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This book is a collection of abstracts of talks presented by the participants of the Second
International Conference “Differential Equations and Applications” held by the Saint-Petersburg
State Technical University and supported by the Russian Foundation for Basic Research from
June 15 to June 20, 1998. More than one hundred scientists from Saint-Petersburg, other cities
of Russia and abroad participate in the Conference.

The abstracts reflect results in the fields of qualitative theory of differential equations,
dynamical systems, control systems, and others. The abstracts cover a wide range of problems
relating both to traditional areas of differential equations theory ( stability theory, bifurcations,
equations of mathematical physics, stochastic differential equations, etc.) and to areas that
attract considerable recent attention (systems with chaotic behavior, chaotic control systems,
analytic, numeric, and computer-oriented methods of analysis of dynamical systems, etc.).
Much attention is perceived to pay to the study of model dynamical systems that are of great
importance in physics, biology, ecology, economics, and industry.

Theses are published in authors wording,.

Conference Chairman Co-chairman Secretary

Prof. Dr. G.S. Osipenko Ph.D. E.K. Ershov Ph.D. A.A. Moiseev
Saint-Petersburg, June 1998

C6opaux comepXuT Te3uChl NOKIaNoB yIacTHUKOB Bropoil Mexnynaponsoit Kondepenrnun
“[Inpdpepenumanbabie ypaBHEHUS U WX NPHMEHEHHS” , POBOLAMON Canx1-Ilepepbyprexum ro-
CYOapCTBEHHBIM TEXHUYECKMM YHUBEPCUTETOM Ipu mopnepxkke Poccuiickoro ¢onma byrmaMes-
TaJIbHBIX UCCenoBanni B mepuor ¢ 15 no 20 mona 1998 r. B xondepernnn npuanMaioT yaacTue
bonee cra yaennix us Cankr-Iletepbypra, npyrax ropomos Poccun, a Taxxe pan 3apybexHbIX
Y9€HEIX.

B npusenenHBIX Te3ncax HOKNANOB OTPaXeHH Pe3yIbTaThi paboT B 06IACTH KadeCTBEHHOI
Teopnn AuddepeHInabHbIX YpaBHeHNI, IHHAMAYECKHX CUCTEM H CHCTeM yHpaBieHud. Tesnc
OXBaThIBAIOT MIMPOKHUA KPYr DpobiieM Kak TPaIHUMOHHO OTHOCAIIAXCH K obiacTh mudbepen-
OAaIbHLIX ypaBHEHH (TEOpHS yCTONYMBOCTH ABUXeHus, Teopud budypkauwii, HHTETPaIb-
HBI€ MHOTOOOpasud, ypaBHEHUS MaTEeMaTHIECKOH (HU3NKH, cTOXacTHYeCKHe Hubpeperinalib-
Hbi€ YpaBHEHAS W 1Ip.), TaK H K 06IaCTAM, KOTOpHI€ HPHBIEKAIOT NPUCTAILHOE BHIMAHEE
CUEUHUAINCTOB B NOCIENHEE BpeMs (CHCTEMBI C XaOTHYECKUM NOBE/ICHHEM U yIpPaBICHHE Xa-
OCOM, YMCIEHHO-aHAIMTUIECKHEe M KOMILIOTEPHO-OPMEHTUPOBAHHEIC METONbl aHaln3a U 1p.).
Boneinoe amManne Ha KoH(pepeHINN IPENNONATaeTCs YASIUTh NCCIENOBAHNIO MONCTbHLIX [H-
HaMU9ECKAX CUCTEM, UMEIOLINX BaXKHOe 3Ha4YeHNue B pusnKe, GHONOTHU, SKOIOT UM, YKOHOMUKE 1
OPOMBIIIIIEHHOCTH.

Tesucet my6nUKyIOTCA B aBTOPCKOi pPeHaKIiam.

Iipencematens oprkomureTa 3aM. mpencenarens Cexperapn
O.¢.M.H., Ipogeccop K.¢.M.H., IOUEHT K.$.M.H., IOUEHT
I'.C.Ocunenko E.K.Epimos A.A.Mouceep
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ELECTRONIC JOURNAL
“DIFFERENTIAL EQUATIONS
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CONTROL PROCESSES”

The rapid development and wide application of computer technologies in scientific research,
education, and business together with organizing and intense operating of global computer
nets make possible to organize and use absolutely new sources of scientific and technical data.
Electronic scientific and technical journals are examples of these sources.

Electronic publishing has many advantages over traditional publishing. Namely, it ensures
the rapidity of publication, admits practically unlimited volume of matters and does not require
large expenses. An important point is that the reader gets information directly at the working
place. Electronic publications can be easily transformed in traditional ones. In addition, elec-
tronic publications can be distributed through computer nets as well as through various media
(foppy disks, CD-ROMs, etc). These advantages appeared to be the stimulus for organizing a
great number of electronic journals in Europe and America. At present an intense process of
establishing electronic journals occurs in Russia.

The decision for publishing the electronic journal ”Differential Equations and Control Pro-
cesses” was taken at the First International Conference "Differential Equations and Applica-
tions” which was held in 1996 at the Saint-Petersburg State Technical University.

The aim of the journal is publishing of

o theoretical and applied results;

o information on software related to the journal scope;

methods of higher education teaching;
e information on scientific and education activities;
¢ information on books and other printed matters.

The Saint-Petersburg Technical University is the jourilal promoter. The electronic address of
the journal is

http://www.neva.ru./journal/

The journal is a part of the computerized information system "Differential Equations and
Dynamical Systems”, supported by the Russian Foundation for Basic Research (RFF1), Grant
No. 97-07-90088. The journal is partially supported by INTAS program (Grant EMNET /Nis).
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The Editorial Board consisting of leading Russian scientists on the journal scope will govern
publishing policy of the journal. The main aspects of the journal policy are as follows.

The Journal publishes original contributions, review articles, conference proceedings, mono-
graphs, lectures and courses of lectures, theses and author’s abstracts, and other matters with
a detailed exposition of results, proofs, and examples. It is assumed to publish information on
scientific and education activities related to the journal scope. All matters submitted to the
Jjournal will be subjected to the reviewing process. Papers published in the journal will have
the same status as the ones published in a traditional way and will be reviewed. In particular,
these papers will be recognized by the Higher Attestation Committee as publications suitable
for thesis and by the Russian Foundation for Basic Research (RFFI) as publications suitable
for scientific reports on grants. .

The Journal is viewed as a telecommunication and organizing center for collaboration of
scientists and scientific teams both in Russia and abroad interested in the close cooperation.
Programs of seminars on the journal scope and most interesting scientific reports given will
be published in the journal. Academic councils are recommended to submit information on
forthcoming thesis defenses. Matters published in the Journal may be used by the author in
other publications. The journal has a free access in the INTERNET. All matters published in
the journal are available in the electronic form under request (e-mail, floppy disks, CD-ROMs,
etc). Publishing House of the Saint-Petersburg Technical University can produce a high-quality
hard copy of publication at a low price.

The Journal accepts for publication papers and other matters on

o Ordinary differential equations

¢ Nonlinear oscillations

o Differential-difference equations

o Dynamical systems on manifolds

e Bifurcation

e Symbolic dynamics

» Integro-ordinary differential equations
e Group analysis of differential equations
o Differential equations with randomness
e General control problems

e Adaptive and robust control

o Control problems in nonlinear and sophisticated systems
e Filiration and identification

o Synchronization of oscillatory and chaotic processes

Optimal control

e Numerical methods
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Computer modeling in dynamical and control systems

Computer software for the investigation of differential equations, dynamical systems, and
control processes

Applications to physics, electrotechnics, and electronics

Dynamical systems in medicine, biology, ecology, and chemistry

Dynamic economic models

Educational courses and software on journal subjects; materials on teaching methods

Information about monographs, textbooks, theses, software, seminars, conferences etc.

The Editorial Board also accepts matters in other fields related to the journal scope.
We invite scientists and scientific teams both as authors and readers of the Journal and for
collaboration in the realization of joint scientific and publishing projects.

WEICOME
to the NEW ELECTRONIC JOURNAL !

G.S.0sipenko

Editor-in-Chief

E-mail: diff@osipenko.stu.neva.ru
O.Yu . Kulchitskii

Managing Editor

E-mail: kulo@mcsd.hop.stu.neva.ru
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EFFECTIVENESS OF SEMI-STATISTICAL METHOD:
THEORY AND NUMERICAL RESULTS

By Dmitry G. Arsenjev, Vladimir M. Ivanov, Oleg Yu. Kulchitsky
St.Petersburg State Technical University
. E-mail: ivm@mail.imop.csa.ru

Introduction. Last years many works on use of stochastic techniques
in the finite elements method [5,6] were published. This paper presents
another method of numerical solution of integral equations on a random
grid. Authors have named their method semi-statistical, because 1t uses
both determinate and statistic operations [3,4].

Like when using determinate methods, the problem is reduced to solving
a set of algebraic equations. But approximation of the integral by finite
sum is to be performed by means of the Monte Carlo method. Such an
approach provides some algorithmic advantages, which are in abilities:

— to increase a grid density by any number of knots (for example, by one
knot) for obtaining the required accuracy;

— to control accuracy of approximate solution in computation process and
to design stop conditions for it; '

- to optimize automatically the structure of a grid on the basis of
preliminary estimation results.

The semi-statistical method has been applied to several integral
equations in order to make a comparison with well-known methods and
to explore the efficiency of proposed one.

The semi-statistical algorithm can be interpreted as a Galerkin
algorithm with the solution, decomposed on partly-constant (indicator)
functions. Galerkin method with decomposition on Chebyshev functions
has been investigated by Delves and Mohamed in 1988; according to them,
its accuracy can be achieved by the formal increase of number of basis
functions.

It is necessary to mention the following obvious property of a Galerkin
method: its efficiency hardly depends on a happy choice of basis functions.
In particular, if solution turns out to coincide with one of them, other do
not matter. The main peculiarity of semi-statistical method is the fact,
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that the basic functions are not fixed rigidly, and their form varies with
the results of calculations, i.e. the basis can be adapted.
References.

1.

Delves L.M., and Mohamed J.L. (1988). Computational methods for
integral equations. Cambridge University Press.

Ermakov S.M. (1973). The Monte-Carlo method and other problems.
Nauka, Moscow, Russia (in Russian).

Ivanov V.M., and Kulchitsky O.Yu.  (1990) ”"The method of
the numerical solution of integral equations on the random grid”.
Differential equations, Minsk, Belorussia, vol. 26, 2, 333-341 (in
Russian).

Arsenjev D.G., Ivanov V.M., and Kulchitsky O.Yu. (1996) Adaptive
methods of computing mathematics and mechanics: Stochastic
variant. Moscow. Nauka. (in Russian).

Lawrence M.A. (1987) ”Basic random variables in finite elements
analysis”. International Journal for Numerical Methods in
Engineering, vol. 24, 1849- 1863.

Spanos P.D., and Ghanem R. (1989) ”Stochastic finite elements
expansion for random media”. Journal of Engineering Mechanics, vol.
115, 5, May, ASCE, New York, 1035-1053.
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ON NONLINEAR WAVES WITH DISSIPATION

A.M.Balonishnikov (a), V.E.Khartsiev (b), N.Yu.Kuz’min (c)

(a) St.Petersburg State Academy for Engineering and Economics, 197198, St.Petersburg, Russia;
(b) A.F.Ioffe Physical-Technical Institute, Russ.Acad.of Sc.,194021, St.Petersburg, Russia; e-mail:
kharv@Qles.ioffe.rssi.ru;
(c) Physical Mechanical Department, St.Petersburg State Technical University, 1945256,
St.Petersburg, Russia

The excitation of a solid body at its boundary by a power short mechanical pulse produces
nonlinear wave in the volume. Usually such type waves are studied in conditions when dissipation
effects can be neglected. Many solutions were obtained in the forms of solitons and solitary waves for
such nonlinear situations (see, for example, [1]). We consider nonlinear dissipative wave propagation
processes in plane geometry for function u(2,¢) with using analytical and numerical methods for the

equations of the type
T (0 )u — X(0)u = —€eF (g, 8, 0(v)) + pP(8y, 8 )u,

where T' and X are operators, the contributions F and P take into account nonlinear dissipation and
dispersion effects with using model functions F'(zy, 22, 23), (u) and polynoms P(z;, 2,); ¢ and p are

dimensionaless parameters. The boundary conditions have in particularly the form of a set pulses
uo(t) = w(z = 0,8) = 3 427G (t ~ b))
m

with function p(z) =1 — cosz and 0 < z < 27.

The nonlinear wave propagation processes considered are of essential interest for modelling the
conditions which correspond to various acoustical and shock techniques used in studying of properties
of solids (metals, semiconductors and other materials).

The work was partially supported by grants: Russian Foundation for Basic Research (96-01-
01207a) and European Community (INTAS-97-2142).

[1] R.K.Dodd et al. Solitons and nonlinear wave equations, Acad.Press, Inc., 1984
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Real solutions of real differential equations

Zbigniew Bartosiewicz”
Politechnika Bialostocka
Wiejska 45
Bialystok, Poland
e-mail: bartos@cksr.ac.bialystok.pl

Abstract

An ordinary differential equation or a system of ordinary differential equa-
tions defined over the field R of real numbers may have no real solutions. We
use the language of differential algebra and real algebra to give conditions that
guarantee that such phenomenon does not take place. For simplicity we study
polynomial differential equations.

Let R{y) denote the ring of polynomials over R in infinitely many vari-

ables yl,...,yn,...,yik),...,y,(f),.... We introduce the derivation operator

D : R{y) - R{y) by Da = 0 for a € R, Dyf-k) = y§k+1), and extending it
to the entire ring via linearity and the Leibniz rule. This makes R{y) a differ-
ential ring [Ka]. An ideal I in R{y) is a differential ideal if D(I) C I. For any
subset S of R{y), (§) denotes the differential ideal generated by S. It is the
intersection of all differential ideals containing the set S. A differential ideal 1
is finitely (differentially) generated if I = (S) for some finite subset 5 of R{y).

By a system of differential equations in y1,...,Y» We mean a finite set of

equations:
Fk(y,...,y(m")):ﬁ, k=1,...,r, (1)

where ¥ = (y1,---,Yn), Y9 = (¥1(8),...,yn(i)) for i > 1 and the functions Fj
are polynomials of appropriate number of variables, with real coefficients. By a
solution of (1) we shall mean an analytic function y : (—a,a) — R", for some
a > 0, that satisfies (1) on the interval (—a,a). We may call it a real solution
as it takes on real values.

The system (1) may be represented by a differential ideal I in R{y), gener-
ated by the polynomials Fi,. .., F,. It is an ordinary ideal in R{y) generated by
Fi,...,F, and all their derivatives. Conversely, any finitely generated differen-
tial ideal give rise to a system of finitely many ordinary differential equations in
variables y1,...,Yn. We want to describe properties of I that would guarantee
existence of (real) solutions.

*Supported by KBN under a Technical University of Bialystok grant No. W/IMF/1/96
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Let R be a commutative ring with an identity. An ideal J in R is called real
if for any k£ > 1 and for any a;,...,ar € R, the following implication holds

a+...taieJ=acJori=1,...,k.

The ideal J is real iff the quotient ring R/J is real, i.e. for any k& > 1 and any
bi,...,bx € R/J

B+, .+ =0=b=---=b,=0.
The real radical of the ideal J, denoted by ¥/J, is the set of ali ¢ € R such that
Emtal ... tdieJ

for some m > 1, £ > 1, and a3,...,ar € R. It can be shown that J is real
if ¥/J = J [BCR]. In general, differential ideals in R{y) may not be finitely
generated. But we have the following result:

Proposition 1 Any real differential ideal in R{y) is finitely (differentially) gen-
erated.

Proposition 1 allows us to consider arbitrary differential ideals as long as we
stick to the real ideals. This property is essential in our main result:

Theorem 2 If I is a real ideal in R{y) then the system (1) has a solution.

Theorem 2 may be extended to the case when the functions F; are analytic
and depend on the independent variable z. The notion of solution may be
generalized as well. Instead of functions z — y;(z) let us consider implicit
functions of the form ®i(z,v1,...,4,) = 0,7 = 1,...,8. We say that & =
(®1,...,P,) = 0 defines a solution of the system corresponding to the ideal I if
I C (@) and this solution is real if {®) is a real ideal.

References

[BCR] J. Bochnak, M. Coste and M-F. Roy, Géométrie Algébriqgue Réelle,
Springer-Verlag, Berlin, 1987.

[Ka] I. Kaplansky, An Introduction to Differential Algebra, Hermann.
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Shadowing of numerical trajectories for a flow on a
hyperbolic set

E.N.Begun,
S.-Petersburg, S.-Petersburg Institute of Cinema and TV,
sp@spil.usr.pu.ru(for E.N.Begun)

Let A be a hyperbolic invariant set for a system of differential equations
& = X(z), (1)

where £ € R®. Let E(t, z) be the flow of system (1).

It is known [1] that there exists a number a € (0,1) such that the stable and unstable spaces of
the hyperbolic structure on A are Hélder with exponent .

We consider a one-step numerical method of order » with step h > 0 and denote by Wu,(z) the
approximate solution with the initial value (0, z) at time &; = kh.

Theorem. Assume that n > 2 and
no > 1.

There exist positive constants h*, L* such that if h < h*, and the inclusions
Wn(z) € A
hold for k > O, then there ezists a point p and numbers t;, with the property
[¥4n(z) — Eta,p)] < L'B", k2> 0.

References
1. A. Katok, B. Hasselblatt. Introduction to the Modern Theory of Dynamical Systems. EMA,
Vol. 54, Cambridge Univ. Press (1995).
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Problem of local identifiability from discrete
observations

N.A. Bodunov,
S.-Petersburg, S.-Petersburg State Electrotechnical University,
nick@bodunov.usr.etu.spb.ru

Problem. We consider a dynamical system

where z € X and p € P, and X, P are topological spaces. Here p is a parameter to be determined
from observations of trajectories with fixed initial value

Fp(oa $0) = Zop,

or of some functions on these trajectories.
We fix a discrete set of values of £,

T= {tl,tg,. . .,tn,. . }
(finite or infinite), a set of functions G, and observe the corresponding set
V(p) = {Gn(Fp(tn, o)) }-

We say that a value of parameter py is locally identifiable from observations on the set T if there
exists a neighborhood U of py such that

V(p) # V(po) for p € U\ {po}.
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Results.

Case 1. The dynamical system Fy(t,zo) is generated by an autonomous system of ordinary
differential equations,
z = f(z,p).

Solutions are observed at a finite set of times
T e {tl, e 7tm} C [O,t*],

and the parameter p(f) is constant on the segments [¢;,¢;11]. A function o is fixed, and the values
vi(p) = a(z(t;, p)) are observed.

In this case, the following results were obtained:

1.1 first order conditions of local identifiability were found (in terms of ranks of some matrices);

1.2 higher order conditions were given (in terms of special Newton diagrams);

1.3 conditions of local identifiability for quasilinear systems were given in terms of linear approx-
imations;

1.4 identification algorithm based on gradient minimization method was suggested.

Case 2. The system Fy(t, zo) is generated by a semilinear parabolic equation

Up = Uge + f(’M), 6 € [07 1]7

with the set T = {n7 : n > 0}. Uniform grids on [0, 1] are fixed with steps h, — 0 as n — co;
G, (Fp) is the set of values of F,, at the grid nodes.

The set of initial values zy for which the parameter is locally identifiable was described.

Case 3. Identifiability under observations with refinement. Autonomous systems of ordinary
differential equations are considered. The set 7' = {nT : n > 0}. A sequence V(p) = {y.(p)} is
observed such that the observation errors

0n(p) = |Fp(7, Yn-1(P)) — ¥l

tend to 0 as n — co.
Some conditions of local idenfiability were obtained by application of the shadowing theory.
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Stability of Solutions of Some Types
Partial Differential Equations

1.V.Boikov
Penza Technical State University,
Krasnay str., 40, Penza, 440017, Russia
(e-mail: cnit@diamond.stup.ac.ru)

Problems of stability of solutions of partial differential equations are
the important direction in the theory of differential equations. As a rule the
second Liapunov method is used for investigation of stability [1,2]. In the [3]
and [4] the stability criteria for solutions of systems of differential equations
in the critical case of one zero root, based on analysis of spectrum of the
Jacobi matrix for the right-hand side of the equation in a neighborhood of
the solution is received. This method was generalized in the paper [5] for
inverstigation of stability of differential and difference equations in a Banach
spaces and in all possible critical cases. In the paper [6] this generalization
was used for inverstigation of a domain of stability of systems of differential
equations. In the paper [7] the Aizerman’s problem was decided for a self-
adjoint matrix.

In this presentation we diffuse these methods for proof of some sufficient
conditions of stability of linear and nonlinear systems of partial differential
equations of the following types

3u1!t 21,232} —a (t)a ulgt zl,m2§ n 12(5)3 ulgt a:l,:cgg
.als(t)AT—l“z L0121 4 g (t)J—g—l“‘2 e m(t 2,u),

1
Jus(t, zl,:cz)[ — an(d) ulgt zl,:cg[ +ay (t)é‘ ulgt :cl,zf,;[ 1)

“

with starting condltlons

u(ta; &3, ?32) = ug(xl, 22). (2)

( 6‘ ulit .’91,932! = a, (t) ulgt 231,232E tay (t)8 ’Ml!t z1,$2!+
usft £, &9 g Us t 1,29
+a; 3(5)-———th +a (5)4_2___2 +gl(t z,u),
3
3 Uy t Z1,T2 = ay (t) ﬁl t 21, T 3 ul(t 3:1,22) ( )
2 - 2 +
$
+a23(i)——4—9—lu2 ;’;l’mz +a (t)—_(—g—la uall, 21, T3 + g2(t, 2, u)
i

and
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with starting conditions”
u(to; 1, £2) = uo(e1, 22); (4)

and equations

a¢? ' 82?

with starting conditions

Oult,z) _ ; (t,w, ,3u(t 2) Sult, a:)) 5)

uto, z) = uo(2) (6)
Now we shall mention of typical resalt for stability of system (1),(3),(5).

For simplicity we are restricted to system (1) with starting conditions (2).
Let us fix an arbitrary value T, ¢; < T < o0, and introduce the matrix

_ | —ou(T)wf — a1a(T)wi —a13(T)wf — a1a(T)w]
AGun,en) = ( —an (T)? — aga(T)wd  —ags(T)? — aza(T)usd )

where —co < w; < o0, =1,2.

Let

G(t, 21, 22, u) = (91(t, 21, 22, u), g2(t, 1, 22, u))

and
G (2, 21, 22, w)| < Bllu, (7)
where
oo o i/2
fae(t, :c)”::gg [/ flué(t, z)|2¢§zldzzJ ,
00 —O0

the constant $ is independent from ¢.

Theorem. - Let the following conditions are occur: 1) for any fixed val-
ues (¢,wi,ws) (tg <t < 00, —00 < wy,wy < oo} logariphmic norm of matrix
A(t,w;,ws) satisfy to the inequality A(A(¢, wy,ws)) < —a, @ > 0; 2) inequal-
ity ( 7 )Joccur; 3) ~a + 8 < 0. Then trivial solution of system of equations
(1) is asymptotical stable.

References

1. Sirazetdinov T.K. Stability of systems with distributed parameters.
Moscow: Nauka. 1987.[In Russian]

2. Shestakov A.A. Generalized direct Liapunov method for systems Wlth
distributed parameters. Moscow: Nauka. 1990.[In Russian]

3. Vinograd R. A notes a critical case of stability on plate . // Dokladi
Academii nauk USSR. 1953.-V.101.-P.209-212 [In Russian)

4. Krasovskii N.N. A stability of motions in critical case of one zero root.
// Matematicheskii sbornik 1955.-V.37, N1. P.83-88 [In Russian]

5. Boikov 1.V. On the stability of solutions of differential and difference
equations in critical cases. // Soviet Math. Dokl. 1991.-V .42, 2.-P.630-632.

6. Boikov 1.V. An one method of definition of stability domains of sys-
tems of automatic regulation. // Technicheskay Kibernetika.- 1993, N2.-
P.20-24.

7. Boikov 1.V. Aizerman’s problem. // Prikl. Math. Mekh.-1994.-V .58,
N4.-P.52-55.
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To Aizerman’s Problem

I. V. Boikov
Penza Technical State University,
Krasnay Str.,40, Penza,
440017, Russia

cnit@diamond.stup.ac.ru

In n-space R, we consider a non-linear system

d.l?l
dt

d:z.f:Z

Z il Ly t= 7"':\” (1)

k=1

Z ayze + f(z1)

and together with it the linear system obtained from (1) when f(z,) = bz;.

Aizerman’s problem [1] is as follows: if it is known that the trivial solution
of the linear system is asymptotically stable for all b satisfying the condition
a < b < B, will the trivial solution of the non-linear system (1) be stable in
the large of the following condition is satisficd

a< flz)/z1 < B (2)

This problem has inspired much research. It has been shown that condi-
tion (2) is not sufficient for stability in second-order [2] and third-order [3]
systeimns.

In the paper [4] Aizerman’s problem was solved in the affirmative in the
case when the right-hand of the differential equation is a self-adjoint matrix.

This note presents a study of stability for systems of non-linear equations
of a more general form than (1)

z(t)

) (3)

from which it follows cases when Aizerman’s problem has a positive solution.

Here z = (z1,...,7,), A = {ay (i, k= 1,2,...,n),

F(z)=(fulzi,- s @n)seos Jal@1ye oy T0))-

Our stability analysis will be carried out in the spaces R,, E,, where E,
is Fuclidean space. We shall use the following notation:

R(a,r) ={z € R, :||z —a ||<r},S(a,r) = {:L"E R,:|lz—all=r}

ReK = Kp = (K + K*)[2, MK) = limpo(|| [ + RK || —1)h""

where A(K) is the logarithmic norm of the linear operator K [5].



17

Consider set of a matrix B = {bit},?,k = 1,2,...,n, that has been chosen
so that
Reo(A+ B) < —c¢,c = const > 0, AtBIt < get (4)

The set of matrices B for which condition (4) holds will be denoted by
G.

We will fix an arbitrary element z = (z4,...,2,) € R, and associate
with it the matrix C(z) = {c}(?,k = 1,2,...,n), whose elements are
Cile = f,-(zl, ...,zn)(mzk)"l if z # O,Cik = dy if Zr = 0, where di, =
lim,, sofi(21,- -, 20)2; ¢ if the limit exists, dix = 0 if the limit does not
exist, and m is the number of non-zero elements zx(k = 1,2,...,n) of the
vector z.

Theorem 1. Suppose that for any z € R,, the matrix C(z) is in the set G,
the functions fi(z1,...,2.)(¢ = 1,2,...,n) are continuous and f;(0,...,0) =
0(z = 1,2, ...,n). Then the solution of the system of equations (3} is stable
in the large.

Theorem 2. Suppose that the linear system obtained from system (1)
when f(z;) = bz, is asymptotically stable for any b such that b € [e, (],
for matrix A = {@;},d1 = an + b,T; = a;; if(s,7) # (1,1) the inequality
et < emazRea(A)t oecur for b € [a, ), function f(z) is continuous, conditions
(2) hold and @ > —o0,8 < co. Then the non-linear system (1) is stable in
the large.
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Abstract

Experimental data showing the immune state of patients often look rather irregular or stochastic. The
appropriate quantities which characterize the immune state in these examples generate apparently unpre-
dictable, stochastic time series. Current approach in modeling such systems with complex behavior is based
on the common wisdom of the modern theory of dynamical systems, that the variety of behaviors, including
erratic ones, can be modeled by low dimensional, but sufficiently nonlinear, dynamical systems, with only a
few variables and a simple mathematical formulation [1},[2], [3].

Recently Mayer et al [3] proposed a very simple model of the typical immune response, which, in the
same time, is capable to describe a variety of possible situations. The model consists of only two ordinary
differential equations (ODE), describing the evolution of a target population T ( for example bacteria, viruses,
tummor cells etc ...} in interaction with the relevant host immunocompetent agents, denoted by E. The
reach variety of qualitatively different solutions of the model is due to the highly nonlinear terms in the
equations, which describe the production rates of £, and to the nonlinear interaction term. However, since
the model consists of only two ODE it has only regular solutions, such as fixed points, periodic orbits and
orbits asymptotic to these. As Mayer et all pointed out the model can not describe, frequently observed,
irregular or chaotic behavior.

We present and analyze a minimal extension of the model of Mayer et all which is biologically plausible
and capable of describing the chaotic behavior.

As the starting point in this paper we used the two-dimensional system of Mayer et all , which represents
the basic model of the immune response. This model does not show any chaotic behavior, but can be
minimally extended in various directions so-that the chaotic behavior is possible. We analyzed the three-
dimensional extension of this model which is obtained by supposing that the necessary number of the
parameters vary periodically with time. Simple bifurcation analyses is used to indicate the presence of the
bifurcation from the periodic limit cycle into the quasi-periodic oscillations in the model. As the amplitude of
the perturbation parameter is increased the torus with the quasi-periodic orbits breaks up into a complicated
invariant set with chaotic orbits. This is illustrated by phase plots, the Fourier power spectra and the
propagation of errors of the typical orbits. »

QOur main conclusions can be summarized as follows. The extended model with sinusoidal time de-
pendence of the parameters shows chaotic behavior. However, in order to have well and quickly developed
chaotic solutions with only one time-dependent parameter the amplitude of the corresponding perturbation
has to be quite large. On the other hand, well developed haos can be generated by small sinusoidal variations
of two parameters.

The possibility to describe various features of the immune response by considering only a few and the
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most relevant variables is useful from the theoretical as well as the practical standpoint. Our work presents
a modest contribution towards a better understanding of the modeling of the immune dynamics with the
irregular output. It would be interesting to see how the model presented here compares with the real
immunological stydies with the sufficient experimental data showing the irregular behavior.

1.) A surway can be found in: Y.. Romanovski, N.V. Stepanova and D.S. Cernaevski, Mathematical
Biophysics, Nauka, Moskow 1984.) ; see also the references in [2] and {3].

2.) M.A. Novak and C.R.M. Bangham, ” Population dynamics of immune responses to persistent
viruses”, Science 272, 74 (1996).

3.) H. Mayer, K.S. Zaenker and U. an der Heiden, ” A basic mathematical model of the immune
response,” Chaos 5 155-161 (1995).
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1 Introduction

The periodic fuel combustion processes and nonlinear engine geometry result in engine crankshaft
speed oscillations. Usually a passive flywheel is used for reducing the pulsation of crankshaft
speed. In this paper we consider the idea of using a reversible alternator for engine speed
damping to improve vehicle driveline performance. Another potentiality of proposed system is
active engine idle speed regulation.

2 Dynamic Model of an Active Flywheel

The engine torque T, is, in general, a function of time; however, the geometry of the engine
imposes a periodicity with respect to the crankshaft angle v [1]. Making assumption that
‘all the engine processes are band-limited we can represent T, in terms of a truncated Fourier
expansion

To(p) =T + i[a; cos(miy) + b; sin(mip)] (1)

where T} is a dc component of engine torque, N is a number of harmonic we account for, and
m is a number of strokes (firings) during one crankshaft rotation (m = 2 for a four-stroke cycle
engine;).

Periodic engine torque (1) generates crankshaft speed oscillations which, in turn, deteriorate
the vehicle driveline performance.

The goal of the controller is to track given speed reference r() and reject periodic distur-
bance . The signal r(t) can be a given engine speed (e.g. engine idle speed ) or crankshaft
average speed over cycle . In the first case we consider the problem of idle speed regulation
together with crankshaft speed pulsation attenuation. When we use as a reference engine aver-
age speed then system works in the regime of active flywheel and performs a function of engine
speed oscillation damping.

3 Adaptive control in the case of ideal actuator
The active flywheel system system may be described in the state-space form
Jo+bw=M+T,, ¢=uw (2)

and by the formula (1). Here M, is the control input, J > 0 is a moment of inertia, b > 0 is a
damping coefficient.



The following adaptive control is proposed

N a
M, = —afw — 1) — D [&; cos(miyp) + b; sin(miyp)] — g (3)

i=1

dagfdt = ag(w — 1), da;/dt = a;cos(mip)(w — 1), dbi/dt = B;sin(mig)(w — r) (4)

i=1,...,N

where r is the constant reference signal (the desired velocity), @, a;,8; are constant positive
gain coefficients. The differential equations (4) have to be solved by the microprocessors or
other way during the process of regulation. It may be proved by Lyapunov technique that
the closed-loop system (1)-(4) is globally asymptotically stable for all positive gain coefficients,
i.e., w tends to r when time tends to infinity. The system was numerically modeled, that have
confirmed the theoretical consideration.

Using the ideas of the paper [2] the control scheme may be generalized to the case of non-
ideal actuator and to the case of non-ideal velocity sensor. It is proposed also to apply learning
(repetitive) control to attenuate periodic disturbances [3].
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THE PROGRAMMED ITERATIONS METHOD IN SYSTEMS WITH A
VARYING STRUCTURE

Chentsov A.G., Morina S.I. and Zobnin B.B.

Institute of Mathematics and Mechanics
Ural Branch of Russian Academy of Sci.,

16 Kovalevskaya St., 620219 Ekaterinburg Russia
e-mail: chentsov@ous.imm.intec.ru"

Consider the complex of controllable systems
z(t) = f(é)(t,aj,u), (1)

functioning on a finite time interval 7 = [t0,Po] (t9 < ¥9); here u € P is an
obstacle vector, ¢ € 1,s, P is a nonempty compact in the space R?. The
vector functions fU), ..., (9 satisfy the natural conditions corresponding to
[1]. Suppose that systems (1) are commuteted when the phase trajectory gets

into ”blocks” of the stand space D 27 x R", where R" is a phase space of
each of the systems (1). These ”blocks” correspond to an a priory partition
of the above mentioned stand space. We shall reduce the complex of the
systems (1) to one common conflict-control system [1, 2]

&= f(t,z,u,v), u€ P veq, (2)

where P and ) are nonempty compact sets in finite-dimensional spaces, f
satisfies the above-mentioned conditions of [1]. In the capacity of a concrete
variant of ¢} we can choose a finite set of all vectors v € R® with components
from {0;1}; all coordinates of these vectors are equal to zero, exept one which
is equal to 1. In other words, in our case () is the union of basis vectors of
R®: Q = {v® : i €1,s}. In these designations the passage to the system(1)
with the number ¢ € 1, s can be treated as switching on the control v(® ¢ Q
in the system (2), where the right hand side is determined in the following
way: Vi€ IV e R"Yu e PYv €

8

f(t, z,u,v) 2 Zv(i)f(i)(t,x,u). (3)

=1

We switch the systems (1) with the goal to guarantee the retention (¢, z(t)) €



D, tyg <t < 9, where D is an open subset of D. This problem has sense of
the viability [5, 6] of trajectories of (1).

For system (2) a differential pursuit-evasion game [1] are determined by
the couple M 2D \Dand N 2 D. In a more general case the set NV can be

a subset of D with ¢-section N (%) 2 {z € R"|(¢,z) € N} closed in R". The
solution of this game is the set of the positional absorbtion W, W C D, or the
largest u-stable brige [1, 4] for the (M, N)-guidance problem. Constructing
W can be realized on the basis of the programmed iterations method [3, 4],
a variant of which is given in [7, p. 60-63] (see also [4, p. 233] in terms of
the operators Ag}), v € Q. This variant connected with reducing 2 to a
“collection” of v-systems; moreover, in this case we have only a finite number
of such systems. Then W is realized in the form of a monotone limit of the
sequence W; (i = 0;1;2;...) such that Wy = D and W; is the intersection of
all the sets Ag;?(Wi_l), v € . On the other hand, W can be determined as a
fixed point for all the operators Ag?, v € ) simalteneously; besides W is the
largest such “universal” fixed point. Moreover, for each v € @ the family of
all possible fixed points of AS}) is {Ag;)(H ): H € D}, where D is the family
of all subsets of D. It is useful to note that for constructing the set W as an
universal fixed point we may took only the intersection for v € @ of images
(under the operator Ag})) of the family of all subsets of N, closed in IV in the
topology of a subspace of D.

References

[1] Krasovskii N.N. and Subbotin A.I.Game-theoretical control problems.
Springer-Verlag, 1988. ‘

[2] Krasovskii N.N. Game problems on meeting of motions. Nauka, Moscow,
1970. |

[3] Chentsov A.G. On a game problem of guidence.Soviet. Math. Dokl., 1976,
Vol. 17, no.1, p. 73-77.

[4] Subbotin A.I. and Chentsov A.G. Optimization of guarantee in control
problems. Nauka, Moscow, 1981.

[5] Aubin J.-P. A viability Theory. Boston: Birkhauser, MA, 1991.

[6] Kurzhanskii A.B. and Filippova T.F. On the discription of the viability
set for trajectories of a differential inclusion. Dokl. Akad. Nauk SSSR,
Vol. 289, no. 1, p.38-41.

[7] Chentsov A.G. The programmed iteration method for a differential
pursuit-evasion game. Dep. in VINITI, no. 1933-79, Sverdlovsk, 1979.



ON MULTI-DIMENSIONAL OPIAL-TYPE INEQUALITIES

Wing-Sum Cheung
The University of Hong Kong
Hong Kong
Email: wscheung@hkucc.hku.hk

Abstract

Since the birth of the celebrated integrodifferential inequality of Z. Opial in 1960, many have de-
voted much time and effort to the improvement of the original proof, the application of the inequality
in differential and integral equations, and the generalization of the inequality to various situations,
for instance, to the case involving higher order derivatives, and the case involving many functions of
many variables. By now, the study of Opial-type inequalities has grown into a substantial field of re-
search with many important applications in the study of qualitative as well as quantitative properties
of solutions of differential and integral equations. In fact, it should not be too much an exaggeration
to say that the study of Opial-type inequalities has triggered the study of integral inequalities in
general to become a central role in mathematical analysis and its applications.

The original Opial’s inequality reads as follows.

Theorem (Opial) If f € C*(0, 2] satisfies f(0) = f(h) = 0 and if f(z) > 0 on (0, &), then

h h
/0 F@ @)z < /0 F(z)Pd

In this work, we shall give the following new Opial-type inequalities involving many functions of
many variables which improve and generlaize existing results along this line in the literature.

Let 2 C R™ be a fixed rectangular region, w :  — R a positive continuous weight function and
p:  — R a positive function with p=! € £1(). Let

S={f:R* - R|f1, fiz,... , [ are defined and continuous on ,
and f(“17$27-“ )xn) = f1($1aa2ax37"' 73771) =

= fitn-1)(Z1, .+, Zn-1,8,) = 0 for all (z,,... Zn) € Q},

and

T = {f € Slf(blaxih- .. 7"1:71.) = fl(xlab21x37'” 7xn) =
= fl...(n_l)(xl, .en 7'7:77.—1767&) =0 fOI‘ all (IEl, ew ,.Tn) € ﬂ} 5

where, for simplicity, we have used the abbreviation f for fn-



s

Theorem 1. For any f* € 8, g, > 1, o = 1,...,m, and r > 0, if we write q := > o

qd:=q— nzi!n{qo,}, aﬁd if w is non-increasing in each variable, then
Jo(Tier) S [(TL 1) 17#1m) e
o B afp

1.

< = (—alr+1) g'+qr—1
~ m(r+1) ¢ V(@) /

Q

P-ldx . Z Cmqa(r-i-l) / Pwlfalmqa(r+1)dl'
o Y]

for any constant C > 0.

Theorem 2. Forany f* € 8,9, 2 1, « = 1,...,m, and r > 0, if we write q = Y Ga,
¢ =g —min{q,}, and if 0 < A < w(z) < B for all z € 0, then

Jy=(Tv ) 2 L1t )i e

1 ¢ —9(r+1) (B) zz"%d’t_‘?‘;_lV(Q)q’+qr—1

< _ =
~— m(r+1) A
Q2 Q

for any constant C > 0.
Theorem 3. For any f* € T, q, > 1, a = 1,...,m, and r > 0, if we write q = > Gq,
q = q—min{q,}, and if 0 < A < w(z) < B for all z € Q, then
[o(TTisee=)" S [(TT o)1) de
& o Y
1 B\ TS (v (Q) 9+ :
< - g+ Z 1 2 M. m{ge+1) / o m(gat1) g
- m(r-l-l)c (A) [ 27 ] M ;O ﬂpw!f | a:

for any constant C > 0, where

!!/I=1'nax{/Q p Mz k=1,... ,2"'}

k

and the {l;’s are the 2" rectangular sub-regions of ) determined by the planes z; = %(a; + b;),

1=1,...,n.
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The dynamic model of the firm [1] over the finite planning horizon T = [0, 2] is under considera-
tion. The firm produces a homogeneous output Q@ = Q(t) = ¢K(t) where K = K(t) is capital, g is
capital productivity. We assume that the firm operates at an imperfect market. This leads to well
known concavity properties of the sales function S = S(Q): S(0) =0,5(Q) >0,5"(Q) < 0,@ > 0.
Capital K(t) consists of the stock of equity X = X(t) and the amount of debt ¥ =Y ():

K@) =X@t)+Y(t),teT.
The amount of debt is supposed to be positive and not exceed some part of equity
O<Y(@#)<kX(@)teT, 0<k<1. 1)

Evolution of capital is described by
K=—aK+1, (2)
where ¢ is the depreciation rate, I is the level of gross investment.

The difference beetween income of the firm S(Q(t)) and its expenditures which consist of depre-
ciation aK(t), interest on debt #Y (t), wage payments wL(t) (w is the wage rate, L(t) = IK(¢) is
the amount of labor employed), and divident pay-out [X(t) is retained by the firm to raise its equity.

Thus the amount of equity changes according to the equation
X=8S-aK—-rY—wL-D=rX+5~(a+r+w)K—D. (3)
Variables X, K will be treated as state variables, D, I will be considered as control variables.
Piecewise continuous functions D(t), I(t),t € T, which satisfy the inequalities
0 < D(t) < Dmass Imin < I(t) < Imas,t € T, (4)
and generate the trajectories X (), K(t),t € T, of (2), (3) satisfying due to (1)
X< K@#) < (1 +BHX(E),tET.

are called admissible open-loop controls.

Admissible open-loop controls D%t), I°(t), t € T, providing maximum to the sum of the dis-
counted with the rate ¢ terminal equity and the amount of the discounted dividents over T are called



the optimal open-loop controls. Thus the mathematical model of the problem is given by the optimal

control problem with state constraints:

V(D)= X(2) + " e~ D(t)dt - maz,
X=rX+4+8~(a+r+w)K - D, X(0) = X,
K = —aK + 1, K(0) = K, (5)
0 < D(t) < Dmaz, Imin < I(t) < Imaa,
X < K@) <(1+k)X(t),teT.
We define the optimal feedback controls as

D%, P,R) = D%(r|r,P,R), I'(r, P,R) = I°(r|r, P,R),(P,R) € 2,7 €T, (6)
where D%(t|r, P, R), I°(t|r, P, R),t € |7, 2], are the open-loop controls for position (r, P, R); O, isa

set of initial states (P, R) for which these controls exist.

The paper is devoted to the synthesis of the optimal divident and investment policy, i.e. the
constraction of the functions (6).

We only consider the case when ¢ < r. At first, on the base of the sufficient optimality condition
[2], the optimal open-loop solution of the problem (5) is constructed. This solution is formed with the
help of several auxiliary problems derived from (5) by removing a part of restrictions (4). Problem
(5) without any constraint (4) is called the null level problem. The optimal trajectories of this
problem are X(t) = K(t) = K,,t € T, where K, is determined from S'(K) = a+i+ wi. The optimal
consumption and investment policy is D{t) = 5(K.) — (a + wl)K,, I(t) = aK,,t € T. Problem (5)
with only one of the constraints (4) is called the first level problem. The final part of the optimal
trajectory of each first level probiem is the same as one of the null level problem is. Similarly, the
solutions of the second level problems, i.e. problems with two simple constraints, contain the optimal
trajectories of the corresponding first level problems. Combining the solutions of the second level
problems, we obtain the optimal trajectories of original problem (5).

1t is shown that if the planning horizon z is a sufficiently large then the optimal feedback controls
(8) do not depend on m: D%r, P, R) = D0, P, R) = D*(P,R), I*(r, P,R) = I°(0, P,R) = I°(P, R),
(P,R) € Q..

This work has been done under support from the Byelorussian Foundation for Basic Research (grant
F96-011) and the State Programme for Basic Research of Belarus.
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To demonstrate the method, we consider, as an example, the following
infinite system of ordinary differential equations, arising, e.g., in chemical
kinetics:

clu,- t .
4lE) — ai(Ehun (8) + b(B)u(e), £> 0, 1< i < oo, 1)
ui(0) = W, 1<i< o0

The coeficients a;(t), b;i(t) are supposed to be known. To analyse (1) we
consider for some fixed 7 > 0 and & > 1 the following adjoint system:

_ dug(t)

dt = a;_l(t)vk,;_l(t) + bi(t)vk’;'(t), t < T, 1 S i< o0, (2)

’Uh,,‘(T) = Ch,i, 1 S i < co.

Here we set vg = aq = 0. It is possible to observe that
Zuf LU%} = Zu,-(T)ck,,-. (3)
i=1 i=1

We treat the right-hand side of (3) as a quasifunctional of u; yielding the
most difficult term in (1), i.e., %;11(T), in the following way:

o«
wi(t) = Y cipaus(t)
i=1

(prefix “quasi” shows that we deal with a function 3.2, e ;u;(t) dependent
on k and t).

To estimate ug(T) we take c; ; = 8y ; with §;; = 1 at { = j and zero
otherwise. Then we solve (2) for k = 2, find values vg?i), i > 1, and from (3)
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obtain us(7) for any T > 0. Substituting u, in (1) gives us immediately the
solution u;(t), ¢ > 1.

This way enables us to solve system (1) analytically for the case of con-
stant coefficients a;, b;. For time-dependent coefficients we apply numerical
computing and also arrive at the solution. Quasifunctional approach also
gives some useful results for usual finite systems of ODE’s.

As a concrete demonstration let us for simplicity set in (1) b = 0 and
a; =const.# 0, i > 1. Then (2) yields

‘Uz,;(t) = O, Ug 9 = 1,

T
va,i(t) = /t ai-1(8)va-1(s)ds, i > 3.
Since a;(s) = a4, then we obtain

T — )2
’Uzz(t)"“n 2( t2))1 , 122, t<T.
i=2

Particularily,
i2

i—1
v3:(0) = [] aj-—x, 22
‘ ,—I_Iz (i~ 2)!

Recalling (3), we arrive at the desired expression

up(t) = ugo) (i
=2

HaJ, t>0.
]—-2

We set here by definition []§ = 2! = 1. Then we finally obtain the solution
j_

wi() = zu,g**)(: sl 21

=z
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Bioelectric activity of a nervous tissue and its synchronization with format-
ing epileptiform bursts are simulated by a coupled map lattice. Located in
the lattice sites, the functional units of the map represent neural masses
which consist of current sources and sinks. The sources yield depolarization
of neurons and sinks provide hyperpolarization. The map describes single
variable — the bioelectric potential. This potential is created by interplay
of all current sources and sinks in the neural masses. The neural masses
are diffusively coupled with each other both by electrotonic influence and
synaptic coupling. Both mentioned mechanisms are suggested to be es-
sential for formation of the synchronous bursts. Transition from chaotic

activity to the bursts have been studied.
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Let us consider a C? system of ordinary differential equations defined in B™:
&= F(z), =z¢R" (1)
where F is a C! vector field. Assume that system (1) has a C? closed (compact and without boundary)
invariant manifold My, dim My = m, 0 < m < n. Let M, dim M = m, be a C! closed manifold which is C?

near to My. Needless to say, there exists a C! diffeomorphism ¢ : U — R®, where U is a neighborhood of
My in R™, which takes My to M. In coordinates y = ¢(z), system (1) takes the form

i= 22 WP, ye R )

Clearly, system (2) is only C? smooth, in general. The aim is to prove that there exists a O diffeomorphism
¢ : U — R" which takes My to M and preserves the smoothness of a system, that is, system (2) is C.
More precisely, we obtain the following result.

Theorem. Let My be a closed C* invariant manifold of system (1). Assume that M is a C' closed
manifold which is C* near to My. There ezists a C* diffeornorphism ¢ : U — R™, defined in a neighborhood
U of My, which takes Mo te M and such that system (2) is C*.

The construction of such a diffeomorphism uses the averaging method (see, for example, [1], where this
method was applied in a similar situation) and is based on the following facts:

1. An invariant manifold possesses an “additional” smoothness along trajectories of a system;

2. One can approximate a C* mapping by a C™ one, and this approximation holds not only for the
derivatives with respect to spatial variables but also for the derivative along trajectories of a system.

The obtained result may be useful in treating the problem of perturbation of invariant manifolds of
ordinary differential equations (see, for example, [2] and [3]).
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ARISING IN DYNAMICS OF SYSTEMS WITH DRY FRICTION

I.A. Finogenko
Department of Mathematics, Irkutsk State University, Irkutsk 664003, Russia
E-mail: fin@ice.ru

The dynamics equations of mechanical system with forces of sliding friction are considered. These

equations for generalized coordinates ¢ = (g',...,q") written in Lagrangian form have the type
Alt, )i = g(t, 0, 9) + @*(t,0,4) + Q7 (t, 4,4, @) (1)

Here A(t,q) = [ai;}% is the continnously differentiable, symmetric, positive matrix of the coeffi-
cients of mertia; Q*(¢,q,4), g{t,q,q) are continuous functions representing the active forces, gener-
alized gyroscopic forces, the transferred forces of inertia and other one. The generalized forces of

friction are expressed by the formula

~fi(8,0%,8°) | No(t, 0,4, 6) | sgnd®, if ¢° £ 0
£i(t,4°,0) | Noft,9,4,8) | sgn QT°(t, 4,4, @), if ¢° =0,
QT4 9,¢,d) = ; [ QT 0,4, 4) 1> fo(8,4%,0) | No(t, 4,4, ) lgo=o
Q™(¢,9,4,4), i ¢° =0,

| @7°(t, 9,4, ) 1< £l 4%, 0) | Nalt,0,4,4) |0

where f,(f,4° ¢°) > 0 are the coefficients of friction, | N,(t,9,d,4) | are the absolute values of the

normal reactions, Q7°(t, g, ¢, §) are the forces of friction at relative Test.

The solvability with respect to ¢ and reducibility of the equation (1) to the form

§=Glt,q,9) (2)
with, generally speaking, discontinuous function G : {2 — R* are investigated. The general math-
ematical theory for equation (1) in the form (2) is developed: existence, continuability, unique-
ness, a dependence of initial conditions and parameters of right-hand solutions, stability of equilib-
rium states. The results are delivered from the well-known P.Painleve’s paradoxes connected with

"nonuniqueness” or "impossibility” of motion by the mathematical methods only.

This research was carried out with support from the Russian Fund for Fundamental Research
(96-01-00327).
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Differential equations admitting the basic forms of analytical representation of the solutions in a
class of polynomial functions are considered. Invariants of continnous and discrete groups of trans-
formations are resnlied. New methods of synthesis of differential equations with a priori symmetry
are considered. The metheds of invariant synthesis of ordinary differential eguations are based on
engineering of representation of integrated manifold above a differential ring of polynomials [1,2].
Differentiating basic manifold some times, we'll get ”differential bush” of equations of the senior
orders connected among themselves.

The problems of synthesis and of analysis in doing so are formulated as follows:

1. The invariant synthesis. Construct a system ODE with a priori symunetry properties on a
given pair of functions (¢(7), ¥{7)) of a determined structure.

2. The invariant analysis. The problem of analysis is put as return to 1. On a system ODE to
restore integrated manifold in a given class of functions with by symmetry properties.

Examples of systems of differential equations of the superior orders ate given.

Twe work is executed at financial support RFBR, project N 97-07-90088.
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With a computer in a control chain, we imply that a discrete (impulse) control signal is formed,
even if a plant acts in continuous time. In the present work an optimization problem with the
quadratic optimality criterion is considered solely for a linear feedback. The optimal control problem
of a linear plant in continuous time with discrete feedback and equidistant discrete instants at which
an observable variable is measured was investigated in [1], and in this case the problem was solved
adequately.

Here the optimal control problem with nonequidistant observation instants is discussed. The
frequency of control observation instants that ensures the stability of a closed-loop system is estab-
lished. The continuous dependence (robustness) of the optimality criterion on small variations of
observation instants is proved. The problem is investigated for two classes of controls: programmmed
closed and closed controls. The first implies that having the information gained about the plant’s
state, we have no prior knowledge of whether or not a new information will be obtained after a time.
In the second case not only it is known that such an information will be gained but the instant at
which it happens is known as well. The first problem is solved by two steps. In the first stage the
estimation of the plant’s state from discrete observations of the outputs of the plant is performed and
then the optimal programmed control is designed. The second problem is solved in terms of transfer
operators of closed-loop control systems defined on a Hilbert resolution space. These methods are
examplified.
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The two types of auto-oscillating systems can be considered [1]. The first one involves systems
for which an auto-oscillation is the main operating mode. For such systems the term “auto-oscil-
lation” designates a stable periodic solution [2]. The second class includes systems for which auto-
oscillations are undesirable and opposed to stability. For such systems it is inconvenient to consider
auto-oscillation as a periodic mode, because an unstable solution does not need to be periodic. For
these systems we shall employ the notion of auto-oscillation due to V.A. Yakubovich [3, 4].

Suppose that a system is described with the equations

dzx .

E:Ax-f—bf(t), og=c'z, f=Mo. (1)
Here A is a constant m X m matrix, b, ¢ are constant m-vectors, o(t) and f(t) are the modulator input
and the modulator output respectively, M is a nonlinear operator which describes the operation of
the pulse modulator. It is supposed that there exists a sequence of times ¢y, £,,... such that ¢, is
independent of a(t) for t > ¢, and the estimate 0 < xoT < tn41 — t, < T holds, with kg and T
being positive constants. Assume that f(¢) is a piecewise continuous function bounded for ¢t > 0, it is
independent of o(7) when 7 > ¢, and does not change its sign on every sampling interval (¢,, t,.1).

Let a1, a; be some positive numbers. A solution z(t), () of (1) will be called [—a;, as]-auto-
oscillation, if it is bounded when t > ¢, o(t) 4 0 as t — +o0, and o(t) changes its sign infinitely
many times as ¢ increases. (To be more formal, there exist two sequences t!) — 400, tﬁf) — 400 as
n — oo, such that o(tV)) < 0, o(t?) > 0.) In addition, o(t) infinitely many times leaves the interval
[—a1, ao] as t increases. (To be more formal, there exists a sequence t¥ — +co0 as n — oo, such
that for any n either o(¢{?) < —a; or o(t?) > a5.)

Introduce notations

W(s)=c(A—sln) b, k= limsW(s), p=lmsW(s),

tn
x(s) = sW(s) — &, k1 = lim sx(s), Up = _ f(¢) dt.
2:n—}-l - tn tn
Suppose the transfer function W (s) to be nondegenerate. Along with the transfer function W (s) we
shall consider the unit impulse response of CLP w(t) = —c* exp(At)b.
It is assumed that there exists a piecewise continuous function (an equivalent nonlinearity) ¢(o)
such that for every n there exists a number %, € [t,, tn41] for which v, = p(c(£,)).
Assume that there exist such numbers u;, s that 0 < g3 < uy and the inequality

p < o)/ < pg

takes place for all ¢ # 0, —a; < 0 < a; (here a;, a, are some positive numbers). Suppose also that
for any n the estimate '

/;Ml w(t, — t) f(t) dt| < min{a;, a,}

holds.
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Theorem 1 Assume the matriz A is Hurwitz, there exists a number g, p; < o < w9, such that
the matriz A + pobc® is anti-Hurwitz, and there ezist positive numbers T, €, €3 such that:

(a) the inequalities T + €3 + €162 < 1, pypg > €3 hold;

(b) for all real numbers w, 0 < w < 400, the frequency-domain inequality

2

1—7—g9— ; [(1 -7 —&g)aliw) + WZ—'MZV] IX(w)}|? + (1 + p2) Re W (iw) — a(iw)|W (iw)|> > 0

takes place. Here afiw) = €5 — pypa + £1w? where €1, €3 given by the formulas

T2,3 T?
72

L CTIRIB + i+ ), er =€+ Thul(ua + ) + BT, = (22— 1))
3

&1 =

Moreover, let one of the following conditions take place:

(1) W(0) = 0;
(2) W(0) < 0, and the equivalent nonlinearity p(c) satisfies the inequality
(o) 1
8 <
—oogop<oo (22 al(T) - W(O)
with

a0() 7o [ |£200)
o | de

Then all the solutions of (1), save the solution z(t) =0, are [—a;, ay]-auto-oscillations.

a1 (T) = —Tlnl + T2k +T/

The proof employes the averaging method developed in [5].
The work is supported by Russian Foundation of Basic Researches (project 96-01-00405).
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ANALYIS AND SYNTHESIS METHODS BASED ON LYAPUNOV’S METHOD.

Modermn control systems are used in different industries. That systems provide solutions of
several control problems from simple stabilization problem to complex problem of multivariable
control. Any problém of automatic control gets its solution according to quality characteristics.

The most important problems in automatic control are analysis and synthesis problems. For
solution of these problems many well-known frequency domam and time doma:n methods are used.
Any method is connected with some qualitative charactenstlc (transient time ex.). Every method
used in automatic control has positive and negatwe sides for using, - F

Lyapunov’s method discussed here is based on exponential and asymptotic stabxhty First of
these two kinds of stabilities with correctly chosen Lyapunov s function allows to demgn optlmal
control procedures.

’Qualitative exponential stability (QES) states relations between parameters of QES and char-
acteristics of transient process quality. _ '

Let’s consider definitions of QES for continuous time and discrete time systems.

1.  Continuous time case: |

Let a behavior of dynamic system is described by differential equation i(f) = F(x(t)) x(2)

and x(f) isa dynaxmc system state vector:

Position of stabnhty x(t) 0is called quahtative cxponennal stable 1f for Y x(t) x0)eR"

3r>0,8>0,p21and B—7>0 so that for any time moment # next inequality is satisfied:

“.x(t) —e P x(())"v <pe B+ _ Pl m
1
I+, =[§1xi V]v @

Exponential stability follows from qualitative exponential stability in particular, so that next
inequality is fulfilled:

=), < pe™ ¥|x0)l, @)
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It’scanbe shownthat oo =fB—r7.
2.  Discrete time case: _
Let a behavior of dynamic system is described By diﬁ'efence equation
x(m+ 1) = F(x(m)) x(m) and x(m)is a state vector of that dynamic system.
Position of stability x(m) = 0 is called quantitative exponential stable if for
Vx(m): x(0)eR"Ar>0,p21,B: -1<PB+r<1i sathatforanydiscreteﬁmcmoment
m , m=0,1,2...the next equation is satisfied:
b - 870, < P8 + )™ ~ BP0}, @
Exponentlal stability follows from QES as particular case if B = 0 and 7 = a. In that case
next inequality is  fulfilled: . ,
e, < pe™{x ), - )
Definition of rate in that case is equal to expression for continuous tini_e case (2). In both
casesB,randvparametersmeannextsense |
‘B defines convergence velocity of movement ttajectory for all of coordinates.
r determines deflection of system movement from middle trajectory.

v defines power of rate (2).

The analysis and synthesis methods based on introduction of Ljfapunov’s functions, local op-
timization method and QES spread not only on continuous time and discrete time linear systems.
That methods are can be used for analysis and synthesis .of nonlinear and stochastic systems.
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Fitting parameters in systems of nonlinear ordinary differential equations (ODEs) is a difficult task. The
goal is to find those parameters p that minimize the objective function x*(p) globally. Starting from some
initial values for the trial trajectory, the model equations are usually solved over the whole fitting interval
and x%(p) is calculated. Then, the parameters are iteratively adjusted in order to bring the solution closer
to the data. Since x?(p) shows a nonlinear dependence on p, it will usually have several local minima apart
from the global one. Ili-chosen initial estimates of the parameters can even preclude most routines from

yielding any solution at all. Additionally, observational noise destabilizes most algorithms.

To circumvent these problems we implemented a strategy called multiple shooting. The basic idea is to
partition the fitting interval into many subintervals. The ODE system is solved separately on each subinter-
val, using the measurements as starting guesses for the initial values of the sub-trajectories. This approach
leads to an initially discontinuous trajectory, which i‘s, however, close to the measurements. The algorithm
minimizes errors in the data while forcing the final trajectory to be continuous. The freedom of intermediate
discontinuity allows the method to stay close to the observed data, prevents divergence of the numerical

solution and reduces the problem of local minima.

We confirmed the benefits of our algorithm by application to a physiological problem. In muscle cells an
electric activation leads to the release of Ca?* ions from a Ca?* reservoir into the cell plasma and binding
to various compounds. One of the state variables is observed experimentally by optical measurements. The
underlying reaction scheme can be modeled by a set of nonlinear ODEs. The goal is to determine the release
rate time course. In order to achieve this, some kinetic parameters must be estimated from the measurements.
This could be done satisfactorily with the algorithm described above, even when the conditions regarding

noise and starting guesses were so difficult that other algorithms failed.

At the convergence point the algorithm supplies information about the identifiability of the parameters.
This was used to evaluate different reaction schemes with respect to their ability to calculate the correct

release rates and to optimize the design of the experiment.
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Abstract

In this work, we propose a two-sex model for heterosexual transmission of HIV/AIDS
in a population of varying size. We also consider a community treatment program for
the infecteds which reduces the contact rates and/or transmission probabilities of the
treated individuals. We make use of the conservation of sexual contacts to reduce the
two-sex model to a simpler one-sex formulation. Analytical results will be given for
the case where the number of treated individuals increases nonlinearly as the infected
population increases. Thresholds are obtained for the persistence of disease, the per-
sistence of total populations, and the persistence of infective populations. We will
compare the results with those obtained in Hsieh (1996, IMA J. Math. Appl. Med.

Biol.) for a similar model with linear treatment rate.
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ABSTRACT:

This paper presents a shock-capturing method using Greenberg’s rezults [2] and the representation
of the trajectories of shocks.

In our considerations we concern the one-dimensional nonlinear wave equation

%*x 30(%)

= ‘ 1
ot? Oz 0 (1)
where the function o : (0,00) — (—0c0,0] is of class C* and satisfies : there exists A € (0,1) such
that A(§) < Ofor £ € (0,1) ,0(§) =0for £ > A, 511%3- = —00, o is strictly increasing on (0, A) and

13
the potential energy U(€) = [ o(s)ds satisfies condition elir& = +c0.
1\ —
For to find a weak aproximation of the solution of the nonlinear wave equation, we consider the

infinite system of differential equation
i}l = Vi, %’01 = O'(N(:Cg - &?1)) - O'(2N.’B1) (2)
i:k = Uk, %i)k = O'(N(.’ﬂk.}.]_ - :z:k)) - G‘(N(:Bk - :Ek_.1)), k= 2,3, “ae

This system is obtained by difference method and it was studied by P.Lax in the paper [3] and by

J.M.Greenberg [2] under various hypothesis.
The construction of a solution for the system (2) is based on the periodic solution of the two

dimensional nonlinear first order ordinary differential system:
= |
{ v (3)
w0 = —0(2N¢) + o(2N (8 - §))
(N > 0 integer, 8 > 0 real) which satisfies the initial conditons £(0) = & , o € (0,A/2NV) and
v(0) =0, see [1 |. In [1 ], we showed that a solution of the system (1) with the initial conditions:

{ 2:(0) = & € (0, A/2N),v,(0) = 0 "
2(0) = (E — 1)B + 5 + vo( EHE — 1), vk(0) = 0o,k =2,3,...
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is the family of functions (zk(t),ve(t)), £ = 1,2, ... defined for ¢ > 0 by the formulas
z1(t) = €(t),va(t) = v(t) and for k =2,3,...

z(t) = (k= 1)B + 7 + vo( B35 - wot) | 5)
Uk(t)=—vo fO’I’ OStSQC—_Z—ILT-—fl
ve(t) = —vl(t — U‘;;E) for t2= !E—_;}E — 1
For each integer N, we introduce the functions:
Nig,t) = 2Nz, (t)z, for 0<z< 55 ()
X A% — _ 2k=1y 0 pon 261 g 2640
wk(t) + N($k+1(t) :Ek(t))(m 2N )7 or S5 ST %y
axN axN
7(@,0) = K (2,0), 0¥(@,0) = ZE-(a,1) and 0@, 1) = o (" (2,1) ®

and we prove that these functions converge weakly to the functions x*, v*°, v* and o*. We obtain
the limit motion x*°(z,t) as the pointwise limit of the individual trajectories zx(t) as N — co along
with z = k/N fixed.
The founded solutions generate the trajectories of shock, being all the lines of equations:
22)0
z=——-—t. 9
& — /\1 (’Uo) ( )

For various choices of v and o, we represent the trajectories of particles.

References

[1 ] Balint, St., Balint, A.M., Béltean, D.G., Iordan, V., Hydrodynamical shock problems and
nonlinear oscillations,(I,1LI11), BAM, 1259/96,1260/96,1261/96,(LXXX).

[2 ] Greenberg, J.M., The Shock Generation Problem for a Discrete Gas with Short-Range Repulsive
Forces, Comm. Pure Appl. Math., Vol. XLV, 1992, pp. 1125-1139.

[3 ] Hou, T.Y., Lax, P.D., Dispersive approximations in fluid dynaniics, Comm. Pure Appl. Math.
44, 1991, pp.1-40.

KEYWORDS: nonlinear wave equation, hydrodynamical shock, a shoch-capturing method, tra-

jectories of shocks.



43

A MATHEMATICAL MODEL OF MULTIPARTY
POLITICAL SYSTEM

Qamar J. A, KHAN
Department of Mathematies and Statistics
College of Science, Sultan Qabeos University
P.0. Box 36 al-Khod, Postal Code 123, Sultanate of Oman

ABSTRACT

A general model of a political system with three parties i.e. ruling, opposition and third party
having less members than opposition is considered. The model consists of a system of three
ordinary differential equations where members of the third party will switch over towards
ruling party and after lapse of some time become an active member of that party. Taking time
delay as bifurcation parameter it has been shown that Hopf bifurcation could occur.

I INTRODUCTION:  Switching is a topic of considerable interest in ecology. In prey-
predator environment, the predator prefer to feed itself in a habitat for some duration and then
changes its preference to another habitat. This preferential phenomenon of change of habitat
by the predator is called switching. There may be several reasons of switching. For example -

The predator prefers to find prey in a habitat where prey is in abundance but after some
duration when the prey population starts declining, the predator changes its preference to
another habitat where prey is in abundance. For instance, the intertidal snail nucella lapillus
preferably feed on barnacles when they are in abundance but when mussels dominate, the later
are preferred (see Fisher-Piette 1934). Similarly Trinidadian guppies, either juveniles or adults
may be more vulnerable, depending on which dominant predator a particular population faces
(see Renzick 1982). This preferential phenomenon where predator feeds most numerous prey
species is called switching due to abundance. The mathematical models involving one
predator and two prey species have been generally studied, in which the predator feeds more
intensively on the more abundant species. One can refer to Holling 1961, Takahashi 1964,
May 74, Murdoch and Qaten 1975, Raughgarden 1975, Tansky 1976, 78, Prajneshu and
Holgate 1987, McNair 1987, Khan et al 1994.

Prey species of large size like wildebeest, Zebra, Thomson gazelle lives in huge herds
and are more likely dependent upon self-defense, group defense, group alertness and to
consolidate themselves to fight back or scarce away the predator. Here the predator will
switch over the habitat where prey are in less number. Pairs of musk-oxen can be successfully
attacked by wolves but groups are rarely attacked (Tener 1965). There are many examples of
group defense (see Yang and Humphry 1975, May and Robinson 1985. Mathematical models
of prey-predator interaction where prey exhibits group defense are studied by Freedman and
Walkowicz, 1986. Ruan and Freeman, 1991 and Freedman and Ruan, 1992 etc.

In the light of prey-predator switching models we studied a mathematical model for the
interaction of political parties in the democratic countries. India, Pakistan, Bangladesh,
SriLanka and many other Afro-Asian countries have multiparty political system. Majority
party rules the country and next to this sit in opposition. The other small parties and
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independent elected members are considered as a third party in our model. The third party
members switch over towards ruling party to enjoy power and to get benefits by many ways
which are not available if they stay in their own party. The switching of the third party
members will be towards opposition party whenever it comes to power to rule the country due
to some reasons. The migration between ruling and opposition parties will be little due to
ideological differences. The main migration from ruling and opposition parties is towards
third party whenever there is infighting in their own parties and they are immediately accepted
by third party because by this migration third party survives. The members of the third party
after switching towards ruling party become an active member of that party after lapse of
some time. Switching is a big problem in these countries and some countries have enacted
laws to discourage it.

In this model ruling and opposition parties will behave as predator species and third
party as prey species. Here third party members (prey) will switch over towards ruling and
opposition parties (predator) which is vice-versa in previous models. In prey-predator models
predator is always harmful for the growth of prey species but here when ruling and opposition
party members enter into third party they strengthen it.

We are considering the continuous model because members of the parties are the
members of parliament, state assemblies, union territories, corporations, towns, villages etc.
These parties are grass rooted and have a large number of memberships. The results of
parliament and assemblies elections directly affect the total membership of the parties. These
Afro-Asian countries have large population and so have large membership in political parties.

We studied Hopf bifurcation of a non-zero equilibrium by taking time delay as
bifurcation parameter. In general, it has been found that introduction of a time delay is a
destabilizing process, in the sense that increasing the time delay could cause the population to
fluctuate. Hopf bifurcation has helped us in finding the existence of a region of instability in
the neighbourhood of a non-zero equilibrium where the population will survive undergoing
regular fluctuation.

Tansky, 1978 considers a general volterra type two prey-one predator model may be
expressed as follows

ax, _ r1__&1__ X,
dt (x )
14422
X’l
dx, b,y

dt n
1+ (ﬁ)
X2
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= |-d+ + y 21

where x;(t), xx(t) and y(t) denote the abundances of prey species 1 and 2 and predator

species respectively. The functions —t"—n and b2 —~  possess the characteristic
1+ (ig-) 1+ (ﬁ)
x4 X9
property of switching through functional response of relative abundance of species. For n =
1, (2.1) represents simple multiplicative effect whereas n > 1 the effect of these functions is

stronger than simple multiplicative effect (Prajneshu and Holgate, 1987).

The model of multiparty political system is given by the following system of
autonomous ordinary differential equation:

C,Bxix5(t- 1)

dx,
at aXy — diX; + —— + d,pyX,
1 2
= 8,X, — X, + + dippX,
dt Xy + Xy
dx, B1X;Xs BaX3X,
dt X; + X, Xq + X,
where,
X - are the numbers of ruling, opposition and third party members at time 1.
ay - are the rates by which members enter into ruling, opposition and third party
respectively by various ways.
d; . are the rates by which member of the ruling, opposition and third party leave the
politics at all or enter into other parties.
x{(t~t) - are the members of ruling, opposition and third party who leave their respective
party at time t- T and enter into new party at time t.
Dii - are the probabilities of successful transition from i to ™ (wherei=j )
B: - are the conversion rates of the number of third party to ruling party x; and

opposition party x,
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An asymptotic analysis of differential
equations

Julka Knezevi¢c-Miljanovié
Matematicki fakultet, Beograd

The purpose of this article is to determinate the asymptotic form of the
nonoscilatory solutions and the existence of positive, monotonic, unbounded
solutions of the equations

(r(z)y™)™ = Ly f(z,y)

(r(t)y) = y(t)F (2, y(1))-
We obtain necessary and sufficient conditions for the existence of different
classes of these solutions.
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We consider a semilinear parabolic equation
U = Ugz + Af(u), uveR, ze€l0,n],
with the Dirichlet boundary conditions. Here A is a nonnegative parameter to be found from discrete
observations of a solution u,(z,t) with fixed initial value
ux(z,0) = up(z).

It is assumed that the nonlinearity f is of class C* and satisfies the Chaffee-Infante conditions [1].
We fix a natural number 7', and for every natural n we choose a natural number m(n) so that
m(n) — oo as n — co.
Denote by V,(n) the set

kw
Vi(n) = {u), (m,’ffn) o 0<k< m(n)} .
It is shown that if Ay > 1 and )¢ # n? for an integer n, then, for a function g from an open and

dense subset of Hj (0, ), the problem is locally identifiable, i.e., there exists ¢ > 0 such that for any
A with 0 < |A — Ag| < € there is ng with the property

‘ Va(n) # Vi, (n) for n > ny.
This result was obtained together with N.A. Bodunov and S.Yu. Pilyugin.
References
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Travelling wave solution is a solution of constant form moving with a fixed
velocity. In wave phenomena, one of the fundamental objects of study is the
travelling wave solution which is obtained by solving a reduced equation in
one less number of independent variables. The travelling wave solutions for
a one-dimensional wave equation in space variable z and time variable ¢ are
found by solving an associated ordinary differential equation. The solitary
waves, the localized travelling waves, the periodic waves and the waves which
rise or descend from one asymptotic state to another known as kink waves
are the three types of travelling waves.

Direct methods are the most convenient ones for explicit solutions of non-
linear evolution equations. Among the direct methods are the direct method
of Hirota, the direct integration and the direct algebraic method or the real
exponential approach. In the latter method the solution of a given nonlinear
partial differential equation is developed as a summable infinite series of real
exponential functions which solve the linear part. A direct method using the
properties of hyperbolic tangent function has also been proposed for finding
the solitary wave and kink-antikink solutions of nonlinear evolution and wave
equations.

It is more natural to derive the periodic wave solutions of evolution equa-
tions and then deduce the solitary wave or kin-antikink solutions which are
the infinite period counterparts. Nakamura has obtained periodic wave solu-
tions of some nonlinear evolution equations in terms of Riemann’s f-functions
using Hirota’s direct method. The exact bounded periodic solutions using
the properties of Weierstrass elliptic function and their relation to jacobian
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elliptic function have been investigated in the case of many nonlinear disper-
sive wave equations for which the solitary wave limits with infinite periods
were also found. The method used in this paper is based on the properties
of Jacobian sine or cosine elliptic function. We balance the highest nonlinear
term and the derivative term for some combination of cn functions, say, and
then equate the coefficients of like powers of the function on both sides of
the equation. As an example, we assume a solution in the form

u(z) =Y Aien’(puz) (1.1)
=0
where the expansion coefficients A4;,7 = 0,1,2,---,m order of expansion

m and wave number p are to be determined. The (2nr)** derivative of
u(z),namely usz,. has highest power in en(pz) of m + 2n and the highest
nonlinear term, say, u®, has the highest power of mh in en(pz). Thus bal-
ancing the two terms, we get

— = 2
m+ 2n = mh or m= (1.2)

In this paper, we consider the magma equation
wy = [u™{(v ") — 1}, (1.3;

where = and ¢ denote vertical space coordinate and time coordinate, respec-
tively, and u(z,t) is mean volume fraction of liquid phase which should be
nonnegative for any = and £. The parameters n and m denote the dependency
of permeability and effective viscosity respectively. Takahashi and Satsuma
have derived periodic wave solutions and the solitary wave solutions which
are their infinite period counterparts for different values of parameters = and
m. Here, we shall derive (i) a periodic wave solution for the casen = 4,m = 0
which does not reduce to a solitary wave solution and (ii) a periodic wave
solution and a solitary wave solution for the case n = 2,m = 1/2.
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Abstract

In the present paper we consider the second-order boundary-value problem

"

. .
Y :Equ, 0<z<l. (1)

with ¢ < 0. We search for a solution of (1) which satisfies the boundary conditions

y(0)=y(1)=0

This problem arises in boundary layer equations for the flow of a power-law fluid over an
impermeable, semi-infinite flat plane [1]. Since g is negative, the considered problem has
a singularity at £ = 1. The purposes of the present work are to analyse the asymptotic
behavior of the solution near the singularity and to introduce efficient numerical methods
for computing accurate approximations. Based on the results of a previous work [2], we
use iterative schemes to prove some asymptotic properties of the solution. A substitution
of variable is applied in order to avoid the effect of singularity and extrapolation methods
are used to accelerate the convergence of the discretization scheme. Numerical results for
different values of g are given and compared with the results obtained by other authors.
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Introduction

In many technical systems is observed deterministic- chaotic behaviour, the supervision of which gives
the information about its behaviour as a whole. To such systems any devices concern, in which is
available for example convection. This behavior can be the necessary phenomenon, can also be the
interfering phenomenon of which it necessa.ry to reduce. Necessary the chaotic movement is in devices
with a fluidized bed, in drying fumaces. For these devices determining and necessary is the chaotic
movement in a turbulence mode, which is traditionally characterized in such parameter, as number of
Reynolds. The determination of Reynolds number is more often than not connected to difficulties.
These difficulties are increased for systems with distributed in space parameters. which are listed
objects, it is necessary to determine Reynolds number depending on space coordinates. Such
opportunity is given with application of the theory of determined chaos, on the basis of which it is
possible to make any conclusions about real dynamic system.

This paper presents two examples of technical chaotic systems: fluidized bed and optical stand for
optical instruments installation with natural convection flows.

Chaotic, turbulence mode is necessity in fluidized beds and in drying furnaces, because it promotes
high intensity of processes of heat and mass transfer. For an optical bench on the contrary this mode is

undesirable , as causes optical distortions.

Method

The identification begin with the construction of the topological equivalent of the real dynamical system
with method of delays [1] from the time series of a single variable of the system. The equivalent is
strange attractor in reconstructed state space plot. From reconstructed attractor some chaotic invariants
of the real system such as comrelation dimensions, Lyapunov exponents and Kolmogorov entropy are

calculated. The identification of flows fluctuation parameters is realized on the basis of the analysis of
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comelation dimension, which is an estimation of fractal dimension of phase plot (strange attractor). For
identification of parameters of fluctuations the following rules were used:
1. The zero dimension of a phase trajectory signify laminar mode of a flow or oscillations.
2. If fractal dimension of the strange attractor d; for the objects space point is 1 < d; < 2, the fluctuations
proceed in transitive mode.
3. If fractal dimension of the strange attractor d; for the objects space point is 2 < dg < 3, the fluctuations
proceed in turbulence mode.
The Lyapunovs exponents characterize state of chaos of the phase trajectory and for strange attractor
are positive.
Example of strange attractor for fluctuations in fluidized bed is given in fig. 1 and the distribution of the

fractal dimensions and Lyapunov exponents is given on the fig.2. The dimension 1,89 means, that

2,0
- 0,45m
ﬂg ’ >
Fig. 1. Strange attractor of acoustic Fig 2. Distribution of fractal dimensions and
fluctuations on a wall of the fluidized bed Lyapunov exponents on the front wall of the
apparatus apparatus with fluidized bed

fluctuations in this point have transitive character, in its vicinity there is the stagnant zone for liquidation
of which it is necessary to change controling influence.

Conclusions:
— Methods of the theory of determimistic chaos allow to identify such parameters as modes of

fluctuations,
— Distribution of these modes on volumne of objects is for the first time received, that allows to see

stagnant zones in this volume and to undertake control, influencing to these zones.
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EXTENDED ABSTRACT:

Differential equations are one of the important mathematical methods used for simulations in the
area of natural sciences and engineering. Although many efforts are today concentrated in effectively
exploiting the huge potential of computer power, it is a fact that there is very little high-performance
software available for the numerical solution of initial value problems of ordinary differential equa-
tions. Software applications were constructed in the idea to help the practicians, like engineers, in
solving real problems without consulting a mathematician (instead an expert application, like [1],
2], [31, [5], [6], [9]). The problems which are very simple can be easily solve with these applications.

The number of numerical methods which we can select in order to approximate the ODEs exact
solution is very large [4]. The main question is which one is adequate to the given problem. The
answer depends on what quality level we request for the approximation, the time in which we want
to obtain the approximation, and the knowledge of the solving method class.

Most of the numerical software products for ordinary differential equations are constructed with a
fixed method database including the most used numerical methods, like Euler’s method or standard
Runge-Kutta method. Simple problems can be solved using these applications. Troubles come
when we want to solve problems with many number of equations or which cannot be solved with
the classical methods. Take, for example, a software product with only explicit methods and a
problem of stiff nature. If the application is not open to new methods, then we must search another
product which satisfied us. If the application is open to new methods (for example, in Maple, we
can construct a procedure to solve with a specific method the given problem), with a little effort,
we can find an approximation of the exact solution. In this case, the user must pay attention to the
application language in order to describe correctly the numerical method and the control procedure
of the computational process. The application for describing the new method must be closed to the
mathematical language in which are usually described the numerical methods (this is not the case if
we use a collection of programs in a programming language, like Fortran for [5]). Tools with variable
method database permit to test a new method and to compare it with the classical ones in similar

computational conditions (for example, if we want to test the new methods proposed in [7], [10] or

[11])-
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A hard problem is also the selection of an adequate method from the method database. A correct
selection can be done only knowing the problem properties. The method database must be organized
in method classes depending on the properties of the problems for which the methods are working.

Very large systems of ODEs arise in solution methods for time dependent PDEs; such problems
are not solvable in a reasonable time on a serial machine because of this magnitude. It is widely
believed that the only feasible means of solving many important computationally intensive problems
in science and engineering is to use parallel computers and distributed systems effectively [12]. In
order to be efficient, the specific software should be based on algorithms that are well turned to the
new architectures (see, for example the algorithms proposed in [8], [13] or [14]).

The design of a new tool for solving ODEs was based on the above remarks. Thus, EPODE
(ExPert system for Ordinary Differential Equations) is a problem-solving environment that provides

the computational facilities necessary to find a numerical solution of the following class of problems:

{y’(t) = f(y(1)),

y(to) = 1o )

where t € [to,t0 + T], o € R”, f:[to,t0+ T] x R® — IR".

EPODE proposes the following facilities: friendly user interface for problem specification, au-
tomatic detection of the problem properties like linearity, separability, the greatest and the lowest
eigenvalues of the Jacobian matrix at the initial value (symbolic computation of the system Ja-
cobian), stiffness ratio, estimated time for the evaluation of the right side of (1), friendly user
interface for a difference method specification, automatic detection of the method properties like
explicit/implicit schema, method accuracy, stability properties, one-step/ multistep, one-stage/ mul-
tistage, one-derivative/ multiderivative method, estimated time for solving the test problem y' = Ay
with ReX < 0. It establish the matching between the problem properties and the method proper-
ties, adequate integration step, approximate computation time, estimated error, and then apply the
numerical method and supervise the error. It is possible to create a list/graphic of approximate
solution values (two- or three-dimensional graphs). It is also possible to solve the problem without
the specification of a particular method: (i) choosing an appropriate method from a database of
classical methods (the selection is based on a classification of the methods, and the database can be
enlarged introducing new methods using the above mentioned front-end); (ii) select a new methed
when the previous one generates unreasonable errors; (iii} in the case of a large number of equations
the expert recommends the use of the numerical codes combined with PVM procedures (Parallel
Virtual Machine) in the idea to distribute the computations on some processors of a local network.

The main thrust of EPODE is its automated identification of problem properties and method
properties. The first version of EPODE was designed especially for the numerical solution of ordinary
differential equations of stiff type (many software packages can not integrate such equations). EPODE
is independent from any other computer application. Moreover, in EPODE, no supplementary code
will be generated when a new method will be added.

Three actual versions of EPODE 1.0 are available: for Windows ’95, for X Windows under Linux

and Sun Solaris.
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Let S(t) be the semigroup in H}(0,1) generated by a semilinear parabolic equation
s = Uz + f(u), weR, zel0,1], (1)

with the Dirichlet boundary conditions.

We assume that the semigroup S(t) has Morse-Smale structure on its global attractor A (it is
known that this property holds for a C?-generic nonlinearity f). It is shown that in this case S(t)
has a Lipschitz shadowing property in a neighborhood of A.

This result allows us to obtain explicit estimates (in terms of time and space steps) for differences
between approximate solutions (given by discretizations) and exact solutions on unbounded time
intervals.

Consider a semiimplicit discretization of (1) with time step h = 1/K and space step D = 1/N,
where K and N are natural. Let Hp be the subspace of H}(0,1) consisting of continuous functions
linear on any segment [kD, (k + 1)D], where £ = 0,..., N — 1. Denote by ¥ the dynamical system
on Hp generated by the discretization.

It is shown that there exists a neighborhood W of A and numbers L, hg, and Dy with the following
property. For any b < hg and D < Dy there is a number m = m(h+ D) such that for any v € HpNW
there exists u satisfying

[S(nh)u — Z™*™(v)| < L(h+ D) for n > 0

(here |.| is the norm of Hj(0,1}).
This result was obtained together with S. Larsson (Sweden).
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We study the weak shadowing property [1,2] for an Axiom A diffeomorphism of the two-dimensiona.
torus with finite nonwandering set.

To give an example of a rather delicate conditions appearing, we consider a diffeomorfism ¢ :
T? — T2 such that Q(¢) = {o,p,q,q}, where the point s is asymptotically stable, o is completely
unstable, and p and ¢ are saddles. We assume that there is a separatrix W#(q) = W*(p) joining
the saddlepoints, the eigenvalues of D¢(p) are —p, v with g > 1, 0 < v < 1, and the eigenvalues of
D¢(g) are —A, k with0 < A< 1, k> 1.

We show that the diffeomorphism ¢ has the weak shadowing if and only if the number {—gg% is
irrational.

The diffeomorphism ¢ does not have the “strong” shadowing. It is known that the necessary and
sufficient conditions for a two-dimensional Axiom A diffeomorphism can be given in simple geometric
terms of C%-transversality [3].

The value 162 appeared in the qualitative theory of dynamical systems as a functional modulus

log p
of local topological conjugacy in a neighborhood of a heteroclinic curve joining two saddles [4].
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Intermittency of checkerboard spiral waves and traveling clusterings orig-
inating from sudden shrinking of the srange attractor of the 2D CML in
the neighborhood of the saddle-node bifurcation boundary is found [1].
A power-law probability density for lifetimes in the spiral wave (laminar)
phase is observed, while in the checkerboard clusterings (bursting) phase
the above quantity exhibits an exponential decay. This difference can be
interpreted through the self-organized behavior of the spiral waves, and
the passive relaxation of the disordered checkerboard clusterings. Forma-
tion of coherent modes in the low—frequency region is an attendant feature
of the self-organization. The power spectrum exhibits a universal law 1 /f°
(0.8 < 0 < 1.4) as f approaches zero, that is common in dynamic systems
demonstrating the intermittency [2]. The same picture has been observed
under the intermittency of the spiral wave and traveling clustering phases.

[1]. Sbitnev V. I., ”Checkerboard spiral waves in a 2D coupled map
lattice”, Int. J. Bifurcation and Chaos, 1997, V. 7, No.11, pp. 2569
2575.

[2]. Anishchenko V. S., Neiman, A. B., Chua L. O., ”Chaos-chaos inter-
mittency and 1/f noise in Chua’s circuit”, Int. J. of Bifurcation and
Chaos, 1994, V. 4 No.1, pp, 99-107.
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Smooth dynamical systems on the Euclidian arithmetical space E”, it also is C"-differetiable
action of integer numbers group Z on E” being the homomorphism ¢:Z — Aut”(E"), r > 0,
k s 1y, such that inducting ¥:Z x E* — E" map, difining by equality ¥(k,z) = ¢x(z),
belongs to class C7, a Aut"(E") is C"-automorphisms group of the space E".

Theorem 1 Let ¢ € Aut(E") dissipative action on B". Assume all fixed points p,, #p = m
of i are saddle whose stable W*(p,) and unstable W*(p,) manifolds are transversal and

Clos ( U W“(p,,)) is connected. Then following statements are equivalent:
v<m+1

(1) W) NW*(p.) \ {p.} # 0, Yv;

(2) nonwandering set () be compact being pseudoarc.

In fact, (1) is connected union of indecomposable continua. If n = 2 then Q(%)) is either
an indecomposable continuum or the union of two indecomposable continua.

Theorem 2 Let X be compact being common boundary for infinite number of regions on the
plane E*. Then dissipative action ¢ € Aut(E™) exists, such that all fized points p,, #p =
m of ¥y, are saddle whose stable W*(p,) and unstable W*(p,) manifolods are transversal

intersected at some point g, # p,, Clos ( U W=(p,)| is connected, and Q) = X.
v<m-+1l
The simple example of a E*-automorphism
sinmy + azx

possessing a homoclinic point property obviously demonstrates essential topological pecu-
liarity of nonwandering point set structure.
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These pictures illustrate homoclinic situations (theorem 1): the nonwandering point set
is a indecomposable continuum (fig.b, ¢ (8 = £m) or union of two indecomposable con-

tinua (fig.a (B = 0)).
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We consider differential equations
z = f(t,z,v) + B(t,z,v)o(t),  x(to) = °

with distributional derivatives of functions of bounded variation v(¢) at the right-hand sides.
We define discontinuous solutions by means of closing the absolutely continuous solutions
set. It is shown that solutions defined in such a way satisfy some integral inclusion. The case
in which such an inclusion turns into an integral equation is considered. A Cauchy formula
for the discontinuous solutions to bilinear systems is obtained.

The attainability set for a dynamic system with impulsive integrally bounded control is
shown to be compact and continuously dependent on the parameters and a control resource.
Although such a set may consist of discontinuous trajectories, it turns out to be continuous
as a multivalued mapping. The connectedness property for attainability sets is proven. Some
methods to determine such sets are presented. For a particular class of bilinear systems, the
number of control impulses needed for the system to pass to a given point of the attainability

set is estimated.
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Homoclinic points, i.e. points in the intersection of the stable and unstable manifold of a hy-
perbolic fixed point of a diffeomorphism play an important role in the dynamics of a dynamical
system. The heavy winding of the global invariant manifolds leads to sensitive dependence on
initial conditions in a neighborhood of the fixed point, i.e. the existence of homocline points
tends to promote erratic behaviour of the system. Due to the Smale-Birkhoff Theorem it is
well known, that diffeomorphisms with transversal homoclinic points show a chaotic dynamical
behaviour, more precise, such points imply that a Bernoulli shift could be embedded into the
dynamics of the diffeomorphisin on a compact invariant Cantor-like set.

Melnikov [3] and in the following many others considered periodic perturbations of two-
dimensional autonomous differential equations where the unperturbed system has a hyperbolic
fixed point with a homoclinic orbit through it, and have shown, with suitable conditions on
the perturbation, that the Poincaré map for the perturbed system has transversal homoclinic
points. The so-called Melnikov-function measures the distance between the stable and unstable
manifold of the perturbed system along a homoclinic orbit of the corresponding unperturbed
system. If the Melnikov-function has simple zeroes the existence of transversal homoclinic
points can be shown.

Palmer presents in [5] a completely different approach to obtain the results of Melnikov. The
technique of exponential dichotomies is used to characterize transversal homoclinic points and
with help of an extension of the implicit function theorem in Banach spaces a certain bifur-
cational equation is obtained which turned out to be the Melnikov-criterion. A generalization
to almost-periodically perturbed systems was given by Meyer and Sell [4].

Up to now, the Melnikov-method is one of the few analytical tools to detect the existence of
transversal homoclinic points in deterministic dynamical systems with small perturbations.
Since in many real systems the presence of noise can not be neglected a stochastic approach is
desirable and necessary. The availability of a random version of the Smale—Birkhoff Theorem
makes it reasonable to go beyond periodic and almost—periodic perturbations, and allows the
consideration of random differential equations, i.e. ordinary differential equations perturbed
by a stationary stochastic process.

The Smale-Birkhoff Theorem was generalized by Gundlach [2] to the case of random diffeo-
morphisms ¢(w}, i.e. in each time-step a mapping is randomly choosen due to a fixed selection
mechanism. Now the role of a fixed point with a homoclinic orbit is played by a hyperbolic
stationary solution with so-called random homoclinic points, which are random variables with
values in the state space, whose forward and backwards orbits under ¢ approach the station-
ary solution. Analogously to the deterministic case such random homoclinic points imply the
existence of sets invariant under some iterates of the random dynamical system generated by
¢ and exhibiting irregular behaviour which can be described in terms of random symbolic
systems. In other words, the dynamics in a neighborhood of a hyperbolic stationary solution
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of a random dynamical system is conjugated to a random subshift of finite type, which is the
random analogue of the Bernoulli shift.

The stochastic influence of random differential equations is modelled by a metric dynamical
system (in the sense of ergodic theory) which is a family of measure preserving transformations
of a probability space. This concept covers a wide class of perturbations, e.g. all stationary
stochastic processes with (piecewise) continuous trajectories. An appropriate framework to
study this kind of differential equations, as well as products of random diffeomorphisms and
stochastic differential equations, is the one of Random Dynamical Systems (cf. Arnold [1]).

This talk presents recent results of the speakers thesis on Melnikov’s method for random
dynamical systems generated by random differential equations:

Employing the theory of invariant manifolds for random dynamical systems (cf. Arnold [1])
random homoclinic points are defined as random variables such that the forward and backward
orbits of each realization tend — under the dynamics of the random differential equation
— to the random analogue of a hyperbolic fixed point. Following Palmers approach using
a random version of the theory of exponential dichotomies to characterize transversality of
random homoclinic points we use an random extension of Palmers implicit function theorem
on Banach spaces to obtain a Melnikov criterion to determine the existence of transversal
random homoclinic orbits for random differential equations.

Beside others, we consider a classical example in Melnikov theory: The Duffing oscillator with
small random forcing. Consider, e.g.,

z =y
¥ = x—w3+€(')’ arctan(Zt(w))—5y)

with a small real parameter ¢, damping factor § and noise intensity v, where Z; is an Ornstein-
Uhlenbeck process. In this two-dimensional Hamiltonian case the Melnikov function can be
evaluated to

M(t,w)= —g é— \/57/;(: sech(s — t) tanh(s — ¢) arctan(Z,(w)) ds,

such that M(t,w) can be used for numerical computations showing the existence of simple
zeroes and hence transversal random homoclinic points for a certain range of the parameter
values.
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The report deals with explanation of nonlinear effects arising in a model of
many-link transport manipulators (MTM)s in a viscous medium. It consists of
axially symmetric links. Every two sequental links are supposed to be united with
the help of a joint at the centre of mass of the preceding link. The rotation of the
k-th link about the centre of mass of the (k — 1)-th link and the motion of the
transport carrier along the horizontal are caused by an angular momentum U and
a force F parallel to the horizontal respectively. Let g = ¢ be the angle between
the vertical line and k-th link, g, be the horizontal coordinate of the transport
carrier. We Wlsh to transfer our object of control from a given initial state ¢, to
another one, ¢., in a given time, %, arriving with the minimum work done on the
system in siich a displacement. The work just mentioned is required to overcome
the drag and gravity forces and can be calculated from the formula for the power

AZQTU, A(7)2A79 (1)

where q is the vector (qo,...,q,)" and U is the vector (F,U,,...,U,)". It is easily
seen that the problem just stated is singular. In addition an impulse control
moment U; leads to a discontinuous change in the angular velocity of the k—th
link. Hence we need a procedure of multiplication of an impulse moment by the
corresponding discontinuous angular velocity such that Equation (1) makes sense.
We are going to apply the approach given in [1]. Namely, we determine

aT
9q

where T is the kinetic energy of the MTM, D is a derivative in the sence of the
theory of distributions. These enable us to eliminate the control U between (1)

2 p*q=DT - aq,(D )q+ qu—.D( ) (2)
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and the equations of motion for the MTM (A(q) = (ai;) B(g) = (bij), Clq) = (cij))

. (DA 1,84
Ao+ i) ~5(5,)) =pa@P-cs+u, @)

2 n n
&0922?7’3]“ agj=-§:mkljcosqoj , a,-j=2mkljl;cos(goj —@:), (lgi<jgn)

=0 k=j k=7

b =0(0gjgn), bg;zﬁ(ﬂgjf:is‘n), by =Lsing; {(1gjgign);
C;jf-‘ﬂ(i}j), c,}':lg(i'sj).

Here m; is the mass of the k—th link, I; the distance between the centre of mass of
the k—th link and the preceding joint, P the vector (mqg,...,m,g)", S the vector
(So,...,5:)7 of the drags. As a result we obtain a new representation for the
work A =T+ I1 4+ Y, where II is the potential energy and Y is a solution of the
equation Y = ¢TCS. -

Then the calculus of variations yields the following result. The optimal motion
for the MTM is the solution to the boundary-value problem g{{.} = ¢. for the
system ) .

d s3Y oY
a\aw) = g @

We will now introduce several restrictions which endow the drag with a structure
which renders the relevant extremum problem amenable to analytical investigation.
First, the viscous medium is assumed to be incompressible. Second, the MTM
moves in a volume of liquid which is either very extended or is enclosed within
rigid boundaries. Under these conditions the drag is a function of the angle attack
and the Reynolds number only. Third, the drag is suggested to be a homogeneouse
function. Then Equations (4) have the following first integralas of the motion

ff = C;, % - Cz.

Let wp{T +0) = wi(7,¢:), k = 2,...,n and C; = C}(7, q,) generate the solution
to the above mentioned boundary—value problem. Then the integrals with C; =
C2(t,q) and the equations wg = wi(1,q), k = 2,...,n, define the singular manifold
for the optimal problem considered.

g=w,
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For many computational problems in science and engineering, it is often necessary to calculate the
numerical solutions of the following system of ordinary differential equations

u =f(ut), t>0,

u(0) = b, M)

where u, f, b € RY, b is known and f is usually nonlinear. Eq. (1) arises naturally from many applications,
such as electric circuit simulations, chemical reaction processes, and numerical solution of partial differential
equations. In the last case, Eq. (1) is obtained by first discretizing the spatial derivatives in the relevant
PDEs using the method of lines.

The numerical solution of (1) can be obtained using various time integration algorithms. The explicit
method is easy to implement, particularly for nonlinear problems, and is well-suited for parallel computers.
However, they are only conditionally stable. The stability criterion usually imposes an upper bound on the
time step size allowed for time integration.

To improve the efficiency of explicit time stepping algorithms, there has been extensive research effort
focusing on the selection of time steps based on various error estimates or stability criteria. Most of the
existing algorithms use a uniform step size At to compute all components u; in u = {uy,---,un}’ at each
time step. This is global time stepping. To further improve the efficiency of the explicit time integration
method, we will discuss the local time stepping algorithm in this paper. The basic idea is to use different
step sizes At; to advance different solution components u;, instead of using a uniform step size At for all
solution components. The local time step size At; should be selected based on the accuracy requirement
for each component u; or the local stability property of the component equation u} = f;(u,t). For example,
in the simulation of chemical reactions, different substances may react at very different rates, and it is
often known in advance which chemical substances react faster than the others based on their chemical
properties. Similarly, local stability requirement may impose different limits on step sizes for different
equations. For example, if two of the equations in system (1) are in the forms of u} = uy — 2ug + uz + go(t),
and ug = 20u7 — 40ug + 20ug + gs(t), then the stability criteria will impose different limits on step sizes for
integrating ug and ug. This also frequently happens when non-uniform spatial grids are used to solve PDEs.
The stability criterion usually requires that the solution components be updated using a smaller time step
size in the region where spatial grid points are closer to each other.

In many applications, only a small percentage of all solution components or equations require extremely
small time steps, most of the other solution components can be calculated using larger time steps. However,
without proper handling of the transitions between solution components computed using different time
step sizes, the order of accuracy of the time integration algorithm will be lost. For example, a third order
Runge-Kutta algorithm (R-K algorithm) may produce results that are only first order accurate.

Although the local time stepping algorithm has been used in several different areas, no general analysis
on the complexity and order of accuracy of the R-K method with local time stepping is available, particularly
in regard to the handling of transitions between solution components updated using different step sizes. In
this paper we will discuss local time stepping algorithms with proper handling of transitions to maintain the
order of accuracy. We will prove that the order of accuracy of the popular Runge-Kutta time integration
algorithms of various orders can be preserved by using interpolations between solution components with
different time step sizes. For the Euler algorithm and the second order Runge-Kutta algorithm, we prove
that the order of accuracy can be maintained even without interpolations, thereby significantly simplifying
the algorithm implementations, particularly for parallel computers. Complexity analysis, implementation
issues, and numerical examples will also be discussed in the paper.
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Consideration of some control problems for various engineering installations often calls for
investigation of the hysteresis systems of ordinary differential equations. In particular, central to
this is the problem of stable or asymptotically stable periodic solutions of such systems, and the
necessity to study conditions for their emergence. The relay hysteresis nonlinearity encountered
in mathematical models for automatic control systems provides a physical description of the
existing spatial lagging of elements or units in control systems [1 — 9]. Hysteresis is introduced
into the controlled systems that are optimal in the sense of damping the functions or functionals,
which ensures feasibility of program motions in these systems [8]. In relay stabilization of
program modes in controlled systems, hysteresis is used to perform small oscillations in some
neighborhood of the modes (8, 9]. The presence of periodic oscillations in a hysteresis system
makes it possible to discuss the quality of the relevant engineering installation and its behavior.
Consideration is being given here to existence and stability of nonlinear periodic solutions in
autonomous hysteresis systems of ordinary differential equations [9].

Suppose there is a system

&=Az+c+ (Bz+d)f(o), o =Tz, (1)

where z,¢,d,T' € E,,n > 2, A, B are (n X n)-constant matrices, ¢, d, I' are constant vectors, *
is the transposition sign, and f(o) is the hysteresis function,

[+l o>,
f(a-)_{—l o < +I,

the constant [ > 0. A solution to (1) is defined as follows.

Definition 1. For all given £ > 0 and continuous in ¢, the function z(t, z¢, @) with its values
in E, (2(0,20,a) = 29, @ = £1) is called the solution of system (1), if for any T > 0 there is a
finite collection of numbers ¢g = 0,%1,... ,¢m =T (¢ < tg41,k=0,...,m — 1) such that:

1) o(tg,00,0) = (-1)fad, k =1,...,m -1,

2) a(t,00,@)(~1)fa > 1, t € [ty,t411), k=0,...,m — 1,

3) z(t, 2, @) is differentiable with respect to ¢ for ¢ € (tx, t411),

& = #(t, 20, @) = Az(t, z9,0) + ¢+ (—1)*a(Bx(t, 20, a) + d), k=0,...,m -1,

where a(t, 00, a) = I™z(t, 29, @}, 60 = *2¢ = (0, 00, @). The numbers #,,...,4,_; are called
the switching moments of the solution z(¢,zg,a). Here we get @ = 1 for ag > I, @ = —1 for
o9 < —I, while for |og |[<lweget a=1o0r a = ~1.

Denote fore >0, 2 c E,, M C E,
llell = Va~z, plz, M) = inf ||z ~yll, S(M,€) = {y : y € En,p(y, M) < }.

The matrix norm [[Al| =,/ 3 {A},. Let M(zo,0) ={y:y € E,,y = z(t,20,0),t > 0} C E,
A

5J3=

be an orbit of the solution (¢, zo, @).
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Definition 2. The solution z(t, zg, @) is called stable in Lyapunov’s sense if for any ¢; >
0,¢ > O there is § = d(t1,¢) > 0 such that for any z; € S(«(i1, o, @),8) it is possible to
choose B = B(z1), B = £1 such that for all £ > 0 we get ||2(¢,21,8) — 2(¢ + t1, 29, 0)|| < e In
addition, if ||2(2, 21, B) — 2(t + t1, 2o, @)|| — 0 as ¢ — +o0, then the solution z(t, g, @) is calied
asymptotically stable in Lyapunov’s sense.

Definition 3. The solution z(t, o, @) is called orbitally stable if for any € > 0 there is § =
6(e) > 0 such that for any 2, € S(M(zo, @), d) it is possible to choose 8 = B(z;), 8 = +1 such
that for all ¢ > 0 we get 2(t,z1,8) € S(M(zo, a),€). In addition, if p(z(t,2;, 8), M(zo, @)) — 0
as t — +oco , then the solution z(t, 2o, ) is called orbit-asymptotically stable.

Definition 4. The orbit-asymptotically stable solution z(t, zo, @) is said to have an asymp-
totic phase if there is § > 0 such that for any 2, € S(M(zg, a), d) it is possible to choose numbers
T =1(21), B = B(z1), B = +1 such that ||2(t + 7,21, 8) — =(t, 20, 0)|| — 0 as t = +oco.

Definition 5. The periodic solution z(t, g, 1) (¢ = [) is called periodic with two switching
if there are 73 > 0, T2 > 0 such that the switching moments for the solution z(t, g, 1) are the
numbers 71 + pT and (p+1)T, where T =7 + 72,p=0,1,..., and z(T, 2o, 1) = zo.

Fory € E,, t € (—o0, +00) we introduce the following notation:

X:(0.2) = exp(t(A + By + [ exp((t - 9)(A+B))(c + d)ds,

Xalw 1) = exp(t(A ~ By + [ exp((t ~ )(A ~ B)(e - d)ds

From the above definitions it follows that the system (1) has a periodic solution with two
switching if and only if the following system is solvable

P*ﬁ'o = l, ] = .Xl(Zo,t]_), (2)

M2y = —1, 29 = Xa(=1,12),

where ¢ > 0, ¢, > 0, 29,2, € E,.
Theorem 1 Let system (2) be solvable in the above sense and the following inequalities
hold

I"((A+B)zi+c+d) <0, I'"((A - B)zg +c—d) >0, (3)
A2 - Aql] <1, (4)
where
_(g_ (A+Bjzitetdiy
_ B ((A —B)zg+c— d)T x 3
Az = (E I*((A - B)zo + c — d)) P(t2(A — B)).

Then the periodic solution @(t,zg,1) of system (1) is orbit-asymptoticalﬂy stable, has an asymp-
totic phase and is stable in Lyapunov’s sense.

Theorem 2 Suppose in system (1) B = vA, | u| < 1, all the eigenvalues of the matriz A
have negative real parts (ReX;(A) < 0,i=1,...,n) and the following inequalities hold

A Ye+d) > (w+ 1), T"A e —d) < (v - 1)L. (5)

Then in system (1) there is a periodic solution with two switchings lying in a bounded region of
the phase space E,.
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Theorem 3 Let us consider the system
& = Az + g(z) + (vAz + h(z) + d)f(0), ¢ =Tz, (6)

where the functions g(z), h(z) satisfy the Lipschitz condition with respect to @ in a neighborhood
of the point z = 0, |ig(z)}l = o(||=l|), l|k(2)|| = o(]|zl|) as ||z|j — O, and the remaining are as in
system (1). Suppose that

Redi(A) <0, i=1,...,n, |¥| <1,

and the constant (n x n)-symmetric matric 'V is a solution to Lyapunov’s maitriz equation
A™V + VA = —E. Then for T' = —&Vd (the constant & > 0) with all sufficiently smalll = 0
in system (6) there is the two-switching periodic solution lying in a neighborhood of the point
& = 0. This neighborhood can be made arbitrarily small by choosing a sufficiently small I. In
this case, the period T' of the above periodic solution is such that

1 4

1" 7 kdvd
Remark. If the assumption ReA;(A) < 0,2=1,...,n is abandoned and it is assumed that v =
0 and the vectors d, Ad,... , A” 1d are linearly independent, then the statements of Theorem 3
hold. In this case we should take the matrix V to be a solution to Lyapunov’s matrix equation
(ed”+A*)V+V(A+dc*) = —E, where the constant vector ¢ € E, is such that Re);(A +dc*) <
0,i=1,...,n.

as [ — 0.
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DIIEKTPOHHDBIN XX YPHAJIL
“NMNOOEPEHIMMAJILHDLIE YPABHEHWS 1

ITPOIIECCHI YIIPABJIEHHUS”

BricTpoe passuTme m MMPOKOE IPEMEHEHNE KOMIBIOTEPHOM TEXHAKA B HAY IHBIX MCCHESHOBA-
HEUS, cucTeMe o0paloBaHud W AEIOBOM cepe, a TakKke CO3AaHAE ¥ NHTCHCHBHAS DKCILIYaTanna
ri06abHEIX KOMUBIOTEPHEIX CeTell MO3BOAMIOT CO3HABATD A ACHONB30BATE IPUHNANAAIEHEO HO-
BEIC UCTOUHUKE HAYIHO-TEXHEYECKON mlq;opmannn OpBrME B3 HEX ABIAIOTCA SIEKTPOHHEIC
HayIHO-TEXHUIECKAE KYDPHAIEL.

Taxme mspanns AMEIOT PAR HPEEMYINECTB TEpeR TPAAUTHOHHHMEA. B 4acTHOCTH, OHE oGec-
NeIABAIOT PEKOPAHYIO GHCTPOTY NyGIAKAMAR HPH ee HeorpannyeHHEOM ob6beMe. Wspanne simex-
TPOHHOIO XypPHaia HE TpeGyeT GONBINMX TEKYLIAX MATCPHANLHEIX 3aTPAT MDA 5TOM IATATED
HomyyaeT HeoOXonuMyo HEpOPMATHIO HETOCPEACTBEHHO Ha CBoeM pafoueM MecTe He3aBHCEMO
OT €ro reorpadmIecKoro PaCloOXeHHA. JJIEKTPOHALE NYGIUKAnnn JIETKO mpeobpasyioTcd B
TpagmnuoEEkle nybnukanun. Ilpm sToM smeRTpoHHAT MHGOPMAUEA MOKET PACHPOCTPAHATH-
€4 XaK 0O KOMUBIOTEPHHIM CeTAM, TakK A HA DAIAIHEYX HOCHTENZX (IACKETH, KOMHOAKT-IACKH
T.A.). DT UpPenMyINeCTRa ABMANCE, HO-BAFEMOMY, TOMIKOM K oprammsanzud & Espome 7 Ame-
PEKe OONBINOrO IMCHa 3ACKTPOHHHIX XKypHadoB. B mactosmee Bpemsa B Poccmm Taxxe mameT
MHTEHCUBHBINH HPOUECC CO3ZaHUS SJACKTPOHHBHX XKYDHAIOB.

Pemenne o6 uspannu snekTponEOro XypHaia ” [lnddepenuuansasie ypaBEeHns & TPOLECCH
yOopasieHua OBLIO upmisrro Ha HEPBOE MeXAYHapommol koadepennas ”[Inddepennuansanie
yPaBHeH#4 B UX IpAMEHeHne” , KOTOpas cocTogiachk B 1996 rogy ma Gase CaHKT-HeTepﬁyprcxoro
TEXHBIECKOTO YHUBEPCHATETA.

Iesmsio Xyprana sBigerca nyORAKANAL:

® DPE3yALTATOBR TEOPETUICCKHAX MCCHCHOBAKMI M UX PasiBmIHHX HPEACKCHEN;
¢ COOOMICHHI O HPOTPAMMHEIX HPOAYKTaX 10 TEMATUKE XYDHAIa;

® Hay9IHO-METOAUIECCKHEX Pa3paboTok B cb6macTm BRICHIETO O0Pa30BaHNA;

¢ mEQOPMaUA O HAYIHHX B O6pa30BaTEALHBIX MEPONDHEATHALX,

® BHEGOPMANNN O KHUTAX ¥ APYrol HeYaTHON MpOAYKIMH.

Yupenurenem xypuana seadgerca CaskT-lleTep6yprermit TOCyAapCTREHEER TEXEMICCKHEX YHE-
BepcuTeT. 2KypHal HMeeT CIEAYIONIN SIeK TPORHEIR agpec:

http:/ /www.neva.ru./journal/
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Kypran spaseTcs 9acThio uEbopManzonnoi cacreme ” Huddperennnaibabie ypaBHEHEA 7
AuHAMEICCKAE CHCTEMHL , KOTOpas noanepxana PODH, rpant 97-07-90088. UacTuuno Kypmai
nonyunst moasepxky mo mporpamme INTAS, rpamr EMNET/NIS. Hsnatensckyio 1 pemakmm-
OHHYIO HONMTHKY XypHajia GYAyT ONPEReNITE U3HATEIHbCKAN COBET B PEeHaKNNOHHAA KOMACT A,
B KOTOpHIE BOLILAK BeayIne cuenmanucts Pocenu o Temarnke xyprana. Ocrosasie uaen >Tok
HONMTHKA COCTOAT B TOM, UTO XYPHal IpeAmoiaracT nyOnukanumio cTaTeil, 0630poB, JeKumi
7 KYPCOB JEKNIEH, MOHOTpadmii, muccepTanui W mX aBTOpedepaToB, a TaKXe APYTHX paboT
¢ HOAPOOHBIM W3HOXECHAEM PE3yILTATOR, HOKA3aTEIbCTE B IHPAMEPOB. lIIpeAmonaraeTcsa TaKxe
nHGOPMHEPOBaTH O HAYTHEIX M METOAWYECKHX MEPONPHATEAX, CBA3AHHHIX C TEMATHKOH KYP-
Hania. Bee nybnukanum xypmasia GyayT HPOXOOETH PeHeH3EpoBaHme. llyGamKammm XypHaIa
6ysyT pedepupoBaThcs B pedepaTHBHBIX KYDPHAJIaX W HMETH CTATYC HyGmmEammi B OBBIY-
HEIX KypHanaX. B gactmocTH, 511 nybnukannn npussaiorcs PODH B oreTax o pesympTaTax
Hay9IHBIX MCCACAOBAHEA TPU BHIOIHECHAN TPABTOB. MHE paccMaTpuBacM KypHal Kak TENEKOM-
MYHHKANUOHHEIA ¥ OPTaHM3ANMORHAIH HEHTP Ajid paboTH IO BayIHHIM TPOEKTaM TBOPIECKAX
KONACKTHBOB YICHHIX, HAXOAAIMINXCA B PAsAATHEIX ropofax Poccum u ApyTHEX CTpag W Xemaio-
IIUX aKTHBHO COTPYAHEIaTh. llpencranngercs nenecoobiasubM TybImKOBAT B XKyPHajie IPo-
TPaMMBl Hay 9HLIX CEMUHAPOB U AOKIanoB. Mul mpemnaraem Ygernm CoBeTam mybamkoBaTs ¥
Hac COOOMIECHN O NPEACTOANINX 3auTax Auccepranmi. OnybnukopaHHEe B XypHATE MaTEPH-
aJiEl MOTYT OBITH MCIONB30BAHEL AJd HyOiuKamuii B APYTHX M3AaHEAX. JKypHai GyAET EMETh
ceobomusii goctyn B cetr INTERTET. Bcee omy6aukoBanHble MaTepUAIE MOXHO HOAYIATH HA
IECKeTaX Wiu KoMnakxT-auckax. Msmaremncreo Cankt-lleTep6yprekoro TeXHERYECKOTo yHEBED-
CHTETa TOTOBO BHIIONHATE NyOMUKamuWio B TPammuuoHHoM (6yMaxXHOM) BHAE TpH HeGOMBIIEX
3aTpaTax M BBICOKOM KadecTse. 2KypHal HPUHEMMAET A Dy6anKanuu paboTH HO CACHYIOMINM
HaIDaBICHMAM:

® Teopua OOGHIKHOBEHHHIX HuddepeHnaainariX ypaéxenmﬁ;
® TEOpHA HEAWHEHHBIX KOJAeOaHmil;

e auddepeRnnaNLHEO-PASHOCTHRE YPABHECHAL,

® NUHAMAYECKHE CHCTEeMBI Ha MHOTOOOpasnix;

e Teopug Oumdypxramui; A

® CEMBOJHYCCKaAA ANHAMHAKA,

¢ mHTErpo-ZuddepeRnrmalbELIe CUCTEMEL,

® CpYNNoBO#A aHanm3 AudbdepeHnNaNLERX yDaBHCHMI;
® croxacTmueckue auddepennnaibape YPABHCHNT,

e ofmias TeopHus YIPaBIACHM;

® ajanTusHOE W pobacTHOe yIpaBICHHE;

® YHDaBJCHUE B HEIIMHCHHEIX M CHOXHBIX CUCTEMAX;

® OWILTpanus U BACHTADUKANUS,

© VIpaBicHEE KONCOaHMIMA U XaoCoM;
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® CTOXacCTHIECKOe YIpaBUcEMNE,
® UHCHCHHEBIC METOMEI;
¢ KOMIIbIOTCPHOE MOACHMPOBAHAC ANHAMBYCCKUX B YUPaBIACMBIX CACTEM,;

® HpOrpaMMHEEIC HPOAYKTH HpeAHASHAYCHHERIE AJid NCCIeAoBaand AuddepeEnnalnbHEX yPaB-
HEHWH W HPONECCOB YIPaBICHAL,

® NpBIOKEHN: B GU3HKE, dACKTPOTEXHAKE H HICKTPOHHAKE;

® JUHAMEICCKHE CACTEMbl B MEAULAEE, OMONOT MY, SKOJOTHA, XEMAY U APYTHX HAyKaX;
® MOZAEHE SKOHOMUICCKON AUHAMUKK ¥ YHIPABICHUS,

® yueOGHLIC KyPCHl B HPOTPaMMHEIC HPONYKTH 00y IeHNAs HO TEMATHKE XKyPHAIA;

® MaTepHmajiil N0 METOAMKE U HopMaM IPEHONABAHMNS,

¢ madopmanud o6 WsAaHHOE ANTEPATYPE, AUCCEPTANMAK, IPOrPAMMHERIX TPOXYKTAX, CEMH-
HapaX, KOHQECPECHIMAX U HpoIee.

Bosmoxast my6aukanmm 6o APYIEM CMEXHBHIM HAYTHHM HaNpaBICHEIM.

M1 ppuTamiaeM K COTPYABMYECTBY TBODUECKNE KONIEKTHUBH W OTHCIbHEIX YICHEHX KaK B
KadeCTBe TUTATENEl I aBTOPOB, Tak M AJi4 BHIOIHCHENE COBMECTHEIX HayJIHEIX B H3HATCIbCKAX
TIPOEKTOB.

JOBPO HOXAJIOBATD
B HOBGIY DIEKTPOHHBIN ¥ KYPHAJ !

I'.C.Ocnanerxo
I'nagamé pemaxTop
E-mail: diff@osipenko.stu.neva.ru

O.10 Kynpumnxwmit
3aMecTnTEND TIIABHOTO PEAAKTODA
Frmail: kulo@mcsd.hop.stu.neva.ru
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OLIEHKA KAYECTBA PEIIEHUN CUCTEMBI JUDPEPEHLIMATIBHEIX YPABHEHMY C IIOMOLIBIO
CHCTEM CPABHEHNN MUHUMAJIbHOM JOCTATOYHOCTHU
Axynosa A., Axysoe T. A., Yinakog A. B.
Canxr-Ilerepbypr, Cauxt-IleTep6ypreknii rocy4apCTBEHHBIN HHCTUTYT TOYHOM MEXAHNKY ¥ ONTHKY

(Texnuueckuil yuusepeutet). Dn.noura myk@beam.ifmo.ru

B sokinaze cTaBuTcd 3a/a4a OLICHKM KauecTBa pelieHuH cucTeMbl AugipepeniiuanbHblX YpaBHEHUH
x()=Fx@t)+Gg(t); x(0)= x,, (1)

ne x€R"; g€ R™; GeR™ ,FeR™, varpuua F — rypsuuesa n npoctoif cTpyKTypsl. KoHCTpyupoBanue
OLIEHOK B KAacce peliieHuil MUHOPUDYIOilel ¥ MaXOPUPYIOWIEH CKAIIPHBIX SKCTMIOHEHLUUANbHBIX CUCTEM CPABHEHUS

(C2CC) maHuMaIbHOM JOCTATOYHOCTH TIPOBOAMTCS KaK /i OAHOPORHOM Bepcuu cuctembl (1) npu g(1) =0, x, # 0,
TaK ¥ [us HeomHopomHo#l npu X, =0 W KOHEYHOMEDHOM SK3OFEHHOM BbIHYKAAIOWEM BO3LEHCTBUM

g(t) orpannuernoii HopMbl, GOPMUPYEMOM € NOMONILIO CUCTEMB] OAHOPOAHBIX AUddepEHLIUATLHEIX YPABHEHUH

2(t) = T2(t), 20) = 2,.8(t) = Pa(1) ,

! Ixl ! .
sgece 2€ R, T' e R ,P € R™ . PeaynsTatsl, IPUBOAMMEIE B AOKIAAE, OMMPAIOTCA HA CHCTEMY KOHLENLMA U yT-
BEPKICHUI, COCTABIAIOWHMX CYMHOCTE HpAamo2o cnocoba xorucerpynposanus COCC MuHnManbHOR 4OCTATOYHOCTH.

Konyenyus 1. Tlycts anemenTni TuHeitHOH anrebpanueckoit 3agauu (JIA3)
k() = I(M)x(0), @
napaMeTpu3OBaHbl nepeMenHoii 4, npu atom K € R* , y e R* , T1 € R*™ | ¥t . Torna mns JIA3 (2) B eBKIMIOBbIX

BeKTOprlX HopMax OKa3bIBAIOTCA CﬂpaBeﬂHl’IBblMI’I OLICHOYHbBIE HepaBeHCTBa.
a, O (0] < ()] < &, {THD} 2(0)], vz, 3
rae am{H(l‘)}. oy {H(t‘)} — sKcTpeMasibHbie IS VI 3JIeMEHTHI airebpauyeckoro CrekTpa CHHIYIAPHBIX YHUCEN

matpuust. 11(Z) . Ouenxn am{l—l(t)}" ,1/(0)", ay {H(E)}" ;((0)" SABTIAIOTCA COOTBETCTBEHHO MUHODUPYIOLIEH U MaXO-

pupyiolleil SIIMACONIHBIMU OLIEHKAMU BEKTOpHOTO npoiecca K{7) .
Kouyenyus 2. OTHOcuTenbHble Bapuaiwi 35emeHToB JIA3 (2) cBa3aHbl € 4YMCIOM OOYCIOBIEHHOCTH

C{TI(6)}, Vt & cuny HepageHcTBa

s (1)< C{H(f)}( 00 tOne + 5H(t)5z(0))

A
rae S =”A(*)" / ”(*)" OTHOCHTENbHAS Bapualus snementa (*) JIA3 (2).
Vmsepacoenue 1. Obiuee pewenne x(¢) = x[z,x(0),g(¢)] cucrempi (1) ynornereopser uepasenctsam (3), B

T
KoTOpbix BekTOp K(?) mpunumaer cmbich x(2), Bektop ¥{0) sanucwizaerca B dopme y(0) = [xT(O), ZT(O)] , 4 Mat-

puua TI(?) umeer npeacrapnenue

@ =[ exp(Ft) Texp(l’t)exp(szT]
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rae T yAOBNETBOPAET MATPUYHOMY ypaBHeHuio CuibBecTpa
' T~ FT =GP .

Ilpu ouenke kauyectsa pewernit X(¢) = x[£, x(0)] onuopoanoii sepcun cuctemsi (1) & dopme (3) creayer
nonoxuts ¥{(0) = x(0) n Il(t) =exp(Ft). Mpu ouenxe xadectsa pewenmii x(f) = x[t, g(¢)] cucremsi (1) npn
Xy = 0 seobxomumo nonoxurs y(0) = z(0) u I1(t)= Texp (Gt)—exp (Ft)T, ecnu npu 310M B KavecTBe BO3AEH-
cTBHS g(t) OrPaHMUEHHOM HOPMBI MCTIONB3YETCA cTyneHyaToe, 10 11(¢) = F (I —exp(Ft)G ,a x(0) = Pz(0)

Yreepxaenne 2. Iyets ¢, (f) — peienne opHopoasoii maxopupyowei C3CC

6 10+ tys()) = 0,6,,(0) 2 B J(0)] @
a ¢, (t) —munopupyrouei L
5+ 1,60 =0, ¢,(0) < A [x(0) ©)

Torna cnpaBefmBel OLieHOUHbIe HepaBencTea s peuienuii x(f, x(0)) omHoponHol Bepcun cuctemni (1)
6. (0) < o, {exp(FOHx(0)] < |2z, (0] < @ {exp( F)|x(0)] < 5, (2) ,

TpH 3TOM 3KCHOHEHUMANbHbIE oLeHKH G, ({) u ¢, (f) 06nagaoT MUHMATLHON FOCTATOYHOCTLIO, TO €CTh MAKCH-

ManibHOM 6IM30CTHIO K CBOMM JLIMIICONAHBIM, eciiu napameTpbi C3CC (4) u (5) onpeneneHbl COOTHOWEHUAMU

t = minfRel). = UMY = maRea) A= M
’ . i

roe A, M ; — COOTBETCTBEHHO COOCTBEHHBIC 3HAUCHME U BeKTOP F, C{M} — uucio o6ycloBAeHHOCTH MaTpulibl M.

Yreepkaenne 3. Yncno obycnosrennoctn C{M} MaTpHiibl COGCTBEHHBIX BEKTOPOB MOXET ObiTh MCHONL30BA-

HO JUI1 OleHKH koneGaTensHocTn pewiennii X(7, x(0)) omnoponnoii sepcnu cuctemni (1).

Vreepxaenue 4. Ilycts ¢, () pewenne neonHopoaHoi maxopupymomeik COCC

50+ 500 = 7t Je O] 6@ =0
a ¢, (f) ~munopupyoWweH

5D+ 115D = 1utti8 ) 6,0 =0
TorRa Ana pewennti x(Z, g(¢)) cucremnl (1) mpu crynenyatom skzorenHom Bosaeicteun g(t) = g, = Pz(0) duxcu-
POBAHHOM HOPMBI ” g(t)" = "go “ OKa3hIBAETCA CHPABEAIMBOM LIENOYKA OLEHOUHBIX HEPABEHCTR
6(0) = 0| F (1 - exp(F) Glg ] < [xte.e ) < | (T~ exp(F0) G lg 0] < 5., (0)
npu 3TOM SKCTIOHEHLMATBHBIE OLEHKH Su(t) u ¢, (t) obnamaroT MHHUMANLHOM LOCTATOUHOCTBIO, ECIM APAMETPbI

C2CC (4) u (5) onpeneneHbl COOTHOLICHHUAMM

s = m,.iane(ﬂf)I,ﬁM =C{M}; p,, = miaXIRe(&)l,ﬂm =C'{M},

-1 -1
V= ﬁM(mi{xlﬂ,I) IIGN(I +expl(- Tty mgX(Jmﬂf)D(l * ﬂM/ﬂm)) D Vs ﬁm(max(ﬂflj a,{G}
Hoxnag col,uepxcm JOKa3aTeNbCTBA BhIABUHYTHIX NMONOKEHMHM, OHN ¢ HE3HAYUTEILHON Mofunq;nxauueﬁ MOTYT

GbITh PACTIPOCTPAHEHB HA Cily4¥al MaTpullbl F PON3BOILHON CTPYKTYPhL. JIDUBOASTCS NPUMEDSI.
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HAXOXINEHUE IEPUOMNYECKUX TOYEK B OKPECTHOCTA
MHBAPUAHTHLBIX KPUBBIX OTOBPAZKEHNWA T'APIVNHNA

H.B. Aummnoga
Canxr-IleTepbyprexkuit TOCYBapCTBEHHEI Y BUBEPCUTET

e-mail:nataly@is1483.spb.edu

Iiycte T =T),, oTobpaxenne PACIUPEHHOU IIOCKOCTH R? = R* U co B ceba:

T 1= (A-XANz+Arfu(y), (1)

n= (1-XNy+2f(2)

roe A, {4 — BEIEeCTREHHLIE TApaMeTphl, f,— JAOTHCTUYIECKas QyHKHNI - HMEET BUA
f@)=fu®) = pt{l-1). (2)

Tononorus Ha R2 TpeAnoaaraeTcs NHAYHHPOBAEHON Tonosnoruei cheprl PuMana, T.e oxpecTHOCTAMY GECKOHEYHO
VIANEHHOM TOYKMA ABIAI0TCS HOTOIHEHN BCEBO3MOXKHAIX KOMIAKTOR, MbI IPEANonaraeM, 410 00 ABNALTCSA HENONBINK-
HOU TOYKOM, Torfa 1 HEUpepHBHO.

B pabote [1] 66 onmcans TpOCTeinINe CBOMCTBA U MCCEHOBANEI 0COOkie Touky oTobpaxenns I'apomm Ty, Ge3
OrpaHUYEHUS Ha DapaMeTprl. Taxxe Ginu HOCTPOECHH! AHAIDAMMEL JOKATLHLIX OndypKammi Ha IIOCKOCTH Hapame-
TPOB A, p. Ilennio HacTOsIIEl PAbOTHL ABASETCA UCCIenOBanne budypxannii MHBAPUAHTHEIX KPUBBIX B OKPECTHOCTH
BHEAUMATOHAMLHLIX HETIOLBIDKHLIX TOYEK YKA32HHOIO OTOOpAXKEeHN C TOMOUILIO MCCISROBAHN €r0 NePUOBHISCKUX TO-

UeK.

1. HemnoaBmxXHBIC TOYKH

Cornacro [1], uccnenyemoe oTobpaxkenne ob6aanaeT crenyomuMy HenonpmxaeMu Toukamm: Og(0,0) u O (1 - i, 1-

i—) -nuaronansaeie, Os(p,q) u Osz(q,p) -BHEOUArOHANBHEE, TIE

AR/t Lt SRS G TR V) (i -
2 ’ - 2u '

p

Touka Oy, 03 spusioTcs doxycamu npu 4 > 1+ /5 mmu u<i- V5 u Y3IaME B IPOTUBHOM CIIydae.

2. Dbudypxanma Xomnda

B cnyuae, xorma Toukn Oz, 03 asnaioTcsa foKycamu, COPaBEHINBO CleAyIoiIee TpemoxeHue. (2]

Iipeanoxenume 1 Hyems A >0 u u>1++/5. Cywecmeyem p* = p*()) maxoe, wmo dazp < ¢ mouxy O, 03
geagiomes ycmotuusvimy Goxycamu. Hyemo X* = A(p™). Toeda Ve > 035 > 0 wmo npu A € (M, A* +4) 6 ¢ -

oxpecmuocmaz mouex Oz, Oz CYwecmeyom 3GmERYmbie UHEAPLANIMNBIE KPUSHIE.

B [2] ¢ noMOLIBIOC YUCHIEHHOTO MOGENHPOBAHAS ObINHA ONPENeTeHkl 3HAMEHNA TAPAMETPa A, COOTBETCTBYIOLINE BO3-

HUKHOBEHMIO ¥ Pa3PYINEHUIO STHX KPUBBIX.
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3. Ilepmopmuecxue ToYkm

CooTBeTCTBEHEO TEPMUHONOTTH, BRCGACHHON B pafoTe [3], na uERapuanTHO! KPUBOR BOZHMKAST PE3OHAHC, €CHH CyLUe-
CTBYIOT ZB€ NepHoaudecKkue OpbuThl Neproaa ¢, OHA — COCTOAINAS M3 CEANOBLIX TOYEK, BTOpasd — U3 yCTONYuBLX. Benu
YUCHO BpALLECHNI OPOUT PaBHO g, TO TFOBOPAT O g - pesosance. llpu QuXCHDOBAHHBIX 3HAUSHUAX HapaMeTpPOB (A, u)
TIOMCK MEPUONMYECKUX TOYEK 33[JaHHOTO TIEPHONa k B OKPECTHOCTH WHBAPUAHTHOM KPUBOW MOXET ObITh OCYILIECTBIEH
B ABA 3Tama:

1. Jloxanmszanmsa. IlycTe mHBapuaHTHas KPWBAas HPMHANJEXUT HEKOTOpO# obmactu G. PaccMoTpu mpsamo-
yromsauk £ O G m ceTKy Ha HEM € HOCTATOYHO ManbiM aroM h. Ilyers 2* = (z*,y*) - KOOPAMHATEI OFHON M3
Toaek ceTku. Ecmu p(T%(2%),2%) < €, rae € - HEKOTOPOE HOCTATOYHO MAJI0e YHCNO, TO TOUKA 2% - MONO3pUTENLHAsS Ha,
TIEPUOANYIECKYI0 TOUKY rnepuona k mia orobpaxenus 1.

3ameuanne. Ioctarouso 6paTsh € nopaaka 1072 — 1072 .3ananne cnmuxoM 60MbIIOH TOYHOCTH Ha MIATE JIOKAIH-
32141 MHOTA2 MPOCTO HE NO3BOJAET HAUTH HANMAILHBIX IPUSIIKEHIE K HePUOTMYECKIM TOIKAM.

2. YrouneHue. Kaxnas u3 HaiiieHHBIX Ha HPEOBIAYILEM LIATe TOYEK NPOBEPAETCS HA MCPUOAUYHOCTH C
nomomsio MeTona HeroTona. Ilis monyveHHbX B pesynbTaTe UTEPAnuil TOYEK ONpEeseTcs UHCIO BDALICHUA 1
Tun.- B ciyuae saxoxnenns cennoBoil NePUORMYECKOH TOUKA CTPOSTCA €€ HEyCTONINBbIE cenaparpuckl. IlocTpoenne
CenapaTpucC CeJIOBLIX NEPUOANYECKMX TOYEK UPY Pa3IMuHbIX 3HAMEHNIX HapaMeTPOB NO3BOIAeT OBHADY KUTH MOMEHT
Pa3pyLUeHUs UHBAPUAHTHOM KPHBOH ¥ NOSBICHUS XAOTHIECKHX [BILKCHMI.

PafoTa Buinoiaera npu HOBAEpIKe TpanTa MusmMCTEPCTBa OGLIETO npodeccuonakHOre obpasosanus Poccuu B

obnacTu GyHAAMEHTAIBLHOTO €CTeCTRO3HaHNS (MaTeMaTnka, N 97-1.8-50).

JImrTepaTypa

[1] H. Amnusosa, A. Ocunos JloxameHbie 6ubypKaLMA A4 TOIHOTO orobpaxenns apauun. BUHUTH,14.06.96,N
1969-B9%6.

[2] H. Amnuaosa Yucnemnoe nccnencRamme NOBSHCHAA RHEAPUAHTHBIX KPHBHIX B OKDECTHOCTH HENOABIDKHLIX TOUEK
orobpaxennsa lapaunn. Henuuelinvie nunavuveckue cucreMs. Brit.l. ¢6. craTeii mom pemaxuueit I'.A. Jleonoga,

C.-Ilerep6ypr,u3n. C.- Merepbyprcxoro yuueepeurera, 1997,c1p.5-13.

[3] D.G.Aronson, M.A.Chory, G.R.Hall, and R.P.McGehee Bifurcation from an invariant circle for two-parameter
families of maps of the plane: a computer-assisted study. Commun.Math.Phys.83,3(1982),p.303-354.
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YHPABJIEHUE [IBYXMACCOBBIMHU CHCTEMAMN
B YCIIOBUAX HEOIPEIEJAEHHOCTH

Mocksa, UrcTETYT npobiieM MeXaHHKH
Poccniickoli axageMun Hayk

Hpn moMoinu MeTONOB TeopuH YCTONYUBOCTY ABUKSHUA pellaioTcs 3aaa4qu ob
YOpaBjieHnN GBYXMAacCCOBRIME CUCTeMaMU ¢ HeN3BECTHRIME HapaMeTPaMU.

B ogmom ciydae cucTeMa npefcTaBiageT coboil ABe Macchi, CoeRuHEHHBE TPY-
KUHON ¥ PacloioKeHHbIe Ha TOPU3OHTaIbHOM npamoii. B npyrom ciyuae ofe
MacChl TAKKE COedUHeHB! NPYXKUHOW, HO BTOpas Macca JeKNT Ha mepsoil (rpys
sa Tenexke). (6e Macchl MCHBITHIBAIOT HEHCTBYE CHJI CYXOTO TDEHAA C Tiepe-
MEHHBIMY, 3aBUCAILUME 0T Hosiokennd xosqpunuentamu. llpennonaraercy, uro
MacChi, XKeCTKOCTh HPYXUHH ¥ KOdQDUUUEHTH TPEHEA Heu3RECTHHI, HO JIEXAT
B JaJamHBIX mpemenax. K mepsoll (Hecyiteil) Macce npuiiokeHa OrpaHEYeHHAA
yupasngiomiad cuia, Pemaercd 3amada o HpUBeCHUNA HECYyIHell Maccsl B 3aHaH-
Hoe TepMEHaIbHOE HOJOKEHUe 38 KOHedHoe BpeMa (COCTOSHUE APYIol Macch B
YTOT MOMEHT HPON3BOJIBHO).

Tperns mcclieRyeMas CHCTeMa TakikKe COCTOUT M3 OBYX Mace: K HeCyilleMy Te-
Jiy, HepeMeraioiieMyca B0, TOPU3OHTAAbHON IPAMOl, HOABEIIEHO PYTroe Teloe
(MasTHUK Ha Temexxe). Mcxommbie IpeanosioXenud U Hellb VIPaBicHns — Te &e,
YTO ¥ B TPESBIAYINX Clydagy.

IIpennoxensl 3aK0HH YIPaBiieHnAs, OCHOBaHHEE Ha aITOPUTME, paspaboTanHoM
8 [1] ans yupasnenus wenuselinoll TarpaHXeRoil AUHAMIYECKoOl crcTeMoit obimero
BHOa ¢ HEUIBECTHOM MATpHilell KUHETUYECKON YHEPTUM: MCHONL3YeTCs JuHekHas
ofpaTHasd CBA3L 110 0606UIeHABIM KOODAUHATAM 1 CKOPOCTIM, KO GunueH T yCu-
JieHHS KOTOpOI AB/IZIOTCE XYCOUHO-ToCTOgHHMME Gyvakimavy. KosddmimenaTs
BO3PACTAIOT U CTPeMATCA K GeCKOHEUHOCTH Mo Mepe NpubIuXeHNS TPaeKTopun K
TePMUHATBHOMY MHOXECTBY, OLHAKO YIDPaBIfOUWINe CUIbl OCTalTCS OrPaHIYeH-
HBIMY I YOOBJIETBODAIOT HATOXKEHHBIM VCHAOBIEM.

Honxon obocuosan npy HoMoWIR BToporo Merona JlanyHosa.

PaboTa peinosseHa mpn dusancooil nonmepxke Poccufickoro dorna dyHza-
MeHTaIBHEIX uccnemosanuil (N 96-01-01137).

{1] Ananvescrud M. M. Yupannenne Mexaamdeckoii cucTeMoil ¢ HeU3BeCTHBIMU
HapaMeTpaMn HOCPeACTBOM orparmaensoil cunst // TIMM. 1997, T. 61. Brm. 1.
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BHOYPKAIINS MMOJMOXKEHWUSI PABHOBECHUS CHCTEMBI
OJADPPEPEHIIMAIBHBIX YPABHEHMHM B KPUTHYECKOM
CIHYHYAE ABYX YHCTO- MHUMBIX M ABYX HYJAEBBLIX
KOPHEM XAPAKTEPHUCTHUYUECKOTO YPABHEHMS

Caunm-Ilemepbype, Canxm-Ilemepbypacruii 2ocydapcmeennsiti ynusepcumem
Basov@VB2674.spb.edu, 196233, C-Tlerepbypr, np. KocMonartos, 90-54

Iycrs z = (z1,22), ¥y = (¥1,v2), € — ManLit TONOXKWTENLHEIR TapaMeTp,
HEpEMEHHHE T, T2, Y1 HMEIOT 1-# HOPINOK MaJlOCTH, & ¥, £ — BTOpOH, § = 1,2;
[3 k
X ; ](3:, y), Y} ](x, ¥) — dopMuz k-0, B YRa3aHEOM CMEICIE, HOPIAKA.
PaccmoTpum aBromoMEyio cucTeMy 4-X AuddepenuaibaLX ypaBHeHAE

£ = —z5 + X;Ql(x, y)+em+ ngl(z, ¥)+ GXP](&‘, y) + Xi(=z,y,¢),

.’il‘g = o+ .ngl(.%', y) +enz + ngi(-%‘, y) + 81{3](% y) + X;(.Z', y;"s)f (1) '
N = Y2 + Y1{3](x, y) + Eylill(xa y) + Yf(.’ﬂ, y’s):

i2 = —u} + % (2,9) + %, (2,9) + 20 + Y3 (2, 3,¢),

roe X}, Y’ — mocraroumo ramankme ODYHKNEE Z;, ¥, €, OPEIEM PasioKeHHS
32 ) 3% F73 ~ j )
dysxnmi X7, Y)' maummaiorcs He BEXe, 9eM C 4-r0, a Y — ¢ 5-To mopsmka.
He ymesnmasg obmuocty, 6yaeM cImTaTh, 9T0 :
?

2 — 2 —
xP0,9 =0, xPz00=0, g;=0, (2)
# HPefuoIoNAM, 9TO KoobhdunmerTH dopm X :%2] YOOBJIETBOPAIOT YCIOBHIO:
1,0,1,0 0,1,1,0
X § ) + Xz( ) =0, (3)

ik
Hug xosddbunnerToB ocTanbEEX bopM X I#] Y-{k] BXORIIOAX B cacTeMmy (1
P 3 * t; y ?
BBeneM 0O03BaAYCHEL:

a1 = (3 Xl(s,o,o,o) 43 Xz(o,s,o,o) " X1(1,2,o,o) + X2(2,1,0,0) )/8,
by = Xl(z,n,z,o) + Xf’l’z’o})v /2, e1 = ( Xil,o,o,o) " Xéo,z,o,o)) /2;
ay = (Yl(z,o,i,o) " Yl(o,z,l,a) _ },2(2,-0,0,1) _ },3(0,2,0,1) )/6,

by = (31"1(0’0’3’0) _ },2(0,0,2,1) Yo /5, ey = (Yl(o,o,l,o) " Y2(e,o,o,1) )/3,

roe v = (2w)~! fCs?0d0, a Cs0 - 510 2w -mepEORnYecKad GYHKNNSI, BBENCH-
Basg A.M. Hanysosnim.



78
IIP@HHOHOX{EM ITO BRIIIONHAIOTCA CACHYIOIINE HEPABCHCTBA.

(51(.'2 - bgci)/(ﬂ.lbz - &251) >0 =n (a2c1 — (3132)/(&‘.162 - szl) > 0; (4)

a1a§ + 52,@3 #0 mum ayby —azb; <0, | (5)
rae og = \/(6162 - bgcl)/(aibg - 3261), [30 = J(azcl - (1.162)/(0,162 - azf)l).

TEOPEM A. llpennonoxum, gro mng cucreMs {1) BHEONHIIOTCH
ycaosus (2) — (5), Torma np mo6oM HOCTATOTHO MAJIOM THOMOKHATEIHHOM 3HaTE-
HUE DapaMeTpa € B cucreMe (1) npoucxonnt 6ndypranus poXACHAL ABYMEPHO-
10 MEBAPHARTHOTO TOpa ¢ JacToTaMu wy = 1 +O0(e?), wy = foe'/2+ O(e).

B xone noxasarenscrea mocne HONIPHON 3aMEHE
Zy =rcosyp, =z =rsing, y;=pCsh, y3=—p>Snd,
pacemagionie#l SaMenk
_ 12 - .1/2
r=¢e'(a+u), p=e"'*(B+v)

H psfa OCPEAHAIONIEX 3aMEH CTPOUTCA CECTeMa 6udypKaluOHHHX YpaBHEHUH,
uMelonias Opm yciosuu (4) equHECTBEHHOE HOMOXKATENHLHOE DelieHne g, Po, u
cacrema (1) npusonurcs ¥ cacTeMe, y Koropoii cornacuo JlemMu Cmeiina npu
BCEX MOCTATOYHO MAaJLIX HOJOXATENLHEIX 3HAYCHESX HapaMeTpa CYIIeCTBYeT
HBYMEDPHOE AHBapHaETHOE MHOTOOOpasme.

3amMmeganne. OCrporo ropopd, 6upypkanud #HBADHAHTHOTO TODA
npoucxonuT B cucteMe (1) npm AononsmTenabELIX orparmiennax: X,(0,0,&) =
Y;(0,0,6) = 0, o = 0, Tax Kak TorZa mpu /io60M NOCTATOYHO MAaJoM HO-
JOXETEHLEOM € HOMEMO HHBAPDHaHTHOIO TOpa cucTeMa (1) mMmeer mosoxenme
pasmoBecas = = z{¢), y = 0.

Tlonyuenarii pesyirTaT MMeeT HENOCPEANCTBEHHOS DDHKIAZHOS 3HaUECHUE,
TaX KaK JaCTHHIM ciydaeM cucTeMH (1) gBiigeTcs cucTeMa ABYX ypPaBHCHEHM
BTOPOTO HOPAAKA C MAIM HOJNOXATSALHEM HapaMeTpOM

%—i-m:X(x,é,y,g},e), §+y3=Y($,é,y,§:6)e (6)

onmCHIBalOliad KojiebaHms OBYX ClHabOCBA3aHHHX OCHUIIITOPOB C JIHEEHHON B
xybmueckoll BOCCTAHABIABAIOMINMA CHIaMi. XapakTepHad 0CcoBeHHOCTE CACTe-
M {6) sakmO9aeTCd B TOM, 9T0 HEBO3SMYIICHHHEE KOMebauns OfIHOTO U3 OCHAIIL-
TOPOB BMEIOT KOHEUHYIO JaCTOTY, a 9acToTa Kojdebaunil APYrore oCnuiiIgTopa
OeCcKOHEYHO MaJia IPH CTPEMICHUN K BYJIIO aMIIATYAR Konebagdi.

Hacrosmiee nccnenoranue nonsepxano rpantom POPU 96-01-00404.
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.7 . BaarueHEn

OHHCBHAYHOCTD OBOBHRHHAK
HHTEPPAIOR YHBOTTH

Kazaub, Haszadcynd TOCYRapCTBEHIBIR YHMUBSROETET

loxmal  pasBEBasT MEed  padow 11,21, floy4gerl  YCROBHEA
CHHOBHEYHOCTE MAHTerpaia Ymserrd {31 aaa  oTobpameHms Epyra o
TIONSPHAMA CCOGeHHOCTAMIA .«

Tecpesa, [ycts s,mzi, @FHRI@ME »110,271—R BEMEET OTDIHAISHHYD
BIPHALIAN, ¥(7+0)=plr), |yled~pir-03{<m, @ BafaHl T[ADaMETDH §rj§~£:1
{321 y.o05~1}. JuS 10 11 (k=1 ,.,m) DORONDM

. . . W [ E"CD m~1 s-1
_ e . a2y | k) , , 7]
< ¥ [ o [ B N b o a g bl g
"'i R - {3' g % i — -2 § OB, 3T -3 *‘L*B[a-‘:‘v.- }a
ki m ki Lercg, o j=1 CkTTA =1 k'3 |
Sk
" a ‘ o] a ? » ] i . - o o ,,'
rae g8 {vi ,rz;i = gp G 3 !‘: gzj 5 ® {?:, ,z} = ["‘ ~:z} kh:!.*-:z,‘m } s
i 4 27 . e k
1788 = mxp] ~ = j &n%} *{}*dy(w} a
- G ’
1) Eoou To%xg ibégﬂ {i=1, .., m} !.zj:ﬁhksét:ﬁ Yiek B ¥£) TAKHR, HUTO
;sk-z Bys oo b ) I>e (k=i ,. ,m}, ¥y TEV s (1}
4 +b g 1 .
X Tk \ k tee 4B VLR .
TER v, r——— ., U = [ - {ggk;f—4}* 2l (x=1,.,m), To EHTETDAX
T oaab, U 1514 i
. |5 ’
=Z m N 5 Py
Fizy = [ 5 48y n@&';b,] ﬂs’éia‘::cz.a'di {l=zi<1) R AMeLT
. RAP A LV N {
Zg =1 i=d

AOTAPMEMEIECKIE OCOCEHHOCTER B TOUKAX by ,.,b  TONGKO MM c_=v .
2) EBema B (1) HapymeHC XoTH OM OZMO YOAOBHS, TO ypIBHMeHEA
s F{r 30 (k=1,.,m) HeDaspeEAME OTHOCHTRARHO £ e

i

%

A

-

)
52

JTEPATYPA
1. T.T.Baasyerme O0paTHa# 3373938 QIR OFHOTO OGOOMRHMOTO HHTETDRAJS
¥pmcroffess-fipapua.// 1 MemayHap. HeyuHO-NIpARTEY. Xomb. “indd.
ypasHeHIs B BX fpEMeHeHmA", Tez. Hok¥., Cauxr-lleTepSypr, 3-5 meratpd
1%86r., C.31. . :
2. Jl.A.Axcenrees. ' [.0.BRasuesne K oOpatHofl 32a949e IAS HHTETDAACB
Hpmcrofdenn-iipapia. // Hap.BV3oB.MaTeMaTura .~ 1997.- ¥8.- C.72-76.
3. M.A.flampenTeeB, B.B.MafSar Meromy 7Teopum yHRISARE  HOMILASHCHOTO
N2DEMEHHOTD. ~ 5~8 #37.~ M.:Hayxs, 1587.~ £88c.
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H.T . BankasHro

05 OCCBOH PO TFFITH NEPEHOCOB O HESABWCHMOW TEPEMEHHCH
B 3AJANAYX OIMTHMANBHOIC FTIPABAEHWA FAMUHAPHMM NOTPAHMUYHEM CHOEM

Kazauk, HasaHCKRi TOCYAAPCTBOHHNE TEXHMYSCEAR YHEABSDPCHTET

B  paMgax TOWBIX YpaEHeHER  APUNEHHS | MEIKOCTE | 3afava
OCNTAMANBHOT'C ¥NDABASHEH JaMBHADHNM NOUPAHRIHMM CAOCSM HA NDOHMLALMOR
NNOBEPXHOCTHA BrepeBue Ouia nocTaBaeHa T.HK.CopaseTzadosiM B 1968r.
TeopeTRRO-TPYIIICBOE TNOZXKOX X S8 pemermi OuA npeziuowed B 137ir.
H.P.T'apaeBuM. DHI0 MNOK33aHO, YTC DRCHEMpeHHdill QYHKIMOHAA OCTaBTCA
BHBAPESHTHEM OTHOCHTEARHO TPYIN, ACHYcKaeMmol ypapHeHusw [IpaHATAS.

Mpy 237OM OCHOBHZA airelps J¥ DIcKIARMBATCA B TIDAMYL CYMMY L %e 4

CBOErO OeCHOHEUHOTO HEeans 1™, COCTOANETO W3 ONeDaTOpOB

3 - ~of ne & By’ 4 a
KT(J} - fy-‘ wd 5}; LS TR S ) E‘J 2
A 4eTHPeXMEDHOR HOBANTeCDH 12 ¢ sasucom
v . L B a L. 8 3 .. a
Xy =% gptugz P e gt Yago Ko = % gz »
- T - S - S - T . 3
Xy ® ¥ gz "B gp - Ve T ®Egp o M X4 % 3p -

THE ¢ix} ~ NPOESBOARHAE mQfeperippyssas QyHimEA.

Hu we GaJEE DOCTPOSHM B8KOHM COXDEHOMEHA Ha BOSX ONepaTopax;: npH
ATOM OHIC AORAB3HO, WTO (RPBMA PHTErDaAl AAS CONpANMeHHOR CuCTeMM
NoAYYRSTCH TOARKO H3 ORCROHEUHOMEDHOM onepaTope.

B i988r. NOCTABASHA u pemeHa RARAYS ONITEMIAB LAY
TENAOMAcCOOOMeHa Ha  [TDOHBLASMEY  NOBADXHOCTAR B JaMBHaDHOM

NOTRAHEYHOM CHOR COBRDUEHHOTe T&3a; B 19%4y. - asg cayuad
RASRTpONPOBOZANETe Tasa: B 19957, -~ ANA  CAYYAH  DABHOBBCHD
ZEccolmapyRlere asz, B 199%Br. -~ Zi8  chAyYaE  HEPABHORBCHO

IMCCOLMUDYONers I'asa. M BO Beex CAYYAEX TIepBME YHTErDaml YIAAoch
IOCTRONTE TOSBKO HA COOTBETOTBYKEMX GRCROHEUHOMEDHHX ONeDATODAX.

FOUBATEALHMNM OOCTOATENHCTBOM NPH 27T0M HBHACCE TO, YF0 3TH
PHTETDAJM B TOYHOCTE COBNAME C  COOTBeTUTEYRUEME  NSDBMMM
AHTETpANaME, TIOCTPORHIMME Ha3 ONepATOpAX NEpRHOCA 110 He33BHCHMOR
nepeMeHHOR (NONEDeR NOTPAHAYHOTO CAOH). B 3TOM ¥ 2aRI0YaeTeH ocobag
POR: OFHOTIADSMOTDHISCKON TPYNIM [EDSHOCOB B 23J23Y3X  QNTHMANLHOTC
FIDABASHAS J2MPHADHMM NOTDAHATHHM CHOSM.
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I'PYIIIOBO IIOAXOM K UCCJETOBAHWIO JIMHENH O34
CHUCTEMBI PABHOCTHBIX YPABHEHNM
C HEIIPEPBLIBHBLIM APT'YMEHTOM

Bauzopykos M.I., Jlorunora E.B.

620083, Poccus, Exarepunbypr, up./lenuna, 51,
Ypasibckuit ToCy IapCTBEHHBI! YHUBEPCUTET, MATEMaTUKO-MexaHudeckull pakyabTer

E-mail: Mikhael.BlizorukovQusu.ru

Hacrosrmaﬂ pa60Ta HOCBZAICHa HaXOXKICHUIO NOJIYTIPYMIIbl OII€paTOpPOB OJId JiapeligoM cuc e-
Mbl Pa3HOCTHBIX ypaBHEHHI C HEUPEPLIBHLIM apTyMEHTOM W PacCMOTPEHMIO HEKOTOPBIX €€ CBOMC B.
Ilokasato, uTo 2Ta HOJYIpyNNa ABIAETCH CHILHO HEIPEPHIBHOM U He ABJIAETCS PABHOMEPHO Hellje-
puisrofl. [locTpoen mubuHUTEUMANBHBIN OllepaTOP TOM MOMYTPYIIbI.

Paccmarpusaercsa cuctema

z(t) = Az(t - 1), 1)

roe ¢ € R*, A — maTpuua pasMepa n X n ¢ HOCTOAHHBIMA Kodbduumentamn, ¢ — AeHCTBUTEbH il
apryment; z(t) = @(t) mput € [—1,0], roe ¢(t) € C[-1,0] — sagannan Hada bHAA BEKTOP- PYHKI 5.
Pemenus z(t) cucrems (1) Moxer 6u1Th onpeneseno no maram: z(t) = Atio({t} — 1), roe [t] --
nesias 4acTb , {t} —— Opobuas wacts. Mcmosbsys momxom, paspabotammbift B [1,r1.6], He Tpys HO
sameruth (2], uro: z:(¥) = z(t + 9) = (T(t)e)(¥), tme ¥ € [-1,0], T(¢) : C[-1,0] — C[-1,0] —
onepaTopHO3HauHas GyHKuud. g paccMaTpuBaeMoil CBCTeMbI PA3HOCTHBIX ypaBHEHHUIA OHA UM €T
BUIL:
AL 19} — 1), ¢ > 1, d ¢ [-1,0],
(T(W)e)®) = | Ap(t+ 1), te0,1), ~t<9 <0, 2)
ot +9), tef0,1), —1<d<—t.

YcranossieHo, uto B obsactu t > 0,5 > 0 : (T(t + s)p)(F) = (T(¢)T(s)p)(9) m (T(0)p)(F) = o( ¥),
10 ecth 1'(0) = [ — TOXHECTBEHHBIN OLNEPATOP. JTO MO3BOJIAET yTBEpKAaTh, uto 1'(t) ABjgAe|cs
[OJIyIPYTHION OTEPATOPOB.

Hanbreiitee paccMoTpenue nposogurca uia 1(t), koropbie onpenenenst Ha cyxenun C[—1, 0]
zo C[—1,0], samasaemom cienyromum pasercrsom [3): C[—1,0] = {p € C[-1,0],0(0) = Ap(-1)}.
[IpoctpancTtBo C [—1,0] aBiserca Ganaxossim. Ilokasano, ato onepatop T'(t) orpanwaen u suHee: , a
dynxuna T'(t)o nenpepsisia o t na R npu o6om ¢ € C[—1,0], npuaem ycaosue o(0) = Ap(-1)
ABJIAETCH CYIIECTBEHHBIM.

Ha ocHOBanuM yKa3aHHBIX PE3yJIbTATOB HOKA3aHA CHPABENJNBOCTD CJAELYIOUIeH TeopeMbl:

Teopema 1. Cemeticmeo onepamopos {T(t)}, sadannwz (2), 2de T(t) : C[—1,0] — C[-1.0],
AGAAETICA CUALHO HEMPEPHIBNOT NOAY2ZPYNNOT Onepamopos.

Hns mokasarTesbcTBa TOIO, 4TO paccMaTpUBaeMas NOJIYTPYINa ONepaTopoB He ABJISETCH pab.(o-
MEpHO HENPEPBIBHOH NOIyTPYNION HNOCTaTOYHO HalTH TaKylo HadaslbHYIO GYHKIUIO, /I KOTO] Ol

ycjloBUe paBHOMEpHO{I HENPEPBIBHOCTA HE 6yNeT BhIIOJHATbeA. Takaa bymxuma ¢(t) € C[—1,0]
6bluTa CKOHCTPYHPOBaHa. JTO NO3BOJIAET yTBEPKIATh, YTO CHPABEAINB CIIe/y ot pe3ymsTar
Teopema 2. [loayepynna onepamopos {T(t)}, sadannuz (2), 2de T(t) : C[-1,0] — C[-1 ,0], e

ABAACTNCA PABHOMEPHO HENpepulenol noayzpynnoi.
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Ho [4], nadurnTesuManbHbLil oneparop ompegenfeTca coorHomenueM: Ay = limg_o Ay, 11

T(h)p — «
nuig arboro b € RY Apwo = ——(——)—g———g, @ € C[-1,0]. Oas paccmarpuBaeMoll TOJNYTpyLObL One} a-

ropos {T(t)}, sananssix (2), nmeem:

[ AP (R + 9} 1) — o(9)
F

Ap(h+9 1) = o(9)

olh +9) ()
A h ’

. h>1,  9el-1,0]

App =

, hel0,1), —h<d<0,

he0,1), —1 <9< —t.

NndnunresnMaibabiii oneparop JaHHOR MOJIYTPYIIBI OIEPATOPOB ONPENEIACTC CIEAYIOlLy M
paBeHCTBOM:

=550, 3551

3

Paccmorpen takxke caygait Ly, T. e. @,z € L,[—1,0),p > 1, a T(¢):Lp,[—1,0] — L,[—1,0]. Kax u
B IpelblaylieM caydae, (korma ¢,z € C[—1,0]), nokasano, 4ro oneparop {T'(¢)} orpanuyen, smHee i,
a ¢yukuma T'(t)y nenpepsiBHa 1o ¢ Ha Rt mpum smobom ¢ € L,[—1,0]. Yesosue, cywecrsennoe 1y s
CUJTbHOR HENPEPbIBHOCTHA NaHHOH HosTyrpynisl oepatopos, ¢(0) = Ap(—1) B ciiydae npocTpanct: a
L,[—1,0] Toxe coxpansercs, u najbHeliulee paccMoTperue nposonutcs nisa {1'(t)}, onpenesents x
na cyxennn Ly[—1,0] no L,[—1,0]: L,[—1,0] = {¢ € Ly[—1,0],0(0) = Ap(—1)}.

Teopembl 1 u 2 MOXHO HiepedOpMyIUPOBATh ¥ AJd CJAyYad NPOCTPAHCTBA Ep[—l, 0].

Teopema 3. [Toayzpynna onepamopos {T(t)}, zadannmz (2), 2de T(t) : L[—1,0] — L,[-1,0],
ACAAETNCA CUALHO HENPEPHEHOT noayepynnot.

Teopema 4. [Toayepynna onepamopos {T(t)}, sadannwz (2), 2de T(t) : L[—1,0] — L,[~1,¢,
HE ABAAETNCH PAGHOMEPHO HENPEPLIGHOT NOAY2pYRNOG.

Ha ocrHoBanmu [4] MOXHO yTBEpX[aTh, YTO PacCMaTpUBAEMasi MOJIYIPYINa ONEPATOPOB MOKC I
6BITH MpUbJIIIKEHA C KaKOi yrogHO TOYHOCTHIO CeMEeHCTBOM PABHOMEPHO HENMPEPBIBHON MOyTPYIIN! I
OlepaTopoOB. '
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Hexoropsic 230298 pofacTHOl yoroluHBOCTH

H.A. botener, C.K. Kopopun

B goxnaje paccMAaTPHBAIOTCA ClCAYIOUIME 3a/a5H,

1. Mama yerofivumas cucrema % =dx, TpelyeTcs OLSHMID HODMY BOIMYINCHIMS MaTpuifsi 1),
TP KOTOPOM YCToiimea cucteMa X ={4 - Dx .

2. Thyers x =0 ycrolMuBOS PABHOBECHS CHCTEMBI X = f(x), TpebyeTcs omicarh Kiace QyHKIREL
&(x) TaKux, 470 2(x) =0 M HYAB yCTOIMMBOC PABHOBSCHE CHUTEMEL £ = F{x) -+ g{x.

3. Hyere x =0 - crpormil noKameHeDl MuEEMYM dymamn V(x), Tpefyeres OUHcarTh KiIace
BOSMYWICHEE W (x) Takex, 410 cHoteMa

i=-grad|V (x) +W(x))}
yeTOirmBa B Hyse,
4. Ilyery (0,0) - Touka CIPOTUr0 NOKAKBHOIO MUHMMYMA 1MafKOTO raMyibToHEaHa H(x,v),
Tpebyercd ONMCaTh KIACC BOAMYINCHIN (F(x, ¥) TAKHX, 970 YCTOHMMBOS PABHOBCCHS CHOTEMBI

- AH +G)

KT s e PR

7T

5. 1vets x =0 - crporHil NOKbHAG MEHMMYM J(x), Tpefyercd ormcarh KAACC BOSMYIHCHME

a 1)

W{x) Taxsx, 910 x =0 - yeToiunmoc panHoBecHe SHOTSMA

$ = grad|V (x) +1( ).
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OBOBIIEHME METO/IOB PEIIEHNM A CUCTEM HEJMHEWHBIX
JIM®OEPEHITHAJILHBIX VPABHEHUWI

W 4. Boratynux
Poccrsa, C-TletepOyprexmit macTuTyT MEdopMaTria 1 asToMarasanum PAH, duke@mail.iias.spb.su.

MHOKeCTBO HEH3BECTHRIX (ymxmuii Y(1) cucTeM HENMHCHHBIX OOBIKHOBCHEBIXK MH(HCPCHIHAILHEBIX
YpaBHCHEH, ABIAOMHMXCA DEHICHAAMY 3THX YPABHECHUM, MOKET ObITh HAMACHO B PE3YILTATE YHCISHHOTO HMHTC-
TPHPOBAHMA CHCTEM TPW M3BECTHBHIX HAYANBHEIX AAHHAIX W TPH HCUOIL30B3HUH HOBHX CHCHPAIBHBIX (hopM
FECKPETH3AUEE TPOM3BOMHAIX HIH HyTeM MPeACTABNCHUA HCKOMEIX (DYHKIMY B BHIC CAATAEMBIX H3 H3BECTHHIX
ysxupii 1 ORICTPO CXOAAMMXCA PAAOB HO HCKOTOPOH HOMHOH cacTeMe (yHKIw Wil B KBAAPATYPax.

Jna ecaxoll menmHCHBON cuCTeMbl pemiaeMbiX Audidepermmansaex ypartesmi (PY) MoxuO Haira
COOTBETCTBYIOMIME €H CHCTEMBE MOACHBHLIX HHTErpanoR (MH) n MomembBeiX mupeperipambbiX YPABHSHANR
(MJIY), B xoT0pHIC HapFAy ¢ HCKOMBIME QyHKIHAME 73 MHOXECTBA Y(I) OyAyT BXOZMTH TAKKE CKPBHITHIE (PyH-
Kipd B3 MBO)eCTBa F(1), omucrmaromue mepemernsie koaddumipentrl cacrem MAY. Tlpapaesmeaa xo2(idn-
LECHTH ¥ HapaMeTpsl Kaxod-mubo cacreMmst PJIY m cooreercTeyrome#t eli cmcrems MJTY, moiy+mM cacteMy
ypaszerad ceasn (CYC) mexay AByMs BasBaBHBIMM BHAAMM YPABHCHHM, COZCDPKAIHYIO TOMBKO CKPHITHIC

Gysagan B3 MBoxecTBa F(t) # He CogepaINyIo Hi OTHOK GYBKIHH 13 MHEOKECTB Y(1).

Ocymiecteue ofaH pa3 “HCACHEOS MMTEIPHpOBAaEHE ¢ HeoOxomMol TousOCTHI0 CYC HAa HEKOTOpOM
mETEpBAne (2,b) NpU TPOH3BOIBHEIX HAYANBHBIX 3HAYCHHAX CKPBITHIX (YR, BHOIONHUE 3aTEM ANMPOKCH-
Mauyd 3TH (PyHKI@i ¢ 3aAAHHOH TOMHOCTHIO HA STOM JKC MHTCPBAJC H NOACTABHE HANJCHHHIEC ANMPOKCHMAIIMY B
cacteMmy MM, moayqeM CHCTEMY aime0pamdeckux WM TPAHCHCHACHTHEX SBHBIX AAM HEIBHBIX OTHOCHTENBHO
Gysxaii 13 MuOMECTBA Y(L) yparHeHml, 00CCTICMBAIONMX HAXOKACHAES >TUX (yHKmi B AambHelmieM Ges
OCYIISCTBICHIS HPOUCAYPH YHCICHHOTO MHTSTPHPOBAnmS cucTeMbl PAY ¥ OpH m0ObIX A0HYCTHMBIX HAYAIb~

HBIX 3HAYCHMIX (yHKuui 73 MBoKecTRa Y () B MpOM3ROIBHON TOUKE t, HpEEAAACKamel maTepBany (a,b).

Ecim va Qysxupm w3 MHOXECTEA Y(t) B MX HPOHBOAHLIC HAKIANBIBAIOTCA YCIOBAA B PASHHMERX TO-
4KaX uHTepBama (a,b), T0 Ana pemenns Taoi 0600mEHHOH KpacBOl 332K AOCTATOYHO HANTH COOTBETCTBYIO-
e 9TUM YCNOBHAM 3HAYCHMA HPOM3BOMBHBIX WOCTOAHMBIX cuCTeMbI MU, cumtas, uro a8 MH momyycHst
ONMCAHHBIM Bbime criocoboM. TIpu HaXoAACHIN TPOMSBONBHBIX HOCTOSHHbBIX, O0CCTICYMBAIOMHX peicHES 060~
GmierHOH KpacBoli 3a4a4m, BOIMOKELL CAYHaH, KOTAA CACTEMA MOACHBHEBIX HHTCTPAIOB ABJICTCA HECOBMECTHOM
UpH 33JaHHBIX YCHOBHAX. JTO JETKO YCTAHABIMBACTCA B NPONCCCE HAXOKACHHA 3HAYCHHN HPOB3BOMNBHBIX
DOCTOAHABIX B HPOM3BOAMTCA M3MCHCHME YCIOBHH 0000meHAOH KPacRoi 3a/aYd ¢ IR0 JOCTIDKCHAS COBME-
CTHOCTE cuctembl M. Onmcanmsili HOAXOA ABALETCA ANMBTCPHATHBHEM H3BECTHOMY METOAY IPOTOHKH M HOZ-
BOJISCT HAXOAMTL pemicHue of0oOmeHHOR KPAcROH 3aa4l CO 3HAMHTICIHHG MCHRNDIMH BHMUCTHTCIBHEIME 33-
Tpatamu. Ecnm 0600menHas Kpacsas 3a7aua PEIiaeTcs AS MHOTOKDATHO, 4 MG OFHH Da3, TO MOXKHO HE AE-
HaTh AMUPOKCHMALMEG CKPHITHIX (DYHKIHH B BOCHOIL30BATACA MACCHRAMME MX YHCHCHEBIX 3HAYCHEAN B KOHCYHOM

YHCIIC TOYUCK, HOMYUCHHBIX B MPOUECCE “MCICHHOTO HHICTPUPOBARHIS CHCTCME! YPABHEHH CBI3H.
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Tlpn HaxoxAcHUR GyH I /3 MEOKecTRa Y (1) mam F(t) mroras menecoobpasHo HpeACTaBHATL KAKIYIO
U3 AEMX B BHAC ABYX CUATACMBIX, OHHO W3 KOTODHIX ABIACTCA THABHON YACTHIO (YHKIEH, BHIDAKCHBOH B
KBaApaTypax, a BTOPOS SBIMETCA NPOMBCACHHEM ¥3BecTHOH (yHkmzm Ha OeckoHeMELLH OBICTPO CXOATMENCH

PaA. DTOT HOMX0H, HPHEMEHAM, B JaCTHOCTH, K mudfepernmansaeiMy ypasaenmo beccens.

B ciyuae, KOTAa CKPHITIME (IYHKIHMAME SBAMOTCA HCH3BECTHHE YACTHEIC pemickma cuctemsi PIY u
xorma xoaddmmmentei PY BHpakaroTca Cpes 3TH 4YaCTHHIC PCINCHUA, MOXHO 3343BaTh PasHOrO poaa CBA3A
MEXKAY YACTHHIMM PEINCHUSIME, BHIPAKAA OJHA A3 BHMX Kak (yHKHEE APYTEX, 970 HO3BONMT BHIBCCTH YCHOBHA

CBM3M MY KoadpmmEenTamE crctemsl PIIY A ykazath CIy4aH HHTCTPHDOBAHASA PACCMATPHBACMON CACTEMBI
PAY » xnazpatypax.

B orgemsEmix cuyuaax cacteMsi PAY mveroT Takme ko2((ANECHTE, TPH KOTOPHIX (JYBKIAA CACTEMBE
MOryT OriTh HalAcHH B KBaapaTypax. [ig monyyeHms TakuX pemesmi dymxumi w3 Mmoxectsa Y (1) meobxo-
AAMO TPEACTABHTh BX B BUAC JPOCHO-TMHEHHBIX (QYHKIWH, “WCIHICIM ¥ 3HAMCHATCIM KOTODEIX COCTOAT H3
CYMM DpOH3BECHAN CKDBITHIX (JYHIOW HiE CYNCPHOsHIHE CKPHITHIX (JyHKIMi Wik B BARAC HATEIDANOB, 3ABH-
camux Of mapamerpos, TI0CTARIAA YRA3AHEEIE TpeacTaBicans Gyrimi B cacremy PIIY u pasOmpad METOHOM
fiepeopa BAPHAHTOB HOMYHYCHHYIO CHCTEMY HA TAKHAC HOACACTEME, KOTOPHIC CBA3BIBAIOT TONBKO OTHY CKPHITYIO
yHKIEEO, MOXKHO HOCTPOHTE CHCTEMY HOTIMHCHHBIX a.mﬁﬁmecm ypaBHCHII, PeIICHHE KOTODO#H TO3BORAT
BaliTh YacTHBIC pOmICHHA WMCKOMBIX (Gymamd. [ing momyuesma ofumwmix pemiesmii cmerem PHY meofixomamo
BOCTIONLE30BATRCH cacTeMol MM, B KOTOpOH B Ka4eCTBE CKPMTHIX (yHRIEl HCHONB3YIOTCA JACTHHIC PEICHAA

dyaxumii 53 MBoxecTEa Y(1).

Y nobesiii ciocel CBEACHNA 3a0aYH HAXOKACHHA YaCTHBX pemcHmi cucteMsl PIY & nexoropo# npyroi
cHCTEME, KOTODYI0 HHOTAR MOMKHO JETKO PeImHTh, COCTOHMT B YMHOKCHAH YpapHcHBiM cmcremii PIAY m\a
AETETDUPYIONAC MHOKATCHH, pPAcCMATPHEBACMEIC KAk GYAKUEM ONHOTC APTYMCHTA, BHMECICHAY YACTHRIX
MHTCIPATOB OT TOAYYCHHBIX YDARHCHWI ¥ TPUPABAMBARHA HX APYT APYTY ¢ HOCHCRYIONEM HCKIOYMCHHCM

onepalii MATETPEPORAHHS TyTeM AuddepeHIHpoRany.

Iloctpocane cactem MM m cacreM MAY BOSMOZHO TANKS B AN BCHABCHARX cacreM POY B =act-
HBIX NPOM3BOANGIX. B jeoxname mpmeoawTca paA Takmx cucreM PJIY m cootercieyiompe mM cmctemei MU n
MJY. B rauecTBe aBAn0Ta HCH3BECTHRIX NPOM3BONBHAIX MOCTOAHHBIX, BXOAMIHAX B cuCTeMBsi MH, cooTBerct-
BYIOIMX CECTEMAM OOHKHOBSHEHIX Au(QCpermuansarx ypasHcanit B caysae MM gaa PIIY B wacTaex mpo-
FA3ROIHBIX BHICTYIIAIOT HPOBGRONEHEIC (WVHEIEE OT HECKONBKUX apryMerToR. Hammame npon3BomeBbix (y e

offecneumBacT BOIMOKHOCTD VACRICTROPCHNA TPAHAYHAM YCAORHAM DA3HOTO POAA.

3agasag CRA3M MOKAY UEPSMCHHRIME CHCTEM PAY B 4aCTHRIX HPOM3BOAHBELX, MOMKHO HEPSHTH K CHC-
TemMaMm oOrKROBeHHBIX gud(epemmansaex yparaermi (OY), onucHBaIOnX PEMCHAC ACXOAHOMN CHCTEME] Ha
THIICPHOBEPXHOCTAX, 33J3HHAIX YPABHSHHAMA CBA3H. Vi3McHIA VDAaRHCHHMS CBIGH, MOIKHO HOKDHITh HEKOTOpOH

ceTRIO 005ACTh ACKOMOTO PCHICHAS, OOPCACHACMOTO KAk PemICHNAA MEOXkECTBA cuctem OV,
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Ob OIOHOM IIPUBJIN?KEHHOM METOHE PEIIEHNUA
IN®PEPEHIMATILHBIX YPABHEHWN

AW Boiikora
Henzencknii rocyAapCBeHHBIN TEXHUYECKNA YHUBEPCUTET,
Poccus , 440017, Ilenza, yin. Kpacuag , 1.40
( cnit@diamond.stup.ac.ru)

WsBecTHO, 9TO BO MHOTHX 3a[[a9aX aHAJN3a I MAaTeMATHICCKOR GU3UKEA OPTOrOHAIbHEIE O~
JIMHOMBEI SBASIOTCS COOCTBeHEBHMY GYHRIHIMEA COOTBETCTRYIONMX onepaTopoB. llosTomy npen-
cTaBigeT METEPEC NOCTPOEHNE HETEPHOMANAOHHEIX MOAUHOMOB, ABIAIOIINXCA IBECHHEIME KOM-
6uHanuIMu OPTOTOHAJIBHAEIX WOJINHOMOB, M IPUMEHEHNAE 3TUX NOMAHOMOB K BEIYMCIACHUIO HHTEr-
PaJioB U pelieHuio uddepeAnuaIbHbX I NATETPAILHEIX YPaBECHMIA.

1. Aetepnonanus $ysxkuui ofEoi HEepEeMEHHOM

PaccMoTpuM MHEOXKECTBO OPTOEOPMEPOBAHHBIX ¢ HEKOTOPHIM BECOM P( %) MHOTOUIEHOB 7 CTe~
nern P,(z). O6osaauum gepes pp(k = 0,1,...,n) y3usi nomusoMa P,y (). Muoroanen

Z F; (Mk “)7

r}’ =0

vhe Yr = Yoreo PP (1), sBugeTCS QyHAAMERTAIBLHBIM MEOTOYICHOM HA Y3I1a, .
CrepoBaTenbHEo, HOMBHOM

Luf = Z Z Pi(px) Pi(p) (1) (1)

ABJISETCH MHTEPHONMNUOEHBIM NONMHOMOM CTEHEHE ., HETepmonmpyiomuM dysknmio f(pg) o
yaaam pr(k = 0,1,...,n) nommaoma P, (p).

Teopema 1.1. lorpeinrocTs naTepnonanmn Gyskunu f(r) HHTEPUOMSIHAEOHAEM HOIMHO-
MoM L, f onecEmBacTCI HEPABEHCTBOM

“ f(:c) - Lﬂf(m) ”GS AEn(f))‘n-}-l-

rae T, — moAmEOM HamIy4mIiero PABHOMEDHOTO HpUbIuXeHE: cTenern n K dynxuun f, B, (f)—
Benmunsa orkiaorennd T,(z) ot f(z), Any1- xoBCTAETS Jle6era mo ysmam momusoma P, (%).

2. llpubanxesHoe peliieEne OOBIKHOBeHHEBIX AuddepeaunaibubiX ypasHeHTH.

IipuveneBue HOCTPOSHHELIX BHIIEC NHTEPHOMAATAOHEAEIX TOJIUHOMOB K HPUOANKEHEOMY peliie-
B0 ArdGepEeHnuaibabiX YPaBHEHAN N3JI0XUM Ha HpuMepe ypaBpenud Jlexammpa.
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Craputca 3a0a49a HaXOXOCHNI JaCTHOTO PellcHusA YpaBHCHRA Hexcax—mpa

d

5\ dz
— = f(t 2
A=) T + az(t) = £(0), 2
roe f(t) € W"(1),a— xoucraura, npusem a # (1 + 1), =1,2....
Obosnauum gepes px(k = 0,1,...,n) ysnm nommsoma Jlexanmpa P,,q(u) cremenn n + 1.
Mauorouwnen ) 0 1 1
=22 Plm) P f () (3)
—0 Tk 3=p
rae P;(p)— monuuom Jlexamapa mopamka i
" 24+ 1
=D —5— P ()
=0

ABAACTCA HHTCDHOJATHOHHBIM IOIAHHOMOM CTEICHH 7 HO nepemeHHoﬁ M, HHETCPIONNPYIOIINM

dynxmmo f(p) B ysnax py.
Hpubnmxennoe suadeHne IacTHOTO pemicHns ypasuenus ( 2 ) umeer Bu

N N
nlt) = 3= (3 2 et P ) 00 @)

k=0 Tk \i=g

u cupaBefnuBa ouenka ||z*(t) — zy(t)|| < AN, roe z*(t)— 4acTHOe pellienme ypaBHEHUS

().

3. CuarynspHste MATErpaibHEE YPaBHEHAL C MOCTOAHAKME KO(hOUIEEHTAMI.

PaccMoTpuM cHEIyISIpHOE HHTETDANILHOE YDPABHEHHE

Ko = aa(t) + - / fﬂ = f(t) (5)

C MOCTOAHHHIME KodbIuiHeHTaMU.
O6osmaunm vepes P** monmromer SIxo6u cTemenn n OpTOrOHANLHLIE ¢ BECOM (1—t)*(1+t)P
Ha cerMeHTe [ 1,1]. Yncno a onpenenserca GopMynoi

a+ betgrna = 0,
a+ B = —£, rae {—ungexc onepatopa K.
Obosmaunm gepes pr(k = 0,1,...,n) ysuu mommsoMa P:jﬁ (t). Beegem obosmaucHus

P =3P (M)? k=0,1,... 0.

Teopema 3.1. lycrs omepatop K mempepbiBEO 06paTnM B mpocTpamcTBe Lenbiepa Hg,
mrziexc onepatopa K paeer mymio. Torma cupaseniuBa oLeHKA

l2*(t) — 2% (B)]] < AEL(H)mAZT™,
rae " — pellicEue ypaBseHzg (5) ,

(t)——%2(7

k=0

k3

$ rpouarein).

=0

)\f;al""ﬁ) ,— EoHcTaHTa Jlebera mo ysmam mommmoma P, f{_ﬁ (z). Amanoruumsie yTBepXKACHAA
CUPABEAJIEMBE ¥ IPHU APYTHX 3HAYCHUAX MHIEKCA omepaTopa K.
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Hesingelinas KpaeBad 3ajaua, oONChbiBalolliad pacnpenesenne
3apAfOB B MOJIYIPOBOAHUKAX

E. 3. Bopeena, B. M. Yuctakos
C.-Ilerep6ypr, CII6I'OTY, CIIETY

PaCCManHBaeTC}I KpacBad 3aga4a

(D(IE|)(n" + nE))' =0,

E'=f-n 0<z<l, (1)
E(0)=E(1) = E; > 0,

D(E(0))(!(0) + n(0) E(0)) = jo,

rae E(z), n(z) - BanpaXeHHOCTH 5AEKTPHIESCKOTO TOJS U WIOTHOCTE 3J€KTPOHOB, HOCTO-
smnas f > 0 safjaeT ONHOPOMHYIO MIOTHOCTE moHM3WpopaHHOH mpmMecu, D(|E|) — xosd-
dunuent auddysun, jo — WIOTHOCTL TOKa dmekTponos mpu = = 0. Ilpeamomaraerca, aT¢
jo = £D(Eo)Eo [1].

Ilpu s>Tux ycnoBmax samada (1) umeer Tpmemamboe pemenme E(z) = Eo, n(z) = f.
B [1] mokasano,uto eciu prmomreno yciuopne (1 + D'(Ey)Eo D™ (Eo)) < 0, 1o cymecTsyer
caeTHOe MEOXecTBO TouekK fr(Fo), kK =1,2,..., B OKPECTHOCTH KOTOPHIX BOSHUKAIOT MAaJIbie
6udyprammonnbie penieHns sagaqn (1).

Oxa3reBaeTCa,YTO 3TO YCIOBUE O3Ha4aeT, UTO A4 KodhduunesTa Aupdy3nu BHmOn-
HEHO TAX Ha3HBaEMOE YCJIOBHE OTpUHATETbHOM AndbdepenmuanbHoi nposogmmocta (OIII).
Ilokasano, uto ycmosue OJIII sBnsgerca Heo6XOAMMEIM U FOCTATOYHBIM A CYIIECTBOBAHAS
6mbypraunonHLx perennii sagaun (1). Iokasana HPONOIKUMOCTE BCEX OupyPKATMOHEELX
permrennit o napameTpy f. OKaseiBaeTcs, ITO aCAMITOTHIECKOE TOBEACHNE 6mdy pXanuos-
HEIX penieHnit npu 60TbInAX 3HAYCHUAX HapaMeTpa f CyIIECTBEHHO 3aBHCAT OT HapaMeTpa
E,. NokasaHo, 4TO CyIIECTBYeT eAMHCTBEHHOE 3HaUeHUE NapaMeTpa Fg, TIpH KOTOPOM BO3-
HUKAeT SBJICHME TAaK Ha3hlBACMBIX BEYTPEHHNX Tepexonusix ciioeB [2]. CooTBeTCTBYIONIYO
6udyPKALMOHAYIO 33829y MOXKHEO PacCMaTpPUBATh Kak HSMHEHHYIO 3aAa41y Ha COOCTBEHHbIC
smauerns u cobcTBeHHbe byHKIMM. g MCCIeAOBAHNS BOPOCA YCTONINBOCTYA U HEYCTOR-
YMBOCTH COGCTBEHHHIX byHKIMIl OKAa3aHb CYIIECTBOBAHNE B €AMHCTBEHHOCTD PEIUCHUH He~
cTalmoHapHOM 3amaun Ang sagaun (1) mpm mobom ¢ > 0. Ecmm Eg = Egj, To ycToliuuBsl 06e
nepBEe cobcTBenHsie dynxmnn, ecnn Fo # Ej, To ycToliumBa OfHA W3 TEPBHIX (QYHKHMI.
OcranbEbe cobcTReHHEe QYHKINA HEYCTOMINBE: IpH aiobom Fy.

JIATEPATYPA

1. Recke L. An Example for Bifurcation of Solutions of the Basic Equations for Carrier
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2.Fife P. Boundery and Interior Transition Layer Phenomena for Pairs of Second Order
Differential Equations. J. Math. Anal. Appl. 54, 1976, p. 497-521.
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O COXPAHEHMH TTOJHOH MEXAHWYECKON SHEPT MM KOHCEPBATHBHOM CHCTEMEI TP 1
YHCHEHHOM HHTEIPHPOBAHIH EE AMOOEPEHLIMAJIGHBIX YPABHEHMM

M.IO. Boponynun

Caunxr-IletepOypr, HHH no nepegaue sneKTpoIHEPrHH NOCTOAHHBIM TOKOM BBICOKOTD HanpLKeRud,
E-mail: julia@niipt.odusz elektrar

Kak H3BeCTHO, IpH YHCHEHHOM MOZCNHPORAHHA NUHAMHYECKHX CHCTEM BKHOE IHAHEHHEe HMe!T
CHOCOGHOCTh METOa HKCICHHOIO HHTEIPHPORAHHS COXPAHAThL PUIHICSCKHS 3AKOHBI, JSKAIIHE B OCHO! €
HiyuaeMbX Apmxednfi. Ilyete uMeeTcd  KOHCEpDBATHRHAR MeXaHUUECKas CHCTEM4, ORHCLIBASM: IS
HHe#HOHN cHCTemMod Auddepennnamubx yparaernni (CHV) sroporo nopsika.

M§ +Ky=0, ¥(OFy,, ¥(0)=7, )

{npn obozuaueHnsX H HOTYWCHHAX, UPHHATHIX B [1]), mycth A - wmarpuua xooddmijuent:a
sxsuBanienTHol C/IY meproro mopsagka, A - ee coGCTReHHRIC ZHAYSHHEA

B [1] noxazano, uto npH uHclHeHEOM HHTerpuposamuu CJHY (1) meronmamum Pyure-Kyrtei (Pi)
ycnoRHe coxpaneust NONHOH MeXaHHUeCKoH JHEPIHH HMEeT BHA

F()F(-z)=1, ‘ 2)

rae F(z) - dyakuus yeToHYHROCTH MeToAR; yenokHe (2) BnmonHseTcs Ans HessHoro Meroma PK, ecrm
ero Qynknsa F(z) moxer GbiTh NpeZicTaRACHA KaK

F(zy-P(z)P(-2), ¢)

raie P(z) - nonuaom o1 z OueBHZIHO, UTO K TAKOBBIM OTHOCATCH METOBI, UIA KOTOphIx dyEkmAs F(7)
OTBEUAEST JHATOHANLHLIM KieTKaMm Ttabnumsi annpoxcumanuu Ilagle s skcroHenThi exp(z), B
4aCTHOCTH, MeTozpl ['aycca-Jlexanznpa, pekomenziorannsie B [1].

B poxnage cuocobHocTE MeTofioR PK coxpaHSTh HONHYIO MeX2HHHECKYIO SHEPTHIO CRS2LIBACTCA ©
H3BOCTHBIMH BHAAMH YCTOHMHBOCTH, YTOMBOHBI KNacchl METOZOBR, OO/Ia/ialoliHe 3THM CROBCTBOMM,
paccMOTPeHa HX TOYHOCTh B CMbIC/C HCKRKEHHSA 2aTYXAHHS H UACTOTHI COCTARNSIOMHX CcBROGOIHO)©
mponecca (obmiero pemeHus), ONpeeNACMbI COGCTECHHBIMM 3HAMCHHAMH A MarpHubi A B
cooTBeTcTBHE ¢ pozxozom [2]). O6cyxpaeTcs 3MeKTPOTeXHHYOCKHS aHANOTHH NOAYISHHE X
pe2yiLTarok (IPMMeHRTeLHO K MOZIeIHPORAHHIO THHEHHLIX 2JIeKTPHYEeCKHX Hene).

Cootnowenus (2) u (3) spmonmsiores A moboro Merona PK ¢ npobro-pandonamuofi dyukuues

F(z)= (1+ikiz‘)/(1+i{——1)ikizi), (¢}

jml i=]

e k- koodduuyuentsl Takge MeTompl smamiores I-yeroiuuenimu [3] (1.e. ana uux rpassna ofnacin

YCTOHUHBOCTH B KOMIUICKCHOH ILIOCKOCTH Z CORNIAZIACT ¢ MHHMOH ockio Im(z) ),rak uro I-yeroBiunroc: b
MeTOAa 00eCneuHBAST COXPaHeHHS NONHOR MeXauHueCKol 2Heprad. Brinonnenune coornomennd (2),(1)
JIETKO CBSA3ATE ¢ - YCTOHUHBOCTRIO (3TO HoHATHe BRRefeHo B [4]), a TalKke ¢ “HeHCCHIATHRHOCTLK
MeTofoB (Tepmud - nondissipative method nmcpomsayeres B [5,6]). C Toukm 2penms ToumoCIH
BLINOJIHCHKE YKa3aHHRIX COOTHOMISHHEA O3HAaYaeT, UTO MeTOH BOCUPOHIBOAHT COCTARAAIONUY €
CBOGOAHOTO HpOMecca, HMEIiHe BHJ TAPMOHHYCCKHX KonMeGaumii M0G0 HacTOTR, € HYJIERLIM
HCKKeHHeM 3aTVXaHHg.
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HOyecrs & opmyne (4) k; =k, tae k| - kosddunuentsy, oTReuaomune {s,S)-kneTKe anNPOKCAMANE B
Tlape. Taxylo QyEKGHEI0 YCTOHMHBOCTH, MOMHMO sS-cTaymiiHoroe Merona Taycca-Jlexaunpa, BMenT
(s+1)-crapmfiunte MeTozpi JloGarro IMA u Jlo6arto IIB & psp Apyrax Mertogocs PK. B uacroers, 19
s=1 ¢yuxuus F(z) coorrercTayer meronam tpanenni, Kpanxa-Hekoncon, Huiomapka (B=1/4).K:ix
H2ReCTHO, CYIIeCTRYIOT CHICHHANLELIC YHCACHHRIC METOHL AN HeNOCPEHCTBEHHOTO HHTETPHPORAH: A
CAY sroporo nopsapxa (1) (sanpumep, merommi PK-Hucrtpema) ¢ dyaxnaame yeroiunsocTd saga (4).
Bee meroppi PK, xapakrepusyembic paziuupeiME koodidmimentamu Tabmmuni Byrdepa, omma: o
HMeoUlHe OAHY H Ty e ¢Qymxubio F(z), o6nanaloT oJuHaKOBOH TOYHOCTRIC BOCHIPOHIBEZCHI A
2aTYXaHHUA H YACTOThI COCTARIMOIIHX cRoloRHOre Hpoecca.

Bozmoxusi Apyrue BapuanTsi 3aRasgna koaddannentor k; , coxpasmmomue I-yerofiumsocts. K Huit,

B YACTHOCTH, OTHOCATCA 3azaHHe mommzoma P(z) dopmymni (3) Hcxosm H3 PazfioKeHHA PKCHOHSHT bl
exp(z/2}) B psp Teiinopa u Koppexraposka kosdduuuenToR HpH MOAUGHIHEPORARHH METOMOR C

HexopmsMa Kosgdrnnerramn k; . Hanpamep, npn s=2,
k,=1/2,k, =(-p*)}/R

& dopmyne (4) nonydaeM MmopugHEKanHI AByXCTapmisoro Meroxmz llage [7], xoropas npu
panuonamsHOM Beifope mapamerpoR p,R Moxer GhITE peanH20BaHA KaK KoMOHHANHA (HA KDKACH
mare} FBYX OAHOCTARHHHBIX DPazHOCTHBIX CXSM € BRemecTROHHRME Kooddmmmentamu. Toumoo n
nofeGaRx I-yerofizarsmx MeTozoR (4) HeiecoobpazHoe OUSHHBATL ¢ YHETOM HCKWKeHAS HMH 3aTyXaH: 8
H 9aCTOTRI COCTARIAIOMAXL.

Tpamana ofnacta vCTOHHYHBROCTH ANA  HeKOTOPBIX MeTOZIOB ¢ GiyEknasME F(z), e
YAORNSTROPSIOIEMHE cooTHOmeHAsM {2),(3), DpaxrHiecKHE coBmagaeT ¢ ockic Im(z) Ha oTpezke ocH ¢
Tougedl z=0 nocepeaune (3acrounas I-ycrofiumsocts). Ecnm mar marerpuporanus h anifpas Tax, mo
Bece cOGCTROHHBIS 3HACHAS MATPEIE] A, AOMHMKeRHRIC HA €70 ReNEYHRY, Ah, nonanaT Aa yKazanHL i
OTpe30K, TO  HoAyIacMOe HYHCIACHHOe peIicHHE COXPAHACT HONHYI0 MEXAHHYCCKYI0 OSHEPIHE).
VxazaupniM  CROSiCTROM 0678XAal0T HEKOTOPhle METONBI, HOHOCPeACTROHHO  HCHOMLIVIOWE @
anOpOKCHMAIHIO M3TPHEAHOre aKcnouennuana exp{Ah) (Hanpumep, cHCTEMHBRIC METOZBI), 2 TAKKe, B
MeHbInel CTSNeHH, HOKOTOPbIe MHOTOCTAAHARLIC ABHAIE MeTO/bI {cTanaapTanil Metoj PK aetreproio
nopazKa, dopMyna “Tpex BochMBIX ", MoRudaxanag I'umna, Meton KyrTni-Mepcona 1 71p. ).
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TOYHOCTDb ABHBIX OJHOMIATOBBIX METOA0B HWUCIEHHOI'O MHTEIPAPOBAHWA C
OBJIACTSIMH  VCTOHMUMBOCTH, PACTSIHYTBIMM BJOJIb OCEHl KOMIUIEKCHOH
ILNIOCKOCTH

M.IO. Boponynus

Canxr-Ilerep6ypr, HH} no nepenade sNeXTPOSHEPTHH DOCTOSHHRIM TOKOM BLICOKOTO HAIpPLKeHHS,
E-mail: julia@niipt.odusz.elektra.ru

Kak u3BecTHO, sBHBIC METOZBI YHCHCHHOTO HETETPHPOBAHHS OOBIKHOBeHHBIX AHGGepeHIiHANbHBIX
yparHeHHH 06137a10T NPOCTRIMA ¥ 3KOHOMHYHLIMH (B CMBICHE KONHYECTEA apH{MeTHYSCKHX onepanyi
HA Uiare) PasHOCTHRIMHE CXeMaMH, OAHAKO HeZOCTaTcuHo yoroiunsnl [loaToMy npezicTasisier HATEpeC
KOHCTPYHPORAHHE ARHLIX OJHOUIATOBLIX METONOB € PpacliHpeHHOH oﬁnacrbm ymoﬁqn}mcm (OV}) -
POV-meronon, Gonee sdexTHRELIN TPH perieHHH XKeCTKHX 3a71a4.

OyaxiHEd YeTOHUHROCTH S-CTafRHAHOTO SRHOTO ofHomiarororo Meroda F(z) (z=xHy - KoMILIeKcHoe
9HCTIO) MMeeT BHJ

5
F(z)=1+2 k,z',
dml
rae k, - xooddrnaentel Kak npansno, 77is MALX MeTofoR Pyare-KyrTai (mofxnace Merozon (1))
k, =k; =1/it,

dyaxnua F(z) oTmemaeT paznoxeHHI0 O5KCOOBeHTH exp(z) B psap Telinopa MzmeBemBe
koo dunnentos k; mo cpaBEeRH ¢ BeMYHHAME K, Mo3BoMReT pacTAraRath OV BAOML OAHON H2 Oced
onockoctd z. B poxmaze paccmarpHBaeTcd TouHocTh POV-Merozior ¢ pactasyrhiMa OV, HMewoui#x
dyaxnnn

F(z)=Qsm(z}=ik:z"‘ + _iiiz*, | (1)

mie 1, - "nactpoeunrie” xooddannentsi (upeanoxens & {1,2]), # dyaxnun
Flz=1+ > (k] +2,)z', (2)
im=1

tAe A, - napamerpsl Tounocts POY-MeTONOR OLEHHRACTCA HCXONA BeNHYHH HCKEXKCHHH 3aTyXavHA B

4ACTOThE COCTARAMIOUEX cRobanuoro nponecca (o6mero penieHAN) B COOTRETCTRHH ¢ HozxoaoM [3-5].
Hms POV-meronor (1) Bropoe cnaraeMoe GopMymnsi ofecneunraer Xenareibuyio KOHGHIVPAUHIO
OY. Pazpaboraunsiii B {1] anroprtM maer ans nonunoma Q (X} creneHn s 2nauenns xeovdpduuuenror

|, , IpH KOTOPBIX HepaBREHCTRO

| Q) | <1

BLIMOAHSIETCH HA oTpezke [x,0] Haubommel Anausy, » [2], nanpumep, s ciyuag m=1, s=4 HalifeHu!
3HgYeHns |, , TPH KOTOPLIX /IeRas TOUKA Hepeceden s rpauuinl OV ¢ 0ChI0 X HMeeT KOOPARHATY 0KOJIO0
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-32. Anang? 37000 MeTOZA HOK23LMasT, 4TO B CHNY Hamuyud v dysxmuy F(z) deThipex BemecTREHHLIK
Byied s6nnzN nonyock X<0 BozaHKaT 00AZCTH € ONeHb DOMBIIAMH AOJOXHTEMLELIMHE RCKDKCHHAMH
3aryxauna COCTaRNMON{HE, OTREHAWIHE TakaM obnactam, GuicTpo mogasnsioTes B pemienH {4,5).
PacnionoxenHe geckosmbKHX Hynell gyakun# F(z) Ha oCcH X BpHBOAHT K YBeJIHHEHHIO CYMMapPHOR AuHb
ee ymactko, rfe F(x) 6nuzxo x -1, T.e. HMEIOTCA VCROBHA ANA BOIHHKHOBCHHA HE HMCIOMIHX
(H3HYSCKOTe CMbICHA BHICOKOYACTOTHLIX ocumupmuni. [lonoOHbie mMeToApl He BCerAa NPHTOAHBI AR
HHTeIpHPOBAHHA CHCTEM YpaRHeHHH, MATPHIBI KOTOPhHIX BMEI0T YHCTO BEUECTRERHLIA CHEKTP
(nanpumep, NpH PpOIICHHH 32/139E HECTARNHOHAPHOHA TEeNAOUPOROHHOCTH B KOHSUHO-3MEeMEHTHOM
NpHOMDKeHUN ).

{ipu cumpoM pacTsxerad OV BHOM: OCH X OHA CXXHMaSTCH BAOM OCR y¥. B coderanns ¢ HH3KOH
TOYHOCTLIO R4 cnafozaTyxalomux kojefarefbHLIX COCTARNIMIOUIAK 3TO AcHasT GopMHpYeMbie METOHR
(1) ManonpuroZHLIME I CHCTEM, CBODOAHBIN HPOHECC KOTOPRIX COUEPXKHT Gommbiioe JHCIC TAKHX
COCTARIAIOMIAK (HanpaMep, OPH PeHicHHH DNEKTPOSHepreTHYeckux zafsy). Jns pacrarmpauna OV
BAOM: ocH ¥ Koaddunuents! |, mMoxHOo BpiOHpars Tak, 9Tolpl cONH3HTE YACTh ROIISCTROHHBRIX HyNed

dvaxuuu F(z) any yRenHgHT:E YHCIO KOMONEKCHO-CONPSDKeHHBIX HYNAeH, OHAKO 3TC HE HPHROIHUT K
AOCTATOYHOMY YIYIIIeHHIO TOYHOCTH.

Ans POV-meromor (2) Hccnefiopanuck cnydad s=4 H §=5, KOrZa HCXOOHLIMH SBJSIOTCA
COOTRETCTREHHO CTaHAapTHLN MeToH PK uerreproro nmopsika u Meron Kyrrei-Mepcona (2 mocnefHeM

ciyaae k,=1/144). Tlokazaso, ure aHorA2 Amke meGommman zedopmanua OV (upr ( ‘?ui' < k; )

CYIIieCTREHHO H3MEHseT cBoificTRa Meroza. Tak, syum Merona Kyriei-Mepcona Bepxeaill Hyib QYHKIHH
F(z) pacnonoxen 6iM3KO OT OCH ¥V , 4TO OPHBOANMT K BLMHCIHTENLHLIM NpolicMaM OpPHE HAMRIHH
cnabozaryiannEX konefarenhHbIX COCTIRIIAIOMIHX CO FHaNCHUAMHE 7, Oma3kumMA K 17 . Heznauaremuoe
CMemieHHe BEepXHero HYJH BBepPX H/HIH BICBO pacuiupser OV, OpH 3ToM TOYHOCTh YAYMINASTCH AnA
cocTaRiAIONIHX BRONARE TOMKH 1R , OJHAKO YXYAMAcTcH Anf HexoTophlX Apyrux. lipa yRenwdendH
2nayenni OV cumnpo ZieopMEpyeTcd H PAcTATHRACTCH BROML BhilpanHOfl OCH 4o TeX Hop, RoKa He
PazpLBacTes B He MPeBPAmiacTCd B MHOTOCESzHYW. CHIhEOe CMeHieHHe BepXHeTo Hynd MeToxa (2) mpu
§=4 RRepxX BZIOJE OCH ¥ A®Ke OpH COXpaHCHUH oAHocemuocTH OV OpHROXHET K TOMY, MTO B JeROH
HOAYILIOCKOCTHE X<0 BOZBHKAST HeycToRuHRad HoA06acTs, 2akmovuenAas Mexgly rpasanedl OY A ockio
v.

Taksm obpasom, ama POV-meromos (1) m (2) pacrsrmpasme OV semzbexno yxymmaer
BOCHPOM3BE/ICHEAS COCTARNMONIEX B HEKOTOPHIX WacTAX HNOCKOCTH Z, BEKIOYas, KAaK HPARUO,
OKpPecTHOCTh TouKH z=0. DQdeKTHEHOCTE ITHX METOZIOBR ONPEZie/feTCA HOBbIIICHHSM YCTOMIHROCTH Wi
uaubonee GLICTPOZATYXALINX HAH RLICOKOYACTOTHBIX COCTARISIOHINX, 4 HPHEMICMOCT: BLEACHASTCA
HCXOMs U3 TOYHOCTH AT COCTARIAIOIIHE, OPeACTAaRISNON{HE HHTepec PH MOZSIHPOBaHHH.,
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O TIOCTPOEHNH OAHOMEPHBIX 1 MHOI'OMEPHEIX
KOOP JVHATHBIX ©YHKITHA

HA.I' Bypora
Cankr-Tlerepbypr, HUAMM CII6LY, numQ@nismm.spbu.ru

Jna pemenus KpaeBHIX 32/[84 BaPHUALMOHHO-PA3HOCTHHIMM MeTOAaMU NpejiaraioTCs
KOOpAMHATHEE GYHKOMM, TOAYYCHHBIE ¢ OMOILI0 HOBHIX MMHHMMAJBLHHIX CILIAMHOB, Kak
HOAMHOMHMAJNbHLIX, TAK ¥ TPUPOHOMETPAYECKHX, HYJAeBOW Ml HEHYJNEBOH BHICOTHL. B cayyae
MHOTHX TIEPeMEeHHBIX CTPOATCE MYJIbTHILINKATHUBHEE KOOPANHATHLE QYHKIME ¢ HOMOIIBIO
YIOMAHYTHX OJJHOMEDHHX MAHMMAJbHEIX CILIAAHOB.

AnnpoxcuMBpyomas HYHKUHAA COAEPXHT 3HAYCHHMI UCKOMOM (YHKOUM TOXLKO BHY-
TPH paccMaTPHBaeMON O6M8CTH M mO3TOMY He fAaeT addexTa morpancaod. Iloayiaembie
BADHALHOBHO-CETOTHLIE CXeMbl MOXHO HaA3BaTh CETOYHLIMU cXeMaMu 6e3 norpasciod.

TpuMenenne MyJAsTHILIBKATUBELIX KOOPAMHATHHX GYHKOAN IPABOJKET K CEeTOSHOM Ma-
TpHiie JEHTOYHOTO THIIA, TaK Kak HOCHTENb JaHHLIX KOOPAUHATHEIX (PyHKIMA KOMIAKTEH.
B caydae HeOGXOZUMOCTH i YMeHbHICHMUS NOrPEMIHOCTH PEKOMEHYeTCa CrymaTh CeTKY
BJjOJIb COOTBETCTRYIOMMX HaNPABICHAN KOOPAAHATHEIX OCEH.
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BU®YPKAIIM MTHBAPUAHTHBIX
TOPOB ITPU CUJIbHBIX PESOHAHCAX

HO.1O. Bonkos

B pa6ote msyuaerca 6udypxauns TOPOB B3 COCTOSHNS PABHOBECHA HECCHTIATEAB-

HOM aBTOHOMHOI CHCTEeMBI
T = f (3’ y 6)5 (1)

roe ¢ € R e € R™, f- ruanxas dyukumg, cucrema (1) mmeer cocrosmme pap-
HoBecua ¢ = { mpm Manbix €. Pabora sBideTca TPOAOIKEHHEM MCCICAOBAHMI
10 .H.Bbu6uxopa, orpaxensnix 8 [1]. Kak msBecTHO, XapakTep GmbypKammit perme-
Hus © = () 3aBUCUT OT COOCTBEHHEIX mMCell A1(€),. .. Ag(€) marpmmn Ay = D, F(0,¢).
Bynem cuurars, 9710 B cucTeMe (1) yKe oCymuecTBIEH NEPEXON HA HEHTPAILHOE MHO-
roobpasme m cOGCTBEHHEIE Yncia Aq(€), ..., A¢(€) npu € = 0 nexar Ha MEMMOR OCH.
Ecnn

2;(0) =< A(0),k > (2)

rre M0) = (M(0),...2a(0)), k = (ki,....ka), & € 24, |k = ky,... + k9,

TO [OBOPSAT, 9TO COOCTBEHHBIC YHNCHa YAOBICTBOPAIOT PE30HAHCHOMY COOTHO-

micHmio nopsanka |k|. B [1] usyvemsi 6mpypralmm TOpoB HpW YCJIOBEHM, UTO
A(0) = (twq, —tw, ..., iwp, —lwy) B COBCTBEHHBIE YHCHIA HE YHOBIETBOPAIOT TOX-
mecteenasM paBercTBaM ((2)) mpu |k| < 4. B mannpoii pabote mccaemyercs ciaydait
OPON3BOJIEHBX pesoHancoB. Mccnemopanme 6udypranmit mposonuTcsa B 4 sTana:

1.11o mcxomuoit NONHON CHCTEME CTPORTCA yCEUYECHHAS HOPMaJIbHEAA hOPMa [O Wie-
HOB HEKOTODOTO MOPSANKA MAJNOCTH (Pe30HAHCHAS HOpMaibHas hopma).

2.Ilo pesonancHONl PopMe CTPORTCI MORENBHASA CHCTEMA. B 5Ty CHCTEMY BXOIST
nepeMeHRHE, KOTOPEe MAJIO MeHSIOTCA TPy 6udy pranasx(MeaicHHbe TeDEMEHHEIE ).

3.MccnenyoTcs pellieHns MOLEILHON CHCTEMBL.

4.Y cTaHaBIHBAETCH CBA3D MEXKY PELICHNAMA MOOCTLHON CECTEME] M TOIHOH HC-
XOZHOW CUCTEMEI.

B pabote mogpobHO MCCHenoBasbl CIydan

A0) = (dwy, —iw, . .., 1wy, —iw,)

A0) = (fws, —iws, . . ., twy, —wy, 0, ..., 0)

5
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OpuYeM HYJIEBbE COOCTBCHHEBIC TNCa MOTYT HMETh KaK HPOCTHE, Tak B He HPOCTHE
sAeMeHTapubie AcanTenn. B paboTe ¢Tpostcs ycedennsie HopMaibubie dhopmer. [lo-
Ka3aHo, YTO MOACHbHEIE CACTEMEL B DTOM ClIydae YCTPOCHH Gojiee CIIOXKHO, €M IpH
OTCYTCTBUM CHILHEIX pe30oHAHCOB. KpoMe aMIIBTYHAALIX TEPEMEHHEIX B MOACTLHEIC
CHCTEME] BXOAAT W JUHCHHBIE KOMORHATUN OBICTPHIX HEPEMEHHEIX., JTH KOMONHAIAA
OLPEACIAIOTCA PE3OHAHCHBME yCHoBaaMEA. Monenbabe CuCTeME 3a0aEE Ha, MAINHA-
pudeckom ¢paszosom mpocTpancTe RB* X T n,q € N n gias nsyuenus >TuX CECTEM
yOobHO HpEMEeHATH chenmambabie MeTomsl [3]. HommocThio mccmenoBaTs mmHAMUKY
CHeHaNbHEIX CHCTEM HEBO3MOXHO, IOSTOMY H3YYEHE YaCTHHIE Cydamd. ¥ CTaHOBIE-
HO CYIDECTBOBAaHEEC HEPHEOAMICCKAX, KBASHNECPHOAUYCCKAX B XaOTWIECKAX PEIICHBI
y MomeabHbIX cucteM. Hokasaso, 4To runepGoanIecKuM HHBADAAHTHEIM TOPaM Da3-
MEPHOCTH ( MOHENbHOM CACTEME COOTBETCTRYIOT ¢+ [-MepHbic AHBapUAHTHEIE TOPH

TOJIHON ACXOHHON CHCTEMEI. PaCCMOTP]?IM gacTHRIC CllydaHl:

A(0) = (dwn, —iwy, fws, —iws) B wyrwy=1:1,1:2

A(O) = (éwl, —iwl,O, 0) A ) g = 1:3

7 HYJREBOMY COGCTBCHHHOMY MNMCJIY COOTBETCTBYIOT HE HPOCTHIE DICMEHTApPHEHIE Ae-
nuTend. Y CTAHOBNCHA CBA3h Teopua GHbYpKammil, TEOPUH B3aUMOLEHCTENA BOJIH &

TEOPHHU CHUHXPOBU3ATNE MEXAHWISCKUX cHCTeM [2, 4].
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OUMHAMWYECKAY MOAEJNDL PBIHKA
AIBYX TOBAPOB

Topcxmit A.A., JTokmuu B.51., Pozos H.X.
119899 Mocksa, MI'Y, ¢-1. men. obpasosasmui
7ei1.(095)939-52-41; daxc (095)939-20-90

E-mail rozov@rozov.mccme.ru

ocTpoena MaTeMaTHYECKast MOLENb, ONUCHIBAIOLIAs IOBeACHNe NBYX IPOU3BONATENEN, KaXKIbIA BRIy CKae
cBoil BHA ToBapa ¥ noTpebiser Tosap Apyroro. Moneis npencrabngeT 0bobuleHHe NMHAMUYECKOA MOZed |
IPOM3BOACTBA U COBITa OMHOTO TOBApa, PacCMOTPeHHOl B [1].

HByMs IpOU3BOIATENAMY TPOUZBOAATCA ABa TOBapa obmiero noTpebnenns, He ABIAIOWINECT XKUBHEHHO Heot -
xonumbiMa. KaXapiil Ipou3BOfUTEND, IONYYEHHABIE OT NPOU3BCUCTBA BOXOA ACNUT Ha TPH YaCTH.

[lepsas 9acTh HaIpaBifgeTcsa Ha TMONEPXKaHue cOBCTBEHHOTO CyllecTBOBAHUA (IpUOCpETEHNE XKUIHEHHO He -
0BXONUMBIX TOBapPOB, He TPEACTaBIECHHLIX B MOBEIH).

Bropas 4acTh uCTONb3yeTCsa AJIS TPONOIKEHUS TPON3BOACTBA.

TpeTbsq yacTh npeacTaBigeT noTpebienue — NpeiHa3HavyeHa A NPUOOpeTeHUs TOBapa HPOTHUBOMOIOKHO )
THNa.

Takum 06pa3oM, paccMaTPUBACTCsH CATYalUs, KOTA2 NPOH3BOAATCS B NMOTPEONAIOTCA TOBapH, 6€3 KOTOPHI!
B NpUHLUIE, MOXKHO ODORTHCE ¥ CIIPOC HA HUX, B OCHOBHOM, BOSHUKAET B ClIyJae MOABICHUA COOTBETCTBYIOULN <
IONOJHUTENBHBIX CPEACTB, 3apaboTauHbiX IPH HPOU3BOACTBE TAaKUX TOBAPOB.

Moznenb gBIgeTCA CUMMETPUUYHON B TOM CMBICIIE, YTO COCTONT U3 ABYX B3aWMOCBA3aHHBIX CHCTEM, UMEIONLk ¢
OOMHAKOBYIO CTPYKTYPY W OTJUYRIOIIMXCS 3HAUCHUAME KO3)(UUMEHTOB. B MOAeNHW y4acTBYIOT ClIELYIOLIE :
nepemennbie (1=1;2):

r; — aTexecnocobHbI cIpoc Ha TOBap,

2; — KOJIM4eCTBO TOBapa Ha PHIHKE,

u; — yPOBEHb BhINIyCKa TOBapa,

w — HOXOH OT MPOM3BOACTBA TOBapa.

Mogens BKJIOUaeT: 2 ypaBHeHHs GajaHca TOBapa Ha PbIHKE ¢ YYEeTOM MIIATEXKECTOCOOHOTO CIpOca Ha T -
Bap, 2 ypaBHeHMd [POH3BOACTBA TOBAPOB, YUYUTHIBAIOWMX 3aTPaThi BPEMEHM Ha MPOU3BOLCTBO U 2 ypaBHEHM T
$hopMUpOBaHUA NIATEXECHOCOOHOrO CIPOCa HAa TOBaphl B Pe3ylibTaTe BHIPYYKM OT MPOHaXH TIPOUIBOANMOI O
TOBapa.

Mogmenb NpeicTapldeT CACTEMY HelUHeHHBIX Nub@epeHIMaIbHEIX ypaBaeanil. B saBucumMocTH OT napam -
TPOB, MPOLECCH], ONNCHIBAEMBIE MOAENHIO MOTYT AEMOHCTPUPOBATE Pasilu4Hbie PeXXUMEL: CTAlUOHAPHBIE, KO -
6aTelbHbIC, Xa0THYeCKHEe U T.0. Moneib MOXeT NCHOAB30BAThLCA AJd UCCIENOBAHUA JUHAMHUICCKHX ITPOLeccas
SKOHOMUKY T BbIGOpa PalMOHAbHLIX CTPATEruil MOBEASHNA TPOU3BONMTENEH U3 YCIOBHS MaKCHMAJIBHOTO It -
CTHKEHNS [OCTaBJIEHHEBIX UMK Hefiell. Bo3Mmoxxubl 0600ieHnd, CBA3aHHbBIE ¢ PACCMOTPeHNeM GONBLIIETO epev 4
TOB2POR, KOHKYPEHIVM ¥ KOOIEPAINH POU3BOANTENEH.

Jimreparypa.

1. Topcxuit A.A., Konnaxosa U.T., Jloxwur B.5. [/Junamuueckans modess npoyecca npouseodcmea, Tpanenua u
c6uima mosapa eo0306nosamouezoca cnpoca. W3 PAH cep. Teopus n cucremsr ynpasnenns N 1 1998.
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I'vpuaos A.LE.

CBEAEHWUE NBYXTOYEUYHOM JMHEWHON
CTAIIMOHAPHOU CTOXACTUYECKOW KPAEBOM 3AIAYM
C KBABUNIOJVHOMMUMAJLHONA HEOJHOPOIHOCTLIO
K 3AJAYE KOUIU

Caugkr-Tletepbypr, Cankr-Ilerepbyprckuii rocy qapcTBeHHBIA YHUBEDCUTET

f)a}CCManM’BaeTCH ABy XTo4YedyHas auHeklHadA CTauMOHapHad CToXacTU4HeCKast

(i) =) oo g

KpaecBasd 3afada

C ''panYubIMy YCAOBHAMI

z(0) = =(1), y(0) = y(1), (2)
WA C pa,Cl'Ia,ﬂ,a.}O]_[[I/IMMCH FP&HIIILIH]:IMI/I yCﬂOBMﬂMM
2(0)=p, y(1)=q, (3)

rae
f() = zj;l exp{g;t){cos(v;t) Z;_—_o ta;, + sin(v;t) Zk]:() tk‘bjk), (4)

Jo ok, m, n, my, ng, T, T2,...,7; CYTb HATYpAaJbHble YUCHA, ny + ne = n,
{, 1tj, v; € R', t° =1, cayuaiiuvie BexTopoi p,x € R™, ¢,y € R, a;r, bix € R”,
P ects n X n - mMarpuua, vaeMeHTh! KOTOPO#R CYTh HE3aBUCHUMbIE CJYUAMHBLIE
BeJIMYMHLI C HEIIPEPBIBHLIMM (PYHKUMAMY pacipeacieHus .

Bresem BCrioMoraTeanbHble 1 X n - MaTPUILHI

Qi=P—wE, S;=Q;+vIE, j=12,...,m,

rae b — eouMHUYHAA n X n - MaTpHua. Vi3 onpeneneuna marpuinl P cienyver,

gro det(Q;) A0, u det(S;)#0,upm j=1,2,...,m, c BepoaTHOCTBIO 1.
Oupenesnm ciaydaiineie BekTopbl Ajx , Bjp € R® ¢ noMouwsio cienyionieii

JivHelitHoil comecTHOM pekypcmm nio k or vy no U npu j =1,2,... ,m.

Aje, = =S7HQjar; + vibsr,)
Bir; = =87 (Qsbir; — vigjr,) |
Ajr = =571 (Qj(an — (k+ D) Ajsn) +vi(bje — (k + 1)Bir1y) ,  (5)

=57 1@ bk = (k + 1)Bjrn) = vi(aje — (b + DAjre1))) |
k=r; -1, 7r;,—2,...,1,0.

R
]
I
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Onpegennm cayvaiiuble BekTopHble GyHeummu u(l) € R™ n w(l) € R*?
paBeHCTBOM

u(t) m o TP . TPk X
= >Xplp;t)cos{y; t"A; S it " B; §
(1) = X extmestn) S, e s S0 ) 0
z(t)

. y(t)

kpaeBoii 3anauu (1),(2) c veoauoponHocTbIO (4). DTO pelneHne yI0BAETBOpAELT
crenylouleMy HadaAbLHOMY yciaopmio 3asadn Kowm ans cucremnl y pasnennii (1)

Giw) = () + eom-o7 (GZ0)

rae w(0), »(0), u(l), »(1) oupemenmorca no dopmynam (5) u (6).

Teopema 1. C BeposaTHOCTbIO | cylWiecTBYeT eIMHCTBEHHOE penieHue (

Caencreue. bcau B popmyne (4) p; =0, r; =0 apu j=1,2,...,m,

a f(f) — uepuoanueckas BEKTOpHAA CAy4aiiHaa GYHKIMA ¢ MUHUMANLHBIM
PABHBLIM €JIMHULE TIePUOJOM, TO eCTh, ¢ Beposthoctbio 1 fi+ 1) = f(t) npu
t € R' , 10 c BepoATHOCTLIO | CYyIIECTBYET eFMHCTREHHOE PETeHre (;%:;) Kpae-
Boit sanaunm (1),(2) ¢ HeoaHo poAHOCTLIO (4), KOTOPOE ABJIACTCSA M€ PHUOANUECKAM
¢ paBHBIM ¢OMHUIE TICPMOAOM peHICHUEM CHCTeMbI ypabBHenuid (1). Dr1o emun-
CTBCHHOE IIE€PUOIUYECKOEe pellieHHE YAOBIETBOPAET CJACAYIOMEMY HaMalbHOMY

ycaosuio 3agaun Komm s cuctemsl ypaBHeruid (1)

P 0 m 5 —
(y((OD = ——Zj:l(P"'i‘ijE) Y(Pajo + vibjo)

Teopema 2. C BepoarhHocThio | cymiecTBYeT eIMHCTBEHHOE pelIeHne (;’g)’)
Kpaepoii 3amauu (1), (3) ¢ HeoanopoAHOCTELIO (4). D10 pellicHUe yAOBAETBOPACT

cJIeIyIOIMM HadaJlbHbIM YCJ0BHAM 3a0a4M Komu Ana cucTeMbl ypasHenuii (1)
z(0) = p,
¥(0) =
v(0)+(exp(P)[ri+1 s n,ni+1 1 n)) " g—v(L)—(exp(P)ni+1 : n,1: ni])(p—u(0)))
Ui B ApYTOM BUIE
z(0)=p,
y(0) = v(0)+(exp(=P)ni+1 :n,nm+1: n])(g—v(1))+exp(=P)[n1+1 :n,1: 0] x
x(exp(—P)[1:n1.1:n )7 (p—u(0) — (exp(—=P)[1 : ny,ny + 1 :0])(q —v(1)))

rae exp(—P)[1:n1,1:n;] obo3HauaeT COOTBETCTBYIOUMX Pa3MepPOB BbIpE3KY
(1 X ny - NOAMATPHUUY) M3 CTOXACTUYECKOH HKCIHOHEHUMAMLHON MaTpHulb]
exp(—F} , a u(0), »(0), v(l) onpemensaorcs no popmynam (5) u (6).
3aMeTuM B 3aKjloveHne, UTO He00X 0 MMble Pealu3aluy BHPE30K MOMHO Bbi-
YMCATL HA KOMIBIOTEPaX C MOMOIIBLIO TOUHOTO (pexypcuBHoro) Merona [1].

Jlutepatypa
1. Pypusinos A.E. // Audd. ypasuenua. 1980. T. 16, N 8. C. 1517-1519.
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O HOCTPOEHMH BAPUAIITHOHHO-PABHOCTHOI'O METOLA
AAA SALAYI C CUABbHBIM BLIPOKAEHUEM
IO.X. AemMbanoBud
Cankr-Ilerep6yprekuii rocyAapCTBeHHELIN YHUBEPCATET

Bapuauuonro-pasHocTHEi# MeTox (BPM) ans opmomepHo# KpaeBok 3ajadé ¢ CHib-
HEIM BHIPOXJCHHEM PacCMaTpuBaiCA aBTOpPOM panee. B jaibHelmeM 6nuld paspaboTaHE!
rpaHHYHbEe MUHMMATbHLIE CILIAAHL HA JOKANBHO KBasUPABHOMEDHLIX CETKAX W NOAYYeHH
OLieHKM ammpokcuMai¥ u ycTodumsocTu (cMm. {1]). B gaumnoit paGore crpourca BPM c
HCHOJb30BaHMEM I'DAHMYHBIX MUHMMAaAbHBIX CILIAHHOB, OLEHHBAETCH TOYHOCTE BHMHCACHHH
H [aioTCcd IpreMieMbie Aif alPUOPHEIX CY X JeHMil BepXHMe I'PDARM KOHCTAHT B COOTBETCTRY-
IOMUX HEPaBeHCTBAX.

Mogeario ciyXuT ypaBHeHHe

~(a(=)) +bzju=f(z), =€(01), w(1)=0,
rae a(z), b(z) v f(z) - nnagxue dyaxun,

a(z) >0 l-@-—— 00 lmd:zrh<+oo
' o a(z) ' o a(z) .

KoopannaTarie QyHKuMEM — TpaHNYHLE COASHHH wj, 418 KOTOPHX
Za:j.wj(z):::c', 1=0,1,...,m,
i

Ha KoHeYHoH ceTKe 0 =29 < £, < ... < Ty-1 < Zn = 1.

Apyroit MoelbHEA NIPEMED — HECTAIMOHAPHAA 324544

uy, = —(a(z, t)ul), + bz, )u = f(z,1),

HPH NPeXHHUX OTPAHUYCHHUAX O & ¥ NPYW COOTBETCTBYIIUX HAYAILHOM M T'PAHNYHOM YCio-
BraX. C HCHOABIOBAHMEM YKasaHHHIX BHIIE KOOPAMHATHHIX GYHKUHHA cHaYala CTPOMTCH
MeTOoj NPAMEIX JJid 3TOM 3a/ja4uu, a 3aTeM HPOBOAUTCH ABYXCIORHAR AUCKPETHIAIMS HO Bpe-
MEHH. C BECOBLIMM MHOXHTelsMu. Hbdyyaerca noayuensas cxems BPM u ee zaBucHMOCTB
OT INAAKOCTH HAYAJABHOT'O YCAOBUA # OT er'o COMVIACOBAHMA C IPaHKYHLIM YCIORMEM.

Braarojapa npyMeHeHUIO YOOMAHY THX CIIAHHOBR yAaeTCH 3HAYKTENBLHO OBHCHTD TOY-
HOCTH BHIYMCAEHHN DM NpeXHeld NaMATH M BPEMEHM CHYeTa. “JUCACHHLINA SKCIEPUMEHT €O~
raacyerca € TEOPeTHHUYECKUMHA Pe3yiLTaTaMu.

JiarepaTypa

1. A’ Bypora, 10 K. JeMparoBuy. I'pasnyHbie MUHNMAALHEEE COIMARHEE ¥ BX HpUMe-

seaue. CII6., 1996. 88 c.

Capkr-IleTep6ypr, HAMMM CII6L'Y, num@nitmm.spbu.ru
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B.I1. [ep6erena, B.E. Yepunituen

PO)K,IIBHI’IB Pnnepﬁonnqecxoro HHBADHaAHTHOTO MHOXEeCTRA
npHE PDAaCIieJaCcHEN FeTePOKAAEEIeCKOTr O HAKAAa THIIA JIopeHaa

Cankr - llerepbypr, Caukr -Iletepbyprckmii rocyuusepcaTeT

NmeeTca MHIOre upuMepoB TPEXMEDPHHX aBTOHOMHEIX CHCTEM Iud-
(hepeHNUaTbHBYX YPABHEHUN TAaKHX, 9TO HaJWd9@e Y HHX HOCTATOTHO
IpOCTOT0 HHBAPDAAHTHOPO MHOKECTBA -— reTepOKIAHAYECKOTO HKIA
- BACYET CYyMIeCTBOBAHUE XaOTHIECKOTO MHBAPHAHTHOIO MHOXKCCTRBA B
ATO60M OKPECTHOCTH MeTEePOKARHUIECKOTO UHKAA, TO €CTh I'eTepOKIN-
HUIeCKUA TAKA TOPOXKAAET Xa0C.

B mepByio odepenpb K reTEepOKAMHAUTECKEM HMAKAAM, TOPOXK AAONIAM
Xa0C, OTHOCATCH TPAHCBEPCAIbLHLIE '€ TePOKINHNICCKAE UKL, COJEP-
KallHe CPefi CBOUX IPEeUEILHLIX MHOXKECTB TOJNLKO 3aMKHYTHE Tpa-
cxropunr [1], [2]. XaoTmaeckoe MHOXecTBO TakKe MOPOXZAET IMHKI,
COCTOAWAN U3 COMI0 - POKYCa ¥ TOMOKAUHAIECKON K HEMY TPacKTOPHH
[3].

PaccmoTpuMm TpexMepuyio aBTOHOMHYWO cHCTeMy gudgepeHiuaib-
HeIX YpaBHCHHH, AMEIOMyIO reTepokanandeckun nuii I Tuna Jlopermna,
TO €CTh KOMIAKTHOE WHBAPDHAHTHOE MHOXKECTBO, COCTOMINee U3 KOHEU-
HOT'O 9YHCAa TPAGKTOPHE Y;, ¢ € | : m, @ WX 0 I & OpeNedLHLIX
MHOXKECTB, KOTOPbIE SBAFIOTCH AROO CEIIOBBIME 3aMKHYTHIMH TpacK-
TopuAMH, ABGO TOYKAMEA MOKOS THANa cefio - ysei. [lpm oroMm Bymepa-
QU0 TPAaeKTOPHE MOXHO BHOpars Tar, 9T0 alyi) = wl(y—1), ¢t € 2 :
m, (1) = wlym), aly)Naly;) =0, ¢ # 7, u cpefm HUpejeabHBIX
MHOXECTB, BXOJAIMAX B OAKI 1, eCTL KaK TOYKHA MOKOA TaK U 3aMKHY-
THIE TPAECKTOPHH.

IIpepnonomum, I70 reTepoKInHTIeCKAR THKA || paBHOpasMepHOCT-
HLIH. JTO O3HATAET, ITO PABSMEPHOCTH YCTORIHBHX MHOTOOGpasan W/
npefeabHHX MHOXECTB a7}, ¢ € 1 : m, paBHH.

B patore [4] 6putm monyueHBt ycAOBHA, UPH BHUTOAHEHHH KOTODHIX
PaBHOPABMEDPHOCTHHE reTepokanaadeckau nuki I Jlopennesa Tuna no-
poOXgaeT MHBAPUAHTHOC Xa0THIECKOe KOMIAKTHOE MEOXecTBO J B cBO-
en okpecTHOoCTH. llpm >TOM XaoTHYeCcKOoe HHBADWAHTHOEC MHOXECTBO
coxpaggercs npr (! - MaIRX BOZMYIICHRAIX BCXONHOR CHCTEMH.

HNuapapuantaoe MEOKECTBO HAB0BEM XAOTHYECKHAM, ECAN B HEM BCIOLY
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IIOTHE 3aMKHYThHle TPaeKTOPHH, €CThH BCIOAY IAOTHAA TPACKTODHSI H
mMeeTCs IyBCTBATEAbLHAH 3aBHCEMOCTH DEMIeHEM OT HaYalbHHX dad-
HEIX.

XaOTHYECKOE HHBAPAAHTHOE MHOXECTBO J gBAgeTCA MAaKCAMATLEEIM
HHBaPDHaHTHBIM MHOMXeCTBOM HCXO,D;HO& CRECTeMEL B HQKO‘TOPOﬁ oxpect-
HOCTHE Merepokanandeckoro nukaa l’. Omo zermnepboauauo, NOCKOABLKY
COJEPXKHAT TeTePOKATHAEICCKER HAKA 1 .

Hpu C! - Masrix BOBMYINEHIAX CHCTEMEl B OKPECTHOCTH PETEPOKIH-
HAYECKOI'O HNHKAA AeXKHT KOMIAKTHOE XaOTHIECKOEe HHBADAAHTHOE MHO-
xecTBo J' BOBMymeHHRON cECTEMBl, KOTOpoe B O6IIEM CIyYae He rOMeo-
mopduO MHOXecTBY J. Hampmmep, merpyamo mocrpomts C! - magoe
BO3MYINEHUE, IPH KOTOPOM DTO Xa0THISCKOE MHOXeCTRO .J' He comep-
XET COCTOSHUN PABHOBECHH BO3MYIIEHHOHN cncreMul. Mg Takmx BosMy-
HEeHUY COpaBedldBa cledyiomad TeopeMa.

Teopema. Cymecrsyer oxkpecrnocts V(I') paBropazmeprocTHOrO
retepoxanamieckoro nuxiaa ' Jlopemnesa Taua rtaka:, 910 ecud Max-
CUMAIBHOE HHBAPHAHTHOE XaOTHIECKOE KOMIAKTHOE MEOXeCTRO J' BOS-
MYTIeHHOH CACTeME, examiee B okpectHocTH V (I'), He cogepxuT Togek
HOKOS BOBMYIIEHHOW CHCTEMBI, TO MHOXecTBO J' —— ramepboamsno.

JlmrepaTypa

1. Hlmaramkos JLII. O6 ogmoit sagawe [lyamkape - Baprogda. [/
MaT. c6. 1967, 1. 74, N 3.

2. Tlamce B.A. Warerpanbubie MAOKECTBa HEPUOAAIECKAX CHCTEM
nappepernnaabaeix ypasaenun. M., Hayxa, 1977, 304 c.

3. IHmavaukoe JLII. K poupocy o pacmuperHon OKPECTHOCTH Cefi-
a0 ~ pokyca. [/ Mar. ¢6. 1970, 7. 81, N1.

4. Yepuouner B.E. Bosmymenrge reveporumungeckux nuxaos Jio-
pernesa Tuna. C6. Henmmelinne mumammaeckue chcremut. Wa-

" 8o CII6I'Y, 1998, Brim.l.
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VCTOMUMBOCTS Y BUO VPKAIMK B O{HOM AUCKPETHON MOJIET JIMHAMWKH
BO3PACTHOM CTPYKT VPRI TIOITVJISI A

Edpemora C.C.
Crierty

OpHOM 13 BAXHLIX 337134 MATEMATHHMCCKOM SKOJNOTHH ABASCTCS HCCACAOBAMMC AVHAMMKY “HCICHHOCTH
nomyAsipii YpaBHCHMS RMHAMMKH BO3PACTHOH CTPYKTYPH MONyASIfii, pasBHMBaiomiciicd B
CTAUHCHAPHOM CPEAC ¢ OTPAMEHMCHHBIME PECYPCAMEL, MOTYT ObiTh TPSACTABACHM CHCTEMOH HEIHHCHHbIX

Pa3HOCTHBIX YPaBHCHMI BH/AA:

x,(6 +1) = e PO (b,x, (1) + b,x, (1))
x,(t+)=e""a x,(t) ()]
x,(t+)=e""Yq,x. (1)

3mecs N{t)= Z; x (f) mnoTHoCTH mONyAsIRM, X;(f) “WCHO VHAMBUAYYMOB B BOIDACTHOM Kiacce i B

MOMEHT BpeMeHH t, KooddmimenTH a; U b,— He 3aBUCAT OT IIOTHOCTH, Pb— MakcHMaIbHas CKOPOCTH
BOCIIPOM2BOJACTBA B KJjacce i; a; — KoaddrupicHT nmmacmociﬁ TIpH TepexoAe u3 i rpymmt B i+l, aou p
— TapaMeTphl, V'BITHBAIOHNRIC BAMAHKC TUIOTHOSTH Ha POXKAACMOCTE H BRDKHBACMOCTH COOTBETCTREHHO.
Bce napaMeTphl HCOTPUIIATEIbHBL M YAOBJICTBOPSIOT YCHOBMAM: a1<a;<1; ubs<ub;; ub>1;

IlpoBeicHo KadecTReHHOe wucciacgoBamme cuctemnl (1). Iomyucumi ycnoBHS CYmMISCTBOBaHMI H
YCTOMUMBOCTH MOAOKEHNUS paBHOBecHd. OOHApYKCHLI ABa THIIA IIOTSPH YCTOMMMBOCTH DPABHOBECHOTO
pacTpeAicicHH B 3aBHCHMOCTY OT PA3AME B CHIIC BOS/ICHCTEMS HA POXKAICMOCTS M BEUKHBaeMocTh. Ha
OCHOBE TIOJYMCHHBIX KPUTHYCCKHX 3HAYCHHI HapaMeTpOB MPOBCACHO HCCHCAOBAHNE PAsTHbIX THIIOB
TICPDHOAMUCCKMX  ABMOKCHEM  BOZPAcTHOM  CTPYKTYpH nonynsipil. JloKasaHo  CymeCcTROBAHMES
CTOXACTIHIECKUX PSXUMOB, IPOABISIONHIXCA B HEPETYASPHOM TIOBCACHHM BO3PACTHOMN CTPYKTYPRL.
IIponeacHo oboOmicHric AaHHON MOACHM HA CHyYail, KOI[a 4MCACHHOCTH TIONMYAMiMH OTACALHEIX
BO3PACTHBIX I[Pyl BXOHAT ¢ cocraB ofmigH HMCACHHOCTH ¢ ONPEACHCHHBIME  BECOBHIMMU
Ros@@mmeménm, yro Gojice TPABMILHO OTPAXKACT COCTOSHME HONMYISIEE B ACHCTBUTSILHOCTH.
IlokazaHo, 4T0 IpH TOAXOAMISH 3aMcHE TICPSMEHIBIX Takas o0oOmicrHad MoAeih TPHBOAMICA K
HCXOHHOM M, CCAOBATC/BHO, KAYCCTBCHHAS KADTHHA AMHAMMKM BO3DACTHOM CTPYKTYDH IIDH TOM HE

H3MCHACTCA.
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K YHCJEHHOMY OIPEEJEHUIO TTEPHOIAYECKVX PEIIEHMIA
JN®PEPEHITHMATILHBIX YPABHEHIIA

11.b.3abupoxun, A.A.CyxaHoB,

Canxr-TlerepOyprexuii rocyfapCTBEHHBIN TEXHUYECKUI YHUBEPCUTET

Paccmatpusaiorcss  oObixkHOBeHHBIE ubdepeHUMATbHbIE YPAaBHEHHA, OIMCHIBAIOIIHC
fIOBESIICHIE HEKOTOPOH MeXaHmM4eckoii cucteMpl. Jnd MX pemeHusi MpeRnararoTes Momuduxanuu
V3BECTHBIX  HHUCACHHLIX METOAOB  HMHTCIPHPOBAHMS, OCHOBAHHBIE HA  HCUONL3OBAHHHU
NpeBAPUTENLHBIX 3HAHMH O CHEKTPaNbHBIX CBOMCTBAX PpEUICHMA, MO3BOIAIOWIMX MOBBICHTH
TOYHOCTh YMCICHHOro mHTerpHposanus. Heobxomuman uugopmManiysa MOXKET ObITh NOAydeHa U3
CBOMCTB UCXOAHON MEXaHHWYECKOM CHCTEMbI U BHEITHETO BO3ACHCTBYA Ha Hee, nn00 Ha OCHOBAHMK
HaHHBIX NPEABAPUTEIBLHOIO IHCASHHOTO HecaenoBanya. PaccMoTpuM peanuzaiuio MPEAIaracMoro
noAxona Ha npuMepe MonupUKaMU IPOCTEHIIETO KNacca OHOIIATOBBIX METOHNOB

Xyq = 0%, +A(OE(X, ) + cf(x,,,)) (1)
AEA CUCTEMbI OOBIKHOBEHHBIX AndpepeHiinaibHbIX YpaBHEHHH
x=f(x0), x(0)=x,. @

Ecnu mapametpsl a,b,c cumrath KOHCTaHTaMH (KaK B KIACCHYECKUX METOHAX HHTEIPUPOBAHUS)
BHITIOAHEHHE YCROBUSA CXORMMOCTH cxeMbl (1) IPUBOANT K CTAHAAPTHOMY OAHOIIAPAMETPHIECKOMY
CeMCHCTBY MCTOROB Oiinepa. AWanu3 MOKa3hIBACT, HYTC VAYIUIMATH HUCIACHHYIO CXEMY MOXHO,
TIPEACTaBIAA MapaMeTphl 4, b, ¢ HexoToppiMu PYHKIMAMY Inara uuTerpuposanns /2. Ecnu BeiGpats
$yaxuun a(h), b(h), c(h) ucxona Uz yCAOBHA TOYHOTO BHLIMMCICHMS HE3aTYXaoumux KoneGauuii
cucteMmsal (2) o Gopme, COOTBETCTBYIONIEH HEKOTOPOI 4acToTe @, (HacToTe “HACTPONKM ™), MOXKHO
TOMY9UTh CHEAYIOLIYIO CHCTEMY, ONPEACHIONTYIO CEMEHCTRO YHCICHHBIX METOHOB:
cos® h—a=~o hesino h (€))
sin® = kb+co hcosw h.

KonkpeTnbie Boipaxenus napamerpos 4, &, ¢ B (3) 3amaioT COOTBETCTBYIOWME MONUGHKALIAK
CTAHOAPTHRIX CXeM uHTerpuposanud. Hanpumep, MomuduuupOBaHHBI MeTon Oiinepa
OTpEASnAeTCA COOTHOLICHUAMM
sin® /2

oh
Tlpu >ToM, ecam HacToTa “HAcCTpO¥KyM COBIAHAET C MEPBOil cOOCTBEHHON 4YacToTOM nuHelHOH
cucteMel, coOcTBeHHBIE KONebaHud MO NepBoil cobcTBeH O dopMe OYAYT BHIYUCAATECS TOUHO, @
1o BeiCIuM GOpMaM — FapaHTHPOBAHHO TOYHEE, YeM MpH WCTONL30BAHNH CTAHNAPTHON CXEMBL.
B cnyyae npuMeHeHNA YKa3aHHBIX METOROB K ONPEACHCHIIO BHIHYKACHHBLIX Konebanuil AuHeliHol
CHCTEMBI TIOA  JAeiiCTBUEM TrapMOHMYECKOTO BHEIIHEro BO3AEHCTBMA  HacTOThl  O=d,
moauduLMpoBaHHbIC METOABI OYIyT ZaBaTh TOYHOE peincHue (10 amMIIuTYRE, dase U 4acToTe) B
YCTAHOBMBINMXCA pexkumax. [ns obimero cnydasa Henuseiinoii cmetembl (2) mokazaHo, 9r0
NPUMEHECHHE paccMaTpuBacMbix MeTonioB Oyaer s>¢ddexTuBHO B ciyuae, eciy PELICHUE CHCTEMbI
6IU3K0 K Tr2apPMOHNYECKOMY € HacTOTOH .

AnanorudssiM 06pazoM MOTyT ObITE MOAMDMLMPOBAHEI M APYTHE YHCIACHHBIC METOHBI
(Pyure-Kytra, Amamca). B ciyuae momuuxailii METOACB BbHICOKMX TOPAOKOB TOYHOCTH
OKa3biBaeTCs BO3MOXKHBEIM pacUimputh kiace (yHxumil, Ha KOTOPHIE «HACTPOCHA» YHCISHHAT
cXeMa, He OTPaHNUYMBAACh TAPMOHNYECKUMU PELICHHAMMN.

a=cosw h, b= c=0.
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10.B. 3Bauka, B.B. llonos

UAEHTUGUKAIINS MOJIEJIM BOJOPOIOIIPOHUIIAEMOCTU
IBYXCJIOWHBIX MEMBPAH

IleTpo3aBonckuil yHUBEpCATET

Vurepec x npobJsieme B3amMoIeiCTBIASA BOIOPOIA U €70 W30TOIOB ¢ MeTaJl/laMn
HOCUT MHOIONJIAHOBBI! xapakTtep. ocTaTodHo yHOMAHYTH 3aaddl PHEePTeTHUKH,
3aI0UThl KOHCTPYKUMOHHBIX MaTepHhaJioB OT BOJOPOIHOM KOPPO3KHU, HPOEKTHPOBa-
HUSE XUMHAYIECKHUX peaKTOpPOB, PAKETOCTPOCHUdA, BAaKYYMHON TEXHUKHW W TEXHOJIO-
ruu. llmpoko npuMeHAOTCA pa3niHbie MHOTOCJI0OWHbIE KOHCTPYKUMOHHBIE Ma-
TepnaJibl. BosHEKaeT npobJsieMa OeHKHU apaMeTpPOB WX B3auMoAeHcTBUA ¢ BOJIO-
pomom. [Ipm »TOM cyliecTBeHHbI HE TOJBKO MU Dy3ud, HO ¥ PUBHKO-XUMAIECKUC
sIBJICHUS HA MOBEPXHOCTH, HA CThiKe cJioes. Heobxomum aaroputm, Mo3BOJIAIOMNH
oUeHmBaTh IapaMeTphbl MOUEJIU IO IKCIePUMEHTAJIbHBIM HaHHBIM [Jis KOHKPeT-
HbIX MaTepPraJIoB.

CoryiacHO 3KClIepUMEHTAJILHOMY MeTOdy NPOHMIAeMOCTH C BXOHHONH CTOPOHDI
npeaBapuTebHO 00e3BONOPOKEHHOW M HarpeToit no (UKCHPOBAHHON ‘reMIiepa-
Typel T(t) = T MeM6paHbB! (meperopogkyu BaKyyMHON KaMepbl) CKauKoOOpas3HO
co3laeTcd JOCTATOYHO BBICOKOE INOCTOAHHOE HaBiienue po(t) = Py BOIOpPOIA B
ra3oBoit ¢paze. C BBIXOJHOU CTOPOHBI MPOU3BOIHUTCHA MOCTOAHHAS OTKAUKa asa
BaKyyMHO# cucTremoil. DKcuepuMeHTa/JbHBIMU JAHHBIMUA CYATAEM ILJJOTHOCTH Bbl-
XOIHOIO HeCOPOIMMOHHEOr0 MOTOKa BOJOPOIa [1,2].

[MpumeM cegyoIMy0 MaTeMaTHUYeCKYyIl MojleJsib liepeHoca BOJOPOoAa CKBO3D
ABYXCJIOWHYIO MeMOpaHy ¢ HeJIMHeHHbIMU OUHAMUIECKUMI 'PaAHUYHBIMU YCJTIOBHU-
AMHA. J14 TIePBOTO CJI04:

ci(t, ) = D(T)eg, (t, ), (t,z) € (0,t%) x (0,0), (1)
c(0,z) = p(x), z € 10, 4], (2)
co(t) = ¢(t,0) = g(T)qo(t), te€[0,t%], (3)
d , 5
% qo(t) = 1s(T)po(t) — HT)GE(E) + D(T)ex (t,0), (4)
9(T(0))q0(0) = co(0) = ¢(0). (5)
Bneck c(t, ) — xounenrpanusa nudgynIupyoero (aToMapHoro) Boaopoaa, qoft)
- noeepxHocTHasa KoHueHTpauus (x = 0), D(T) — xosddutnuent iuddysun,
g(1) — xo>dPuImenT COOTBETCTBAA MeXKIY KOHIEHTPAIUAMM Ha IIOBEPXHOCTH

W B IIPUTIOBEPXHOCTHOM obbeMe MeMOpaHbl, (- - KHHeTUYecKad KoHcTamuta, s(1)
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-— roapunment amcopbuun, b(1T) — xoaddunment gecopbumu. CooTHOMIEHHEC
(4) aBngrorca ypaBHeHueM GaJiaHca MOTOKOB. eCOpOUMOHHBIA MOTOK MOHEJIUPY-
erTcs KBagparuano#t saBucuMocthio. llocitemnee criaraemoe B rnipaBoil dactu (4)
COOTBETCTBYET OTTOKY (WMJIM IMPUTOKY ) ATOMOB BOHOPOIA OT IOBEPXHOCTH 3a CUeT
b dysuu B obbeMe MeMbpanbl. HadaJsibHbie B TPAHRYHBIE YCJAOBAA COIVIACOBAHb
B cMbice (5). MaTtemarudeckoe obocHoBanue Monesn IudPysnn ¢ JMHAMAIeCKN-
MU TPaHUYHbIME ycjoBuamu Buna (3), (4) mawo B [3].

dasg sroporo choa (z € [£,€+ £,], pt) = 0) BoinwcHIBaIOTCA AHAJIOTUTHBIC
COOTHOTIECHH:

cci(t,2) = D (T)c(t,2), ¢ (0,2) = (o),
(8, 0+ L) = g"(T)q(t), ¢7(1(0))q.(0) = v(£ + £,),
© g.(t) = B (T)g(1) ~ DTS (1,0+ ).
YesioBust CONPSKEHUS CJI0EB:
Dey(t,€) = D*ei(t,0) = —I(t), kic(t, 0) — ks (t, ) = I(1).

[TepBoe cooTHOLIEHUE — OTCYTCTBUE HAKOIJICHUS BOAOPOIa Ha CThIKe (HelpephIB-
HOCTh MU(pPY3UOHHOTO IOTOKA), BTOPOE OLMCHIBAET Pa3spbiB KOHUEHTPAIUY U3-3a
HeOJHOPONHOCTH MaTepuaJsa. XapakTep 3aBUHCIMOCTH K03(pDUUUEeHTOB OT TeMIle-
paTypbl MPENHOJIATaeTCA apPEHRY COBCKIM:

D(T) = Dyexp(—E4/[RT]), b(T) = byexp(—E/[RT]),....

YncsiedHoe MOIOeAPOBaHMe MOOTBEPKIACT COOTBETCTBUE MONEL/U HKCUECPUMEH-
TaJIbHBIM JHAHHBIM.

Bapbupyd B CEpUH ONLITOB HaBJieHne Py, TeMueparypy 1 1 n3Mepad DJIOTHOCTD
BBLIXOZHOTO JecopbumonHoro notoka J(t) = b*(T(t))q2(t), Tpebyerca onpenents
napametpsl D, D* s, g, g*, b, b*, k), k). B pabotre mnpemnaraerca aaroputm
nieHTRUKALAA W IPUBOOATCS PE3yJAbTaThl YUCIEHHBIX YKCIIEPUMEHTOB.

Crnucok JuTepaTyphbl

[1]. BsammoneiictBue Bomopoua ¢ Metasinamn / Pen. ATl Baxapos. M.: Hayxka,
1987. C 177-201.

[2]. Tabuc N.E., Kypmiomos A.A., Tuxonos H.A. // Bectuuk C. Ilerepbyprckoro
yvu-ta. Cepug 4. Beim.2. 1993. C.77-79.

[3]. Baumka }0.B. // 2Kypras BpriucauT. Marem. u MareM. ¢usuxm. 1996. N12.
C. 108-120.

E-mail: zaika@mainpgu.karelia.ru
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JIMHEHHLIE ANDPEPEHIHUAJADBHDLIE YPABHEHWA
{CUMBOJIMKO-I'PYUITIOBOM 110AXO0A)

B.O.3AULEB, 1C.B.MAJBILES

Pocculickvii Tocy fapoTrenuHi neAarornieckni yrupeperrer 2. A Y. Veprena
wah, pexa Motiku 48, Canxr-llerep6ypr, 191186, Poccus
E-mail : valentin@p36.f282.n5030.22 fidonet.org

Kasaucku# 1exHoA0ruMecKyil yHuBepcuTeT

PaceMorpum cuMBoanteckue oneparopul D, (D +4)f = Y‘ cram D= (D +

+ D+ t). . (D)= ')n: Clugty .. oup O™, rae iy (t\) €C(@E), D= ;?5 =
mezz(l omamp, et )

b
=1{"}, CF — GunoMuanepntie xoddpuunenT,

~h pomny 1f. - - s - e
WADET e (AP DR 4 AT DADR T L DR

Wilhy ... Up DV = e Nty U DY DT i ) G5B =10
e — ; ‘————gﬁ-——-ﬂf e, ot
i \ wm m

Tlycrs nuneiinoe gutheperunainHoe ypapHeHne

kc

(DW= 3 a)D™™y = £(2), M)

m=0

a;{t), f{t) € C(G), ponycxaeT ParTORHBAINI

L P}y = (D). (D+an)y=f(E) (2)
{cpean w; moryr 6mirbh ¥ papusic). JMe0T MECTO CACAYIONMe YTBEPKHEHNA.
Teopema 1. Ypasueuue (2) nurerpupyerca B KBaApaTypax, u ofljee penieyne nmeeT
BUL

>,

= g% [e""‘““‘““i [([ ™ f dfy J—f/l) 1 di 4+ Cpe™

ol b o

wx

Beau B ypapuenum (2) @ — UPOM3ROALHEES PYHKIEE, TO TeopeMa | TH0O3BOAAECT BHI-
[edHTh KJace YpaBHEHUI, NHTErPUPYEMEI B KBaJpaTypaxX, HalpuMep,

(D+iyy=f = §+2u5+ @ +d)y=Ff
(D42} D+dly=f = J+@+0g+ @+ ity =Ff

Teopema 2. Eenn f(t) € C{G), To ryrepas nauanbHan sajava Komn La{DYy =
hd ~ oY PR . 1 e e
= f, 1€, I)Ay;‘ =0, k=0, n-1 pmesT Ha ( oIUHCTBECHHOC peIIsHNE
PEaY

g =y"(t) = fﬁ "Bt — P () dr

2 ] rt
Flt—ry= [ dras [ .. dn [ e @elm)gtalratimtons(roms) | guiir)=ul) dry
T 4T
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- dyuxuua Somm.

Teopema 3. Pvaxuus Koum conragaer ¢ 633UCHIIM pemieuneM (0, .. T.8. ¥
F(é\ == (;Dn_.l(ﬁ). .

Teopema 4. llyers f € C(GF). Torza npu.wobux s€ R u £ € B uavainHad 32242

Komm L(D)y = f, teG, Dby oy =60 k= 0, n—1 ogHO3HAYHO Pa3peiluMa Ha

&
’ ]
y=u(t) = Y &erlt — )+ [ ¢nalt=)f(r)dr,
» 8
Ae p — HODMYADOBAHHHYT B HyJe (a3uc COOTBETCTBYIOMETO OAHOPOLHOIO YPaBHeHUA

’«ff—"'&K’i’OpﬂBa.I‘_i,.IA}I ‘!\2} Mo O‘teﬁ.{-ﬂjﬂ-’(yké Teop 3’1‘1«11(&)—?})}"1’1’1’.{()}3}/1{) TPAKTOBKY. jIeF:KO MOK-
HO HOKA3ATh, ¥TO B 2TOM C-J’]y‘i&& Vpa.BHeEII/Ie (I.) ,"i‘(}riy(l}{a.erf‘ 'l‘()‘ie‘lﬂfnlfi QIeRaTon

X; =703, (3)

Honuxenve NOPAIKa € TOMOIILI 2TOTO ONEPATOPA NPUBOIUT CHOBA K JMHEHHOMY ypak-
HEeAUK:, KOTopoe MoXeT ORiTh 3allUcato B BURE

‘l.!} + ‘iﬁ} P (D -4 ’i)n__l)y - g{f)

n ponyckaet oneparop X = e V»-1()8,  u Tak nanee.

3aMeTHM, 9T0 IpejicTaBieniHe ypaBHeHNA ( 1} B (PaKTOpU30RAHHOM BRJE A) B pAajc
ciygaen ypotHee W HarzggHee, 1eM TEOPETHKO-IDYUIIOBOE OIHCAHME C MOMOMILIO HOIYC-
KaeMo#l n-Mepuoi aarebpri Jiu L,, e roBops yXe o 3aMedaTelbHO UDOCTOM U YHHBEP-
CaJbHOM HpPEeACTABICHUM OOIIErc HHTerpala U pemieHud 3afavy Komu.

BumecTe ¢ vem oveBujHO, 4o oneparop (3) asidercd AokaibHeM (B AaHHOM Cly4dae
= UOMEYHBIM ) AHANGIOM 3KCUOHSHUAILIOT0 HEIOKAMLHOIC HUEPATOPa, OTBETCTROHHOD0
32 AKTOPVBAIMIG HEMMHENHHX YPABHCHIHN, IIPK TOMOTIY KOTOPUT'O NCXOJHOS YpasHenue
IPUBOAMTCA K CHCTEME CIENUATLHOTO BU 2, B KOTOPOR OJHO HIH HECKOALKO COCTARIAN-
WHX e YPABHEHUM MOL'Y'l PEUIAThCH HE3aBUCHMO 0T ocTadbHLX. Tak xak MOuCK NoIiIyce-
KaeMBLX VDABHCHWEM HEAOKANLHKX OHCParTopPoB NPeNCTaBIieT cobol BechMa TPy I0eM-
&yio {u He Bcer/ja aATOPUTMUYLCKY PARDEIIUMYIO) 38,24y, TIOCTROCHHE CUMBOINYECKOT0
aMaJdora HeMRRIpHLIX ONeRaTOoOROR MO0 Gt CYIHRCTBEHHG [[OBRRCUHTE E}iz}{bGKTI/IBHE)C’l’b
CﬂM‘Mel’p.ﬂf}Hh[X MEeTOQOOB UCCHCHOBAHUR HEJIIEHBEIHBIX ,zm@)(pepemmaﬂhﬂmx yp&BHeHHI;'i .
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OBPABOT}{A MATEMATHYECKHIX BBHIPAKEHAN
B HH®OPMANHAOHHOU CHCTEME JAGPEPEHIUAILHBLIE YPABHEHUSA»

3aiiner B.®.', Hozapyuor H.B.%, ®nerouros A.B.2

'Poccuiickuii rocyAapCTBeHHbIN Neaaroruueckuii yausepeutet um. A M. Tepuena
*OpnoBckuii FOCYAaPCTBEHHBIN I€AATOTHIECKHH YHUBSPCUTET
*Canxr-IlerepOyprexuii uncTuTyT HGOpMATIIG ¥ aBTOMaTH3anuu PAH
E-mail: afleg@mail.iias.spb.su

PazpabatsisacMas pacumpcHHas Bepcua TEKCTOBO-rpaduueckoii  marematmueckoit HC
«Juddepennmansusie ypasaeHus» [1,2] npeanasHayeHa B HEPBYIO OYepe/b A KOHEYHOTO MOL30BATE-
Ti-MaTeMATHKA, HCTIOIRB3YIOMETO COBPEMEHHRBIE CpeicTBa cBg3M Internet. MiMeromadaca ang >Tux nenei
KOMITBIOTEPHAA TEXHOJOT U 1OKA Jajicka 0T COBSPIICHCTEA Ipy 00pabo1ke, Noucke, NePEChUIKE MAaTEMA-
THYECKHX BRIPOKCHMN M HOPOXAACT PAA IPOOIeM, 0 KOTOPHIX NOHAST pedb HIDKE.

H3BeCcTHO, YTO, B HACTOMAINCE BPEMS, HE CYINECTBYET (EKTHBHOrO WMyTH JJiA M300paxeHms
CTaHJAPTHOIO MaTEMATUHEECKOTO BhIpakeHnd B WWW (ua Web crpanmmiax). Ilpunsteii WWW xoHcOp-
mmymom W3C u passusaembiii craggapT HTML-g3bika rUNEPTEKCTOBOM Pa3sMETKH AOKyMEHTa HE obec-
neausacT HeoOXOAMMOro MyTH [ BHIPAKEHUS MAaTeMaTUdecKoi Hotaimu. CTaHmapTHad MaTeMatide-
CKas HOTaiA - 3T0 A3BIK HAYKH, KOTOPbIll MCTIONB3YETCA HE TONBKO YICHBIME, HO M MWLIMOHAMY fiEAa~
rOrOB, CTYACHTOB, MEDKEHEPOB U OM3HECMEHOR BO BceM mupe. OHHAKO PasBUTHC TOAACPKKA 714 TPEX-
CTaBACHMA ¥ PEAAKTUPOBAHMSA MATEMATHICCKOM HoTalmu B Web naisiiie YPOBHS MaTeMATHKHM CpEIHEH
aMEpUKAHCKOM IHKOMBI HE W/AET.

IlpunaTo KBa MPOCTHIX pelicHM 414 IPEACTABICHMA MaTeMaTIECKo# HoTauuu B Web:

1. Tlpencrasneume ¢ HTML orpasumiennamu (IOCTPOYHAA ascii KOAUPOBKA),

2. TlpepctaBicHuE MATEMATMUECKOTO BHIPRKCHUA Kak gif usobpaxenue (gif-06paz ¢ o6a3ateis-

HBIM alt-TpU3HAKOM ascii).

Ascii KORUPOBKA MATEMATHICCKON HOTAIMM BOZMOXKHA KaK B OLHY CTPOHYKY, Tak M B HECKOJBKO
mEmE (cM. mpuMeps! B Tabmuuie). OHa NO3BOMACT TAKKE BBOAMTH, XOTh U Ha NPUMMTUBHOM YDOBHE,
rpaduieckoe H300paKEHUE MaTEMATHHECKOT0 00bheKTa. Hanuaume alt-npusHaxa 1O3BONSET HEKOTOPHIM
TIOJL30BATENAM PACCMATPHBATH Ballly HH(OPMALMOHHYIO cTpaHuLly 6e3 u3obpaxenuii (06pazos).

Onnaxo, gif n306pakeHne ypaBHEHMH J2NEKO OT MACANBHOIO ¥ UMEET HECKOIBKO HEAOCTATKOR!

* pzo0paxeHud gif OyAyT HamedaTaHbl Kak bitmaps, nokassiBas He Gombmie AeTaicH, YeM mo-

ABNACTCA HA DKpaHe, XO0TA browsers mewaTaroT HOPMajbHbL TEKCT B HOMHOM PaspelicHMM

OPHHTEDPA, KAK B TCKCTOBBIE PEAAKTOPHL,
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e mpudThL, UCHONH3YEMBIC B 2if YDAaBHCHHM YCTAHOBJCHHI TIPH aBTO3arpy3Ke, B T0 BpeMs Kak

pasmep mpudTa TeKCTa AOKYMEHTA yupaBnaeTcs browser noik308aTens;

® 3arpy3Ka CTpaHMilbl, COACpKanici HeCKOMbKO gif ypaBHEHMH OTHOCUTEIILHO MEIJICHHAS, 110-

ToMy 4TO gif m300paxkenus He >¢exTuBHOro dopMaTa XpaHeHnd 179 YPABHEHMH U 3aTPy3Ka

KaxAaoro Tpebyet oTAcAbpHOM TpaH3akiym ¢ Web cepeepom;

®  HCBO3MOMHO ACHATH IOUCK IO TCKCTOBBIM xapamepnchaM Wi (11pa3aM B YpaBHCHHM, TaK

KaK HET HHKAKOrO TEKCTa B U300paxeHuu gif ;

® HCBOSMONXHO NICPCHaATsh YPABHCHHC Ha APYIOC NPOrpaMMHOC obecrieueHne AJid MaTeMaTuye-

ckoii 06paboTIa, TOCKONBKY MATEMATHIECKAA CTPYKTYPa HE COXpaHEHa.

Merog Ilpamep
Lpeacrapacaue ¢ HTML orpannuenuamu:
® B OHHY CTPOUKY y'=f(y/x}
. y
® B HECKOIBKO TMHMM y=f(-—)
X
Ilpenctaaenne KaK gif-06pazni:
® peajbHOE MpPEACTABICHHE MOCAE PpEeNaKTOpa vt 40 |, - 5 ( : ,)3
Equation 8 Word umm nocne dvi-Betoepa TeX y == 81 yy 6 y y

penakTopa,

e ypapHeHHue kak gif m3obpaxenme Oe3 cmerm-
ajJI-HOTO MacinTabUpOBAHUA,

® gscii upenctTaBieHue alt-Iipu3HaKa MaTeMaTH-
YECKOro BRIPAKEHUS € BO3MOXKHBIM JOCTYIIOM K
gif uzobparkeHuio;

e gif-obpaz MaTEMATUIECKOTO obnexTa

(CTPYKTYpa JUCKPETHOM TPYIHibi).

o)y = £, + £ () +£,(3)

= y":eﬂFAx"'ﬁ}f"m{y'x}f‘l

Jlns KOHBEPTHPOBaHMS MATCMATHUCCKUX BhipaXeHuid B gif wmi dvi uzobpanerus (C yIeTOM

rpadudecxux BoaMokHOCTEH peaxTopa TeX) IpuHATO YSTHIPE CTPATETUM:

a) 'MS Word ——> Equation — Clipboard —— Gif,




110

mibo MS Word —— Equation —> Clipboard —— Paste (B rpa¢. IIporpamme) ——> Gif

TpH 9TOM, 2aBTOMATHHECKH MOKHO BEIOPATH NPO3PAYHbI (OH /LIs YPABHEHNA,

b) MS Word —— Equation > RTF > RTF to HTML,

onnaxo RTF-dopmar He Beeraa yanobouuraew,

¢} TeXtoGif - xoHBEPTOp M)A KOPOTKMX MATEMATHUCCKUX BHIPAKCHUI, KOTIa KOKAOE ypaBHE-
HMC APYT 32 Apyrom nepepoautcs B Gif-popmar (410 ABAAETCH O4CHE YTOMUTEILHOM NPOLIEAYPOR);

d) LaTeX2HTML - xomBeprop Ani nomHsx LaTeX-nokyMenToB (OHAKO, OH ABTOMATHIECKH
He3arpyxes Ha mobom I1K).

HoBeimM c1patermaeckuM pemeHueM HPoOIeMbl KOHBEPTALMK SBASCTCS HA CErofHAIIHMMN ACHb
ucnoms3osanue HTeX - npenporieccopa. Taxoe dopmarnposanme sddexturno pacumpser HTML cun-

TaKCHC Ha SAMHCTBCHHBIN HOBEIA TEr <eq™ ... </eq> , HAPUMED B BUAC

\documentstyle[12pt] {article}

\pagestyle{empty}
\begin{document}

\begin {displaymath}
<center> <eq>
y*=\frac{4} {9} \Bigl( \Bigl(\frac{3} {4}y’ \BigrY"2-1 \Bigr)"{-1}
<leq> </center><p> ‘
\end{displaymath}
\end {document}

Auaims pa3sutys NoAARCPKKH Matematuky B HTML niokassiBaeT, 410 GyAynMe yiyylicHus CBsi-
3aubl ¢ BHeApeHueM MathType 4.0, roe nnasmpyercd BBecTM 0a3uCHBIN A3BIK MPEACTARICHHA MATEMa-
THYeckoi HoTanum MathML , ocHoRanHBil Ha PacIIMPeHHOM sA3bixe Mapkuposok XML. A Tawxke, ¢
yryamenvem Bosmoxsocteii HTML 4.0 (110 cpaBHEHMIO C TIPEIBIAYLICH BEPOMEH M C BO3MOKHOCTIAMM
cnenuankHbIX peaaxropos Tana WebEdit Pro 2.0, HotDog 3.0.21, HoTMetaL Pro 4.0) no ¢gopmatuposa-
HMIO, BCTPOCHHOCTH KOHBEPTOPOB M BRIOSPOB, HAMMYMIO JONMONHUTCHLHBIX java-applet’os. Tlepcuektus-
HO ¥ BeecHME Mexanmsma asTo-cTuna CSS (Cascading Style Sheets), cazsiaroniero wpudyt, pasmep u
OTIpECACHEHHYIO NHQOPMALIEO C TET2MH aBTOpA.

Pa6ota BnmomicHa npu (unancopoil noancpxke Poccuiickoro ¢onna GyHAAMEHTANEHEIX HC-

caenopanui, mpoexT Ne 97-07-90088

Jlumepamypa
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2. Nozdrunov N.V., Flegontov A.V. Use of Internet-technologies for mathematical help-search
systems// Tools for Mathematical Modelling. Mathtools'97. Abstracts. St.- Peterburg, GTU, 1997, p.49.
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Sapy6un A.H.
AHAJIOT BAJAYH I'EJINIEPCTENTA HJIdd YPABHEHUA
CMEHIAHHOI'O THUIIA C 3ATTIA3IBIBAIOIIAM API'YMEHTOM

Open, OpsioBckuii rOCynapCTBEHHEIN YHIBEPCUTET
Y paBHenne
L(u) = uge(,y) + sign yuy(z,y) —u(z—7,9) =0,0< 7= const , (1)

pa.ccmannBaeTca B obsactu D = Df UD; UI, rge D ={(z,y) : 2z >0,y >

0} uD; = U Dsr, — snnmunTudeckad u runepbonmyeckad dacTu D, npudem

Doy, = Dy, U Dzm

Dékz{(way): kT“‘y<x<$O+kT+ya_%g<y<O}a

Dzﬂk.—_{(x,y):a:0+k7"—y<:c<(k+1)7'+y,— 0<y<0}

2
n0<az= const <7, I={(=,y):0<z< 400,y =0}
Iycts DY = U’le, rae Dy = {(z,y) : kr <z < (k+1)7,y > 0}.

3adaua. Han'rn pemenne u(z,y) € C(D) N C?(D) yparuerns (1), ucue-
3ajoriiee Ha 6€CKOHETHOCTH, PON3BOMHbIE KOTOPOTO U, (2,Y) , uy(x,y) MoryT
uMeTh B Toukax (k7,0), (z¢ + k7,0) ocobennocTs HopsaKa MeHbINe €AUHN-
IEL, YZOOBJIETBOPSIONIEE YCIOBUSAM

u(z,y) = filz,y), (z,4) €Dy (i =1, 2);

2kt + g

u(z,z — zg — k1) = Yi(z), <z <@+ kr;

zo+ 2k + )7
2 ?

rae fi(z,y), ¥r(x) - 3anaHHBle HeNpepHIBHEE AOCTATOMHO TMAAKHAE DYHK-
uum, npudeM Yig(zo + k7) = Pop(xe + kT); fi(z,+o0) = 0 u fi(z,0) =
fo(2,0) upn z € [T, 0].

C tOMOIIBI0 MHTErPAJoB SHEPTUM TIpH T < +/2 [IoKazaHa TeopeMa euH-
CTBEHHOCTH PeillcHud.

MeTon nHTEerpaIbHEIX yPaBHEHUM CBOAUT BONPOC CYIIECTBOBAHMS Pelile-
HES 3302490 K CIETHON COBOKYIIHOCTH CHHI'YIIPHEIX MHTETPAJIbHEX ypaBHe-
HUI.

u(e, xg + k7 — ) = Yop(x), g + k7 < z <
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Sapybus E.A.
O ENMHCTBEHHOCTH PEIIEHUS
HAYAJIBHO-KPAEBOW 3ATAYN OJI9 YPABHEHUS
CMEIMMAHHOI'O ITAPABOJIO-THIIEPBOJIMYECKOI'O THIIA
TPETBEI'O HOPAOKA C 3ATMMA3OBIBAIOINAM APTYMEHTOM

Opei, OprnoBckuil TOCyAapCTBEHHEINA YHUBEPCHTET

Y paBHeHue
Au(z,y) = u(z — 1,9), (1)
A = §7HH) 922+ HW) _ 91+H(-Y) (91 +H(-Y) | 0 < 7 = const,H (&) - dyrxums
XeBucaiifia, pacCMaTPUBaeTCL B CMelianHol obnactu D = DU Dy J. rae

Dy ={(z,y) : 0 <z < +00,0 < y < 400} m Dy = |J Dy — napaGoma-
k=0
Jeckad u runepbomurdeckas gactu D, npumuem Dy = {(z,y) :kr —y < z <

(k+ D71 +y, ——’r/2<y<0}, aJ= {(:e ¥):0<z < 400,y =0}

Ilycts D)= U D, rae Dy={(z,y) : k7 <z < (k+1)7,0 < y < -+oo}.

3angaua B. Haumu Pynryuro u(z,y), xomopag obaadaem caedyowumu
ceoticmeamu:

1) u(z,y) ~ peeysapuoe pewenue ypasnenug (1) 6 D npuy # 0;

2) u(z,y) € C(D) N C¥D), u,(z,y) € C’(D ) v, y), u,(z,y) €
C(D);

3) u(z,y) ydosaemeopaem nauasvrvim
( )y) ( 7y) ’ U’z(m y) f2($7 y) ’ ($, y) € E1(—-~1) )

u(xay) = f3($a y) ’ ("""a y) € 32(—-1)

U SPARUYHBIM YCAOBULM

lim u(z,y)=0,0<y< +oo;

B—>+400
W, Y)|y=—ztir = Yi(2), kT <2 < (25 +1)7/2,

ade fi(z,y), fo(z,y), f3(z,y), Yr(z) — 2adannsie nenpeprisnsvie, docriamon-
Ho 2a00Kue PYHKYUU, NPUUEM JOANHCHLL BBINOAHIMbCT YCAOBUT COLAACOEG-
HUg

fl(ﬂ O) f3(0 0) Z»bﬂ(ﬂ) ? f2(07 O) - ¢6(0)
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U YCAOBUL CONPINCENUT
u(z, —0) = u(z,+0) = w(z),z € J;

uy(z, —0) = uy(z,+0) =v(z),z € J, x # kT.

Teopema. Odnopodunasg 3adaua B (fi = fo = ¢ = ¢ = 0) umeem
mpueuassroe peutenve u(z,y) =0 6 obaacmu D.

Hng moxazaTebCTBa TeOpeMbl €IMHCTBEHHOCTH IpHMeHeH MeTop abc.
IIpu >ToM MONOXUTENBHAS ONPEREIICHHOCTD Oy4aeMoro NHTErpaJia 1o 06-
siactu D 3aBUCHAT OT OGHOPORHOCTH PEIIEHMA NHTErPO-AnddepeHINaIbHOTO
YPaBHEHNS C 3aNa3aHBAOMMM apryMeHTOM

k E—mMT

(@)~ (@) + 3 m [ (z—mT )

m=1 0

2m=Yy(n) dp — w(e —7) =0,

kr <z <(k+ 17, ¥m = (m!T(m)22" 1)1 ecrm

w(z)=0,-7<z<0

w(kT) = &'(0) = w(+o00) =0.
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M. 10. Bexuep, 1. C. Urmarosey, I. M. Yeums:

HCCJIEZIOBAHUE JIBYMEPHBIX HEMUHENHLIX KOJEBAHUNA /14 HOTHHOMUAJTHHBIX
JUHAMUYECKUX CUCTEM C AUCKPETHON CUMMETPHEN BO BHEITHEM
NEPHOIMYECKOM MIOJIE

. Pocros-Ba-llony, PocroBcEnil roCy2apCcTBEEERH YHEBEPCHATET

B paSotax [1,2] anu xopemoMepHEX BesmEReBHELIX JEHAMITIECKEX CHCTEM ¢ AUCKperHON (rovedmol nims
gpocTpascTaeanoli) caMMeTprell Gbito BRenerno DYHAAMEHTAIBHOS HOHATHE bYyusa HOPMANGEEIX Mod. Ka-
xopth 6ym eRAwYaeT BCe MOIRI, KOTOpPHIC NOSIBJIAIOTCH HpH BosGyRuemmm ommolt ("xopmesolt”) Monmt 33
CYeT HPOHBBOJILALIX HesnHo#HLIX B3amMmozieficraril MeXny JacTHOAME #cciemyeMol cacremui. (ymiecTRo-
pamae Oyiia MOn KoK eREmOro QEIEYECKoro o6bexTa CBAZAHO ¢ HAJNNTHEM BHC/HEC OHPCASTCHRELX CHMME-
TPEHEHIX OPABHJ oT00pa BAS Hepenadd po3bYXACHAS MEXAY HOPMAJLHELIME MOASME, COOTBLTCTLYIONHMA
PaS/THIHEM HeTPBBOABMENM NPSACTaBCHAAM ITPYDIL CHMMEeTPHE {HCTEME B 68 coCcToaHER paBdavubecas. B
YACTHOM CAYyYae BOTEHOMHAATLELIX NAHAMHYCCKAX CHCTEM B BHUUCYUOMARYTHIX paboTax, MCXoAs B3 CBM-
MeTpaEiEEK coobpaxennii, Obijia BACACHAL " KAACCH YAABEPCAILEOCTA” , B KakIbil B3 KOTOPHX LOHANAIT
8ce HYIUM, APHAMAKS KOTOPHX OTMCHBACTCS CHECTOMAME obnKAoReHHEX AudepenmmantanLix yvpasHesni,
OVIHIAINAXCE JIMh JECHOBLIME 3HANCHRSMYE BXOAAIEX B HHX HPOU3BOALHLIX HADAMETPOH.

QnamM B3 ¢aMEBIX DACUpPOCTPAECHHERIX B HPAPOJE ABYMEDESIX RKIIACCOB YHBBEPCAILHOCTE ABAACTYCH KIACC
B4 [2], sacrasm caygaem KOTOpOTO sIBAACTCHA B3BeCTHAH Monesh XeHoda-Xefimm. C nomompiy ociosasHoH
Ha Teopeme [Iyamxape-lonaka nponeayptl BopMaamsangs cacrem Aacddepennpansatix ypasderwd B pabo-
Tax {3,4] A AEHaMBEIECKAX CHCTEM STOTo Kjiacca 6biio HOCTPoeHO IPHG/INKEHACS aHAMATHUCCEOE POINCHEe
B CAy'iae PalBEOHATILHONE HeCONSMEPAMOCTH 3aTPABOIHEIX TacToT COOTRETCTBYIIEX HopMasbaLiy Mon,. Hus
pelieEdd pafa (GESEICCKEX 3aAa9 ocobril mETepec NpefcTas/igeT HCCHCHOBaERe HeEEcHRLIX Konebammil,
COOTBETICTBYIONEX Oywmam B4, mpE HanoxeHAE Ha BCXOHEYIO CHCTEMY NEPHOINYIECKOTO ICKTPHEISCKOro

pond. B ceazm ¢ >TEM B Hacrosmuell paboTe AaBANMIMDYETCH CACGOYIOMAd CHCTEMA ABYX HBOABTOHOMBEIX
gahdepernEabENY YpasHeHEh:
i+wiz = (Nz?+ Ky®) + (A2® + Bey?) + B cos(wst + 6) (1)
j+wiy = (2Kzy) +(Cy® + Byz®) + E; cos{wst + &)

Brons pomosmEBTeLHYIO HSPEMEEAYIO, MOXEO Hepelita of ypasaenal (1) x nonmsoMBanLHOR cHCTEME TPEX

ABTOHOMHLIX YPaBHeHAH BTOPOTO UOPANKa H HPABECTHA ¢é K oNHOH #3 BOSMOXHEIX HOPMAJLEEX hopM. Jlias
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ARTIMATASUIAR TPEBYCMEIX ITH DT0T0 BOCLMA TPOMOSHEAK SLMECHASTHNA BaMB DBLIA BCIIBI0BAHA CHCT-
HA [AAROITICCRAX prduosonaait MAPLE f WHABCAANAR FPOTPAMMD MMKET SHITh HCHCIES0BAEA AN FOp-
MANFSAHAR BOORIX HONAHOMEAIBINE cHeTeM AfddpeDemMAaNbILIX yPaBHCRRR b Kauounieckol dopme),
P ApeAEs HaR CRER O AEHCHRILION HOCORSMOPRMOCIE MBCTOR W) | wy BopManmsanad [ lyassape-Homaxa
¢ OTCAMENMEM LAHOB BICHMY HOPIMEOR DDABGAET K PACCONOUEIG CHOTEMBl By BOSABBCAMME YDABHO-
HHH 1 BOCTROCHED DPRGIASITOIG ARARIATELKOrY pencuas. JTocaoimos apencianimet colioll cymmMy
HEKOTOADOTS GMENA TRIrOROMeTPEIoCKRY dyveRTEE, aMImTY ARt B thantl KoTopeir cimkHED obpazom 2.
BHCHT OF UaPRMeTpoB HCXMOR Soands (P9 9ToM HPOHCROARY NCPCHOPMBPOBKS " 3arpasousbiy” 9acror
{»’.r.’g R !‘_‘g} s 55)1 . 57_}}

15 ApEAze BPEACTABIICHH PESYIILIATH BHTHCIEHRE ¢ TOUHOCTRIO A9 WISHOB TPETHero HOPHATKA (BRI
MINILUN) 10 NepoMennEM 2, v ¥ aMmneyae B sgemmens HepuommaecEors nons. Mz srore POES B,
HHO NOMEMOTCRYE BOIHA ¢ B00orofl wh {OM. YDasBeHud {1 ) IPEBOUAT K CHeAYIOWIBM BHMeHeHBAM B CHOK T
Dypoe Gyma B4 6oz nonw, mulfinermors 5 paforax [3,4]. Hecronnko MRoROMACTOTNRIS roawull Bosaomelo
CMOHRITCE B Beamay nopanga O F2) u noasiasercs pay qopsix mEnEH, cpeii KOTOPUX neobnili wire-
pes wpenernpmEnoT Tropsansauiz” u Toaosmaimasie” gyGaetii. AMUWIRTYILG CIORCODEE W aBTHCTOKCOBIEX
MEARE HTEX AYHACTOB DASITHEL, Ao OIHCBHBNTC CBHBAHE APYP ¢ JIDYToM. UepWR HODMALALX Hyliie-
14B WOABISIICA GRG0 Boex aeaal "ronaoro” Syma D4, a 5 nenipax copiil anoMankiuax HyHACTOB AAAEN
Feoro Gyis 6o WO GTCYTCTRYIOT. AMILIHTYINA 8CeX SWHAT MODMANLHEIX H aBOMANLENR yBIeToB BAAR
82 s endly o nwy mmers gopwos O{pl 0 F™, vae o1 B p2 -— EHOABHOILAGIE AMIITALY ARG KO TOXEHoI,
IOOTRETCTHYENATE TRYM UORIRACAMIAIM TADMOMBTECKAM DEXAMAM ¢ Tactoramy 2 1§, KOTOpHe Toay -
0TCH B PeByIRIATe HopMasmsanps cacreme {1). HoMp apoanamsuposaiie SAasRCAMOCTH AMILIBTY, BCOX
AERER ewDn of MADAMeTDOR MOXOZMOR 4RAean U PRINMYNIIC DESORATCHLAC CONTROTICHES MEENY 35
TPABOTHRIME MACLOTAMA W B wy. I3 NoRxase TaKKe obCYARAIOTCH BUBMOKERE IPUMCHEHRS o1V IOHI0rs

AHRIMTEMGCEOT: DONIOHMS JUTH ATA/IIRA KONKDOTHIIX hUzEvecKEy 2a0a9.
JIRTEPATVPA

D] B Caxwesxo, DML Ylewsm, flokanmu Axanesmu Hayx, 1993, 330, 308-310, [2] B Caxaax,
UM, Hewwn, Uoksmmat Axanemus Hayx, 16994, 388, 42-45. [3] Beswas 1. M., Bonowanonckuit C.A.,
Sexugp MO, Kyges A B, Mamrses I AL, Hewma U M., Soybenm B, I Kyon sagusiodediomsyowus sod
Aag cucrnes @ RpuemaALIENt@UICerRet monesnoll cusmempueti, acrny 2 HopMaavnwe $opse. 2amnanmo-
searee, JEIT BHHATH 3467-B85, 14995, 4] MLIO. Bexaep, I'M. "eumn, Anucaus neaunelines somefamid
it B mOHENHSE ROADMUGANHOLY: LQMUANINOROGUT CULMCMOX ¢ ducspemuoi] cumaemnpued. Tpy
Moy apoasoll soadepeanm AyrebpaRueckue B aBAIMTRISCKHE MOTOA B reupun gadidopenipannx

vpasnenmi - - OUY, Opéa, 1996 T2 .76
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W.E. 3y6ep, A.A. Jlposmos

CIIEKTPAJIbHASI CTABANIN3AIINS HEJUHENHBIX CUCTEM
HUN O®A, Caukr-Ilerepbypr, Poccus

PaccmaTtpupaerca cuctema © = G(x), © € R" u ee maTpuyHoe onucanme
z = A(z)z, (1)

roe A(z) onpeneneHa OOHO3HAYHO Yepe3 MaTpuiy Sko6m ncxomHoi cucreMbl. [{ocTaTouNbIC yCAOBHS
SKCIIOHEHUHAIBHON YCTONYNBOCTH CUCTEMBI GOPMYIUPYIOTCS CACLYIOLIM 06PaA30M.

Teopema . [Iycts A(z) HenpepriBHO nuddbepeHnUpyeMa U PaBHOMEDHO orpanuyena oy x € R™.
[Iycts coberrennnie 3ua4esns A(z), A;(z), yOOBIETBOPAIOT yCHOBHIM

1) ReXi(z) < -4 <0 2) |i(z) — Ai(z)| > 6, z € R".

Torzma cucreMa (1) SKCHOHEHUUANBHO yCTONYNBA B LEJIOM.

CdopMmynupoBaHHbLIe YCIOBHS HE SBIMIOTCI HEOOXOMUMBIMM, ONHAKO WX HAPYIUEHHE 0(yCIOBU-
JI0 MHOTHE KOHTDIpPUMEPH K rumorese Ailizepmana. Heommoszsausocts 3amanus A(z), T.e. 3amanume
MmaTpuub cucteMbl B Bume A(z) + A(z), A(z)z = 0, me usmenger mpasoii yactu cucrembi (1), HO
m3MerseT cuektp MaTpuusi A(z). OrnenumocTs 0T MEEMOR ocu A;(z) orcyTeTByer B mpuMepe Ilnuc-
ca. 3amena Matpuuni A(z), paccMaTpuBaemMoil B 5TOM mpuMepe, Ha Marpuny A(r) —af, rie o > 0
HIPOH3BONLHOE YMCIIO, O6eCHeYNBACT YCTOMYMBOCTL B LEJIOM IOJOXKEHWs paBHOBecusa. Hapyiuenume
ycioBus 2), T.€. KpATHOCTh COGCTBEHHBIX 3HAYCHUH A/ HEKOTOPHIX T, UMEET MECTO B KOHTPAPHUMEpe
H.E. Bapa6anosa x runoteze Kanvana.

IIns mokasaTenbCTBa TEOPEMEL BBONUTCS B paccMoTpenne ¢yakums V(z,t) = [exp #'(«, t)|W (z),
W(z) = 27 P(z)z, P(z) = 3. hi(z)hY(z), hi(x) — coberrennrie sexTopn AT (z),

P +a"a)
1+ f2(t)2’z

F(z,t) =

roe f2(t) omperernena W3 ycnoBus OTPUUATENbHO# onpemenensoctu dV (z,t)/dt ua (¢, wg).
[omyyeHo B SBHOM BHIE DEICHAE 33[0a4K CTAOUIN3ANMN CUCTEMBI

i=Az)z+b(x)u, u=s (z)z

¢ PaBHOMEDHO OTDaHUYEHHBIME U HenpepriBHO nuddepenumpyemeivmu A(x), b(z).
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OB OTPAHMYEHHOCTH Y TJIAIKOCTH
110 TIAPAMETPAM PEIIIEHMIA OJTHOI'O
KJIACCA JIMHEMHBIX CUCTEM

B.® . MisasoB

Canxr-Tlerep6ypr . Tocynapersennbiil TexHOMOIMHMECKU#
* VuusepcureT PacTuTenbHbIX MOJHMMEPOB

PaccMaTpuBaeTCcs NMHEHHAsS HEOXHOPOAHas cucTeMa AuddepeHimanbHbX
ypaBHeHW# N - IO NOPAAKa

)= L 4@ e @) + 2 &) a

. tN
roe qcuc}‘).?, AY-R’N : 2 - IOCTOSHHAN BeUISCTBEHHAA MaTPHILA,
XapakMePUCTHHECKHE 4HMClIa KOTOPOH Wy )‘v‘t??_ y-amy WH,  HHCTO MHHMBIE,
a DJieMeHTapHbie [Ie/INTEN NPOCThie ; BEIECTBEHHAs MATPHULA

PO s @ Iy el @) 2 el )
s Kaxmoit u3 dynxuuit
‘lmg(’t\ exp (wik swt) Jhem s b <

MOXKHO yKa3aTh TaKyl0 OKPECTHOCTb HyJis , B KOTOPOii mpeobpasosanue
Dypre 310i1 dyHKLMM COBIAAAET ¢ npeobpasoranuem Pypre kakoii- b0

bymapm uz | @ L A= (ﬁn(;__) ’.2(2@:3 e ’Q;‘C’t‘s)
+
| N exp .ty { @de \

/127

&si)g < v

D
< 4 N

NG
B TepMuHax 0gHOTO 0600MEH s KIaCCHMECKOH TEOPUH PE30HaHCa
TIPEANIOKEHHOTO aBTOPOM B | A"\ YCTaHOBINEHO, 4TO MPH HEBHINONHEHUM
YCAOBUS PE30HAHC KAX/I0E PelieHne CUcTemMbl / 1 / OrpaHu4eHo n
nuddepennupyemo B cMpicie Ppeuie no Y &\ u 9; (t‘) , KOTAa nocneqsue
M3MEHSIOTCSA B HEKOTOPBIX OCTPOSHHBIX B paboTe aBTOpa HOPMUPOBAHHBIX
npocTpaHcTBax. L 2\

Ecnu n =2, To ycinosue Ha npeobpazosanus Dypse dyrsximii / 2 /
¥ HEPE3OHAHCHBIE YCIOBMS ABIIOTCS TAKKE M HEOOXOAUMBIMHU AJiA
nuddepenuupyemocty o DY u 2—(4;_} .

Jlurepatypa.
1.Msanos b.®.// [ibdepeniy ypasuenus 1997.1.33,Ne5,¢.704-706.

2 Wsatos B.@.// [uddepenn ypasaenua 1997.1.33,Ne 7¢.1001
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METO A IIPUBJAVKEHHOTIO PEIIIEHVA B
KBAJPATYPAX HERKOTOPLIX JIWHEWHBIX
OBbIKHOBEHHDBIX JAN@PEPEHIMAJIBHBIX

YPABHEHUU BTOPOTO IIOPAIKA C IIEPEMEHHBIMM
KO9&2UITIMEHTAMMU

B.K. Vipanxos
Canxr-IleTepbypr
Banruiickuil rocysapCTBEHHBIX TEXHUYECKUAN YHUBEPCUATET

Ilaercsa MeTo[ HOAYyYeHNsA, Ha ONpEJeleHHEX MATEepPBadaXx MiMeke-
© HMA He3aBUCUMOUN nepeMeHHoM, NPHUOIMKEHHOr0 PelieHA B KBaLDaly-
pax HEKOTODHIX TMHOB JUHEHHBIX OOBIKHOBEHHBIX IU(depeHIaILE1X
VPaBHEHWIL BTOPOTrO NOPALKa C IepeMeHHRMU KoadduimenTamu

py" +gy +hy =0, (1)

rae y(z) - uckovas GyHKIMA; T — He3aBUCUMAaA NMEpeMeHHad; P, ¢, h -
IpOM3BOIbHBIE U3BECTHRE QYHKIMM OT T; MITPUXHY HaL QyHKIpAaMM of o-
3HaYaIOT COOTBETCTBYIOMUE IPOU3BOJHEIE 10 KOODAUHATE I.

CyTh mpefnaraeMoro MeTOHa 3aKIUaeTCA B HOCTPOEHMM TaK 1X
mabdeperImaIbHbIX YPABHEHNI BTOPOrO IOPAAKa, KOTOPEIE UMEROT [e-
IieEMA B KBaApaTypaX U Ha OIpPEeLelCHHHX HMHTepBajaXx U3MEHEHMA &
CTPEMATCSA K PACCMaTPHUBAEMBIM Y PABHEHUAM.

IlocTpoenn cienyomme ypaBHEHUA, UMEIOIIME PEIICHENUA B KBa L a-
Typax

py” + gy’ + hhiy =0, (2)
py" +gq1y’ +hy =0, (3)
ppy” + g9y + hy =0, (4)

rae hi, g1, 1 — M3BeCTHRIE QYHKIWM, INOAYUYEHHBIE B IIPOLIECCE HOCTPCe-
mua ypasuemuit (2), (3), (4). DTy QyHKIEmM 32BUCAT OT KO3(OUIMEIT B
P,g,h ¥ UX TIPOM3BOLHEIX M Ha ONPEAeNeHHOM MHTEDBAJe U3MEHECHUA &
CTPEMATCSA K €UHULE, eCIN KO2(QOUIMEHTH P, ¢, h 1 MX IPOU3BOAHbLE 118
2TOM MHTEpPBaJje HOFJUMHAIOTCH ONPEACICHHEIM YCIOBUAM.
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OB OCOBEHHOCT4X, CBSI3AHHBIX C IEPECTPOUKOM
ITEPBLIX NMHTEIPAJIOB

B. Il. Bpreron

Poccusa, Upxyrck, Uacturyr Hunavuku Cuctem u Teopun Yupasiegus CO PAL.
e-mail : irteg@icc.ru

IIpu KadecTBEHHOM MCCIENOBaHMA (PA30BOTO MPOCTPAHCTBA CHCTEM € MEPBLIMEA MHTerpaiaMu (
B TOM 4YHCJle BIIOJHE MHTETPUAPYEMBIX 10 JIMyBUILIIIO CHCTEM ) €CTECTBEHHO BOSHHUKAET FEOOXKONIMO-
OCTH aHallA3a OCOGEHHOCTE, CBA3aHHbLIX C U3MEHEHHEM CTPYKTYPHI UIIH YHCJIa NIEPBBIX UHTCTPaloB
PN HEKOTOPHIX 3HaUCHMAX IapaMETPOB HCXOOHHIX nudepeHunalbHBEIX ypaBHEHHUN MM <¢MEHUCTB
MHBapUaHTHBIX MHOTOOOpa3uid.

[lonobubie 0COBEHHOCTH MOTYT BCTPEYaThCA NPHU aHaIu3€e TPaHUI] JOCTATOYHEIX YCIOBUE YCTOH-
4ynBOCTH ( KaK YCIOBHH 3HAKOOUDENENEHHOCTH HEKOTOPOro NMEPBOIO HMETerpalia ) WHBAaPUAHTHHIX
MHOT000pa3nii MEXaHUYECKUX CUCTEM.

Tak nmpu HoIBEITKe HCCenoBanns rpanunsl ycroiausoctu ( A > C, rae A u C-MoMeH 151 nHEPIUA
T€jla OTHOCHTEIHHO IJIaBHAEIX IEHTPAIBHBIX Ocell ) runepGoslonalbHON IPenecCui CUMME (PHYHOTO
CIOyTHHKa Ha KPYIoBO# opbute [1] upuxommrcs paccMarpuBaTh MEPEXoll 0CECAMMETPHYHOCC TEla B
map ( A =C ), 4T0, KaK U3BECTHO, CBA3aHO C NEPECTPOIKO MEPBLIX HWHTETPAJIOB 3a1aM.

B obcyxpaemyio B HoKiade cXeMy HCCIENOBaHUS OCOGEHHOCTEN YKIIAMBLIBAIOTCS TAK K¢ CIydaH,
CBA3aHHBIE C I3MEHEHMEM IEPBOTO MHTErpaja, JOCTUIAIONIero CTAMOHAPHOIO 3HaYeHUs Ha dJIeMeH-
TaX HEKOTOPOTO ceMeiicTBa MHBapHaH THHIX MHOroobpasuil (pemiennil) nuddepenunaibHbl: ypaBHe-
HEl IPM HEKOTOPLIX 3HAYEHHUAX HNapaMeTpa ceMelCTBa.

Yka3aHHBIM THUI H3MEHEHMs [IE€PBOIO WHTErpaja NPOUCKONUT, HAIPUMEp, Ha CeMeiicTBe mep-
MaHEHTHBIX BpallleHu#i TBEpIOIo Tela C HeMOABMXHON Toukoii B ciiydae C.B.KoBamepckoi:, korma
yTII0Bas CKOPOCTL (mapaMeTp ceMelicTBa) ob6palaeTcs B Byilb.

Hns Taxux ocobGeHHOCTEH MOCTaBieH psal 3alad. B 4acTHOCTE PACCMOTPEHBI BOLIPOCLI Iiepe-
CTPOMKYU BETBIICHUS MHBAPHAHTHBIX MHOT0O06pa3uil CHCTEMBI BOOIL BLIOPAHHOTO CEMELiCTBa pellie-
HUH, O/Iy9eHHs HOCTATOYHBIX YCIIOBHIl yCTOMYMBOCTH Ha OCHOBE BTOPOTO MeToNa JIAliyyio3a, KOria
B KadecTBe pyHKUUA Jl4nyHOBa MCHONBL3YIOTCS NEpPBBIE HHTErPAJibl, PACIPENETICHUS YCTOTUnBOCTH
MeXIY OTBETBILIONIUMACHE MHBaPpUAHTHEIMEU MHOTOOGpasugmu. OGpaileHo BHUMaHWE Ha PONb all-
rebpanyeckuX COOTHOWIEHNUH, BO3HUKAIONINX MEXAY TEPBLIME HHTEIPAJIaMy 3a/1a4¥ Ha HEKOTOPHIX
MONMHOXeCTBaX (a30BOTO MPOCTPAHCTBa CUCTEMBI, IIPU BAETIEHNA CTAIMOHAPHLIX MHOXEITB W HC-
CNENOBaHUM UX OKPECTHOCTH.

Hawubonee npocTo 6oMbIINHCTBO M3 YKa3aHHBLIX BhIIE 3a0a4 BHITJIAOUT OIS CHCTEM AvugdepeH-
LAaJIBHLIX YPaBHEHUN ¢ KBaAPATUYHBIMY [EPBLIMH HHTETPAJIaMU.

Hng cnydas HONMHOMHAIBHBIX HE KBaJpPaTUYHBIX NEPBBHIX UHTETPAIOB PACCMOTPEHRBI HPHAMEDPDH
HCCITeIOBaHUSA KOHKPETHHIX 3aad B NUHAMUKE TBEPIOrO Tella B PA3NMYHBIX CHIOBBHIX HOJLIX.

[1] Beneuxwuii B.B. IlBuxenue ciry THuUKa OTHOCUTENBHO LEHTPA MacC B I'PaBATALXOHHOM no.le. Y3,

MI'Y, M., 1975 r., 308 c.
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HoBpie MeTOOBI YMCAEHAOTO NHTEr PUPOBAHNA yp&BH(?Hﬂﬁ

CBS3aHHOU 3a0aY¥ TEePMOYIDYTOCTU

Ucnounos 0. T'., locroanxusa E. A., llla6pos H. H.
Cagxt - IletepGyprekuit Docysaperbennniii Texaudeckuii Y uuepcurer

E-mail address: shabrov@iris2.stu.neva.ra

PaccMmaTpuBaioTcs HOBHIE NOAXOMALl K WMCACHHOMY HHTETPUPOBAHMIO ypaBHeHUL CBH3aH-
HO¥ 3a4aum TepMmoynpyrocTu. Ilpu nocTpoenuy YUCACHELIE METOAOB YHUUTHIBAIOTCH 38Uy TpeH-
mHue cBolicTBa MeXaHWYECKON CUCTEeMEL.

KoneunoaieMeuTHad MOJEb CBA3AHHON 3aja“H TEPMOYIPYTOCTH ONMUCHIBAECTCH CIECAYIO-

meii cucremoit auddhepeRnuaIbELX ypaBHeBuil:

Ml'l'l + K}U —Cé = F(f),
CTi + My + K20 = Q(t),

rme  u(t) u 0(t) — BeKTOpHI IepeMelieHNi i TeMIepaTy pHL,

(1)

M; — mMaTpuua Macc,

K, — MaTpuia XeCTKOCTH,

My — maTpuna Tennoemxdwn,

Ky —MaTpuna TeOaoIPOBOJHOCTH,

C — MaTpulla TePMOYIPYTOCTH,

F(t) u Q(t) — BeKTOPHI CUA ¥ TENIOBLIX HArpPYy30K;
TouKoill 0bo3HadYeHs NIPOU3BOAHAHA IO BPEMEHH.

HauajibHbE YCIOBUA B ®Tol (OPMYyINPOBKE 32424l ONPeAelAloTCA PaBeECTBAMY
u(0) = ug, %(0) = vg, 6(0) = 0, (2)

a rpaHEWYHBIE YCIOBUA YUYTEHH OPY BHIBOJAE COOTHOLIEHMH (1).

[lepBoe ypapreHue cucteMmsl (1) npeacrapiaseT coboil ypapHeHue kosebGanuii FOHC2PBATUB-
HOH CMCTeMBI € HOMONHATEIbHEM CIaraeMBIM, 3aBUCANIIM OT TeMuepaTypsl. Bropoe ypabne-
HUE
B (1) — 2T0 ypaBHeHWE TENJIONPOBOJHOCTY C AOHONHMTENbHBIM ClaraeMblM, 32BUCATIM OT
CKOpPOCTH ABIKEHWMS. llepeKpecTHHIE claraeMble Majbl, TaK YT0 OpPH JaibHeWIleM aHau3e
MOXKHO BBECTH MaJibifi mapaMeTp — HapaMeTp CBA3AHHOCTH.

IipoBeneHHLIY aHagu3 MOKa3al, YTO KOPHMA XapPaKTEPUCTUYECKOTO YPaBHEHUE 38 Aa1M (1)
MMEOT OTPUIATENLHYIO BEIECTBEHHYIO YaCTh, UTO CBUAETEILCTBYET 00 yCTOWUWBOCTH pe-
UieHHS CHCTeMHl. IloJAyYeHO acHMUTOTHYECKOE pa3jiokeHre KOPHEM XapaKTepHUcTiIMecKoro
ypaBHeHHS [IO CTeHeHIM MaJjoro napaMerpa. llokasado, 410 cobCTBeHHBIE HMCH: 33Ja4H
Pa3AeidaIoTCH Ha ABEe IPYNNBL NepBad IDYINa ODPeAcTaBigeT coboil Maphl KOMIIEKCHO -~ CO-

OPRPMKCHEBIX HYHCEA C MAaJbIME OTPHLATCIBHBIMY BCOICCTBCHOBIMY YaCTHEMY, XaPaKTePEBIMMY 418
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KoJebaTenbEOU cHUCTEMEL C MaJjioll Auccunanueil ®HEPruM, BTOpasd Ipyllia — 2TO OTLHM.JATelb-
Hble BeNeCTBEHHEIE YMUCIA, XaPAKTEPHEIE AAA CHCTeM ¢ Donbmioit guccunanueil sHe priu.

Jlig YucieHHOTO MHTErpUPOBAENS cucTeMH (1) HOCTPOEHE METOAEl, YUMTHIBaK, U2 BHY-
TpeHHHME cBolicTBa cuCcTeMbl. B OCHOBHOM all'OpHUTIME K IEPBOMY YPaBHEHUIO CUCTEMBI I pHUMe-
HAeTCHA METOJ, OPUEHTUDPOBAHHELIM Ha MHTErPHPOBaHUE CUCTEM C Majlofl Juccunanuen sHepruu
(MeTo Tpamenuii), a KO BTOPOMY — MeTOJ, aleKBaTHO ONMCHIBAIONMY MOrJIOEHNe »H 2PIUY B
cucteme (A - u L - yeroliuusniit MeTo g cemelicTBa PyHre - Ky TTH BTOPOro Nopajga 1049 HOCTH).
B moctpoernoM anropuTMme npeiyCMOTPEHO COrVIACOBaHKWE BTUX LABYX METOJOB.

AHaJu3 kavecTBa paboTH alilOPUTMAa IIPOBOAUICA Ha IpHUMepe 3a a4y 0 Harpeae I D AHMUITH
nojaynpocrpadgcTBa. CparHeHWe TOYHOTO ¥ YHMCIEHHOTO DelIeHWi I0oKa3aJto, 4TOo NpeLiarae-
MBIiA METO A, YMCAeHHOIC UHTET PUPOBaHNE IO3BOJIAET IOAYYUTL BEICOKYIO TOYHOCTE 1 2aa4ax
© TENJOBOM YAape ¢ KOHEYHOM CKOPOCTBLIO M3MEHEeHWd TeMHOepaTypH IpaHumbl. B 3ajaue o
pacupocTpaHeHUH IJIOCKoH TepMOyIpYyTroil BOJMHEI, BO3HUKAIOMEH B NolynpocTpakcTse Gia-
rofapd MICHOBEHHOMY HarPEBY ero rpaHuis obmuili xapakTep paciipefelieHEud HalpfiKeHUH
OoTpaXaeTCH AOCTaTOYHO XOPOMHIo, HO BOMM3M IpaHuIlbkl NOIYIPOCTPaCTBA BMECTO [J&BHOTO
BO3pacTaHWd HaIpmEeHud HabmiogaloTca HeopaBjaHHbe OCUMIAIMM, & CKAYOK HaUpd KeHud
pasmelT. McmoabsoBaHMe 4/d MHTEr PUPOBaHNA NEePBOro ypaBHeHua (1) MeTona uernepTo-
ro NOpfAAKa TOYHOCTH BMECTO METOJa TPaleluii He IPUBOIHAT K CYIeCTBEHHOMY LICBhIIICHUIO
TOYHOCTH.

Ias Toro, uTo®bl y4ecTh CHenMUKY 3a a4l O MIHOBEHHOM HAIDEBE IPAHMILI MOKYIPO-
CTPaHCTBa— PE3Koe U3MeHeHue TeMIEePaTYPHOIO HOJf M HOoJf HepeMemeEui# 6nli :10CTpo-
€H aJrOPUTM, B KOTOPOM BEJAWYHMHBI, XapaKTepH3yole HaOpPMKeHHO - JedOPMUPYVEMOE CO-
CTOAHUE ONPEHLAAITCHA COOTHONIEHUMAMM METO 4a UPIMOT0 MaTeMaTHUYeCKOr'0 MOAE AP IBaHUS,
upeaaoxennoro Il. ®. Illoppom n opueHTUPOBAHHOIO Ha PEIiCHUE OJHOMEDHEIX 3a4a4. A 148
pelieHud ypaBHEeHUA TEIIONPOBOAHOCTY UCIOAb3yeTca TOoT e MeTok (A - u L - yero fuuswnit
MeToj cemelictBa Pysre - KyTThl BT0poro nopasxa TOYHOCTH).

Il pumMenenue TocTPOEHHOTO TaKkUM 06pPa30oM aJropuTMa K 3ajade O MCHOBEHHOM HalpeBe
TPanuiibl MOJYIPOCTPAHCTBR IOATBEP¥ IaeT, YTO UCIONb30BaHNEe COOTHOMEHUMA Me 0o Na Ips-
MOI'C MaTeMaTHYe€CKOIO MOJe/JMPOBaHMd HO3BOJMIO 3HAUYNUTENbHO VIYVYUIMTL KauecIBO BOC-
npom3aogn&ux pPe3yabTaToB: yCTPaHMTh HeOoupaBlaHHbIe OCHUIAIMMA BOIU3U rpadall-l Hoay-
NpPOCTPaHCTBa, HONYYNUTh YeTKMUM CKaYOK HATIPSIKEHUS.

3axspoueHmne. AHaJWU3 NIOJYYEHHHIX PE3YNLTATOB NOXa3blBaeT, UTO Hpediaraciile Ha-
MW MeTOObl YMCACHHOIO HHTEI PHPOBaENHA KOHEYHODIeMeHTHLIX Y PpaBHeHU cBg3andoll 3a5a4n
TEPMOYPYTOCTH, YUUTHIBaOIIME BHY TPEHHNE CBOMCTBA 3a4a4M, SBJASIOTCH JOCTATCYHO shdex-
TUBHBIMY, [10 Kpaiigell Mepe B TeX Cily4Yadx, KOTJa M3MeHeHud IoJieil HanpaxeHuil ¥ TeMIepa-
TYP He ABJASIOTCH CIUNIKOM OHICTPHIMKU. B OZHOMEPHLIX 3a/adax B CAyYae PE3KOIO 4A3MeHe-
HUA Hojell HanpsXeHUH U TeMOepaTyp 0olee BEICOKYIO TOUHOCTb YHCHEHHOIO PEIcHAd LAaeT
npejjaraeMslii METO A, UCOOAb3YIOUINMA [l PEUICHNS 3a a4 JUHAMUKY UIEH METO a B PAMOTO

MaTeMaTUHYeCKOro MO AeJMPOBaHMA.
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TIOCTPOEHUE , PEIIEHVE U AHAJIM3 CBOMCTB
CHICTEM AJITEBPO-U®®EPEHIMATLHEIX VPABHEHHI
B ITAKETE MODEL VISION 3.0

Konecor 10.b., Iapuiickas E 10,
Cennuenxos 0.5
Canxr-ITerepbyprexuii rocyAapCTBEHHbIN TEXHIYECKUH YHMBEPCUTET

sen@dcn.nord.aw.ru
http:\\ sen@dcn.nord.nw.rot\MV

Bepcua maxeta MODEL VISION 3.0 peamusyer HOBBIE UOAXOAEI K

MPOEKTHPOBAHMIO KOMIUIEKCOB Ul IIPOBEACHNSA BHIYMCIUTENBHOTO SKCIIEPUMEHTA,
Gazupyroniuecs Ha npurimax O0bexTHO-OpreHTHpoBaHHOT0 MOKeIpoBanys.

Ilo cpapHeHMiC ¢ UpeABIAYINEW BepCHEH MNOABEPINUCE CYIECTBEHHINM

usMeHeHsIM Onoku: “SI3BIK OmMMCaHMs JIOKANbHBIX MoBeAeHmii , “Axanuz Kapt
Tosenenns”, “Pemenne anrebpo-mnddepernpanbasix ypasHermii , “Busyammsariaa
TIOBEOCHHUST .

1.

“SAspik ormucaHMsA JIOKANBHBIX IOBeXeHwi . B HOBONM Bepcum makeTa
OpeayCMaTpHBAE€TCA  BO3SMOXKHOCTH — 3alMCHIBATE  CHCTEMBI  aimredpo-
muddepeHIMANLHAIX YPaBHEHN! HA s3bike, OmuskoM 1o GopMe K SA3BIKY HakeTa
MATHCAD, teM caMpiM OTHAfaeT HEOOXOAMMOCTH B CIIOKHON CHMBOIHKE
A3bIKa, 6a3MPYIOMETocs Ha CXeMax B IEPEMEHHBIX COCTOAHNA.

“Apanuz  Kapr Ilosememms”. [ omucamms rio0aimbHOTO — HOBEHCHMSA
WCTIONB3YIOTCA Tak HashiBaeMble KapTei mosedenmsa (B-chart), semsomuecs
o6Go6menuem kapt cocrostrus Xapenna (Harel, State-Chart formalizm). Kapre
TIOBEAEHUS TO3BOJAIOT €CTECTBEHHBIM 00pa3soM OMMCHIBATH CMEHY HOBEHNCHWN
IVHAMHAYECKUMX CHCTEM B 3aBHCHMOCTH OT TIPOWCXO[MINUAX  COOBITRIAL
I'padmueckas Gopma aA3bika, Oasmpyromiascs Ha KapTax nosefeHus Oouee
BBIpA3UTENbHA, 4eM COOTBETCTRYIOmAs Gopma a3bika makera SIMULINK.

MaremaTrueckast MOAENh CHOXHBIX [MHAMUIECKMX CHCTEM IaKera
MVW »bskBHBAJeHTHA 1O BBHIPAsWUTENHHON MOMHOCTA MOJNENH THUOPHIHOIO
aBTOMATA, TMPEMIOXKEHHOW i aHamm3a [HCKPETHBIX CHCTEM, B KOTCPRIX
TpebyeTcs yUnTHIBaTh MIIATCIFHOCTH TIPOIECCOB.

Mogens rubprIHOTO aBTOMAaTa ONMCHIBAET AMHAMHUYECKUE CHCTEMbl, B
KOTODBIX BO3MOXKHBI TIEPUOFUYECKHC [BIDKEHMS, OMYCKAIOTCSl pa3pbiBhl B
TPaeKTOPUSX IMOBENCHWA. lakue CUCTEMBI B HACTHOCTH MOTYT OBITH ONHCAHEI
KOHedHBIM Habopom cucreM audepeEIMANbHAX YpaBHEHMI, Kaxngas u3
KOTOPBIX OIIPERSTSAECT ITOBSACHIE AUHAMMICSCKON CHCTEMBI B HEKOTOPO#H o0nacty
¢$a30BOTO MPOCTPAaHCTBA. XOTA TOBOPHTE O TONHOM OSKBHBANCHTHOCTH
HENMHEHHBIX KONeOaTeNbHBIX CHCTEM M CHCTEM, OIMCHIBAEMBIX MOMENLIC
ruCPHUAHOTO aBTOMATa, OYEBHAHO HE CIEeAyeT, MHOTHE THIbl PENaKCAlMOHHLIX 1
KYCOIHO-IAHEHHBIX CUCTEM MOTYT ObiTh NPEACTABIACHS! 3TOM MOAEIEIO.

BiionHe ecTeCTBEHHO BO3HMKACT BOIPOC O BO3MOXKHOCTH IPUMEHEHAS
meronos kadectBeuwuou teopun OMAY u Teopmm xonebammii ANA CHCTEM,
IPENCTaBICHHBIX C IOMOIIBIO MOZENM THOPHAHOrO aBTOMATA.
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Meroapt Bepudukaumy TUOPHIHBIX CHCTEM [AIOT BO3MOMKROCUTL
OTBEYaTh HA BOMPOCHl KAYECTBEHHOTO IMOBEAEHHS AHHAMWIECKON CHCTEME: I
TePMUHAX HOCTHXHMOCTH (€AMHOKPATHON WM MHOTOKPATHOH) OTHENLEGLIx.
cocTosiumi (BEPUINH) KOHEIHOTO rpada MOBEAEHHS CHCTEMBI, 9TO COOTBETCTBYE)
BONPOCY O MOCTMXKMMOCTH KOHKDETHOHM TOYKM mnu obnactu  (aszosorc
NPOCTPAHCTBA JUHAMUHECKOMN CHCTEMBI.

J1s moxazarenkCTBa COOTBETCTBUSA MEXAY BONPOCAMYU HOCTHKUMOCTY E
TEOpUM TUOPHAHBLIX CHCTEM M BOMPOCAMM IIOCTPOCHHS Ka4eCTBEHHBIX (a3oBbIn
nopTpeToB B kiaccudeckoi Teopud OQY HeoOXoAMMO M HOCTAaTOYHO: HOKE&3aTE
BO3MOXKHOCTb MCIIONB30BAHMS B METOAX BepuuKaiiuu Mojenu "abcTpakTHoro"
rubpHIHOTO aBTOMaTa (MHOXECTBO HAa9allbHBIX COCTOAHMN KOTOPOTo ecTh 11ue)
U HaWTW BHIPA3WTEILHBIE CPEACTBA ONKCAHWA BONPOCOB  OMNPEAeN:Hus
HEMOMBYIKHAIX TOYEK ¥ NEPHUOJUIECKUX ABVIKEHNN M UX YCTOAYMBOCTH Ha S3EiKE
TOM TEMIIOPAILHOMN JIOTHKHM, KOTOPas MCIIONB3YETCA B METOJaX aBTOMAaTUYECKOL
Bepupukanuy ruOpuAHbIX cucteM. O0a 3TH yCjioBuMs, KaK HAM KaXKe1cs,
ABJIAIOTCS TPAKTUYECKM BBIIONHUMBIMHE, I09TOMY HCIOAL30BAHUE METOJOR
BepuduKauyy ruOpUAHBIX CHCTEM B cucTeMe MVW IIO3BONUT peniaTh BOUPCCH!
Ka4eCTBEHHOI'0 aHalM3a IPY MOJASIHMPOBAHUHM CIOXKHBIX MMHAMUYECKUX CHCTEM.

“Pemienme anrebpo-nuddepeHuuanbHplx ypasHeHni . Ha ocHOBaHMM u3ydchus
CYIIECTBYIOIIMX CIIEMANTU3NPOBAHHBIX KONAEKIHMHA ¥ IUCICHHbIX OubmuoTex s
makera OTOMparOTCS U TECTUPYIOTCS COBPEMEHHBIE METOIBI pelieHus amredpo-
muddepeHnmanbHbX  ypaBHeHMH u  QopMmupyroTes cootBercByromue DLl
(ucnionezyercsst MS FORTRAN 4.0). [TosiBuB1iasicss BO3MOXKHOCTE CTPOHUTE 32-
paspsanupie DLL u3 doprpanockux OubnmoTek no3sosut cOpMUpPOBArE ¥
INOCTOSHHO IOANEpXHMBaTh HAa COBPEMEHHOM YpOBHE OIOK  pemicrus
nuddepenmanbHpix ypasHeHuH. B uacTHOCTM NpW NMOATOTOBKE nakera ChLIc
MPOBEEHO CPABHMUTENBLHOE H3YyUEeHUE anroputMoB u3 kuur 3. Xatiepa, C.
Hepccera, I'. Banuepa “Pemenue o0OBIKHOBEHHBX AudepeHuantsoix
ypaBuenuid. Hexectkue 3amaam” u 3. Xaiiepa, I. Bammepa “Pemcuue
OOBbIKHOBeHHBIX fuddepeHiuarbupiX ypaBHerui. Xectkue 3anaqum u anredpo-
muddepeHnuaIbHbIE YPABHEHUSA .

“Busyanuzanms noseneHus . PaspabareiBaercss HOBas (opMa BH3YAIM3GLK
MOBEACHUS, HA3BaHHAs TEXHMYECKON aHUMaLHeH.
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Ob IYCTOI/IT-II/IBOCTI/I }II/I@@EPEHHI/IAJIBHBIX
YPABHEHUM ACI/IHXPOHHOI/I MATIMHDBL

Konzparnesa H.B., Jleonos I'.A.,
Pomoxos ®.®., Illenenapnii A.JA.

Canxm-Memepbypecxud cocydapcmeennsiil YHUBEPCUTEM
e-mail: ais@ ais.usT.pu.TU

PaCCManI/IBaeTCH CcrucTeMa

dt
d d T -
+ R, )ig+M Ls%‘i‘Rs (zasmfy+zﬂcos7)=umcoswst,

(Ls 4, Rs) i 4+ M (L jt +R ) (ig cosy —igsiny) = —Um sinws?,

°dt
d d : (1)
M(L % —l—Rs) (22, cos'7+zﬁsmfy)+( rg RT) ig = 0,
d d o
M| L, 7 + R, J (—i5 siny + i cosy) + | Ly dt-{—Rr ig =0,

T3 = MI(ili% — i5i5) cosy — (igis + ipig)siny] —

OIMICHIBAION[AA QUHAMUKY ACUHXPOHHOTO ABUTATEI.
34ech mepeMeHHbIe ip,%5,1n,1p — TOKM CTATOPHHIX M POTOPHBIX OBMOTOK. ¥ —
yroa moBopoTa poTopa; napamerpsl R, L, Ry, L, — coupoTuBieHMs U UHIYKIBBHO-
CTH COOTBETCTBYIOIMX 0OMOTOK, M — aMIINTyAHOE 3HaYEHWE B3aMMOMHLYK1UBHO-
cTU MeXAY HMMH, J — MOMEHT MHEPI POTOPa aCHMHXPOHHOIO ABUTraTeNsd; w, == 2w f,
f,um — HACTOTA ¥ AMILIMTY LA HOLBOAMMOIO K CTATOPHBIM OOMOTKaM Hanpsh¥eHus:d,
My — MoMeHT Harpy3Ky Ha Bajy aCHUHXPOHHOI'O IBUTATeNd, { — TeKyilee BpeMsl

Y pasrenus (1) ¢ TouHOCTSIO o 0603HaMEHMI COBIIAAAIOT C Y PABHEHMAMY (8-1=s),
(8-1r) [1, ¢.360] u omuCcHBAIOT AUHAMUKY ACHHXPOHHOTO ABMIaTeld B OBIMElpMHATHIX
MAealUsupYIOIMX NPEACTABICHAAX, HOAPOOHO M3IOKEHHHX, HampuMep, B [1,c.128-
131; 2,c.142-156; 3,c¢.28-36].

B macrosmeM LoKiaje IPOBOIATCH HEMOKAAbHEI aHamus cucteMs (1) B cayuaax
TIOCTOSHHOTO ¥ JMHEHHO 3aBUCHAINEro OT YTIOROM CKOPOCTH MOMEHTa BHEIIHEW Halr Py 3-
wn. C IOMOmBIO KatieCTBEHEMX MeTo0B [4,5] u npsMoro MeToga JIAIyHoBa, TGV EHE
VCAOBUA JAXOTOMUYHECGCTH U TI06aIbHOM acCHMOTOTHHMECKON yCTOMUMBOCTH [6,7:.

Byagem roeoputs, uro cucrema (1) auxoToMu4dsa, ecnu 1:060e OTPAHMYCHHCE TIPU
t > 0 peuienue »TOM CUCTEMBI CTPEMUTCA K CTAMOHAPHOMY MHOMKECTBY.

Ecau n:060e pemenue cuctemsi (1) crpemurtcs npu t — 400 K HEKOTOPOMY ( GCTO-
SHUIO paBHOBeCHUs, TO ByZeM roBOPUTh, uTo cucTeMa (1) riobalsHO aCHMITOTHICCKA
ycroftunra.
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Teopema. 1) ITycms momenm My nocmosnen. Toeda ecau.

. [0.5u(1 — p)Lsu?, 2J R
0.2 Mu < min{ SR

mo cucmema (1) duzomomuura;
2) Iyems My = ky. Tozda ecau

2R,
0<k< W /(JR + kpw? L )(J Ry — 2kpw?Ly)

mo cucmema (1) 240600010 GCUMNMOMUYECKY YCTROUYUEE.

3mecnh

— K02 PUITUEHT BAEKTPOMATHUTHOTO PACCEAHNUA B BO3AYIIHOM 3230P€ aCUEXPOHHIOTO

JBUCaTeNl.

ChopMmyaupoBaHHbie Pe3yAbTATE CPaBHMBAIOTCA C BBEIBOJAMM, NOLYUSHHLIMMI C
HOMOINBIO TPAJAIMORHOIO UHKEHEePHOT0 I0AX0Aa IIPY aHalu3e MUHAMUKNA ACHEXPOH-
HOT'O ABMTaTEIA Iy TEM 3aMOPaKUBAHNA YaCTU HEePEMEHHBIX ¥ MCIIOIb30BAKMI 471 pac-
YETOB CTATUYECKON MeXaHNYECKON XapaKTePUCTUKA.
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¢ HeeAUHCTBEHHBIM COCTOAEMeM paBHoBecua. M., 1972

7. Jleomos I''A. O rzoGanbHOH yCTonanOCTM cuctemsl JlopeHra. HM M. T.47,
BBII.5, 1983.
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OB YCJIOBHOM YCTOMUUBOCTHU
HEAHAJIINTAYECKNAX CUCTEM )
OBLIKHOBEHHBIX ITU®PEPEHIIUAJIIBHBIX YPABHEHUN

C.T. KpoixeBud

Canxm-Ilemepbype, Canxm-IHemepbypeckut eocydapcmeennvid ynusepcumem

PaccmaTtpuBaioTca cncTeMbl OOHIKHOBEHHBIX AubdepeHnualbibiX YpaBHCHUH BUOA
& = A(t)z + f(t,2), (1)

sapanmabte B obnactu ! = {(t,z) € R x R",t > tg,||z|| < 6} u umeromume HyjeBoe penieHme, B
OKPECTHOCTH KOTOPOTO IpaBhie dacTh apigioTcds Cl-raamkmmu mo §a3oBuiM MEPEMEHHEIM; COOTBET-
CTByIOINUE MaTPHUIB k06U paBHOMEPHO HO { YIOBIETBOPAIOT YCIOBHIO | €ilbAEPa ¢ HEKO'TOPHIM HOJIO-
KATENBHLEM TOKa3zaTelneM a. Kpome Toro, IpeAnonaraeTcs: NpaBUibHOCTE JIHHENHOTO MPHGIMKERNS

&= A(t)z; (2)

f(¢,0) =0, a 8f(t,z)/0x = 0.
F=
IloxastiBaeTCsi, 4TO OpH CHOENAHHBIX [PEATNIONOXKEHUIX A cucteM (1) copaBennmBo yTBepXKIe-

Hme TeopeMhi JIgnyHoBa 06 yCIIOBHOW YCTOWYMBOCTY HYJEBOTO pEllEHMS, 3 AMEHHO: €CiU Ay,..., A,
— XapakTepHCTHYeCKNe NOKa3aTenu cucreMsl (2) W A4 HEKOTOpOro k > n BBHUIONHEHO YCIIOBHE
Myeooy Ak < 0, To cymectsyer C'l-riajkoe ¥ B3auMHO ONHO3HAUHOE OTOGpaXKeHHE ¢ HEKOTOpOi
okpecTHOC1T Hyns u3 R* B R™, Taxoe uTo:

1. g(0) =0;
2. ecim ¥(t) = (Xi(t),...,Xn(t)) — HOpMambHas pyHOaMeRTallbHas cucTeMa pewerui (3), Ta-
Kafi, 9TO XapakTepuctudeckue nokasarend X;(t),. .., X,(f) paBHsL A1, . .., A, COOTBE (CTBEHHO,

a J(g)(0) — matpuna SIkobu orobpaxenus g B Touke 0, To J(g)(0) = (Xi(to),. .., Xk(to);

3. mna moboro ze € ), Ans KoToporo cymecTByeT yo € R Taxoe, uto zo = g(y), peuienue
cuctemsi (1) ¢ HavambHELIMYU HaHHBIMA Z{fg) = Lo CTPEMUTCA K HYJHIO TPH ¢ — oC.

B mpenmonoxenny aHaluTAYHOCTH HPaBoii 4acTh cucteMsl (1) 1m0 T HmaHHELIA pesyiLTaT Obid
noKazaH JIAnyHOBBEIM B €ro 3HaMeHWTON Amccepranud [1].

Oycrs X;(t) = col(z1(t),...,z,;(t)) upu Bcex j or 1 mo n. ObGozmaumm uepes A(t} a A;;(t)
onmpegenmtTens MaTpuubi ®(1) u anreGpamueckoe HONONIHEHHE YIeMeHTa Z;;(t)) cooTBercTBeHHO, a
aepes x(-) XapaxTepmcTHdUecKMil moKasaTelb. ScHo, ITo Wpm moboM ¢ > to A(l) # 0, a B cuny
npasuibHocTH cuctemsl (3) x(1/A(t)) = Ay + ... + A, m mas snementa Ay;(t)/A(#), crosmero
B j-To#i cTpoKe m i-ToM cToinbue Marpuusl D71(¢), Bepro: Xx(A;/A(t)) < —X; mas mobexX ¢ 7 j
ot 1 mo n.

IocTpouM npwmbivKeHHBIE pelienns cucTeMsl (1) o crenymomemMy ajrOpUTMY.

BospmeM HEKOTOpHIE HOCTATOYHO Majibie BellieCTBEHHLIE HOCTOAHHEIE O, ..., Q) 1 BBENCM B pac-
CMOTpeHHe TOCHenoBaTeNbHocTs BekTop-bymkmmiit {X(™()} = XW(),..., X™)(.), ... . nepsmi
4iIeH KOTOPOil MPECTABAM B BHAE JIMHENHOH KOMOGHHAIMY CTOI6N0B MaTpmubl P (¢):

k
x® = Z e X,
=1

, CTENOBATENLHO, SBigeTcs pemenyeM (2).
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Bossmem A < 0 Taxum, ato A > Ag. Ilyers mesectro X™=D(8) = col (™ (1), ..., 2™=1(t)).
Torma oremenm X(™(t) = col(z{™(t),. .., 2(™(t)), spamomeecs pemenuem
& = A(t)e + f(t, X" V(1)) (3)

o ¢popMyiiam:

(1) = 200) + 33 wi(t) [ sr)ilr, X)) dr. @)

i=1 j=1
3necs .
2(t)) = D aiwis;
i=1
m:i(7) = DBig(7)/ A(7);
fs — s-tas xomnonenTa Bextopa f (f(t,z) = col (fi(t,z),..., fa(t,))), 2 mpenenbl AETCTPAPOBAHUA
B BHIpaKEHNH

[ @) fr, XD ) dr

YCTaHOBIICHDI CICHYIOW UM 06p a3zoM:

[ 1) fo(r, X)) dr, ecom x(mis(r)) = =M1+ @)

— [ 0, X)) ccn x5 < —A(1+ ).

MoxHo mokaszaTh, 9TO IJis JIOOBIX MaJbIX 04, ...,qk BepHO: X(™(t) — X*(t) passcmepno mo
BceM ¢ € [tg, o0), Tme X* — meKoTOpoe pemienue cacteMbl (1) ¢ OTPALATENLHBIM Xapax TCLUCTAYE-
CKUM ToKa3aTeneM, npuiem X *(t) C L.rnanxo U B3aMMHO ONHO3HAYRO IpH M060M GHKCAPOEAHHOM 1
3aBHCHT OT YHUCEN &1, .. ., Q.

O(1=...=ak=0)

Marpuia
cocTouT u3 nepBHX k cronbnos MaTpunsl P(to) u, ciienoBaTensHo, panr ee pased k. Takum obpasom,
npu nxobom ¢ukcupoBaHHOM ¢ > lg oToOpakenue, cTaBdilee 3HAYEHUIM O, ..., Qx B CGOTBETCTBHE
BekTOp X;(%,04,...,0;), aBisercs C-raagxuM BIOXeHHeM HEKOTOpPOI Malioli okpecTHocTH B RF B
R".

Onpemenum g(ay,...,o) = X*(to,01,...,05). OTo oTobpaxenme, Kak GBUIO MOKa3a10 BHILIE,
yIOOBIETBOPAET yciaoBuam 1— 3.

Taxum obpazom, yTeepxenne o6 ycnoBHo# ycToliuuBocTu cuctems (1) mefictenrentro cnpapen-
JIUBO.

Onmako cymiecTsyeT mpuMep, NOKa3HIBAIOUIAM, YTO €CM OTKa3aThCA OT TPeGOBaHMs 1'SabIEpo-
BOCTH MaTpuikl S1kobu npaBoit qacTn cucteMs (1), To yTBepxnenne TeopeMsl JIanyroBa Ans JaHHOMR
CHCTEeMBbI MOXET He OLIThH BhINOIHEHHEIM.

J(X‘*(tﬂa Oa o aa 70)) = (3$£m)(t7 Ay 7ak)/aar

JIuTepaTypa

1. Jlgnynos A. M. O6masg 3amaga 06 ycroliumsocTu nemkenns. Cobpanme coumrenai. T.2.

M.-JI., 1956.
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Vicomonib3oBanme Pa3JiH9HbBIX HOJAHLIX OPTOHOPDMHAPDOBaHHBIX

cucteM PYHKOUH AJIA IHCACHHOIO pPelleHHd
croxacTodecknx AaddepeHInaIbEBIX
ypasaeani to *

I1.®. Ky3nerios
Canxt-IleTepByprekuit rocymapCcTBeHHblE TeXHHYECKHA YHUBEPCUTET
kad. Boicimas maTemaTuka
e-mail: controll@citadel.stu.neva.ru

1. Beenenue.
PaccvarpusaeTcs npobiiemMa YUCIEHHOTO PEleHNS ¢ ToxXacTrdeckux nuddepenuunalihbH1X ypas-
menuin Mro Buna:
dx; = a(x;. t)dt + B(x;, t)df,, xo = y(0,w), (1)

re coXpaHeH CMbicA obo3HaveHuil, BBeeHHLIX B [4].

WsBecTHo. uto pemenue ypasmenus (1) pasimaraercs B panw Teitnopa-Uto, Teiiope-Crpa-
Tonosuya [1,2]. yuudunuposaunsie pann Teinopa-Nr1o [3] o NOBTOPHBIM CTOXaCTUME CKIAM WH Te-
rpadam Mro wnu ('rpatonosuya. Bcee »tu oBTOpHBIE CTOXACcTHYECKME UHTErpalbl MOIYT OhITH
pasiokeHbl TO CUCTEME TOBTOPHAIX CTOXacTHYECKUX mHTerpasioB ((TpaToOHOBHYa BHla:

xt2

a
TP = [ wntts) [ entdwit Y, :
t t

N
~—

roe v,(7);i = L.....k-nuddepennupyemsie 5a opomexytke [t, 1] dyaxomn; wil = £ ypu i =
Loooomaw®D =70, .4 =0,1,...,m.

Takum obpaszom upobiieMa YHCJIEHHOTO PEIleHUs CToXacTudeckuX naddepeHnuainiLIX ypas-
HeHu#t VITo ¢BOIUTCS K COBMECTHOMY YMCIESHHOMY MOINEIMPOBAHUIO CUCTEM WHTErpalios vuia (2).

flycts yenosns teopemnt 1 [4] sunonnens. Torna ¢ seposTHocThio 1 nMeem:

0

] oo k T )
J;(FA) = Z Tt Z ("jk--~J1 H/t $Jz(5)dwgm~ (5)
=1

n=0 Jx=0

rne paa CXONUTCS B cpellHeKBalpaTHyeckoM cmbicae. O6osnauenns, sxonsime 8 (3) cm. b [4].
: k
bBynem uckars annpokcumalinio NOBTOPHOTO CTOXac THYeCKoro uurterpaia CrparoLoBaia JZ(T)

B CleAyIOWeM BHAE:
q

q k T
*(k)‘ Y : ¢
L= Ch H/ﬁ b, (s)dwi {4)
=1

n=0 Js=0
rme 4ucijio q BbI6Hp&eTC}1 U3 yCJjioBuU:

i q

(k) _ pa(k)g)? Ly 2 g 2 -
M{(JLT — 77 }:/t tz,*k(t;;)...ft GHO)E L dle— 3 3R < (5)

J1=0 k=0

rie npentoiaraercs, wro ¢ # i, npu l # pyu # 0. 1, # 0. L,p = 1,..., k. B npyrux caygasx
veioBus rana (4) Takike MOryT OHThL 10dyYeHhl.

WN3BecTho, uro ycaoBuio A2 teopemui 1 [4], B wacTHOCTE, YHOBAETBOPAIOT HOJHBIC OPTGHOPMHU-
pOBaHHEBIE CHCTEMbl TPAIOHOMETPUYECKAX U NMOMMHOMHAILHLIX (yHKUUA. PaccMOTpUM npuMeph
annpokCuMaluil HeKOTOPHIX HOBTOPHBIX CTOXaCTHYECKUX HHTErpajioB CTpaToHOBUYA ¢ IIOMOLLbLIO
3THUX CUCTEM (PVHKIUMN.

YPaboTa BbinONHEHa TpH duHaHCOBON HonAepxKe rpagTa N 97-0-1.8-T1 o dyHIaMEHTAILHBIM Heck JOBARAIM
B eCTeCTBO3HAHNA.
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2. llpumMepnbi anIpOKCUMALUIM HOBTOPHBIX CTOXACTHYECKHX mMHTerpasion {Urparto-

HOBHMYA.
2.1 TpuroHomeTpu4ecKas CACTEMA.
Cornacao cooTHOmEHMO (4) mMeeMm:

sxz 3 £ ¥ 1 2 2
) = VT =i, G = —(T ~ )3/2[“) ! 5:21],

r—l

100,, *‘*”*’——(T t) [C‘“’C(”)-i- Z G — P+ +

r—l

V(0 - )],

OpUYeM:
(% «(¢ 2 (T - t)s '_sz 21
{2y} = G (5 - 5) <
w(izi1) *(zz) 2 _3(T—t)2 7T2 a 1 . .
w{ (687 - )"} = 25 (G- X ) < A
roe

*T xt2

G = [ amne [ e m)ha. e,
t 1
215-+,% = 1,...,m U UONAPHO Pa3IUYHEL

. T . upa j =0
(= [ 85 455) = =1 V2 n—%—-’- apn j =2r —1,
¢ R QYT ;-J—H;:t upm j = 2r

2.2. TloanHoMuaibHEAA CHECTEMA.

. —¢ 3/2
RO = VT=#, L) = et

(i1) (41)
7 [ gt

{7 = (T )[ ‘“’5‘*”+E \/42__{5‘%"’ gie) ]

npuYIeM:

*{ind #(inis g\ 2 T—1t)7 ! : ;
M{(foé:;’—fdé:ﬁ*)} ( ’( D= )<e(zﬁéz2),

1

P = [ s, 6i) = [ 21, ((f—;f) ).

rae Pj(x)—nonmﬂom Hexannpa.
Bax#o oTMeTHTH, 4TO cf](-') —He3aBUCHMHIE TayCCOBCKHE ClIydaiiable BENUIAHb ¢ HyNeBHM Cpefi-

HUM 7 eORHATHOM Auciepcueil. To ke caMoe MOXKHO CKa3aTh U O CHCTEME CITYIafHLIX BCAIITH ( ng)-
Jinreparypa

[1] Munsmrein I'.H. Yncnenroe mATErpupoBaiue CTOXaCTHICCKAX AubdepeHnnanisuLIX ypap-
memmii. Cpepmaosck: Usn-Bo ¥Ypansckoro yu-ta, 1988, 228c¢.

[2] Kloeden P.E., Platen E. Numerical Solution of Stochastic Differential Equations Berlin:
Springer, 1992, 632p.

(3] Kympunuxmiz O.10., Kyssenos J1.9. Yanduunposannoe pasioxenne Teiinopa-Uro. 3amuc-
ki maygH. cemus. [IOMU, 244, 1997, ¢.186-204.

[4] Kysnemor H.®. Merton anmpoxcEMamus HOBTOPHHX CTOXACTHUECKAX maTerpaics Ctpa-
TOHOBUYA, OCHOBAHHBIN Ha KPAaTHHIX panax Pyphe Ho MOMHEIM OPTOHOPMEPOBAHHEIM CACTEMAM
$yuxumii. Hactosunii c6opamK.
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MeToa pa3noxesud B alEPpOKCAMANAN NOBTOPDHBIX
cToxacTHYecKax mHTerpasoB CrparoHosmya,
OCHOBaHHBIA Ha KpaTHBIX paaax ®ypbe Mo HOJHBIM

OpPTOHOPMAPOBAHHLIM CHECTEMAM QYHKIHN
H.®. Kv3neuon
CanxT-IleTepdyprexiil rocyIapeTBeHHBIH TOXHITOCKHIT VHUBEPC £C T
xKad. Brercurasg vMaTeMaTiha

e-matl: controll Qeitadel stu.neva.ru

1. BBenenne.

B pafore paceMaTpuBacTed HOBBII MOTON PA3IOKOHUS H alllIPOKCIT TALIY
HOBTOPHBIX CTOXACTIMOCKHN THTerpasioB CTPATOHOBH'A, OCHOBAHHBIN Ha RPAT-
HBIX Paaasx @ypbe Mo NOIHBIM OPTOHOPMIPOBAHHBIM CHCTOMAM GVHKIINT, JTOT
METOI IMeCT HOIIOCPeACTBeHHOC NPIMeHeHIe (oA, Hanpindep [1]) & qm e oy

POILICHIEO CTOXACTIUCCKIN TH(depeHIHaTbHEX VvpasHenuil Mo suna:
dx; = a(x,. t)dt + B(x,, t)df;. xy = y(0. ). (1)

riae x, € R pemenue vpasnenus (1): mecavaaliasie GyHiunu a(x.r) @ ' x
0.7) = R Bix.t) : R" x[0.T] —» R"" yOoBIeTBOPSIOT VOIOBHAM ¢V e TBO-
BAHIS 11 ¢IHHCTBEHHOCTH POHICHUS VPaBHOHHS (1) B CMBICII® CTOXAC THUOCKON
awBnBazeHTHocTy: f; € R ¢TaHDapTHBI BOKTOPHBIN BUHCPOBCKILT IO 0CC ¢
F IBMOPHMBIMI B HO3ABIICUMbBIMI KOMITOHCH TAMIT f,m:/' = l.....m g uInag
BeanunHa Xg € R eroxacTnuceckn HezapucnMa ot npupawenui £ - £, npn
t >0

2. OcHOBHOHM pel’yabTaT.

ChopAyIIPYEM OCHOBHOI Pe3yiibTaT B BUOAE TEOPEMEL.

Teopema 1. [lycms stanoanmcner cacdyrougue yeaosud:

AL wilr)s ¢ = Lo o0k dudpdepenuupyemvie nwa npomencymmue [t pynn-
T

A2 {o;(0) };‘” ROANGA OPIMOROPMUPOSAHRAT CUCTREME Gynhyuil Ha 1) me-
Acymne [t T, dag womopoii pad Qypoe T3 Cioj(ae). C; = fla)ojrndr dag
A0O0U KYCOURO-CAGIROTE W omnphimom uninepeaac (LT} w oepanudsan 1l wa

npomencymne [ET] dymnnun f{r) crodumes 6o scanod enympenncii 110 e x

i - . N V“ ) B - P . . - B . N -
Pabiora sbinoiigena npy GUAAHCOBOR TOIEPRKe (pata N 97-0-1 -7} no GyRAZMeHI AR LOC 10BA-

HESM B ODIACTH #CTECTBOSHATHA.
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npomencymxa [t,T] © eeauvune 3 (f(x+0) + f(z —0)), a maxace Koneen na
xonyax npomexcymsa [t,T).
Tozda nosmopruili cmozacmuyeckuil unmezpas Cmpamonosusa J; &+ suda

1 .
= [ it / (dwl? . aw?,
t

ede wi) = £0) npui=1,....m v w9 = 7 dag ecex 7 € [t,T}; @1, ...,k =
0,1,...,m pasaaeaemca c eeposmuocmuio 1 6 caedyroupuii crodauuiics 6 cpeo-

HeK6adPATNUHECKOM CMbICAE KPAMHbIY PAO:

=33 hﬂf (s)dw®.

Bamegannme 1. Croxactudeckuii uaterpan CTpaToHOBHYA OT HEKOTCPOTO
cIydaiiHoro mpotiecca £, HOHUMAaeTCs KaK CleyIomuil cpeqHeKBaApaTuSecKuil

mpene:
L

) ) N-1 i :
/ frdW?) = [.i.m. JZ;; 5%(Tj+rj+1) (ng)-l—l — wg))

t

opu Ay — 0, roe Ay—pasr pasbumenns {rj}?_’;o npomexyTtka [t,T], t = 19 <

. *T (0) def T
n<..<ty=7T, [ &dw} S &
t &

Bamegannme 2. ITompobHoe moxaszaTeNbcTBO TeopeMbl 1 npuseneso B i1,2].

JinTepaTypa

[1] Ky3zuenor I.®. HexoTopsie BONPOCH TeOPHH YHCIAEHHOTO PeLCHUA CTO-
XacTudecknx Ouddepennunanbaux ypasaenuin Uro, 256¢c. Onextp. 2K. Hud-
depenI. ypaBH. U Tpon. ympasi., 1, 1998 (http://www.neva.ru/ journa,l).

[2] Kysmenos [I.®. Meton pa3sioxeHHd W allPOKCUMAIUN TOBTOPHEL. CTO-
XacTHYeCKuX nuTerpasiop CTPaTOHOBUYA, OCHOBAHHAIN Ha KPATHBIX PANax d)y—
phbe 1o MOIHBIM OPTOHOPMUPOBAHHEIM CHCTeMaM QYHKIUN U ero IpuMeHeEHe K
YHCIIEHHOMY PeIleHnI0 CTOXacTu9eckux nuddepenimaibusix ypasaernnit Aro.

Tpynei mexn. koud. Cpencrsa MaTeMaTHdecKoro Modelumposanud, ¢.1395-160.
ClI16, Nsn-Bo CIIGITY, 1998.
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AHBAIITUBHOE MOIAEJIWUPOBAHME
CTOXACTHYUECKHMX CUCTEM YIIPABJIEHWS C
KOPPEJNMPOBAHHBIMM TAYCCOBCKHMHU BOSMYHIEHUAMY

Kynewaukui 0.10.
Canaxr-lleTepbyprexkai rocyfapCcTBEeHELIE TEXBRYSCKER YHABEPCHTET
E-mail: kulo@umcsd.hop.stu.ru

PaccMoTpeHa €TOXaCTHHYECKaA CUCTEMa YIPABIEHNA, OIMCH BaeMad HeJuHeHOi crcT eMoll
nu@depeHIUalbEbIX YPaBHEeHNE, BO3MYIUCHHBIX TayCCOBCKMM CTAlMOHAPRHLIM CHIYUaliHbiM
npoieccoM gi:

}.it = A(Xt, U(t)) + Z(Xt)gt, (1)
rae X¢ € Ry - BexTop cocroguus cucremsbl; u(t) € U C Ry, - nporpaMMHoe yripasiigioziee
BosnencTBue; ¢ € M) - CTOXACTUYECKOE BOSMYILIEHUE, BJISollleecs UEHTPAPOBAHHKIM iyC-
COBCKMM CTANNOHRPHHIM MPOLECCOM ¢ 3aaHHON OrPAHMUEHHON KOPPenaiuotHol PyuKiuel.

3azana MOIEIMPOBAHUE PACCMAATPUBAETCA B HacToMIlleM OoKIalle KaK 3agada YACIICHHO-
ro Nony4yeHud peajiu3alyil pelleHME CHCTeMBl CTOXacTHUYeCKMX AuddepeHIualibHRY VPaB-
Henuit (1) Ha 3afaHHON pPerynapHOll BpeMeHHo CeTKe ¢ aroM A U GUKCHPOBaHHON T0Y-
HOCThIO.

HpengnaraeMas B noxiafe NPoHeRypa YHCICHHOIC MONEIUPOBRHNE COCTOMT U3 I[EHYX 3Ta-
nos. Ha mepBom »7Tane peimnaercs 3al2a4s OUTUMAJIbLHOM UHTEPNONANUN Hpolecca g Ha
npomexyTke pemenn ¢ € [kA, (k 4+ 1)A] no xoHeuyHOMY YMCIY €0 3HaYEHUI! HA 2TOM NPO-
Mexyrre. Hosygaiouiaics npyu 9TOM ONTUMAaIbHAE allIPOKCUMAalUg §; [POLECCA ¢ MKeT
nMeTh mebyio Hallepeld 3aJaHHYIO TOYHOCTD AllIPOKCHMAalyil B 3aBUCUMMOCTH OT HECH2 MC-
TONB3YeMbIX IPH ¢ NOCTPPOeHUN 3HadeHull npouecca g; Ha npomexyTxe (kA (k4 1)Al

Ha BTOopoM sTame enydaiinbiii mponiece g: B (1) 3aMeHsfieTcs Ha NPOMEXYTKe BpEeMeHM
kA, (k+1)A] kBasuReTePMUHAPOBAHHEIM POUECCOM §; ¥ NPUMEHAETCH AHAlTUBHAS TNIGIE-
AYPa YHC/ICHHOIO PEIieHKdA HNOJYYEHHOM CHMCTEeMEl KaK CHCTEeMBbl KBR3uAeTePMUHUPORAHHBIX
ypaBHeHnl#. JTa [Ipolefypa MOXeT CTPOMTHCH, HAIpHUMepP, Ha OJHOM U3 pasHoBUIHOCTER
MeToda Pynre-KyTTa € amanTuBHbiM BeibopouM iara mHTerpupopaiua. OTMeTuM, 9re BO3-
MOXHOCTh HPUMEHEHUA aJalTHBHEIX UPCUEAYP MHTErPUPOBaAHUA oNpedendeTcd B [MaHHOM
ciydae IpeXBapuTelbHON anlpokcuMaliell Ha upoMexyTke kA, (k + 1)A] peanusanum
nipoliecca g © 3aJaHHOW TOUHOCTLIO ANNPOKCHMAIIMM.

PesynnTaThl BacTofluero nooknasga obobialor YMCHAeHHBIe METOIR MOJEITUPOBAKUSs pe-
IeHHH croxXxacTHdecKuX auddepeHnalbHLX YpaBHeHMH, H3JIoKeHHLE B cite].

JinTeparypa

1} Kyapunuxust O.3O., Kyssemor [1.P. Meronst 4uciIieHHOr0o MOIETIUMPOBRHME CHCTEM
Y ) J P
yIOpaBieHud, ONUCHBAEMbIX cucTeMamu nuddepeHnualbHEX ypaBaeauit Mo, Kypuan
"{IpobnemMut ynpasienus u nudopmatuxm”’, N 1, 1998r.

OPabora prmonmena npa uonnepxke PO®A, rpaat 96-01-00929.
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O TOYMEYHEY CAMMETPAAX KI%:&Z}HW_HHI*IEI"'III()I? CRACTEMDI
ARGPEPEHIMAJILRHBIX YPABHEHHY B JACTHLIX IPOKR3BO/ARLIX
HEPROIO HOPSAKA C ARYMI HEJABUCHMbBIMEA NMEPEMEHHLIMA

AH KYUCHIMOB

Kazann, K'Y am. A H. Tymosena

Hexannys: CHOTEMY YDABUERME MK DACCMATDRABATS KRE NEHMUOTQUGTABHE ' v wpoorpancree
1o ameron .:EU‘lﬂlJibiii-i?i oetensi qeEorepoa pacosoanng N otmero cunw o Gasoi AL Hpa srom
i _
cuncy Kaprans, B oovom

wonaABOrOOipe ae 10 CHMESHO PRUNDUR DAY B PP CF MMUTDRE

REXOAMGH CHOPEMBE Y DREHCIIE MOXUO Moy (oreAya, saupnmep padore [} un yenounn xacauna
DEKOTODIIM HOM0M ._s_m poasporontipasng

1 nacrompedt pabore ncexoanod cuereme AndeDEHNATLHEX YPRRHENME £ CraniTon 8 coot
RETCTHHE CHOTEMA BHEIHE Auddpepoiiiani-uux yposancnni L2{F). Buewane audde ped qdaavimie
dopmna cretienn 2, pxogaimye v L2 ), oupesorsan na paccavcimn &, Cacvemy suewnnx gudue
DEIMAABU X HOopy, onpedeaiiess L2000} Momno pRCCREPPERRPL TREKS KK HOARPUET 0T 1
npocEpancTee Rucnny aucdepemanninag Gopy L2 orenenn 2, onpeae ez Ha Procanenun

KX

A
Aas oVRCKARE CAMME PPYR CRCTEMEE BICHBNY ARdxbepenmanhuex ypasuenan £ P} nonoms-
SYEM YUAORHE DRBEHCTER HYHIC sponsnoansy T o ko gol ne prempnx Anddepsmuanpinx opy,
ssopamuy v L2 £), 00 sexropuomy vons X, oupenaomemy rotcauyo cammerpun. Tacum ofipa.
2OM, MCHOALIVEM YCIOBRE
X{L2A BN = 0, (1
¢ X

npn ron, wre X{L2{EH orpamiaesaercd i ::w,zmnf}rcm{’}pa;me B N, oupegeagemes L2{F Hoa
PIRBEAR ROOPABMNTAYIG 308RCE BeRTLpuore Boan X {SHpegessiions s CACIEMI ¥ Pasinaing K-
SaHBOre Kaacca ua paoorocuns N v (1), vosyaum Nmmwamu}’ W CHOTEMY YPRBHEHEN B IHOTHIAY
HPORBBOIIEE UCHHOTO HOPAAKS, ALY KOODAUHAT BeKTODHOLO aous A

i puMegenu# S3IMe hOPMATEIM HPEFCTABALHIE CRCTEM AUQBepeRIMATLHIAX Y DAL Aid, MOXKNC
HOUOALIORAC, A HANMKACHME POt AR CHMMOTPAE Y pasienni Doget uapoKore siacos. Hpu
Fros, RHCIG GOPME, OFPCIGTTIOIEO CWITONY BusBaiZy gAagide pOIBEALLIIIK Y Pasuenui, oupe
ASEUNE & BPOCTDARCTRS EEPOE MR ALY cevenndl procaoangy N,

Jlwreparvpa

L2 e En By g ws
3 P TReH FRTER WA RE

BOPeRUHARLHIY YPABIeHRE. - ’X’I H&waa..,}%ﬁ--
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HOBBIE KJIACCHI ®YHKITNUNA JISIIIYHOBA H;TIH
UCCHIENOBAHNUS ACUMIOTOTUYECKHX CBOUCTB
CACTEM MAATHHBUKOBOI'O TUIIA

I'.A. Jieonos, B.B.CvmupHOBa,
I'.Copepbaka
Canwm-Ilemepbypecruii 2ocydapcmeennviti ynusepcumen,
leonov@math.lgu.spb.su,
Canxm-Ilemepbypecruti 2ocydapcmeennvit ynusepcumemn,
root@al2189.spb.edu,

Teznoaozuvecsutt yrusepcumem 2. Jyaeo,

gunnar@sm.luth.se

Cucremnl nrddepeHnuaibERX YPaBECHER MagTHAKOBOIO THIA XapaKTepHA3yIOTCA Rajil 14-
€M HYJAeBOTO COOCTBEHHOTO 3HAYCHHS y MATDAIB JUHEHHON JaCTH B HPUCYTCTBHAEM B MX Co-
cTaBe MEPHEONMYECKON menmHehHOW (ysxmmm. Takmm cEcTeMaM HPUACYIHa HECOUHCTBEHHOCTH
HONOXKEHAA PABHOBECHSA, TPEIEM YCTORUMBEE B MasioM 1o JlamyHOBY molOXREHHS paBHOBEHI
MOT'YT 4€PEHOBATBHCA ¢ BEYCTOMYMBEIMA. B CBA3M ¢ STUM HCCICAOBAHME aCAMOTOTHEKH PCIUEHEH
CECTEM MaATHAKOBOTO THIZ COOCPXET ABE BaxHbC 3amadd. IlepBad 3azada cCOCTONT B M3y 9e-
HEHX DA0OAJBEHBIX CBOMCTB DENICHHH , TAaKUX KaX OTPAHMYCHHOCTDH KAXHAOTO DEUICHNT CHCTeMBl
(ycroiamBocTh mo Jlarpamxy), cTpeMieHAE KaXAOTO PENICHNS K KaKoMY-Aa60 HONOXKEHIIO PaB-
HoBecHs (rjiobaibHA% aCAMITOTHKA), ~3aKpemicHAe” KaXA0r0 PEIICHA S BHY TPH HOJOCH IUAPH-
HEl HepHORa HEJIMBEHHOR GyHKUME (YyCTORYMBOCTH MO DakaeBy), CyllecTBOBaHNE IPEACIBHBX
OUKJIOB PasjIMYHBIX THOOB. BTopas 3afada cBg3aHa ¢ ONCHKOH obnacTeldl MPATAXKEHHEA YyCToli-
YEBHIX MOJIOXKEHUA paBHOBecud. K obemM >TEM 3amadaM MOXeT ORITH IPEMEHEH HPAMOR METoH
JaunysoBa. Ommako ucmomb3oBamue TpaaunuoBuEbx GyEKumA JldauysoBa BEZa "KBagparuiyrad
¢opma” m "xBampaTEuHAd HOpPMa IIIOC MHTETPaJ OT HEAHHEHHOCTH He ARCT B CIydae MadT-
HYKOBBIX CHCTEM 3HAYKMMEIX PE3yJbTaTOB. '

B mactosmeM mokiafe HpemjiaraloTcd HOBhIE Kiacchl GyHKumid JlanyHOBa, HECHONB3YIOMEE
cnenuUKy MagTHEKOBHX cEcTeM. g ypaBHeEmii MadTHEKOBOTO THHA BBOFATCA B PacrMuT-
perre pysrmud JlgmyHoBa, comepXaimasg B CBOEM COCTABE KBaADATHIHYIO GOpMY 0T PasoBilx
IepeMEHBEX U HeNHHEAHOCTH WIIOC HHTErpai OT BHAOE3MeHeHHON HenmpeiiHoctH. Ilocncanaa
uMeeT Te XKe HYJIH, 9T0 B HCXOAHad HejimHeHHad GyHKIHEG, Ho obiafacT MeHLIIEM HO MOKYJHO
cpeAHEM Ha nepaode. B pesynabTarte Aji4 YPaBHEHAS MATEMATHICCKOTO MASTHAKA HOMYIEHE (10—
Jlee TOTHBIC, YEM CYIIECTBOBABIUME paHee, OUCHKE IDaHun 00MacTed NPATAKCHES YCTORIRBLIK
moJioXeHm# paBHOBecHA. [ljId CECTEeMBI, OMUCHIBAIOMECH KoNeOaHns OBYX MaidTHUKOB € YHCTOM
TpeHMa MEeXAy HEME B obilell ToYke HOZBECA, HOCTPOEHO ceMelcTBo pymxmmii JlamyHoBa, Tuc-
MeTpmdecKE m306paxaeMoe B (pa30oBOM HPOCTPAHCTBE CACTEMEI KOHYCHOH cetkod. [Toxasaic,
YTO HPpHA HCKOTOPHX OTPAHUYCHEAX Ha HapaMeTphl CHCTCMEL nobag ee HadalbHAL TOYKa 1i0-
magaeT B HEKOTOPYIO S9CHKY 5TOH CETKHU, a2 COOTBETCTBYIOMIAS MHTCTDANbHAd KPHBAT MOXECT
pacmojiaraThCs JIAIIL B KOBETHOM uHMcie gieek. B pesynbTaTe modydeHa BO3MOXHOCTE yCTa-
HOBATE AOCTATOYHEIC YCAOBHS YyCTOHYMBOCTH CHCTEME ABYX MasTHMKOB mo Jlarpanxy m ao
BakaeBy.
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M3BBITOYHBIE CUCTEMBI JUOO®EPEHLIMAJIBHLIX YPABHEHHM

Muporoscxmii J1.A.
Canxr-Ilerepbypr, CIIGTYAII,
E-mail: lam@lm44.cit.aanet.rm

I[Ipyn peimesnyi MHOTHX 28/{a% TEXHMYECKOM [HArHOCTHKH CHCIEM aBTOMATHICCKOTO
VIpaBHcHMA HW APYIHX KUHAMUYICCKHX OGDBEKTOB HMPHXOAMICH CTAaIKMBaTbCd € H30OBITOTHBIME
cucTeMaMn anddepeHIaTbHbBIX YpasHe . OHE BO3HHAKAIOT MPH AHANH3C TCXHMUCCKHX CHOTEM C
IyOIMpOBAaHMEM M PE3CPBHPOBAHMCM, MPH OPraHM3alyH KOHTPOIS [0 METOHMy Hi0bIYCTHBIX
HEPEMEHHBIX, TPH AUATHOCTHPOBAHIY HA OCHOBE AHANMTHICSCKONH HM30BITOUHOCTH, a TAKKS NpH
PelicHIM 337a¥ OOGHADY)KSHIA U JIOKAI3aIH JedEKTOB ¢ MOMOMBIo HAGHIOAATENEH COCTOMERIA.

B mmeiioM CIy4ac TAKHME CHCTEMBI MOLYT 3alaBaThCd HOMHMHOMHAILHO-MATPRUHLIMH
ypaBHCHHSMHA BHAA

Alp) Y(p) = B(p) U(p), (1)
rae U(p), Y(p) — n3obpaxciig no Jlamiacy BXOJHBIX H BHIXOAHBIX BO3ACHCTBHIM,
A(p), B(p) — HOMMHEOMUAILHBIC MATPHIIBI,
60 SKBUBAICHTHBIM OIDICAHMEM ¢ NOMOIIGIO MATpHuHON HepejaTourodl (yiamR HIH
YPaBHCHHIL B MPOCTPAHCTRE COCTOAHIMN.

XapakTepHoift 0COOCHHOCTHIO H30BITOUHBIX CHCTEM SBISETCH TO, 9TO HX BHIKOAHBIC
TICPEMEHHERIE TPH COOTBETCTRYIONMIEM NOXOoPe HAYaNbHBIX YCHOBHI yAOBIETBOPAIOT ORHOMY MM
HECKOIBKHUM anrcOpanieckuM ypaBHCHHIM BHAA

A=MY=0, 2
rze M — mpaMoyrombHasg MaTpuiia (B mpocTefillicM ciydac CTpoKa),
KOTOPbIE IS HCHPABHOTO 0GBEKTA CHPABE/IMBLL HA BCEM HHTEpBAlc €0 DYHKIHMOHMPOBANMA.
B obmieM ciuyuae ypasuesus (1), (2) MoryT Onimh HeMUHCHHBIMH 1 HECTAUOHAPHLIMY, & cRrHan A
MOJMKET HCIONL30BaThCA g OXxBaThiBanud oOnexra (1) obpaTHOl CBA3BIO.

JIoKnaj MOCBAICH UCCICAOBAHIIO TAKHX CBOMCTB M30BITOTHBIX CHCTEM, KaK yCTOMR480CTh,
VUpaRIACMOCTh, HAGIHOHACMOCTh, HACHTHOUIHPYEMOCTh M JHATHOCTHPYEMOCTh. 13  HeM
TPUBOJATCS KpUATCpUH M3GBITOYHOCTH [FHAMMUCCKHMX CHCTEM H JAlOTcd TPUMEDHI CHITe3a M

aHamE3a H30LITOYHBIX CUCTEM A depcHIMaNbELIX YPaBHCHMN.
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CTPYKTYPA HHOOPMAIINOHHON CUCTEMBI
JINOPEPEHIVIAILHLIE YPABHEHAA

Ocunenko ['.C.!, 3aitues B.® .2, ®neroutos A.B.

Canxt-IleTepOyprekuii rocyfapeTBEHHbIN TEXHHYCCKIN YHUBEPCUTET
E-mail: diff@osipenko.stu.neva.ru
? Pocouiickuii rocyaapcTBEHHBIN nieAarornyeckuii yansepeutet um. A M.I'epuera
*Canxr-Tletepbyprexuit mHeTMTYT HHGOPMATHKHA B apTOMaTu3aLun PAH
E-mail: afleg@mail.iias.spb.su

IpuBomutcss CTpyKTypa paspabatsiBacmoit Bepcum umdopmammionnoi  cuctemnr  (MC)
«ﬂn@@epaaunamnmé ypasuerus» ISDIFF 1.0 (puc.l u puc.2), KoTopas sABIAETCS COCTaBHOH FaCThIO
obuieit UC «/luddepenipannaple YPaBHEHUS U HUHAMUYECKUE cucTeMbly. CucTeMa mpeiHasiaicsa B
TIePBYIO OYEPERb [UIf KOHCTHOTO NOTb30BATENA-MATEMATHIR, MCHONB3YIOWIErO COBPEMCHHEIC SPENCTBA
TENIeKOMMYHMKALMH 1, PaGOTaIomIero ¢ AMHAMUIECKUMM MOACIAMU. 32 OCHOBY TIPMHAT aBrOpCiaiil OA-
XOJ K CTPYKTYPHPOBAHKIO CTIPABOYHOTO MaTepuana 1o nuddepeHunanbHbiM YPaBHCHHAM.

JIns DOANEpIKKH NEPEHadi CTaHAaPTHOTO MAaTEMATHUECKOTO BhIpOKeH A B Internet ncnors3yior-
¢4 iBa METOZA: npeacTapncnue B koguposke HTML-g36ika THICPTEKCTOROM PasMETKU € OTpaii ICHUAMM
¥ TPEACTABNCHHE MaTeMaTIECKOH HOTalwH Kak gif msobpakemusa (gif-06pas ¢ obssareibubim alf-
TPU3HAKOM asCii).

Vindopmaipa Ha puc. | IOA4EPKUBAET CUMMETPUHHYIO TIPHPORY IMHAMUYIECKUX O0OLEKTUB H BO3-
MONCHYIO BU3YAITM3AIMIO CTIOKHBIX MATEMATUIECKHX CTPYKTYP.

PaGota Boinonxena npu (uuaHcosoi oanepxke PODHU, npoext Ne 97-07-90088.

] Anvmanna
1  Wnmoctpaumu ¥

A
c LuckpeTtHble I UnmocTpauuna

rpynnbi I FPYNNOBbIX CTPYKTYP
D — fpynnst JIA I nmocTpaunn

(XxapaxTepHbie) I
i , i ,
E —— Mpynnet I dazoBble E
nopTpeThHI

Puc. 1 Crpykrypa 6noxa unmoctpauumii UC.
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L

-Puc. 2 Ctpyxrypa «ISDIFF 1.0».

S ! 1 I ! L
A-— ( Obo3nasensa Tlowenans YPABHEHUSA Jlmeparypa Anmvana ]
. ! -
| [ I l | I
B llepsoro Broporo Tpesero UYeTseproro Lismoro
nopaKa ROpsIRa nopsKa nopsKa 7t BBUE
C— || Ypasuerme Pacxarn: Jimeitebie vpasremus Jlaweiinpie ypasuensa Jlunetibie | Mimae Aote
sl P2(chy** 2 fl(xhy fore) YPABHEHHA ypaBeBUa
| | Ypastewms ¢ npoise. napam. | | | Hemeifmie ypasuerus | | | Ypasterna Hennrefamie Herom s mie
flxyiy'- gy ¢ IPOH38. Hapay. ¢ Epow3B. dyHiaL YpaBHCAHS ypaBEina
Ypaprenus ve paspenned.  § | Ypasaeuns || Henmieifusie ypasserna {7 ' i
OTHOCHT. TIPOM3BOAHON ¢ IpOK3E. GyHKIL ¢ FPOU3B. TaPaM. {
| | Ypasnerms ¢ npowss. rywka, ABTOHOMHBIE YDABHCHHS ;
Feey' - Gy VoY) | | Ypasnesms, conepx N I
—————— crenersie Gywiain {_____] L _'__]
Mpocreimste ypasems | | '
Vpasuenua susa | | Ypasuenus, conep.
e — ¥ - fiy IKCROHeRL, (yntwm
- ¥ pasterns saga | | Ypasnerma sua || Vpasnesus, conepic
¥ v VY 0 runepboi. Gyhxin ‘
Ypasterss Bitaa || Ypasuerua Jlenapna | | Ypasnenna, cogep j
Vofy Virf'repl 0 soraptpy. Gymavin
| Yp-tme ¢ pao, nepen. Ypasemma Penea | Ypasnenns, conepx
¥ figty yefydigl -0 TPHIOHOM, QyKIH
Jhmeiiaoe ypasaerwe ’ e 2 —
gl - flighy ff) LE___] C...:l
| | Ypasnesme beprynm
81y fafyly**n
Omiopoa vp-mme
s fy
’E — \1 i
P e [ A

A - sepxuuii yposens; B - cynepxnaccer, C - xnacchi;
D - cybxnaccsi, E - ypasuenus; F - mipkauil yposeHs.
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i i I | i
A— Qbosrazeama Toenasns YPABHEHNA Jiavepatypa Anmanys
|
! f 1 [ 1
B- [lepsoro Broporo Tpemnero Yemmeproro [lsrporo
TOpAKA TIOpA7Ka fOpATKA NOPATKA A BT
C— || Ypamueme Prkram: Jiemeiimsic ypasaeHms Jnneiinie yparaerma Jimscimie Nmekamie
5y =Py 21l 0y YPaBHCHIA YPaBBCHI
| | Ypasrerms ¢ pOm3s. apam. Hemumelimie ypasgeaus Ypanresus Hemeeitrme Hemscitesie
fe'=gy) © TIpOH3B, HApAM. ¢ mpoisp, drymx, YpaBReHBS 1paBHCIRA
| Vpaseesma e paspemen. Ypazrenma Hemmefimie ypasrenna [ I ————
OTHOCHT. TPOK3BORHOH ¢ Opomss. (yRKiL, ¢ FIPOR3B. TAPAM. Alr
| | Ypasserma ¢ mpomss. gynk, Asronomue ypastemia y
Foyly' = Gy ¥'=Fyy) | 7 PABSERAA, COAEPR i[— ]
CTENCHALIE YRRIHE ,
Tpocreiimne ypasaems
|| Vpasmem suga | | ¥pasrenus, COREPR.
P =1 3KCROSH, (YBKIHR
D— VpasaensA Baga Ypanaenus saga | | Ypasrcus, congp.
Y= yiflyty=0 ranepGon. dyaxnm
Vpasrerna s | | Ypaseesms Jlsenapna | | Ypasaenns, Congp.
Y= Yy e =0 noraprd. Gy
| | Yp-amec pasa. mepes, Ypasrerma Penes _‘ Vpasnenns, COREpR.
¥ =g yify)gh) =0 TpiOsoM. GyaKim
" ‘o frfty LL:f_l Ll:
gy = A1yl
| | Ypasaemne Bepayim
gl =y fnfily™*n
Omopon. yp-me
¥ =iy
F P g

Puc. 2 Crpyxrypa «ISDIFF 1.0».

A - pepxuuii yposens; B - eynepriacest; C - kiaccsr;
D - cybxaaccet; F - ypasuewus; F - muoxauil yposess.
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Ilenkun O.M. ( Boponex )

O HekoTOpPBIX CBOMCTBAX pelieHuil SIUNTAYECKHX HEPABEHCTH Ha
cTparnpuuUpOBAHHOM MHOXECTBE

B ctparuduuuposanrom muoxkecrse ! C R™ T.e. B MHOXeCTBe, COCTAB.ICHEOM 43
KOHEUHOTo Yuc/ia MHOTooOpasuit ( ctparos ) ok; ( k-pasMepHOCTb ), HpaBHJibHO  TIPH-
MbIKaIOWMX ApyT K Apyry ( 110mapobHoe ompeneseHue cM. B [1] ), BbLaesisiercsa clis3hoe
HOAMHOKeCTBO (lg. COCTaBJIEHHOE W3 CTPATOB Tak, uTo {1y = {1, paccMaTpuBac1cs /M-
radeckufi oneparop

i 0 . Ou 1 du
- 8= % ko o
(Apul(r) = V99" (z)+ 2 P9 [_- @)
oG B 3 3o P
VG O Oz R iy \/;;kk oz 1
Baech r € Ok_q,, 3QIHACH T; > Tk_1, O3HaAYaAET NPUMbIKAHUE Tk_1; K O)j, KOOPIUdaTbi
v (1 < a < k) uopenendrorcd 110 OTAEABHOCTH /A KaXI0# Takoi mapbi (Tierin Thy )\

NO HOBTOPSAIOWMMCA ~TPEYeCKuM’ HHIEKCcaM mpeinogaraerca cymmuposanue. Ha muo-
KecTse nocTarouto rmaakux ¢ymnkumit ( “nocTpatro” ) paccMaTpUBaeTCs HEPaBeHCTBO
Lyu= Ayu—qu >0, tae ¢ > 0 Ha . Hasa ero peutenunit ynaerca chopMyinpoBarb
“lipaBulibHble” aHAJIOTH KJIACCHMUECKHUX CBOMCTB THUIA NPUHUMIA MAKCEMyMa M .1€ MMBI O
HopMaJibHOW npomn3sBonHo#. (JCHOBHBIE TPYIHOCTH CBA3aHBI CO CJAOKHOCTHIO MCOMETPUU
2y u ero rpanuust 0y = 0\ Qy. Hampumep, ¢ camoro sadasia HEACHO, YTO IOBUMATH
1101 HOpMaJibHOH Tpou3BosHO# GyHKUUHM u B Touke T € J{)g. DTa HEACHOCTL OOXOIATCS
33 CYeT TPaKTOBKHM HOPMaJibHOW MPOM3BOMHON, KaK OMHOTO M3 MHOXKHUTENA B DOpMyTe
I'puna. OxasbiBaercs HOpMaJbHON NPOU3BOAHON HYKHO CUUTATH BblpaXkeHue

J. ko du
p g
on, f;ﬂJ  ghk Jz=

rue cyMMHUpOBaHHe paclupocTpaHdAercd Ha cTpathl o; ¢ 0§y, JleMMma o HopmasbRO#
UPOU3BOIAHON YTBePK AT, UTO »Ta CyMMa OTpulaTelibHa B TOUKE HETPHUBHAJbLHO G I'pa-
HUMHOUO MaKCuMyMma - dakT UMeWnii MHOrOUACACHHblE TIPUIIOKEHUS.
Joxazareisbersa COOTBETCTBYIOWMX YTBEPAUEHUNA, 3a CY4eT OCODEHHOCTH HAETO
hopMasnsMa, yiaeTcss NPOBOANTh METONaMHU, OJU3KAME K KJacCH4ecKuM. PesyiibTarsl

nosly4ensl B passutue pabor {2, 3].

';__(;1:), (2€ )
J

JIuteparypa

[1] ®am @. Beenenue s TonoJsioruyeckoe ucciaenosarue ocobentocredt Jlanmay. M.:Mup.
1970, 184 C.

[2] Henxuu O.M. //IOAH. 1997, T.352. Ned, (".462-465
[3] Tleaxkurn O.M. //duddepenn. ypasaerns. 1997, T.33, Ne10, C.1044-1050

* Pabora shinonnena npu mogaepxke Poccuitckoro Qonna Pyunamentanbhnx Vccinemopanud (rpaat N 96-01-
00335) u rpanra C.-[letepbyprckoro yu-ta B obsiactu ecrectsenusix nayk (N 95-0-1.8-97)
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O TEOMETPUYECKON
MHTEPIIPETAIIN TOIIOJIOTNYECKHX
TUIIOB PABHOBECHY P®II MOIEJIENA 2

[OPAIKA

B.B. IleTpos

PeHPOI(yKTI(IBHHe (pyHKIIHOHHJﬁ:HI:Ie TONYJIATAROHEBIC MOLCAR, IIAPOKO HMCOAOIE-

3yeMbie B MOMYNSINOHHON nuuaMuke [1] Afd n=2,AMeI0T CIERYIOMWMA BUA;
&; = a;(x;) * i1, T2), . 2 0,5 = 1,2, (1)

a;i{0) = 0,c;(z;) > 0 mpm z; > 0;04,00; € C7,i = 1,2. (2)

B [1] 6si1u onpenesnieHsi 4 BEKTOPHEIX TOMA :

W = (a1($1),(12($2))7 ?ﬁ = (ﬁhﬂz)v ?z = (ﬂza ’)’i)a

Bi = @i, 22),% = @) (21, %2),8,5 = 1,20 £ §

7 Ha OCHOBE TeopeMH | pobmana-XapTMaHa OBLIIO HOKa3aHO, 9TO TOHONOTAIEC-
K@#l THH 0cobOil TOYKM ONpEREseTCs B3AaNMHBIM PACHOJOXEHACM >THX BEKTOPO3
#a "geprexe”, monydcrHoM (”cKienBaHmeM” ) ABYMEDPHO# NCEBHOCBKIAHAOBON MiOC-
KoCTH ¢ mumexcoM 1 - 2, ckangaproe Hpo W3BeAeHEE Ha KOTOPOi ONPemengeTca,Kag
(Z, % )1 = #1-y1 — &2 - Y2 ¢ ABYMEPHOI TICCBAOCBKAMMOBOM IIOCKOCTHIO C MHACK-
com 0 - E2 (co6CTBEREO €BKIMAOBHIM HPOCTPAHCTBOM ), CKaJISpPHOE IPOU3BEHECHI:
?, ?f)o = &1 Y1 + @2 - Y. BerTopa W B ?;;

Ha KOTOPO# oOmnp eAendeTcs,Kax (
1 2
onpeneners B E2, a P , B P s E?. Wisorponnsie upsamuie & enat Ei ma 4 xoByca
2 tumos: 1.Bemrecterro-mogoburie (T K7 -momoxmnTentHEil,conepRamimii BEIICCT -
BeHEEIR OpT e; m ~ KF° -orpmmaTenmbmE#l, comepXaiiuii —e3.) 2.MuaMo-TOROSHbI:
( *K'™ -momoxmTenbubIil,conepXalmmii MENMELR opT 3 m ~ K™, comepxarmmit opy
—ez). Kpome Toro, xomyc K™ penwrcs momommmrenbHO MEMMOI ocbio ma T KI™
n *Ki™a xonyc K™ ma “K[™ m tKI". Bysem BasuBaTh mpoeKmmed BCKTO-
pa 3(} Ha AONONHMTC/ILHBIH CErMEHT, QuUrypy W(Y), JCKAMYIO B DONONEATEND

HOM CECrMcCcHTC, bamxailieM K AOAHHOMY BCKTODY ¥ OUrpaHHYCHHHYIO PISOTPOHHOIE‘Z
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JEHEEH B TPAMOH, KOTOpasg BMecTe ¢ MAPIMOH, OpOXOmdmiedl depe3 HJaHHbLIA BEk-

Top ofpasyer yrod Ajis KOTOPOTO M30TPONHad MpsMas sBiigeTca OucexTpucoi. By-

OeM HaseBaTh obmacts WeE? abcomorao ycroiameod (a.y.)(HeycToiumsoi(a.4.)),

1,2

ecim OpH ? \ _P> eW P®Il momens acEMATOTHYECKE YCTOHUMBA B 0C000# 10v-

ke.O6aacta W, , W, eElz HA3HLIBAIOTC 4 CONPAKEHHO YCTORUABEIME (HEyCTORIUBLIMD |,
1 2

€CJIn TpA ? eW; n? W, POII Mofens acTAMOTOTAIECKH YCTOMINBa (HCYCTOM! Th-

ga).O6nactes W(P') massiBaercs o6IacThio yCTONYMBOCTH (HEYCTOMUMBOCTH) BEk-
2

Top a P, ecnim npm ? eW (P') POII Momens acuMITOTHYECKH yeTORIMBA (HEYCTOR -

YUBA).

Teopema 1 1. Konyc ~ K¢ abcosromuo yemotiuus.
2. Konyca ~ K™ T K™ ~ KI™ g6comommno neyemoduusor.
3. Obaacmu (TKRe KR )y (TKE* T KE?) conpancenmno neycmotinusoi.

4. Obaacmu (TKF™,~KI™) conpaacenno yemotinvusor.

1
Teopema 2 Obaacmu ycmotuusocmy (neycmoduueocmu) eexmopa ? onped -

agwmea caedyrouet mabauyet:

?1 +KRe: +KRe —K‘Re —KRe +KIm +KIm —KIm -~ B'.Im '
W( ?1) +KIm —KIm +KIm '".KI"‘ +KR«: —KRe +KRe -K.Re‘!
Tun ycr-tu | a.m. a.H. a.y. a.y. a.H. a.H. a.H, 2.4, _!

Teopema 3 Tonoaozuueckud mun pasnoeecus PPII modeau uneapuanmen omuc-

cumenvrro cobcmeennozo BPAUWERUT U PACTNIEHCEHUL 6 NPOCTPAHCINGE EIZ .

JImreparypa

(1] Boaxos I.}O., Ilerpos B.B. Budypxanum cocTosHNa paBHOBECHS A JOKAIbHEBIS
CBOMCTBA PEHPOXYETHBEHX GYHKOWOHANBHEHIX Momeied monynasnmid.-CEopumx
'.-?H = » L]
"Henmnpeiitnbie nuramudeckue cmcrembl . Camrr-llervepbyprexmii IMocymaper-

peHHEd YHuBepcuter, Camxr-lleTepbypr, 1998.

Pabora monmepxesa rpaatoM 'KBOP® no dpymaameRTanpHEOMY €CTECTBOSHA-
o 97/1.8/32.
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O ®YHKIUU BEJIJIMAHA B 3AIIAUE BHICTPONENCTBUSA
H.H. Ilerpos, II.B. Ilnucc

Canxkrt-IleTepbypr

Cauxt-lleTepbyprekuit I'ocynapcTBeHHbIN Y HUBEPCUTET

pvp@pvp.usr.pu.ru

B noxname paccMmarpuBaeTCa CTaHOAPTHAS 320848 OLICTPOGEMCTBHUSA C ONHOTOUYCTHEIM LIEIEBb!
MHOXECTBOM I KOHEYHOMEDHON CHCTEMBI YIIPABICHUA.

IlpuBonmTcs 0630p HEKOTODBIX NPHUHANICKAILINX aBTOPAM Pe3yAbTATOB, KACAMILMACSA CBOUC!
¢yukuun bennvana. 3Tu pe3ynbTaThl HAXOAAT IPUMEHEHINE BO MHOTUX O06laCTAX MAaT¢MATHKM.

1. Ilpu u3y4eHun Ka4eCTBEHHBIX BOIPOCOB TEOPUH ONTUMAJILHOTO yupapneHusd GyHkLag besmm:
Ha UT'PaeT poiib cBoeobpa3Hou ¢yukimu Jisnysosa. [ HOpMATIbHO TOKAABKC YIPaBIIdeMEl
cucTeM ”TIOBEPXHOCTH YPOBHA W 3TOH (PYHKIMY ABISETCS T'DAHANEH MHOXECTBA yUpABAICMOC
33 JIOCTATOYHO MaJbIl HHTEPBAI BpeMeHr. 1 akuM 00pa3oM, aHaiuTHIecKue CBOHCT Ba PYHKIIM
Bennvana TeCHO CBI3aHBI CO CTPYKTYPOH TPAHMILI 3TOTO MHOXECTBA.

2. Tak xax pyuxuus bennmana B BeCbMa WIHPOKUX TPEHRONOXKEHUIX IBAIETCI BI3KUL PELLIEHU(
OCHOBHOI'O YDaBHEHHUS, B METONE MUHAMUYECKOTO HIPOTPAMMMPOBaHUS, €é CBOMCTBA aKTHUBH
u3yyaroTcsa B Teopuu AuddepeHNuaNbHbIX YPABHEHUN B YACTHAIX NPOU3BOLHEBIX.

3. B 3amaue o cyOpuMaHOBLIX reofie3nueckux QyHkuus DefiMana onpenmesisel Tak 1.a3bIBaeMy)
meTpuxy Kapro-Kaparteomopu, urpaoiiyio BaXHyio poiib B nuddepeHnualbHon I20MeTPUN.

4. Bo MHOTEX CIydadx MeTPHKA, aCCONMMPOBAHHAA C MUHEHHBIM IuddEepEeHINAIBHEIM 011€PATOPC.
BTOPOTO NOPsIAKa HA TIAZKOM MHOr000pas3mu, CoBmazaeT ¢ ¢ynxuueil bennmada ciaenuanbil
IIOCTPOEHHOM CHCTEeMbI yIpaBiennsd. 110CKOMbKY CBOWCTBA TO (QPYHKIMKU TECHO CBA3AHBI C X:
pakTepoM ocobeHHoCcTU GYHKUuY |'pUHA COOTBETCTBYIOILEC ONEpaTopa BOMU3K ~ {uaroHanin’
UX H3YYEeHUE TPEnCcTaBageT 0e3yCHOBHBIN MHTEPEC B TEOPHU IMHENHBIX IupdepeBIUAIBHE!
OnepaToOpOB.

5. BecpMma BaxHO# 3amaueil ABAsSeTCH BBRIICHEHNE 32BUCUMOCTH (PYHKHHHU DenMatia oT mapabi
TPOB B KOHKDETHBIX CHCTEMAX YIPABICHUS, YACTO BCTPEYAIOLIMXCI B Mpuiioxkedus. Jlns H:
KOTODBIX TaKuxX cucTeM (Hampumep, s ypasuemus Bam-mep-Tlong ¢ yupaenenmem) yEaeTc
MOJIyYUTh B U3BECTHOM CMBIC/IE MCUEPILIBAIOIINE PE3YIbTATHI.

Juteparypa

1. H.H. Ilerpor O cymme xBanpaTos BeKTOPHEIX nojei.// Huddepennmansusie Y pasrenus, 199,
T.33, 11, ¢.1516-1522

2. H.H. ITlerpos O6 onuoii 3aaage cybpumanoBoli reomerpun. // Huddepennnansubie Y paBHeHH
1995, 7.31, 6, ¢.973-979

3. H.H. Ilerpos 3aBucumocts (ysxiun Bennmvana or napaMmeTpa A/id OBYMEPHBIX CECTEM YIIP:
srenns.// Duddepennuansusie Y pasuenus, 1997, 1.33, 5, c.664-671
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JI.T. Tlo3usk

K BOITPOCY O CXOAMMOCTH METOI_{OB
IMIPOMEXYTOYHBIX 3AAY

Canxr-IlerepOyprexuii rocyAapcTBEHHEIH YHUBEPCUTET

Tiycth A - CaMOCOMPSKSHHBINA TONOKHMIENLHO ONpPEACACHHbI ONepaTop B THiIb0epTOBOM
npoctpanctee H |, coextp A nubo amckpered, nmbo comepxut coberBeHHbie 3Hauenua (C3) aToro

OMneparopa, NeXaiue CAeBa OT ero cymecTeeHHoro cnextpa o,(A4). Jina ynpomerus GopmyaupoBOK
BBEIEM BEIHYHHY

oA o0, ecnu o, (A)= D

()= {inf(o*e(A)), ecin o, (A= D

O6oznauum uepes §4,(A)} C3 omepatropa A, ynoeneTeopsmiouve HepaseHctBy 4,(4)<{(4) n
YIOPSAOYEHHbIE TI0 BO3PACTAHMIO € YIETOM KPATHOCTH, M PACCMOTPHM 327134y 00 HX OThICKaHuM.

B noxnane ucciegyercs CXOOUMOCTb NBYX M3BECTHBIX METOMAOB PEIICHMS MOCTABICHHON 3234H -
METOHa NPOMEXYTOYHBIX 3aHa4 ApOHIIaliHA W METONa NPOMEXYTOYHBIX 3agad basmu-Poxca [1].
BaxHOCTh UX 3aKMOYAETCA B TOM, 9TC OHM npubmmkator uckomelie C3 CHH3Y U B COMSTAHMU C METOAOM
Puriia, naromuM npubmmkeHus cBepxy, no3sousioT Haiimu atu C3 ¢ rapa"TupoBanHoil T0MHOCTRIO. Tlo
paccMaTpuBaeMOMy BOTpocy Haubonee ofimnue M HONHBIE pe3yiibTaThi nmomay4denn! bpaynom [2] 3mecs
HEKOTOphIe H3 pesynbTaToB bpayHa yrounsiored u obobmarorea.

Meronst Aponinaiina u baznu-®oxca naumsaroresa ¢ Bbibopa 0a3oBoro omeparopa A,, KOTOPHIA

AOJDKEH MMETh T€ ke oOImue, epevrCcieHHbie BHIIIe CEBONCTBA, 9TO M ONEPaTop 4, a TakkKe CHeAyIOHIHe
NOTIONHUTEbHBIE CBONCTRA!

1) samxHyTbie Oununelinpie Gopmbl @, g, onepatopoB A U A, CBA3aHBI COOTHOLUEHKEM
a=a,+b,
rae b - cuMmmeTpurHas NonoXuTENpHAA OunuHelinas popma B H |
2) C3 {,l,,(Ao)}, ynosneTsopsiomue HepaseHCTBY A,(4)) <fl(4,), ¥ coOTBETCTByIOMiME UM

oproHOpMupoBaHHbie B [ cobcTBeHHbie aneMeHTh oniepaTopa 4, U3BECTHEI,
3) cymectayioT C3 A,(4), ynoenersopsomue nepaseuctBy 4,(4) <0(4,).
Kpome toro, B Metoae basnu-®oxca Tpebyercs, urobui popma b Obina npeacTasrma B EUAE

b(u,v) =(Su,5v), Vu,ve D),

roe S - u3BecTHbIH oneparop, AelcTsytouuii w3 H B Hexoropoe rwibbepToBe mpoctpascTee H, co

CKaJIIPHBIM NIPOM3BEACHHUEM (.’.)* )
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CrenyromuM, OCHOBHEIM 1IaroM B OOOMX METOHAX sIBAAETCS NOCTPOSHUE MOCHEHOBATE.(LHOCTH
IPOMEXYTOUHBIX OnepaTopos 4, ¢ Temu e oOmuMu CBONCTBAME, YTO M Yy ONEpaTopa 4, U C

3aMKHYTRIMM Oununeiinsivu fopMaMui @, , YIOBIETBOPSIOIMMY HEPABEHCTRBAM

asa , m=12.... (1)
Mns aroro B Merome bosmu-®okca BHIOMpacTCE HOCHCAOBATENBHOCTL  PACIUMPSIOLIMXCA

a,<a,<a, <a

nopmpoctpacte G, G, C--- , nmexamux B obmactu ompenenesma D(S”) omepatcpa S,
CONPSIKEHHOTO K S, ¥ onepaTopsl A4, CTposTCs B BUAES

A =4,+50S8,

rae O, - opronpoextop B H. Ha G, , 4epTa 03HaYaeT 3aMBIKAHHE.

B merone Aponiiiaiina OCHOBOH KOHCTPYKLHY ONICPATOPOB A, TakKe ABAZCTCA PacIovpsioinasics
HOCIEeROBATENBHOCT noAnpoctTpancts F, C F, C--+, koTopbie BuibupatoTes U3 OONacTH ONpEACHEHuUs
D(B) camoconpsxenHoro omeparopa B, oTeeuamommerc Ownuueiinoii dopme b, u ssmmored
NOATIPOCTPAHCTBAME  DHEPreTvdecKoro mpocTtpaucTBa M, omeparopa B. Hwmea Taxyio

MOCHEAOBATENLHOCTD, TONAraioT
4, = 4,+BF,,
rae P, - opronpoextop B H , Ha noanpocTpaHcTso F, .
HOas C3 A,(4), ynopnerBopsmomnux HepaseHCTBY A,(4)<{4(4,), B xazectse mnpubiioxeHui
Oepytes C3 4,(4,,): 4,(4,)~=4,(4).B cuny (1) umeeM nepaBeHCTBa
A4 < A,(A4,) S A (A, S A (A).
Teopema 1. Ecau nmocieroBaTenbHOCTD {Gm} npeaensHo miotHa B D(S”) po Hopme rpaduxa

S”, T.e. ecnn
gggmﬂff—gﬂ* +{‘S*(f_g)”)—+0 npu m —> co s VfED(S*),

10 lim 7,(4,) = 4,(4) w1 4,(4) <£(4,).

Teopema 2. Eciu nocnenosatenssocts {F), } Takosa, aro
inf (b(u —v,u—)+|B(u —u[}z)—a 0 npu m > nus Yu € D(B),

veF,

10 lim 4,(4,) = 4,(4) mna 4,(4) <£(4,).

JMTEPATYPA.

1. T'yap C. BapuaunoHHbie METOABI B 33Aa49aX O cOGCTBEHHBIX 3HadeHuax. M. : “Mup”, 1970, 326c.
2. Brown R.D. Convergence criteria for Aronszajn’s method and for the Bazley-Fox method //Proc. Roy.
Soc. Edinburgh, SectA. 1988. vol. 108. P.91-108.
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10.B.Iloxopasiit, A.B.Boposckux, C.A.Illabpos

O KOJIEBJIEMOCTHY YPABHEHUY
C OBOBIIEHHBIMU KO20OPUITNEHTAMHI

Boporexckuril rocyiapcTBeHHbIE yEABEPCATET, Boporex

Pan 33529 MaTeMaTrIeckolt QH3EKE IPABOIAT K aHAJIN3Y KaJeCcTseH-
HEIX cBOHCTB {(amcio By iell, 9AcIio iepeMeH 3HAKa B 1p.) pellieHnil ypas-
HeHWl BHAA

~(pu') +Qu = F', (1)
rae Q' m F' - obobmennsie npom3soansie $YBEROmA orpaEddeHHCH 8a-
paanma Ha (a,b). HenpuMesuMocTh CTaHEAAPTHOTO HOAX0Aa C UNC3RTAH
teoprn pacnpenenepmii (CoGosiesa-11IBapna) BEHYKAaeT HCHOL30BATE
Apyrofi moaxos, aneKBaTHLIN dr3mUeckoll nprpose 328249, IPHA KOTOPOM
ypasuenne (1) TpakTyeTcd B BHAE

_(W') + /fude‘— F(z) = const (a<x<b), (2)

rie £ — ofHa U3 TOYeK HeNpepHBHOCTE (J(z) m mATerpaji HOHEMacTCH
no Jlebery-Ctanthecy. Bosgukalomue 34eCh TPYAHOCTH OHPEHSIARTCA
3aBECAMOCTDIO HHTEIPaJia OT BEPXHEro npefie/ia, KOTOPHIR AOJUKCH HPH-
HAMAThH CILIOWb BCe 3HAYCHWH B3 (a, b}, BCJIGACTBHE 9Er0 HEeBO3MOXHO
IPEIHOJIaraTh TY XKe GYHKIWO Q BCIOAY Henpepbmnoﬁ cupaba (A cie-
Ba), 9T0, KaK NPaBMIC, NejlaeTcs Pa3JIAdHbIMA aBTopaME. llocieiuee
mpefonpefesideT pacHiHpeHre DOHATHA mHTerpaja Jlebera-Crmarseca
Ha, cJiydaill, KOTHa COOTBETCTBYIONEe pacupeaesenne Q(z) MOXeT AMETD
ABoBiEBIe cKaukH, T.e. Q(7 — 0) < Q(7) < @(7 + 0). C noMompio TakAX
pacnpeneienn# (¢ ABORHABIMEA CKAYKaMu) yAAETCHA OOBCAaTh 060bmerHoe
morogednoe nud pepeanapopanne, I03BOJIAIONEe CBOAATS YpapHEeHAe (2)
K IOTOYeTHO ONpefesicHHOMY (T.e. OOBIKHOBeHHOMY) nmddeperimais-
HOMy ypasHemmio Buza (1) ajia cnyvas, HaupEMep, ABOKEOrO AHOOJ,
xKorga ' COEPXAT cnaraemoe Buza §', rae § — nenvra-pynxnas lupa-
ka. [Ipm TaKoM moaxone AJjid BasXHBIX Kjaccos yHkmml, Tepaomuax ge
TOJIEKO TVIaJAKOCTH, HO B HEMPEPHIBHOCTD, YAaeTCA pa3paboTars ajieKsar-
HyI0 KJacCmieckoll Texamky AnddepeHnumaibAbix HEPABEHCTB, YCTAHO-
BATH ONEHKHE dWCJia Hysell pemennit ypasaesnsa suua (1), ycrasormts
TOUHEIE AHAJIOTE TeopeM cpaBHeHma IlITypMa m cooTBeTCTBYIOLIEE OC-
ORJJIANACHALIE cBolicTBa co6cTBeHHbIX dyBRIAN ABYXTOYEYHBIX Kpae-
BRIX 337129.

* PaGora smnonnena npu nogaepxxe Pocenficroro Ponpa Qynaamenransnsx Hc-
cneposanntt (rpant N 96-01-00355) n rpanta C.- He'repﬁyprcxoro yH-Ta B obnaciu ecre-
crpennntx nayx (N 95-0-1. 8&97)
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10.B.Tlokoparri, B.J1.1Ips1aes

O HEJIMHEVHbBIX KPAEBBIX 3AJAYAX
HA TIPOCTPAHCTBEHHBIX CETHAX

Bopomexcknit rocynapcTBeHHEBIR yaABepcuTeT, Boporex

Ha mpoctparcTeennol cetn {reomerpudeckoM rpade) I' paccmarpn-
BaeTcd obnikHOBeHHOE HuddepernrabEOE YPaBHECHAE

"(puf)’ +qu = f(:,n, u, u‘)a (1)

TNOHAMAaEMOe KaK 0OhIKHOBEHHOE Ha, KaXHoM pebpe ; (ogEoMepHOM OT-
pe3Ke) U 3aMeHaeMOe YCJIOBAEM HENPEPHIBHOCTH B YCIOBHEM

Y (piu)(e+0)=0 (2)
v € I'(a)

B KaxXAo# BHYTpeHHeR Bepmimge ¢. CyMMupoBaHTe B {2) BeJieTcs o pe-
6paM -y;, TPAMBIKAIOWEM K a, gepes u'(a + 0) obosHagena npoAsBoz{HAd
#(2)|s=¢ BHONE pebpa ; B Hanpassieann “or ¢”. B menom I' npeacran/ia-
eTcs OPHEHTHPOBaHEEM, UT00k B (1) npoussonmas u'(z) mMesia CMBICT B
Kax Aol Touke I', oT/ImgHOH OT BHYTpEHAUX BEpHIHH, Y paBHCHASA ONACAH-
HOIO THIA BO3HUKAIOT B CAMBIX Pas3HBIX 3aJa9aX ecrecTBo3Hamnd. OObIa-
HO HX DPacCMaTDPHBaIOT B BAAE CACTEMBI YDaBHEHHH BTODOTO MOPANKA —
Ha KaXAoM pebpe cBoe ypapHeane. B pamkax mamero mogxoga (1)+(2) —
ennHbi 0OHEKT ¢ penieEneM — cKagprao3Hagaol dyexmmedt v : I — R.

Mauorootpasne pemiennit ypapEeand (1)-+(2) mMeer pazMepHOCTD, KaK
TIPaBHJIO, COBIAAAIOMYIO ¢ KOJHIECTBOM TDAHUYIHBIX BEPWIMH {TYIAKO-
Bbix pebep) B mosToMy 3aiava Komnm B 0OBI9HOM CMBICHIE 3HECH MOCTa-
BJeHa ObITH He MoXxeT. HambGoJjiee ecTeCcTREHROE CPEACTBO PHKCAIEE F30-
JIPCBAHHOTO PENICHAs — BHIALLICHAE ero 3Haq%cHul ma J1° — MAECKeCTBE
rpPaHEEYHBIX BepmEH (aHaJor ABYXTOo9edno# KpaeBoll 3ajiaum Ajid CJay-
gas1, Korda [’ cornamaer c orpezroMm). B Takol nocranoBke jijisi ypanHe-
ausi (1)4+(2) malinen pag ycnopmil eNWHCTBCHHOCTH pemiernl (B TepMu-
HaX MOHOTOHHOCTH [ U0 %) W yCJIOBHi pa3peilimMOCTH, CyHieCTBOBaBEHA
BeTBell cobcrenntx Gyaknmit And caydad, korga f = f(-,A) = Afoi-) m
up

* PaGora pmmonHena Aps nonuepxge Poccufickoro ®onna @yusamentaasisx fAc-
caenopanuit {rpant N 96-01-00355) u rpanta C.-IlerepbGyprexore yu-Ta B o6aacty vore-
cTRenuHX Hayk (N 95-0-1.8-97)
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YPABHEHUY DJIIEKTPUUECKOTO
ITIOJId NEHOPUTA HEPBHOU KJIETKNA

Hoxopansiii 10.B., lIpsmues B.JI., Boposckux A.B., ITokposckuit A.H.

Boporex, BI'Y; Casxt-Iletepbypr, CII6IY

YpaBHeHna 3/IeKTPUYECKUX TPOLECCOB B HPEBOBUIHEIX OTPOCTKAX H2DB-
HBIX KJIETOK (B JIMHEHHOM npubmiKeHnn) cHOpMYIIMPOBaHE Kak muddepeH-
unabHbe YPaBHeHNS Ha rpade-maepese.

Onucanue 2paga. Koneunsiii rpad I' pacnionioxen B orpaHudeHHOM 065-
eMe eBKJIMOBa APOCTPaHCcTBa R%, rie BBeeHE MPAMOYTONBHEIE KOODIUHATHL
z = (z1, 29, 23). BeTBu mepera (pebpa rpada) I' cumratoTcs npaMONMMHEHHEMY
otpeskamu B R® u 0603Ha9a0TCH 71,72, . - - , Y} UHCTO BeTBEH paBHO M. Kax-
noil Touke Ji00Ool BETBU 7y; COIMOCTaBIAETCH JiOKajibHad KoopamHaTa © < R
¥ IPOCTPaHCTBeHHbIe KoopAnHaTH 2(z) = (21(2), za(z), 23(x)). Konuzi pebep
(BeTBeii) rpada HaszbBaloTCa y3daMu. MHOXKeCTBO y3/i0B 0603HAUaeTCH EaK
J(T'). Kaxppiii y3esl MOXeT MPUHAMIIEXATE ONHOMY WA HECKOIBKUM pebpa;
MHOXKeCTBO pebep, okaHunBatomuxca B yaie a, (a € J(I')), oboznauaerca K;
1 < |K,| < m . I'pad cea3HBI U 4BISETCS NEPEBOM: W3 KaXIOTO Y3i@ a
CYIIeCTBYeT €AMHCTBEHHEIN My Tk Mo pebpam rpada B mioboii gpyroii yzei a*.

Homenyuaast u moxu. O6osnauum V = V (¢, z) BHyTPUK/IETOUHEIE TOTEH-
1madisl Ha pebpax u B y3nax rpada I', u ¢ = ¢(i, z) BHEKIETOUHEI TIOTEHITAT,
onpenenennsii Ha R3\T', ¢(t,00) = 0 . BHekseToOUHEIC OTEHIMATE Ha rpade
I' onpepengrorca cnepytomumM o6paszom. Kaxpoii Touke = smoboro pebpa v; co-
nocTasngiorcs dyuxuun p;(z) (pamuyc), fi(z), gi{z), piz) = pi(1+ (o))
Pebpo +; MOXHO paccMaTpUBAaTh Kak BEKTOp B R°. B Touke 2 € v; moctpo-
UM TIOCKOCThH, OPTOrOHAJIBHYIO X 7Y;, Ha Hell ompemenmuM okpyxHocTs C(T) C

HeHTPOM B TOUKe z(x), ¢ paguycoM p;(z) U TONIPHLEIM YIJyioM 0, M BEIIWC/IAM



148

HHTEerpaJi
Bi(tz) = (1/27) [ &(2(2) +7(pi(),0)) 405 @ €
é(t,a) = |Ko|™' Y di(t,a), a€ J(D).

"fz'EKG
Ypasuenud. BHyTpHKJIeTquBII‘iI norennuain V (t,x) Ha pebpe <y; yHOBIIe-

TBOpAET yPaBHEHUIO
A(Vi— $i) /0t = pi (PIVi) — g:lVi — &) — fi (1)

rie WTPHX 0603HAYaeT MPOM3BONHYIO 10 Z. B y3iaxX BHYTPUKIIETOYHBIA 1I0-

Teunmadn V (¢, z) HenpephiBeH W BHIONHAIOTCH YCIIOBHUA

Y pHa)Vi (t,e) + ua()[V(t,0) - 6(t,a) — V] =0, a€J(T); (2)

'YiGKa

rzie Ug(t) - yIpaBIome CUTHAME (TIPOBOAMMOCTH IIOCTCHHATITIYECKOA MEM-
6pasbl), Vs, = const. BHexneToOUHbIN TOTEHIHAI @(t, z) BEIUUCHAETCS 1O (POP-

MyJie

o(t,z) = z A; /, (rp(zm z)) gf%r) Bau,(H)[V(t,a) — B(t,a) — Vial/7(a, z);
(3)

rae r(z,z) = |z — z(x)|; A; m B, - KOHCTaHTHL.

CymiecTByeT eAMHCTBEHHOE PellleHre CUCTEMBI Y PaBHEHMA (1),(2),(3). lipm
u, = const., a € J(I') sapaga (1) - (3) cBommTca K CeKTpaibHOM 3212492 Ha
rpade I. TIpu ecTeCTBEHHEIX OIPaHUYEHNIX €€ peleHne obnafiaeT CBOCTBa-
MIKA:

~ Kax oMy co6CTBEHHOMY 3HAYEHHIO A, COOTBETCTBYET AMHCTBEHHA CO0-
cTBeHHas GYHEUUL P, (7). A, BEMIECTBEHHH, |A,| — oo mpm n — co .

— Tlpu xaxzmom n co6cTBeHHas GyHKIMA Yn(x) mMeeT Ha I' n mHynei u
n + 1 myusocTs. ¥g(z) nHe mMeeT Hyseit Ha I'. (IlyusocTs rpada I' apigercs
nonrpadoM, Hyilb — moaMHoXecTBOM Touek I'),

— g Kaxpgoro n HyIu ¥, B ¥, OepeMexajTcd.
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AIIIIPOKCUMAIIY PEJTAKCAITMOHHEIX
KOJIEBAHUU KOJIEBAHNSIMY PEJIIEMHBIX
CNCTEM

Iloxporckuin A.H.
Canxz-lleTep6ypr, Cll6I'Y

PaccmarpuBaeTcs penakcaumonnsie KoneGanus B CACTEME
edz/dt = f(z,y); dy/dt = g(z,y); =€ R*, yc R™ (1)

¢ rmagknmu f, g. O6osmaanm z(t,¢€), y(t,¢) pemenne (1) ¢ Bavsamarvm ycnosmama z(0,¢) = z°,
y(0,e) = ¢°. Yparmenne f = 0 samaer mmoroo6pasme I', cocrosmee m3 ABYX YyCTOMIMBHLL HaCTER
I'y, Ts, meycroiausoii sacrn 'y m Muoroobpasmii Touek cpeiBa I'yg, I'yo. Brmonaaiorca obmignsie
YCHOBHSA HEBHIPDOXKACHHOCTH TOYEK CPHIBa. Y CTOHUMBEIE KOPHE ypaBHeEus f = 0 oGO3HaUCHH T =
$iy); ¢iy) €Ty 5 =1,2.

Peneiinas cactemMa 3amaeTca ypaBECHAAMA

dy/dt = g($;(y),v); y(0)=¢° j=1,2 (2)
n orobpaxermamm 9 — I'a, T'yo — Ty . OGosmaumm zo{t), yo(t) pemenme cumcremss (2); momenTH
HepexioeEna obosnaTmM to, 1, ia, . ... M3BecTrO, 4TO Ha KOoHeuHOM mHTepBaie Bpememr [0, T

BCIOAY, 33 BCKIIOUEHAEM J-OKPECTHOCTEH TOUEK TepekmiodeHns &;, ¢ = 0, i,...
lo(t,e) — zo(t)| = 0, ly(t,€) —yo(t)] = 0

nps € — 0 ¥ >T; BeImImEL HMeIOT HopamoK £2/3n(1/¢).
HocTpoera mopas peneiinas cmcTeMa ¢ pemennavu z*(¢,€) = @i(y*,€), y*(t,e):

dy*/dt = G(®}(y",€),y"); ¥ (0,¢) =4¢°, j=1,2 (3)

¢ orobpaxermamu ['jo(e) — T5(e); T'(e} — I'j(e) . Pemenme >Toil pemeiiof cmcTeMsi Jyime
anmpokcumupyeT pemenue cucreMtr (1) ma mutepraie [0, 7] ¢ BEIKOROTHME OKPECTHOCTAME TOICK
mepexamodcHns. Umeet MecTo

Teopema. Ecnm T'y, T'; B cucreme (1) meorpanmuennsi, To cymecTByeT Takad peliciiHag cacTeMa
(3) m raxme wmcma €0 >0, § >0, Ko >0, Ky >0, aro npu ¢ € 6, T\NU; (2: —8,t: +8), 0 <e<egg
BRITIOJIHAETCSA HEPaBEHCTRO:

le(t, e) — 2"(t, )| + ly(t, €) — y* (¢, €)| < Ko ezp(—K; [e).
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Pymsuuesa E.B., 3apybun A.H.
HAYAJIBHO-KPAEBAA 3ATAYA
il IN®PEPEHIINAJIIbHO-PASHOCTHOI'O YPABHEHMS
CMENTIAHHOI'O THIIA C 3AIIA3IOBIBAIOINM APTYMEHTOM

Open, OpsioBCKMii TOCYIAPCTBEHHEIN YHUBEPCUTET

Y paBHeHue
L(y) = uge(,y) + signyuy,(z,y) — ouy(z — 7,y) =0, 0 < 7 = const, (1)

a € R, paccMarpuBaeTcs B cMemmadHoit obnactu D = D U Dy U J, e
Df ={(z,y) :2>0,0<y<nw}ulby = ZQZD% — SINIANTHAYECKAA 1
runiepbommueckas gactu D, mpuaem Doy = {(z,y) 1 kT —y < & < (k+ )7+
y, —7/2<y<0}ad={(zy):0<z<+co,y=0}
ycts D = :QZ Dy, vme Dy = {(z,y) 1 k7 <z < (k+1)7,0< y < 7}.
3agaua Q. Hatimu pezyagproe 6 obiacmu D pewenue ypasnenus (1),
Y006.4emeopIIoUee YCao8UIM:

u(z,y) = fi(z,y), (z,9) € Dy (1=1,2);
u(z,m) = (), 0 <z < +o0; zl_i)riloou(x,y) =0,0<y<m;

u(z, kbt — z) = Pp(z), bt <z < (2k+1)7/2,

ade fi;, v, P — 2adannvie nenpepvisnble, JOCMAMOUNO 2aadKue HyHIcyuy,
npuuem fi(z,0) = fo(x,0), = € [~7;0]; fi(0,0) = ¥o(0) ; f1(0,m) = (1) ; p(+c
0; ¢r(+o0) = 0.

EpuscTBeHHOCTD pemieHns 3afadm Q mokasama npu |o| < 1/7 ¢ nwomo-
IbIO SHEPreTUIECKUX HEPABEHCTB 6e3 orpaHuyeHNd Ha BeJIMUMHY 3amia3bl-
BaHHL T, a CYyIIECTBOBaHNE METONOM MHTETPAIBHLIX YPABHEHMNA N KOHE THBIX
MHTErpajibHBIX Mpeobpa3oBaHuii.
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Caskos C.A., IOmxkanoB A.A.
AHAJTATAYECKOE PEHNIEHUE KHUHETUYECKOI'O YPABHEHMA
BOJIBIIMAHA B 3AJAUAX OB NICTOYHHUKAX TEILIA ¥ YACTHIT
Opes, OpsioBcKmii TOCYIAPCTBEHHBIN YHUBEPCUTET
Mocksa, MockKoBCKuiI TeAATOTMYECKA YHUBEPCATET

ITosmyyeno amanuTHYeckoe pelieHWe MOAESIBLHOTO KMHETHMYECKOTO /paB-
seaus ¢ BI'K (Bxarmarapa, I'pocca u Kpyka) u OC (snnumnconpaiisHo-
CTATUCTUYECKNM ) MHTETpajlaMi CTONKHOBEHHI AJIA 3a4a4i O TOYEIHRIX HIC-
TOYHNKaX Tellla 1 yacTuil. PeiitleHue npoBoauM B TPH 2Talla: PaCCMATPHBa-
eM GecKOoHeYHHN NIIOCKNN ucToynuk u MeronoM Keiiza uimem peieHnd Co0T-
BE€TCTBYIOIHETO €My OOHODPOOHOTO YpaBHEHUS, IPeACTaBIIIIoNIe coboi 11051~
HYIO CHCTEMY OPTOrOHaAJIbHBIX QYHKIUN; Aajiee, QYHKIMIO pacupeleleHus
nng ucrounuka (pyskimio ['prna) packiaabiBaeM Mo HOLYyYeHHOM CACTEME
PellicHN 1 ofipefielifeM MoJid TeMIEpPATYPH U KOHIEHTPAINK MOJIEKY/ Ia-
3a; UCHOJIB3Y 4 CBA3h MEXAY PEIleHNIMH B IIOCKOM U cHepUIECKOM CIIy Hadx
Haxonum mosie TeMiepaTypsl 1'(r) u xoauerTpamu N (r) s u30TpONHOro
TOY€YHOTO MCTOUHUKA:

1 5 1 1
Talr) = 5mr + 1873/2¢2 Jrns  Np(r) = 5mr + 273/ 2p2 T
i 1
T(r) = Nalr) =~ — = =3 Frp.
Wunexc h cOOTBETCTBYET MCTOMHUKY TEMIIA, P — MCTOYHUKY YACTHIL. T - Pac-

cTogHme oT uctouyanka. llepsrie ciaraeMsie OMUICHBAIOT aCUMIITOTHYCKOE
nioBeJieHMe pellicHud Ha OoJIbIIOM YAaJIeHWH OT MCTOYHHMKA, BTODHE — B He-
HocpefCcTBeHHo# bimsoctu oT Hero. Oynxmmu fry, frp u [, onpenengoTcs
4yepes MHTErpajitl OT GYHKIWMH OIIMOOK M ¢ TOYHOCTHIO A0 JECATHIX LOei
MPONEHTA AlMPOKCUMUPYIOTCA BHIPAKCHHIAMUT

frn = exp (—0.464r"%Y) s fy, = exp (—0.763r95%) ;
frp = exp (—O.452T0'924)
g BI'K u

frn

|

exp (—0.5057‘0‘926) i fnp=-exp (-0.9107'0’833) ;
frp = exp (—0.310r"17)

OC Moperm MHTETrpafia CTOJIKHOBEHMMN.
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Caskona O.B., 3apytun A.H.
TEOPEMA EOMHCTBEHOCTH PEIIEHUA
HAYANTBHO-KPAEBOW 3AIAYH NJISI YPABHEHHS
CMEIMAHHOI'O TUIIA C KPATHBIM 3ATTA3SOBIBAHUEM

Open, OpsioBCKmMil TOCYHAPCTBEHHEBIN YHUBEPCUTET

Y paBHeHue

L(y) = Yy ue(2,y) + ugy(z,y) —yu(lz — (1 + Hy))r,y) =0, (1)

0 < 7 = const , H() — pyuxung Xepwucaiina, pacCMaTpUBaeTCS B CMeIIaH-

Hoit obnactu D = DF U D; UJ, rme D = {(z,y): >0, 0<y<w}m

400
Dy = U Dy, — snnunTuyeckad u runepbosimyeckad yactu [, npuueym:

Do, ={(z,y) :kr —y<z<(b+1T+y, —7/2<y <0},
aJ= {(:cy) 0<az<—l—oo y =0}.
Oycts D = U Dy, voe Dy = {(z,y) : 2kr <2z <2(k+1)7,0< y < w}.

3anpaua A H&umu, pezyagpuoe 6 obaacmu D pewenue ypasuenug (1),
ydosaemaopgiouee YcaosuIm:

u(z,y) = fi(z,y), (x,y) € Dy_y(i =1,2);
w(z,Y)|,—r = ¢(2),0 < T < +o00; zgrjloou(m,y) =0,0<y <7
“(m?y)lm—ék’r:z(—y)m/s = Yop(x), 2kt <z < (4k+1)7/2;
u(, y)|(2k+1)r-m:2(_y)3f2/3 = Popri(z), (4k+3)7/2<z<2(k+ 1)1

ede f;, &, Yar, Yorr1 — 3adannvie nenpepvisuvie docmamouno 2aadxue Giyns-
YUY, NPUYEM

fl(&?,O) - f2($70)7 S [_T; 0] ’ fi(oao) = ¢0(0):

Yor(2k7) = dop1(2k7) (B =1,2,...), f1(0,7) = ¢(0),
$(+00) = 0, thor(+00) =0, aps1(+00) = 0.

Teopema. Ecau cywyecmsyem pewenue 3adaun A, mo ono eduncnisen-
HO NPU YCA08UU T < 1/v/2.

HokazaTenbCcTBO TeopeMHBl MAET C IOMOmBIO MeToma abc B codeTaHunm
¢ meTogom Ppankng (T.e. ICTIOJTB30BAHNS MHTEIPAJIOB SHEPTUN HA JIAHAN
BhipoxAeHnd y = 0) u oneHOUHOH pabOTHL
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IO .Canponon

KOHEYHOMEPHBLIE PEAYKIINN Y BU3YAJIMSATIANA B
UHTEMrPUPYEMBIX BAPUATIMOHHBIX 3AJAYAX

Boponex, Bopouexckuyt rocygapcTBeHHBIN YHUBEPCUTET

[lns urTErpUpyeMbixX AudppepeHnUuAILHBIX YPABHEHAY BapHalHOHHOTO ACIUC) e-
HUA €CTECTBEHEeH BOIPOC O TOM, 9TO AaeT HHTETPUPYEMOCTDH B COYETAHUMA C KOHE Y-
HOMEDPHOU pefynupyeMocTbio. W es SIBHOLO TIPeACTaBlCHUA MaprUHAJIbHOTO 010-
6paxkKeHnd 1 KI049eBon QyHKINH 6blia cchopMmyaupoBasa B [1] m 3aTeM peanaiora-
ua B [2]-[5] B 3agavax 06 yupyrux paBHOBECHAX BUICPOBA U KUPXTO(OBa CTEDHKHH
(uam, YTO DKBUBAJEHTHO, B 3ajadaX O ABMKECHUAX MaATHUKA M JarpaHKeBa hHojdd-
Ka) u B 3ajade o NEPUOJNIECKAX pellieHusx SG—ypaBHenus. DBe3ycloBHO, CIUCHK
TaKuX Pealusaliiil MOXHO TPOAOIKHTD, €Cli yIeCTh Haludle B HacToAWEe Bperil
60abUIOTO 3allaca MHTErPAPYEMBIX ypasHeHnit [6].

[lokaa  TOCBAIUEH ONHUCAHMIO OOWMX CHCTEM MHTErPUPYEMBIX KIIOYEBBIX H1apa-
METPOB U AOKa3aTeJbCTBY HHTErpupyeMocTu mnapameTpoB Mopca-Borra B naie-
PPUPYEMBIX ABYXTOYEYHBIX KPACBhIX 3a4a49aX ¢ BBUIYKIOH HelauHenHocTho. B oTonm
KJacce MOCPEACTBOM ABHBIX BBIpaXKeHMN KIIOYEBHIX MapameTpos Mopca-Borra «e-
P€3 KOHCTAHTH WHTETPAPOBAHUA yAAETCA HOIYIUTD ABHEIE POPMBI MaprUHAILHIIX
0TOOPaKEHUN M KJIIOIEBHIX (PYHKITHH, 9TO MO3BOJLET OCYUECTRIATH M3YUYEHHUE OCO-
GeHHOCTEN DKCTpeMalell NaKuX (PYHKINOHANOB aHATUTUIECKUMY W KOMBIOT€PH >
Mu cpeactBamu. SBHBIE POPMYIBI CO34aI0T OCHOBY A PazpabOTK# HOBLIX allo-
PHTMOB BU3VAJIM3aUHM, C IIOMOIBI0 KOTOPHIX MOXHO BHIBOAWUTHL Ha IIPUHTED U TH
PKpaH MOHHTOpa rpaduyuecKme o6pasbl, Aalouive HaMigfHyIo UHGOPMALMIC O (Y-
1IeCTBOBaHUM ¥ GU(pypKalum dKcTpeMaler, o6 unaekcax Mopca 6udpypuupy oy 1x
BKCTpeMadiell, 0 MeTaMopho3ax MOBEPXHOCTEH YPOBHEN U T.11.
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B. 1, Caxpenso, M, Yo

HEJWHENHBIE KOJBEBAHNUSA B AUHAMHYECKHX CRCTEMAX ¢ ANCKPETHOR
CUMMETPHEHR

r. Pocrow-ma- Rowy, Pocroscrull rocyaporpeunntil yimveposrer

TeoDeTAKG-IPYTHOBHIC METONIA ACCHINNOBaRAY Hermnoliuol TAHAMBKH RKNaCCATECKAX CACTEM ¢ CHMME-
TPAAME TAMARE PASHEBRYBCE CPABNATCIHAO Heaana0, Tlephot HOHPABICHNS TaKHA BOCHETOBANRR CBAZANG
« morsrraeM aennHeimol vopnaanasE Moa {13, sropoe - ¢ nowmTHoM By ROPMAIIHELIX MO [33-8]. Oba.
PIR HAIPBDIICHTH oTAMMAIOTCA ADYT O MPYID HO DOCTAHOBKC POWacMEIX 3RURY, HOY TeMbin peity jbiatam
W HCHONEEYEMOMY MATSMATRUSCKOMY aummprry (o0maM Ins HuE IR/HeTCR IDIMeHENAe Te0PEs penCiy
SASHAN PPYAN CAMMETDHM B TeGDAR HOPMATH3aIBE CACTOM nadibepenuuanpmIX ypasuemii). B racromuei
pefinre PACCMATPEBAKTCS TPH BIACCA BNTHHOMEATHIBIE ABHAMITICCKEY. (ACTeM - FaMBEITORORLIX, TPa-
SECRTHEIX # cBoTeM rapa Uusarepa, HOAANRMIOIAX B COCTOAHNA DaBHOBECHA AmCKperHod {rounnol mim
npovtpancTeemoR} rpymmoll cmaMerpun 7.

B o of Sauefanx, b BeImHeRbIX CRrTeMar Bo30yRAIA? HOKOTOPOR MO £, npeohpasymomen-

cH Ho nenpuBoEEMOoMY upeactasienszo (HIT} Ty rpyumes G, upmnopnr x BOEOYIEACHING M UOA0T0 PSan

3 ey

"seopEpax” Mon, & 87, £7, L CoOTHeRCTRYIONHY APYTHM HIU Tee, g, Vg, oL Hooias cOBORYIHOCTS

By = [6,8,¢7,8™,..) Mop, nonasstiouiixcs B CHCIOME BCASHCTBEE BosOymenny "ropuesodt” Momsl { B
paborax [3.4] nassana Gymem {RyoroM} E0oaeDBTeILERIT MO, Bym B; Mmoxuo paccMarpabars B Kak reome-
ypEacckall shuek T, obanupsound rpynol cusmerpan Gy C G, Bkak JEnammeckrl oG neKy, G IBacMbIB
wexoropol cncremoll obmwponeusex adepeHIEANLIENX YPABECHEN, KOTODAT CTPOWTCR HCXQNHA BR CHM-
aeTPARIEK coobpakernml B OHpEIeT NAMEHOIHS BO SPCMOIE aMIuMyy A sxogsngx » By mos, P ames uwamp
fane nogasano, wro s Sym Fy, sXOIET ve W TOMABLKO Te MOTH £, JULE KOTOPEX UMEeT MeCT: Casaymimes
COOTHOMEnEE MeKy AfpaMu roMoMorpusma coorpercrsyomus v HIT kerly, € kex T, {i=21,2,...).
Drengeckag HPWIEHRR TsatatERamsy nexoropoll smopuwmolt mom £ (1 # 0) » Gym B, rwazewa ¢ pell-
CERBeN R Hew oDODWRHMOR CRI ©0 CROPOHEL KOpReBol MOUB £y, DPEISM, OTBEYARNHE 58 DL CRIOBO
pompeRoTRIES WIS HOTSIIREUGINHE PHOPIRN MBSO ANCHELIMEA 10 KOMITOHORIAM MORBL & k oJROPOI-
ARIME $YHKTHEME OTROCATOMEHG KOMIOHOIY KOpHenoi Moust . 3uatoniie BRGHCHROIO UOHXIMH GYIA MOA
CRATHHO CO CASAYIONHME MByMa upraumass, Bo-nepenix, 9mcno cremesiell onoGonpl, oreTatoilies JangoMy
HyIny, ohEHe GHBACT CYINGCTREHE) MOULTHM TI0 CPABHSNIIO ¢ 0BINEM YACHOM cTenenel caohonsl Bcxenuoi
AHPMRMEISCROH CHOTEMEL DBo-BROPHIX, Co0TROICERYIIIRS Gyiny AUHAMMGeCRAS YPOBHCHBS MOFKIO 3hdek-

4

PABES EARCCHDUTHDOBATE [0 HEKOIOPEMY ' KACCAM VHRRCOCATLHOCTH , WOCKONBRY K KMRIOMY TAKOMY
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KAARCCY HepoiKO OTHOCEPCH COTHA B THRICIDTHM DasSHETINIXL ROJIEOBTCITRILIT DR HEMOB DMLY BeXannt -
CEREN ORETIORY

Bougpiioe sueqenie i oGlers aiaiasa B TOCTDOCHAS TPROUAKCHEHY AURIETHYSCEMX ponesdll ny-
AHAMITICORNAT }"{}aﬁiiﬁlﬁﬁk, DIFCLIBIGIIEY  DROSOIEIIG ﬁ:fﬂia Mg, HMELT BOCROJARUIRA K pafm'i‘;«m: Hya.lmapf !
TEODAT HODMANASHINE CHCTeM HAMOopeEAntasX vpapaemwi, C oe HOMOELID B BacToamel 1 anore iR
PEAMBENTANA ADHAMWICURBX DACIeM NoKatato tledyionan reopena {uus moxer Guiay ofolmean m va
iy uailt cucren {RSarcpoRcEoro THNAl,

Tevpesi Uyots HMeorad QHEMMIMOCK AR CHOLEME, GRACHBACMAN AEQOOPOTIEATLILIME ¥ [LBHCHRANMY
farr ¥iFey

i+ agyy = ~VU (e =1,2,..., 8}, 180

1) Kakuas pegTopUas nepeMenHas ¥ = (W {1} We2(1), . . ) eorh nabop ny, dveengé v, (0 o= 1, np)
apachpasyoamxea no U U rpyms comvespan (7 CBECTOMB 8 COcToRMEK pasaoBecad; 1) (oo TBeHAbIc
sHAREEUA Ay (& = 1,2, ... 8), oo0TBOTCTRYIONGS HHBADEATTHIANM Uormpocipagcteam pasausax HH 1,
HBSENGICN PMTEOUATLIG ROCOESMOPEMHIME (¢ PRIBISCKOE LOMRR SPOREH 210 YOJIOBED U3HAYACE CTCY 1CTIME
pesopancor @opmad:s 3) Dy 1., .. 1, ) ssisteres noamomsassRol hYeknEel GopANKA KRMINEe BTOPOTO,
HHLADEAMITAON DTHOCATCHLES NelcraE PpYUIL cuMMerpun (7.

Torna cymeereyer takoe parmmethoe ppecbpazopanme ot Y, ¥ 4, (b = 1,2, 5), wre
1) BOBHE NCPEMERNBIC §;, Rak W CTAPHIC HOPCMERHEe Y, upeobpasyiorcs ne vem wo camem HI1 Ty (4
12,0 o 8} rpyomr €. 2) mexny moBEMB NOPeMeHABIMT ¥, otRocmnaMucy £ pazmgam HIL mer cusnnena
BSAAMOHEHCTRER BINMOTE Ho APOHIBOJBLHGID HODAAKA MASIOUTH,

Upuzenemman TeopeMa HOlBOAReT YIRSPRUATE, 00 & ROJAOOHHIIY NHAGMIICCENY CHOTOME Moy
CYIEUEROBATE KOUEHATCIBING PEXUME], CouTBeTCTRYIONMe oraenmiatam HIT rpymms cummespun (7 ce pas-
aonecaore corromnt TIHeio coutBeTeRY MM RaRoMY Eoneharespiomy posmMy ofnfuenmay oTenemeit
CBOLOAK pasHe pasMepoctH H1, aro oOmUHO MEOTO MeHBIRE BOARGTD MHCia creierel cBolo b HoxonHoH
IHBAMBEICCKOH nafadE. Iates 7010, ORABIBAATCH, T10 MORET CYIECTBORATL POk Babop Mot MESeCKMX
PEORKAMOB, COOTBETCTBYIOIMAX BeOYIeMY npocTpancTsy uamvore HIL wweno orcnedelt cBoBonh, KoTopeIx
MR DAMEPAGCTH P00 DPSACTamIcHAa. oo tarne RoneHatebihie DemEitot TOLIakyICH 00 ol cum-
soTpuiinod xancowparamm. 1 goxnane oboyKIReTed 1KK0 CBIEE IR DOKEMOB ¢ HeSMECHILME 1op-

Mauthamn sonebauunna Coscubepia,
JAUTEPATYPA

1] 1A Montaldi, B.M. Roberts, and {N. Stowart, Nonknearity 3 (1090} €05-730. [9] T A. Montaldi,
iL.M. Hoberts, and LN. Stewart, Nonlinearity 3 {1060) 731-772. [3] B.IL. Caxnesxo, I'M. Yoaan, JHoxaamgs
Aranemmy Havk, 1993, 330, 308 310, [4] BT, Caxnengo, 'M. “ewsn, Jloxnoms Axanemun Have, 1994,

338, 42-45. [B] .M. Chechin and V.F. Sakhnenko, Polish J. Tech. Phys., 1998, 37, 297-340i,
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PEIIEHUE YPABHEHNISA MPEOUHIEPA IJIdd 3ADAYA
IICEBIOIIEPECEYEHNMS KBAIPATUYHBIX TEPMOB
IJBYXATOMHOU CUTCTEMbI

H.B.Cewmenora, B.B.Kpacroiiekor
Caurt-IleTep6ypr, rocyfapCTBEHHBIN TEXHUYESCKAN YHUBEPCUTET
russ@mail.imop.csa.ru

TeopeTrnyeckoe wuccnegoBanue KonebaTENbLHBIX BOSMYIUEHWH B COEKTPaX HEBYXaTOMHBIX
MONEKYJI OCHOBaHO, KaK MpPaBuio, Ha Npubnuxenuu ABYyX cocToguuii. B xadyecTBe ycTolsHBBIX
MOJIEKYJISIDHBIX TEPMOB, OTBEYalOIUUX KaXAOMY M3 COCTOSHMM, MOXHO B34Th, HalpUMEP,
HOTEHUUAIL TaPMOHUUYECKOTO OCIHUIIATOPa ¢ OOWHAKOBBIMH JacTOTaMu. 1orda BO3I4KaeT
TOYHOC pelllaeMas MOJeNbHas 3aJada co ciemyioiuM ypasHeaueM Llpenunrepa

H(R)¢ (R) = Ev(R) ,

roe H - laMunsToHuas paccMaTpUBaEMOil CHCTEMEL,

__g’f_ + R? . 1%
l;r = d’RZ dZ ?

» 12
14 '—W"{‘(R—ﬂo) +A

¥ = (1, ¢2)T — BoJIHOBaf GyHKIHS, F — sHeprus cucTeMbl, K — paccTofHUE MEXAy aTOMaMu,
V - mocrosmHOe B3amMOIEWCTBHe, OOyCIaBNUMBaiOIliee [EPEXONE MEXIOY TedMaMu,
Ry > 0, A > 0 — oTHOCUTENbHBIE CMELEHAS TEPMOB IO OCIM KOODIKHAT.

[Ipennaraercd mckath ¢ B BUME Pa3OXKEHUT

Y(R) = i ( i: ) f—\/—\/___:;;n_—!e“’%zﬂn(m ,

n=0

rne H,(R) - wonmuom Opmuta. C ydetoMm ceasm kosddummentos b, = Ve /(I —2n — 1)
U PEKKYPEHTHHIX (opMys [Jjis NOJMHOMOB OpMmmTa ypapseHue llpemmurepa cpomares K
TPEXWICHHOMY PeKKypeHTHoMy cootHomernuio (TPC)

‘ V2
<2n+1—E+Rg+A+m)Cn—Rg( chn_1+x/2(n—§-1)cn+1) :0,

TPpU yCIOBHAX: ¢, — O mpun +comc_; =0.

lonyuennnie npu peimennu TPC 3pauenws COBUIOB W paclUeIUIEHUS JSHEPLeTLYSCKUX
VPOBHEH CiyXaT albTEPHATHBON OSKCIEPUMEHTANbLHLIM [HaHHBIM 0OpH OUEHKE TOYHOCTH
npubCimKeHHEIX MeTomoB.  llpu Mafbix 3HaYEHMSX THOCTOSHHOIO B3AHMOAEHCTBHAS ObUIN
WCCENOBaHEl TPU MOLUDUKAUAN KBa3UKIAaCCHYECKOro NpubnmxeHws: MeTon Berrmens-
Kpamepa-bpunmosua (BKB), MeTon ¢pa30Bbix HHTErpanoB i BHCKPETHEI ananor MeTona BKB,
KOTOpBIA ¥ OBl IpHA3HaH JIyYIIHAM.
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B.M.Cokonos, B.H.®oMur

AJATOPUTM CAMOHACTPOWKHA MJisI CTABUJIN3AINY KACKA IbIX
CUCTEM C HEM3BECTHLIMU MTAPAMETPAMU !

Canxkr-Iletepbypr, MaTeMaTUKO-MexaEndeckuil paxyaprr CII6IY

PaccmarpuBaetca xiacce 06bEKTOB, IPEACTABAAOIMNX co00# baTapeio HocIcoBaTEeABH
COeIHEHHBIX allapaToB, OIMMMCHIBAEMBIX CUCTEMON HENWHEHHHX VpaBHeHUlM, MMEIOIIUX HEHA
6AI00aeMY 0 IVHEHNHYIO YacCTh, COOEPWKAINY IO YIPaBiIeHne W HEN3BECTHHIE apaMveTphl

& = Di(i — xia) + Filz:)zi,
% = A?(zz - 55—1)7?: = 1727 7Naf 2 tO-)
rae zo = C(f)u + d(0). 3mecs {z;}Y, ~ BexTOp CTAGMIM3MPYEMEIX TIEPEMEHHBIX (K3MepPAETCS)
zo 3aman, {z}Y, — Hemsmepaemuie mepeMmenmnte, D; u A; — U3BECTHBIC I'YPBUIEBSl VMATPHIbL
HeauHelHbe MaTpuuHsle GyErmm Fi(z) Tarke M3BeCTHHI, ¥ — HABOD YIPaBAAOINL BO3LOeH
creuii, C(#) u d(f) - meocobasa MaTpudHad U BEKTOPHAA (VHKUMM, 3ABUCAIHME JIMHEHHO 01
HEM3BECTHOI'0 BEeKTOPHOTro napaMerpa # € O C RY, rae O BHOYKIOE M U3BECTHOE MHOKECTBO.

Ilpemnonaraerca, yro npm Bcex ¥; ypaBHenus cratmku Di(z; — z,-1) + Fiz))z2o = 0,
¢ = 1,2,..., N, ogHO3HAYHO OHpPefelfAloT 3aBUCHMOCTH z; = X;(zo,%¢),t = 1,2,...,V. Tawxke
npeanonoxuM, uto yrkuua Xy(., ) obpaTuMa u cooTHomerue 29 = X5 (zy,To) oaROZHAY-
HO OHPENEseT zg KaK GYHKIMIO OT In.

I puvemM, HaKOHeN, UTO IPU 3a0aHHLIX Z; ., = 1,2,..., N — 1 u 3agau80M 2,, OIpeeIgeMEIX
OZHO3HAYHO U3 ypaBHeHMit cTaTiki (2. = Xy (2N, Zo)], IO IPEAUIMCAHHOMY 3HAUEIMIO TN »,

Ans HenuHedHocTu Fi(-) BRITOAHEH: yCaoBUA
|Fi(z:)] < eryy (25 — 20 0) T [Fi(:) — Fi@in)]ze < C[}f';!xz — zi.l?

mpu A006bIX z;. DTo TpeboBaHMe BHIIONHEHO B U3ydaeMoil IpuKIagaoil 3anade.
IpuBenenHbIe YCAOBUA MOTHOCTRIO BEIEIAIOT KIACC OOBEKTOB YyIPABICHNA, KOTOPhe 6y-

AeM Ha3klBaTbk YCTOfILH/IBBIMH KaCKagiabiMM CHICTEMaMM C HEeU3BeCTHBIMHU HapaMeTpaM4.

'PaboTa monaep:rana P®PU (npoext 98-01-00581) u nporpavmeii ” Uarterpamma” (mpoext 326.53)
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3agaua yOpaBieHNA COCTOUT B HoCTpoeHur obpaTHoii caasmu euga u(t) = U/ (a;fil, s <t), me
3aBHCImeil OT 3HaueH it § HeusBeCTHOrO mMapaMeTpa U obecleunBalomeil CTaDMIN33 NAOHHY 10
1eab yipasuaenus £y(t) — xy . upu t — oo.

pu ussectHOM 3Hauenuu mapaMerpa § = ¢, Hpy cACTaHHABIX BHINE NPEATOJIOKCHAAX TO-
cTaBleHHYIO Hedb obecednBaeT cTaonapHoe yupasieaue ¢, = C~ Y0 X7 (2 -, 10)—d(6.)]

IIpu memsBecTHOM 3HavenuMy napamerpa § nia mocTpoeHMs yHPABIAKINEro BO3AEHCTBUA
ucnoassyerca onerxa § = §'(t) memssecTHOTO HapameTpa §. JomoaHenye OCHOBHOTC KOHTY DA
YIpaBieHusa KOHTYPOM BHPAaBGOTKY 110 AX0AAmeH OLeHKN onpeeiaeT aJanTuBHEyio ob6paTHyio
CBfi3b, KOTOPAs MOYKET PEaJV30BHIBATLCA PAa3AMUHBEIMM cmocobGamu. B mammoii pabore xoB-
CTPYHPORBAHUE aJalTUBHON 06paTHON cBA3U 6a3upyeTca Ha HAEAX METOAa CaMOHACTPOMKA.

B paukax Toro MeToia TpebyeTca HOCTPOUTE KBaAPATUUHYo GyHKIMIO JianyroBa BUAa
V(21—214,8) = (21—21 )T Hy (2121 2)+(6—6, )T C(0)(6—6.), 6§ — " pacumperran” onerka seKTOPa
HEM3BECTHEIX HapaMEeTPOB, BKAOUYAOIASA, KPOME OUEHOK § , OleHKY HeM3BECTHHX He YANLHEIX
Jasasix z(tg). IHocTpoenme xoHTYypa ajanTaipmi COCTOMT B BHGOpe Taxol 3aBUCKMMOCTZ Ia-
paMeTpoB § OT BpEMEHM U TaKOM BHIGOpE yIpaBieHus, YTO ONpousBoAHad o { ¢pymwmm V B
CULY 3aMKHYTOM CUCTeMBb HOMKHA OHTH OTPUNATENbHOM (HPH STOM yUpaBIEHME He GO
HO 3aBMCETH OT HEM3BECTHHIX HapaMeTpoB). DTo obecmeunBaeT HpeReibHOE COOTHOIMEHHE
z N(t) — TN -

B paboTte npu HeKOTOPHX OOIUX HONOAHUTEALHEX YCAOBUAAX HPERIOKEH CHOCOH MOCTPO-
eHua obpaTHOl cBfA3u, obiajaiomell YKa3aHHRIMU CBOMCTBAMHM M, T€M CaMBIM, PEajiZ30BaHO
a[alTHBHOE YIPaBIEHUE KIACCOM PACCMATPHUBAEMBIX KACKa HEIX CHCTEM.

PazpaGorangnsiili anropuT™ IPHUMEHSACA B 3ajave afalTHBHOTO YIOPaBAeHWT HPOLNECCOM
NOAVMEPU3ALAY TPHY HPOU3BOACTRE CUHTeTHYecKoro kayuvka CKY-3. Y paBHenua mareMaTin-
yecKkoil MoAenu nponecca 6pinu cocTaBaeHn coTpysaukavMu BHUU cunreruueckore xayuyka
N.M.AGpamzorom, B.A.Jlaeposriv, B.A.Ilepmummiv, I1.11.MInaxkoBeiM U Ap. ¥ OLWCHBAJIU
KacKaJ peaKTOPOB ¢ MemladkaMu. B 6arapee OPpOUCXOIUT HPONECC MOAVMEPHU3AIM M30IPeHa
B HPUCYTCTBUM KATATUTHUYECKOIO KOMILIEKCa. PacXoz, KaTainzaTopa ABAAETCH YIpaBieHu-
eMm. Lens ympaBieHma — HOSAEDXKaHNE 3aNaHHOM TeMuepaTyphl Ha BEIXOZe GaTaped. DKC-
nepuMenThi Ha D BM nokazanu paboTocnocoOHOCTD IPEAIOKEHHRIX AJIT0PUTMOB a A TUBHOM

CTAOHIM3 ALYV
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[, CYBOUITUMAJIBHBIE POBACTHBIE PEIVASITOPBI IJidd JUCKPETHOL G
CKAJISIPHOI'O OBBEKTA YUPABJIEHUSA !

Coxomnos B.®.
ChIKTBIBKaPCKUT TOCYHAPCTBEHHbIH YHUBEPCUTET,
Email: sokolov@ssu.edu.komi.tu

Paccmarpusaerca nuHefinbifl NucKpeTHDBI CKanApHbIl 06bekT ynpasierna (SISO)

a(g Ny = blqg " Yu + wp + w,,

- n -1 .
The y,u ~ CKaJlApHbIe BbIXON 0ObeKTa U yIipasieHue, ¢~' - omepartop caBura Hasail {g z(t) =
2(t —1)), @ u b - monunoMbl 0T onepatopa ¢}, a(0) 1= 1, w, — MOCIENOBATEIBHOCTD O Pak - 1EHHbIX
BO3MYIUEHUH B 06BEKTE, ||Wallee < Oy, ¥ W, — HOCIEHOBATEILHOCTD APAMETPHYECKUX BO3M. y LICHUI.

B cayuae cIpykTyprpoBaHHBIX HapaMeTpHUeCKNX BO3MYIIEHUH

Vie N |wy(t)] < 8y sup |y(s)] + b sup |u(s)],
s<t s<t

a B CIy4Yae HECTPYKTYPHPOBAHHBIX BO3MYIICHUH

Vte N |wy(t)| < max{6, sup |y(s)l, 8, sup u(s)|}.
s<t <t

Ympasienne 06beKTOM OCYIIECTBAASTCA TUHERHBIM PETYAATOPOM

algu=B(g Ny, o0):=1,

rhe o U [ OJIMHOMBE OT OTlepaTopa ¢ ..

Tpebyerca mocTponth peryaarop, MUHEMUSHPYOWMI [IOKa3aTeNb KadecTRa

J = sup sup ||y||co -

wWp  Wa

Obosnaunm uepes x(z) := a(z)a(z) — b(z)B(z) xaparxTepucTuyecKuii NOAMHOM CHCTEMb!, BEIIOUA-
Iolell 0ObEKT yHpaBIeHUsA U Perynatop, u vepes Gy, = a(2)/x(z) = > ro Gy k)2E ¥ Gy 1=
B(2)/x(2) = Y opio un(k)z" — mepenatounbie GyHKIEN OT BO3MYIEHMN K BHIXOLY I Y1IPez BIEHUIO,
cooTBeTcTBeHHO. [lepemaroumnnie ¢yHKumN HashIBaIOTCA yCTONYMBBIMYU, €CIM KOPHU LOJAHOMA X
JIEXAT BHE 3aMKHYTOI0 €OUHUYHOTO KPyra KOMIAeKCcHOH mwiockoctu. Hna moboft yereitaasoil ne-
pegatotnoft pymkmmun G(z) = > 77 g(k)z* momoscum |G|, == 332, |g(k)|.

U3 pesynbraros [; Teopun pobacrHoro ynpasnenus [1, 2, 3] cienyer, 9410 Ipu HyAeBbIX HATATb-
HBIX JaHHBIX B CHCTEMeE, BKIOYalomel 00 beKT YIpaBieHus 1 peryaaTop,

J = : 5wHGyv”1
1= 6, |Gyulli = 6u)|Guollr’

B ClIyYae CTPYKTYPUPOBAHHBIX MapaMeTPUYeCKUX BO3MYIeHU, i

J = 5w”Gyv“1
1 — max{6,||Gyull1, 6u]|Gunl|1}

!Hacroaman paboTa NONIepIKaHa [PAHTOM Murncrepctsa obimero u npodeccuonaibuoro obpasoratins 1@
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B CAydae HeCTPYKTYPUPOBaHHBIX mapaMeTpuyeckux BosMymiesuii. Ilpu aToMm Heobxomum.ivi U LoO-
CTATOYHBIM YCIOBHEM pobacTHOMN yCTONINBOCTH CHCTEMBL ABACTCA yCIOBUE NOJIOHTE/IHHO( T 3Ha-
MeHaTesell. YKasaHHbie GOpMy/Ibl MIA NOKa3aTeld KadecTBa CPaBel/IdBbl U IJiA HCHYMSBBIX Ha-
JaJIbHBIX JaHHBIX B CUCTEME YIIPaBIEHUA, el [, HOPMY BbiXOJa B IIOKa3aTelle KauyecTsa saMeHnuTh
Ha acHMITTOTHYecKull IoKa3aTesb lim sup,_,o, |y| ¥ Cy3uThb Kiacc apaMeTPUIECKUX BOSMY1ICHUEA IO
BO3MYIIeHHl ¢ KOHEUHOU WM 3aTyxafoulell naMATsio [4].

BaMeTuM, YTO NPHU OTCYTCTBAM MapaMeTpudeckux BosMyuenuit (6, = &, = 0) copmy.niposan-
Ha# 3aJava Gblia penrena B [5] U MocHyIKIa HadalIoM Pa3sBUTHA cOBpeMeHHoOU Teopuw [; oriruMarb-
Horo ympasienus [6, 7).

Cdopmynupopaknan 3a24a CUATES? [; ONTUMAIBHBIX POOACTHLIX HE CBOOUTCA HEMOCPE, ICTBEHHO
K CTaHOapTHBIM 3afadaM [, onTuMusanuu. B manHo#t paboTe paccMaTpHBaeTcaA 3alatia cinitesa [y
cybonTuMabHbIX POGaCTHBIX PETYIATOPOB, KOTOPad CBOOMUTCA K IPHOMHMIKEHHOMY PeILcHUIO ce-
MeficTBa 3ada4 [} onTuMuzaluy Gnaromaps HpobHo-IHHENRHON CTPYKTYype IOKa3aTenell rHavuecTsa.
TlpubnmixenHbie pelieHna cTPOATCA ¢ UCHOMb30BaHueM MeTona (J-Macmrabuposanus [8).

JIntTeparypa:

[1}] Khammash, M.H. and J.B. Pearson Performance Robustness of Discrete-Time Systems with
Structured Uncertainty// IEEE Trans. Automat. Control, 1991, v. AC-36, 398-412.

[2] Khammash, M. H. and J.B. Pearson Analysis and design for robust performance with struc-
tured uncertainty// Systems and Control Letters, 1993, v. 20, 179-187.

[3] Khammash, M. H. Robust performance bounds for systems with time-varying unce:tainty//
Proc. of the 33rd Conference on Decision and Control, Lake Buena Vista, FL, December,
1994, 28-33.

[4] Coxonos B.@. Agantustioe pobacTHOe ypaBieHUe NUCKPETHBIM CKALAPHBIM 00beh1oM B [
noctaroBke// Aemomamure u meaemezanura, 1998, N. 3, 107-131.

[5] Bapabaroe A.E., parnuxurn O.H. OnTuManbHbill perynaTop JuHEHRHOTO 06beKTa ¢ OTpaHu~
gennoli momexoit// AuT. 1984. N. 5. C. 39-46.

[6] Bapabaroe A.E. Cunres munuMakcabix peryaaropos. C.-Ilerepbypr. Usn. C.-Iletepsypreoko
yHHUBepcuTeTa, 1996.

[7] Dahleh M.A. and Diaz-Bobillo I.J. Control of uncertain systems: a linear programming ap-
proach. Englewood Cliffs, NJ:Prentice-Hall, 1995.

[8] Khammash M.H. The scaled-Q method for solving I; optimization problems// P’roc. of the
American Coutrol Conference. 1997. Albuquerque, New Mexico, June 4-6, 1997.
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METOA KOMIIEHCAI{UY METOJUYECKOM IO PEITHOCTY
CUCTEM YIIPABJIEHNS C HEMPOHHBIM BbIYMCANUTEJIEM
VIIPABJISIOIETO BO3JAENCTBUS

Crenanos M.O.

Caparos, Caparosckuii rocynapcTBEHHbIN TEXHUYECKU yHUBEpCUTET, smf{@star. sstu. runnst.ru

Meroapueckan NMOTPEHIHOCTh €CTECTBCHHO-UHTSICKTYANbHEIX CHCTEM aBTOMATHYES-
CKOro yripaeicHua OOYCHOBICHHAA KBAaHTOBAHWEM MO YPOBHIO M3MEPAEMOrO CUTHAIA
HeHpoHaMu - gerekTopamu. CucTeMa aBTOMAaTHUECKOTO yUpaBlicHHS OOBEKTOM BH/A
X= Ax+Bu+ M, xeR,ueR", feR' ¢ peanuzauueii 3akoHa ympapicHua u#=C'x Ha
HEHAPOHONOAOOHBIX SNIEMEHTAX ONMUCHIBACTCS COOTHOIICHUAMHU,
k= Ax+ Ba' + f)+ MF, fr=u—-u", supfr(A)=|CT|A

T 0, x;, <(k—DA,
:l > " g/g‘(xj): 09 xj EkA‘j
L, (k-DA; <x;, <kA,

TAC A, - BENMYMHA YPOBHS KBaHTOBAHMA j-TO H3MEPAEMOTO CUTHANA, T.€. X

n N, n N,
mz[;cj,kz_;(k— DA ,8,(%) 500 2 2 (k= DA 18(%)

j=t 7 k=l

k - HOMEpP YPOBHSI KBAHTOBAHWS,

8,(%;) - BBIXOHOM CUTHAJI k-T0 HEHPOHA-ACTEKTOPA, H3MEPIIONIETO X5

" - HOTPEIHOCTE peany3aliyi 3aK0Ha YIIPaBieHusA Ha HEMPOHONOAO0HBIX JIeMeH-
Tax ¥ HHTEPIIPeTUpYEeMas Kak HONOIHUTEIIBHOE BHEIIIHES BO3CHCTBHE,

|C7| - matpmma, anemenTaMu KOTOPO# ABIAOTCA MOAYH K03(D(umueH o 3aK0oHa
VOPABJICHHS,

A - BEKTOD BE/IMYMH yPOBHEH KBAHTOBAHMS TO M3MEPAEMBIM TIEPEMEHHBIM.

Ji1ia xoMueHcaumE METOIMYCCKOM TOTPEIIHOCTH, OOYCIIOBNCHHOM BimMaHmeM [,
Ope/iaracTCs WCHONb30BaTh HONOMHUTEIRHOE YNPABAAIOWEe Bo3JeHcTREE. TlocTponM
MOZENb HOBOTO O0BEKTA YUPABJICHHA C BOSMYIIAOIIAM BO3ACHCTRHEM f 'g f* Ha ocHOBE
Mozaenw 3aMkHyTOMH CAY ¢ HPEXHUM YHPaBIIOUIAM yCTPORCTBOM

= AX+ B+ f1), 4 =(4+BCT).

Hns nero meronom AKOP cuntesupyeM 3akoH ynpasnenua ' =C/x'. Hosoe {iomnon-

HUTENHHOE) HEHPOHHOE YIPaBNAIoUIee BO3ACHCTRIE O6YAET OMMCHBATHCA COOTHOMICHIEM

n Nj '
um:{zc,ﬁkz(k-1)Ajg,g(ycj),...,
=1

n
] ) i

N, r
AN 1)Ajg,g-(x,->}

B COBOKYTIHOCTH C HCXOIHBIM YHPABILTIONEM BO3CHCTBHEM #" HOMYYHM Ui MCXO-
HOTO 00BekTa yrpasieaus (1) HeHPOHHOE YIIPaBILTOIEe BO3ICHCTRHE BI/A:

) 5 ,, . o
uy =u+u" =[Z (€ +6, )2 (k= DA 8, (%) 2 (€1 + €, )2 (K- l)A,-gk,-(xj)}
k=1 j=1 k=1
Onnaxo mpu ero HeHpOHHOH peanu3alyi BHOBb BOSHUKHYT MOTPEIIHOCTH, BEAMINHA
KOTODBIX, NPHBCACHHAA K TOYKC MPUIOKCHMS VIIPABITIOIICTO BOSACHCTBUA MOX<T OBITH

OLICHEHA CBEPXY BEIMIMHOM
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)

j=t

Cin i

7
| By c,].m|,5,.]
j:

JIi% MX KOMIICHCAIMK BHOBb MCHONL3YEM HOBOE JOTONHUTENBHOE YIIPABNAOLISe yCT-
poiictso. ITocTpouM MOAETb HOBOrO OGHEKTa YNPaBICHHA ¢ BO3MYIUQIOLIM BO3ZCHCTBH-
eM fAf" na ocHore mMozmemu 3aMkHyTOH CAY ¢ panee IOCTPOCHHEIME YTIPABIRIOHIAMA

YCTPOMCTBAMH:

i=

X = 4X° + B + f*), 4, =(4+BC)
Jlia Hero CHHTE3MPYEM 3aKOH ynpasnennd »° =C, ¥ . Hopoe HEHPOHHOE YTIPAB/LTOMICE

BO3/ielicTBHE OYAET ONMMCHBATHCA COOTHOMECHUEM
Ny

u™ =[Z S, Z} (k-DA;g,(x;) ’""jz_; szmz (e I)Afg'g(xj):l

j=1 k=1

Janee nenoyka pacCyXACHUN IIOBTOPACTCA.

Ilycts mOCTPOSHO L JIOTIOHUTENBHBIX 3aKOHOB ynpaBineHus. [IOCKOIBKY Kak OCHOB-
HOE, TAK ¥ AOTIONHUTEIHHBIC YIPAB/MIONIAE BO3ACHCTRIS HPIIOKEHbI B OFHON TOUKE H
AMEIOT OJMHAKOBYIO PEaiM3aliio, TO MX MOXHO oO0beauuuTh. TorAa 3HaucHme oObemu-
HEHHOTO HEHPOHHOIC YIPARIAIOIETO BO3ACHCTBII MOXKET OBITH OIACAHO COOTHOLICHHUEM

L n L vy n L Ny, ’ T
n It
u =ut Y u =Y >0 D (k= DAZ (%) 2, 256, 2 (k= DA g, (%))
=1 J=1i=t k=1 =1 i=1 k=1

TAC ¢, - KOMIIOHCHTE! MATPHIihl OCHOBHOTO 3aK0HA YIIPaBICHNA G =C.

Iposenenusic mecnenosanud ¢ nomompio MATLAB u SANICS [2] ana pana mMoze-
jed OOBEKTOB YIPABICHMA, MOKA3AMM, ITO 3HAYCHHE BCIAMYMHB! YPOBHA KBaHTOBAHHA A
nenecoo6pasEo BHIOHpaTh B AManazoHe ©../4 <A<@,./2 , obecneumBaromicM Hau-
MCHBIINE anNapaTHBIC 32Tparsi npu coOmoacHuM TPeOOBaHull K TOYHOCTH YIPABICHHUA
©=Nx, @R, l@mnis@;cn , i=(l,) C MCUONBL30BAHNEM NOTOJHUTCIBHOTO (KOMICHCA-

IMOHHOI0) 3aKOHA YIPaBieHN, TONYICHHOTO TOCTE ABYX - TPEX MTCpalliii CHHTE2a.

JInteparypa

1.Crenasor M.®. HeliposonoaoOHkI# BRMUMCANTE/h YIIPABIMIOMETC BO3SHCTEHL €C-
TeCTBEHHO-MHTEIUICKTYANBHEX CHCTEM aBTOMATHHCCKOTO YIpaBicHud // AHamuradeckas
Teopus ABTOMATAYECKOTO YIpapincHMA: Te3mMchl NOKIAfOB PCTHOHANBHON HAYIHO-
texamgeckoil kongepermuu. - Caparos: CapaToBckuii rOCYJapCTBEHHBIN TeXHMUESCKHMM
yuausepentet, 1997. - C. 82 - 97.

2.Stepanov MLF. The Simulation of Natural - Intelligent System of Automatic Control //
Tools for Mathematical Modelling. Abstract. - St. Peterburg : St. Peterburg State Technical

University, 1997. - Pp. 54 - 55.
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OLEHKA TOYHOCTUA CUCTEM YIPABJIEHUA C HFﬁPOHHbI M
BBIUMCJINTEJIEM VIIPABJISIOUIEI'O BO3AEMCTBUSA
Crenanos M.O.

Capartos, Caparosckuil roCyAapCTBEHHbIN TEXHNHECKUH yHuBepeuTeT, smi{@star. sstu runtiet.tu

B ecTecTBEHHO-MHTEIICKTYAIBHMX CHCTEMAX aBTOMaTHYecKoro ympasnesua [1] Bos-
HMK2ET METOAMYECKAd TOrPeIIHOCTh yHpapieHud, OGyCIOBICHHAd KBAHTOBAHHEM IO
YPOBHIO M3MEPASMOr0 CUrHaja HelfipoHamm - AcTekTopamu. IlycTh cucreMa aBToMaTH4e-
CKOTO YIIPaBJICHIsA OMMCHBACTCSA YPABHCHUAAMHU

k= Ax+Bu+ Mf, xeR,ucR',feR', u=C'x.

Ha camoM Jielie M3MEPEHMIO AOCTYIICH HE BEKTOP NEPEMEHHBIX COCTOAHNA X, 4 BEKTOP

H3MEPAECMBIX TiepeMeHHbiX y. [lochenunii OTIMYACTCs OT BEKTOpA X HaIMYMEM KBaHTOBa-

HIA 3HAUCHUM €0 KOMIIOHCHTOB IO YPOBHIO, IIOCKQJIBKY OHM ABJIMIOTCA BBHIXOAHBIMH 11C-
PEMCHHBIMUA HeﬁpOHOB-}IeT CKTOPOB!

x)= LE_; (k- I)Algki(xl)-ﬂ'"ﬂkz_:(k - I)Angm(xn)j,

Peamm3aina 3axoHa ynpapicHHA Ha HEHPOHHOM BBIYMCIMTENE YUPaBIOUISIO BO3-
JeHCTBHA OUMCHIBACTCA COOTHOMECHUAMH »" =C'y, WK, yUuTEBas (JaKkT KBAHTOBAHHS 1O

YPOBHIO
v, T
[Z;c,lz(k DA,g,(x),-- Z Z(k~1)A,-g,g.(xj)}

J= k=1

0, x; <(k—-DA,
8y(X)=10, x;2KA,;
l, (k-DA; < x; <k,
TIe A; - BenUYMHA YPOBHA KBAHTOBAHMA j-T0 H3MEPAEMOTO CHTHANA, T.€. X;;

k - HOMED YPOBHA KBAaHTOBAHWA,
8, (¥;) - BBIXO[IHOM CUTHAJI k-r0 HEHPOHA-ACTEKTOPA, H3MEPMOMETO X, .

MeTtonmueckyio omuOKy peanu3auy 3aKOHA YIPABICHHA, T.6. PasIHUmBe MEXTY # U
u", yIUTHIBASA CTPYKTYPY HEHPOHOB-RETCKTOPOB, MOXHO OLCHUTH CBEPXY CACAYIOIHAM CO-

OTHOIICHHEM
T
{5 PSS IV Y

3T0 MOXHO MHTECDUPETHPOBATh KAK BOSHMKHOBCHUE BHEITHETO BO3ZMYVILAIOMICTO BO3-
NEHCTRUA, aAUTHBHOTO YIIPaBICHMIO

n #n n r
m,z[zkﬂpj,...,z;cj,.pﬁj,...,z|cj.,,,;Aj]
j=1 i=t j=1

Toraa moxuaO 3amMcaTh
%= Ax+ B(u" + f"y+ Mf
Taxum 06pazoM, MOrpeiiHOCTh peaiu3aliiy 3aK0HA YHpaBiCHMA HA HEHpPOHOIOAOG-
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HOM BBHIYMCIHTENC VIPABIIHOMETO BO3ACHCTBHA OT 3HAYCHMA BEIMYMHBI YPOBHA KBAHTO-
BAaHMS M3MEPAEMOTO CHTHAIA MOXKET OBITh IPUBEACHA K EXOAY OOBEKTa YIPaBICHAA U VH-
TEPIPETUPOBATHCA KaK AOTONHATEIHHOE BHEIMHEE BO3MYILAIOIEE BOSACUCTRBYE [ ' =u—u".
3Ty 3aBUCHMOCTH MOXHO OLICHUTE CBEPXY CACAYIOLIMM COOTHOMICHHEM
sup f*(A)=|C"|A
rae |C7] - marpuna, sneMeHTaME KOTOPO# ABILIOTCA MOAY M KOhPULMEHTOl 3aK0HA
YIPaBIICHMS,
A - BEKTOD BENHMYHH YPOBHEH KBAHTOBaHMA IO KAKIOHW U3MEPACMON NCPEMEH-
HOM.
Hanuuwe ROnmONHMTENEHOrO BHEIHHETO BO3MYILAIOMIETO BO3ACHCTBHUA MPUBOAAT K 10~
TONHHUTENBHOM yeTaHoBuBIICHCa OmMOKe YIIpaBlneHua
Oyer =Oyer () +05(4)
rae ©,., - YCTAaHOBUBIIAACA OIKOKa YOPABJICHIAT,
O,.(f) - ycranopupmadgcs ommbka ynpasicHW:A, BbI3BaHHAA HAIMYMEM pealib-
HOTO BHEIIHErO BO3AcHCTEHA [
0,.(A) - ycraHoBuBIIasCs ommOKa ympasicHusA, OOYCIOBICHHAS HalMYHUEM
KBaHTOBaHMA 10 YPOBHIO B HEHPOHAX-AETEKTOPaXx.
YaurteiBas, 910 0, ()=(4+BCY' M ,
MOXKHO BBECTH CIIEAYIOIYIO OLICHKY
Oy (A)=(A+BCTY ' Bf*(8)
WIH, ¢ YIETOM COOTHOMICHMA s [ (A)
sup®,(A)=(4+BC") ' BCT|A
Taxkum o6pasom, gocTkuMad ToUHOCTE yipasicans CAY ¢ velipoHOnono0HEM BBI-
YUCAMTENIEM VIIPABILTOIIETO BO3ASHCTBIA MOXKET ObITh OLIEHEHA CBEPXY CNEAYIOITUM CO-
OTHOIICHHAEM:!
SUp @, = Oy () +5up@, . (A) =(A+ BCTY ' MF + (A+ BCTY ' BCT|A
WIN UHaue
sup®,.=(A+BCTY ' (Mf + BCT|A)
QOuesnaHo, 910 P4 A — 0 uMeeM B, — B,.,.(f) . B nenom
(A+BCTY' M <@, < (A+ BCTY Mf + BCT|A)
IonyyeHHbie OHEHKH MOTYT OBITP MCIIONB30BAHBI IPHU BHIGODE BEIMUMHBI YPOBHA
KBaHTOBAHMSA CUTHAJA, 4, CIESHOBATEIBHO, M KOMMUECTBA HEHPOHOB-ACTEKTOPOB.

Jiurepatypa

1.Crenanos M.®. He#ipoHonoaoOubiii BHUHUCIIATETS YOPABISIOILETo BO3ACHCYRHS ec-
TECTBEHHO-MHTEIICKTYAIbHEX CHCTEM aBTOMATHYECCKOTO yHpapieHusd // Ananuradeckas
TEOpHs ABTOMATUUYECKOTO YmHpaBleHus: Te3ucH MAOKIA[0OB PETHOHANBHOM HaydHO-
texamueckoi koHdepenmun. - Caparos: CaparToOBCKMM TOCYIAPCTBCHHBIM TCXHHUYECKUM
yauBepcuter, 1997, - C. 82 - 97.
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METOO YCPEAHEHWMA KW NOKANBHAA AKBMBANEHTHOCTR

C.N.Toxapes

ChNeldT

Pacemompum cucTery 00RIKHOBEHHER AMPhepeHLManEHbE YpaBHEHMI

%=X (x,1,8) 1)

rae ¥R, feR', ¢eR'. Xlx. £. g - venpepniBHan 2r -NEpMORMNECKAA TO £ PYHKUMF KAACCa

L5700y . & npumansik | x|, |g| 1 mots £
Hapsaagy ¢ [1] paccroTpliv YCpeaHEHHYID CMCTEMY

2z
y=e|X(y,te)dt 2)
0

W npeanoaosuM, wo = 0 - runepBoamyeckas ocofas Touka [2) B knaccuveckus pafiorax
H.M. Kpeinoea 1 H.H Boromofiosa npeanoied anropuTv NOCTROSHKA POPMAaneHOMD NpeodpasoBatla B
BMOE PAAA M0 cTeneHamM £, npueogawero {1) k asToHomHoMy BKoYy. B HacToAwes BpeMA YoTaHOBASHOD,

yTO 3TOT PAR ABAASTEA , KaK NPaBMA0, PAcKOQAWMMCA ASKE B CAYYae AHANMTUMHOCTY NPAaBbi YacTel
(1] 1 MOekeT GbTb MCNOAB30BAH AWML AAR ACUMITTOTMYECKOTO NPEACTABASHMA peweHu3iA (1]

Teopema  [pW NepeMMCAeHHLIX YCAOBMSX A8 nioGoro £ =1 CYMEecTBYeT ZameHa NepemeHHbIX

z=x+g f(x,t,&). rag f[xlg] - HENpepLBHAA 27-NEPMOAKMMECKAA N0 / GYHKUMA KAACCa C*nox.s

MpM Manbi | #|.. |¢| W moter £, koTopas npueaau {1] K GBTOHOMHOMY B1aY.

B coyuae, ecnv ¢ = 0 SBARETCA NPUTArMBAIDILEN MAM OTTANKMEBAIOWEN TOMKOM AR cHoTemul [2] | To

MOMHO B3HTE £ =©
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WHAYVIIAPYEMBIE CUMMETPHY CUHTEIUPYEMBIX YPABHEHKHA
VR DABrOHTO8

Oaarr-Herepbvproksi aucrnyyy nudopMaissn w
seromacHzamnu VAL Pocows
Yryoml o afleg@manl nas.sph.sn

Saa sagay cuneesa andibepenMarbubiX YPABICHUA 1 ATPUOTIGH CHMMETPUCH, TAKKE KaK ¥ .
BT AAAHRS CHMMOTGHARON CUPYICTY PRI Y PREBHSHIN, MCTOABSYETCS TOXRBKA MITTerDa LR M
POOBPABAM, HUCBCKER B AUCKPETHO-TPYRIOBOH adasns Audibeponnunasiry ypasnenus  [lpn oroe
’)EMIC'M:!.’l’p}’ili&l(?'l"(lﬂ Be FORLEO (PPREHLR00e }’_Pa-'l‘lfﬂﬁﬂ.ﬂﬁ Hna Ba-‘_i}ﬂa-ﬂ'l‘ﬁll{}ﬁ! ® f}iI}if‘:'l.!‘t"!.llﬂll.ll,i}il,l l'p}’ e CuaMm
TPEH, HO W KAACC YPABWOAMl, CRABamey AMeRPerHOl CHMMeTPReH, a vakxe fuddupe gananti,
12 KOMILIEKC ¥ DaBRCH] PABIGHS NOPAAKDG, GASAPY IIAXCH B GAIOM MUOTO0BRRIMA.

Moan uexopnoe Muor oobpasue M wan maagmee andepeHnuarbioe ypasnenue ua /7 woMInceK:
na muporoetpeonn M ponyckaer rpyasy Jdu X, 1o 1B poe ypavneaus KOMILICECR TaiKe GYAYE o
YCKATE FUY PPYHIY, B CUIY O4CBAANOH KOMMYTARRE oneparopa Aadpepenuuposan g # ouepaToy
X O vosuigienres nopaaka ypapucuni BOSPRCTAST BUMOKHOCT HOAMICHUE HORKX GHODATon: -
cuMmerpan Jin X,

Hencrsne auckpernol rpyuum npeobpasosanni (O, chasumsammee muoroobpame M o muor:
ohpamuem M\, ecrecrsenunv oGpanom WHAYHHPYSD AMERCKHC CUMMETPRY AAS HPeoBasopaniin.
FPARPCIRYN, KOTOPLIC DUAROIMIULM OBPAOM PACHPEACGHIOICH 10 BCOMY APeoHPAZOBAIOMY KoM
aacxey. Mo ovpyreypsy (7 se0u0 noayasTs BUA NpeotpasoBaMERK olleparopos cnmMerpui, Tax
HANPUMCD, A8 ABCKPETBOH 0OPAYEIICH £ OUEPAFOP HEPCHOCA NEPCHACT B HDOCKTHENR A OUCDPALC)

) :}

- K3 4 . q €4 1
I T S D et SR Y et
i it Py

Aaa obpasyiomien ¢ - & oteparop Jin bekaynga, o oneparop paciaogenns

£ a ol
.e-s{;_, T e o

dr 4 31}
OCEARNCTCA HHBADRAKTHEIM,

Honek ponyckacmux cucreMamy augpepeunyainibX YPAsICHRR FRYIT B aRasu3 Sopyieryp
AONYCKACMIAX CHMMOTPHHE OCYISCrBIANCE ¢ BOMOIBLID CAMOCTONPCALROM mporpammia L [2]. D
HPOrpamMma, Haucaua 8 noraziau cucremt muMATH U] o cocrowr {ocnornue OROKM ) u3 Peneparopn:
OUPEACHALONNX YPABHCHAN, DEMFAIE A ONPCACHRNINEK YDABHEUNH, IOHODATODRR BEKTOROR Aareli
Hu v neayacesx soMMyTaropos. [nn npeotpazosannoro ypasucenns snaa

I TR ¥ S A / SRR 7 & SIS 0 414
g =k oY Pyt Fpw Ty 0,

HPOTPAMMA. J20T CACRYIOWHUR Pe3yILTaT

ECHO FALSE

T DRLTE();
Program LIE v, 4.2 (¢} 1994 A K Head
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{11y
{11
{4 11)

@: Def Egns =~ (4, 11)

¥ A%,
€. {DIF (F8# {2, U1, X1}, 01, 2.
DIF (F# (1, W1, 1), o1 2Y o 2xREF (F§ (2, Wi, X1y, #11 X)),
SUL7 (1720317 (5/2) D1V (F8# (1, 01, X1), 01, 21
- 3T {1/2)0T1 (B DI
(P8 (2. W, %15, X1, 23~ axDIF (F8 {2, U1, X13, 11),
AAUL+XA=DIF (F# (1, Ui, X1, Ui) ~
2xT1xX1sDIF (F# (2, U1, X1), Z1) 4 10201
tFH# (2, U1, X1) 4 2«X1«Ff (1, 01, X1) +
O (/2K (F/2y#8IF (F# €1, U1, K1)
, K1, 23,
VUUEL == ¥§ (3, 01, X1,
EXX$1 == FH (2, U1, X1}

¢ DOSOLY () ;

@: {UUUH#1 == Ui»Xi1*F8§ {10} + UixF# (12)/3.
X381 == -X1sFR (412) + R1°2+4F% (101},

Too., uporpamma LI baaronoaymo paspemaer cucremy a4 ypasyenni ¢ 11 sessseorumn
WONTY Ma3t B BPOSETRBIGN GHEDRTOD M SUepHvop pAces et (L1 y pasusuii 6oges Coapiims Mops i
K003 BOUPACTACT B SLIIRCHATEHLRAN CAEUO0DE, WAK MAd HpeoGpasonantulo ypasaeniug 1 Hops ke
APRXOIITOS ABAASCHPOBATH SNRCMCINNIGS YRaBHeBBA B2 83 Lapmon, 110 OROHMATCILHO HPABCHD
¥ pOeMmennio caoremer M2 1L ypasycuny ¢ 36 nosoBeorinamu.

Fadorn spnosnens upn dugancorol noggepxke PODOU gpocer N 87 07 90088

Jureparypa

(1] Jadines B0, aevonror AB. Anckperno-rpymonse Merort BETEIDUDOBANKE DHLIKROREN
max amdvbepelnmanagry ypannepwi, JIo AVHAY, 1991, 2400,

F2] Head AR, LIE, a PG program for Lie analysws of differential equations// Compnter Physies
Clormnumeaitons, vob, (1 {19483 pp.241-248,
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METOO BUPYPKAIIVMOHHDLIX JTUAT'PAMM
HUCCJIEJOBAHUA YVIIPABJIAEMOCTHA
JVUHAMMWYECKUX CUCTEM HA
ABYMEPHBIX KOMITAKTHBIX
OPUEHTUPYEMBIX MHOT'OOBPA3UNHAX

C.M. Xpamesn
C.-IleTepbyprckuii rocynapcTBeHHbII TeXHNYECKUl YHUBEPCUTET
khrya@osipenko.stu.neva.ru

B npenmioymmx pabotax aBTOpa U3y4aJaach yIPaBiaeMOCTh JRHEHHbIX 0 COCTOARMIO ,IMHAMAYE
cxux cuctem ynpasiaenns (JCY) u npoexuuit atux cuctem Ha chepy 1 IPOEKTHBROE MPOCTPAHCTBO
Paccmorpennbie pumaMmEYecKne CHCTeMbl 3a4aBaJnch ceMelicrBamu BekTopHbIX modci (BIT), sasw
CAWXX OT HEKOTOPOTO YIPaBJ/IAIOWIETO HapaMeTpa. YCIOBUA yIPaBiaeMOCTH ObLin CHOpMYIIPOBa:
Hbl B TepMUHAX yCJoBmii Ha cuekTpanbHylo xapakrepuctuky (CX) ICY u soimonmenms ycuosui
sagennaeMoctd. CX 6blna MOCTPoEHa C HOMOIUBIO XapaKTEePUCTHYECKOH CHCTeMBbl ypaBheHHH s
Marpunst gaHeiHo# [JCY. 91a CX npencrasisia coboil HeKoTOpbiit HAGOP ceMeliCTB HHBaPUAHTHBIX
HoanpocTpaHcTs ynomanyrtoit marpunsl JICY, HempeprisHo 3aBuCAmmMX OT HapaMerpa. llpenmoma-
rajoch, 9TO dTOT HaOOp ceMe#icTB MaKCHMaJlbHO MEJKHH M3 BO3MOXKHEIX C COXpaHeHHeM CBOHCTBA
HENIPEPBIBHOCTH TIO apaMeTpPy. YCIOBHA 3alielIfeMOCTH B Haubosiee IPOCTOM CIygae O3HAIAOT He-
TyCTOTY INepecedenus WHBaPUAHTHBIX MONNPOCTPAHCTB NPH Pa3iiMYHbIX 3HAUCHAAX YIPasJIAIOMEro
mapamMerpa.

B mactosauiedi pabore mpumengercs apyro#t nopxon. CX MOKHO OXapaKTepU30OBATh TaK3Ke KaK Ha-
6op ceMefiCTB MHOKECTB, HENIEPECTPANBAIOMIEXCA NPY A3MEHESHTN YIPaB/IALIEro napaMeTpa. Camn
3TN MHOXKECTBa ABJIAIOTCA WHBAPHAHTHBIMY [Jifl NAHAMAYCCKON CHCTEMBI , OTBETatonUM GbuKcHpo-
BaHHbIM 3HAUCHUAM YOPaBJAOIETo NapaMeTpa. l'akas uarepupetauns CX mo3Bosisfer e2 BBOINTH
Ans npoussonbEbix JCY u Ha ee ocHOBe cOpMYIUPOBATH YCIOBHS YIIPaBJIAEMOCTH ACY. Ana-
JoruaHo A/iA npoussosisHeIX [ICY MOXHO WHTEPIPETHPOBaTh YCIOBMA 3aleIlifeMocid. CJenyer
OTMETHUTH, IT0 ocHoBHOe or/m4ae CX B numeiinoM ciaydae or CX B 0bmeM Ciyuae 3akjIvacTcs B
TOM, 9TO B JimHe#HOM ciydac ceMeiictsa BII obnamator ceoficTBoM cuMMeTpum, KOTOpoe MacienyeTca
CX. 910 cpoiicTBO OKasbIBaeTCA pellaloulnM Ajia obecledenns cBOACTBa TpUBMAIbHOCTH. B memn-
HeliaoM ciydae TpmprabrocTh CX obecneunmBaercs obecnedmBaeTcs GOMBIIMM THACIOM TIePeCcTPOEK
¢asossrx moprperos (®II), HO TakXKe Kak @ JANHEHHOM Ciydae TpuBradbHocTs CX obecneumsaer
yupasasemocts JCY.

Hpn uccnenopanuyu ynpasiiAeMoCTy HEPBOOIEPEHHO U3y IalOTCH ceMelicTBa BEKTOPHBIX 10Jelk 06-
Lero mosioxenus. B yactHocTH, Taxue cemeficTBa 06/1aIal0T CBOCTBOM JIOKAIbHOM YHIPAB. HEMOCTH
BIOJIb TPAEKTOPAL ABUKEHNHA, UMEIOT OPEIETEHHOe KOINIECTBO THIIOB nepectpoek DI u apaamorcs
rpyosmvu. [anee paccMmarpusatorcs auuib 6udyprannm OI1 KOPa3MEPHOCTH OIHH, KOTOPhi€ TPOUC-
XOOAT NPY W3MEHEHNH yIPaBIAIOLIErO HapaMeTpa.

Cruauana usygaercsa ynpasiiseMocTs npoussonbusix JCY Ha IByMepHO#t cdepe. Iro usydenne
BKJIIOFaeT B cebi CIEIyIOmue acleKTh.
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1. Ilepeumcnenme Bcex Bo3MoxuwIX THNOB mepectpoek PII mpu usmenenmm yupapiisiouiero m:
paMerpa W IocTpoeHHWe rpada >TUX TepecTpoek, wiu oudypkaumounoii gumarpammbl. llpm 310,
ACTIOJIb3YETCA UPUHUAT ~SKOHOMUM KOJIMYECTBa KPUTHIECKUK DJIEMEHTOBR ~, KOTOPHI 03HadaeT, yT:
Uil ONIACaHMSA BCEX BO3MOXKHBIX HEPECTPOEK HCHOJIB3YeTCs MUHAMAJBHO BO3MOXKHOE KOJIMYECTB
kpuTudeckux sgaementos Bll, T.e. Touek moKo# W MpeebHBIX URKJIOB .

2. Ha ocroBe anaJjinza 6udypraunuonHol guarpamMmmsi, T.e. rpada nepectpoex P11, BbijemeHbl B
MUHEMAJIbHO BO3MOXKHbBIE OTPE3KM HyTell Ha 3ToM rpade, KOTopble 00ecnegnBaioT TPUEAAIbHOCT
CX. Hocuenosarenbroctu BIl, cooTBeTcTByIOHAE 2TUM BHIICICHHBIM OTpe3KaM mytell Ha rpade, He-
3BaHbl ClicHApHUAMEA yTipasienusi. llokasano, uyro noncemeiicrsa BIl, orBevarommx sTum orpeskan
obecneunBaroT yupasagemoctsb HCY. Janee, ecnu sekoropoe cemeiictso Bl me obnaziaer ceolicTsol:
MUHAMAaJNbHOCTH, TO AJsA Toro, urobbl CX Oblia TPUBUJIBHON, HYXKHO, YTOOBI MPOW3OULTM HEKOTC-
paie budypranmy ”mmEAX” KPUTHIECKHX 3JIEMEHTOB, KOTOpble obecnedar TpumajibaocTs CX -
cemefictsa Bll, me obiiamaioiux cBOACTBOM MUHUMAJILHOCTHE B YKa3aHHOM CMBICJE.

3. Ecmm CX mna mekoroporo cemeiicrsa BIl me okaxerca TpusuasibuHOH, TO Aja obecmede-
HUA yIpaBJIAEMOCTU HYXHO NOTPeCOBaTh BBHIIOJHEHNA YCJIOBHH 3alleil/iiEeMOCTH, T.€. NCPECeIeHN.}
JuAuH ycTo#YmMBRIX W HeyCcTORUmBBIX MHOroOpazmii. PaccMorpensi Tak:Xe HEKOTOpPBIE CAYYaM CIHE-
HapueB, KOTOphlie obecnieunBaioT yiipasigemocts JCVY ¢ verpmemanbuoit CX.

PaccmoTperbt HEKOTOpbIE MPUMEPhl ACCACHOBAHNA YIPaBIAEMOCTH Ha MHEOTO0OOpasmax obuier:
BUTa. YKa3aH COocob CBENEHUA MCCHACHOBAHUS YIPaBIAEMOCTE Ha 3THX maoroo6pa3nﬂx K WCCIIETO -
Banuio yupasagemoctn [ICY m@a chepe.

CIIMCOK JIMTEPATYPbI

[1] Xpames C.M. CnekTpaibubléi METON UCCIENOBAHUA YIPaBJAEMOCTA AUHAMEAYECKAX CHCTEM
BOJIM3K WHBApWAHTHBIX MHOXeCTB. ABTOMaTHKa U TejeMexXanunka, 1998, 3, c. 28-42.

[2] Xpawes C.M. O noxaibrOl yOpaBideMOCTH TAHAMHAYECKON CECTeMBI BHOIb TpaekTopum. [em.
BUHUTHA 24.03.97, N 868-B 97, c. 1-14.
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B.I". Yepemmenxo, B.M. Jlexapes

WHTEPNONALMOHHO - SISCTPAHOHFMMOHHI:M METOA
PEWIEHMA HENWHEMHOU 3A0AYU MACCOMEPEHOCA YEPES
RONYNMPOHULAEMYIO MOBEPXHOCTL MPU HANUYIAK NPAMOIro
v OBPATHOIO OCMOCA

Kpacuogap, KyGasuckuii rocyAapcTBCHHBE TEXHONOTHSCKHI YHUBCPCUTET

IIpotiecchl TicpeHoca pacTBOpHTEIA (TIEpMeaTa) Ucpes MoAyIIoHHIIACMYIC Ti0-
BEPXHOCTH (MeMOpaHy, OBCPXHOCTD HCTIAPCHHS), 3a[EPAMBAIOIIYIO PACTBOPCHEEI
KOMIIOHEHT, O0cCTISWMBAIONAl BHICOKOS OCMOTHNECKOS JABJICHHMS, CONPOBOXKAACTCE
0GpaTHEIM BIHSHMCM OCMOTIMCCKHX CHA HA CKOPOCTh MPOHMKHOBCHME ICPMSaTa.
Taxuie Mpoliecchl OMMCHBAIOTCH HemMHeliHol Kpasroii 3apaicii, aHamu3 KOTOpo# Bbi-
SBIT HCBO3MOXKHOCTH CYIICCTROBAHMS CTAlMOHapHOTO peiichid. Kax moxasza:o »
pabotax {1, 2] 211 HporLeccH MMEIOT aBTOKONCOATENbEbIN XaPaKTED.

ClefiyeT OTMETUTD €IS OJFY OCODCHHOCTh YK2aHHOH CHUCTOMBI: TPAHITHOG
YCAOBHE HA TIOBCPXHOCTH MeMOpabl MpH ABIKCHHM PACTBOPCHHOTO KOMIIOHCHTA K
Membpatic (0OpaTHED OcMOC) He 4BISCTCS KAACCHMISCKHM ycaosueM 3 poga. lipm
TIONHTKE TPMMEHCHUS CTAaHAAPTHHIX KOHSUHOPAIHOCTHRIX MCETOfIOBR 270 YCAOBUC
TIPMBOAMT K OTCYTCTBHIO [MATOHANbHOTO Tipeobnajatug oGpamacMolt MAaTPHLIEL, “HTC¢
OPHBOAMT K HCYCTONMMBOCTH YHCACHHOTO TIPOLISCCa.

TIpeaoxeH KOMOMHIPORAHHEIA TIOARO0A, TO3BOMMOIMN PeaBfROBaTh addex-
THBHYIO BRMMCIMTCAbHYIO MPOLCAYPY TMOMYICHIS YCTOMMBLIX pemictniii. Ha ocHoBe
bYHAAMEHTANBHOTO PCHICHMA TMHCAPU3OBAHHOH 282y MCXOJHAd KpacBas 327t
TIPMBOAMTCA K HENMHCHHOMY MHTCIPATBHOMY YPABHCHIMIO, KOTOPOS MPSANOKEHO pe-
1aTh HMHTSPIIGAMPOHHO-OKCTPATIONIIMOHHRIM MCTOIOM (IpeAUKTOP-KOPPEKTOP),
SRAMOIEMCcS 0006IicHIeM MeTOIa AZlaMca Ha ciydal ABYMCDHBIX HPOCTPAHCTRCH
HO-BPEMEHHAIX 3aAaY.

Ha ocHOBe NPEANOKCSHHOTO AMTOPHIMA PaspaboTaH MPOTPAMMEDLIN KOMILICKC,
TI03BOJISIONI ¢ TIOMOIIbI0 TepcoHanbioro komibiorepa (IBM PC) momyusts
BpEMCHHBIC 3aBHCHMMOCTH JUIf KOHUSHIDALMOHHBIX TIONCH DPacTBOPOB O3
TIOMYTIpOHMIiacMOli MeMOpasl M OTMCATh AHHAMUKY ABIDKCHUA EHAKOCTH “iepes
McMOpaHy B TIpOLiEccax NpgMoro H obpaTHoro ocMoca.

Nutepatypa.

1. Jlexapes B.M., Yepeporicaro B.I. Limmreckue mpoLecchi dazoreix
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O CYHNIECTBOBAHUMW MHTEI'PAJIBHOI'O
MHOI'OOBPA3UA
B OKPECTHOCTHW MCKJIIIOUUTEJIbHOI'O HAIIPABJIEHAA

10.B. Yypun

Canrm-Memep6ype, Cannm-emepbypecrut socydapemeenmmvi ynusepcumem
PaccmaTpuBaeTcs KBa3sUOAHOPOOHAI CUCTEMA
&= P(z)+ X(z,t), (z,t) e R" xR, (1)
P(ha) = X" (), supllel X (@0 50 mpn [la] - +oc

B HeKoTOpoil okpecTHocT MHOXecTBa ® = {az) : a > 0} xR, rue enuuminsiit
BEKTOp Ty KosumaHeapeH BekTopy P(zg), (29, P(zy) > 0) u 2y apngeTcs ruiep-
BonmaecKoil TouKol nokod Ha chepe llyankape, HHAYMPOBaHHON OAHOPCHAHON
CHCTEMOMN
& = P(z). (2)

CornacHo TomosiorudeckoMy npuHimny Baxesckoro [1], cucrema (1) nmeeT
B oKpecTHOCTH P mosloxMTeNbHO MHTerpasibHoe MHOoXecTBO I'. Oxasnipaercy,
YTO B pacCMaTPHBAEMOM CJIyuYae CYINeCTBYET eCTeCTBeHHasd POEeKUMI M MHO-
xectBa I' Ha (k+ 1)-MepHoe muoroo6pasue, rae k = dim W*(zy), u, ecnu oto-
6paxenie T o6paTIMO, TO T | — HeTIPEPHIBHO U, CJIENAOBAaTENbHO, I sBisteTCa
(k + 1)-MepHBIM MHOTOOOpa3MEM.

Kakx mokasano B [2], o6paTuMoCcTs 7 3aBEHOMO MMeeT MeCTO, €ciu m >
1 u dysxuus X (z,t) nummunesa. Yrobsr [ oxasanocs C'-mHOTOOGpaAsHEM,
chaenyeT Ha X HaJIOXWUTH HOMOJHUTEJIPHEE MPENIIONiOXKeHNI, CBA3aHHLIC C ee
nuddepeHiimpyeMocThio [3].
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I'.H.4xoBeuko

HECTAHIAPTHBLIE CHMMETPUH B YPABHEHUAX JIATPAHZKA
1 NEPBBIE UHTEI'PAJIBI

r. Honronpynusiii, MockoBckuil Qu3MKO-TEXHUYECKHMI UHCTUTYT

B xauecTBe CUMMETPHUN B KOHEYHOMEPHOI MEXaHMIECKOU CHCTEMe MOHNMaeTCd
npeoSpaszoBatue TPOCTPAHCTBA ~BPEMA—COCTOgHNIE” , COXPaHIIONIEE COBOKYITHOCTD
neuxennii. He pemok ciydaii, KOrfa CUMMETPHIO MOXHO yCMOTpPeTb 6e3 BhIUMC-
JICHUN: TI0 BUAY yPaBHEHWI Wi Ho GU3mIecKon 'CYDIHOCTH CHJI, AEHCTBYIONMX
za cucremy. OTmeNbHO B34Tasd CUMMETPHA M JaxKe Tpynna CUMMETDUN He BCer-
7ia TIO3BOJIZeT TOCTPOUTE NEPBEI MHTerpai. B yactHocTH, Teopema J.Herep mig
BEIUMCICHIA HepBOro MHTerpata Tpebyer, 4ToOn npeobpa3oBaHus I'PYIIbL CUM-
METpHii HOCH/IM BapHAaIMOHHEIA xapakTep [1 — 3]: ocrasisnu HemsMeHHANIM YHK-
1poHaJ — geficTeue mo aMuneTony. PaccMaTpuBaeTcd 6oriee Markoe TpeGoBanne
K Tpymile cuMMeTpuii [2, 3]: AMHaMUKa CUCTEMEI SKBUBajIeHTHO (C COBHaAaoIAMy
COBOKYIHOCTAMU ABUXEHNII) 3a0aeTCd CeMeliCTBOM JarDaHXMaHOB; HeUCTBUE IO
I'aMuneEToHY, COOTBETCTBYIOIIEE OJHOMY M3 TIPEJCTaBUTENEH CeMeNCTBa, Iepexo-
AWT T0f AefiCTBUEM HpeobpasoBaHid TPYIIEI K TAKOMY Xe II0 BejliduHe DeliCTBHIO,
HO, BO3MOXHO, COOTBETCTBYIOHIEMY APYTOMY JiaTpamxmaHy u3 cemelicTsa. Kmacc
TaKuX — " OIAYXAAOMNAX’ — CUMMETPHI COIEPXUT, B YaCTHOCTH, KOHPOPMEBIE 1
OuBepreHTHEIE cuMmMeTpun. IlokassBaeTCd, YTO B 2TOM CiAydae NEpBbliA UHTErPall
MOXeT GBRITH BHIUHCIICH, MCXONd M3 HECKOJBKUX rpymi cuMmMerpmii. Hpusondarcs
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ALGEBROIDS NATURE OF THE SECONDARY CHARACTERISTIC CLASSES

JAN KUBARSKI

The notion of a Lie aigebroid comes from J.Pradines [P1, P2, 1967] and was invented in connection with
the study of differential groupoids. It should be added that, many years ago, M. Atiyah in 1957 [A] considered
the vector bundle TP/G (for a complex G-principal bundle P) in the context of the problem of the existence
of a connection in P. The vector bundle T'P/G is the total space of the Lie algebroid A (P) of P [K1, M.
Nexi, differential geometry has discovered many other objects which determine a Lie algebroid — fulfilling
a role 'analogous to that of Lie algebras for Lie groups — as, for example (a) principal bundles [K1, M],
(b) vector bundles [K2, M], (c) transversally complete foliations and nonclosed Lie subgroups [M(1, MO2),
(d) Poisson manifolds [C-D-W] and others. Observations concerning characteristic homomorphisias on the

- ground of principal bundles — such as the Chern-Weil homomorphism [K2], the homomorphism of a flat [K4]
or a partially flat principal bundle [K8] — show that they depend only on the Lie algebroids of these principal
bundles. [This holds although in the Lie algebroid of a principal bundle there is no direct information about
the structure Lie group of this bundle (except for its Lie algebra) which may be disconnected : ]. This
enables us to build a theory of characteristic classes for Lie algebroids and, next, to apply this technique to
the investigation of TC-foliations, nonclosed Lie subgroups or Poisson manifolds. We mark that the category
of Lie algebroids is more elastic than the category of principal bundles and makes it possible to generalize
the considerations in the direction of nontransitive (but regular) objects.

(I) The Chern-Weil homomorphism. Let A be any regular Lie algebroid over a foliated manifold (M, F)
with the Atiyah sequence 0 — g — A > F — 0. In [K2] the Chern-Weil homomorphism d4 : [, — Hp (M),
T* s L(T*,QV...vQ) of A ( is the curvature form of any connection in 4) is constructed, whose domain
I, is the algebra of ad g-invariant cross-sections of \/* g%, & ¢ N.

{(a) For a Lie algebroid A (P) of a connected principal bundle P, the algebra [ A(P) is isomorphic to the
algebra of invariant polynomials (\/ g*); and h,(p) agrees with the Chern-Weil homomorphism of P.

(b) For the tangential case of P over a foliation F of the base manifold M, the domain of the Chern-Weil
homomorphism of the regular Lie algebroid A (P)¥ = v~1[F] over (M, F) sometimes contains more elements
than the simple construction of the tangential characteristic classes given by C.Moore and C.Schochet [M-S].
Such a situation can take place when M is not orientable but all leaves of F' are oriented [K3].

(c) Consider now the Lie algebroid A = T*M of a Poisson manifold (M, {-, }) with a characteristic
foliation F of codimension 1. The adjoint bundle ¢ of (1-dimensional abelian) Lie algebras of the Lie
algebroid T M is, in substance, the transverse bundle »*F of F [D-§]. Assume that F is an R-Lie foliation.
This last condition is equivalent to the fact that g admits a nowhere vanihing global cross-section invariant
with respect to the adjoint representation [K5] and then giving a nontrivial element, denoted by 1, of the
domain of the Chern-Weil homomorphism k4. The Lie algebroid A of such a Poisson manifold is isomorphic
to R x F with the structure of a Lie algebra in the space of global cross-sections given by the forraula

[(f:X):(gﬂy)}}:(_Q(Xay)+3}{g~ana[X1Y])a

f,g € C° (M), X,Y € X(3F), where Q is an F-tangential closed 2-form (the curvature of an arbitrarily
taken connection). Since hy (1) = [(?], then we see that:

o if L) is not exact, than the Lie algebroid A admits no flat connection.

(d) Consider any transitive Lie algebraid 4 with isotropy Lie algebras isomorphic to R or to 0 (3) and
assume that A admits a nowhere vanishing cross-section ¢ of A" g (n = dimg,, ie. » = 1 for R and
n = 3 for s0(3}), being invariant with respect to the adjoint representation of A on A™g (then 4 is called
a spherical Lie algebroid [K6]). Some principal bundles and some TC-foliations are sources of these Lie
algebroids. For a spherical Lie algebroid, we define the Euler class x4 € H™ (M) and the Gysin sequence
joining the cohomology groups of A. The Euler class can be computed via the Chern-Weil homoinorphism
of A. In the case of the Lie algebroid A over an oriented compact manifold M of dimension n + 1, we study
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flat connections with isolated singularities: for any such point, we define a real number, called the index,
and prove the index theorem joining the index sum with the Euler class. For the R-Lie algebroids, the index
in a singularity cannot be an integer [K7|.

(II) The secondary characteristic homomorphism in the category of principal bundles conceras the so-
called foliated principal bundles equipped with a reduction. More exactly, for a principal bundle P (M, G},
a flat partial connection in P over a foliation F C TM and an H-reduction P/ C P (If is a closed Lie
subgroup of G), we have a characteristic homomorphism A : H (g, i))q, — H (M) where ¢’ >codimF, g
is the Lie algebra of G and H (g,ﬁ}q, is the cohomology algebra of the truncated relative Weil algebra

(/\ (8/H)" ® v g*) L Passing to Lie algebroids, we obtain the triple (4 (P), A (P’), A’) consisting of the
H

Lie algebroid A (P), its Lie subalgebroid A (P’') and the corresponding flat partial connection X in A (P)
over a foliation F. It turns out that the characteristic homomorphism A (for P’ being connected) is a notion
of the triple (4 (P), A (P'),X). Therefore it is clear that we can construct the secondary characteristic
homomorphism in the category of regular Lie algebroids for the so-called PFS-Lie algebrods (4, B, A), i.e.
the triples where A and B C A are regular Lie algebroids over a foliated manifold (M, F) and X’ is a partial
flat connection in A over a subfoliation F' C F. The functoriality and the independence of the choice of
homotopic subalgebroids B are fundamental properties of the secondary characteristic homomorphism. The
crucial role in the problem of the homotopic independence is played by the following theorem on a global
smooth solution of some system of differential equations with parameters:
o Denote the canonical coordinates on R> x R¥ by (2',...,2™,y',...,y") . Let C* functions 5%, af;
R> x RX = R, r,k < g, i < m, be given (the domain is the whole Euclidean space!). Consider a
system of partial differential equations

a2k ' 2 . .
5;,‘_(‘01y) = —bf ((E,y)+ Zafi(way) 2,k <g,t<m,
r=1
satisfying the conditions of local integrability. Then, for an arbitrarily taken C™ mapping ¢ : R* - R",
there ezists ezactly one globally defined C™ solution z : R” x RX — R" such that z(0,y} = g(v),
y € R%.
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Yeaxaempiii xosseral

Ha 6a3e snekTporHoro xypHania ” luddepeanuaibtbie YPaBHEHAS U NPONECCH yupasienns’ (aipec XKyp-
masia 8 AHTEPHET http://www.neva.ru/journal) coznaercs 6a3a faHHHX (Ha PYCCKOM I 2HITHACKOM
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HeBWil, AUHAMEYECKHX CHCTEM, HPOUECCOB yUpapieHMA A obiacTgx, cMexstix ¢ mumz. Co3naraeMas Gaza
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ershov@eug.usr.abu.spb.ru u (nnm) database@osipenko.stu.neva.ru

Poccma 198005 Casxr-IleTep6ypr

2-1 Kpacuoapumeiickad, 4
ApXuTeKTYPHO-CTPONTENLEL YHUBEPCATET
Kagenpa Bricmeii maremarnku, Epmoey E.K.

M1 6eunin 661 BeCchbMa IPU3HATENBHEL, eciiil Bbl coWln BO3MOXHEEIM PacHpOCTPAHATE 2TY GOpMY CPSAH 3amH-
TEePECOBAHHEIX ANM.
3apanee Bam 6naromapusi, npod. I'.C. Ocmuesxo,
PenaxTop 57eKTPOHHOTO XypHaia
”? laddepennnaibibie YPABHEHAS U HPONECCH yOpaBieHus’

DopmMa, BKIAOUIaeMas B 623y AaEHBIX

O Y S e e
2.AMA e e e .
3. OtgectBO ........ e . OO Ceeiaans .
4. @®avuonua (Ha aHDAUECKOM A3BIKE) ......... e e e e e
5. ima (ma aHrAmACKOM A3EIKE) ............. e e, .
6. OrgecTRO (Ha ABITIMECKOM ABBIKE) ........cu.... e e e e
7. 108 POKBEHIA . .vvvieeeeaneeneanannnaasenensnannenns f e e eae et e
8. MECTO POMBEHIIA v v eavnnanterenrsanesanasseneennneensosneesenns e eeteeaaneeaeaaaaa, NP

9. Briciiee yuebHoe 3aBenenne, KOTOPOE 32KOHUAM, I TORK OKOHUAHMM « .o vvuuenranneeneeneensanannennennnn

10. YueHas cTEHCHD B TOH €6 MPUCYKAECHTT .« v v vveneanernneasnneensensenneesensaenesnseseneonseasens ..
11. ¥dgenoe 2Banme B rOA €r0 HPUCBOCHHUSL ........ et ee ettt

12. Ynenscreo B Pocniickoli @ APYIHAX aKABEMAAX HAVE «oovrvenrneann.. e eret e e
13. YUnescTBO B MATEMATHUYCCKIE OOMISCTBAR + « vt v nnennnseseroncnnneesesseeeeeeeeaseeneeeeeenenas
14. ¥YgacTue B PeBKONIETAAX KYPHAIOB . ........... e et e ..
15, MecTo PaBoTEL «.vvvieririinieiniiinennenns Ceeevana e
T e < Lol
17. llouToBsil agpec MecTa PaboOTHL ...... R e e e et
18. O6macTe Hay9IHEIX MHTEPECOB (KAIOYEBLIS CIHOBa, He Gosee 15) ................ e B,

19. PaGounit Testedon (TONMLKO OAMH), KO TOPOAA B CKOGKAX ....... e e ceees
20. @aKC (TOHBKO OMAH) '+ eeeenaneinnenannrarenrenrneeannnn. e RN e

21. Agpec 7eKTPOHHOH HOITEL (TOMBKO OBIH) . chuenaneneenannannnanenneneenenrnnaeaeaeaeensnnen



Jimmenszug AP MNe 020593 or 9.08.97

- Tlopmmcano B meuars £2.08. 93, O6rem s i 2@..,?5»
Tnpaxzfﬁ 33333 322,

Omctmaxo ¢ TOTOBOTO opman—uaxm
1) 7 o2 e Asgaremorse CISETY. ...
195251, Cam‘-ﬂe'mpﬁypr, Ho:m‘z“em“m vii., 29



