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AEAUTEAHM B AATEBPE BEPHIIITEMHA

H. ®. A6y391p013a,1 [.B. CemeHoBa

Hncmumym mamemamuxu ¢ BL] YOHUI] PAH

PaccmaTpuBarOTCA KAACCHI IEABIX GYHKIUN By, 0 > 0, BBEAEHHBIE
C.H. Bepa1rrefiHOM B CBSI3M C BOITPOCAMU aMIIPOKCUMAIUU (CM., HATIpU-
Mep, [1]) u cocrosIre U3 BcexX LeAbIX QYHKIUH (p 9KCTIOHEHITUAABHOTO
THIIA, HE IPEBOCXOAALETO O, TAKUX, YTO

l@llo = sup [p(x)] < co.
xeR
C BBeAeHHO# HOpMOU By — 6aHaX0BO MTPOCTPAHCTBO.
Ancebpa BepHwmeliHa Bo, oTpepensieTcs KaK MHAYKTUBHBIHN TIPEAeA

MPOCTPAHCTB By : Boo = |J Bg.
>0
CumBoAaOM D(Bs) 060O3HA4aeM MHOKECTBO Oeaumeseil aAreGpbl

B, TIO ONpEAEAEHUIO IPEeACTaBAsIIolee cOOOH COBOKYIIHOCTb BCeEX
¢yHKUMH P € Boo, AAST KOTOPBIX CIIPABEAAWBA MUMIIAMKAIUA («Teope-

Ma AEAEHHS»): F F
Fe€Byw, —€H(C)> — € B.
) )

AeanTean aare6pel Boo MOTYT OBITH OXapaKTepPU30BAHBI IIPH IIOMO-
LY YCAOBHH, UMeloUX GOpMy OrpaHUYEHUH Ha NMoBeAeHUe QYHKIUU

lpl.

IIpearokenue. Pyukyus P € Boo s8a55emcs deaumenem amotil an-
2ebpbl Mo20a u moavko moezoa, kozda

JA>03x9>0:¥x €R, |x|>x0,3x" €R : |x —x'| <A, In[p(x))| > —A.

O603HaYNM CUMBOAOM S KAacc QYHKIHE THIIA CHHYCA, COCTOSIIIAN
Y3 1IeABIX QYHKIIUN (0 SKCIIOHEHI[UAABHOTO THIIA, OTPAHUYEHHbIX Ha Be-
LIECTBEHHOU IIPAMOU, HE PaBHBIX HYAI0O BHE HEKOTOPO IOPU3OHTAAb-
HOM TIOAOCHI U YAOBAETBOPSIOIINX AAsI HeKoToporo dg € RuBcex x € R
oleHKe cHU3Y: |@(x +idp)| > cqp.

I e-mail: abnatf@gmail.com



AG6yszsaposa H.®., Cemenosa A. B.

A€erko BHAETh, uT0 S C D(Bs). IIpu 3TOM U3 pe3yABTaTOB paboOT
A.M. Ceanerikoro [2,3] caepyeT, 4To BKAIOYeHHE S C D(Boo) IBASIETCA
co6cTBEHHBIM. TeM He MeHee, U3 [IPEAAOKEHHUS MOKHO BBIBECTH, YTO
GYHKIMAMH THIIA CHHYCA UCYEPIIBIBAIOTCS BCE AEAUTEAU aAT€OPBI Boo,
MHHMBIE YaCTH HyA€H KOTOPBIX OTPaHHYEHbI. A KIMEHHO, CIIPABEAANBA

Teopema. CosokynHocmb deaumeell P aazebpvl BepHwumetina, yoo-
81eMBOPAIOULUX YCAOBUIO

IJA=0(1), [Al—>oo, A€y,
cosnadaem ¢ kaaccom ¢yHkuuil muna cunyca S.

Pa6oTa BhIIOAHEHA MTPH MoAAepskke HOMII T[1PO
(coraamenue Ne 075-02-2025-1637).
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ON THE ISSUE OF MANAGING BIFURCATIONS
IN NON-LINEAR HYBRID SYSTEMS

S.V. Akmanoval

Nosov Magnitogorsk Technical State University

Under the control of bifurcation of a dynamical system, we will un-
derstand the processes of predicting bifurcation and modeling control,
which allows either to avoid bifurcation, or to stabilize the system when
bifurcation occurs. A nonlinear hybrid (continuous-discrete) control sys-
tem of the form is considered

{X’(t) = f(x(0), y(tg)), tie St < lhs1, (1)
Y(tes1) = gx(tr+1), ¥(ti), u(ty)), k=0,1,2, ...,

where x(t) € R", y(t;) € R™ — state vectors of the system (1), u(ty) €
€ RY — control vector, functions f(x, y), g(x, y, u) are continuously dif-
ferentiable by the set of variables and generate operators f : R X R™ —
— R™, g : R"XR™xRY — R™ at the same time f(0,0) = g(0,0,0) = 0,
that is, when u = 0 the system has an equilibrium point x = 0, y = 0;
the value h = tj 41 — tx > O is constant and t; = hk, k =0,1,2,....

A change in the value of h can lead to different scenarios of qualitative
restructuring of the behavior of system (1), and therefore, some value
h = hg > 0 may turn out to be a bifurcation value of the parameter h.
The issues of predicting bifurcation values of the parameter h and, as a
consequence, the corresponding bifurcations in system (1) at u = 0 are
covered in the work [1].

The main objectives of this report are the problem of changing the
value of the parameter h taking into account the the existing bifurcation
point h = hg > 0 in order to stabilize the branched solutions and the
problem of stabilizing the system (1) by means of a control action formed
according to the estimates of the state of the system, which are given by
the observer of the system in order to prevent bifurcation. The solution
of the first problem involves the transition from the system (1) to an

I e-mail: svet.akm_74@mail.ru
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equivalent, in the natural sense, nonlinear discrete system

zk+1 = A(h)zr + Buy + &(z,up, h), k=0,1,2,..., (2)
where
Azl A ATY (MM - 1)By + By

Xk o)
Z1 = )B = )
k [yk [C]
A1 = f(0,0), Bi1 = f(0,0),
Az = g(0,0,0), Bz =g;(0,0,0), C =g,(0,0,0),

§(zr, up, ) = o(llzkll + lluklD, llzkll + llull — 0, xx = x(tx), yx =
= y(tr), ur = u(ty). Next, the operator method of studying bifurcations
is applied using Lyapunov values and a conclusion is made about a certain
change in the value of the parameter h in order to stabilize the branched
solutions [2], taking into account the connection between the solutions
of systems (1) and (2).

The solution to the second problem is possible if we consider system
(1) with the output

w(t) = @(x(t),y(ty)), tx<t<trs1, k=0,1,2,..., (3)
where w(t) € RP is the output of system (1), p < n + m; @(x,y) is a
continuously differentiable function with respect to the set of variables,
and ¢(0,0) = 0. Let us assume that system (1), (3) is fully observable
at some values of h > 0. Then it is possible to construct an observer of
the system (1), (3) and simulate feedback control, which will provide
asymptotic stability of the zero solution of the extended system (1), (3)
with the constructed observer at the specified values h > 0, which will
prevent possible bifurcation, or stabilize the system (1) when it occurs.

A1h -1 A1h
e AT (e —I)B
,A(h) = p ( )B1
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THE BEST CONSTANTS FOR AN INEQUALITY
FOR THE RATIO OF DIFFERENCES OF MEANS

Y. N. Aliyev?

ADA University

— i1 =L and the best
H,AM1 -G~ n?

In [1] it was shown that —c0 <

3 3
constant A satisfies - < A < - for n > 2. In particular, it

1 An 1 A
o1 <2 < 1 + ——, the ratio 2 decreases

for n > 2 and approaches 1. In the current paper it is shown that similar
monotonicity and convergence results hold true for the best contants of

the inequalities C1 < ‘2{’; — g”;‘ < Cs. The obtained results generalize and
complete the earlier works in [6], [5], [4], [3], and the recent paper [2].

follows that since 1 +

g(x) - & .
Let f(x) = —— ininterval 0 < x < =7, where
p(x) - n

(n=1)x7 + (1-(n—- 1)x)%)r
. .

gu>=Vwa1—m—1nxpu>=(

Theorem 1.
1.Ifa < O, then —o0 <

< w = Vl”i 7, Where vy is the mini-

1
1
)a , Where vo is the

2.Ifa > 1, then wy = v;fl < ?Z:gg < (nfl

maximum of f(x) in interval (O, %)

1
1
1 1 n a An —Gp —
3.[f2<a<1andn<—1_a,then(n_1) <Pa_ n<w3—
= VSVE 7, where v3 is the minimum of f(x) in interval (0, %)

I e-mail: yaliyev@ada.edu.az
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.If%<a<1andn> 1% orifO<a<%andn> %,then

a}
n-—1 Gn :
— 1_
.If0<a<2andn< , then w4 = V41<?Z_g;l<na 1 where
V4 is the maximum of f(x) in interval ( e 1 T )
Theorem 2.

1. If a < 0, then w1 increases as n increases and lim wi = 0.
n—,oo

.If a > 1, then w2 decreases as n increases and lim wy = 0.
n—>oo

f % < a < 1, then ws increases as n increases in interval 0 < n <
1
<T-«
1 . .. 1
If0 < a < 3, then w4 decreases as n increases in interval 0 < n < e
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QUASI-CLASSICAL ASYMPTOTICS FOR THE DIRAC EQUATION

A.1. Allilueval
IPMech Ras
In this paper, we consider a massless two-dimensional Dirac equation

system describing the evolution of wave functions in graphene, which has
the form:

. ou .0 0
i€E—=¢|-i— + —|v + Fu,

ot 0x1 0x9
Y .0 d
ie—=¢|-1———|u+Fv,
ot ( 0xq E)X2)

where x € R?, F is the potential, € is a small parameter that tends to
zero, and characterizes the ratio of the scales of localized inhomogeneity
and the general change in the external field. Studying the asymptotics
of the solution, we obtain the transmitted and reflected waves from the
surface ®(x,t) = 0, where different modes can pass into each other,
and also reverse waves appear when the phase and group velocities are
directed in different directions.

Two tasks are considered:

1. potential F = F (M , X, t) depends on the fast variable y =
= M and is a smooth function, with F(x,y,t) — F*(x,t) at y —
— +oo is faster than any degree of y with all its derivatives. The func-
tions of F* are also smooth. This condition reflects the localized nature
of the heterogeneity. The parameter ¢ — 0, ®(x,t) : R> — Ris a
smooth function, and the equation ®(x, t) = 0 defines a smooth regular
hypersurface M c R® (heterogeneity is localized near it).

2. the potential F(y, x, t) has a gap of the 1st kind on the surface of
M : ®(x,t) = 0. This means that the limits of F*(x, t) are finite and are
smooth functions of their arguments. In this case, the solution must be
continuously on the surface of the potential gap.

I e-mail: esina_anna@mail.com
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The initial conditions for both problems have the form:

g0 .0
u =i, v = 0! (1)
t=0 t=0
where u® = u%(x), v° = u%(x) and S°(x) are smooth functions, and

u® and v0 are finite, Vsolsuppuo £ 0, V‘Solsupp ,0 # 0and suppu® N

NM = @, suppv® N M = @. The initial wave packet is located outside

the localized inhomogeneity, the problem is to describe the scattering of
such an initial packet by M.
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NUMERICAL SOLUTION OF A SOURCE IDENTIFICATION
ELLIPTIC PROBLEM WITH INVOLUTION
AND NONLOCAL INTEGRAL CONDITION

C. Ashyra lyyev1

Bahcesehir University, 34353, Istanbul, Tiirkiye;
Khoja Akhmet Yassawi International Kazakh-Turkish University,
Turkistan, Kazakhstan;
National University of Uzbekistan, Tashkent, 100174, Uzbekistan

Assume that y € (0, 1) is known number, p : [0,1] — R is given
function such that

1
/|p(r)|dr< % (1)
0

In [-1,1] X [0, 1], we study a source identification problem to find pair
(p,u) for elliptic differential equation with the involution and nonlocal
condition
—wee(t,x) = (a(x) wx(t,x))y + Ba(=x) wx(t,x)),~
—ow(t,x) +g(x,t) + p(x), 0<t<1, -l<x<l,
1

w(1.x) = ¢ + [ P w0 ds. @
0

w(0,x) = £(x), w(y,x) = p(x), 0<x<1,
w(t,-1) = w(t1), wx(t,—-1)=wy(tl), 0<t<1,
where a > a(x) = a(-x) > § > 0, &(x), {(x), ¢(x) and g(t,x) are
given functions with sufficient smoothness.

Stability and coercive estimates for solution of source identification
problem are established. A stable difference scheme for appoximate so-

lution is proposed. Stability and coercive stability estimates for solution
of difference scheme are obtained. Numerical results are given.
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AHAANTUYECKOE PEHIEHHE KPAEBOM 3AAAYU
AAA CUCTEMbI YPABHEHUHY BOABITMAHA-MAKCBEAAA

1

C. . be3pogHbix, H.M. Fop,cl,eeBa2

®edepanvHutil uccaedosamenvekull ueHmp «HHPopmamuka
u ynpasaerue» Poccutickoll akademuu Hayk

B pa6ote paccmaTrpuBaeTcs 3apada 06 OTKAUKE IIAA3Mbl HA BHEIITHEee
3AEKTPOMAarHUTHOEe BO3AeHcTBHe. MOAeAbHBIE YPAaBHEHUA AASA BO3MY-
L[eHUH QYHKIUHN pacIpeAeAeHUs] SIAeKTPOHOB U HAIPSYKEHHOCTU dAEK-
TPUYECKOT'O ITOASI B COOTBETCTBUU C OOIIUM ITOAXOAOM [1-3] moAy4eHbI
C IIOMOIIBIO AMHEapU3aluU KHHETHYECKOI'0 YpaBHEHUA BoAbIIMaHa, AO-
IIOAHEHHOI'0 CUCTEMON MaKcBeAAd AAA CAMOCOIAACOBAHHOTO SAEKTPO-
MarHUTHOTO ITIOAsl. IHTErpaA CTOAKHOBEHHH B3SIT B IPUOAVKEHUN AU-
HeliHol peaakcanuu. CaMmocorracoBaHHOeE IOAe, caeAyA [1], mpeacTas-
AEHO B BHAE CYIIEPIIO3ULIMH IIPOAOABHON U IIONEPEYHON BOAH, CUCTEMA
YPaBHEHUN AAA IIPOAOABHOU BOAHBI UMEET BUA:

+ o0

aF ) (x,
v% + AF|(x,v) = vE)(x) + / Fi(x,9)k(s)ds, (1)
d& (X) +o00 -
—ny =B / F1 (x, )k (s) ds, (2)

a AASI TIOTIEPEYHON BOAHBI — CAEAYIOIIHAM BUA:

+00

Um + AF, (x,v) = UBy / F1 (x, s)sk(s)ds, (3)
+00 -
E1(x) = / F1 (x, s)sk(s)ds. (4)

! e-mail: sbezrodnykh@mail.ru
2 e-mail: ngordeeva@frccsc.ru
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3aecb A — KoMIAeKCHBIH, B; u By — BelllecTBeHHble KO3GUILINEH-
ThI, 3aBUCSAIINE OT CBOMCTB cpeAbl. Beamunnbl F (x,v) u &E(x) mpea-
CTaBASIIOT 000 Bo3MyILeHUA GYHKINUU paclipeAeAeHUsT SIAEKTPOHOB U
HaAMPSHKEHHOCTU IAEKTPUYECKOTO TIOAST COOTBETCTBEHHO, UHAEKCHI || U
1 03HAYaIOT MPOAOABHYIO U TIOIIEPEYHYIO BOAHY, a lepeMeHHbIe (X, U)
HUMEIOT CMBICA KOODAMHATHI M CKOpocTU. ®yHKIM k(S) IpeAcTaBAsIeT
co6oii 06e3pa3MepeHHyI0 HEBO3MYIIEHHYIO PYHKIUIO pacipeAeAeHUs]
9AEKTPOHOB, B KayecTBe KOTOPO B paboTe BrIOpaHbI GyHKIMSA PepMu
— Aupaka uau MakcBeaaa.

Ans1 mocTpoenus obirero pertenus cucreM (1), (2) u (3), (4) mpu-
MEeHEHO COYeTaHHWe MEeTOAA PACIIMpPeHUsi 06AacTH (A0 BCcell IMAOCKOCTU
(x,v)) u MeTopa TpeobpasoBanusi Pypbe B MPOCTPAHCTBAX 000OIIEH-
HbIX GyHKIWi D’ u Z’; 0 Takux mpocrpaHcTBax cM. [4]. OGiee perie-
HUe Ka)XAOH M3 YKa3aHHBIX CUCTEM IIOCTPOEHO B MHTErPAAbHOM BHUAE C
SIBHO BBITIICAHHBIM SIADOM M CBOOOAHO# TIAOTHOCTBIO Q(A).

[ToACTaHOBKA MHTErPAABHOTO IPEACTABAEHUS AAS OOIIIETO PellleHUsT
cucreMm (1), (2) u (3), (4) B ecTecTBEHHO BO3HUKAIOIIME KPaeBbIe YCAO-
BUA IPUBOAUT K CUHTYASPHOMY HWHTErpaAbHOMY YpPaBHEHHIO C SIAPOM
Komtu oTHOCHTEeABHO Q(A). AaHHOe HHTEeTpaAbHOE YpaBHEHHUE PellleHO
B QHAAWTHYECKOM BUAE, IIPH 3TOM HCCAEAOBaHA 3aBUCUMOCTb €ro HH-
A€Kca OT BBIOPAHHOTO BUAQ HEBO3MYIIIEHHOM QYHKITY paclpeAeAeH s,
YaCTOThI BHEIIHErO IOASL ¥ 4aCTOThI CTOAKHOBEHUU B IlAa3Me. Pe3yab-
TaThl YaCTUYHO IIPEACTaBAEHEI B [5,6].
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AHAAWUTHUKO-YMCAEHHOE PEINIEHHE
CITEKTPAABHOM 3AAAYU AAA OITEPATOPA AATIAACA
B OBAACTSAX CO BXOAAIINM YTAOM

1

C.N. be3poaHbix; A.A. MBaHHWKOBaZ

®edepanvHotil uccaedosamenvckull uenHmp «HHpopmamuka
u ynpasaerue» Poccutickoil akademuu Hayk, Mocksa, Poccus

Aokaap nocesiieH 3PeKTUBHOMY aHAAUTUKO-YHCAEHHOMY pellie-
HUIO CTIEKTPAABHOM 3apa4n

AU(x) + AU(x) = 0, X € g, (1)
Ux) =0, xe€e¥UD, aU(x) =0, xeN, (2)

B ILAOCKO¥ KOHEYHOU OAHOCBSI3HOM 0OAACTH g C KyCOYHO-TAAQAKO# I'DaHU-
el dg 6e3 ToYeK BHEIITHETO U BHYTPEHHETr0 3a0CTPeHHs, g = G U D U
U /; HoAsIpHBIE KOOPAUHATHI Ha MTAOCKOCTH ITEPEMEHHOTO X = (X1, X2)
o6o3HauaeM (r, ). Ayra €, SIBAAIOLIAsCS YacCThIO yrAa pacTBopa 7f3,
B € (1,2), onpepeasieTcs o popmyAae

€ :=6-USCy, €y = {r € [0,r+],p = iﬂﬁ/Z}, ry > 0.

IIpeanoaaraem, uto D = Us Ds u N = U; N}, Tak uto kpusaa D U N
SIBAsIETCSI OOBEAVMHEHHEM KOHEYHOTO YKCAA MMOCAEAOBATEABHO COEAU-
HEHHBIX 3BeHbeB Y, Ij; CHMBOA 9, O3HaYaeT MPOU3BOAHYIO IO BHEIII-
Hell HOpMaAHM B TOYKaX TAAAKOCTH A C 9g.

[IpeacTaBAEHHOE B AOKAAAE pellleHHe CIeKTpaAbHO#M 3apaum (1),
(2) mOCTPOEHO C TTOMOIIIBIO PAa3BUTHUS PE3YABTaTOB paboT [1-4]. Hcko-
Mble co6cTBeHHbIE QYHKITUU {Up, } TOCTPOEHBI B BUAE TIPEAEAOB AUHEH-
HBIX KOMOWHAIIUY allPOKCUMATHUBHBIX GYHKIUH U3 Habopa {wm}, TAe
KaykAast QYHKIHSA Wm (x; ) TOXKAECTBEHHO YAOBAETBOPSIET YPABHEHHIO
Awm + Awym = 0 cmapamerpoMm A > 0 B 06AaCTH g ¥ KPAEBOMY YCAOBHIO
Ha 4acTu 6 ee rpaHullbl. COOCTBEHHbIE YNCAQ HAWAEHBI ITyTEM pPEIIeHH
CIIelIMaAbHBIX TPAHCIIEHAEHTHBIX YpaBHEHUH. [IpeAcTaBAEHBI pe3yABTa-

! e-mail: sbezrodnykh@mail.ru
2 e-mail: aivannikova94@gmail.com
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ThI pEIlIeHNUs YKa3aHHOH CIIeKTPAaABHOU 3aAaYy Ha IIpUMepe HeCHUMMeT-
PUYHBIX L-06pa3HbIX 0OAACTEH.

HccaepoBaHUE BBIIIOAHEHO 34 cYeT I'paHTa POCCUICKOro Hay4YHOTO
donpa Ne 24-11-00372, URL: https://rscl.ru/project/24-T1-00372/ .
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OIIEPATOP BAOYHOI'O ITPOEKTUPOBAHH A
HA AATEBPE USMEPHUMbBIX OITEPATOPOB Y AUCITEPCH A

A.M. BukuenTaes!

Kaszanckuii (TIpusoaxcckuil) ¢edeparvrulil yHusepcumem,
Kasanw, Poccus

[Tyctb aarebpa ¢oH Heiimana M omepaTopoB AEHCTBYeT B T'HAb-
6epToBOM TIpocTpaHcTBe H, T — TOYHBIA HOPMAABHBIH TOAYKOHEYHBIH
caep Ha M. Tlyctb M4 _ vuoxecTso raemnorenToB (Q = Q%) B M,
MPT — pemerka mpoektopos (P = P2 = P*) B M, | — epununa
M. TIpoekrops!l P,Q € M HaswBatoTcs usokAauHHuviMu (C yraom 6 €

€ (0, m/2), mutem P g Q), ecau PQP = cos? 6 PuQPQ = cos? 6 Q, cm.
[1, ompeaeaenre 10.4]. MuoskectBo S(M, T) Bcex T-U3MEPUMBIX OIIe-
pPaTOpPOB SIBASIETCST *-aATeOpOY OTHOCHTEABHO TIEPEXOAA K COMpPSIKEH-
HOMY OIIEPATOPY, YMHOKEHHUIO HA CKAASIP M OIEPAlUil CHABHOTO CAO-
JKEHUST ¥ YMHOSKEHHUSI, TIOAyJaeMbIX 3aMbIKAaHHEM OOBIUHBIX OTlepalni.
Aast cemeiictBa £ C S(M, ) o6osnHaunm uepes L+ u LD ero monro-
SKHTEABHYIO M 9DMUTOBY YaCTH, COOTBETCTBEHHO. YaCTHYHBIN MOPSIAOK
B S(M, )", mopoxaenHsIit co6erBeHHBIM KoHycoM S(M, T)F, 6yaem
o6o3HavaTh yepe3 <. Ecau X € S(M, 1) u X = U|X| — moasipHOe pas-
Aroxerre X, ToU € M u |X| = VX*X e S(IM, 1) *.

Yepes p(t; X) obo3naunMm nepecmanosKy omepatopa X € S(M,1),
T. €. HeBO3PACTAIOIIYIO HEIIPePhIBHYIO cripaBa GyHKIHIO 1 (X): (0,00) —
— [0, o), 3apaHHyI0 GOPMYAOH

p(t; X) = inf{||XP||: Pe MP", t(Pt)<t}, t>o0.

[Tyctb m — auHeitHasg Mepa Aebera Ha R. AccormumpoBaHHOE C
(M, ) HexoMmyTaTHBHOE Lp-mpocTpancTBo Aebera (0 < p < +00)
MOJKeT ObITh oIpepeAeHo Kak Lp(M, 1) = {X € S(M, 1) : me(X) €
€ Lp(R*,m)} c F-Hopmoii (HopMO# Art 1 < p < +00) |IX]lp =
= (& X)llp, X € Ly(M, ).

Aemma 1. Ecau X € L1 (M, t), mo |t(X)| < T(|X]).

I e-mail: Airat.Bikchentaev@kpfu.ru
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Iyers Q1,...,Qn € M9 uQq + ... + Q, = I. oroxum Q,(X) =
= Y QiXQi Ars kaxkporo X € S(M, 7).
k=1
Aemma 2.
(i) Ecau X € L1(M, t), mo Qu(X) € Li(M, 1) u t(Qnr(X)) = t(X).
(ii) Ecau X — Q2(X) € L1(M, 1), mo (X — Q2(X)) = 0.

B ycaoBusix 1. (ii) aemmbl 2 1ipu T(I) = 1 u3 TeopeMbl 4.8 [2] moAy-
yaeM HepaBeHCTBO || + z(X — Q2(X))||l1 > 1 arsa Bcex z € C.
[lyctb Py,...,Pp € MPTu Py + ... + P, = I. Tlloroskum Pp(X) =
n
= ) PiXPj arst kaxporo X € S(M, 1), em. [3].
k=1
Teopema 1. Ecau X — Pp(X) € L1(M, 1), mo (X —Pn(X)) = 0044
gcexn € N.

B ycaoBusix Teopembl 1 mpu T(I) = 1 u3 Teopemsr 4.8 [2] moaydaem
HepaBeHCTBO || + 2(X — Pr(X))||l1 > 1 araBcexz € Cun € N.

3ameuanue. meeM A < n%Pp(A) AAST KaKAOTO omepatopa A €
€ S(IM, 1)t [3, remma 1]. TTostomy, ecan A € S(M, 1)1 u Pr(A) €
€ Lp(M, 1), ToA € Lp(M,T),0 < p < +o0.

IIpeanoskenue. ITycmo P,Py,...,Pp € MP' cP1 + ...+ P, =1
0
uPr~P k =1,...,nco0Hum u mem xe yesrom 60 € (0,1/2). To-
20a Pn(P) = cos? 01 u npu t(I) < +oo umeem t(P) = T(Pn(P)) =
=cos?0t(l) =t(Py), k=1,...,n
Aanree myctb T(I) = 1.
Teopema 2. I[Tycms D(X) = || X — T(X)I ||% — ducnepcusa onepamopa

X € Ly(M, ). Toeoa D(Pr(X)) < D(X) 0as8cex X € La(M,Tt) un €
€ N.

Teopema 3.

(1) Umeem D(|X*|) = D(|X|) 045 8cex X € La(M, T).

(ii) ITycmb P = U*U — HA4aAbHblil NPoeKmop 4acmuyHoil usomempuu
U € M. Tozda max{t(P)t(PL), |t(U)|-|t(U)|?} < D(U). Ecau ewge
U2 = 0, mo D(U) = t(P).

(i) Hmeem || X||1 < [IX|l2 < |IX|l1 + VD(X) 045 8cex X € Loy(M, 7).
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LOCAL ENTROPY AND COMPLEXITY

M. L. Blank!

Higher School of Modern Mathematics MIPT, Moscow, Russia;
National Research University “Higher School of Economics”,
Moscow, Russia

The classical Kolmogorov—Sinai metric entropy and the Adler—Kon-
heim-McAndrew topological entropy measure the complexity of a dy-
namical system, but do not provide any information about the complexity
of individual trajectories, let alone overall sequences of points. To answer
the last question, Kolmogorov proposed to consider the “simplest” dy-
namical system realizing this sequence as a trajectory, and implemented
this idea in terms of the shortest program of a universal Turing machine
realizing this sequence. Unfortunately, this approach turned out to be
not very fruitful: firstly, its practical implementation is extremely diffi-
cult, and secondly, the complexity of two trajectories of the same system
can differ greatly. To overcome these difficulties we propose local dy-
namical entropies which measure the complexity of individual trajecto-
ries and compare them to known approaches.

Let A = {A;} be a finite measurable partition of a Lebesgue space
(X, Z). We refer to the indices of A; as an alphabet A. We say that on a
starting segment of length N of a given sequence x := (x1, X2, ...) there
isaword w = (wy,...,wy) composed of the letters w; € A, if there is i
such that

Xi+j € Duw; Vi<n+1,i+j<N.

Denote by L(x,w, N) the number of occurrences of the word w in this
starting segment, and let p(x,n,N) := {p;} be the distribution (fre-
quency) of all such words of length n.

Definition. By the conditional local entropy of the trajectory x we
mean

- . ) 1 _
hf_;c(x|A) = limy_, o 11rnlf,_)Oo - H(p(x,n, N)).

! e-mail: mlblank@gmail.com
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Here + refers to the upper and lower limits, and
H(p(%,n,N)) == > p;logp;

is the entropy of the distribution p(x,n, N) := {p;}.

Denote by L(x, n, N) the number of different words of length n in the
starting piece of length N of the trajectory Xx.

Definition. By the conditional information entropy of the trajectory
X we mean

1 _
lnfO(x|A) = limpy_, o hmf,_)oozlogL(x, n,N).

Finally, we define the unconditional versions of the local and informa-
tion entropies as follows:

loc(x) = sup hloc(x|A), hiinfo(y_c) sup hmfo(x|A). (1)
Our main results may be formulated as follows.

Theorem.

1. hioc(X) < hinfo (%) Vx.

2. Kolmogorov-Sinai metric entropy hy(A) = hy(X|A) for each p-
typical trajectory x of an ergodic dynamical system.

3. hioc(X) = hipfo(X) = 0 for each periodic sequence X.

We will discuss these results and their applications to various dynam-
ical systems and specific sequences, in particular the ones related to num-
ber theory, such as prime numbers, quadratic residues, etc., which were
published in [1].
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Boudapes A.C.

METOA TAAEPKHUHA ITPUBAMYKEHHOTO PEIIEHUS
ABCTPAKTHOTI'O HEAUHEHHOT' O ITAPABOAMYECKOT O
YPABHEHU C IIEPUOANYECKHWM I10 BPEMEHUA
YCAOBHEM HA PEHIEHHE

A.C. 50H,£l,ap6B1

BopoHesicckuii eocydapcmaeHHblil yHUBepcumem,
BopoHesicckuil 2ocydapcmeaeHHblil nedazozuiecKuil yHusepcumem

[TycTh AaHa TPOIKA BEIIECTBEHHBIX CeapabeAbHbIX THABOEPTOBBIX
npoctpanctB V C H C V’, rae mpocrpanctBo V' — ABoOicTBEHHOE K V,
a H = H'. O6a BAOKEHHSA IIAOTHBI M HETIPEPBIBHBI. AaAee TIOA BhIpaKe-
HueM (2, V) MOHMMaeTcs 3HaueHue QyHKIHMOHAAA z € V/ Ha saeMeHTe
v € V. Ecau nipu 3ToM 2 € H, To BbIpaskeHue (2, V) COBIAAAET CO CKa-
ASIDHBIM IIpOU3BeAeHUeM B H.

Aast ouTtr Becex t € [0,T], tae T < o0, OIpeAEAEHBI OTepaToOpPhbI
A(t): V — V’ Takue, 4T0 Ha U, U € V BBIIIOAHSETCA:

(A(Ou-A(t)v,u—-v) > mllu—vlf;; (m > 0); (1)
lA(u = A()vlly: < Mllu—vlly. (2)
CuuTaeM Takxke, uTo AAS GyHKuu# u(t)€Ly(0,T;V) dyukuus A(t)u(t) €
€ Ly(0,T; V).
B npoctpanctse V’ Ha [0, T] paccMoTpuM 3apavy:

u'(t) + A(u(t) = f(),  u(0) = u(T). (3)

Teopema 1. [1, c. 254] B cdeaaHHbix 8bllle NPEONOAOHCEHUAX 3a0aUd
(3) umeem edurcmsenHoe pewerue u(t) makoe, umo u € L2(0,T;V) u
u’ € Ly(0,T; V).

[ycte Vi, TAe h > 0, — KOHEYHOMepPHOe IOAIIPOCTPAHCTBO IIPO-
crpaHcTBa V. OIpeAeAruM IPOCTPAHCTBO V), 3apaB Ha up € Vi ABOM-
cTBeHHYI0 HOpMY ||uply,» = sup |(up, vp)|, TAe TouHAS BEpXHASA rpaHuULa
6epetcst o BceM vy, € Vi 1 ||uplly = 1. O6o3Hauum depes Py, opToro-
HaABHBIN IIPOEKTOp B IpocTpaHcTBe H Ha V. Oneparop Py AOIlycKaer
pacIIMpeHHte 10 HelIPePBIBHOCTH AO omlepaTopa Py, : V! — V.

1 e-mail: bondarev@math.vsu.ru
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3apaue (3) mMOCTaBUM B COOTBETCTBHE MPUOAMKEHHYIO B V, 3apady

Ha [0, T].
up, (t) + PRrA(up(t) = Prf(t), up(0) = up(T), (4)
PemrenueM up(t) 3apaum (4) HasbiBaeTcss GpyHKIUA CO 3HAYEHHSIMU B

Vj Takasi, 4To paBeHCTBO (4) BBIIIOAHSIETCA B CMbICA€ IIPOCTPAHCTBA
Ly (0, T;V;l).

Teopema 2. [Tycmb 8bin0AHeHbL ycA08Us meopembl 1. ITycmb u(t) —
pewenue 3adauu (3), a up (t) — pewenue 3adauu (4). Toeda cnpagedausa
OUeHKa

T

10 - I + 1P - 012, ) / I—Pyu(©) . (5)

0

[TycTh 3apaHa MOCAEAOBATEABHOCTE {V},} KOHEYHOMEDPHBIX MTOANIPO-
CTPAHCTB, IPEAEABHO MAOTHasA BV, To ecTs || (I-Qp)v||ly — Ompuh — 0
AAST AfOGOTO U € V, TAe Q) — OPTONPOEKTOP B MpocTpaHcTBe V Ha Vj,.

CaeacrBue. [Tycmo {V}, } — npedeavHo naomnas 8 V nocaedosamens-
HOCMb KOHEUHOMEPHbLX nodnpocmpaxcms, makas, umo || Py ||lv—yv pasHo-
MepHo no h oepanuueHst. Toeda npu h — 0

T
max_|fu(t)- un (Ol /Ilu(t) up(O)|ly de+ [ [’ (6) =l (D) 15, de — 0.

0

VKa)keM KAacc MOAIPOCTPAHCTB Vy, AAsT KOTOPBIX ||Ph|lv—v paBHO-
MEpHO 110 h orpaHuYeHsl. [TycTh:

(I = Qp)vlla < rihlvlly (v eV), (6)
lvnlly < roh™Hvpllz - (vn € Vi), (7)
TAe '] U Iy He 3aBUCAT OT U, vy U h. Y3 (6) u (7) caepyeT olleHKaA
IPhllv—v < rira + 1.
V3 omeHkH (5) MOKHO TOAYYUTDH TTOPSIAOK CKOPOCTH CXOAMMOCTH.
AAST 3TOTO TIPEATIOAOKHMM CYIIIeCTBOBaHHE THABOEPTOBa IMPOCTPAHCTBA
E Takoro, uto E C VuV = [E, H]y 5.
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OTHOCHUTEABHO MIOATIPOCTPAHCTB Vj, AaAee BMecTO (6) IIPEATIOAOKHIM,
YTO

I(T-Qnvllv < rshlvlle (v €E).
[Tycts Temeps pelienue 3apauu (3) u € Ly (0, T; E). Toraa HoAyYUM

T T
/ lu(t) - up (0112 de < Ch? / (o)l de.
0 0

Ecau sxe pemtennie u € Ly(0,T;E) uu’ € Ly(0,T; H), T0

Xt

T
2 2

max [lu(t) —up(6) I3 + / I/ (€) =}, (O de <

0 T

< ci? [ (I + I (1) ae.

0
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OB OBPATHOM 3AAAYE BAPUAITMOHHOI'O MCHYHCAEHHUSA
AAA YPABHEHUH C HEITIOTEHLIIMAABHBIMUA
OITEPATOPAMMU

C.A. By,D,OHKMHal

Poccuiickuii ynHusepcumem 0pyx#c6vt Hapodos um. Ilampuca Aymym6si

B pamkax coBpeMeHHOTO BapHaIllMOHHOT'O MCYUCAEHUS KAaccHhue-
CKO# 06paTHO# 3apaveit BapuanoHHOTo ucurcaenusi (O3BU) cuurtaet-
csI 3apa4a IMOCTpoeHUsT GYHKITMOHAAA, YPAaBHEHHUS IKCTPEMaAe KOTOPO-
T'0 COBIIAAAIOT C 3aAAaHHBIMU YpaBHEHUAMU. PaccMaTprBaeMble B HACTO-
SIIIeM AOKAAAE€ BOIIPOCHI TECHO CBS3aHBI CO CAEAYIOIIEH ITOCTaHOBKOM
O3BMU, obobimarolieil ee KAACCHYECKYI0 TOCTAHOBKY: AAQHbI TPOU3BOAb-
Hble YpaBHEHHUS U KpaeBble YCAOBHA, TpeOyeTcss HalTH QYHKIIMOHAA,
MHOKECTBO CTAIlMOHAPHBIX TOUEK KOTOPOT'O COBIAAAET C MHOKECTBOM
pelleHN HCXOAHON 3aAavH.

AoKAap ocHOBaH Ha paborax [1-5]. ByaeT pAaH 0630p 3THX pabor,
a TaK’Ke U3A0KEHBI PE3YABTAThI aBTOpPa: HEOOXOAUMBIE M AOCTAaTOYHBIE
YCAOBHSI Pa3peNTuMOCTH 0OpaTHO# 3aAauy BapUAIIMOHHOTO HCYHUCAEHUS
AASI Pa3AUYHBIX THUIIOB YPaBHEHUH, a TAK)Ke POPMYABI AASI TIOCTPOEHHUS
COOTBETCTBYIOIINX PYHKIIMOHAAOB — BapHUaIllMOHHBIX ITPHUHITUIIOB.

[Ty6AuMKanus BhIIOAHEHa B paMKax mpoekta Ne 002092-0-000
Poccuiickoro yHUBepcHuTeTa APy>KObI HApOAOB UM. IlaTpuca AyMyMOBL.
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ON EQUIVARIANT BOUNDARY VALUE
PROBLEMS AND APPLICATIONS

V.P. Burskiil

Moscow Institute of Physics and Technology, Moscow, Russia

Let Q bean arbitrary bounded domain in the space R™ with the

boundary dQ and £ = Y, aq(x)D% D¥ = (—ia)'""/axi(1 L AxXO,
la|<m

a € Zt, |a| = X ai be some formally self-ajoint differential operation

k
with smooth complex matrix coefficients ay(x), i.e. their elements be-

long to C*(Q). Let Ly with domain D(Lg) be a minimal operator and
L = (Lg)* be a maximal operator of £, C(L) = D(L)/D(Lg) be a bound-
ary space, I' : D(L) — C(L) be a factor-mapping. An boundary value
problem Lu = f,Tu € B C C(L) is called well-posed if the correspond-
ing expansion Lg = L|p(z), D(Lp) = I'"1B has a continuous two-sided
inverse operator.

Let G be a Lie group smoothly acting in the closed domain Q, on
boundary 9Q and this action remains volume of domain. Let differential
operation £ is invariant with respect to the group action, thatis g(Lu) =
= L(gu). Then spaces D(L), D(Lg),C(L) are invariant with respect to
the action of the group G. The boundary value problem Lu = f, Tu €
€ B, will be called G-invariant if the space B is invariant with respect
to the indicated action of group G. If the group G is compact then, as it
is well known, the Hilbert space of representation is decomposed in the
direct sum of finite-dimensional invariant subspaces of irreducible repre-
sentations. And if the group also is commutative, such representations
are one-dimensional. Let the space of representation of the group G be
the boundary space C(L). For the case of the compact group we have
decompositions

C(L) = ) @€, C(kerL) = » @CK(kerL), B= > @B.
k=0 k=0 k=0

! e-mail: bvp30@mail.ru
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If our G-invariant boundary value problem is well-posed, the decom-
positions in the direct sum C(L) = C(kerL) @ B attracts a decomposi-
tions in the direct sum CK := Ck(ker L)® Bk = > ¢kt with by finite-

l

dimensional projectors 1k . ck — ck (ker L) along B¥ and now a check
of a well-posedness of G-invariant boundary boundary value prob-
lem can be shown by the check of two properties:

1) Ck(kerL) N BX = 0; 2) 3k > 0, Vk, ||ITTK|| o« < x.

About applications. We investigate the general well-posed mixed
SO-equivariant boundary value problem for the wave equation in a ball
and we obtain the theorem of solution existence for such problem. We
investigate also the spectrum of operator of a general well-posed SO-
equivariant boundary value problem for the Poisson equation in a disk
and in a ball, selecting cases of violation of well-posedness of the same
problem for the Helmholz equation as violation of the property 1). Thus
the fulfilment of the property 2) appears by the supplied property of well-
posedness of the problem for the Poisson equation. One more application
is related to the quantum mechanics. Here we consider the Schrédinger
equation for hydrogen-like atom with Coulomb potential and non-point
ball nucleus and we obtain some properties and conclisions.
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Bacuawves B. b.

OB SAANMIITUYECKHNX YPABHEHUAX Y KPAEBBIX 3AAAYAX

B. 6. Bacunbes?

Beszopodckuil 20cy0apcmaeHHblll HAUUOHAABbHDBLLL UCCAe008AMenbCKUL
yHusepcumem, besazopod, Poccus

V3yuaeTca pa3peluMOCTb SAAUNITHYECKUX IIceBAOAUDdepeHIIaAb-
HBIX YpaBHEHUU

(Au)(x) = v(x), x €D, (1)

rAe A — omeparop Bupa

) = [ [ At uayag, xeo,
D Rm
dyukmo A(x, £) Ha3bIBaIOT CUMBOAOM omepaTtopa A, D € R™ — 06-
AAaCThb, TPAHUIIA KOTOPOH MOYKET UMETh OCOOEHHOCTH (TOUYKU MAM MHO-
’KeCTBa HETAAAKOCTH) THIIAa KOHyca HAH pebpa.

[Tpu AOKAAH3AIIUU B TOYKE MOSABASIETCS «MOAEABHBIN» omepatop (B
cuMBoAe A(x, £) 3adpuKcHpoBaHa MPOCTPAHCTBEHHAs [TepeMeHHast X) B
CIeITHaAbHON «KaHOHUYECKOH» 00AacTH (KOHyCe), AAsI KOTOPOT'O HEOO-
XOAUMO OIHCATh YCAOBHSI 0OPAaTUMOCTU. AAST STOU LIEAH MTPEAAATAETCS
HCIIOAB30BATh CIEIUAABHYIO 801HO8YI0 GAKTOPHU3AIHIO SAAUITHIECKO-
ro cuMBoAa [1].

AAST ypaBHEHH# ¢ TAKMUMH OTIEPATOPAMU CTPOUTCS BapHUAHT CHUMBO-
AUYECKOTO UCYHCAEHHS MOAOOHO [2, 3] M IpeAaAararoTcs AOCTaTOYHbIE
YCAOBHST GPEATOABMOBOCTH B MOAXOASIIIMX IpocTpaHcTBax CoboreBa—
Caob6operkoro H* (D). 9T GpyHKIMOHAABHBIE IPOCTPAHCTBA TPUXOAUT-
CS1 CTPOUTH AOKAABHO, UCIIOAB3YSI HOPMY

1/2

ullsgey = / 1+ E)>Da@)Pas|
Rm

IIOCKOABKY HHAEKC BOAHOBOM (1)aKTOpI/ISaI_II/II/I 3aBHCHUT OT TOYKH AOKAAH-

1 e-mail: vbv57 @inbox.ru
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3aIliH, AWIIb 3aTeM cOOHpasi UX B OOIIYI0 KOHCTPYKIHIO. [IpocTeiimmit
BapHaHT TAKOTO MMOCTPOEHHUs ObIA PAaCCMOTPEH B [4].

CIHCOK AUTepaTypPhl

1. Vasil’ev, V.B., Wave Factorization of Elliptic Symbols: Theory and Applications, Kluwer
Academic Publishers, Dordrecht-Boston-London, 2000.

2. Vasilyev V.B., Elliptic operators and their symbols, // Demonstr. Math. 52 (2019),
Pp. 361-369.

3. Vasilyev V.B., Operator symbols and operator indices, // Symmetry, 12:64 (2020). -
cc. 1-12.

4. Bacuaves B.B. ITceBpopuddepeHIinaAbHble ONEepaToOpbl U YpaBHEHU: ITepeMeHHOro
mopsiaka. Audoxrrken. ypaBHeHus. — 54:9 (2018). — cc. 1184-1195.
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Bacuavesa A. A.

TEAB®AHAOBCKHE IIOITEPEYHUKH ITEPECEYEHU A
KOHEYHOMEPHBIX IITAPOB 1 KAACCOB COBOAEBA

A.A. Bacunbesal

Mockosckuil 2ocydapcmseHHblil yHugepcumem umenu M.B. AomoHocosa

Aral < p < oo, N € N o603HauuUM uepe3 Zg MIPOCTPAHCTBO RN ¢

HOPMOiA N 1/p
IGer, - cx)lly = D bl | o p < oo,
j=1
X1yeee,X = max |x;| mpu = oo.
I(x1,. .., N)lllg 1<KNl j| mpm p
Yepes Bg 0003HAYNM eAMHUYHBIH I1ap B lg .
Yepes d"'(M,X) u An(M, X) 0603HaYMM COOTBETCTBEHHO reAbdaH-

AOBCKHU U AMHEUHBIN n-MoNepevYHuK MHOKecTBa M B IpoCTpaHCTBe X.
Teopema 1. [Iycmv N € N, n € Z4, 2 < q < oo. [Iycmb A — Heny-
cmoe MHOXMcecmBo, Vg > 0, 1 < py < 0o, @ € A. IIpednoaoxcum, umo
p = inf py > 1.
acA

1. Ecau py < q 048 Kaxc0ozo a € A, mo 044 1106020 n < N /2 svinoa-

HEHO
d" veBN IV | =< inf (V min {1,n_1/2N1/p&}).
(O[JA TP [ gea \TY
Ecau npusmom 1/q+ 1/pq < 1044 106020 @ € A, mo aHanro2uuHas
nopaoKosas OueHKa 8epHA 045 AUHETIHbLX NONePeYHUKOS.
2. Ilycmb pg > 2 049 Ka#0020 @ € A. Ars pa < g, pg > q onpedeaum

1-2 A
uucaa Aqp ypasHeHuem % = 9B | 2B 120a das ar06020 1 < %

Pa Pp
BblNOAHEHA OUEeHKa

d" (ﬂ vaBY z{lv) < () VaBga,lN) =

acA aEA

. . _ . . 1-1 A
= min{ inf vgNY/9" P« inf p,, inf Vg abylab
Pa=q Da<q Da<q,pp>q P

! e-mail: vasilyeva_nastya@inbox.ru
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[Tyctb r € N, 1 < p < c0. Onpepeaum kaace CoboaeBa Ha 06AaCTH
) paBeHCTBOM

1
WIZ(Q) = {f € LIOC(Q) : “Vrf”Lp(Q) < 1}.
Teopema 2. [Iycmb 1 < g < 00, s 2 2,1 < pj < oo, j=1,...

)s)

d € N. IIycmo obaacms Q C R4 ydos.aemesopsem YcA08ulo AXcoHa ¢
napamempom a > 0,

S
N
M= ﬂ Wy (Q).
j=1

Taxoice TlpeanO/lOJfCUM 4mo B8blNONHEHbl HepaseHcmsa ry > rg > -+ > I,
r 1 I's 1 1§ 1 1

7_E< <E—E’E+&_E>O O6o3Hauum p = (p1, .-, Ps),
r=1(ry,...,rs).
1. Iyems pj > q, 1 < j < 5. Toeda d™(M, Lq(€2)) e n~"1/d,
2. Ilyemp2< pj<q 1< j<s.
Toeda d™(M,Lg(Q)) _ = n~Ts/d=1/q+1/ps
D,q,7,d,a
3.Ilyemb q 2 2, pj < g, 1 < j<'s, npusmom p < 2.
(@) Eeau B ’s < 1L mod™(M,14(Q)) _ = nrs/dml/art/ps,
bs p.a,7,d.a
(b)l'[ycmbrld;rs >%—l%su
iyl rs/d +1/q—1/ps
0 =—+--2 7’é = U2.
a” q 2(rs/d —r1/d + 1/pj)

Tozda d" (M, Lg(©))) — min{61,62}

P.arda
4.Ilyemv q > 2, pj 2 2,1 < j < s, npusmom {j: pj>q} #
# o, {i: pj <q # @ Arai, j makux, umo p; < g, pj > q,
1 _ 1Ay Ay
onpedeaum HucAa Aij ypasHeHuamu 7= o * 7 U NOAOHCUM
(ix, jx) = argmaxpl.<q,pj>q((1 Aijri/d + Ajjri/d). Toeaa

d"(M,Ly(Q)) = n~ (A /A=A j,rj/d
:

D,q,1,d,a
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OTO U YPABHEHH BAACOBA:
KOCMOAOTI'YA Y ITPOCTPAHCTBO AOBAYEBCKOI'O

B.B. Bepenanuu, 4.1 batnwesa, H.H. ®umunH, B.M. YeuETkmH

®UI] HHcmumym npukaadHoil mamemamuku um. M.B. Keadviwa PAH,
Mocksa, Poccusa

PaccMoTpeHBI BEIBOA U CBOICTBA ypaBHeHUH BaacoBa—diiHINITeiHA U
Baacosa-IlyaccoHa 1 KOCMOAOTMYECKUE PEIIEeHUS.

B kaaccuueckux pabotax (cm. [1-4]), ypaBHEHHS AAST TIOAEH TIPEA-
AaraioTcsi 6e3 BBIBOAA TPABBIX YacTel. 3AeCh MBI AaeM BBIBOA IIpa-
BBIX YacTed ypaBHeHMU MakcBeana ¥ DUHIITENMHA B paMKaxX ypaBHe-
HUU BaacoBa—MakcBeAAa—IDUHINITEHHA U3 KAACCUYECKOT0, HO HEMHOTO
60.Aee OOINETO TPHUHIMIIA HaWMEHbIEro AekictBust [5-11]. IMoaydaro-
IUHCcs BBIBOA YPaBHEHUU Tuna BaacoBa Aa€T ypaBHeHU:A BaacoBa—diiH-
1ITeifiHA OTAWYHBIE OT TOTO, UYTO IpeApAaraAuchk paHee [12-15]. IIpea-
Aaraetcsi Ccroco6 rmepexopa OT KWHETHYECKUX YpaBHEHHWHM K THAPOAMHA-
MUUYECKUM CAEACTBUAM [5-8], Kak 3TO AeAaAOChH paHbIlle yKe CaMUM
A.A. BaacoBreiM [4].

B caydae raMUABTOHOBON MEXaHUKH OT THMAPDOAMHAMUUYECKUX CAEA-
CTBUH ypaBHEeHUA AUYBUAASA BO3MOKEH MTEPEXOA K ypaBHEHUIO [aMUAB-
ToHa—IKOOU, KaK 3TO A€AAAOCh Y’Ke B KBaHTOBOM MexaHuKe E. Maae-
AyHToM [16], a B 60aee o61ieM BuAe B.B. KosaoBbiM [17, 18]. Takum
06pa3oM IMOAYYaIOTCS B HEPEASTHBHUCTCKOM CAydae pellleHus MuAHa—
MakkpH, a TakKe HEpeAATUBUCTCKUM U PEASTUBUCTCKUI aHAAU3 pellle-
Huli Tuna PpraMaHa HeCTallHOHAPHOU BOAIOIIUU BceaeHHOH. JTO MO3-
BOASIET ONPEAEANTH KOHCTAHTY Xa606Aa He Ha OCHOBE METPHKH, KaK 3TO
AeAanoch paHee [1-3], a Kak MOAOKEHO, HAa OCHOBE HaOAIOAAEMO# Ma-
TepuHU, HallMcaThb YPaBHEHUA AAS Hee HO OCHOBE ABMKEHHA MaTepUHU B
3aAaHHOM METpPHKE, MPOAHAAM3UPOBATh NAIMOAY DUHIITEHHA U TPUIH-
HY YCKOPEHHOT'O pacIiupeHusi BceAeHHOM KaK PeAATUBUCTCKUM 3P PeKT
[19,20].

PaKT yCKOPEHHOTO paCIINPeHM TO3BOASIET TAK)KE ONPEAEAUTh 3HAK
KPUBU3HBI: OHA OTPUIIATEAbHA, U MBI JKHBEM B IPOCTPaHCTBe AobavueB-
CKOTO.
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OPERATORS IN KAHLER SPACES
AND QUANTUM MECHANICS

l. Volovich?

Steklov Mathematical Institute, Russian Academy of Sciences

The mathematical foundation of quantum mechanics, as established
by von Neumann, relies on the theory of operators in complex Hilbert
spaces, where complex numbers play a central role. However, the neces-
sity of complex numbers in this framework remains debated.

This talk explores a recent approach [1] that redefines quantum me-
chanics as a theory of operators in a real Kahler space, with a focus on
spectral theory in such spaces. The Kahler-space framework retains all
essential features of quantum theory while introducing a critical advan-
tage: it naturally embeds a Hamiltonian symplectic structure, akin to
classical mechanics. This structural parallelism unifies the geometric de-
scription of classical and quantum dynamics. Furthermore, we demon-
strate that the ergodicity of finite-dimensional quantum systems emerges
explicitly within this framework, offering new insights into their dynam-
ical behavior.

References

1. L Volovich, Real Quantum Mechanics in a Kahler Space, arXiv:2504.16838.

I e-mail: volovich@mi-ras.ru
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ON A STRONGLY ELLIPTIC PROBLEM
FOR FUNCTIONAL-DIFFERENTIAL OPERATORS
WITH ORTHOTROPIC CONTRACTIONS
IN THE 3-DIMENSIONAL CASE

T. Ganyani, A.L. Tasevich!

RUDN University, FRC CSC RAS

Let us consider a functional-differential equation
3
Apu(x) = = ) (Rijux),, = f(0), xR, (1)
ij=1
where

R;ju(x) = ajjov(x) +aij1v(q~'x1, pxa, rxs) +aij —1v(qx1, p~'xa, 1 'x3).
The coefficients a;jx € C, i,j = 1,2, k = 0, £1, parameters p,q,r > 1,
i.e. there is a contraction on one variable and extension—on others.

The conditions for strongly ellipticity in the terms of the Garding type
inequality fulfillment are obtained.

! e-mail: atasevich@gmail.com
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O ®PAKTOPHU3ALIMHN AHPPEPEHITMAABHOI'O YPABHEHUSI
C «PACIHEITAEHHBIMHW» MEPAMH

n.A.X. A11-Fapa|71xon|41

Boponesicckuil zocydapcmaenHulil yHusepcumem, Poccus;
Yuusepcumem Tu-Kap, Upak

B pa60Te AOKAa3bIBA€TCA BO3MOKHOCTDb ITPEACTABACHUA YPABHEHUA

d du dQ
o1oTs P s * el =° W
B GaKTOPU30BAHHOM BHAE.

Peritenvie ypaBHeHus: (1) MbI UIlleM B Kaacce [ f1]-abCOAIOTHO HeTpe-
pBIBHBIX Ha [0; €] ¢pyHKIui, mepBas [ ]-mpou3BoAHas KOTOPHIX [0]-a6-
COAIOTHO HempephiBHA Ha [0; £].

Me! cunraem, 4to p(x) onpeaereHa Ha MHoxkectse [0; €], B KOTO-
pPOM KakAasi Touka &, mpuHaAAerKalllasi MHOKECTBY S( 1) — TOYeK pas-
pbiBa GyHKIKH 11 (X ), 3aMeHeHa Ha TPOMKY COOCTBEHHBIX 9AEMEHTOB. Bu-
Ay TOTO, YTO AASI BOCCTAHOBAEHHUSA QYHKIUHU (C TOYHOCTHIO AO TIOCTOSIH-
HOM KOHCTaHThI) mocAe AUGDEPEHIIMPOBAHHUSA, HEOOXOAUMO «IIOMHUTE»
o6a ckauka GyHKIMHU U(X), KOTOpble BOOOIIEe TOBOPSI Pa3AHYHBI, IPO-
n3BoAHasA QYHKIMH u(X) 10 Mepe p(Xx), KOTOPYIO Mbl 0603HAaUYUM 4Yepe3

TTuls F;]z’ YTOOBI TIOAYEPKHYTH, YTO OHA B TOYKe & IPHHUMAET ABa YIIOPs-

2)
AOYEHHBIX 3HAYEHWs, ONPeAeAeHa Ha MHOKecTBe [0;{], B KOTOPOM

Kakpasa Touka € € S(p1) 3aMeHeHa Ha apy COOCTBEHHbBIX 3HaYeHH (T10-
§ &
B

1I/I’l'2.

TOYKax ’L'l.S (i = 1, 2) IIPOMU3BOAHAA OIIPEAEACHA CACAYIOINHMHU pPaBeH-

CTBaMu u/ (Tf) _ A‘u(f) A+u(§)
) A*u(§)

a B Toukax £ — 0 u £ + 0 3HaUeHUAMU, OBIBIIUMU PaHee IPeAEAbHBIMHU.

AHAAOTHYHO, AASL BOCCTAHOBAEHMS QYHKIMH U(X) = u;J (x) mo eé
IIPOM3BOAHOM 110 MEPE 0, HEOOXOANMO Y3Ke «IIOMHUTh» TPH CKauKa, T. €.

MHMO TIpeAeAbHBIX & + 0). Mbl 6yaeM 0603HaYaTh UX 4epe3 T

’ &\ _
Uy (T3) =

! e-mail: evan.abd3@gmail.com
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An-Iapaiixoru U. A. X.

v’[o] (x) B TOuKax pa3pbIBa yKe TPEx3HayHa (TIOMUMO MTPEAEABHBIX 3HA-

. , (3)
YeHUN), U Vo) (x) ompepeaena mHOXKecTBe [0; €], ~ B KOTOPOM KasKAas

touka £ € S(o) (Ipu 3TOM MBI TIPEATIOAATAEM, YTO MHOYKECTBA TOYEK
«pacCIeNAeHUsI» Mep [l U O COBIAAAIOT) 3aMeHeHa Ha YIOPSIAOUEHHOE

T, 75,75, £ + 0},

MHOecTBO {£€ — 0, 71,75, T3
YpaBHEHHE B TOYKAX paspbiBa Mep MOHMMAETCS CAEAYIOLIUM 0Opa-
30M:

)~ (0] e -ofare -t
[ {put) 55 = o) 5] w0 [oish) - 0e) | =
B :(pu,[ﬂ]z)(é +0) - (Pu'[p]z)(fg): +u(£+0) [Q(é’ +0) - Q(Tg)] -

CrpaBepaunBa TeopeMa.

Teopema. [Tycmo inf( , p(x) > 0, Q(x) He ybvigaem, p(x) u Q(x) —
[0:¢] )
—(2
[a]-a6coatommo Henpepwvigrbt Ha [0; €] EP)] Tozda, cyuiecmayom noaoxcu-

meavHble pynkuuu Po(x), P1(x) u ompuuyamesvras ¢yrkuus o (x) ma-
Kue, 4mo

2 (11 o) = Py, (2)

B paboTe HCIIOAB3YETCS TIOAXOA, TpeAAosKeHHBIH FO.B. [TOKOpPHEBIM,
K TIOTOYEYHOU TPAaKTOBKE YPaBHEHHS, KOTOPBIH ObIA MPUMEHEH UM U

€ro yYeHHKaMH K UCCAEAOBAHUIO PEIeHNH yPaBHEHUH BTOPOTO MTOPSIA-
Kka [1-3].
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MHOT'OMEPHBIE OITPEAEANTEAN U HOBBIE TEOPEMbI
O KOHEYHbBIX ITPUPAITEHUAX

A.C. FacnapﬂH1

ITepecaasav-3anecckuil

MHOTOMEpPHbIE MATPHIIBI U OMPEAEAUTEAN TTPUMEHSIOTCS AASI BbI-
BOAA HOBBIX TEOPEM O KOHEYHBIX MpHupaiieHusx. CBoicTBa 3HaKOIIe-
PEMEHHOCTH MHOTOMEPHBIX OTIPEAEAUTEAEH TIO3BOASIIOT YCTaHABAMBATD
CeMeUCTBO COOTHOIIIEHHUH, B YaCTHOCTH COAEpIKalllee KAACCHUYECKUE TeO-
pembl Aarpamka u Kol 0 KOHeYHbIX TIPUPAIeHUsX, a TaKsKe HEKOTO-
pblie uX 06001eHrs Ha GYHKIIMH MHOTHX [T€PEMEHHBIX.

CylecTByeT 3aMeuyaTeAbHBIH cr1oco6 BbIBOAA GOpPMYA Aarpamxka u
Kori u3 TeopeMbl POAAS, UCITOAB3YIONIHI OMPEAEAUTEAD B KauecTBe
CBA3YIOILIETO 3B€HA. A UMEHHO, AAST QYHKIH#H X (t) 1 y (t), HelpepbIBHBIX
Ha [a,b] u AHQ)Q)epeHquyeM?LiIx B (Ci’ b), CO%TaBI/IM HOBYIO0 QYHKIIHIO

Y =|x(t x(a) x(b))
y( y(a) y())
OueBHAHO, YTO GyHKIH W (t) YAOBAETBOPSIET YCAOBHSIM TEOPEMEI POA-
As: HempepbiBHA Ha [a,b], audpdepenmupyema B (a,b) u ¥(a) =
= ¥(b) = 0. CaepoBaTeAbHO, HAafAETCs Takoe 3HaueHue t = £ € (a, b),
npu KoTopoM ¥ = 0. Pa3sA0XKB IPOU3BOAHYIO OIPEACAUTEAS IO TIpa-
BHAY Aaraaca, IpUAEM K PAaBEHCTBY

#(8) (&) | _

0,
Ax Ay

B KOTOPOM MBI y3Haém TeopeMy Kol 0 KOHEeYHBIX ITpUpalleHUsIX.

B caeaytomieM mpuMepe TPEXMEPHBIN ONpPeAeAUTEeAb IPUMEHAeTCs
AAST AOKa3aTeAbCTBA YTBEPYKAEHUS O UYeTBEPKe PYHKIIUI OAHOM Iepe-
MEHHOM.

Teopema 1. (MaTpuyHbIif aHaAor Teopembl Komu) ITycms F(x) —

! e-mail: armenak.gasparyan@yandex.ru
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Tacnapsn A.C.

MAMpu4Has yHKUUS om X, onpedeAéHHAs U HenpepbleHad Ha [a, b] C R,
f1(x)  fiz(x)
F(x) = 5
() (le(X) fa3(x)

u nycmo 8 (a, b) cywiecmsyrom sce npou3gooHvle fi’j(x), i,j=1,2

Toz0a cyuwiecmsyem mouka € € (a,b), 8 Komopoil 8bINOAHACMCA PA-
BEHCMBO

f11(&) (f22(b) = fa2(a)) = f35(&) (f11(b) - fi1(a)) =
= f12(&) (f21(b) = fa1(a)) = f3, (&) (fr2(b) = fi2(a)).
[lpuMeHeHre MHOTOMEDPHBIX OIPEAEAUTEAEH CIIENMAABHOTO BHAA
MTO3BOASIET AOKA3bIBATh BCE HOBBIE TEOPEMBI O KOHEUHBIX IPHpPAILlE€HH-
SX.
Teopema 2. (OG611as TeopeMa 0 KOHEYHBIX IpUpaIeHusx) [Iycmy
{ fir,eeniip (x)} — cemeticmso QyHKuuil, HenpepwvleHvix HA [a, b] u dupge-

penuupyemoix 6 (a,b), (i1,...,ip = 1;2), u nycmv 0 = (01,...,0p)
— NpoU3B0AbHAA NOCAA0BAMEALHOCTIL U3 HYAell U He4EMHO20 KoAUYe-
cmaa edunuu, Tozda cywecmsyem makas mouka € € (a,b), 8 komopoii
8bINOAHAEMCA MOXHCOECMB0

D, CDEFE L@ 5,0 - f @) =0,
il,...,ip=1;2
B wactHocTH, ipu p = 1, 0 = (1) umeem popmyay Kouu, mpu p =
= 2,0 = (0, 1) moayuaem Teopemy 1. B cayuae p = 3 cyIiecTByeT ABE
KavyeCTBEHHO pa3AHYHbIe aAbTepHaTHBBL: 0 = (1,1,1) m o = (0,0,1).
COOTBETCTBYIOITHE POPMYABI:

f111(8) (f222(b) = fa22(a)) % f115(&) (f221(b) — fo21(a)) +
+f151(8) (f212(D) = f212(@)) + f155(8) (f211(b) — fa11(a)) —
—f311 (&) (f122(b) — f122(a)) F f3715(8) (f121(b) — f121(a)) F
Ff391 (&) (f112(b) — f112(a)) £ f355(8) (f111(b) — f111(a)) = 0.
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®OPMVYABI AASI HYAEM AI/‘IJCHEPCPIOHHOP'I OYHKIIN
B 3AAAYE AAA YPABHEHHHN BOABIIMAHA-MAKCBEAAA

M.A. rBO3/J,E‘B1

MITY um. H.D. baymana

[Ipu pellleHMH MHOYKECTBA 3aAa4 KaK B 0OAACTH MaTEMAaTHKH, TaK U
MaTeMaThu4eckod QU3UKH, KAIOYEBBIM MOMEHTOM SABASIETCS OIIpeAeAe-
HUe KOopHel nccaepyeMoit QyHKITUU. AASL 3TOTO UCIIOAB3YIOTCS KaK aHa-
AUTHYECKHE, TaK U YNCAeHHBbIe MeTOABL. OAHAKO sIBHbIe pOPMYABI MOTYT
OBITb IOAYYEHBI TOABKO AAST OTPAHHYEHHOTO KAacca QyHKIMHA. YncAeH-
Hble METOABI, HECMOTPSI Ha CBOIO 3)PEKTHUBHOCTh, 00AAAAIOT OIMpPEAE-
ACHHBIMU HEAOCTAaTKaMU U OTPaHWYEHUAMU B IPUMEHEHUH.

AAA OIIMCaHUA IOBEACHHUA IIAA3Mbl B PAMKaX KUHETUYECKOTO II0AXO-
AQ UCTIOAB3YETCSA CUCTeMa UHTeTpo-AupdepeHIINaAbHBIX YPaBHEHUH, CO-
CTOALLIAA U3 KUHETUYECKOTr'0 ypaBHeHUA boAbLIMaHa ¥ ypaBHeHUH Makc-
BEAAA AAS SAEKTPOMAarHUTHOI'O IOASA [1]. AOIyCTHUB psip YIPOILEHUH,
MO>KHO CTPOWTh aHAAUTHYeCcKoe pellleHHe, CM., HarpuMep, [2], B mpo-
Ijecce IMOCTPOEHUsA KOTOPOr0 BO3HHUKAeT AMCIIepCHOHHAasA QYHKIUA, OT
HyAel KOTOPOM 3aBHUCUT BUA PeLleHHUs 3aAa4u.

B pa6orax [3,4] 6bIAO NMOAYYEHO AHAAUTHYECKOE pellleHHe Kpae-
BOU 3aAa4yU AASL CUCTEeMbl ypaBHeHUU boabiiMaHna—-MakcBeAAa, OIUCHI-
BaIOLEe¥ CTOAKHOBHUTEABHYIO I1Aa3My. KOpHU BO3HUKAIOLE# B IIpoLec-
Ce pelLleHUs AUCIIEPCHOHHON QYHKIHUU OOAAAAIOT CYIECTBEHHBIM (-
3UYECKUM CMBICAOM: pellIeHNs], COOTBETCTBYIOLINE UM, ACMOHCTPUPYIOT
9KpPaHHWPOBaHUE BHEIIHETO dACKTPHUUECKOro noas. CaMa AUCIEpCHUOH-
Has QYHKIUA UMeeT CACAYIOIINHI BUA!

+o00
B B A k(s)
Qf(z)=1-—22- —z[2-= / ds, zeHF, 1
(=) A2 A2 ( B) s—z )
TAe A =1- i%, B = rzno , a k(s) — ob6e3pasMepeHHast GYHKIIHS
r-mo

IIAOTHOCTH 2A€KTPOHOB, B KA4€CTBE KOTOPOI‘/JI MOXHO B3ATb (l)YHKI_[I/II-O

1 e-mail: gvozdev.platon03@mail.ru
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IBo3des I1. A.

®epmu — Aupaka uau pacupepereHue MakcBeanra. 3AeCb w — 4acToTa
BHEIITHEr0 BO3MYIIAIOIIEro IOAs, ¥ — 4aCTOTa CTOAKHOBEHUH B IIAA3Me,
mo ¥ My — HYAEBO#H U BTOPOM MOMEHTHI GpyHKITHH k(s).

@yuknua (1) npeacTaBasieT U3 ce6si CyMMy ITOAMHOMA BTOPO# CTe-
IIEHHU U [IOAMHOMA TPEThEH CTelleH!, YMHOKEHHOI'0 Ha HHTerpaa Komwu.
OHa aHaAMTHYHA B 06eMX MAOcKoCcTAX HE, BKAOUas 6eCKOHEYHO yAa-
AEHHYIO TOYKY, 1 00AQAAEeT Pa3pbIBAMH BO BCEX TOYKAX AEHCTBUTEAB-
Hoit ocu. Kpome Toro, dpynknusa QF (z) ABASETCA 9€THOM, YTO MO3BOAA-
€T OIPaHUYMUTHCS TOUCKOM ee KOPHEH B OAHOU M3 IMOAYILAOCKOCTEH.

VicrioAb3yA BBIIIEYIIOMSAHYThIE CBONCTBA AMCIEPCHOHHON QYHKIIMU
Y TeopHIo 3apauu Pumana [5], B ABHOM BHUAE OBIAM OAYYEHBI GOPMYABI
AAS HAXOYKACHUS ee HyAeH.

PaccmarpuBaemast mpobaeMa sIBAsSETCS aKTYaAbHOH AAS pellleHUs
3aAa4 AEKTPOAMHAMUKY, HAXOKACHUA AUCKPETHOI'O CIIEKTPA, UCCAEAO-
BaHUH pellIeHWH Ha yCTOMYUBOCTD U PSAAA 3aAa4, BO3HUKAIOIIUX B APY-
T'UX 00AACTSX.
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BLOW-UP PROBLEM
FOR NONLOCAL PARABOLIC EQUATION WITH ABSORPTION
UNDER NONLOCAL NEUMANN BOUNDARY CONDITION

A.L. Gladkov!

Belarusian State University

We consider the initial boundary value problem for nonlinear nonlo-
cal parabolic equation

ur = Au+aup/uq(y,t)dy—bum, xeQ, t>0, (1)
Q
with nonlinear nonlocal boundary condition
ou(x,t
ol — [keyodody xean, 20, @)
v
Q

and initial datum
u(x,0) = up(x), x € Q, (3)

where a, b, p, g, m, | are positive numbers, Q is a bounded domain in
RN for N > 1 with smooth boundary 9Q, v is unit outward normal on
Q.
We suppose that the functions k(x, y, t) and ug(x) satisfy the follow-
ing conditions:
k(x,y,t) € CBQAX QX [0, +00)),  k(x,y,t) > 0;

— 0
up(x) € cH(Q), up(x) > 0in Q, ug(x) =[k(x,y, O)ué(y) dy on 9Q).
%

Q
Initial boundary value problem for parabolic equation (1) with non-
local boundary condition

u(x,t) = / k(x,y, t)ul(y, t)ydy, x €9Q, t >0
Q
was considered in [1,2].

! e-mail: gladkoval@mail.ru
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We prove global existence and finite time blow-up results.

Theorem 2. Let max(p + q,1) < 1 or 1 < max(p + q,l) < m. Then
every solution of (1)-(3) is global.

To formulate finite time blow-up result we suppose that

i?)f/ k(x,y,0)dSy > 0. (4)
0Q

Theorem 3. Let either r + p > max(m, 1) or | > max(m, 1) and (4)
hold. Then solutions of (1)-(3) blow up in finite time if initial data are
large enough.

The results of the talk have been published in [3].
This work was supported by the state program of fundamental re-
search of Belarus under grant 1.2.02.2.
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MATEMATHYECKAA MOAEAb CBOBOAHBIX KOAEBAHUH
BA3KOYIIPYI'OH CTPYHBI C OCOBEHHOCTAMMU

C.A LIJa6pOB,1 X.W. baxtHaZ ®.B. lonosaHesa, T.B. FpmpmeBa3

BopoHestcckuii 2ocydapcmaeHHblil yHu8epcumem

Pa6oTa MmocBsIeHa aHAAW3Y MaTeMaTHYECKOH MOAEAH CBOOOAHBIX
KOAeOaHUN BS3KOYIPYTOH CTPYHBI C BHYTPEHHHMH OCOOEHHOCTSIMH,
TIPUBOASIIIUMH K TOTEPE TAAAKOCTH y PEIIeHHS COOTBETCTBYIOIIETO

YPaBHEHHUS:
t

a2 / Ke-02% eode (1)

000x
0

o%u(x, t) 9 0%u
_— = qf —
at2 000x

NIpU YCAOBUSIX

U(O, t) = u(l, t) = O,U(X, 0) = CPO(X): (Z_l; (.X', O) = Cpl(x)a (2)

rAe @o(x), @1(x) — HaYaAbHOE OTKAOHEHHE ¥ CKOPOCTh COOTBETCTBEH-
HO, K(t — T) — PYHKIUA peAaKCalluH.

Takass MOAEAB HOCTPOEHA B COOTBETCTBHM C HACAEACTBEHHOM TeO-
pHeil moasydecTu. VCoAB3yeTCs MHTErpaAbHOE ypaBHEHHe BoAbTep-
pa, CBs3bIBAIOIIEe MTOA3YYECTb U peAakcanuio. CUuTaeM, YTO MaTepUaa
CTPYHBI TOAUHHSIETCSI AMHEHHOMY 3aKOHY ITOA3YYEeCTH. YpaBHEHHE TPaK-
TY€eM IIOTOYEYHO.

3Aech 0(x) sIBAseTCS CTPOTO BO3pacTalollleil U OrpaHUYEeHHOM Ha
[0, 1] dyHKIHeE#H, y KOTOPOM MHOKECTBO TOYEK paspbiBa S(0) He MycCTo.
B kaxpoit Touke £ € S(0) ypaBHeHHe (1) 3apaeTcsi CAEAYIOIIUM 06pa-

h 9?u(§, 1) 2 A (g_;) 2 : A (g_;)
=a (&,t) —a O/K(t—r) ro@)

a2 Ao(§)
rae AY(x) = P(x + 0) — Pp(x — 0) — ckauok PpyHKUUHU P(X) B TOUKE X.

1
2
3

(§,t)dr,

e-mail: shaspoteha@mail.ru
e-mail: ioanna83@mail.ru
e-mail: tatianavit99@mail.ru
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Pertenue 3apauu (1)-(2) MBI uileM B KAacce E HelpepbIBHBIX Ha
npsMoyroAbHHKe [0, [] X [0, T| pyHKIHUHA, KaskAast U3 KOTOPBIX IPU GUK-
CHPOBAHHOM X MMeEET HeIpephIBHbIE YACTHBIE ITPOU3BOAHBIE TIO TIEpe-
MEHHOH t A0 BTOPOTO TIOPSIAKA BKAIOUUTEABHO; TIPU KAXKAOM t QYHKIHSA
u(x, t) abcoAroTHO HelpepbiBHA Ha [0, [] MO IepeMeHHO# X, TPOU3BOA-
Hasi IO MPOCTPAHCTBEHHOM MepeMeHHOU 0-aOCOAIOTHO HeNpephIBHA Ha
[0,1].

[IprMeHeHUsT METOA Pa3AEAEHHS MIePEMEHHBIX HAaMHU OBbIAH TIOAYYe-
HBI AOCTaTOYHBIE YCAOBHUSA aOCOAIOTHO U PABHOMEPHOM CXOAUMOCTH PSIAQ
dypne.

OTMeTHM, 4TO MPHU aHAAW3Ee BO3HUKAIOIINX YPaBHEHHUE MbI HUCIIOAD-
3yeM MOTOYEHBIH MMOAXOA, TpearoskeHHbIH 10.B. TlokopabiM [1].
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OB YHUBEPCAABHBIX CBOMCTBAX
IIOAYTPYIIIIOBLIX C*-AATEBP

P.H. FyMepOB,1 E.B. /lunavyesa?

AOKAapA TIOCBAIIEH AE€BBIM TPHUBEACHHBIM TOAYTPYIIOBBIM C*-aA-
rebpam C)*L(Q) AAST HEKOMMYTaTHUBHBIX MOAYTPYIIII C COKpaleHueM Q,
KOTOPBIe SIBASTIOTCSI CBOOOAHBIMH ITPOU3BEACHUSMU ITOAYTPYIII PALAO-
HAABHBIX YhCeA. [I0CKOABKY 3TH C*-aAre6pbl OPOKAAIOTCSA AEBBIMH Pe-
TYASIDHBIMHU IIPEACTABAEHUSIME TTOAYTPYII Q, TO OHU SIBASIIOTCS 0O'bEK-
TaMH U3y4YEHHUS B [IEAOM PsIA€ PAOOT PAa3AUYHBIX aBTOPOB (CM., HAIIPH-
Mep, 0630pHYI0 cTaThio [1] U AUTEpATypy B Heil).

B AokAaae 06CysKAIOTCS CBOHCTBA ToAyrpynn Q u C*-aare6p Cj (Q).
VIHTEpeCHO OTMETHUTbh, YTO Ka)kpad IOAyrpynmna Q He ABAAETCA AEBO-
aMeHabeAbHOM, HO NPU 3TOM ee NOAHAas M AeBas IMPUBEAEHHAs IIO-
AyrpyImmoBble C*-aAre6pbl M30MOPOHBI U SAEPHBL. AaeTcs OIHCaHue
aAre6phI Cj{(Q) KaK YHUBepCaAbHOM C*-aAre6pbl, MOPOKAEHHOM H30-
METPUSAMH, KOTOPbIE YAOBAETBOPSIIOT HAGOPY MOAMHOMUAABHBIX COOT-
HOLIeHWH. [Ip 3TOM HCIIOAB3YETCS CBOWCTBO YHHBEPCAABHOCTH C*-
aATe6phI C;*L(Q), paccMaTprUBaeMoOM B KayecTBe IIpeAeAd MHAYKTHBHOR
MOCAeAOBaTeABHOCTH aArebp Temauna—-KyHila, 3apaBaeMoil KOHEUHBIM
HabOpOM TTOCAEAOBATEABHOCTEH HATyPAABHBIX YHCEA.

AOKAaA OCHOBaH Ha pe3yAbTaTax craTei [2—4].
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CAABOE CBOVICTBO CAPAA I EAMVHCTBEHHOCTD
OBOBILEHHBIX PEINIEHWUI YPABHEHUSI HEPASPBIBHOCTH

H. A cheB1

Mockosckuii @usuxo-Texnuueckuii HHcmumym (HHUY)

PaccmarpuBaeTca 3apada Komu AAA ypaBHeHHA HepaspbIBHOCTH C
KBAaAPATHUYHO WHTEIPUPYEMBIM Oe3ANBEPTeHTHBIM BEKTODHBIM ITOAEM
v: R?> — R?, HMEIOIIUM KOMIIAKTHEIH HOCHTEAB. A\OKA3bIBAETCA, UTO
AAST EAMHCTBEHHOCTH OTPAHUYEHHOTO 0OO0OIEHHOTO pelleHUsT He0OXO0-
AMMO M AOCTATOYHO, YTOOBI PYHKIUS TOKA IIOASI V UMeAd caaboe CBOH-
cTBO Cappa. AAA OorpaHUYEHHBIX BEKTOPHBIX IIOAEU TaKOM KpUTEPUH pa-
Hee ObIA yCTaHOBAEH AAbOepTH, BbsiHkMHY U Kpumna. AOKAaA OCHOBaH
Ha COBMeCTHO# pabote ¢ M.B. KOpoOKOBBIM.

! e-mail: ngusev@phystech.su
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NUMERICAL CALCULATION
OF THE NON-CONVEXITY MEASURE OF ALPHA SET
IN THE FORM OF POLYGONS AND POLYHEDRA

D.B. Davletov,1 A A. Ershov,2 V.N. Ushakov?

Definition 1. By metric projection p* of point z* onto set M we mean
the point from M closest to z*. The set of all metric projections of point
z* onto set M we denote by Qu(2%).

Definition 2. Let A be a closed set in the n-dimensional Euclidean
space R™ and z* € R™\A. By Ha(2") = con(co Qa(z") — 2¥) we denote
the cone spanned by the set co Qa(2*) — 2" = {z — 2" : 2 € c0Qa(z")}.

We define the function a(z*) = max  /(h., h*) € [0,7]. Also
h.,h*€H(z*%)
define ap = sup aa(z*) € [0, x].
z*eRM\ A

We call the set A a a-set with non-convexity measure a = a4.

Since the reachable sets of control systems can be calculated using the
pixel method, it is of interest to calculate their non-convexity measure o
from their finite-point approximations. However, even a small change
in the boundary can significantly affect the value of the non-convexity
](\?) = sup aa(z"¥), where Ag is an
z*€RM\ AR
open R-neighborhood of the set A, is stable to small perturbations of the
boundary. At the same time, any weakly Vial convex set with constant
R has a so-called Chebyshev layer of thickness R, for all points of which

there is exactly one metric projection onto this set [1, Theorem 1.7.1].

measure « for a set. The value o

In other words, ag = aj(L\R) for any such set A.

Thus, if the estimate of the parameter R of weak Vial convexity of the
reachable set is known (see, e.g., [1, Theorem 3.6.2]), then the pixel (or
finite-point) representation of the reachable set can be replaced by any
polygon or polyhedron close to the original set in the Hausdorff metric,

1 Ufa University of Science and Technology
e-mail: davletovdb@mail.ru

2 N.N. Krasovskii Institute of Mathematics and Mechanics
e-mail: ale10919@yandex.ru

3 N.N. Krasovskii Institute of Mathematics and Mechanics
e-mail: ushak@imm.uran.ru
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and then the non-convexity measure a'®) can be calculated for this poly-
gon or polyhedron M by a small modification of the previously developed
program [2]. The essence of the algorithm of the program [2] is that the
sought value ay; = sup apy(g*) is replaced by its approximation
* 2
ay = max{ap(z*) ZSI(RZ"SfWM) =¢-k k = 1,N}, where p(z*, M) =
= Héﬁ |lz* — x|| is the distance from the point z* to the closed polygon
Z

M, € > 0 is a sufficiently small number, N is a sufficiently large natu-
ral number such that the value ¢N is also quite large. From the upper
semicontinuity of the function a4 (z) with respect to z € R? [3, prop-

erty 1.2], and hence of the function aI(AR) (2), it follows the convergence
of the considered scheme for approximate calculation of the measure of
non-convexity of weakly convex a-sets.

A modification of the algorithm [2] for measuring the non-convexity
measure a of polyhedra consists in the fact that instead of crossing the
boundaries of the e-neighborhoods of the sides of the polygons, it is nec-
essary to triangulate all the faces, and then find and analyze all the in-
tersections of the boundaries of the e-neighborhoods of the resulting tri-
angles to find points that have several projections onto the polyhedron.

Definition 3. We will say that the set M has a pseudo-Chebyshev layer
of thickness R if a](\f) = apy.

It is obvious that the existence of a Chebyshev layer of thickness R
implies the existence of a pseudo-Chebyshev layer of no lesser thickness.
Non-convex polygons and polyhedra have a non-zero pseudo-Chebyshev
fiber, but do not have a Chebyshev layer. The presence of a pseudo-
Chebyshev layer in polygons and polyhedra makes it possible to numer-
ically calculate the non-convexity measure «.

This research was supported by the Russian Science Foundation
(grant no. 24-21-00424, URL: https://rscf.ru/en/project/24-21-00424/) .
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FINDING INVARIANTS AND FIRST INTEGRALS
OF PROJECTIVE STRUCTURES AND GEODESIC FLOWS

M.V. Deminal

HSE University

Consider some connected domain D in the tx-plane. Any second-
order ordinary differential equation (ODE) cubic with respect to the first
derivative
xee = As(t,%) (xe)® + Ax(t, %) (x0)* + A1(t, X)x¢ + Ao(t, %),

Aj(x,y) : D >R (1)
defines a projective structure. If this projective structure is associated to
some Levi-Civita connection of the metric ds? = gjkdxj dxk, (x1,x2) =
= (t,x) related to a smooth two-dimensional surface M, then the corre-
sponding ODE (1) is called metrisable. ‘

The geodesic curves on a surface M with the metric ds® = g J-kde dxk
satisfy the system

.k koioj _ _
X +1“ijxx =0, k=1,2, (2)
where the Christoffel symbols are given by the relations

k1 (98 98t _ 98 3)
U2 ax)  axt  axl
We say that system (2) defines the geodesic flow of the metric ds2. The
coefficients of the related projective connection (1) are the following:
_rl _ o1l 2 _rl 2 — 12
As = F22’ {42 = 2F12 - F22, Al = F11 - 2F12, and Ag = _Fll' System
(2) is Hamiltonian

ik
. 9H oH g’*pjpk
W=—, pj=-—, H=""T— (4)
9p;j ax/ 2
with the standard Poisson bracket
2

oF oH oF oH
{F,H}=Z _— . (5)

— dxJ dpj  dpj axJ

! e-mail: maria_dem@mail.ru
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A function J(x!, x2, p1, p2) is a first integral of system (4) if it satisfies the
equation {J, H} = 0. For integration of system (4) we need an additional
first integral that is functionally independent of the Hamiltonian. Since
any solution x(t) of ODE (1), where A3 = I‘zlz, Ay = 21"112 — I‘zzz, Al =
= 1"111 - 21"122, and Ag = —F121, defines a geodesic (t,x(t)), possibly
reparameterized, any first integral I(t, x, x¢) of ODE (1) gives rise to the

first integral J(t, x, p1, p2) = I(t,x, {g11p2 — §12P1}/{g22P1 — §12P2})
of system (4) and the related metric. Here again the local coordinates
on the surface M are denoted as (t, x), i.e. (x!,x2) = (¢, x).

The aim of the talk is to present a method of finding first integrals for
ODE:s of the form (1). The method is base on the Darboux theory of inte-
grability for non-autonomous second-order ODEs. We find the system of
PDEs that represents the necessary and sufficient condition for general-
ized rational first integrals to exist. We present some particular solutions
of this system. These solutions give rise to polynomial first integrals of
the related geodesic flows that are of arbitrary degree in momenta. In
addition, we find non-polynomial in the first derivative invariants of pro-
jective structures. We prove that these invariants give rise to transcen-
dental in momenta first integrals of geodesic flows. These first integrals
are not generalized rational in momenta. They are expressible via spe-
cial functions. In most of our examples the related metrics do not have
linear in momenta first integrals. In addition, our metrics and their first
integrals are parameterized by an arbitrary function of one variable.

The work reported in this talk is supported by Russian Science
Foundation grant 24-11-00372,

URL: https://rscl.ru/en/project/24-11-00372/ .
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NEW CONCEPT OF A MEASURE IN METRIC SPACES
AND RIEMANN HYPOTHESIS

. Sh. Jabbarov!

Ganja State University

In the work [1], one considers a new measure in infinitedimensional
unite cube. Some curves having zero measure in the sense of product
measure stand non-measurable in a new meaning. This gives a nega-
tive answer for the J.P.R. Christensen’s question on Haar measure, firstly
found in the work [2] of M. Csornyei. An explanation for this phe-
nomenon is given in [1].

Consider a compact metric space (G,d). Let Q be a family of open
balls in G, and T1(Q) denotes the algebra induced by subsets of this fam-
ily. Suppose that in I1(Q) a finite additive set function u be given, and
this set function can be uniquely continued to o-algebra E generated by
the algebra I1. Denote this measure as u. We define now a new measure
by using new definition of the sets with zero measure.

Definition 1. A subset A C Q is called to be a subset of zero measure
if for any € > O there elest open balls By, Ba, ... satisfying conditions:

1)ACB=B(e) = U Bk;
2) none of these balls contains any other;

3) Z <&

k=1

The inner and outer measures p«o and p; now are defined by a sim-
ilar way, by using of covering with open balls satisfying the condition
2) above. Since each open ball can be enclosed in some subset from
o-algebra, then we have

11:0(A) < p1:(A) < p*(A) < p1p(A)
for a given subset A C Q.
Definition 2. The subset A we call to be pp measurable, if and only

! e-mail: ilgar_js@rambler.ru
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if there exists a subset D C & so that the symmetric difference D A A has
a zero measure.
It is obvious that I1(Q) C X C E
Theorem 1. For any subset A € E following statements are satisfied:
1) for a real € > 0 there exists a subset Ag € X such that A C Ag, 11(Ag) <
< u(A) + e
2) there is a sequence of subsets Ag,, Ag,, ... , With &, — 0, such that

H ( ﬁ Asn\A) = 0.

n=1
3) the relation ﬂ Ag, € X holds.

Theorem 2 If the family Q is a right then the Lebesgue extensions of
o-algebra and o-summable algebra induced by the family Q are coincident.

This theorem justifies the consideration of o-summable algebra in-
stead of o-algebra.

Theorem 3. The family of open balls of the work [1] in the infinite
dimensional unite cube is right.

Main difference between new and product measures is given by the
lemma below.

Lemma. Let the sequence (A,) be an unbounded sequence of positive
real numbers every finite subsequence of which is linearly independent over
the field of rational numbers. Then the curve ({tAn}), t € [0, 1] is not
Hig-measurable set in w = [0, 1]

Therefore the curves being not noticeable by the product Lebesgue
measure acquire a property like uniform distribution. As an application
of new concept we get our main result.

Theorem 4. Let 0 < r < 1/4 be a real number. Then there exist
a sequence 0, in w and a sequence my of integers that for every real t

11m Fn(s +it,0,) = {(s + it) uniformly in the disc |s — 3/4| < r; here

e—2yri19$ -
Fn(s + it, 0p) = n 1- . ;5 On = (6p),

s+it
psmp p

and the product is taken over all prime numbers, and the components of Oy,
are indexed by prime numbers.

59



C6opHUK Te3uCOB KOHpepeHINU «Teopus GYHKIUA 1 €€ TPUAOSKEHUSI»,
K 120-aeTuio co AHA poxkaeHus akapemuka PAH C.M. Hukoabckoro.

Corollary 1. The Riemann Hypothesis is true, i.e. {(s) # 0 when
o>1/2.
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Dobrokhotov S.Yu., Nazaikinskii V. E., Tolchennikov A. A.;
Suleimanov B. L

SEMI-GLOBAL UNIFORM ASYMPTOTICS OF WAVE FIELDS
WITH CUSP TYPE CAUSTICS VIA THE PEARCEY FUNCTION
AND ITS DERIVATIVES

S.Yu. Dobrokhotov,1 V.E. Nazaikinskii,2 A A. Tolchennikov?
B. . Suleimanov?

We discuss an efficient approach to constructing uniform asymptotics
of integrals describing the behavior of various wave fields with cusp type
caustics. The answer is semi-global, i.e., is defined on an open set con-
taining the caustic cusp and independent of the small parameter, and is
expressed via the Pearcey function and its derivative whose arguments
are functions given in parametric form and determined by the corre-
sponding Lagrangian manifold. By way of example, we consider an exact
solution of the Cauchy problem for the one-dimensional nonstationary
Schrodinger equation for a free particle.
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O CAABOM CBOYMCTBE CAPAA

P.B. lpu6ac!

Mockosckuii @usuko-Texnuueckuii HHcmumym (HHUY)

Mycts a € (0,1) u f : [0,1]> — R — CL%réappepoBa dyHK-
nus. [Iyctb S — KpUTHYecKoe MHOXKECTBO f, T.e. MHOXKECTBO TOUEK X €
€ [0, 1]2, B koTophIx Vf(X) = 0.

Ecam f HempepsIBHO AnddepeHIIIpyeMa, To 1Mo TeopeMe Capaa

fa(1sL?) L LY, (1)
rae L3 — Mepa Aebera Ha RY, 1s — UHAMKATOP MHOKeCTBA S, fau —

o6pa3 MephI [I TIOA AeticTBHeM QYHKIHH f U 11 L ¥ O3HAYAET, YTO MePhI
[ ¥ ¥ B3aUMHO CUHTYASIDHBI.

Onpeaearenre 1. OyHknusa f o6AapaeT OCAaOAEHHBIM CBOMCTBOM
Capaa, ecau AAs1 Heé BbITTOAHEeHO (1).

Arsit € R o6osnaunm E¢ = f71(t). ITycts E{ — ob’bepuHEHHE BCeX
CBSI3HBIX KOMITOHEHT E; CTPOTO MOAOYKUTEABHOU AAWHBEI (T.e. MephI Xa-
yeaopda H1). Iyers E* = |J Ef.

teR
Caepayrolliee OmpeAeAeHre ObIAO BBEAECHO B [1]:

Onpeaeaenue 2. Pynkuus f obaadaem caabvim cgoticmsom Capoa,
ecau

fa(lsnpL?) L L. (2)

O4eBHAHO, YTO U3 OCAAbAEHHOTO cBo¥icTBa Capaa caeAyeT caaboe.

B [5] 6bLAO TOKA3aHO, YTO €CAU TPAAUEHT f UMEET OTPaHUYEHHYIO
BapHalluio, To f ob6AapaeT ocAabAeHHBIM cBoicTBoM Capaa.

Kpowme Toro, B [2] mokasaHo, 4To caaboe cBoiicTBO Capaa GyHKIMH f
PaBHOCHUABHO EAMHCTBEHHOCTH OTPAHUYEHHOT'0 0O00IIIEHHOTO PEIlleHHsT
3apauu Kollm AAfl ypaBHeHHA HepasphIBHOCTH ¢ moaeM V= f.

TIpu AOTIOAHHUTEABHOM TIPEATIOAOKeHHH, 4To f € W12 MOHOTOHHA, B
paborte [6] 6BLAO TOKaA3aHO, YTO cAaboe U ocAaabAeHHOe cBoiicTBa Capaa

1 e-mail: dribas.rv@phystech.edu
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SKBHBAAEHTHBI. B CBSI3M C 3TMM BO3HHKAaEeT BOIIPOC, SKBUBAAEHTHBI AU
3TH CBOMCTBA B OOIIEM CAyYae.

Teopema 1. Ecau HenpepbigHasa f moHomoHHa (m.e. 044 gcex t € R
auHuu yposHa {f = t} ceasmuwt), mo cgoiicmasa (1) u (2) sxsusaeHmMHbL.

Panee BormnkarTo B pabore [3] ObLA ITOCTPOEH IPUMep, IIOKa3bIBa0-
LU, YTO 3TU CBOHCTBA HE SKBUBAAEHTHBI B AUMIIUIIEBOM cAydae. Mbl
TIOKA3aAH, YTO 3TO BEPHO ARKe AAA CLY-TéABACPOBBIX GYHKIIHIA.

Teopema 2. Aas 106020 a € (0,1) cyuwecmsyem f € CL¥([0,1])?
obaadarwas caabvim cgoticmsom Capoa, HO He ob.aadarouias ocaabaeH-
HbLM.

TouHOCTb AQHHOM TeopeMbl rapaHTHpyeTcs TeopeMoii 2 B [4], KOTO-
pas yTBepskAaeT, uto C b l-raapkue QYHKIMM 06AAAQIOT CUABHEIM CBO-
crBoM Capaa, a 3HauuT, U 0cAabAeHHBIM cBo#icTBOM Capaa.

MAoKAap ocHOBaH Ha coBMecTHOH pab6oTe ¢ A.C. TOAOBHEBBIM U
H.A. T'yceBBIM.
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IIAOTHOCTH ITPOU3BOAHBIX HAUTIPOCTEUIIINX APOBEM
B ITPOCTPAHCTBAX XAPAU

H.A. ,D,IO)KVIHal

Mockosckuil 2ocydapcmaeHHblil yHugepcumem umeHu M.B. AomoHocosa

Hawumnpocreiitiieit Apo6bio HasbIBaeTcsd GyHKIMA BUAA
N1
Z—, ar€C, neN. (1)
=1 zZ — dj
AAST TPOU3BOABHOTO TIOAMHOKeCTBa E KOMIIAeKCHO# maockocTH C 060-
3HauyuM depe3 SF(E) COBOKYIMHOCTb BCEX HAUMTPOCTEHIIINX APOOei ¢ mmo-

AlocaMu Ha E:
n

SF(E) = Z#: ar €E, neN
=1 z — aj

OcHOBHasI 3apava TEOPUH MPUOAMIKEHUST HAUTTPOCTEHIIIUMU APOOSIMU —
3TO 3ajpaya O MAOTHOCTH MHOkecTBa SF(E) B mpocTpaHCTBax X KOM-
MAEKCHBIX QYHKI[UA MPU pa3AUYHOM Bbi6ope E u X. ANIPOKCUMAIIHS
HAUIPOCTEAIINMU APOOSIMU UMEET eCTECTBEHHYIO GU3NYECKYIO UHTEP-
nperanyo. OYHKIUA HANPsIKEHHOCTU ITAOCKOI'O 3AEKTPOCTATUYECKO-
T'0 TIOASI, CO3AaBAEMOI'0 OAMHAKOBBIMU OAHOMMEHHBIMH 3apsAAaMU, pac-
TIOAOKEHHBIMU B TOYKaX dj, KOMIIAEKCHO COIIpshKeHa HauIpoCTeHIel
Apo6u (1). [TosToMy 3apavya COCTOUT B MPUOAMIKEHHH TIOAEM, CO3AaBa-
€MbIM OAWHAKOBBIMH OAHOMMEHHBIMU 3apsSAAMU, PACIOAOKEHHBIMH B
MHOKecTBe E, IPOU3BOABHOI'O IIAOCKOTO AEKTPOCTATUYECKOI'O IIOAA C
HaIPsHYKEHHOCTBIO, IPUHAAAEKAIIleH TPOCTPaHCTBY X, II0 HOPME 3TOro
npocTpaHcTBa. O6Illee IpeACTaBAEHHUE O TEOPHH alIPOKCUMAIIMK Hau-
MIPOCTEAIINMHU APOOSIMU MOYKHO TIOAYYHTH 110 0630py [1], copeprkaremy
B YaCTHOCTU HETPUBUAAbHBIE KOAUUECTBEHHbIE Pe3YABTAThI O CKOPOCTU
MIPUOAVKEHHUS.

[Iyetb 1 < p < oco. ®yuknusa F, aHaauTHYeCcKass B IOAYILAOCKOCTH

I e-mail: natashal7954@yandex.ru
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IT; = {z € C:Im z > 0}, mpuHapAesxut mpocrpancTBy Hp(I14), ecan

||F||pH () = sup/ |F(x + iy)|Pdx < oco.
A y>0R

DYHKIUHU U3 TpocTpaHCcTBa Hp (114 ) MOXKHO AOOTIPEAEAUTD ITOUTH BCIOAY
Ha R, mpuae [|F||g, 1, ) = IFllL,r)-
@yukiys F, aHaauTHYeckas B [14, TPHHAAAEKHUT MPOCTPAHCTBY
ACo(I1+) c HOpMOI ||Fl[ac, = max |F(z)| = max |F(x)|, ecan F Hemnpe-
Zel_.[+ x€R

I
pbiBHA B [14, a Takke lim  F(z) = 0.

gz—o00, z€ll}

Hawumnpocrteiinne apo6u SF(I1_) ¢ moArocaMyd B HUKHEH MOAYILAOC-
KOCTH He ILAOTHBI BO Bcex mpocrpaHcTBax Hp(IT4+), 1 < p < oo, u B
ACo(T14) [2]. Caepytoliie YTBEPKAEHHUSI OTBEYAIOT HA BOMPOC O IIAOT-
HOCTH TTPOU3BOAHBIX HAWUIIPOCTEHIINX APOOE#l ¢ TOAIOCAMH B HUPKHEH
TOAYTIAOCKOCTH B mpocTpancTBax Hp (IT+) u ACo(I14).

Teopema 1. MHoocecmso
- 1
SF?(TL.) = — _:Ima <0, neN
(1) kzl Gy i Imak

naomwo 60 ecex npocmparcmsax Hy(I14+) npu 1 < p < oo, a make 8
npocmpancmese ACo(I14).

Teopema 2. IIycms | > 3 — namypaavHoe yucao. Toeda mHOd#cecmao
n

SFI(I-) =4 )

:Imap <0, neN
o1 (-

)l
naomuo 80 ecex npocmpancmsax Hp(I14) npu 1 < p < oo, a makice 8
npocmpaucmese ACqo(I14).
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MULTIVALUED FUNCTIONS AND THE NONWANDERING SET
OF SOME SKEW PRODUCTS ON MULTIDIMENSIONAL CELLS

L.S. Efremoval

Nizhny Novgorod State University;
Moscow Institute of Physics and Technology

We give the complete description of the nonwandering set of con-
tinuous skew products on multidimensional cells under the additional
condition that the set of periodic points of these maps is closed.

Descriptions of the nonwandering set is based on the use of the con-
cepts of the dynamical multifunctions such as auxiliary and extended
auxiliary multifunctions. Using these multifunctions, we introduce the
concept of the Q-blowup (in C%-norm) in the family of fiber maps of a
skew product, study the influence of such blowup on the structure of the
nonwandering set, and obtain the formulas for the nonwandering set of
maps under consideration (see [1], [2]).

This work is supported by the Russian Science Foundation under
grant Ne 24-21-00242.
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3atiuesa H. B.

MOAEABHBIE HAYAABHBIE 3AAAYN
AAA TUITEPBOANYECKHX .
ANDPDPEPEHIITMAABHO-PASHOCTHBIX YPABHEHHU

H.B.3a171ueBa1

Mockosackuii 2ocydapcmaeHHblil yHugepcumem umeru M.B. AomoHocosa

PaccmoTpum B o6aactu D = {(x,t): x € (—o0, +0),t € (0,T)},
rae T > 0 — 3apaHHOEe AEWCTBUTEABHOE YHCAO, ABA TUIIEPOOAMYECKUX
ypaBHEHHUsI:

2 2
“u(x,t) _ 2 “u(x — h,t) _0, (x.0)€D, (1)
at2 ax?
u(x,t) 5 d%u(x,t)
-a
at2 x>
3aech a, b, h — 3apaHHBbIe He paBHbIE HYAIO AeCTBUTEABHBIE YHCAQ.

VpaBHeHuUe (1) COAEpPIKUT cynieprno3uiuio AubdepeHInaAbHOTO OIle-
paropa H olepaTtopa CABUTa I10 IIPOCTPAHCTBEHHO IlepeMeHHO, n3Me-
HsoIIelcs Ha Beell BellleCTBEHHOM ocH, a ypaBHeHHe (2) — CyMMY yKa-
3aHHBIX OTIEPATOPOB.

AAsT K&KAOTO ypaBHEHHS HCCAEAOBAH BOIIPOC KAACCUYECKOH paspe-
ITUMOCTU MOAEABHOU 33aAaUU C HEMOAHBIMHM Ha4aAbHBIMU AQHHBIMH Ha
OAHOI rpaHuIle 06AACTH, @ IMEHHO, 3aAa41 C OAHUM YCAOBUEM

+bu(x —h,t) =0, (x,t)€D. (2)

u(x,0) =0, x € (—o0,+00).

Pertenusi o6erx 3apay IIOCTPOEHBI B SIBHOM BHUAE — B BHAE CBEDT-
KU QYHAAMEHTAABHOTO pellleHus ypaBHeHU# (HaAeHHOTO C ITOMOIIIBIO
KAAcCHUYecKOl ollepallMOHHON CXeMblI) C IPOU3BOABHON HHTErpupye-
MoOH Ha Bcell umcAoBod ocu ¢yHKiuel. Ilpu 3ToM, AAA CyIIeCcTBOBa-
HUS KAQCCUYECKOI'O pellleHuA 3aAauU AAS ypaBHeHUsd (2) AOAKHO BBI-
TIOAHATBHCA YCAOBHUE IMOAOKUTEABHOCTH BEIECTBEHHOM 4YacTH CHUMBO-
Aa AnddepeHITMaAbHO-PA3HOCTHOTO OollepaTopa B ypaBHEHUH (B cAydae
ypaBHeHU: (1) AOIOAHUTEABHOTO YCAOBHUS He TpeOyeTcs).

1 e-mail: zaitseva@cs.msu.ru
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C MOAPOGHBIMH Pe3yABTaTaMU MOKHO O3HAKOMUTbHCsI, HAIIPUMeD, B
pa6ore [1].

CIHCOK AUTepaTypPhl

1. 3aiiuesa H.B. MopeAbHasi 3aAa4a B IIOAOCE AASI TUTIEPOOANYECKOTO A depeHIINAAD-
HO-pa3HOCTHOTO ypaBHeHUs // AuddepeHni. ypaBHeHHus. — 2025. — T. 61, Ne 1. —
cc. 5-12.

68



Ivanov G. E.

MODULUS OF CONVEXITY AND LINDENSTRAUSS FORMULA

G.E. Ivanov!

Moscow Institute of Physics and Technology

The concept of uniformly convex Banach space, which was introduced
by J. Clarkson in 1936, plays an important role in functional analysis,
approximation theory, and other areas of mathematics. In 1966, B. T.
Polyak introduced the concept of uniformly convex set, which general-
izes the concept of a uniformly convex space. A normed space is uni-
formly convex if and only if its unit ball is a uniformly convex set. On
the other hand, a uniformly convex set may not be centrally symmetric
and, therefore, may not be a ball for some norm. The condition of uni-
form convexity of a set was used by Polyak and Levitin to analyze the
rate of convergence of numerical optimization methods, in particular, of
the gradient projection method and the conditional gradient method (the
Frank-Wolfe method).

A quantitative characteristic of the convexity of a set is its modulus of
convexity, just as the modulus of convexity of a normed space character-
izes the degree of convexity of this space. Some of the most important
results in the theory of uniformly convex and uniformly smooth spaces
are the Lindenstrauss formula, which expresses the modulus of smooth-
ness of a normed space using the modulus of convexity of its dual space,
and M. Day’s theorem on the equivalence of uniform convexity of a space
and uniform smoothness of its dual space. In this report, these results
are transferred from balls to uniformly convex sets.
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PEINEHUE 3AAAYH KOIIIN B OBAACTU
OI'PAHMYEHHOU KPMBOH C YITAOBBIMHA TOYKAMUA

M. H. MBaHblumHl

KHUTY-KAHU

MBI IIPEACTABASIEM CIIOCO6 TIOCTPOEHHUsI IPUOAUKEHHOTO KOHGOPM-
HOT'O OTOOPa’KEHUsI EAMHUYHOTO KPyra Ha 06AACTh C YTAOBBIMHU TOUKAMHU
Ha ee rpanuie [1] u ero MOANGHKAIIMIO AAS PellleHus 3apaun Ko,

AAs pellieHus 3apaur 06 OTOOpaKEHUH €AMHHUYHOTO Kpyra Ha 06-
AQCThb METOAOM IeperapaMeTpU3al[ii TPaHUIbl PACCMOTPUM ypaBHe-
Hue ®peAroAbMa BTOPOT'O POAA OTHOCHTEABHO q(t):

21
a(0) = %/q(r) d(arg(z(t) —z() ,
0

ot
27

+%/1n|z(’r)|a[lnlz(;)1__ 2O 4 (1)
0

Teopema 1. Aasa awboii o6aracmu D ¢ epanuueli — npocmotil 2aao-
Koll 3amkHymotl xkpusoll L, 3adanHoli noaurHomom Pypve, MO*CHO C AtO-
601l mouHocmvio nocmpoums GyHKUuU, omobpaxcaowyto D Ha eduHuu-
HbLIl Kpy2 NpU NOMOULU peuleHUsl UHMe2pAAbHO20 YPABHEHUS, CB8e0eHH020
K KOHEYHOIl cucmeme AUHelHbLX YpasgHeHUll.

CraHpapTHBIA METOA UTepallUil pellleHus] UHTEIPAABHOI'O YpaBHe-
HUs [2] AAsT o6AacTel, OTpaHUYEHHBIX KPUBBIMH C YTAOBBIMH TOUKaMH,
He pabotaer [3].

B OKpeCTHOCTH YTAOBO# TOUKH PyHKIUA 6 HeMOHOTOHHA. Heob6xo-
A¥IMa AOKaAbHas MepernapaMeTpusaliusa kak 0(t), Tak U BelleCTBeHHOH
YaCcTU pellleHUsI B BUAE TADMOHUYECKU COIPSI)KEeHHON QYHKLINHU.

PaccMoTpuM Temnepb 3apady Kormw Anst 06AACTH C YTAOBBIMHU TOYKA-
MU Ha rpa"uie. OCHOBHOM BONPOC 3A€Ch — ITOCTPOUTH pPeIlleHUE B CAY-
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yae COeAMHEeHUsI ABYX KPUBBIX B YTAOBO# TOUKe, TOCKOABKY B OCTAABHBIX
cAy4asax MoAxoA [1] pomyckaeT MopuUKAIIHIO.

[TycTb AaHa 3aMkHyTas kpuBas y = [ | JI”. TlycTb AQHBI 3HAUEHHS
¢yukuuu f = u+iv Ha I'. HE06XOAMMO IIPOAOAKUTE GYHKIHUIO f BHYTPh
006AaCTH, OTPaHUYEHHO ).

BoccranaBAMBaeM 3HAaYEHUS AaHAAUTUYECKOH QYHKIMH U + iv B TOY-
Kax KpuBOii [/ COracHo CAeAYIOLIEMY YTBEPSKAECHHIO:

Teopema 2. I[[ycmb D — 00HOC853HAA 06.4acmb ¢ 22a0Koll epaHuuet
TUT”, 20eT = {z(s) = x(s)+iy(s),s € S}, s— HamypaavHbiil napamemp
[, T = {2(s) = x(s) + iy(s),s € S’'}. [Tlycmb OanHvie, onpedeasemvle
popmynoii (1) 3adauu Kowu, 3adamnvt 8 moukax I'. [Tycmo ¢(s), s € S,

kaacca Teavdepa u P(s), s € S, HenpepbisHbl. Toeda ama 3adaua Kowtu
S

paspewuma, ecAu U moavko ecau udsecmuas pyukuus ¢(s) + i / P(t)dt,

0
s € S, ydogaemaopsiem cOOMHOULEHUIO

t
o (qb(t) vif ¢(r)dr) 2 (0
. 1 0
0041 [ vt [
S

0

dt+

T .
L1 [ G0+ R0
i z(t) — z(s)
[

20e p(s) + i (s), s € [I,T], — peweHue cumHzyApHO20 UHMEZPANBHOZO
YypasHeHus

dt, s €S,

Bs) +ix(5) = <¢<f3(:)if<:(l))r @ .

t
. (¢(t) +if ¢(r)dr) 7'(t)
0

+ — dt s’
i z(t) — z(s) 'S €
S
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Pewenue paspewumoti 3adauu Kowu umeem suo

1
1|90 +1 [ p(r)dr|# ()
0

1
h = Re [— de+
() | 2xi / z(t) —x — iy

T .
B SUCRE OO
2mi z(t) —x — iy '
l

Caaraemoe c AeHCTBHUTEABHOHN YacTbIO dz’T (e'") AAS HEM3BECTHBIX
byukIwmii u(T) ¥ v(T) UMEET AeAO C KPUBOH V, OTBeYalollleil 3a aGCOAIOT-

HOe 3HaueHue y. KpuBu3Ha 3TOW KpUBOW OrpaHWYeHa CHU3Y. AelCTBU-
det(v’, 1) Toraa, TOCKOABKY pa3bueHue
[ . ’
[0, 2] KoHEuYHO, 3HAaMeHaTeAb He MeHbllle K&, 3Aecb § — MUHHMAaAb-
HBIH HHTepBaA pa3bueHusi. 3HaMeHaTeAb KPUBU3HBI OTPAaHUYEH CBEDXY,
MIOCKOABKY [0, 27| — KOMIaKkTHOe MHOKeCcTBO. CAEAOBAaTEABHO, OMATh
TpebyeTcss MOAUUKALINSA YKe YPaBHEHUH CUCTEMbI B OKPECTHOCTH YT-
AOBOY TOYKHU.

TEeABHO, pACCMOTPUM GOPMYAY
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Hszmecmwves U. B.

OAHOTUITHAA AMPPEPEHIIMAABHASA UT'PA
C TEPMUHAABHBIM MHOXECTBOM B ®OPME KOABLIA
N BO3MOXHbIM USMEHEHWEM B AMHAMHKE

W.B. MamecTbesl

YensbuHcKuil 20cydapcmaeHHblil yHugepcumem

B AOKAape paccMaTpuBaeTcs AuddepeHIMaAbHAsS Urpa
$=—a(t,)u+b(t)v, |ull<1l, |vll<1l, t<p, z€eR".

3Aech T — 3apaHee HEW3BECTHBIH MOMEHT U3MeHeHUs AUHAMUKHU Iep-
BOTO UIpoKa (HampuMep, B pe3yAbraTe MOAOMKHU [2]):

a(t,7) = {

byukimm b(t) > 0, a;(t) > 0 u ax(t) > 0 ABAAIOTCI CYMMHUPYEMbBIMHU
Ha Ka)KAOM OTpe3Ke U3 MOAyocH (—oo, p].

[Tycrk 3apanbl uncaa 0 < €1 < €2. Lleab ITepBOro Urpoka, KOTOPBIi
BBIOMPAET yIIPAaBAEHHE U, 3aKAIOYAETCS B OCYIIIECTBAEHUU BKAIOUEHHUS

z(p) € S(e1, €2). (1)
B AOKAaAe MHOXKECTBO S(€1, £9) Ha3BaHO KOABI[OM [3]. IleAab BTOpOTO
HUI'POKa, KOTOPbIY BEIOHPAET yIIpaBA€HHE U, IIPOTHBOIIOAOKHA.

AOIlyCTUMBIMU YIIPABACHUAMU UTPOKOB ABASIOTCA IPOU3BOABHBIE
GYHKIINY, YAOBAETBOPAIOININE HEpaBeHCTBaM

lutt, )l <1, llv(t,2)lI<1, t<p, zeR"

ai(t) mput<T,
as(t) mput < t;

PaccMoTpuM caydait, KOTAQ MOMEHT U3MeHeHUsI AMHAMUKU T I1epBO-
T'O UTPOKa BBIOUPAET BTOPOU UTPOK.

3adukcrpyeM HauaAbHOE COCTOSIHME tg < p, Z(tg) € R™. ABWKeHHe
Z(t), MTOPO’KAEHHOE AOMYCTUMBIMH YIIPAaBACHUSMH U U U, C 3aAaHHBIM
HaYaAbHBIM YCAOBUEM Z(tp) OMPEAEAUM C TIOMOIIBI0 AOMaHBIX Jitaepa

[1].
! e-mail: j748e8@gmail.com
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BBeaeM caepyromiie 0603HAYEHUS TIPH t < p:

p
f(t) = tmin / (a(r,t) = b(r))dr;
<TSPp
t
fa0) = €2+ F(O), Ful0) = {‘gl IO e Sy
TAe t(e1) = —o0, ecan €1 > f(t) Ipu Bcex t < p, a UHAYE

t(e1) =inf{t < p:e > f(0) npuscex t <6< p}.
AAsT paccMaTpuBaeMoO# 3aAa4d OBIAO TIOCTPOEHO MHOYKECTBO paspe-
LIMMOCTH IIEPBOr'0 UTPOKa NpU t < p:

W) = {S(f1(t),f2(t)) npy Kngélp(fz(Q) - f1(8)) > 0,
0

HHa4de.

Teopema 1. ITycmb HauaabHoe cocmosAHue ty < p, z(tg) € R™ mako-
80, UMo 8blNOAHEHO BKAtoUeHue z(tg) € W (tg). Toeda cywecmsyem 0o-
nycmumoe ynpas.eHue nepgozo Uuzpokd, Komopoe 2apaHmupyem 8ulnoA-
HeHue skatoueHus (1) npu A06bLX JONYCMUMbBLX YNPABAEHUSX 8MOPO20
U2poKa u 0451 1106020 MOMeHMA U3MeHeHUSl OUHAMUKU T € [tg, p].

Teopema 2. ITycmb HauaavHoe cocmosiHue ty < p, z(tg) € R™ ma-
ko080, umo z(tg) ¢ W(tg), mozda cywecmayem donycmumoe ynpas.ieHue
8MOP020 UZPOKA U MOMEHM U3MeHeHUs OuHamuku T € [to, p], eapanmu-
pytouiue Hesvinoanerue (1) npu a060m 0onycmumom ynpasaeHuu nepeo-
20 U2poKa.
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Ka6auko M. B.

OBPATUMOCTD OIIEPATOPOB
B HEKOTOPBIX TMABBEPTOBBIX ITPOCTPAHCTBAX

M. B. KabaHko!

Kypckuii eocyoapcmaseHHblll yHUBepcumem

dra paboTa MOCBsAIIeHA U3YYEHUIO 0OPAaTUMOCTH OIlePaTOPOB, AeH-
CTBYIOLIUX B TUABOEPTOBO# mape. MBI paccMaTprBaeM HEKOTOPBIE 00-
1€ YCAOBUSI 0OPATHMOCTH OIIEPATOPOB, AEHCTBYIOIIHNX B PETYASPHOU
THABOEPTOBOH Iape, KOTOpasi, B CBOIO OUYepPeAb, IIPEACTABASIETCS B BUAE
IIPAMOM CyMMBI BEKTOP3HAYHBIX TOCAEAOBATEAABHOCTEH.

Onpeaeaenue 1. (cm. [1]) [IpeacTaBAEHHEM ONEpPATOPHO#N aATe6-
pbl A HasbiBaeTcs napa (Hg, 0), tae Hyg HEKOTOpOe THABGEPTOBO TIPO-
CTPAHCTBO, HAa3bIBAEMOE MTPOCTPAHCTBOM IIPEACTABAEHUsI, a 6 — TOMO-
MopdH3M BUAA

6 : A — B(Hp).

[TpeacTaBAeHUE HA3bIBAETCS TOYHBIM eCAM roMoMopdusM O MHBEKTU-
BEH.

Onpeaperenne 2. (cm. [1]) TlpeacraBaenue (Hg,0) omeparopHoi
aAre6pbl A HA3BIBAETCS TOMTOAOTHYECKU HEIPUBOAUMBIM (MAU HETIPH-
BOAUMO AeHcTBYeT B Hy) ecAr HHBapUAHTHBIMU OTHOCHUTEABHO (A TOA-
MpOCTPaHCTBaMM TpocTpaHcTBa Hp SBASAIOTCA TOABKO TpPUBHAABLHBIE
TIOAIIPOCTPAaHCTBA, T.e. 0 u Hy.

Omnpeaeaenne 3. (cMm. [2]) ABa 6aHaxXOBBIX IpOCTpaHCTBA Xo U X1
o6pa3yioT 6aHaxXOBy Iapy, ECAM OHU HETIPEPBIBHO BAOKEHBI B HEKOTOPOE
OTAEAMMOE TOTIOAOTHYECKOe TpocTpaHcTBo X . Banaxosa mapa {Xp, X1 }
Ha3bIBaeTCA PETYAIPHOM, €CAY IepecedueHre MPOCTPaHCTB XogMNX1 BCIOAY
IIAOTHO B IIPOCTpaHCTBax Xo U X1.

ByaeM paccMaTpuBaTh TUABOEPTOBY APy

A = {1(256), 12(273Gn)}

! e-mail: kabankom@gmail.com
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dta mapa u3oMopdHa mnape {lz(Gn), lz(z_nGn)} (cMm. [3]). Byaem pac-
CMaTpUBATh YCAOBUSA OOPAaTUMOCTH AMHEHHBIX OTpaHUYEHHBIX OIepa-

TOPOB, KOTOpBIe ACHCTBYIOT B TMABGEpPTOBOM mape H = {ZZ(Z%Gn),
12(2_%Gn)}. A1060# Tako# omepaTop MOKHO IPEACTABUTH B BUAE
A=D+ > A (1)
k#0

rAe D — onepaTop, COOTBETCTBYIOLIUIN IAaBHON AMaroHaAu MaTPUYHOT'O
TIPEACTaBAEHHUA ollepaTropa A, a onepaTophl Ay COOTBETCBYIOT AMaroHa-
AsIM, KOTOpBIe «ITapaAAeAbHbI» TAaBHOH (cM. [4]).

Teopema 1. I[Tycmv onepamop A Oelicmgyem 8 2uabbepmosoil nape
H u umeem npedcmassenue (1). Bydem noaazams, 4mo 0uazoHAAbHbLIL
onepamop D ob6pamum 8 npocmpaucmee l5(Gp) u 8binoaHsemcs Hepa-

B8eHCMBO
V2 -1
2||A||B(ﬁ) .

Tozda onepamop A makdxce Gydem obpamum 8 npocmpancmae l2(Gp).

-1
ID™ 156, <
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Kaaunun A. B., TroxmuHa A. A., Muaewun U. I

HEKAACCHUYECKHE ITOCTAHOBKH 3AAAY
TEOPUHU KBA3HCTALIMOHAPHBIX
IAEKTPOMAI'HUTHBIX ITPOLTECCOB

A.B. KanMHMH,1 A.A. TioxTHa, W.T. MunewwuH

HHTY um. H.H1. Aobauesckozo

[Ip1 MOAEAHPOBAHUU KBA3UCTAIIMOHAPHBIX SAEKTPOMAarHUTHBIX ITO-
A€li B 3aBHUCHMOCTH OT CBOWCTB CpeAbl U XapaKTEePHbIX IPOCTPaHCT-
BEHHO-BPEMEHHBIX MACIITAa00B IIEAECO0OPA3HO HCIIOAB30BATh Pa3AUY-
Hble IPUOAMIKEHHS, HepapXUsi KOTOPBIX 00Cy»KAaeTcs B paborax [1-4].
[Ipr 3TOM MOTYT BO3HHUKATh HEKAACCHUYECKHEe IMOCTAaHOBKU HavyaAbHO-
KpaeBbIX 3aAa4 AAS CUCTEM yPaBHEHUU, He paspelleHHbIX OTHOCUTEAb-
HO TIPOM3BOAHBIX 110 BPEMEHHU C eCTeCTBEHHBIMH € U3UYECKOH TOou-
KU 3PEHUsI HEKAACCUYECKUMHU HEAOKAABHBIMU T'PAHUYHBIMHU YCAOBHUA-
MU, TPeOYIONTUMHU BBITOAHEHUS YCAOBHH COTAACOBAaHHUSI TPAHUYHBIX AQH-
HBIX U UCTOYHUKOB [5-8]. MaTemaTtuyeckas TeopHus 3apad AAS YpaBHe-
HUUI U CHUCTeM, He pa3pelIeHHbIX OTHOCUTEABHO ITPOU3BOAHBIX IIO Bpe-
MeHH (YpaBHEHH# COOOAEBCKOTO THIA) OblAA Pa3BUTA, B YaCTHOCTH, B
paborax [9-13].

B HacTosiiell paboTe pacCMaTPUBAIOTCS PAa3AUYHBIE MMOCTAHOBKH
KpaeBbIX M HAaYaAbHO-KPaeBBIX 3aAa4 AAS CUCTeMbl ypaBHeHUN Makc-
BeAAA B OCHOBHBIX KBa3UCTAIIMOHAPHBIX MPUOAMKEHHSAX. OOCYKAQAIOT-
Cs1 BOIIPOCHI YUCAEHHOU peaAnsaliid aATOPUTMOB PelleHUs] ITOCTaBAEH-
HBIX 3aAa4. [IpOBOAUTCS CPaBHUTEABHBIN aHAAU3 PA3SAUYHBIX MOAEAEH
AMSI ICCAEAOBAHUS 3aAa4 aTMochepHOro aaeKTpruuecTBa [14,15].
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HEKOTOPBIE ITPEACTABAEHHU A .
N MHTEI'PAABHBIE OLIEHKH BEKTOPHBIX ITOAEU

A.B. KanMHMH,1 A.A. TioxTuHa, A.A. 30N10THULMH

HHTY um. H.H1. Aobauesckozo

VIHTerpaAbpHble IPEACTaBACHUS QYHKIUM ABAAIOTCA TAAaBHBIM WH-
CTPYMEHTOM TEOpPUH BAOKEHHUsI NPOCTpPaHCTB AubdepeHIpyeMbIX
bYHKIIMIA, OCHOBBI KOTOPOU OBIAM 3aA03KeHBI B paboTax C.A. CoboaeBa
[1,2]. CymiecTBeHHOE pa3BUTHE TEOPHs MPEACTaBAEHUH QYHKITHH ITO-
Ayuuaa B paborax C.M. Hukoabckoro, B.I1. Miabuna, O.B. BecoBa [3],
IO.I. PemerHsika [4, 5], B.1. BypeHkoBa [6]. B wacTHocTH, B paboTax
[4, 5] paccmaTpuBalOTCA MHTErpaAbHble IIPEACTABACHUA AAS QYHKIUH
Y BeKTOp-QYHKIIUH Yepe3 HeKOTopble AuddepeHIiaAbHbIe OIIepaTOPEL,
Ha OCHOBE KOTOPBIX AOKAa3bIBAIOTCS OLIEHKHU, U3BECTHBIE B AUTEpAType
oA Ha3BaHMeM HepaBeHcTB Kopaa [7].

B 3apauax rHAPOAMHAMUKU U SACKTPOMAarHUTHON TEOPHUU BAKHYIO
POAB UTPAIOT OL[EHKH BEKTOPHBIX MTOAEH, CBSA3BIBAIOIINE UX Lp-HOPMBI C
Lp-HopMamu AubdepeHInaAbHBIX Ollepalliii BEKTOPHOTO aHaAu3a [8—
10]. Ilpu u3ydyeHUH SAeKTPOMArHUTHBIX TIOA€H B HEOAHOPOAHBIX CpeAax
C pa3pbIBHBIMU KO3QUIMEHTaMH, XapaKTepU3yIIUMHU CBOHCTBA Cpe-
ABI, HETIOCPEACTBEHHOE HUCIIOAB30BAHHE 3TUX PE3YABTATOB HEBO3MOKHO,
U AAS PellleHrs 3TUX BOMPOCOB B pabotax [11,12] Ha OCHOBaHHH CIie-
[[UAABHBIX IPEACTABAEHUH BEKTOPHBIX GYHKINN OBIAM TOAYYEHBI COOT-
BETCTBYIOIIYE OLIEHKHU AASI UX CKAAAPHBIX Ipou3BeAeHUN. C UCIOAB30-
BAHHUEM 3THX OL[EHOK ObIAM HCCAEAOBAHBI BOIPOCHI KOPPEKTHOCTH Pa3-
AWYHBIX KPaeBbIX U HAYaABHO-KPaEeBBIX 3aAa4 AAS CUCTEMBl YypaBHEHUU
MaxcBeana B HEOAHOPOAHBIX CpeAax.

B Hacroseii paboTe U3y4aloTCsI CBOWCTBA ONIEPATOPOB IIPEACTABAE-
HUH, TPeAAOSKEHHBIX B [11-13] AAsT BHYTPEHHHMX U BHEIIHUX 00AaCTeH.
ITpuBOAATCS HOBBIE KAACCHI OLICHOK CKAASIPHBIX IPOU3BEACHUN BEKTOP-
HBIX TOA€H M 0OCY’KAAeTCsl UX NpUMEHeHHEe B CTAllMOHAPHBIX U KBa-
3UCTAallMOHAPHBIX 3aAa49aX IACKTPOMAarHUTHON TEOPUH B HEOAHOPOAHBIX
cpepax.
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12.
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Kasakesuu K. 1., Illabpos C. A.

O AOCTATOYHBIX YCAOBHUAX CAABOI'O 9KCTPEMYMA
OAHOI'O ®YHKIIMOHAAA C UHTEI'PAAOM CTUATBECA

K. . Ka3a|<eB|4l-|,1 C.A. Wabpos

Boponescckuil 2ocydapcmaeHHblil yHu8epcumem

B pa6otax [1,2] usy4daacss QyHKIMOHAA
e e e ¢

72 2
cp(u)=/pu . dp+/mx dx+/u—dQ+/udF,
2 2 2
0 0 0 0
KOTOPBIA MOJKET OBITh PACCMOTPEH KaK (PYHKIIMOHAA IIOAHOM SHEPIHU
CHCTEMBI, COCTOSIIIIEH U3 PACTSHYTHIX CTEPIKHEH, COEAMHEHHBIX [ITAPHHUP-
HO. Kak ¥ B yIIOMAHYTBIX paboTax, MBI CYHTAEM €r0 3aAaHHBIM Ha MHO-
skecTBe E — a6COAIOTHO HelpephIBHBIX Ha [0; €] GyHKIMiA, IepBas mpo-
HU3BOAHAsT KOTOPBIX [1-aOCOAIOTHO HEIPEPBIBHA, @ BTOPAsi KBA3HUIIPOU3-
BOAHAast pujc’lu (x) nmeet KoHeuHOe Ha [0; £| usmenenwue; u(0) = uy(0) =
=u(f) = ui(f) = 0.

B [1, 2] 6BIAO0 TOAYYEHO HEOOXOAMMOE YCAOBHE IKCTpeMyMa (yHK-
I[HOHaAA: ecAM Ug(x) AaeT MmuHuMyM @ (u), TO CyII[ECTBYyeT CTPOTO BO3-
pacrarommas GyHKIuA o(x), Takas 4To ug(X) YAOBAETBOPSET KpaeBou
3apaue

"o\

u(0) = u}(0) =0, (1)
u(t) = uj(¢) = 0.
B [2, 3] 3apaua MOAPOGHO H3ydeHa: AOKa3aHa Pas3pelIMMOCTh, II0-
crpoeHa QyHKIUA I'pUHA, HCCAEAOBAH CIEKTP.

Teopema. ITycmb 8binoaHeHbl cAedyrouslie YCA08US
1. x, p(x), p(x), r(x), Q(x), F(x) — o-abcoatomHo HenpepbisHbL;
2. pynxuusa ug(x) asasemcs pewenuem kpaegoii 3adauu (1);

¢ ¢
3. p(x) > (u(€)-n(0)) (/M(X) dX)+€2‘fQ+(X) do-(u(€) — n(0)).
0 0

1 e-mail: klimchik26 @gmail.com
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Tozda, pynkuus ug(x) daem caabwiil munumym ¢yukuuonary ®(u) na
MHoxcecmee E.

OTMeTHM, 4YTO NIPU aHaAM3€ BOSHUKAIOIIUX YPAaBHEHUE MbI UCIOAB-
3yeM MOTOYEHBIN MMOAXOA, TpearoskeHHBIN I0.B. TlokopabiM [1].
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Kopylov Ya. A.

ON THE ASYMPTOTIC AND CONTINUOUS ORLICZ
COHOMOLOGY OF LOCALLY COMPACT GROUPS

Ya. A. Kopylov1

Sobolev Institute of Mathematics, Novosibirsk, Russia

Asymptotic LP-cohomology was introduced by Pansu in [1]. It is
constructed on a metric measure space with bounded geometry. Pansu
proved that asymptotic LP-cohomology is a quasi-isometry invariant. Re-
cently, Bourdon and Rémy showed [2] that if G is a locally compact sec-
ond countable topological group equipped with a left-invariant proper
metric then its asymptotic and continuous Lp-cohomologies are isomor-
phic. We consider the Orlicz space analogs of these cohomologies and
obtain the Orlicz versions of the above-mentioned results.

This is a joint work with Emiliano Sequeira (Montevideo).

The work of Ya. Kopylov was carried out in the framework of the
State Task to the Sobolev Institute of Mathematics (Project FWNF-
2022-0006).
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GEOMETRY OF THE NONCOMMUTATIVE
AND NONASSOCIATIVE ORLICZ SPACES, AND CONTINUITY
OF THE VAINBERG-BREGMAN PROJECTIONS

R-P. Kosteckil

Research Center for Quantum Information,
Institute of Physics, Slovak Academy of Sciences

We present two collections of results (on geometry of the noncom-
mutative and nonassociative Orlicz spaces, and on continuity of the
Vainberg-Bregman projections) that are of a separate interest, yet they
also provide a nontrivial mutual application. For each of these settings
we consider a generalising point of view (geometry of the noncommu-
tative and nonassociative rearrangement invariant spaces and, respec-
tively, continuity of the extended Vainberg-Brégman projections), and
provide some results at the new place of their intersection (based on the
Lozanovskii-Gillespie factorisation map).

On one side, we obtain characterisations of strict convexity, local
uniform convexity, uniform convexity, Radon-Riesz—Shmul’yan property,
Gateaux differentiability, uniform Fréchet differentiability, and reflexiv-
ity of noncommutative Orlicz spaces with p-Amemiya norm, p € [1, co],
over type II, type Ils, and separable factor type I, W*-algebras. We
also obtain sufficient conditions for g-uniform convexity and r-uniform
Fréchet differentiability, 1 < r < 2 < q < oo, of these spaces, as well as
of the nonassociative Orlicz spaces with the Morse-Transue-Nakano (i.e.
co-Amemiya) norm over type II; JBW-algebras (it is the first new result
on the geometry of nonassociative Orlicz spaces since their introduction
by Tadzhibaev in 1985-1986). We also prove 2-uniform convexity of
nonassociative Ly spaces, 1 < p < 2, over semifinite JBW-algebras.

On the other side, we determine the continuity properties of the
(left and right) Vainberg-Brégman projections onto convex closed sub-
sets C C X, dependently on the geometry of the underlying Banach
space (X, | - |x). The Vainberg-Brégman projection (parametrised by
the Gateaux differentiable convex functions W) provides a generalisation

1 e-mail: kostecki@fuw.edu.pl
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of the Hilbert space metric projection to the arbitrary reflexive Banach
spaces, and is better behaved than the metric projection over these spaces
(e.g., it satisfies the generalised pythagorean inequality, and is quasi-
nonexpansive). We focus on the special family of the (left and right)
Vainberg-Bregman projections (i.e. x +— arg ;rég Dy, (y, x) and x

— arg inf Dy, (x,y), where Dy, (X, y) := Wo (%) =¥ (¥) = (o (¥)) (x =

Ixlx

-¥), ¥(x) = Pp(x) = / dt @(t), and jo(x) = d%¢(x) is a duality
0

map from (X, ||-|x) to its Banach dual space, where 9 denotes a subdiffer-

ential, and ¢ : Rt — R is strictly increasing, continuous, ¢(0) = 0,

and tlim @(t) = o0). For this family, we determine its key properties
—00

(i.e. characterisation by means of the generalised pythagorean inequal-
ity, as well as the sufficient conditions for the norm-to-norm, uniform,
and Lipschitz-Holder continuity) in terms of the geometric properties of
the underlying Banach space.

An intersection of the above two directions of research provides a
range of concrete models for convex analysis (and, as an application,
statistical inference) on the noncommutative and nonassociative reflex-
ive rearrangement invariant spaces. In particular, the key properties of
the corresponding Vainberg-Brégman projections are completely deter-
mined by the choice of two positive real convex functions (¢ and an
Orlicz function), allowing for detailed quantitative computations.

Finally, we introduce the extended Vainberg-Brégman relative en-
tropies and projections over the (nonreflexive) Banach preduals of W -
and JBW-algebras, using a suitable (e.g., Lozanovskii-Gillespie or Kacz-
marz) homeomorphism of a given predual (or its subset, e.g., the unit
ball or the state space) into the corresponding reflexive rearrangement
invariant space. We exemplify this construction by deriving detailed re-
sults on the uniform and Lipschitz—Holder continuity of the (left and
right) extended Vainberg-Brégman projections:

1) over unit balls of preduals of any W -algebras (resp., semifinite JBW-
algebras), induced from noncommutative (resp., nonassociative) Lp
spaces (p € ]1, o[) via the noncommutative (resp., nonassociative)
Mazur map;

2) over unit spheres of commutative L1 spaces, induced from g-uniformly
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convex and r-uniformly Fréchet differentiable Banach function spaces
(resp., Orlicz function spaces) via the Lozanovskii-Gillespie (resp.,
Kaczmarz) map;

3) (only uniform continuity) over state spaces of type I, W’ -algebras,
induced via the noncommutative Lozanovskii—Gillespie map from r-
uniformly convex and g-uniformly Fréchet differentiable rearrange-
ment invariant spaces over these algebras.
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Kouepeun A. B.

IIPUBAMPKEHUE ®YHKITUH KOTPAHULIAMU U
BO3BPAILIEHUE OPBUT

A.B. KoqeprMH1

Mockosckuil 2ocydapcmaeHHblil yHugepcumem umeHu M.B. AomoHocosa

[lycte T = R/Z — okpyskuHocTb pavHbL 1, T: T — T, Tx = x +
+ p (mod 1) — MOBOPOT OKPY>KHOCTH Ha UPPAI[MOHAABHBIN YTOA 27T .
Oyukus f: T — R HempepblBHA Ha OKPY’KHOCTH, /IF f(x)dx = 0.
Oro6paskenue Ty, ¢: TXR — TXR, T, r(x,y) = (Tpx,y + f(x)) HazbI-
BaeTCsl IUAUHAPUYECKUM OTOOpa’KeHHWEeM, IOCTPOEHHBIM 10 TIOBOPOTY
T u pyHKuMA f.

dyukuus u(x) Ha3biBaeTcs koepanuuell Hap T B KAacce HeNpephIB-
HBIX QYHKIMIHA, ecar ypaBHeHue U(Tx) —U(x) = u(x) uMeeT HelrpephIB-
Hoe pertieHue U(x).

PaccmaTpuBatoTcss cymMbl bupkroda

f(x) + f(Tx) + -+ f(T""x) mpur >0,
ffix)y=<0 npur = 0,
—flIrl(T7x) npur < 0.
V3BECTHO, UTO B CAy4ae, KOTAA f aGCOAIOTHO HENPEPHIBHA HAU SBASIETCS
KOTpaHUIlei, a ¢, — MOCAEAOBATEABHOCTh 3HAMEHATEAEH MOAXOASAIIUX
K p Apobeii, f91(x) — 0uT4"x — x mpun — 00 pAaBHOMEPHO AASI BCEX
X, 4TO O3Ha4YaeT OAHOBPEMEHHOEe BO3BpallleHre OPOUT IUAUHAPUIECKO-
ro oro6paxkenus Ty, .

C apyroit ctopoHEl, emé A. Tlyankape [1] mocTpoua nmpuMmep Hellpe-
PBIBHO# QYHKIIUHU U HPPAIIMOHAABHOTO IOBOPOTA OKPY>KHOCTH, IIPH KO-
TOpbIX 3HaueHus f' (xp) cymMmMm Bupkroda B HEKOTOPOI TOUKe X( CTpe-
MSATCSA K 6ECKOHEYHOCTH IIPU I' — 00, YTO O3Ha4YaeT yoeraHue B OECKO-
HEYHOCTb 0p6uT T), (X0, ¥). [I03AHEE OBLAM OCTPOEHBI PA3HOOGPa3HBIE
[IPUMeEPHI C YOeraouMu OpOUTaMH AAST AFOOOTO UPPAIIHOHAABHOTO YT~
A4, IpUuéM yOeraHve B 6ECKOHEYHOCTb MOKET ObITb AAST MACCHBHOT'O
MHOJKECTBA TOYEK U C AI0OO# HaTlepéA 3aAaHHOM CKOPOCThIO, KOTOPYIO
AOIIyCKAeT SPrOANYECKasi TeopeMa.

! e-mail: a.kochergin@gmail.com
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Kpome Tor0, 6BIAK TOCTPOEHBI TPUMEPHI C YOETAIOIINMH OpOUTaAMHU
(HO y>Ke 6e3 OLIeHKH CKOPOCTH yOeraHusi) IMAMHAPHYECKHUX OTOOpaske-
HU# C TEABAEPOBBIMHU QYHKITUAMHU f, HO B ITHX MPUMeEPaAX HAAATAIOTCS
AOBOABHO KECTKHE OTPpaHUYEHHUsI CBEpPXY Ha CKOPOCTb pOCTa 3HaMeHa-
TeAel TOAXOAAIINX K p Apobeit (cm., Hampumep [2]).

AAST XOPOIIIO alMPOKCUMHUPYEMBIX YTAOB He YAABAAOCh IIOCTPOUTH
MIPUMEPBI TEABAEPOBBIX IUAUHAPHYECKUX OTOOpa’KeHUM ¢ yOeraromu-
Mu opbutamu. Ho U 0KHAQTH OAHOBPEMEHHOTO BO3BpallleHHUs] OPOHUT,
BOOOIIe TOBOPsI, HE MPUXOAUTCSI, TOCKOABKY CYILECTBYET HMPHUMeED Iie-
pEMEITNBAIOIIETO CIEIUAABHOTO MOTOKA, MTOCTPOEHHOTO II0 TOBOPOTY
OKPY’KHOCTU Ha YTOA, He UMEIOIHUY OTPAaHUYEHUN CBEPXY Ha CKOPOCTh
anmpoKCHMAITUHU PAITMOHAABHBIMU APOOSMU, U GyHKIMK 1 + f, yAOBAE-
TBOpstolieil ycaoBuio I'éabaepa [3]. A 3To 03Ha4YaeT CTpeMAeHHE aM-
IIAMTYABI cyMM Bupkroda f” kK 6eCKOHEYHOCTH TIPU I — ©0.

B mpeacTaBAssieMo#t paboTe ¢ TIOMOIIbI0 TPUOAMKEHUH QYHKITUH f
KOTPaHHUI[AMHA HEKOTOPOT'0 CIEIMAaABHOTO BHAA YAAAOCH YCTAHOBHTH,
B ONIPEAEAEHHOM CMBICAE, €CTECTBEHHOCTh KOHCTPYKIIMA U HEKOTOPBIX
OrpaHUYeHUI Ha yTOA ITOBOPOTA B IpumMepe u3 [2].

Teopema. Ecau f ydosaemsopsiem ycaosuto [€avdepa, mo npu docma-
MOYHO 6bICMPOM pOCMe 3HaAMeHame.ell N00X00AUUX K p Opobell 04 At0-
6oti mouku x € T nocaedosamenvnocms cymm Bupkzogpa f' (x) He mosxcem
cmpemumucsi K 6eCKOHe4HOCMU Npu r — 0o.

TO B YaCTHOCTHU O3HAYAET, YTO ITUAMHAPHUYECKOE OTOOpasKeHHe, 0-
CTPOEHHOE TI0 COOTBETCTBYIOLIUM MOBOPOTY p U PyHKUUU f, HE UMeeT
AVICKPETHBIX OPOUT U OTCIOAA MOJKeT OBbITh IIOAYYEeHa TeopeMa O BO3Bpa-
IIIeHUH, TIPUIEM 8038pauieHue Modxicem 6blmb He 00HOBPeMEHHBLM.
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LOCAL BIFURCATIONS OF SOLUTIONS
OF A PERIODIC BOUNDARY VALUE PROBLEM
FOR THE BENNEY-LIN-KAWAHARA EQUATION

A.N. Kulikov, D.A. Kulikov!

Demidov Yaroslavl State University

Let us consider a periodic boundary value problem (BVP) for an evo-
lutionary nonlinear partial differential equation

U + Bu+ Au+ (F(u))x + (G())yx = 0 (1)
u(t,x + 2m) = u(t,x). (2)

Here Bu = bsuyxxxx + b3Uxxx + Dily, AU = bglyxxx + bolyxy, F(u) =
= asu? + azu®,G(u) = cou?® + C3u3,bj, ax,cm € R. The BVP is given
in normalized form. At least, the period is normalized by the spatial
variable x.

Equation (1) can be interpreted as one of the known equations
of nonlinear physics, if we specify its coefficients. For example, for
b1, as, co, c3 = 0 we obtain the well-known Benny-Lin—Kawahara equa-
tion [1-3]. If we refuse the conditions b; = ¢y = 0, but put b5 = 0, we
obtain a version of this nonlinear partial differential equation used as a
mathematical model in hydrodynamics [4].

Finally, for by = bs = bs = ay = a3 = 0, we obtain the well-known
Cahn-Hilliard equation, and for by = b3 = bs = a3 = ¢y =¢3 =0 —
the Kuramoto-Sivashinsky equation.

Note that for all variants of choosing the coefficients of this equa-
tion, it has a one-parameter family of spatially homogeneous equilibrium
statesu(t,x) = a, @ € R. The problems of local bifurcations in the neigh-
borhood of some or all equilibrium states u(t, x) = « are considered.

Here we will restrict ourselves to an example of one of the bifurcation
problems. Consider equation (1) in the case whenaz = by = ¢y = c3 =
= 0. Such a choice corresponds to the Benney-Lin—-Kawahara equation.
Let the equalities b4 = 1,bo = 1 + € also hold. Then the statement is
true.

! e-mail: kulikov_d_a@mail.ru

89



C6opHUK Te3uCOB KOHpepeHINU «Teopus GYHKIUA 1 €€ TPUAOSKEHUSI»,
K 120-aeTuio co AHA poxkaeHus akapemuka PAH C.M. Hukoabckoro.

Theorem. There exists €9 > 0 such that for each € € (0,¢&g) the
BVP (1), (2) has a two-dimensional invariant manifold Vo (€, a, ). This
invariant manifold is a local attractor for solutions of the BVP under study.
It is formed by a two-parameter family of solutions periodic in the variable
t. For such solutions the following asymptotic formula is valid:

1/25 cos(x + o(a)t + @) + 0(51/2), @ €ER,
where € = \/3(4 + (5bs — b3)2) /4, o(a) = —bs + bz —2a, i.e. the period
depends on the choice of a.

u(t,x) = a + 2¢

Note that the asymptotic formula given in the theorem can be refined
and the following expansion terms can be found. This demonstrates the
existence of a two-parameter packet of nonlinear traveling waves.

Methods of the theory of dynamic systems with an infinite-dimensio-
nal space of initial conditions were used to proof results.
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Aaneapuoes M. P

HAWAYYILIEE IIPUBAVDKEHUE KAACCOB
TIEPUOANYECKUX ®YHKITUHN B L,

M.P. ﬂaHrapmoeB1

AHO BO «Mocko8cKuil 2ymaHumapHo-mexHoA02UHecKUll yHusepcumem
— MockoscKuil apxumexkmypHO-CMpouUmeAbHblil UHCMUNym»

ITycThb Ly €CTh IPOCTPAHCTBO 27T -IIEPUOANYECKUX U3MEPHUMBIX 110 Ae-
6ery GpyHKIHUI, Y KOTOPBIX HOpMa

27 1/2
1
Il = Ul po0m = | 5 [ UG0Pdx| <o
0

Yepes Lg) (r €e’Z4, Lgo) = Lz) 0603HAaYMM MHOKECTBO 27T -TIEPHOAH-

yeckuX GyHKIHH f € Lo, Y KOTOPBIX TPOU3BOAHBIE (I — 1)-TO MOpsIAKa
a6COAIOTHO HEINPEPBLIBHBI, a TPOU3BOAHBIE I'-TO TIOPSIAKA ITPUHAAAEKAT
MpOCTPaHCTBY Lo. CUMBOAOM 7,—1 0603HAYUM ITOAIIPOCTPAHCTBO TPUTO-
HOMETPUYECKUX TOAMHOMOB MOPsIAKa n — 1.

BeanunHa

En-1(f)2 = inf{llf —Tn-1ll2 : Tho1(x) € 771—1}

HA3bIBAETCS HAUAyUIllee TPUOADKeHHE QYHKIMK f MOAIIPOCTPAHCTBOM
Tn-1

Taxxe moraraeM Ep_1(N)g = sup{En—1(f)2 : f € N}, tae N —
[IeHTPaAbHO-CUMMETPHUYHOE MHOKECTBO U3 L.

Beamanna Qm(f,t) = sup{[|A)"(f,)ll2 : 0 < h < t} HasbBaercs
CIIEIMAABHBIM MOAYAEM HEMPEPBIBHOCTH M-TO MOPSAKA QYHKIMU f €
€ Lz [1]

[Tycts ®(u), 0 < u < oo, HeMpepbIBHAS HEYObIBAIOIIAs QYHKITHS
takasi, yto ®(0) = 0.

AAst ATOOBIX uliceAm € N,r € Z4 10 < u < 00, 0 < p < 00 BBEAEM

! e-mail: mukhtor77 @mail.ru
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B PaCCMOTPEHUHU CAEAYIOIINe KAacChl QYHKIIMM:
u

Wil () ={fe Lg) : /t(u—t)QﬁL(f(r),t)dt <1},
0
u 1/p
W (u, @) = {fe 1] / t(u—6)Qh (f(r), t) dt| <o)
0
ChopmyanpyeM OCHOBHBIE PE3YABTATHI.
Teopema 1. I[Iycmb m,n € N, r € Z4, 0 < p < 00 U U — NPoOU3BONb-

Hoe uuca0, yoosaemsopsioulee ycaosurw 0 < u < 3m/(4n). Toeda umeem
MeCcmo paseHcmaso

u -1/p
sup  Ena (9| [ elu-00h (7D oae| s perd -
0
u ) pm -1/p
_ 1 /t(u—t) (1 - Sm”t) | (1)
n o nt

Teopema 2. Aasa npousgoavHvix m,n € N,r € Z,,0 < p < oo u
0 < u < 37/(4n) umerom mecmo paseHcmsa

O2n (W,(,f)(u),Lz) = 02n-1 (W,glr)(u),Lz) = En1 (W,Slr) (u)) -
u -1/p

. pm
= % / t(u—t) (1 - Su:ltnt) dt , (2)

0
2de op(+) — 0601l u3 n-nonepeunukos no Beprwmeiiny, no Ieavpandy,

v r
KOAM020pP0BCK020, AUHELIHO20 U NPOEKUUOHHO20 KAadcca W,gl ) (u) (em. [2]).

Teopema 3. [Tycmbv m,n,r € N, 0 < p < cou 0 < u < 3x/(4n).
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Toeda cnpasedauso pageHcmaso
u -1/p

En1 (Wipp (1, ) = — / r(u—t>(1—sm”t)pmdt (w). (3)
0

Pe3yabrathl (1)—(3) sBASIIOTCSI 0600IIIEHHEM PE3YABTAT ITOAYIEHHBIE
B pa6ore [3].
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OBTAINING EXACT EXPRESSIONS
FOR NATURAL FREQUENCIES IN MODELING VIBRATIONS
OF MECHANICAL SYSTEMS WITH A MOVING BOUNDARY
USING THE DISCRETE FOURIER TRANSFORM

V.L. Litvinov! K.V. Litvinova

Samara State Technical University, Moscow State University

The article studies the vibrations of a rope moving in the longitudinal
direction. The model takes into account the tension of the rope, bend-
ing rigidity, and resistance of the external environment. The object of
study pertains to a wide range of oscillating one-dimensional objects with
moving boundaries. The presence of moving boundaries makes classical
methods of mathematical physics inapplicable to solving such boundary
value problems, so they have not been sufficiently studied at present. At
a constant longitudinal velocity, the rope vibrations are characterized by
a set of natural frequencies. In the absence of resistance of the environ-
ment, a discrete Fourier transform is used to solve the problem. As a
result, an equation is obtained in the form of a series that allows one to
find the exact values of the natural frequencies. The problem in the pres-
ence of resistance of the environment was solved using the Kantorovich—
Galerkin method. The resulting equation allows one to find approximate
values of the first two natural frequencies. The accuracy of the solution
obtained by the Kantorovich—Galerkin method is estimated by compar-
ing the exact and approximate frequencies. The article analyzes how the
longitudinal speed of the rope affects the shape of natural oscillations.
The solution is made in dimensionless variables, which allows using the
obtained results to calculate the oscillations of a wide range of technical
objects.

I e-mail: vladlitvinov@rambler.ru
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ANoboda A. A.

AHAANTHUYECKHE ITPOAOAKEHHN A
OYHKIIMMOHAABHBIX UTHTEI'PAAOB

A A ﬂo6o,ua1

Mockosckuil 2ocydapcmseHHblil yHugepcumem umenu M.B. AomoHocosa

[TycTh paccMaTpUBAETCA CAEAYIOIIas 3apada Kolim AAA ypaBHEHHS
TEIIAOIIPOBOAHOCTH:
ER A2
A—(t,x) = — A¥(t,x) + V(x)¥(t,x),
ot 2m

¥(0,x) = f(x), (t,x) € [0,T] xR",
rae A > 0.

C nmomotpkio Gopmyabl ITO MOKHO AOKa3aTh, YTO PeIleHHe ITOH 3a-
AQUH TIPEACTABASIETCS] CAEAYIOIINM <1>yHKuH0HaAbelM WHTETPAAOM:

V(x Bs)ds
Y(t,x) = Ef(x + \/TBt)eO/ +\/7

3Aechk cUMBOA E 0603Ha4aeT MaTeMaTHYECKOe OKHUAQHNE, TO €CTh MHTe-
r'paA 10 IIPOCTPAHCTBY HEMPEPLIBHBIX Ha oTpe3ke [0, t]| GpyHKIHi ¢ Me-
poit Bunepa (cm. [1]). TIpu onpeAeAEHHBIX OTPaHUUYEHUAX HA GYHKIIUU
f V MO’KHO mOKasaTh (CM. [2]), 9TO QyHKIIMOHAABHBIN UHTETPAA

1 ~, 7

) + fV(x+\/EBs)ds

W(t,x) = Ef(x + VikBpe © .

ABAAECTCA PEIIEHHUEM 3apAa9Nn Komntu Ko AAA YPABHEHUA ]_HpeAI/IHI‘epaZ

v —h?
ih— (t,x) = — A¥(¢t,x) + V(x)¥(t, x)
ot 2m

P(0,x) = f(x),(t,x) € [0,T] xR".

B AOKAaAe pedb TOMAET O TOM, KaK C IIOMOIIbIO PAa3AUYHBIX aHAAU-
THYECKUX TPOAONKEHUN TTIOAYIUTD PellieHns 3apa4 Kot aAAs cToxacTu-
yeckux ypaBHeHui Tuna llIpéaunrepa (cMm. [3-5]).

! e-mail: orion1312@yandex.ru
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Kpome Toro, 6yAyT paccMoTpeHbI 3apaun Koru Bupa
{‘;—ltl =Au+V(x)u (x e R, t > 0),
u(x,0) = f(x) (x € R"),

c

rae 0 < f € LYR"Y), V(x) = P’ ¢ > 0 (cMm. [6]), a AASI UHTETPAABHBIX

|x

MIPEACTaBAEHHH UX pellleHnui 6YAeT pacCMOTpeHa BO3MOKHOCTh aHAAH-
THYECKOTO TPOAOAKEHM S, KOTOPOE AQET pellieHre 3apadqu Koiu Aast co-
OTBETCTBYIOIIIETO pellleHus ypaBHeHu [IIpéanHTepa.

—
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Lopatin I. A., Pechen A. N.

WEAK COUPLING LIMIT FOR QUANTUM SYSTEMS WITH
UNBOUNDED WEAKLY COMMUTING SYSTEM OPERATORS

I.A.Lopatkﬂ’ A.N. Pechen?

Steklov Mathematical Institute of Russian Academy of Sciences

The theory of open quantum systems is a rapidly developing branch
of quantum physics that focuses on the interaction between non-isolated
quantum systems and their surrounding environments, or reservoirs.
These problems are relevant because almost any real physical system is
open to some approximation. One of the main goals in this theory is
the mathematically rigorous derivation of the reduced dynamics, that is,
the system evolution described without explicit involvement of reservoir
operators, under physically motivated approximations. One of the most
well-known approximations is the weak coupling limit (WCL), which an-
alyzes long-time behavior under weak system-reservoir interaction.

Let Hs, Hr denote the Hamiltonians of the system and reservoir, re-
spectively. These are self-adjoint operators acting on the complex separa-
ble Hilbert spaces Hg and Hg. Let V be an interaction operator acting on
the tensor product Hs ® Hg. The perturbed evolution of an observable
Y of the compound system is defined by the Heisenberg equation

dy (t)

dt

where Ig, I are the identity operators on Hs and Hp, respectively; A is
the coupling constant; and [, -] denotes commutator. This defines a one-
parameter family of morphisms Y — 7 (t)Y. To describe the reduced
dynamics, we define a reservoir state w as a continuous linear functional
on the algebra of bounded reservoir observables, which is positive (i.e.,
w(A*A) > 0) and normalized (i.e., w(Ig) = 1). This state induces a
partial trace operation over the reservoir, defined by @ (A®B) := A-w(B).
The reduced system dynamics in the WCL is defined as

Ti(OX = d(THO 2 (X ® 1)), 4 Lo,

=i|Hs®Ig + Is ® Hr + AV, Y (t)[,

I e-mail: lopatin.ia@phystech.edu
2 e-mail: apechen@gmail.com
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That is, we consider the limit coupling strength as going to zero, A — 0,
and time on which one studies the dynamics as going to infinity, t — oo,
however not independently but in a related way so that the product At
remains finite and determines a new time scale for the dynamics.

The WCL for finite-level systems (i.e., dim Hg < o0) is well-establi-
shed. However, infinite-level systems, especially those with unbounded
Hamiltonians and continuous spectra, remain less explored. In this work,
we consider an infinite-level quantum system interacting with an ideal
Fermi or Bose gas [1]. We assume that the free system Hamiltonian com-
mutes, in a weak sense, with the system part of the interaction operator,
without imposing any restrictions on their spectra.

We first analyze the multi-point correlation functions of the reservoir
in the WCL:

Qr () = AK / ® (a#(eit”(l)hfl)a#(eitﬂ(z)hfg) - a#(eifn<k)hfk))dt1. . dty,
Ap(A2t)

where Ap(T) = {t1,...,tx €ERK : T >t1 >t9 > -+ >t >0}, wis
permutation of k elements, a” (f) denotes either the creation operator
a' (f) or the annihilation operator a(f), a” (¢t ) denotes the creation
or annihilation operator in the interaction picture, where the form-factor
f evolves freely under the one-particle reservoir Hamiltonian h over time
t. We derive a recursive formula with respect to k, the number of oper-
ators involved, for the limit A | O of these correlation functions, and we
estimate the rate of convergence.

Using the results for the reservoir correlation functions, we analyze
the Dyson series for the reduced system dynamics in the WCL. Then we
prove that the resulting reduced system dynamics converges to unitary
dynamics with a modified Hamiltonian which can be interpreted as a
Lamb shift to the original Hamiltonian

ﬁ(t)X _ ei(172H5+ﬁ)tXe—i(/172Hs+ﬁ)t + O(A), ) l 0.

We obtain the exact form of the Lamb shift H and estimate the rate of
convergence to the limiting dynamics as O(A).
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Maxmymos III. A.

O POCTE 'MITEPBOAMYECKOM HPOHBBOAHOP'IU
OIr'PAHUYEHHBIX AHAAUTUYECKHX ®YHKIIUN

L. A. MaXMyTOB1

Sultan Qaboos University

O6o3uaunM yepe3 B(D) MHOKeCTBO aHAAUTHYECKHUX PYHKIHA (p:
D — Du@*(z) = % — TUNEPOOANYECKYIO TIPOU3BOAHYIO
@. Ast Ato6oit pynkuuu ¢ € B(D) cipaBepAnBa OlleHKa

sup(1 — [2[*)p*(2) < 1.
z€D

OtHecem ¢yHkuuio @ € B(D) k kaaccy By, 0 < o < 1, €CAM BBIIIOAHS-
eTcs YCAOBUE

lollgs = sup(1 - [2[>)¥@*(z) < oo
P4S]

AAsT QYHKITUH @ U3 KAacca B(’; ,0 < a < 1, 6bLAa TTOAYYEHA OIIEHKA

ol g
1-a

@lZe < 1= (1 - |@(0)|*) exp (-4

9TO 03HaYaer, 4TO GYHKIMU U3 KAACCOB B HE MOTYT yAOBAETBOPSTH
yCAOBHIO ||@||ge = 1, ecan 0 < a < 1. ApyTHMH CAOBaMH, BHyTPEHHHE
GyHKIMHU He IpUHAAAEKAT K Kaaccam By, 0 < a < 1.

W3 pa6otsl [1] (cm. Takke [3]) caeayeT, UTO AAST A0GO# BHYTpeHHER

dyHKuHK @
/((p*(z))z(l —12[2) dA(z) = oo
D

Cwmur [3] Takke mOKa3aa, 9TO CyIIeCTBYIOT BHyTPEHHHIE aHAAUTHIECKUE
OYHKIINY, AAST KOTOPBIX BBIITOAHSETCS YCAOBHE

lim (1-]2?)@*(z) = 0.

|z|]—1

YacTb pe3yABTaTOB AOKAAAA OYAET omyOAMKOBaHA B pabote [2].

! e-mail: shmakhm@gmail.com
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3eepesa M. B., Mapgun A. E., Omuwes A. K., IIlabpos C. A.

BO3MOXHOCTbDb ITPUMEHEHHA METOAA ®YPLE
AN HAXOKAEHWS PEIIEHW S
CMEIIAHHOMU 3AAAYH C PA3PBIBHBIMH PEHIEHUSAMUA

M.b. 3BepeBa, [.E. MaquMH,1 A.K. OTnwes, C.A. LLabpos

BopoHedtcckuil 2ocydapcmaeHHblil yHu8epcumem

Pa6oTa moCBsilleHa U3yYEeHUI0 BO3MOKHOCTH IIPUMEHEHUsT MeTOAA
dypbe AN HAXOXKACHHUA pelIeHUs] MaTeMaTU4eCKOH MOAEAH, ONIUChIBA-
Iolei cBOOOAHBIE KOAeOAHUS «pa3PhIBHOM» CTPYHBI

M (i = 5 (puy,) - q(x)u,

u(0,t) = u(f,t) = 0; (1)

u(x,0) = o(x);

u(x,0) = p1(x).
MbI cuMTaeM, 9YTO KOAEOAHUS TIPOUCXOAAT B OAHOM IIAOCKOCTH, M KadK-
A@sT TOYKA CHCTEMbI CMEIAETCsT TIEPIIEHAUKYASIPHO TIOAOKEHHIO PABHO-
Becus1. 3pech u(Xx,t) — OTKAOHEHHE OT IOAOYKEHHs PABHOBECHS TOY-
KM X B MOMEHT BpEMEHH t; TOYKA ¥ ABE TOYKH O3HAYAIOT IEPBYIO
M BTOPYIO IPOU3BOAHYIO IO TIEPEMEHHOU t COOTBETCTBEHHO; YPo(x) U
1 (x) — HaYaABHOE OTKAOHEHHE M HayaAbHast CKOPOCTh COOTBETCTBEH-
HO; ¢(X) — AOKAABHBIN KO3)OHUIMEHT YIIPYTOCTH BHEIITHEH CPEABI B TOY-
Ke x; M EG] (x) > 0 — pacripepeAeHHe MacChl. BHYTpeHHSIs TPOU3BOAHAS
[TOHUMAETCSI TI0 Mepe, a BHEIIHSST — II0 PacllellAeHHON Mepe (CM., Ha-
npumep, [1]).

Pemtenue (1) Mbl 6yAeM HCKaTh B KAacce [H X t| — abBCOAIOTHO
HemnpepbIBHbIX Ha [0; ], X [0;T] ¢yHKIMH, -IpOU3BOAHAA IO IIPO-
CTPAHCTBEHHON TEPEMEHHON SIBASETCA [0]-aGCOAIOTHO HEMpPEpPBIBHOR
Ha [0; €] ¢yHKIMed mpu Bcex PUKCHPOBAHHBIX t; KBA3HUIIPOM3BOAHAS
( pu;,)’[o] — [o]-cymmupyema na [0; €], npu Bcex GUKCHPOBAHHBIX t;

0 TIepeMeHHOM t QYHKIWMS u(X, t) ©UMeeT HeNPePhIBHBIE TPOU3BOAHBIE
AO BTOPOTO MOPSIAKA TIPH GUKCUPOBAHHOM X.
VpaBuenue u3 (1) B Toukax £ paspeiBa yukuuu p(x) (u o(x)) no-

1 e-mail: danil-marfin@yandex.ru
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HHUMAETCA KaK ABa paBEHCTBA
puy(§) — pu (€ -0)
o(§) —o(£-0)

puy(§ +0) —puy ()
e+ 0) —0(®) q(t3)u(§ +0,¢t),

rae £ — 0 u € + 0 03HAYAIOT AEBBIH U [IPaBbIil IPEAEABI B TOUKe £ COOT-

M/ (i€ - 0,¢0) = - q(t5)u(g - 0,0),

M{ (T3)ii(§ + 0,¢) =

BETCTBEHHO, a T], T, — TOYKH «PACIIENAEHUsI» MEPbI 0.
Perrtenuie 3apaum (1) MBI HIIIEM B BHUAE PSAA

o0
u(x,t) = ) kLT, (2)
k=1
rAe @k (x) — cobcTBeHHBbIE GYHKIMU CIEKTPAABHON 3aAaul

{LX = - (po)[O] + Xq = AM[G]X; (3)
X(0) = X(¢) = 0,

Ty (t) — ucKoMBbIe GpYHKITHH.

Teopema. [Tycmb 8bin0AHeHbl CAedYOuUe YCAOBUSL:

1) HauaavHble ycaosusa Pi(x) (i = 1,2) — p-abcoatomHo HenpepvleHbl
Ha [0; €],,; npoussodnvbie l,bi;l (x) (i = 1,2) no mepe p umerom KoHeu-
HOe U3MeHeHUe; pl/)i;, (x) — [o]-abcoarommo nenpepwisHet Ha [0; £];

2) ¢pyukuuu (A?,pl ) (x) (i = 1,2) p-nenpepuisnot Ha [0; €] ;;

(o]
’
#
Mo/,

3) ¥0(0) = o () = (Lho)(0) = (Ltpo)(£) = 11(0) = 1 (£) = 0.
Toeda, psod

(x) umeem koneunoe Ha [0; €] usmeHeHue;

o 4
) = 3 9k00)| [ MLy (i) d 0] - cos Vg +

sin \/A_kt

¢
+ [ M| (x)@r(x)p1(x)d [o(x)] -
[o] A/
o/ M
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20e @1 (x) — co6cmaeentbie pyHKkuuu 3adayqu (3), omseuarowiue cob6cmaeH-
HOMY 3Ha4eHUul An, asasemcs peweruem (1).
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FUNCTIONAL FOURIER TRANSFORMATION
AND RENORMALIZATION GROUP TRANSFORMATION
IN THE GENERALIZED FERMIONIC HIERARCHICAL MODEL

M. D. Missarov,1 D.A. Khajrullin2

Kazan Federal University, Kazan, Russia

LetT = {0,1,2,...}and V} = {j €T : k-2° < j< (k+1)-
2%}, where k € T,s € N = {1,2,3,...}. The hierarchical distance
do(i,j), i,j € T, i # jis defined as dy(i, j) = 25(), where s(i, j) =
= min{s : is k € T such thati,j € Vi} LetT?2 =T xT, k = (ky,ks) €
ETZ,VI‘E = {(j1, j2) eT?: ki1-2°<j1<(k1+1)-25ky-2°< jg<
< (kg +1)-2%}. Forany k = (ki,k) € T>, | = (I1,15) € T, k # 1
we define s(k,1) = max(s(kq,11),s(ko,l2)). The hierarchical distance
on T? is defined as dy(k, 1) = 25(kD) " Let us consider a 4-component
fermionic field

YH (D) = (1(D), 1D, h2(D), ha(i), i€T?,
where the components are generators of a Grassman algebra. Let us re-
denote V(])V by An. Let I'y be the Grassmann subalgebra generated by all

generators 11 (i), 1 (i), P2(i), P2(i),i € Ax. The block-spin renormal-
ization group (RG) transformation is defined by the formula
H* (i) = (r@yp) (@) = 272 Y p*()),
jev!

where a € R! is the RG parameter. We define the following functions on
T2:

d(k,; ) = da(k, D), if s(k1,11) # s(ka, [2);

d(k,[; 1) = Ada(k, 1), if s(k,11) = s(ko, L),
b(k,; A;0) = d¥H(k,; 1), ifk #1, bk, k; A;a) = i

P ) > P ) b B 5 B J 4(1_2_(a_2)) J

! e-mail: mukadas.missarov@yandex.ru
2 e-mail: dimahajrullin@outlook.com
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A is a real-valued parameter, A > 0. It was shown in [1] that a zero-mean
Gaussian fermionic field with a binary correlation function

WPn(K)pm (D)) = Spmb(k, ;A;a), n,m=1,2, kleT?

is invariant under the RG transformation with the parameter @. To con-
struct non-Gaussian states, we use the Gibbs description of the field. Let
us consider the restriction of the Gaussian field ¥p* on the volume Ay. We
denote the Gaussian Hamiltonian of this restriction as Ho ny(1*; 4; ).
Consider the local potential (self-action) for a 4-component fermionic
field L(p*;7,8) = r(P1p1 + pavp2) + gprp1paipa.

Let the non-Gaussian Hamiltonian Hy (*;r, g; A; «) is given as
Hy (57,83 A5 @) = Hon (™5 40) + " (L™ (0);7, 8)).
iEAN

If p is a state on I'y, given by this Gibbsian Hamiltonian, then
the renormalized state p’ is defined on I'y_1 by the Hamiltonian
Hn-1(p*;7,¢’; ;). Let us denote the renormalization group trans-
formation in the space of coupling constants (r,g) as R(a): (r',¢’) =
= R(a)(r, g). It was shown [2]:

r/ = 2“—2 rl(rs 8, 6) g’ — 22(a_2) (rs(ra 8, 6))2
ro(r,g;8)’ 4 ro(r,g;8))

where
L 2(=2%2% 4 4% + 16149 — 13(20)9)
22a+1)4 _ 92apa _ 19400 — 5100 4 1614’

§ 1
ri(r,g;8) = —g°r - ¢° (Z " Z) +3g%r® — g?r? (_ —-=

8 & 5 1 178 1
—gzr(—?—26)—g2(————+—)—3gr5—gr4(i+—7)—

4 2 2 4 4
352 782 58 5 582
3 2
g |- 485 -1 —gr? [ + = =2 —gr [ == - 28] -
§2 38 1
—g(———+—)+r7—r6(—26—2)—r5(—62—66+1)—
2 4 4

—r4(—462 — 48 + 4) —r3(—662 +48 + 1)—r2(—462 + 68— 2) +r(6-1)2
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3 2.2 2 4
g 3g°r 2 5 (6 1\ 9gr

ro(r,g;6) =—-=>=+ —=——+gr(6+1) + —+ |- +

2(r, g; 6) 2 5 gr( ) g(4 5 2

+gr3(=38 — 3) + gr? (—62 ~58 + %) +gr (—262 ~§+ 1) +
+g(—62+6—%) +r6+r5(26+2)+r4(62+66—1)+
+r3(452 + 46 - 4) + r2(662 — 45— 1) + r(462 — 68 + 2) +(8-1)2
r3(r,g;6) = (—g + (r + 1)2) (—62g — 48gr + 483 + 2g% — 4gr®+

+ 2r* + 1r2(28% + 46 — 4) + r(48% — 46) + 2(6 - 1)2) .

Let us define the Fourier transformation in the space of Grassmann-
valued “free density measures” e -(¥"i7:8) a5

‘/e_fllpl"'Clll_’l"‘524’2"‘CZJ’Ze_r(d—)lwl"'l[)lez)_gll_’lwlll’zl/&dl’bl dl/31 dipo dl[)Z _
= F(et 59 (g).

. —L *;L,L
It is easy to see that F(e L&) (¢*) = (+2 - g)e ({ r2-g <f2—g>2)

r*-g’ (" -g)°
Theorem. Fourier map F and renormalization group transformation
R(a) in the coupling constants plane satisfy to the relation FR(a) = R(4—
—a)F.

We call the map F(r, g) = | = & ) as Fourier map.

References

1. M.D. Missarov, New Variant of the Fermionic Model on the Hierarchical Two-Dimensio-
nal Lattice, // P-Adic Num Ultrametr Anal Appl, 2020, Vol. 12, Pp. 163-170.

2. M.D. Missarov, D.A. Khajrullin, The renormalization group transformation in the
generalized fermionic hierarchical model, // Izv. Math., 2023, Vol. 87, No. 5,
Pp. 1011-1012.

106



Morgzhin O.V. and Pechen A.N.

GRADIENT PROJECTION METHOD FOR QUANTUM CONTROL

O.V. Morzhin,1 A.N. Pechen?

Steklov Mathematical Institute of Russian Academy of Sciences,
Department of Mathematical Methods for Quantum Technologies;
University of Science and Technology MISIS

In general constrained optimization, one-step gradient projection
method (GPM) is long known (e.g., [1,2]). In quantum control, gradi-
ent projection method for constrained optimization was developed in the
fundamental work [3] (Section 5 and Appendix B) by considering con-
strained optimization of quantum systems as optimization over complex
Stiefel manifolds with additional constraints. In that work, constrained
gradient projection optimization for open quantum systems was consid-
ered in full generality, including theoretical derivation of the projection
and numerical simulations, when coherent and incoherent controls are
represented in the kinematic description as Kraus maps.

Making explicit adaptation and applications to various specific mod-
els of quantum systems with dynamic controls is of high importance.
The talk is devoted to applying one- and two-step versions of the GPM to
some particular classes of optimal control problems for closed and open
quantum systems with dynamic controls. We consider such important for
applications models as superconducting one- and two-qubit systems and
ion-like models subject to coherent control and incoherent environment.
For these systems, diverse problems ranging from Bell state preparation
to quantum gate generation or entropy manipulation are investigated
[4,5]. In [3-5], basic constructions of the GPM are developed primarily
directly in terms of quantum objects such as Kraus maps, Hamiltonians,
density matrices, evolution operators, etc. The articles [4,5] contain, in
particular, a two-step GPM as an analog of the finite-dimensional two-
step GPM known in the finite-dimensional optimization from the funda-
mental work [6]. In particular, in various numerical experiments it was
found that two-step GPM can be essentially better than one-step GPM.

I e-mail: morzhin.oleg@yandex.ru
2 e-mail: apechen@gmail.com
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Myxapasmos P I

IIOCTPOEHUE AUPDEPEHIIMAABHBIX YVPABHEHUH
ANHAMHWKHNU CUCTEM C ITPOI'PAMMHBIMUA CBA3AMU

P.T. MyxapnﬂMOB1

Poccutickutl yHusepcumem 0pyc6bl Hapodos umeHu ITampuca Aymymo6bl

CreneHb COOTBETCTBUA MaTeMaTUYECKON MOAEAU IIPOLIECCOB AUHA-
MHKH MEXaHUYEeCKHX CHUCTEM U UX aHAAOrOB [1], HCIIOAB3yEMBIX B CHU-
CTeMax YIPaBAE€HHU:A, ONPEAEASeTCS AOIYCTUMON CTPYKTYPOH U TOY-
HOCTBIO YHCAEHHOTO pelLleHUsI COOTBETCTBYIOLIeH cucTeMbl AupdepeH-
LUaABHBIX ypaBHeHUU. [IOBBIIIEHHIO TOYHOCTU peEIIeHUA ypaBHEHUU
AMHaMUKH CIOCOOCTBYET M3BeCTHasi MHPOPMALKsI O CBOMCTBAX CHCTeE-
MBI, IIDEACTABACHHAA ypaBHEHUAMU CBs3€H, U3BECTHBIMHU HHTEI'DaAa-
MU UAM 3aAQHHBIMH IIeAMH yIpaBAeHHA [2]. BblloaHeHHe ypaBHe-
HUH cBsI3ell 06eceunBaeTCsi AOTIOAHUTEABHBIMU CHAAMHU, KOTOPbIE MO-
T'YT OBITH IPEACTABAEHBI KaK YIIPABASIONINE BO3AeHCTBUA. CBSI3H OIIpe-
ACASIIOTCS YaCTHBIMU WHTErPaAaMU YpaBHEHWH AMHAMUKU U COOTBET-
CTBYIOT MHOYXECTBY TOYEK IPUTIHKEHUS NPU OTKAOHEHUH HaYaAbHBIX
3HAUYEeHWH OT ypaBHEHUU cBsideil. HEOOXOAMMBIM YCAOBHEM OTpaHHYE-
HUA OTKAOHEHUH, BBI3BAHHBIX IOTPEIIHOCTAMU YUCACHHOI'O pELIeHU:A
AubdepeHIaAbHO-aATeOpanyeCcKIX YPaBHEHUH U 3aAaHHsT HAYaABHBIX
YCAOBH#, SIBAsIETCS TpeOOBaHUE ACUMIITOTUYECKON YCTOHYMBOCTU WH-
TErpaAbHOTO MHOT006pasusi CUCTeMbl AubdpepeHITMANBHBIX YPAaBHEHUN
3aMKHYTOH CUCTEMBI, OIIPEACASIEMOI'0 YPABHEHUAMU CBA3EHU U LIEAIMU
yIIpPaBA€HUs. YCAOBHUA YCTOHYMBOCTH TPUBUAABHOIO PELICHUA yYpaBHe-
HUU BO3MYILEHUH cBA3el ycTaHAaBAMBAIOTCA METOAOM PyHKUMM AAmy-
HOBa. AAsI cocTaBAeHUA QyHKIMH AsimyHoBa H.I. YeTaeBbIM OBLAO MTPEA-
AOYKEHO HCIIOAB30BATh II€pPBble UHTErPaAbl YpaBHEHUN AMHaMuku [3].
AAsI OrpaHUYeHUA OTKAOHEHUH OT ypaBHEHUU CBs3ed BBOAATCA ypaB-
HEHHUs IIPOrPaMMHBIX CBA3eH, ypaBHeHHUA BO3MYyILIeHUH cBa3elt u op-
MYAUDPYIOTCA YCAOBHS YCTOWUYUBOCTU IIPOrPAMMHBIX CBA3€H. YpaBHEHUA
AMHaMUKH MOTYT OBITb TOAYYEHbI U3 IPUHIIUIIOB AUHAMHKH C OIIPEAEAE-
HHUEM MHO’KeCTBA BUPTYaAbHBIX lepeMelleHnil cucTeMbl. [IoaA60p ypaB-
HEHUH BO3MYIIIEHUN CBA3EH [I03BOAAET [IOCTPOUTDL YPABHEHUA ANHAMU-
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KU PaCUINPEHHON CUCTEMBI, VYUTHIBAIOLIEH OTKAOHEHUS OT YPABHEHUN
CBA3€EH, C UKANYECKUMU KOOPAUHATAMHU, COOTBETCTBYIOIIIUMHU HETOAO-
HOMHBIM CBsi3sIM. [loayueHo pelleHue 3apauu beprpana [4] 06 ompe-
ACAEHUHU LIEHTPAABHOM CHUABI, IIOA AeMCTBHEM KOTOpOH MaTepHaAbHAasd
TOYKA COBEpIIAET YCTOMYNBOE ABUYKEHHE 110 TPAEKTOPHUH, COOTBETCTBY-
olIell KOHUYeCKOMY CeYeHHUIO.

VccaepoBaHuE BBITOAHEHO ITPU GUHAHCOBOM IIOAAEPIKKE
Poccuiickoro HayuHoro ¢poHaa, Ne 25-21-00153
(URL: https://rsct.ru/project/25-21-00153 /).
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Hexkpubiaos E. E., Ila6pos C. A., 3sepesa M. B.

O HEKOTOPBIX CIIEKTPAABHBIX CBOMCTBAX
3AAAYH C PA3SPBIBHBIMU PEHIEHUAMN

E.E. Hekpbinos, C.A.llUabpos, M.b. 3BepeBa

BopoHestcckuii 2ocydapcmaeHHblil yHu8epcumem

Pa6oTa mocBsillleHa M3y4YEeHHIO HEKOTOPBIX CBOWCTB CIIEKTPAABHOM
3apa4uu
— 1Y — .
Lu = —(puy)g + qu = Amu; (1)
u(0) = u(f) =0,

C pa3pbIBHBIMH pellleHUsAMHU. B pabore [2] 3Ta 3apavya u3ydaarach B
uHTerpo-pAuddepeHIInarbHON GopMe, KOTAQ YpaBHEHHE TIPOUHTETPUPO-
BAHO IO Mepe 0 B IIpeAeAax oT 0 A0 X. BbIAO TIOKa3aHO, YTO CHEKTP 33aAa-
4i (1) ABASIETCS OCHUAASALUOHHBIM, T. €. COCTOUT TOABKO M3 COOCTBEH-
HBIX 3HAUeHU#, eAMHCTBEHHAsI TOYKA CTYILIEHHUs — 3TO +00; HyAeBble
MecTa cCOOCTBEHHBIX QYHKIUI TepeMesKatoTCs.

Perrenue 3apa4unt (1) MBI UIlleM B KAacce [-aOGCOAIOTHO HeNpephIB-
HbIX Ha [0, ] dyHKUMIA, epBas MPOW3BOAHAST KOTOPBIX 0-aGCOAIOTHO
HerpepbiBHA Ha [0, £].

[1pu 3TOM MBI CUATAEM, YTO YPABHEHHE 3aAQHHBIM HA CIIELIUAABHOM

572
pacmupenun [0, €], orpe3ka [0, ], KoTopoe CTPOUTCA CAEAYIOLIUM
o6pazom. ITycts S(0) — MHOYKECTBO TOYEK pasphiBa CTPOrO BO3pacTa-
tomneit Ha [0, ] dyukuuu o(x). Ha [0, £] 3apapum MeTpuky p(x,y) =
= |o(x)—o(y)|. Kak HeTpyAHO BHAETD, €CAHU S(0) HEITYCTO, TO METpHYe-
ckoe mpocTpaHcTBo ([0, £]; p) HenmoaHO. CTaHAAPTHOE MOMIOAHEHHE HAM
aaet [0, £],, B KOTOpOM Kakpasi Touka £ € S(0) 3amMeHeHa Ha TpPOW-
Ky YIOpsIAOYEHHBIX 3aeMeHTOB {£€ — 0; &; £ + 0}. ®opmanrbHast 3aMeHa
aaeMeHTa £ U3 3TOro Habopa Ha YIOPSAOYEHHYIO Tapy COOCTBEHHBIX JA€-

—(2
MEHTOB {’L’f, ’L'g} Y TIPUBOAUT K MHOeCTBY [0, £ ]c(, ). YpaBHeHHE B TOY-

Kax {Tf, rg} MBI TIOHHMaeM KaK paBeHCTBa
—A7 (puly) (€) + q(z5)u(€ — 0) = Am(z5)u(§ - 0),
—AF (puly) (§) + q(5)u(§ +0) = Am(t5)u(§ +0),
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rae A" (x) = P(x) —Pp(x —0) u ATP(x) = P(x + 0) —P(x) — AeBbIit
Y TIPaBBIN CKauyKu GpyHKIUH P (X) B TOYKE X COOTBETCTBEHHO.
MBI IIPEATIOAATAaEM BBITIOAHEHHBIMHU CAEAYIOIIHNE YCAOBHUS
1) p(x) — o-abcoatoTHO HemmpepbiBHA Ha [0, £];
2) ing p>0;

>

3) q(x) u m(x) — o-cymmupyemsie Ha [0, £ ]((,2) byHKUINY;

4) m(x) > 0 Arst Beex x € [0, 3]62 .

[Tycts @(x,A) u P(x,A) — pelleHus ypaBHenust Lu = Amu, ypo0-
BAETBOPSAOLIHE HaYaAbHBIM ycAoBHAM u(0) = O, pu;,(O) =1lunu(f) =
= 0, puy, (£) = —1 cooTBeTCTBEHHO. B [2] BBEACH aHAAOT OIIPEACAUTEAS
Bpomnckoro cucreMbl {@(x, 1), P(x, 1)}, ¥ AOKa3aHo, YTO OH He 3aBUCUT
oT x. O603HauUM ero uepe3 A(A).

B pa6oTte AoKa3aHa TeopeMa.

Teopema. Ecau Ay — 00Ho u3 co6cmaserHblx 3HaveHull 3adaqu (1), mo
cywecmsyem omauyHoe om Hyas Py, makoe, umo @(x, A) = Brp(x, 1),
U CNpasedAuB0 paseHCmMaso

d
akﬁk:ﬁﬁ ,
A=y

l
20e aj = / @2 (x, Ai) ML (x)do(x).
0

OTmeTuM, 4TO IIPU aHaAW3€ BO3SHUKAIOIIUX YPABHEHUE MbI UCIIOAB-
3yeM MOTOYEHBIN MMOAXOA, TpeproskeHHbIH 10.B. TlokopabiM [1].
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A FUNCTION-THEORETICAL STUDY OF LOGARIPHMIC
HAMILTONIANS OF VOLTERRA TYPE LATTICES

A.S. Osipov!

Scientific Research Institute for System Analysis
of the National Research Centre “Kurchatov Institute”

The classical Volterra lattice

(.ln = an(an-l,-l _an__l), an = an(t) > O, t e [O, T), 0<T < (S o (].)
also known as Kac-van Moerbeke system or discrete Korteweg—de Vries
equation is a well known example of nonlinear integrable systems. It
has a rich and interesting Hamiltonian structure. In particular, if we

define in the coordinates (a,) the cubic Poisson bracket {.,.}3 having
non-vanishing elements

{an+2, an}3 = an+2an+1an, {an+1,an}3 = ansr1an(an+1 + an). (2)
Then (1) can be written as follows:

. 1
an = {Ho,an}3, where Hy = Ezn:ln(an).

Faddeev and Takhtajan found another Poisson bracket [1], in which this
system can be written similarly, with the same logarithmic Hamiltonian
Hy. For the semi-infinite lattices, i.e. when n € Z4 or the infinite ones
(n € Z4) it is natural to ask: when their Hamiltonians Hg are finite?
The spectral theory of Jacobi operators and the results of [2] allow one
to find a sort of answer to this question.

Theorem. Each probability measure du = du(x) on R

dp = dpac + dising = f(x)dx + dpsing
satisfying the following conditions:
a) ess supp{dpi}ac = {x, f(x) > 0} = [-2,2],

1
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b) f(x) is an even nonnegative function satisfying the Szegé condition

2
In f(x)dx
_ > —OO’
b V4 — x2

¢) its singular part dpging consists of a finite number of masses {mi}izivl,
m; = mgn—i+1 located at the points {Ai}l.zivl € R\[-2, 2] such that
Ai = —AaN-i+1,

is the spectral measure djij, of the Lax operator corresponding to the semi-

infinite Volterra lattice having the finite logarithmic Hamiltonian. Con-

versely, each measure duy, corresponding to such Volterra lattice, satisfies

the conditions a)—c).

Thus, there is a one-to-one correspondence between the semi-infinite
Volterra lattices with the finite logarithmic Hamiltonians and the mea-
sures du, satisfying a)-b). The elements a, and, therefore, the Hamilto-
nian Hy itself can be expressed in terms of the corresponding measure.

Then we study a correspondence between the infinite Volterra latices
having a finite Hy and the pairs of measures satisfying a)—c). We also dis-
cuss a possibility for generalization of these results to another nonlinear
integrable systems such as lattice Boussinesq equations and Bogoyavlen-
sky lattice, considered in the semi-infinite case.
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Ilanos E. IO.

O KOCOCOMPSDKEHHOCTH
AVHEAPHI30BAHHOTO OIIEPATOPA SHIAEPA

E.10. MaHos!

Canxkm-ITemep6ypackoe omdeaeHue MaAmMeMamu4ecko20 uHcCmumyma
umeHu B.A. Cmexaosa PAH

I[Mycrs a(x) = (ai1(x),...,an(x)) — coreHOMAAABHBIN BeKTOp B R,
YVAOBAETBOPSIOIINI TA0GaABHOMY ycAoBuio Aummuna |a(x) — a(y)| <
< m|x — y| Vx,y € R" (uepe3 |z| o6o3HauaeTcsi eBKAMAOBA HOpMa
KOHEYHOMEPHOT'O BEKTOpPA Z). PACCMOTPUM AHHEapHU30BAHHYIO CUCTEMY
CTallMOHAPHBIX YPaBHEHUHU Ditaepa

n
u+ hz aj(x)ux; + Vp = v, divu(x) = 0. (1)
j=1
3aecbh € R, v = v(x) € H, TAe H — 3aMKHyTO€e MOATIPOCTPAHCTBO B Be-
II[eCTBEHHOM THABOEPTOBOM IIPOCTPAHCTBE X = L? (R, R™), cocrosimiee
U3 COAEHOUAAABHBIX BEKTOPHBIX ITOAeH. PacCMOTpUM HeorpaHWYeHHbIH
AVHEWHBIU ornepaTop Ag B H, 3apaBaeMblii paBeHCTBOM Agu = Pu, TaAe

n
ue Ccl)(R”, R")NH = D(Ag), v =v(x) = X aj(x)uy(x),aP: X —
j=1
— H — OpTOroHaABHBIH mpoekTop mpoctpancra L2(R™, R™) Ha moa-
mpoctpadcTBo H. Ecam ug = (ull‘);{lzl, us = (ug)lrcl=1 € D(Ap), TO
(Aoui,uz) + (u1,Aouz) = (Pvi,u2) + (u1, Pvg) =
n

= (vi,u2) + (u1,v2) = / > @i (Wbl + uf (uh),) (x)dx =

R PR N k, k
= / Z a;(x) (uquy)x;dx = 0
Rn ],k=1

BBHAY YCAOBHSA COAEHOMAAABHOCTH TOAS a(x). Takum o6pa3om, omepa-
TOp Ag KOCOCMMMeTpHYeH. [TycTh A — 3aMbIKaHHUe omepaTopa Ag, A* —
omnepaTop, CONPAYKEHHBIN K A. BBUAY KOCOCUMMETPUYHOCTH, CIIPABEA-
AMBO BKAIOUeHHe —A C A,

! e-mail: evpanov@pdmi.ras.ru
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Ompepeaenne 1. Bekrop u = (ul(x),...,u"(x)) € H Ha3bIBaeT-
Cs1 CHABHBIM pellieHreM ypaBHeHus (1), ecan u € D(A) U BBITOAHEHO
paBeHCTBO u + hAu(x) = v. Bektop u € H Ha3bIBaeTcsi 0606IIEHHBIM
pemenreM ypaBHenus (1), ecau u € D(A™) uu — hA*u(x) = v.

3aMeTuM, YTO AaBA€HHE p = p(X) HE BXOAUT B ONPEAEAEHHE pe-
IIIEHUH, HO MO>KeT OBITb BOCCTAHOBAEHO U3 YCAOBHS COACHOMAAABHOCTH
moasi Au. HetpyaHo npoBeputb, uto Vp = Tu, rae T — orpaHWYeHHbIH
AWHEWHBIY olepaTop Ha MPOCTPAHCTBe X, 3aAaBaeMbli PaBeHCTBOM

n n
FIw'() = - F| > (@] ) fl—i)
=1 \k=1 €]
rae ¥ : X — X — npeo6pasoBanue Pypbe. [TOCKOABKY 0000II[eHHbIE
TIPOM3BOAHBIE (a;)x, (X) BeKTOpa a(x) orpaHuveHbl (BBUAY €T0O AUIIIIK-

IIEBOCTH), a TaKXKe orpaHudeHbl U Gpynkuuu &€/ |€|2, To omepaTtop T
OTpaHUYEH.

PaccmoTrpuMm onepartop B Ha X, ABAAIOIIUNCA 3aMBIKaHUEM oOllepa-
TOpa n

Bou = Z aj()uyx;(x), u=u(x)e C(l)(R”, R™).
j=1

Omneparop B siBAsieTcst TeHepaTopoM moAyrpymnsl Tru(x) = u(y(t, x)),
rae (0, y(t, x)) Touka Ha UHTETPAAbHOMN KpUBOH (s, Y (S)) XapaKTepHUCTH-
Yyeckoit cucreMbl y = a(y), mpoxopsdieit yepes (t, x). B CHAy ycAOBHS
COAEHOHAAABHOCTH TTOAsI a(y), MOTOK X — y(t, x) coxpaHsieT Mepy Ae-
6era u omeparopbl T, t € R, 06pasyioT rpyIiy OpPTOrOHAABHBIX OIlE-
paTopos. ITo Teopeme CroyHa omeparop B kococompspkén: —B = B*.
Cy»eHHe orneparopa A = B + T Ha HHBapHAHTHOE MOATIPOCTPAHCTBO H
COBIIapaeT ¢ omepaTtopoM A. Tak Kak omepaTtop A ABAseTCA orpaHUyeH-
HBIM BO3MYILEHHEM KOCOCOIMPSKEHHOTO oIeparopa B, TO AOCTaTOYHO
MaAbI#i HTepBaA (—hg, hg) A€KUT B pe30ABBEHTHOM MHOKECTBE OIle-
paTopa A. KAI0UeBEIM CBOHCTBOM ABAAETCA HHBAPHAHTHOCTH IPOCTPAH-
ctBa H aast pesoabsentTsl (E + hA) ™! mpu |h| < 8, tae 8 € (0, hg) Ao-
cTaTouHO MaAo. Tak Kak omepatop A = A|y KOCOCUMMeTpHYeH, U3 3TO-
r'O CBOMCTBA BBITEKAET KOCOCOIPSKEHHOCTD OIlepaTopa A. B 4acTHOCTH,
CIIPAaBEAAUBA CAEAYIOIIAsT

Teopema 1. [Ipu at6om h € R, v = v(x) € H cywecmsyem eduH-
cmeeHHoe CuAbHOe pewteHue cucmembplt (1).

3aMeTHM Tak)Ke, UTO M3 paBeHCTBA —A = A" CAeAyeT COBMaAeHHe
KAACCOB CHUABHBIX U 000OIIEHHBIX PEIIeHHH.
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PRINCIPLE OF INDEFINITE EQUATIONS IN MATHEMATICS

A.V. Pavlov!

RTU-MIREA, higher mathematics-1

We consider the analytical z = f(p) functions as in a primary coordi-
nates (with the 0, 0) center of coordinates) so as in different coordinate
system. The center of coordinates of the second system is located in the
(A, 0) point, A € (—o0, ),  is the new complex variable in the new co-
ordinate system, where z = h(r) = f(p + A)|p=r is the new equation of
the M set of points (graph) in the second system, M = {(z, f(p)) : p €
€ G(z = f(p)}, G is some open aria of the complex plain. The M set
isthe y = f(x) graph, if p = x € (—00,0),2 = y € (=00, 00).

In the first fact we can consider the z = f(R + A) equation for R =
=pandR =r. ForallR = p the 2 = f(p + A) equation is the equation
of M4 (moved to the left M set), p— A =r,A > 0. For all R = r with
p =rthez = f(r + A) equation is the z = f(P) equation of the M set,
by definitions of the second system of coordinates with the P variable
(argument) in the primary system. We use, that 2 = f(r + A) = h(r)
with r = p. We get, that the r with r = p is the r variable (argument)
in the second system of coordinates, where r + A = P is the P variable
(argument) for the z = f(P) equation of the M set. (We can name P
as p for the same immobile M for all z). From the point of view of the
identical reverse f, L(g) = fi 1(2) functions with i L(z) = p, fy L(g) =
= s for all the p = s, z we obtain the new z = f(p + A) equation of the
immobile M set, f1(p) = f(p + A) = f(s + A) = fa(s) = g, forall p =
=2€G,f{ (f(p+A) =p, f; (f(s+A) =s,P=p+A=s+A,
[1,2].

The 2 = f(P — A)|p=s = g(P)|p=s = g(s) equality takes place with
the sames = r = ptoo, P > A,s € [A,2A], P is the variable in the
primary system, and s is the variable in the system with (—A, 0) center,
A > 0. We get, that the z = g(s) equation of the M set is equivalent to
the z = f(p) equation of the same M set of points, (we use z = f(s) =
= f(p) always), s € [A,2A],p = s — A, A > 0. The two different p # P

I e-mail: aa2481632@hotmail.com
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variables (the complex arguments) take place for only the M set. It is the
second interesting fact, [2, 3].

A new result we can obtain for the complex z = F(p) field too, F(x +
+iy) = f(—x + iy) for all p = x + iy complex variables, p € G, [2]. If
instead of the OX axis we consider the iOX axis, and instead of the iOY
axis we consider the QY axis, we obtain the second K2 system of coordi-
nates. If on the coordinate axes in the primary system of coordinates we
will change the x, y variables by places, we obtain the third K3 system
of coordinates. In the K3 system the equation of the immobile M set of
points (graph) is z = u(y,x) + v(y,x)i = f(y + ix), if the M equation
isequalto z = f(p) = u(y,x) + v(y,x)i. The OY,iOX axes of K2 sys-
tem are the result of rotation of the K3 system on the 7/2 angle and the
change of the new iOX direction on opposite. One of the M equations
in the K2 and K3 systems is the field and other equation is an analytical
function, (the same result we obtain from z = f(i(Y + Xi))|x=—x =
= f(x + yi) = u + iv). But it is obvious, that the M equation in the K2
system is a field, (the F field in relation to the x = y diagonal); the M
set is immobile for all the systems of coordinates. We use the z — x +
+ iy correspond for the z = f(x + iy) = u + iv equation is not equal
to the z — ix + y correspond in the K2 system. The last 2 — ix + y
correspond in K2 system is the “field of change” as the correspond of the
complex numbers, [2].
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Petruhanov V. N., Pechen A. N.

OPTIMIZATION OF OPEN QUANTUM SYSTEMS
WITH COHERENT AND INCOHERENT CONTROLS
USING INGRAPE METHOD

V.N. Petruhanov,1 A.N. Pechen?

Steklov Mathematical Institute of Russian Academy of Sciences;
Steklov International Mathematical Center;
University of Science and Technology MISIS

Quantum control which studies methods for manipulation of indi-
vidual quantum systems is an important tool necessary for development
of quantum technologies [1]. Often in experimental circumstances con-
trolled systems can not be isolated from the environment, so that they
are open quantum systems. Moreover, in some cases the environment
can be used for actively controlling quantum systems, as for example in
incoherent control [2]. While in some cases the solution for the optimal
shape of the control can be obtained analytically, often it is not the case
and various numerical optimization methods are needed. A large class
of methods are gradient-based numerical optimization algorithms, one
of which is GRadient Ascent Pulse Engineering (GRAPE) developed orig-
inally for design of NMR pulse sequences [3] and later applied to various
problems, e.g. [4,5].

In this talk, we consider dynamics of open two-level (qubit) and a
four-level (two qubits) quantum systems whose evolution is governed
by master equation with GKSL-type dissipative terms driven by coherent
and incoherent controls [6-8]. General form of the GKSL master equa-
tion in the absence of controls was derived in particular in the weak cou-
pling limit and in the stochastic limit of quantum theory. We consider the
specific model of such master equation which includes coherent and in-
coherent controls. We consider different optimization problems for this
systems: state transfer and gate generation. The optimization problem
problem is formulated as minimization of various objective functionals
on states or quantum channels. Those functionals were compared and

1 e-mail: vadim.petrukhanov@gmail.com
2 e-mail: apechen@gmail.com
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analytically investigated. Optimization was conducted numerically us-
ing inGRAPE method [8] which was designed for optimization with in-
coherent control. We also compared performance of this method with a
stochastic optimization method and consider efficiency of GRAPE opti-
mization in four-level closed quantum systems [9].

This work is partially supported by the RSF grant 22-11-00330-P at
the Steklov Mathematical Institute and the federal academic leadership
program “Priority 2030” (MISIS Strategic Project Quantum Internet).
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O YNCAEHHO-AHAANTUYECKOM METOAE
AASL CHHI'YASIPHO BO3MYIIEHHBIX .
KBASUANHEWHBIX ITAPABOANMYECKNX YPABHEHUU

C.B. I'I|/1Kym/1H,1 cn. 5€3p0,£I,HbIX2

®HUI] 1Y PAH (Mocksa, Poccus)

B AOKAaAe TIpeACTaBAEH pas3BUTHIA B pabortax [1, 2] uucAeHHO-
aQHAAWTHUYECKUH MeTOA pellleHHs] KBa3UANHEWHBIX TapaboANYecKUX 3a-
Aa4 AASL yPAaBHEHUU CACAYIOIIETrO BUAA:

deu(x,t) — AoZu(x,t) = F(x,u,dxu), x€[0,L], te[0,T], (1)

rae A > 0, F(x,u, w) — HeKoTopas 3apaHHas rAapkas GyHKIwms. OTMe-
THM, YTO KAacc ypaBHeHH# (1) BKAIouaeT B cebsi, B TOM YHCAE, YPaB-
HeHue Broprepca mpu F = —u dyu, a Takyke ypaBHeHHs KoaMoroposa—
[TeTpoBckoro-ITluckyHosa [3].

AAst vckomoit GyHKIMH u(X,t) MPEANIOAAraeTcsl BBINIOAHEHHME Ha-
YaABHOTO YCAOBHSA u(x,0) = ug(x) ¥ MEPHOAMYECKUX KPAEBBIX YCAO-
Buit u(0,t) = u(L,t), dxu(0,t) = dxu(L,t) mput € (0,T) An6O yCAOBUA
Aupuxae u(0,t) = @(t), u(L,t) = P(t) mput € (0,T), rae ug(x), @(t),
(t) — 3apaHHbIE QYHKIIUH.

[IpeararaeMblii BBIUHCAUTEABHBINA aATOPUTM BKAIOYAET B ce6s1 3Tall
AMHeapHU3allyH, T.e. PEAYKI[UH K IIOCAEAOBATEABHOCTH AMHEMHBIX 3aAaY.
Takast peAyKIIMsi IIPOBOAUTCS HA OCHOBE SIBHO-HESIBHOM CXeMBbI [4] AMC-
KpEeTH3alliH 110 BPEMEHH, COYETAIONIEN SIBHYIO IKCTPATIOASIIIHIO AAAM-
ca-Bamdpopra AAS MPHUOAMIKEHHSI HEAMHEHHOro 4yAeHa F(x,u,dyu) u
HesIBHYI0 MOAUUIIMpOBaHHON cxeMy KpaHka—HHKOACOH AASl alllIpOK-
CHMAaIIUH OIIePaToOpa TEIIAOTIPOBOAHOCTH, COCTABASIOIIETO AEBYIO YaCTh
ypaBHeHHUs (1).

Bbicokasi 3pHEeKTUBHOCTD MTPEAAOKEHHOTO aATOPUTMA U TOYHOCTD
ITOAy4aeMOI'0 Pe3yAETaTa, B TOM YHCAE TIPU MAAbIX 3HAYEHHUAX KOIDDH-
[[HEHTa A, T. €. B CAyYae CHHTYASIPHO BO3MYIIEHHON HauyaAbHO-KpPaeBOM
3aAa4M, 0OYCAOBAEHBI pa3paboOTaHHBIM MMOAYaHAAUTHUYECKHM METOAOM

! e-mail: spikulin@gmail.com
2 e-mail: sbezrodnykh@mail.ru
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pellleHus AMHEHHBIX 3aAa4 AAS YPaBHEHUS
2
- iz d—sz +y(x) = g(x), w >0, x € [0,L], (2)
w* dx
BO3HHMKAIOIIHX Ha KayKAOM IlIare 1o BpeMeHH, Tae GyHKIHS y(X) COOT-
BETCTBYET UCKOMOMY MPUOAMYKEHHUIO HA OYEPEAHOM BPEMEHHOM CAOE,
a mpaBast 4acTb g(x) sIBASIETCSI U3BECTHOHN PYHKI[HER. DTOT ITOAyaHAAH-
TUYECKUH MeTOA HCIIOAB3YeT sIBHBIA BUA PyHAAMEHTAABHOHU CHUCTEMBI
pellleHnit ypaBHeHUsI (2) U UMEET aATOPUTMHUYECKYIO CAOKHOCTE O(K),
rAe K — 4HMCAO Y3A0B IIPOCTPAHCTBEHHON AMCKPETH3al[UH.
OTMeTHUM TakKyKe, UTO B CTaThe [5] mpuMeHsaeMbIl YNCAeHHO-aHAAU-
THYECKHH ITOAXOA ObIA TPUMEHEH K PeleHNI0 Ha4aAbHO-KPAeBbIX 3aAa4
AAS 9BOAIOLIMOHHBIX YpaBHEHUH TPeThero MopsiAKa.
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SOLVING THE BURGERS EQUATION
BY THE POWER SERIES BREAKAGE METHOD

M. A. Pisarev, A.E. Rassadin!

HSE University

The Burgers equation is known to be the corner stone of nonlinear
acoustics. The Cauchy problem for this equation on the straight line looks
as follows:

ou ou o%u 0
—4+u—=D—, u(x,0) =u(x), x €R, 1
P e P (x,0) (x) (1)
where D is coefficient of viscosity of acoustic media.
One can linearize equation (1) by means of the well-known Cole-Hopf

substitution:
0
u(x,t) = -2D —Ine(x,t), (2)
ox

where @(x, t) is auxiliary function obeying to the next Cauchy problem
for the linear heat equation:
X

9P _ D ’ e @(x,0) = exp —/ w6 d& |, x € R.(3)

at ax2 2D
0
The Poisson integral represents exact solution of the Cauchy problem
(3):

+00

(x - §)?*

o(x,0) = @(£,0) exp (— —) &)

1
2VrDt l 4Dt

Formulas (2)-(4) give complete solution of the Cauchy problem (1).
However, for an arbitrary initial condition u® (x) for the Burgers equation,
it is often impossible to write out its solution explicitly. Nevertheless,
there is a way to estimate a value of acoustic field u(x,t) at time t >
> 0 and coordinate x, namely, let one suppose, that the initial condition

1 e-mail: aerassadin@hse.ru
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u%(x) belongs to the class of real-analytic functions on the entire real
axis:
+o00
w0(x) = Z ul k. (5)
k=0
In this case, it is convenient to search for a solution to the Burgers
equation (1) also in the form of a power series:
+o00
u(x, t) = Z ur (£) xX. (6)
k=0
Substituting power series (6) into he Burgers equation (1) reduces
it to the following countable-dimensional system of ordinary differential
equations:
k
ik == ) (0t Dunsrtgy + D (k+ 1) (k+Dupen, ()
n=0
where the dot above the letter means the time derivative.
The initial conditions for the system (7) are extracted from the power
series (5):
u(0) =u), k=0,1,2,... (8)
The report considers approximate solutions of the Cauchy problem
(7)-(8), which are obtained numerically as follows: in system (7), start-
ing from a certain k, uy(t) = 0 are assumed, which corresponds to the
termination of the power series (6) on a certain term. As test solutions
for this procedure a number of exact solutions of the Burgers equation
has been used.

The publication was prepared within the framework of the Academic
Fund Program at HSE University (grant No. 25-00-014, ‘A new numerical-
analytical method for solving Cauchy problems for evolutionary equations
and systems of evolutionary equations with quadratic nonlinearity”).
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ON THE COMPARISON OF CONVERGENCE RATES OF
CLASSICAL ERGODIC AVERAGES FOR UNITARY RY-ACTIONS

[.V. Podvigin1

Sobolev Institute of Mathematics

Let H be a Hilbert space on which the group R¢ acts by unitary trans-
formations Ug, t € RY. Let K ¢ R be a set with positive finite Lebesgue
measure, i.e. 0 < L;j(K) < co. Denote x © t := (x1t1,X2t2,...,X4tq)
fort,x € R4,

Statistical ergodic theorem states that for each vector h € H

2

1
Ige(t) = T.KoD / UshdL4(s) —Ph|f| — 0
Kot H

as ty,...,tqg — oo, where P is the orthogonal projection on the space
of fixed vectors for the group {Ut},.ra. The rate of convergence in this
statement depends on the singularity of the spectral measure oy_pp in
the neighborhood of zero. As the neighborhoods we will consider stan-
dard ellipsoids &(t™1) or parallelepipeds IT(t™1).

The talk deals with the comparison of the rates of convergence Iy (t)
when the set K is cub O or ball 0. For the spectral measure we consider
the scale of a power singularity, i.e.

oh-ph(E(E)) = op_pr(TI(t7)) = O(%),

where @ = (a1,...,a4) >0and t™%* = tl_O(1 . -~t;ad
For vector of parameters a denote as a* = (aj,...,a}) the permu-
tation in ascending order of coordinates «, i.e. a < a5 < ... < aj.

Among successive differences a; —aj . for 1 < k < d —1 denote r =
= r(a) the number of zero differences. W6 also put

*
m=m(a) = max ap =a,;, O0=-—(a;+- -+ ay).
(o) = max, @k = @ ( @)

Then we have the following estimates

1 e-mail: ipodvigin@math.nsc.ru
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m € (0,2) m=2 m> 2

L®| O [0 * I (1Y) |0t 2¢/m " (1%))
6e(—(d+1),0)|06=—-(d+1)|06<—-(d+1)
I O [0t *Int*)|0o*d+D/Y)
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Popova S.N.

CONTINUOUS DEPENDENCE ON A PARAMETER
IN THE OPTIMAL TRANSPORTATION PROBLEM

S.N. Popova1

National Research University Higher School of Economics

We recall that, given two Borel probability measures pz and v on topo-
logical spaces X and Y respectively and a nonnegative Borel function h
on X XY, the Kantorovich optimal transportation problem concerns min-
imization of the integral

Ky(p,v) = inf {/ hdo :0 € H(p,v)}

over all measures ¢ in the set IT(1, v) consisting of Borel probability mea-
sures on X XY with projections p and v on the factors, that is, 6(AXY) =
= 1(A) and o(X X B) = v(B) for all Borel sets A C X and B C Y. The
measures g and v are called marginal distributions or marginals, and
h is called a cost function. In general, there is only infimum Ky (u,v),
which may be infinite. If the cost function h is continuous and bounded
and the measures g and v are Radon, then the minimum is attained and
measures on which it is attained are called optimal measures or optimal
Kantorovich plans.

The Monge problem for the same triple (u, v, h) consists in finding
a Borel mapping T: X — Y taking p into v, thatisy = po T~ !, (u o
o T71)(B) = u(T~1(B)) for all Borel sets B C Y, for which the integral

My, (1, v) = inf{/ h(x, T(x)) p(dx) : o T} = u}

is minimal. In general, there is only infimum My (p,v) (possibly, infi-
nite), but in many interesting cases there exist optimal Monge mappings.
In any case, Ky(p,v) < My(p,v), but if both measures are Radon and
separable, 1 has no atoms and the cost function h is continuous, then
Kh(]l, V) = Mh(ll, V)'

In this work we consider optimal transportation problem in the case
where the cost function h; and marginal distributions pi; and v; depend

1 e-mail: popovaclaire@mail.ru
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on a parameter t with values in a metric space. We address the questions
about the continuity with respect to t of the optimal cost Kp, (11¢, v¢) and
also about the possibility to select optimal Kantorovich plans in IT( ¢, v¢)
continuous with respect to the parameter. We show that the cost of op-
timal transportation is continuous with respect to the parameter in the
case of continuous dependence of the cost function and marginal distri-
butions on this parameter. However, it is not always possible to select
an optimal plan continuously depending on the parameter t. The situ-
ation improves for approximate optimal plans. Given £ > 0, a measure
o € I1(u, v) is called e-optimal for the cost function h if

/hda < Kp(p,v) + e.

We prove that it is possible to select approximate optimal plans continu-
ous with respect to the parameter. Furthermore, we consider the ques-
tion about the continuous selection of optimal Monge mappings. In the
case where there are unique optimal Kantorovich plans which are gen-
erated by Monge mappings we show that the optimal Monge mappings
continuously depend on the parameter in the sense of convergence in
measure. Without the assumption of uniqueness we obtain the existence
of approximate optimal Monge mappings continuous with respect to the
parameter.
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Iouetixo II. I, Pos6a E. A.

O MEPE ITPUBAMKEHHWU A KAACCA AUIIIHINLIA
HA OTPE3KE HEKOTOPBIMHX CYMMAMMU PHUCCA

Mn.r. I'Ioue17n<o,1 E.A. Pos6a?

I'podHeHckuii 2ocydapcmeeHHblil yHusepcumem umenu Snku Kynaawt
(Pecnybauka Beaapycy)

Beanunna
8(7(1 Un)X = Sup ||f(x) - Un(f:x)HX:
fex

BBepeHHass C. M. HukoabckuM [1], Tae K — HEKOTOPBIH KAACC B MPO-
cTpaHcTBe X, Ha3bIBaeTCs MepPOil MPUOAMIKEHHST Bcero Kaacca K MeTo-
AoM Up. 3apada 06 OTBICKAHUM aCUMIITOTUYECKUX PABEHCTB AAS BEAH-
yuH & (K, Un)x OblAA U OCTAETCS OAHOM U3 HanboAee Ba)KHBIX B TEOPUU
ammpoKCUMallHii ¥ B Teopuu psianoB Dypre. DTa 3apava UMeeT 60raTyio
HUCTOPHUIO, CBA3AHHYIO C UMEHaMU KPYITHEHRIITUX CIIeIINaAUCTOB B TEOPUU

byHKUIMHA.
+ 00
[lycts ), an(f)@n(x) — psa @ypbe GyHKINHU f IO OPTOTOHAABHOMR
=0

n_
cucteMe @n(x) n = 0,1,.... BelpaskeHust

s n k 1\ 6
Ry (fox) =) (1~ (—) ar(fer(x), §,1>0,n=0,1,2,...,
= n+1
Ha3bIBaloTcA [2] cymmamu Pucca opToroHaAbHBIX psAAOB Pypre. B pa-
6ote [3] 6BIA HCCAEAOBAH BapuaHT CyMMHPOBaHUs Pucca TPUTOHOMET-
pUYecKux psA0B @ypbe C TPEeYTOABHOW MaTpulleit Ko3pPuimeHToB A,
B KOoTOpo#t A = 1, § = 2. DTOT METOA IPUOAMIKEHUH 0O6AAAAET PSIAOM
3aMeyvaTeAbHBIX CBOUCTB. B yacTHOCTH, ollepaTop, ITIOCTPOEHHBINA Ha OC-
HOBAHUHU 3TOTO METOAA CYMMHPOBaHUsA, UMeET IIOAOKUTEABHOE AAPO.
[To aHaAOTHH C IUTHPYyeMO# paboTOH, BBEAEM CyMMBbI Pucca, acco-

I e-mail: pahamatby@gmail.com
2 e-mail: rovba.ea@gmail.com
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IOUHPOBAHHBIE C CHCTEMOM TIOAMHOMOB YeOnIIéBa IIEPBOI'0 poAa:

Ry™(f,x) = 1)2 Z(zm B
€[-1,1], n=0,1,2...,
rae si(f,x), k =0,1,...,n, — 4acTu4HbIe CyMMHI psiaa Pypre—YeObI-
LI€Ba.
AAst cymm Pucca R,ll’z( f,x) uMeeT MecTO [4] MHTErpaAbHOE IIPEA-
CTaBAeHUe

Rp?(f,%) =
(2n + 2) s1n 5 — cos sin ((n + 1)t)

-3£
sin P

dv,

m /f(COS(t + U))

X = cosu,
U OIiepaTop R,ll’2 SIBASIETCS TTOAOKUTEABHBIM.

B AOKAAAe MPEANIOAATaEeTCs OCBETUTh PE3YABTaThl HCCAEAOBAHUMN
npuGAKeHnit cymmamu Pucca Ha kaaccax HV)[-1,1], y € (0,1],
bYHKINM, YAOBAETBOPSIOIIMX Ha oTpe3ke [—1,1] ycAoBHIO AMMIUIia
MOPSIAKA y C KOHCTAHTOM, paBHOU eAuHHMIle. M3ydaeTcss aCHMITTOTHYEC-
KOE IOBEACHHE IIPH N1 — 00 Mepbl MpHbAmKenns kaacca HY) [-1, 1]
BBEACHHBIMH CyMMaMH Pricca, TO eCTh CAEAYIOIIEN BEAUYHHEI

EHV[-1,1],x,Ry*) = sup  |f(x) =Ry (f,x)].
feHW [-1,1]

Teopema 1. Ans npubaudsicenuii Ha Kaaccax H @) [-1,1] npun — o
PAsBHOMepHO omHocumeavHo X € [—1,1] cnpasedausel acumnmomuue-
CKue paseHcmaa:

(») 12y _
STI(H [_1: 1]’X’Rn ) -
Y
4T (y) (V1 = x2)Y Ty V1 - x2 )
= sin— +o||—— + 8,7 (x),
(1-p)2-p)(n+1)y 2 n
ecauy € (0,1) u

En(HM[-1,1],x,R>?) =
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_ V1 -x2In(n + 1) o (ln(n +1)

(1)
m(n+1) n+1 )+6n (x),

ecauy =1, ede

NERR

1 Vx| In(n + 1)
87 w=o| [ =] | ve©1/2, 87 w=0[ Y,
8 (x) =0 L y € (1/2,1].
n n+1)’ ’
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Ob OITMCAHNHN ACCOIMNPOBAHHBIX ITPOCTPAHCTB
K HEKOTOPBIM ®YHKIIMOHAABHBIM ITPOCTPAHCTBAM

[.B. I'IpoxopOB1

BI] ABO PAH

Iycts n € N, £ — n-mepHas mepa Aebera va R, P € {R, C}. Aast
usMepumoro 1o Aebery muozkectsa E C R" cumsorom M (E) oGosHa-
YMM CEMEHCTBO BceX KaaccoB L'-I1.B. coBmapamomux L"-M3MepUMbIX
byHKUIMH, AeficTBytonux u3 E B P.

Toraa M%(E) CyTh BEIIIECTBEHHOE BEKTOPHOE IMPOCTPAHCTBO, a
MG (E) — KOMIIAEKCHOE BEKTOPHOE IPOCTPAHCTBO.

IycTs X — BEKTOPHOE IOATIPOCTPaHCTBO npoctpancrsa Mg (E), u
Ha X 3apaHa moayHopma px : X — [0, o). «CHABHOE» acCOLUMPOBaH-
HOe K X TIPOCTPAHCTBO OIIPEAEASIETCSI PABEHCTBOM

Xg = (X, px)s = {g € Mp(E) ’3Cs(g) >0:

/ Ihgld L™ < Cy(g) px(h), VYhex\,
E

a «caaboe» acCOLUUPOBAHHOE K X MIPOCTPAHCTBO PABEHCTBOM

Xooi= (X, p)ty = (g € MEB)| fg € La(B), VF € X

ACw(g) > 0: )/hgdLn < Cw(g) px(h), Vh e X}.
E

dcHo, uto X; C X;,. Ecau px HOpMa, To (X, px) cyTb TBIL, u mpocrpas-
CTBO X,, U30MOPGHO MOATIPOCTPAHCTBY mpocTpaHcTea (X, px)*, cocro-
SIIEMY U3 BCEX HENPEpPLIBHBIX AHHEHHBIX QYHKIMOHAAOB BHAA f >
- ffg dL", f € X. Tarxke noroxuM |g||x; = inf Cs(g) Ara g € Xi, u

E
lIgllx;, = inf Cw(g) Ara g € X,

1 e-mail: prohorov@as.khb.ru
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Ilpoxopos A. B.

Ecam (X, || - ||x) BaHaxoBo ¢pyHKIIMOHAABHOE TTpocTpaHcTBO (BDIT)
B cMmbicAe onpepeaerus [1, Chapter 1, 1.3], To XS’ u XL’U COBIIAAAIOT U
lgllx; = llgllx; ars atoGoro g € Xy.

B AOKAAA€ IPeACTaBAEHBI HEKOTOPBIE PE3YABTAThI 00 aCCOITUUPOBAH-
HBIX IIPOCTPAHCTBAX K IpOCTpaHcTBaM (He siBAsttoruMcsa BPIT): Xapau
H'(R™), BMO(R"), Tuma Yesapo Besq,w ((0, 0)).

CIMCOK AUTepaTyphl

1. C. Bennett, R. Sharpley, Interpolation of operators. Boston, MA etc.: Academic Press,
Inc., 1988.
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OITIEPATOPBI ITPOAOAKEHHU A
IMPOCTPAHCTB COBOAEBA U CITEKTPAABHASA

B. A. I'IqemAHu,eB1

Tomckuil eocydapcmaeHHblil yHUBepcumem

B paHHO# paboTe paccMaTpUBaeTcs ClieKTpaAbHasI 3apava Heiimana
AAA oneparopa Aaraaca

au
—Au = nu B Q, a—zOHaaﬁ (1)
n

B OrpaHUYEHHBIX 00AacTAX QO C R™ ) AOMyCKAIOIIMX IIPOAOAKEHHS PYHK-
i kAaaccos Coboaesa.

[Tycts Q C R™ — orpanunyeHHass 06AacTb (OTKPBITOE CBA3HOE MHO-
’KecTBO). HalloMHUM, YTO AMHEHHBIN OrpaHUYEHHBIH OIIEpaToOp

1 1
E:Ly(Q) — Ly(R"), (2)
YAOBAETBOPSIONIUN YCAOBUAM
[|Eu | Ly(R™)]|

uetl(q) Ly (Q)]

Ha3bIBAETCS AUHEHHBIM OI'PaHUYEHHBIM OIIePATOPOM ITPOAOAKEHUS.
ByaeM roBOpHUTH, UTO () sIBAsieTCsT 00AACTBIO, AOITYCKAMOIIAs IIPO-
AOAKeHHMe QYHKIIUM U3 L), ecan CYyLLIeCTBYET AMHEUHBIN OIpPaHUYEHHBIN
OTIepaTop MPOAONKEHHUs (2). DTOT KAACC BKAIOYAET AUMIIHIIEBEI 00AA-
CTH, a TaK’Ke 00AACTH C HECTIPAMASIEMBIMU TpaHuLIaMu [3].
CoraacHO TMPUHIUIY MUHUMaKca [2] mepBoe HETpUBHAABHOE COO-
ctBeHHOE YHucAO [1(Q) 3apaun (1) MOKeT OBITH IIPEACTABAEHO KaK

| Vull?
Ly (Q
2@y ewl@)\ (o, /udsz
Il g, J

HMsBecTHO [2], uTO ecan Q C R — o6aacTb, AOMyCKaoIas IPOAOA-
skeHre QyHKITUH U3 L to CIeKTp omnepaTtopa Aarmaaca 3apaun Heiimana

Eulo =u u [E| =

#1(Q) = inf

! e-mail: va-pchelintsev@yandex.ru

134



IMTueaunues B. A.

B () ABASETCA TOYEYHBIM U MOKET OBITh 3aIIHCaH B BHAE HGY6BIBaIOLHeﬁ
IIOCAEAOBATEABHOCTHU

0=p0(Q)<u(Q)<p2(Q) < ... <up(Q) < ...
B Taxkux obaacTax uMeeT Mecto [1]:

Teopema 1. [Tycms Q C R™ — o6.aacmv, donyckarowas npodoaiceHue
¢yHKuutl u3 L%. Tozda cnpasedaugo HepaseHCMB0

]Jl(Q)>(LPn/2)2

IEall Ra
20e Rg — paduyc HauMeHblLe20 ONUCAHHO20 Wapa B 0k0a0 Q, pp o —
’
nepsvlil N0A0HCUMENbHBLI KOPeHb YHKUUU (tl_n/an/Z(t)) u ||Eqll —
HOpMA AUHELH020 02PAHUUEHHO20 ONepamopa NPoO0oAHCeHUS
.7l 1
Eq : LZ(Q’) — Ly (Bq).
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EXISTENCE OF A PROPAGATION CONE
FOR A ONE-DIMENSIONAL WAVE
INTEGRO-DIFFERENTIAL OPERATOR
WITH A FRACTIONAL-EXPONENTIAL MEMORY FUNCTION

N.A. Rautian!

Lomonosov Moscow State University

We study the linear Volterra integro-differential operator, which is
a one-dimensional wave linear partial differential operator perturbed
by the Volterra convolution integral operator. The kernel function of
the integral operator is the sum of fractional exponential functions
(Rabotnov functions) with positive coefficients. It is established that
the support of the fundamental solution of the integro-differential op-
erator under study is localized in the cone of propagation of the corre-
sponding one-dimensional wave differential operator. The corresponding
Volterra integro-differential equation describes the oscillations of a one-
dimensional viscoelastic rod, the process of heat propagation in media
with memory (the Gurtin—Pipkin equation) and has a number of other
important applications.

The presented results are a continuation and development of research
published in the works [1], [2].
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Galkin O. E., Remizov I. D.

ESTIMATES ON THE RATE OF CONVERGENCE CHERNOFF
APPROXIMATIONS TO Co-SEMIGROUPS

O.E. Galkin! I.D. Remizov!-2

The exponential of a finite matrix and of a linear bounded opera-
tor in an infinite-dimensional Banach space can be defined by a stan-
dard power series for the exponential, which converges in the usual norm
of operators—completely analogous to finding the exponential of a real
number. If the operator is closed but unbounded, then it is not defined
everywhere and the series in its powers is a very inconvenient object, and
it is not suitable for defining the exponential.

However, a reasonable analogue of the exponential for an unbounded
operator does exist, the corresponding object is called a strongly con-
tinuous one-parameter semigroup of operators (the short name for this
object is Cp-semigroup). Unlike the power series, the definition of a Cp-
semigroup does not provide any method for calculating the exponential
even approximately. Nevertheless, such methods exist, but they require
calculating the resolvent of the operator, and this is often a difficult task.
However, if the so-called operator-valued Chernoff function for the oper-
ator A is known, then the exponential of A can be expressed as the limit
of the product of some bounded operators constructed from the Chernoff
function with the number of factors tending to infinity. Chernoff’s the-
orem is an infinite-dimensional version of the theorem on the “second
remarkable limit” from the course of elementary analysis.

The speakers managed to prove approximately the following: if the
Chernoff function has the same Taylor polynomial of order k as the semi-
group and deviates little from its Taylor polynomial, then the Chernoff
approximations of the semigroup constructed from this Chernoff func-
tion have a convergence rate no worse than about 1/nX, where n is the
approximation number. Note that even the one-dimensional analogue of
this result is nontrivial—when the exponential is calculated not from the
operator, but from a real number.

L HSE University (Nizhny Novgorod)
2 [ITP RAS (Moscow)
e-mail: ivremizov@yandex.ru
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The report will provide an elementary introduction to the topic, dis-
cuss applications, and formulate a theorem on estimates for the rate of
convergence of Chernoff approximations that was announced in [1] and
published with the full proof in [2].
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Poccosckuii I A.

3AAAYA KOIIU AAS ITIAPABOAMYECKOTO
ANDDEPEHIIMAABHO-PASHOCTHOI'O YPABHEHUSI
C MHOT'OMEPHBIM ITPOCTPAHCTBEHHBIM
1 CYMMHUPYEMOIM HAYAABHOHN ®YHKIIUEN

[ /1. Poccosckmiil

Poccuiickuii yHusepcumem 0pyx#covl Hapodos um. Ilampuca Aymym6oi;
PTY MHP3A, Mocksa, Poccus

[TycTb a — BellleCTBeHHbIH mapametp, a h = (hy, ho, ..., hy) —
BellleCTBEHHBIHM BekTOp B R". PaccMoTpuM napaboanueckoe AuddepeH-
[[HAABHO-PA3HOCTHOE YPaBHEHME CO CABUIOM IIO IIPOCTPAHCTBEHHOM IIe-
PEMEHHOM B MAAAILIEM YAEHE:

ou
i Au(x) + au(x —h,t), x€R", t>0, (1)
BMeCTe CO CAEAYIOITMM Ha4aAbHBIM YCAOBHEM:
u(x,0) = up(x), uo € L1(R"). (2)

Takxske onpepeArM QYHKIUIO

En(x,t) = / e(-I817 +acosh)t o (x€ — at sin h§) d€ (3)
Rn

B moAympoctpascTBe x € Rt > 0.

dta QYHKIMS MOXKET OBbITh HOAydYeHa GOPMAAbHBIM IMpPUMeEHEHHEM
npeobpazoBanusa Pypbe M0 MPOCTPAHCTBEHHBIM ITIEPEMEHHBIM K UCXOA-
HoMy ypaBHeHHIO (1). Kak 6b1A0 TTOKa3aHo B paborax [1,2] arta yHK-
I[US1 YAOBAETBOPsieT ypaBHeHuIO (1) B moaympocTtpancTtBe x € R™, t > 0
B KAAQCCUYECKOM CMBICAE U HasbIBaeTcs sIApoM Ilyaccona.

PemteHue mocraBaeHHOU 3apaum (1)—(2) mpeaAcTaBAsieTC B BHAE
cBepTKH sippa IlyaccoHa (3) u HauaAbHOM yHKUMH (2):

/ En(x — £,1) - uo () dE. (4)

Rn

u(x,t) =

(2a)"

! e-mail: grossovski@yandex.ru
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Teopema 1. @ynukuusa (4) ydosaemsopsem 3adaue Kowu (1)-(2) 8
cmbicae 0600uUleHHbIX YHKUUL U yOosaiemeopsem ypasHeHuto (1) 8 kaac-
CU1eCKOM CMblCAe.

Aanee ucAaeAyIOTCS KaueCTBeHHbIE XapaKTEPUCTUKU U TIOBEAEHHE pe-
IIIeHNS ¥ eT0 MPOU3BOAHBIX TIPH t — 00,

[Tocae uccaepoBaHusA GYHKITUU, CTOSIIEH B CTETIEHH Y SKIIOHEHTHI B
MTOABIHTETPAAbHON QYHKIHMH B (3) MOAyYaeM CAEAYIOIlee AOCTAaTOUYHOE
YCAOBHE PAaBHOMEDPHOM CXOAMMOCTH CaMOTO MHTerpaaa (4). ATo ycao-
BHE SIBHBIM 00pa30M CBS3bIBAaeT KO3QOUIIUEHT TIEPEA MAAAIITUM YACHOM
ypaBHeHUs (1) ¥ BEAUUMHY CABUTA.

jal - 1AI* < 2. (5)

Teopema 2. ITycmb 8binoaHeHo ycaosue (5). Toeda pewerue (4) 3a-
dauu Kowu (1)-(2) cxodumcs K Hyato npu t — 00 pABHOMEDPHO NO X €
€ R™. Ckopocmb cxodumocmu moxcem Gblmb OUgHEeHd CAeQyIoUUM Hepd-
BEHCMBOM:

lluoll
uGenl < c-—0E,
20e C nocmosHHA.

Teopema 3. [Tycmdb 8vinoaHeHo ycaosue (5). Toeda yacmHble npous-
800Hble pewerus (4) 3adauu Kowu (1)—(2) npoussoavHozo nopsadka m +
+ k (3deco m = my + mg + --- + mp u m,k € N) cxodsmca k Hyato
npu t — oo pasHomepHo no x € R™. Ckopocmb y6vlsanus moxicem Gbimb
OUeHeHa cAedyIWUMU HepaBeHCMBaMU:

k
amtky < [luollz, (rm) Cemot 4 ZC 1
e i
axMax2 .. axprack| T (27)" £ dlmen+2))/2

2de C, Cj, j = 0, .., k nocmosmnol.
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Caxbaes B. K.

MEPBI, ®YHKIIMH 1 KPAEBBIE 3AAAYN
HA BECKOHEYHOMEPHBIX OBAACTAX

B. K. Cakbaesl

HHcmumym npukaadHotli mamemamuku um. M.B. Keaovtwa PAH,
Mockosckuii @usuko-Texnuueckuii Hncmumym (HHUY)

WsygatoTcsa cBoiicTBa mpocTpaHCTB PyHKUMH Ha GeCKOHEYHOMep-
HOM THUABOEPTOBOM IIPOCTPAHCTBE, OOAAAAIOIINX IHOCAEAOBATEABHO-
CTBIO KBAAPATUYHO UHTETPUPYEMBIX IO Mepe Aebera—PeifHMaHa IPOU3-
BOAHBIX IIPOU3BOABHOIO MTOPSIAKA BAOAB 6A3UCHBIX HANIPaBAEHHMH, CyM-
MHUPYEMBIX C HEKOTOPBIM OIEPAaTOPHBIM BecOM. Ha THABOEPTOBOM TIPO-
CTPaHCTBE BBOAUTCs HeOTpHULIATEAbHAA TPAHCASLIMOHHO MHBApDUAHTHAA
Mepa Aebera—PeitHMaHa, CAy’KaIlasi aHAAOTOM Mephl Aebera Ha KOHEY-
HOMEPHOM €BKAMAOBOM IIPOCTPAHCTBE. BBOAATCA aHAAOTH NPOCTpaH-
CTBa raAKUX QYHKIMH, mpocTpaHcTB Co60AeBa. YCTaHABAUBAIOTCS TEO-
pPeMBbI BAOKEHU U TEOPEMBI O CAeAAX AAsI QYHKIMH U3 mpocTpaHcTB Co-
6oaeBa. V3yueHBl IPUAOSKEHUS UCCAEAYEMBIX QYHKIIMOHAABHBIX IIPO-
CTPaHCTB K AuddepeHIInaAbHBIM YpaBHEHUAM U KpPaeBbIM 3apauaM. AAs
6eCKOHEYHOMEpPHBIX 00AACTeH CTaBUTCA 3aAadya AUPUXAE AASL YpaBHe-
HuA [lyaccoHa. C IOMOIIBIO BAPUALIMOHHOI'O METOAA YCTaHABAUBAETCA
CYLLIeCTBOBAHHE U €ANHCTBEHHOCTD €€ PEIIeHHU.

I e-mail: fumi2003@mail.ru

141



C6opHUK Te3uCOB KOHpepeHINU «Teopus GYHKIUA 1 €€ TPUAOSKEHUSI»,
K 120-aeTuio co AHA poxkaeHus akapemuka PAH C.M. Hukoabckoro.

K UHTEI'PAABHBIM MHBAPUAHTAM
AAA BECKOHEYHOMEPHbBIX CUCTEM BUPKI'OPA

B.M. CanlAH,1 ®. T. Ynup2

Poccutickuii ynugepcumem 0pyc6bt Hapodos um. Ilampuca Aymym6ot

1. ITocTaHoBKaA 3apa4dH.

[TycTh cocTosiHMe 6GeCKOHEYHOMEDHOH IOTEHITHAAbHONH CHUCTEMBI
omnpeaeAsieTcss BeKTOp-pyHKIuen
1 2 2n T
u(x,t) = (u (x,0), ui2(6,0), . . ., u (x,t)), (x,t) € Qr = Q x (0,T),
rae ) — orpanHuyveHHas o6AacTh U3 R™ ¢ KyCOYHO-TAAAKOM TpaHHIleH

0Q.
IIpeAIOAOKUM, YTO IIPU 3TOM AEUCTBHUE 110 [aMUABTOHY UMEET BUA

- [
0 Q

a = (0(1:0(2,' o :am): |a| = Zai’ |a| = O;S:
i=1
rae R; = R;(x,t, 'ua), B = B(ug) — 3apaHHBIE AOCTAaTOYHO TAAAKHE

(bKHI/Iuiza—wi:lZnu:Du: 917ly
YHKII s Yt ot ’ » Ha (04 (axl)al (GXZ)QZ"'(axm)am'

Byaem paccmarpuBaTh GyHKIMOHAA (1) HA MHOYKECTBe

dxdt, (1)

2n .
D Ri (x, 6, g) uf = B (ig)
i=1

T . .
D(N) = {u eU = (Ul,...,Uzn) uteU' = Cist’l (QX [O,T]) .
wly_o =00 (), g =@y (),
u

an¥

=) (x,t), i=12n, [v| =0,s—1},

It

! e-mail: savchin_vm@pfur.ru
2 e-mail: tr.phuoctoan@gmail.com
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rae Q = 9Q U Q, Ty = 9Q x (0,T), ny — BHEILIHs HOPMAAB K 9€); cpf),
(pil, w}, (x,t) — 3apaHHBIE AOCTATOYHO TAAAKHE QYHKITHH.

2. YpaBHeHUSA ABUKEHUS.

Teopema 1. dxkcmpemaau ¢ynkuuonasra (1) ssasromes peweHuUAMU
cucmembl ypasHeHuil

2n S s
_ _qylal (@ ORi) _9Ri| ) k_ORi _
VDY I D IR (PR [ ] P

k
k=1|B|=0 [|af=0 a B
S
0B
- > (-)llp,— =0, i=T72n, (2)
aut
|la[=0 a
ede
a1 az Xm .
lod , ecanVie{1,2,---, o = P,
(ﬁ): (ﬁl)(ﬁz) (ﬂm) An Vi e { m}: i > B
0, ecam Jdi € {1,2,--- ,m} : a; < Bi,

(5:) = s
Bi]  Bil (ai =B’

OtMmeTuM, 4TO U3 (2) Kak YaCTHBIH CAydail CAEAYIOT YpaBHEHUS
Bupkroda [1,2].

3. UHTerpaabHble UHBAPUAHTHIL.

[yctb u = u(A;x,t), A € A = [0,1] — IpPOU3BOABHOE OAHOIIA-
pameTpruyueckoe MHO>KeCTBO 2AeMeHTOB u3 U HellpepbIBHO AuddepeH-
UpyeMbIX 10 A. Ero MOKHO paccMaTpuBaTh Kak Kpuyio C B U. Byaem
cuutaTh, utou (0; x,t) = u(1;x,t) VY (x,t) € Qr, T.e. KpUBas 3aAMKHYyTa.

BeepéM obo3HaueHue: Su = au(g+’t) dA.

Teopema 2. Cucmema ypasHeHuii (2) umeem omHocumenvHulil uHme-
2PANbHOLLL UHBAPUAHM Nep8020 nopadKa suda

2n ' 2n .
/ / ZRiSuldxz f / ZRiéuldx.
=1 i=1

A Q c Q
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4. 3akAlOueHHe.

VI3 BapualMoOHHOTO IIPHUHIUIIA C UCIIOAB30BAaHMEM 3aAAHHOIO Aeii-
CTBUsI N0 [AMHMABTOHY IOAyY€HA AOCTATOYHO OOINasi CHCTeMa ypaBHe-
HUH ABWDKEHUS AAsI G6ECKOHEYHOMEDPHBIX CUCTEM. B yacTHOM caydae u3
HUX CAEAYIOT U3BeCTHble ypaBHeHUs1 bupkroda. HalipeH AuHeRHbIN OT-
HOCUTEABHBI! MHTerpaAbHbI HHBAPUAHT IIEPBOTO MOPSIAKA AAS CUCTe-
MBI (2).

CIIHCOK AUTEpaTyphl

1. Birkhoff G.D., Dynamical systems. New York: American Mathematical Society, 1927,
295 p.

2. Santilli R.M., Foundations of Theoretical Mechanics II: Birkhoffian Generalizations of
Hamiltonian Mechanics. New York: Springer-Verlag New York Inc., 1983, 371 p.
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O TOMOTOITMYECKON KAACCUPHUKALINH
AAANMIITUYECKHX OITEPATOPOB HA MHOI'OOBPA3HUAX
C ITIEPUOANYECKMMHU KOHLIAMMU

A.10. CaBun!

Poccutickuil yHusepcumem 0pyx6bl Hapodos umeHu [Tampuca Aymymobot

PaccMaTpuBalOTCs HEKOMIIAKTHBIE TAAAKHE MHOroo6paswusi, KOTO-
pble BHE KOMITAaKTHOTO IIOAMHOT000PA3HUs IBASIIOTCS IEPHOANYECKUMU,
T.e. AuPpPeoMopdHBI OKPECTHOCTH 6ECKOHEUHOCTH B 6ECKOHEYHOM IIHK-
AWYECKOM HaKpbITHH. Ha TakuX MHOTOOOPA3UAX CTPOUTCS SAAUNTHYE-
CKasl Teopusi AAA AMGepeHITMaAbHBIX OIIEepaTOPOB ¢ Ko3dHUIlheHTa-
MU IIEPUOANYECKUMHU Ha 6€CKOHEYHOCTU. DAAUNTHYECKHE OTIepaTOPhI B
OAM3KHX CUTyalUsAX paccMaTpuBaAnch PabuHoBHYeM, Tay6coM, MpoB-
Koii, Py6bepmanoM, CaBeAbEBBIM, U Ap. MI3BECTHO YCAOBHE SAAMITHY-
HOCTH TaKHX ONEPATOPOB, KOTOPOe obecreynBaeT GpeAroAbMOBY pas-
PEIIMMOCTh B COOTBETCTBYIOLIUX MpocTpaHcTBax CoboAeBa. DTO YCAO-
BHE COCTOUT B TpeOOBAHUM 0OPATUMOCTH TAABHOT'O CUMBOAA. [Ipy 3TOM
TAAQBHBIH CHMBOA IIPEACTABAsIET COOOH Iapy, COCTOAIIYIO U3 BHYTPEH-
HEro CUMBOAA — CKaAAPHONH QYyHKIMM Ha KOKacaTeAbHOM paccAoe-
HHUU MHOT000Opa3us, M CIEeIHAABHOTO OMEPATOPHO-3HAYHOT'O CHUMBOAA
Ha 6eckOHEYHOCTH. Ha MHOKeCTBe TaKHX OIEePaTOPOB BBOAUTCS OTHO-
IIIeHHe KBUBAAEHTHOCTH — CTaOUABHAsi TOMOTOIHUA. [IpH 3TOM MHO-
’KECTBO KAACCOB 3KBUBAAEHTHOCTHU SIBAsIETCSI aGeAeBOM TpYIIOi OTHO-
CUTEABHO IIPAMOU CyMMBI oniepaTopoB. OCHOBHOU PE3YABTAT COCTOUT B
BBIYUCAEHUU 3TOM abeAeBO# I'PYIbI B TOMOAOTHYECKHX TEPMHHaX. B
CAyYae, KOTAQ HA MHOTOOOPa3HH CyILeCTBYeT olepaTtop AUpaka, MbI o-
KasbIBaeM, YTO paccMaTpuBaeMasi abeaeBa IpyIIa IIOPOsKAAETCsI ollepa-
TopaMu AMpakKa, CKpyYeHHBIMU IIPYA IIOMOIIIA BEKTOPHBIX PACCAOCHUM.

! e-mail: a.yu.savin@gmail.com
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O IMOBEAEHHH ITOAIOCOB AIITPOKCUMAITNH
9PMHTA-AOPAHA

1

A.T1. CtapoBoMTOB, 2

N.B. Kpyrnukos

Tomenwckuil 20cydapcmeeHHblil yHUBepcumem
umenu Ppanuucka CKOpuHbsl

MHOKeCTBO k-MEPHBIX MYABTHHHAEKCOB 0003HAYUM Yepe3 Z’i. ITo-
DPSIAKOM MYABTHHHAEKcAa m = (mq,...,my) € Z’i HA30BEM CyMMy m =
=mp+ ...+ mg.

O6o3HaunM 4epes L, MHOXKECTBO BCeX PalliOHAABHBIX Apobeii BUAA

_ G- a-1 i
Q(z)—7+...+7+a0+a1z+...+aiz, i<p.

dynxuuio Q € L, 6yAeM Ha3bIBaTh 0000IIEHHEIM MHOTOYAEHOM CTelIe-
HU He BBIIIIE p.

Iycrs f = (fi, ..., fx) — cucrema, cocrosimas u3 k psAr0B AopaHa,
(o]
fi(z) = Z clzl j=1,...,k.
[=—0c0

PaccMmoTpuM caeayronvii aHaAor 3apaum dpmuTta—-Ilaae [1, raaBa 4, § 1]
AASL cucTeMbI fL:

3apaua HL. AAs MyasTMHHAEKCA (n,m) € Zlfl v Habopa fl Haii-
TH TO)KAGCTBGHHO He pPaBHBIA HYAIO OOOOIIEHHBII MHOTOYAEH MHOTO-

YAeH Qm(z) = (2 fL) € L, u Takue 0606IeHHbBIe MHOTOYACHEI
Pn;(z) = n nm(z fL) € Ln;, nj = n + m — mj, 9T00bI
0 &
(Qmfi—Pn) @)= D) [dd+ =] j=1k
[=n+m+1 z

Annpokcumauuamu Ipmuma-Aopara 6YAeM Ha3bIBaTh PALHOHAAD-
HBIe APOOM BHAQ [nj, m]p(2) = Py;(2)/Qm(2), rae 06061wIEHHbIE MHO-

! e-mail: svoitov@gsu.by
2 e-mail: igor.v.kruglikov@gmail.com
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Cmaposoiimos A. I1., Kpyzaukos H. B.

TOYAEHBI Pnj u Qm ABAdATCA peutenreM 3apauu HL. byaem roBopurs,
uro 3apaua HL uMeeT eAMHCTBEHHOE pellleHUE, €CAU DELIeHUue eAWH-
CTBEHHO C TOYHOCTBIO AO YHNCAOBOTO MHOKHUTEAS.

BBEAEM B pacCMOTPEHHE CAEAYIOIIHME MATPHUIbI M OMPEACAUTEAN
(G=1,...,k):

J _ |~ J J
Fv = [C”j+m1 nj+m;-1 C’U“] ’
_ , . A T
i _ [ j j
Fl = [C_nj_l e c_nj_mj] ,

T
D(n,m;z) = det [Fﬁ .. FL Ep(2) FL ... F_k] .

O603HaunM Yepe3 Hn,nq(fl‘) MaTpuily mopsiaka 2m X (2m + 1), mo-
AYUYEHHYIO M3 JAEMEHTOB ONpPEAEAUTeAss D(n, m; z) MOCAe YAAAEHHUS B
HéM (m + 1)-oii crpoku Er, (z). Ecau B onpeaeanTeae D(n, m; z) CTPOKY
Em(z) 3aMeHnTb Ha cTPOKY C) , IOAYHIM HOBBIH OTIPEAEAHTEAD d{ (n, m).

Teopema. 3a0aua HL scez0a umeem petuerue. At mozo, 4¥mobsl 044

myavmuunodekca (n,m), m # (0,...,0) 3adaua HL umeaa eduncmeeH-
Hoe pellleHuUe HeoOX00UMO U 00OCMAMOYHO, 4mobbl rank Hp 7 (L) = 2m.
Ecau rank Hn,?l(fL) = 2m, mo npu noodxodauiell HOpMuUposKe U j =
=1,...,k cnpasedausvl pasencmsa
Qi (1) = D(n, i 2),
1j
N AR J(n
Pn’nj’r?l(z;f ) - Z dp(”-; m)Zp:
p=-n;
& . .
(mej - pnj) =y {d{,(n, 2P + d o (n, ﬁ)z—P} .
p=n+m+1
IIpednoaoxicum meneps, umo c]in #Onpun>ng,j=1,...,k u
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cywecmaytom npedeasl

li —Czl #0, i el . a |2—j| < |z;]

1m - = Zj 1m - = (S8 Z_i| < |Zi

n—+oo J J ’ n5doo CJ Z—j ’ J Jb
n+l -n-1

20e KomnaekcHole yucaa {2z j}§=1 nonapHo padauutsl. [To meopeme Pao-
pU MOYKU %4 j ABAAIOMCA 0cOObLMU MouKkamu fj, u 6 koavue Kj = {z :

T _ k
lz_j| < |2| < |z} ¢yrxuua fj anaaumuyHa. ITyeme 1 = (1,...,1) € Z~.
IIpoHopmupyem 6p06b [nj, 1], ymHoowcus eé uucaumens u snamernamens

Ha 1/Ap, 20e A = H cn+2m j m Toz0a

k
: _ -k
Jim Q5(2)/An = A5 [ [z~ 5) (= ~ 2,
j=1
20e A — HeHyAeB8as KOHCMAHMA.
TakuM 06pas3oM amnmpokcuMmanuu dpmuTa-Aopana [nj, 1] mpu
n — 00 BEAyT cebs TakyKe, KaK M KAACCHYECKHe amllpoKcuManuu [a-

A€: OHHU AOKAAH3YIOT ocobble TOYKHU CPYHKHI/II/I f] Ha rpaHuie €€ KOoAbIla
AHAAUTHUYHOCTH.

CIIMCOK AUTepaTyphl

1. HuxuwuH E.M., Copoxkun B.H. PanyioHaAbHBIE aNIIPOKCUMAaLHUN U OPTOTrOHAAb-
HocTb. — M. : Hayka, 1988. — 256 c.
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Tashpulatov S. M.

THREE-MAGNON SYSTEMS IN THE HEISENBERG MODEL

S.M. Tashpulatov1

Institute of Nuclear Physics of the Academy of Sciences of the Republic of
Uzbekistan

In the work S. Tashpulatov [1], was considered the three-magnon sys-
tem in an isotropic non-Heisenberg ferromagnet model with spin values
= 1 with the nearest neighbors interactions. We consider the energy
operator of three-magnon systems in the Heisenberg model and inves-
tigated the structure of essential spectra and discrete spectrum of the

system. Hamiltonian of the system has the form H = J 3, (Sm'Sm+1),
m,T
where J < 0 is the parameter of the bilinear exchange interaction be-

tween atoms, S, = (S¥, Sy, SZ,) is the operator of the atomic spin 3 1at
the site m, and summation over t ranges the nearest neighbors. Hamll-

tonian H acts in a symmetric complex Fock space (H, (-, -)¢7). We let ¢g
denote the vector, called the vacuum, uniquely defined by the conditions

T o = 0and S% g = 5 q)o,where llpol| = 1. We set St = SX +iS,

where S;, and S, are the magnon creation and annihilation operators
at the site m. The vector S, S, S @o describes the state of the system

of three magnons at the sites p, ¢ and r with spin s = % The vectors

Y= X f(p,q,1)S,5¢Sr o constitute an orthonormal system. We let
p,q,r
Hs3 denote the closure of this space of three-magnon states of operator

H.

Theorem 1. The space Hs3 is invariant with respect to the operator H.
The operator Hs is a bounded self-adjoint operator. It generates bounded
self-adjoint operator Hs, acting in the space lo((Z")3) according to the
formula

(E&f) (p: q, r) =

1

e-mail: sadullatashpulatov@yandex.com, toshpul@mail.ru
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= JZ {ap,q-i-r"‘5p+1:,q+6p,r+1'+5p+1_',r+5q,r+r+5q+r,r_3}f(p: q,7)—
T

1 1 1
5 5p—r,qf(p -T,q,1)— 5 6p—1_',rf(p -T1,q,7)— 5 5q—r,rf(p: q—T,7)-
1 1 1
- 5 6q,r—‘rf(p; q’r_T) - E 6p,q—‘rf(p;q_fa r) - 5 6p,r—rf(p; q)r_T)+
1 1 1
+ Ef(P—T:Q:r) + gf(Paq_T,r) + Ef(P:CI:’"_T)_
1 1 1
- 5 5p+1',qf(p +71,q, r)_i 6p+7:,rf(p+'f: q,7) _E 6q+1’,rf(p: q+1,1)-
1 1 1
- E 6q,r+‘rf(p, q, T'+T)—E 6p,q+1'f(P;q+T, r)_E 6p,r+Tf(P, q’r+T)+

+fpHTan 43R+ fpar+0l, M

where &y ;j is the Kronecker symbol. The operator Hs acts on the vector

Y € Hs according to the formula Hyp = Y, (Hzf)(p,q, r)S, S¢S ®o-
p’q’r

We let ¥ denote the Fourier transform:
F : b((2°)°) = La((1%)%) = Hs,
where T is the v-dimensional torus with the normalized Lebesgue mea-
sure dA : A(TY) = 1. We set H3 = FHsF L.
Theorem 2. The Fourier transformatlon transforms the operator Hsj

into the bounded self-adjoint operator Hs acting in the space 7{3

We let Hy denote the space of two-magnon states of the operator H.
We let Hy denote the restriction of operator H to the space Ho.

Theorem 3. The space Hy is invariant with respect of the operator
H. The operator Hy is a bounded self-adjoint operator. It generates the
bounded self-adjoint operator Hs, acting in the space lo((Z¥)?) according
to the formula

(H2f)(p, @) =J ) {[8pgrc + Spirg = 21 f (P, Q) = Sp-raf (P~ T,0)—
=8pq-tf(p,q—1) + f(p—7,9) + f(P,q—T) = Sp+rqf (P + T, Q-
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—8pqicf(pq+ D)+ f(p+T,9) + f(p.g+D}. (2
The operator Hy acts on the vector \ € Hy according to the formula

Hyp = ) (Haf)(p, 9)SySg Po- (3)

b.q

Next, using the results of the study of the spectrum of operator Hy and
the tensor products of Hilbert spaces and the tensor products of operators
in the Hilbert spaces, we describe the structure of essential spectrum and
discrete spectrum of the operator Hs.

References
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TRIDIAGONAL OPERATORS, CONTINUED FRACTION
AND DYNAMICS OF NON-INTEGRABLE QUANTUM SYSTEMS

A.E. Teretenkov!

Skolkovo Institute of Science and Technology, Moscow, Russia;
Steklov Mathematical Institute of Russian Academy of Sciences, Moscow,
Russia

We begin with a brief review of some known results on the connec-
tion between tridiagonal (Jacobi) operators, continued fractions for the
vacuum average of the resolvents of such operators, and the moment
problem for the vacuum average of their spectral measure.

Then we focus on the application of these results to the problems
of quantum many-body physics based on the recursion method. This
method uses the Lanczos algorithm, which tridiagonalizes the Liouville—
von Neumann superoperator in the Krylov basis for a given observable.
Although long known in quantum many-body physics, a few years ago
it was enriched by the universal operator growth hypothesis. Indeed,
several numerical and analytical considerations for non-integrable quan-
tum systems and the observables with local densities have shown that the
asymptotic behavior for a large number of Lanczos coefficients is univer-
sal.

It turns out that this universal behavior corresponds exactly to the
boundary between essentially self-adjoint tridiagonal operators and sym-
metric ones with non-trivial defect indices. In terms of continued frac-
tions, it is the boundary between convergence and divergence on the
complex plane outside the real line. And in terms of the moment prob-
lem, it is the boundary between the determinate and indeterminate Ham-
burger moment problem.

Finally, we focus on a specific tridiagonal matrix that illustrates the
results discussed in the talk.

This work was supported by the Russian Science Foundation under
grant Ne 24-22-00331, URL: https://rsci.ru/en/project/24-22-00337] .

! e-mail: taemsu@mail.ru
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Ukhlov A. D.

NEUMANN EIGENVALUES
OF NON-LINEAR ELLIPTIC OPERATORS

A.D. Ukhlov!

Ben-Gurion University of the Negev

We consider the Neumann ( p, q)-eigenvalue problem in bounded out-
ward y-cuspidal domains Q, c R™:
—Apu = —div(|Vu[P~2Vu) = )L||u||IL);(%y)|u|q_2u in Qy,
(1)

u
— =0on 8Qy.
o

Inthecasel < p<yandl <q< p; = yp/(y —p) we prove solvabil-
ity of this eigenvalue problem and existence of the minimizer of the asso-
ciated variational problem [1]. In addition, we establish some regularity
results of the eigenfunctions and some estimates of (p, q)-eigenvalues.

The suggested approach to the spectral problem (1) is based on the
theory of (p, q)-composition operators on Sobolev spaces [2,3].

The talk is based on the joint work with P. Garain and V. Pchelintsev.
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CYMMHPOBAHHE B CPEAHEM B TEOPHUH CAEAOB

3.10. Cl)a3ynm/1H1

Youmckuii ynusepcumem Hayku u mexHoaozull, 2.Y¢pa, Poccus

PaccmoTpuM KAacC caMOCONPSYKEHHBIX, OTPAHUYEHHBIX CHU3Y OIle-
paTopoB Ly C KOMITAKTHOU PE30ABBEHTOM, AEHCTBYIOIINX B cerapabenb-
HOM r'MABOEPTOBOM IIPOCTPAHCTBE H, 1 COOTBETCTBYIOIIHUX KAACCOB CUM-
MEeTPUYECKUX OTHOCUTEABHO KOMIIAKTHBIX BO3MYILEHUN V.

ITo Teopeme Karo-Peaauxa omepatop L = Lo + V uMeeT KoM-
MIaKTHYIO PE30ABBEHTY U IIOAyOTpaHu4eH cHU3Y. I1ycThb {Ak}zozl, (A <
< Aj41) — coOGCTBEeHHBIE YKCAA OmlepaTopa Lo, MPOHYMepOBaHHbIE 63
ydeTa KpaTHOCTEH, Vj — KPaTHOCTh A, {pfk)}lhjkl, (pl(k) < pgi)l), k =
= 1,2,... cob6CcTBeHHbBIE YKCAa omepaTopa L, i{a KOTOpbIE pacILlellAs-
10T A} Tpu Bo3MmyleHUH V, P — OPTOTOHAABHBIN IPOEKTOp Ha CO6-
CTBEHHOE TIOATIPOCTPAHCTBO, COOTBETCTByMOIlee Aj. Ecam { fx; 2 1 —

coOCTBEHHBIE BEKTOpA onepaTopa Lg, o6pasyoliie OpTOHOPMHUPOBaH-
HBI# 6a3uc npocrpaHcTsa Py H, To

Vk
trPiV = Z (kai’ fki) .
i=1
Aaxee, ycTb 1, = % min (Ap+1 — An; An — Ap—1) ¥ cylllecTByeT TO-

CAEAOBATEABHOCTD dj, Takasg uTo 0 < dy, < rp, inf dy > 0,
nx=2

lim  sup |[Ron(2)V]| =0, (1)
"% z-Anl<dy
rae Ron(2) = Ro(2) = (An — 2) 7' Pn, Ro(2) = (Lo —2)"".
BBeaeM pyHKIHH

Vi

p(0) = 3 | (A= nP) +oPv |, K(2) = (Ro(-2)V)*Ro(-2).
A<t Li=1
CrpaBepanBa

I e-mail: fazullinzu@mail.ru
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Paszyraun 3. IO.

Teopema 1. Ecau V npou3goabHblil 02paHU1eHHbLll cuMMempudecKuil
onepamop 8 H, trK(z) < oo u gvinoaxero (1), mo nput — +oo
t

/p(r)dr = Z tr (pkv2 - (ka)Z) (1+0(1)).

0 Ak<t

Ha ocHoBe Teopembl 1 Arsi AuddepeHITHAABHBIX OTIEPAaTOPOB (Kak
OOBIKHOBEHHBIX TaK U B YaCTHBIX IPOU3BOAHBIX) BO3MYIIEHHBIX OTepa-

TOPOM YMHOKEHHUsI Ha OTPAaHUYEHHYIO U3MepuUMyto GyHKIHO V(X), AO-
Ka3bIBaeTcs, 4YTo
t

. 1
dim / p(D)dr = C(V),
0

rae 0 < a < 1, mocrositHa C (V) ecTb GYHKI[MOHAA OT BO3MYIleHUs V.

155



C6opHUK Te3uCOB KOHpepeHINU «Teopus GYHKIUA 1 €€ TPUAOSKEHUSI»,
K 120-aeTuio co AHA poxkaeHus akapemuka PAH C.M. Hukoabckoro.

. ITIOAOKHUTEABHAST OBPATUMOCTD
OAHOUN MATEMATHUYECKOHU MOAEAMU ITATOI'O ITOPAAKA
C ITPOMU3BOAHBIMMU ITO MEPE

E.A. LLIa171Ha,1 C.A. LLIa6pOB2

Pa6oTa mocBsiIieHa TOAYYEHHIO AOCTATOUHBIX YCAOBHH TTOAOKUTEAD-
HO# 06paTHUMOCTH MaTeMaTUYeCKOW MOAEAH TISITOTO TOPSIAKA

L ((—pulfyy)se + rfy)y — gui] +uq = f;
u(0) =} (0) = uf, (0) = 0; (1)
u(f) = u'(€) = 0;
C TIPOU3BOAHBIMU IT0 MEpPe.
3aMeTHM, YTO 3Ta MOAEAb BO3HHUKAET TPU ONMHMCAHUU MaAbIX IOTIe-
pPeYHBIX AebopMalnii, BOSHHKAIOIIUX TI0OA BO3AEHCTBHEM BHEIIHEN CH-
ABI HHTEHCHUBHOCTH f(X) CHCTEMBI, COCTOSIIIEH U3 ABYX CTEpPIKHEH, CO-
€AMHEHHBIX PACTAHYTON CTpyHOM. TOUKH COeAMHEHHUS MBI 0603HAYaeM
yepe3 &1 u &5. IIpy 3TOM MBI CYHTaeM, UYTO CTepKeHb pa3MelleHHbIN
BAOAB oTpe3Ka [0; £1] morpy>keH Bo BHEIITHIOIO CPEAY C YIIPYTUM «ABOH-
HBIM» OCHOBaHHEM.
[Tpu 3TOM, Ha MPOTSIPKEHUHU BCeil pabOTHI MBI ITPEAITOAATAEM BBITIOA-
HEHHBIMH CAEAYIOIIHE YCAOBHUS:
D [inf)p(X) > 0; p(x) = 0Ha [§1;€];

0;61
2) r(x) > 0 arst Bcex x € [0;€]; inf r(x) > O;
(&2:0]

3) g(x) > 0 parst Beex x € [0; €]; inf g(x) > 0;

1,S2
4) ('l)YHKI_[I/II/I X, ]J(X), p(X), T'(X), g(.X'), q(X), Q(X - %l) (l = 1’ 2) — O-
a6CoOAIOTHO HenpephiBHBI Ha [0; €], rae 0(x) — ¢pyHKImst XeBucaiiaa,
paBHada 0, ecau x < 0,1 1, ecau x > 0.
MbI cunTaeM ypaBHEHHE 3aAaHHBIM MTOYTH BCIOAY Ha paCIIMpeHHUU
otpeska [0, £], B KoTopoM Kaskpast Touka € pa3pbiBa GyHKIUHU O(X) 3a-
MeHeHa Ha TPO#Ky co6cTBeHHBIX aaeMeHToB {€ — 0; §; € + 0}. O603Ha-

1 BopoHesx, BopoHeKCKuli roCyAapCTBEHHBIN YHUBEPCUTET
e-mail: katerinashaina@mail.ru

2 Bopoue)x, BoeHHbBIH yueOHO-HAYYHbBIH [[EHTP BOEHHO-BO3AYIIIHBIX CHA
«BoeHHO-BO3AyIITHAsA akapeMmusa uM. mpod. H. E. XKykosckoro u 0. A. larapuna»
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yuM Yepe3 S(0) — MHOKECTBO ToueK pa3pbiBa ¢yHKImH o(x). [TycThb
I =[0;€]\S(0), tAe S(0) — MHOKECTBO TOYEK pa3pbiBa GyHKIMH 0 (X)
up(x,y) = |o(x) — o(y)| — merpuka Ha I. Ecau S(0) # 0, TO MeTpH-
YyecKoe IpocTpaHcTBo (I, p) — HemoaHoe. O603HauuM depe3 [0; £]g —
CTaHAApPTHOE MOTOAHeHUe (I, p) A0 MOAHOTO METPHYECKOTO MIPOCTPaH-
crBa. B [0; £]g kaskaas Touka £ € S(0) 3aMeHeHa Ha napy cOGCTBEHHBIX
areMeHToB {£ —0; £ + 0}. YpaBuenue (1) 3apano Ha [0; €], = [0; €] U
U S(0). OTMETHM, YTO AAS TIEPBOTO YPaBHEHUS B £ — TOYKE COEAHHE-
HUS CTEP’KHs, TOMEIIIEHHOTO Ha «ABOMHOE» YIIPYroe OCHOBAHHE U pac-
TSHYTOU CTPYHBI, AOAYKHBI BBITIOAHATHCS HEThIPE YCAOBHS: u(é1-0) =

— u(E1 +0), Pl (61 - 0) = 0, (Pl ) (61 -0) () (61 -0) =

144

0, (Pultiy) (1= 0)=(rul)} (51— 0) + (61 - 0)—gu(1 + 0) +
+ u(é1)q(é1) = 0; a B £&3 — TOUKe COeAMHEHUS HaTHHyToﬁ CTpy-
HBI U CTep>KH;1 Tpu yeaoBust: u(€x —0) = u(€z +0), ruy, (§2 +0) =
= 0, (rufy), (62 +0) + guf(§2-0) — guf(§2-0) + u(%’z)Q(fz)
= 0; B Tquax & € S(0)(1(0;€1) AOAKHBI BBIMOAHATHCS IIECTD
yeaosuit: u(§ —0) = u(§+0), u(§ — 0) = w(§+0), puiy,(§ -
- 0) = pufy,(§+0) = 0, (puiy,)x(§ —0) = (pUZ;p)x(S +0),
—A(PUp) i (5) + A(ruyy)  (§) - Agux(f) +u(£)q(§) = 0, 3pech u Aa-
aee, Ap(x) = @(x +0) — @(x — 0) — MOAHBIH cKauoK GyHKIUHU @ (X) B
Touke x; ecau £ € S(0) () (&1; &2), To ABaycroBust: u(§—0) = u(€ + 0),
—A(gus) (&) + u(€)q(§) = 0; u, Hakowen, ecau £ € S(0) () (€2;¢), TO
gerbipe yeaosus: u(§ —0) = u(§ + 0), ruy,, (6 - 0) = ruf, (§ +0) =0
Ar(uyy)y (§) — A(gus) (§) + u(§)q(§) = 0.

Peritenvie 3apauut (1) MbI UilleM B KAacce E: aGCOAIOTHO HeTpephIB-
HbIX Ha [0;¢] $yHKIME, mepBas MPOU3BOAHAS KOTOPBIX abGCOAIOTHO
HerpepbiBHa Ha [0; £], mepBast IPOU3BOAHAS U} (X) HEMPEPBIBHO AMd-
depennupyema ua [0; £1], uy,, — p-abcorroTHO HenpepriBHa Ha [0; 1],

pu;’;p(x) — abcoaoTHO HempepbiBHa Ha [0;&1]; —(puiy,)y(x) +
+ ruy,(x) — abcoaroTHo HempepbiHa Ha [0;&1], (—(puiy,)y +

+rufl )5 (x) —g(x)u(x) — abcoarorHo HenpepsiBHa Ha [0; £1]; 1), (x) —
a6COAIOTHO HempepbiBHA Ha [€2; €], (ri)y,) (X) — a6COAIOTHO HENIPEPHIB-
Ha Ha [&9;¢]; (rull,)%(x) — gru(x) — 0-aBGCOAIOTHO HempepbIBHA Ha
[£2; €]; Ul (x) — o-abcoaroTHO HempepriBHA Ha [&1; £2].
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Teopema. [Iycmb 8binoaHenst ycaosus 1)-4) u q(x) = 0, g(x) pasHa
Hyto Ha ompeske [0; €1]. Ecau f(x) = 0 (£ 0) daa scex x € [0; £]. Tozoa
pewenue u(x) mamemamuueckoil modeau (1) HeompuyameavbHo 05 Bcex
x € [0; €], npu smom uis, (0) # 0 u wiy (€) # O.

CIHCOK AUTepaTyphl

1. IloxopHytii, FO.B. IHTerpas CTHATBECA U IPOU3BOAHBIE TI0 Mepe B OOBIKHOBEHHBIX
AuddepeHIIMaNBHBIX YpaBHEHUAX // AAH, 1999. — T. 364, Ne 2. — C. 167-169.

158



HTuwanux A.O.

ANOPAHTOBO YPABHEHUE MAPKOBA
N HEKOTOPBIE ET'O OBOBIIEHUA

A.O. Wnwanmul

HUY MU

AnodaHToBO ypaBHeHHe MapkoBa 6bIA0 06HapykeHO A.A. Mapko-

BbIM B 1879 roay. OHO uMeeT BUA
x? + y2 +22 = 3xyz.

VYpaBHeHue MapkoBa NMOABAAETCA B TaKUX pa3jpeAax MaTeMaTUKHU,
KaK TeopHusi MPUOAMKEHUN PAllMOHAABHBIX YHCEA, TEOPUST KBAApPATHY-
HBIX GOPM U THIIepOOANYECKas TeOMeTpUsi. XOPOIIIHi 0630p Ha 3TH Te-
MBI IpeAcTaBAeH B [1]. Kpome Toro, uncaa MapkoBa, KOTOPBIE TOSBAS-
IOTCS B pElIeHHsIX YpaBHEeHUsI MapKoBa, HAOAIOAAIOTCS AASL PACCAOEHUMN
HaA P2 [2]. OTo ypaBHeHHe Tak)Ke CBS3aHO C KAACTEPHBIMH aATebpa-
mu [3]. YpaBHeHue MapkoBa 3aMe4aTeAbHO T€M, UTO MHOKECTBO €ro
pellleHuii B HaTypaAbHBIX YHCAAX HAXOAWUTCA U3 HAYaABHOTO peIIeHUs
(1,1,1) B BuAe BeTBsIierocs rpada, Hanpumep, mo popmyae (3yz —
—X,Y,%). [Toxoasi CTpyKTypa pellleHHs eCTb Y MHOTOMEPHOTO aHaAOTa
Ha cAyd4ail n mepeMeHHbBIX

n
2 2 2 _ .
x1+x2+---+xn—nnxl.
i=1

CyIiecTByeT MHOYKECTBO IMOXOXKUX AMOPAHTOBBIX YPAaBHEHHH, TAE
HaTypaAbHbIE pellleHHs TPEACTABHMBI B BHAe rpada. 3aMedaTeAbHO,
YTO UMEIOTCS YPaBHEHHUS CO CAAraeMbIMH BBIIIIE BTOPO#l CTENEHHU B Ae-
Bo# yactu ypaBHeHus [4], [3]. Takske HEAABHO OBIAO MTPEAAOKEHO U3Y-
4aTh TaKHe YpaBHEHUSA AAS AYaAbHBIX YHceA [5].

! e-mail: quaicura@gmail.com
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HIuwxux K. A.

®YHKTOPBI MEXAY
*-[IOAMHOMUWAABHBIMH COOTHOIIEHUAMMN

K.A. lWnwkun!

Kaszanckuii (TIpusoadxcckuil) ®edeparvHulil YHusepcumem

B pa6ote T.A. Aopurra [1] 6bIA IPEANOKEH KAaTEeTOPHBIM IOAXOA K
MOHATHIO YHUBEPCAABHO# C*-aATeOpbI, MOPOKAEHHON MHOKECTBOM 06-
pasyIOIINX, YAOBAETBOPSIOIINX HAGOPY COOTHOILEHU#. B paMkax AaH-
HOTO IIOAXOAQ PacCMaTpUBAIOTCA ClielMaAbHbIE KaTerOpHUU IIPEACTaB-
AeHUH. Takue KaTeropuu yAOBAECTBOPAIOT PAAY €CTECTBEHHBIX aKCHOM
¥ Has3bIBalOTCs C*-COOTHOILIEHUSIMH. B 3THX TePMHMHAX YHUBEPCANbHAA
C*-anzebpa, nopoxcoénnas C*-coomuowenuem R, — 3TO UHUIIHAABHBIH
00beKT B KaTeropuu R. OAHAKO, yHHBepcaAbHas C*-aAre6pa CyIiecTBy-
€T He AAsI BCsIKoM Kateropuu R. B Tom cayuae, koraa C *_COOTHOILIEHHE
OIIPEAEASIET YHHUBepPCaAbHYI0 C*-aAre6py, OHO HA3BIBAETCA KOMIIAKT-
HBIM.

B [2] 6BIAO TIOKA3aHO, YTO BCSIKOE KOMITAaKTHOEe C*-COOTHOIIEHHE
“30MOpPGHO KaTeTOPUHU *-TIOAMHOMUAABHBIX COOTHOLIEHUH.

VHaue roBops, HMOPOKAAIOLIME COOTHOIIEHUS COOTBETCTBYIOLIEH
YHUBEpPCAAbHOU C*-aAre6pbl MOTYT GbITH MPEACTABAEHBI MHOKECTBOM
WHBOAIOTHUBHBIX IOAMHOMOB OT IIOPOXKAAIOIIUX SAEMEHTOB.

B [3] 6bIA yCTAaHOBAEH KaTETOPHBIN KPUTEPHH AAS CyIIIeCTBOBAHHUS
YHHUBEpPCAAbHOM C*-aATeOpbI AAS 3aAQHHOTO MHOYKECTBA TOPOYKAAIO-
LIAX COOTHOIIEHUH.

B [4] 6BLAO MTOKA3aHO, YTO BCAKUN QYHKTOP MesKAy C*-COOTHOLIIE-
HUSMH, C TOYHOCTBIO A0 M30MOpPGU3MOB KaTeropui, ABAseTCA QYHK-
TOPOM MEXAY *-IIOAMHOMHUAABHBIMH COOTHOIIECHUAMU, 3aAaHHBIMU Ha
OAHOM H TOM >Ke MHO)KecTBe. COOTBETCTBYIOIIME YHUBEPCaAbHbIE C*-
aATeOpBI IPU ITOM ABASIOTCS H30MOPOHBIMH.

B AOKAAAe 006CYKAAETCS CAEAYIOIINH PE3YABTAT.

Teopema. ITycmb R1 C Fx,, Ra C Fx, — komnakmmole C*-coomHo-
weHus Ha mHoxcecmsax X1 u Xo coomsemcmsenHo u 7 : R1 — Ry —

! e-mail: keril911@gmail.com
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¢ynkmop. Tozda cywecmsyrom mHoxcecmso Y, HAGOPbl UHBOAOMUBHBLX
noauromos P1,Py C F(Y), ¢gynkmop G: R(Y,P1) — R(Y,P2) u uso-
moppusmet V: Ry — R(Y,P1) u W: Ry — R(Y,Py) makue, umo
duazpamma

Ry T Rs
(Vl w
R(Y,P1) R(Y, P3)

kommymamusHa. Boaee mozo, umerom mecmo usomopdusmut C*-anzebp
C*(R1) = C*(Y,P1) uC*(R2) = C*(Y, P2).
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