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Ïðîãðàììà êîíôåðåíöèè

ÏÎÍÅÄÅËÜÍÈÊ 24 ÎÊÒßÁÐß

Ïðåäñåäàòåëü: Êîíñòàíòèí Þðüåâè÷ Ôåäîðîâñêèé

1055 � 1100 Îòêðûòèå êîíôåðåíöèè.

1100 � 1200 Þðèé Ñåðãååâè÷ Áåëîâ (ÑÏáÃÓ).
Gabor frames for rational functions.

ïåðåðûâ

1220 � 1320 Èëüäàð Õàìèòîâè÷ Ìóñèí (ÈÌÂÖ ÓÔÈÖ ÐÀÍ).
Fourier transforms of rapidly decreasing functions.

îáåä

Ïðåäñåäàòåëü: Àíäðåé Áîðèñîâè÷ Áîãàòûð¼â

1500 � 1540 Ñåðãåé Èâàíîâè÷ Êàëìûêîâ (Shanghai Jiao Tong University).
On Bernstein- and Markov-type inequalities.

1550 � 1630 Âëàäèìèð Âëàäèìèðîâè÷ Êàïóñòèí (ÏÎÌÈ ÐÀÍ).
Î êàíîíè÷åñêîé ñèñòåìå ñ äèàãîíàëüíûì ãàìèëüòîíèàíîì, ñâÿçàííîé ñ äçåòà-ôóíêöèåé
Ðèìàíà.

ïåðåðûâ

1650 � 1730 Âëàäèìèð Ãåíðèõîâè÷ Ëûñîâ (ÈÏÌ èì. Ì.Â. Êåëäûøà).
Âåêòîðíûå ðàâíîâåñíûå ìåðû è ðàñïðåäåëåíèÿ íóëåé ìíîãî÷ëåíîâ ñîâìåñòíîé îðòîãî-
íàëüíîñòè äèñêðåòíîé ïåðåìåííîé.

1830 ïðèâåòñòâåííûé ôóðøåò
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ÂÒÎÐÍÈÊ 25 ÎÊÒßÁÐß

Ïðåäñåäàòåëü: Þðèé Ñåðãååâè÷ Áåëîâ

1100 � 1200 Âëàäèìèð Âñåâîëîäîâè÷ Ïåëëåð (ÑÏáÃÓ).
Ïîâåäåíèå ôóíêöèé îò ïàð íåêîììóòèðóþùèõ ìàêñèìàëüíûõ äèññèïàòèâíûõ îïåðàòî-
ðîâ ïðè âîçìóùåíèè.

ïåðåðûâ

1220 � 1320 Áóëàò Íóðìèåâè÷ Õàáèáóëëèí (ÁàøÃÓ).
Ïîëíîòà ýêñïîíåíöèàëüíûõ ñèñòåì â ïðîñòðàíñòâàõ ãîëîìîðôíûõ ôóíêöèé è òåîðåìà
Õåëëè î ïåðåñå÷åíèè âûïóêëûõ ìíîæåñòâ.

îáåä

Ïðåäñåäàòåëü: Ñåì¼í Ðàôàèëîâè÷ Íàñûðîâ

1500 � 1540 Ïàâåë Àëåêñàíäðîâè÷ Ìîçîëÿêî (ÑÏáÃÓ).
Weighted Hardy embedding on the bi-tree.

1550 � 1630 Èëüÿ Àëåêñàíäðîâè÷ Ëîïàòèí (ÌÈÀÍ).
Î ñêàëÿðíîé çàäà÷å ðàâíîâåñèÿ äëÿ GN-ñèñòåì.

ïåðåðûâ

1650 � 1730 Èâàí Àëåêñååâè÷ Áî÷êîâ (ÑÏáÃÓ).
Íóëè è ïîëþñà Äçåòà-ôóíêöèè Õåëñîíà ñ êîíå÷íûì ÷èñëîì çíà÷åíèé.
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ÑÐÅÄÀ 26 ÎÊÒßÁÐß

1000 � 1130 Ñåññèÿ îòêðûòûõ ïðîáëåì

Òåìà: Ãèëüáåðòîâû ïðîñòðàíñòâà ñ âîñïðîèçâîäÿùèì ÿäðîì

Ìîäåðàòîðû: Þðèé Ñåðãååâè÷ Áåëîâ, Ïàâåë Àëåêñàíäðîâè÷ Ìîçîëÿêî

Ó÷àñòíèêè: Òèìóð Ãåííàäüåâè÷ Áàòåíåâ, Àëåêñàíäð Ñåðãååâè÷ Êóçíåöîâ,
Ìèõàèë Àíäðååâè÷ Ïðîêîôüåâ, Àíäðåé Âÿ÷åñëàâîâè÷ Ñåì¼íîâ,
Ðàìèñ Øàâêÿòîâè÷ Õàñÿíîâ, Âëàäèìèð Âèòàëüåâè÷ Øåìÿêîâ

1150 � 1320 Ðàáîòà â ìàëûõ ãðóïïàõ

×ÅÒÂÅÐÃ 27 ÎÊÒßÁÐß

Ïðåäñåäàòåëü: Ï¼òð Âëàäèìèðîâè÷ Ïàðàìîíîâ

1100 � 1200 Àëåêñàíäð Èâàíîâè÷ Àïòåêàðåâ (ÈÏÌ èì. Ì.Â. Êåëäûøà).
Volume Conjecture and WKB Asymptotics.

ïåðåðûâ

1220 � 1320 Àíäðåé Áîðèñîâè÷ Áîãàòûð¼â (ÈÂÌ èì. Ã.È. Ìàð÷óêà).
Êîìïîíåíòû ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ Ïåëëÿ�Àáåëÿ.

îáåä

Ïðåäñåäàòåëü: Èëüäàð Õàìèòîâè÷ Ìóñèí

1500 � 1540 Àñòàìóð Îëåãîâè÷ Áàãàïø (ÌÃÒÓ èì. Í.Ý. Áàóìàíà).
Îòîáðàæåíèÿ ðåøåíèÿìè ýëëèïòè÷åñêèõ ñèñòåì.

1550 � 1630 Ìàêñèì ßêîâëåâè÷ Ìàçàëîâ (ÑÏáÃÓ).
Ïðîáëåìà ñîèçìåðèìîñòè íåêîòîðûõ ¼ìêîñòåé ñ ãàðìîíè÷åñêèìè.

ïåðåðûâ

1650 � 1730 Àëåêñàíäð Äæàíèáåêîâè÷ Ìêðò÷ÿí (Institute of Mathematics of NAS, Armenia).
Trigonometric Convexity for the Multidimensional Indicator after Ivanov.
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ÏßÒÍÈÖÀ 28 ÎÊÒßÁÐß

Ïðåäñåäàòåëü: Âëàäèìèð Âñåâîëîäîâè÷ Ïåëëåð

1100 � 1200 Ñåì¼í Ðàôàèëîâè÷ Íàñûðîâ (ÊÔÓ).
Point pair function.

ïåðåðûâ

1220 � 1320 Ï¼òð Àíàòîëüåâè÷ Áîðîäèí (ÌÃÓ).
Sequences of rational deviations.

îáåä

Ïðåäñåäàòåëü: Ï¼òð Àíàòîëüåâè÷ Áîðîäèí

1500 � 1540 Åâãåíèé Ñåðãååâè÷ Äóáöîâ (ÏÎÌÈ ÐÀÍ).
Îïåðàòîðû Êàëüäåðîíà�Çèãìóíäà íà ðåãóëÿðíîì ïðîñòðàíñòâå BMO.

1550 � 1630 Íèêîëàé Àëåêñååâè÷ Øèðîêîâ (ÑÏáÃÓ).
Êîíñòðóêòèâíîå îïèñàíèå êëàññîâ ôóíêöèé íà chord-arc êðèâîé â R3.

ïåðåðûâ

1650 � 1730 Ìèõàèë Þðüåâè÷ Òÿãëîâ (Shanghai Jiao Tong University).
Factorisation in modular group and pure periodic negative-regular continued fractions.
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Àííîòàöèè äîêëàäîâ

Volume Conjecture and WKB Asymptotics

Alexander Aptekarev

Keldysh Institute of Applied Mathematics

We consider q-di�erence equations for colored Jones polynomials. These polynomials are
invariants for the knots and their asymptotics plays an important role in the famous Volume
Conjecture (VC) for the complement of the knot to the 3-d sphere. We study WKB asymptotic
behavior of the n-th colored Jones polynomial at the point exp 2πi/N when n and N tends
to in�nity and limit of n/N belongs to [0, 1]. We state a Theorem on asymptotic expansion
of general solutions of the q-di�erence equations. For the partial solutions, corresponding to
the colored Jones polynomials, using some heuristic and numeric consideration, we suggest a
conjecture on their WKB asymptotics. For the special knots under consideration, this conjecture
is in accordance with the VC.

This is a joint work [1] with Dmitrii Toulyakov and Tatyana Dudnikova. The work was
done in Moscow Center of Fundamental and Applied Mathematics (agreement with Ministry
of Science and Higher Education RF � 075-15-2022-283).

References

[1] Aptekarev A. I., Toulyakov D., and Dudnikova T. �Volume Conjecture and WKB
Asymptotics.� Lobachevskii J. Math., 43 (8): 2057�2079, 2022.

Îòîáðàæåíèÿ ðåøåíèÿìè ýëëèïòè÷åñêèõ ñèñòåì

Àñòàìóð Áàãàïø

Ìîñêîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. Í.Ý. Áàóìàíà,
Ôåäåðàëüíûé èññëåäîâàòåëüñêèé öåíòð ¾Èíôîðìàòèêà è óïðàâëåíèå¿ ÐÀÍ

Îáñóæäàþòñÿ íåêîòîðûå ýêñòðåìàëüíûå çàäà÷è â êëàññàõ îäíîëèñòíûõ êîíôîðìíûõ
è ãàðìîíè÷åñêèõ îòîáðàæåíèé. Â ÷àñòíîñòè, áóäåò ïðèâåäåíà ïîëó÷åííàÿ àâòîðîì íèæ-
íÿÿ îöåíêà ðàäèóñà çâåçäîîáðàçíîñòè äëÿ êëàññà íîðìèðîâàííûõ âûïóêëûõ ãàðìîíè÷å-
ñêèõ îòîáðàæåíèé. Îòíîñèòåëüíî íîâûì íàïðàâëåíèåì ÿâëÿåòñÿ èçó÷åíèå ãåîìåòðè÷åñêèõ
ñâîéñòâ îòîáðàæåíèé ïëîñêèõ îáëàñòåé ðåøåíèÿìè êîìïëåêñíûõ ýëëèïòè÷åñêèõ óðàâíå-
íèèé âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Â äîêëàäå áóäóò ðàññìîòðåíû
íåêîòîðûå ïîñòàíîâêè çàäà÷ è ïðèâåäåíû ïðèìåðû êîíñòðóêöèè îòîáðàæåíèé, àíàëîãè÷-
íûõ ñîîòâåòñòâóþùèì ãàðìîíè÷åñêèì, èãðàþùèì âàæíóþ ðîëü â ýêñòðåìàëüíûõ çàäà÷àõ
äëÿ ñîîòâåòñòâóþùèõ êëàññîâ îäíîëèñòíûõ ôóíêöèé. Â ÷àñòíîñòè, äëÿ óêàçàííûõ ýë-
ëèïòè÷åñêèõ ñèñòåì óäà¼òñÿ ïîñòðîèòü ðåøåíèÿ ñ êóñî÷íî ïîñòîÿííûìè çíà÷åíèÿìè íà
ãðàíèöå æîðäàíîâîé îáëàñòè, à òàêæå ÿäðà òèïà Ïóàññîíà, êîòîðûå ÿâëÿþòñÿ êîìïëåêñ-
íîçíà÷íûìè.
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Gabor frames for rational functions

Yurii Belov

Saint Petersburg State University

Let g be a function from L2(R). With every α, β > 0 we connect the Gabor system
G(g, α, β) of time-frequency shifts of g,

G(g, α, β) = {e2πiαmxg(x− βn)}m,n∈Z.

The main question of Gabor analysis is to describe frame set, i.e. to describe pairs α, beta such
that system G(g, α, β) generates a frame in L2(R).

Up to now it was known only few functions g with complete description of frame set.
The answer has been obtained for the Gaussian (Lyubarskii, Seip), truncated and symmetric
exponential functions (Jannsen), the hyperbolic secant (Jannsen). Despite numerous e�orts
little progress has been done until 2011. A breakthrough was achieved by Grochenig, Romero
and Stockler who considered the class of totally positive functions of �nite type and, by using
another approach, Gaussian totally positive functions of �nite type.

We managed to �nd a new class of functions with complete description of frame set �
rational functions of Herglotz type. This was done by combination of classical theory of entire
functions with some ideas from dynamical systems. We also proved some other results for
arbitrary rational functions and some results for non-lattice Gabor systems.

The talk is based on joint works with A. Kulikov and Yu. Lyubarskii.

Êîìïîíåíòû ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ Ïåëëÿ�Àáåëÿ

Àíäðåé Áîãàòûð¼â

Èíñòèòóò âû÷èñëèòåëüíîé ìàòåìàòèêè èì. Ã.È. Ìàð÷óêà ÐÀÍ

Èñïîëüçóÿ ðàíåå ðàçðàáîòàííóþ ãðàôè÷åñêóþ òåõíèêó îïèñàíèÿ ãèïåðýëëèïòè÷åñêèõ
êðèâûõ ñ îòìå÷åííîé òî÷êîé [1], ìû íàõîäèì ÷èñëî êîìïîíåíò ñâÿçíîñòè â ïðîñòðàíñòâå
ôóíêöèîíàëüíûõ óðàâíåíèé Ïåëëÿ�Àáåëÿ, äîïóñêàþùèõ ïðèìèòèâíîå ðåøåíèå çàäàííîé
ñòåïåíè.

Ñîâìåñòíàÿ ðàáîòà ñ Êâåíòèíîì Ãåíäðîíîì (IM UNAM). Ïîääåðæàíî ÐÍÔ, ïðîåêò
21-11-00325 è îòäåëåíèåì ÌÖÔÏÌ â ÈÂÌ ÐÀÍ, Ñîãëàøåíèå 075-15-2022-286).

References

[1] Áîãàòûðåâ À.Á. Ýêñòðåìàëüíûå ìíîãî÷ëåíû è ðèìàíîâû ïîâåðõíîñòè.ÌÖÍÌÎ, 2005.

Sequences of rational deviations

Petr Borodin

Moscow State University
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A.A. Pekarski�� [1] proved that any strictly monotone sequence realizes as the sequence
of the least rational deviations in the space CC[0, 1] of complex continuous functions with the
uniform norm. It is not known whether a result of this sort is true for the space LC

2 [0, 1].
However, it turned out that Euclidian norm in general does not allow rational deviations to be
arbitrary. In [2], we have shown that monotone sequences with large jumps at the beginning
cannot be realized as sequences of rational deviations in the Hardy space H2(=z > 0) in the
upper half-plane. We consider this problem as a particular case of seeking an element of a
Hilbert space having prescribed m-term deviations with respect to a given dictionary, which in
turn is a variation of the well-known Bernstein lethargy problem.

References

[1] Pekarski�� A.A., �Existence of a function with given best uniform rational approximations.�
Vests	� Akad. Navuk Belarus	� Ser. F	�z. Mat. Navuk, 1: 23�26, 1999.
[2] Borodin P., Kopeck�a E., �Sequences of m-term deviations in Hilbert space.� J. Approx.
Theory, 284: 105821, 2022.

Íóëè è ïîëþñà Äçåòà-ôóíêöèè Õåëñîíà
ñ êîíå÷íûì ÷èñëîì çíà÷åíèé

Èâàí Áî÷êîâ

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Äçåòà-ôóíêöèÿ Õåëñîíà îïðåäåëÿåòñÿ êàê

ζχ(s) =
∞∑
n=1

χ(n)n−s

äëÿ ïîëíîñòüþ ìóëüòèïëèêàòèâíîé χ. Åñòåñòâåííûé âîïðîñ, ïîñòàâëåííûé Ê. Ñåéïîì �
êàêîå ìîæåò áûòü ìîíîæåñòâî íóëåé è ïîëþñîâ äçåòà-ôóíêöèè Õåëñîíà?

Äàííûé äîêëàä ïðèçâàí ÷àñòè÷íî îòâåòèòü íà ýòîò âîïðîñ. Â ÷àñòíîñòè, áóäåò äîêà-
çàíî, ÷òî â ïîëîñå 21

40
< <s < 1 ìíîæåñòâî íóëåé è ïîëþñîâ ìîæåò áûòü ëþáûì ëîêàëüíî

êîíå÷íûì ìíîæåñòâîì. Áîëåå òîãî, äëÿ ýòîãî äîñòàòî÷íî ðàññìàòðèâàòü ôóíêöèè χ ñ ëþ-
áûì êîíå÷íûì ÷èñëîì çíà÷åíèé, áîëüøåì 2, ïðè ýòîì ôóíêöèÿ χ ìîæåò áûòü ïîñòðîåíà
êîíñòðóêòâíî.

Ñïèñîê ëèòåðàòóðû

[1] Seip K., �Universality and distribution of zeros and poles of some zeta functions.� arXiv:
1812.11729, 2019.
[2] Helson H., �Compact groups and Dirichlet series.� Ark. Mat. 8: 139�143, 1969.
[3] Baker R.C., Harman G., Pintz J., �The di�erence between consecutive primes. II.� Proc.
London Math. Soc. 83: 532�562, 2001.
[4] Saksman E., Webb C., �The Riemann zeta function and Gaussian multiplicative chaos:
statistics on the critical line.� arXiv:1609.00027, 2018.
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Îïåðàòîðû Êàëüäåðîíà�Çèãìóíäà
íà ðåãóëÿðíîì ïðîñòðàíñòâå BMO

Å.Ñ. Äóáöîâ

Ñàíêò-Ïåòåðáóðãñêîå îòäåëåíèå Ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Â.À. Ñòåêëîâà

Äëÿ çàäàííîé ïîëîæèòåëüíîé ðàäîíîâñêîé ìåðû µ íà ïðîñòðàíñòâå Rm Ø.Òîëñà [2]
ââ¼ë ðåãóëÿðíîå ïðîñòðàíñòâî RBMO(µ). Òàêîå îáîáù¼ííîå ïðîñòðàíñòâî ìîæíî èñïîëü-
çîâàòü äëÿ ìåð µ áåç ñâîéñòâà óäâîåíèÿ, îíî îáëàäàåò íàñòîÿùèìè ñâîéñòâàìè êëàññè÷å-
ñêîãî ïðîñòðàíñòâà BMO. Â ðàáîòå [2] äîêàçàíî, ÷òî îãðàíè÷åííûé íà ïðîñòðàíñòâå L2(µ)
îïåðàòîð Êàëüäåðîíà�Çèãìóíäà äåéñòâóåò èç ïðîñòðàíñòâà L∞(µ) â RBMO(µ). Ýòîò ðå-
çóëüòàò ìîòèâèðóåò ïðèâåä¼ííóþ íèæå îñíîâíóþ òåîðåìó, äàþùóþ êðèòåðèé äëÿ îãðàíè-
÷åííîñòè îïåðàòîðîâ Êàëüäåðîíà�Çèãìóíäà íà RBMO(µ) â ñëó÷àå êîíå÷íîé ìåðû µ.

Êóáîì êðàòêî íàçûâàåòñÿ çàìêíóòûé êóá â ïðîñòðàíñòâå Rm, ð¼áðà êîòîðîãî ïàðàë-
ëåëüíû îñÿì êîîðäèíàò. Ñèìâîë ` = `(Q) îáîçíà÷àåò äëèíó ðåáðà êóáà Q. Îáîçíà÷åíèå
Q(x, `) èñïîëüçóåòñÿ äëÿ ÿâíîãî óêàçàíèÿ öåíòðà x ðàññìàòðèâàåìîãî êóáà. Äëÿ çàäàííîé
êîíå÷íîé ïîëîæèòåëüíîé ìåðû µ íà Rm è äâóõ êóáîâ Q ⊂ R â ïðîñòðàíñòâå Rm ïîëîæèì

K(Q,R) = 1 +

NQ,R∑
j=1

µ(2jQ)

`n(2jQ)
,

ãäåNQ,R � ýòî ìèíèìàëüíîå ÷èñëî s ∈ N òàêîå, ÷òî `(2sQ) ≥ `(R). Äàëåå, ïîëîæèìK(Q) =
K(Q, 2kQ), ãäå k � ýòî ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî òàêîå, ÷òî 2µ(2kQ) > µ(Rm).

Òåîðåìà (ñì. [1]). Ïóñòü µ � êîíå÷íàÿ ïîëîæèòåëüíàÿ ìåðà ðàçìåðíîñòè n íà ïðîñòðàí-
ñòâå Rm, 0 < n ≤ m. Ïóñòü T � îïåðàòîð Êàëüäåðîíà�Çèãìóíäà ñ ÿäðîì K òàêèì, ÷òî∣∣∣∣∫

Q(x,R)\Q(x,r)

K(x, y) dµ(y)

∣∣∣∣ ≤ C, x ∈ Rm, 0 < r < R.

Òîãäà îïåðàòîð T îãðàíè÷åí íà ïðîñòðàíñòâå RBMO(µ) â òîì è òîëüêî â òîì ñëó÷àå, êîãäà
âûïîëíåíî ñëåäóþùåå T1-óñëîâèå: äëÿ êàæäîãî êóáà Q ⊂ Rm, îáëàäàþùåãî ñâîéñòâîì
óäâîåíèÿ, ñóùåñòâóåò êîíñòàíòà bQ òàêàÿ, ÷òî

1

µ(Q)

∫
Q

|T1− bQ| dµ ≤
C

K(Q)
äëÿ âñåõ êóáîâ Q ñî ñâîéñòâîì óäâîåíèÿ,

|bQ − bR| ≤ C
K(Q,R)

K(Q)
äëÿ âñåõ êóáîâ Q,R, Q ⊂ R, ñî ñâîéñòâîì óäâîåíèÿ,

ãäå êîíñòàíòà C > 0 íå çàâèñèò îò êóáîâ Q è R.
Ýòî ñîâìåñòíàÿ ðàáîòà ñ À.Â.Âàñèíûì. Èññëåäîâàíèå âûïîëíåíî çà ñ÷¼ò ãðàíòà Ðîñ-

ñèéñêîãî íàó÷íîãî ôîíäà � 18-11-00053.

Ñïèñîê ëèòåðàòóðû

[1] Doubtsov E., Vasin A.V., �Calder�on�Zygmund operators on RBMO.� arXiv:2106.00711,
2021.
[2] Tolsa X., �BMO, H1, and Calder�on�Zygmund operators for non doubling measures.� Math.
Ann., 319 (1): 89�149, 2001.
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On Bernstein- and Markov-type inequalities

Sergei Kalmykov

Shanghai Jiao Tong University,
Keldysh Institute of Applied Mathematics,
Institute of Applied Mathematics FEB RAS

Polynomial inequalities have various applications. For example, in approximation theory
they are fundamental in establishing converse results, i.e., when one deduces smoothness from
a given rate of approximation (see e.g. [1, p. 241]). In this talk we discuss classical Bernstein-
and Markov-type inequalities for polynomials and rational functions as well as their recent
generalizations. Mainly, we are interested in the results obtained with the help of potential
theory and geometric function theory of a complex variable (for details see the surveys [2] and
[3]). Key tools of proofs will be also considered.

This is based joint work with V. Dubinin, B. Nagy and V. Totik.

References

[1] Borwein P., Erd�elyi T., Polynomials and polynomial inequalities. Graduate Texts in Mathe-
matics, 161. Springer-Verlag, New York, 1995.
[2] Dubinin V.N., �Methods of geometric function theory in classical and modern problems for
polynomials.� Russ. Math. Surv., 67 (4): 599�684, 2012.
[3] Kalmykov S., Nagy B., Totik V., �Bernstein- and Markov-type inequalities.� Surv. Approx.
Theory, 9: 1�17, 2021.
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Î êàíîíè÷åñêîé ñèñòåìå ñ äèàãîíàëüíûì ãàìèëüòîíèàíîì,
ñâÿçàííîé ñ äçåòà-ôóíêöèåé Ðèìàíà

Â.Â. Êàïóñòèí

Ñàíêò-Ïåòåðáóðãñêîå îòäåëåíèå Ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Â.À. Ñòåêëîâà

Â ðàáîòå àâòîðà [1] áûëî ïîñòðîåíî êîíêðåòíîå ïðîñòðàíñòâî äå Áðàíæà, ñîäåðæà-
ùåå êñè-ôóíêöèþ Ðèìàíà, äåë¼ííóþ íà ìíîãî÷ëåí ñòåïåíè 3, è ñîîòâåòñòâóþùàÿ ýòî-
ìó ïðîñòðàíñòâó êàíîíè÷åñêàÿ ñèñòåìà ñ äèàãîíàëüíûì ãàìèëüòîíèàíîì � ïàðà äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà íà ïîëóîñè. Ýòîò ðåçóëüòàò ïîçâîëÿåò ñòðîèòü
îïåðàòîðû � îäíîìåðíûå âîçìóùåíèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ, ñïåêòð êîòîðûõ
ñîâïàäàåò ñî ìíîæåñòâîì íåòðèâèàëüíûõ íóëåé äçåòà-ôóíêöèè Ðèìàíà, ðàçâ¼ðíóòûì íà
âåùåñòâåííóþ ïðÿìóþ. Ïðè ýòîì íå óòî÷íÿëîñü, êàêèì îáðàçîì óñòðîåíà ïàðà âåêòîðîâ,
îïðåäåëÿþùèõ âîçìóùåíèå; åñëè îäèí èç íèõ ëåãêî ïîñòðîèòü ÿâíî, òî äðóãîé óæå íåïî-
ñðåäñòâåííî ñâÿçàí ñ äçåòà-ôóíêöèåé. Öåëüþ äîêëàäà ÿâëÿåòñÿ ïðîÿñíåíèå âèäà íåäîñòà-
þùåãî âåêòîðà.

Îñíîâîïîëàãàþùèì ôàêòîì òåîðèè ïðîñòðàíñòâ äå Áðàíæà è êàíîíè÷åñêèõ ñèñòåì
ÿâëÿåòñÿ ñóùåñòâîâàíèå àíàëîãà ïðåîáðàçîâàíèÿ Ôóðüå � óíèòàðíîãî îïåðàòîðà, äåéñòâó-
þùåãî èç ãèëüáåðòîâà ïðîñòðàíñòâà êàíîíè÷åñêîé ñèñòåìû íà ïðîñòðàíñòâî äå Áðàíæà. Â
îáñóæäàåìîì ñëó÷àå ýòîò îïåðàòîð ïðåäñòàâëÿåòñÿ â âèäå ñóïåðïîçèöèè ïÿòè åñòåñòâåí-
íûõ óíèòàðíûõ îïåðàòîðîâ, ñðåäè êîòîðûõ îñîáóþ ðîëü èãðàþò äâà èç íèõ, ïðåäñòàâ-
ëÿþùèå ñîáîé ñòàíäàðòíîå ïðåîáðàçîâàíèå Ëàïëàñà è ïðåîáðàçîâàíèå Ìåëëèíà, ïîíèìà-
åìîå îñîáûì îáðàçîì. Ãðóáî ãîâîðÿ, ïî ôóíêöèè, ïðåäñòàâëÿþùåé ñîáîé ìîäèôèêàöèþ
êñè-ôóíêöèè Ðèìàíà, ñ ïîìîùüþ îáðàòíîãî ïðåîáðàçîâàíèÿ Ìåëëèíà ñòðîèòñÿ ïðåîáðà-
çîâàíèå Ëàïëàñà ñîîòâåòñòâóþùåãî åé ýëåìåíòà ïðîñòðàíñòâà êàíîíè÷åñêîé ñèñòåìû â
òåðìèíàõ òåòà-ôóíêöèè ßêîáè.

Ñïèñîê ëèòåðàòóðû

[1] Êàïóñòèí Â.Â., �Ìíîæåñòâî íóëåé äçåòà-ôóíêöèè Ðèìàíà êàê òî÷å÷íûé ñïåêòð îïåðà-
òîðà.� Àëãåáðà è àíàëèç, 33 (4): 107�124, 2021.

Î ñêàëÿðíîé çàäà÷å ðàâíîâåñèÿ äëÿ GN-ñèñòåì

Èëüÿ Ëîïàòèí

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ

Â 2018 ãîäó â ðàìêàõ äåÿòåëüíîñòè ïî îáîáùåíèþ òåîðèè Ã. Øòàëÿ íà ïîëèíîìû
Ýðìèòà�Ïàäå Ñ. Ï. Ñóåòèíûì â ðàáîòå [4] áûë ïðåäëîæåí íîâûé ïîäõîä ê îïèñàíèþ ñëà-
áîé àñèìïòîòèêè ïîëèíîìîâ Ýðìèòà�Ïàäå äëÿ ñèñòåì ôóíêöèé ìàðêîâñêîãî òèïà. Îí îñ-
íîâàí íà ðàññìîòðåíèè ñêàëÿðíîé òåîðåòèêî-ïîòåíöèàëüíîé çàäà÷è ðàâíîâåñèÿ ñ âíåøíèì
ãàðìîíè÷åñêèì ïîëåì, ïîñòàâëåííîé íà êîìïàêòíîé ðèìàíîâîé ïîâåðõíîñòè. Â [4] ýòîò ìå-
òîä áûë ïðîèëëþñòðèðîâàí íà ïðèìåðå ðåøåíèÿ ìîäåëüíîé çàäà÷è î ñëàáîé àñèìïòîòèêå
ïîëèíîìîâ Ýðìèòà�Ïàäå òèïà I äëÿ îáîáù¼ííîé ñèñòåìû Íèêèøèíà ñïåöèàëüíîãî âèäà
ℵ0 èç äâóõ ôóíêöèé; â ðàáîòå [2] îí áûë ðàñïðîñòðàí¼í íà ìèíèìàëüíî áîëåå îáùóþ GN-
ñèñòåìó ℵg. Îñíîâíîå ðàçëè÷èå ìåæäó ñèñòåìàìè ℵ0 è ℵg ãåîìåòðè÷åñêîå. Â îáîçíà÷åíèÿõ
ðàáîòû [1] èì ñîîòâåòñòâóþò ãðàôû Γ0(V0,E0, O0) è Γg(Vg,Eg, Og) ñîîòâåòñòâåííî; ïðè ýòîì
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V0 = Vg = {0, 1, 2}, O0 = Og = 0, íî äëÿ Γ0 ìíîæåñòâî (0, 1) ñîñòîèò èç îäíîãî ýëåìåíòà, à
äëÿ Γg � èç g + 1 ýëåìåíòà. Ïðåäåëüíàÿ ìåðà ñîîòâåòñòâóþùèõ ïîëèíîìîâ Ýðìèòà�Ïàäå
â [2] îïèñàíà â òåðìèíàõ ñêàëÿðíîé òåîðåòèêî-ïîòåíöèàëüíîé çàäà÷è ðàâíîâåñèÿ íà ãèïå-
ðýëëèïòè÷åñêîé ðèìàíîâîé ïîâåðõíîñòè ðîäà g ñ âíåøíèì ãàðìîíè÷åñêèì ïîëåì log |Φ(z)|
îòíîñèòåëüíî ÿäðà

g◦(z,∞(1), t)− log |z − t|,

ãäå g◦ � ◦-íîðìèðîâàííàÿ áèïîëÿðíàÿ ôóíêöèÿ Ãðèíà [5], z � òî÷êà íà ïîâåðõíîñòè, z =
π(z) � å¼ îáðàç ïðè êàíîíè÷åñêîì ïðîåêòèðîâàíèè íà ðèìàíîâó ñôåðó, Φ(z) � ôóíêöèÿ,
êîíôîðìíî îòîáðàæàþùàÿ ðàññìàòðèâàåìóþ ðèìàíîâó ïîâåðõíîñòü íà ðèìàíîâó ñôåðó.
Â ñëó÷àå g = 0 ñèñòåìà ℵg ïåðåõîäèò â ℵ0, à âûøåîïèñàííîå ÿäðî è âíåøíåå ïîëå � â
òàêîâûå èç ðàáîòû [4].

Â [3] äëÿ áûëî ïîêàçàíî, ÷òî äëÿ ñèñòåìû ℵ0 ðàññìàòðèâàåìàÿ ñêàëÿðíàÿ çàäà÷à ðàâ-
íîâåñèÿ íà ðèìàíîâîé ïîâåðõíîñòè ýêâàâëåíòíà âåêòîðíîé òåîðåòèêî-ïîòåíöèàëüíîé çà-
äà÷å ðàâíîâåñèÿ íà ïëîñêîñòè [1], â òåðìèíàõ êîòîðîé òðàäèöèîííî è îïèñûâàåòñÿ ñëàáàÿ
àñèìïòîòèêà ïîëèíîìîâ Ýðìèòà�Ïàäå. Â äîêëàäå ïîéä¼ò ðå÷ü î äîêàçàòåëüñòâå àíàëîãè÷-
íîãî ðåçóëüòàòà äëÿ ℵg,

Èññëåäîâàíèå âûïîëíåíî çà ñ÷¼ò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 19-11-00316.
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ëèç, ìàòåìàòè÷åñêàÿ ôèçèêà è ïðèëîæåíèÿ, Ñáîðíèê ñòàòåé, Òð. ÌÈÀÍ, 301 :287�319,
ÌÀÈÊ ¾Íàóêà/Èíòåðïåðèîäèêà¿, Ì., 2018.

Âåêòîðíûå ðàâíîâåñíûå ìåðû è ðàñïðåäåëåíèÿ íóëåé
ìíîãî÷ëåíîâ ñîâìåñòíîé îðòîãîíàëüíîñòè äèñêðåòíîé ïåðåìåííîé

Âëàäèìèð Ëûñîâ

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè èì. Ì.Â. Êåëäûøà ÐÀÍ

Ìíîãî÷ëåíû, îðòîãîíàëüíûå îòíîñèòåëüíî äèñêðåòíûõ ìåð, èìåþò ìíîãî÷èñëåííûå
ïðèëîæåíèÿ [1,2]. Ïåðâûå ðåçóëüòàòû [3,4] î ïðåäåëüíîì ðàñïðåäåëåíèè íóëåé òàêèõ ìíî-
ãî÷ëåíîâ ñâÿçàíû ñ çàäà÷àìè ðàâíîâåñèÿ ëîãàðèôìè÷åñêîãî ïîòåíöèàëà ñ êîíñòðåéíîì è
âíåøíèì ïîëåì. Â òîæå âðåìÿ èçâåñòíî, ÷òî âåêòîðíûå çàäà÷è ðàâíîâåñèÿ îòâå÷àþò [5] çà
ðàñïðåäåëåíèå íóëåé ìíîãî÷ëåíîâ ñîâìåñòíîé îðòîãîíàëüíîñòè îòíîñèòåëüíî íåïðåðûâ-
íûõ âåñîâ.
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Ìû ïîêàæåì, ÷òî ðàñïðåäåëåíèå íóëåé ñîâìåñòíî îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äèñ-
êðåòíîé ïåðåìåííîé îïèñûâàåòñÿ øèðîêèì êëàññîì âåêòîðíûõ ðàâíîâåñíûõ ìåð â çàäà÷àõ
ñ êîíñòðåéíîì è âíåøíèì ïîëåì. Ðàññêàæåì î íîâûõ ëþáîïûòíûõ ýôôåêòàõ, ñâÿçàííûõ
ñ âûìåòàíèåì ìåð â êîìïëåêñíóþ ïëîñêîñòü, ñì. [6]. Â êà÷åñòâå ïðèìåðà ïîäðîáíî îáñó-
äèì ïðèìåð ñîâìåñòíî-îðòîãîíàëüíûõ ìíîãî÷ëåíîâ Êðàâ÷óêà [7], êîòîðûé ìîòèâèðîâàë
äàííîå èññëåäîâàíèå.

Èññëåäîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ìîñêîâñêîãî öåíòðà ôóíäàìåíòàëüíîé è
ïðèêëàäíîé ìàòåìàòèêè, ñîãëàøåíèå 075-15-2022-283 ñ Ìèíîáðíàóêè ÐÔ.
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Ïðîáëåìà ñîèçìåðèìîñòè íåêîòîðûõ ¼ìêîñòåé ñ ãàðìîíè÷åñêèìè

Ì.ß. Ìàçàëîâ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò �ÌÝÈ�, ôèëèàë â ã. Ñìîëåíñêå
Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Ïóñòü L � îäíîðîäíûé ýëëèïòè÷åñêèé äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà
â RN , N ≥ 3, ñ ïîñòîÿííûìè êîìïëåêñíûìè êîýôôèöèåíòàìè. Íàïîìíèì îïðåäåëåíèÿ
¼ìêîñòåé γL (U ⊂ RN � îãðàíè÷åííîå ìíîæåñòâî):

γL(U) = sup
T
{|〈T |1〉| : Spt(T ) ⊂ U, ‖T ∗ ΦL‖L∞(RN ) ≤ 1},

ãäå Spt(T ) � íîñèòåëü ðàñïðåäåëåíèÿ T , ∗ � îïåðàòîð ñâ¼ðòêè, ΦL � ôóíäàìåíòàëüíîå
ðåøåíèå îïåðàòîðà L, 〈T |1〉 � äåéñòâèå ðàñïðåäåëåíèÿ T íà ïðîáíóþ ôóíêöèþ.

Â òåðìèíàõ ¼ìêîñòåé γL îïèñûâàþòñÿ óñòðàíèìûå îñîáåííîñòè îãðàíè÷åííûõ ðåøå-
íèé óðàâíåíèé Lf = 0, à òàêæå íåäàâíî ïîëó÷åí [1] êðèòåðèé ðàâíîìåðíîé ïðèáëèæàåìî-
ñòè ôóíêöèé ðåøåíèÿìè óðàâíåíèé Lf = 0 íà êîìïàêòíûõ ïîäìíîæåñòâàõ RN . �ìêîñòü
γL,+ � ÷àñòíûé ñëó÷àé γL, åñëè T � íåîòðèöàòåëüíàÿ ìåðà, γ∆ = γ∆,+ � êëàññè÷åñêèå
ãàðìîíè÷åñêèå ¼ìêîñòè.

Âîçíèêàåò âîïðîñ: ñîèçìåðèìû ëè ¼ìêîñòè γL è γ∆ (ñ òî÷íîñòüþ äî ïîëîæèòåëüíîãî
ìíîæèòåëÿ, çàâèñÿùåãî òîëüêî îò L). Îí íåòðèâèàëåí, ò.ê. L � îïåðàòîð ñ êîìïëåêñíûìè
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êîýôôèöèåíòàìè, à ôóíäàìåíòàëüíûå ðåøåíèÿ óñòðîåíû äîâîëüíî ñëîæíî, è èõ ñâîéñòâà
çàâèñÿò îò ðàçìåðíîñòè ïðîñòðàíñòâà, íàïðèìåð, â RN , N ≥ 5 (â îòëè÷èå îò R3 è R4),
çíà÷åíèÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ â îáùåì ñëó÷àå ìîãóò íå ñîäåðæàòüñÿ [2] â îäíîé
ïîëóïëîñêîñòè èç C.

Ïîñòàíîâêà áëèçêà ê èçâåñòíîé ïðîáëåìå ñîèçìåðèìîñòè àíàëèòè÷åñêèõ ¼ìêîñòåé γ
è γ+, êîòîðóþ ðåøèë Õ. Òîëñà [3], îäíàêî çäåñü åñòü ñâîÿ ñïåöèôèêà: ÿäðî ΦL ÿâëÿåòñÿ
÷¼òíûì â îòëè÷èå îò íå÷¼òíîãî ÿäðà Êîøè.

Òåì íå ìåíåå, â 2022 ãîäó áûë ïîëó÷åí ðÿä ïîëîæèòåëüíûõ ðåçóëüòàòîâ, â ÷àñòíî-
ñòè, äîêàçàíà ñîèçìåðèìîñòü γL,+ ñ γ∆ ñíà÷àëà äëÿ N = 3, 4 [2], à çàòåì è äëÿ âñåõ N ,
óñòàíîâëåíà ñîèçìåðèìîñòü γL è γ∆ â ñëó÷àå êàíòîðîâûõ ìíîæåñòâ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ãðàíò 22-11-00071).
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Riesz basis property of root vectors system
for n× n Dirac type operators

Mark Malamud

Peoples' Friendship University of Russia

In this talk we investigate spectral properties of selfadjoint and non-selfadjoint boundary
value problems (BVP) for the following �rst order system of ordinary di�erential equations

Ly = −iB(x)−1
(
y′ +Q(x)y

)
= λy, B(x) = B(x)∗, y = col(y1, . . . , yn), x ∈ [0, `],

on a �nite interval [0, `]. Here Q ∈ L1([0, `];Cn×n) is a potential matrix and B ∈ L∞([0, `];Rn×n)
is an invertible self-adjoint diagonal �weight� matrix. If n = 2m and B(x) = diag(−Im, Im) this
equation is equivalent to Dirac equation of order n.

Here we discuss the spectral properties of BVP associated with the above equation subject
to general BC U(y) = Cy(0) +Dy(`) = 0, rank(C D) = n.

As a �rst our main result, we mention that the deviation of the characteristic determinants
∆(λ)−∆0(λ) of perturbed and unperturbed (with Q = 0) BVPs admits the Fourier transform
representation of a certain summable function explicitly expressed via kernels of the transformation
operators. In turn, this representation leads to the asymptotic formula λm = λ0

m + o(1) as
m → ∞, for the eigenvalues {λm}m∈Z and {λ0

m}m∈Z of perturbed and unperturbed (Q = 0)
regular BVPs, respectively. In the case of n = 2 and constant matrix B(x) = B both results
are obtained in [1].
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Further, we prove that the system of root vectors of the above BVP constitutes a Riesz
basis in a certain weighted L2-space, provided that the boundary conditions are strictly regular.
Along the way, we also establish completeness, uniform minimality and asymptotic behavior of
root vectors. The case of constant matrix B(x) = B was investigated in [1], [2], [4].

The main results are applied to establish asymptotic behavior of eigenvalues and eigenvectors,
and the Riesz basis property for the dynamic generator of spatially non-homogenous damped
Timoshenko beammodel. We also found a new case when eigenvalues have an explicit asymptotic,
which to the best of our knowledge is new even in the case of constant parameters of the model.

This is a joint work with Anton Lunyov partially published in the preprint [3].
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Trigonometric Convexity
for the Multidimensional Indicator after Ivanov

Aleksandr Mkrtchyan

Siberian Federal University, Institute of Mathematics NAS, Armenia

The concept of indicator is well-known for analytic functions in one complex variable.
Multidimensional indicator after Ivanov is a generalization of that concept for analytic functions
in several complex variables. We state the trigonometric convexity for n-dimensional indicator
after Ivanov [1].
De�nition 1. Denote by ∆αj

⊂ C the open sector determined by the angle 0 < αj < π/2 as
follows:

∆αj
= {zj ∈ C \ {0} : |arg (zj)| < αj} .

De�nition 2. Recall that a function f is of �nite exponential type (h1, . . . , hn) in
∆α1 × · · · ×∆αn if for any ε > 0 there exists a constant kε ≥ 0 such that

|f (z1, . . . , zn)| ≤ kεe
(h1+ε)|z1|+···+(hn+ε)|zn|, for all zj ∈ ∆j, 1 ≤ j ≤ n.

Here we assume h1, . . . , hn ≥ 0.

De�nition 3. Denote by Exp (α1, . . . , αn) the class of functions f that are analytic and of
�nite exponential type in ∆1 × · · · ×∆n.

De�nition 4. Namely, Ivanov introduced the following set:

Tf

(
~θ
)

= {~ν ∈ Rn : ln
∣∣∣f (~rei~θ)∣∣∣ ≤ ν1r1 + ...+ νnrn + C~ν,~θ, for all ~r ∈ Rn

+},
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here ~rei~θ is the vector (r1e
iθ1 , ..., rne

iθn). The set Tf
(
~θ
)
implicitly re�ects the notion of an

indicator of an entire function.

Theorem Let a function f ∈ Exp (α1, . . . , αn) and the numbers A+
1 , A

−
1 . . . , A

+
n , A

−
n satisfy(

Al11 , . . . , A
ln
n

)
∈ T f (l1α1, . . . , lnαn) ,

where lj = ±, j = 1, . . . , n. Then

(C1, . . . , Cn) ∈ T f (θ1, . . . , θn) ,

where the constants C1, . . . , Cn determine from the following formulas:

Cj sin (2αj) = A+
j sin (θj + αj) + A−j sin (αj − θj) , j = 1, ..., n.

Remark. Theorem is sharp: that is, there exists a function f for whom: the assumptions of
theorem are satis�ed, and the inequality is an equality.

This is a joint work with Armen Vagharshakyan.
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Weighted Hardy embedding on the bi-tree

Pavel Mozolyako

Saint Petersburg State University

Let Γ be a poly-tree, i.e. a collection of dyadic rectangles on Rn (Cartesian product of usual
dyadic intervals on R) with natural order by inclusion. The Hardy operator and its 'adjoint'
are

If(R) :=
∑
Q⊃R

f(Q) and

I∗f(Q) :=
∑
R⊂Q

f(R).

We are investigating the action of this operator from L2(Γ, w−1) to L2(Γ, µ), or, which is the
same, I∗ from L2(Γ, µ−1) to L2(Γ, w), where w and µ are just collections of non-negative weights
attached to the elements of Γ. If for given µ,w the Hardy operator is bounded, we call (µ,w)
the trace measure-weight pair.

In this talk we consider a special case � the dimension n is either 2 or 3 and the weight w
is a product weight (a typical case is just w ≡ 1). We give a couple of descriptions of such pairs
in potential theoretical terms: capacitary and energy conditions. We give a short exposition
of two-dimensional results, and discuss problems that arise with increasing the dimension. We
also establish a connection to weighted Dirichlet spaces on the polydisc.
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Fourier transforms of rapidly decreasing functions

Il'dar Musin

Institute of Mathematics with Computer Centre of Ufa Scienti�c Centre of RAS

New spaces of rapidly decreasing in�nitely di�erentiable functions on Rn will be de�ned
in the talk. They are introduced with a help of a family of separately radial convex functions
on Rn satisfying some technical conditions and very similar in construction to Gelfand�Shilov
spaces Sα [1]. For all of them Paley�Wiener type theorems are obtained. Using some recent
facts of convex analysis it will be shown that the Gelfand�Shilov space WM [1] is a particular
case of one of these spaces.
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Point pair function

Semen Nasyrov

Kazan Federal University

We study intrinsic metrics in subdomains of the real n-dimensional Euclidean space Rn,
i.e. metrics which measure distances in the way that takes into account not only how close the
points are to each other but also how the points are located with respect to the boundary of
the domain (see, e.g. [1]). These metrics are often used to estimate the hyperbolic metric and,
while they share some but not all of its properties, intrinsic metrics are much simpler than the
hyperbolic metric and therefore more applicable.

Let G be a proper subdomain of Rn. Denote by |x−z| the Euclidean distance in Rn and by
dG(x) the distance from a point x ∈ G to the boundary ∂G, i.e. dG(x) := inf{|x−z| : z ∈ ∂G}.
We investigate the point pair function pG : G×G→ [0, 1) de�ned as

pG(x, y) =
|x− y|√

|x− y|2 + 4dG(x)dG(y)
, x, y ∈ G. (1)

We prove that for all domains G ( Rn, the point pair function is a quasi-metric, i.e. it
satis�es an analog of the triangle inequality with a multiplicative constant less than or equal
to
√

5/2. Moreover, for G = Rn\{0}, n ≥ 1, this function de�nes a metric.
We also investigate what happens when the constant 4 in (1) is replaced by another

constant α > 0 to de�ne a generalized version pαG of the point pair function pG. In particular,
we prove that, for α ∈ (0, 12], this function pαG is a metric if G is the positive real axis R+, the
punctured space Rn\{0} with n ≥ 2, or the upper half-space Hn with n ≥ 2. Furthermore, we
also show that the function pαG is not a metric for any values of α > 0 in the unit ball Bn.

This is a joint work with D. Dautova, O. Rainio, and M. Vuorinen [2].
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Ïîâåäåíèå ôóíêöèé îò ïàð íåêîììóòèðóþùèõ ìàêñèìàëüíûõ
äèññèïàòèâíûõ îïåðàòîðîâ ïðè âîçìóùåíèè

Âëàäèìèð Ïåëëåð

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Ïóñòü L è M � íå îáÿçàòåëüíî êîììóòèðóþùèå ìàêñèìàëüíûå äèññèïàòèâíûå îïå-
ðàòîðû. Äëÿ ôóíêöèè f èç íåîäíîðîäíîãî êëàññà Áåñîâà (B1

∞,1(R2))+ ôóíêöèé äâóõ ïå-
ðåìåííûõ ñ ïðåîáðàçîâàíèåì Ôóðüå, ñîñðåäîòî÷åííûì â [0,∞) × [0,∞), ìû îïðåäåëÿåì
ôóíêöèþ f(L,M) êàê ïëîòíî îïðåäåë¼ííû íå îáÿçàòåëüíî îãðàíè÷åííûé îïåðàòîð ñ ïî-
ìîùüþ äâîéíûõ îïåðàòîðíûõ èíòåãðàëîâ.

Â ñëó÷àå, êîãäà 1 ≤ p ≤ 2, à (L1,M1) è (L2,M2) � ïàðû ìàêñèìàëüíûõ äèññèïàòèâíûõ
îïåðàòîðîâ òàêèå, ÷òî îïåðàòîðû L2 − L1 è M2 −M1 ïðèíàäëåæàò êëàññó Øàòòåíà�ôîí
Íåéìàíà Sp, ìû óñòàíîâèëè, ÷òî ïðè f ∈ (B1

∞,1(R2))+ èìååò ìåñòî ñëåäóþùàÿ îöåíêà
ëèïøèöåâà òèïà

‖f(L2,M2)− f(L1,M1)‖Sp ≤ const ·max{‖L2 − L1‖Sp , ‖M2 −M1‖Sp}

Äëÿ äîêàçàòåëüñòâà ýòîãî íåðàâåíñòâà èñïîëüçóþòñÿ òðîéíûå îïåðàòîðíûå èíòåãðàëû ïî
ïîëóñïåêòðàëüíûì ìåðàì.

Äîêëàä îñíîâàí íà ðåçóëüòàòàõ, ïîëó÷åííûõ ñîâìåñòíî ñ À.Á. Àëåêñàíäðîâûì.

Determinantal processes and division invariant spaces

Roman Romanov

Saint Petersburg State University

We explore the link between determinantal point processes and Hilbert spaces of functions
invariant with respect to division. The class of spaces under consideration extends the classical
de Branges spaces of entire functions. The spaces corresponding to determinantal processes are
shown to have integrable reproducing kernel. Analytic properties of the elements of these spaces
are investigated.

The talk is based on a joint work with Alexander Bufetov. The work is supported by
RFBR (Russian Foundation for Basic Research, grant No 20-51-14001).
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Factorisation in modular group and pure periodic negative-regular
continued fractions

Mikhail Tyaglov

Shanghai Jiao Tong University

The object of the talk is to present properties of pure periodic continued fractions of the
form

− 1

b1 +

− 1

b2 + · · ·+
− 1

bn︸ ︷︷ ︸
n

+

− 1

b1 +

− 1

b2 + · · ·+
− 1

bn︸ ︷︷ ︸
n

+ · · ·
, (1)

where bk are (positive) integers. By Tietze's theorem [1], the fraction (1) converges to an
irrational number if |bk| > 2 (except for the case |bk| = 2 for all k).

We have proved that without restriction |bk| > 2 the fraction (1) may converge to rational
numbers or diverge. This is the deference between negative-regular continued fractions and
classical regular continued fractions which always converge to irrational numbers.

Several algorithms for construction of periods {b1, . . . , bn} of periodic negative-regular
continued fractions converging to rational numbers are given. The periods of a given length
can be obtained by Fermat's in�nite descent method applied to some Diophantine equations.
An explicit simple formula for the minimal period for x is presented. A construction using the
Calkin�Wilf tree and Stern's diatomic series is described. Arbitrary primitive periods are in
one-to-one correspondence with elements of the modular group Γ. Explicit formulas converting
products of the standard generators S and ST in Γ into primitive periods are obtained.
The periods of elliptic elements of Γ are completely described. This description results in a
parametric formula for primitive periods of rational numbers. A pure periodic negative-regular
continued fraction diverges if and only if either its period or its double or its triple represents
the identity in Γ.

The talk is based on a joint work with Sergey Khrushchev (Satbayev University).
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Ïîëíîòà ýêñïîíåíöèàëüíûõ ñèñòåì â ïðîñòðàíñòâàõ ãîëîìîðôíûõ
ôóíêöèé è òåîðåìà Õåëëè î ïåðåñå÷åíèè âûïóêëûõ ìíîæåñòâ

Á.Í. Õàáèáóëëèí

Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Ñèñòåìà ôóíêöèé èç òîïîëîãè÷åñêîãî âåêòîðíîãî ïðîñòðàíñòâà H ïîëíà, åñëè çàìû-
êàíèå å¼ ëèíåéíîé îáîëî÷êè ñîâïàäàåò ñ H. Íà êîìïàêòàõ C â êîìïëåêñíîé ïëîñêîñòè C
ðàññìàòðèâàåì â êà÷åñòâå ìîäåëüíîãî áàíàõîâû ïðîñòðàíñòâà ôóíêöèé f : C → C, íåïðå-
ðûâíûõ íà C è îäíîâðåìåííî ãîëîìîðôíûõ âî âíóòðåííîñòè C, ñî ñòàíäàðòíîé íîðìîé

‖f‖ := sup
{∣∣f(z)

∣∣ ∣∣∣ z ∈ C},
êîòîðîå ñîäåðæèò ëþáûå ýêñïîíåíöèàëüíûå ñèñòåìû

ExpZ :=
{
w 7−→

w∈C
ezw

∣∣∣ z ∈ Z},
ãäå Z � íå áîëåå ÷åì ñ÷¼òíîå ðàñïðåäåëåíèå ïîïàðíî ðàçëè÷íûõ òî÷åê-ïîêàçàòåëåé íà C.
Îáçîð ïî ïîëíîòå òàêèõ ñèñòåì ìîæíî íàéòè â [1].

Ìîòèâèðîâêà ðàññìàòðèâàåìûõ ãåîìåòðè÷åñêèõ âîïðîñîâ � èññëåäîâàíèå óñëîâèé,
ïðè êîòîðûõ ñèñòåìà ExpZ ñ ïîêàçàòåëÿìè Z, ÿâëÿþùèìèñÿ íóëÿìè íåêîòîðîé ñóììû
(êîíå÷íîãî èëè áåñêîíå÷íîãî) ñåìåéñòâà öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà, ïîëíà
èëè íåò â óêàçàííûõ âûøå ïðîñòðàíñòâàõ ôóíêöèé. Êîãäà C � âûïóêëûé êîìïàêò, ýòà
çàäà÷à îêàçàëàñü òåñíî ñâÿçàííîé ñ òåîðåìîé Õåëëè î ïåðåñå÷åíèè âûïóêëûõ ìíîæåñòâ â
ñëåäóþùåé òðàêòîâêå [2], [3].

Ïóñòü C è S � äâà ìíîæåñòâà â êîíå÷íîìåðíîì åâêëèäîâîì ïðîñòðàíñòâå íàä ïî-
ëåì âåùåñòâåííûõ ÷èñåë R, çàäàííûå ñîîòâåòñòâåííî êàê ïåðåñå÷åíèÿ è êàê îáúåäèíåíèÿ
íåêîòîðûõ ïîäìíîæåñòâ ýòîãî ïðîñòðàíñòâà. Äàþòñÿ êðèòåðèè, ïðè êîòîðûõ íåêîòîðûé
ïàðàëëåëüíûé ïåðåíîñ, ò.å. ñäâèã, ìíîæåñòâà C ïîëíîñòüþ ïîêðûâàåò (ñîîòâåòñòâåííî ñî-
äåðæèò, ñîîòâåòñòâåííî ïåðåñåêàåò) ìíîæåñòâî S. Ýòè êðèòåðèè è ïîäîáíûå èì ôîðìó-
ëèðóþòñÿ â òåðìèíàõ ãåîìåòðè÷åñêèõ, àëãåáðàè÷åñêèõ è òåîðåòèêî-ìíîæåñòâåííûõ ðàç-
íîñòåé ïîäìíîæåñòâ, ïîðîæäàþùèõ C è S, îïîðíûõ ôóíêöèé ìíîæåñòâ C è S, à òàêæå
ñìåøàííûõ ïëîùàäåé âûïóêëûõ ìíîæåñòâ â C èëè îáú¼ìîâ â Rn, n = 1, 2, 3, . . . . Îòäåëüíî
îáñóæäàåòñÿ äâóìåðíûé ñïåöèôè÷åñêèé ñëó÷àé, êîãäà ìíîæåñòâà íåîãðàíè÷åíû, äëÿ ÷åãî
èñïîëüçóþòñÿ äîïîëíèòåëüíûå õàðàêòåðèñòèêè ìíîæåñòâ.

Ïîëó÷åííûå â [3], [4], [5] íà îñíîâå ýòèõ ãåîìåòðè÷åñêèõ ðàññìîòðåíèé ðåçóëüòàòû ïî
ïîëíîòå ñèñòåì ExpZ èëè ñîîòâåòñòâóþùèå ýêâèâàëåíòíûå èì òåîðåìû åäèíñòâåííîñòè
äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà áóäóò äîïîëíåíû íåäàâíèìè íîâûìè.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷¼ò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 22-21-00026.
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Êîíñòðóêòèâíîå îïèñàíèå êëàññîâ ôóíêöèé
íà chord-arc êðèâîé â R3

Í.À. Øèðîêîâ

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Âûñøàÿ øêîëà ýêîíîìèêè¿

Ïóñòü L � ðàçîìêíóòàÿ îãðàíè÷åííàÿ êðèâàÿ â R3 ñ chord-arc ñâîéñòâîì, ò.å. äëèíà
å¼ äóãè ñîèçìåðèìà ñî ñòÿãèâàþùåé å¼ õîðäîé. Íà êðèâîé L ìîæíî îïðåäåëèòü êëàññû
Ã¼ëüäåðà ñ ãëàäêîñòüþ, ìåíüøåé åäèíèöû, â ðàâíîìåðíîé è â èíòåãðàëüíîé ìåòðèêå. Îêà-
çàëîñü, ÷òî ýòè êëàññû ìîãóò áûòü îïèñàíû â òåðìèíàõ ñêîðîñòè ïðèáëèæåíèÿ ôóíêöèé
èç íèõ ôóíêöèÿìè, ãàðìîíè÷åñêèìè â ñæèìàþùèõñÿ ê L îêðåñòíîñòÿõ âìåñòå ñ îöåíêàìè
ãðàäèåíòîâ ãàðìîíè÷åñêèõ ôóíêöèé [1, 2].

Ðàáîòà áûëà ïîääåðæàíà ãðàíòîì ÐÔÔÈ (Ðîññèéñêèé ôîíä ôóíäàìåíòàëüíûõ èñ-
ñëåäîâàíèé �20-01-00209).
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