“"Al Autumn School on
Computational Optimization
(ASCOMP 2024)"

07-09 okTabpsi 2024 r.,
r. MHHononuc, Pecybnuka TatapcTaH,
YHusepcuteT VIHHONonuec mn online

HAYKA
N YHUBEPCUTETDI

HALINOHAJIbHBIE
MPOEKTbI
POCCIN

[ | NHCcTuTyT
YHUBEPCUTET |A| UCK CCTyBeHHOFO |VI mmmﬂ]
I" MHHOMOJINC Mry MHTZnneKTa SI C

Steklov International Mathematical Center


mukina
Штамп


Opranuzanun

Yuusepcurer Nunomnosnuc, r. Nanonosnuc, Prenybanka Tatapceran

NucTuTyT NCKYCCTBEHHOTO MHTEJIIEKTA,
MockoBckuit rocyiapctsennbiii yausepcutrer umenn M. B. Jlomonocosa, 1. MockBa

Maremarudecknii uacturyT uMm. B. A. Crekiosa Poccuiickoii akajgemun mayk, r. Mocksa

MaremaTudeckuii eHTP MUPOBOTO YPOBHS
“Maremarumueckuit uacturyT uMm. B. A. Crexkiaoa Poccuiickoit akajgemnn Hayk”

(MIIMY MIAH), r. Mocksa

Kondepenrnus nmposomutcst mpu (hUHAHCOBOI MOJIJIEPIKKE
Muno6puayku Poccun (rpant ma cozmanune u pazsurue MIIMY MUAH,
cormarierme Ne 075-15-2022-265).



Transformers in Computer Vision
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Course contents:
1. Transformers in Computer Vision
2. Transformers in Object Detection

3. Transformers in Autonomous Driving
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What is convolution?
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Convolution Example

Input:
HEERIREIEEEEEREN
Filter:

(1] 2]0]-1]

Output:

Source: Francois Fleuret’s deep learning course
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Convolution Example
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Convolution Example

Input:
HEERIREIEEEEEREN
Filter:

(2[00t
Output:

(oJofrfsy [ ] |

Source: Francois Fleuret’s deep learning course
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Convolution Example

Input:
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Filter:
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Convolution Example

Input:
HEERIREIEEEEEREN
Filter:

(tl2]0]-t]
Output:

(O JOJ s ][=5]=8] |

Source: Francois Fleuret’s deep learning course
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Convolutions in 2D

Convolved
Feature

Image

Skoltech
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http://ufldl.stanford.edu/tutorial/supervised/FeatureExtractionUsingConvolution/

LeNet

. convolution pooling dense
convolution

pooling

120 - F5 full
84 - F6 full

L
6@14x14

C_1
S2 feature map ’—-

C1 feature map C3 feature map P

LeNet-5 in 1998

https://en.wikipedia.org/wiki/LeNet

6/38 Skol&tecmlal
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AlexNet

dense dense
dense

1000

Max Max 4096 4096
pooling pooling

Max
pooling

3 of 4
AlexNet in 2012

https://machinelearningmastery.ru/the-w3h-of-alexnet-vggnet-resnet-and-inception-7baaaecccc96/
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Inductive Bias in Neural Networks

> Definition:

> Inductive bias refers to the set of assumptions a learning algorithm makes to
generalize from the training data to unseen data.
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Inductive Bias in Neural Networks

> Definition:

> Inductive bias refers to the set of assumptions a learning algorithm makes to
generalize from the training data to unseen data.

> Importance:

> Helps in guiding the learning process and making predictions.
> Determines the types of patterns a model can learn.
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> Definition:

> Inductive bias refers to the set of assumptions a learning algorithm makes to
generalize from the training data to unseen data.

> Importance:
> Helps in guiding the learning process and making predictions.
> Determines the types of patterns a model can learn.

> Examples in Neural Networks:

> Convolutional Neural Networks (CNNs): Assumption of spatial hierarchies in images.
> Recurrent Neural Networks (RNNs): Assumption of sequential dependencies in
time-series data.
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Inductive Bias in Neural Networks

> Definition:

> Inductive bias refers to the set of assumptions a learning algorithm makes to
generalize from the training data to unseen data.

> Importance:
> Helps in guiding the learning process and making predictions.
> Determines the types of patterns a model can learn.
> Examples in Neural Networks:
> Convolutional Neural Networks (CNNs): Assumption of spatial hierarchies in images.

> Recurrent Neural Networks (RNNs): Assumption of sequential dependencies in
time-series data.

> Trade-offs:

> Stronger biases can lead to faster learning but may reduce flexibility.
> Weaker biases increase flexibility but may require more data.
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Two pillars of deep learning:
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Two pillars of deep learning:

» Large amounts of rich diverse data
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Two pillars of deep learning:
» Large amounts of rich diverse data

» Large amounts of compute
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AlexNet

Visualizing parameters
SENEVEEESNNSENNEIE NS SN TR SRS
1 O 040 0 2 5 == . 5 7 et 2 A

Francois Fleuret's Deep Learning Course
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AlexNet

Visualizing activations

Francois Fleuret's Deep Learning Course

Skoltech
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AlexNet

Visualizing activations

Francois Fleuret's Deep Learning Course Sk
oltech
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AlexNet

Visualizing activations

Francois Fleuret's Deep Learning Course
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AlexNet

Visualizing activations

Francois Fleuret's Deep Learning Course Sk
oltech
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AlexNet

Visualizing activations

&) N
L bR N

Francois Fleuret's Deep Learning Course Sk
o
Stalovo

Itech
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AlexNet

Visualizing activations
" = .|
F [ 5 ' -

- ﬂl
I|
i |. F -
F
« A d " =
Francois Fleuret's Deep Learning Course Skoltech
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AlexNet

LSTM
(Hochreiter and Schmidhuber,

No recurrence

(Serma

Highway Net
(Srivastava et al., 2015)

No gating

LeNets
(LeCun et al., 1989)

Bigger + GPU

Deep hierarchical CNN
(Ciresan et al., 2012)

1997)
Fully l,
convolutional
v Bigger +

Overfeat
net et al., 2013)

.

G
(Simonyan and Zisserman, 2014)

small filters

Bigger + RelU
+ dropout

AlexNet
(Krizhevsky et al., 2012)

MLPConv

Net in Net
(Lin et al., 2013)

!

GoogleNet
(Szegedy et al., 2015)
Batch
Normalization

Inception
modules

BN-Inception

k= (loffe and Szegedy, 2015)

ResNet
(He et al., 2015)

\

Dense Aggregated
pass-through channels
Wide ResNet DenseNet ResNeXt
(Zagoruyko and Komodakis, 2016) (Huang et al., 2016) (Xie et al., 2016)

Francois Fleuret's Deep Learning Course
16 /38

Inception-ResNet
(Szegedy et al., 2016)

Skoltech
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VGG

224 x224x3 224x224x64

7TXx7xb512
1x1x4096 1x1x1000

=) convolution+RelLU
=) max pooling

1) fully nected+RelLU
) softmax

17/38
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ResNet

(Zagoruyko and Komodakis 2016)
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What is a Transformer?

Skoltech
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Self-attention

Core operation in the Transformer:

Q= W,X
_ QK™
K= WX 7 = softmax( Nz )%

V= W,X d

Skoltech
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Self-attention

20/38

Core operation in the Transformer:

Q=W,X
K= WX
V=W,X

> Quadratic cost

P Input order equivariant

Z = softmax(

KT

Vd

N4

Skoltech



Multi-head attention

Scaled Dot-Product Attention Multi-head Attention

Mask (opt.)

Q K Vv T
Attention(Q, K, V) = softmax( ?/d_ 4
k

MultiHead(Q, K, V) = Concat(Hy, ..., Hy) W©
H; = Attention(QWE, KWK, VW, ), i=1,..,h

WZQ c Rdmodelek, WZK c Rdmodelek7 WiV c ]Rdmodelev7 Wio c thdemodel
Skoltech
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Original Transformer (Vaswani et al. 2017)

Output

Probabilities

Add & Norm

Feed
Forward

J

(Add & Norm J«~

Add & Norm

Multi-Head

Attention
Nx
((Add & Norm Je~
Add & Norm VeI
Multi-Head Multi-Head
Attention Attention
At 4 At
\ —
Positional A 4 Positional
Encoding Encoding
Input Output
Embedding Embedding
Inputs Outputs
(shifted right)

22/38
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Seq2Seq Translation: Apple to Pomme

Encoder
a H P " P A | H e
h -
p H o H m A m G

Skoltech
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ViT: Vision Transformers

Vision Transformer, ViT (Dosovitskiy et al. 2020) -

Inspired by the Transformer scaling successes in NLP, we experiment with
applying a standard Transformer directly to images, with the fewest possible
modifications. To do so, we split an image into patches and provide the se-
quence of linear embeddings of these patches as an input to a Transformer.
Image patches are treated the same way as tokens (words) in an NLP ap-
plication. We train the model on image classification in supervised fashion.
(Dosovitskiy et al. 2020)

Skoltech
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ViT: Vision Transformers

Vision Transformer (ViT) Transformer Encoder

Transformer Encoder

\ !
e -ddddddddds

* Extra learnable
[class] embedding [ Linear Projection of Flattened Patches

Embedded
Patches

(Dosovitskiy et al. 2020)
Skoltech
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ViT attention
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What is CLIP?

1. Contrastive pre-training

pepper the Text

Encoder

i T2 [ Tn
% Ul DT80 BT Ity
I ) | Lo | Iy
- "
(AR
' Image
4 [T Encoder I3 I3l N5 T28 G IsTy
Ty T, IyT, IyTy Iy Ty

> CLIP stands for Contrastive Language—Image Pretraining.
» Developed by OpenAl, it combines text and image understanding.
> Utilizes a large dataset of text-image pairs for training.

https://openai.com/index/clip

27/38
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Object Detection

Object Detection

Skoltech
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Object Detection

80

FocalNet-H (DINO) CO-DETR
DyHead (Swin-L, multi sca_le.@élfﬁraining)
60 DetectoRS (ResNeXt-101-64x4dr multi-scale)
NAS-FPN (AmoebaNet-D; learned aug)
D-RFCN + SNIP (DPN-98 with flip,-multi-scale)

Mask R-CNN (ResNeXt=:101-FPN)

BOX MAP

40 Faster R-CNN (boxgrefinement, context, multi-scale testing)
?12
Fast-RCNN
20 &
0
2016 2018 2020 2022 2024
Other models - Models with highest box mAP
https://paperswithcode.com/sota/object-detection-on-coco s k
oltech
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YOLO

S xS grid on input ha Final detectis

Class probability map

Skoltec

Skolkovo I
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Classical approach to detection

> Popular approach: detection := classification of boxes
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Classical approach to detection

> Popular approach: detection := classification of boxes

> Requires selecting a subset of candidate boxes
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Classical approach to detection

> Popular approach: detection := classification of boxes
> Requires selecting a subset of candidate boxes

> Regression step to refine the predictions
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Classical approach to detection

> Popular approach: detection := classification of boxes
> Requires selecting a subset of candidate boxes
> Regression step to refine the predictions

> Typically non-differentiable

Skoltech
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DETR: Rethinking object detection

» Neural machine translation from features to boxes

transformer
encoder-decoder

II&II

set of image features set of box predictions
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DETR: Rethinking object detection

32/38

» Neural machine translation from features to boxes

set of image features

> End-to-end parallel set prediction

transformer
encoder-decoder

II&II

set of box predictions
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DETR: Rethinking object detection

32/38

» Neural machine translation from features to boxes

set of image features

> End-to-end parallel set prediction
> Global scene reasoning

transformer
encoder-decoder

II&II

set of box predictions

Skoltec

h




Streamlined detection pipeline

Faster ; .
. Detection-specific
R-CNN Up to Filter and components
200,000 deduplicate
coarse (NMS)
proposals
i
CNN Crop Classify Deduplicate Predicted
features (RolAlign) and refine proposals boxes and
oncodrse [mEd proposals lad classes
proposals
DETR CNN Standard Predicted
features transformer boxes and

d cncoder-decoder d closses

Skoltech
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» We use standard ResNet from torchvision

Encoder Decoder

1A

transformer
decoder

YRy

le e e m 1 SkoltECh

Skolkoo

transformer
encoder

34/38
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» We use standard ResNet from torchvision

> Pretraining on Imagenet is key (labels or SSL)

Encoder Decoder

1A

transformer
decoder

YRy

Ve el Skoltech

Skolkoo

transformer
encoder

34/38
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» We use 2D sine/cosine embeddings

Encoder Decoder

1A

A transformer transformer
elelekeletal J encoder H decoder
: y :
: : 5
H S L,
: positional encoding :
""""" Skoltec

34/38
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» We use 2D sine/cosine embeddings

» Embeddings are added to features

Encoder Decoder

1A

transformer
decoder

YRy

Ve el Skoltech

Skolkoo

transformer
encoder

34/38
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> We use 6 layers of transformer
encoder

Encoder Decoder

1A

A transformer transformer
elelekeletal J encoder H decoder
: y :
: : 5
H S L,
: positional encoding :
""""" Skoltec

34/38
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> We use 6 layers of transformer
encoder

> Global reasoning through attention

Encoder Decoder

1A

transformer
decoder

YRy

Ve el Skoltech

Skolkoo

transformer
encoder

34/38
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» We use 6 layers of transformer
encoder

» Global reasoning through attention

> Starts separating instances

Encoder Decoder

T\

transformer
decoder

YRy

} pesitional encoding H Skoltech

nsttute of Technology

transformer
encoder

34/38



> We use 6 layers of transformer
decoder;

Encoder Decoder

1A

A transformer transformer
elelekeletal J encoder H decoder
: y :
: : 5
H S L,
: positional encoding :
""""" Skoltec

34/38

Skolkor

chnology



> We use 6 layers of transformer
decoder;

> Attention focuses on extremities

Encoder

Decoder

transformer
decoder

transformer
encoder

YRy

34/38

Skoltec
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> We use 6 layers of transformer
decoder;

> Attention focuses on extremities

> Predictions are refined at each layer
in parallel

Encoder

Decoder

transformer
decoder

transformer
encoder

YRy

34/38

Skoltec
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Decoder attention weights

6 decoder layers of:

> self-attention

10¢ s “ ::- g

> FFN ; y iy ‘e\e;)?var1t 100%
A { —
fos) |

> enc-dec attention

&

» LayerNorm

All outputs are decoded in parallel

Attention focuses on extremities

Skoltech

Skolko
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Decoder: no NMS needed

42

» AP/APsq goes up in lower layers (no 10

S °
communication) @ 56 o
» AP goes down in the last layers 38 N
_ AP No NMS o4
> APs5g goes up slightly 36 -+- AP NMS=0.7
‘ AP50 No NMS
There is no need for NMS in DETR 34 : L APso NM§:0'7

1 2 3 4 5 6
decoder layer

Skoltech
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Decoder attention weights

bird 100%

37/38



Transformer architecture variations Class  Bounding Box

> Base transformer
39.2 AP?

Encoder

Add & Norm

Multi-Head Self-Attention

___________  S—

Image features Spatial positional

encoding

@omg

Object queries

@Ashish Vaswani et al. (2017). “Attention is All you
Need".

Skoltech

Skolkova Ins
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Transformer architecture variations Class  Bounding Box

» Base transformer L iieeeeideeeaas

a

» No input positional encoding
32.8 AP Encoder

Multi-Head Attention

v K Q

@omg

Object queries

Image features

@Ashish Vaswani et al. (2017). “Attention is All you
Need".

Skoltech

Skolkova Insttute of Technology
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Transformer architecture variations Class  Bounding Box

Encoder
Encodings in decoder attentions only :
39.3 AP ;
Image features Spa(\a%i(\onal -ObEct q:ries-
? “Attention is All you
Need".
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Transformer architecture variations Class  Bounding Box

Encoder

Encodings in all attentions 5
40.6 AP :
Image features Spa(\a%i(\onal -ObEct q:ries-
? “Attention is All you
Need".

38/38



Transformer architecture variations Class  Bounding Box

Encoder
E i
! H v K Q
Encodings in all attentions ;
40.6 AP : i
All transformer parts are contributing! ' ——— r _________ :
Image features Spa(\a%i(\onal -ObEct q:ries-
a “Attention is All you
Need".



Transformers in Autonomous driving

Sergey Zagoruyko



AV companies: the US

Waymo
CRUISE
PONY.AI

Zoox

2022 Nuro

San Francisco
Mercedes Benz

Phoenix Eastz\fg:ez WeRide

AutoX
DiDi

2015

Austin

Argo

Top Players, No. Testing Miles, California DMV, 2021

I 576,105
B 305,617
EN 155,125

W 59,100

W 58,613

W 57,966

W 50,108

B 40,745

B 36,734

IDTechEx

500,000 1,000,000 1,500,000 2,000,000

Miles

2,325,843

2,500,000



AV companies: Russia

* Yandex's autonomous cars have
driven over six million miles in
'challenging conditions'

e https://www.youtube.com/watch?v=g

-ekm7ugeq8

Ti=

YiusepcHTeT MHHOMOMHC

Kanaaz
BecounorHuiif asToMobunb


https://www.engadget.com/yandex-autonomous-cars-moscow-driving-milestone-105839896.html
https://www.youtube.com/watch?v=q-ekm7uqeq8

e When did first
autonomous vehicle
was developed?

https://youtu.be/YZ6nPhUG2i0

In 1980s Ernst Dickmanns developed
a system which was able to drive
more than 1000 kms autonomously!



https://youtu.be/YZ6nPhUG2i0

* \What kind of machine
learning is used in
robots?

None.




Autonomous Driving stack



Traditional stack




Sensors




] Perception













Traditional stack

Sensor input Positions of Predicted Path to be taken Offline
agents agents’ motion by AV validation

13

Slide credit: Ana Ferreira and Christian Perone



Traditional stack

- Perception Prediction
™ s * ;. V - fl. i _,."‘I"l‘.““.’«

I I' é | | [
| | | i
| | | |
Sensor input : Positions of | Predicted | Path to be taken | Offline
| agents I agents’ motion 1 by AV I validation
Amount of ML
in each stage \ l ‘ A \ o \
100% 50% 0% 0%

14



Towards data-driven decisions

Percepfion % ' i

I /Y é | | [
I i | I
I | I I I
Sensor input : Positions of | Predicted | Path to be taken | Offline
| agents I agents’ motion 1 by AV I validation
Amount of ML
in each stage \ \ \ \
100% 100% 100% 100%

15

Slide credit: Ana Ferreira and Christian Perone



Rule-based vs Data-Driven Systems

Rule-Based systems Data-driven systems
e Hand-crafted by experts e Scaleswith data
e Difficult fo scale e FEasytoadapt
e More interpretable e |essinterpretable

'y o o * oo
000 0 0 ¢ ceccce e scccccce

16

Slide credit: Ana Ferreira and Christian Perone



Two Pillars to Data Driven

Autonomous driving

Speed Perturbations in DriveFormer

-4
Nial
| e
Massive harvesting of A self-driving system
real-world behavioural data that improves with data
To feed data-hungry Data driven planner & simulation
data-driven systems replace rule-based systems

17

Slide credit: Ana Ferreira and Christian Perone



Imitation learning



Decision Making

Sequential decision making is often formalized under

the MDP (Markov Decision Process) framework. @ e @
MDP is formalized as a 4-tuple <S, A, P, C>, where: @ @ 0‘@ @
S = State space o - 8§ € S @ o

A = Acftion space e > Q4 € A

Source: Learning Partially Observable Markov Decision
Processes Using Coupled Canonical Polyadic Decomposition.
Kejun Huang et al. June 2019.

P = Transition dynamics e—» P(St+1 ‘St : a,t)

C=Cost e > c(st,at)

19



Decision Making

The goalis to find a policy Tt that will map states to
actions:

T . 8¢ — Ay
such that:
T
inJ(m) = E ,
a,rgqrrmn (7r) St,a;ﬂZc(st a)

20



Decision Making

The goal is to find a policy it that will map states to
actions:

T . 8¢ — Ay

We actually

don't know this
such that:

argmin J () = Z[ c(s¢, a,t]

T St CLtN‘JT
’ t=1




Imitation Learning

We can get away from knowing the cost by imitating
experts (humans or systems). Let's say we collect a
dataset:

D = {(S,CL)} -

Then, we use traditional empirical risk minimization
(ERM) to learn to imitate:

©’ =argmin E L(a,7(s))

T s,a~D

* This approach (and its limitations)
dates back to 1989 ALVINN paper!

22



Imitation Learning

When you collect data:  [) — {(St, at)} |

When you deploy:

stwdfrh : ap ~ "
\hﬂ RH

state distribution action distribution

l Mismatch l

Stth ay ~ Tg

23



Imitation Learning

* Does not work out of the box for AV planning
 One way to make it work is to add perturbations

ChauffeurNet: Learning to Drive by Imitating the Best and Synthesizing the Worst
Mayank Bansal, Alex Krizhevsky, Abhijit Ogale



Transformers in Perception



Autonomous Driving datasets

o KITTI

* Waymo Open Dataset

e nuScenes / nuPlan / nulmages

e Lyft prediction / perception datasets
* Yandex Vehicle Motion Prediction

* Many more



Autonomous Driving datasets

e KITTI: detection

60° Velodyne Laserscanner

T
il ™

=D’ Bbject Detection

)

.

§ID ije@t__i%etectia?. 4




Autonomous Driving datasets

e KITTI: stereo

pSingle Image el
Depth P iction Sterea 2015




Autonomous Driving datasets

e KITTI: tracking

Multi-Object 'f'racklrlg =
and Segment?tlﬁni :

d_._.-__._.i.r:..l ' iy



Autonomous Driving datasets

e KITTI: road lane detection

UM v!ﬂ m ‘!4 ﬂ‘ﬂ 21 i

VAR gg




Autonomous Driving datasets

e KITTI: road lane detection

UM v!ﬂ m ‘!4 ﬂ‘ﬂ 21 i

VAR gg




Autonomous Driving datasets

e KITTI: segmentation




e huScenes
* nuPlan
* hnulmages

* Downward
® Upward




HDMapNet

Traditional mapping pipeline

LiDAR Pairwise
_. .
alignment

AN\ Wheel
% [9 odor::try

Online map learning (Ours)
Surrounding cameras

| e

Globally consistent point cloud

LiDAR

Centimeter-level

Static HD map localization

Manual AR :

Annotation

4 HDMapNet 1

Y

Local HD map



HDMapNet




DETR: End-to-end Object Detection

Applying NMT to translate CNN features to detections:

transformer
CNN g > encoder-
decoder
set of image features set of box predictions
End-to-end object detection with transformers 4872 2020

N Carion, F Massa, G Synnaeve, N Usunier, A Kirillov, S Zagoruyko
Computer Vision—-ECCV 2020: 16th European Conference, Glasgow, UK, August 23 ...



VectorMapNet and MapTR

—]
o
[o)
o
P
o
o

[;'\-‘ -------------------------------------- \ ,’I,’

b VectorMapNet M A

: ~ - L— - ”’f i

W =, o 1

! l" Detect :> Generatew:

== o :

;

1

1

1

1

]

a o O o] Q Drivable Area
I ® Boundary
e % Ped Crossing
BEV Features Element Keypoints Polylines J Divider
_________________________________________ i
Onboard Sensor Data Vectorized Map

Related Projects on VCAD (Vision-Centric Autonomous Driving)

BEV Mapping BEV Detection BEV Fusion BEV Tracking
e e S . w e
H i ‘i - ..=== e e
E “‘"*I._!I".I “:.. — A= 'h. ==
= e @'a

HDMapNet DETR3D FUTR3D MUTR3D

Liu et al, VectorMapNet: End-to-end Vectorized HD Map Learning



PointPillars

Point cloud

Detection
Head (SSD)

Pillar Backbone
Feature Net (2D CNN)

- YT LT R Ty

: Point Stacked Leamed Pseudo Decony \“.
1 . I
cloud Pillars Features image ! |
]
: Dacony Concat :
I | — .
: Hi2 :
! &L W2 !
: Decony :




End-to-end multi-camera 3D MOT

Multi-view
Image F;
Features

—A Decoder /

Track _’D D
Queries Store in
From t-1 D . *  Query
Queue
O |0
S— S S

Queries Qf

3D Boxes BY

Pang et al., Standing Between Past and Future: Spatio-Temporal Modeling for Multi-Camera 3D Multi-Object Tracking
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Perception problems

Planning and simulation uncover perception problems:

. Long tail

Data collection and annotation are expensive

Offline perception is computationally heavy

Requires storing large amounts of data

Creating high-definition maps is difficult, become obsolete with time

G W R
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Anecdotal cases: trucks

Problem for simulation
and planning




Anecdotal cases: trucks




Anecdotal cases: animals




Transformers in Motion Planning



ML Planner

ML Planner

/

Inputs: localization, perception agents,
traffic light status, & HD map

Output: ML planned
tfrajectory

45



Reasons about the inferaction

ML Planner Architecture between agents and map

1

Computes embeddings for each element
independently

/

I

- 1Ego polygon

4
S

N Age'nts polys

/\ Decodes ego planner

* M Map polys trajectory for an horizon 1..T

Decoder x. v, 0),;

Ego Trajectory

46
'PointNet: Deep Learning on Point Sets for 3D Classification and Segmentation (Qi, 20

2Attention Is All You Need (Vaswani, 20



ML Planner Training
A ML

Logged oufput
Trajectory
> > Gy O)

Ego Trajectory

ML PI (=
== =
300 hours 64 GPUs
driving logs ~5hr cloud
training

47
'SafetyNet: Safe planning for real-world self-driving vehicles using machine-learned policies (Vitelli, 202



Causal stability

Example: at a red light, the ML Planner learned “chase vehicle movement means go”

instead of “green light means go”

Agents from log

%

Same driving
experience

>

Agents removed
“Ghost town”

— Logged Ego
—— ML planner

48



Causal stability

Example: at a red light, the ML Planner learned “chase vehicle movement means go”

instead of “green light means go”

Agents from log

Model is doing the right thing, but for the wrong reasons,
important having means fo uncover it

Causal instability if naively tfrained, common problem in ML

Hint: what would be the cause of these issues ? Would that
happen if the model is trained with data that breaks this

spurious correlation ?

49



Simulation

S

Road lane

I Agent

B seif driving vehicle

Agent replay during evaluation is
non-reactive

To uncover diverse issues, you need
diverse scenarios

Simulating diverse scenes can uncover
failure modes and causal instability of the

policy

50



Ensuring safety



4 Comfort
. 4 Safety
SafetyNet - Hybrid Planner 4 Legality

N Fallback Layer Yy
Trajectory |PAsSs
oy Ego ' | ? \ ’ \ Check > L L4 y
i ‘ *foil ‘
Agents ML planner ML planned Agents
’ P frajectory | Faliback ’
HD map Trajectory Safe, learned
& perception _ planning
po 5 enﬁ)s Hybrid Planner
—> \
Trajectory Pick trajectory

candidates most similar to ML .

'SafetyNet: Safe planning for real-world self-driving vehicles using machine-learned policies (Vitelli, 2uz 1)



SafePathNet

B

i SafePathNet SOV E

I = I

! Safe !

—T —_— ~ —»| Trajectory

: % [ — Selection :

|

I . .

: ML Predictor agents :

Input S . and Planner Trajectory :

nput scene O Distributions | J' SDV Trajectory Execution

Pick safest trajectory
according to predictions

53
Safe Real-World Autonomous Driving by Learning to Predict and Plan with a Mixture of Experts (Pini, 2022)



SafePathNet Learns multiple futures

in unsupervised way

Mixture of Experts !

SDV agents agents
queries :  queries

| : I"nN
A i OOO000~0N:  BECT) B - Ikt
AN wywww s AL SETIELY, oL
' X '. FEN —» ! e K !
mi=== S "! encoder Transformer | Transformer — ) ' ‘““m
| SDV &agents encoder E decoder rg : 0 _' |
| | I | encoder [ E YYYHNEYYWYY) FFN | . E \ N my
| I _»(BELT] BET T ) — Lt '\: |

Similar to DETR
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SafePathNet

Action

Passiveness (light)

lower is better

| | 330 | 900
) . .
3 | 2 8
4 N Sl ML planner + fallback
5 R 2 2220 600
6 . z|2
7 . 5l
8 . =4 !
9 . <2 110 300
g - SafePathNet
10 N S 0 ML planner
MinCost -Aggre§31veness i Q) -
MinCostCC [ Passiveness || 0 | | | | 0
| | | 30 40 50 60 70 80
0 1,000 2,000 3,000 Estimated Contacts

A

Number of metric violations lower is better



L) woven planet

Safe Real-world Autonomous Driving
by Learning to Predict and Plan with
a Mixture of Experts

Stefano Pini, Christian 5. Perone, Aayush Ahuja,
Ana Sofia Rufino Ferreira, Moritz Niendorf, Sergey Tagoruyko



Tabular Deep Learning

Lecturer: Artem Babenko

9 Research

ASCOMP 2024



Lecturer

e Artem Babenko, Research Lead @ Yandex Research
e Publications on deep/machine learning for tabular data by Yandex Research

©)

O O O O O O

O

(NeurlPS 2018) CatBoost: unbiased boosting with categorical features

(ICLR 2020) Neural Oblivious Decision Ensembles for Deep Learning on Tabular Data
(NeurlPS 2021) Revisiting Deep Learning Models for Tabular Data

(NeurlPS 2022) On Embeddings for Numerical Features in Tabular Deep Learning
(arXiv 2022) Revisiting Pretraining Objectives for Tabular Deep Learning

(ICML 2023) TabDDPM: Modelling Tabular Data with Diffusion Models

(ICLR 2024) TabR: Tabular Deep Learning Meets Nearest Neighbors

(2024) Several projects under submission

e Tabular DL projects by Yandex Research: github.com/yandex-research/rtd|
(RTDL = Research on Tabular Deep Learning)



http://github.com/yandex-research/rtdl

YR Tabular DL team

=

Artem Babenko Yura Gorishniy Nikolay Kartashev Akim Kotelnikov Ivan Rubachev
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Tabular data

Tabular data — two-dimensional tables
® rows ~ objects
e columns ~ features

Today we focus on
e supervised regression
e supervised classification

Applications
e everyday tasks...
e ...and many others




Notation

l Features l
Label
1 2 3 .. .. {target}

1
2
» 3

Objects ...

m 1

X Y
...... z(@) | |y
x —| Model — g

(i)



Metrics

Metrics are used to evaluate how well predictions approximate labels.
Example: Root Mean Squared Error (RMSE)

gil v

—{ Model }—

Yi

Y

. 1
“~> RMSE(Y,Y) = ‘/; 3 (yi—4i)? €R



Dataset splitting

Train
(Training)

Validation
(Hyperparameter tuning & Early stopping)

Test

(Final evaluation)




Data preprocessing

Continuous features
e QuantileTransformer
e QuantileTransformer with noise (example)
e StandardScaler
e Missing data: x — (0, 1) if x is NaN else (x, 0)

Categorical features
e One-hot encoding
(typically used when the number of distinct
values is not too high)
e Embeddings
e Missing data: make NaN a new category

Binary features
e Just encode as {0, 1}
e Missing data: any reasonable
strategy (see “Continuous”
and “Categorical’)

Ordinal features
e OrdinalEncoder
e Thermometer encoding
e Cumulative embeddings

P.S. Standardize regression labels


https://scikit-learn.org/stable/modules/generated/sklearn.preprocessing.QuantileTransformer.html
https://github.com/yandex-research/rtdl-num-embeddings/blob/main/package/example.ipynb
https://scikit-learn.org/stable/modules/generated/sklearn.preprocessing.StandardScaler.html
https://scikit-learn.org/stable/modules/generated/sklearn.preprocessing.OrdinalEncoder.html

Specifics of Tabular ML problems

e Limited dataset sizes

e Heterogeneous and mixed-type features

e Each problem has its own nature

e Target dependencies are often “ill-behaved”
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Classic machine learning algorithms

K-Nearest neighbors

Linear model (Linear regression, Logistic regression, ...)
Support vector machine (SVM)

Decision tree

Random forest

Gradient-boosted decision tree (GBDT)



Gradient Boosting Decision Trees (GBDT)

+eo ot + o o
00 O ... 0 00 0O

dmic Yandex > ..
XGBoost CatBoost = LightGBM



GBDT Is a strong baseline for Tabular ML

e [Efficient
e Easy-to-use
e [Effective

Wins Ties Losses

(2020) | 14% 21% 65 %

(2021) 16 % 40 % 44 %

(2022) 26 % 35% 40%

(2023) 53 % 30% 16 %

Best DL model vs XGBoost on the academic benchmark of ~40 datasets
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Chaos in Tabular DL before 2021

Differentiable trees Specific activation functions

e NODE (Popov et al., 2020) e SNN (Klambauer et al., 2017)
“Attention”-based models Boosting-like models

e Autolnt (Song et al., 2019) e GrowNet (Badirli et al., 2020)

e TabNet (Arik and Pfister, 2020)
And many others
Multiplicative feature interactions °
e DCN2 (Wang et al., 2020)



2021: Are we really making progress in Tabular DL? [1,2,3]

e Tuning protocols and evaluation are often unfair
e GBDT is still superior to DL
e Sophisticated DL models are often inferior to simple ones

[1] Revisiting Deep Learning Models for Tabular Data, Gorishniy et al., 2021
[2] Tabular Data: Deep Learning is not all you need, Schwartz-Ziv et al., 2021

[3] Regularization is all you need: simple neural nets can excel on tabular data, Kadra et al., 2021
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MLP

Simple and fast
Average performance

Linear

—

RelU

-

Dropout

O

One MLP block



ResNet for Tabular Data

Inspired by ResNet (He at al., 2015)
Quite simple and relatively fast
Hopefully, more powerful than MLP

In

BN

Skip Connection

BN

BatchNorm L Linear

RelLU D Dropout

One ResNet block

Add




FT-Transformer (Ours)

e Based on Transformer (Vaswani et al., 2017)
e Slower than ResNet
e Hopefully, more powerful than MLP and ResNet

To T; Yy
T T fcLs] [cis) |- Predict —e{ ]

Feature
Tokenizer = =+ Transformer =

FT-Transformer




FT-Transformer (Ours)

- I{nuﬁﬂ 'H?{n““ﬂ b(nuﬂﬂ -
0.8] X —+
0.1] X +
x [ + T
L - 3
i mg_““t} Wl{r_'af} b[lc.-ut:] .
" i
/{.. :
t Liigcaf} #
Igm ) o bg::at) d
O A +
[ | o

Feature Tokenizer

v T
Add
Feed
Forward
}
Norm |
t .
F;
Add
Multi-Head
Self-Attention
[
Norm J
i
Ti—1

One Transformer block



Experiments



Experiments: datasets and protocol

Dataset| N K Metric e Tuning
California Housing| 21K | 8 RMSE o mostly Optuna (Akiba et al., 2019)
Adult] 49K | 14 | Accuracy (B) (50-100 iterations)
Helena) 66K | 27 | Accuracy (M) o grid search from original papers

Jannis| 84K | 54 | Accuracy (M)
Higgs (small)| 99K | 28 | Accuracy (B)
ALOI| 108K | 128 | Accuracy (M)
Epsilon| 500K | 2000 | Accuracy (B)
Year| 516K | 90 RMSE
Covtype| 582K | 54 | Accuracy (M)
Yahoo| 710K | 699 RMSE
Microsoft| 1201K| 136 RMSE

e Evaluation
o 15 random seeds
o ensembles: three ensembles
(each consists of five single models)

e No DL tricks
© no augmentation

N ~ dataset size B ~ binary o nolr schgd_ullng
K ~ number of features M ~ multiclass O no pretraining
o efc.



Experiments: Neural Networks

Model| Average rank (std)

Takeaways
TabNet 7.5(2.0) e MLP is still a good sanity check
SNN 6.4 (1.4) e ResNet is a strong baseline
Autolnt 5.7(2.3) e FT-Transformer outperforms existing solutions
GrowNet 5.7 (2.2 on most of the tasks
MLP 4.8 (1.9) e Tuning matters

DCN V2 4.7 (2.0)

NODE 3.9(2.8)

ResNet 3.3(1.8)
FT-Transformer 1.8(1.2)




Experiments: FT-Transformer vs GBDT

(ensembles)

Dataset

cA

AD K3

HE K3

JA D

HI [l

AL K3

EP K

YE [}

co il

YA

#objects

20K

49K

65K

84K

98K

108K

500K

515K

581K

710K

1200K

XGBoost (d)

0.462

0.874

0.348

0.711

0.717

0.924

0.88

9.192

0.964

0.761

0.751

CatBoost (d)

0.428

0.873

0.386

0.724

0.728

0.948

0.889

8.885

0.91

0.749

0.744

FT-Transformer (d)

0.454

0.86

0.395

0.734

0.731

0.966

0.897

8.727

0.973

0.747

0.742

FT-Transformer*

0.448

0.86

0.398

0.739

0.731

0.967

0.898

8.751

0.973

0.747

0.743

(d) ~ default configuration

Takeaways

*out of competition

Bl Accuracy RMSE

e ensemble of default FT-Transformers is a powerful thing

Best




Experiments: ResNet & FT-Transformer vs GBDT
(ensembles)

Dataset| CAJ[M|ADEB |HEE | JAH | HIED (ALl (EPE | YEl |[coOl| YAl | vi B

#objects| 20K | 49K | 65K | 84K | 98K | 108K | 500K | 515K | 581K | 710K | 1200K
XGBoost 0.431 | 0.872 | 0.377 | 0.724 | 0.728 - 0.886 | 8.819 | 0.969 | 0.732 | 0.742
CatBoost 0.423 | 0.874 | 0.388 | 0.727 | 0.729 - 0.89 | 8.837 | 0968 | 0.74 | 0.741
ResNet 0478 | 0.857 | 0.398 | 0.734 | 0.731 | 0.966 | 0.898 | 8.77 | 0.967 | 0.751 | 0.745
FT-Transformer | 0.448 | 0.86 | 0.398 | 0.739 | 0.731 | 0.967 | 0.898 | 8.751 | 0.973 | 0.747 | 0.743

Takeaways

(1] Accuracy RMSE
Best

e ‘DL vs GBDT” is an open problem
e FT-Transformer reduces the gap

between ResNet and GBDT




An intriguing property of FT-Transformer

0.8 -
€T~ N({]? Ik):
0.7- y=a- fegppr(z)+ (1 —a)- fonn(z).
—=
0.6 - feBpT ~ easy for GBDT
0.5 - fonN ~ easy for ResNet
g A—
E 0.4 -
0.3 - Takeaways
e FT-Transformeris a more
02 ResNet universal architecture for
GadlT" FT-Transformer Tabular Data
—4— CatBoost e Further research is needed to
0.0- ' ' ! : understand this phenomenon
0.00 0.25 0.50 0.75 1.00



Conclusion

MLP and ResNet
o fast and strong baselines

FT-Transformer
o slower
o canyield even better performance

FT-Transformer is a more universal architecture for
Tabular Data

Python package with the new models:
pip install rtdl

Source code:
https://aithub.com/yandex-research/rtdl



https://github.com/yandex-research/rtdl
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How can we improve FT-Transformer?

_ I[num] W{ﬂﬂ.fﬂ:}
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(2022) On Embeddings for Numerical Features in Tabular Deep Learning



How can we improve FT-Transformer?

_ I[num] W{m.-.m} b{num) - .
0.8] X -+ Looks too simple
0.1f X -+

x [ -+ [ T
- - 3
. gcat} met} b[lmt} .
5 N '
/
J
- Wﬁ{mt} | ‘ :
Igﬂﬂ 5 bg{,ﬂ.t) d
QO A +
|| - |

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



But wait...

]
X T [cLs] [cLS] =+ Predict == |

Feature
- —_ *
"[Tokeulzer Transformer

What if we combine this with MLP?

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Moreover...

e Transformers perform well
o The only model with embeddings for numerical features

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Moreover...

e Transformers perform well
o The only model with embeddings for numerical features
e GBDTs process numerical features via thresholds

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Moreover...

e Transformers perform well

o The only model with embeddings for numerical features
e GBDTs process numerical features via thresholds
e MLP is a universal approximator in theory...

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Moreover...

e Transformers perform well
o The only model with embeddings for numerical features
e GBDTs process numerical features via thresholds
e MLP is a universal approximator in theory...
e ... but notin practice. Though, changing the input space can help
o “Fourier Features Let Networks Learn High Frequency Functions
in Low Dimensional Domains” (Matthew Tancik et al., 2020)
o “NeRF: Representing Scenes as Neural Radiance Fields for View
Synthesis” (Ben Mildenhall et al., 2020)

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Input representation matters

Fourier Features Let Networks Learn
High Frequency Functions in Low
Dimensional Domains (Tancik et al.,
NeurlPS 2020)

The original image

!

T3




Moreover...

e Transformers perform well
o The only model with embeddings for numerical features
e GBDTs process numerical features via thresholds
e MLP is a universal approximator in theory...
e ... but notin practice. Though, changing the input space can help
o “Fourier Features Let Networks Learn High Frequency Functions
in Low Dimensional Domains” (Matthew Tancik et al., 2020)
o “NeRF: Representing Scenes as Neural Radiance Fields for View
Synthesis” (Ben Mildenhall et al., 2020)
e Little work on numerical features processing

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Questions

e Can we improve the way numerical features are processed?
e Can MLP-like models benefit from embeddings for numerical features?

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



MLP with embeddings

Without embeddings With embeddings

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Piecewise-linear encoding

PLE(:.::):[ T ]

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Piecewise-linear encoding

r—b
PLE(:.::):[ 1 1 53_;2 0 ]

For Transformer-based models:
e Ut - the embedding of the t-th bin
T
filx) = vy + ZE* vy = Linear (PLE (x))
t=1 (2022) On Embeddings for Numerical Features in Tabular Deep Learning



Piecewise-linear encoding

Quantile binning

bt — Q% ({mi(num) }jEJtra?Ln)

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Piecewise-linear encoding

Quantile binning Target-aware binning

bt — Q% ({mi(num) }jEJtrain)

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Periodic activation functions

e (this approach is unrelated to PLE)
e Inspired by the success of periodic functions in other fields

fi(x) = Periodic(z) = concat[sin(v), cos(v)]

v=2rc1z, ..., 2WCkT]

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Other approaches

e Stacking “conventional’ layers (linear, ReLU, SoftMax, ...)
e Stacking “conventional’ layers on top of PLE or Periodic

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Model names

Embedding name
L

LR

Q-LR

T-LR

PLR

Embedding function f_i
Linear(x)
ReLU(Linear(x))
ReLU(Linear(PLE(x)))
ReLU(Linear(PLE(x)))

ReLU(Linear(Periodic(x)))

Model name = <Backbone-Embedding>

Examples:

e Transformer-L (== FT-Transformer)

e MLP-PLR

Comment

guantile-based PLE
target-based PLE

The “LR” addition is more
important, than for PLE

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Experiments: datasets and protocol

Dataset| N K Metric
Gesture| 10K | 32 | Accuracy (M)
Churn modelling| 10K | 11 | Accuracy (B)
Eye movements| 11K | 26 | Accuracy (M)
California Housing| 21K 8 RMSE
House pricing| 23K | 16 RMSE
Adult income| 49K | 14 | Accuracy (B)
Otto products| 62K | 93 | Accuracy (M)
Higgs (small)| 98K | 28 | Accuracy (B)
FB comments| 197K | 51 RMSE
Santander| 200K | 200 | Accuracy (M)
Covertype| 581K | 54 | Accuracy (M)
Microsoft| 1201K| 136 RMSE
N ~ dataset size B ~ binary

K ~ number of features

e Tuning
o mostly Optuna (Akiba et al., 2019)
(50-100 iterations)

e FEvaluation
o 15 random seeds
o ensembles: three ensembles
(each consists of five single models)

e No DL tricks
© no augmentation
o no Ir scheduling
O no pretraining
o eftc.

M~ m“'“%?Z) On Embeddings for Numerical Features in Tabular Deep Learning



Experiments: results

Model| Average rank (std.)
CatBoost 6.8 (4.9)
XGBoost 9.0 (5.7)
MLP 15.6 (2.4)
MLP-LR 10.2 (4.4)
MLP-Q-LR 10.7 (4.6)
MLP-T-LR 10.3 (3.8)
MLP-PLR 4.9 (4.8)
Transformer-L 10.6 (3.3)
Transformer-LR 9.4(4.1)
Transformer-Q-LR 8.5(5.5)
Transformer-T-LR 7.2 (4.6)
Transformer-PLR 6.0 (4.5)

The benchmark is biased towards GBDT-friendly
problems
MLP-LR is consistently better than MLP

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Experiments: results

Model| Average rank (std.)
CatBoost 6.8 (4.9)
XGBoost 9.0(5.7)
MLP 15.6 (2.4)
MLP-LR 10.2 (4.4)
MLP-Q-LR 10.7 (4.6)
MLP-T-LR 10.3 (3.8)
MLP-PLR 4.9 (4.8)
Transformer-L 10.6 (3.3)
Transformer-LR 9.4(4.1)
Transformer-Q-LR 8.5(5.5)
Transformer-T-LR 7.2 (4.6)
Transformer-PLR 6.0 (4.5)

e The benchmark is biased towards GBDT-friendly
problems
e MLP-LR is consistently better than MLP

Embeddings for numerical features:
e can provide significant boost
e are applicable to MLP-like models
o See MLP vs MLP-PLR!
e allow MLP-like models to compete with
Transformer

(2022) On Embeddings for Numerical Features in Tabular Deep Learning



Conclusion

e Backbones
o MLP is a great backbone for researchers and practitioners
o ResNet may (or may not) provide an extra bit of performance
o Transformers are competitive, but slow (unclear if it is worth it)
e Embeddings for numerical features
o can provide significant performance boost
o Linear + RelU
m low risk & low reward
o Periodic + Linear + RelU
m tune sigma: [0.01, 0.02, 0.05, 0.1, 0.5, 1.0, ...]
m for other hyperparameters, take inspiration from the official repository
o PLE-based solutions can also provide good performance
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Retrieval-Augmented Learning

e Is originally motivated by the local learning paradigm (Vapnik et al. 1992)
e Demonstrates success in NLP and computer vision tasks

e Provides higher interpretability and robustness



TabR

input o~ ~
object * a % Y
:: Predictor
]
'
Encoder candidate { }
(shared) labels \Yi
b Retrieval module Information flow
' >
1

candidates {a:,-}—-a {Z;

= Icand g Itrain

TabR: Tabular Deep Learning Meets Nearest Neighbors (ICLR 2024)



TabR

similarities Information flow weights values
o8 -
>0 x I
0f x
top-
P >0 x }— = ﬂ
— softmax _— § :
>0 x
0f x
-/
{S(Z, %) }ier {V(Z,2i,yi) bier
cand cand

TabR: Tabular Deep Learning Meets Nearest Neighbors (ICLR 2024)



Technical insights

The retrieval module R

e Linear complexity w.r.t. the number of candidates
e The inter-object communication happens only once

The similarity module S
e By default, the L2 distance is recommended (important!)
The value module V

e Can depend on objects and their interactions

TabR: Tabular Deep Learning Meets Nearest Neighbors (ICLR 2024)



TabR results

ODL wins 0OTies

OXGBoost wins

MLP (< 2021) |

[

28

FI-Transformer (Gorishniy et al., 2021) |

17

MLP-PLR (Gorishniy et al., 2022) [

15

17

TabR (Ours, 2023) |




Training on a subset of data

RMSE

2.1+

1.9

L7

1.5

1.3

Trained on % of training data

1 %
2%
w4 %
=8 %
=16 %
=100 %

1 % 2% 4% 8 % 16 % 2% 64 % 100 %

% of training data used as candidates on inference



Limitations

e Reminder: simple ML models suffer from distributions shifts in features and/or

labels of individual objects.
e Retrieval-based models also suffer from distribution shifts in interactions

between objects.
e To prevent such problems, one has to think how to configure the retrieval

behavior in each individual use case.

TabR: Tabular Deep Learning Meets Nearest Neighbors (ICLR 2024)



Outline

e Introduction

e The pre-deep learning era of Tabular ML

e Modern Tabular Deep Learning

- TabM

e Real-world impact



Ensembles of Models in Machine Learning

Main idea: train several models and combine predictions from them

GBDT are essentially an ensemble
e Go-to recipe in DL: train several independent models and average the

predictions
o Can be used for any model
o Often improves accuracy
o Higher memory and runtime costs



BatchEnsemble (Wen et al., 2020): main idea

dxd
shape: 1 x d 1xd = Shared
[ Linear ]: T @ W + b = Mostly shared
= Not shared

shape: k = d kxd kxd kxd

T 1 x4 81 b1

Linearpg |: ® @| W |o +
T T Sk by
X R S B

R, S, B - adapters
Since k << d, runtime and memory overhead are tolerable!



TabM: BatchEnsemble meets Tabular DL

MLP
kxm r1OR- Linear  ReLU HDrop fd b dy
T / TabMys - — Linear; —#; —[ L(-,y) ]-(—tram
shape: 1 x m N
d —[ Repeat ]— L ~<—frain
* s TabM [ ~ MLPge — Linear; —iji T’-—[ L(-,y) ]-(—train
eeraaas Linearpg —| ReLU HDro final hared Ny -------s
A - BE *—[ H P N raprua:li;a!lun-s ma:udﬂgc i Mean F-»test

e TabM with k = 1is equivalent to MLP
e Specific initialization of adapters is needed
e Can be combined with non-linear feature embeddings



TabM: results
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Performance ranks with std. dev.

On all datasets
Sorted by the mean rank
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TabR-
TabM!,.;
2 3 4 ¥

Excel 1
MLP-
FT-T-
SAINT -
TabR -
T2G-
MLP!-
MNCA -
TabR! -
Light GBM
XGBoost 1
TabM -
CatBoost 1
MNCA'

TabM! .

mini

Performance scores
On 41 datasets with random split
Sorted by the mean score

-2% 0% 2% 4% 6%

Relative improvement over MLP (1)

8%

TabR
SAINT J
TabR
Excel 1
MNCA -
MLP -
MLP!-
FT-T
MNCAT-
T2G-
CatBoost
TabM -
Light GBM -
XGBoost 1

TabM! .

mini

>

)

Performance scores
On 9 datasets with domain-aware split
Sorted by the mean score
l O Mean
S
olp & °

Co o

Qoo

o ©

?
°
o

-5% 0% 5%

10%
Relative improvement over MLP (1)



Efficiency
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Optimization properties of TabM

- Churn House ; Otto
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Conclusion

e TabM with non-linear feature embeddings are currently the state-of-the-art
e TabM typically outperforms GBDT on existing benchmarks
e TabM exhibits stable optimization and less overfitting
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Tabular DL In our lives

DeepETA: How Uber Predicts
Arrival Times Using Deep Learning

Rides Freight Eats

|
-: o¥ <

How we built it: Stripe Radar

Our most recent architecture evolution occurred in mid-2022 when we migrated from an
ensemble “Wide & Deep model," composed of an XGBoost model and a deep neural
network (DNN), to a pure DNN-only model. The result was a model that trains faster,
scales better, and is more adaptable to the most cutting-edge ML techniques.

B HHIY ycopepueHcTBOBaNM HeApoceTs ANA AHArHOCTHKK
CKOPOCTH CTapeHWA

Yueuuie YuupapeuTata JoSaussckors yooBapLUISHCTEORANM HERDOCaTE ANR
AHAFHOCTHEM CROPOCTH CTapeHua. HoBaA MORENL HMMYHONOMYSCHMY 4YAcos
nomdMng Hassadve SimAge (Small Immuno Age). OHa NOCTPOSHA HA OCHOBE
ryBoKoR HerpoHHoR ceTi FT-Transformer, HedpoceTs OUEHHESET COCTORHWE
opramasa no 10 BuoMaprepaM, KOTOPREe OTPaKAIOT ...

Challenging Gradient Boosted Decision Trees with Tabular
Transformers for Fraud Detection at Booking.com



Conclusion

e Tabular DL is extremely impactful research field with many unresolved
guestions

e New models are being developed and the progress has not converged
e GBDTs are still in wide use but their primacy has been challenged

e Tomorrow: Advanced topics in Tabular DL

Questions?



Advanced Topics In
Tabular Deep Learning

Lecturer: Artem Babenko

9 Research

ASCOMP 2024
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Recap from yesterday

e Tabular problems are everywhere

e “Shallow” GBDT models are still a popular choice

e Tabular DL architectures are actively developed

e Are new DL architectures the only research direction?
o Nol
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Where do tabular DL researchers get datasets?

openml.org

archive.ics.uci.edu

kaggle.com/datasets

from sklearn.datasets import *

Do we care to examine those 10-20-100 datasets? - Rarely!

[

Welcome to the UC Irvine Machine Learning Repository

We Currently mariain G483 Qrasets 28 8 $0rViCe 10 The Machine larning CoOmmunity. Here, you Can donale and find datasets used Dy millors of pecple Ml wound the
wor
m ConTmmuTE A DATASET
Popular Datasets New Datasets
Iris PhIUSIL Phishing URL (Website)
A wmall classic dataset from Fisher, 1930 One of the earfest known datasets used fo L"J PRUGE, Phishing USL Dataset i 2 substantiyl dataset comprising 134 350 legtimate.

3, Claswfication @ 150 rstances 8 4Festures A Classification W 235.8K stances © 54 Features
Heart Discase RT-0T2022
& daabases: Cloveland, Hungary, Switzerfand, and the VA Long Beach The R 12022

;'1 0 RTeT2022, & propriatary dataset derived from & realtime loT nfra:
=

G 303 ratences B 13 featuem A Casufication, Regres @ 1230K nslances B 84 featuren


http://kaggle.com/datasets

Let's Look at the Academic Benchmarks

Wond of Not used

Task (¢ nooded)
T ymeh 148 19 o vononossomioacaaenh heerdatabalata s actmbia= 19 ! o °
¥ qeardioden 155 42 hips L cpenmt Ao -datalalg, Side 1494 0 o L]
4 sudology 226 70 hiipataechive ion o eduiataset Spudoiony » standaedized 1 0 0
' heath E] 14 btps Lopenmi orp'search Mynesdatalstatus *actvedid 41 © 0 0
b cole s 27 dilos. o openmi orp/search Phpe=catalatatus *ackvedid = 25 1 o °
7 monksproblems-2 o 7 b opent hoesdaled *actredid=334 ' o °
' Balanco-scale 65 $ biip Larchove s k) edaiiataset 1 20akanoe « scale 1 o L]
b prod Licd 10 bopa e cosomi opieach I hpesdatad Siae470 ' o 0
M Austraian 15 Dins Sacchive s w0 oo, 14N alanccrecit aoptcval ° ! °
" credtapgeove (2] 16 Bapa.faechive 13 vd oo dalaNeV 27 /Credt aope o 0 1 0
2 vehicle e 19 hiioawww. openmi o esch e vdatabaatus *acivedid 54 o o 0
U owed 080 857 hpe Cwww.openmi ocp'seetch Thpo~dataSatatie vackvedid= 1464 ] 0 ]
W soomob 1"se 6 DODS Owvw 0penad oo searth PDe ~SataANats > actvedid=44397 0 1 0
% 300-plants-texture 1 o 0




What did we find?

Problems:

Data Leakage (10 datasets). data-leaks stemming
from data preparation errors, or inappropriate data splits being
used in papers using the datasets.

No time data available (most datasets). either
represent a fixed snapshot of some real-world phenomena, or
don't have a way to construct a time-based validation/test sets

Dataset Duplication (califomia Housing, House 16H,
house_sales, kdd_ipums_la_97-small, houses) - all datasets are
from 1990 census data

Dataset Size. 19/100 less than 10k samples.

Synthetic data. (or froman unknown source). datasets for
which the original data source is untraceable.

Not Tabular. datasets where underlying data is not tabular
like images, audio, text or graphs

>50%

Datasets don't handle time
properly

~20

Features available

38%

“Problematic” Datasets

<1kk

Small sample sizes
Majority is bellow 100k samples



TabRed: focus on temporal-shift based evaluation

Dataset Sizes (Qsp) Issues (#lssues / #Datasets) Time-split
Benchmark ' :

#Samples #Features Data-Leakage ?J{l[:rtz:;fb?; Non-Tabular Needed Possible Used
Grinsztajn et al. [22] 16,679 13 71744 1/44 7744 22 5
Tabzilla [40] 3,087 23 3/36 6/36 12 /36 12 0
WildTab [35] 546,543 10 1°/3 1/3 0/3 1 1 X
TableShift [18] 840,582 23 0/15 0/15 0/15 15 8
Gorishniy et al. [21] 57,909 20 1" /10 1/10 0/10 7 1
TabReD (ours) 7,163,150 261 X X X v v




Classification (ROC AUC 1) Regression (RMSE ) A
Methods : ~ N
Homesite Ecom HomeCredit Sberbank Cooking Delivery Maps Weath Rank
Insurance Offers Default Housing Time ETA  Routing eather
Classical ML Baselines
XGBoost 09601 0.5763 0.8670 0.2419 04823  0.5468 0.1616 14671 2.6+ 1.2
LightGBM 09603 0.5758 (.8664 0.2468 04826 0.5468 0.1618 1.4625 29+ 1.2
CatBoost 0.9606 053596 0.8621 0.2482 04823  0.5465 0.1619 1.4688 3.1+14
RandomForest 0.9570 0.5764 0.8269 0.2640 04884 0.5959 0.1653 1.5838 7.1 420
Linear 0.9290 0.5665 (0.8168 0.2509 04882 0.5579 0.1709 1.7679 8.1 +2.5
Tabular DL Models
MLP 09500 0.6015 (0.8545 0.2508 04820 05504 0.1622 1.5470 48 + 1.7
SNN 0.9492 05996 08551 02858 04838 0.5544 0.1651 15649 6.4+ 1.9
DCNv2 0.9392 0.5955 0.8466 0.2770 04842 0.5532 0.1672 15782 74423
ResNet 0.9469 (0.5995 (0.5493 0.2743 04825 05527 0.1625 1.5021 55+2.1
FT-Transformer 0.9622 0.5775 0.8571 0.2440 0.4820 0.5542 0.1625 15104 44+ 14
MLP-PLR 09621 0.5957 0.856% 0.243% 04812 0.5527 0.1616 15177 3.6+ 1.5
Tr{}mpl 09546 0.5792 0.8381 0.2596 04834 05563 0.1652 15722 6.8+20
Retrieval Augmented Tabular DL
TabR-S 0.9487 0.5943 (0.8501 0.2820 04828 05514 0.1639 14666 58 + 2.2
ModernNCA 0.9514 0.5765 0.8531 0.2593 04825 05498 0.1625 15062 504+1.3




Findings on TabReD

Percentage Change Over MLP

Benchmark from Gorishniy et al. (2024) TabReD
i G
L 1475 # ¥ %
1685 LB = =
1345 1.3 L34 1 1.28% - = 2 x
0, 6RT -z [ 6T 5% =
007 | 0.0% LS | | = = = e
e 2 - ; [ = 4
= . = g : 4 g S £ = & 5 g g -
= =z Y - . ; = & = = B B : 1055
E a. = ﬂ-’: - E': E % I’.‘ll.. = 5 1485 LR
bt = = E b e b = = E e
= el -T—'- 'g = o, o dy |4
_ - - —
= = =
Models | Ensembles [ Training Methods Retrieval-Based Models

Performance differences are less pronounced (feature engineering)
Non-linear feature embeddings and ensembles are helpful
FT-Transformer is not justified

Retrieval-augmented models are generally less performant



Temporal shift

GBDTs are less robust to temporal shift

Realistic evaluation setups are
important for healthy progress

RMSE |

0.470 1

0.465 -

0.460 -

0.455 -

MLP

MLP (FLE)
XGBoost
TabR

Cooking Time

Time Split Random Split



Summary

e A new benchmark with datasets, closer resembling real-world scenarios
Sources: Kaggle and Yandex Eats, Maps, Weather, Lavka

Datasets with 10M samples and feature-engineering (with up-to 1000s of
features)

e All datasets have timestamps
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Pretraining in DL: main idea

e To train the model to solve a related problem before the main learning process
o Same data but dufferent tasks (e.g. with cheaper labels)
o "Extra” data from the same or a similar domain

e Inner logic of the pretrained model can be helpful for the target problem
e Provides better than random initialization for subsequent gradient optimization
e De facto standard for typical pipelines in NLP and CV

o Contrastive learning
o Self-prediction



Pretraining in Tabular DL: specifics

e No "extra” data
o Need to pretrain on the main train set

e Lack of "valid” data augmentations
o Any augmentation can TODO the data distribution
o Pretraining can be harmful

e Problems from a large number of domains
o Need of the universal pretraining recipe



Unsupervised pretraining for tabular data

Mask prediction

I T 0
T Ty 1
I3 Cﬂl‘l'ugt I3 0
L4 Ty 0
Ty Ts 1
T T m
Stage 1 oz SOMUPE _ Head >
; <«—>» M
(pretraining) (pretrain) Loss
Stage 2 .
r —>» —>
(fine-tuning) NN Head —> Yy €<—>y

Loss Training



Experiments with pretraining

Percentage Change Over MLP

Benchmark from Gorishniy et al. (2024) TabReD
i G
L 1475 # ¥ %
1685 LB = =
1345 1.3 L34 1 1.28% - = 2 x
0, 6RT -z [ 6T 5% =
007 | 0.0% LS | | = = = e
e 2 - ; [ = 4
= . = g : 4 g S £ = & 5 g g -
= =z Y - . ; = & = = B B : 1055
E a. = ﬂ-’: - E': E % I’.‘ll.. = 5 1485 LR
bt = = E b e b = = E e
= el -T—'- 'g = o, o dy |4
_ - - —
= = =
Models | Ensembles [ Training Methods Retrieval-Based Models

e All pretraining strategies perform on par to each other
e Pretraining is beneficial for both simple and advanced tabular DL models
e In temporal-shift based evaluation, pretraining can be harmful



When and why pretraining helps?

4x10-1{ —#— MLP
\ » —4— MLP (mask)
x 10 —+— MLP (mask + target)
m 2% 107! +
(a4 + +
107! +
6x 1072

Importance rank

e An experiment on synthetic data with controllable feature importances
e For different models, we measure the reconstruction quality of different features from
the inner model representations

e Pretrained models capture less important (but still significant!) features better



Conclusion

e Pretraining does have some potential in Tabular DL
e The choice of pretraining objective does not matter much

e The pretraining effect depends on the distribution shift between train and test

® [Effectis often negative when the shift is noticeable

® The universal pretraining recipe is yet to discover
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Main idea of cross-domain Tabular DL

e Leverage knowledge from one domain to improve predictions in another one
e Sounds like magic for tabular DL but ...

e Sometimes does make sense (and even works)



XTAB (Zhu et al., ICML’2023)

[0 Categorical column

0 Numerical column Token count * Pretrains a shared FT-Transformer
— - backbone on many tabular tasks

Tab. #1 CILLTT] — Featurizer#1 |— E} Embedding

- J dimension ) )

* Feature tokenizers and final
Tab. #2 CITTT0  —( Featurizer#2 | — 8 "heads” are not shared
CLS token

1 / . -

Tab. #3 [T TT]— Featurizer#3 | — 2 * Can be used as a starting point for
Embeddings a new tabular task

____________ —|Head #1
If Reconstruction !
If_ “Contrastive —: J [Head #2
I loss !

(" Supervised !
. _loss____} [_|Head #3

Projection heads Shared backbone

Image credit: Zhu et al., ICML 2023



XTAB: results
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Image credit: Zhu et al., ICML 2023



LN

XTAB: dependence on the train size
0 -
—E—1 pretraining task
20| —HE—18 pretraining tasks

—&—52 pretraining tasks
- - ‘Baseline

Win rate (%)
» ~
o o

0 500 1000 1500 2000

Number of pretraining steps

Model rank

—
T

o

w

N

Image credit: Zhu et al., ICML 2023



XTAB: conclusion

e Does provide some profit but ...

e |[slimited to Transformer-based architectures
o Can be slow

o Can be suboptimal

e Typical improvements are moderate



TabPFN (Hollmann et al., ICLR2023)

Done once,

offline Done per real-world dataset, online

[S

ample synthetic datasets D;
from prior: D; ~ p(D)

R
[ and test point Tiest

v

eal-world training dataset D;..q

)

B

Train TabPEN gy on synthetic Obtain ga (Ytest|Ttests Dreal
datasets {D, ..., Dy} with a single forward pass

)

(a) Prior-fitting and inference

Q('|I47 D) Q('|"T5a D)

! } O }

(z1,91)(x2,92)(T3,y3) T4 T

(b) Architecture and attention mechanism

Image credit: Hollmann et al., ICLR 2023



TabPFN: synthetics

® Synthetic datasets are sampled from an accurately designed prior

(a) Synthetic datasets (b) Actual datasets

Image credit: Hollmann et al., ICLR 2023



TabPFN: results

0.94 14 T é 18 7 |
8 0.93 g=t=em—e Z 12 - N Mg
<0024 ofise SEE= 2 10 - ot S 74 "
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Given Time Budget Given Time Budget Given Time Budget

TabPEN = Auto-sklearn 2.0 == Autogluon == LightGBM
XGBoost = LogReg Cocktail == Catboost
KNN o SAINT

Image credit: Hollmann et al., ICLR 2023



TabPFN: conclusion

Very interesting and novel idea but ...

Is limited to Transformer-based architectures

Is limited to small-scale problems

(@)

A lot of current research aims to scale TabPFN

Focuses on a low-runtime-budget niche

(©)

In many applications, performance cannot be traded off against runtime



CARTE (Kim et al., ICML'2024)

=1 Title

ISSN

Publisher

Country

Region

H index

1 JMLR

15337928

United
States

Northern
America

239

= - *[Feature Initialization: Language ModelJ

-

/

JMLR
...
Num. Values
239 — 15337928
~Hl-() HE--EE
| Title
! -+l
i Hindex ISSN
'._.. | B |
Region Country
[ il

Northern United
America States
~En Hl

Each datapoint is represented
by a “star”-shaped graph

"Textual” features are
initialized based on LLM

Special initialization of
numerical features and the
central node

Image credit: Kim et al., ICML 2024



CARTE: pretraining from the external knowledge graph
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Image credit: Kim et al., ICML 2024



CARTE: results

1 -
- q
a. Reg ression - 40 datasets .7.
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Image credit: Kim et al., ICML 2024



CARTE: conclusion

e The method does work but ...
e The success is shown only for Transformer-based architectures

e The success is shown only for small-scale problems (up to a few thousand
objects)

e The method needs meaningful column names

e For certain domains there could be a lack of external knowledge graphs
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Generative Modeling in ML
e Goal: to approximate the data distribution by a probabilistic model
e One of potential applications: to produce useful synthetic data

e Several families of methods exist: GAN, VAE, NF, DDPM



Our work: TabDDPM

e Diffusion models were shown to outperform GAN/VAE/NF for images
e GAN/VAE were used for tabular data but without much success

e Let's use diffusion models for tabular data!



What are diffusion models?

e Forward process gradually adds noise to an initial sample with the predefined
distributions ¢ (z¢|zi-1)

e Reverse process gradually denoises a latent variable with distributions
p(z¢-1lze) that are approximated by a neural network

e For example, Gaussian distribution for continuous data and categorical
distributions for categorical data

Use variational lower bound

po(Xe—1]%¢)
@ H o % @
e K L i H
F ﬁ e o= i m i >
-’ ﬂx v ﬁ”:lexl l} . oA 'l

Image source: https:/lilianweng.github.io



TabDDPM

e Gaussian diffusion for numerical features
e Multinomial diffusion (Hoogeboom et al., 2021) for categorical features
e TabDDPM models joint distribution since MLP takes both numerical and
categorical features to approximate reverse process
Consider regression target as an additional feature
Final loss is sum of gaussian DDPM and categorical DDPM losses
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Evaluation

e Machine Learning utility (Xu et al., 2019)
e Privacy metrics

train | ' sample

Real Train Data ——» Generative Model —» Generated Train

Data

ltrain
test

Real Test Data CatBoost* model

*(Prokhorenkova et al., 2018) Compare this score
with the real one



ML utility with CatBoost model

Average rank (over 16 datasets) with std in terms of ML utility of synthetic data

1 — the best

5 — the worst

Model Avg. rank Std of rank
CTGAN 4.25 1.06
TVAE 3.81 0.83
CTABGAN+ | 3.63 1.02
SMOTE 1.75 0.84
TabDDPM 1.56 0.60

SMOTE (Chawla et al., 2002) —
linear interpolation of two
random samples from train



ML utility with CatBoost model

Average rank (over 16 datasets) with std in terms of ML utility of synthetic data

1 — the best

5 — the worst

Model Avg. rank Std of rank
CTGAN 4.25 1.06
TVAE 3.81 0.83
CTABGAN+ | 3.63 1.02
SMOTE 1.75 0.84
TabDDPM 1.56 0.60

Main Conclusions:

e TabDDPM outperforms GAN/VAE-based baselines

e SMOTE is a simple and strong baseline

SMOTE (Chawla et al., 2002) —
linear interpolation of two
random samples from train



ML utility with Catboost. Numbers.

e TabDDPM performs on par with SMOTE

e Real score is almost always the highest one

Table 5. The values of machine learning efficiency computed w.r.t. the state-of-the-art tuned CatBoost model.

AB (rz) AD (rF1y BU (F1) CA ir2) CAR (rF1) CH r1) DE ir1) DI iF1y
CTGAN 0.420= 004 0.789+ 001 0.86T+.003  0.686+.003 0.730+.001 0.723:006 0699002 0.459:.008
TVAE 0.433+.008 0.781+.002 0864005 0.752:.00m 0.717+.001 0.732+.006 0.656+.007  0.T14:.039
CTABGAN - 0.783+.002  0.855:.005 - 0.717:001 0.688:2006  0.644:011  0.731:.022
CTABGAN+  0.467:.004 07724008 0.884:005  0.525:.004 0.733+.001 0.702:.012 0.686+.000 0.734:.020
SMOTE 0.549: 005 0.791+.002 0.891:002 084020010 0.732: 00 0.743+ 005 0.693:.008 0.683:.037
TabDDPM 0.550:010 0.795:001 0906:008 08362002 0737001 0.755:008 0.691:004 0.740:020
Real 0.556+.004 0.815+.002 0.906 002  0.857+.001 0.738+.001 0.7404+ 008 0.688+.008 0.785:.013

FB (rz) GE (r1) HI (r1y HO (g2 IN (r2) Kl (rz) MI (F1y WI (F1)
CTGAN 0.443+ o005 0.333+003 0.575:006  0.433+ 005 0.745:.000  0.772:.005 0.783+.005  0.749:.015
TVAE 0.685+.003 0.434+ 006  0.638:003  0.493+.006 0.784+.010 0.824: 003 0.912+.0m 0.501:.m2
CTABGAN - 0.392: 006  0.575:.004 = - - 0.880: 000  0.906:.019
CTABGAN+ 0.509:011 0.406+ .009 0.664 + .00z 0.504 1+ 005 0.797 + .005 0.444+ 014 (0.892 4+ ooz 0.798: 021
SMOTE 0.803: 002 0.658:007 0.722:000 06621004 0.812:002 0.842:00a 0.932:00m 0.913:.007
TabDDPM 0.713+.002 05972006 0.T22:000 0.67T:010 0809002 0.833:014 09362001 0.904: 008
Real 0.837+.00 0.636+.007 0.724:.0m 0.662+ 003 0.814+ .00 0.907 +.002 0.934+000  0.898: 006




Privacy. Distance to closest record (DCR)

e F[or each synthetic sample, we find the minimum distance to real
datapoints and take the mean of these distances

e Low DCR values = all synthetic samples are essentially copies of some
real datapoints

e Larger DCR values = generative model can produce something “new”
rather than just copies of real data



Histograms of DCR values for TabDDPM and SMOTE
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DCR comparison

Average rank (over 16 datasets) with std in terms of DCR

1 — the best

4 — the worst

Model Avg. rank Std of rank
TVAE 2.31 0.95
CTABGAN+ | 1.56 0.81
SMOTE 3.44 1.09
TabDDPM 2.69 0.79

Main Conclusions:
e TabDDPM outperforms SMOTE

e GAN/VAE methods show high DCR but generate useless (in terms of

ML utility) samples




Conclusion

e Diffusion models generate tabular data of higher quality than GAN/VAE data

o But still not enough for usage as "useful” synthetics
e “Old-school” SMOTE is a strong baseline that should not be overlooked

e TabDDPM is a step forward towards strong yet private method



Outline
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Future of Tabular DL research

e More theory and understanding
o Optimization dynamics
o Dealing with ‘high-frequencies’
e Synergy with Graph ML and GNNs
o For graphs with tabular features in the nodes/edges
o For multi-table problems with relations between tables
e Exploit LLM for Tabular problems
o Use textual metadata about features
o  Multi-modal datasets
e Usability

o Tooling



Questions?



I\ .
NS

-

WeierstraB-Institut fiir Leibn iz
Angewandte Analysis und Stochastik Gemeinschaft

Linearly pertubed optimization: theory and
applications

Vladimir Spokoiny ,
WIAS, HU Berlin

7. Oktober 2024

Mohrenstra3e 39 - 10117 Berlin - Tel. 030 20372 0 - www.wias-berlin.de
7. Oktober 2024



Outline

Introduction

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 2 (61)



A linear perturbation

Let f(v) be a smooth concave function,

v* = argmax f(v), F=—-Vf(v*).

v

Let another function g(v) satisfy for some vector A

g(v) —g(v") = (v —v", A) + f(v) - f(v").

Define

v° X argmax g(v),  g(v°) =maxg(v).
v v

Aim: evaluate the quantities v° — v* and g(v°) — g(v*).

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 3 (61)



Motivation 1. Statistics and stoch optimization. SLS models ‘,‘Z:y;‘f;éj‘j"

Let L(v) be a log-likelihood function. Consider the MLE
v = argmax L(v)

and the background truth

v* = argmax [EL(v).

Stochastically linear smooth (SLS) models: IEL(v) is smooth and
concave in v and ((v) = L(v) — IEL(v) islinearin v:

A =V((v)=VC(.

Outcome: Fisher theorem and Wilks phenomenon in statistics.

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 4 (61) %



Motivation 2. Quadratic penalization L‘ijé‘}

Let A(-) be concave and

v* = argmax h(v).

Consider

h(v) = [|Goll*/2,
h(v) = |Go|*/2 + (G*v", v),

g(v)
f(v)

Then Vf(v*) =0 and v* = argmax f(v).

g is a linear perturbation of f with A = —G?v*.

Outcome: roughness penalty, effective dimension, critical dimension.

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 5 (61) %



Motivation 3. Optimization algorithms

Let f be a concave function and
v* = argmax f(v).
Let also v° be a current guess. Define
g(v) = f(v) = (V[f(v°), v -7
Then Vg(v°) =0 and hence,
v° = argmax g(v).

g is a linear perturbation of f with A =V f(v°).
Outcome: Newton — Kantorovich — Nemirovskii-Nesterov theorem on
quadratic convergence of strongly convex optimization.

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 6 (61) A



Gaussian VI zf‘%}
Let IP; ~ exp f(x) . Denote by IN,, 7 the Gaussian measure with
the mean x and covariance Z~!,i.e. Nz = N (@, Z71).

x,Z

Natural candidates:
1. Laplace: @y, ~ argmax f(x), Zy ~ —V2f(x*);

2. Moments: @y, ~ E; X, Z;' = Var;(X).

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 7 (61)



Gaussian VI zf‘é'}
Let IP; ~ exp f(x) . Denote by IN,, 7 the Gaussian measure with
the mean x and covariance Z~!,i.e. Nz = N (@, Z71).

GaUSS VI (',-BVI) ZVI) - arglnfr%//(NmZ H .ZPf)
x,Z

Natural candidates:
1. Laplace: @y, ~ argmax f(x), Zy ~ —V2f(x*);
2. Moments: @y, ~ E; X, Z;' = Var;(X).

[Katsevich and Rigollet, 2023] argued for (2).

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 7 (61)



Outline

E Linearly pertubed optimization
m Quadratic case
m 2S expansions
m Linear perturbation under third order smoothness
m Uniform smoothness
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Quadratic function %

Lemma

Let f(v) be quadratic with V? f(v) = —F . If g(v) satisfy (1), then

1
v v =FA, g(v°) —g(v) = §||[F_1/2A||2-

Proof. Clearly —V?¢g(v) = —F and
Vg(v*) — Vg(v°) = F(v° — v).
Further, (1) and V f(v*) = 0 yield Vg(v*) = A . Together with
Vg(v°) = 0, this implies v° —v* =F 'A.
Taylor expansion of g at v° yields by Vg(v°) =0
1

* o [¢] * o * 1 —
g(v') = g(v°) = =5 (0" —v") F(v° — v') = —S[F 24,

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 9 (61) %



Local smoothness

Define
Sav,) = fv+ ) — ()~ (Vf(w),u) - 3 (T F0),u?),
Shv,u) = (Vf(0 + ), w) — (VF(v),u) — (Vf(0) u).

For D? < F(v) = —V?2f(v), define

def 2|63(v, u)|
W(’U) = sup W,
u: ||Dul|<r u @)
5
W' (v) def sup [85(v, )]

u: ||Dul|<r HIDU’H2

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 10 (61) %



Local concentration under 2+ smoothness L‘Z‘ 6}

Proposition

Fix v < 2/3 and r such that |[F~*/2A|| < vr. Suppose now that
f(v) satisty (3) for v =v*, D = F'/2, and w' such that

1—v—uw >0. (4)
Then for v° from (2), it holds

IFY?(v° —v*)|| < x.

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 11 (61)



Proof

with D = F'/2, the bound ||[D~'A|| < v implies for any u
|(A,u)| = [(D7T'A, Du)| < vr|Dul.
If [|[Du|| > r, then r|Du| < ||Dul|?. Therefore,
(A,u)] < vIDul?,  [Du > x. 5

Let v satisfy |[D(v —v*)|| = r.Denote w = v — v*. The idea is to show
that the derivative %g(v* + tu) < 0 is negative for ¢ > 1. Then all the
extreme points of g(v) are within A(r) . We use the decomposition

9(v" + tu) - g(v") = (A,w)t+ (V" + tu) — f(v7).

With h(t) = f(v* +tu) — f(v*) — (A, u)t, it holds

d

"+ tu) = (A u) + 1 (8). (6)

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 12 (61)



Proof. cont L‘Z‘ 4 6 j

By definition of v*, it also holds h'(0) = —(A, u) . The identity
V2f(v*) = —D? yields h"(0) = —||Dul|?. Bound (3) implies for |t| <1

|W(t) — 1'(0) — th"(0)] < ¢ |n"(0)|w'.
For t = 1, we obtain by (4) and (5)
W (1) < —(A,u)+1"(0) = h"(0) ' < =|R"(0)|(1 - —v) <O0.

Moreover, concavity of h(t) imply that h'(¢t) — h/(0) decreases in ¢ for
t > 1. Further, summing up the above derivation yields

d * 2 /
R < — — —_ .
7fh('u + tu) i IDul|“(1 —v—w’) <0

As 4h(v* + tu) decreases with ¢ > 1 together with /’(t) due to (6), the
same applies to all such t. This implies the assertion.

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 13 (61)



2S expansions ‘,‘Z‘ ‘*j

Proposition

Under the conditions of Proposition 1, with € = D~'A = F~'/2A

~ el < 290%) — 20(0) - €I < ol @

Also
o * = 3w -
ID(v° —v* —F'A)|]? < A—w)? IF-2 A2,
1+ \/_ ©
[D(v° —v7)|| < T_. IF-12A].

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 14 (61) %



Proof Zf‘%}
By (3), forany v € A(r)
* 1 * *
F0) ~ )~ 3 IDw ~ 0P| < LB - o) @
Further,
1 1
9(v) = g(v") = SIDT A = (v = v", A) + f(v) = f(v") = 5D A7
1 1
= 5P —v") ~ DA+ f(v) ~ f) + F D v (10)
As v° € A(r) and it maximizes g(v), we derive by (9)

o * 1 — * 1 —
9(v°) = g(v") = 5 IDT AP = max {g(v) —g(v) ~ D7 A}

1 " _ w «
< max {3 [Ip(w - v") - DA + S D@ - v},

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 15 (61) %



Proof. cont

Further, max,, {wl|u|® — lu — &||*} = 125 [I€]? for w € [0,1) and
& € IRP, yielding

o oy Ly _
g(v%) — g(v") - 5D A < DA,

2(1 —w)

Similarly

o * 1 -
g(v%) - g(v") - 5 DA

1 . _ w N
> s {500~ ) DAl - b —w)?)
_ w —1 4112
= 72(1+w) ID™AJ~. (11)

These bounds imply (7).

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 16 (61) %



Proof. cont

Now we derive similarly to (10) that for v € A(r)

g(v) —g(v") < (v -0, A) - THD(U —v")|1%.

A particular choice v = v° yields

9(v°) — gv") < (v° — 0", A) — - D(° — v

Combining this result with (11) allows to bound

o * l-w o a2 Lol a2 1 41012
_ -~ _ — >_7 .
(v° —v* A) 5 ID(" —v)[" = SID™ A" > 30+ )HD All

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 17 (61)



Proof. cont

For € =D 1A, u=D(v°—v*),and w € [0,1/3], the inequality
2 —(1— 2 g2 > ——“ g2
(.6) ~ (L= )l ~ €l > ]

implies

2w
+w)(l —w)

1
lu-=5¢l" < 5 5 €11

yielding for w < 1/3

[ 2w\ €l _ V3wl
||u—£H<<w+ 1+w>1—w< l—w ’
i <« (1) L ¢ Lo/l
- 14w/l —w ~ 1—w ’

and (8) follows.
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Home exercise ‘,‘Z‘ ‘* f j

It holds

2y 20 Y 2
max{w||u|* - [lu —€|*} T el

If w < 1/3, then the inequality

w

2w, §) = (1 - w)llull® = 1§]° = — €]
implies
1 2
lu— 1=l < groa=ap eI

[ 20\ llgll _ V3wl
||u—£||§(w—|— 1—|—o.1>1—(,uS l1—w
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Local smoothness 3d order ”J

(T3) There exists T3 such that for all w with |Du| < r

ss(v,0)| < ZIDul, v, w)] < FIDul.

(T1) There exists T4 such that for all w with |Du|| <r

T4 4
0. < —||D .
bs(v,w)| < 24Dl

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 20 (61)



Conditions in terms of the third (resp. fourth) derivative zf‘%}
(T5) f(v) is strongly concave, D* < V2 f(v), and

(V3 f(v+u), z9%)|

sup sup < 73.
u: |Dul|<r zeRP Dz
(T7) f(v) is strongly concave, D? < V2 f(v), and
(VA (v 4 u), 2%
Sup Sup 1 S T4
u: |Dul<r z€RP |Dz||

Banach’s characterization [Banach, 1938] yields under (73*) (resp (7;°))

(VPf(v+u),21 ® 29 @ z3)| < 73)|Dz1|| D22 |Dzs]|;  (12)
4

[(Vif(v+u),21® 200 230 24)| <7 [ ] 1Dz (13)
k=1
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3S concentration ‘,‘Z‘ ‘*j

Proposition

Let f(v) be a strongly concave function with f(v*) = max,, f(v)
and F = —V?2f(v*). Let g(v) fulfill (1) with some vector A .
Suppose that f(v) follows (T3) with r = v '||F~Y/2A|| for v < 1
and some 13 > 0. Let

s ||[FY2A| < 2v(1 —v).
Then v° = argmax,, g(v) satisfies

IF2(v° — %)l < vHET2A]

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 22 (61) %



3S expansions %

Proposition

Under the conditions of Proposition 3

27' N _
B2 Al < 29(0%) — 29(0") ~ [F2 A2
(14)
< 73 ||FY2A413.
Moreover, under (T;*)

1/2(,.0 * —1/2 3T3\ 172 412

IF=(0° —v7) —F A < —=[FRALF,
(15)

37'3

IFY2(v° — v*)|| < ||[F‘1/2A|| + = IF 24

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 23 (61) %



Proof

By (73) and Vf(v*) =0, forany v € A(r)

IN

N 1 . T3 "
F@?) = f(0) = SIF 0 - o] < 2B - o))

IN

T3 "
TIPS - o).
Further,
* 1 —1/2 4112
9(v) = g(v") = SlIF~ /7 A

= (v 0", A) + f(v) ~ f(o°) ~ [F2 AT

= —%H[Flﬂ('v —u*) —F 24| + f(v) - fv*) + %H[FW(U

(16)

- 7).

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 24 (61)
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Proof. cont L‘Z: : 6 j

As v° € A(r) and it maximizes g(v), we derive by (16) and Lemma 3

1
oy * 1/2 4112 — . ¥\ LE=1/2 4112
o(v%) = g(v") = SIF2A1 = max {o(o) - o(v") = 5IF A1}

1 _ 2 T3
< - ﬂ:1/2 o) 1/2 o 1/2 PN
_Ug%){ SIE2 (0 = 0%) = F124) 7+ 2 P20 - v") )
T3 _
< 2 |F2AYR

Now (14) follows from this and
o * 1 —
g(v°) —g(v*) — S |[F2A|?

1 N _ T N
> max {~3FV20 - 0") - F 24 - 2R - o))

> -2 [F A,
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Proof. cont %
For proving (21) use that V f(v*) =0, Vg(v°) =0,
Vf(v°) =Vg(v°) — A= —A,and —V2f(v*) = F.By Lemma 4 with
u=F1'A
[V +ET ) + A} < TIE2AP. a7
Further, by (1)
[F2vg(0* + F1A)|| = [F V2 {Vg(o* +EA4) — A+ A}
< [FAVf(ot + FA) + A < DIF2A)2
By definition Vg(v°) = 0. This yields

— * _ ° T _
IF2{Vg(v" +F 1 A) = Vg(v°)}] < gHF AP (g

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 26 (61) %



Proof. cont L‘Z: : 6 j

Now we can use with A = v* + F1A — v°
F/2{Vg(v* +FA) — Vg(v°)}

1
= (/ F12V2g(v° 4 tA) F1/2 dt> F'/2A.
0
By (1) V2g(v) = V2f(v) forall v.If |[FY/2(v —v*)|| < r,then (T3)
implies |[F~1/2V2f(v)F~Y/2 + I,|| < wt < 131 < 1/3. Hence,

[F2{Vg(0" +EA) ~ V)] > (1 - wh)[F2" — " ~FA)].

This and (26) yield

37

IFY2(0° —o" —F14)| < 1A < =2 IF2A) 2,

T3
2(1 —wt)

and (21) follows.
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A nice home exercise L‘Z‘ 6}

Lemma

Forany £ € IRP with ||€|| < 2r/3 and T with T < 1/2, it holds

3 _ 2 Z 3

ma (lul’ — lu—€]7) < Sl (19)
9 3

e (‘”“H + |u— ¢ ) H€|| : (20)

. \
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Proof %

Any maximizer u of the left hand-side of (19) satisfies
Tllulu - 2(u - €) =

Therefore, u = p& for some p, reducing the problem to the univariate case:

7€l
PR}
Define a = 7||&|| . The conditions ||&|| < 2r/3 and 7r < 1/2 imply
a<1/3 and ||p€]|| < r implies |p| < 3/2. The function

ap®/3 — (p — 1)? is concave on the interval |p| < 3/2 and hence, the
maximizer p fulfills ap® — 2p +2 = 0 yielding

1+vI-2a
a

max (Tlul® — [ —€)°) = €2 max_(

flull<z p: llp€llI<r

. el <3/2.
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Proof. cont

As a € [0,1/3], we can only use

_1-V1-2a 2 1= 2a
Pa = e 1t+vi-2a T T 01 vIo2a2

Therefore,

mae (Tl — fu— g2) = L2 ey, 1y

lull<
B 7II€I1® 8(1 + /1 —2a) — 12a < TI1€|13 ax 8(1++1—2a)—12a < 7|1€|1
3 (I++v/1-2a)* = 3 aecf01/3] (1++/1-2a)* — 2

With y = 1+ /1 —2a or —2a = (y — 1)2 — 1 = y? — 2y, represent

b(a) 8(1++1—2a)—12a 8Sy+6y>—12y 6y —4
a) = = = ,
(141 —2a)* yt y?

and the latter decreases with y > 1. As ¢(1/3) < 3/2, (19) follows.
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Proof. cont

The proof of (20) is similar. The general case can be reduced to the univariate one by

using u =

- 2 : VIT2a-1 2
Pe s i VTr2a ~ T VTt2a+1l (Vit2a+1)

yielding for a € [0,1/3]

T||€|| ps

min (Sl + lu - €]?) = + 11 (p — 1)?

<TH§||3 i 8(1+ V14 2a)+12a
= 3 ag0,1/3] 14+ V1I+2a)%

andwith y = 1+ /T4 2a or 2a = y* — 2y,

o (1+\/1+2a)+12a . Sy + 6y% — 12y . 6y — 4 .
max max ——— 2 — max =1.
a€[0,1/3] (1++1+2a)* T oy>2 y* y>2 3
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3S* results %

Proposition

Let f(v) be a strongly concave function with f(v*) = max,, f(v)
and F = —V?f(v*). Assume (T3*) at v* with D?, r, and 73
such that

4
D <F, > [DFA], mIDFAl <.

Then ||D(v° — v*)|| < (3/2)||DFA| and moreover,

ID~'F(v° — v* — FLA)|| < %HD FlA|?. (21)
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Proof

If the function f is quadratic and concave with the maximum at v*
then the linearly perturbed function ¢ is also quadratic and concave
with the maximum at © = v* +F 1 A.

In general, the point © is not the maximizer of g, however, it is very
close to v°. We use that V f(v*) =0 and —V?f(v*) = F. Then
(27) of Lemma 4 yields

[D™'Vy()|| = [[DTH{V (v +FA) - Vf(v) + A}

< %H[D FLA|2. (22)
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Proof. Cont. ‘»‘Zx : 6 j

As |DF'A|| < 2r/3, condition (75*) can be applied in the /3 -vicinity
of ©.Fixany v with ||D(v — ©)|| < r/3 and define A = v — ©. By (29)
of Lemma 4

ID"H{Vy(v) = Vg(d) +FA}|| = [[D™H{Vf(v) - Vf(0) + FA}|
< A
In particular, this and (22) yield
D™ Vg(v+ A) + FA}| < 273|DA|>.

Forany w with ||u|| = 1, this implies

[(Vg(v+ A) + FA, D u)| < 273)|DA|2. (23)
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Proof. Cont. ‘»‘Zx | 6 j

Suppose now that ||DA|| = r/3 and consider the function h(t) = g(0 +tA).
Then A/(t) = (Vg(0 +tA), A) and (23) implies with u = DA/||DA||

[(Vg(® + A), 4) + [F/2A]?] < 2m|IDA?.
As F > D?, this yields
W'(1) < 273(DA|* - DA (24)
Similarly, (22) yields by |[DF~A| = 2r/3
W) = (V) 2)] < ZDE AP DA = 22 2 D2 @5)
Concavity of g(-) ensures that t* = argmax, h(t) satisfies [t*| < 1 if

W(1) < =[(0),  B(=1) <[n(0)].
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Proof. Cont. ‘»‘Zx : 6 j

Due to (24), (25), and ||DA| = r/3, the latter condition reads

2T 2r3r  2m3r 1
2 DA| + 27 DA - [DAJ? = DA (T + T2 - 2) <.

which is fulfilled because of 73||[DFtA|| < 4/9 and |[DF1A| =2r/3.We
summarize that v° = argmax,, g(v) satisfies |D (v° — ©)|| < r/3 while
ID(¥ —v*)|| = |[DFA| = 2r/3. Therefore,

ID(v® —v7)|| <r.

This allows us to use (73°) at this point for establishing (21). By definition
Vg(v°) = 0 and hence,

ID~{Vg(v" +FA) - Vg(v°)}] < %IID[F’lA\IQ- (26)
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Proof. cont. l‘Zx‘:‘ é j

By (29) of Lemma 4, it holds with A = v* +F 1A — v°

37’3

D~ {Vg(v" +FA) = V(%) = Vig(v") A} < 5

DA
Combining with (26) yields
DA < DAl + ZpE A < oAl + DpE-t AP

As 2z < ax? + B with a = 313, B = 13||DF~*AJ]?, and
= ||DFA| € (0,1/a) implies x < 3/(2 — o), this yields

| < ©
- 2 3T§||ID F-1AJ?2

D™ 'F(v° —v* —F'A) IDF~'A]?

and (21) follows by 73||DF~1A| < 4/9.
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Lemma %

Assume (T3*) at v.Let Uy = {u: ||Du| < r}. Then

ID={Vf(w +u) - VF(w) = (V2f (@), w}]| < 3 Dul’, uels. @)
Also for all w,w; € U,

D~V (v +wi) = V2o +u)}D 7| < 75 D (us — u>|| 2
D=V £ (v +wr) — V(v +u) - V2 (v) (w —w)} | < 22 2 D — w2

Moreover, under (T,") , forany u € Uy,

DT (0 +w) = V() ~ (V2f (), ) - 5(V*f (@), )| < 2 [Duf? .
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Proof Zf‘%}

Denote

A Y Viw+u) - Viw) — (VEf(v),u).

For any vector w € IRP, (73*) and (12) imply
T3
(A, w)] < = IDu|? [Daw].
Therefore,

IDAl = sup (DA, w)| = sup [(A, D w)| < 2 |Dul?
lw]|=1 =1 2
which yields the first statement.
For (30), apply

def

A YL+ u) — V) — (V2 (), 1) — = (V3 (0), u®)

2
and use (7,") and (13) instead of (75*) and (12).
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Proof. cont. ‘»‘Zx | 6 j

Further, with 1B, def Vf(v+u)—V2f(v+u)and A=wu; —u,by (7T35),
forany w € IRP and some ¢ € [0, 1],

(D™ V2 f (v +u1) = V(v +u)} D1 w®?)| = [(By, (D™ w)®?)]
= (V?f(v+u+td), Aw (D 'w)??)| < DA [[w]?.
This proves (28). Similarly, for some ¢ € [0, 1]
(DTHVf (v +uw) = Vi +u)} = V2 f(v+u)A},w)l
= V@ ut14), A0 AeDTw)| < 2 DA fuw]
andwith B = V?f(v 4+ u) — V2 f(v), by (28),

D' BA|| < [D'BD|| BA| < DA

This completes the proof of (29).
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Lemma %

Lemma

If 2z < az®+ B and = € (0,1/a) for a3 < 1, then

B
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Proof 'Z'f‘é"}

The roots of ax? + 3 = 2z satisfy
1+ yT—aB
a (6%

As = < 1/a, we only consider

<1 \/1—aﬁ af Ié]
- o (1—1—\/1—04) I1+1—af’
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Hessian %

Assume D? < F and let some other matrix [, € M, satisfy

D™ (F -F)D7 < w (31)

with w < 1. Then for any vector u

IF~Y2(F —F)FY2 < w, (32)

F1/2 (F-1 _ F-1)Fl/2 < w

[[F/= (Fy JEE < — (33)
. |DF!D|| < IPF;D| < —— [DF-!D] (34)
14w - i - 1l—-w ’
(1 —w)|D™'Ful| < D7 'Ful < (14 w)|D™'Ful, (35)
1— 2w 1

DF 'ul| < |IDF 'ul| < ——||DF tul.

I u| < IDFwl| < 7l ul| (36)
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Proof

Statement (32) follows from (31) because of F~1 < D~2 . Define now
U F-1/2(F, —F)FY/2.Then |U|| < w and

1
Y2 (= F Y FY2) = (I +U)7 — I < T IUI
yielding (33). Further,

IDE ! ~F YD = [DF R E -F)FF'D|
= |DF'DDHF - F)D ' DF'D||

< IDFD|HDEB] DT (F - F)DT| < wlIDFD.

This implies (34).
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Proof. cont

Also, by D? < F
ID™'Fiu| < ID'Ful + [D7HF — F)D Dyl < ||D” Ful| +w ||Dul|
< ID7'Fu| 4+ w||DT Fu|| < (1 + w)|D™ Ful,
and (35) follows. Similarly
IDEF —F Hul| = [DFHE - F)F
IDFy'D D (F, —F)D ' DF |

IN

D~ (Fr = F) D] IDF DY [|DF

w

IA

IDF~

1—w

and (36) follows as well.
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Outline

Kl Fourth order approximation
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Fourth order approximation ”j

Proposition

Let f(v) be a strongly concave function with f(v*) = max, f(v) and
F=-V2f(v*),andlet f(v) follow (T3) and (T;") with some D?,
T3, T4, and r satisfying

3 4 1
D?<F, r=SDF A, nIDFlA| <, nlDFA)® <. @7

Let g(v) fulfill (1) with some vector A and g(v°) = max,, g(v) . Then
[D(v° —v*)| < (3/2)||DFLA||. Further, define

a=FY{A+VT(F'A)}, (38)
where T (u) = £ (V3 f(v*),u®3) for u € RP. Then

ID7IF(v° — v* —a)| < (ra/2+72) IDF A3, (39)
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Proof
Proposition 5 yields (21). By (73*)

D™ Fa —F~A)| = D! VT (F~A)]

— sup 3[(T.F'AQF 'AeD 'u)| < %HD[F*AH?.

]| =1
As D™'F > F'/? > D, this implies by 73||[DF A < 4/9

IDal < [DET'A| + DF VT (FA)|

11
< (1+ FIDFA]) IDF 4]l < - [DF 4|
and
IF2a —F-124] < 2|DF A2,

(41)
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Proof Zf‘%}
Next, again by (73*), forany w

ID~! VAT (w)D Y| = sup 6’ (T,w (D~ u)®2>’ < 73]|Dw|| .

lull=1
The tensor V27 (u) is linear in u, hence for any ¢ € [0, 1]
D~ VAT (ta+ (1 —t)F 1 A) D!
max{[[D~ V2T (' A) D71, [P VAT (a)D7 1}
3 max{|DFA[, |Dall}.

IN

A

Based on (41), assume |[DF~1A| < ||Da| < (11/9)|DF~1A|| . Then (40) yield
ID™'VT(a) -D VT (F A
=D ' VT (ta+ (1 - t)[F*IA) DY DF Y (a—FtA)|

73 IDF'A|? |Dal < > 3 IDF-1 A2,

I /\
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Proof Zf‘%}
Further, —=V2f(0) =F, VT (a) = 1(V?f(0),a ® a) . By (30) and (41)

D"V f(a)+Fa—VT(a)}

IN

11/9)3
( /2) T4|||D[F—1AH3

T4 3
—||Da|]® <
" |Dal” <

IN

2 DFtal?.
3
Next we bound HID_l{Vg(a) - Vg(v")}” .As Vg(v°) =0, (1) and (38) imply

ID~{Vg(a) — Vg(v°)}|| = [|[D"'Vg(a)|| = [|[D"'{Vg(a) + Fa — VT (A) — A}||
< IID‘l{Vf( )+Fa—VT(a)}| +ID"{VT(a) - VT (A} < 01, (42)

2 2
where & & 7—AL—’_TT:BHID F~A|, and by (37)

1
31301 = 13||[DFTA|| 74 |DF A2 + 273 DF AR < <3 @
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Proof %
Further, V2g(0) = V2£(0) = —F, and (29) of Lemma 4 implies

ID~*{Vg(a) - Vg(v°) + Fla—v°)}|

= [V (@) - VI(0°) + Fla— ")} | < °2[B(a— o) "

Combining with (42) yields in view of D? < F

_ o 3T o 3T _ o
ID7'F(a — v°)|| < " [D(a—v°)|* + 01 < DT Fa— v°)P + 01

As 2z < ax® + [ with a = 373, =24, ,and z € (0,1/a) implies
x < /(2 — af), we conclude by (43)

2 2
D@ - )] < T < B2 DA,
— o731

and (39) follows.

Linearly pertubed optimization: theory and applications - 7. Oktober 2024 - Seite 51 (61)



Outline

1 Quadratic penalization
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Quadratic penalization

Here we discuss the case when g(v) — f(v) is quadratic.

The general case can be reduced to the situation with
g(v) = f(v) — ||Gv]|?/2. To make the dependence of G more
explicit, denote f(v) & f(v) — ||Gvl|?/2,

*

v* = argmax f(v),

vg, = argmax fg(v) = argmax{ f(v) — ||Gv||*/2}.

v

We study the bias v, — v™* induced by this penalization.
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Quadratic case %

Lemma

Let f(v) be quadratic with F = —V? f(v) . Define
S = —G*v*.
Then it holds with F; = F + G?
vt —vhE = F;'Se = -F;'G*,

: P 1, .
fo(wg) = fo(w") = SlIF6"*Scl* = 5 IIF6" G|
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Proof %

Quadraticity of f(v) implies quadraticity of fo(v) with
V2fq(v) = —Fg and

Via(v") = Vfa(vg) = Fa (vg —vY).

Further, V f(v*) = 0 yielding V fg(v*) = Sg = —G*v* . Together
with Vfg<’v*G> =

0, this implies
vt — v =F;'Se.
The Taylor expansion of fq at v, yields

* * 1 * * 1 —
fo(v") = fo(v) = —5lIFd*(v" = v3) P = =5 IF" Sl

and the assertion follows.
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&y

A general case under (73")

Proposition

Let fa(v) = f(v) — ||Gvl||?/2 be concave and follow (T3*) with some
D2, T3, and r satisfying

D? <Fg, r>3bg/2, T3bg<4/9,
where b = |DF;' G*v*| . Then
ID(vg — v)| < 3bg/2.
Moreover,
D~ Fe(vg — v* + FZ'G?o¥)|| < == b,

* * 1 - *
[2/ewE) - 2fev") - SIFE 2 G%0" || <
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Proof zf‘é'g

Define gg(v) by
96(v) = 96(vg) = fa(v) = fa(vg) +(GPv", v —vg). (44)
The function f¢ is concave, the same holds for g from (44).

Hence, Vgg(v*) = 0 implies v* = argmax go(v) . By definition,
Vf(v*) =0 yielding Vfg(v*) = —G?v* + G*v* = 0.

Now the results follow from Propositions 5 and 3 applied with

f(v) =ge(v) = fa(v) — (A,v), g(v) = fe(v), and
A = G*v*.
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Penalization bias under fourth-order smoothness

Define Fg = —V2f(v*) + G*, S¢ = G*v*, and
mg = F;'{Sc + VT (F;'Sq)}
with 7 (u) = ¢(V? f(v*), u®?).

(T;7) f(v) is strongly concave, D* < V2 f(v), and

(VA (v +u), 2]
sup sup 1 > Ty
w: |Dul<r z€RP Dz
Typically 75 < n~'/? and 7, < n~"'.
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An advanced bound ‘,‘Z‘ ‘*j

Proposition

Let f be concave and v* = argmax,, f(v). With Fg = —V2f(v*) + G*. Let
f(v) follow (T5*) and (T;*) with some D?, 75, 74, and r satisfying

3 4 1
DZS[FG7 rZEbG7 Tgbg<§, T4b2G<§.

with b = ||DF;' G2v*||. Define
mg = F; {G*v* + VT (F;'G?v*)}

with T(u) = L(V3 f(v*),u®3) and VT = (V3 f(v*), u®?). Then

2 2
ID~'Fo(v* — vl —mg)|| < 2225

< BTy
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Lecture 2

B Statistical inference for nonlinear regression. DNN training.

B Gaussian variational inference

B Bayesian optimization
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Outline

Statistical inference
m Linear and SLS models
m Nonlinear regression. Theoretical study
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Statistical problem. Penalized maximum likelihood L‘Z: 6}

Let L(v) be arandom function, v € T C IRP, p < 00.
Given a quadratic penalty ||Gv||*/2, define

Le(v) = L(v) — [|Gv]*/2.

Consider

~ 1
g = argmax Lg(v) = argmax{L(v)— §||G’U||2};

1
vg, = argmax [E Lg(v) = argmax{E L(v) — §||G’U||2};

v* = argmax [E L(v);

Aim: describe the estimation loss U — v* and the prediction loss
(excess) Lg(vg) — La(v*).
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Point of departure: a linear model zf‘%}
B Alinearmodel Y =¥ v + ¢
B aquadratic penalty peng(v) = ||Gv||?/2.
B Penalized MLE: with F; & @@ + G2
vg = lFalWY ,
~ « —1/2
2L (D) — 2La(vy) = | Fg " *@el.
where v}, = F;'WEY .
Loss, bias-variance decomposition:
Vg — vt = F;'We + F,'G*v*,
- o []2 _ _ _ .
E||Q(D¢ —v)||" = tr{QF;' Var(Pe)F'Q"} + [|QF ;' G*v™|*.
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SLS models zf‘%}

Stochastic component ((v) o L(v) — EL(v) islinearin v:

V¢ E Ve (w);

The function f(v) = IEL(v) is smooth and concave in v .

Consider

1
Vg = argmax Lg(v) = argmax{L(v) — §HGU||2};

v

1
vy, = argmax [E Lg(v) = argmax{E L(v) — §HG’UH2};

v

v* = argmax [E L(v);
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Conditions

(Ce) The function IE L (v) is concave on 1" which is open
and convex setin IR? .

(¢) The stochastic component ((v) = L(v) — IEL(v) is
linearin v, V{ = V((v) € R".
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Smoothness conditions L‘Z: 6}

f(v) = ELg(v) is smooth: for k = 3 (and may be k = 4)

(T35) f(v) is strongly concave, D* < V2 f(v), and

(V3 (v +u), 29%)]
sup sup 3 <
w: [Du|<r zeRP Dzl

T3 .

Banach’s characterization [Banach, 1938] yields for k > 2
(VEf(v+u),z1®...@zk)| < 7|Dz1] ... Dzl

If f(v) = [ELg(v) scales with 7, then the same holds for V¥ f(v) and

T3Xn71/2, T4xn71.
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Deviation bounds for V(
By (), itholds for ((v) = L(v) — IEL(v)

V((v) = V(.

(V¢) There exists V2 > Var(V() st. € & V-1v¢

satisfies for any considered x > 0 and B € I,
P(||B'%¢]| = 2(B,x)) < 37,
2(B,x) € tr B+ 2vx tr B? + 2x B
Alternative formulation: on £2(x) with IP(£2(x)) > 1 — 3e™*

1BY/%€|| > =(B,x).
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SLS models: Fisher and Wilks expansions zf‘é'}
With the metric tensor D from (73), define

rp =2(Bp,x), Bp % Var(DF;'V(), Fg=Fg(v).

Theorem (Fisher and Wilks expansions)

Assume (Cg), (€), (V) ,and (T3*) with D, r, and 75 s.t.

3 4
D*<Fg, r>5tp, T3Ip<g,
2 9
Then on (2(x)
1 e " 1 37—3 —1 2
| D~ Fa(vg —vg — Fg' V()| < T IDFg V(][®,

12L6(Dc) — 2La(vg) — ||FS*VC|?| < = | DFGVC|P.
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Smoothness and bias L‘Z‘ 6}

Compare

1
v, = argmax{lEL(v) - §||G'u||2}, v* = argmax [EL(v).

Proposition

Let
be & || DF;'G*v*|.
Assume (T,") with r = (3/2)bg andlet T3bg < 1/2. Then

3
ID Fg(vl — v* + FL'G20%)|| < f b2, .
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Expansion for PMLE ‘,‘Z“ ‘* f j

For any linear ()

Qe —v* = Fg' V¢ + Fg' G*v)|
37’3

< IQFG' DIl == (IDFG" V| + bp)

Linearly pertubed optimization: theory and applications - 8. Oktober 2024 - Seite 11 (60) %



Risk of estimation

Fix (): IR? — IRY and define

PD ©F b Var(DIF;'V(), bp = ||[DF;'G*v*|,
def _ _ *

P = trVar(QlFGIVC), be = ||Q1FGIG2'U I
def

o = B{|QF; (V¢ — G*v")|? Tow} < po + by .

~ 3 .
E{[|Q(B6 —v")l| Tow} < #4° + |QFG' DIl = (o + b1)

(1—aq)’Zq < E{||Q (V¢ — v) ||’ Low } < (1 + ag)*%q

. F-'D| (3/4 b2
provided o & 19FG DI (3/4)m (op +bB) _

Ve
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Effective and critical dimension. Full-dimensional case ‘,‘Z‘y;‘% j

With 7 = A\pin(D?), Q = D = n'/2I,, and Z¢ = pe + b2,

.ZE{||7L1/2 (’BG — 'U*)H2 ]I_Q(X)} = %G(l + T3\/gg).

A sharp bound under 73,/pg < 1 and T3bg < 1.

Critical dimension: with 75 =< n~1/2

P K n.

Linearly pertubed optimization: theory and applications - 8. Oktober 2024 - Seite 13 (60) %



Nonlinear regression x? 6}

Let observations Y7, ..., Y, follow the nonlinear regression model

with independent zero mean errors ¢; .

Target parameter 8 € © C IRP for p large/infinite.
Example in mind: @ codes the architecture of a DNN.
Aim: estimation/inference on 6.

Least squares estimation (Gauss, Legendre):

6 = argmin |Y — m(X;,0)|>.
Z]

Problems: L(@) is not concave, the gradient V((6) = Vm(0)e of the
stochastic component depends on 8, both SLS assumptions fail.
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Enforcing a stochastic linearity by calming

Calming = (pre)smoothing + relaxation + regularization.
(Pre)smoothing (or dual representation/kernelization/observables):

Z-—&Y, & R"— RY.
Further, define M (6) def @ m(6) and represent
Y=m(@)+e — DY =n+Pe and n~ M(0).
Then ||[Y — m(0)]|? transforms to
1BY —n* + A|@m(8) —n|* = | Z - nl* + \|M(8) — |

with a Lagrange multiplier A . Leads to

2.2(0,m) = —~||Z —n|*~A|M(0) — 1],

2.25(0,m) = —11Z — 0>~ |M(0) — n|*~(|GO|* — || ]|
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Procedure zf‘é'}
Consider (with A = 1)

1 1
2(0,m) = ~5ISY ~nl = J|Sm(6) - u|
1 1
= ——||Z —n|?-<|M(6) —n|?
S1Z =l = 51IM(8) — |
V¢ is given by

1 1 1
Zo(v) = 2(0.m) = 5|1 Z ] — 5IM(8) 0]~ 3GO|I>.

vg = argmax .Zg(v).
veYl

Profile MLE: 6 = argmax max .Zg(v).
0 n
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Definitions z'ﬂ“‘; 3

With m* = [EY and M* = Sm*
v* = argmin {|M* —q|*>+|M(0) — |},
v=(0,n)€T

v = argmin {[|[M* —n[* + M) —n|* + [|GO|*} .
v=(0,n)€T

*

The 6 -component 8* of v* (resp. 8, of v;) solves the original
problem in which the smoothed response Z = SY is replaced by the
auxiliary parameter n* (resp. N ):

6" = argmin | M(6) — n%|?,
0co

0. = arggﬁ@lin{!\M(O) —ngll* +1Ge|*} .
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Conditions. Warm start x? 6}

Let

D?*(6) = %VM(H) VM) = %ZQ:VMj(G) VM;0)" € Mm,.

For an initial guess 6@, define Dy = D(6,) and
e° = {0 ||D0(0 - 00)” S I‘()}

(0™) Itholds " € ©° and 6, € ©°.
Conditions of this kind are often applied in nonlinear optimization for
studying, e.g. Gauss-Newton iterations; see e.g. [Gratton et al., 2007].
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Conditions. Smoothness / self-concordance L‘ijé‘}

With
D?*(0) = %VM(O) VM(0)", D,= D(8,),

assume
(VM) Forsome wt <1/3 andany 6 € ©°, it holds

(1-wh) D} < D*0) < (1+wh)D2.
(VEM) For k € {2,3,4} and small » > 0, uniformly over

0 € ©° and u € IR?

q
> (VEM;(8), u™)® < 572 | Dou**.

j=1

Linearly pertubed optimization: theory and applications - 8. Oktober 2024 - Seite 19 (60) %



Errors %
For ((v*) = Z(v) — EZ(v), it holds

7= (re) = se)

Bounding V( can be easily reduced to a similar question for Se .
(Se) The vector Se satisfies for all considered x > 0

P(||Se| > 2(V?x)) < 3e,
where
V2 ¥ Var(Se) = S Var(e) ST,
AV2 %) € Vir v+ /2x [ V2]

[Spokoiny, 2024b], [Spokoiny, 20243a].
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Full dimensional information matrix and identifiability ‘,‘Z“ ‘*j

With
1 2 1 2
2(8.m) = —5|1Z —n|l” - 5IM(6) —n|
it holds

Fo(v) < —vlsfc(v):< Fg(v) —VM(O))

~VM(©)T 21,
with the upper left diagonal block

Fo(v) < VM(@O)VM(0)T + zq:{Mjw) — 0} V2M;(6) + G2

Define .7 < F(v§).
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Full dimensional information matrix and metric tensor Zf‘%}
With
2 1 T
D(8) = 5 VM(8) VM(6)
and D? = D*(0¢,), define

D? = block{D?* T} .

Lemma

It holds

2 2\—1
L, ((DP4263)7 0
5ar <2 (P2 0,

q
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Main results L‘Z‘ 6}

With Mo = (G?60*,0), define

p = |D.F5' Mc| < 2| DF;'G?07)|.

Theorem

Let rp = 22(WV?2 x) and

oN
-
(V)

1
4’

NoR N \V)

rox < I‘oZ%(I‘D\/bD), Tg(I‘D\/bD)<

It holds on (2(x) with for any linear mapping ) on 6
|Q{0c — 6" — (Z5'V()o + (F5' Mc)o}||

3T
< QDI = (128el® +b3) .

Linearly pertubed optimization: theory and applications - 8. Oktober 2024 - Seite 23 (60) %



Risk bounds %

Also, define

PO def i) Var{Q(ﬁglvg)o},
Fo 2 B{|Q(Z5'VC)0 — QT3 Mg)o||* o }
< po+ |Q (F5' Me)el*.

With pp = IE||D F;'V(||* < 2 it holds

3 _
B {[[Q@s — 6" Low } < v%q +11Q D7 5 (o +b3)

. W
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Critical dimension z'ﬂ“‘; by

Define the full effective dimension

pp = B||2Se|* < 40® ¢

The effective sample size n is defined via the constant s¢ from
(VM) . We use

T3 X X n~12,

The results require

pPc K n.
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Outline

H Sstructural modeling: Examples
m Matrix completion
m Gaussian mixture
m Deep Neural Networks
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Matrix complition ‘»‘Zx 6}

Suppose that a matrix Y = (Y;;) € IRP*9 is partly observed with noise:
Yij = Xij e, (i,4) €6,

where G describes the “design”. The goal is to recover the matrix X = (X;;)
under a “low-rank” condition. The latter yields the representation

X=UAV =) Munv,,, (1)

where A = diag(A1,...,\), U = (uq,...,u,) € RP*",

V = (vy,...,v,) € RP*", and the vectors u,, are orthonormal in IR? while
v, are orthonormal in IR?. In the case when all the eigenvalues A; are different
and ordered by absolute values |A\1| > ... > |\.|, representation (1) is unique.
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Matrix completion and identifiability

Let now (7) be a collection of “templates” in RP*%, k=1,..., K . Atypical
example is of the form

T = diag(d;) 1,x diag(d),

where 1., is the matrix of ones in IRP*? and (d1,...,d,), (01,...,d;) are

obtained as independent Bernoulli r.v’s. Informally, we include in the template 7
each row ¢ with probability a1 ; and each column 7 with probability a ;. Define

AT) E (X, Ty = Y T Xy
(i,9)€G

2(T)E (Y, Ty= Y T,Y.
(i,5)€G

Also introduces “observables” Z;, and the image parameters zj

Zk =Y, Te), 2z =(X,Th)-
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Matrix completion and identifiability ‘»‘Zx 6}

The whole set of parameters include orthonormal vectors U = (uq, ..., u,) in
R? and V = (vy,...,v,) in IR?, the vector of eigenvalues
A= (A1,...,A) ", and the image vector z = (2;,) leading to the log-likelihood
1 1 &
LU.V.Az2) = 5|2~ P Zyzk —(Th,UAVT)[?
2D
1 K 1 K T 2
2 T
L I S D pp e 18
k=1 23 m=1

(Near) orthonormality of the u.,, 's and v,,, ’s can be enforced by the penalty

p(lUTU ~Lf + V'V = L)
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Full dimensional information matrix and identifiability ‘,‘Z‘y;‘% j

Identifiability of the model is supported by a penalty Z 92 )\2 on the eigenvalues
A1, ..y Ay With 91 o< gr . Finally, to distinguish between w,,, and —u,, ,
add the penalty U — E||%, =, [[um — e ||* for given orthonormal vectors
e,, and similarly for v, .

In total

K
1 1
LUV Az) =512 -2 - 5> |z~ (Th, uAvT|?

”

Hg 2,2
- ?] Z m)"m

m=1

/10
(||UTU L3+ V'V -L|%)

He : :
-5 (U= El&+V - E'&)- (2)
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Full dimensional information matrix and identifiability

The whole procedure includes the following steps:

Fix a collection of templates 75 and compute Z = (75, Y) ;
Fix the matrices E = (ey,...,e,) € RP*" with E'E =TI,
and similarly E' = (€},...,€e.) € R with E''E' =TI,
Solve the maximization problem © = argmax,, .Z(v) for
Z(v) from (2) by alternating optimization.

Build /)\(/ using the solution v e.g.
X = U diag(A Z)\ U D, .

If necessary, redesign E and E’ and repeat.
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Gaussian mixture L‘ijé‘}

With ¢(x) = C exp(—||z|*/2), consider

fl@) = /¢(w;m)du(m,o)- )

Usually, the mixing measure o is discrete with well separated atoms
{(mk, O'k), ke e%/} :

B = Z M ]Imk,ak .

ket

Then p = g with 8 = {(ux, mi,0%), k € A}, where >, pp = 1.

flw) = fl@.0)= 3 mo(= ).

ket

Later we consider i = fig = Y ; ik, Oy, 0, -
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Gaussian mixture L‘Z: 6}

Let X; bei.id.from f.Consider the problem of recovering the mixing measure
from the data. Given a family of test functions (1/;(x)) , define the observables

def 1
Z; = ;Z%(Xz')-
1=1

One example is given by a collection v; () = (|| — @;||*/s7) for akernel ¢, a
fixed set of points x; and scalings s;, j < ¢g. Denote

bi(m, o) /ipj(a;)gb(w’m) dx

g

Under (3), it holds

B2 = [vy(@) f@)de = [ [ vy(@)6(E") du(m o) do

g

= /¢j(m,a) du(m, o) = p(y;).
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Gaussian mixture

The calming device suggests to introduce the image parameter z and the extended
log-likelinood .Z(v) = £ (0, z) with

def 1 1
2(0.2) " 12~ 2~ Sz~ po@)|?,

where (19(¥) is a vector in IR? with the entries

pe (Vi) = Z i Vi (Mg, o) -

ket
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Gaussian mixture. Identifiability L‘Z‘ 6}

To overcome the issue of identifiability problem, introduce a penalty

def
pen, (n) = Y sk,
ket

where %,3 strictly increase with & . Such a penalty ensures identifiability if the true
weights u}, of each component ¢, -, are significantly different. Unfortunately, the
problem is not completely resolved if there are different components with nearly the
same weights 11} . One possibility to make it fixed is by using an additional penalty
pene(0) based on the distance of each mean my, from the origin (or any other
fixed point my ):

def
peng(m) = Y ||Gmu?,
kext

where the matrix GG identifies the distance from each mean my to the origin. In

particular, one can use G* = diag(g3) with g3 strictly increasing.
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Gaussian mixture L‘ijé‘}

Altogether leads to the following approach: for v = (0, z) = {(ux, M, o%), (2;)}
and pen(v) = pen,,(0) + peng(m)

Vg

arginax{f(v) — % pen(v)}

1 1
= argmax{—2||z —z|]* - §||Z — 1o (®)|?

1 1
DI LD D3

ket ket

The structural penalty ||z — 19(%)||? creates some difficulties for the analysis,

however, it is deterministic and smooth in the scope of arguments.
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Deep Neural Network with one hidden layer zf‘%}
Let, for an input vector & = (1,,,) € IR?, the hidden layer transformation is given by
) = g(a+We),

where @ € RP, W : R? — R?, and o is a coordinate-wise activating function,
e.g.

o(t) = A log(1 + e).

The transformed vectors 1) enter in the logistic regression model for binary labels
Y

P(Y =1| z1)) = softmax(zV), P(Y =0 | zW) =1 — softmax(z) .

The structure of this neuronal network is described by the structural parameter
v=(a,W).
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Deep Neural Network with one hidden layer 4 iéj

Now consider the statistical problem of inference about this parameter given
independent data (X ;,Y;) . The corresponding log-likelinood involves the fidelity
term L(Y,zMW) =3, (Y, m:) with £(y,n) = yn — log(1 +e"),

N = softmax(a:z(-l)) and the structural terms || X — o(a + WX)||2. We also
add some penalty on @ = (a;) and W = (wy,;):

1 1
pen(a) = S| Tal? = 53" a2 T2
J

1 1
pen(W) = §<g, W>2 = §Zw3nj 72nja

m,J

with 7; and G,,; polynomially growing in j . This enables us to identify the most
informative nodes in the hidden layer and control the overall complexity of the

network.
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Deep Neural Network with one hidden layer 4 iéj

This results in maximization of the penalized log-likelihood

ZL(a, W, X)) = L(Y, softmax(X V) — Hx(l ola+WX)|?
1 2 1 17\ 2
—5lTal* =5, W)

with a Lagrange multiplyer 1. The structural relation xM = ocla+WX)is
relaxed and replaced by the structural penalty %HX(D —o(la+WX)|?.
Introducing the auxillary variable XM s not mandatory, one can use

XM = g(a+ WX). However, it can be useful, e.g. for an additional penalization.

One example of choosing the penalty on a and W is given by 7;-2 = cajw , and
gfnj = gj? = cij fore.g. 8 = 2 and some constants c,, C,, . Any prior
information about the input features X can be incorporated in the penalty
coefficients A, leading to a structure G, = G2, + G7 , e

Ghj = cam® +c,j? .
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Multilevel DNN z'ﬂ“‘; 3

This construction extends to a K -layer network using recurrence
X®) = g(a® Wk x k=1
for k=1,...,K and X® = X . This leads to the log-likelihood

.,ng(X(l),a(l),W(l), o ,X(K),a(K),W(K)) _ L(Y,X(K))

K

1

—5 (||X(k) o(a® + Wk xE=1y) 2 L7k g ||2+<W(k)7g(k)>2>
k=1
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Outline

Kl Gaussian Variational Inference
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Gaussian VI zf‘é'}
Let IP; ~ exp f(x) . Denote by IN,, 7 the Gaussian measure with
the mean x and covariance Z~!,i.e. Nz = N (@, Z71).

GaUSS VI (',-BVI) ZVI) - arglnfr%//(NmZ H .ZPf)
x,Z

Natural candidates:
1. Laplace: @y, ~ argmax f(x), Zy ~ —V2f(x*);
2. Moments: @y, ~ E; X, Z;' = Var;(X).

[Katsevich and Rigollet, 2023] argued for (2).
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Some literature L‘Z: 4 6 j

[David M. Blei and McAuliffe, 2017] Variational Inference: A review
for statisticians

[Zhang and Gao, 2020] Convergence rates of variational posterior
distributions

[Wang and Blei, 2019] Frequentist consistency of variational
Bayes

[Han and Yang, 2019] Statistical inference in mean-field
variational Bayes

[Challis and Barber, 2013] Gaussian Kullback-Leibler approximate
inference

[Alquier and Ridgway, 2020] Concentration of tempered posteriors
and of their variational approximations

[Lambert et al., 2023] Variational inference via Wasserstein
gradient flows
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Representation of the KL-divergence L‘Z‘ 6}

The VI approach assumes minimizing of the KL-divergence
JH (INg 7 || IPy) over all feasible x,Z . Here we rewrite this problem
in terms of local parameters a and S'.

Lemma

Forany x and any Z , it holds
1
H (Paz|| Py) = C + 5 logdet(Z ") - g —Ef(z +7,).

with C depending on f and p only.
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Representation of the KL-divergence

With C; % log [ e/@+W dy, and C, = (27) /2 forany u € RRP

dIPy

du
APy 7

du

(x +u) = e O f(@te)

(z +u) = C, det(Z1/2) e~ 1Z"2ull*/2

This yields with v ~ N (0,Z~1) and v ~ N(0, I,)

AP, 2
dP;

-ZEw,Z IOg

1 1 _
= Cy+1logCp — Ef(z +7,) — 5 Blly|* - ; logdet(Z),

and the result follows in view of E||v||> =p.
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Z -vicinity

With F = —V?2f(Z), represent Z in the form
27 =F1248 o FYAZTVRRVA =, 4+ FYASEYY

A vicinity of F using Kullback-Leibler divergence ¢ (INz f || Nz z)

Lemma

Let Z7V/2 =F~Y/2 + S and U = FY/* SFY* fulfill |U|| < v < 1. Then
K (Nzf | Nez)

= —logdet(llp+ﬂ:1/4S[|:1/4)+%tr{[]: 1/2_|_S }

= —logdet(IL, —i—U)—i—trU—i—%tr(lFSz) ;tr([FSQ). (4)
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Proof %

For two Gaussian distributions IN r, IN; 7 with the same mean &
H (Nog | Noz) = - {~log det(FZ) + tr(FZ ! — I}
= —logdet{Fl/Z(F*1/2+S)}+§tr{[F F/?+9)? — I}
= —logdet(IL, + U) + %tr([FS2 + 2F1/289)

and (4) follows by = — log(1 +x) > 0 forany z > —1.
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VI as optimization problem ‘,‘Z‘ ‘*j

Consider symmetric matrices S € 901, such that for some v < 1
|FY4SFY/4| <. (5)
With v ~ N(0,1I,), a € RP, and S € M, satisfying (5), define
H(a,S) ¥ —logdet(F/2 + 8) — Ef(Z +a+ (F 2+ S)y),

(@, S) & argmin H (a, S) .
(a,5)

Then the VI problem leads to minimization of the function H (a, S) :

(3,2) def argmin % (P z || IPy) = (:T: +a, ([F_l/2 + §)—2).
(2,2)
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VI problem revisited
For X ~ Py e/(®)  consider

z=E;X, ¥X=Va(X), F=-Vif(z).

Consider

H(a,S) ¥ —logdet(F 2+ ) — Ef(Z +a+ (F >+ S)y),
(@, S) ¢ argmin H(a,S).
(a,5)
Aguess (a,S) = (0,0) . How far from the solution (@, S)?

Technical issue: anisotropic smoothness in a and S directions.
Fix Z~'/2 = F~'/2 + S and optimize w.r.t. a.
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Score %

For Z~Y/? = F~Y/2 + S fixed, consider H(a) = H(a, S)

a ¥ argmin H(a) = argmax Ef(Z 4+ a + Z/?~) .

a

—

Main step: compute A = VH(0) and % = —V2H(0).

Aguess: .Z ~F = —V?f(z), A~ 0 up to fourth order.
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Hessian %

Fix a and consider

h(t) = —Ef(x +ta+Z *y).

Lemma

The function h(t) = H(ta) is strongly convex and satisfies

W'(t) = —(EVf(Z +ta+2Z*v),a%?).

Concavity of f(-) implies convexity of /.
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Evaluating h" (0) %

Lemma
It holds with F = —V2 f(Z)

W'(0) = —IE (V2f(Z + v,), a®?) ,

and with p = tr(DF'D) and o = |DF'D||

|W'(0) — a'Fa| <

a2 29 g2, ®
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Proof %

It holds

Forany u € IR?,

(V2@ +72), ) + (V2] (@), u2) + (V] (@), 7, © )|
< 57Dz | Dl
With p = tr(D?F 1)
B|D, | =

Further, IE(V3 f(Z), v, ® a®?) = 0 and (6) follows.

. W
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First derivative x? 4 6 j

Define for any direction a

ht) = —Ef(z +ta+2Z?~).

Lemma

It holds with p = tr(DF'D), a = |DF~

Qa1

| (p—i—Oz)

(0) :

IPaf + = IDal.
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Proof %

With v, = Z_1/27 , Taylor expansion of V f(& + -y;) yields for any
u € IRP
(V@ +7z),u) = (VF(@),u) — (V2f(Z),7; @ u)

1
—§<V3f( ), 7 ©7z @ u)| < - 7 [Dyz ]| Dl (7)

o:\»—'

Also by Laplace approximation

<>41

_ 1
V@), a) - BV (@), 7 @ v @ a)] < 5 |||D I
Now we apply (7) with w = a and E||Dvg|]® < (p + a)3/2 . The use of
E(V2f(Z),vf ® a) = 0 yields

74 (p + a)3/? Qa

6

|E(Vf(@+Z?y).a) < IPall + 7 IIDall
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Accuracy

Theorem (3-bound)

|F%a —F'2A|| < rllF2A)°

Theorem (4-bound)

|F'/%a —F A —F'2VT(FA)|| < ¢(73 + m)IF/2A|P.

. \
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Agenda

 What is machine learning (short intro)
 How we train machine learning — SGD
e Approaches to reduce variance

e Towards adaptive SGD

* Polyak step-size, MoMo
 D-Adaptation

[ I

JU pyt\_r

i:"-“- MBZ



Quick Intro to ML

Problem formulation, notation, algorithms, ...



What is Machine Learning Fg mbz

ML is part of Al where algorithms/tools learn and improve from
experience without to explicitly program it

ﬁroblem: Assume you are software\

engineer and need to write a program
that decide in on given image is a
human.

| : 3 % ﬁ " !
Question: How would you approach gas J—_Tf% /\ ? (\ (R'

this problem? /|

i1
f M ' \ E ﬂ | I
/ -\"-l- |5+{4:6 f i \ /
=0 Ty e g
%is / i o
Vi C
et f
— | P + \0




. : . Fand
Goal: Predict label for given input, how? flons YEZ
Choose a family of prediction functions ¢(a, x) parametrized by x € R4

Example: linear predictor ¢(a,x) = a’x

Task: Find a good parameter x !

(a;,y;) ~ Distribution

L= ga0) =y,

Choose a loss function to measure the success/failure

il BE e et
Pl

prediction true label




ini ad
Training procedure #5 Bz

miim  E'[f(¢p(a;; x),y;) ]

(a;,y;) ~ Distribution

Sample n points 1.1.d.
{(a;,¥;) }i=; ~ Distribution

v

1w 1
min flx) = ;; f(o(a;x),y;) = ;;fi (x)



e Large dimensior
o™ ¥

((\6
f¢ &0 = Q

Q ~ Includes:

Linear systems
Linear regression
Logistic regression
Binary classification
Neural networks




The “Size” Challenge in ML!

-

Mg

M'IK

Models are getting larger and
training takes months! -

~

Megatron-Turing NLG (530B)

Turing-NLG (17.2B)

)

Bloom

GPT-3

ESMPFold

LaMDA

WuDao 2.0

Gato

Hugging Face and BigScience

OpenAl

Meta Al

Google

Beijing Academy of Artificial Intelligence

DeepMind

176 billion

175 billion 1 GPT-2 (1.5B)

-

Expensive and energy
Intensive!

4

https://research.aimultiple.com/large-language-model-training/
https://huggingface.co/blog/large-lanquage-models



https://research.aimultiple.com/large-language-model-training/
https://huggingface.co/blog/large-language-models

Stochastic Gradient Descent (SGD) — (SG?)

The-State-Of-The-Art (SOTA) for Training DNN




g

Stochastic Gradient Descent o

E Adobe

n is big

x€ER4

1 n
min f<x>=52fi<x>
=1

H. Robbins and S. Monro
A Stochastic Approximation Micthad
Annals of Mathematical Statistics 22, pp+400-407, 1951

Sutton Monro
was professor at Lehigh University

MBZ




Stochastic Gradient Descent Fig ez

stepsize

Xp+1 = Xk — N Vfi(xg)

E[Vf;(x;)] = Vf(xy) i = chosen uniformly at
random
Unbiased estimate of the gradient

Each iteration n times cheaper U
5 . o 10—1 I

than 1 iteration of GD s

s Kingma, DiederiEPmarPleimmy Ba
oDF Adam: A method for stodhastlc.opilmlzam 20—
Over 3B8ABDR ithtiDOs I Aasd6 AR
Time Thours]



SGD - How it works?




SGD - How it works?




SGD - How it works?

Jupyter
&




o

e
oo

Analysis of SGD

STOCHASTIC
SRADDATINT
TESSENT




":}é MBZ

Assumptions

» functions f(x) are convex, L-smooth and u — strongly convex

e stochastic gradient g, = Vf;(x)
has bounded second moment /

Elllgll*] < G*




. . ‘3:-51 MBZ
Convergence guaranetees - Derivation

L
f) Sf(x)+(Vf(x),y—x)+§||y—x||2

FGern) < F0) + (TG, ~nVFiGed) + 51| = nVi |1
2

L
fGtiern) < £+ TF (00, =110 + == 11 el

2

L
EIf Gl = £ < £Cu) = £ = n6VF i) EL geliel) + Il giel 21k

ﬁGZ
%

E[l1gxl1?] < 6

E[f Ccre)lo] — 7 < fOa) = £~ = nll VAG)|I* +

Ln? IVEGIIZ =2 pu (f(x) = f7)
Elf s xp]l = < fle) = =2 p (f(xp) — ) +TG2

L
EIf Gres) el = £ < (1 = 20m) (F0) = £7) + G



A "g-g MBZ
Convergence guaranetees - Derivation

3 AL
Elf (xr4)] — 7 < (1 = 2un) (E[f(x)] = f7) + TGZ
Ln? re = E[f(x)] - f*
M1 < (1 —2un) 1y + TGZ
Q: What can we show about ry ? IDEA: Find the fix point!
Ln? . Ln
2 4 u
. Ln?
Putting together Tesr1 —F < (1 —2un) 1, — # + — G2

2
: ] Ly 2 2
Ty — 7 < (1—2un)rk—r+2nun02 = (1 —2un)r — 7+ 2nu

o
Teer — T < (1 —2un) (ne—7) B=—=) ] k 5 o
+1 TR < EG + (1 —2un)* (ro—7) Jupyter



Decreasing variance

‘}é MBZ

Var|g,] is causing the algorithm to get confused near optimum solution!

Q: How can we make Var|g,] smaller?

9 = Vi)

Var[gi] < 5 lzzleg Var([Vf; (xx)] =

4 - )
Mini-batch SGD
Sc{12,..,n} g = 5] ; Vfi(xx)
\_ J

Q: Should we pick large mini-batch from beginning?

{1}
ISI Var([g,’]



How fast is SGD?

* k * Ln 2
E[f(xp) = f1<@=2un)* (f(x0) = f)+—G

4p

4 I
Idea #1.:
Start with large step size (learning rate) if we
; are far and decrease it when close to solution! WWMM
\ /\
5 \ 4 N
= . Idea #2:
stepsize . .
— o.01 Reduce variance by larger batch-size and use
0.005 \\/‘v larger step size!

10-2 { — 0.001

0 25 50 75 100 12'5\15'0 175 = ' ' ' j'

0 50 100 150 200
Epoch

Epoch
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GPU - larger batch-size does not mean slower

0.0200

0.0175 A

0.0150 A

0.0125 A

0.0100 A

0.0075 -

0.0050 +

time per gradient computaton |S]

0.0025 -

log,(b)






Smoothing g mez

e choosing only one function (or a mini-batch) can be very noisy

e could we reuse past gradients (with decaying weight) - as a proxy for full
gradient? What do you think?

SGD

Xk+1 = X — N VE(Xy)

SGD + momentum
my1= pmy + (1 — ) VEi(xg)
Xk+1 = X — N Mpyq

Is it weighted average
e usual choice of 3 € (0.95,0.99) or just weighted sum ¢

o let TNy — 0, then 71j is weighted sum of the past gradients!



Smoothing Is it weighted averagef

M= By + (1 — B) Vii(Xi) or just weighted sum?

m, = 0
my = (1 - B) Vf;(xo)

m; = Bmy + (1 - p) Vfi(x4) = B(1 - B) VE;(X9) + (1 — B) Vf;(x4)

_____ \
my, ='<1 B) Tk, B Vi (x)

SGD + momentum
. o Myyq

Xk+1 = X — N Mp4q




Feature
Scaling and SGD

notation change

Xk — Wk

f(x) » F(w)



Training Deep Neural Networks (DNNs) ::'f‘g_v‘- MBZ

Hierarchy of
neurons connected
Multiple types of
“layers”

Can have large
number of layers

in some
architectures!
Billions or
parameters to tune

input retina LGN Vi V2 v3 LocC

https://neuwritesd.org/2015/10/22/deep-neural-networks-help-us-read-your-mind/



Training Deep Neural Networks (DNNs) %t MBZ.
4000 con 19,5 )
3000 pooling 10.0-
2000/ 7.5] 2
D= s0 3
I 1000
mes o ldea #3:
10 We should use different learning rate 01
. -networks/lenet.html
for different layers / features!
20 Y,
5 300 N
2_
5] 100
. 0 . ‘
0105 10-3 10-1 10-° 103 100 O g 10-3 10-1



AdaGrad

‘I
|
10—1 J
|
Y
type
— SGD
1072 ; AdaGrad
0 50 100 150 200

Epoch

J~| John Duchi Elad Hazan Yoram Singer: Adaptive subgradient methods for online learning
PF J and stochastic optimization, JMLR 201



k

AdaGrad G = diag Zgl ON//;
=

J s ]
Wiy, = Wy — 7]

Adadelta
e extension of AdaGrad seeks to reduce its aggressive, monotonically decreasing learning rate
e instead of accumulating all past squared gradients, Adadelta restricts the window of
accumulated past gradients to some fixed size T How to implement it efficiently?

G = dzag(zl SN0 )
Gr = BGr_1+ (1 = 8)gr ® gs

Matthew D. Zeiler: ADADELTA: An Adaptive Learning Rate Method, 2021



Adam i MBZ

e Adam "combines" momentum with Adadelta

e Adam is storing an exponentially decaying average of past squared gradients

Vo = 0 Uk41 =— 52’% + (1 e 52)% ) gk
e Adam also keeps an exponentially decaying average of past gradients (similar to momentum)

mo = 0 =

\u
we)
Kingma, Diederik P., a ca“ for stochastic optimization, 2014




Algorithm 1: Adam, our proposed algorithm for stochastic optimization. See section 2 for details,
and for a slightly more efficient (but less clear) order of computation. g7 indicates the elementwise
square g; ® g¢. Good default settings for the tested machine learning problems are = 0.001,
B1 = 0.9, B2 = 0.999 and ¢ = 105, All operations on vectors are element-wise. With 8¢ and (3¢
we denote 3; and 2 to the power t.

Require: «: Stepsize
Require: (1,3 € [0,1): Exponential decay rates for the moment estimates
Require: f(#): Stochastic objective function with parameters ¢
Require: 0,: Initial parameter vector
mo < 0 (Initialize 1% moment vector)
v + 0 (Initialize 2™ moment vector)
t <— 0 (Initialize timestep)
while 6; not converged do
t—t+1
9: < Vofi(0:_1) (Get gradients w.r.t. stochastic objective at timestep t)
my < B1-me_1 + (1 — B1) - g« (Update biased first moment estimate)
vy < B2 - vi_1 + (1 — B2) - g2 (Update biased second raw moment estimate)
m¢ < my/(1 — 8%) (Compute bias-corrected first moment estimate)
vy < v /(1 — B%) (Compute bias-corrected second raw moment estimate)
0; < 0,1 — o - M /(v/0 + €) (Update parameters)
end while
return 0, (Resulting parameters)




) ) ) ffzg.%émaz
Practical considerations

e despite having a constant step-size in the algorithm (AdaGrad, Adadelta, Adam) practitioners
use “learning rate schedules”

Pytorch schedulers

Ir_scheduler.LambdalLR

Ir_scheduler.MultiplicativeLR @
Ir_scheduler.StepLR

Ir_scheduler.MultiStepLR 77]{‘
Ir_scheduler.ConstantLR /8 _I_ f‘}/ . k
Ir_scheduler.LinearLR

Ir_scheduler.ExponentialLR

Ir_scheduler.PolynomialLR

Ir_scheduler.CosineAnnealingLR

Ir_scheduler.ChainedScheduler N k'
Ir_scheduler.SequentialLR 77]{‘ ~ 770 X /-}/
Ir_scheduler.ReduceLROnPIlateau

Ir_scheduler.CyclicLR

Ir_scheduler.OneCycleLR

Ir_scheduler.CosineAnnealingWarmRestarts




ResNet32 on CIFAR10

ResNet32 on CIFAR10 With Weight Decay

ResNet32 on CIFAR10 Without Weight Decay

90 = 20 B |
o 80 93.0
, B0 iy S w— IS o2 |
O g5 kré 70 015
g 70 92.0 ‘S 91.0
O stsy | O 90.5
% 60 8% 150 160 é(J 60 a0 150 160
50 50
'2 — AdaHessian —— OASIS - Fixed LR IS-J —— AdaHessian —— OASIS - Fixed LR
40 —— Adam —— OASIS - Adaptive LR 407 | —— Adam —— OASIS - Adaptive LR
30 AdamwW OQASIS - Momentum 30 Adamw OASIS - Momentum
SGD — SGD
207520 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
Epochs Epochs
—— AdaHessian —— OASIS - Fixed LR —— AdaHessian —
100 —— Adam —— OASIS - Adaptive LR
AdamwW OASIS - Momentum
SGD
B
10!
1072

PDF

0

20 40 60 80 100 120 140 1
Epochs

Majid Jahani, Sergey Rusakov, Zheng Shi, Peter Richtarik, Michael W. Mahoney, MT: Doubly
Adaptive Scaled Algorithm for Machine Learning Using Second-Order Information, ICLR 2022

20 40 60

Epochs

80 100 120 140 160

«:-‘E_g;_‘-maz




Hutchinson’s method

Majid Jahani, Sergey Rusakov, Zheng Shi, Peter Richtarik, Michael Mahoney, Martin Takac

OASIS: Doubly Adaptive Scaled Algorithm for Machine Learning Using Second-Order Information ICLR’22




3 . og e . i ;':'\..;
Diagonal Hessian Preconditioning / Scaling flans Y04

® standard approach in optimization

e simplest - diagonal matrix P° — diag(sz(w))

—1
Wi+1 = Wt — UtP Vfg (”U)t) \
expensive to
compute
e ADADELTA, ADAGRAD, Adam - use past gradients to
approximate P st =Bsi1+ (1 —B)g: © gy

P = Z%Qgi 2 5t
/2 s



Diagonal Hessian Preconditioning / Scaling

® standard approach in optimization

e simplest - diagonal matrix P° — diag(sz(w))

Hutchinson’s method to estimate diagonal of Hessian

+1, with prob. 0.5
yA
—1, with prob. 0.5

diag(V*F(w)) = E,[z ® V*F(w)Z]

After taking IID, randomly drawn from

Rademacher distribution

EXxpectation
21 5 hir hi2\ (21  [hii1t +hpp O
29 hor  hoo ) \ 22 hor 0 + hoo1



Relative Error

OASIS vs ADAHESSIAN

- AdaHessian

— ()ASIS
Hutchinson

10°

400 600 800

Samples

0 200

'“:5:5‘- MBZ

Dy, = BoDy—1 + (1 — B2) diag(gk © VQF(wk)Zij)

8

Diogonal Approx.

|
S}

10000 Samples
*e ° :u.).. '.'.:-o:’ ™
LI Rl S S
. &z"‘}l .ch“.
® AdaHessian
m OASIS

— 1ii’:‘3:,/.

»

>

’P

<

Uk

(D)5 = max{| Dy

-2 -1 0 1
Diagonal(A)

-3

ADAHESSIAN: An Adaptive Second Order

Optimizer for Machine Learning Zhewei Yao,

Amir Gholami, Sheng Shen, Mustafa Mustafa,
Kurt Keutzer, Michael W. Mahoney, 2020

2

3

iy X

(1—B) ¥ iey DiD;

1— B

1
J



Adaptive Learning Rate it mez
e Fixed step-size is too conservative
e (Qasis extends work of Konstantin Mishchenko and Yura Malitsky
[Adaptive gradient descent without descent, ICLM 2020]

OASIS Algorithm

Input"woﬂ?o;DmQO = 00

iterate k =1, 2, .

I mln{\/l + G171, 2([V F(wy, ) — w(wfkm J

W41 = WE — Ukﬁ;ZlVF(wk) 9"‘ = nzkl




Adaptive Learning Rate

memm AdaHessian (Ir=0.03125)
AdaHessian (Ir=0.0625)

log(F—F"™)

AdaHessian (Ir=0.125)

AdaHessian (Ir=0.25)

10°

AdaHessian (Ir=0.5)

mmmm AdaHessian (Ir=1)

logistic regression (A = 1/n); rcvl

L ™
) -
TN

10

20 ; 30 40
Iteration

=== AdaHessian (Ir=2) = O)ASIS

AdaHessian (Ir=4)

logistic regression (A = 1/n); rcvl; 40 Iterations

107!

10-3

0.955

Test Accuracy
e
g

=
o
-
[

== AdaHessian = = (ASIS

-5 -4 -3 -2 -1 0 1 2

log>(Ir)



i MBZ
Convergence Guarantees e

Theorem

Let F(X) is twice differentiable, with Lipschitz continuous
gradient with parameter L.

Then

e |(vp)i| KT <VdL, Vie{l,2,...,d}
36 < 2(1 — B)I" such that ||Dy1 — Dillee <0, VEk

recal:. Di=p08Dr1+ (1 —7) diag(fk ® VQF(‘wk)Zij)

Vi



'ff:'gogmaz
Convergence Guarantees

Theorem

Let F(X) Is twice differentiable, convex with Lipschitz
continuous gradient with parameter L. Then

{ Fiy) — F* < € 4201 — BT }

2||wi—w*||% +llwi—woll%

o o T 00 4 9y (F(wo) — F(w)),

2.,.0.
Qr = 2oy (2252w — wi|1® + E2EE2 i — w*|?).




Convergence Guarantees

Theorem

Let F(x) Is twice differentiable, (41-strongly convex with
Lipschitz continuous gradient with parameter L. If

C}:4M4 3 3
B = max{l — I (a2, 2 LTy L — 4LF(2a2 2+L3r2 }. then

B T

where

T = flwgr — w5, + gllwisr — willp, 4 200(L 4 00) (F (we) — F(w")).

In paper we show also convergence for non-convex and stochastic version of OASIS.



Logistic Regression - Batch Setting

F(w) = 1377 log(1 + e %% ™) + 2||w)|)?

rcvl rcvl
o B 101" AdGD
0.9 e _1 - AdaHessian
0.8 | 10 —— OASIS
g ' 0.945- 10—3_
§ 0.6 0-94400 350 400 »g 10-7
§0.5 W 109
0_4.' AdGD 10—11_
—— AdaHessian 5
0.3 —— OASIS 107"
0 100 200 300 400 0 100 200 300 400

Number of Effective Passes Number of Effective Passes
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Nonlinear regression - Batch Setting Py o

Fw) = 1377 (g — 1/(1 + e~ ¥))?

ey rcvl
AdGD

S —— AdaHessian
> 100 —— OASIS
o 0.8
3 _
< 0.7 §
L]
0
0.6 = 6 x 10-1

—— AdaHessian
0.5 —— OASIS
0 100 200 300 400 0 100 200 300 400

Number of Effective Passes Number of Effective Passes



SAGA: A Fast Incremental

Gradient Method With

Support for Non-Strongly Convex Composite
Objectives

Aaron Defazio
Ambiata *
Australian National University, Canberra

Francis Bach
INRIA - Sierra Project-Team
Ecole Normale Supéricure, Paris, France

Simon Lacoste-Julien
INRIA - Sierra Project-Team
Ecole Normale Supérieure, Paris, France

In this wor
SAG, SDC
algorithms
hind SAG
for compo

like SDC2

Accelerating Stochastic Gradient Descent using
Predictive Variance Reduction

tive to any
showing 1

Rie Johnson
RJ Research Consulting
Tarrytown NY, USA

Stochastic gradi
convergence asy
lem, we introdw
descent which w
and strongly con
vergence rate as
Average Gradien
intuitive. Moreo
age of gradients,
some structured

Tong Zhang
Baidu Inc., Beijing,

China

Rutgers University, New Jersey, USA

SARAH: A Novel Method for Machine Learning Problems
Using Stochastic Recursive Gradient

Lam M. Nguyen' Jie Lin' Katya

Abstract

In this paper, we propase a StochAstic Recur-
sive pradient algoritHm (SARAH), 15 well as its
peactical variant SARAH+, as a movel approach
to the finite-sum minimization problems. Dif-
ferent from the vanilla SGD and other modern
stochastic methods such as SVRG, 526D, SAG
and SAGA. SARAH admits a simple recursive
framework for updating stochastic gradient esti-
mates; when comparing to SAGSAGA, SARAH
does not require 3 sorage of past gradicnts. The
linear convergence rate of SARAH is proven un-
der strong convexity assumption. We also prove
a linear convergence rate (in the strogly convex
case) for an inner loop of SARAH, the property
that SVRG does nol possess. Numerical exper-
iments demonstrate the efficiency of our algo-

Scheinberg ' ¥ Martin Takis '

£ regularized logistic regression for binary classification

is written with 4 oxpl —yirT w)) + 3llwl?

(wi € {-1,1})-

In recent years, many advanced optimization methods have
been developed for problem (1) While the objective func-
tion is smooth and convex, the traditional oplimization
methods, such as gradient descent (GD) or Newton method
are often impractical for this problem, when n - the num-
ber of training samples and hence the number of f's - is
wery lange. In particular, GI updates iterates as follows

wir =y = HVPw), ¢=0,1,2

200

Reducing

MOHAMED BIN ZAYED
UNIVERSITY OF

ARTIFICIAL INTELLIGENCE

Variance of SGD




SAG/SAGA

« Minimizing Finite Sums with the Stochastic Average Gradient, Mark Schmidt, Nicolas Le Roux, Francis Bach 2013
«  SAGA: A Fast Incremental Gradient Method With Support for Non-Strongly Convex Composite Objectives, Aaron
Defazio, Francis Bach, Simon Lacoste-Julien, 2014




Research Question: Can we modify ':5:-51 MBZ
SAG / SAGA - IDEA SGD to achieve convergence without
“tricks”

Requirements: choose and evaluate gradient for ONLY one stochastic function f;(x)

stored

10 20 f2(0 fa@) fo® | f20) | fe(® f gfaii;;nts
0 0 0 0 0 0 0 0 l
& when

* Xo computed

» pick stochastic function fs
* compute gradient and store in table



SAG / SAGA - IDEA

Research Question: Can we modify
SGD to achieve convergence without
“tricks”

Requirements: choose and evaluate gradient for ONLY one stochastic function f;(x)

f1(x)
0

f2(x)
0

£330 | fa@ fo()

0 0 Vfs(xo) 0

X0

X0
pick stochastic function fs
compute gradient and store in table

1
update x; = x, — 77521’3’1'0

f7(x)
0

fs(x)
0

&
S

‘}é MBZ

stored
gradients

VP

when
computed



o
SAG / SAGA - IDEA TS

Requirements: choose and evaluate gradient for ONLY one stochastic function f;(x)

stored
10 20 f3(0) fa®) | fs@® | fe®) fa(x) f graii;nts
0 0 0 0 Vfs(xo) 0 Vf7(x1) 0
Xo Xq
& when
X computed

» pick stochastic function f;
* compute gradient and store in table



o
SAG / SAGA - IDEA wg MB

Requirements: choose and evaluate gradient for ONLY one stochastic function f;(x)

stored
10 20 f3(0) fa®) | fs@® | fe®) fa(x) f graii;nts
0 0 0 0 Vfs(xo) 0 Vf7(x1) 0
Xo Xq
& when
X computed

» pick stochastic function f;
* compute gradient and store in table

1
e update x, = x; —77§Zi3’i1

Question: should it converge to optimal
solution (with fixed step-size)?




Fnd MBZ

SAG / SAGA o
Vf (x ) if fl;n%tl_on I was selected
o i\Ak/) at K-th iteration
(SAG) / Al ylk_l otherwise

Xk+1 = Xk _77<VfL(xk) i + z han 1) l

(SAGA) Xk+1 = Xk — 1 (Vfl(xk) =T +% Ziyll(_l)

Theorem:
k
Elllxx — x*|I?] < (1 —5 (M:Jr L)) : (leo —x*||? + * )
Pros: Contra:

® Linear convergence rate! e Extra storage!
Need to store

o H

gradients.



SVRG: Stochastic Variance Reduced Gradient

Accelerating Stochastic Gradient Descent using Predictive Variance Reduction, Rie Johnson, Tong Zhang, 2013
A Proximal Stochastic Gradient Method with Progressive Variance Reduction, Lin Xiao, Tong Zhang, 2014




Research Questlon_: How to eliminate .:5__.‘._ i
storage in SAG? <

® Modify stochastic gradient (decrease variance overtime)

The Idea

1. choose x

set X = x

.fork=0,1,2, ...

choosei € {1,2,...,n}

Xey1 = X — N(Vfi(x) — Vi (%) + VS (X))

Vg

SIS

Unbiased stochastic gradient: E[v|x;] = Vf (xy)
Second moment can be bounded (by suboptimality):

Elllvill? 1 < 4L (f Cx) — f*+ f(2) = f7)




Convergence of SVRG it MBZ

o
® Choosen <% andm € N
such that a = - e |
un(1—-2Lmym 1-21Ln
® Choose Xt € {xg, X1, ..., X;y—1} randomly, then
E[fE) - f1<aE[f(X)—f]
Note: For fixed step-size n we do not converge to optimal solution!
“ & °
S0 A SO o ) ;Q:Restartlng

ElfGD) - 7] = o BIf(E) - /7]




SVRG Algorithm

® How to choose “m” in algorithm?
(PS: theory too pessimistic)

\ ”m” too Smalll

gOOd llm”

600 A Simple Example with SVRG

400

200 -

— “m” too large!

-400 -

-600 . : & . :
-600 -400 -200 0 200 400 600
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Sensitivity of SVRG on “m”

SVRG (cpvtype) |

10 | | T
0 10 20 30 40
Number of Effective Passes
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Research Challenges i

e SAG/SAGA - large extra storage!
Can we eliminate it and keep linear convergence?

® SVRG - Performance sensitive on “m”
Can we restart based on runtime criteria?



SARAH

SARAH: A Novel Method for Machine Learning Problems Using Stochastic Recursive Gradient
Lam Nguyen, Jie Liu, Katya Scheinberg, MT, ICML




The New Stochastic Gradient

® \We want
v~ VE(Xy)

e We also want to use only one function f;(x) to define
the stochastic gradient

Vi1 = Vfilxer) — Vfi(xg—1) +vi

® A little bit similar to momentum v, = 0.95 v;,_41 + 0.05 Vf;(xy)



The Big Picture

e |t does restarting (like SVRG)
e Is “similar” to SAG/SAGA, but DOESN’T need extra storage

choose xy, compute vy = Vf (xp)

. setx; =x9 — Y vy

.fork=1,2,....m

choosei € {1, 2, ...,n}

update vy = Vf; (xx) — Vfi (Xk—1) + V1
sel Xk4+1 = X — NV \

DA WN R

No extra storage is needed!



SARAH is Conditionally Biased

® Recall: VU = Vfl (Xk) e Vfl (xk—l) e V-1
We have
E[vg| Fl = Vf (xx) — Vf(xg—1) + v = VF (Xp)

conditioned on {xq, X1, ..., Xj—1}

However, it holds that E[v, | = E[ Vf (x})]

— %]
L
T e EIITE Gl

<.I _MTZ Vi f:(x) is strongly convex
SARAH is con§lergi g(#om where)!

Theorem: f(

2 b «—— f(x) is strongly convex
(=)
E[llvell*] = 1




SARAH Convergence i mez

® Choosen < %, and m such that
1 nL

= + <1
un(m+1) 2 —nl

(04

o |et
X € {Xg, X1, cier X1}
e Then
E[IVFEDIN*] < a-E[IIVf(xo)lI*]

Ok, this is similar to SVRG (a little bit better), but still ....

why it is cool?



*:'-":‘9-“- MBZUA|
SARAH Demonstration

- RCV Dataset : SVRG and SARAH
~ need full gradient
o ~ after restart

—_— Variance of SVRG
IS decreased after
each restart

Estimate of v,

Variance of
——rFISTA - SARAH goes to
1o ! ! ! Zero

[s] 5 10 15 20
Number of Effective Passes




SARAH Demonstration

600

400

200 -

-200

-400 f.

-600

600 400 200 0 200 400 600

A Simple Example with SVRG

600

400

200

-200

-400 |

-600 - — L
-600 -y -200 0 200 400 600
X
1

)/~ Early termination

5.:-’:'::-“- MBZUA|

A Simple Example with SARAH




SARAH+




SARAH+ Fi wez
Fact #1: Size of update is shrinking

It doesn’t make sense to do many tiny steps!

Heuristic: Restart algorithm when ||vg||? < y||voll?

| qu]. | |

1

)/zl—o

good performance
across many datasets

10” T T T T
0 5 10 15 20 25 30
Number of Effective Passes



Dataset SARAH SVRG SAG SGD+ FISTA ‘_4:& |
‘ (m*,n*) | m*n) | o) | @) | @) g mezual
covtype (2[1, 0.9/]_:) (n, 0.8/.[_4) 0.3/L 0.06/L 50/L One haS to tune
ijennl (0.5n, 0.8/L) (n, 0.5/L) 0.7/ 0.1/L 90/L
news20 | (050, 09/L) | (m, 0.5/0) 01/ | 020 | 30/ parameters to get a
revl (0.7n, 0.7/L) (0.5n, 0.9/L) 0.1/L 0.1/L 120/L gOOd performance!
Not for SARAH+!
10° A I covape ! 10% & : : ijr.l'_nnl :
(71N
:\ 1075 [ 1075 ] ‘6.. L
I
~
>§ —f{—saran+ —t—saran+
— 107 - [-O—saAraH -1071° | —(—SARAH -
S SVRG SVRG
SAG SAG
SGD+ xscm \Q
=3¢=FISTA =3—FISTA N
107 I 10715 I I T b I T
0 10 20 30 40 5 10 15 20 25 30

Number of Effective Passes

Number of Effective Passes



Fixed Low i MB2Z

Method Complexity Learning Storage 44
Rate Cost
GD O (nklog(1/e€)) v v
SGD O (1/e) X v
SVRG O ((n+ k)log(1/e)) v’ v
SAG/SAGA © ((n+r)log (1/e€)) v X
SARAH _ O ((n+ k)log (1/¢)) v v

N

Practical variant available
More cases already covered:

® Smooth, convex objective function (sublinear rate)

® Smooth, non-convex objective function (sublinear rate)

® Smooth, gradient dominated function (linear rate)



Training Loss

Test Error

CIFAR1O !

0.11 1 I L 1.6
0.108 - —=f=—sARAH L 1.s8— f—saran L
—o-SARAH+ -o-SARAH'l-
0.106 SVRG L 1.56— SVRG L
0.104 AdaGrad LR $Adﬂ@r&d L
. ] - w -
SGD-M S SGD-M
0.102 31-52— ~
0.1 -~ 1.57] —
=i
-
0.098 o 1.48— L
H
B
0.096 1.46— ~
0.094 — 1.44— i ~
0.092 1.2 —
0.03 T T T T T T T 1.4 T T T T
0 50 100 150 200 250 300 350 40( 0 100 200 300 400 500
Number of Effective Passes Number of Effective Passes
MNIST | CIFAR1O |
0.023 L 1 \ | | 0.53—
—I—SARAH —|—SARAH
0.022 =O-sarag+ | 032 —O-saran+ | [~
SVRG SVRG
0.0214 AdaGrad | | 0.517] AdaGrad | [
SGD-M H SGD-M
9 0.5+ -
. H
0.02 ]
L 0.49— —
0.019 b
B 0.48— —
0.018
0.47— —
0.017 0.46— b
——_
0.016 T T T T T T T 0.45 T T T T
0 50 100 150 200 250 300 350 40( 0 100 200 300 400 500

Number of Effective Passes

Number of Effective Passes
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The step-size issue ...... 43

ALL algorithms discussed so far — we need to PICK step-size n Q: why? How to make it better?

e assume that f(x) is convex and L-smooth, i.e. ||Vf(x) — V(DI < L||x — y|| then

-

IF n S% THEN Gradient Descent

converges to optimal solution!




9153,%“- MBZ

Backtracking Line-Search

pick x, and initial estimate L, € R, ,
iterate k =0,1, 2,3, ...

repeat

choose n = i define x =x; —n Vf(x;)

F FG) < f@) -5 IVfGIP

Xepq = X ; break

ELSE

r SGD
1 e o Can W

e do the same fo

Lksz/Z

‘ ;i; | Yurii Nesterov: Gradient methods for minimizing composite objective function







NMonsak (Polyak) Step-Size

lwesr — w*[|* = lwe — gV F(we) — w*|*

= ok — w2 + 2wy, — w', —nV F(wy))
+ 72| VF ()

Bopuc Monsk

[ F* — F(wg) > —(VEF(wy), w, —w*) }
< Nwg — w*||* = 2n(F(wg) — F*) + 0°|| VF (wg)||? /[ be replaced}

min by lowerbound

g \ Fwy) — F*

?? ==
IV E(we) |2




Stochastic Polyak Step-size (SPS) o

Wit1 = Wr — MV fi(wg)

7
o Jilwg) — f}
|V fi(wr) |2

N Loizou, S Vaswani, | Laradji, S Lacoste-Julien: Stochastic Polyak step-size for SGD:
An adaptive learning rate for fast convergence AISTATS 2020



Stochastic Polyak Step-size (SPS) “i3 wez

SPSmax: N = min{ filwe) — 1‘ } }

z"‘*..-’b'
e[V fiwr) |12

in many ML problems, we can choose f: e 0
Assumption

o = E[fi(w’) - J] = F* = E[J?] < +o

ﬁl’heorem

if f; is L; smooth, F'(w) is u strongly convex and ¢ > %
. , . o 2
vn  Ellwx —w) |2 < (1— o)y — w2+ 222

: 1
where ¢ — MmiIN { s,
K { QCLma,.r

} , Lma:c — INnax Lz'
1

»

s

N Loizou, S Vaswani, | Laradji, S Lacoste-Julien: Stochastic Polyak step-size for SGD:
PF J An adaptive learning rate for fast convergence, AISTATS 2020



Stochastic Polyak Step-size (SPS) g mezun

Logistic loss
107!
—- sps max (1) =< sps max(5)
1072 —e— sps_max (100) sgd (le-1)
sgd (le-2)
0 10 20 30 40 50

epoch

N Loizou, S Vaswani, | Laradji, S Lacoste-Julien: Stochastic Polyak step-size for SGD:
PF J An adaptive learning rate for fast convergence, AISTATS 2020



Stochastic Polyak Step-size + Interpolation i MBZ

>
Tt
F(w) = lZfz(w) filw) >0 Vie {1,2
i—=1 Question #1
(interpolation assumption Why we should use
ILet’s assume that: Jw* € R?: fi(w*) =0 Euclidean norm?

L.
Question #2
Why linearize? vaz(wh)

fazio, Michael Rabbat: Stochastic Polyak Stepsize with a

sz_fz(lb‘k)




Polyak Step-Size With Scaling gLk

e Stochastic Polyak - the same step size for all features! Can we improve it?

" Wiy = arg min ||w — wkszmg(v\ change
\such that fz(wk) + <Vfg(wk)7 w — wk) =0
r i
fi(wy) - Ay
Wgt+1 = Wk diag(v) "V f;(w
e (7o e e ML

Adding scaling
to Polyak step size



Polyak Step-S

ize With Scaling and Curvature

e How can we include curvature information?

/

Wi41 = arg min H’LU ’wsz

such that fg (wk)

diag(v
(V filwg), w - wk)

—O

SR

4

MBZ

Could replace by Hessian
approximation with rank1

-

.

suchthat fi(wr) + (V fi(wg), w — wy) +

Wi41 = arg min ||w — wkH
1

2

diag(v)

—(w — wp) 'V fi(w — wy) =

N

0
/

[ HARD to solve }




Polyak Step-Size With Scaling and Curvature '55:3-;5 MBZ

fi(w) = ¢i(z; w — y;)

Lemma 3.1. (SP2) Assume f;(w) is the loss of a generalized linear model (10) and is non-negative.
Let f; = f;(w?) for short. Let a; == ¢%(z; w — y;) and h; == ¢% (! w — y;). If

a? — 2hif; >0 (12)
then the optimal solution of (7) is as follows
wt-l—l — wt _ % 1 — \/be — Zhif": Li . (13)
h, al ) Tl

Alternatively if (12) does not hold, since f; > 0 we have necessarily that h; > 0, and consequently
a Newton step will give the minima of the local quadratic, that is

L gyt T T (14)
hi |||

w

Shuang Li, William Joseph Swartworth, MT, Deanna Needell, Robert M. Gower: SP2: A
PF ] Second Order Stochastic Polyak Method, ICLR 2023



Polyak Step-Size With Scaling and Curvature ':’5:5'- MBZ
Lemma 3.3. (SP2") Let g; = V f;(w?) and H; = V2 f; (w?)

()2
wttl = wt— filw )g L fi(w’) <Htgt’g;§)’vt+l, where v't! = [ I — fZ( ) gt, (20)

4
lgell® ™ 2 llgel® ot ||gt||

colon-cancer-0.3-grad-iter-reg-0.00e+-00 colon-cancer-0.3-loss-iter-reg-0.00e+00

—+— SGDMO0.3 SGDMO0.3
10° —4+— SPMO0.3 SPMO0.3
' —+— SP2"M0.3 SP2tM0.3
| —— SP2L2"M0.3 SP2L2+MO0.3
=10 \N—-— SP2L1+M0.3 SP2L1+M0.3
> 19 —e— SP2max*M0.3 SP2max™™0.3
- ADAM ADAM
102
0 100 200 100 200
Effective Passes Effective Passes

Shuang Li, William Joseph Swartworth, MT, Deanna Needell, Robert M. Gower: SP2: A
PF ] Second Order Stochastic Polyak Method, ICLR 2023






Adding Momentum, how ?

1

Wy = arg min my (*w) + Q—H’w — *wkHQ
w .

k
1 i . ,
— p_ E p;?fj(w) with pj = E p? [ HARD to solve }
k45

j=1

my(w) = max{ ij (fj(w;) + (Vfij(w;),w —w;)) ,O}

Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower
MoMo: Momentum Models for Adaptive Learning Rates



Adding Momentum, how ? 1
Wh41 = arg mm mh(w) -+ 2—”w — wy||?
Tk

k k k
dp = Zp?vfj(wj) Sk = ZP?JCJ(W}) Ik — ij <vfj(wj) w_}>
J=1 j=1 j=1

Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower
MoMo: Momentum Models for Adaptive Learning Rates



How it works?
—®— adam —@— momo —®— momo-adam sgd-m —8— adam —@— momo —®— momo-adam sgd-m
1.0 1.0
0.8 1 0.8 1
© ®
8 8
% 0.6 % 0.6
= =
2 2
= =
< 0.4 = 0.4
= =
0.2 1 0.2 -
00 L T T 00 T T T T
109 1073 101 10! 103 104 102 10° 102
Learning rate Learning rate
(a) ResNet110 for CIFAR100 (b) ResNet20 for CIFAR10

PDF

Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower
MoMo: Momentum Models for Adaptive Learning Rates




C @& github.com/fabian-sp/MoMo/tree/main 3

:= README.md

MoMo

Pytorch implementation of MoMo methods. Adaptive learning rates for SGD with momentum
(SGD-M) and Adam.

Authors: Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower

Installation

You can install the package with

pip install momo-opt

Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower
MoMo: Momentum Models for Adaptive Learning Rates
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Al-SARAH
Adaptive and Implicit SARAH




% MBZUA |
Research Challenge

® SARAH produces smoother trajectories than SGD
® we still need to pick a learning rate
can we develop an adaptive strategy for SARAH?

(1 — 2uLaye

E[||fut||2]<{(1 oL — DET) v F(we)ll?

-

Q- pick ) that will minimize v

Y 4



'3'? MBZ
An Example

Logistic regression




40

30

20

10

|m .'..-.‘__r. -n I"_l-.'lﬂl mas . . l.:.l-l ' =

Effective Pass

L
A Al-SARAH - step-size
m—— Al-SARAH - step-size upper-bound
LU lb‘-maxi"?"PiWH
=== AI-SARAH - step-size {(moving avg.)
| | [ | |
0 5 10 15 20 25 30
10-1 ——
l---“-\-___ T
([« _""‘-'-\—___‘__‘_—_——
| 103 \ e
E \ —— SARAH, step-size 0.25 |
o, ——— SARAH, step-size 0.50
\-\ —— SARAH, step-size 1.00
10-5 —— SARAH, step-size 2.00
\-\— SARAH, step-size 4.00
—— SARAH, step-size 8.00
—— SARAH, step-size 16.00
1077 = ;
0 5 10 15 20 25 30

0.25

0.20

0.15

0.10

0.05

0.00

T

10 2.0 3.9 63 89 121152 17.6 21.0 24.6 27.5 31.1

10°

SARAH
SARAH

SARAH
SARAH
SARAH

m— Al-SARAH

, slep-size 0.25
, slep-size 0.50
SARAH,
SARAH,

step-size 1.00
step-size 2.00

, slep-size 4.00
, step-size §.00
. step-size 16.00

e

Effective Pass




Al-SARAH i wnz

Algorithm 2 AI-SARAH - Practical Variant
1: Parameter: 0 < v < 1
2: Initialize: w
3: Set: a0 = OO
4: fork=1,2,...do

L &(a) = ||V fs(wimr — avimr) = V fs(wimr) + v [|°
6:  wvg= VP(wy)

7. t=1

8:  while |[v;]|? > 7||vo|* do
9: Select random mini-batch S; figf [n| uniformly
with [S;| = b

10: (1 A argming o § (o) one Newton step is sufficient, easy to implement in pytorch
11: -1 = min{dy_1, Omax }

12: Update a0 < local curvature of minibatch S may be different from
13: Wy = Wi—1 — Q1041 curvature on the whole dataset. We use exponential
14: vy = Vfs,(w) — V fs, (wi_1) +vp_1 smoothing of (¥{__1's as upper-bound on step-size
15: t=1t+1

16: end while
17:  Setw; = wy.
18: end for
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Training procedure At

;relgli E[f(¢(a;x),y;)]

! n

1 1
min f(x) = ;Z F(p(agx),y) = ;Zf (x)



ﬁ%yimaz--
How fast is SGD?

* k * Lﬂ 2
E[f(xp) = f1<@—=2un)* (f(x0) =)+ G

4 pu
-1 |
10 10—1 i
*
Yo
o
stepsize batch_size
—— 0.01 10721 3
0.005 \\‘\/\\M 8
10~2 + — 0.001 32
0 25 50 75 100 125 150 175

Cor 0 50 100 150 200
P Epoch



The Big Picture

e |t does restarting (like SVRG)
e Is “similar” to SAG/SAGA, but DOESN’T need extra storage

1. choose x,, compute vy = Vf(xo) ([ A
2. setx; = xy— Y vV Can we use it in

3. fork=1,2,...,m practice?

4.  choosei € {1,2,..,n} L Y
5. update v, = Vf; (xk) Vf; (Xp—1) + Vi1

6. set Xp41 = X — NV e

200F /S







NMonsak (Polyak) Step-Size

lwesr — w*[|* = lwe — gV F(we) — w*|*

= ok — w2 + 2wy, — w', —nV F(wy))
+ 72| VF ()

Bopuc Monsk

[ F* — F(wg) > —(VEF(wy), w, —w*) }
< Nwg — w*||* = 2n(F(wg) — F*) + 0°|| VF (wg)||? /[ be replaced}

min by lowerbound

g \ Fwy) — F*

?? ==
IV E(we) |2




Stochastic Polyak Step-size (SPS) o

Wit1 = Wr — MV fi(wg)

7
o Jilwg) — f}
|V fi(wr) |2

N Loizou, S Vaswani, | Laradji, S Lacoste-Julien: Stochastic Polyak step-size for SGD:
An adaptive learning rate for fast convergence AISTATS 2020



Stochastic Polyak Step-size (SPS) “i3 wez

SPSmax: N = min{ filwe) — 1‘ } }

z"‘*..-’b'
e[V fiwr) |12

in many ML problems, we can choose f: e 0
Assumption

o = E[fi(w’) - J] = F* = E[J?] < +o

ﬁl’heorem

if f; is L; smooth, F'(w) is u strongly convex and ¢ > %
. , . o 2
vn  Ellwx —w) |2 < (1— o)y — w2+ 222

: 1
where ¢ — MmiIN { s,
K { QCLma,.r

} , Lma:c — INnax Lz'
1

»

s

N Loizou, S Vaswani, | Laradji, S Lacoste-Julien: Stochastic Polyak step-size for SGD:
PF J An adaptive learning rate for fast convergence, AISTATS 2020



Stochastic Polyak Step-size (SPS) g mezun

Logistic loss
107!
—- sps max (1) =< sps max(5)
1072 —e— sps_max (100) sgd (le-1)
sgd (le-2)
0 10 20 30 40 50

epoch

N Loizou, S Vaswani, | Laradji, S Lacoste-Julien: Stochastic Polyak step-size for SGD:
PF J An adaptive learning rate for fast convergence, AISTATS 2020



Stochastic Polyak Step-size + Interpolation i MBZ

>
Tt
F(w) = lZfz(w) filw) >0 Vie {1,2
i—=1 Question #1
(interpolation assumption Why we should use
ILet’s assume that: Jw* € R?: fi(w*) =0 Euclidean norm?

L.
Question #2
Why linearize? vaz(wh)

fazio, Michael Rabbat: Stochastic Polyak Stepsize with a

sz_fz(lb‘k)




Polyak Step-Size With Scaling gLk

e Stochastic Polyak - the same step size for all features! Can we improve it?

" Wiy = arg min ||w — wkszmg(v\ change
\such that fz(wk) + <Vfg(wk)7 w — wk) =0
r i
fi(wy) - Ay
Wgt+1 = Wk diag(v) "V f;(w
e (7o e e ML

Adding scaling
to Polyak step size



Polyak Step-S

ize With Scaling and Curvature

e How can we include curvature information?

/

Wi41 = arg min H’LU ’wsz

such that fg (wk)

diag(v
(V filwg), w - wk)

—O

SR

4

MBZ

Could replace by Hessian
approximation with rank1

-

.

suchthat fi(wr) + (V fi(wg), w — wy) +

Wi41 = arg min ||w — wkH
1

2

diag(v)

—(w — wp) 'V fi(w — wy) =

N

0
/

[ HARD to solve }




Polyak Step-Size With Scaling and Curvature '55:3-;5 MBZ

fi(w) = ¢i(z; w — y;)

Lemma 3.1. (SP2) Assume f;(w) is the loss of a generalized linear model (10) and is non-negative.
Let f; = f;(w?) for short. Let a; == ¢%(z; w — y;) and h; == ¢% (! w — y;). If

a? — 2hif; >0 (12)
then the optimal solution of (7) is as follows
wt-l—l — wt _ % 1 — \/be — Zhif": Li . (13)
h, al ) Tl

Alternatively if (12) does not hold, since f; > 0 we have necessarily that h; > 0, and consequently
a Newton step will give the minima of the local quadratic, that is

L gyt T T (14)
hi |||

w

Shuang Li, William Joseph Swartworth, MT, Deanna Needell, Robert M. Gower: SP2: A
PF ] Second Order Stochastic Polyak Method, ICLR 2023



Polyak Step-Size With Scaling and Curvature % MBZ
Lemma 3.3. (SP2") Let g, = Vf;(w?) and H; = V2 f; (w?)

J 1 fi(w')? (Hig, gt o
it = ot — Sl )g : i( 2 ( 9 2)vt+1, where vi+! — [T — i(w ) o (20)
lge1? lgell™ (vt ||gt||
colon-cancer-0.3-grad-iter-reg-0.00e+00 colon-cancer-0.3-loss-iter-reg-0.00e+-00
1 —— SGDMO.3 10° SGDMO.3
0 .
0 k —+ SPM03 SPM0.3 min ls subjectto fi(w) < s, fori=1,...,
W —~— SP2"M0.3 Py SP2*M0.3 sER,weR" 2 _ -
: —»— SP2L2*M0.3 310_1 SP2L2tM0.3 smr]{ljjléws sit. fi(w) < s, fori=1,...,n.
=107 & —»— SP2L1*MO0.3 = SP2L1+M0.3
2 —e— SP2max*M0.3 “f*;; SP2max™™0.3
ADAM =102 ADAM
102
10—3
0 100 200 0 100 200
Effective Passes Effective Passes

Shuang Li, William Joseph Swartworth, MT, Deanna Needell, Robert M. Gower: SP2: A
PF ] Second Order Stochastic Polyak Method, ICLR 2023






Adding Momentum, how ?

1

Wy = arg min my (*w) + Q—H’w — *wkHQ
w .

k
1 i . ,
— p_ E p;?fj(w) with pj = E p? [ HARD to solve }
k45

j=1

my(w) = max{ ij (fj(w;) + (Vfij(w;),w —w;)) ,O}

Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower
MoMo: Momentum Models for Adaptive Learning Rates



Adding Momentum, how ? 1
Wh41 = arg mm mh(w) -+ 2—”w — wy||?
Tk

k k k
dp = Zp?vfj(wj) Sk = ZP?JCJ(W}) Ik — ij <vfj(wj) w_}>
J=1 j=1 j=1

Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower
MoMo: Momentum Models for Adaptive Learning Rates



How it works?
—®— adam —@— momo —®— momo-adam sgd-m —8— adam —@— momo —®— momo-adam sgd-m
1.0 1.0
0.8 1 0.8 1
© ®
8 8
% 0.6 % 0.6
= =
2 2
= =
< 0.4 = 0.4
= =
0.2 1 0.2 -
00 L T T 00 T T T T
109 1073 101 10! 103 104 102 10° 102
Learning rate Learning rate
(a) ResNet110 for CIFAR100 (b) ResNet20 for CIFAR10

PDF

Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower
MoMo: Momentum Models for Adaptive Learning Rates




C @& github.com/fabian-sp/MoMo/tree/main 3

:= README.md

MoMo

Pytorch implementation of MoMo methods. Adaptive learning rates for SGD with momentum
(SGD-M) and Adam.

Authors: Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower

Installation

You can install the package with

pip install momo-opt

Fabian Schaipp, Ruben Ohana, Michael Eickenberg, Aaron Defazio, Robert M. Gower
MoMo: Momentum Models for Adaptive Learning Rates
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Al-SARAH
Adaptive and Implicit SARAH




% MBZUA |
Research Challenge

® SARAH produces smoother trajectories than SGD
® we still need to pick a learning rate
can we develop an adaptive strategy for SARAH?

(1 — 2uLaye

E[||fut||2]<{(1 oL — DET) v F(we)ll?

-

Q- pick ) that will minimize v

Y 4
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An Example

Logistic regression




40

30

20

10

|m .'..-.‘__r. -n I"_l-.'lﬂl mas . . l.:.l-l ' =

Effective Pass

L
A Al-SARAH - step-size
m—— Al-SARAH - step-size upper-bound
LU lb‘-maxi"?"PiWH
=== AI-SARAH - step-size {(moving avg.)
| | [ | |
0 5 10 15 20 25 30
10-1 ——
l---“-\-___ T
([« _""‘-'-\—___‘__‘_—_——
| 103 \ e
E \ —— SARAH, step-size 0.25 |
o, ——— SARAH, step-size 0.50
\-\ —— SARAH, step-size 1.00
10-5 —— SARAH, step-size 2.00
\-\— SARAH, step-size 4.00
—— SARAH, step-size 8.00
—— SARAH, step-size 16.00
1077 = ;
0 5 10 15 20 25 30

0.25

0.20

0.15

0.10

0.05

0.00

T

10 2.0 3.9 63 89 121152 17.6 21.0 24.6 27.5 31.1

10°

SARAH
SARAH

SARAH
SARAH
SARAH

m— Al-SARAH

, slep-size 0.25
, slep-size 0.50
SARAH,
SARAH,

step-size 1.00
step-size 2.00

, slep-size 4.00
, step-size §.00
. step-size 16.00

e

Effective Pass




Al-SARAH i wnz

Algorithm 2 AI-SARAH - Practical Variant
1: Parameter: 0 < v < 1
2: Initialize: w
3: Set: a0 = OO
4: fork=1,2,...do

L &(a) = ||V fs(wimr — avimr) = V fs(wimr) + v [|°
6:  wvg= VP(wy)

7. t=1

8:  while |[v;]|? > 7||vo|* do
9: Select random mini-batch S; figf [n| uniformly
with [S;| = b

10: (1 A argming o § (o) one Newton step is sufficient, easy to implement in pytorch
11: -1 = min{dy_1, Omax }

12: Update a0 < local curvature of minibatch S may be different from
13: Wy = Wi—1 — Q1041 curvature on the whole dataset. We use exponential
14: vy = Vfs,(w) — V fs, (wi_1) +vp_1 smoothing of (¥{__1's as upper-bound on step-size
15: t=1t+1

16: end while
17:  Setw; = wy.
18: end for
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https://github.com/facebookresearch/dadaptation

% Fork 16 Y7 Star 455 = Used by 148

-.'iﬁ.l.e AIN s +140

; &

D Ad t t downloads 1M J downloads/month 103k
-Adaptation

https://github.com/konstmish/prodigy

%9 Fork 10 Yy Star 194 -

downloads 357k j downloads/month 63k

lems, including la

is available'. m M eto

[©] 96 Repositories ) 2 Packages

age problems.

Konstantin Mishchenko Aaron Defazio
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What is a good step-size for Adam?

Adam

|
CLASS torch.optim.Adam (paramsalz=0. 001: betas=(0.9, 0.999), eps=1e-08, weight_decay=0, amsgrad=False, *,

J EIEEEN
foreach=None, maximize=False, capturable=False, differentiable=False, fused=None) [SOURCE]

/

If you check some libraries, or

A lot of hyper-parameters to tune .... ** 0.5

e/pytorch-image-models

, 1024: 0.003}
https://github.com/NVlabs/stylegan/blob/master/train.py

lr = lr_base

... the same for computer visi
sched.G_lrate_dict

!

... and in GANs

G_lr=5e-5 D lr=2e-4 https://github.com/ajbrock/BigGAN-PyTorch




Sub-gradient Descent

Algorithm: Sub-gradient Descent

s

input: x,,

forrk= 0,1, ...,

gk € Of (xx)

MBZ



Sub-gradient Descent

Algorithm: Sub-gradient Descent

s

input: x,,

forrk= 0,1, ...,
gk € 0f (xi)

Xk+1 = Xk — NkYk

MBZ



Sub-gradient Descent

Algorithm: Sub-gradient Descent

input: xq,n; > 0

forrk=0,1,.., What is the optimal step-size?

g € Of (xx)

D = |lxo — x*|l

2

Xk+1 = Xk — NIk

D
optimal step-size: 1), = NG
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Normalized Gradient by Haym 3ycenesuu LLop

Algorithm Why we need to normalize?
iRt f(z) = |z| +0.5001(z — 1)
forrk= 0,1, ..., 3 :
|z 4 0.5001(z — 1) /
Ji € Of (x)
EEEEN ,-—--\2
X =X — 1N I' k ' “f‘i“
1
If g, € 0f (x;) then ||gx|| can be meaningless -1 0 1 2
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Normalized Gradient by Haym 3ycenesunu LLop

Algorithm ( o Step-size does
L not depend on G!

decresing and need D!

input: xq,nx > 0

forr k= 0,1, ..., Theorem
For nonsmetth f(x) with ||gx|l < G with
Ir € 0f (xi)

D
M =7 We have

Xk+1 — X — nki .”.g.k.”.E E rl?sl}:ll [f(xk) - f*] =0 (3;) E



Find MBZ
Adagrad-Norm iz

b
Nk \/E
Normalized GD /
. o Ik
k+1 — Ak
gl Less Regret via Online Conditioning
D g
Xk+1 = X ———= Matthew Streeter H. Brendan McMahan
\/E ”g k ” Google, Inc. Google, Inc.
mstreeter@google.com mcmahan@google.com
AdaGrad norm
February 25, 2010
Xk+1 = Xk —
J S ollgel?

A bit more adaptive, but still need D
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DoG (Distance over Gradients) o

L DoG is SGD’s Best Friend:
D = ”x 0o— X ” A Parameter-Free Dynamic Step Size Schedule

Reca” SUb'gradient methOd Maor Ivgi Oliver Hinder Yair Carmon

maor.ivgi@cs.tau.ac.il ochinder@pitt.edu ycarmon@tauex.tau.ac.il
Xk+1 = Xk — NkGk

VEkG

1.0 4

Abstract

We propose a tuning-free dynamic SGD step size formula, which we call Distance over Gra-
dients (DoG). The DoG step sizes depend on simple empirical quantities (distance from the
initial point and norms of gradients) and have no “learning rate” parameter. Theoretically, we
show that a slight variation of the DoG formula enjoys strong parameter-free convergence guar-
antees for stochastic convex optimization assuming only locally bounded stochastic gradients.'
Empirically, we consider a broad range of vision and language transfer learning tasks, and show
that DoG’s performance is close to that of SGD with tuned learning rate. We also propose a
per-layer variant of DoG that generally outperforms tuned SGD, approaching the performance
of tuned Adam. A PyTorch implementation is available at hitps://github.com/formll/dog.

estimate using Adagrad 151 Idea: approximate D from history of points!

2.0

5 & 3 di = |[xo — xill = [|x9 — x7||

DoG: d;, = max ||xg — x¢|| = D
i = max [|xo — x|

max [[Xg — X
nax |0 — x|

Xk+1 = Xk —
J2§:0||gt||2

Theorem: if ||gk|| < G, then

Ik

>
Q
)
(0)°]
EEEEEEEER

min f () — f* = 0\ ——=

k<t



DoWG (Distance over Weighted Gradients)

DOG .IIIIIIIIIIIIIIIIIIIIIIIIIII‘

DoWaG

dj

Ik

Xk+1 = Xk —
Jz';zougtnz

dj;

Xk+1 = Xk —
Jz';zodgngtnz

Theorem: if ||gk|| < G, then

min
k<t

fp)—f*=0

Ik

DG logdﬂO

Vit

';5:5‘- MBZ

d;= max ||xo — x
= max [l — x|

DoWG Unleashed: An Efficient Universal
Parameter-Free Gradient Descent Method

Ahmed Khaled Konstantin Mishchenko Chi Jin
Princeton University Samsung Al Center Princeton University
Abstract

This paper proposes a new casy-to-implement parameter-free gradient-based op-
timizer: DoWG (Distance over Weighted Gradients). We prove that DoWG is
efficient—matching the convergence rate of optimally tuned gradient descent in
convex optimization up to a logarithmic factor without tuning any parameters,
and universal—automatically adapting to both smooth and nonsmooth problems.
While popular algorithms following the AdaGrad framework compute a running
average of the squared gradients to use for normalization, DoWG maintains a new
distance-based weighted version of the running average, which is crucial to achieve
the desired properties. To complement our theory, we also show empirically that
DoWG trains at the edge of stability, and validate its effectiveness on practical
machine learning tasks.



vl MBZUAI
VGG11 on CIFAR10 i MBZ

92
90 |
A IR S
>88 Tuned Adagrad-norm
© —8— Adam .
=3 :
Sgg AT DoG
ks —+— L-DoG
n
@84 4 DoWG
—— DoG-ave W
82 —#— L-DoG-ave
—+— DoWG-ave
80 I] Y Iy
0 50 100 150 200

Epoch



vl MBZUAI
ResNet-50 on CIFAR10 s MBzZ

90
> 54 Tuned AdaGrad-norm
0 80
© —8— Adam
3 | —& DoG
© 70 - —*— L-DoG
S | —— DoWG
60 —>— DoG-ave
—#— L-DoG-ave
—— DoWG-ave
50 . wd VF V4
0 50 100 150 200



Adaptive
Batch-Size




Recall:

E[f(x) — f1< (1 —2pum)* (f(xo) — f) +

1072 |

stepsize

| — o0.01

—— 0.005
— 0.001

\\“v\/f”\ﬁMJ;NNHNVfwww

0

25

50

75 100 125 150 175
Epoch

10—1_

10—2_

Epoch

L_nGZ
4 pu
'\
batch_size
_ 2
— 8
— 32
0 50 100 150 200



Let’s Consider Deterministic Setting What conditions we need for
gradient descent?

convergence of approximate |_.
V fs(w) =~ VEF(w)

N (Y slw), V@) > 0
Deterministic True gradient
approx. gradient

Norm test (condition):

[
o IVs(w) = V()| < w|[VF(w)]

(a)
\ Norm Test



Let’s Consider Deterministic Setting

Vfs(w) = VF(w) (V fs(w), VF(w)) >0

(Vfs(w), VF(w)) = (VF(w), VF(w)) = [VF(w)]’

N\

Inner Product test (condition): l
VF |

V fs(w), VE(w)) — [VF(w)|?) < 0|V F(w)] { !
|

(b) J

Inner Product Test p

}u Raghu Bollapragada, Richard Byrd, and Jorge Nocedal Adaptive sampling strategies for
PDF stochastic optimization. SIAM Journal on Optimization, 28(4):3312-3343, 2018.



Let’s switch to stochastic setting!

% . Vfi(w
fs(w |S|Z fi(

Conditon (V fs(w), VF(w)) > 0 may not hold, but will be valid “in expectation”

E((Vf5(w), VF(w))] = [VF(w)|* [ "o @)

Control the variance of LHS

E |((Vfs(w), VE(w)) = [VF(w)|P)°] < 6*|VF(w)]|

require the sample size |S| be large enough so that the condition is satisfied



Reformulate the condition { HARD to compute! ]

/ \

IE | ((Vfi(w), VE(w)) — | VF(w)[?) |
Eﬂ«v&meFw»—nvmwm%ﬂsu[( 5 ] <O VF(w)|I*
exact test /‘1' ————————————————— /

[Easier to compute if we can compute VF({U) }

Practical (approximate) test

Vﬂ-?“z'eS[<vfi(ﬂ"): va(w)H
5]

Vares{(9 ), VFs(u)] = g

< 0*[|V fs(w)]*

Z((Vﬁ;(’w): V fs(w)) =V fs(w)[[*)*

}u Raghu Bollapragada, Richard Byrd, and Jorge Nocedal Adaptive sampling strategies for
PDF stochastic optimization. SIAM Journal on Optimization, 28(4):3312-3343, 2018.



The Orthogonality Test

(V fs(w), VF(w)) # 0

e Less restricted, needed for pro LQ%J)B onvergﬁ%cj?
| S (w))
: We”@{%{”@‘)“ [VE@w)|?

note that

VW) =0

(V fs(w), VF(w))
|VEF(w)|?

}M’sﬁga('ram}e— VF(w)

2
need toEoi[r :| g L»’QHVF(HJ)HQ

2

approxiTate teEz,Es vaz(w) _ (Vﬂié’f)q‘(?fTP }Vfg(w)

5] =1 5]

< V||V fs(w)]|*

}u Raghu Bollapragada, Richard Byrd, and Jorge Nocedal Adaptive sampling strategies for
PDF stochastic optimization. SIAM Journal on Optimization, 28(4):3312-3343, 2018.



The Convergence Guarantee

1
n <
"= L(1+ 6% + 12)

e Let F(w) be L smooth and [ strongly convex;

e The |S| is picked such that exact inner and orthogonality tests hold

" BIF(wy) = F < (1= np)*(F(wo) — F¥)

}u Raghu Bollapragada, Richard Byrd, and Jorge
PDF stochastic optimization. SIAM Journal on Optimi



Refined AdaGrad analysis by Li & Orabona --5::3-";5%2
Wir1 = Wi — MV s, (Wk)

Batched stochastic gradient:

1
Vis,(W) = = X Vfi(w)

|Sk| LESK

Step size (Li & Orabona (2019)):

a

1
(B+ X2 1 Vs, (wp) 12)2

Convergence: 0(1/¢) or 0(1/+/€), depending on the noise variance upper bound o2

Nk =

.. | Xiaoyu Li, Francesco Orabona: On the Convergence of Stochastic Gradient Descent with
PDF Adaptive Stepsizes



Combining Bollapragada et al. (2018) + Li & Orabona (2019)

type
— SGD
—— AdaGrad
10~ —— DoubleAdaGrad
=
= 10~
>
-2 |
10 — SGD
—— AdaGrad
—— DoubleAdaGrad
50 100 150 200 0 50 100 150 200
Epoch Epoch

Petr Ostroukhov, Dmitry Kamzolov, Chulu Xiang, Aigerim Zhumabayeva, Alexander
Gasnikov, MT: DoubleAdaGrad: AdaGrad With Adaptive Batch Size, 2023
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1072 1

25

Batch size

10

type
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—— AdaGrad
—— DoubleAdaGrad

N
o

=
(%]

0 50 100 150 200
Epoch
type
—— SGD
—— AdaGrad
—— DoubleAdaGrad
0 50 100 150 200

Epoch

=
o
|

—

|| VF(x)||

Stepsize
o
(=]
o
~

type
— SGD
—— AdaGrad
—— DoubleAdaGrad
0 50 100 150 200
Epoch
type
1+ —— SGD
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1 —— DoubleAdaGrad
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