p. OnHako, 1is ypaBHEHUIT ¢ HEJIMHEHOCTSIMU, OIIPe-
nensembiMu byarnusvMu Mysumnaka-Opinda, TaKUX pe3yIbTATOB HET.

TpymHOCTL 0000IIEHNST HA HEOTPAHUYIEHHYIO 00JIACTH COCTOUT B TOM,
9TO B Heil He paboTaer aHajor HepaBeHcTBa Ilyankape-CobosieBa u Teo-
peMa 0 KOMITAaKTHOCTH BJIOXKeHUsT mpocTpancTBa Mysuiaaka-Opmaa-Co-
6osieBa. Permuth mpobiiemy aBTOpaM yiaajaoch OJiaroapst 70OABIEHUIO B
ypasrenue (1) cimaraemoro M'(X,u) m JONOJHUTETBHOMY TPEOGOBAHUIO
unrerpupyemoctu dbyukuuu M (-, z) mo Q.

Apropamu Hacrosiiieit paboTel B mpocrpancTBax Mysmiaka-Opoinaa

JIOKa3aHO CYIIIECTBOBAHUE SHTPOIUITHOTO PENIeHUs] U yCTAHOBJIEHO, YTO
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OHO $IBJISIETCsI PEHOPMAJIN30BaHHBIM perenneM 3ajauu (1), (2) B mpous-
BOJIBHOM (B TOM YHCJIe ¥ HEOIDaHUYEHHOIT) obsiacTu ), yI0BJIETBOPSIIO-
meit cermeHTHOMY cBolcTBY. Kpome Toro, moJsiydeHbl HEKOTOPBIE CBO¥-
CTBa ¥ JIOKa3aHa eJIMHCTBEHHOCTb SHTPOIUNHHBIX U PEHOPMAJIM30BaAHHbBIX
perrennii 3aga4un Jupuxie (1), (2), a Takxke ycTaHOBJIEHA SKBUBAJIEHT-
HOCTb TaKUX PEIICHUI.

(1]
2]

3l

(4]

(5]

[6]
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YN CJIEHHOE UCCJIEJJOBAHUE OJHO MOJEJIN

MATHUTOTNAPOAMHAMUUKN
KOH/IIOKOB A.O.

Cucrema

1
(1—%A)Ut:I/AU—(U'V)U—;VP—QQXU—I-

1

V X b) x b,
pu( )

Vuo=0, Vb=0,
by =0Ab+V x (v xb),
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MOJEJIUpYyeT  Te4YeHUWe  HeCKUMaeMOil  BA3KOYIPYTroil — KUJIKOCTH
Kenpeuna—Poiirra HyseBoro nopsiaka [1| B MarHuTHOM m0Je 3eM-
Ju. 371ech BEKTOP—(QYHKIMHN ¥ U b OMpeeIsioT CKOPOCTh KUJIKOCTH 1
WHAYKIAIO MarHuTHOT'O IOJI COOTBETCTBEHHO, P — I'MJIPOJNMHAMUYIECKOE

JIaBJIEHUE, > — KO3(DPUIMEHT yIPYTOCTH KHUIKOCTH, §2 = §V X v —

YIJIOBasg CKOPOCTH BpAIeHUsl KUIKOCTH, V — omeparop [amumibrona,
d — MarHuTHasi BSI3KOCTb KUJKOCTH, [t — MArHUTHAS [POHUIIAEMOCTH
KUJIKOCTH, p — IJIOTHOCTb KUJIKOCTH.

PaccmorpuMm HavwaibHO — KpaeByto 3aja4y st cucreMbl (1)

v(z,0) =vo(x), b(x,0)=0bo(z), =€ D, @)
v(z,t) =0, b(z,t) =0, (z,t) €9D X R4.

rae D € R® — muimuapudeckas obiacts ¢ rpapumeit 0D kmacca C.

Panee navanbHo-kpaeBast 3a/a9a (1)-(2) npu » = 0 ObL1a U3ydena B
[2]. IIpu > # 0 HavaBbHO-KpaeBbIe 3aJa9U PA3IHUIHBIX MTOPSIKOB ObLIN
HCCIIeIOBAHBL B paboTax [3, 4, 5|. B pamkax Teopun moJry TMHEHHBIX ypaB-
HeHuit cobosIeBCcKoro Tuma |6] ObLIN JOKAa3aHBl TEOPEMBI CYIECTBOBAHMS
U €IMHCTBEHHOCTH PEITeH yKa3aHHBIX 3a/1a9.

B pa6ote [7] onucan BbIYUCIUTENLHBIH SKCIEPUMEHT JIJIsS HAYATLHO-
kpaesoit 3agaqan (1)-(2). Hdust ero ocymmecTBienusi 6blra Mpou3BescHa
juckperusanus (1)-(2) koneano—pasnocHbIM MeTooM [8]. B pesysbrare
JMUCKPETU3AIN UCXOTHAsS HATATbHO—KpaeBas 3a7ada mpeodpa3yercs K
zagade Kot 1 cucteM OOBIKHOBEHHBIX HEJIMHEHHBIX ypaBHeHuil. Jla-
JIee TSl TTOJTY IeHIsT IUCIEHHOTO PeIteHus 3a1a<du Ko nenomb30BaHb!
AJICOPUTMBI, OCHOBAHHBIE HA SIBHBIX OJHONIAIOBBIX CXeMax TUlla PyHre—
Kyrrer [9] cesmpMoro nopsijika TOYHOCTH ¢ BBIOOPOM IIara WHTEPUPOBa-
Hust. OnEeHKa KOHTPOJISI TOYHOCTH BBIMUCJIEHUI Ha KayKJIOM BPEMEHHOM
mare OCyTIEeCTBIISIETCS TIO CXeMe BOCBMOTO MOPSIIKA TOTHOCTH.
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Hosropoackuit rocymacpTBennbiit yauBepcuTeT nmeHn pociasa
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O JIOKAJIN3AIINN HAYAJIBHOT'O YCJIOBUA
PEIMTEHN A 3AJTAYUN KOIIIN /1JId YPABHEHUA
TEILJIOITPOBOJHOCTUA

KOHEHKOB A.H.

PaccmarpuBaercs 3anada Kormm

{ut—Au = 0,t>0, (1)
uli—g = ¢ € S (R"),

riae S’(R™) — npocTpancTBo 0600MIEHHBIX (DYHKIHUIT MeJIEHHOTO POCTA B
RTL

B paborax [1, 2| upeobpazoBaHnue, siIpOM KOTOPOTO siBJIsieTcsi (pyH1a-
MEHTaJIbHOE pelieHue ypaBHeHI/IH TeIJIOIIPOBO/HOCTHU, BII€PBBLIC MCIIOJIb-
30BaJIOCh JJIsl XapaKTepusaluyu runepdyHKiumii. 3areM 3TOT MeTOJL IIpH-
MEHSIJICS JIjIsI ONMCAaHUsl PAa3JIMYHbIX KjaccoB dbyHKIuit. B vacTtHocTn, B
[3, 4] mosyuena mekoTopasi XapakTepHu3alusl PACIPEJIEJCHUI 1), UMero-
MIUX KOMIIAKTHBIA HOCUTEb, B TepMUHAX perterust 3aaun Komm (1).

256



[Tycrs K — BhiykJj0e KOMIakTHOe MHOXKecTBO B R™, df (x) — paccro-
stame o1 Toukn © € R™ o K u Z(x,t) = (4mt) =Y/ 2e 177 /4 — Hynnanen-
TaJIbHOE PEIeHNe YPABHEHUsI TEIIONPOBOJIHOCTH.

[TosryueHa oreHKa, KOTOpasi SIBJIsIETCsI HEKOTOPBIM YTOYHEHUEM yTBep-
KJleHus us [3)].

Teopema 1. Ecau suppy C K, mo cywecmsyrom mnos0HCUMEADHLE
konemarwmo, N, C maxue, wmo das gymryuu u(z,t) = (Z(x — -, t),)
CNPABEJAUBA OUEHKQ

d%(x
lu(z, )| < CQ+ |z))N (1 +t_N)exp{— Iié )}, xeR"” t>0.
Tak>ke Mbl ycTaHABIUBAEM OOPATHOE B ONPE/IEJIEHHOM CMbIC/IE yTBEP-
JKJIEHUE.

Teopema 2. Ecau gynkyus u ssasemes pewenuem zadawy (1), ydo-
BAEMBOPAIOULUM HEPAGEHCNEY

(3N,C > 0) |u(z,t)| < CA+ |2V A +t7™), z € R", t >0,

u das wexomopoezo T > 0 cnpasedausa ouerkra

2
e 7)) < O +lol) ¥ exp { - B v e e

mo suppy C K.

Paccmorpum 3amaay Ko i ypaBHeHUs: TEIIOIPOBOIHOCTH ¢ 00-
PaTHBIM HallpaBJIEHHEM BPEMEHU

’Ut+AU = 0,
{ V=0 = . @

Crenyroliee yTBep:K/ieHne, BBIBOJUMOE U3 TEOPEMbI 2, ITOKA3bIBAET,
9TO HEOOXOAMMBIM YCJIOBHEM Pa3peIInMocTi 33a4n (2) B Kaacce orpa-
HUYEeHHbIX (DYHKIW s1BJIsIeTCs TpeboBaHue (3a UCKIIIOYeHHEM TPUBUAIb-
Horo ciaydvas ¢ = 0), 9T00bl HadadbHAsS (PYHKIWS HE CJIUIIKOM OLICTPO
yOBIBaIa IpH T — OC.

Teopema 3. Ilycmwv das wexomopozo T > 0 dynrxyusa v asaaemca 6
croe D =R"™ x [0, T] nenpepvishvim U 02pGHUMEHHOM PEWEHUEM 30004
(2) u cnpasedausa ouenxa

of?
()| < Cexp{—ﬂ}, TeR"
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Toeda v=0 6 D.

B stoMm HEpaBEHCTBE KOHCTaHTa B 9KCIIOHCHTE ABJIACTCHA TOYHOIA.
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OB ACUMIITOTUKE PEHNIEHUN
MU®PEPEHIINAJJBLHBIX YPABHEHUI YETBEPTOI'O
TTOPAIKA

KOHEYHA4A H.H.

B nepsoii wactu J0KjIaja pedb HOHJIET O MOCTPOEHUU MATPHIL THUIIA
HTuna-3erria Fupg (eMm. [1, Pasmen I, ¢.8]), takux, 1ro kBasunuddepen-
[UJIbHBIE BbIPAYKEHUsl, TIOPOXKIEHHbIE MU, COBNAIAIOT ¢ auddepenim-
AJIbHBIM BbIPayKeHUEeM

lag(y) = (py")" — ¢y +rPy,

rie a € {0;1}, f € {0;1;2}, u mpou3BoOIHBIE MOHNMAIOTCS B CMBICTIE
TEOPUU PACHPEICIICHAN.

Coyuait log stBistercst knaccnaecknm (em. [1, Iput. Al), a cay4ait 112
nocrpoer B pabore [2]. CooTBeTcTBYOIINE MATPHUILI UMEIOT BUJL:

0O 1 0 0 0 1 0 0

| 0 © p_l 0 B —rpfl q}f1 -1 0
Foo = 0 ¢ o0 1| Fip = apl - ?pl —gp! 1
-r 0 0 0 T p_1 —qrp~ —rp L
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IIpusenem Bujy maTpull F,g B OCTAJIBHBIX CIIydasax:

0 1 0 0 0 1 0 0
o o pto | =rpt 0 p~t 0
Fon = -r g 0 1 » Foz = 0 2r +gq 0 1]’
O » 0 O r2p*1 0 —rpfl 0
0 1 0 0 0 1 0 0
F R B/ e O LU/ S |
10 0 —¢®p ! —gpt 17T | =t @t 1
—r 0 0 0 0 r 0 0

Kak mu3BecTHO, yciioBHE IPHHAJJIEKHOCTH BCEX 3JIeMEHTOB [,z IIpo-
crpancrBy L [1,400) obecreunBaeT BO3BMOKHOCTb KOPPEKTHOTO OIpe-
neenust KasuaudOepeHuaibHOr0 BhIPAsKeHUsI, MOPOKICHHOIO 3TOi
Marpuieir. 9ro KBasuauddepeHnuaJIbHOe BhIPaXKeHHe COBIAIAET C Tud-
bepennmanbHBIM BeIpazKeHneM [o3(Y) ¢ KoaddbunmenTaMu - pacipe/eie-
uusivu (eum. |1, Pasmen I, ¢.8] u [2] must caygas lh2).

Bo Bropoit wacTu JI0KJIaga pedb HOigerT 00 acCUMIITOTHKE pPelIeHuii
YpaBHEHU BUJA

lag(y) = Ay (1)

npu T — +00, rae A — PUKCUPOBAHHBIA ImapaMeTp.

CdopMmymupyeM pe3yabTaTbl, IIOJAyYEHHBIE HAMHU JIsd  CJIydas
a=p=1.

Teopema 1. ITycmo p = (14 p1)~!, 2de py € L'[1,400), u nycmo
7+ lgl(1 + gD (1 + [p1]) € L'[1, +00).

Tozda 6 cayuae o = =1 u X # 0 ypasnenue (1) npu x — +00 umeem
Pyndamenmarvhyro cucmemy peweHut

yj(x) = e*(1+0(1)), j=1,2,34,
ede zj — pasauMHble KOPHU “emeepmoti cmeneny us .
Teopema 2. [Tycmv p = (14 p1)~1, 2de p1 € L1, 4+00), u nycmo
lal(1 + zlg) (A + |pa]) + 2?|r] € L'[L, +00).
Tozda 6 cayuae o = =1 u X = 0 ypasnenue (1) npu x — +00 umeem

PYHOGMEHMANBHYIO CUCTNEMY PEWEHUT

IEj_l .
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OrMmeTnm, 4TO /ISt ABYU/I€HHBIX 1uddepeHnIaibHbIX ypaBHEHUT aH-
JIOTUYHBIE Pe3yJIbTAaThl ObLIN II0Jy4YeHbl B paboTe 3.
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NAEHTNOUKAIINA ®YHKIINY NCTOYHUKA B
ABYMEPHOU ITOJIY9BOJIIOIIMOHHOU CUCTEME

KOIIBIJIOBA B.I'.!, COPOKUH P.B.2, ®POJIEHKOB 11.B.3

B nanmoit pabore paccmarpuBaercs 3ajada uiaeHTHUKAINNA DyHK-
MM UCTOYHUKA JIBYMEPHON CHUCTEMBI ypaBHEHUI 1apabOIMIecKoro TH-
1a, OJIH0 U3 KOTOPBIX COJEPXKHUT MAJIbI IapameTp IIPHU [TPOU3BO/HOMN
1o BpeMenu. [lo/100HbIe 381841 BOSHUKAIOT IIPH AIIIIPOKCUMAIIUN CUCTEM
CMEITIAHHOT'O U COCTABHOI'O THUIIA TAPAOOJIMIECKUMU CUCTEMAMU C MAJIBIM
apaMeTpoM.

Ananornunas 3aj1a9a B OJJHOMEPHOM CJIydae PacCMaTpUBAJNChL B [1].
B [2] ucciuenoBana paspemmiMocts 3a1a4 Ko u nepsoit Kpaepoii 3a1a-
qu I KBa3WIMHEHHON CHCTEeMbI TapabOIuIecKuX yPaBHEHUN ¢ MAJIBIM
TapamMeTpPOM.

B nonoce Giop = {(t,2) | 0 <t < T,z € Ep} paccMoTpuM 3aj1aty

OIIPEJICTIEHNs JeHCTBUTEIbHOSHAYHBLIX (DYHKIIIA (a(t,x),ig)(t,x), é(t)),
YZOBJIETBOPSIIONMUX st Kaxkaoro dukcuposanuoro £ € (0,1] cremyio-
M COOTHOTIIEHUSTM

ZELt + all(t)’lsj, + alQ(t)’f) = ulla$1$1 + /111216%21’2 + E(t)f(t, x)a
13 & 13 13 &
evt + a1 (t)u + ag(t)v = p21Vz 0y + H22Vasay + F(t, ),

(1)

u(0,2) = ug(z), 0(0,z) = vy(x), (2)
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u(t, %) = o(t), 20 = (29,29) — bukcuposannas Touxa. (3)

B npe/iosioxkeHun JIOCTATOMHON IVIaIKOCTH ¥ OIPAHHYIEHHOCTH BXOJI-
HBIX JIAHHBIX JIOKa3bIBaeTCs paspermmmocts 3ajadn Komm (1)-(3) mpm
KazKJI0M (DUKCHPOBAHHOM €. JI0Ka3aTe/IbCTBO IPOU3BOANTCS Iy TEM CBe-
JeHUsI UCXOMHOM OOpaTHON 3ajadnM K IMPIMOil, Pas3peninMOCThb ITPAMOI
381891 JIOKA3BIBAETCST METO/IOM CJIAO0M AIIIPOKCHMAIIHN.

Jasee pu yc/0BUM IEPUOANTIHOCTH 110 & W HEIETHOCTH BXOHDIX JIAH-
ueix f, F, ug, vg TOKA3bIBACTCS MIEPUOANIHOCTD pernienus 3amaqdn (1)-(3)
U, CJIEIOBATENILHO, CYIIECTBOBAHHUE JOCTATOYHO IVIAJIKOTO DEIeHHs 3a-
JIQYH OIIPE/Ie/ICHNUST (13,281,5) B Qp = [0,T] x [0,11] x [0,l5] npu nepsom
OJIHOPOJTHOM KPaeBOM YCJIOBUH.

Jasee 10Ka3bIBAIOTCSI pABHOMEPHBIE 10 € OIECHKH, FapaHTUPYIOIINe
CXOJIUMOCTD 1IpH € — () IIOC/IeI0BATEIBHOCTH (a(t, z),0(t, x), g(t)) perire-
HUIT KpaeBoil 3aiaun juist cucreMbl (1) k pemenuio u(t, z), v(t,z), g(t)
apabOJIO-3 TN THIECKOH CHCTEMBI

ur + ar1(t)u + ar2(t)v = p11tey 2y + 12Uz, + 9(8) f (L, 1),
a1 (t)u + a2 (t)v = 21V 2, + H22Vapay + F(t, 7).
¢ HAYAJILHO-KPAEBBIME YCJIOBHAM
u(0,z) = up(z), v(0,z)=wvo(z), =z €[0,l1]x[0,l2],
u(t,0,29) = v(t,0,z2) = u(t,ly,x2) = v(t,l1,22) =0,
u(t,z1,0) = v(t,x1,0) = u(t,z1,l2) = v(t,x1,l2) =0

1 yCJIOBUEM II€peOoIIpeJIe/ICHU A

0
u(t,a®) = ().
Pabora nmognepkana KpacHogpckum MaTeMaTutdeckKum eHTpOM, du-

naucupyeMbiM Munobpaayku PO B paMKax MepoONnpusTHil 110 CO3IAHUIO
u passuruio pernoraibubix HOMIL (Cornamenne 075-02-2021-1388).

Cnucok JuTeparypbl

[1] Belov Y. Y., Kopylova V. G. Determination of Source Functions in Composite
Type System of Equations // Journal of Siberian Federal University -
Mathematics and Physics, 2014, 7(3), 275-288.

[2] Kopylova V. G., Frolenkov I. V. On the Solvability of the Identification
Problem for a Source Function in a Quasilinear Parabolic System of Equationsin
Bounded and Unbounded Domains // Journal of Siberian Federal University -
Mathematics and Physics, 2021, 14(4), 483-491.

261



L Cubupckuit desepanbHEIl yHUBEpCHTET, Poccusi.
Email: kopylova.vera@mail.ru

2Cubupckuit dpegepaIbHLl yHIBEpCHTET, Poccns.
Email: rsorokin@sfu-kras.ru
3Cubupcknit denepanbubiii yausepcurer, Poccusa. Email: igor@frolenkov.ru

ACUMIITOTUKU PEIIEHNUMN 2 x 2 CUCTEMBI
OBBIKHOBEHHBIX JTNO®PEPEHINAJIBHBIX
YPABHEHNIUN ITEPBOT' O IIOPAKA

KOCAPEB A.II.

PaCCManI/IBaeTCH CIIEKTpaJIbHasd 3a/a49a

(Y@ ()= ) (). reon o

¥1(0) =0, (1) =0, (2)

rje A — CHeKTpaJbHbLi napamerp, g, h, p,q,r, s € L1[0, 1], obe dyukmum
g 1 h TOJIOKUTENbHBI, a MYHKINU P, ¢, T, S KOMIICKCHO3HAYHBIE.

Hama neib - moJly9uTh aCHMIOTOTHYECKHE MPEICTABICHUS PENICHUiT
cucrembl (1), a 3aTeM UCIIOIB30BATH UX JJIsl HAXOXKIEHUs ACUMIITOTUKH
coberBeHHbIX 3HaveHnit 3amaqu (1), (2). dus dopmynmuposku Teopem 06
ACUMIITOTUIECKHX MPEJICTABICHUAX BBEIEeM 0003HAYCHUS

G(m):/omgdt, H(x):/oxhdt, P(:c):/ompdt, S(x):/:sdt,

a(z) = g(z) + h(z), b(x)=@=5),
P@) AG(z) 0
M) = (6 - B = (e 0 eAH(m)) :

Orpeiesium orepaTopsl
1

(I1f)(x) =—/ g () f () dt,  (I2f)(x) Z/OxT(t)b(t)f(t) dt, (3)



Teopema 1. Ilycmv g, h > 0 u sce gynxuyuu g,h,p,q,r,s npuradie-
orcam npocmpancmey L1]0,1]. Tozda npu aobom k € R cywecmeyem
pyndamenmanvras mampuya Y (z, A) ypasrnenus (1), umerowasn npeo-
CMABAEHUE

Y(x,\) = M(z)(I + R(x,\)E(x,\), (5)
2de R(x,\) — 20n0mopdras mampuy-PyHKyus 6 nosyniockocmu,
II, ={A€C| Re X > K}
npu docmamouno bosvwuz |N|, npuvem
R Ml = o(1), 2de o(1) = 0 npu A — oo, A € .

Ecau gynryuu g, h,p, q,r, s npunadaesrcam npocmparncmey W1'[0, 1] npu
nexomopom n = 1, mo gyndamenmanvryro mampuyy Y (x, N) moorcro
evibpams maxot, wmo R(x,\) donyckaem npedcmasaerue

_ R'(2) R"(z)
A AP
2de o(1) — beckoneuno manran Pynryus pasnomepro no x € [0,1] npu
A — o0, Aell.

Mampuuy-gyrryuu RE evwucasomesn no gopmyaam

kL k
RE— ("1 T2
Tk Tk 9
21 T22
1 b, _qb_l by gb!

r
7"11211;7 19 = a 77“21:;’ rog = —1Is a

R(z,\) +...,+ +o()A™",

k+1 _ 7o k+1 o k+l _ ko1
rir = hrgy o, iy = (D + J2) 'y,
k+1 _ ko1 k1 okl
Tor = (=D + J1)ryy, 159 = laris .

IIocite moACTAHOBKY TOJIYYEHHBIX ACUMIITOTUK B XapPaKTEPUCTHIECKU
OIIpeIeINTENb TTOyYaeM CJIEAYIONLYIO TeOPEMY.

Teopema 2. ITycmo ace koapduyuenmos ypasnerua (1) abcosomno ne-
NPEPLIEHBLE U, KPOME 020,

q(1) # 0, r(0) # 0.

Toz0a cnexmpasvhas s3adaua (1), (2) umeem dee cepuu cobemeentvir
anavenuti {\T}, umerouuz acumnmomury
2mi Amr?
A=+ = __pn_2lnn—1In +o(1).
" Em ) a@m + e
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Jlokuta ocHOBaH Ha coBMecTHOI pabore ¢ A.A. [IIKaJIMKOBBIM.
Pabora mogmep:xkana rpaaTom PODOU No 19-01-00240.

Cnucok Jureparypbl
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O HEKOTOPHIX HEJIMHENHBIX OBPATHBIX
3AJTAYAX JJIS1 YIIBTPAIIAPABOJIMYECKIX
YPABHEHUI [P MOJEJINPOBAHUN IMHAMMUKU
IOIIYJIAIINN

KOIIEJIEBA FO.A.

O6parHble 3a/1a41, KOTOPbIE IPEJICTABIEHbI B JIAHHON paboTe CBA3AHbI
C MATeMaTUYECKAM MOJIEIUPOBAHUEM IUHAMMKHN IOIYJIAIUI C yYeTOM
ACTPOHOMMYECKOIO BpPEeMeHHU ¢ , OGHMOJIOrMYECKOr0 BPEMEHH a U JIOIOJI-
HUTEILHOTO yuera Juddysun (mepemMennpanne B mMporecce B3anMoieii-
crBus). Takue 3a/1a41 CBOJATCS K UCCIIEIOBAHUIO HEJIOKAIBHON KPaeBoii
3a1a491 I YIbTPanapaboJInIecKnX ypaBHEHUIA.

Oco6blii MHTEPEC BLI3BLIBAIOT HEJIUHEHHDbIC OOpaTHBIC 3aJ0a49N I/ Y/Ib-
TpanapaboIMIecKiX ypPABHEHUil, paHee OHM He M3Y4asuch (JUHEHbIe
obpaTHBIE 3302491 I8 JAHHOIO THIIA YPABHCHHI paHee N3ydajIuch aBTO-
pom B [1,2,3]).

[Iycrs €} ecth orpanmdenHas objacTh mpocrpaHcTBa R™ ¢ riiajkoi
(mst mpocToTsl - HGeckonewno uddepentupyemoii) rpanureii I', ¢ ectsb
qucno u3 uarepsata (0,7), 0 < T < 400, a €CTh IUCIO U3 MWHTEPBa-
na (0,A4), 0 < A < 400, Q ecrs mummaap Q x (0,7) x (0, A). Hasee,
uycrs f(z,t,a), N(z,t,a), up(z,a), vo(x,t), ¥(x,t,a) cyrb 3amaHHbIE
npu z € Q, t € [0,T], a € [0, A] bynxuum.

O6parnas 3anada [: Haiitu dyakuuu u(x, ¢, a), q(t), cBsi3anHble B 111~
muHgpe () ypaBHEHUEeM

up + uq — Au+ q(t)u = f(x,t,a) (1)

1pu BbIoHeHn! st byHKmu u(z, t,a) yeaoBuit
uw(z,0,a) = up(x,a), z€Q, ac(0,A), (2)
u(z,t,0) = vo(z,t), x€Q, te(0,7), (3)
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u(2,t, 0)|(2,4,0)e0x (0,7) x(0,4) = Y(2, 1, a), (4)

a TaK2Ke yCJIOBUA

A
//N(x,t, a)u(z,t,a)drda = p(t), =€, ac(0,A4). (5)
0 Q

O6parnas 3anada 11: Haiitu dbysxiun u(z,t,a), q(t), cBasannbe B
mnHape () ypasaenueM (1) npu BoinosHenun juis dysximn u(x,t, a)
yeqosnit (2), (3) u (5), a TakxKe yCI0BHS

ou(z,t,a)
761/’ |(2,t,0)eTx (0,1)x (0,4) = ¥(7, 1, a),
Ou(z,t,a) o n
(55 (@,t,0)eTx (0,T)x(0,4) = Zlumi(w,t,a)% e V; - KOMIIOHEHTBI
1=

BEKTOpa BHyTpeHHel HopMmasu K I B TekyIeii Touke ).

B obparsbix 3amauax I u II ycnosus (2)-(4) cyrb ycaoBusi 0ObITHOI
[IEPBOY WJIM COOTBETCTBEHHO BTOPOI HAYAILHO-KPAEBLIX 34 JJIsT Y/Ib-
TpanapaboMIecKux ypaBHeHuil, ycaosue xke (5) ycjaoBue MHTErpaaIbHO-
IO TepeoIpe/ie/IeHus .

Jlns m3ydaeMbIX 3aj1ad JOKA3bIBAIOTCS TEOPEMBI CYIIECTBOBAHUS U
€JIMHCTBEHHOCTU PErYJISIPHBIX PeIleHuil (PeryssipHbIMEU PEIIeHUsSIMU Ha-
3BIBAIOTCS perenusi, nMmerotnue Bce obobmenubie 1o C.JI. CoboJieBy 1po-
U3BOJIHBIE, BXOJISIIIIE B COOTBETCTBYIOIIEe ypaBHeHue). Bo Beex ciyuasx
UMEET MECTO eIUHCTBEHHOCTH PEIIeHUsT — KaK JjIsT KPAeBBIX 3a7ad JIJIst
«HATDYKEHHBIX» YILTPANapabOJnIecKuX YpaBHEHUH, TaK 1 s obpar-
HBIX 381a4.

Metomsl nccaeoBaHnsl OCHOBAHBI Ha CBEJIEHUU UCXOMHOM 3ajadm K
mpsaAMoil KpaeBoil 3ajade Jjig HATPYKEHHOTO YILTPATapabonIecKoro
YPaBHEHUSI, WCIOJB30BAHUN METOJ/a PEryJIsipU3aliii U TeXHUKU, OCHO-
BaHHON Ha ATIPUOPHBIX OIEHKAX.

Cnucok Jureparypbl

[1] Koweaesa FO. A. O paspemmmMocTi HEKOTOPBIX JIMHEHHBIX OOPATHBIX 33184 1151
yiabTpa-napabommaeckux ypasuenuit // Mar. samerku ATY. 2011. T.18, Boim.
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[3] Kowenesa FO. A. Jluneiinble obpaTHble 3aJa4d Jisl YIbTPALAPAOOJITIECKIX
yPaBHEHHUI: CiIydail Hem3BeCTHOro Kod(hdHIMeHTa TPOCTPAHCTBEHHOTO THUIIA.
Cubupckuit »KypHaj 9ucToil u npukiagHoil maremaruku. 2016. T. 16, Ne 3.

C. 27-39.

CaxaymmHCcKuil rocyaapcTBerHblii yauBepcuTer, Poccusi. Email: ynuta@mail.ru

O EAVUHCTBEHHOCTU BEPOATHOCTHOI'O
PEIHTEHN A 3AJAYN KON JJIA
ITAPABOJIMYECKOI'O YPABHEHV A KOJIMOT'OPOBA

KPACOBUIIKWI T.U.

Paccemorpum 3amaay Ko s mapabonndeckoro ypasaenust Koimo-
roposa:

at,u = aglzj ((I”,u) - axz (bl,u) y Mo =1, (1)
rae mMarpuna A = (aij ) CHUMMETPHUYHA U IIOJIOXKUTEJHHO OIIpeIeseHa,
b* — BexTopHOe moie Ha RY, a HavaIbHOE YCIOBHE U — GOPEIEBCKAsT
BepostTHOCTHAsT Mepa Ha RY. Pemenns Bua W= pg dt, vme py — BeposiT-
HOCTHBIE Mepbl Ha RY, HasbIBAeM BEPOSITHOCTHBIMI. BasKHOI mpobieMoit
SIBJISIETCSI WCCJIEIOBAHUE €INHCTBEHHOCTH BEPOSTHOCTHOIO PEIEHUs, B

YaCTHOCTH, IOCTPOEHUE ITPUMEPOB HEEIUHCTBEHHOCTH.
IIycts d > 2. Tonoxum

b(x,y,2) = (B(x),C(y), D(2)), rme z,y € R, z € RT2 (2)

2
B(z) = —a:—66962/2, C(x) = _(1+y2) a,rctgy—{—Tny, D(z) = —=z.

Ecin d = 2, 1o komnonenra D(z) orcyrcTByer.

Teopema 1. /[laa 6caxot seposmuocmnol mepov v 3adaua Kowu (1) ¢
koapuyuermom cnoca b = (B, C, D) 4 HA4AALHbM YCAOBUEM UV UMEETN,
OECKOHEUWHO MHO20 AUHETIHO HE3AGUCUMDBLT GEPOATNHOCTIVIHBLT PEUWEHUT.

B pasmeproctn d = 1 Takoro poja mpuMepbl HEBO3MOXKHBI. Kak 1mo-
KazaHo B pabore [2|, jist @ = 1 u JOKAJIbHO OrpaHUYEHHON GopesieB-
ckoit dyskimn b(x), He 3aBuCHIIell OT BpeMeHH t, BEPOSITHOCTHOE Peliie-
HUE eIMHCTBeHHO. B ciiydae HEmoCTOsTHHOrO KO3 DUINEHTa @ MIPUMEPDI
HEeJIMHCTBEHHOCTH MOYKHO IIOCTPOUTH U B OJJHOMEPHOM cjydae. [locTpo-
eHUEe TAKWX MPUMEPOB C IOMOIIBIO CIEIUAJbHON 3aMEHbI IePeMEeHHBIX
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CBOJMTCS K IIOCTPOEHUIO PEIeHni HAaYabHO—KPAEBbIX 3aJ1a9 JIJIs BbI-
poxKIaroIuxcs mapaboandeckux ypasHeHuit. JlaHHBI MeTOM mOCTpOe-
HUsI IPUMEPOB HEEMHCTBEHHOCTH ILJIOJIOTBOPHO MPUMEHSIJICSI K CTAIlAO-
HapHOMy ypasHeHuto Kosmoroposa B pabore [4].

Teopema 2. [lycmb a — NOAOHCUMENOHAA NOKANDHO AUNUUUESS PYHK-
yus, b — A0KaAvHO ozpanuvenHan bopeaesckas Pynrkuyua. IIpednoso-
IHCUM, 4O

/_;J(%dx:/oﬁo:(x)d:v:—i-oo. (3)

Tozda ecau eepoammocmmuoe pewenue 3adavwu Kowu (1) cywecmesyem,
mo ono eduncmeenro. Ecau xomsa 6o 0dun us unmezpanos (3) crodum-
CA, MO CYWECMBYIM AOKANGHO 02paHuerHbil Kospduyuenm croca b
U Hauasvroe pacnpedenerue, OAA KOMOPHIL CUMNAEKC BEPOATVHOCTIVHOLT
pewerutl 3adavu (1) beckonewnomepen.

OTrMeTnM, 9TO YCIOBUST TEOPEMBI COBIIAJIAIOT C YCIOBUSIMU €JIUHCTBEH-
HOCTH BEPOSITHOCTHOT'O PEIIeHMs OJHOMEPHOrO CTAIMOHAPHOTO ypaBHEe-
uust Kosmoroposa (cm. [1]). IToxpobroe msiozkenne STHX pe3ysibTaToB
MOXKHO Haiitu B 2| u B [3].

Pabora momgaep:kana rpanTom POOU 20-01-00432, MocKOBCKIM IieH-
TpoM (QYHIAMEHTAJBHON W IPUKJIAIHON MATEMATHKU U CTHUICHIUEH
®onma «Bazncs.
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O HEOCHUMJLJISALIUN YPABHEHUN YETBEPTOI'O
ITIOPAJKA HA CETU

KVJ/IAEB P.4.
Uzyuaercss ypaBHEHUE YETBEPTOTO MOPsiIKA
d? d*u
Lu= i (p(ac)dFQ> —h(x)u=0, zel, (1)

rje I' — reomerpuueckuit rpad [1, 2|. lox duddepenyuarorom ypasre-
HUeM Ha 2page, MBI TIOIPa3yMeBaeM MHOXKECTBO OOBIKHOBEHHBIX audde-
PEHIIMAIBHBIX ypaBHEHUIT Ha pebpax

(pi(z)u])" —ri(x)u =0, =z €, (2)
¢ kosdbdurmentamu p(z) € C?[I, r(x) € C[IY, xlgg pi(z) >0, r(z) >0

Ha I', nonostasiemoe B Kazk 101t BHyTpenueii Beputnne a € J(I') yeroBusivum
COIJIaCOBaHUsA

ui(a) = u(a), Bla)ui(a) —I(a)uj(a) =0, i€ I(a), (3)

B KOTOPBIX Ko dunuentst 5(a), ¥(a) HEOTPUIIATEIBHBI ¥ HE PABHBI OJI-
HOBPEMEHHO HYJIIO, U YCJIOBUEM C TPETHUMH IIPOU3BOIHBIMU

Y (), (a) = r(a)ula) =0, ae (D). (4)

i€l(a)

Ounpenenenne 1. Pewenuem dupgepenyuanvhozo ypasnernun (1) Oy-
JIeM Ha3bIBATh BCAKYIO (DYHKIMIO u(Z), YAOBIETBOPSIOINLYI0 HA KaiK-
JoM pebpe rpada COOTBETCTBYIOIIEMY OOBIKHOBEHHOMY auddepeHiiu-
AJTBLHOMY YpaBHEHHUIO (2), a B KaXKJI0il BHYTDEHHEH BepIINHE — yCJIOBH-

sam (3), (4).

VYpasuenue (1) BO3HUKAET NIpPU M3YyUEHUU CIEKTPa 3aJa4u O KojeHa-
HUSIX [IJIOCKON CeTKH YIPYTO-IIIADHUPHO COYJIEHEHHBIX cTepKHeil [1].

Onpenenenne 2. Iloarpad I'g C T mazsosem S2-somnot dynxmun u(z)
u3 C(T)NCHTY, ecmu: 1) u(x) # 0 on T; 2) cymecrsyer noarpac I'y € T
takoit, uro g C T'y m u(x) = 0 ma Ty UIT'1; 3) u/(z) = 0 ma OT( N IT.

Onpenenenune 3. [duddepenimanipioe ypapaeane Lu = 0 u coor-
BeTcTByIOMuUil auddepeHuanibubiii oneparop L, MOpoXKIAeMbIfi COOT-
HomeHusivu (2)—(4), HazoBeM Heocyuarupyrowumy Ha rpade I, ecan
M060€ HETPUBUAIBHOE PEIICHHE STOI0 yPABHEHUS] HE MOYKET MMeTh S2—

30HBIL B [.
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3aMeTnM, UTO JaHHOE OIpejesleHre HeOCIUJIIUPYoero auddepen-
[IMaJIbHOTO YpaBHEHUsI Ha I'pade sIBJISETCs] aHAJOIOM HEOCIMJUISAINNA B
onHOMepHOM cityuae. OTcyrcrBue S2-30H y pellleHHs ypaBHEHHS Ha
J C R o3navaer, 4TO pellieHne Ha MOXKET UMeTb Oojiee Tpex HyJjeil B
J.

Cunrast OI' # @, BeJieM B pacCMOTPeHUe JIJIsT KarXK 0l IPaHITIHON Bep-
munHbl ¢ € JI' rpacda ' o gBe Kpaesble 3aa4un

Lu=0,zel, wu(a)=1, v(a)=0, ub) =4'(b) =0, b€ dl'\a, (5)

Lv=0,zel, wv(a)=0, v(a) =1, v(b)

v'(b) =0, be dl'\ a. (6)

Teopema 1. Caedyroujue c6oticmea IK6UBANEHTIHDL:
(a) xaorcdas us 3adaw (5) umeem nososcumenrvroe na I' pewenue;
(b)  cywecmeyem pewenue w(x) ypasuenus (1) maxoe, wmo

w'(a) =0, a € IT, inf w(z) > 0;
zel
(¢) cywecmesyem nososrcumenvroe na I' pewenue ypasnenua (1), ydo-

saemeoparouee epanuinvim yeaosuam u'(a) = 0, a € AT, u e pasnoe
HYA0 xomAdvL 8 00noU sepwure ud O1';
(d) xaorcdas us 3adaw (6) umeem noaosrcumenvroe na I' pewenue;
(e) pynruyua 'puna xpaesot sadavu

Lu= f(x), z €T, wub)=4'(b)=0, bedl,

nosootcumenvra na ' X T';
(f) ypasrenue (1) ne ocyuarupyem wa T.

Pabora Beimosinena npu dunancoBoil noanepkke Munucrepcrsa Hay-
ki 1 BbIciiero obpazosannst P® (Cormamenne 075-02-2021-1552).
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O BOSMO2XKHOCTU PEAJIMBAIINN CIITEHAPU A
JIAHIAAY-XOII®A ITEPEXOJA K TYPBYJIEHTHOCTN
B HEKOTOPBIX BOJIIOIIVMOHHBIX KPAEBBIX
3AJAYAX MATEMATUYECKOI ®U3UKU

KYJINKOB A.H.!, KVJIUKOB JI.A.2

PaccmaTpuBatorcst KpaeBbie 3a/1a491, B KOTOPBIX MOXKET OBITh PEaJIn30-
BaH CIieHApUil repexoja K TypbysiaeHTHOCTH, tpeioxkennbiit JI.J1. Jlan-
nay u 9. Xondowm [1,2]. B pabore |2]| 6b11 pe/jiozkeH npuMep KpaeBoii
3aJ1a9M, B KOTOPOIl 9TOT clieHapuii ObLI peasn3oBaH. B nokiaje OymyT
[IPUBEJICHBI UHBIE IPUMEPhI HEJIMHENHBIX KPAEBbIX 3a/1a4, /e TaK¥Ke y/1a-
eTcs peasin30BaTh Takoii crienapuii. [Ipu sToM ncnosib30BaH iaH, mpes-
noxennbiit @. Takencom (cm. rir. 3 u3 [3]). Budypkarun naBapuanTHBIX
TOPOB PaCTYIIEll pasMepHOCTH IIPOUCXOIAT Oyraromapst Kackary oudyp-
karuit Anjponosa-Xorda.

PaccmoTpuM ypaBHeHHe ¢ 9aCTHBIMU ITPOU3BOIHBIMHI

Ut — EUp + U — EVUigy — O Ugy = —eu | wpudz, (1)

Ot~y

e € € (0,50),60 > 0,v,0 € R,. VYpaBuenune (1) MOZKHO JIOIIOJTHUTH
OJIHUM W3 JIBYX BHJIOB CJIEJLYIOIINX KPAEBBIX YCJIOBUIL

U(t, 0) = U(t, T‘—) =0, (2)

uz(t,0) = uy(t, ™) = 0. (3)

Kpaessie 3amaqu (1), (2); (1), (3) 6puin npoanaan3upoBaHbl B paboTax

[4,5]. Ormernm, uTo ypasrenue (1) SBISETCS OAHUM U3 BAPHAHTOB 0000-

menHoro ypasrennust Ban nep Ilosst ¢ pacipe/iesieHHBIMI TApaMETPAMIL.

K kpaeseim 3amadam (1), (2); (1), (3) cBogurcst aHaams3 OfHON n3 OC-

HOBHBIX MaTeMaTHIeCKIX MOJIeJIell MAaKPOIKOHOMUKH, KOTOPast N3BECTHA

10/1 Ha3BaHueM "MyJIBTHIIIIKATOP-aKCceIbpaTop.
Ecsin BeIOpaTh U1 n3ydenusi KpaeByio 3ajady (1), (2), To Bompoc

O CTPYKTYpPe €e OKPECTHOCTU MOXKET OBbITh CBEJIEH K aHAJM3Y CYETHOI
110CJIEJOBATEILHOCTU HECBA3aHHBIX OCIIUJIIATOPOB

. . 2
Yn = L0nYn + (5/2)(Vn - ‘yn| )ym (4)
e 02 = 1+ 0?02, v, = 1 —vn?. Anamus cucrembr tuddepeHuaIbHbIX
ypaBHeHuii (4) mokasaJi, 9To IIpU YMEHBIIIEHUN U Y Hee, a IJIABHOE Y Kpa-
esoit 3aaun (1), (2) peanusyercst kackas 6udypkanuii MHBADUAHTHBIX

270



topoB T1(e) — ... = Tg(e) = Tky1(e) — ..., tae dimTy(e) = k. Ilpu
v e [1/(k+1)%1/k?) cymecryior Topet Tp, (), m < k, HO OTCYTCTBYIOT
Topbl pazmepuoctu n > k. Ilpu mepexojie BeUUUHBI ¥ U3 MOJyUHTEPBa~
na (1/(k+1)%,1/k?] B nonyunrepsan (1/(k+2)2,1/(k+1)?] mpoucxoaur
poxenne Topa Tj11(g). Boiee Toro, Kak ynaercst mokasaTh IPUTITABA-
omuM OyIeT Top HanbOJIbINEll U3 BO3MOXKHBIX Pa3MEPHOCTEH.

Ananornaserit orser 6bL1 HOJIyUeH Jyist Kpaeoit 3aa4n (1), (3). Cue-
napuit Jlanmay-Xormda Takyke MOXKET OBITH peajin30BaH B JIBYX 3a/1a9aX
U3 Teopuu ynpyroit ycroituusoctu (cm. paborsl [6,7]).

Pa6ora BbIIIOJIHEHA B PAMKAX PEATU3AIIH [IPOIPAMMbBI PA3BUTHUS PETU-
OHAJILHOI'O HAY YHO-00pa30BaTEILHOIO MaTeMaTuIeckoro neurpa (Spl'y)
npu (HBUHAHCOBOI nojIepKKe MUHICTEPCTBA HAYKU U BBICIIETO 06pa30-
Banus P® (Cornamenue o npegocrasiennu u3 deepajbHOro 6roKera
cybeummu Ne 075-02-2021-1397).
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O ITIOJIOXKUTEJIBHOCTU ®VHKIINN 'PUHA
JIBYXTOYEYHOM KPAEBOU 3AJAYN

JIABOBCKUH C.

PaccmatpuBatoTcst yCJIOBUsT TOJTOXKUATENIBHOCTH GyHKINE [ prHa 1By X-
TOYEYHON KpaeBOil 3aj1a4u

l
Lyu:= (—1)Fu™ + )\/ u(s)dsr(z,s) = f(z), z €[0,1], B¥(u) = a,
0
e
B u) i= (u(0), ..., u™ D (0), ul), —/ (D), ..., (=) =Duk-D 0)),

n > 3,0 <k < n. Oyaknus r(x,s) upennosaraercsi HeyObIBAIONIEH 110
BropoMmy aprymenty. Ilycts m+k nederno. O603nadnm \'™ (3T0 BepXHUii
nHIEKC, He CTeHeHb) — HaHUMEHBbIIIEE ITOJIOKUTEJIbHOE 3HAYECHUE A, opu
koropoM 3agada Lyu = 0, B™u = (0 uMeer HETPUBHAJIBHOE PEIIEHNE.
Heobxomnmoe u gocraTrovdnoe yCjaoBue MOJIOKUTETBHOCTHA PEITeHNH ITOM
KpaeBoii 3a/1a4uu, yuoBiaerBopsonux ycjaosusam f(x) > 0,

w(0) = - =u™*20) =0, u(l) =--- =u*D(1) =0,

u k=1 0) > 0, (=1)* D (]) > 0 sakmouaercs B gOKpHTHIHO-
CTH KpaeBbIX 337184 ¢ BeKTop-ynkimonamamu BF~1 u BF1 A nwverno,
mapa ycjaoBuit A < M=lg X < Atl peobxoamma u jocrarodna st
[TOJIOYKUTETbHOCTH PEIIeHNs 3aaH.

[Tycrs L(0,1) — npocrpancrso unterpupyembix Ha [0,1] mo Jlebery
dbyuknmit. Oupegeaum GyHKINOHATIBHO- MO MEPEHITNATBHBIN OIIepaTop
(CHMBOJI := O3HAYAET PAGHO MO ONPEIEACHUI0) PABEHCTBOM

l
Lu(z) = (—1)Fu™ (z) + /u(s)dsr(a:,s),
0

l
n > 3. Ilycre Qu(x) := [u(s)dsr(x,s), x € [0,1], tne 7(x, ) — HeyObIBA-

0
fomast dbykuiust npu nourn seex x € [0,1], r(x,0) = 0, r(-,1) € L([0,1]).
Hostomy £ = Lo+ Q, tae Lou = (—1)Fu(™, Q — nomoxurensuprit
B 00bIYHOM cMbIcse oreparop. Omeparop L OyjeM paccMaTpuBaTh B
npocrpancrse AC™ ™ byHKIuil, HMEIOMUX a6COIIOTHO HEIIPEPHIBHYIO Ha
[0,1] mpomsBoamyo u" Y, ¢ 06braHOlN HOPMOIi.
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OCHOBHOII TIeJIBIO SIBJISIETCST yCTaHOBJIeHHE TeopeMbl 1. C IOMOIIBIO
OIIEHKM XapaKTEPUCTHIECKUX UHUCEJ OHAa IIO3BOJISIET HAXOIUTh PdeK-
TUBHBIE YCJIOBHSI OTPHUIATETEHOCTH (DYHKIHE [ puHa.

Iycrs E C AC™! — MuOecTBO (byHKIMIL, YIOBIETBOPSIONIUX YCJIO-
BUAM

u(0) =+ = u"F D) =0, u(l) =+ =uFA@ =0, (1)
Onpenenenne 1. Hazosem 3agaqay
Lu=f, Bfu=a (2)

E-nonoxurenbro paspemumoii, ecou u3 f > 0, a > 0, u € E cuexyer
u > 0.

Onpepenenne 2. Ypasuenne Lu = 0 gBisgercsd F-Heocu/LIAIMOHHBIM
B unrepsasie [0,!], ecin 060e ero perenne u3 E umeer He Gosiee n — 1
HyJsieil B uarepsasie [0, [], caurasi KpaTHbIe HYJIM CTOJBKO pa3, KAKOBa UX
KPaTHOCTD.

Samevarnue 1. Tak kak pernenne u € F yyke mMmeeT n — 2 HyJseil, caurast
KPATHOCTH, OHO MOYKET MMETh TOJLKO OuH 11pocToit Hyib B (0,1). B arom
ciiyvae, CyMMa KpaTHocTeill Hyseil B Toukax 0 u [ paBHa n — 2.

Teopema 1. Jxgusarermmv caedyroujue YmeePHcoeHUA.

(1) Badaua (2) E-noroscumesvro paspeusuma, npuiem ecal
(f,a) >(0,0),ue E, u#0,

mo u(x) > ex™ *(1 — z)* das nexomopoeo £ > 0.
(2) VYpasnernue Lu =0 E-neocyuarayuonro na [0,1].
(3) AF=1 > 1w Al > 1,

Tperbe ycsioBue 3hPEKTUBHO IPOBEPSIETCI € TTIOMOIIBIO TEOPeM O -
depeHnraIbHBIX HEpaBEHCTBAX 2, 3.

Teopema 2. Ilycmv 0 < m < n, U cywecmsyem HeOMPUUAIMEALHOE
pewerue nepasercms Lu =1 <0, B"u=«a >0, (¢,a) # (0,0). Tozda
AT < 1.

Teopema 3. Ilycmv m = 0 wau m = n, U CYwecmeyem Heompuya-
meavhoe pewenue nepasencme Lu = ¢ < 0, B™u = a ># 0. Toada
AT < 1.
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CUCTEMBI HIJIESNHT'EPA TOJIBKO C
TUINEPTEOMETPUYECKVMU PENTEHNAMU

JIEKCHUH B.II.

PaCCI\IOTpI/IM Ha6op (byHKI_[I/IOHaJIbeIX KBaJIpPpaTHBIX KOMIIJIEKCHO-

sHauHbIX Marpuil B;(z), ¢ = 1, 2, ...,n pa3Mepa p, OIPEJEJIEHHbIX B
okpecrnoctu U C C¢ = C" \ U1§i<]~§n{(z1, 22, ., Zn)| Zi —zj = O}
HEKOTOPO#l TOYKU 20 = (z?, zg s e 22) € U KOMILIEKCHOTO JINHEHHOTO

npoctpancrsa C™. MbI Oyaem ucciieoBarh pemtenusi cucrembr [mesnn-
repa

d(zi — z)
dBi(z) = — Z [Bi(2), Bj(z)]ﬁ, (1)

=1,i#i o
¢ HeKOTOpHIMH HavambHpiMu yciosuamu  B;(zY) = BY. 3uech
[Bi, Bj|] = B;jBj — BjB; — 910 00bIYHbIE KOMMYTaTOPBI MATPHI[, &
di’j%;ﬂ, 1 < i < 57 < n — mepomopduble auddepeHInaIbHbe

1-bopmbr Ha C™. Cucremsr [llresunrepa (1) siBisifoTCst HeJIMHENRHBI-
MH MaTpudHbIMH cucTeMamu ypasuenwmit [Idadda. Xopomo mssect-
Ho [1,2,3], uro cucrema (1) sBiseTcss BIOJIHE MHTErPUPYEMOil cHCTe-
moit Ildadda B okpecrnocrn U toukn 2z’ m moboe ee pemrenue
(B1(2), Ba2(2), ..., Bp(2)) MmepoMopdHO MpomoIzKaeTcst Ha BCe YHUBED-
casbioe HakpbiTue ponosaenns C7. Takzke XOpoIo u3BECTHO, YTO NIPH
p = 2 un = 4 pemenne cucrema [Ilnesunrepa [1] B Kiacce marpury
C HYJIEBBIM CJIEJIOM peIylupyercs K permrenuio ypapuenus [lermgese VI
(KOTOpPOE B CBOIO 0Y€pe b MOYKHO PELyIIMPOBAHUTH [IPH HOXOJISIIIX [~
pamerpax K Jjobomy u3 ypasaenuii [lersese (I-V) u noromy npu 3aman-
HBIX p =2 u n = 4, B obmem ciaydae, pemenne ypapuenus: [1liesunrepa
BBIpaXkaeTcst uepe3 TpancienaeaTube [lernese. Tpanciennentaoie [len-
JIeBe BXOJAT B 00Jiee CJI0XKHBIM Krace MYHKIUN, ¢ TOYKH 3PEHUST TEOPUU
Tasya [4], uem runepreomerpuyeckne (OyHKIMU, PAIOHAIbHbIE (DYHK-
AU WJIA [TOJIMHOMBI. MBI YKaXkeM HEKOTOPbIe YCJIOBHST Ha KJIACC MaTPUIL
Bi(z)i = 1,2, ...,n, B xoropom 6yznem perarb cucrembl 11liesnnre-
pa ¥ TUN PEeyKIMH 9THX CUCTEM B YKAa3aHHOM KJjiacce MarTpuil. Bysmer

omncaHa peaykinus cucteMmbl [le3nnrepa K cucreMme, KOT/Ia MOCTETHSIS
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“MeeT pelleHus He CJIOXKHee, C TOUKHU 3peHus Teopuu lajaya, deMm Tu-
repreoMerpuieckrue QYHKIINKN, WA aHAJOTUIHO, PAIIHOHAbHBIE (DYyHK-
MY UM MHOTOYJIeHBI. Bee Bbile CKa3aHHOE CyMMUPYETCs B CJIELY IOIIEM
YTBEPXKJIEeHNN

Teopema 1. Paccmompum cucmemy ILllaesunzepa 6 kaacce seprre-
MPEY20ADHBLT MAMPUY,

Bi(z) = (0;°(2)), b;°(2) =0, r>s,i=1,2,....n

¢ nocmoannvmMu JuazonasvsLMu aaemenmamu b (2) = NE. ITyemu dan
Kasicdozo i duazonaavhvie aaemenmur N¥ obpasyrom apudmemureckyro
npoepeccuto ¢ 00not u moti srce pasznocmvio A das ecex i. Tozda 6 Kaacce
maxux mampuy, cucmema Illresuneepa (1)

1) pedyuupyemesa x nabopy sunetinvx cucmem Ilpapga

db*(2) = (s =r)A Y (b°(2) - 653<2>>W
Pl ¥ 7 J

2) pedyyuposarran cucmema (2) umeem basuc pewerutds npedcmas-
AEHHBITL 2UNEPLEOMEMPUMECKUMU UHMELPAAGMU,

(2)

- dt
rs rs .
bi (Z):IBZ/H(t_Zk)ﬁl’t 271213"'7717 (3)
- — %
i k=1
ede napamempo, 51° umerom snavenus [1° = - = B1% = (s —r)A, a
NEMAU Yj 6 NAOCKOCTNU KOMNALKCHOT nepemertoti nepemermoti t, no xo-
Mopoti 6edemcs unmezpuposanue uloUPaOMes Mmaxum 00paszom, 4mobo.
OHU He MPOToUAU “epe3 Mmouku zZi, © = 1,..., n u umobv. nodurme-
2PANLHOE BBIPAACEHUE ObLAO 00HO3HAUHbIM (Hanpumep, nemau [Toxzam-
mepa,).
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CUHTYJ/IAPHO BO3MVYIIIEHHBIE I HEPET'VJISIPHO
BBIPOXKIEHHBIE SJIJINIITUYECKUE 3AJTAYIL.
OBIIIUN ITOJIXO/I

JIOMOB H.C.

Ha npuMepe ABYyX JIJIMIITUYICCKUX 3a/1a49:
62u$$ + Uyy — /<;2(x)u = f(xay)v ($,y) € D:
Uly—0 = u|y=p = 0,

Ulgee M = @1 (y), u\x:M = Q2(y)

Youyy + oz — *(y)u = f(z,y), (2,y) €D,
Ulg=0 = U|lp=1 = u|y=p =0, |u(z,0)] < 400

ITOKA3aHO, UTO METOJ[ PEry/sipU3alliil CHUHTYJISIPHBIX BO3MYIIEHN, pa3-
pa6oranubiii C.A. Jlomosbim [1, 2| miist HOCTPOEHMsI PEryJisipU30BAHHBIX
ACUMIITOTUIECKUX PEIIeHU CHHTY/ISIPHO BO3MYIIEHHBIX YPaBHEHM, MO-
JKeT OBITh YCIEINTHO IIPUMEHEH K ITOCTPOEHUIO PEIeHn HePery IsipHO BbI-
POXKIAIOITUXCST JITANITUIECKAX 33024, B 0boux cirydasx Jijis ONMUCaHus
OCODEHHOCTEN PeIeHnsT UCIOIb3YeTCs CIIEKTP IPEeIebHOrO OIepaTopa.

B caygae 3amaqm ¢ MajbIM mapaMeTpoM IpHU CTapIeil MpOU3BOIHOM,
pelienre BHOBD ITOJIY Y€HHOM 3a,1a1 UIETCS METOIOM KJIACCHIECKO Teo-
pUM BO3MYINEHUNl B CIEIUAJHLHOM IPOCTPAHCTBE 0OE3PE30HAHCHBIX pe-
mennii. B ciydae BBIPOXKIEHHOTO JIIUNTUIECKOTO YPABHEHUS PEITaeT-
cs paciupenHas 3ajada. [[puBomsgTcs yTBepKIeHus O CyNIeCTBOBAHUU
(bopMaILHOTO U KJIACCHIECKOT0 pelllennii paccMaTpuBaeMoii 3aaaqu. 11o-
Ka3aHo, KaK U B Kjaccu4ieckoil Teopeme Kommu—Kosasesckoii, uro perre-
HHUE YaCTUYIHO HAaC/IeayeT aHAJUTUIECKHE CBOMCTBA KO3(MDDUIUEHTOB 1
npaBoii yactu audepeHImaIbHOrO yPABHEHUA.
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Ap-OIIEPATOP B TPOBHO-MEPHBIX OBJIACTAX N
COBCTBEHHBIE ®YHKIIVN Ap-OITEPATOPA HA
COEPE

JIAXOB JI.H.

Cumsosom Ap obo3Hadaercs oneparop (BBegeH B [1])

n
AB:ZBi7 B’Yi 82+7i 0 'YZ>—].

: = 922 Oz; Ox; >

=1 4
(mpm v > 0 370 obosnavenue obmenpunsToe). IIpeacrasmenne Ap-
omneparopa B ¢hEpUIECKON CHCTEME KOOPANHAT MPUBOIUT K PABEHCTBY

1
Ap = Brypy-1+ ﬁAB,@a (1)

KOTOPOE TTO3BOJISIET TPAKTUYIECKH ITPOU3BOJILHO MEHSITh PAa3MEPHOCTH €B-
KJINJI0Ba aprymenTta (byHKImH, HanpumMep, u3 (1) B obmactu & > 0 cite-

9 m
ayer paseHcTro 2 f(x)= Y By, f(lyl) upuy € Ry, |y| =z, 7| = 0.
=1

[TomobHyIO Ollepalio eCTeCTBEHHO HA3BIBATH PACIIHPEHHEM Pa3MEpPHO-
CTH €BKJINIOBA BEKTOPHOIO IMPOCTPAHCTBA IIyTeM BBEIEHHUS <«CKPBITO
cepraeckoii cuMmMeTpury (TEPMUH «CKPBITast CHMMETDHUST» BBEJCH DU
HCcCaeI0BaHIN 3aa9 (DyHIaMeHTAJIbHON (DU3UKHU, CM. BBEJIeHNE B KHUT'E
[2]). TTosTomy cam oneparop Ap dbOpMaNIbHO MOXKET PACCMATPUBATHCS
JIEHCTBYIOIIUM B JIPOOHO-MepHOiT obsiacTu pasmeproctu n+|y| > 0. Mox-
HO MCXOJUTb U3 OIIPEJIeJIEHHOTO IIPABOCTOPOHHEr0 MHTerpaJja Pumana—
Jmysumns (I ) (x)|z—o0 (cm. [3], bopmymna (2.18)), KOTOPBI IPH MEIbIX
BHAYEHUSX MOPSAIKA (v = N OKAXKeTCs mHTerpaJjoMm 1o mapy B R,. Takoit
nosxoy npumMerer B [4]. Eme ormeuy pabory [5], rie oneparop Beccens
IpoOHOrO TTapaMeTpa Ha3BaH 0000IeHneM oreparopa Jlamraca Bo dpaxk-
TaJIbHOU cpeje.

Oupenenenue JpobHOR pa3sMEPHOCTH 00JIACTH JEHCTBUsSI oleparopa

A B MOXKHO JIaTh, IPUMEHUB OIpe/ie/ieHne pa3MepHocTu Xaycaopda. st
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9TOr0 3aMEeTUM, 9TO oneparop Ap OKa3bIBAETCS CAMOCOIIPSIYKEHHBIM IIPH
urrerpupoannn 1o Mepe duy(x) = [y |i[Vdz, v > —1. Ucnomns3o-
BaHWE B OIIPEJIC/ICHIU PAa3MepHOCTH Xaycaopda dy MapoBoro mOKPbITHs
OI'PaHUIEHHOI'O MHOXKECTBa B R,, OKPECTHOCTSIMH C MEpPOI WHTErpUpOBa-
Hus dyy, npuseser K dopmyne dg = n + |7|.

Takum obpazom, 3a1a9u i YPaBHEHUN ¢ CUHTYJIsIpHBIM quddepen-
nuajbHBIM onieparopoM Ap mpu 7y; > —1 MOryT paccMaTpuBATHCSI, BO-
00111e TOBOPS, B objtacTu ApobHOI pasmepHOocTH. VIMEHHO Takasi 3a1a4a
Hupuxiie nocrasiena B [1] u pemasack METOIOM pa3Je/IeHUsI IePEMeH-
HBIX Ha pajuaibHyio u cdepudeckue. Mcnoan3oBaanch secosvie chepu-
vyeckue PYHKUUL, COKPAITIEHHO B-2apMOHUKU, IOy IeHHbIE CyKEHUEM Ha,

eIMHIYHYT0 chepy OJHOPOIHBIX B-rapMonnyeckux MHoroueHos P, ():
P

) = P () =Ya@), %> -1
IIpuBenem BaxkHOe CBOMCTBO 3TUX (DyHKINHIA.

k/2 k/2
ITycTb Dk=B / , €CJIN HaTypaJibHOe k — YeTHOe U Dg:a%iB%/ , €CJIN

7

k — meuernoe. Crpasenussl orenku (cp. ¢ [6], c. 486)

L [P5P@)] diie) < com® 1%
1
‘D%P%(x) ‘ < Oy m2m+2lkl+ntiy| =2 ||Y7%/”L;’(5f—)'
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O TOYHBIX JIBYCTOPOHHUMX OIIEHKAX
YCTONYUBHIX PEINEHUN JU®PEPEHIINAJIBHBIX
YPABHEHUI 3ATIA3IBIBAIOIIIETO TUIIA

MAJIBITMTHA B.B.

OrpejiesieHne 9KCIIOHEHIMAIBHON yCTORYINBOCTH JInHEHHOTO Mudbde-
PEHIIMAIFHOIO yPaBHEHUSI C IOCJeeficTBIEM ODOOIIAeT KJIAaCCHYECKOe
OTIpejieJIeHIEe FKCIIOHEHITHAJIBHON YCTORINBOCTH OOBIKHOBEHHOTO Jindde-
PEHIUATBLHOTO YPABHEHUS U TOAPA3yMEBAET CYIIECTBOBAHNE TAKUX KOH-
craut N,~ > 0, uro s joboro pemenust x: [tg, 00) — R cupaseminsa
omenka |z(t)] < Ne 7t=%)| ||, rme ¢ — onpenensomas pemenne Ha-
qajbHas PYHKINA. B ompeiesieHnn SKCIIOHEHITHAIBHON YCTONIUBOCTH OT
nocTossHHbIX N U vy TpebyeTcst TOJILKO CYIIeCTBOBAHUE, HO OIIBIT UCIIOJIb-
30BaHUs YPABHEHU C MOCJIEIEHCTBHEM B TOOPETUIECKUX TTOCTPOCHUSX U
MaTeMaTUIeCKUX MOJIEJISIX IIPUBOJIUT K BBIBO/Y, YTO 03 yKasaHus OIle-
HOK Ha N U 7y win ajropurMa ux 3(h@eKTUBHOTO BRIYUCIEHAS 3a1a9a 00
SKCIIOHEHITUAJILHON YCTOMYNBOCTH HE MOYKET CIUTATHCH JI0 KOHIIA PEIIeH-
HOil. 3aMeTnM, 9TO JjIs YPABHEHHUI € IOCJIEIeCTBHEM 3a/ada OIEHKU
MOCTOSHHBIX [N U Y HETPUBUAJILHA yIKe JJIsI CKAJIAPHBIX YPaBHEHUI.

L5t 9KCIOHEHITUAJIBHO YCTORYNBOIO YPpaBHEHU

h
z(t) + ax(t) + /x(t —s)dr(s) = f(t), t>0, (1)
0

rie a € R, h > 0, r: [0,h] - R — dynxius orpanuvennoii Bapua-
mun, r(0) = 0, uaTerpas noHuMaercs B cMbicyie Pumana — Crusrbeca,
f — nokaspHO cymmupyemas QYHKIHUs, Tpeiaraetcs 3HdeKTUBHbII
METOJI, TOJIyIeHUS JBYCTOPOHHUX ONEHOK (PyHIAMEHTAILHOIO PENICHUST,
TMO3BOJIAIONINI C IIPOU3BOJIBHON TOYHOCTHIO HAUTHU KaK MOKA3aTeJb, TaK
1 KO3 PUIIMEHT IKCIIOHEHIIMAIBHON OIEHKN. DTOT METOJI CYIIECTBEHHO
onmpaeTcs Ha alpUOPHOE IIPEIIIOIOXKEHNE O IOJOKUTEIHBHOCTH (PyH Ia-
MEHTAJIbHOTO PEIIeHUs ¥ KA4eCTBEHHOE OIMCAHUE €O MOBEICHUs, yCTa-
HOBJICHHOE B pabore [1].

Dyndamenmarvroim pewenuem ypasaerns (1) HazoeM DyHKIMIO g,
SIBJISTIOIILYfOCsT pertierneM ypasHenusi (1) mpu f(t) = 0 u 9 = 1. Kax
u3BecTHO [2|, soboe pererne ypasHeHusi (1) MoxeT GbITH BBIPAYKEHO
yepes pyHIaMeHTaIbHOE PelleHue.
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h
O6osnaunm F(A) =X+ a+ [e *dr(s), A € R.
0

Teopema 1. ITycmv dynxyus r ne ybwsaem wa [0,h]. Ecau npu
Hekomopom seusecmeertom w > 0 swnoanenv, ycaosus F(—w) = 0,
F'(—w) > 0, mo gyndamenmanvroe pewenue ypasrerus (1) umeem
d8YCMOPOHHIN OUEHKY

1
et < xo(t) < ———e vt
=20 = Fg)
Teopema 2. IIyemv gynxyus r ne eospacmaem na [0,h]. Ecau npu
nexomopom eewecmeennom w > 0 ewnoanerno ycaosue F(—w) = 0,

mo gyndamenmanvroe pewenue ypasuenus (1) umeem deycmoponiioro
OUEHKY
e(w—a)he—wt < ﬂfo(t) < e—wt‘

Pabora Boimosinena npu nogaepkke Munodbpuayku Poccun, roczama-
mre FSNM-2020-0028.
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TlepMcKmit HAIMOHAIBHBIN WCCJIEIOBATEILCKIAN TOTUTEXHIICCKUIT
yuuBepcurer, Poccusi. Email: mavera@list.ru

YCTOMYNBOCTH PEILIEHUN OJIHOT'O KJIACCA
HEABTOHOMHBIX CUCTEM HEUTPAJIbBHOI'O THUITA
C IIEPEMEHHDBIM 3AITA3/IBIBAHUEM

MATBEEBA U.N.

PaccmarpuBatorest cucrembl gud bepeHnnaabHbIX YPaBHEHUN ¢ Tepe-
MEHHBIM 3alla3/IbIBaHIEeM

y(t) = A@)y(t) + B(t)y(t — 7(t)) + C()y(t — (1))

+E(y(0),y(t —7(1),9(t — 7)), >0, (1)
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riae A(t), B(t), C(t) — marpunpsl pasmepa n X n ¢ HEIPEPbIBHBIME Be-
IECTBEHHO3HAYHBIMU 3JIeMeHTaMu, T(t) — DyHKIHUs, OnpeIessomas 3a-
nazeanue, 7(t) € C1([0,0)),

O<m<7t)<mt+m, 0<7 <1, 7>0 1) <13<l,

F(t,u1,u2,us) — HelpepbIBHAS BEIECTBEHHO3HAYHAS BEKTOP-PYHKIIHS.
Mgt npesonaraem, aro F'(t, w1, ug, u3) JUIIINIEBA 110 U] HA JTFOOOM KOM-
ITaKTe U yJIOBJIETBOPSIET HEPABEHCTBY

3
1Ptz ua)l < 3 gyl 1759, 620, w; €RY, g, w; > 0.
j=1

Pabora mipoto/KaeT HaIlM UCCJIEIOBAHUS YCTONIUBOCTH PEIIEHUIT He-
ABTOHOMHBIX JIN(DPEPEHITUATBHBIX YPABHEHUI ¢ 3a1a3/IbIBAIOIIIM apry-
MeHTOM (M., Hanpumep, [1]-[8]). Ucnoabsys dbyuknuonasbt JlsmnyHosa —
KpacoBckoro crieruajibHOro Bujia, yCTAHOBJIEHBI OIEHKU DPEIIeHUuN CH-
creMm Buia (1) Ha nosynpsimoii {¢ > 0}. TosrydyeHHbIe OIEHKH TO3BOJISIOT
cJleIaTh BBIBOJL 00 yCTOWYHMBOCTH pellieHuil. B cilyuae acCHMIITOTHIECKOI
YCTOWYUBOCTH YKA3aHBI OIEHKN HA OOJIACTU IPUTSKEHUS U OIEHKU, Xa-
PAKTepU3yIoNue CKOPOCTH CTAOMIU3AIINN PEIIeHNH Ha, 6ECKOHETHOCTH.

Pabora BeITIoIHEHa Tpr PUHAHCOBOI noaepxkke Poccuiickoro dpoma
dynaamentaababx uccepoBanuii (mpoekt Ne 18-29-10086).
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®A30BOE ITPOCTPAHCTBO OBOBIIIEHHOI
OJHOPOJHOM MOAEJIN JUHAMUMKU >KUJIKOCTU
KEJIbBITHA-®OMI'TA BBICOKOI'O IIOPSIIKA

MATBEEBA O.II.
Cucrema ypaBHeHUit

(1 -2V, = vV — (v- V)ot

r nm—1

Z Z Am’svzwmﬁ — Vp, 0=V -,

m=1 s=0

OWm.0 1
6157 =V + QmWnyo , m=1,2, ..., (1)
OWn
ot = SWm,s—1 T UmWpm s
s=1,2, ..., np—lam € R, Ans€ Ry,
MOJICJIUPYET JTUHAMUKY HECKUMAEMOI BA3KOYIIPYTOil YKHUIKOCTH
Kenbeuna—Poiirra venysesoro nopsiiaka [1]. @yukmus v = (vi, ..., vy),
v; = vi(z,t), z€Q(QCR", n=2, 3, 4, — orpanndennas o61acTb

¢ rpanuteit JN) kiaacca C™) umeer bU3MYECKUT CMBICT CKOPOCTH Teve-
Hust, GyHknus p = p(x,t) OTBEUAET JABJIEHUIO KUJIKOCTU. [lapamerps
v € Ry n & € R xapakTepu3yioT BA3KNUE U yIPYTUe CBOMCTBA KUIKO-
ctu coorBercTBenHO. [TapameTpsr Ay, s OLPEIEIAIOT BpeMsl peTapaliiun

(3amaszpBanust) jasiaeHus [2].
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Paccmorpena 3agada Komm—/lupuxie st cucremsr (1)

v(z,0) =vo(x), Wmp(x,0)= w? (x), VzeQ,

m7p
v(z,t) =0, wps(z,t)=0, V(z,t)cdQxR (2)
m=1, 2, ...,r, s=0,1, ..., ny—1.

Teopema 1. I[Tycmov uy € B. Tozda das nexomopoezo ty = to(ug) cywe-
cmeyem eduncmeennoe pewenue 3adavu (1), (2), asamoweeca Keasu-
CMAUUOHAPHOT, MPAEXMOPUET,

u:(uoa 07 Dy W10y ---5 Wro, WL, -- -, Wilyy «ovy Wrly -«-y wrlr)

kaacca C((—to,t0); U) u maxoe, wmo w € B dasn ecex t € (—tg,ty),
2de

B={ucU: A MTA_'B(u,) = uy,
Ur =0 ,up €H2 , u; e H2 xH2 | i=1,2, ..., K}~

o

dasosoe npocmparcmeso 3adavu (1), (2).

Crucok JurepaTypbl
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[2] Mameeesa O.II. Maremarndeckue MOZEIHN BA3KOYIPYTUX HECXKUMAEMBIX YKH/I-
kocreit nenynesoro nopsaka,/O.I1. Marseesa, T.I. Cykauesa, Henabunck. 2014.

Hosropoackwuit rocymapcrsennsiit yausepcurer uM. fpociasa Mymnporo,
Poccus. Email: oltan.72@mail.ru

3AJIAYN CO CBOBOJHBIMU I'PAHUITAMMU 1N NX
ITPUJIOZKEHN A B MEXAHUWKE I'OPHBIX ITOPO/,

MENPMAHOB A.M.

B mperaraeMoM BBICTYTLIEHUH OYIYyT PACCMOTPEHBI MATEMATUIECKHE MO-
JleJIn, OIHCHIBAOIINE (DU3NIECKHE MPOIECCHl B TOPHBIX IIOPOJIaX, B 00JIACTSX
C HeM3BECTHBbIMU (CBODOMHBIMM) IDAHUANAMU. DTO MATEMATUIECKUE MOJIEIN
nedTSIHOrO pe3epByapa, MaTeMaTUdecKue MOJEH PYIAHOIO TeJia IPHU J100bIue
PEeIKNAX MeTaJJIOB METOJOM IIOJ3E€MHOIO BBIIIE/JIauYnBaHud U MaTeMaTH4ecKHue
MOJIEJIN, OMUCHIBAIONINE JTUHAMUKA (a3 IMOPOBOH KUIKOCTH TIPU BHEITHUX KO-
JIeDaHUSIX TeMIIepaTyphI.
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Mpe1 cemnyem Merony, npejgioxkerHoMmy R. Burridge u J. B. Keller [1] u E.
Sanchez-Palencia [2], 3akiouaromuiicss B ¢ CJeyoIel mocie0BaTeabHOCTH
IIaroB:

(a) paccmarpuBaeMblii buU3MIECKUil IPOLECC HA MUKPOCKOIIMIECKOM yPOBHE
(cpenuuii MacTab OnMCaAHN JECATKA MUKPOH ) OIIUCHIBAETCS C IIOMOIIIBIO KJIac-
CUYeCKUX ypABHEHUII MEXaHUKN CILIONIHBIX CpeJl (TOYHAs MOMEJIb),

(6) BbLIENISIETCSI HAGOP MAJIBIX Ge3pa3sMEPHBIX IaPAMETPOB,

(B) MaKpOCKOIMYECKHe MaTeMaThHdecKue Mojean (cpeiuuii  Maciirad
OIMCAHUsl HECKOJbKO METPOB) €CTh CTDPOIMe ACHMIITOTHYECKHE [PEesIbl
(ycpenHeHHMsI) TOYHBIX MaTeMaTHYECKUX MOJeJiell Ha MUKDPOCKOIMYECKOM
YPOBHE IIPU CTPEMJIEHHH BBIJIEIEHHBIX MAJIBIX [1APAMETPOB K HYJIIO.

15t TIpeJIesIbHOTO TIePEeXo/ia IIPU CTPEMJIEHUH MAJIBIX [apaMeTPOB K HYJIIO
UCHOJIB3YIOTCS METO/I JIByX-MaciTabHoli cxomumoctu Nguetseng G. [3] auist ciry-
4yasi cpeJi ¢ OJIHOM MOPUCTOCTHIO U MeToj, MoBTOpHOTO yepeanenus Allaire G.,
Briane M. [4]| mis caygas cpen ¢ IBORHOI IIOPUCTOCTHIO.
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ANOPEPEHIINAJIBHBIE OITEPATOPBI C ITIOCTOAHHBIMUI
KOPPUIIMEHTAMU N SBHAYEHU A JA3ETA-OYHKIINN
PUMAHA B IHEJIBIX TOYKAX

MUP30OEB K.A.!, CAOOHOBA T.A.2

Cumsosiom ((s), Kak 06bI9HO, 0603HAYNM J3eTa~-GyHKIMIO PuMmana, a cum-
Bosiamu [3(s), A(s) u n(s) - poucrBennble ¢ Heil DyHKIMH, OLpeesseMble pa-
BEHCTBAMHU

+o00 _ +00 +oo —
(-1 1 (-1
Bls) =) 70—y A=) oy n(s) =) ——
kzzl (2k — 1); kz::l 2k —1s " L
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u cBsi3aHHbIe ¢ ((S) COOTHOIEHUSIMU

As) = (1=27)¢(s), n(s) = (1—2'7)¢(s).
Dyuknuio B(s) HassiBator 6eta-dyuxumei Jupuxie, a aucia 5(2) u ((3) npu-
HSITO Ha3bIBATh MOCTOSHHBLIMKA Karajana m Amepn COOTBETCTBEHHO. XOPOIIO

n3BeCTHBI (hOPMYJIBI Ditiepa
(_1>m—1 (277)2m

C(2m) = 2(2m)' Bgm, m = 1,2,...
B (_1)m (£)2m+l B
B(2m+1)—2(2—%)!E2m, m=0,1,...,

rae Bo,, u Es, — ancia Bepuyiuin u Diisiepa coorsercrBenHo. Ocobo oTMeTnM,
YTO HUKAKUX MOJMOGHBIX dbopmyi mis ¢(2m + 1), 8(2m) we cymectyer, u 06
apuMETUIECKON IIPUPOJE ITUX YUCEJ MaJjO YTO U3BECTHO.

Hamu mpejjioykeH MeToj], MO3BOJISIONIAN CPEICTBAMHU CIIEKTPAJIBHON Teo-
pun OOBIKHOBEHHBIX CAMOCONIPSIZKEHHBIX MM (EPEHITNATBHBIX OIEPATOPOB II0-
JIydaTh (POPMYJIBI JIJISI CyMM HEKOTOPBIX CXOJIAIIIXCS YUCIOBBIX PSIJIOB M HOBBIE
MHTErpajbHbIe [IPEJICTABICHU Il HEKOTOPBIX CIENUAIBHBIX (DYHKIUH. DTOT
MeTOJl, B YaCTHOCTH, II03BOJISIET YCTAHOBUTH CIIPABEJJINBOCTD CJIELYIOIIEH Teo-
PEMBL.

Teopema 1. ITycmos —1 < a < 1. Tozda cnpasediusvl pasencmea

/2
+ZOO (—1)k-1 1 sinaz
= x
(2k—1)2—a? 2acos % sinz
k=1 0
/2
f 1 B 1 / cos ax — cos i
= (2k = 1)((2k - 1)? —a?) © 2a%cos & cos T ’
= 0
oo w/2
i (-DFk 1 sin ax 2dac
k2 —a2  asinarm sin ’
k=1 0
w/2

“+o0

1 In2 1 . .
Z m = ? — m /(Slna,ﬂ' — SIHQG[L’) tgl’dﬂ:
k=1 0

ITomob6uBIe TOXKIECTBA MMEIOT 0COOOE 3HAYEHUE, MOCKOJbKY WX JIEBBIE Ua-
CTH, OYEBUJHO, ABJAIOTCA HPOM3BOAANMME (QyHKuuamMu g gucen [(2m),
A2m+1), n(2m —1) u {(2m+ 1) upu m € N.

U3 Teopembl 1 MOXKHO M3BJI€UDb JOBOJIBHO OOMIMPHYO NHMOPMAIUIO O TPeJ-
crasiennn auces £(2m), A(2m+1), n(2m—1) u {(2m+1) B Bujie OIpeIeIeHHBIX
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WHTErPAJIOB OT 3JEMEHTAPHBIX (DYHKIWIT; B BUJE OBICTPO CXOJSIIUXCS TUCIIO-
BBIX DsJIOB, cojepxkamux ((2n); B Buje JIMHEHHBIX KOMOMHAIME 0BGOOIIEHHBIX
TUTIEPTeOMeTPUIECKUX PaJioB 3Fh m 4 F3; B BUle MpeaeoB HEKOTOPBIX YUCIIO-
BBIX ITOCJIEJIOBATEBHOCTEN; B BUJIe KPATHBIX YMCJIOBBIX PSAOB U JIP., Y4CTh U3
KOTOPO#1 U3BECTHA, & YaCTb - ABJAETC HOBOH. JIOKJIa/1 IOCBAIIEH STOMY KPYTY
BOIIPOCOB.

Pa6ora Bemosinena npu noguepxkke PH®, npoekr 20-11-20261.
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HEIIJIOCKVE ®POBEHMNYCOBBI MHOI'OOBPA3UA "N
NHTETPUPYEMOCTD

MOXOB O.1.

BBoaurcs moHsiTHe HEIJIOCKMX HEACCOIMATUBHBIX (HPOOEHUYCOBBIX MHOIO-
obpasmii, KOTOpble 0000INAIOT MOHATHE IJIOCKUX MHOroobpasmuii [lybposu-
na—Ppobennyca, JOKAJIBHO 33/1aBAEMbIX PEIIEHUSIMH KJIACCUYECKUX IJIOCKUX
ypasuenuii Burrena—eiikxpada—Bepaunne—Bepiuune (ypasuenuit BIBB).
Hemmockne GpobennycoBbl MHOTOOOpa3ust JIOKAJIHHO OIMUCHLIBAIOTCS HEILIOC-
KuMU ypasHeHusiMu Burrena—/leitkxpada—Bepannne—Bepannse (HemmockuMu
ypasaerusimu B/IBB), ecTecTBEHHO BOSHUKAIOIIUME B MHOTOMEDHOH CYIIEPCHM-
MeTpUYHON MexaHuke (cM. [1]) m B Teopuu moaMHOroo6pasuil ¢ IMOTEHIAIOM
HOpMaJIeli B [ICEeBJIOEBKJIMJIOBBIX IIPOCTPAHCTBAX, Pa3BuToii aropom B [2]. Pa-
Hee aBTOPOM OBLIO JOKa3aHO, 9TO Kjaaccumieckuwe ypasuenuss B/IBB aBasior-
€S €CTeCTBEHHBIMU CITEIUAIBLHBIMEI PELyKIUAMA (DYHIAMEHTAJIBHBIX ypaBHE-
HU TEOpUHU IOJMHOr0o00pasnii B IICEBIOEBKINIOBBIX TPOCTPAHCTBAX U JII0OOE
mHOroobpasue /lybposuna—PpobeHnyca MOXKeT OBITH JIOKAJIBHO pPeaIm30BaHO
KaK HEKOTOPOE CIIEIUAJILHOE IIIIOCKOE TIOIMHOT000pa3Ne ¢ IJIOCKON HOPMAaJIbHON
CBSI3HOCTBIO B IICEBJOEBKJIMIOBOM IPOCTPAHCTBe. B mokiase Oymer moka3aHo,
970 Hemsockue ypapuenns B/IBB Takke sSBIAIOTCS €CTECTBEHHBIMU CITEIIAATb-
HBIMU PEJIYKIUSIMEA (DYHIAMEHTAJIBHBIX yPABHEHUIT TEOPUH TOAMHOI000pasnii
B IICEBJIOEBKJIMJIOBBIX TPOCTPAHCTBAX U JIIOOOE HEIIOCKoe (DPOOGEHUYCOBO MHO-
roobpasue MOXKeT ObITh JIOKAJIHHO PEAJIN30BAHO KAK HEKOTOPOE CIIEIHAIBLHOE
TOIMHOr000pasne ¢ MOTEHIINAIOM HOpMaJjell B ICEeBIOEBKJIMIOBOM ITPOCTPAH-
CTBe.

WccireroBanue BBHITIOTHEHO Ha MEXaHIMKO-MaTeMaTHdecKoM dakyabrere Moc-
KOBCKOI'O I'OCYIapCTBeHHOro yHupepcurera uM. M.B. JlomoHOCOBA 3a cuer rpaH-
Ta, Poccmiickoro nayunoro ¢dponma Ne 20-11-20214.
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[2] Moxoe O. U. JTpoiicTBEHHOCTD B CHIENUAIBHOM KJIACCE TOAMHOroo6pasuii u Gppo-
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Mockosckuit rocymapcTsenHblil yEHBepcuTeT uM. M.B. JIomonoCOBa,
MeXaHUKO-MaTeMaTndecknii dpakyibrer, Poccusi. Email: mokhov@mi-ras.ru

PEHOPMAJIN30OBAHHOE PEITEHWE /1JId YPABHEHUA C
CUHIVJIAPHBIM ITIOTEHIINMAJIOM HA KOMITAKTHOM
PUIMAHOBOM MHOT'OOBPA3UNN

MYKMHWHOB @.X.!, BYJI'AKOBA I'.T.2

JloKa3bIBaeTCsl CYIECTBOBAHIE PEHOPMAJIMIOBAHHOIO DEIIEHUS SJLIAITHYE-
CKOW 33JIa4¥ Ha KOMIIAKTHOM PUMAHOBOM MHOroobpasuu M c kpaem. Ciaboe
pelrieHue Mo 00HO# 3a/1aYU ¢ CHHTYJISIPHBIM IOTEHITHAJIOM B CiIydae 00JacTu B
R™ paccmarpusasocs B R™ [1]. Tam ke 0TMEYaI0Ch, 9TO TAKHE 33a9U [IPEJI-
CTABJISIIOT OIIPE/IeSIEHHbIN bu3mdecknit uHTHpec. PaccmoTpum 3a1a<y

—divy(a(z,u,du)) + Au+ Ku=f, ulom =0; fe&Li(M). (1)

Jluneitnbrit oneparop Ku : H;(,)(M) — (H;(_)(M))* KOMIIQKTEH,

Au = —divy(FVg4u), rae Bekroproe mosne F'V g u B JIOKaJIbHOI CHCTEME KO-
OPJIMHAT BBIYUCIISIETCS TT0 (POPMYJIe Fi’“ g u,; . OyHKIIH Fik (z) upunamexar
L1 10c(M), m mipu mobom z € M spementsr FF(x) 3amaor HeoTpHIATETHHO
onpejeneHny0 Marpuiy. Myasrunmkarop p € D'(M) MoxeT CiryKuTh npu-
MepoM oreparopa K, eciii OH HOIMUHSIETCs OleHKe

(o, ) = (u, o00) < C|l @llpyall Yllpey1, Yo, ¥ € DM).

BekTopnoe nosie a nipu 1 € R yJI0BIETBOPSIET YCJIOBHAM OTPAHUYEHHOCTH C
g<p(x)

la(z,r,y)|} @) < C(G(x) + |r]? + |y[P™®)), MmonoroumocTn mpu y # 2

(a(z,7r,y) — a(z,r,2),y — z) > 0, KOIPIUTUBHOCTH

(a(z,r,y),y) > 200|y|P®) — G(x), tne G(z) € Li(M), y,z € T)M, x € M.

[Ipocrpancrso B,y (M) — nononmenue D(M) 1o nopme

ullpey,a = lullpe)n + v (A, w).

IMosnoxum Ty (r) = max(—k, min(r, k)).
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Onpenenenne 1. Vzmepumast GyHKIMS 1 HA3BIBAETCS PEHOPMAJIM30BAHHBIM
pemenuem 3anadn Jupuxiie (1), eciu oHa YIOBJIETBOPSIET COOTHOIIEHUSIM: [IPU

Beex k > 0 Ty (u) € B,y (M);

lim / (a(z, u, du), du)dv = 0;
k—o0
Mk<[ul <k+1

npu Beex € € Lipy(R), v € D(M) BBILOJIHEHO PABEHCTBO

/(a(xv u, du), d(v€(u)))dv + (Au+ Ku, v§(u)) = (f, v€(u)). 2)
M

ITycts cymecTByioT Takoe unciao A > 1, aro

(A + Ku,u) + 6 / Voulf@dy >0, ueByy(M), 3)
M

npu ||u||p(_)71 > A.

Teopema 1. ITycms evinoanenv, ycaosus wa a, F, K u (3). Toeda cywecmsyem
peropmasusosartoe pewerue 3adauy (1).

Teopema 2. ITycmo svinoanenvt yeaosus na a, F. ITycmo a = a(x,y), yeaosue
Koapuumuernocmu evnoaneno ¢ G =0 u yeaosue (3) ¢ A= 0. Toada pewenue
sadawu Jupuzae (1) eduncmeenno.

Crucok aureparypbl
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'MECTUTYT MaTeMATHKH C BBIMHACIATEILHBIM neaTpoM YDPUIT PAH,
Y dumckuit TocyIapCTBEHHBIN ABUAIIMOHHBIN TEXHUIECKUN YHUBEPCUTET,
Poccusi. Email: mfkh@rambler.ru
2Y(blxnwcm/n‘/i roCyJapCTBEHHDII aBUAIIMOHHBIA TeXHUYECKUN YHUBEPCUTET,
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OB OJTHOBPEMEHHO! TPUAHTVJIAPU3AIIUN MATPUILL N
VCTONYNUBOCTU CUCTEM
OYHKIIMOHAJIbHO-ITN®PEPEHIINAJIBHBIX YPABHEHUI

MVYJ/IIOKOB M.B.

Paccvorpum cemeiictBo cuctem guddepeHnnaabHbIX YpaBHEHHTH

ﬂw+§émw@—mun=0,t>q
k=1

2(§) = ¢(&), [-w;0],

B CJEAyIIMNUX OO03HAYEHUSAX U IIPEJIIOJIoKeHusAX: Ay — BellecTBeHHbIE 2 X 2-
marpunpl, Gyskimn 1 : [0;400) — [0;wg] u3MepuMbl, w = maxg wg, ¥ —
cyMMupyeMmasi BEKTOP-(DYHKIIHS.

B nmaHHBIX IpeIIoaokeHuax pemenue 3aaaau Ko mist 1060i cucrems (1)
CYIIECTBYET U €IMHCTBEHHO B IIPOCTPAHCTBE abCOTIOTHO HEIIPEPBIBHBIX BEKTOP-
dyHKITHIH.

Iloxn pasHOMEPHOT IKCNOHEHUUAALHOT  YCTNOTUHUBOCTILI) CACTEMBI  Oy-
JieM TIOHUMAThH CJIEAYIOILYI0 OIEHKY MAaTpPHUIbl Komu [JaHHOW CHCTEeMBI:
M, o > 0: ||C(t,s)|| < Me==) mpu t > s.

T'oBopsT, ITO MATPHUITBI 00HOBPEMEHHO MPUAHLYAAPU3YEMDBL, €CITH CYITECTBY-
€T HeBBIPOXK IeHHOE TTpeobpazoBanue basuca 1, B KOTOPOM 00€e MaTPHUIIBI TTPUHM-
MAOT BEPXHIOI TPEYronbHyto (opmy. UzsectHo [1, 2|, uro marpuier Ay, ... A,
OJIHOBPEMEHHO TPHUAHTYJISIPU3YEMBI B TOM U TOJIBKO TOM CJIy4ae, eCJIH:

(1)

Vk,m=1,n: det(ArAm — A Ag) = 0. (2)
m
ITycre BemmosaeHo (2). O6o3HaunM Yepes a,(c ) coberpenoe 4mCiio MaTPHIIBI
T—1AT, pacmonoxennoe B m-oif cTpoke. Bce cOGCTBEHHBIE THC/Ia HEOTPHIIA-
TEJIbHBI W BEIECTBEHHBI €CJIA U TOJHKO €CJIH

Vk=1,n: det Ay > 0 u Sp Ay, > 2+/det Ai. (3)

Paccmorpum jse 3agaqu Komm (m = 1,2):

n

Um (t) + Z al(cm)ym (t — wk) =0, t>0,
P (4)

ym(g) =1, 5 € [7("};0]3

O6o3HaunM 4Yepe3 l,, TOYKY NEPBOr0 MUHUMYMa DEIIeHUsl Y, (cirydaii
Iy = 00 He UCKIIIOUAETCS).
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Teopema 1. ITycmv swnoanenv yeaosusa (2) u (3). Jdas mozo wmobos kasrtc-
das cucmema cemeticnea (1) ObLaa PaBHOMEPHO IKCMOHEHUUAALHO YCTNOTHU-
601ti, neobxodumo u docmamouno, wmobv, das a0bozo m = 1,2 pewenue sada-
wu (4) ydosaemeopsio odnomy uz 06Yx ycaosul:

o 5w/3 < lpy < o0,
L4 lm < 5LU/3 u ym(lm) > —1.

doka3aresbcTBO. B yCioBusX TeopeMbl HOce IpeobpasoBaHus Gasuca
BTOpOE ypaBHeHue cucreMbl cemeiicra (1) cosnanaer ¢ (4) upu m = 2. Heob-
XOJUMO€ U JIOCTATOYHOE YCJIOBUE YCTONUUBOCTH CEMEHCTBA TAKUX CKAJISIPHBIX
ypasHernit nomydeno B [3|. Tlepsoe ypaBHEHUE CONEPKUT Kak T1, TaK U Ta.
OsHAaKO, €CJiu IEPEHECTH To B MPABYIO YaCTh, TO MCIOIB3yst dbopmyay Komm
HETPYHO MOKA3aTh, YTO U3 YKCIIOHEHIMAJIBHON ONEHKHU Lo u (ynkuuu Korm
JLJISL TIEPBOTO CKAJISIPHOIO YPABHEHUS BBITEKAET SKCIIOHEHIUAILHAS OICHKA T1.

Crcok aureparypbl
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ckue Hayku. 2013. Ne5(18). C.2617-2619.
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Marem. 2013. Ne 7. C. 3-15.

IIepMckwmit rocyiapCcTBEHHBIN HAITMOHAJIBLHBIN MCCIET0BATETHCKII
yuuepcurteT, Poccus. [lepMckmit HAMOHAIBHBIN MCCJIEI0BATETHCKUIMA
rosmmTexHndeckuii yausepcurer, Poccusi. Email: mulykoff@gmail.com

KBASUKJIACCTYECKNUE ACUMIITOTUKN OJI<
HEJIOKAJIbHBIX YPABHEHUN

HA3AMKUHCKUN B.E.

B noknase paccMaTpuBalOTCd JIBE CUTYAIUH:
1. PasHocTHBIE ypaBHEHUS HA MHOTOMEPHOU PEIeTKEe C MaJIbIM ImaroM h.
IIpocreiimum TpuMepOM MOXKET CJIYKUTH yPaBHEHUE

es(2) -weas( )tz =0, wncrzanz )

w € (0, 1), Bo3HUKAIOIIEe IPU U3ydueHNn 3aaaun Kommm 1yisi BOJTHOBOrO ypaBHe-
HUs HA GECKOHEYHOM OJJHOPOHOM JIEPEBE CO CIIEIUAILHBIME YCJIOBAAME (THUIIA
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yenosnit Kupxroda) B Bepmmmax [1, 2], a takske (mpun w = 1/1/2) B 3a1a4e o
markax Pefinmana [3, 4].

2. Iudbdepennpaibibe ypaBHEHHA ¢ MAaJbIM IapaMeTPOM IIPU ITPOU3BOJI-
HBIX ¢ KO3(DHUIueHTaMu, BKIIOYAIOMUMY JefCTBAE JUCKPETHO! IPYIIIbLI CIBU-
roB. 3/1eCh B KAYECTBE MOJEIBLHOTO IIPUMEPA MOKHO PACCMOTPETDH HEJIOKAILHOE
ypasHenue [lIpeaunrepa

2 52
S - SR v+ [ K dy.
rje sapo umeer crenuanbubiii Bun K(z,y) = a(d(z —y— 1)+ 6z —y+1)) c
BelleCTBeHHBIM KodddurmenToM a = a(x).

B 06oux cirydasx npebsaBisieTcsl KOHCTPYKIHs KBA3UKIACCUIECKUX ACUMII-
TOTHYECKHX PENICHHi, OCHOBAHHAS Ha KAHOHHYIECKOM oreparope Macio-
Ba (cm. [5, 6, 7]), a B ciydae 2—TakKe Ha WJEAX M METOAAX TEOPUH HEJIO-
KaJbHBIX (1ceBno)audbepeHImaibHbIX onepaTopos (CM., HampuMmep, [8]).

Pesynbrarsr nosryuensr cobmectHo ¢ B. JI. Hepnbimessim u A. B. [IBeTkoBoit
(. 1) m A. ¥O. Casunb (1. 2).

Uccnenosanus B. E. Hazaitkunckoro u A. FO. Casuna nojiep:xkanst PODOU,
rpant 21-51-12006 HHUO _a.
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OBPATHBIE 3ATAYN OJI1 HEKOTOPBIX YPABHEHUI
COBOJIEBCKOT'O THUITA

HAMCAPAEBA T'.B.

Bynem ucciemoBars pa3pemmnMocTb JIMHERHBIX O0PATHBIX 3aad s Jud-
depeHnMaIbHBIX YPABHEHHIT COOOJIEBCKOTO THIIA

Aug + Bu = f(z,t) + q(x)h(z, t), (1)

Augy + Bu = f(x’ t) + Q(m)h(ma t)’ (2)

rue omneparop B umeer Bun Bu = 8%i(bij(x)vlj) + bo(x)v, (3mech u masee no
MOBTOPATONTAMCST MHIECKCAM BEJETCA CyMMHUPOBAHUE B TIpeesax or 1 7o n).

OCOBEHHOCTHIO N3y IAEMBIX 33718 SIBJISIETCST TO, ITO HCKOMAs TIPABASA TaCTh B

HUX OIPEJEJISIETCS HEM3BECTHBIM MHOYKHUTENIEM, 3aBHUCSIIIM JIAIH OT TPOCTPaH-

CTBEHHbIX II€epEMEHHBIX. HpI/I 9TOM YCJIOBHE II€peOolIpe/ieJIeHUA, O6yc.HOBJIeHHOe
HaJIM9MeM HEUu3BEeCTHOI'O KOS(b(bI/II_II/IeHTa,, nMeeT BUJ

u(z,T) =0, x € Q. (3)

Pamee momobubre 3amadu 11 ypaBHEHWI COCTABHOTO THUIIA W3YUAJUCH IS
HEKOTOPBIX YACTHBIX caydaeB. Meros mccieoBanust B paboTe 3aK/II0YAETCA B
repexojie OT OOpATHOM 3aJlavM K HOBOI Yy Ke MpsIMOil 3aJade Jjis ypaBHEHU
cocrasHoro Tuma (cM. [1]).

B mammoit pabore 111 n3y9aeMbIX 3a71a4 JOKA3BIBAIOTCS TEOPEMBI CYIIECTBO-
BAHUA U €JUHCTBEHHOCTU PEryJdPHBIX PEIICHUNA.

Crucok aureparypbl
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Bocrouno-Cubupckuit TocyIapCTBEHHBI YHUBEPCUTET TEXHOJIOTUH 1
yupasnenus, Poccusi. Email: gerel@inbox.ru
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0 “KBAHTOBAHUI” OJHOM N3 TAMUNJIBTOHOBBIX
CHUCTEM KNMYPHI

ITABJIEHKO B.A.

B Hacrosiiiee Bpemsi cOBepeMeHHBIE y4eHble MHTEPECYIOTCsl HeJIMHEHHBIMU
o6bikHOBeHHbIME JiuddepennuanbabivMu ypasaeausyu (OJLY), momyckaromue
IprMeHeHue MeToza u3oMoHoapoMuoil mpedopmanuu (MIIM). Ha cerogus us-
BECTEH KOHEYHBIN CIIMCOK COBMECTHBIX MAp TaMIIbTOHOBBIX cuctem OJ1Y

(QJ');;C = (HS)C);)J" (pj);k = _(HSk);)j (k = 172) (.] = 1’2) (1)

¢ ramuabronnanamu Hy, (81, S2,q1, @2, D1, P2), KaXKJI0€ U3 KOTOPBIX €CTh YCIOBUE
coBMecTHOCTH nBYX JuHeitabrx cucrem OILY Buma

V=AY, (3)

r/ie KBaJpaTHble MATpuIel Ls, 1 A OIMHAKOBON DPa3MEPHOCTH DPAIlHOHAJIBHBI
o rrepemennoii 1. CoorBercrByrorue pernenust OJLY, SBIAIONIXCS YCIOBAEM
COBMECTHOCTU TaKHUX IIap, Ha3bIBalOTCAd M30MOHOIPOMHBIMMU. K YUCJTy TaKUX
M30MOHO/IDOMHBIX COBMECTHBIX PENIeHUil raMUJIbTOHOBBIX CUCTEM C JBYMsl CTe-
[TEeHsIMU CBODOJIBI OTHOCSITCSI ¥ PEIEeHUs] HEPAPXUN TaMUJIBTOHOBBIX BBIPOXK Ie-
uuii cucrembl Lapube, Boinucanuoii B usBectHoil crarbe X. Kumypsr [1].

IIpencrosmmumit 1ok OyIEeT MOCBAIIEH IOCTPOEHUIO COBMECTHBIX PEIIeHui
JIBYX aHAJIOTOB BpeMeHHbIX ypasHenwuit [lIpenunrepa, onpeeaseMblX FraMUAIb-
TOHHAHAMU Hg’]j'Q (s1,82,q1, G2, P1,p2)(k = 1,2) ramuibronosoit cucrembr H312
u3 crarbu [1]. Janssle anamorn ypasHenuit I[lpeguHrepa IpecTaBiIsiior co-
6oit JIMHETHbIe BOJIIOIMOHHBIE YDABHEHUS ¢ BPEMEHAMH S1 U So, KaXKJ0e u3
KOTOPBIX 3aBUCHUT OT JIBYX IPOCTPAHCTBEHHBIX IMEPEMEHHBIX.

TlocTpoenmbie pereHns SBISIOTCS IBHBIMIA B TEPMUHAX PEITeHUi JTTHEHHOM
cucrembl O/1Y, KoTopast Beinmcana B crarbe Hakamypnl, Kapakamu n Cakkast
[2].

Cremyer OTMETUTH, 9TO HEKOTODBIE PEIIEHUs] COOTBETCBYIOIINX AHAJIOIOB
Bpemennbix ypaHenuit lllpemunrepa, onpemensieMplx JPYTUMU TaMUJIBTOHU-
aHaMmm yxke moctpoerbl. Hekoropbie n3 Hux aBTropoM coBMecTHO ¢ CyiteiimaHo-

BoIM B.1.

Crucok aureparypsbl
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WMucturyr MmaremaTuku ¢ BeraucauresibHbIM 1eaTpoM Y OUIT PAH, Poccus.
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CHUHI'VJ/ISIPHOCTU KBA3UJIMHENHKBIX OAY BTOPOI'O
ITIOPAOKA

I[TABJIOBA H.T".!, PEMU30B A.O.2
Paccemorpum ndpepeniuaibHOe ypaBHEHE BTOPOIO HOPSIIKA

d,
Alw,y) L = M(z,y.p), p=dy/d, (1)

e A(z,y), M(z,y,p) — miagkue dyHknum, npuaeM M — aHAJIATHYECKAsT
o p. OcobbIME TOYKAME 3TOrO YPABHEHUsI HA3BIBAIOTCA TaKue TOYKU (T, Yy)-
IJIOCKOCTH, B KOTOPBIX A oOpamaercss B HyJb, B CIydae OOIIEro IOJIOKEeHUsT
OHHM 06pa3yloT Kpusyio I’ Ha mmockocTn. PaccMoTpuM HAYAIBHYIO 3449y IS
ypasuenus (1) ¢ ycioBuem y(xg) = yo.

Ecsmn Touka qo = (2o, yo) HEocoBast, TO Il KasKJIOr0 Py ITa 387294 UMeeT
€JIMHCTBEHHOE PEIlleHNe, YI0BIeTBOPSIIOIIEe yCIOBUIO p(Zg) = P, KOTOPOE OIpe-
JIEJIEHO W SABJISIETCS TJIAJIKUM Ha HEKOTOPOM MHTEPBAJe BENMIECTBEHHON MPSIMOI,
COEpIKAIIEM TOYKY T, IPUYEM HE CYIMECTBYET PEINICHWii, He MMEMONHNX pe-
nesa lim p(z) upu  — zo. Curyaius craHOBUTCA O0Jiee CJIOXKHOI, eciid TOYKa
qo — ocobasi. Hampumep, MOTYT OBITH OCUUAAUPYIOULUE PEWEHUA, BXOJIAIINE B
qo 0e3 onpe/IeIeHHOTO HallpaBJIeHns KacaTeabHoil. Ilocienee ozHagaeT oTcyT-
crBUe (KOHEUHOro miau GecKoHeYHOro) mpejesa limp(x) upu x — xg, npudeMm
p(x) B camMoil TOUYKe Ty MOKET CYIIeCTBOBATL UM HE CYNIECTBOBATD.

IIpumep 1. Ypasnerne zdp/dr = 223p — (222 + 1)y umeer cemeiicTBo pere-
HUit, 3aMaHHBX dopmyoi y(x) = x?(acosx™! + Bsinx™!) ¢ mpousBombHBIME
nocrosiHEbiMu v, 3 pu © # 0, u y(0) = 0. Bee oupezenennsim TakuMm obpa-
30M byHKINU auddepeHmpyeMbl BO BCeX TOYKAX BEIECTBEHHON MPsIMOi, HO
VX [IPOU3BOJIHBIE UMEIOT B HyJIe Pa3PhIB BTOPOIO POJIA, 38 MCKJIFOYEHUEM JIUIITh
TOXKJIECTBEHHO HYJIEBOI'O DEIEHUsI.

Teopema 1. ITycmv qo € T u M(qo,p) # 0. Tozda ypasnenue (1) ne umeem
OCUUANUPYIOWUT peuenutl, 6TOOAUWUT 6 qq.

Hasee Mbl OyneMm paccMarpusarh ypasuenue (1), B koropom M — mHOro-
WIEH TPeTheil cTerneHn mo p ¢ Kodp UIUEeHTaMu, TIAIKO 3aBUCIIIIMA OT T, Y,
KOTOpbIE He 00pAaIaloTCs B HyJIb OJHOBPEMEHHO HU B OJHON TO4Yke Kpusoii [
IIo Teopeme 1, Takoe ypaBHeHUE He MMeET OCHUJLIMDPYIONINX PEIeHUl, 1 Ja-
Jiee pedb MONJIET O «KJIACCHYIECKUX» PENICHUAX, BXOJSIIINX B 0COOYIO TOUKY C
OIlpe/IeJIEHHBIM HaIIPaBJIEHUEM KacaTeJIbHOM.
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Teopema 2. Pewerus ypasnenua (1) moeym exodums 6 mouky qo € I auwo
68 HANPABAEHUAT, COOMBEMCMBYNOUWUL BEULCMBEHHDIM KOPHAM KYOULECK020
muozounena M(qo,p), m.e. 0cobbim MOYKAM BEKMOPHO20 NOAS

A(0y + pdy) + MO,,. (2)

Iycrb qo € T' u M(qo,ps«) = 0. Yncisio u 110BejieHNe PEIeHNH, BXOJANNX B
TOYKY (o C HAIIPABJIEHUEM D, OIPEJIEIISIETCS] OTHOIIIEHIEM BEJIMIIH

A= (Az +pAy)(qo, px)s A2 = My(qo,px),

KOTODBIE sIBJIAIOTCS IVIaJIKUMU HHBAPUAHTAMU POCTKA 110Jist (2) B 0c060ii TOUKe
(g0, p+)- Ipegmonoxkum, aro A1 o # 0, n momoxkuM A = Ay : A;. Torga nmeer
MECTO CJIEIYIONIUil pe3y/IbTaT:

Teopema 3. Ecau A < 0, mo ypasHerue umeem 00HO PEWEHUE, NPOTOIAULEE
yepe3 mouKy qo € KaACAMEAbHbM HANPABACHUEM Py . Fcau X > 0, mo ypasHerue
uMeem OECKOHEUHOE HUCAO PeULeHUT, BTOOAUWUT 6 (o C KACAGMEALHBIM HANPAG-
aeruem py. Cyutecmsyrom A0KasbHYLE KOOPIUHAMDBL C HAYAAOM 68 (g, 8 KOTODHLT
xpueas ocobwvix mouek I' coenadaem ¢ ocvro © = 0 u 6ce amu peweHus umMerm
00HY U3 J8YT B03MONCHVIT POPM.:

y = F(z,clz]*), ecau A ¢N,
y=F(z,2*c+eln|z]), e€{0,1}, ecau \EN,
2de F' — 2aadkan gynrxyus d8yxr nepemennvr, ¢ = const.

Pabora Beimonnena npu noguaepxkke PODU, rpant 20-01-00610.

'Poccniicknit yHEBepcHTeT ApYKOBI Hapoaos, Poccua. MHCTUTYT 1IpobieM
yupasienust uMm. B.A. Tpanesaunkosa PAH, Poccus.
Email: pavlova-ntg@pfur.ru

2MockoBckmit (bU3MKO-TeXHUIeCKnit HHCTUTYT, Poccnst.
Email: alexey-remizov@yandex.ru

NCCJIEJOBAHUE 3AJAYUN OIITUMAJIBHOT' O
YIIPABJIEHU L OJIdd OAHOU MOJEJIN
COBOJIEBCKOT'O TUITA

INIEPEBO3YNKOBA K.B.!, MAHAKOBA H.A.2
1
o
Paccmorpum dyHKImonanbHble IpocrpatcTsa $ =W,y (), B = L,(Q),

H = Ly(Q). Tlomosxum mpoctpancrso $* = Wy 1(Q), B* = L,(Q). Pacemor-
PUM 3818y ONTHMAIBHOTO yIIPABIEHHS

T T
J(z,u) :%/||x—zd||’5’3dt+(1—%)/||u||?3*dt—>inf, xe(0,1) (1)
0 0
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pemmenusivu 3aga4u [1loyonrepa—Cuoposa—lupuxie

(NI + A)(2(s,0) — 0(s)) =0, 5 € Q. 2)
x(s,t) =0, (s,t) € 00 x R, (3)

JUIsl yPABHEHUs B YACTHBIX [IPOM3BOJIHBIX
aat(/\]l—i—A)x—&—an—i—m:EF_Qx:u, p>2, (4)

rae dyukuug ¢ = x(s,t) cocrognue cucremsl; «, 3, A € R — mapamerpsl cucre-
MbI, CBOOOJHBIH wieH u = u(s,t) OTBeYaeT BHEIIHEMY BO3ICHCTBHIO.

IMocrpoum MHOXKeCTBO (Ha3bIBaeMoe B ajbHeiineM (ha30BbIM MHOI00Opa3u-
eM)

$), ecam A # g,
n
Mm=1< {ze€hH:ad [x50ks ds= [(Blz[P7%z + u)py ds},
i=1Q Q

eca A\ = A\,

U c/ejlaeM JIOIyIIeHune:

(I — Q)u ue 3asucur ot t € (0,7), (5)
rae
I, nasa A # A,
Q{ I— 5 (or), amsas A= Ag.
A=A
Paccyvorpum

9, ecm \ # Ag;

coim L = { {zen:(z,pp) =0}, ecim A = Ay

Teopema 1. [1] Ecau npu A € R svnoaneno ycaosue (5) u «, S € R, npuuem
af <0, un>2, 2<p§2—|—$ uau n = 2. Tozda

(i) mmoorcecmeo M aeasemea npocmoim banazosvim Ct-mnozo0bpasuem, mo-
deaupyemovim noodnpocmparcmeom $H';

(ii) cywecmsyem T(xo) u eduncmeenas K8a3UCTNAUUONAPHAR NOAYMPAEKMO-
pus x € CH0,T(x0); M) ypasnernua (4), nporodawas uepes moury x.

Beeaem npocrpancrso ynpasienuii 4 = L,(0,T;98*) u Boibepem Hemycroe,
3aMKHYTOE, BBIIIYKJI0€ MHOXKeCTBO Uyq. IlycTh

X={reLy(0,T;9): &€ Ly(0,T;coimL)}.

O6ozraunM uepes 2 muOKecTBO map {x,u} C X X Uyq, yAOBIETBOPSIONINX
sazade (1) — (4).
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Teopema 2. [2] Ecau npu A € (—00, \1] swnoaneno yeaosue (5), napamemn-
pra € Ry, e Roun >2,2<p< 2—|—ﬁ uau n = 2. Toeda das
mobozo T > 0 cywecmeyem eOUHCMEEHHAA KEASUCTNAUUOHAPHAA NONYMPAEK-
mopusa x € C1((0,T); M) ypasnernus (4), nporodawas uepes moury x.

Teopema 3. [2] IIycmo A € R, napamempo. « € R, § € R, npuuem af < 0,
un > 2 2<p<2+ ﬁ uau n = 2 u swnoaneno ycaosue (5). Tozda
npu awbwxr T € H, T € Ry maxuzx, wmo mmoocecmeo A # O cywecmsyem
pewerue 3a0a%y ONMuUMasvhozo ynpasaenus (1) — (4).

Hccenedosarue svinoanerno npu durancosoti noddepoicke POOU u Henabumn-
cKol obaacmu 8 pamkar naywrozo npoexma Ne 20-41-740023.

Crucok aureparypbl

[1] Manaxosa, H.A. Heknaccuaeckue ypasHeHUsT MaTeMaTHIecKo# dbusuku. Pazo-
Bble IIPOCTPAHCTBA IOJIYIMHEHHBIX ypaBHeHuil cobosieBckoro tuma / H.A. Mana-
koBa, ["A. Ceupumiok // Becruuk FOYpI'Y. Cepust: Maremaruka, Mexanuka,
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N.A. Manakova // Bulletin of the South Ural State University. Series:
Mathematical Modelling, Programming and Computer Software. — 2021. —
V. 14, Ne 4. — P. 36-45.

II'O}KHO—ypaJIbCKI/IfI TOCYJapCTBEHHBIN yHUBepcUuTeT, Poccus.
Email: vasiuchkovakv@susu.ru
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KBABNKJIIACCUYECKAA ACUMIITOTUKA CITEKTPA
ATOMA BOAJOPOIA B 9JIEKTPOMATHUTHOM IIOJIE
BBJIN3U I'PAHUII CITEKTPAJIbBHBIX KJIACTEPOB

I[TIEPECKOKOB A.B.

Paccmorpum HepesisTUBHCTCKUI TaMUJIBTOHUAH aTOMa BOJOPO/Ia B OJHOPOI-
HOM 3JIEKTPOMarHUTHOM II0JI€

H = Hy 4+ eM3 + ee1xq + EQW, (1)
riue
Hy = —A — |2|7* Mgzixgi—ixli W = (27 +23)/4
) 6961 6%2’ 1 2 .

297



Biech 4epes & = (21, T9,T3) 06O3HAUEHBI JIEKAPTOBBI KOOPMHATHI B R?, A —
oneparop Jlamaca, MarHuTHOE TI0JIe HAIIPABJIEHO BJIOJIb OCU T3, 8 JJIEKTPUIe-
CKOe TOJjIe BIIOIb ocH xp. dwueymo e; > 0 — HAIPSXKEHHOCTD 3JIEKTPUIECKOTO
oss, € > 0 — MaJblii mapaMerp.

SBasada 06 aToMe BOIOPO/Ia B JIEKTPOMATHUTHOM TOJIE MIPEJICTABIISET OOJIb-
moit pusnyuecknit u Mmaremarudeckuii narepec. OcobeHHOCTHIO JAHHON 3a/1a91
SIBJISIETCsI HAJINYNe B TAaMUJILTOHHAHE OJJHOBPEMEHHO U 3JIEKTPUYECKOrO, ¥ Mar-
HUATHOTO TI0JIEll, KOTOPBIE OPTOTOHAJIBHBL JAPYT APYTY. DTO MPUBOIUT K 00Pa30-
BAHUIO PE30HAHCHBIX CIIEKTPAJBHBIX KJIACTEPOB OKOJIO COOCTBEHHBIX 3HAIEHUN
HEBO3MYIIIEHHOTO aToOMa BoJopoza [1].

Asrebpanveckuii MeTOJI, TOCTPOEHUST ACUMIITOTUKH CHEKTPa M COOCTBEHHBIX
dyuKImit aroma Bogopoa 6611 IpeyiozkeH B pabote [2]. OqHAKO 9TOT METO He
[IPUMEHUM J[JIsi COCTOSTHAN CHCTEMBI, KOTOPbIE OTBEYAIOT I'PAHUIAM CIIEKTPAJIb-
HBIX KJ1acTepoB. B pabotre [3] ObLI IpeIoKeH MeTOI, IOCTPOEHHSI ACUMIITOTUKH
CIIEKTPA OKOJIO IPAHMUIL KJIACTEPOB, OCHOBAHHBIN HA HOBOM MHTETDAJIBHOM IIPE]I-
CTaBJIEHUU JIJIsT ACUMIITOTHIECKUX COOCTBEHHBIX (pyHKINi. C ero moMoInpo 10-
Ka3aHo [4], 9TO BOIM3M BEpXHUX TPAHUI] CIIEKTPAJBHBIX KJACTEPOB MMEETCsI
cepus cOOCTBEHHBIX 3HaUeHUi oneparopa (1) co ciemyromeil acCuMITOTHKOM

1
& = 1zt emy/In2e? + 1 — e2ne? (4n 4 9In|m| — 6m?)—

—18e?n*ei(n — |m|)(k + 1/2) + O(e*n*) + O(*n'?), (2)

e € » 40, £k =0,1,2,..., uncma n € N, m € Z yI0BJIETBOPSIIOT YCJIOBUSIM
l<n<eV 5, 1 <K \m\ < n. 31ech €1 MPUHUMAET IPOU3BOJIbHBIE ITOJIOMKU-
resibHbIe 3Hadenud. Coydail MaJbIx 3HaYeHui e; paccMoTper B [5].

Dopmyna (2) onmcwiBaer paciienienne crnekrpa (r.e. adbdexr 3eemana—
IIrapka) st aroMa BOJIOPOJA B OPTOIOHAJIBHBIX JIEKTPUYECKOM U MALHUT-
HOM 110J1s1X. [10CKOIBKY B raMuiibroHuaH (1) BXOAUT mapamerp €1, TO BO3HUKA-
eT OJIHOTIApaMETPUIECKOe CeMeNCTBO ypaBHeHmi [0itHa, K KOTOPBIM CBOIUTCS
YCPEIHEHHAsT 3aJlava B HEIMPUBOIUMOM IIpeJicTaBiaeHnn ajredpsr KapaceBa—
HoBukoBoit Fyyant ¢ KBQIPATHIHBEIMYE KOMMYTAIIMOHHBIME COOTHOIIEHUSMH |1,
2]. Acumirroruka penienuii ypasaenuii [oiiHa cTpoUTCs ¢ HOMOIIBIO KOMILIEKC-
noro metosia BKB u meToma coryiacoBanms aCHMITOTUIECKUX PA3JIOKEHUIA.

PesynbraThl moJIydeHbl B paMKaX BBINOJHEHHUS MOCYJIAPCTBEHHOTO 33 IaHUS
Muno6prayku Pocenn (mpoexkt FSWE-2020-0022).

Crucok aureparypbl

[1] Kapaces M. B., Hosukosa E. M. Anrebpa ¢ MOJMHOMUAAIBHBIMA KOMMY TAIIMOHHBI-
MU cooTHoIIeHuAMY [t 9 dekra Seemana—IlIrapka B atome Bogopona // TMO.
2005. T. 142. No. 3. c. 530-555.

298



[2] Kapacee M. B., Hosuxosa E. M. IlpencraBiieHre TOUHBIX ¥ KBA3UKJIACCHIECKUX
cobCTBEHHBIX (DYHKIMIA Yepe3 KOrepEeHTHBIE COCTOSIHIA. ATOM BOZOPO/IAa B MArHUT-
HoM mojte // TM®. 1996. T. 108. No. 3. c. 339-387.

[3] Ilepeckoxos A. B. AcuMmnroTuka CIEKTPa U KBAHTOBBIX CPEJIHHUX BO3MYIIEHHOTO
PE30HAHCHOTO OCHUJLIATOPA BOJIM3HM I'DAHUI, CHEKTPATIBHBIX KjaacTepoB // U3B.
PAH, cep. mar. 2013. T. 77. No. 1. c. 165-210.

[4] Migaeva A. S., Pereskokov A. V. Semiclassical asymptotics of the spectrum of the

hydrogen atom in an electromagnetic field near the upper boundaries of spectral
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5

Hamumonanbusiit uccnenoBarensekuit yauusepcurer « MOy, Hanmmonanpabrit
HCCJIEIOBATEILCKIN yHUBEpCUTET «BhICIast MKoJa 9SKOHOMUKH», Poccust.
Email: pereskokov62@mail.ru

NCYUNCJIEHNE KOHEYHBIX PASHOCTE B BAHAXOBBIX
AJITEBPAX

I[TIEPOB A.1.!, KOCTPYB U./I.2
OCHOBHBIM HCTOYHMKOM II0 TEOPHU KOHEYHBIX PA3HOCTEH Jjis HAC sIBJISIeT-
ca [1]. Iyers B kommiekcHast Ganaxosa anrebpa [2], [3], G C B — orkpsiToe
MmuOkecTBO U f(x) : G — B — Hekoropas dyukius (oneparop, orobpakeHue).
ITycTb n — NPOM3BOJIBHOE HATYPAJBHOE YUCIO U Z1,Z2, - - . , Zy, — IPOU3BOJIbHASI
cucTeMa y3JIoB, Jexaras B G.
Cuuraem anrebpy B kommyrarusnoii [4]. Pazdeaennoti pasnocmoto nopadka

n — 1 gynxyuu f(X), oTBEUAIONIEH CUCTEMe Y3JI0B Z1,Z2, . . . , Zy, HA3BIBACTCS
BbIpazkeHue (cjeBa — 0603HAYECHHE) n
A () (21,22, 20) = > f(z5) [[ (25 —20) (1)
i=1 kg

IIpeanosaraem, 910 BBIIOJHEHO YCIOBUE PA3IEIEHHOCTH: CYIIECTBYIOT 0OpaT-
uvle (z; —zg) L upn j £k, 1 < j k <n.
B obmem ciydae mosaraem

A”’_lf(X)(Zl;ZQ?""Z”) = Zf(Zj)Cjk. (2)

IIpennomaraeM, 9TO CHCTEMA Y3JIOB Z1,Z2,. .., Zy, JIEKAT 6 00WEM NOAOICE-
Huy, ecan Marpuna Banzepmonma V(zi,2zs,...,2y), tme V = (Vji) HMeer
BUI Vi = zfjl (1 < j,k < n), mueer obparuyio C = (cji), rae (c;;) u3
B (1 <j,k<n).CV=E, VC=E, rue E - equnnunas marpuna B B"*"
(E = diag(1,1,...,1), C = V~i(z1,2,,..., z,)). UssecTHo, uro: Jas obpamu-
mocmu mampuyse Bandepmonda V(z1, 2o, ..., 2,) HE06ToduMO, wMmobv GoiA0
evimoaneno ycaosue pasdenenocmu (z; — zg) "t npu j # k, 1 < j,k < n u
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Aocmamouro, wmobv, ObLA0 BBINOAHEHO YCAOBUE CIEKMPAALHOT DPa3JeneHHOCTIU
S(z;))NS(zk) =0mnpuj#k, 1<jk<n.

ITycmov mampuua Bandepmorda V (21,2, ..., 2,) obpamuma u mampuya
V~Yz1,29,...,2,) sanucana 6 eude C = (c;i), 2de (c;i) € B npul < j, k < n.
Toz0a sce snemernmol, nocaednezo cmoabua obpammoti mampuuv, C obpamumve
cik, 1 <j<n(em. gopmyay (2)).

ITocsiequee oTHOCUTCS K (DYHKIIMOHAIBLHOMY HUCUUCIEHUIO. PaccMOTpuM KOH-
TYPHBII MHTETrpaJ

%/ ) (ao)\"+a1)\”_1 +...+an,1)\+an) d. (3)
do
3aecy f(A) : G — C (xycouno) anasmruieckas dyukiusa, G C C — orkpbiToe
MHOXKECTBO, B KPYIVIBIX CKOOKAX — PE30JIbBEHTA N-I'0 HOPAIKa Iy (A) : R — B,
0o — KpUBOJIMHENHBIN KOHTYD, Jexkamuii B GNR u oxBarssatomuii cnektp S (S
u R — CIIeKTD M Pe30JIbBEHTHOE MHOYXKECTBO CKAJISIPHOIO XapaKTEPUCTUIECKOIO
mHOrowieHa agA\” + ...+ a, : C — B).
O6oznaunM B(G) oTkpbITOE MHOMXKECTBO TeX X 3 B crekrp S(X) KOTOPBIX
nexut B G. TTomoxxum
F0) =5 [ T -xTan (xeB(@).
T Joo
3aech do nexut B G N R(X) 1 OKpyzKaeT CIeKTp S(X) IeMEHTa X.

PaccmorpuM ypasremnme ag\” + a; A" '+ ... 4+ a,_1 A + a, = 0 KopHH Ko-

TOPOTO Z1,Z3, ..., Zn Jexar B obmem nosoxennn u C = (cjz) = V7(zq,

Z2y ...y Zn).

Teopema 1. IIpu cOeAGHHOIT 6VUE NPEONONOHCEHUAL UMENT, MECTNO CAedY-
rowue PopmYave

1
— [ fO) (@A +a X"+ ta, i tay)dh =

21
do n

:Zf(zj)cjk:Anilf(x)(zlaZQ,"';zn) (4)
j=1
HUccnenoBanns mepBoro 3 aBTOPOB BBIIOJIHEHO IIpU (PUHAHCOBOI MO IEPIKKe
P®®U, rpanT 19-01-00732.
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PACITPEAEJIEHUE CITEKTPA OIIEPATOPA
MITYPMA-JINYBMJIJIA C AEJIBTA-BSANTMOAEVICTBIEM

I[TEYEHIIOB A.C.

B L?[0, +00) paccMaTpuM omepaTop H MOPOXKIaeMBblil BRIPasKeHIEM

d2
lap = 0 + q(x) + ad(x — b). (1)
u kpaeBbiM yciaoBmem Jlmpuxie y(0) = 0, tme § — genbra dyHKIWM

Hupaka,a > 0,b > 0 u BermecrBennast dbyuxnus (nmorennuan) q(x) IBAXKIbI
HernpepbiBHO-ubbepennupyema upu x > 0, npuuem ¢'(z) > 0, ¢"(z) > 0 upu
x > 0. IIpu onpenenenun oneparopa llrypma - JIuyBusis ¢ morennuagaMm-
pacupejiesieHusIME GyJieM CJIeoBaTh moaxoxay, passuromy A.M.Casuykom u
A.A ITkanukoBbiM B paborax [2,3]. Heosmymennsiit oneparop Hog, cooTBeT-
cTByrommii 3Hadenuo ¢ = 0, 061aaeT JUCKPETHBIM CIIeKTPOM [1]

03, A > A n=0,1,2.., A — +00, n — +oo0.

B cuny Bospacranus dbyskiun ¢(x) ypasuenue g(x) = A upu A > ¢(0) nme-
eT eJMHCTBEHHOe perieHne (), Ha3bIBAEMOE TOUYKON II0BOPOTA, U 9T TOUKA
nosopota npocragd, T.e. ¢’ (x(\)) # 0. JJokazaHbl TeOpeMb:

Teopema 1. Cobcmeenmvie 3nauenus A, onepamopa H ydosaemasopsiom Hepa-
8EHCMBAM

A <Ao< AL, A2 <N <AL n=1,2,3, ..,

Teopema 2. Fcau q(z) = cxF k> 1,¢ >0, mo cobecmeernvle 3HAUEHUA Ay
onepamopa H umerom acumMnmomury npu n — +oo

2k 2 2.2 1 2 1
An:aw&(l_ﬂ k N k (23—t 008 ﬁ(b)+o( 2k+2>>>

3 2k+2
n k+2 n k+2

(HerG ey
L(3)0(z)
I'-Tamma -pynxuus Fisepa.

(XTn)% 1 i
() =/ (o — ety bt — T
b 4
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IIpumep 1. ([5]). Ecim g(z) = 2, To cupaseinBa aCUMITOTHKA

1
)\n:(;mf(l_1+asin2{b(§ﬂn)3} +0<nlg)>,n—>+oo.

6n 2(3 %

5””) ¢

3amevanue 1. B pabore [5] perreH BOIpOC O PACHOJIOKEHUU NIEPBOTO C.3.A1
B 3aBHCHMOCTH OT IapaMerpoB a, b m 1 oTpunarejbHbIX a. B wacTtHOCTH,
HaliIeHbl YCJIOBUS , TPU KOTOPBIX A SABJISIETCS OTPUIATEILHBIM U JIaHa ero
OIleHKa CHU3Y.

Ipumep 2. ([6]). Ecau g(x) = szz, 0 A2 = 2n—1,n = 1,2, ... u cipaBeyUBa
ACHMIITOTHKA,

(1]

2]

3]
(4]

5]

(6]

4

s sin? (by/2 1
An:2n—1+\@aﬂ_5w+0(7), n — 4o00.
Vn n
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JIOKAJIbHA A TUHAMUKA YPABHEHUS KAHA —
XUJIJIAPIIA

IIJIBIINEBCKAZ# C.II.

PaccmarpuBaercs: ypaBHEHHe, KOTOPOe sIBJseTCs Moudukanueit (paciumpe-
HUEM) MIUPOKO m3BecTHON Mojenu Kana—Xumapaa,

U = (—QUgy — u + bu? + u?) 4y, (1)
Ug(0,8) =0, uz(1,t) =0, Upea(0,8) =0, Uzee(1,t) =0.

Taxoro Bufia KpaeBble 3aJIa91 U3y9dasnch B [1].
Jns u3ydeHnsl pelreHuH U3 MajoOf OKPECTHOCTH COCTOSHHUS DABHOBECUS
uo(t,x) = ¢ B (1) npoussesieM 3aMeHy u = ¢ + v U epeiiieM K KpaeBoil 3a/1a4e

Uy = (_avwm - BU + ’7“2 + Ug)zwa
V(0,8) =0, v(1,8) =0, VUgee(0,8) =0, vga(1,t) =0, @)
1
B =1~ 2bc— 3c?, v =b+ 3¢, M(v) = [v(x)dz = 0.
0
IIpu ycnoBun
3c3 + 2bcy — 1+ 12a =0, (3)

JIJTsT HEKOTOPOTO ¢( B 3a7ade 06 yCTOWIMBOCTH KpaeBoil 3amaun (2) BOSHUKAET
KPUATUYIECKUN cirydail.

PaccmaTpuBaeTcst BOIPOC O JIOKAJIBHOI JMHAMUKE Kpaesoil 3aja4un (2) upu
YCJIOBUU ¢ = ¢g + €C1, TIE ¢ ABJsieTcs KopHeM ypasHenus (3), ¢; # 0 — Kak-To
GbUKCHPOBAHO, & € — MAJIBII MOJOXKUATENBHBIH mapamerp, 0 < ¢ < 1.

Bsenem B paccMmoTpenne cTaHIAPTHBIN JJIS METOLA HOPMAJIBHBIX (OPM Pl

v(t, x,e) = e'/26(7) cos(mx) + eva (T, ) + ¥ 2vs(r,2) + ..., T=ct. (4)

Ioxcrasum (4) B (2) u 6ynem cobuparb KO3(hOUIUEHTHI DU OJUHAKOBBIX
cremensix €. Ha Tpernem mare, cobupas kosddurmentsr npu €%/2, momyamm
ypasuenue Jyist v3 (7, x). 13 ycioBus ero pa3pemmMocT B YKa3aHHOM KJacce
byHKIWMI TOJyIaeM PABEHCTBO

£ =0+ ot (5)
e 6 = 21%(b+ 3c2)c1, o= —Zﬂ'z — % (6a)7 L.

Teopema 1. Ilpu ycaosusx § # 0, o # 0 u npu 6cex JocmMamouHo Maivix
€ nosedenue pewerud (2) us nexomopot docmamowno Maaol u He3a8ucAuet
0M € OKPECTHOCTNU HYALBO20 COCMOANUSA PABHOBECUS ONPEIEAACNCA YpasHe-
nuem (5).
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OIIEHKA CHU3Y HAUBOJIBIIEI'O 3HAYEHN 1
MUHNMYMOB MOAVYJIA HA OKPY2XKHOCTHAX
AHAJINMTNYECKOUN ®YHKIINN

ITOIIOB A.1O.
Hansr uncia R > 0, g € (0, 1). PacemarpuBatorest GyHKIME U3 TPOCTPAHCTB

HY(R:), Ry > R. O6o3nauum

m(fv T) - P
OrnpesiesiuM BeJIMIUHY
M(f; [¢R, R]) = max{m(f,r)|¢R <r < R}.

CraBurcs ciemnytormas 3agada. CKoJib OOJBIUM JOJKHO OBITH 9HCJIO
Ry > R, 9T00BI TOUHAS HUXKHSS IPAHb

inf {M(f:[aR, R)) | fllr, | f € H'(Ry), £(0) =1}

OKAa3aJ1aCh MOJIOXKUATEJIbHOM?! JIpyruMu cjioBaMu, HACKOJBKO Ry TO/IKHO OBITH
Oouibirie R, 9T0OBI rapaHTUPOBATH CIIPABE/JIMBOCTH HEPABEHCTBA

M(f;lqR, R]) >

27

. _ . L ip
in /), 1l = Jim g 1 (e)lds.

- Vf € H'(R,) upu yciosuu f(0) =1, (1)
||fHR1

B KOTOPOM ¢ — abCOJIIOTHAs nocTosiHHas (mm dbyHKIms napaMerpa q)?
Teopema 1. ITyems g € [1/3,1), alq) = (14+3¢)/(1—q), R1 = a(q)R. Tozda

swvinoanaemca coomnowenue (1), 6 xomopom ¢ = 3/64. B wacmmnocmu, eeproi
pasencmea a(1/3) =3, a(1/2) =5, a(2/3) =9.

O6cymuM BOIIPoC 0 TOYHOCTH CPOPMYJIMPOBAHHOIO pe3yJibrara. He 3aBbiiie-
Ho Jin 3HaueHne Ry = a(q)R B B Teopeme 17 Bepra nm orenka (1), ecsin B3sITh,
uwanpumep, R = (a(q) — 1)R? Asropy 310 He u3BecTHO, HO B3aTh Ry = b(q)R,
rie b(q) = a(q) — 1 — (1 — q)/4, yxKe Henb3s.

Teopema 2. Jlas mobvix R >0 u g € [1/3,1) cywecmsyem makas nocaedo-
BAMEABHOCTND UEADLT PYNKUUL Gr, 4MO GHINONHAIOMCA COOMMHOULEHUS

gn(0)=1 VneN, lim (M(f;[¢R, R]) max |g.(2)]) =0. (2)
SRR |21 <b(a) R



Bamernm, uto ||g||r, < |I?31§ |g(2)|, mosTOMY paBeHCTBO HyJIO TIpejiena B
zZ|s

(2) cuibHee onpoBeprkennst Hepasencrsa (1) mpu Ry = b(q)R.

Paccmorpennas 3a1a4da [1i1st IPOCTPAHCTB AHAJUTAYECKUX B KpyTe (DyHKITHIA,
10 MHEHUIO aBTOpa, siBJisieTcst HoBoi. Ho B Teopuu 1esibix (pyHKINN TEMATHKA,
CBsI3aHHAS C OIEHKOW CHU3Y MUHUMYMa MOJLYJIsI 11eJ10i (DYHKINH Ha HEKOTOPOH
YXOJISIIENl B OECKOHETHOCTD IIOCIEI0BATEILHOCTH OKPYKHOCTE!, Pa3BUBACTCH
yxe 6ouiee cra Jsier. ObmmpHas 6ubnauorpadus umeercs B [1]. B aroii remaruke
OBLIIO TPUHSATO OIEHUBATH CHU3Y MUHUMYM MOJYJIst (DYHKIIUU HA OKPY2KHOCTHU
(Ha KOTOPOI TO BO3MOYKHO) Yepe3 HEKOTOPYIO CTelleHb MAKCHUMYyMa MOIYJIs
(MYHKIMM HA TOH K€ OKPYKHOCTH.

Xoaiiman [2] npuses npumep nestoit byHkimu F' 6€CKOHEUHOTO HOPSIJIKA, JJIst
KOTOPO# CIIPABEJIMBO MPEIETbHOE COOTHOIIEHNE

Inm(F, r)
im ————~ = —o0, tue M(F, r) = max|F(z)].

r—oo In M(F, r) e (F, 1) \z\§r| (@)
B zazade oneHKu MUHMMYMA MOIYJ/IS Y€pPE3 OTPHUIATE/LHYIO CTEIEeHb MAaK-

cUMyMa MOJLYJIsI Ha OOJIbINell OKPYKHOCTH CUTyalus nHas. Ha ocHoBanum Teo-
pembl 1 oKa3bIBaeTCS

Teopema 3. /laa mnpoussorvrol ueaoti ¢gymxuyuu f Z 0 cywecmeyem
MaKas B03PACMAIOULAA NOCACIOBAMEALHOCTVD  NONOHCUMENLHBIL  HUCEA Ty,

lim 7, = 400, wmo svnosnAIOMCA HEPABEHCTBA
n—oo

Tn+1 < 3Tn + ]., m(f, Tn) > m Vn € N,

2de ¢ — MOAOIHCUMEABHAA NOCTMOAHNAA, ONPEIEAAEMAA 3HAUEHUEM NEPBO20
HEHYAEB020 Koappuyuerma medioposckozo padaoocenus f 6 mouxke 0.

Pabora Bemmosianena npu noguepxkke PODU, rpant 20-01-00584.
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XAPAKTEPUCTUNYECKAS4A 3AJAYA C HEJIOKAJIbBHBIM
YCJIOBUEM JId YPABHEHUW A YETBEPTOI'O ITOPAJKA

ITVJIBKMHA JI.C.
B coobmiennn paccMaTpuBaeTcsa HadalbHO-KpaeBas 3a7a4a, JIJIs ypaBHEeHHs
s — (aUz ) — (DUgtt)r + cu = f(2,1) (1)

B obmactu Qr = (0,1) x (0,T) u usyuaercs: BOIPOC O CYIIECTBOBAHUN DEIeHMs,
YJOBJIETBOPSIOIIErO YCIAOBUAM

u(z,0) = @), w(z,0)=v(), 2)

!
ug(0,8) = v(t), wu(l,t)+ / K(z)u(z,t)dz = 0. (3)
0

VYpasuenune (1) BOZHUKAET IPU UCCIEIOBAHUN [IPOJOJILHBIX KoJeOaHuil crepK-
Hs1, ¥ U3 dusndeckux coobpaxkenuii b # 0 Bcrogy B obsactu. [losromy (1) mbl
MOXKEM 3aIMCATh B BUJE YPABHEHUs C JTOMUHUPYIOIIEH CMEIaHHO ITPON3BOJI-
HOM

Uggtt T+ (Aur)ar + (But)t +Cu = F(I,t), (4>
I/ie HOBbIe KO3 (PUINEHTEI BEIPAXKAIOTCS YePe3 CTaphle ¢ ITOMOIIBIO 3JIeMEHTAD-

HBIX COOTHOIIEHUI, U JIJIS UCCJIEJOBAHUSA PA3PEIINMOCTH ITOCTaBJIEHHON 331891
MbI IIPUXOAUM K AByM 3agadam ['ypca, sammcas (4) ciemyomum o6pa3oM

t T t x
2
% uIt—i—/AuwdT—&—/Butdf—i—//Cud«fdt = F(z,t). (5)
x
0 0 00

Biejist HOBYIO HeM3BECTHYIO (DYHKIMIO, IPUXOJAUM K JIBYM 3aJadaM: KJIacCH-
geckoii 3a1ade I'ypca (G1) u mesnokambHOl 3amade (G2) i Harpy»KEHHOTO
yDABHEHHSL.

3agaua G1.
Vgt = F(x,1),
0(0,8) = V() + / Av(r)dr = q(t), v(z,0) = ' (z) + / B (€)dé = h(x).
0 0
3agaua G2.

t

t x x
Uyt —i—/AuwdT—i—/Butdg—&—//Cudfdt:v(x,t),
0 0 00
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l
(@, 0) = p(x), ull,t)+ / K (2)u(x, )dz = 0.
0

Pemenne 3agaun G1 MOXKHO BBIIUCATH B SIBHOM BHJIE, 8 UCCJIEIOBAHUE 3a1a~
qn G2 Tpebyer HEKOTOPBIX YCUJIMI B CBA3U C T€M, 9TO OJHO U3 YCJIOBHI HEJIO-
KaJIbHOE, & ypaBHeHue Harpy:kennoe. OCHOBHOe BHUMaHUE B JOKJaJe U OyIer
yaeneno 3agade G2. PesynbraThl ncciieoBaHuil IPUBEIH K YTBEPKICHUIO

Teopema 1. Ecau A, B,C,F € C(Qr), K € C[0,1], v € C'[0,T],

0, € CHO,11 N C?%(0,1) u 6HMOANAIOMCA YCAOBUA COAACOEANUA
1

v(0) = ¢'(0),/(0) = ¥'(0), »(0)+ [ K(z)p(z)dz = 0, mo cywecmeyem edun-
0

cmeerHoe peweHue_ 3adaywu (1) — (3), Kromopoe NoHuUMaemMcsA Kakx @yH’ICu’U/ﬂ,
u € CQ(QT) N Ol(QT)a Ugatt S C(QT)

3amevwanue 1. B umccirenoBannu mocTaBIeHHON 3ajadyi IIPUHAMAJ aKTUBHOE
yaactue A.B. I'nies.

Camapckuit yauepcuret, Poccusi. Email: louise@samdiff.ru

OIINCAHUE JINTHEMHOI'O Y®®EKTA IIEPPOHA
I[IPU HAPAMETPUYECKNX BO3MYIIIEHUAX
JINMHEMHON NN®PEPEHIINAJIBHOM CUCTEMBI
C HEOTPAHMYEHHBIMU KOS ®OPUITMEHTAMMN

PABYEEB A.B.

st 3amannoro n € N obosnadnm yepes M, kiacc jmHeitHbIX muddepen-
[IHAJILHBIX CUCTEM

P=Alt)r, vER, teR, =[0,+o), (1)
¢ HemnpepbiBHbIMU Kodddurmentamu. O603HaunM okasareun JIdmyHoBa cu-
crembl (1) wepes A (A) < ... < A, (A4), a ux cuekrp — depes

A(A) = (M(A), ..., A\ (A4)). T.k. MBI He npemnonaraeM Ko3bOUIUEHTH pac-
CMaTPUBAEMBIX CHCTEM OTDAHUYCHHBIMU, UX [TOKA3aTeu JISIIyHOBa SBJISIIOTCS,
BOOGIITE TOBOPST, TOYKAMH PACITHPEHHOM Iic10Boit mpamoit R = RU{—o0o, +00},
KOTOpagd HaJeadeTcs IIOPAAKOBONA TOIOJIOTUEH.

st mannbix Merputdeckoro npocrpanctsa M u dyukmun 6: Ry — R pac-
emorpum Kirace QY [A](M) HenpepBIBHbLIX IO COBOKYITHOCTH TIEPEMEHHBIX (DY HK-
mait Q: Ry X M — R™ ™ yaoBIeTBOPSAIOMNX YCIOBUSIM:

1) supger, sup,enr [|Q(E, 1) [[e?F < oo;

2) nig Begkux k = 1,n, p € M, BBIIOJIHSIETCS HEPABEHCTBO

Ae(AG) + Qs 1)) = Aw(A).
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Otmerum, uTo ytst moboit cucrembl A € M, xmace QY[A](M) me mycr,
ITOCKOJIbKY €My 3aBeJIOMO IpUHa IeKuT MaTpuiia ) = 0.

CraBurcs 3a3/1a4a MOJIHOTO JIECKPUIITHBHO-MHOYKECTBEHHOT'O OIMCAHUS JIJIs
KaXKJIbIX 1 2> 2 U MeTPUIecKOoro mpocrpanctsa M Kiacca

Q) (M) = {(A(A), AA+Q)) | A€ M,, Qe Q[A|(M)}.

VkazaHHyo 3a/a9y MOXKHO PaccMaTpuBaTh Kak obobOmenue npumepa Ileppo-
ua [1, § 1.4] Ha cayvail HeorpanudeHHBIX KOI(DDUIUEHTOB.

Byzewm rosopurs [2, ¢. 224], uro dbyukuus f: M — R npuHAIUIEKAT KIACCY
(*,Gs), ecm s moboro r € R mpoobpas 1 ([r, —|—oo}) ayda [r, +00] sBisiercst
G s-MHO)KECTBOM Merpuyeckoro npocrpancrsa M. B wacrrocru, kiaace (*, Gy)
— IOJKJIACC BTOPOro Kjacca Bapa [2; ¢. 248|.

Pemtenne mocraBiieHHON 33,1891 COIEPXKUAT CJIELYIOIIAST

Teopema. /Jlas kascdwr mempuueckozo npocmpancmea M, namypasvro-
20 wucaa n = 2 u wenpepuienot dynkuuu 0: Ry — R napa (l, f),

I=(,...,0n) € (7)71 f=0U1, s fu): M (@)n, NPUHAONENHCUN KAACCY
HQZ(M) mozda u MoAbKo mozda, K020a GLINOAHAIOMCA CACOYIOUWUE YCAOBUA:
1) h < lns
2) 1( ) . < fu(p) dan aroboeo € M;
3) Z()>l&/Lﬂecear,ueMUZ—ln
4) das mobozo i = 1,n dynwyua f;(:): M — R npunadiescum xaac-

( 7G5)'

3ameuganne. AHaIOr 3TON TEOPEMBI JIJTsl CIyUasi CUCTEM ¢ OTPAHUICHHBIMU
koaddunmenTamu ycraHosjieH B pabotre [3].

[IpuBeieHHAsT TEOpEMA TTOKA3BIBAET, ITO BCE TEOPETUIECKU BO3MOYKHbBIE T1a-
PBI CIIEKTPOB UCXOJHON U MApaMeTPUIECKH BO3MYIIEHHOM cucTeM (IIpy JIOTOJI-
HUATEJIbHOM YCJIOBHM, 9TO BCE MTOKA3aTe/ W BO3MYIIEHHOW CHCTEMbI HE MEHBIIIE,
YeM Yy UCXOJHOMN) MOYKHO IIOJIyYUTh B KJIACCE BOZMYINEHUIl, yObIBAIOIIMUX ObICT-
pee BCSIKOM SKCIIOHEHTHI. DTa CUTYalusi SABJSETCS CHeruUIHON I KJIacca
CHCTEM C HEOIDAHMYEHHBbIME KO3 duiinenTamu, T.K. mokazaresu JIsmynosa cu-
CTeM C OrPaHUYEHHBIMU KO3 DUIEeHTaM NTHBAPUAHTHBI OTHOCUTEJIBHO BO3MY-
1ieHuii, yobIBaromux ObicTpee 000 SKcoHeHTH [1, § 8.1].

ABTop BBIpaKaer GJIATOIAPHOCTH CBOEMY HAaydYHOMY pyKoBojauTeaio B.B.
BrikoBy 3a mocTanoBKy 3aga4n W BHUMaHMe K paboTe.
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[1] Hs0606 H.A. Beenenue B Teoputo nokasareneii Jlsmynosa. Mu.: BI'Y, 2006.
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KOPPEKTHASY PA3PEIIINMOCTD
" SKCIIOHEHIIMAJIBHASI YCTOMYNBOCTD PEIIIEHUN
BOJIBTEPPOBBIX MHTET'PO-IN®PEPEHIINAJIBHBIX
YPABHEHUMN

PAYTUAH H.A.

Wsyuarorcs abcTpakTHBIE HHTETPO- 1M PepEHITUAIbHbBIE Y PABHEHWS, SIBJISIO-
IEeCsT OIIEPATOPHBIMU MOJIEJISIMUA 3329 TEOPHUH Bs3KOyIpyroctu. B kadecTse
SIJIEP UHTErPAJIBHBIX OIIEPATOPOB MOI'YT OBITH PACCMOTPEHBI, B YACTHOCTH, CyM-
MBI YOBIBAIOIINX SKCIIOHEHT WJIN CyMMbI QyHKIHN PaboTHOBA C TOJI0KUTEIHHBI-
My KO3 DUIMEHTAMI, UMEIOIIe IIMPOKOe IPUMEHEHNE B TEOPUH BI3KOYIIYyTO-
cru. [IpuBouTCst METOJT, CBEJIEHUsI UCXOJHOM HAYaIbHOM 3aa4u J1jIs MOJEJIbHO-
ro uHTerpo-auddepeHIuaJIbHOrO YpaBHEHNUsI C OIIEPATOPHBIME KOI(DMDUITUEHTA~
MU B THJIBOEPTOBOM MPOCTPAHCTBE K 3ajade Komm 1yist quddepernuaaibHOro
YPaABHEHUS IEPBOTO MOPSIIIKA. YCTAHOBJIEHO SKCIIOHEIHAILHOE YObIBAHIE Perrie-
HUIl P M3BECTHBIX TPEJIIIONOKEHUIX JJIs SJI€P MHTErPAJIBHBIX OlEePaTOPOB.
Ha ocHoBe 10/1y4eHHBIX PE3YILTATOB yCTAHOBJIEHA KOPPEKTHAST PA3PEIINMOCTh
UCXOIIHOI HAYaJIbHON 3aJ1auu JJIsi BOJIbTEPPOBA UHTErPO-IudOepeHInaIbHOIO
YDPABHEHHUsI ¢ COOTBETCBYIOIIMMHU OlleHKamu perterns (cm. [1]-[3]).

Pabora Bemosinena npu nogaepxkke POOU, rpant 20-01-00288.

Crucok aureparypsbl

[1] Paymuarn H. A. O cBoiicrBax NOJIyTPYII, HOPOXKIAEMBIX BOJIGTEPPOBBIMU
uHTEerpo-1uddepeHIuaJIbHbIMA YPABHEHUSIMA C sIIDAMU, IIPEICTABUMbBIMU WH-
rerpasamu Crunreeca// duddepennmansube ypasaenus, 2021, T.57, Ne 9, C.
1255-1272.

[2] Paymuan H. A. DxcnoHeHIMANbHAS yCTONUUBOCTD IIOJLYTPYIIIL, IIOPOXKAAEMBIX
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Maremarudeckuit xkypnasi, 2021 T. 13, Ne 4, C. 65-81
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CB43b TOYEK BU®YPKAIIMW MUHNMAKCHOTO
KYCOYHO-TJIAZIKOTO PEINTEHU A YPABHEHUN A
TAMMJIBTOHA-AKOBN C PASMEPHOCTBIO
CHUHIVJIAPHOT'O MHO>KECTBA

POJIH A.C.

B pabore paccmorpena kpaesast 3amada Komn s ypaBHeHust
Tamunbrona- fIkoou

Dyp(t,x) + H(t,Dyp(t,x)), ¢(T,x)=0c(x), t€[0;T], xze€R". (1)

D,p(t,z) = <§z(t7x), aa—;’;(t, x),... g—fn(t, m)) .

Bamaua (1) paccMaTpUBaeTCs UPU CIIEIAYIONUX [IPEIIOIOKEHUIX

Al) dynakuus H(t,s) HenpepbBHA 1O ¢ IPU KaXKIO0M (DUKCUPOBAHHOM § U
BBITIOJIHEHO yeqopue jmmmmna |H (¢, s1) — H(t, s2)| < Ll|s1 — saf|, D2 H(t,s)
SIBJISIETCsI HEIPEPBIBHON (DYHKITMEH 110 BCeM ITePEMEHHBIM;

A2) bynxmus o(z) € C? u cTporo BHITyKIIA.

IIpu Boinosnenwuii yesosuit Al), A2) caenyroree opejeiienne 06001IIEHHOTO
MUHHUMAKCHOTO PEIIeHNUsI CYIIECTBYET U €INHCTBEHHO, 1 SKBUBAJIEHTHO BI3KOCT-
HOMY PEIIEHUIO.

Omnpegenenne 1. [1] Oynxmus ¢ : [0; T) X R" — R Ha3bIBaeTCS MIHIMAKCHBIM
perrerneM 3aa9u (1), ecn Jisi HEro BBIIOJHAETCS

cesyromee ycaosme: s moboit Toukn (€,0(€)) € R u sexropa Do(€)
cymiecTByeT uncio 1' > ty u smnmuiesas OyHKIAs

(x(+),2(+)) : [0; T] = R™ x R rakue, aro z(t,z) = @(t, z(t)) muas Beex t € [to; T,
U CIIPABEJINBO

2t x(t)) = (&(t), Do(§)) — H(t, Do(§)),

npu nouru Beex t € [to; Y.

Kak mpaBuio MUHIMAKCHOE PEIeHre He sIBJISI€TCS BCIOLY HEIPEPLIBHO aud-
depennupyembim. Jl1s 3TOr0 BBeIEM CIIEAYIONINE OLPEIETIEHIS.

Onpegnenenne 2. MHOXKeCTBOM CHHTYISPHOCTHU () /1J1s 0GOBIICHHOTO PeleHust
©(+) zamaun (1) siBastercst MHOXKecTBO Touek (t,x) € [0;7] X R™, B KOTOPBIX

byuarnEs ¢ #He TuddepeHImpyeMa.

Onpenenenue 3. Toukoii Gudypraiyu ({1, 1) HA3BIBAETCA TOYKA, JJisi KOTO-
poii BbIIOJIHEHO cieayiomee yeaosue (t1,z1) € @ \ @, rue () ecrb 3aMblKanue
MHOXKeCTBa ().

Eciu pemnenne 3anaan (1) siBasieTcst KyCOUHO-TIAJIKIM, TO COPABEINBA CJIe-
JyIOIasl TeopeMa.
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Teopema 1. Ecau evnoanenv, ycaosus Al), A2), mo das mozo, wmo-

— [k
6o, mouka ougyprayuu (t1,x1) € MU 2de pasmepHocmsb MH02000pa3UA

[

Mi[k] pasra n + 1 — k, neobxrodumo u docmamouro, “4mobv, pare MGMPULDL

D2 W(ty,s1) = D%,0%(s1) — fg D2 H(7,s1)dr 6w pasenn —k, k€ 1,... n.

Buecs o*(s) = Slép (s,€) —a(&).

Pabotra Benosinena npu dunancoBoil nognepxkke PODI,
npoexT Ne 20-01-00362.

Crmcok aurepaTrypbl

[1] Cy66omun A.H. OGobuieHHbIE pellleHns] yPABHEHNUs] B YACTHBIX IIPOM3BOIHBIX
[IEPBOIO IIOPSIKA: IIep- CIEKTUBBI JUHAMHUYECKOil onTumusanuu /| VH-T KOM-
nbroTepHbIX uccaeoBannii. M.: Mxkesck, 2003. 336 c.

[2] Rodin, Aleksei S. On the structure of the singular set of a piecewise smooth
minimax solution of the Hamilton—Jacobi-Bellman equation / Aleksei S. Rodin
// Ural Mathematical Journal. 2016. Vol 2, No 1. P. 58-68.

[3] Rodin, A.S. Bifurcation points of the generalized solution of the Hamilton-
Jacobi-Bellman equation / Aleksei S. Rodin, Lyubov.G. Shagalova // IFAC-
PapersOnLine. 2018. Vol. 51, Issue 32. P. 866-870.

UMM VpO PAH, Yp®V, Exkarepuntypr, Poccusi.
Email: alexey.rodin.ekb@gmail.com

O BAJAYAX VIIPABJIEHU A B
NHTETPO-JU®PEPEHITMAJIBHBIX CUCTEMAX C
ITIOMOIIIBIO TPAHNYHBIX N PACIIPEIEJIEHHBIX CUJI

POMAHOB U.B.!, ITAMAEB A.C.?

B pabore paccmarpuBaercs 3a7ada yIpaBIsgeMOCTH € IOMOIIBIO TPAHUIHO-
IO W PaCIpeJIeIEHHOIO YIPABJIEHHUST OJJHOMEPHBIX KOJIE0ATETbHBIX CUCTEM C MH-
TerpaJbHbIM IIOCJ’Ie)leﬁCTBHeM. C IIOMOIIIbIO T.H. «IIpeH?{TCTBI/Iﬁ K ylhupaBJide-
MOCTH» JIOKa3aHO OTCYTCTBHE IIOJHOW YIIPaBJsIEMOCTH B 3aJlad9aX I'PAHUIHO-
r0 yIpaBjIeHUs U OTCYTCTBUE TIOJIHOW yIIPABJISEMOCTHU Jjisi HEKOTOPOTO KJIacca
3a/1ad pacupelesieHHOro yrupasienus. VcciemoBana mpobsiema yCTORINBOCTH
CBOWCTBA TIOJTHON YIPABJISIEMOCTH 110 OTHOIIEHUIO K BapHAIUSM siJIpa CBEpPT-
KU, OTIPEIEISIONIero 3@eKT mocaeeficTBrsI. YCTaHABINBAETCS CBA3b CO CITEK-
TPaJIbHBIMK CBONCTBaMU PACCMATPUBAEMbBIX KPAEBBIX 3a1a4.

Pabora nposojuiack npu dbuHAHCOBOH mojIep:kke Poccniickoro Hay<vHoro
donma, npoext Ne 21-11-00151.

! HammonambHLIH HccaenoBaTe bCKIi yHIBepcuTeT «Bricmas mKoma
SKOHOMUKH», Poccust. Email: romm1@list.ru
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2MockoBckmit rocynapcTBennblii yrusepcuter uM. M.B. Jlomonocosa,
WNucruryr npobiem mexanuku um. A.FOQ. Unumuckoro PAH, Poccus.
Email: sham@rambler.ru

CUCTEMBI BAKOHOB COXPAHEHUNSA KAK PE3VYJIBTAT
HAJINMYNA KPUTNYECKUX TOYEK ®YHKIIVIOHAJIOB

PBIKOB IO.T'.

CoBpeMeHHAsI TEOPUs CHCTEM 3aKOHOB COXPAHEHUs HPEJICTABJAET U3 CeOst
OOIMMPHYIO 0BJIACTD MCCIIEIOBAHNI, ¢ TEKYIIM COCTOSHUEM JIeJI MOXKHO O3HA-
KOMHTBCs, Hanpumep, 110 kuaure [1]. Oaako, HecMoTpst Ha GOJIBIIOE KOJIMIECTBO
PE3yJIbTATOB, IIEJOCTHON TEOPUH B CJIydae CUCTEM Tak M He ObLIo moctpoero. C
3TOH TOYKM 3PEHUS TIPEJICTABIISET HHTEPEC MOUCK ATBTEPHATUBHBIX MOJIXOI0B K
PaccMOTpEHHIO OGOGIIEHHBIX PENEHNE CHCTEM 3aKOHOB COXpaHeHus. B mokase
OyzIeT PE3IOMUPOBAH OJMH U3 TAKUX MOJXOJOB, CM. paboty (2] m comepxammuecs
B Hell CCHLIKU.

Iycrs (t,z) € [Ip = [0,7] x R, U(t,z) = (u1,...,un), 1 byHKIUK
F = (f1..., fn) ABISIOTCA JOCTATOYHO TIAJKAMU BEKTOD (DYHKIUSAMH ITIEpe-
MEHHBIX (U1, ..., U,). Paccmorpum 3amaay Komm syt omHOMEpHOI cHCTEMBI
3aKOHOB COXPAHEHUST

) )
U+ 5-F(U), U(0.) = Ug(a). (1)

Pemenus 3amaun (1) noauMarorcs B 0600IIEHHOM CMBbICIe (KPATKO: 0.D.).
Beeznem Bmecro dyukimm U(t, ) dyHrumonas

J:x(r) € C'([0,T],R) — R"

3= fT L({.U)dr:L({.U) = U (r.x(r) (() - Fo U (rx(r) .

Teopema 1. ITycmo U(t, z) aesicum 6 Kaacce KYcouHo HENPEPbeHo-
dugppepenyupyemurr Gynryul, U NYCMLH CYWECMEYEM MPAeKmMopus

z = x*(t) € C*([0,T],R) makan, wmo dJ = 0 na neti. Tozda 6 mouxazr X*,
2de U(t, x) asasemes 2aadkol, svinoanaomes ypasrwenus (1) 8 xaaccuueckom
CMBICAE, G 8 MOYKAT nepecenenus X* ¢ aunuamu paspwuiea dynxyuyu U(t, x)
svinoanaomes coomnowenusn Penxuna-Tozonuo. Boaee mozo, §2J edoav x*
codeporcum moavko waenv, sasucausue om (6x)°.

B srom cmbicsie cucrema (1) Moxker ObiTh 3aMeHeHa (DYHKIMOHAJIOM BHIA
(2), y KOTOPOro Kakas TOUKa ABJISETCA KPUTUIECKOIH.

MoxHO mokazaTh, uTo B ycioBusx Teopembl 1 dyukmus (U = 90V /0x)
My (t,z) = %—Y +F (%—X) HeIpepbIBHA Ha pa3pbIBax U, 60jiee TOro, He 3aBUCUT
oT .
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Teopema 2. Paccmompum dynxyuro V(t,z) € WH([];) = B u nanano-
noe ycaosue Vo(z) € WH(R), V{(z) = Up(x). Obosnauum uepes V noo-
mnoocecmeo B, maxoe wmo V(40,x) = Vo(x). Takorce na npocmparncmee B
PACCMOMPUM PYHKUUOHGA

L(V)= esstsup ; Vg?“ <8t + fi (83:)) ) (3)

20e V. = (v1,...,v,), a Var o6osnauaem 6apuauuto uparceHus no nepemen-
xr

noti x. Ilyemv gpynxyus V. peasusyem munumym m = 0 dynxyuonara L na
mmoorcecnee V. Tozda dyrkyus U = OV [Ox 6ydem o.p. sadavu (1).

Hanmpumep, mist cucrem tuna Keitdurce-Kpanzepa m # 0, u opMymupoBka
Teopembr 2 MOXKET CIIYyKUTb B KAYECTBE AJHBTEPHATUBHOIO OIPEJIEJIEHUS I0-
HATUS 0.p., KOTOpOe He TpebyeT MpuBIedeHns aeabTa-pyHKimi. OyHKImonat
(3) MOxKHO paceMaTpPUBATh U KakK (DYHKIMIO OMuUOKU IIpH 00y IeHNN HeHPOHHOI
CETH JIJIsi CUCTEMbI 3aKOHOB COXPaHEHMUSI.

JlaHHbBI TOIXO0/I, BOOOIIE TOBOPSI, MOXKET OBITH IIEpEHECEH U Ha MHOTOMEP-
HBII caydait. B caydae 1ByMepHOI crucTeMbl ypaBHEHU, NCXO/Ist 13 0000IIeH st
(2) na ocuose coorBercrByiomeii quddepernuaabHOl HOPMBI, MOI'YT ObITH 110-
JIy9€HBI aHAJIOTH (3) [0 Pa3JIMIHBIM TPOCTPAHCTBEHHBIM IIepeMeHHBIM. Borpoc
JIOCTATOYHOCTH HAOOpa MOMOOHBIX AHAJIOIOB JiJIst TOro, YT00bl U SBJISIACH O.D.
zagaun (1), ocTaercst OTKPBITHIM.

Pabora Bemosnena npu nogaepxke PH®, rpant 19-71-30004.

Crmcok aureparypbl

[1] Liu Tai-Ping. Shock waves. Providence, Rhode Island: American Mathematical
Society, 2021.

[2] Puwixos [O. I. BapnanpoHHast HOCTAHOBKA 331841 IIOMCKa 0000IIEHHBIX PelIeHui
ISl KBA3WJIMHEHHBIX TUIIEPOOIMIECKUX CUCTEM 3aKOHOB COXpaHeHusi. Marema-
Traeckue 3ameTku, 2021, . 110, o 6, ¢.945-948.

WMucturyt npukiaagaoit marematuku uMm. M.B. Kenapima, Poccust.
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OB ASKCIIOHEHIIMAJIbBHOM YCTOMYUBOCTU CUCTEM
JIMHEMHBIX ABTOHOMHBIX JN®PEPEHIINAJIbHBIX
YPABHEHUM C IIOCJIEAENCTBUEM

CABATYJ/IMHA T.JI.

WNsyuaercsi cucreMa JIMHEHHBIX aBTOHOMHBIX (DYHKIIMOHAJIBHO-TU(dEPEH-
mrabibix ypasaenuii (OJLY) ¢ orpanryeHHbM HOCIeAeHCTBIEM:

h
&(t) + Ax(t) +/0 dR(s)z(t — 5) = "
1

= Bzx(t) +/0 dQ(s)x(t —s) + f(t), teRy,,

e h, 7 € Ry, A, B € R"*" R: [0,h] = R"*" marpunia B HeoTpunaTeabHasi,
A u R mmaronasnbhble, dbyakmus Q: [0,7] — R™*™ ne y6wuiBaer, R(0), Q(0) —
HyJIeBBIE MATPUIIBI, HHTEIPAJIbI TOHUMAIOTCA B cMbIcse Puvana — Cruiarbeca,
KOMITOHEHTHI BeKTOp-byHKImH f: Ry — R™ jIOKaJIbHO CyMMHUPYEMBI.

Canenys [1, . 9-10], nHazoBem pemennem ypasHerust (1) JTOKaIBEHO aBCOTIOTHO
HENPEPBIBHYIO BEKTOP-DYHKIWMIO, yzoBaerBopsonyo (1) mourn scioay. pn
OTPUIATEILHBIX 3HAYCHUAX apryMeHTa, He Hapyllasd OOIIHOCTH, T II0Jaraem
PpaBHOI HYIIIO.

Ipepiaraercst caeMyoMmast CXeMa UCCIIOBAHIS yCTONIMBOCTH cucTeMbr (1).
TTocTponM «CHCTEMy CpABHEHUS»

h
&(t) + Ax(t) + /0 dR(s)z(t —s) =0, teRy. (2)

CYIIECTBEHHOM OCODEHHOCTHIO KOTOPO#, TIOMUMO SKCIOHEHITHAJIBHON YCTOWYH-
BOCTH, SIBJISIETCSI IIOJIOYKUTEJIBHOCTD €€ (DYyHIAMEHTAIbHON MaTpUIBl. DTO [M03-
BoJisteT HadiTu yist byHIAMEHTAIBHONW MATPUIBI CUCTEMBI (2) TOHKHE JIBYCTO-
POHHUE ONEHKHU [2], UCHO/Ib3Ys KOTODPbIE YAAETCsl UCCIIEJ0BATL YCTONIMBOCTD
ucxoHoi cucremsl (1).

Eme onna BakHasa 3a7a4a, KOTOPas PENIaeTcs B PaMKaXx JaHHON paboThl —
3¢ eKTUBHAS OIEHKA CKOPOCTU CTpeMJIeHUsI pelneHus K Hy 0. Onupasich Ha
METOJbl TEOPUM MOHOTOHHBIX OIEPATOPOB, Y/IAJOCH IOJyYUTb TOYHBIE OIEH-
K1 KO pUITIEHTa U TTOKA3aTeIsd B SKCIIOHEHIINAILHON OIeHKe M1 PyHIaMEH-
TaJabHOM MaTpuIbl BeromoraresbHoi cucreMbl OJIY, 13 KOTOPBIX CAEAYIOT aHA-
JIOTUYHbBIE OIEHKU JJIsI JIIOOOrO PEIeHns] MCXOTHON CHCTEMBI.

Pabora BhIO/IHEHA B paMKax roc3ajianus MuHUCTEPCTBa HAYKH U BBICIIETO
obpazosanus Poccuiickoit Peneparnyu (3amanue FSNM-2020-0028).
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ITEPBAYA TPAHNYHAA 3AJAYA 1J1d BOJIHOBOT'O
YPABHEHU

CABHUTOB K.B.
sl 1ByMepHOIO BOJIHOBOI'O ypaBHEHUS
Lu = us —az(um—i—uyy) +bu=0 (1)

B napasmienenuunege Q@ = {(z,y,t)|(z,y) € D, 0 < t < T}, 3meco
D ={(z,y)|0 <z < p,0 <y <gq}, a, p, g uT — 3a1aHHbIE NOJOKUTEIb-
HbIE JIefiCTBUTE/IbHBIE YHCIa, U b — Jr000e 3aaHHOe JIeHCTBUTEILHOE TUCIIO,
[IOCTABUM TEPBYIO IPAHUIHYIO 3a1a4y.

Bagaua dupuxie. Hatimu gynwuyuro u(x,y,t), ydosaemeopsaowyro caedy-
HOULUM YCAOBUAM.

u(z,y,t) € CHQ)NC*HQ); (2)

Lu(z,y,t) =0, (z,y,t) € Q; (3)

u(x,y, t)‘z:() = U(J),y,t)|x:p = u(xvy’t)‘yzo = U(Z‘,y,t)’y:q =0; (4)
w(z,y,t)|,_y = (), ulz,y,t)|,_, =¢(z,y), (x,y)€D, (5)

20e T(z,y) u Y(x,y) — 3adanmvie docmamouno eaadkue PyHryuy, Yoossemaeo-
PANULUE YCAOBUAM CORAACOBAHUA C 2DAHUNHBMU Yeaosusmu (4).

Kak mu3Becrro, uTo 3a7a4a Jupuxie 1jist ypaBHEHUI rUIepOOTMIECKOTO TH-
na nocrassena nekoppekrao. Cobosies C.J1L. [1] mokazas, 4o uccienosanue Bo-
[IPOCOB HEYCTOHYUBBIX KoslebaHuil (DE30HAHCOB KOJIeOaHuil B 2KUJAKOCTUA BHY TPU
TOHKOCTEHHBIX OAKOB PAKET ¢ COOCTBEHHBIMU KOJIEOAHWSIMU) TECHO CBS3aHO C
zaJtadeii Jlupuxiie Jjisi BOJHOBOIO ypaBHeHUsl. JlocTaToYHO MOJIHBI 0030p pa-
60T, TIOCBAIIEHHBIX U3yIeHUI0 3aaa9u Jupuxiie 1y runepOo/ImaecKux ypaBHe-
uuii npusejied B Monorpaduu [Iramuuka B.1. ([2], ¢. 89-95) u paGore aBropa
[3]. Eciin 3amaua dupuxie jyisi OJHOMEDHOIO BOJIHOBOI'O YDaBHEHHs B IIpsi-
MOYTOJIbHOM 06JIACTH M3ydeHa JOCTATOYHO TOJHO, TO 9Ta 3aJa4a JIJIs MHOTO-
MEPHOI'0 BOJIHOBOT'O YPaBHEHUs HEJOCTATOYHO uccyenosana. lenues P. [4], [5]
BIIEPBbIE MCCIen0BAJ 3a1ady Jupuxie qys ypasuenns (1) upu b=0,a=1c¢
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HEHYJIEBOI IIPaBOii YaCThIO U OJHOPOHBIMUA ITPAHUYHBIMU YCJIOBUSIMH B IIAPAJI-
JIeJienuriesie, TJie YyCTAHOBJIEHBI KPHUTEPUN €IUHCTBEHHOCTH U CYIIECTBOBAHHE
pemenust 3aj1a4u B npoctpanctse Cobosesa Wy (€2) mpu ompe/ieIeHHbIX yCI0-
BUSIX HA MPABYIO YaCTh, CBI3aHHBIX CXOIUMOCTBHIO YUCIOBBIX psjioB. [Ipu aToMm
BOSHUKAIOIIME MAaJble 3HAMEHATEN He u3ydeHbl. B padore Bypekoro B.II. [6]
yCTaHOBJIEH KpI/ITepI/Iﬁ €IMHCTBEHHOCTU PENIeHUd 3a/la9n ,Z];I/IpI/IX.He JJId BOJIHO-
BOI'O ypaBHEHUsI B IIape.

B nannoit pabore B Kjacce pery/gpHbIX perienuil ypasuenus (1), T.e. yao-
BJIeTBOpsONUX ycaoBusaM (2) u (3), ycTaHOBIEH KPUTEPHUH €IUHCTBEHHOCTH
perrenus 3aja9n (2)—(5) 1 caMo peleHne IMOCTPOEHO B sIBHOM BHJIE KaK CyMMa
psna Oypwe. [Ipu obocHOBaHNU CXOAUMOCTH Psifia BIIEPBBIE BO3HUKJIA MTPOOJIe-
Ma MaJjbIX 3HaMeHaTejiell OT JBYX HATYPaJbHBIX apr'yMEHTOB. B CBsi3u ¢ yeM
YCTQHOBJICHBI OIEHKH 00 OT/IEJIEHHOCTH OT HYJIS MAaJIbIX 3HAMeHaTeseil, Ha oc-
HOBAHWMH KOTOPHIX JOKa3aHa CXOAMMOCTD pafa B Kiacce dynkmuit C2(Q) npu
HEKOTOPBIX YCJIOBHUAX OTHOCUTENIbHO (byuKuuit 7(z,y) u ¥(z,y), a TakxKe 1M0JIy-
YE€HBI OIEHKN 00 YCTOWINBOCTH PEIEHHs 110 OTHOIIEHNIO TPAHUYIHBIX YCIOBUIA.

Pabora Boimosnena npu nojepxkke POOU, rpant 17-41-020516.
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316



HEJIOKAJIBHBIE JIJIMIITUYECKWNE KPAEBBIE 3A/TAYN
1 CIIEKTPHI C*-AJITEBP 3AJIAY COIIPA>KEHU A

CABUH A.IO.

WccremoBannio HEOKAJIBHBIX JUIANTHYECKUX KPAEBBIX 3a/1a9 IOCBSIIIEHO
GouibIiioe 9ucio mybsukanuii (cM., Hanp., paborsl [1, 2, 3| u nurupoBaHHYIO
B HUX JiuTeparypy). Bo MHOTUX cilydasiX HEJOKAJIbHOCTb PeaJu3yerTcst B BUJe
OIIEPATOPOB CJIBUTA, OTBEYAIONINX HEKOTOPBIM Juddeomopdusmam. Ipu sTom,
B [IPUJIOXKEHUSIX 9aCTO BO3HUKAIOT 3aJa4M, OTBedaroriye auddeomopdusmam,
HE COXPAHSIOIMNM 00JIaCTh, B KOTOPOIl PACCMATPUBAETCH HEJIOKAJbHAS 3a/1a9a.
Hama pabora mocBsinena nccae0BaHAI0 TAKAX 3339 HA MHOTOOODA3HUSIX.

PaccmaTpuBaeTcss kKoHedHO-TIOpOKIeHHasT rpynma [ muddeomopdusmon
ragKoro MHoroobpasuss W 6e3 kpas. IIpeamosaraercss JOMOTHATEIBHO, UTO
3aJ]aH0 KOMIAKTHOE mojiMHOrooopasue M C W Kopa3sMepHOCTH HYJb C KpaeM
XCcW.

HeiictBue rpynnel I Ha W usmymupyer mpeacTaBieHre B IIPOCTPAHCTBAX
dynknuit oneparopamu casura (Thu)(z) = u(y~1x), v € I'. Mbl paccmarpusa-
eM KJIaCcC HEJIOKAJIbHBIX KPAeBbIX 3ajad Ha M, BKIIIOYAIOIINIA 387189 BUJIA:

>D,Tyu=f mnaM,

L ~ (1)
> B, Tyu=g mnalX.

p

3nech u — HemssectHas dbyHKIUsA HAa M; U — ee mpooszKenne Hystem Ha W\ M
f — sanannaa dynknua ma M; g — ussecTHas Qynkiua Ha Kpae X; D,, B,
— muddepeHImaibHbie onepaTopbl Ha M, TpUYeM TOJBKO KOHEYHOE MX YUCJIO
OTJIMIHO OT HYJIS.

Hastee mpejmmoiaraeM, 9TO BBIIOJHEHO CJIELYIOIIEE YCIOBUE PETYISPHOCTH:
JUIST JTIOOBIX 3JIEMEHTOB Y,y € [’ ¢BA3HBIE KOMIIOHEHTBI IIOAMHOr000pasnii yX
u 7' X 1ubo He mepecekaloTcs, MO0 COBIAMAIOT. B 3TOM cilydae o0beluHenue
00pa30B Kpasi 1o, JeificTBueM 3j1eMeHTOB rpynnbl ') obosnadaemoe X, sIBJIS-
ercs He OoJiee YeM CUETHBIM JU3BIOHKTHBIM O0bEINHEHUEM IOIMHOT000pa3nit
Kopa3zmepHocTr oauH B W.

OcHoBHOIT pe3ysnbrar paboThl — peajm3anus 3aga4d (1) Kak orpaHuyeH-
HBIX OIIepaTopoB B npocrpancTBax CobosieBa M yCTAHOBJIEHUE YCJIOBUI SJIITHII-
TUYHOCTH, OOeCIeunBaronmx (GppearoJbMOBY paspenmmoctb. Cxema Mmosryde-
HUs Pe3yJIbTATOB: CHavasa 3a1a4a (1) CBOIUTCs K OHepaTopy HyJIEeBOIrO 0P /I-
K&; 3aTeM IIOJIyIEeHHBII ormepaTop BKJaabiBaeTcsd B C*-anredpy, 0603HAIAEMY IO
U(W, X ), mopoxkaeHHyto oneparopamu casura 1., u ncesmonuddepenyais-
HBIMHU OTlepaTopaMu Ha W ¢ yCIOBUSIME COTIPsI?KEHNsT B CMbICIe [4] Ha moMHOTO-
obpasun X .; HAaKOHEII, IPUMEHSIIOTCsI MeToJIbl Teopuu C*-ajiredp, 9T00bI yCTa-
HOBUTH YCJIOBUS (PPEArOTHMOBOCTH. B KadecTBe OCHOBHOTO BCIOMOIaTEIBHOIO
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pe3ysibTaTa ONUCaH CHeKTp u Torosiorus Jxxekobcona Ha HeM it C™-anreOpb
U(W, Xoo).

Pesynbrarer nmosmyuens: B coBMmectnoit pabore ¢ B.E. Hazaitkunckum u 9.
Ipos. Uccnenosanme BbimonneHo upu dunancoBoit moggep:kke POOU u
Hewmerkoro Hay4HO-nCCIIEI0BATEIBECKOIO COOOIIECTBA B PaMKaX HAYYIHOI'O IIPO-
exkTa Ne21-51-12006.

Crucok aureparypsbl
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[2] Skubachevskii A. L. Elliptic functional-differential equations and applications.
Birkh&auser Verlag, Basel, 1997.

[3] Casun A. FO., Cmeprun B. FO. Dummnrudeckue quddepeHnuabHble 331291
C PaCTSI)KEHUSMU-CXKATASIME HA MHOr000Opa3usix ¢ kpaeMm, uddepenrr. ypasue-
uus, 53:5 (2017), 672—-683.
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M. Mup, 1986.

Poccuiicknit yauBepcuteT apykK0bI HapoaoB, Poccust.
Email: a.yu.savin@gmail.com

OINEHKHN CKOPOCTHN PABHOCXOAVMMOCTU
CIIEKTPAJIbBHBIX PA3JIOXKEHUM JIs1 OJTHOMEPHOM
CHUCTEMBI INPAKA

CABYYK A.M.!, CAZIOBHNYAS 1.B.2
Paccmarpusaercst cucrema Bujia

lp(y) = By' + Py,

p=(3 ) o= ( 2. e ()

B IIPOCTPAHCTBE

rie

Ly[0, 7] & Lo[0, 7] 2 y.
Qynxruu pj, j = 1,2, 3,4, mpeamonaraiorcst cyMMapyeMBIME Ha oTpe3ke [0, 7]
u KoMiiekcHo3HadYHbIMU. Oneparop £ = Lpy uMeer 00/1aCTh OIIpe e/ IeHNST

D(Lpy) ={y € AC[0,7]: L(y) € H,U(y) = 0},

rae

vo=evorover = (it 1) () + (5 (169



IIpu4ieM CTPOKU MaTpUIbI

U= D):(Ull w2 Uiz u14)

U21 U222 U223 U4

JuHeiiHO He3aBucUMbL. O603HAYNM Yepe3 J;; OLPEeIeInTe b, COCTABJICHHbIH 13
i-ro u j-ro crosbiia marpursl . Kpaesoe ycimosue, onpezenennoe dhopmoit U,
HasbIBaeTCs pezyaaproim (no Bupkrody), eciaun

J1g - Jaz # 0.

Ouneparop lupaka, MOPOXKIEHHBIH pery/ispHbIM KpaeBbiM yciosueMm U (T.e.
omeparop Lpy ¢ obaacTsio onpenenenus D(Lp)), OymeM Ha3bIBATD pezyaip-
HOLM.

Xopormmo uzsectHO (cM. [1]), 9TO Takoil omepaTop WMeeT UHCTO JUCKPET-
HBI CIeKTD { A, }nez, PACIOIOXKEHHBIH B TOPU30HTAIBHOM 110J10ce. OG03HAUNM
4yepe3 {yn }nez cuCTEMy COOCTBEHHBIX M NPUCOEJIMHEHHBIX (DYHKIMIA, a depes
{W, }nez — Guoproronanbuyio cucremy. CueKTPAJbLHBIM PA3JIOKEHUEM (DYHK-
muu f o cucreme {y, } 6yzem Ha3bIBATD [IPEJES CYMM

Sm(E;P)= Y (£, Wa)ya
In|<m

IIpocrpanctso Becosa Bf 0o B € (0,1), onpenesim Kak npocrpancTBo Ly [0, 7]
byHKIMIA, 15T KOTOPBIX

| 1t~ @)l de < cn.
0
Teopema 1. ITycmv f € Lo [0,7], P, Py € Bfoo[(),w] 0rs Hexomopozo

0 € (0,1). Tozda

£l

1Sm (£; Pr) = S (£ P2)l| Lo, < C i (1)

ZdGC:C(PhPQ,U).

Crucok aureparyphbl

[1] Capuyk A.M., Caposuuuas 1.B. CrekrpasibHblii aHAJIN3 OJHOMEPHOI CHCTEMBI
Hupaka ¢ cymmmpyeMmbiM moTeHmaaoMm u omneparopa llrypma—Jluysuiisa c
kodddurmenramu-pacnpeenennsivMu, CoBpeMenHas maremaruka. PyHpameH-
rasjpHble Hanpasiaerus. 2020. T. 66, No 3. C. 373-530.

IMI'Y umenu M.B. JIomonocosa, Mocksa, Poccust.
Email: artem savchuk@mail.ru

2MTI'Y umenn M.B. Jlomonocosa, Mocksa, Poccusi. Email: ivsad@yandex.ru
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CIIEKTPAJIBHBIE CBOMICTBA JABYXTOYEYHBIX
KPAEBBIX 3AJTAY OJId TVNOPEPEHITMAJIBHOT'O
OITEPATOPA C KYCOYHO-ITIOCTOAHHBIM I'NTIABHBIM
KO®OPNIINMEHTOM

CAJIBIBEKOB M.A.

B mokisaze paccMaTpUBaIOTCS CHEKTpaJbHbIe CBOWCTBA OIEpaTopa, 3alaH-
HOro MU HEPEHITNATBHBIM BhIPAYKEHUEM € KYCOUHO-TIOCTOSTHHBIM TJIABHBIM KO-
adpdurmeHToM

—k3y"(z), mpu 0 < x < o,

Ly= =y (z), (1)
—k2y"(z), mpm g < x <,

C eCTeCTBEHHBIMU yC.HOBI/IHMI/I COHpH)KeHI/IH
y(zo — 0) = y(xzo +0), k1y' (w0 — 0) = kay/(z0 + 0). (2)

O6sacTh onpejieieHnst OIepaTopa 3a/IaeTCs JIBYXTOUYEYHBIMU KPAEBBIMH YCJIO-
BUSAMU OOIIEro BUIA

{ U1 (y) = ally’ (0) + algy’ (l) + a3y (0) + a4y (l) = 0, (3)
U, (y) = agly’ (0) + aggy/ (l) + a23y (0) + ag4y (l) =0.

3aecs xp — crporo BHyTpeHsig Touka unTepBada (0,1); koadbdunuenrsr ki u
ko ypasuenust (1) — meiicTBuresbrble uncia; KO3 OUIHEHTH {a;;} KpaeBbIX
ycqosuii (3) — KOMILIEKCHBIE YHCIIA.

Basaun Takoro TUIA BO3HUKAIOT, HAIIDUMED, IIPU PENIeHur METOJOM Pas-
JleJIeHUs [ePeMEeHHBIX JBYX(ha3HbIX 3aJa4 TEeILUIOIPOBOIHOCTU (C KYCOUHO-
HOCTOSTHHBIM Koa3dbdurmenToM reronpoBojinocts). Kak 6bL10 pogeMoHcTpu-
posano B [1], ycsosusi cormacoBanust (2) eCTECTBEHHBIM 0OPA30M BO3HUKAIOT
IPY MOZEIUPOBAHUK TAKOT'O IIPOIECCa TEeIJIONPOBOIHOCTH.

B knaccuueckom HempepbIBHOM ciiydae ki = ko IIOJIHBIE CIEKTPAJIbHBIE Xa-
pakrepucturn 3agadu (1)-(3) Gbwtn npusejensl B [2]. Hameit nenbio siBis-
eTcs IIOCTPOeHNUe CIeKTPasbHON Teopun 3agaun (1)-(3) B paspbiBHOM ciydae
k1 # ko.

B noxmaze 6yayT maHbBI ONpeesieHns] HEBBIPOKIEHHBIX KPaeBbIX YCJIOBUIA,
peryJsipHbIX KPaeBbIX YCJIOBUil, yCUJIEHHO PeryJsipHBIX KpaeBbIX yclaoBuii. B
TEPMUHAX MUHOPOB MATPHILI KOI(DMOUIMEHTOB KPaeBbIX ycoBuii (3) gano omnu-
CaHuMe BCeX KJIACCOB KPAEBBIX yCIOBUI M NCCIIETOBAHBI CIIEKTPATHHBIE CBOMCTBA
3aJ1a9: HAJUIHRE COOCTBEHHBIX 3HAYEHNU, SBHBIE UM ACUMIITOTUIECKHE (DOPMY-
JIbI COOCTBEHHBIX 3HAUEHMUIA, BOIIPOCHI KPATHOCTH COOCTBEHHBIX 3HAUEHMUIA, OTH-
caHue KOPHEBBIX ITOAIIPOCTPAHCTB, CBONCTBA MOJHOTHI B 6e3yCI0BHOI 6asucHo-
CTHU CUCTEMbI COOCTBEHHBIX W IIPUCOEIMHEHHBIX (DyHKITAIA.
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Pa6otra BbImoIHEHA TIpU TOJIepKKe TpaHTa MUHECTEDPCTBA 00pa30BaHUs U
nayku Pecriybiuku Kazaxcran, rpant AP08855352.

Crucok aureparyphbl
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WMHCTUTYT MAaTEeMaTHKH U MATEMATHIECKOTO MOJIETUPOBaHUs, AJIMATHI,
Kazaxcran. Email: sadybekov@math.kz

CJIYYAMHBIE TAMIJIBTOHOBEI IIOTOKU 1
IMPEAEJIBHBIE ITOJIVI'PVYIIIIHI

CAKBAEB B.2K.

HUccnenyrores cirydaiiHble TaMUJILTOHOBBI IOTOKH B HAJIEJIEHHOM CHMILIEKTH-
9ECKOH CTPYKTYPOH BEMIECTBEHHOM CENapabesbHOM TUIBLOEPTOBOM IIPOCTPAH-
CTBe.

OmpeiesieHbl KOHEIHO-8/IITUBHBIE MEPHI Ha MMIL0EPTOBOM IIPOCTPAHCTBE,
MHBAPUAHTHBIE OTHOCUTEIHLHO (PA3OBBIX MOTOKOB HEKOTOPOTO KJIACCA TaMUJIb-
TOHOBBIX CHCTEM. BBeJICHHbIE NMHBADUAHTHBIE MEDPBI IPUMEHSIOTCA K AHAJIA3Y
CXOIMMOCTH KOMIIO3UIIM{T HE3ABUCUMBIX CJIyIalHbIX FAMH/JIBTOHOBBIX TIOTOKOB.
ITosry9eHsl yCIoBus, IOCTATOTHBIE JIJIsl CXO[MMOCTH KOMIIO3HIUIT 110 BEPOATHO-
CTH K YCPEJIHEHHOMY FaMUJIBTOHOBY IIOTOKY.

YeTaHOBIIEHBI YCIOBUA CXOJUMOCTH IO PACIPEIEICHAI0 KOMIIO3UIMA CIIy-
YalHbIX FAMHJIBTOHOBBIX TIOTOKOB K MAPKOBCKOMY CJIy4ailHOMY HPOIECCY, Ma-
TeMaTHIeCKHE OXKUIaHusT (DYHKIMOHAJIOB OT KOTOPOTO 00Gpa3yIoT IOJIyTPYIILy
CZKATHH B IPOCTPAHCTBE KBAJIPATUYHO MHTEIPHPYEMBIX [0 MHBADUAHTHOI Mepe
dbyukunii. VcenenoBana HENPEPBIBHOCTD IOy I€HHON MOTYTPYINIBI U CAMOCO-
NPSKEHHOCTD ee Terepartopa (eM. [1]).

HcciieIoBatbl JIMHEHHbBIE TAMUJILTOHOBBI CUCTEMBI, JIOTTYCKAIONIHE 0COOEHHO-
CTH THIIa HEOTPAHUYEHHOTO BO3PACTAHUSI 38 KOHEYHOE BPEMsl HOPMbI 3HAUCHHUST
pemenns. IIpeyiozken MeTOJI IIPOJIOJIZKEHHsI PEIeHHsT ypaBHenni [aMmibTona,
JIOITYCKAIONHE OCOGEHHOCTH, MOCPEACTBOM (DA30BOTO MOTOKA B PACIIMPEHHOM
$Ha30BOM TTPOCTPAHCTBE.

Crucok aureparypbl

[1] Bycosuros B. M., Caxbaes B. 2K. Ilpocrpancrsa Cobonesa dbyHKIMI HA THIb-
6epPTOBOM TIPOCTPAHCTBE C TPAHCIAIUOHHO MHBAPUAHTHON MEPOi U allpoKCH-
marum nostyrpynn// Uss. PAH. Cep. martem., 84:4 (2020) 79-109.
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WMucturyr npukiagaoit maremaruku uM. M.B. Kemgeima PAH, Poccus.
Email: fumi2003@mail.ru

ABTOMO/IEJIbHBIE PEIIIEHUSI CUCTEMbI YPABHEHUI
MII-TIOTPAHUYHOTI'O CJIOSI MOAN®UIINPOBAHHOMI
BA3KOWN CPEIBI

CAMOXUH B.H.

Cucrema ypaBHEHMIT CTAIIMOHAPHOTO MIOI'PAHUIHOTO CJIOS JIEKTPOIIPOBOJIHOM
HejuHeiino Baskoi cpeapl O. A. JlaapkeHCKOR nMmeer B,

v((1+ k(u;)2)u;); — uuy, — vy, + B*(U —u) = ~UUL,u, + v, =0 (1)

u paccmarpubaercs B obactn D = {0 < z < X,0 < y < 00} ¢ rpaHUIHBIMU
YCJTOBUSIMA
u(0,y) = uo(y), u(z,0) = 0,v(z,0) = vo(z), u(z,y) = Ulx),y = +o0, (2)
rae U(x), p(x), B(x), E(x) cBa3anbl ypaBHeHUEM
UU. = —pl, — BE — B*U.

JJ1s1 IPOCTOTHI IIJIOTHOCTD p W HPOBOAUMOCTD 0 CIHTAIOTCS PABHBIME €IMHUIIE,
k > 0 - MaJyas noJI0KUTEeNIbHAS TOCTOSTHHASL.

JauHast peosiornueckasi MojiesIb CIIONIHOMN cpejibl Obliia mpejioxKeHa B [1].
B orcyrcrBun MaruuTHOro 1oist, T.e. npu B(x) = 0, cucrema ypaBHeHuil Buia
(1) u ee aBTOMOZIEIbHBIE PENIEHHsT pacCMaTpUBaInch B [2] u [3].

Byunem uckarb rakue pernenus cucreMbl (1), Kommnonenta u(x,y) KOTOPBIX
JIOIYCKAET TIPeJICTABIICHNE

u(z,y) =U(x) f,(n, Ax)),

rae 7 = y/0(x), dyukuuu A(z) u 0(x) oUPENENAIOTCS UCXOAHBIMU JAHHBIMU
3814491 U [IPU BCEX 3HAUEHUAX A Jyist f (1), A) BBLIOIHSIOTCA IPAHNYHBIE yCJIOBHSL

f(0,0) =0, f(n,\) = lupun — +oo.
Tlonaras
5(z)(6(x)U(x))" = LvA(x) = 8*(x)U' (2), fo = F(0,\) = —vo(2)d(x) /v,

OpUXOAUM K BBIBOIY, uro yHKIwms f(n, A(z)) npu moboMm x momkHa GbITH
pelterreM OOBIKHOBEHHOIO Jaud HepeHInaaIbHOr0 ypaBHEeHU s

(L+3RU L0 " + fF+ M1 = (f)) + v B2 (1= f') = 0
C 'PaHNYIHBIMUA YCJIOBUAMU

£(0) = fo, f'(0) =0, f'(n) = Lupun — +oco.
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D710 ypaBHeHHUe sBJjsieTcss O0OO0OINeHreM W3BeCTHOro ypapHeHusi DojkHepa-
CkaH. ABTOMO/IeJIbHBIE PEIeHNs] CUCTeMbI ypaBHeHuii (1) cylecTByor, K npu-
mepy, upu U(x) = const, nupu U(x) = Ax u OPUMEHSIOTCS JJIsl U3y YeHUsT Kade-
CTBEHHOT'O TIOBE/IEHNUsI PEIIEHNI CHCTEMBI TOTPAHNIHOTO CJIOS B ODIIEM CIIydae,

eM. [3].
Crucok aureparypbl
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MockoBckuit TocyTapCTBEHHBIN MOTUTEXHIYIECKUN yHUBEpcUTeT, Poccus.
Email: avt428212@Qyandex.ru

TOIIOJIOTUYECKUWE JUSJIEKTPUKN
CEPT'EEB A.T.

Teopusi TOTIOIOTMYECKUX NUIJIEKTPUKOB — OJIMH U3 WHTEPECHEUINNX U aK-
THUBHO PA3BUBAIOIINXCs Pa3esioB PU3NKU TBEPIOTO Tesa. JimajIeKTPIUKI 9Toro
TUIIa XAPAKTEPUIYIOTCA HAJMYUEM SHEPreTUYeCKOH IeJi, YCTOHYMBON K Ma-
JBIM JedopMaIusaM, 4YTO IO3BOJISIET KCIIOIB30BATh TOIOJIOIMYECKHE METOJIbI
JUI X u3ydeHus. KirrodeByro posib IPH 3TOM UIPaeT aHAJIN3 IPYII CHMMeT-
puii 3TUX 0OBEKTOB, HA KOTOPOM OCHOBaHA UX KJIACCU(DUKAIINSA, TPEJIOKEHHAST
Kuraesbim.

I'maBHOEe BHUMAHVE MBI yJ€JIs€M TOIOJOTMYECKAM JUIJIEKTPUKAM, MHBAPU-
AHTHBIM OTHOCUTEJIbHO oOparieHus BpeMeHu. s Hux mmeer mecto 3ddexr,
Ha3bIBaEeMBIi BBIpOKIeHNeM Kpamepca, nHade roBopsl, IBYKPaTHOE BBIPOXK Ie-
Hue cobCTBeHHBIX (YHKIWI cucreMbl. Biarogaps 3ToMy, JJjisl JIBYMEPHBIX U
TPEXMEPHBIX JIMIJIEKTPUKOB YIAETCS MMOCTPOUTH TOIOJOTHIECKE HHBAPUAHTEI,
OIIPEeIeJIEHHBIE 110 MOYJIIO 2.

MaremaTtudeckuii nucrutyt umenn B.A.CreknoBa PAH, Mocksa.
Email: sergeev@mi-ras.ru
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MACCUBHBIE 1 IIOYTU MACCUBHBIE CBOMICTBA
VCTOUYMBOCTU U HEYVCTONYNBOCTU

CEPI'EEB U.H.
s 3amanuoil okpectHocty Hyis G C R™ paccmorpum cucremy
t=f(t,x), z€G, [f(t0) =0, teRy=][0,+0c0), (1)

rae f, fi € C(Ry x G). Yepes S, u S5 0603HAIMM MHOKECTBA BCEX HEMPOIOJI-
JKaeMbIX HEHYJIEBBIX perieHnil x cucrembl (1) U, COOTBETCTBEHHO, Y/IOBJIETBO-
psomux HadaabHoMy yesosuio 0 < |z(0)] < 6.

Omnpegenenne 1. (cm. [1]) Bymem rosopurs, uro cucrema (1) obnanaer nep-
POHOBCKOT UJH, COOTBETCTBEHHO, 6EPIHenpedenvol:
1) yemotivusocmuio, ecan auis suoboro € > 0 cymecrByer Ttakoe 6 > 0, 4ro
J060e pererne x € Sy yAOBIETBOPsieT TPEOOBAHUIO
lim |z(t)| <& wmmm, coorBerctBenno,  lim |z(t)] < e (2)
t——+o00 t—+o0
(npejtiioTaraonieMy, 4To peleHne T onpejiesieHo Ha Beeft mosryocn RT);

2) noanot (W 2406a4bHOT) HEYCMOUMUBOCMBIO, €CIIU CYIIECTBYET TAKOEe
e > 0, 9ro s Hekoroporo ¢ > 0 Jsoboe pemenne x € S5 (nm x € S,) He
yZ0BJIeTBOpsieT TpebGoBaHuio (2);

3) acumnmomuseckol (M 2406a4vH01) Yyemotuusocmyro, ecan mpu € = 0
g HeKoToporo § > 0 ymoboe pemenue © € S5 (wm x € S,) yAOBJIETBOpSIET
TpeGoBanuio (2).

i onpezesnienust Tex ke AANYHOBCKUL CBOUCTB cucTeMbl (1) HyKHO:
4) B un. 1, 2 wim B 11. 3 Bropoe TpeboBaiue (2) 3aMeHUTH TPeOOBaHIEM

sup |z(t)] < e (3)
teRT

I, COOTBETCTBEHHO, TOOABUTH K HEMY JISAIIYHOBCKYIO YCTONIUBOCTD.

Omnpegenienne 2. Bee cpoiictsa cucrembr (1) n3 onpenenenus 1 — wmaccus-
Mol IPU UX ONMCAHWU Cpa3y Ha Bce pertenus x € S, rae S = S5, 5, (win
S = S \'Ss [2]), naknagpiBaercst ycmosue (2), (3) wiu ero orpunasnue. Vm
COOTBETCTBYIOT NOYMU MACCUSHDIE AHAJOTH: NOYWMU YCMOUuu8oCmy, NOwMu
noanas (nouwmu 2406a4vHAA) HEYCTROTHUBOCTIL T NOYMU ACUMNIMOMUNECKAA
(nowmu 2aobanrvrasn) yemolivueocmsd — B UX ONMCAHAE TO K€ TPeGOBAHME Ha-
KJIAJIGIBAETCs JINIIb HA [OYTH BCE DENICHUsl, T.€. 338 UCKJIOYCHHEM TEX, UTO B
HAYMHAIOTC B HEKOTOPOM MHOJCECMGE Gbipodicdenus Hynesoil mMepbl JleGera
u 1epBoit kareropuu Bapa.

Teopema 1. Ecau cucmema (1) asnynoscku nowmu yemotuuea, mo u AANY-
HOBCKU YCMOTUNUBA.
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Teopema 2. Ecau cucmema (1) AANYHOSCKU NOYMU GCUMNMOMUNECKY, UAL
nowmu 2406a4bHO YCmotinuea, mo u AANYHOECKU YCMoUuuea.

Teopema 3. Ecau 0as kKaxux-aAub0 08YT MACCUBHHLT CBOTUCME UMEEM MECTMO
UMNAUKAUUA, MO OHA UMEEM, MECTNO U OAA UT NOUMU MACCUBHBLT GHAN0208,
ECAU KAKUE-AUOO 064 MACCUBHBLT CEOTCMEBA HECOBMECTNHDL, MO HECOBMECTIHGL
U UT NOYMU MACCUBHDLE GHAAORU.

Teopema 4. IIpu n = 2 cywecmsyem a8MOHOMHAA NUHETUHAS OUGZOHAALHAL
cucmema (1), ne 0baadarowas Hu AANYHOBCKOT, HU NEPPOHOBCKOL, HU GEPTHE-
npedesvroti NOAHOT HEYCTNOYUBOCTILIO, HO AANYHOBCKU, MEPPOHOBCKY U GEPI-
HenpedesvHo Noumu 2400046H0 HEYCMOUHUBAA.

Teopema 5. IIpu n = 2 cywecmeyem asmonomnas cucmema (1), ne obaa-
dawan Hu NEPPOHOBCKOT, HU BEPTHENPEIEALHOT, YCMOTUYUBOCMBIO, HO NEPPO-
HOBCKU U BEPTHENPEIEALHO MOYWMU 2400AABHO YCTOTYUBGA.

Teopema 6. Ilpu n = 2 cywecmsyem asmonomuas cucmema (1), ne obaada-
0WaAA AANYHOBCKOT GCUMNMOMUNECKOT YCMotuusocmyvio, Ho AANYHOBCKU NO-
YN 2400045HO YCMOTHUBAA.

Crucok aureparypbl

[1] Cepeees H.H. Onpenenenne ycroitunsoctu 1o [leppony u ee cBsi3b ¢ ycTOR4InBO-
croio no Jlanyuosy // Onddepenn. ypasuermsa. 2018. T. 54. Ne 6. C. 855-856.

[2] Bondapes A.A. CymecrBoBanue BIOIHEe HeycToiuuBoil mo JlamyHoBy audde-
pEeHIMATBHON CHCTEMBI, 0OJIaIAIONIEl MEPPOHOBCKON U BEepXHEIPEeIeTbHON Mac-
CHBHOM YacTHOH ycroitamBocThio // duddepenn. ypasuenus. 2021. T. 57, Ne 6.
C. 858-859.

MockoBckuit rocymapcrsennsiii yauBepcuteT uM. M.B. Jlomonocosa, Poccust.
Email: igniserg@gmail.com

JOCTATOYHBIE YCJIOBUA CYILIECTBOBAHUA
PEIIIEHU S HEJIMHENHOTI'O ITAPABOJINYECKOT' O
JNOPEPEHITMAJIBHO-PASHOCTHOTI'O YPABHEHUN A

COJIOHYXA O.B.

Iycts 0 < T < 00, @ C R™ — orpanmvennasi obsacts ¢ rpanuteii 0@
kimacca C°°, Qr := Q x (0,T). Paccmorpum ypaBHeHHe

Opu(x,t) — Z 0;Ai(x,t, Ru, VRu) + Ap(x,t, Ru, VRu) = f(x,t),
1<i<n
e z € Q,t € (0,T), ¢ KpaeBbIM U HAYATBHBIM yCJIOBASME

u(z,t) =0 (zeR™"\Q,te(0,T)), u(z,0) = p(x) (z € Q).
325



Brecs 2 <p< oo, 1/p+1/¢g=1, f € Ly(0,T; Wq_l(Q)), ¢ € La(Q), pasnoct-
HEBIi oneparop R 3a1aH dopMyIoi

Ru(x,t) = Z apu(x + h,t), u(z,t) =0 npux € R"\ Q,
heM

roe ap, € R, M C R"™ — koHe4HOE MHOXKECTBO BEKTOPOB C COM3MEPUMBIMU
xoopauaaTtamu. OyHKIINN BellecTBeHHO3HAYHBI. JleiicTBHe pa3sHOCTHOTO OIle-
paropa omupejenserca mMarpunamu Ry mopsiaka N(s), 0JHO3HAYHO BBIYHCIIsA-
eMbIMHU UCXOJsl U3 Buga R u @, cM. mozxpobree [1, 2|. Onpenennm onepartop
A Ly(0,T; W, (Q)) = Le(0,T; W, H(Q)) mo doparyae

(Au,v)y = > [ Ai(x,t,u, Vu) v(t, x) da dt

0<i<n Qp
o moboro v € Ly(0,T; WZ}(Q)) = {u € L,(0,T; WI}(Q)) :u(s,t)|zeao
=0ust 8. t € (0,7)}, 3nech u Huxke dou = u. O603HATNIM

W = {u € L,(0,T; W(Q)) : dpu € Ly(0,T; W, 1 (Q))}-
Heorpanuuennbiii oneparop 0; umeer obsactsb onpenesnenust D(9y) = W.

Teopema 1. Ilyemv Ry — meswpootcdenv, nycmov maxoce A; — dynryuu
muna Kapameodopu, ydosiemsoparoujue cAeOyouum YCcro8UaAM:
1) yecaosue unmezpupyemocmu: 3c1 > 0 u go € Ly(Qr) marue, wmo

Ai(@, 6, < gol@,t) +er D &GP (i=0,1,...,n);

0<i<n

2) ycaosue 2ANUNMUNHOCTIU: OAA BCET S U A0 C, 1) € RN (s)x(n+1)

Z Z (Ai(xvtaCm-> - Ai(x’tvnm')) (R;I(C7 - 77~i))m >0

1<m<N(s) 1<i<n

npu C 7& m, CmO = Mmoo, Cm = (Cm07 lev ey Cmn); C’L = (Clia sy CN(S),i)T;‘
3) yeaosue rospyumusnocmu: Vs Ip' < p, ca > 0 u cz,cy > 0 makue, wmo

D> A tGn) (RS,
1<m<N(s) 0<i<n
> c Z Z |Cmi” — c3 Z |Gmo P — c4.
1<m<N(s) 1<i<n 1<m<N(s)
Tozda onepamoproe ypasrerue

Owu+ ARu = f, Um0 = @
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umeem pewernue u € W, npuvem dcs, cg, 7, cg > 0 maxue, wmo

p q 2
Falz 0 ravpcan < S 0mwi s @) T ollélia:

[T B i) < el ot iy + sl

BameTnM, UTO yciaoBus 1)—-3) rapaHTHPYIOT AEeMHUHEIPEPBIBOCTD, IICEBIOMO-
HOTOHHOCTB U KOIPLUHUTHUBHOCTD olepaTopa AR.

Pabora Beimosinena npu nojiepxkke Munobpuaykn Poccun B pamkax rocy-
JIAPCTBEHHOro 3amanust: cornammenue Ne 075-03-2020-223/3 (FSSF-2020-0018).
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JINHEMHA SI IAPABOJIMYECKASI 3ATAYA C
HEJIOKAJIBHBIMMU ITO BPEMEHU JTAHHBIMUA

CTAPOBOWTOB B.H.

Iycts A u B — caMOCOUPSI2KEHHbBIE II0JIOKUTEJIbHbIE (AKKDETUBHbIE) OIle-
PATOPBI B KOMILTIEKCHOM TuIbbepToBOM mpocTpanctBe H. Omeparop A moxker
GBITH HEOIDAHWYIEHHBIM, 1 €10 00J1aCTh onpesesnenust D(A), KOHETHO XKe, TIOT-
Ha B H, 94T0 HEOOXOIUMO JjIst ero camocornpsizkerHoctu. Queparop B siBjisieTcst
orpannvenubiM u D(B) = H.

IIycts t — BemecTBeHHASsT IEpeMeHHAs, KOTOPYIO MBI Oy/ieM Ha3BbIBATH BpPe-
MeHeM U Koropas uaMensierca na orpeske [0,7], T' < co. Paccmorpena 3anaua
06 onpenenennn dyukiwn u : [0, 7] — H, ynosnersopsitomeit 8 H cieayromum
YPABHEHUSIM:

du

T
o +Au=f, u(0) +/0 ~(t) Bu(t) ds = g, (1)

rie dyakunm f: [0,7] — H uv:[0,7] — R, a takxke g € H npeamnonaratorcst
3a/IaHHBIMA.

Omneparop A mopoxkaaeT B H CHIBHO HEMTPEPHIBHYIO MOy TPYTILY OMEepaTOpOB
e~At. Econ mu1 BBesieM obosnauenme 1) = u(0), To

t
u(t) = e~y +/ e A= f(s)ds npu tel0,T]. (2)
" s



YuuThiBas 3T0 npejcTaBienue, 3agady (1) MOXKHO Iepenucarh B BUJE CJIeJIy-
IOIIEer0 ypaBHEHUs:

n+Sn=F, (3)

rae Sn = fOTv(t) Be A'ndtu F = g — fOT y(t) Bfot e~ At=9) f(s) ds dt. Ecou
v € LY0,T), To S siBasieTcs: orpanmaennbiM orepaTopoM B H. Ecim monosn-
tremwro f € LY(0,T; H), To F € H. TakuM 06pa3oM, TIPH BBITIOJTHEHAT 3THX
YCJIOBHIT MBI MOYKEM paccMaTpuBarh (3) Kak ypaBHeHHe B npocrpaHcTse H, a
dyskims u : [0,T] — H, onpenenennas paBeHCTBOM (2), Gy/IeT HEIIPEPHIBHOIA.
Ecim mbt morpebyem ot dyHKIWmit v 1 f 60JbIIE TJIaIKOCTH, TO MOy IUM JTud-
depennupyemocts GyHKIUM U U IKBUBAJIEHTHOCTH 3aja4 (1) u (3). B cBasu ¢
9TUM Ha30BeM 0600wernnvim peweruem 3adavu (1) HenpepblBHYIO (DYHKIMIO
uw : [0,7] — H, musg KoTopoii cupaBeiiuBo Ipeicrasienue (2), rue n € H
SIBJISIETCSI PEellleHneM ypaBHeHust (3).

VYpasHaenre (3) ofHO3HAYHO pa3permmo Jisi npousBosbHoro F € H Torna
U TOJBLKO TOTJA, KOTJa —1 SIBJIseTCs peryJsipHbBIM 3HadeHueM orepaTropa S.
Oro 3aeomo Oyner Tak, ecau ||S| < 1. Ilocieanee ycmosue mpejmosaraer
HAJMIAE HEKOTOPOTO ONPAHMYEHNs] Ha BeJWMYuHY 1’ TpM 3a8JIaHHBIX Y U B, 910
IIPUBOJIAT TOJBKO K JIOKAJIBHON OJIHO3HAYHON Pa3penmMOCT 33 1a491. 3aMeTuM,
YTO yCJIOBHE MaJIOCTH BCTpedaeTcss MPaKTUIeCKH BO BeeX paboTaX MO JaHHOM
remaTuke, Kpome pabor . B. Tuxonosa (1998, 2003).

B manHOil paboTe MCCIe0BaH BOMPOC OJHO3HAYHON Pa3spelmMOCTH 3447
6e3 nasoxkenus Ha 1', B u 7y ycsioBust Majoctu. VcaepnbIBaomuii OTBET Ha [0-
CTABJIEHHBII BOIIPOC B CIy4Yae, KOrja B siBJIsieTCs TOXKIECTBEHHBIM OIIEPATOPOM,
nostyueH B paborax 1. B. Tuxonosa (1998, 2003): HETpUBHAIBHBIX DeIIeHUi OJ1-
HOPOJIHOTO ypaBHeHus (3) ¢ B = I He CyIIeCTByeT, ecJii HU OJHO U3 pelleHunit
A XapaKTepUCTHIECKOTO yPaBHEHUST

T
1+/'ﬂof”ﬁ=0
0

He [PUHAJJIEXKUT TOYEYHOMY CIIEKTPY oleparopa A. DTo ycjoBHe, B 4aCTHO-
CTH, BBIIIOJTHEHO, ecjii A — CUMMEeTPUYECKUii OIepaTop, a (PyHKIWS Y HEOTPH-
narejbHa. B 3TOM Cilydae cOOCTBEHHBIE YHCIIa OlepaTopa A sIBJISIOTCS BeIle-
CTBEHHBIMH, & XapaKTEPUCTUIECKOE YPABHCHUAC HE NMeeT BEIIEeCTBCHHBIX pelle-
HUI.

OCHOBHBIM pE3YJILTATOM IAHHOW PabOTHI SIBJISETCS JI0KA3aTe]IbCTBO CJIELy-
IOIIEro YTBEPXKIEHU:
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Teopema 1. ITycmv A u B — camoconpascenvie nosoNCUMEAbHBLE ONEPATNO-
P 8 eunvbepmosom npocmpancmee H, npuvem onepamop B sasasemca oepa-
nunenmnom. Ecau y — neompuyamenvras dymxuua us L(0,T), mo das npo-
useonvroir f € LY(0,T;H) u g € H 3adaua (1) umeem eduncmeennoe 0606-
WEHHOE PEUWEHUE.

MNucturyr rugpomunamuku CO PAH, Hosocubupck, Poccust.
Email: starovoitov@hydro.nsc.ru

HEKJIACCUYECKUN BAPUAIIMOHHBIN IIOAXO0I K
PEINIEHNIO OBPATHBIX 3AJAY JIMHAMUWKNI

CYBBOTUHA H.H.!, KPYIIEHHUKOB E.A.2

PaccmarpuBaerca obpaTHast 3a/1a4a TeOpUN yIPABJIEHUS — 3a/1a9a JUHAMU-
9eCKOU PEKOHCTPYKIINN YIIPABJIEHUN JIjIsl CUCTEM BHUJIA

L(t) = Gt x(t))u(t) + f(£,2(1)), .
x€R", weUCR™, m>n, te|0,T], (1)
rae x(-) — BeKTOp (Pa30BBIX IE€peMeHHbIX, u(+) — BekTOp yupasjienuii, a U —
KOMIAKT. JlomycTuMble ynpasiaenust — u3MepuMble (DyHKIWN.

Tpebyercst BOCCTAHOBUTH HEM3BECTHOE YIIPABJIEHNE, MTOPOXKIAIOIIEe HADJIIIO-
nmaemyto tpaektoputo x*(-) : [0,7] — R™ cucremsr (1), HasbiBaeMyto 6a30BOiL.
PekoHCTPYKIMA TPOM3BOIUTCS Ha OCHOBAHMN HETOYHBIX 3aMepoB 6a30Boii Tpa-
€KTOPUU. ITH 3aMePbI {y,‘i7 k=0,..., N} umetror norpentsocts § > 0 u nocry-
mator ¢ marom h® > 0.

3aiaua PEKOHCTPYKIMK YIIPABJIEHUIT HEKOPPEKTHA, TAK KAK OJ[HA U Ta 7Ke Ha-
30Bast TPAEKTOPHUS MOKET MOPOKIATHCA Pa3HBIME ynpasienusyu. Cpean Beex
TAKUX YIPABJIEHUN €IMHCTBEHHBIM 0OPA30M BBIJIEJSIETCS HOPMAJBHOE YIIPaB-
nenve [1], KOTOpoe u SBJIsIETCST UCKOMBIM B CJIEMIYIONIENl KOPPEKTHO 3amade
JMHAMUYECKON PEKOHCTPYKIWUU yHPaBJICHUIA:

Jst mapamerpos & € (5] m h® € (0, hg], M COOTBETCBYIONMX UM 3aMEpOB
{y2} mocTpouTL TaKme W3MepHMBIe, PABHOMEPHO TI0 TTAPAMETPAM OrDAHYEH-
upie yrpasienus u®(+) : [0, 7] — R™, 9T0 IpH CTPEMJICHIH K HYJTIO TAPAMETPOB
§ m h? 5T yIpaB/IenHus cxoaATCs CIabo O 3BE3I0i K HOPMAIHLHOMY yIpaBIe-
mmo u* (-) B mpocTpamcTse L, a TpaekTopun cucteMsbr (1), MOPOXKICHHbIE STUME
YIPaBJIEHUsIMHE, CXOJIATCS PABHOMEPHO K 6a30B0il TpaekTonu *(-).

PexoHCTpyKIMA JI0JIKHA, IIPOU3BOAUTHCS B peaibHOM BPEMEHH 10 Mepe II0-
CTYIJICHAs] HOBBIX TOYEK 3aMEpOB.

329



B paborax [1, 2] npeioxkes 1 060CHOBAH TIOJIX0J] K PEIIEHNIO 3a/1a1H JIHHA~
MHUYECKOU PEKOHCTPYKITUH yIIPABJIEHN, ONMUPAIONIUIICS HA HEOOXOAUMbIE YCJIO-
BUS ONTUMAJIHLHOCTH BO BCIIOMOTATE/bHBIX BAPUAIMOHHBIX 3aa4aX C (DYHKIH-
OHAJIOM BHUIA

b 20 — D12 a2l
oty = | [FEOSOE L PWOR) g

th—1

rje o — MaJblii peryaspusupytomuii (no Tuxonosy [3]) napamerp. @yHKIwst
y° (t) sABJIAeTCS TUTAMIKOI MHTEPTONATIAEH IMCKPETHBIX 3aMepoB {y) }.

OCOGEHHOCTBIO 3TOIO  TMOJXOJA SIBJISETCS WUCIIOJb30BAHUE HEBBIYKJIOTO
dyukmonasa (2). Ommanem OT TPAIUIMOHHBIX TIOJX0/0B, ¢ UCIOJb30BAHIEM
BBIIIYKJILIX (DYHKIIMOHAJIOB, SIBJIIETCA TO, UTO JJIsA TIOCTPOEHUS AIIPOKCUMAITUI
pellleHus UCIOJIb3YIOTCs CTAIMOHAPHBIE TOYKHU (2), YIOBJIETBOPSIONIME JIUIIb
HEOOXOAMMBIM yCJIOBUSIM ONTHUMATBHOCTH.

ITokazaHo, 9TO ANIIPOKCUMAIUE PEINEHUs, MOIYIeHHbIE ¢ HUCIOIb30BAHUEM
9THUX TOYEK, yCTONIMUBLI 110 OTHOIIEHUIO K IIOTPENTHOCTAM 3aMepoB. s cpaBHe-
s 3bOEKTUBHOCTH PA3HBIX MOJXOA0B IPUBEICHBI WITIOCTPATHBHBIE TIPUME-
Dbl PEIIEHU 38191 PEKOHCTPYKIUK YIPABJICHAN ¢ MOMOIIBIO BAPUAIMOHHBIX
MIOJIXOI0B, MCHOIB3YIOMUX (PyHKIUOHAIBI C BBILYKJIBIM U BBITYKJIO-BOIHY THIM
JIArPAHZKAAHOM.

Pa6ora Boinosnena npu nojuep:xkke PODOU (upoekr 20-01-00362).
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MOJEJIN OCKOJIKOBA B MATHUTOTNJAPOJINHAMUKE
CYKAYEBA T.T'.

Cucrema ypasuenuit OCKOIKOBa

(1 — Vv, = vV20 — (v- v—l—ZﬁlV wl—pr 29 x v+
=1

%(be ) x b+ f1, (1)
Vo=0, V-b=0, b =06V*+Vx(vxb)+ f2
8’11)1

WZ’U-‘F&IUH, aqeR_, BeR,, [I=1, K,
MOJIETTUPYET IIOTOK HECXKUMAaeMO BA3KOYIIPYToii kujkoctu KesnbBuna—-Poiirra
Henysiesoro mopsiaka K [1] B marmurHom mosie 3emuin.  31ech  BEKTOD-
byskmun v = (vi(z,t),...,vp(z,t)) uw b = (b1(z,1),...,b,(x,t)) xapak-
TEPU3YIOT CKOPOCTh JKUJIKOCTH W MATrHUTHYIO HWHJYKIIMIO COOTBETCTBEHHO,
p = p(x,t) — nasnenue, »x — xoaddument yupyroctu, v — kodbdunueHT
BA3KOCTH, {)} — yIJIOBasi CKOPOCTh, 0 — MArHUTHAs BA3KOCTH, (i — MAIrHUT-

Has TPOHMIAEMOCTh, p — IIOTHOCTh, mapamerpbl (3, [ = 1, K — ompe-
JIeJISIIOT BpeMsl perapianuu (3anaspiBanus) ganjiedus. CBOOOIHBIE HIEHBI
L= (.. fh, 1= fia,t), f2 = f*(x,t) orBevalor BHeMmHEMY BO3IEl-

CTBUIO Ha YKUJIKOCTb.
PaccMoTprM nepByr0 HAYaJbHO-KPaeByo 3ajady Jyist cucreMbl (1)

v(z,0) =vo(z), b(x,0) =bo(x), w(z,0)=uwp(zx) =zeD, @)
v(z,t) =0, bz,t)=0, w(z,t)=0 (z,t) €D xR;.

Baece [ =1, K; D CR", n=2,3, - orpanudennas 06;1acTb ¢ rpanuteit 0D
kiacca C°.

BameruM, 9TO 3a/aYM TAKOrO THUIIA BO3HUKAIOT, HAIIPUMED, B reodu3uKe
[2]. Pamee BBIPOK I€HHBIE ABTOHOMHBIE MOZE/IM MATHUTOTUAPOAMHAMUKY U3y da-
quch B paborax [3] — [5]. B HeaBTOHOMHOM Cilydae HCCIIeI0BaHIE OBLIO HAYATO
B [6] 1 nponoskeno B (7).

Bagaua (1), (2) uccemyercs B paMKax TE€OPUM IOJIyJIMHEHHBIX ypaBHEHUI
co6os1eBcKoro tuta. OCHOBHBIM HHCTPYMEHTOM UCCJIEIOBAHUS CJIYKUT [OHIATHE
OTHOCHUTEJIBHO P—CEKTOPUAJIBLHOIO ONEPATOPA U IIOPOXKJIEHHON UM Pa3periao-
mieil BBIPpOXKIeHHOH mosyrpynnsl onepatopos (8], [9]. dokaszana Teopema cy-
MICCTBOBAHMS ¢IUHCTBEHHOTO PEINEHUS YKA3AHHON 3a/1a41, ABJIAIOIMErocsa KBa-
3UCTAIMOHAPHON TIOJyTPACKTOPUEH U IIOJyYEHO OIMCAHUE €€ PaCHIUPEHHOTO
dazosoro npocrpancrsa. Ilogydennas TeopeMa 06OOMIAET COOTBETCTBYIOIIUE
pesynbrars [6].
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NMHTEIrPUPYEMOCTDB OJHOT'O YPABHEHU ABEJIA
BTOPOI'O POJA C IIOJIMHOMMAJIBHBIMN
KO®PUIINEHTAMHN, CBA3AHHOTO C
ACUMIITOTUKAMU CUMMETPUNHKBIX PEIIIEHUN
YPABHEHU A KOPTEBETA-JIE ®PUN3A

CVJIEIMAHOB B.11.!, IIABJIVKOB A.M.2

Hokmnan ocuoBan Ha pe3yiabrarax craTbu [1].
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Brimcano obiiee pertenne ypasHeHusi AGesist BTOporo pojia
(486 R* —17T1R?*+5+9Rz) 2 = 972R* — 162R* + (1458 R® —225R) 2 + 2722, (1)

BO3HUKAIOIIETO IIPYU MOCTPOEHUU ACHMITOTUK P OOJIBITNX 3HAYEHUSIX BPEMe-
HM COBMECTHBIX pemienuii ypasuennit Kopresera — ge Bpuza u crammonapHoit
YACTH €ro BBICIIEl HeABTOHOMHON CUMMeTpHUH. (DTa CUMMETPUSI OIIPEIeIsieTcs
JINHEHOM KOMOMHAIIMEH IIepPBOii BBICIIEHl KOMMYTUPYIOIIEH CHMMETPUN yPaBHe-
uus Kopresera — je Bpusa u ero kiaccudeckoit cummerpun Laymes.) Jdammoe
obmiee penrenre (1) 3aBUcUT OT IPOU3BOJILHOIO TapaMerpa. I1o reopeme o HesiB-
HO# DYHKIUH OHO JIOKAJIHHO OIIPEJIEJISeTCs U3 YPaBHEHUs, SBHO BBIITUCAHHOI'O
B TEPMHUHAX TUMIEPTeOMeTPUTIecKnx (pyHKIuit. YacTHBIN caydait 3TOro obImero
pelenus 3a71aeT aBTOMO/ICIbHBIE PENIeHnsl YPaBHEHUN Y n3ema, HaflJIeHHbIE pa-
uee I'. B. Iloremunniv B 1988 1.. (B uzBecTabix padorax A. B. 'ypesuua u JI. I1.
ITuraesckoro Hauama 70-X TOJOB OBLIO YCTAHOBJIEHO, YTO ITU PEINEHUS yPaB-
HeHuit Yu3eMa B [VIABHOM IOPsiJIKE OMUCHIBAIOT BOSHUKHOBEHIE HE3ATYXAIONINX
OCIUJUIMPYIONIMX BOJIH B IIMPOKOM Dsijie 3a/1a4 ¢ MaJIoii jucrepcueii. )

DTOT Pe3yJIbTAT MOATBEPKIAET IMIIMPUAIECKOE IIPABUIIO, COTJIACHO KOTOPOMY
IIPY OITUCAHUYU aCUMIITOTUK PEIIEHUN WHEIPUPYEMBIX YPaBHEHUIT MOTYT BO3HH-
KaTh JINIIb OsITh-TAKN WHTErpUpyeMble ypaBHEHUs. BoigBuraercs obmast ru-
IoTe3a 0 TOM, UTO WHTErpupyeMble OOBIKHOBEHHBIE MU dePEHITHATBHBIE YPaB-
HEHUsl, TIOJ00HBIE PACCMATPUBAEMOMY B CTAThe, JOJ2KHBI BOSHUKATH U IIPU OIIH-
CAHUM aCHUMIITOTUK IIpU OOJIBINIAX BPEMEHaX JIPYIUX CUMMETPUNHBIX PelreHuit
IBOJIIOITMOHHBIX YPABHEHUH, JTOIYCKAIONINX TPUMEHEHHEe MeTo/1a 00paTHOM 3a-
Ja4dy paccesHus.
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3ATYXAIOIINE BO3MYIIEHUS BU®YPKAIININ
IIEHTP-CEJIJIO

CYJITAHOB O.A.

PaccvaTpuBaeTcss HeaBTOHOMHAsST CHCTEMa JABYX MM HepeHnnaaIbHbIX ypaB-
HeHUit

dx dy

Y4 F 1), -2 =
il A (z,y,t), o

rae F(z,y,t), G(z,y,t), w(x) — rmagkue GyHKIUH, ONpe/eJeHHbIE I BCEX
(r,y) € R2ut >0, X € R. [Ipeanonaraercs, aro F(x,y,t) — 0u G(z,y,t) — 0
upu t — 00 u J0bIX (BUKCUPOBAHHBIX 3HadYeHusX (,y), a w(x) > 0 mig Beex
z € R. B aTom ciryuae B ipeieibHOI crcTeMe nMeeT MecTo OndypKaIys MeHTP-
CeJIJI0: TIPU BapUAIAU IIapaMeTpa A HEIOIBUKHBIE TOYKH THIIA IEHTD H CEIJI0
CIMBAIOTCS W UCYE3aI0T. B paboTe MCCleayercs BIUSHUE 3aTyXaIOMUX BO3MY-
wennit F(z,y,t) u G(z,y,t) Ha r06aabHOe TI0BeIeHne perennit. B yactHOCTH,
OIIICBLIBAIOTCA YCJIOBUS, IIPH KOTOPBIX TapaHTUPYeTCs COXpaHeHne 6udypKamm
B BO3MYIIECHHOI HeaBTOHOMHOI cucreme. Korma 6udypkanus Hapymaercs, B
KPUTHYIECKOM CJIy9ae MOSBJIACTCA Mapa PEIeHuil, CTPEMSIIXCA K BbIPOKICH-
HOMY PaBHOBECHUIO IIPEJIEIBHON crucTeMbl. [[0Ka3bIBaeTCs, 9TO B 3aBUCAMOCTH OT
CTPYKTYPHI U IapaMeTPOB BO3MYINEHHIt, OJHO U3 3TUX PeIleHufl MoxKeT ObITh
YCTOIUUBLIM, MeTa-yCTONYNBLIM UM HEYCTONYUBBLIM, IIPH 3TOM JIPYIOe pelle-
HUE BCErya SBJISEeTCS HEeyCTONYINBBIM.
Pabora Bemosinena npu nognepxke PH®, rpant 20-11-19995.

—(x* = Nw(x) + G(z,y,1),
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O BA3KUX PEHNIEHNAX AHU30TPOIIHbBIX
ITAPABOJIMYECKNX YPABHEHUII

TEPCEHOB A.C.

B noknase 6ysieT paccMoTpena repBasi Kpaesast 3ajada, JJIsl aHU30TPOITHOTO
1apabOIMIECKOTO YPaBHEHUS

n

Uy — Z(‘uﬂﬁl

i=1

Pi(t)_2uxi)xi = g(t,x,u,VU) B QT; (]')
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rje ) — orpaHnueHHasi o6aacTh. YpasHeHus Buja (1) mpuHaIIexkaT K Kiac-
Cy ypaBHEHHUil, YacTO HA3BIBAEMBIX YPABHEHUSIMU C HECTAHIAPTHBIMU YCIIOBHSI-
Mu pocta. OHU UCTONB3YIOTCS TPU MOJICTUPOBAHUN TEUEHUN HEHBIOTOHOBCKIX
JKUJKOCTEl, KaK JINJIATAHTHBIX, TaK U MCEBJIONIACTUIHBIX, TIPU OMUCAHUH Te-
YeHU KUIKOCTH B IIOPUCTHIX cpeiax. Kak M3BeCTHO, JIJIsT UCCJIEOBAHMS ITHX
yPaBHEHUl IMMPOKO HMCHOIB3YIOTCS METOJbI BAPUAIIMOHHOTO UCUUCIIEHUS, WC-
MOJIb30BAHNE KOTOPBIX BCTPEYAET CEPbe3HbIE TPYIHOCTH B CJIydae, KOTJa Mpa-
Bas YACTh 3aBUCAT OT rpajueHTa. K KIACCHYIECKNMM MEeTOJaM WMCCJIeJOBAHUS
9TUX YpPaBHEHUN MOXKHO TaKK€ OTHECTH U PA3JUIHBIE AMMTPOKCHMAIHOHHBIE
METO/IBI.

Kak wm3BecTHO, /iUl pellleHnli aHU30TPOIHBIX MAPADOIMIECKUX yPaBHEHMI
Borrpoc 0 Cl-perynsipHocTn 110 TPOCTPAHCTBEHHBIM MEPEeMEHHBIM Ha Cero/HSII-
HUIl IeHb sBJIsieTcs OTKPbIThIM. B pabore V. Bogelein, F. Duzaar, P. Marcellini
(2013) auist ypasHenusi (1), B ciydae ¢ = 0 1 TOCTOSTHHBIX MTOKa3aTeseil aHu-
30TPOIMHOCTH, ObLIA JTOKA3aHA JIUIIIUIEBOCTD 110 TTPOCTPAHCTBEHHBIM TTEPEMEH-
HBIM CODOJIEBCKHX DEIIeHUil IIPU YCJIOBUN

2 <minp; < maxp; < minp; + ——.
: i i n+2

ODTO MaKCHMAaJbHAas PEryJsipHOCTh DPENIeHuil aHU30TPOIHBIX yPABHEHUH, 13-
BecTHas Ha CErOMHANIHUN JIeHb.

Harme#t nesibio ObIZIO HAWTHU YCJIOBHUS, FapaHTUPYIOIINE CYIIECTBOBAHUE U
€JIMHCTBEHHOCTh DEIeHUH YKa3aHHOW IJIaJKOCTH i ypabHeHuil Buia (1) B
cilydae, KOrja IIoKa3aTeIu aHU30TPOIIHOCTU 3aBUCAT OT BPEMEHU, a ¢ HeJInHel-
Ha II0 TPaJUEHTY.

71t oJTyueHus periennsi BBICOKOH TVIAIKOCTH Mbl HCIIOIB30BAJIA AIITPOKCH-
MAIMIO pelieHus ypaBHenus (1) 10c/ie[0BaTeIbHOCTHIO KJIACCAIECKUX DElle I
PeryJIsipu30BaHHBIX ypaBHEHUI. 3a/iada [IpeJIesIbHOTO Iepexojia B Kyracce cobo-
JIEBCKUX PEIIEHU OCJIOKHSIACHh HAJIUYNEM HEJIMHEITHOTO I'PAIMEHTHOrO YJIeHA.
DTa mpobsiema ObLIA PEIIeHa ¢ TOMOIIBI0 Teopun Bsi3KuX 10 JInoHcy perenwmii.

B BoeimykbIX 00J1ACTSAX OBLIN JTOKA3AHBI CYIIECTBOBAHUE U €IMHCTBEHHOCTH
HEIPEPBIBHBIX 110 JIWImmuily 1mo mpoCTAHCTBEHHBIM ITEPEMEHHBIM BS3KHUX De-
meHunit epBoil Kpaesoit 3amaun st (1) 6e3 orpaHMveHus! GEPHINITERHOBCKOTO
THUIIA HA HEJIMHEHHOCTh I'PaJUeHTy. B HEBBIILYKJIBIX 00JIACTSIX, YAOBJIETBOPSIO-
IUX YCJIOBUIO BHEIHEN cepbl, ObLIN IOy YeHbl AHAJIOTUIHbBIE PE3YJIbTATHI, HO
TOJIBKO B CJIydae, KOrJa ¢ [0 TPaUeHTy YAO0BJIeTBOPsieT ycaoBuio Beprinreitna,
a IoKa3aTe/ I aHU30TPOITHOCTUA CBA3aHbI COOTHOIIEHUEM

max p;(t) < 2minp;(t), t€[0,T].
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ANPOPEPEHIIVIAJIbBHBIE YPABHEHNA 11
AJITEBPANYECKUWE KPVBHBIE

TUMOIIVH M.U.

B knure [1] ynoMuHaeTcss reoMeTpUYECKUi MOXO0/, K MOJIGTMPOBAHHIO C TO-
Mompio uddepenimanbabix ypasaenuil. [Ipu takom nogxoze, quddepenny-
AJIbHBIE yDABHEHWsI, BBIOMPAEMBIE JJIs OIMCAHUs MOJIEHN, SBJAIOTCS Hanboiee
9JIEMEHTAPHBIMA YDABHEHUAMHA ¢ TpeOyeMbIM noBesenueM. llpeacrasienne o6
YDABHEHUSIX W [OBEJICHUN KPHBBIX TPETHErO MOPSJIKA MOKHO MOJIYIATH Ha OC-
HOBAHUM TEOPEMbI NPUBEJIEHHOH B paborax [2],[3].

Teopema 1. Kaotcdas kpusas mpemvezo nopadka ¢ nomowpto apdurnnozo npe-
06pa306aHUA NPUBOOUMCA K 00HOT U3 CACOYIOWUT KAHOHUYECKULT POPM.:

L (z+a) (2> +y*—1)+by+c=0, 9. (z+a)(y>?—1)+by+c=0,
2. (x4a)(z®+y*+1)+by+c=0, 10. (z+a)(y*+ 1)+ by +c =0,
3. (x4 a)(@® +y?) +by+c=0, 11. (x+a)y> + by +c=0,

4. (x+a)(@?—y>—1)+by+c=0, 12. (x+a)(x® —1)+by+c=0,
5. (z+a)(z?—y*+1)+by+c=0, 13. (x+a)(z*+1)+by+c=0,
6. (v +a)(2? —y?) + by + ¢ =0, 14. (x+a)z®> + by +c =0,

7. (x4 a)(x? — 2y) + by + ¢ =0, 15. y* =23+ bx +c,

8. (x+a)(y? —2z) + by +c=0, 2de a,b,c- KoHcmarmoL.

Hexkoropsie ipumeps! (ha3oBbIX TOPTPETOB IOCTPOEHHBIX HA OCHOBAHUY KPU-
BBIX TPETHErO MOPsJKA IPUBEJEHBI B cTaThe [4].

Hapsiay ¢ reomerpudeckuM moaxo1oMm ajaredpaniecKkue KPUBbIE IPEICTABIIS-
I0T UHTEPEC U IPHU PACCMOTPEHUN 33IaHHBIX JuddepeHnnaIbHbIX YPaBHEHUI.
IIycre mana cucrema auddepeHnuaIbHbIX YpaBHEHUI

dy dx

E = Q(x,y), E = P(x’y) (1)
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IpunsTo cunTtarh [5] BecbMa mojIe3HBIM Npeobpasosarh cucreMy (1) K raMumib-

TOHOBOM popme
dy_ oH e _oH o)
dt ox’ dt Oy’
OueBnHo, 9TO 3aja4a npuBejieHus cucreMbl (1) K Bugy (2) 9KBHBaJeHTHA
3a/1a4e HaXO0XKJIEHUS NHTErPUPYIOIIEro MHOXKUTENS 1uddepeHITnaIbHOrO ypas-

HEHU A
Q(z,y)dx — P(z,y)dy = 0.
B npemraraemonm sokasie, na npumMepe ypasuenus Ban-gep-Iloms

dr dy 9

[IPUBOJUTCS AJTOPUTM IIPEJICTABJIEHNs] TAMUJIBTOHUHA C IOMOIIBIO (DOPMYJIBI
Teitnopa. /lemoHCTpUpPyeTCs BO3MOYKHOCTH OIHUCAHUS TEPUOTUIECKOTO Periie-
HUsI C IIOMOIIBIO HAMJIEHHOT'O TI0JIsl ajredpaniecKux KpHUBBIX.

i+ (@ -Di+r=0 <
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O MVJIBTUIIJINKATOPAX PA/1OB ®YPBE-XAAPA
TJIEYXAHOBA H.T.!, BAIIINPOBA A.H.?

X, Y - upocrpancrsa ¢yHKIumii, onpeeieHnbix Ha orpeske [0, 1], rakux, 4ro
X < Ly. Iycrs {¢y} - moanast oproHOpMupoBaHHast cucteMma. I[Iyers dbyHKmmn
f € X coorsercrryer ee psin Pypwe 110 nanuoil cucreme {py

fe aren,

k=1
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rJie ay, - Koaddburmenter Pypre byakuun f o cucreme { ¢y }. Byaem ropoputs,

YTO [OCJIE/IOBATEHFHOCTh KOMIITIEKCHBIX Jrcesl A = { A} sIBJIsIeTCst MyJIbTHILIN-

karopom DPypbe u3 mpocrpancTBa X B IPOCTPAHCTBO Y, eciu it PyHKIUAU
o0

f € X ¢ pamom @ypee > apyr Haligercs dynkuus fy € Y, pan @ypbe
k=1

oo
KOTODOIi COBIIAJIAET € PsiioM Y, Apar@r 1 oneparop Af = fy siBisiercst orpa-
k=1
HugeHHbIM orieparopoMm u3 X B Y. Muoxkecrso m(X — YY) Becex oupesesen-
HBIX TaKUM 0OpPA30M MYJIBTUILIHNKATOPOB SIBJISIETCS JIMHEHHBIM TPOCTPAHCTBOM
C HOpMOfI ||)\||m(X—>Y) = HA”X%Y
B nmammoit pabore O6yIyT pacCMOTPEHbI MYJIbTUILIUKATOPEI psaioB Oypwe mo
cucteme Xaapa.

) k

Cucrema Xaapa - s10 cucrema bynkmuit x = {x5(2)}70 j=1> T € [0,1],
B Koropoit x1(z) = 1, a dysxuus Xi(;t), rne k = 0,1,..., 7 = 1,2,...,2"
OIIPEJIEIISAETCS TAK:

k27— 2 27 —1

22’ 2k+1 <z 2k+1

; ke 25—1 2j
X?c(x) =q — 27 ok+1 <T < 9k+1

Jj—17
0. o# (i)
MuoxkectBo uHyiekcoB (k, j), ONpeelsonmx cucreMy Xaapa, OyjaeM 0603Ha-

qaTh gepes ().
Psagom ®@ypoe-Xaapa dyaknuu f(x) € L]0, 1] asusierca psn Buja

oo 2F

DIPBLACHIACE

k=0 j=1

rie a{” )=/, x{c) - koaddunmentsr Pypoe-Xaapa GyHKIHN f.
B pabore [2] nokazano ciemyoniee yTBepxKieHue: nyctb 1 < p < g < 00,
1 <7r,s < o0, 1t TOro, 9TOODBI

. 1 1
Nz, sz, = sup [N[2°G73),
(k,j)eQ2
HEOOXOINMO U JOCTATOYHO, YTOOBI 1 < §.

Takum 00pa3oM, ocTaBaJjiCsi OTKPBLITHIM BOIIPOC OINMCAHMA KJIACCA MYJILTH-
wmkaTopos psgos Pypse-Xaapa m (L, » — Ly s) upu r > s. B namnnoit pabore
MBI HCCJIeIyeM KJIacC MYJIbTUILIUKATOPOB psayoB Oypre-Xaapa B OGoJiee obreit
CUTYyaIlly, OXBATHIBAIOIIEH CIydail, Korma r > .
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IIycrs f usmepumast (pyHKIUSI, TPUHAMAFOIIAST IIOYTH BCIOLY KOHEYHbIE 3HA-
qeHus,

m(o, f) = p({z:z € [0,1],[f[ > o})
ee dbyaknus pacupenenenus. OyHKIUs
ff@t)=inf{o:m(o, f) <t}, t>0

Ha3bIBAETCS HEBO3PACTAOIIEH epecTaHOBKON MyHKImH f.

IIycts 0 < p < 00, 0 < 7 < oo. IIpocrpancrso Jlopenmna Ly [0, 1] ompeme-
JIIM KaK TIPOCTPAHCTBO U3MepuMbIX dbyHKImi f, onpenenennnix wa [0, 1], s
KOTOPBIX KOHEYHBI BEJTMINHDI:

ecan r < 00
£, = ( / (o) Cf) < o0,

Lok
17l . =supt £(2) < oc.

ecyIm r = o0

Torga BepHa cileyroias TeOpeMa:

Teopema 1. Ilyemv 1 < p < ¢q¢ < o0, 0 < mrs < o0

E2 ) < max - 10}, o
00 T %
11 ;
Ny = [ 20 (2673F sup |3 :
' s 1<j<2k

6 cayuae, %Ko2da T = 00, ewpasceHue CNPasa 3AMEHACMCA MG
sup 2k(%7%)\)\2|
0<k<oo
1<j<2k

Pabora BoimosHena npu mnojiep:kke MunncrepcTBa 00pa30BaHus U HAYKH
Pecniybsiuku Kasaxcran, rpaat AP09260223.
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O IIOJIHOTE CUCTEMBI COBCTBEHHBIX ®YHKIINN
OITEPATOPA IITPE/IMHTEPA C KOMIIJIEKCHBIM
CTEITEHHBIM ITOTEHIIVAJIOM

TYMAHOB C.H.

PaccmarpuBaercsa oneparop

d2
Eca =

«
, ar? +cx

B La(Ry) ¢ rpanmusbiM yeioueM dupuxie npu ¢ € C, |arge| < m, a > 0.

Omneparop L., HMeeT KOMIAKTHBLIH OODATHBIH, CIEKTD €ro JUCKDPETHBIN,
KODHEBBIE II0IIPOCTPAHCTBA, OJHOMEPHBI [1].

IIpu 0 < |argc| < 7 oH He camocompsizKeH, 6ojiee TOro, 00JIaIaeT IIOXUMU
CIIEKTPAJIBHBIMU CBONCTBAME: HOPM& PE30JIbBEHTHI IKCIIOHEHIIUAIBHO PacTer
U YJIAJIEHAH OT CIEKTPa [2]; pacTyT HOPMBI CIIEKTPAJBHBIX IIPOEKTOPOB [3].
B 91MX yCcI0BHSX OIEpPaTOp HE MOXKET OBbITh IOJOOHBIM CAMOCOIPSZKEHHOMY,
ero cobcrsennble dyHKIMK He 06pa3yor 6asuca Pucca B Lo(Ry). Tem ne me-
Hee, BOIIPOC IOJIHOTHI ero CUcTeMbl coOCTBeHHBIX (GyHKumil (c.c.d.) B La(R4),
BOODIIE TOBOPSI, OTKPHIT.

Hns o > 2 3amada o nossore c.c.d. L. o BIOJHE ucciaenosana [2, 4]: cucrema
nosiHa 1pu Beex ¢ € C: |argc| < 7.

ITpu « € (0, 2) monHoTa JoKasaHa Jist | arg ¢| < to(a) = 2ma/(a+2) [4]. B 1o
ke Bpemd, 1pH to(a) < | argc| < m BOIPOC LOYTU He U3YUeH, TAK KaK sIBJISIeTCs
ropasjio 6osiee caoxKHOM 3aa4eii. COOTBETCTBYONME APTyMEHTHI IIPUBOJATCS
B paborax [1, 4].

Mer nokazkem, uto cymecreyer At = At(a) > 0 (HenpepbIBHO 3aBUCSIIIEE
OT ) Takoe, 910 c.c.d. L o moaHa npu |argc| < to(a) + At(w).

Cdopmymupyem OCHOBHO# pe3yJIbTaT PabOTHI.

Jns kommtekcHbix uncest ¢ = |(|e? 8¢, —m < arg ¢ < T U BeIeCTBEHHBIX [3,
gepes (? Gynem obosnauaTh rrasnyio Bersb: (P = [(|fetfareC,

Hns 6 € [to(a), m) N [to(r), Tar), momozknmM

¢o(0) = ei(tO(o‘)_Q)/o‘, Zy(0) = (sinto(oz)/sin9)1/o‘7
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u ompejiesuM (HyHKITAIO

Zo(0) Co(0)
p0) = R{ [ V=@ e~y [ Jegr =@ ac} -
0 0
Zo(0) Co(0)
—w{ [ Ve mam@a - [ e ag),
Co(0) 0
IJIe THTETPUPOBAHIE BEJIETCs II0 OTPE3KaM, & BETBU KOPHS BLIOpaHa TaK, 9TOObI
Zo(0) Go(6)
%/\/de>0, éﬁ/mdc>o.
0 0

Teopema 1. Jlas awbozo a € (0,2) dynryus p(f) umeem eduncmeentoil
Hoaw Op(a) enympu unmepsana: (to(a), ™) N (to(ar), mar)

Oo(cr) = to(a) + At(a), At(a) > 0.

Dynryus Op(a) nenpepmena npu « € (0,2).
IIpu |argc| < 8p(a) c.c.p. onepamopa L. o noana 6 La(Ry).

PaGora BeinosHena npu nomaiep:xke Poccuiickoro mayunoro ¢donja (rpant

20-11-20261).
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O CXOJIMMOCTH ATTPAKTOPOB AIIIIPOKCUMAIINI K
ATTPAKTOPAM MOJINU®UIINPOBAHHOI MOJIEJIN
KEJbBUHA-®OUT'TA

TYPBVH M.B.!, YCTIO2KAHNHOBA A.C.?2

B orpanmdennoit obmactu ) C R"(n = 2,3) c rpamumeit Jf) xnacca C3
paccMaTpUBaeTCs CUCTEMa YPaBHEHUIA:

ov n ov 0Av i OAv

— — VA i — — i A =73 1

a " H;” oz, o ”;” oz, TVP=1 (1)
dive = 0. (2)

B sroit cucreme v(x,t) — BEKTOP CKOPOCTH YACTHIBI KUJIKOCTH B TOUKE T B
MOMEHT BpeMenu t; p(x,t) — IaBJieHue XKUIKOCTA B TOYKE I B MOMEHT BPEMEHU
t; f(x,t) — BeKTOD IWIOTHOCTH BHEIMHUX CHJL; ¥ > 0, 3¢ > 0 — BI3KOCTb KUJIKOCTH
7 BPEMSI PEJIAKCAIINN, COOTBETCTBEHHO. Hem3BecTHBIMEI DYHKITHAMA SIBIISIOTCS
v HuD.

Cucrema ypasnennii (1),(2) suepsbie Gbuia moaydena B.A. TlaBiosckuM B
pa6otre [1] u Gblaa mOATBEPK/IEHA TIO3/(HEE SKCIEPUMEHTAIbHBIMEI UCCIIEI0Ba~
HUSIMUA €J1a00 KOHIIEHTPUPOBAHHBIX BOIHBIX PACTBOPOB MOJMITHICHOKCHIA, O~
JNAKPUIAMUIA U TYapOBOI CMOJIBL.

Huts cucremsr (1),(2) paccMarpuBaercst HaYaIbHO-KpaeBas 33/[ada ¢ Hauadlb-
HBIM U TPAHUYHBIM YCJIOBUSIMU

V|t=o = a; v]aq =0. (3)

B zagaue (1)—(3) napamerpsl v, >, a Tak»Ke IUIOTHOCTh BHEITHUX CUJI f canTa-
I0TCsl pa3 U HaBcerJa 3aUKCUPOBAHHBIMHU.

PaspemMocTs B €1a60M CMBIC/IE PACCMATPUBAEMON HAYAIbHO-KPAeBoil 3a-
maau (1)—(3) ma npou3BOABHOM KOHEYHOM IpoMexkyTke Bpemenu (0,7 Gbuia
ycraHoByieHa B pabore [2]. CymmecTBoBaHHe TPAEKTOPHOIO U TJIOGAJIBHOTO AT-
TPAKTOPOB Jisl TON 3a/a4n JOKa3aHo B [3]. BaxHO oTMeTHTH, UTO B TpeX-
MEPHOM CJIY4Yae TeOPEMbl €JIMHCTBEHHOCTH CJIabbix pemienuii 3amaqan (1)—(3) me
JIOKA3aHO.

Hos samaqn (1)—(3) paccmaTpuBaeTcs alllipOKCUMAIIMOHHAS 33/1a9a., JJIsd KO-
TOPOI MMeeT MeCTO TeopeMa €JMHCTBEHHOCTHU PEIICHUIl U CBOICTBO HellpepbIB-
HOI 3aBUCUMOCTH PEIIEHUH OT JaHHBIX 3a1auu. Takum 00pa3oM, JJIg ITOM all-
IPOKCUMAIMOHHOM 381491 BO3ZMOXKHO BOCIIOJIb30BATHCH PA3IUIHBIMUI IUC/ICH-
HbIMU MeTozaMu. Jajee /jis HCXOIMHON M AlIPOKCUMAIMOHHON 3389 BBOIIT-
Csl IPOCTPAHCTBA TPAGKTOPUIl M JIOKA3LIBACTCS CYIIECTBOBAHME MUHUMAJIBHO-
IO TPAEKTOPHOIO M IVIOBAJBHOrO arTpakTopoB. [locse dero ycramaBimBaeTcs,
YTO TPAEKTOPHBIE U TJI06A/IbHbBIE ATTPAKTOPDI AIIPOKCUMAIMOHHON 38,1891 CXO-
JSTCA K TPAEKTOPHBIM U TJI00aIbHBIM arTpakTopaM 3amadn (1)—(3) B cMbicie
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[TOJIyOTKJIOHEHUsI B COOTBETCTBYIOIIMX IMPOCTPAHCTBAX IPUA CTPEMJIEHUH IIapa-

MeTpa AIMPOKCUMAIUU K HYyJI0. 11o/IydeHHbIN pe3ysibTar JI0JIKEeH MO3BOJIUTH

[TOJIyIUTh YUCJICHHOE MPEICTABIECHUE 00 aTTPAKTOPAX U3yJIaeMOil MOJIEJIN.
Pabora Bemmosnena npu nogmepxkke POOU, rpant 20-01-00051.
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HEOBXOAMMBIE 1 TOCTATOYHBIE YCJIOBUA B TEOPUN
PETVJI/IAPN30BAHHBIX CJIEJOB

OA3VYJIJINH 3.10.

Paccmorpum B cemmapabesibHOM MIIBOEPTOBOM MPOCTPAHCTBE H CaMOCOIPsi-
JKEHHDIN TIOJIyOrPaHUIeHHbINH CHU3Y JUCKPETHEIH omeparop Lo. Ilyers {Ax}32
— cobCcTBeHHBIE 4Yncia omeparopa Ly, MPOHyMepOBAHHBIE B MOPsIKE BO3PAC-
TaHUd € y4eToM uX ajrebpamueckux KparHocreil (A\p < Agy1,k = 1,2..),
{fe}32, — Gasuc B H m3 OPTOHOPMUPOBAHHBIX COOCTBEHHBIX (DYHKIMIi, CO-
OTBETCTBYIOIIMX COOCTBEHHBIM wucgaM M. amee, mycts V. — cummerpude-
ckuit Lo-KOMIMakTHBIN omepaTop B H. Torma, mo XopoImo W3BECTHON Teopeme
Karo-Pemunxa, oneparop L = Ly + V 3aMKHYT B 00/1aCTH OIIPEIEJIEHUs OTIe-
paropa Lg, TOJyorpaHWdeH CHU3Yy W MMeeT JUCKPEeTHBIH crekTp. Obo3nadnm
gepe3 {pr 72, — cOOCTBEHHBIE 4YHCIIA OllepaTopa L, IPOHYyMepOBAaHHbBIE B I10-
psjIKe pocTa ¢ yderom ux kparHocreit. Ilycts Ro(—A) = (Lo + M)~ A > 0,
u Ko(\) = (Ro(—=A)V)2Rg(—)). Torma, ecm Ko(\) — siepHbiit omepaTop,
TO, BOCHOJIb30BABIINCH pedysbraramu § 1 paborsl [1], ycranaBiuBaeM, 94To npu
A >> 1 cupaBeijimBO PABEHCTBO

N+ (V fi, fr)
2 (A +A)?

M — 1) (1 + O(|Ro(=MV]))), (1)
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rie

to02 [ r(s)ds + 3 [(V S, fi)? — (e — 1))

A<t
a=3 [ T i,

0

()= D > = M) (VS fin)?

Ap<S$Am>s
Pasencrso (1) IIO3BOJIAET JJOKa3aThb CIIPpaBEJIMBOCTDL CJIEAYIOIIEro yTBEP-

JKJIEHUS.
Teopema 1. Ilycmov V — cummempuueckuti Lo-xomnaxmnoi onepamop 6

H utr Ko(A) < oo.
Toeda cywecmsyem nodnocaedosamenvrocmo {nm, }oo_ C N makas, wmo
lim Y~ (A + (Vfa, fr) — ) =0

m—o00
k=1

mozda u MmoAvko moezda, Koz2da

A =027, A — +oo.

Jlajiee pacCMOTPHUM OJIMH U3 CITOCOOOB PACCTAHOBKM CKOOOK CYMMUPOBAHUS, A
MMEHHO pacCMaTPUBAETCS PsiJl

Zak:Z Zk(f\kf,ugk))thrPkV . (2)
k=1 k=1 Li=1

Ak < Aki1, Vk — KPQTHOCTB Ap. Py — COOCTBEHHBIH TPOEKTOP, COOTBETCTBY-
IO /_\k.

Kak npaBujio Takasi pacCTaHOBKa CKOOOK BO3HUKAET IIPU UCCJIEOBAHIT BO3-
MYIIEHUH JIBYMEPHBIX MOJEJIBHBIX OEPATOPOB MATeMATHIeCKOH dbusnkn (cMm.
[2]). CupasemmBa.

Teopema 2. ITycmo pad (2) cxodumesa. Tozda das cnpasedausocmu coom-

HOWEHUA
o0
E ar =co >0
k=1

HeobxoduMo u Jocmamouro, 4mobovl

i) ~coA™% npu A — Foo.
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WcciteioBanre BBIMOJHEHO B paMKax PeAJIM3allidl IPOrPaMMBbl PA3BUTHUSI
Haywno-obpazoBarenbnoro maremarudeckoro nenrpa I[lpuBosmkckoro dee-
pasbHOro OKpyra, goim. cors. Ne 075-02-2020-1421/1 x cors. Ne 075-02-2020-
1421.
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O CIIEKTPE HECAMOCOITPA2KEHHOT O
KBASUIIEPNOJNYECKOTI'O OITEPATOPA

OEJIOTOB A.A.
Uccnemyercs onepatop Ag, neiicrsyomuit B 12(Z) mo dopmye
(Agu); = w1 + w1 + Ae 2T+,

Buech | — mesouncienHas nepemenHas, a w € (0,1), A > 0u 6 € [0,1) —
JaCTOTa, KOHCTAHTa CBsi3U U (aza — napamerpsl. [Ipn w ¢ Q on sBisiercs mpo-
CTEHIINM HEeCAMOCOIIPSZKEHHBIM KBA3UIEPUOAUIECKUM orieparopoM. B [1] s
JMOMAHTOBBIX W CIEKTP OIMUCAH KAK MHOYKECTBO W TOKA3aHO, U4TO Tpu A < 1
OH HeNpepbIBeH, a npu A > 1 ecTh I0THBIN ToUeuHbIit ciekTp. B [2] pesymnbrar
0 TeOMETPHH CIeKTpa ObLI 0600IEeH Ha BCe MPPAIMOHATIHHBIE W.
Tenepn, ¢ TOMOIIBIO METO/Ia MOHOJIDOMHU3AIINN — IIEPEHOPMUPOBOTHOTO OJIXO0-
na, upemnoxkenroro B. C. Byciaesbiv u A. A. PenoroBbiM, cM. 0630p [3], ouenb
€CTECTBEHHO ONMCAaHA TeOMeTpus CIeKTpa Ag Kak cpasdy sl BCeX HUPPAIUo-
HAJIBHBIX, TAK U JIJIsI DAIIMOHAJIBHBIX YACTOT, HA, CIIEKTPE BBIYUCJIEH TIOKA3ATEh
JIsAmyHOBA, OYEHb TOYHO ONUCAHBI YCJIOBUS, OIPE/IESIONINEe TPAHUILY MHOXKe-
CTBa 3HAYEHUI MAPAMETPOB, JIJIsT KOTOPBIX BO3HUKAET TOYEUHBIH CIEKTP.
Hoxman ocHoBan Ha pabote, BbIMOJHEHHOHN B coaBTopcTie ¢ 1. V. Bopuco-
BbM (WHCTHTYT MaTeMaTuKy ¢ BoraucauTebHbIM neaTpoM YOUIT PAH, Yda).
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Canxkr-IlerepOyprekuii rocyiapCTBEeHHBIN yHUBEpCHTET, Poccus.
Email: a.fedotov@spbu.ru

OB ACUMIITOTUYECKOM IIOBEJAEHUU PEIIIEHUN
IMOJIVIMHEMHOT'O ITAPABOJIMYECKOI'O YPABHEHM S

OUNJIMMOHOBA 1.B.

Bo Bpems mokmmazia mpesosiaraeTcs pacckasaThb Pe3YJIbTATHI O IIOBEJIEHUN
TIOJIOKUTE/IbHBIX PEIIeHUl OJTYTUHERHOTO TTapabOJIMIeCKOr0 YPaBHEHUS

- ou

0
Uy = E —(aij(m,t)—) +apu?,0 < g < 1. (1)
4,j=1
OIIPEJICJICHHBIX B IMIMHApUYIecKoil obmactu ) X (0,00), tme £ C R"
orpanndena. Kosbduimentst a; j(z,t) - orpaHumdeHHble H3MepHMBIE (DYHK-
AW, YJIOBJETBOPSIONIME 110 & YCJIOBUIO PABHOMEPHON SJIIUIITHUYHOCTU
A €2 < EZ]’:I a;;&i& < Aal€]?, mocrostnubie 0 < A; < Ao He 3aBUCAT OT t.
Kosdbdunment ag = const > 0. Iloz pemnennem ypasuenus (1), yoBiaerBopsio-
. 1,1
M yenosuio Heiimana na 0€ x (0, 00), nonumaercs dynkrus us Wy . yio-
;

BJIETBODsifOIast ypasHeHuto (1) B CMbICJIe HHTErPAIbHOTO TOXKIecTBa. M3Bect-
HO, 9TO JIJIsl PEIIeHUil B CMBIC/Ie HHTErPAJIbHOTO TOXKIECTBA, BBIIOJIHEH TTPUHITALT
MaKCUMyMa U TeOpeMa O CPABHEHUU DeIeHui.

Pemenus ypasuenus Bujia (1), ¢ oTpunaTenbHoii HOCTOSHHON ag, paccMmar-
puBasmch B pabore [1].

Bo Bpewms j1okia1a OyaeT paccka3aHo, ITO aCUMIITOTHYIECKOE TIOBEJICHNE TIPH
t — 0O MOJIOKUTEILHBIX PEIIeHnil U, YIOBIeTBOPSIOMUX yeaopuio Helimana Ha
00 x (0,00), IKBUBAJEHTHO PENIEHUIO OOBIKHOBEHHOrO b hepeHIuaibLHOro
ypaBuenus & = aga?. Bosee Toro nmeer mecto

Teopema 1. Ilycms u — noaooicumenvnoe 6 0 x (0,00) pewenue ypashe-
nus (1), ydosaemeopsrowee yeaosuro Hetimana. Toeda

u(w,t) = [ag(1 = q)(t +t0)] /17 4+ O(e™),

2de 6 > 0 ne sasucum om u(x,t), a nocmosnras ty 00no3HaHO onpedessemcs
peweruem u(x,t).

IIpencraBisiercs MHTEPECHBIM, TO 9TO HA ACHMITOTHYIECKOE IMOBEICHUE De-
IMeHNs He BJIUSET 3aBUCUMOCTL KodddurmenTos ot t. [logobuas Teopema nme-
eT MeCTO, TaKKe JIJIsl yPABHEHUSsI, COJEPIKAINEro IepBble MPOU3BOIHBIE OT U.
JlaHHBIN PEe3y/IbTAT aHAJOIMYEH pPEe3yJIbTaTaM JJIsi PelIeHUil SJIIHITUIECKOIO
ypaBHeHust, paborsl [2].
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0 KOD®OUIIMEHTAX ACUMITOTUYECKUX
PA3JIOYKEHUIT COBCTBEHHBIX 3HAUYEHUIT KPAEBBIX
3AJIAY

OUJIMHOBCKUI A.B.

I[ycts Q@ C R™, n > 2, — orpanndenHas obJacTb ¢ TIaJIKON rpaxurnei I
Paccvorpum criekTpasnbabie 3a1aqu Pobena
ou
Au+ u=0, z€Q, (——i—au) =0, a€R, (1)
v zel
(v — enuaunvHbIH BekTOp BHemHel HopMaau K ') u [upuxiie
Au+du=0, z€Q, ul|ger=0. (2)

O6osmaumm Tepes At(a) meproe cobeTsennoe snauenne 3amaau Pobena (1), a
gepes A\ — mepsoe cobersennoe snadenme sagaqun Jnpuxme (2). Bymem obozma-
gath yepes ul’(x) mopmuposanmyio B Lo(£)) mepsyio cobeTBenHyI0 (bDYHKITHIO

zagaqun Jlupuxie.

Teopema 1. [1, 2, 3] Jasn nepsozo cobemsernozo snauerus 3adavu (1) enpa-
6€0AUGO ACUMNMOTMUNECKOE NPEICTNABAECHUE

Ma)=AP —agjat —aa %40 (@?), a— +o, (3)
2de )
oup ouP ov

= — ] d = | === 4
“ /F ( v > 5o r Ov Ov % )

pyrryus v € HY(Q) — pewenue xpaesoti 3adanu

P\’ ouP

Av+Afv:A<&j> dsuP, reQ, U\ajep:—a—;zer, (5)

ydosaemsopaouee Ycao8uo

/vulDd;L’ =0.
Q
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3adaua (5) umeem edurncmeennoe pewerue, ydosaemeoparowee ycaosuto (6).

Hac 6ymyT naTepecoBaTh OIEHKN KOIMPPUIMEHTOB aCUMITOTHIECKON dop-
Mysel (3).

Teopema 2. ITyemv Q C Bg,(0) ={z € R" : |2| < Ry} u

b(x) = (by(z),...,by(z)) € CHQ) — sexmoproe none. Tozda cnpasedusni
OUEHKU
2)\1D < <4 inf ma I1(Bs)a, || \D 6)
- a n 1 X D o ,
Ry — L= be Cl@Q) ij=1,..n illc@) ™M
br=v

1 (@)l = sup |f(2)].
zEQ
st obJtacTeit OnpeIe/IeHHOI TeOMETPUH MOYKHO MOy IUTh U JPYTHE OTEHKT
J7s1 KO3pDUInenTa a .

Onpenenenune 1. IlosepxmocTh I' HazbIBaeTCs CTPOro 3BE3MHONM, €CIU JIJIsT
Beex x € I BbinosHeno HepasencTso (v, x) > 0.

Teopema 3. Ecau I' — cmpozo 38e3dnan noseprrocmsv, mo umeem Mmecmo
ouenxa

2\P
. 7
“= inf (v, x) (7)
zel’
Samevanue 1. B caygae Q = Bg,(0) uz (6), (7) cremyer, 910 a1 = 21;5.

Pabora Bemosinena npu nogmaepxke PH®, rpant 20-11-20272.
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O KOJIEBAHUU CUCTEMBI TEJI, YACTUYHO
3AIIO/THEHHBIX NAEAJIBHBIMN >KNJIKOCTAMMU, I10/],
JAEVCTBUEM VIIPYTOOEMII®OUPYIONIEI'O YCTPOUCTBA

OOPAVK K.B.

Wcctenyercst cucreMa TBEPIBIX TEJ, HOCIEI0BATEBHO COEIMHEHHBIX IIPY-
JKUHAMU, [I€PBOE U ITOCJIe/IHEE TeJia IPUKPEILIEHBI IIPYKUHAME K JIBYM OIIOpaM
C 3aJIaHHBIM 3aKOHOM JBIKeHHsI. KarK10€e TesIo mpeIcTaBiaseT co00i OTKPBITHII
COCYI, 9aCTHYIHO 3AIIOJHEHHBIN UIeaIbHON OTHOPOIHON X KIAKOCTEIO. Jemmdu-
PYIOIIUE CUJIBI IIOPOXKIAIOTCA TPEHHEM TeJI O HEIIOABUKHYIO TOPU30HTAILHYIO
OII0pY.

st paccMaTpuBaeMoii 3a1a4K BBIBEAEH 3aKOH OajiaHca IIOJHON SHEPrun, Ha,
OCHOBaHUU KOTOPOI'O OCYIIECTBJISETCSI BBIOOD M'UJIbOEPTOBBIX IPOCTPAHCTB U UX
MTOJIIIPOCTPAHCTB, B KOTOPBIX €CTECTBEHHO HCCJENOBATH MOCTABICHHYIO 3aa-
qy. MerogoM OpTOroHaJLHOrO IPOEKTUPOBAHKS, U3JI0KEeHHbIM B [1], ncxommas
HaYaJIbHO-KPaeBas 3a/ata CBOAUTCA K 3amade Komm qia auddepeHuaibHo-
OIIEpPaTOPHOI0 yPaBHEHUsI IIEPBOIO IOPsIJIKA B OPTOrOHAJIBHON CyMMe I'HjIb0ep-
TOBBIX IIPOCTPAHCTB:

C% +(P+iB)z=f, z(0)=2°

re
z:=(z1522)" € H := (Gh,S(Q) ® (Cn) ® (L27F ® Cn)'

C ucrnosb3oBanueM IpUBeIEHHOMN 3anauu Komn gokasana TeopeMa o Cyle-
CTBOBAaHUM U €JMHCTBEHHOCTH DEIeHUsI NCCIIeyeMOl HaualbHO-KPaeBoil 3a,1a-
qu (cM. [2]).

B 3a1a4e 0 HOPMAJIBHBIX KOJIEGAHUAX PACCMATPHBAEMOl CUCTEMBI JIOKA3AHO,
YTO CIIEKTD MCCIIEAYyEeMON 3a7a9i CUMMETPUIEH OTHOCHUTETIBHO JEHCTBUTENb-
Hoit ocu, pacnosoxken B nosoce {0 < Re A < ac™!'} u cocrour us mzosmposan-
HBIX COOCTBEHHBIX 3HAYEHUII KOHEYHON KPATHOCTH CO CJIELYOIUM ACHMITOTH-
YECKHUM TIOBEJICHAEM:

) n 1/2
AED ﬂ'(zgo KY2(140(1))  (k — o0),
=1

rue g — yckopenue cBobojaHoro nagenus, |I';| — miomaiu cBOGOIHBIX IOBEDPX-
nocreit. Cucrema COOCTBEHHBIX W TPUCOEINHEHHBIX 3JIEMEHTOB HUCCJIEyeMON
CIIEKTPaJIbHOM 3a7a4un obpasyer 6asuc AbGesis-JIMjIcKoro co CKOOKaMu B MUJIb-
GeprosoM npocrpancTBe H mopsizika S > 1 (em. [3]).
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Kpeimvckuit denepasbablit yausepcurer um. B.J. Bepnajckoro, Poccust.
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O BAJAYAX CONPAYKEHNS TOHKNX BKJIIOYEHUN B
YIIPYI'UX TEJIAX C TPEILIMTHAMMN

XJIVIHEB A.M.

B noxkitaze obcyxaarorcst 3aadn paBHOBECHUS YIIPYTUX TEJ, COIEPIKAIIUX
TOHKIE BKJIIOYEHHS DA3IUIHON MPUPOABI IPH Hajgudnu orcioenuii. 1loseme-
HUe BKJIIOUEHUI OMUCHIBAETCs Ha OCHOBe Mojesteit 6anku Bepuysmu-Ditiepa u
MoJtesteit 6asiku THUMOIIIEHKO, & TaK2Ke Pa3INIHbBIX MIPEJIeTbHBIX MOEeH, ToTy-
YEHHBIX I10CJIe MIPEJIEIbHBIX IIePeX0ooB 1o (usnyueckuM mnapamerpam. Orciioe-
HHU€ BKJIIOYEHHs OT YIPYTOro TeJia O3HadaeT HaJudue TPEITUHBI MEeXKy BKJIIO-
YeHHEM ¥ OKPY2KAaIOIIAM ero yupyruMm TejoM. Ha Geperax TpemuH 3aJai0TCst
HeJIMHeHble T'DaHUYHbIC YCJIOBHs, HE JIOIyCKalOIne B3aUMHOI'O IIPOHUKAHUS
IIPOTUBOIIOJIOKHBIX Oeperos. Vccienyercss MpoKuii Kace 3a/1a9 CONPIKEeHNsT
MeXKJly TOHKHMHU BKJIIOUEHHMSIMU, B YaCTHOCTHU, HailJleHbl KpaeBble yCJIOBUA B
TouKe CThIKa. JlaHO 0OOCHOBaHME MPEJIEBHBIX TEPEXOJIOB 110 MapaMeTpPy KeCT-
KOCTH TOHKUX BKJIIOUEHUI IIPU CTPEMJIEHUU TapaMeTpa K OECKOHEIHOCTH.
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CJIABO CUHIVJIIAPHOE BOSMVYIITEHUE
3AJAYN CTEKJIOBA

YEUYKVWHA A.T.

Pacemorpum obsacts €2 € R™, n > 3, ¢ J0CTATOYHO IMIAAKON T'PaHUIEH
09Q. Mb1 npemnosiaraeMm, 9ro 9acth rpamunst s (0Q = Ty U Ty) sexur Ha
TUIEPIIOCKOCTH T, = (), TP 9TOM OHA COCTOUT U3 TPEX YACTel e, B U e,
e a. u . 0O6pasyioT eIUHYI0 YacTh, KOTOPYIO MbI obozHauaem .. 3iech
Ns Ns

v = U — obbenunenne n — l-mepHbIx mapos, a . = |J B — 06b-
i=1 i=1

eIMHeHNe IapOBBIX cJoeB. IlosgcHuM Temepnb mocrpoenme. Ilycrs 40 — 310

o 2 2 2 _
n — l-mepnbiit map {(&1,...,&) | &+ -+ & < €°, & = 0} u nycrs
0 _ 2 2 2 2 _
BY = {(&,...,&) | e < &+ -+ & < 2%, & = 0} B pacraHyTOM
x
npocrpancree R", £ = 5 v u B — obyiacTu, MOJIyIeHHBIE EJI0YNCTEHHBIMI

capuramu MEOKecTB 7° 1w [y Ha rumepriockoet {€, = 0} ¢ MeHTpaMu B TOU-
kax & = (k1,...,kn-1,0), k1,...,kn—1 € N. OGo3HaUUM F. — FOMOTETHIHOE
cxkarue 6y u . — romorernanoe cxarue 0. [Ipu 3T70M (CM. PUCYHOK)

Ve =Y N OLQ, Bazgeﬁag a5:F2\(ﬁsU'Ya)-

Ipeamnomnaraercst, uro napamerp 0(g), OUpemessIomuii XapaKTepHOe PACCTOsI-
HHe MeXKJy y4JacTKaMu Y. u (. Ha IpaHune, crpeMuTcs K Hymmo npu € — 0.
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Taxzke 3aMEeTUM, 9TO KOJIMIECTBO YyIaCTKOB ﬁ; 1 COOTBETCTBEHHO Yy4YaCTKOB ’72

. 1
nMeer cieayromuii mopsaok: Ny = O 1)
B obmactu ) paccmarpuBaerca 3amada tuma CTEKI0Ba ¢ OBICTPO MEHSIIO-
muMcs yeaoBueM (depemyercs yesosue CreksioBa u oiHOponHoe ycjosue u-

puxJe) Buja

Auk =0 BQ, 1 ,
) € De,

glgk: 0 malyUn~, pFz)=1{ oy x € Be )

%i = \ep*(z)uf male, 1, T € ae.

Takum obpazom, koaddurment B yeaopuu CTEKIOBA SBJISIETCS OBICTPO OCIIHJI-
Jmpytomeit pyHKImell, 3aBUCANIIEl OT MaJjioro mapamMeTpa £, KOTOpas HUMEET
nopsiziok O(1) BHE MeJIKMX BKJIIOYEHUil B BHJE INAPOBBIX CJIOEB HA TDAHMIIE,
rie ona umeer nopsgok O((e6)™™). Dru prirouenus guamerpa O(£6), pac-
HOJIOZKEHBI HA PACCTOSIHUM JPYT OoT npyra nopsiaka O(4), tae § = §(e) — 0.
B ciyuae m < 2 (cabast CHHIYJISIPHOCTD) OLEHEHa CKOPOCTH CXOIUMOCTH [IPU
CTPEMJICHUN MAJIOTO MapaMeTpa K HYJIIO PEIIeHU UCXOTHON 3a1a91 K PEIIeHUIO
3312491

Auk =0 BQ,
ub =0 ma 0Q, (P=+c0),

ouk OnCyy k k. k
o+ P=57ug = Ajug  ma T'y, (2)
ulg =0 mnaly,
/%%ﬁ:@,0<%§£g~w

2

, (P < 400),

rie

Nmeer mecTo Teopema.

Teopema 1. ITycmv \§, \F aeamomes cobemeenmvimu snavenuamu zaday (2)
u (1), coomeemcmeento. Tozda

n—2 n—2
IA§ — AE| < Cy ((6? + ‘gT - P‘ —|—€27m527m), ecau P < oo,

)\f — 400 npu € — 0, ecau P = 4o0,

ede nocmoannve CL,C? ne sasucam om e.

Pa6ora Bemosinena npu nogaepxkke PH®, rpant 22-21-00292.
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OB YCJIOBUSX OCIHNJIJISAIIN PEIIIEHUN
JANOPEPEHITNMAJIBHBIX YPABHEHUU ITEPBOT'O
IMOPSAOKA C IIOCJIEAEVICTBUEM

YYIANHOB K.M.

BysieM TOBOpDHTDH, WTO BEIECTBEHHOZHAYHAA (DYHKIHUS, ONpPECICHHAT Ha
R, = [0,00), ocyusrupyem, ecjiu oHa UMEET HEOIPAHUYEHHYIO CIIpaBa 1OCJIe-
JIOBATEILHOCTD HYJIEH.

BameTum, 4To penenus JuHeiHbIX quddhepeHnaIbHbIX YPABHEHUI IEPBOro
HOPSJIKA C TIOCJIeIeHCTBAEM MOTYT OCIUJLINPOBATh. TaK, pereHns aBTOHOMHO-
ro ypasuenus ©(t) + ax(t — r) = 0 ocumupyior, ecau ar > 1/e.

PaccMOTpUM HEABTOHOMHOE ypaBHEHHE

z(t) + a(t)x(h(t)) =0, teRy,, (1)
rie a,h € C(Ry), a(t) >0, h(t) <t, t_l)igloo h(t) = +o0.

Curestyrommasi XOpOIIO U3BECTHasi TeopeMa 0000IIaeT Pe3yJIbTaThl, I0JIyYeH-
uele B cepeauae XX B. A. JI. Memukucom [1].

¢
Teopema 1 ([2]). Ecau lim [ a(s)ds > 1/e, mo sce pewenusn ypasrnenus
t~>+ooh(t)

(1) ocyuarupyrom.

O60061enne TeopeMbl 1 Ha ypaBHEHUE C HECKOJIBKUMHU 3al1a3/IbIBAHUSIMA

n

&(t) + Z ag(t)z(hi(t)) =0, teRy, (2)
k=1
rue ag(t) > 0, hi(t) <t, tiigloo hi(t) = 400, k= 1,...,n, OKa3aJI0Ch HETPUBHU-

aJIbHOH 3a/1avelt.
B paGore [3], mo-BuguMoMy, BIEpBbIE TIOKA3AHO, UTO YCIOBUE

n t

lim Z / ag(s)ds > 1/e

t—4oc0 7
A0

HE TapaHTHPYeT OCHUJLISIUU PelleHnii ypasuenus suaa (2).
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OrnpesiesiuM N ceMeificTB MHOYKECTB

Ep(t)={s>t|he(s) <t}, teR;y, ke{l,...,n}

Teopema 2 ([4]). Ecau lim Y [ ax(s)ds > 1/e, mo sce pewenus ypas-
t——+o0 k=1 Ew(t)

nernus (2) ocyuanupyrom.

Canencrue 1. IIycmv ece dynxyuu hy HenpepuleHvl U CMPo20 MOHOMOHHO
n hy (1)
sospacmarom. Ecau lim > [ ak(s)ds > 1/e, mo sece pewenus ypasre-
t—+oo k=1 t

nua (2) ocyuaaupyrom.

SamMerumM, 4TO JaXKe B ciydae 1 = 1 00J1acTh IPUMEHUMOCTH TEOPEMbBI 2
CYIIECTBEHHO IIHMpe 00JIaCTH IPUMEHUMOCTH TeopeMbl 1.
Pabora Bbimosimena npu momuepxkke MwunoOpuaykun Poccun, rocsaganue

FSNM-2020-0028.
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cneneiicrsueM // U3B. By3os. Marem. 2018. Ne 5. C. 93-98.

[4] Yyduros K. M. O6 ycnoBusix ocuuuisiiun pereHuit quddepeHnuaabHbIX ypas-
HeHuil ¢ nocsezeiicrBueM n 06obmennn reopembl Komnaraaze — Yanrypus //

Cub. marem. x. 2020. T. 61, Ne 1. C. 224-233.

TlepMckmit HAIIMOHAIBHBIN WCCIEIOBATEIHLCKIN TOTUTEXHITIECKTIT
yuuBepcurer, Poccusi. Email: cyril@list.ru

O HAYAJIbBHO-KPAEBOI 3AJIAYE /1J1s1 YPABHEHWU ST
TAMUMJIBTOHA — 9KOBU C 3KCIIOHEHIINAJIBHON
3ABUCUMOCTBIO TAMUJIBTOHUAHA OT UMITVJIBCHOU
IIEPEMEHHO!

HIAT'AJIOBA JI.T'.

IIycts 3amansr momenT Bpemenu 7' > 0 u 3uHadenue x* € R. B obmactn
Gt = {(t,2)|0 < t < T, x > x*} paccMaTpuBaeTcs cje/yloliee ypaBHEHUe
Tamunbrona — Axkobu
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ot ox

r7e TaMIJIBTOHUAH UMeeT BT,
H(z,p) = f(x)e’ (2)

3aecy f(-) — HenpepwiBHO JuddepeHnupyeMast Bo3pacraomast byHKIUS, Ta-
kas, aro f(z*) > 0.

Tak>ke 3a7aHbl HeIPEPHIBHO AuddepeHnupyeMast GyHKIA
ug : R — R u cybmuddepennupyemas dyukuusa ¢ : [0,7] — R rakue, 4ro
cymecTByer JieBast ponssonHas ¢’ (0) dyHKImMN ¢ B Touke 0, U CIIPaBeIMBLI
paBeHCTBA

8u+H<x,au>: , te(0,7T), z€R, (1)

©(0) = uo(z"), ©_(0) = up(z"). 3)
TpebyeTcst nocTponTh BaskocTHOE pererne [1] u(-, -) ypasaenns (1), mempe-

PBIBHOE B 3aMbIKaHUN obacTu G+ 1 TaKoe€, 9YTO BBIIIOJTHEHbI CJIeAYIoIIne Ha-
JaJIbHOE U I'PaHUYIHOE yCJIOBUE

u(0,2) = up(z), xz€R, x>z, (4)

u(t,0) = p(t), telo,T]. (5)

JlokazaHo, 9TO HENMPEPHIBHOE BI3KOCTHOE peIlleHne Hada hbHO-KPaeBoil 3a1a-
qu (1)-(5) cymecrByer. YKazaHbl JOCTATOYHBIE YCJIOBHUS, IPU KOTOPBIX TAKOE
pellleHne eMHCTBEHHO.

Pemenne paccmarpuBaemoii 3aja4dn 0a3upyercsi Ha, MUHUMAKCHOM IIOJIXO-
ze [2], merone 0BOBIIEHHBIX XapaKTEPUCTHK [3], a Tak»Ke Ha peIlleHuN BapHa-
[MOHHBIX 33729 ¢ MOJIBUXKHBIMU IpaHunaMu. PaccMaTpuBaeMast 3ajia4a, mpeji-
CTaBJIAIONIAS U CAMOCTOSITEILHBIM HMHTEPeC, BOHUKAET TIPH TIOCTPOCHUH HEIIpe-
PBIBHOTO OOOOIIEHHOTO perntenus 3agatdn Kormu s ypaBHeHus ['aMuabToHA-
fAxobu ¢ pa3phIBHBIM 1O ($a30BOH IMEpEeMEHHO TaMUIBTOHUAHOM.

Pa6ora Beimosinena npu noguepkke PO®U, rpant 20-01-00362.
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Mucturyr maremaruku u mexanuku uMm. H.H. Kpacosckoro YpO PAH,
Exarepun6bypr, Poccust. Email: shag@imm.uran.ru

PASPEIIINMOCTDb KPAEBBIX 3AJAY C
AOITIOJIHUTEJIbHBIMN YCJIOBNAMMUN COITPA>KEHN A
AJId HEKOTOPBIX KJIACCOB JIN®PEPEHIINAJIBHBIX

YPABHEHUI COCTABHOI'O THUIIA

IITAJOPMHA H.H.

HccnenoBana pa3pemmMOCTh KPaeBbIX 3aad Jjst  audpepeHnmraIbHbIX
YPaBHEHU TPETHEro MOPSIKA ¢ PA3PBIBHBIM 3HAKOIIEPEMEHHBIM KOdhduImen-
TOM IIPHA CTapIIeil IPOU3BOJIHONA IO BPEMEHHOU IIePEeMEHHOIA.

Paccmarpupaercs orpanmdenHas objacTh () u3 npocrpancrsa R™ ¢ riaakoi
(mzst pocroTel — Geckoneuno—muddepennupyemoit) rpanunei I', T ectsb 3a-
JIAHHOE MOJIOXKUTEJIbHOE IuCI0, Q1 1 Q2 ecth mumuaapsl QX (—T,0) u 2% (0,T)
coorBercTBerHo, ¢(t), Y(x,t) u f(x,t) ectb 3amanube DYHKIUN, OUPEIEICH-
upie ipu t € [-T,T], z € Q, a = (o), 8= (Bi), i = 1,6 — 3a71aHHbIe BEKTOPbI
¢ IeficTBUTEIbHBIMI KOOpAuHaTamu, L — muddepeHnuaibHbIil oepaTop, meii-
CTBHE KOTOPOIo Ha 3aJaHHol dbyHKIUn v (T, 1) OUpeieaseTcs PABEHCTBOM

Lv = ¢(t)Div + Av.
Dynxrus u(z, t) 6yaer ABIATbCA B IUINHAPaX Q1 U (J2 PEIeHNeM ypaBHEHHUsI
Lu = f(x,t).
Kpowme toro, qya dynaknmn u(x, t) BBIIOIHAIOTCS YCIOBUS
aqu(z, —0) + agu(z, +0) + azu(z, —0) + agus(z, +0)+
+asug(x, —0) + agug(z,+0) =0, z € Q,
Pru(z, —0) + Bau(z, +0) + Bui(z, —0) + Baui(z, +0)+
+B5up(x, —0) + Bouw(z, +0) =0, =z € Q,

u(@,t)[rx(-10) =0, w(@,t)|rx(o,r) =0,

Jlts maHuEo 338184 OKA3aHbI TEOPEMBI CYIIECTBOBAHUSA W € INHCTBEHHOCTH
PeryJispHbIX pEIICHUI.

Hanee uccieayercs: BAUsHIE NApAMETPOB HA KOPPEKTHOCTH HEKOTOPOH 3a-
Jauu conpsizKeHus Jis audepeHnuaabLHOro ypaBHeHnsl THIIAa ByccuHecka -
JIaBa.

Snecw T, To ecTh 3aJaHHBIE MMOJOXKUTEIbHBIE YnCaa, ()1 1 (o €CTh IUINH-
1pbl QX (=T71,0) u Qx (0, T3) coorBercrBenHo, f(z,t) ecrb 3anannas byHKIMS,
ompenenennas mpu (x,t) € Q1 U Qz, o(x) u 1 (z) - 3ananuble GyHKIMH, OIpe-

nestennble ipu © € ), «, B, A\, g — 3aJaHHBIE JEHICTBUTE/bHBIE TAPAMETPHI,
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A— omneparop Jlamiaca 1o npocTpaHCTBEHHBIM ITepeMeHHbIM, L — muddepen-
UAJIbHBIN OIepaTop, AeficTBue KOTOpOro Ha 3ajanHoil dynkuuu v(z,t) oupe-
JesdeTcsd PaBEHCTBOM

Lv = vy — Avg + AMAv — po.

g dysakunu u(z,t), apismomeiica B B nuianaapax Q1 u Qo pelieHneM ypas-
HeHud

Lu = f(z,1)
BBIIIOJIHAIOTCS YCJIOBUA
u(z,t)|rx (1,00 =0, (@, t)|rx(0,m) =0,
U(Z’, 7T1) = U(%,Tg) = 07 T e Qa

w(z, =0) = ou(z,+0) + o(z), w(z,+0) = Bus(z, —0) +P(z), €.

CdopMymupoBaHbl TEOPEMBI, OIUCHIBAIONINE BIUSHIE IIapDAMETPOB Ha, €IUH-
CTBEHHOCTD U HEECJUHCTBEHHOCTD, CYIIIECTBOBAHNE U HECYIIECTBOBAHUE PEryJIdp-
HBIX pelIeHUil JaHHOI 3a1a4u.

JlaHHbIE MCCIIe0BaHNs SIBISAIOTCS Ipojo/KeHreM pabotr [1] — [2] aBropa B
coasropcTie ¢ A. U. KoxkaHOBBIM.
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TEH3O0PHBIE UTHBAPVUAHTHI INCCUITATUBHBIX
CHUCTEM HA KACATEJIbHOM PACCJIOEHUUN
ABYMEPHOI'O MHOT'OOBPA3M<

IHTAMOJIMH M.B.

B paboTe nperbsBieHsl TeH30pHble nHBapuanThl (juddepennuanbibe hop-
MbI) JIJIs OJHOPOJAHBIX JMHAMUYECKUX CHCTEM Ha KACATEJIbHBIX PACCIOCHUIX K
TJIaIKUM JIBYMEPHBIM MHOT000pas3usmM. ITokazaHa CBsI3b HAIWINSA TAHHBIX WH-
BAPUAHTOB W IMOJHBIM HAOOPOM IIEPBBIX WHTErPAJIOB, HEOOXOIUMBIX JJIsI MHTE-
TPUPOBAHUS TEOE3NTECKNX, TTOTEHITNAIBHBIX U JUCCUIATUBHBLIX cucTeM. [Ipum
9TOM BBOJIMMBIE€ CHUJIOBBIE TIOJIS JIEJIAIOT PacCMaTPUBaE€Mble CUCTEMbBI JTUCCHUIIA-
TUBHBIMU C JUCCUIAIEH pasHOro 3HaKa M 000DOIIAIOT paHee pacCMOTPEHHBIE.
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Kaxk ussectro [1, 2, 3|, HamIme JOCTATOYHOIO KOJIMIECTBA HE TOJBKO Iep-
BBIX MHTErPAJIOB (CKAJSIPHBIX MHBAPUAHTOB), HO U JPYI'MX TEH30PDHBIX HHBA-
PUAHTOB MTO3BOJISIET TOJHOCTBIO TPOUHTETPUPOBATH CUCTEMY TudhdepeHITab-
oplx ypaBuennit. Tak, Hanpumep, HaJIudne WHBAPUAHTHONW (HOPMBI (Ha30BOro
obbeMa MMO3BOJIAET IMOHU3UTH MOPAIOK PACCMATPUBAEMON cucTeMbl. st KoH-
CEPBATUBHBIX CHUCTEM 3TOT (PaKT ecTeCTBEHeH. A BOT i cucTeM, 00J1a1ar0-
IUX TPUTATUBAIONMMI WJIU OTTAJKUBAIOIIMMY [IPEJIEIbHBIMUA MHOXKECTBAMH,
HE TOJIbKO HEKOTOPBIE MEPBbIE MHTErpaJjbl, HO U KOI(MMOUINEHTHI UMEFOIINXC ST
MHBAPUAHTHBIX [ depeHTnaiIbHbIX GOPM HOKHBI, BOODIIE TOBOPsI, COCTOATH
U3 TPAHCHEHJICHTHBIX (B CMBICJIE KOMILUIEKCHOTO aHanu3a) dbynkwmit [4, 5, 6].

Taxk, HApuMep, 3a/1a4a 0 NBUKEHUH IIPOCTPAHCTBEHHOIO MaATHHKA Ha cde-
pUYecKOM IIapHUpe B IMOTOKe Haberaromnieil cpe/ibl IPUBOIUT K CHCTEMEe Ha Ka-
CaTeJIbHOM PACCJIOEHNH K JIBYMEPHOil cdepe, IIPU STOM METPUKA CHEIHAIHLHOrO
BUJIA HA Hell WHyIMPOBAHA JIONOJHUTEJILHON rpynnoii cummerpuit [7]. du-
HAMHUYIECKHE CHCTEMBI, OIMCHIBAIOIINE IBUYKEHIE TAKOI'0 MAasTHUKA, 00JIa/Ial0T
3HAKOIIEPEMEHHON NUCCUIIAIeli, U IIOJIHBIN CIHUCOK IIEPBBbIX UHTEIPAJIOB COCTO-
AT U3 TPAHCIEHIEHTHBIX (PYHKIUIl, BHIPAXKAIONINXCS U€pPe3 KOHETHYIO0 KOMOU-
HAIMIO 9JIEMEHTAPHBIX (DYHKIW. V3BeCTHBI TakKe 3a/a49u O JIBUKEHUU TOY-
KI 110 JBYMEPHBIM MMOBEPXHOCTSM BpaleHus, miockoctu JlobaueBckoro u T.1.
Tlosmygenmpie pe3yabTaThbl OCOOEHHO BaXKHBI B CMBICJIE IIPUCYTCTBUAS B CHCTEME
MMEHHO HEKOHCEPBATUBHOIO 1OJIst CHII [5).

B pa6ore nperbsiB/IeHBI TEH30PHbBIE HHBAPUAHTHI (Iuddeperimaibabie hop-
MBI) JIJIsl OJIHOPOJIHBIX JMHAMUIECKUX CUCTEM HA KACATENbHBIX PACCIOCHUSX K
IJIQJIKUM JIByMepHBIM MHOrooOpasusim. [lokazana cBsi3b HAJWYUsS JTAHHBIX WH-
BApPUAHTOB U IOJHBIM HAOOPOM TEPBBIX MHTETPAJIOB, HEOOXOMMMBIX JIJIs WHTE-
CPUPOBAHUS T'€0/IE3NIECKIUX, TOTEHINAIbHBIX U IUCCANATUBHBIX cucteM. 1lpu
9TOM BBOJIUMbIE CHJIOBBIE IIOJIS JIEJIAIOT PACCMATPHUBAEMbIE CUCTEMBI JIUCCUIIA~
THUBHBIMU C JIUCCUNANIAEN PA3HOrO 3HAKA U 0DODOIIAIOT paHee pacCMOTPEHHBIE.

Pabora Beimonena npu nogmepxkke PODU, rpant 19-01-00016.
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Mockosckuii rocymapcrennsiit yauBepcurer nmernun M. B. Jlomomocosa,
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IMPUHIIUII CYIIEPIIO3UIINN 1JIs1 BEPOATHOCTHBIX
PEIIIEHUN YPABHEHUN
D®OKKEPA-TIJTAHKA-KOJIMOTOPOBA

HIATIOIITHMKOB C.B.
Paccvorpum 3amaay Ko
O¢py = &viaxj (aijﬂt) — Og, (blﬂt% Mo = V.

Orobpazkenne t — p; u3 orpeska [0, 7] B IPOCTPAHCTBO BEPOSITHOCTHBIX MeD
P(R?) nasbiBaeTca pelIeHmeM, eI 3TO OTOGParKeHHe HEeMPEPBIBHO OTHOCH-
TEJILHO CJIa00i TOTIOJIOTUN U YIOBJIETBOPSIET HHTEIPAJILHOMY DPABEHCTBY

t
/godut:/ ngl/—i—// Lo dysds
R4 Rd 0 JRd

nst Beex t € [0, 7] u Beex ¢ € C°(R?), e
Lu = a”0y,0,,u+ b'0,,u,

bynxnun @ | b T0KaIbHO HHTErPUPYeMBI OTHOCHTETLHO MephI [ dt, 8 MaTpH-
na A(t,z) = (a¥(t,7)); j<q4 CUMMETPHYHA U HEOTPHIATEIBLHO ONPEJIe/IeHa.
BepositrocTHas Mepa P, ma mpoctpanctse §4 := C([0, T], R?) naspisaerca
pellleHreM MapTHHIAIBHOM 33/1a41 ¢ OEepaTOpoM L 1 HaYaIbHBIM YCJIOBUEM V,
ecam
(M1) P,(w:w(0) € B) = v(B) mnsa scex B C B(R?),
(M2) nna Bestkoit bynkmm f € C§°(R?), orobpaskenme

(w,t)Hf(w(t))*f(w(O))*/o Lf(s,w(s))ds

SIBJISIETCSI MAPTHHTAJIOM OTHOCHTENBHO F; = o (w(s), s € [0,t]) u P,.
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Teopema 1. IIpednososcum, wmo {p} asasemcs pewenuem 3adavu Kowu u
BBIMOAHAEMCA YCAOBUE

g At7$ bt,x,x
/0 /]Rd - 2!1:;;2 ) >|Mt(d$)dt<oo.

Tozda cyuecmeyem maxoe pewenue P, mapmunzaivhoti 3adavu ¢ onepamopom
L u nanaavnvim yeaosuem v, wmo daa ecex f € C°(R?) eepro pasencmeo

[ gau= [ f@) P vee 1)
Rd o

OTMeTHnM, 9TO yCJIOBHE TEOPEMbl BBIIIOJHSICTCS, €CJIN
log(1 + |z[*) € L'(v),
IAt, 2)|| < C + Cla|*log(1 + [z*),
(b(t,z),z) < C + Clz|*log(1 + |z|?).

ABTop sBIIsieTcs mobeauTesIeM KOHKypca «MoJtomast maremaruka Poccuny u
0J1aTOMAPUT YKIOPH U CIIOHCOPOB.

Cuucok aureparypsbl

[1] Figalli, A. Existence and uniqueness of martingale solutions for SDEs with
rough or degenerate coefficients. J. Funct. Anal. 254(1), 109-153 (2008)

[2] Trevisan, D. Well-posedness of multidimensional diffusion processes with weakly
differentiable coefficients. Electron. J. Probab. 21, Paper No. 22, 41 pp. (2016)

[3] Bogachev, V.I., Rockner, M., Shaposhnikov, S.V. On the Ambrosio—Figalli—
Trevisan Superposition Principle for Probability Solutions to Fokker—Planck—
Kolmogorov Equations. J. Dyn. Diff. Equat. 33, 715-739 (2021)

Mexannko-maremarudeckuit paxyaprer MI'Y nmenn M.B.JIomonocosa,
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YPABHEHUWE CTPYHBI C BECOM — HEKOMITAKTHBIM
MVYJIBTUIIJINKATOPOM U ITEPNOJNYECKUE MATPUIIBI
AKOBIA

IIIAPOB E.B.l, IIIENIIAK M.A.2

Teopust muddepeHmaaIbHBIX OEPATOPOB € KO3DPUIMEeHTaMU-PaCIpeiesie-
HUSIMU aKTABHO PA3BUBAETCH B MOCJIEIHIE Ba JecaTuaeTus. Eciu npocieanTs
OCHOBHBIE TEHJIEHITNHN PA3BUTUS ITON TEOPUHU, TO MOYKHO BBIJIEJIUTDH JIB& OCHOB-
HBIX HAIIpABJIEHUs: 1) IIOCTPOEHNe OIepAaTOPHBIX Mojesteil st Bee Gosee u 60-
Jlee CUHTYJISIPHBIX KO(hMUINEHTOB; 2) HAXOXKJeHNEe HOBBIX KJIACCOB CUHIYIISIP-
HBIX KO(DDUIMEHTOB, jIsi KOTOPBIX MOXKHO BBIJIEJIUTH OOIIHE XapaKTePUCTUKI
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OlPEJIEISIEMBIX OIIEPATOPOB (TUII CIIEKTPA, ACUMITOTUKHA COOCTBEHHBIX 3HAYe-
HUIA, [IOJTHOTA CUCTEMbI COOCTBEHHBIX U IIPUCOCAMHEHHBIX (DYHKIMIA 1 T.J1.)

B wactHocTH, BBINITECKa3aHHOE MOYKHO OTHECTH U K TEOPUU CTPYHBI, MOJETBIO
JJ1s1 KOTOPOIt ABJIAeTCS Cleylonias ClIeKTpaJIbHad 3a/1a9a

—y" =Py, z€(0;1) (1)
y(0) = y(1) = 0. (2)

OTMeTnM, 9TO KpaeBble YCJIOBUS BIMAIOT JUIIb HA, TOHKHAE CIEKTPAJbHBIC CBOI-
CTBa 3aJIa49M, JJIS UCCJIEJOBAHUA OCHOBHBIX CBOWCTB MOXKHO PacCMaTPUBATDH
[IPOM3BOJIbHDIE CAMOCOIIPSI?KEHHBIE KPAEBbIE YCJIOBUSI.

IlycTh 33JaHO HATypaJbHOE YUCIO N > 2, HAGOP IOJOXKUTENLHBIX Y-
cen {ax}y_,, yroBreTBOpsIOMUX ycuoBuo y ,_, ar = 1. Ilomoxum oy = 0,
o = Zf;ll a; upu k > 2, upu 3roM OyJieM CUUTaTh, YTO (11 = 1. 3ajaum
addunHBE 0TOGpazkeHns orpeska [0, 1] Ha oTpeskn [y, agy1]:

Sk(z) = apx + ag.

Bougenum onun u3 ungekcos m € {1,2,... ,n}, B najbHeitimem 6ygeM UCIOJb-
30BaTh ODO3HAYEHUE @ = d,. BBemeM Habop BermecTBeHHBIX tmces {fj}r2 |,
cpeJji KOTOPBIX XOTsI ObI OJIHO OTJIMYHO OT HyJIs, BeliecTBeHHoe 4nciao d # 0 u
Ha MHO>KECTBe U3MEPUMBIX (DYHKIMIT OmpeiesinM orobpaykenue G:

[G(f) Z /BkX(ak,akJrl + d(f (S'm (1‘)) + /BWL)X(am,aerl)' (3)

k=1,k#m

Hac unrepecyer ciayuail ald| < 1, upu srom upu Hekoropom p > 0 Oyzer
BoiosieHo ald|P < 1. Torga orobpaxkenune G Gyzer cxkumaromeMm B (Boobiie
rosopst ksasubanaxosoM) npocrpancrse Ly[0,1]. I3 csoiicts kBasubanaxosa
[IPOCTPAHCTRA, CJIE/IyeT CYIIECTBOBAHUE W €JIMHCTBEHHOCTH HEMOJBUYKHON TOU-
K1 orobpazkenus G, T.e. Takoil pyHKIMY [, J1)isT KOTOPO# BBITIOJTHEHO PABEHCTBO
G(f) = f. Ory dyukuuio 6ynem Ha3bIBATDL N-38eHHOT CamOn0doOGHOT.

Bsemem mpocTpancTBO lm1 CO CKAJIIPHBIM MTPOU3BEICHNE

°d

gy =315

i=1 k=1 mj

Yepes L oboznadnM MaTpuity fkobu ¢ 3/1eMeHTaMu, KOTOpPbIe SIBHBIM 00pa-
30M BBIPAKAIOTCS Yepe3 IapamMeTphbl caMonoiobuoit dpyukmuu P.

Teopema 1. [lycmv dymnxyua P aeasemcs nenodsuschots movkot omobpa-
ocernus G, 3adannozo ycaosuem (3), 2de ald| < 1. Toeda 3adaua (1)—(2) das
Pynryud y € VV2 [0,1] pasnocuavra 3adave Lu = Au 6 npocmpancmee lm1
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MpbI 18 (UM OIMCAHKE CIIEKTPA B CJIYYae HEKOMIIAKTHOTO MYJIBTUILIMKATOPA
(ald] = 1). Ilpu Takux ycmoBusix Marpuia Jkobu L cTaHOBATCS IEPUOITIECKOIT

u 110cJiIe CUMMETPU3aliu Mbl HepefmeM K MaTpuue L:

b1 w2 b2 ‘e 0 0 0
0 bg w3 ... 0 0 0
=10 0 0 ... wes boy 0 4)
0 0 0 ‘e bn—l w1 b1
0 0 0 ‘e 0 bl wo

Bsenem dymxmmio

B - [ do(t)
7"()\) = (6117(.[/—)\[) 1611) = /OO m,

IJe €11 — IepBbli BeKTOp Gasmca, B KOTOPOM omeparop L mmeer Bus (4),
o(t) = (Ee11,e11), By — paznoxenus exununpt oneparopa L. Cupaseimsa
caepyiomas dbopmyita mist Gyakuuu 7(N):

1

r(A) =

Wo — A— ...
B cuny nepuogmunoctu marpunbl fAkodum L, MbI MOXKEM YIPOCTUTDH 3Ty

JIpOOBL.

Oupenennm muorowieHs! Py () 1 Qp(\), KOTOpbIe HA3BIBAIOTCS OPTOINOHAITb-
HBIMH MHOTOYWICHAMH IIEPBOIO M BTOPOTO POJIA COOTBETCTBEHHO, CJIE/YIOIINM
obpazom:

(11—>\ bl 0
Pk: bl a2_)\ )
: . o b
0 b—1 ap— A\
CLQ—)\ b2 0
b 3— A
Qr = 2 as
br—1
bk—l akf)\
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Tenepb 10IyIUM HOBBIH Bu uist 7(\):

P a(A) =02 _1Qn—2(N)
r(d) = 22 Py_a()\)

n—1

VPt 4821 Qu 2 (V)2 = 462 Pa s (\)Qn-1()
* 2 P o) ‘

n—1

®)

Omnpe/iesinM TakzKe MHOT'OWJICHBI Lf (A), KOTOpBIE TECHO CBSI3HBI ¢ OPTOTOHAIb-
ubiMu MEOrO4YIeHaME Py (A) u Qk ()

a; — A bl 0 PN ibk
by az — A by - 0
=l © P '
0 0 Cooapm1— A bpa
:Ebk 0 cen bk—l ag — A

Beuay dbopmyssr (5) u coiicrs muorowieHoB Py, Qf u L,f CITPAaBEINBA
CIIeTyIOTIAsT

Teopema 2. ITycmv dynkyus P aeasemcs nenodsustchoti moukotl omobpa-
orcenun G, 3adannozo yeaosuem (3), 2de ad = 1. Toeda cmpyxmypa cnexmpa
sadawu (1)—(2) umeem caedyrowuls 8uo:
1) nenpepuenbili cnexmp cocrmoum u3 ne 6oaee wem n — 1 ompesxa nenpe-
poienozo cnekmpa u umeem 6ud oo(L) = {\ | Lf  (NL,_,(\) <0}
2) sewecmsentoe wucao A mostcem Gumsd coOCMEEHHbIM 3HAYEHUEM 30004
mozda u Moavko moeada, Ko2da
a) P,_o(A\) =0
6) Lyy_y(NL,_1(X) >0
6) sign(Pn_1(\) + b2 _5Qn_2(N) = (=1)"T", 2de v - amo nomep aaxymoL,
6 Komopot aescum mouka X (v =1,2,... ,n—1).

Pabora nmognepzkana rpanrom PO Ne 19-01-00240.

IMI'Y umenn M. B. Jlomonocosa, MoCKOBCKHIl IIeHTP (dyHIAMEHTATLHON I
[IPUKJIATHON MaTeMaTuKu, Poccust

2MTI'Y umenn M. B. JlomonocoBa, MOCKOBCKHIT IEHTp (DYHIAMEHTAIBHOMN 1
MIPUKJIHON MaTeMaTnku, Poccus
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CIIEKTPAJIBHBIE 3AJAYU, IIOPO2K/TAEMBIE
CUCTEMAMM OBBIKHOBEHHBIX JITN®PEPEHIINAJIBHBIX
YPABHEHUI T'MIIEPBOJINYECKOTO TUIIA

IMTKAJINKOB A.A.

1. Hama 1enb —HM3y4YuTh CIIEKTpajbHBbIE 3389l B IPOCTPAHCTBE BEKTOP-
dynximit Ly (C™; [0, 1]), nopoxkjaemMble ypaBHEHUsIMUA BUJIA

Y —A(z)y = AB(z)y, =z €[0,1], (1)
U IrPaHUYIHBIMU YCJIOBUAMMA
Ul(y) = Uoy(0) + Ury(1) = 0. (2)
31ech A — crekTpanbHLIl napaMeTp, Uy u Uy — 9uCIoBbIe (KOMILIEKCHBIE) 71 X T
marpnpt, () = (y1(2),y2(2), -, ya(@))",
A(x) = {ajr(®)}] =1,

rae a;i € L1[0, 1], a MmaTpuna B nuaroHasbHAsI

B(x) = diag {b1(x), ..., b, (2)},

IpUYeM BellecTBeHHble (QYHKIMH b; CyMMHpyeMBl M TIPH HEKOTOPOM S,
1 < s <n—1, BBINOJHEHBI YCIOBUS

bi(z) <ba(z) < - <bs <0< bgpp(x) <o+ < bp(x) (3)

B caydae s = 0 (s = n) canTaeM, 9T0 OTPHUIATEIbHbIE ([OIOKATEIbHBIE) DYHK-
1mu bj OTCYTCTBYIOT. 3/1eCh 0€3 IIOSICHEHHs OCTABUM 3aMevYaHHUe, UTO TaKHe CH-
CTeMBI BOSHUKAIOT TPHU pereHnn MeToioM Pyphbe rumepOoIniecKux ypaBHeHu
(ypaBHeHuii, i KOTOPbIX KOppekTHa 3anada Komm). TlosroMmy Takue crex-
TpaJIbHBIE 33/Ia9K MBI TaKKe Oy/IeM Ha3bIBATh 2unepboauveckumu. [Ipu momosr-
HHUTEJILHOM IPEJIIOJIOKEHIN, YTO BYHKIUH b; HEIPEPLIBHEI, COOTBETCTBYIOIINE
3a/1a4U OyIeM HA3bIBATH CMP0o20 2UNepoosUecKUMU.

Teopema 1. Ilorooicum

E(z,\) = diag{ebl’\pl(“’), A eb”’\p”c)}7

0

M (z) = diag{e®®, ... etnn@)},

Iycmo vinoanero yeaosue eunepboavurocmu. Tozda npu arwbom h € R 6 no-
AYNAOCKOCTIU (CZ = {\| Re X > h} cywecmeyem Pyndamenmarvonas Mampuya
pewerutds cucmemov, (1) euda

Y (z,\) = M(z,\)(E(z,\) + R(z, \)),
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ede |R(z,\)| — 0 pasnomepro no x € [0,1] npu A — 00 6 6vi0parnol nosy-
NAOCKOCNU (CZ. Boaee moezo, 6 ewvibparnoti noaynaockocmu gynruus R(x, \)
OUEHUBAEMCA BEAUNUHAMY BUAIA

/ " 4 () exp (N3 (1) — pi(s)) + Apula) — po(1))) ],

(30ecy undexcr, j < I, m < r dukcuposanv). Anasozuunoe ymeepicierue
cnpasedauco das nesoti noaynaockocmu C,- = {A| ReX < h}.

T(\) = max

x,s

Dra Teopema MMeeT JABHIOK UCTOpHO. [InoHepaMu B 3TOi TemaTukKe ObLIN
Jx.Bupkrod, A./1. Tamapkun u P.Jlanrep, mocrarouno noyiHo 6ubmorpadust
Mo 3Toi TeMe m3yoxkeHa B HemasHel pabore A.M.Casuyka n A.A.IllkanukoBa
[1]. Merox mokazarenbcrTBa npuBepeHHOR 31ech Teopembl 1 B 3HAYUTENLHOI
CTEIEHN UCIOB3yeT uien pabotsl [1]. Ormernm, 9o st 2 X 2 cucreM (n = 2)
Teopema 1 npu yciosuu by (z) < 0 < by(z), upuyeMm B ycumiieHHOIT dopme,
nosyuena B 3amerke A.Il.Kocapesa u asropa [2].

JamuMm ornpejiesieHne peryiasipHOCTH CleKTpaiabHoil 3azaqam (1), (2). Dro
olpeJiesieHne HOBOe U HoJiee 0bIIee, HEXKETN KIIaCCUIeCKue onpeie/ieHns bupk-
roda, Tamapkuna u Jlanrepa, KOTOpbIe UMEJIH [I€JI0 C TOCTOSHHBIMY (DYHKIIH-
aMu b .

Pacemorpum yuporennyo 3a1a4y, B Kotopoit marpuiia A B (1) 3amerHeHa Ha
JINATOHAJTEHY O MATPUILY

Ap(z) = diag (a11(x), . . ., apn(x)).
B sToMm citydae cucrema (1) pacnajiaercst Ha 17 HE3ABUCUMBIX, IBHO PEINAEMbIX

ypaBHeHUi epBoro nopsaka. PyHpamMeHTaIbHAS MATPUIA PEIIEHIIT YIIPOIIEeH-
HOI CHCTEMBI UMEET BU/I,

F(z,A\) = M(z,\)E(z,\).

XapaKTepuCTHIECKHil OIPEIEIUTEb CIEeKTPAJIBHON 3aadd, MOPOXKIAEMOR
YIPOIIeHHbIM ypaBHeHueM (1) u KpaeBbiMu ycsoBusiMu (2), TakKe SIBHO Bbl-
[IUCBIBACTCS

Ao(N) = det U(F(z, ) = det UgF(0,)) + U1 F(1,A) = Y e’ (4)

TIe Cp — YUCTA, & Jp, — BCEBO3MOXKHBIE CYMMBbI PA3JIMYHBIX ducesT U3 Habopa
p1(1),p2(1),...,pn(1). Uagekcam m = 0 u m = 1 mocTaBUM B COOTBETCTBHE
qncia
Jo=p1(1) +p2(1) + ..., 4ps <0,
J1 = ps+1(1) + psy2(1) + ..o, +pa(1) >0,
rJe § YUCJIO, yJaCTBYIOIIEe B yCJIOBHU IunepGoiamdHocTy (3) (s KpaTKocTH
cunraeM, uro 1 < s < n. Bce ocranpable uncia Jy, JeXKaT CTPOro BHYTPH
orpeska [Jo, J1]).
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Cuektpanbhyio 3amady (1), (2) HasoBEM pezyaaproll, ecau Uuciaa ¢y u Cy,
orBevaoye nokazareasm Jo u Ji B npejcrasienun (4) OTIUYHBL OT HYJIsl.

Teopema 2. IIycmb sunosneno yeaosue 2unepbosusnocmy u 3adaua (1), (2)

pezyaapna. Tozda ee cobemsernvie snavwenus { A} aeocam 6 nexomopot

noA0CE, NAPAAALALHOT MHUMOT OCU U ACUMNIMOMUYECKY, COGNAOAION, C HYAAMU
0100

{1, onpedesumens (4), m.e.

M =M1 +0(1) npu k — Foo.

Ipu smom cobecmeernvie U npucoeduHerHble PYHKUUL 3a0auy 06pasyrom noj-
Hyro cucmemy ¢ npocmparemse Lo(C™; [0, 1]). ITpu donoarumesrvrom ycaosuu
cmpozol 2unepbosusnocmu) Kopresvie pynkuuu o6pasytom besycarosnul basuc
CO CKOOKAMU U 8 CKOOKU 3aKANOUAIOMCA TOALKO YAEHDL, KOMOPLLE OMBEUAIOM,
CONUHCAIOWUM COOCTNEEHHBIM 3HAYEHUAM. JUCAO YAEHOS8, NOOAEHCAUUT 005-
eQUHEHUIO 8 CKOOKU, 02PaHUYEHO KOHCMAHMOU, 348UCAWET 0M NAPAMEMPOS
HEBOBMYWEHHOT, 30044,

Pabora Boinosimena IIpu IIOJJEeP2KKe Poccuiickoro HaydIHOI'O (bOHﬂa, I'paHT

No 20-11-20261.
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OB YCPEIHEHHOI CUCTEME YPABHEHUI AKYCTUKN
AJIAd CJIONCTBIX TBEPABIX CPE/]

HIYMHNJIOBA B.B.

Jlok1a/1 TOCBSIIEH BBIBOMY YCPEIHEHHOM CUCTEMbI yPABHEHUI aKyCTUKY JIJIsT
nByxX(da3HbIX CJIOUCTHIX cpell. B KadecTtBe a3 paccMaTpuUBAIOTCS H30TPOII-
HbIE TBEpJble MATEePHUAJBbL: YIPYTU MATepUaJl WU BI3KOYIPYIUH MaTephal
Kenbpuna-®Poiirra.

IIycts Q C R? — orpannvenHas o6aacThb ¢ MIaAKoH rpamuneil 0f), 3amos-
HeHHasl CJIOMCTOl cpejioit ¢ €Y -Tlepuomdeckoit cTpykTypoit, rae Y = (0,1)3,
a BEJIMYNHA € MHOTO MEHBINE JIMHEHHBIX pa3mepoB obsactu ). Cumraem, ITO
staeiika nepuogudnoctu €Y comepkut M cioes nepsoro u M +1 cjoeB BToporo
Marepuasia. ObosHaunM depes Y; dacTb Kyba Y, COOTBETCTBYIOILYIO S-if (pbase
(s =1,2). Ormernm, uto Y] ectb obbenunenne M cioes, a Yo — o0beuHeHne
M + 1 cnoes.
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Beeniem of6osnauenus: uf(x,t) — BeKTOp mepemeriennii, ¢ u e(u®) — TeH-
30PbI HAIIPSAKEHUN 1 MAJILIX JedopManuii COOTBETCTBEHHO, {)s — 3aHATad S-ii
da3zoit yacts obsractu ). Onpeesronye COOTHONEHUS], CBA3bIBAIOINTIE KOM-
[OHEHTBI TeH30pOB 0° U e(uf), UMET BH/L

o5 = agj,)chekh(ue) + bS

aﬁj,lh = Xs0ijO0kn + ths(0ir0jn + Oindjr),

rie Ag u ps — napamerpst Jlame, a §;; — cumsost Kponekepa. Ecitu Q. 3amos-

,)chekh(atus), S st, s=1,2,

HEHa, yIpyrIM MaTepuasion, o b'®) = 0; ecim ske Q. 3aI0/HEHA BI3KOYIPYTHM
marepuasom Kennsuna-doiirra, To

bEj—ih = (s0i50kn + Ns(0ikdjn + 0indjr),
rue (s u 1, — xoadbdurmentsl Bazkocru [1].
Hawasbao-kpaeBast 3aa4a, onuchbiBaoias Kojaebanns cpelabl B obiacta ),
UMeeT BUJ

0%us 0o,
Yi _TT0 L f(at) B Que x (0,T), s=1,2,
J

Ps 52 ox
[UEHSE = O, [O'igjnjHSg = O, Se = 8915 N 8925,
uf(x,t)]on =0, u(x,0)=dwu(z,0)=0,
rJie ps — IUIOTHOCTH CPENbl B e, N — GIUHUYHBIN BEKTOP HOPMAJHN K TOBEPX-
HocTH Se, a f(x,t) — BeKTOp OOBEMHOl CHJIBL.

Kak msBecTHO, ycpeHeHHAs 3a/1a4a, ONUCHIBAIONIAS MIPeIeIbHOE TIOBEICHIE
UCXOHOM cytoncToit cpenpl tipu € — 0, umeer Buj, [1]
82’111‘ (90’ij
= + fi(z,t Qx(0,7),
p 8t2 axj fl( ) B ( ) )
u(z,t)]oq =0, u(z,0) = du(x,0) =0,
e p = p1|Y1| + p2|Yal,

0ij = Qijkhern(w) + Bijknern(0sw) — gijen(t) * epn(u). (1)
KoMIoHeHTBI yCpeHeHHBIX TeH30pOB «, 3, g(t) SIBHO BBIpaXKaroTCsi Yepes
KOMIIOHEHTBI MCXOJHBIX TeHSOpOB a(s)7 b(S) n peHIeHI/ISI BCIIOMOTI'aTE€JIbHBIX CTa-
LLI/IOHapHI)IX 1 3BOJIIOIMMOHHLIX 3a/la4 Ha sTIeike Y PeH_IaH 9THU 3a/a491 1 3aTeM
BbIYUCJIAA KOMIIOHEHTBI yKa3aHHbIX TE€H30POB, IIPUXOJUM K CJIe,ZLyIOH_IeMy KJIIO-
YEBOMY PE3YJIBTATY.

Teopema 1. Ecau Y7 u Yy cocmosm us o0b6sedunenus NAOCKUL CA0ES, NaAPaA-
AENLHOIT 00HOT U3 KOOPOUHAMHBIL NAOCKOCTET, MO KOMNOHEHMD, MEH30POE
a, B ug(t) e (1) sasucam om |Yi| u |Ya| u ne sasucam om wucaa ciroes u
DACTLONOHCENHUA PA3OEASIOUUL UL 2PaHUY, 6HYympu Y .
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OTmMeTuM, 4TO pe3yJIbTaT OCTAETCdA CIPABEUIMBBLIM M B TOM CJydae, KOIZa
’ ’
yipyrue uj BA3SKOYIIpyTrue CJjou I/ICXO,HHOﬁ CpeJbl 3aMEHAIOTCA Ha CJIOU BA3-
KOYIIpyToro MaTepuaJia C ,HOJII‘OBpeMeHHOfI IIaMATBIO.
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KomMmnbroreprasi BEpCTKa U IOAIOTOBKa OpuruHaji—Makera: nginx/1.14.2, PHP
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