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AHHOTALMU CIOXKETOB

Croxer 1. 3agaua CuabBecTpa
JAmurpuit Hukonaesnu 3anopoxen, IOMH PAH

Knaccnueckast sagaua CusbBecTpa 3aK/i04aeTcsi B HAXOXAEHHUH Be-
POSITHOCTH TOTO, UTO UEThIpE CJydaliHble TOUKH, HE3aBUCHMO H PaBHO-
MEepHO BbIOpaHHBIE BHYTPH BBHINYKJOH (DUTYpBI, HAXOAATCS B BBHIIYKJIOM
noJioxKeHUH. DBJsilike mokasas, YyTo 3Ta BepOSTHOCTb MaKCHMaJbHa HJIs
3JUTUTICOB U MHUHHUMaJibHA [Jisi TPeyroJbHUKOB. [l0o31Hee mepBasi 4acTb
3TOrO yTBepKAeHHs Oblia 0600IIeHa Ha MHOTOMEpHBIE 3JIJHUICOUIE, B
TO BpeMsi KaK COOTBETCTBYIOLIEe YTBEPXKAEHHE AJISI CUMIIEKCOB IO CHX
TIOp OCTaeTcsl TUIOTE30H A/ pasMepHocTed Bbille 2. MHTepecHO oTMe-
TUTb, UTO U3 3TOH THIIOTE3bl BEITEKAET 3HaMeHUTas npobdsema Byprefina
o ceuenusx (Bourgain’s Slicing Problem), perenne xoTopoii 6bl10 mMO-
aydero coBceM HepaBHo (https://arxiv.org/abs/2412.15044).

B suTepatype cyliecTBYIOT pas3sinuHble 0600UIeHUs 3anauu CHibBe-
CTpa, OfHAKO B OOJIBLIMHCTBE U3 HUX TPOTPecC OCTAETCS OrPaHUYEHHBIM.
Meur 06cynuM HanGoJiee MHTepecHble U3 3TUX O0O0OILIeHUH, MpeJoKUM
BO3MOXKHble HOBble eCTEeCTBEHHbIe TOCTAHOBKH M KOJIJIEKTUBHBIMH YCHJIH-
SIMU TOTIBITAeMCS TPOABUHYTBCS B KAKUX-TO UX HUX. [A1 NOAHOUEHHOL
pabomol He mpebyemcs nPedsapumenvHvLx CReUYUALbHbIX 3HAHUL UAU
0053aMmenbH020 03HAKOMACHUA C AUumepamypo.
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Croxer 2. Teopema IloHcene u opToroHaiabHbIe
MHOTOYJIEHBI

Baagumup I'enpuxosuu Jisicos, UIIM PAH

WsBectubiii mopusm [oncese (1813 r.) MoxXHO chOPMYIHPOBATh TaK.
[TycTb 3J1/HUIIC JIEKUT B eIUHHUYHOM Kpyre. Ecain cyiecTByeT n-yroibHUK,
BIIMCAHHBIH B €IUHHUYHYI0 OKPYXKHOCTb W OMHUCAHHBIA BOKPYT 3JIJIHI-
ca, TO Tako# n-yroJbHHK MOXKHO IMPOBECTH M3 TPOU3BOJBHOH TOUYKH
Ha eIMHUYHOH okpyxHocTH. OkaseiBaercst (cMm., Hampumep, padory A.
Martinez-Finkelshtein, B. Simanek, and B. Simon. Poncelet’s theorem,
paraorthogonal polynomials and the numerical range of compressed
multiplication operators. Adv. Math., 349:992-1035, 2019]), 3ToT pe-
3yJIbTaT MPOEKTHUBHOH TeOMETPHUH TeCcHO cBfizaH ¢ ajroputmom Llypa,
NPOM3BeNeHUsIMH Duisillike ¥ OPTOrOHANbHBIMA MHOTOUJIEHAMH Ha OKPYXK-
HoCcTH. MBI 06cynuM 3Ty CBsSI3b U BMecCTe MoAyMaeM, K KakuM obobie-
HHSIM OHa MOXKeT NpHUBECTH. [Ipedsapumenvrolx CneyuarbHolx 3HAHUL
om caywameneti He mpebyemcsi.

Croxet 3. 'apmonnueckue aBToMOp(PU3MbI a1~
HUYHOT'0 Kpyra C nmoJMHOMHUAJbHOU aHTHUTOJIO-
MOp(HOI YaCcTbIO

AHntoH [ImutrpueBuu bapanos, CII6I'Y &
Koncrantun IOpseBnu ®egoposckuii, MI'Y & CII6I'Y

JlaHHast 3aja4ya BO3HUKJ/A B CBS3H C MOHATHEM KBaipaTypHOH obJsa-
ctu. HanomHuM, 4To orpanudyeHHasi o6aactb DD B KOMILJIEKCHOH IJI0CKO-
CTH HasblBaeTCsi KBafpaTypHOH (TouHee roBopsi, KBafpaTypHOH B KJac-
CHYeCKOM CMBICJIE), eC/IH Halinercs pacrpenesenre (o6o0uieHHast (pyHK-
uus) F' ¢ KOHEUHBIM HOCUTEJIEM, JIeXKAllUM B TaHHOH 06/1aCTH TaKoe, 4TOo
IJIs1 TIOOOU TONOMOP(HON M MHTErpPUPYeMOH B 3TOH 00JaCTH (PYHKIHUH f
(MHTErpupyeMocTb paccMaTpHBaeTCsi OTHOCHTEJBHO KJACCHUECKOH Mephl
JleGera) BbIMONHSAETCS PABEHCTBO fD fdxdy = F(f). IpyrumMu ciioBamy,
171 060K TakoH (DyHKUMH f ee wHTerpas mo o6saactd D MOKHO BHI-
YUCJAUTh KaK KOHKPETHYIO KOHEYHYIO JIMHEHHYI0 KOMOWHALHMIO 3HaYeHHH
(DYHKLHH M, BO3MOXKHO, HEKOTOPHIX €e MPOM3BOIHBIX, B (PUKCHPOBAHHBIX
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(3aBHCALIMX TOJBKO OT 06JacTH) Toukax obsactd D. [lpocrefium npu-
MepOM KBaJpaTypHOH 00JIacTH fBJSETCS KPYT, HECJ0XKHO NpHBecTH 60o-
Jlee colepaKaTesbHble PUMephl. Tak, MOXKHO [0Ka3aTb, UTO CPedH KOp-
JAHOBHIX 00JIacTel ¢ aHAJUTHUECKUMHU IPAaHULAMH KBaJpaTypHBIM OyIyT
T€ U TOJIBKO Te 00J1aCTH, KOTOpble IBJSIOTCSA 06pa3aMu eIMHHUYHOrO Kpy-
ra D = {|z| < 1} npu (xoHpOpMHOM) OTOOpaXKEHHH pPALHOHATbHBIMU
(DYHKUUSAMH, ONHOJUCTHBIMU B ID.

[TpubnusurensHo 20 nerT Hasan BO3HUKJA 3aada ONKUCAHHUS ONHO-
JIUCTHBIX TAPMOHHUYECKUX 0TOOpaxKeHUH kpyra [D Ha KBagpaTypHble 06J1a-
cti. HanmomMHHM, UTO OTHOMMCTHOE rapMOHUYECKOe 0TOOpaKeHHe — 3TO
B3aUMHO OIHO3HauHoe oToOpaxkeHue Kpyra D, ocyliecTBiasemMoe rapmo-
HUuecKoH (yHKUMeH, T.e. pyHKuMed Buna h(z) + ¢g(z) (HanomHuM, 4TO
KOMILJIEKCHAsl TapMOHMYecKas (PYyHKUMH — 3TO cyMMa roJoMop(HOH U
aHTUroJIoMOppHOH KoMmoHeHT). OcoObl HHTepec MpPeACTaBAseT 3ajaua
OMUCaHMsA rapMOHUUYECKHX oToOpaxkeHHH Kpyra D) Ha KBagpaTypHblE 00-
JIACTH B KJlacce TapMOHUYECKHX (PYHKLUHH C TTOJMHOMHANBHON aHTHI0JIO-
MopdHOH YacTbio. Jlosiroe BpeMsl He yIaBajOChb HAHTH MPUMEPH TAKHX
o6slacTell W JIMIIb HEJaBHO OblIM MOCTPOEHbl IepBble HETPUBHAJbHbIE
MpUMepbl FapMOHUYECKUX aBTOMOP(HU3MOB €IHHUYHOrO Kpyra ¢ TOJHHO-
MHAJIbHOH aHTUT0JIOMOP(HON 4acThIO.

B pamkax WIKOJbI JIAHUPYETCs OOCYAUTD NPEAbICTOPHIO 3a1auH, KOH-
CTPYKLHMH M3BECTHBIX NPUMEPOB W MPOABHUHYThbCS AaJblle B ONHCAHUH
BCEX COOTBETCTBYIOLIUX aBTOMOP(HU3MOB.

Cneyuanrvroix 3HAKUL 048 NOHUMAHUA 3a0a4u U yuacmus & ee 00-
cyxcoenunx ne mpebyemcs, HO Mamepuasr cmardapmro2o Kypca KOM-
nAeKcHo20 anaausa (meopuu QYHKYUL KOMRAEKCHOSO NepemerHo20)
cuumaemcs ussecmuoim. Takoce HesamesvHO 3HAKOMCMBO C dAeMeH-
mamu meopuy 0epaHU4eHHbLX 20A0MOPPHLLY PYHKYUL U ¢ Ha4araMU
meopuu npocmparcme Xapou HP (8 amoii cea3u moxiHo pexomeroo-
samo kHueu Jl. l'apnemma «Oeparnuuernole anarumuieckue QyHKyuU»
u Il. Kycuca «Bsedenue 8 meopuro npocmparcms HP»).
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Croxer 4. HRT (Heil-Ramanathan—Topiwala)
rUmnoTre3a

IOpuii Cepreesuu beaos, CIIGTY

[Iycte f — HeHyJeBas KBagpaTHYHO-cyMMuUpyeMass (pyHKUUS. BepHo
JIM, UTO eCJIM CHCTeMa ee YaCTOTHO-BPEMEHHBIX CIBHUIOB JHMHEHHO He3a-
BHCHMa, T.€. Zszl ape®rtf(t —tx) =0, 10 f = 0?

HecmoTpsi Ha BaKHOCTb 3TOro BoOMpoca [J/s1 4YacTOTHO-BPEMEHHOro
aHa/lu3a, THUIOTe3a Jajeka OT cBoero pelleHHs. TeM He MeHee, eCTb
MHOT'O CIelHa/bHBIX YaCTHBIX C/y4yaeB (MPH AOTOJHUTENBHEIX TPEAIo-
JIOXKEHHSIX O (QYHKLUHUH H/HK Habope napameTpoB (wy,ty)) KOraa rurmo-
Te3a BepHa. [IpryeM MeTompl NOKa3aTeqbCTBA BapbHUPYIOTCS OT CaMBIX
3JleMEHTapHBIX 10 OYeHb CJIOXKHBIX.

[Tpennonaraercs, 4To B paMKax LIKOJbl Mbl OOCYAHM HEKOTOpBIE H3-
BECTHblE pe3y/bTaThl U MHomnpobyeM 000OIIMTb HX Ha 6oJjlee LIMPOKHE
KJacchl (PYHKUHH U MMapaMeTpoB.

PekomeHnnyemast uteparypa:

— https://norbertwiener.umd.edu/Research/lectures/2018/rschram_-
prelim_slides.pdf

- https://heil.math.gatech.edu/papers/hrtzero.pdf

— Heil, C.: Linear independence of finite Gabor systems, In: Heil, C.
(Ed.), Harmonic Analysis and Applications. Birkhauser, Boston,
171-206 (2006).

- Bownik, M., Speegle, D.: Linear independence of time-frequency
translates of functions with faster than exponential decay. Bull.
Lond. Math. Soc., 45, 554-566 (2013).

— Demeter, C.: Linear independence of time frequency translates for
special configurations. Math. Res. Lett., 17, 761-779 (2010).

— Demeter, C., Gautam, S.Z.: On the finite linear independence of
lattice Gabor systems. Proc. Amer. Math. Soc., 141, 1735-1747
(2013).

— Demeter, C., Zaharescu, A.: Proof of the HRT conjecture for (2,
2) configurations. J. Math. Anal. Appl., 388, 151-159 (2012).
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Croxker 5. CayuaiiHble MoJisl U CJy4ailHble Me-
pbI
Aunekcanap Uropesnu Bygperos, MUAH & CIIoI'Y

PaccmoTpuM xapakTepruCTHUECKHH MHOTOUJIEH Cy4alHOH MaTpHILHI,
pacnpeneseHHOH Mo Mepe Xaapa — CJIydalHYIO roJOMOP(PHYIO0 PYHKIHIO
C HyJSIMH B TOukKax crnekTpa. IIpenesnbHoe pacnpeneseHue Jorapugpma
MOJYJ1s1 3TOr0 MOJA NPHU YCTPEMJEHUH pa3Mepa K OeCKOHEUHOCTH B KOM-
MJIEKCHOH MJIOCKOCTH 0e3 eIMHUYHOH OKPYXKHOCTH CJlefyeT M3 Teope-
Mbl COLIHMKOBa, yTBepxKJalolled, UTo pacnpejesneHde CyMMbl 3HaueHUH
r1agkoi (QyHKUUU B CIIeKTpe GOMbLION Cay4alHON YHUTapHOH MaTpHLbI
aCUMIITOTHYECKH IayccoBo.

[Tono6Hble paccyxxieHUs] NPOAOJKAITCA M Ha mnpefes Mep Xaapa
NPY HEKOTOPOM CKEeHJIMHIe CIeKTpa — CHHYC Mpolecca — Mepbl Ha JHUC-
KPETHBIX CUYETHBIX TMOAMHOXKECTBax MpsMOH. BBecTn MoKHO W aHaJsor
XapaKTePUCTHYECKOr0 MHOTrOUJIeHa — CJAYy4aHHYI0 TroJoMOP(hHYI (DyHK-
LMI0, PABHYIO HYJIO B TOYKAX CJAy4afHOTO MOAMHOXKeCTBA. AHaJOrHYHO
no teopeMe COLIHHMKOBA JIOTapU(M MOIYJS AAHHOIO MOJs CXOOUTCH K
rayccoBOMY paclipe/ie/leHHI0 Ha KOMIIJIEKCHOH MJIOCKOCTH 0e3 nelCTBH-
TeJIbHOH OCH IIPH CTATMBaHUM yacTULl. J1J1s caMoi ke cjy4ailHOH (yHK-
MU Ha JEHUCTBUTEJBHOH OCH B Npefiesie MoJay4daeTcs He (PyHKLHS, a Me-
pa — rayccoB MYJbTUIJIMKATUBHBIA Xaoc, He(OpMa/jbHO MOHUMAaeMbIH
KaK 9KCIIOHEHTa CJAydailHON 0000IIeHHON (PYHKIIUH.

B pamkax wxkoJ/bl Mbl 6yfeM NpoGoBaTh BbIBOOUTH U3 LEHTPa]bHON
npefie/IbHOA TeopeMbl CXOAUMOCTb K [aycCOBY MYJbTHUIIMKaTHBHOMY Xa-
ocy.

Croxer 6. FapmMoHUYecKue MOTEeHIIMAJBI HA T'pa-
¢dax u B R": mepexon mMexay AUCKPETHBIM M
HenpepbIBHbIM

ITaBea AnexkcangpoBuu Mo3zoasko, CII6I'Y
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1. CAPACITY DEFICIT
Question. Can we make a more precise comparison between discrete and continuous capacities?

Introduction. We are working with a) a rooted infinite dyadic uniform tree with a boundary
(leaf set) OT and with b) a unit disc D with boundary oD = T.

On 9T we define a discrete capacity and compare it with the classical logarithmic capacity on T
via the standard pullback/pushforward mapping 0T <— T.

It is well known (Peres, Lyons, Pemantle, Arcozzi, Rochberg, etc. etc.) that these two capacities
are equivalent up to a multiplication by some absolute constant. What is not clear, is if their
deficits are comparable as well. Namely, if there is a compact set E, say on 97, of almost full
capacity (in this case % — ¢), will its continuous image F C T have almost full capacity as well —
so that of Cap T — k() with a decent estimate on x(g)?

Statement of the problem. We start with the discrete setting. The tree T is identified with its
vertex set — we do not use edges. Each vertex a € T corresponds to a unique geodesic/ray that
starts at the root o and ends at «. In a similar fashion, the boundary 0T is just a collection of all
infinite geodesics starting at the root, we keep the same notation for the boundary points. Once
can endow 0T with a metric structure making it a compact totally disconnected metric space. We
write T = T'|J 9T
The least common ancestor a A 8 of two vertices (or boundary points) « and 8 is the smallest (in
the natural order relation = farthest from the root) point  such that v > «; v > j, clearly v is
the endpoint of the intersection of two geodesics that end at o and 8. Given f : T — Ry let

If(a) =" f(8);

B>a
K(a,B) :=I1(a A B) = dist(a A B,0);

S(a):={r€T: 7<a}, Pla):={BeT: B>a)

T u(a) == /S< ) du;

Vi(a) = T = /? K B)du(),

elili= [ VHoautr) = ¥ (Cuta)s

a€eT
Cap E = inf{&[y] : suppp C E, V¥(1)>1, 7€ E} =
= nf{llglE e = 3 %) Ig(r) = 1,7 € B}
a€eT
here we assume that 4 is some finite Borel measure on the boundary 07'. The relations above are

standard, one can easily check them (see also [1, Chapter 2|, [13, Chapter 15] or [18]).
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Now we do the continuous half of the picture. Given a compact F' C T its logarithmic capacity
Cap F' is

1
Capy,, I := sup {exp <7 /C/Clog T w dv(z) dV(w)) s suppv C F, v(F) = 1} s

see [18].
We identify T and [0,1) in the usual way, we keep same notation for sets on T and [0, 1). Now it

is more convenient to us to use a slightly different version of the capacity, basically we change the
potential kernel and the normalization a bit,

CapF::inf{//IOg 2 dv(z) dv(w) : suppl/CF,/log 2 dV(z)Zl,wEF}.
cJe T z—w c Cz-w

It is standard to check the relation between these two capacities,
1

Cap F' X ———5—,
log Cabyog F

see [1, Chapter 2.3-2.5] for various ways to define a capacity.

Now we are ready to compare the discrete and continuous pictures. It is well known that 7" can be
represented as a collection of dyadic intervals of the form [j27%, (j+1)27%], 0 < k, 0 < j < 2F -1,
in the same way 97T ’almost’ corresponds to [0, 1] - there is an issue of dyadic-rational points which
are counted twice, intersecting intervals etc., but it is not really important. In other words, there
is a canonical map A : 9T — [0, 1], which is "almost a bijection’, and pushforward/pullback maps

Aup(F) = (AN (F)), F C[0,1]

L#{reE: A(r) = a2}

=), treor:am =ay @ ECOT

AV(E):
where p, v are Borel measures on 91 and [0, 1] respectively.
Consider now a compact set ' C [0, 1] and/or, what is essentially the same, a compact set E C 9T
One has the following two-sided estimate

Theorem. One has
Cap E < Cap A(E),
Cap F < Cap A~Y(F).
Here the capacities are discrete or continuous depending on where the set is.
The proof can be found in (more like extracted from) [2] or [13, Chapter 15|, essentially it boils

down to approximating the potential kernel by sums of indicators of dyadic intervals and some
related energy estimates.

This Theorem however is useful only when dealing with sets of small capacity, since the constants
in the inequalities above can not be pushed down to 1. The main question is therefore as follows.
Assume the E C 9T and Cap E = CapdT — e = % — . What can we say about Cap A(E)? Is it
still of almost full capacity, so that Cap A(E) = Cap([0,1]) — k(g) with k = o(1)? If so, what is
order of decay of k¢ Also, playing around with potential kernels one can cook up several equivalent
capacities, like the Bessel % capacity, what can we say about this one? Does it really matter which
capacity we choose as long as the set in question is of almost full capacity?

2. BIPARAMETER FROSTMAN

Question. Can we emulate the proof of the Frostman lemma in two parameters?
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Statement of the problem. We recall that in the previous section we identified T" with dyadic
subintervals of [0, 1]. One of the proofs of the classical Frostman lemma (see, say, [14, Chapter 4])
basically boils down to the following fact.

Assume that there exists a subadditive function ¢ : F — Ry, where F = {[j27%,(j + 1)27%), k €
Zy, 0 < j <2k —1} is a collection of dyadic subintervals of [0,1], and subadditivity means that
o(I) < o(I1)+ p(I-) where I splits into the disjoint union I |JI_ of two dyadic intervals of the
next rank. Then there exists a Borel measure p such that

1([0,1)) = ¢([0,1)),
wlI) Sell), IeF.

The proof is quite straightforward (the main argument is almost obvious, and the rest is just
taking care of various measure-related particulars).
Now let us think of dyadic rectangles, which are just subrectangles of [0,1]? of the form R =
IxJ, I, JeF. Let
Ry:=1I.xJ R* :=1xJ,
be the four immediate ’children’ of R of the next rank. Assume that there exists a subadditive
function ¢ : F2 — R,
P(R) < p(Ry) + o(R-),
¢(R) < p(RY) + o(R7),
ReF?={IxJ I,JcF}.

Does there exist a Borel measure p on [0,1]? such that

#(R) < Ce(R), ReF?,

([0, 12) = (0, 12),
where C' > 1 is some absolute constant? Here C' cannot be 1 like in the one-parametric case, since
one can cook up an example with C > 1+27% like, but can we find a constant that does not depend
on p?

3. DISCRETE VARIATION
Question. Can we invent a discrete reformulation of a certain continuous problem and find a
‘proper’ proof?
3.1. Statement of the problem. Some 30 years ago Bourgain (|5, 6]) proved the (essentially,
we restate it a bit) following result

Theorem. Assume that u is a positive harmonic function on the upper half-plane Ri. Then there
exists a set E C BJRi =R of Hausdorff dimension 1 such that

MVaru := /1 [Vu|(2)P(§,2) dA(z) < 400, E€E,
0

where P(, z) is just the Poisson kernel for the upper half-plane at z = x + iy, i.e.

Y
t ()
The integral above is taken over [0, 1] only because we do not want to bother with the behaviour
of w at infinity, it really is a boundary problem.
Later on this result was extended to various other settings, see 9, 15| (and it was used in [?]
to study the boundary behaviour of Bloch functions). However, even after some simplification of
the original proof it does remain quite technical and probably involves too much ’hard analysis’.
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The core of the argument - as envisioned by Bourgain - seems to be a construction of some very
non-Markov process which manages to catch the ’trajectories of monotonicity’ of |Vu|, and whose
boundary distribution has the appropriate Hausdorff dimension. One even can wonder if all the
arguments could be somehow reduced to a few iterations of the Harnack and boundary Harnack
inequalities. One possible way to investigate this is the following question.

What would be the proper discrete restatement of the Theorem above? There is already one, on a
tree, see [7], but the tree seems to be too 'simple’ (or not connected enough) to be really interesting.
Can one ask this question for a 'reasonably decent’ graph?

4. EXTRA PROBLEM (LOOKS DIFFICULT): ENCODING
%—CANTOR SET BY A 2-TREE AND A 3-TREE

See Question 16.7 in [13]. One can consider a toy situation replacing 3-tree by a 4-t
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A limiting Kato—Ponce inequality: the martingale
model

Jmutpuii Muxaiinosuu Cronsipos', CII6TY

Classical setting

The product rule says: (fg)' = f'g+fg’ for functions f and g of a single
variable. For fractional derivatives, there is no exact generalization of
this identity. There are several definitions of fractional derivatives. We
choose

pof=(flonr)’,  a>o.

The symbols ~ and ~ denote the Fourier transform and its inverse. We
prefer to work with functions of a single variable and also assume they
are smooth and compactly supported. The Kato—Ponce inequality says

I1D(f)llz, SIDfllz,l9lee + 11Dl 1l P € (1,00).

This bound serves as a substitute for the product rule. Seemingly, the
case p = 1 has not been considered in the literature (however, see [?]
for related inequalities in this regime and historical background). Is the
inequality

I1D*(f9)lle, SND*fllzallglee + D9l I fllEw (1)

true? If it is not true in general, is it true at least for some non-integer
indices a?

The problem has a meaningful discrete version discussed in the
forthcoming section.

Martingale setting

Let o € (0,1). Consider dyadic martingales and define the operator of
fractional derivative on them:

DYF = Zz Foi1—F,), F ={F,},.

T wish to thank Daniel Spector for attracting my attention to the particular problem
discussed in this text.

19



The question is whether the inequality
E|DY[FG]| S |IF|l E|D*G| + |G| L. E|DF|

hold true; this is a direct analog of (1). Here F'G means the martingale
generated by the product of terminate values of F and G: if F,, = E(F |
D,,) and G,, = E(G | D,,), then (FG), = E(FG | D,,). Here D,, means
the o-field generated by dyadic intervals of generation n. Let us start
with a simpler quadratic version

E|D*F?| < ||F|l« E|D*F|.

Without loss of generality, we may assume ||F| < 1. Maybe, there
is an elementary answer to this question, but since I do not know one,
[ wish to apply the Bellman function method to the problem. To this
end, introduce the Bellman function

B(x,y, z,t,8) =
sup {E|s + D F? ‘ Fy=a,EF? =y E|t+DF| =2, |F|« <1},
(2)
This function is non-trivial on the domain

{(x,y,z,t,s) 6R5‘aj2 <y <Ll <z, SER,tER}

(at least the supremum in the formula above is taken over an empty set
when (z,y, z,t,s) lies outside the said domain) and satisfies the main
inequality:

B(wayazvtv 5) > 20‘71 (B(x+,y+,z+,t+,s+) + B(x_,y_,z_,t_,s_)),

for any points (x4, y+,2z4+,t4+,s4) and (z—,y—,z—,t_,s_) in the domain
that satisfy the splitting rules

Tyt T _ Y+ Y-
- 9 ) Yy= 9 ’
2=2"Y2 4 2), te=2"%4(x—2s), s+=2"%+(y—ys).

3)

By plugging constant martingales into the definition of the Bellman
function, we get the boundary condition

B(z,2% |t],t,5) = |s].
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The Bellman/Burkholder principle (which I can rigorously prove in our
situation) says that if we construct some function G of five variables
that satisfies the main inequality and the boundary condition, then

E|[D*F?| < G(FO,IEF2,IE\ID)“F|,O,O)

for any martingale F'. In particular, if our function G (which is usually
called a supersolution) also satisfies the bound

G(z,y,2,0,0) < z,

then we obtain the proof of the desired quadratic inequality. The Bellman
function for the bilinear problem is a little bit more complicated, however,
[ believe the supersolution for the quadratic problem (if it exists) should

lead to a supersolution for the bilinear problem. Can one find a finite

supersolution for the Bellman problem stated above?
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