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CASSON-TYPE ASYMPTOTIC INVARIANTS OF KNOTS
IN THE POINCARE SPHERE

Petr M. Akhmet’ev

IZMIRAN, Troitsk, Moscow, Russia
pmakhmet@mail.ru

Let ¥ be the integer homology Poincaré sphere, B be a magnetic field
on Y. Analytic examples of magnetic fields of Anosov type are provided by
geodesic flows [5]. Briefly, we recall this construction.

The standard Hopf fibration RP3 — S? is given by geodesic flow on the
standard sphere S2. Assume that the Fuchsian Ikosaeder group I acts on S?
by isometries. The factor-space RP? /I is the Poincaré sphere, denoted by 3,
the fundamental group (%) is denoted by 7. The space X is equipped by
a divergent-free vector field, which is tangent to geodesics. On the covering
space S® a magnetic force-free field B is well-defined, which is tangent to
fibers of the standard Hopf fibration and is invariant with respect to the
action of the group 7 on S3. This magnetic field B has only closed magnetic
lines.

Using the Klein—Poincaré uniformization mapping for the Ikosaeder
group I one gets a family of examples of force-free magnetic fields B of ¥. An
example, given by [6], shows that many knotted magnetic lines of different
type exist. Examples depend on discrete parameters: angles of the con-
formal image of the Ikosaedral fundamental domain by the Klein—Poincaré
mapping.

An asymptotic ergodic limit for the Casson invariant (Vassiliev 2-order in-
variant) for knot in S® is degenerated. For links higher asymptotic invariant
exists, the simplest asymptotic invariant of the order 7 is constructed in [2].
Using the fact that 3 is not simply-connected, we introduce two new finite-
type asymptotic invariants of knots in 3, denoted by M3 and Ms5. A brief
definition of M3 is the following. Take the universal covering S° — ¥. An
arbitrary knot L C ¥ admits the universal m-equivariant covering L C S3.
We assume that L in ¥ is inside the subgroup A = QxZ/5 C 7 (for generic
magnetic line even stronger assumption that L is contactable gives no re-
strictions). Dived the components of L with respect to 3 (right) residue
classes of the index 3 subgroup, denoted by A € 7: L = U3_, \;. For the
3-component link L we apply an equivariant modification of M invariant.
In [2] it is proved that M-invariant is asymptotic, analogous properties
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for M3 and M5 are conjectured. The invariant Ms is new, this invariant
is defined by index 5 subgroup B = QxZ/3 C m. We use the fact that
components of L= Ulej\l admit a natural cyclic order.

Definitions of M3, Ms are analytic, as the definition of M in [1]. The
combinatorial formula of the invariants is difficult. To investigate algebraic
properties of M3, Ms invariants, we introduced a new finite-valued invari-
ant, called the hyperquaternionic Arf-type invariant. This invariant is used
to express arithmetic reduction modulo 16 of integer-valued invariants M3
and Mjs. Take the quaternionic group Q C m, which acts freely on S°
with the quotient S3/Q. An arbitrary Q-equivariant link L c S3, whose
components are null-homotopic in S?/Q, admits a Seifert surface, which is
embedded into S3/Q and bounds L/Q = L. Arf-invariant is well-defined,
in the case self-linking coefficients of components of L are even. The hyper-
quaternionic Arf-invariant is related with the 2-component of the stable
steam II7, see [3] for more details.

Results are conjectured:

(1) Analytic integrals for M3 and M5. Asymptotic and ergodic properties
of M3 and Ms5.

(2) Formulas for M3 and M5 modulo 16; Galois resolutions.

(3) The combinatorial formulas of M3 and Ms; calculations for geodesic
flows with various parameters of the angles of the fundamental domain.
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WHAT IS THE AREA OF A FINITELY PRESENTED GROUP
AND WHAT DOES THIS AREA DEPEND ON

Ivan Babenko

Institut Montpelliérain Alexander Grothendieck, Montpellier, France

ivan.babenko@umontpellier.fr

The construction of a riemann metric on a manifold is easily general-
ized to any finite simplicial polyhedron, the notion of volume (area) and of
geodesic (as a locally shortest path) conserve their meaning. This allows
to use the methods of differential geometry to study, for example, abstract
groups.

In the beginning of the 80s, Gromov, using the method of the filling,
demonstrated that if one normalizes the metric on a two dimensional poly-
hedron with the condition that any closed non contractible geodesic cannot
have length less than 1, then there exists a fundamental constant ¢ such
that the area of any polyhedron with a non free fundamental group is not
less than c. Relatively recently the estimation of ¢ was improved by some
authors, using “elementary methods”, however the hypothesis about the
exact meaning of ¢ remains completely open.

This observation of Gromov allows to relate any finitely presented group G
with its area o(G) (sometimes called the systolic area), as the lower bound
of normalized areas of 2 dimensional riemann polyhedra that have the given
fundamental group G. It appears that the area of the group G is 0 if and
only if G is free.

For any positive number 7" one can naturally define the set G(T) of two by
two non isomorphic groups of area not larger than 7'. What is the structure
and the cardinality of the set G(T")? Although this questions were raised by
Gromov almost 25 years ago, partial answers were obtained only 8 years ago.

Recently it was discovered that the area o(G) of the group is closely
related to the purely combinatorial invariant of this group, which is equal
to the minimal number of 2-simplexes required to the triangulation of some
2-complex with given fundamental group G. This invariant, called the sim-
plicial complexity of the group, approximates well the area of the group,
when this area is large. The simplicial complexity is of interest from a
purely combinatorial point of view and is related to the more “economical”
corepresentation of the group. The study of this invariant allowed to move
forward considerably in the study of the problems formulated above.
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The talk will be dedicated to the range of questions described above.

References
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CPYIIB JUOOEOMOPOU3MOB MPSAMON U OKPYXKHOCTH.
CTPYKTYPHBIE TEOPEMBI, KPUTEPUU
MOYTU HUJILIIOTEHTHOCTU
(GROUPS OF DIFFEOMORPHISMS OF THE LINE AND CIRCLE.
STRUCTURAL THEOREMS AND ALMOST
NILPOTENCY CRITERIA)*

JI. A. Bekuapsia (L. A. Beklaryan)

IenmpaavHviii sKoHOMUKO-MaMemamuyeckuts uncmumym PAH,
Mocxkea, Poccus

beklar@cemi.rssi.ru, beklaryan@mailfrom.ru

st aGCcTpaKTHBIX KOHEUHO OPOXKIEHHBIX Iyl G = (g1, . . ., §s) KAKOM-
J0O IIKAJIBI COOTBETCTBHUI MEXKY KJIACCAMH TAKUX IPYII U UX POCTOM He
cymecTByeT. TeMm He MeHee JJIs OT/IeJIbHBIX KJIACCOB KOHEYHO ITOPOYKIEHHBIX
IPYHI UMeeT MeCTO B3aUMHO OJHO3HAYHOE COOTBETCTBUE C POCTOM I'DYIIIIEI.

Teopema 1 (Gromov, 1981) [1]. Koneuno nopoowcdennas epynna ume-
M NONUHOMUAALHBIT POCT, M0o20a U MOoAbKO To20a, K020a O0HG MOYMU
HUABTLOMEHTIHG.

YVauThiBas 3HATUMOCTh CBOMCTBA OYTH HUJILIIOTEHTHOCTU TPYIIILI B CBSI-
3U C €ero OJHO3HAYHBIM COOTBETCTBHEM CO CBOWCTBOM IIOJIMHOMHUAJIHLHOCTH
pocra rpyuisl (TeopeMa 1), IPeACTaBISIOTC BaXKHBIMU KAK KPUTEPUH, TAK
U IPU3HAKYU [TOYTU HUJIBIOTEHTHOCTH I'PYIIbl. Pamee Takoil pe3yabTaT ObLT
TIOJIYY€EH JIJI PA3PENINMbIX I'DYIIIL.

Teopema 2 (crporast amprepHaTuBa, Rosenblatt, 1974) [2]. Konewno
NOPOAHCIEHHAA PASPEWUMAA 2PYNNA AUO0 codepacum c680600HY10 NOONOAY-

*Pabora nogaepxana Poccuiickum (oroM dyHIaAMEHTANIBHBIX UCCIEA0BAHNAN (IpaHT
Ne16-01-00110).
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epynny ¢ 08Ymsa 06pasyoOWUMU, AUOO ABAAEMCA NOYMU HUADNOMEHMHOT
(coomeememeerno uMeem NOAUHOMUAALHYT POCT).

WuTtepecen BOIPOC 0 BO3MOXKHOCTH Peaju3aliii abCTPAKTHLIX TPYII B
Buzie noarpyun rpymn guddeomopdusMoB uHTEpBaIa (IPIMOIi, OKPYK-
HOCTH) Pa3JIMYHON IJIagKocTu [3-5] M, COOTBETCTBEHHO, KPUTEPUU [IOYTH
HUJIBIIOTEHTHOCTH TAKWX TPYIIIL.

Teopema 3 (crporast amprepHarusa, Navas, 2007) [6]. Jaa ar6ozo
3adanmnozo o > 0 xaorcdas KoHEwHO NOPONHCIEHHAA MOJPYNNA 2PYNNDL
Dif fi"’a([o, 1]) wubo codepotcum ceobodnyto nodnoayepynny ¢ deyms 06-
PASYOWUMU, AUOO ABAAEMCA NOUMU HUAGTOMERMHO.

s rpynn romeoMopdu3MOB IPSMON M OKPY?KHOCTH WMEETCsl CepHsd
MeTPHUYeCKUX UHBApUaHTOB [7, 8]. Kpurepun cyiecTBoBaHmns METPHUIECKUX
WHBApPUAHTOB yJIaeTCsi CpOPMYJIUPOBATH B TEPMUHAX PAa3JINYHBIX XapaKTe-
puctuk rpynnbl. Ha ocHOBe MOJIyUeHHBIX KPUTEPUEB IPEJIOKEHA CXEeMa
kiaccudurkanuu takux rpyuu [8]. Ha sroMm myrTu, B 9acTHOCTH, 110JIyYeHBI
KPUTEPUU MOYTH HUJIBIIOTEHTHOCTH, a TaKKe CTPYKTyPHbBbIE T€OPEMBI.

Teopema 4 (crporas anbrepuarusa, Beklaryan, 2015) [9]. ITycmo epyn-
na G ={g1,...,9s) asasemecs 2pynnot dupdeomopPusmos ¢ aremenmamu
us Dif f}_(Sl), KOMOPLHLE ABAAIOMCA 63AUMHO Mparceepcarvrvimu. Toeda
aubo epynna G codeporcum c60b600Hy0 nodzpynny ¢ deymsa 06pa3YOUUMU,
aubo epynna G ABAAEMCA NOYMU HUALNOMEHMHOT.

Teopema 5 (crpykrypnas reopema, Beklaryan, 2015) [9]. ITycmw epyn-
na G ={g1,...,9s) asasemecs 2pynnot dupdeomopPusmos ¢ aremenmanmu
uz Dif f1(SY), xomopuie asasomes ezaummo mpanceepcasvhvmu. Tozda
ona epynnoe G cnpasediuso 00Ho U3 NEPENUCAEHHBIT B3AUMOUCKAIOUAIOULUL
ymeepotcoenu.

1) Jasn epynnoe G ne cywecmeyem unsapuanmnol mepol, u epynna G
codepotcum ce0bodnyro nodepynny ¢ dsyms obpasyrouwums. Murumaso-
noe muoocecmso epynnve G ne duckpemmoe, u Hg = (e).

2) Jas epynno. G cywecmeyem uneapuarmnas mepa, v G — xommy-
mamusnas beckonevwnan epynna. I'pynna G monoaozusecku noayco-
npasicena beckonewnot epynne epauenuti. Munumaivioe MHoicecmeo
epynnoe G ne duckpemmnoe, u Hg = (e).

3) Has epynnoe G cywecmeyem uneapuanmnas mepa, u epynna G no-
wmu nuavnomenmuas. Paxmop-epynna G/Hg — yukauveckas epyn-
na Koweuno2o nopadka, a nodzpynna Hg kommymamusnas. I'pynna G
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NOAYCONPANHCEHA YUKAUYECKOT 2PYNnne 8pauULeHUT KOHEYH020 NoPAJKa,
4 MUHUMAAbHDIE MHOCecmEa 2pynnot G duckpemmovie.

Teopema 6 (crporast anbrepHaTusa, Beklaryan, 2015) [9]. Tycmo epyn-
na G = {(g1,...,9s) asasemcs epynnoti dudpeomopdusmos ¢ aremenmamu
us Dif f{(R), xomopwie asamomca 63aummno mpanceepcarvromu. Tozda
aubo epynna G codeporcum c60600nYy10 nodnosyepynny ¢ deyms o0bpasyro-
wuMmu, Au60 2pynna G ABAAEMCA NOYMYU HUADTLOMEHMHOU.

Teopema 7 (crpykrypHas TeopeMa, Beklaryan, 2015) [9]. ITycmo epyn-
na G = {(g1,...,9s) asasemcs epynnoti dugpeomopdusmos ¢ anemenmamu
us Dif f1(R), komopvie asamomes 63aumrno mpanceepcansvromu. Tozda
onn epynnoe G cnpasediuso 00Ho U3 NEPEMUCACHHDBIT 83AUMOUCKAIONAIOULUT
ymeepotcoeHu.

1) Jdas epynnw G ne cywecmsyem unsapuanmuols mepu, u epynna G
codeporcum c60600HYy10 nodnoayepynny ¢ 08ymsa obpasyrouumy. Mu-
HuMabHoe mHoocecmeo epynnve G ne duckpemmoe, u Hg = (e).

2) Jas epynnoe G cywecmsyem unsapuanmuas mepa, u epynna G —
KOMMYMaMueHas neyuxiuveckas epynna. I'pynna G monoaozunecku
noayconpastcena apynne c0eu206 na npamoti. Munumanvroe mmosice-
cmeo epynnve G we duckpemnoe, u Hg = (e).

3) Aas epynnoe G cywecmsyem unsapuanmnas mepa, u epynna G no-
wmu Huavnomermuas. Paxmop-zpynna G/Hg — yukauveckas pyn-
na, a nodepynna Hg wommymamuenas. I'pynna G noayconpastcena
YUKAUNECKOT 2pynne cI8u2068 Ha NPAMOT, G MUHUMAALHDIE MHONHCE-
cmea epynno. G duckpemmwie.

4) Hasn epynnoe G cywecmsyem unsapuaHmuas mepa, u pynna G co-
deporcum c60600nYy10 nodnosyepynny ¢ d08yms 0bpasyrouumy. Parxmop-
epynna G/Hg — yukauveckas epynna, nodzpynna He # () xommy-
mamusenas u, coomeemcmeenno, epynna G paspewumas. I'pynna G
NOAYCONDAHCEHA YUKAUMECKOT, 2pynne cO8u2068 Ha NPAMOl, & MUHU-
MasBHBIE MHodcecmea 2pynnoe G duckpemmvie.
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EMERGENCE AND PARA-DYNAMICS

Pierre Berger

CNRS-LAGA, Université Paris 13, USPC, France
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Recently we showed that some degenerate bifurcations can occur robustly.

Such a phenomenon enables ones to prove that some pathological dynamics
are not negligible and even typical in the sense of Arnold—-Kolmogorov. More
precisely, we proved:

Theorem 1. For every co >1r > 1, forAevery k > 0, for every manifold

of dimension > 2, there exists an open set U of C"-k-parameter families of

self-mappings, so that for every topologically generic family (fo)a € U, for

every |la|| < 1, the mapping f, displays infinitely many sinks.

We will introduce the concept of Emergence which quantifies how wild the

dynamics is from the statistical viewpoint, and we will conjecture the local
typicality of super-polynomial ones in the space of differentiable dynamical
systems.

15



To this end, we will develop the theory of Para-Dynamics, by giving the
following negative answer to a problem of Arnold (1989):

Theorem 2. For every oo > r > 1, for every k > 0, for every manifold
of dimension > 2, there exists an open set U of C"-k-parameter families
of self-mappings, so that for every topologically generic family (fo)a € U,
for every ||la|| < 1, the map f, displays a fast increasing number of periodic
points:

lim su

log Card Pery, f,
p _
n

In order to prove this theorem, we will show an extension of theorems by
Gonchenko—Shilnikov—Turaev, Kaloshin and Turaev, to give the following
answer to questions asked by Smale in 1967, Bowen in 1978 and by Arnold
in 1989, for manifolds of any dimension > 2:

Theorem 3. For every co > r > 1, for every manifold of dimen-
sion > 2, there exists an open set U of C7-diffeomorphisms, so that a
generic f € U displays a fast growth of the number of periodic points.

The proof involves a new object, the A-C"-parablender, the Renormal-
ization for hetero-dimensional cycles, the Hirsh-Pugh—Shub theory, the
parabolic renormalization for parameter family, and the KAM theory.

TYPICAL POINTS IN CHAOTIC DYNAMICS™*
Michael Blank

Institute for Information Transmission Problems, RAS, Moscow, Russia,
National Research University Higher School of Economics, Moscow, Russia

blank@iitp.ru

The classical Birkhoff ergodic theorem in its most popular version says
that the time average along a single typical realization of a Markov process is
equal to the space average with respect to the ergodic invariant distribution.
This result is one of the cornerstones of the entire ergodic theory and its
numerous applications. In this talk I'll address two questions related to
this subject: how large is the set of typical realizations, in particular in the

*Supported by the Russian Science Foundation (project no. 14-50-00150).
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case when there are no invariant distributions, and how this is connected
to properties of the so called natural measures (limits of images of “good”
measures under the action of the system).

Our main results concern with necessary and sufficient conditions under
which for a given reference measure (e.g. Lebesgue measure), whose support
might be much larger than the support of the invariant one, the set of
typical initial points is of full measure. It turns out that one of the main
assumptions here is the ergodicity of the natural measure. To deal with the
situation when the invariant measure does not exist we extend the notion
of ergodicity to measures being non invariant.

To give an example of a system without invariant distributions satisfying
our setup, consider the following deterministic Markov process: a family of
maps from the unit disc X := {(¢,R): 0 < ¢ < 2w, 0 < R < 1} into itself
defined in the polar coordinates (¢, R) by the relation:

(¢4 27+ B(R —7r) mod 2m,y(R—7r)+7r) ifr(R—r)#0,

T(¢,R) == { :

(¢ + 2ra mod 2w, (1 +1)/2) otherwise
with the parameters «, 3,v,r € (0,1). One can show that for any proba-
bility measure p absolutely continuous with respect to the Lebesgue mea-
sure, the sequence of measures % ZZ;& TFu (Cesaro averages of images of
the measure p under the action of T') converges weakly to a certain limit
measure i on the circle {R = r}, but this measure is no longer invariant.
Depending on the choice of the rotation parameters «, 8 € (0, 1) properties
of the set of fi-typical points turn out to be very different. In particular, if
the parameter « is irrational, then the limit measure is unique and the set
of fi-typical points coincides with the entire unit disk.

Questions discussed above turn out to be especially actual in the case
of large systems, when even in the presence of ergodic invariant measures,
their supports cover only a small part of the phase space.

To formulate the results we need a few definitions.

Let (X, B, m) be a compact measurable space with a probabilistic refer-
ence measure m on it (e.g. a unit cube X equipped with the Borel o-al-
gebra B and the Lebesgue measure m). Only probability measures will be
considered and the reference measure is supposed to be positive on open
sets.

For a given measure v denote by M(v) the set of measures p on X
absolutely continuous with respect to v (notation u < v). The map T in-
duces the transfer-operator T, acting on measures according to the formula
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Top(A) == u(T71A), A € B. A measure p is said to be wandering if its
images under the action of the transfer-operator are mutually singular.

Denote by S the support of the limit measure ji and by ps the conditional
measure on S constructed from a measure p.

Depending on the properties of the transfer-operator there are three
different situations. The first of them is the regular case: the transfer-
operator T} is continuous at the limit measure fi. The following result gives
necessary and sufficient conditions that the set of fi-typical points

n—1
Zp={reX: %Zf(T’“:r,) M/fdﬁ Vf e C%X)}
k=0

is of full reference measure m.

Theorem 1. The property m(Z;) - ms(Zp) = 1 is equivalent to the
following three assumptions:

(i) 230 E TR 20 5 e M(m) U M(ms),

n
(ii) the limit measure i is ergodic,

(iii) there are no wandering measures in M(mg).

The situation when the transfer-operator T is discontinuous at the limit
measure fi (see example above) we refer to as an irregular case. In this sit-
uation there might be no invariant measures and thus the Birkhoff ergodic
theorem is no longer applicable. To overcome this difficulty we (motivated
by the fact that in the regular setting the set of typical points is of full er-
godic invariant measure) say that a measure p is weakly ergodic if u(Z,) = 1.

Theorem 2. The assumptions
(1) £ 5020 Thu == i Vi € M(m) U M(ms),
(i) the limit measure i is weakly ergodic,
(iii) there are no wandering measures in M(mg),
imply that m(Z;) - ms(Z) = 1.

The third situation under study corresponds to the so called self-consis-
tent dynamical systems. By a self-consistent dynamical system we mean
a skew product map 7T (z, ) := (T, (T,)«p) acting in the direct product
space X x M. Here {T},} is a family of maps acting from X into itself and
indexed by measures p from M, the space of probability measures on X.
This construction is a deterministic counterpart of the so called nonlinear
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Markov chains. In this setting we also give sufficient conditions under which
the set of typical points for the limit measure is of full reference measure.

Let us mention a few known results related to the questions under study.
The classical ergodicity assumption may be justified by the well known
Oxtoby—Ulam result [1], according to which a generic volume preserving
homeomorphism of a compact manifold is ergodic. In turn ergodicity by
the Birkhoff ergodic theorem means that almost all points (with respect
to the volume measure) are typical in this case. In a recent paper [2] this
reasoning was extended to generic continuous maps without the assump-
tion of the volume preservation and it has been shown that for a generic
map the Birkhoff average converges almost everywhere, but the limit value
may depend sensitively on the initial point. This disproves a conjecture by
D. Ruelle [3] who expected that generically those averages should diverge,
which he called historical behavior. A different approach to this question
together with a comprehensive review of corresponding results may be found
in [4].

We already mentioned that the questions we consider are closely related
to the connections between the natural and observable versions of the so
called Sinai-Ruelle-Bowen measures. We refer a reader to [5], where this
question has been raised in the first time and to [6, 7] where further clarifi-
cations were obtained.
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QUASI-SYMMETRIES AND CONDITIONAL MEASURES
OF DETERMINANTAL POINT PROCESSES

Alexander I. Bufetov

Steklov Mathematical Institute, RAS, Moscow, Russia

bufetov@mi.ras.ru

The classical De Finetti Theorem (1937) states that an exchangeable
collection of random variables is a mixture of Bernoulli sequences. Markov
measures with full support and, more generally, Gibbs measures, on the
space of binary sequences are easily seen to be quasi-invariant under the
natural action of the infinite symmetric group.

The first result of the talk is that determinantal point processes on 7Z
induced by integrable kernels are also quasi-invariant under the action of
the infinite symmetric group. A key example is the discrete sine-process
of Borodin, Okounkov and Olshanski. The Radon—-Nikodym derivative is
a regularized multiplicative functional on the space of configurations. The
formula for the Radon—Nikodym derivative can be seen as the analogue of
the Gibbs property for our processes.

The discrete sine-process is very different from a Gibbs measure: for
example, the rigidity theorem of Ghosh and Peres shows that the num-
ber of particles in a bounded interval is almost surely determined by the
configuration outside the interval.

The quasi-invariance can then informally be understood as the statement
that there are no other invariants except the number of particles.

The second result is a continuous counterpart of the first: namely, it
is proved that determinantal point processes with integrable kernels on R,
a class that includes processes arising in random matrix theory such as
Dyson’s sine-process, or the processes with the Bessel kernel or the Airy
kernel studied by Tracy and Widom, are quasi-invariant under the action of
the group of diffeomorphisms of the line with compact support (rigidity for
the sine-process has been established by Ghosh, for the Airy and the Bessel
by the speaker).

While no analogues of these results in higher dimensions are known, in
joint work with Yanqi Qiu it is shown that for determinantal point processes
corresponding to Hilbert spaces of holomorphic functions on the complex
plane C or on the unit disk D, the quasi-invariance under the action of the
group of diffeomorphisms with compact support also holds.
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Quasi-symmetry theorems have an analogue also for determinantal point
processes governed by J-Hermitian kernels, such as, for example, the Whit-
taker kernel: in joint work with Yanqi Qiu it is shown that adding a particle
in one half of the phase space is equivalent to removing a particle in the
other half. This can be seen as a manifestation, in the continuous case, of
particle-hole duality.

SOME EXAMPLES OF KAM-NONDEGENERATE NEARLY
INTEGRABLE SYSTEMS WITH POSITIVE METRIC ENTROPY

Dong Chen

Pennsylvania State University, Department of Mathematics,
University Park, PA, 16802, USA

dxc3600psu.edu

The celebrated KAM Theory says that if one makes a small perturbation
of a non-degenerate completely integrable system, we still have a huge mea-
sure of invariant tori with quasi-periodic dynamics in the perturbed system.
These invariant tori are known as KAM tori. What happens outside KAM
tori draws lots of attention. In this talk I will present two types of C'*°
small Lagrangian perturbation of the geodesic flow on a flat torus. Both
resulting flows have positive metric entropy. From this result we get posi-
tive metric entropy outside some KAM tori. What is special in the second
type is that positive metric entropy comes from an arbitrarily small tubular
neighborhood of one trajectory [1]. This is a joint work with Burago and
Ivanov.

In [3] we prove the following theorem:

Theorem 1. The Euclidean metric po of T"(n > 3) can be perturbed
in the class of reversible Finsler metrics so that the resulting metric ¢, has
positive metric entropy of its geodesic flow. @, converges to ¢y in C* as
e — 0.

In higher dimensions we are able to construct perturbation with entropy
non-expansive geodesic flows [1]:

Theorem 2. The FEuclidean metric vo of T™(n > 4) can be perturbed in
the class of reversible Finsler metrics so that the resulting geodesic flow has
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positive metric entropy and is entropy mon-expansive. Such perturbations
can be made C'*° small.

In order to prove Theorems 1 and 2 we use notions and definitions
from [2]:
Let D be an n-dimensional disc and ¢ a Finsler metric on D.

Definition 1. ¢ is called simple if it satisfies the following three con-
ditions:

(1) Every pair of points in D is connected by a unique geodesic.

(2) Geodesics depend smoothly on their endpoints.

(3) The boundary is strictly convex, that is, geodesics never touch it at
their interior points.

Denote by Uj, the set of unit tangent vectors with base points at the
boundary 0D and pointing inwards. And U,,: denotes the unit tangent
vectors at the boundary, pointing outwards. For a vector v € U;,, we can
look at the geodesic with initial velocity v. Once it hits the boundary again,
we get its velocity vector S(v) € Upyye. This defines a map 8: Ui, — Uput,
which is called the lens map of ¢. If ¢ is reversible, then the lens map is
reversible in the following sense: —f3(—3(v)) = v for every v € Usy,.

We denote by UT*D the unit sphere bundle with respect to the dual
norm *. Let £ : T'D — T*D be the Legendre transform of the Lagrangian
©?/2. Tt maps UT'D to UT*D. For a tangent vector v € UT,. D, its Legendre
transform .Z(v) is the unique covector a € U} D such that a(v) = 1.

Then consider subsets U}, = Z(U;y,) and U}, = L (Uout) of UT*D. The
dual lens map of ¢ is the map o: U}, — UZ,, given by 0 1= £ o0 £ 1
where (3 is the lens map of . If ¢ is reversible then o is symmetric in the
sense that —o(—o(a)) = a for all a € U},

Note that U}, and U}, are (2n — 2)-dimensional submanifolds of 7% D.

(o}
The restriction of the canonical symplectic 2-form of T*D to U}, and U},
determines the symplectic structure. And the dual lens map o is symplectic.
In [2], Burago and Ivanov proved the following theorem, which says that
under certain natural restrictions, a symplectic perturbation of ¢ is the

dual lens map of some metric that is closed to ¢:

Theorem 3. Assume thatn > 3. Let ¢ be a simple metric on D = D™
and o its dual lens map. Let W be the complement of a compact set in
Up,. Then every sufficiently small symplectic perturbation & of o such that
olw = olw can be realized by the dual lens map of a simple metric ¢ which
coincides with ¢ in some neighborhood of 0D.
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The choice of ¢ can be made in such a way that ¢ converges to ¢ whenever
& converges to o (in C). In addition, if ¢ is a reversible Finsler metric
and G is symmetric then @ can be chosen reversible as well.

In the proof of Theorem 2 we use the following lemma from [2]:

Lemma 1. There exists a symplectomorphism 0: D% — DS which is
arbitrarily close to the identity in C'°°, coincides with the identity map near
the boundary, and has positive metric entropy.
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We study structural stability and shadowing in dynamical systems by
means of Topological Dynamics. Consider a homeomorphism 7" of a com-
pact metric space (X, p) to itself. Let M(X,T) C R(X,T) C Q(X,T) C
CR(X,T) be sets of minimal, recurrent, non-wandering and chain recurrent
points of T'. Let NW be the class of dynamical systems with X = Q(X,T).

Definition 1. Let d > 0. A sequence {zy}ren is a d-pseudotrajectory
if p(xg41, T (zx)) < d for all k € N.

Definition 2. An e-network Y is almost invariant if for every n € Z
the set T"(Y") is an e-network. Denote by Q the class of systems (X, T)
that have finite almost invariant e-networks for every € > 0.
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Definition 3. Let W be the class of dynamical systems (X,T) such
that for any € > 0 there exists a d > 0: for any d-pseudotrajectory {zj}
there exist points y!, ...,y such that x;, is ¢ close to one of points 7% (y?)
for all k € N. Then the system (X, T) is said to satisfy the multishadowing
property.

Proposition. For any € > 0 there exists a § > 0 such that for any
d-pseudotrajectory p = {pr.} of the map T

lim inf #K ()0, N]/N > 1 —e.

N —oc0
Here K. = {k > 0: p, € U.(R(X,T))} where U.(R(X,T)) is the e-neigh-
borhood of all recurrent points in X .

Theorem. 1. Q= W[ NW.

2. For any homeomorphism from the class Q there exists a probability
invariant measure, supported on all X.

3. (X,T) e W if and only if CR(X,T) = M(X,T).

This fact implies some interesting corollaries, e.g. the following.

Corollary. Let X be a C' smooth compact manifold. There exists a
residual subset Z C Diffl(X) such that for any T € Z and any € > 0 there
exists 6 > 0 such that distco(S,T) < ¢ implies Q(X,S) C U (X, T)).

We also discuss some other corollaries of the formulated theorem.
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In [2—4] the first two authors studied the following class of partially hy-
perbolic systems of the fast-slow type on T2

F.(z,0) = (f(x,0),0 + ew(x,0)) mod 1, (1)

with & > 0, small, F. € C3(T?,T?), and inf, g 9, f(x,0) > X > 1, ||w]cs = 1.
As usual it is important to specify the type of initial conditions under which
we like to study the dynamical systems (T?, F.). It is well known that, in
order to be able to obtain meaningful results for long times, they must
be random. More precisely, if we define (x,,6,) = F(x0,6p), then we
would like to consider, at least, the initial condition 8, € T! fixed, while
zg € T! is distributed according to a probability measure with smooth
density w.r.t. Lebesgue. Then (z,,,6,) can be viewed as a (Markov) random
process.

Even though (1) is arguably the simplest possible model problem for a
fast—slow partially hyperbolic system, its exact properties are not under-
stood in full generality. If we want to develop a general theory for fast—slow
partially hyperbolic systems, it is then important to see were do we stand
and what are the open problems for the above basic model.

In [1], we studied the statistical properties of (1) in a much greater detail.
In my presentation, however, I will only focus on the geometrical implica-
tions of these properties. In particular, in [1] we showed that, contrary

*Supported by the European Advanced Grant Macroscopic Laws and Dynamical Sys-
tems (MALADY) (ERC AdG 246953). D.V. has been partially funded by the Russian
Academic Excellence Project ’5-100’.
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to naive intuition, it is possible that the central Lyapunov exponent x. is
positive, despite having a statistical sink. We also proved below that F. has
an invariant foliation made of smooth compact leaves tangent to the central
distribution. If x. > 0, these leaves have to expand in average but at the
same time their length is uniformly bounded.

The reason why this is not contradictory is that the center foliation fails to
be absolutely continuous. This means that, despite each leaf being individ-
ually smooth, the foliation as a whole is very wild. This situation is strange
but known to happen, see the papers of Ruelle, Shub and Wilkinson [7, 6]
where they presented an open set of volume preserving partially hyperbolic
systems with non absolutely continuous central foliation for a perturbation
of the product of an Anosov map by an identity map on the circle. This
behaviour was later observed in many other partially hyperbolic systems.

Proposition 1. There exists a C'-open set U. such that for any F € U,
we have x. > 0.

In particular, if F' € U, has a physical measure, then it must have positive
Lyapunov exponents.

Theorem 1. For every map F from U

1. the central distribution E° is uniquely integrable to a C' folia-
tion W¢;

2. if, in addition, F has j-pinching, j > 1, then W€ is CJ;

3. every leaf W € W€ is a diffeomorphic circle of uniformly bounded
length;

4. if F has a physical measure, then W€ is not absolutely continuous.

Remark 1. According to Tsujii [5], the existence of the physical mea-
sure is generic and hence it holds generically for F' € U.. Accordingly, the
above Theorem implies that generically W€ is not absolutely continuous.
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Earlier, the author has obtained conditions which imply the non-integra-
bility of many-dimensional systems in the strongest analytic case, i.e., the
absence of a non-constant analytic and even meromorphic first integral, and
a non-trivial one-parameter analytic symmetry group [1-4]. These condi-
tions are related to transversal intersections of many-dimensional invariant
manifolds (separatrices) and utilize coordinates reducing dynamics over sep-
aratrices to normal forms. So, the conditions are constructively verifiable
for concrete systems but their checking could involve some difficulties.

We discuss situation of anti-integrable limit where these conditions are
easily verifiable. It is practically evident that quasirandom dynamics of sys-
tems near the anti-integrable limit admits a description in terms of Smale
horseshoes and corresponding homoclinic structures, though this fact seems
to be not pointed out in the literature, except for some particular discus-
sion in [5]. In the anti-integrable limit the invariant manifolds and their
normalizing transformations are tending to some manifolds and mappings
that admit very simple description. This easily allows to apply author’s
results on many-dimensional non-integrability.

Consider the simplest example, a many-dimensional generalized standard
map defined as

yi=y+e 'DV(p), 1=¢+y,
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where (y, ), (y1, 1) € R™ x T", with & being a small parameter, and V, a
potential on T".

Theorem. If C*-potential V possesses a non-degenerate critical point
on T™ then the mapping is non-integrable for all small € # 0.
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TOWARDS THE THEORY OF SOLUTIONS OF THE FLOW
EQUATIONS OF INCOMPRESSIBLE LIQUID
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The Euler system of equations

—

U+ (U-VYU+VP=0, (V-U)=0, (1)
where U = [U(Z,t), V(Z,t), W(Z,t)] and P = P(Z,t) are the velocity and,
respectively, the pressure of liquid, after change of the variables x = = +

at, y =y+ Bt, z = z+~t and the functions U(z,y, 2,t) = a+U(z—at,y —
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Bt,Z - 775)7 V(%%%ﬂ = B + V(x - Oét,y - Bt,Z - ’Yt), W(x7yazat) =
v+ U(x —at,y — ft,z —t), P(x,y,z,t) = Py + Pz — at,y — Bt,z — t),
takes the form

P+ UU,+VU,+WU, =0, P+ UV, +VV, + WV, =0,
P,=UW,+VW, +WW, =0, Uy +V,+W,=0. (2)

To integrate the system (2) we transform it into the system of equations
(in new variables)

VWP, + UWP, +UVP, - VXWU), - W3(VU), - U*(WV), =0,
(UUz)y + (VUy)y + (WU2)y = (UVa)e = (VVe)a = (WV2)e =0,
(UUs): + (VUy): + (WU2): = (UWz)e — (VWy)e — (W.W), =0,
(UVe): + (VVy)e + (W), — (UWL)y — (VW) — (WW2), =0, (3)

using the relations UU, = P, — VU, — WU,, VV, = (P, - UV, —
wVv,), WW, = (P, — UW, — VIW,), and conditions of their compatibility.
As a result we find that the simplest non singular solution (1-soliton) of
the system (3) has the form
e (z—at)+8 (y—bt)+d (z—ct)
1+ex (x—at)+B (y—bt)+d (z—ct)’

W(Z,t) =c+

e (x—at)+B (y—bt)+d (z—ct)

V(Z,t)=b+ 1+ e (@—at)+5 (y—bt)+o (z—ct) ’

(B + 6) @ (z=at)+B (y=bt)+5 (z—ct)

U(:E,t) =a— o (1 + ea(z—at)+p (y—bt)+6(z—ct))

where (a,b,c) and a, 8,9 are the parameters.
More complicate solution (2-soliton) of the system (3) is
W(Z,t)=c
eferat z—at)B+8 (y—bt)+z—ct + eforatf(xfat)ﬁJrﬁ (y—bt)+22z—2ct—y+bt

—(
+ (1 4 e—wtat—(z—at)B+p (y—bt)-l-z—ct) (1 + e—y+bt+z—ct) ’

V(@) =b
e*beratf(xfat)ﬂJrﬁ (y—bt)+z—ct + eforatf(xfat)ﬁJrﬁ (y—bt)+22z—2ct—y+bt
+

(1 4 e—ztat—(z—at)B+p (yfbt)Jrzfct) (1 + efy+bt+z7ct) )
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U(Z,t)=a
e—;c+at—(9c—at)6+6 (y—bt)+z—ct 4 e—x+at—(9c—at),6‘+,6‘ (y—bt)+2z—2ct—y—+bt
+

(1 4 e—ztat—(z—at)B+p (yfbt)Jrzfct) (1 + enyrbtJrzfct)

In given examples of the flows the condition P(Z,t) = const is satisfied.
As the flows with condition P(z,y,z,t) # const may be considered fol-
lowing example

W(z,y,z,t) = c—1/2 sin(x — at) — sin(y — bt),
V(z,y,z,t) =b—1/2 cos(z — at) + cos(z — ct),
U(z,y,z,t) = a+ cos(y — bt) —sin(z — ct),
P(z,y,z,t) = Pp —1/4 cos(—y + bt + x — at)
+1/4 cos(y — bt + = — at) + 1/4 cos(x — at — z + ct)
+1/4 cos(x —at+z—ct)+1/2 sin(y — bt + z — ct) — 1/2 sin(y — bt — z + ct).

More general consideration of the system (3) allow as to formulate the

Theorem 1. Non singular and non stationary solution of the sys-
tem (1) has the form

U(z,y,z,t) =a+ Asin(z — ct) + C cos(y — bt),
V(z,y,z,t) = b+ Bsin(xz — at) + Acos(z — ct),
W(z,y,z,t) = c+ Csin(y — bt) + B cos(z — at),
P(z,y,2,t) =1/2CBsin(—y + bt + « — at) — 1/2 CBsin(y — bt + x — at)
—1/2BAsin(—z + ¢t +x —at) — 1/2 BAsin(z — ¢t + x — at)
+1/2 ACsin(—z 4+ ct+y —bt) — 1/2 ACsin(z — ct +y — bt) + Fa(t), (4)

which is a generalization of the famous stationary ABC — flow.

Theorem 2. Non singular and non stationary solution of the sys-
tem (3) has the form

U(z,y,2,t) =a+1/2 C; sin(y—bt)+1/2 E; cos(y—bt)+1/2 F; cos(z—ct)

+1/2 H; sin(z — ct),
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V(z,y,2z,t) =b+1/2 F; sin(z —ct) — 1/2 H; cos(z — ct) — Ay sin(z — at)
+Bjs cos(z — at),
W(z,y,z,t) = c+ As cos(z — at) + Bs sin(r — at)
+1/2 Cy cos(y — bt) — 1/2 E; sin(y — bt),
Remark. To integrate the Navier—Stokes system of equations
U+ (U - VYU + VP =uAU, (V-U)=0, (5)
the approach described above can be applied, where the condition
VWP, + UWP, + UVP, - VX WU), - W(VU), — UX(WV),+
+u(VWAU + UWAV + UVAW) =0,

is used, which is consequence of the condition of incompressibility of liquid
(V-U)=0.
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Mean-motion resonance (MMR) is the dynamical situation in character-
ized by commensurability between the orbital periods of two celestial bod-
ies. Effects of bodies’ interaction in the resonance are very different from
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non-resonant case. The study of MMR is very important, in particular, for
problems of formation and stability of the solar system.

The commensurability p+q: p (p € N, ¢q € Z) is referred to as resonance
of order |g|. Systems with the first order MMR are usually considered to be
integrable [1]. However, there is evidence that dynamics of Pluto, which is in
2: 3 orbital resonance with Neptune, is chaotic [2]. In this work, it is shown
that integrability of the problem is a consequence of a rough approximation.
General non-planar case within the circular restricted three-body problem
is considered. The model Hamiltonian describing evolution of the system in
the first order MMR more accurately is introduced. Following the technique
originated from [3, 4], canonical variables are divided into slow and fast and
the averaging method is applied to study long-term evolution of the orbit.

It is shown that the phase space of the system contains a region with
adiabatic chaos. Some characteristics of emerging chaos are calculated,
classification of all possible long-term evolution scenarios is presented and
bifurcations in phase portraits of the system are analyzed.
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MAIN SUBSPACES OF THE SPACE OF C'-SMOOTH SKEW
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We consider the space il(I ) of C*-smooth skew products of maps of an
interval with invariant boundary of a closed rectangle I = I} x I (I, I»
are closed intervals) such that quotient map f: Iy — I; of a skew product
F e il(l) is Q-stable! in the space of Cl-smooth maps of interval I; into
itself with invariant boundary of interval I;. Here

F(x, y) = (f(x), 9:(¥)) 92(y) = g(x, y) for any point (z, y) € I.

In addition, we suppose that a map F € i}([ ) has quotient of type = 2°°
i. e. f has a periodic orbit with a (least) period & {2'};>0.

Our considerations are based on use of the special multifunctions such as
the Q-function, auxiliary and suitable functions (for details see, e.g., [2]).

We formulate Decomposition Theorem [2] for the above space of skew
products. This Theorem makes it possible to present the considering
space as the union of nonempty pairwise disjoint subspaces Tj’j(l ) for
ji=1,2,34.

These main subspaces are distinguished in accordance with continuity
property of auxiliary multifunctions (as T*l’ 1(I)) or in accordance with con-
tinuity property of suitable (but not auxiliary) multifunctions (as T"*l o(1));
or vise versa, in accordance with discontinuity property of suitable mul-
tifunctions in combination with continuity property of the Q-function (as
i}ﬁ(l )) or in combination with discontinuity property of the Q-function
(as T*l +(I)). Thus, Decomposition Theorem gives implicit description of
subspaces i}](I) for 1 <j<4.

We distinguish important nonempty subsets of the above subspaces and
investigate approximate properties of skew products from distinguished sub-
sets. Explicit description of these subsets of skew products is based, in the

*Supported by the Ministry of Science and Education of Russia, grant no. 14-10.
LThe paper [1] contains deep analysis of the concept of Q-stability for maps on mani-
folds with boundary.
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first place, on the concept of stability as a whole in C'-norm of family of
fibers maps [3] and, in the second place, on the concept of dense stability
as a whole in C'-norm of family of fibers maps.

To give the Definition we need some information on iterations of a skew
product F' and their special presentation. So, for any n > 1 and any point
(x, y) € I the following equality holds

Fn(xa y) = (fn(x)v gx,n(y))a where g:c,n(y) =0gfn-1(g)©-..0 gx(y)
Any iteration of a skew product F' can be presented as composition of two
maps F,: I — I, where F,(x,y) = (id(x), gz.»(y)), and F, 1: I — I,
where F, 1(z, y) = (f™(x), id(y)) (here id(x) and id(y) are identity maps
of intervals I; and I respectively). Let us give the exact formula:

P n,10 Fp.

_ Definition. We say that family of fibers maps of a skew product I’ €
TX(I) with quotient of type = 2° is stable as a whole in C'-norm if for
any § > 0 there is a neighborhood B.(F) of a map F in the space THI)
such that for every map ® € B(F) and for return times [} (i > i* for some
i* > i) of trajectories from f-nonwandering set Q(f) there exists J-closed
to the identity map in C°-norm homeomorphism H (" : ﬁlF — ﬁ% of skew

products class satisfying: maps Fi () < I and ®;: (o) xT» A€ Q-conjugate
=(ex

with respect to H%) where 77/ is the graph in I of the suitable function
corresponding to [}-th iteration of a map.

The property of dense stability as a whole in C'-norm of family of fibers
maps means breakdown of the above property on the nonempty closed
nowhere dense subset of f-nonwandering set.

The property of stability as a whole in C'-norm of family of fibers maps
of a skew product F € T}(I) selects Cl-smooth 2-stable skew products
(with respect to homeomorphisms of skew products class) [4].

Theorem 1. A skew product ' € il (I) with quotient map of type = 2
is Q-stable in Cl-norm if and only if its family of fibers maps is stable as a
whole in C*-norm. Moreover, Q-stable skew products with quotient of type
>~ 2° are contained in the subspace T} |(I).

The claim of the following Theorem 2 means that Q2-stable skew products
with quotient of type > 2°° are not dense in T} | (I) (see [4]).

Theorem 2. There exists a skew product F € il,ﬂf ) with quotient
map of type = 2% such that some its neighborhood BL(F) in the space
T*17 1(I) does not contain Q-stable skew products of maps of an interval.
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Let us consider skew products with densely stable as a whole in C''-norm
families of fibers maps.

Theorem 3. For any j = 1, 2, 3, 4 there exists a map F; € i}j(l)
with quotient of type = 2°° and densely stable as a whole in C'-norm family
of fibers maps.

The following Theorem 4 gives criterion of approximability in C''-norm
of skew products with quotient map of type > 2°° and densely stable as a
whole family of fibers maps by means of {2-stable skew products.

Theorem 4. Let F € ilj(f) (5 = 1,3 or4) be a skew product with
quotient of type = 2°° and densely stable as a whole in Ct-norm family of
fibers maps.

Then F admits approzimation in C'-norm by means of C*-smooth -
stable skew products of maps of an interval with an arbitrary degree of accu-
racy if and only if for every locally maximal f-quasiminimal set K(f) and
i > 1" there exists a connected component Ck ), ; of the space of C'-smooth
Q-stable maps of interval Is into itself satisfying the inclusion

{92, 1: Yeer(r) € Cr(p).i

_ Remark 1. At present, examples of skew products from subspace
T*17 o (I) with quotient of type = 2°° and densely stable as a whole in C''-norm
family of fibers maps, that satisfy conditions of Theorem 4, are unknown.

The subspace il +(I) demonstrates new unusual properties.

_ Theorem 5. The set of Q2-conjugacy classes of maps from the subspace
T*17 +(I) is uncountable and has cardinality > W1, where Xy is cardinality of
the set of ordinal numbers of second class.

Moreover, T*IA(I) contains the subset of skew products every of which
can be approrimated with any degree of accuracy in C'-norm by means of
skew products from the same subset with any depth of the center, which is
ordinal number of second class.

Remark 2. Analogously results of paper [5], Theorem 5 demonstrates
impossibility of complete dynamical description of skew products from the
subspace T*l, 4(I) based on the concept of Q-conjugacy.
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Lyapunov exponents are dynamical analogs of characteristic numbers of
vector bundles. The Lyapunov exponents for the Teichmiiller geodesic flow
relate the dynamics on moduli space with the dynamics on flat surfaces.
Efficiently computing them is currently still a challenge, both for strata of
the moduli space of flat surfaces and for Teichmiiller curves, including all the
Teichmiiller curves generated by square-tiled surfaces. Starting with [7] it
was realized that the sum (i.e. the sum of the positive) Lyapunov exponents
equals the normalized degree of the Hodge bundle on Teichmiiller curves,
see [6, 8, 1, 3, 2] for versions of this formula, including the case of strata.
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This observation generalizes from the variation of Hodge structures over
Teichmiiller curves to any weight one variation of Hodge structures (VHS).
Presently, irreducible summands of weight one VHS are the only instances
where such degree formulas are known. Even the computation of Filip [5]
of the top Lyapunov exponent for families of K3 surfaces can be subsumed
under this observation, if one refers to his proof using the Kuga—Satake
construction.

The main result of this paper is that an inequality for the sum of the top k
Lyapunov exponents holds in great generality. This was first conjectured
by [9], but the scope given here is more general.

Let C = H/T be hyperbolic Riemann surface of finite area (or equiva-
lently, a complex quasi-projective curve) with a representation p: m (C) —
GL(V) such that, if C' is non-compact, the monodromies around the cusps
A = C\ C are non-expanding, i.e. all the eigenvalues lie on the unit circle.
This assumption is necessary and also sufficient for Oseledets theorem. To
be more precise, we need to specify a norm on the flat bundle V determined
by p. There are two natural choices: the practical choice (for simulations)
is a “constant” norm obtained by parallel transport along a Dirichlet fun-
damental domain for I' and a more sophisticated choice of an admissible
norm that has the right growth at the cusps and compatibility with exte-
rior powers. Oseledets theorem is very insensitive to such choices: we show
that both norms satisfy the integrability condition and compute the same
Lyapunov exponents.

For VHS of arbitrary weight we show that the Hodge norm is admissible.
Along with the proof we give an upper bound for the Lyapunov exponents
that is uniform for all VHS of given weight and rank. However, our estimate
is very crude. It is an interesting problem to prove tight upper bounds for
Lyapunov exponents for VHS.

In the setting of a local system V defined by p and a norm as above, we
can now state our main Theorem:

Theorem. For any holomorphic rank k subbundle & of the Deligne
extension of V the sum of the top k Lyapunov exponents is bounded below by

zk:/\ 2deg,,.(€)
"7 29(0)—2+A]

i=1

(1)

where g(C) is the genus of the curve C and |A| is the number of cusps.

Here the parabolic degree deg,,,, of a vector bundle is equal to the degree
in the case of unipotent monodromies.
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This theorem has two types of applications. The first is the large genus
limit of Lyapunov exponents for hyperelliptic strata of Abelian differentials,
proven by F. Yu conditionally to our main theorem in [9].

The second application concerns families of Calabi—Yau threefolds and
conjecturally gives new cases where equality in (1) holds. There is a well-
known list of 14 rank 4 hypergeometric local systems that could be the
middle cohomology of a family of Calabi-Yau threefolds with h%! = 1.
Numerical examples suggest that for precisely 7 out of these 14 examples
the sum of the top two Lyapunov exponents coincides with the degree of
the top two terms of the Hodge filtration. These are exactly those examples
where the monodromy group is thin in the symplectic group.

The talk is based on paper [4].
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How much “chaotic” can area preserving surface flows be? It is widely
known (from the works of Kolmogorov, Katok and others) that starting from
very low regularity these flows, if they do not have singularities, cannot be
mixing. Via Poincare sections, the latter phenomenon is due to a Denjoy
type rigidity of discrete time one dimensional dynamics. However, Kocher-
gin and then Khanin and Sinai showed that these flows can be mixing when
they have singularities. Nothing however was know about their spectral
type. We will explain why Kochergin flows with one (sufficiently strong)
power like singularity typically have a maximal spectral type equivalent
to Lebesgue measure on the circle. So, these quasi-minimal flows on the
two torus, that have almost the same phase portrait as that of a minimal
translation flow, share the same maximal spectral type as Anosov flows! In
fact, the Lebesgue spectrum is rather reminiscent of the parabolic paradigm
(of horocyclic flows for example) to which the Kochergin flows are related
due to the shear along their orbits. We will discuss this relation and its con-
sequences as well as several questions around mixing area preserving flows.

This is a joint work with Adam Kanigowski and Giovanni Forni.

ON THE DEVELOPMENT OF ANOSOV’S TOPOLOGICAL IDEAS
IN FIXED POINT AND COINCIDENCE THEORY
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The report is a survey (not pretending to the completeness) of re-
sults in fixed point and coincidence theory inspired by Anosov’s famous
theorem on Nielsen numbers for self-mappings of a nilmanifold (that is
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a homogeneous space of a simply connected nilpotent group by a discrete
cocompact subgroup).

In 1985 D.V. Anosov proved [1] the following remarkable theorem. For
definitions see, for example, [2, 3].

Theorem. For any self-mapping f: X — X of a nilmanifold X (map-
pings are always supposed to be continuous), its Nielsen number N(f) co-
incides, up to the sign, with its Lefschetz number A(f).

E. Fadell and S. Husseini [4] independently gave another proof of Anosov’s
theorem. Earlier, such fact was known only for mappings of n-tori [5]. Later,
D.L. Gongalves [6] extended this fact to coincidence Nielsen numbers for
pairs of mappings of n-tori.

Anosov’s main idea consists of the fact that an n-torus should be consid-
ered not as a Lie group, but as a nilmanifold. It is known that the Nielsen
number is an object difficult to compute, while the Lefschetz number is
computable in many cases. So, the significance of Anosov’s theorem is that
the Nielsen number can be calculated in the indicated situation. It is also
well-known that the computing of Nielsen number is important because in
many cases N(f) coincides with the least number of fixed points in the
homotopy class of a given mapping f. The same is true for the coincidence
Nielsen number N(f, g) of a pair of mappings f, g (see [9, 10]).

Let us list a selection of results generalizing and developing the Anosov
theorem. It should be mentioned that in the fixed point theory it was gen-
eralized by C.K. McCord [7] for mappings of solvmanifolds (a solvmanifold
is a quotient space of a connected solvable Lie group by a closed subgroup).
Later this was done by E. Keppelman and C. McCord [8] for mappings of
so called exponentially solvmanifolds as well.

There are also some more generalizations of the Anosov theorem for co-
incidence Nielsen numbers. J. Jezierski [11] obtained the equality N(f,g) =
|A(f, g)| (here A(f, g) is the coincidence Lefschetz number) for any mappings
fyg: X — X, where X is a nilmanifold. R. Brooks and P. Wong [12] tried
to prove the same result for mappings f,g: M — M, where M is a compact
connected nilmanifold, converting the fixed point and coincidence problems
for self-mappings of nilmanifolds into a root problem. Unfortunately, an
error slipped in this paper. B. Jiang took notice of it, and later P. Wong
corrected the arguments.

Following the technique of [12] for nilmanifolds, C. McCord [7](II)
proved the equality N(f,g) = |A(f,g)| for the case when X # Y, but
dim X = dimY. Earlier, in 1992, C. McCord in [7](I) claimed the inequal-
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ity N(f,g) > |A(f, g)| for mappings of solvmanifolds of the same dimension.
But, there was a gap in his arguments, partly corrected in [7](IT). So, the
last inequality was kept as a conjecture.

Using the fiberwise technique, P. Wong in [13] investigated the coinci-
dence problem for mappings f,g of solvmanifolds of different dimensions.
In particular, he proved the inequality N(f,g) > |A(f,g)| for the case of
mappings f, g between two oriented solvmanifolds of the same dimensions
and eliminated the gaps in [7](LII).

D. Gongalves [14] proved that the following 3 conditions are equivalent
for any 2 mappings f, g between nilmanifolds.

L. R(f,g) < oo
2. Coin(fy, 95) = 1, fy, g1 m(X) = m(Y);
3. N(f,g9) #0.

In addition, he proved that under any of these conditions N(f,g) =
R(f,9) = |A(f,9)|, where R(f,g) stands for the Reidemeister number of
a pair of mappings (f, g).

Now, let us list some results by P. Penninckx (see for definitions and
details [15, 16]). In his Ph.D. dissertation he proved statements generalizing
the Anosov’s theorem.

As it was noticed by D.V. Anosov himself in [1], his theorem cannot be
generalized to arbitrary infra-nilmanifolds. Nevertheless, it aroused interest
in proving fixed point theory results for infra-nilmanifolds, under suitable
conditions. P. Penninckx generalizes the Anosov theorem to a large and
important class of infra-nilmanifolds. More exactly, let G be a connected,
simply connected, nilpotent Lie group. The automorphism group Aut(G)
of G acts naturally on G. The semi-direct product Af f(G) = G x Aut(G)
acts on G by (d,D)(g) = dD(g) for all (d,D) € Aff(G),g € G. Let C be
a maximal compact subgroup of Aut(G). If a cocompact discrete subgroup
T of G x C is torsion free, and I' C Af f(G), then the quotient space I' \ G
is a manifold. Such manifolds are called infra-nilmanifolds. In particular,
if ' C G, the quotient T\ G is called a nilmanifold. The finite group
F ={A € Aut(G)|3a € G: (a,A) € T'} is called the holonomy group of T
P. Penninckx proved that if F' is a finite group, the Anosov theorem holds
for any infra-nilmanifold with holonomy group F' if and only if F' has no
index two subgroup. In addition, for some results from fixed point theory,
P. Penninckx proves a counterpart in coincidence theory. For the results
from fixed point theory which can not be generalized to coincidence theory,
he gives counterexamples. For example, P. Penninckx proves that if M1
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and M2 are infra-nilmanifolds of equal dimension with the same odd order
cyclic holonomy group, the equality N(f,g) = |A(f, g)| is true for any pair
of mappings f,g: M1 — Mo.

There are a lot of other works which have appeared under the influence
of Anosov’s topological ideas which had been realized in his theorem men-
tioned above. It served as a starting point for the booming development of
Nielsen fixed point and coincidence theory and generated a continuing flow
of interesting new results by many authors in this field.
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PERTURBATION THEORY)

B. B. ®ydaes (V. V. Fufaev)

Mocxosckuii 2ocydapcmeernnuts yrnusepcumem um. M.B. Jlomonocosa,
Mocxsa, Poccus

fufaevvv@yandex.ru

Pacemarpusaerca 3amaqga [rypma—JInyBmwuisa ¢ mognHOMUAILHBIM Be-
[ECTBEHHBIM IIOTEHIMAJOM M MAaJjbIM (YACTO MHHMBIM) [ApaMeTPOM IPU
BTOPOIl Mpou3BOIHOI. B 0K/1a/1e TIpeIiioiaraeTcs mpeiCTaBUTh PE3YJIbTAThI
ACHUMIITOTUIECKOIO aHAJIN3a, B XOJI€ KOTOPOI'O JIJIsi PACCMATPUBAEMOI Kpae-
BOIl 3a/1aum Jlazke B CJIydae TMOTEHIUAJIA-TIOJHHOMA TPEThel CTeleHrn ObLIN
OoOHAPYKEHBI HOBBIE SIBJIEHUsI, CBSI3AHHBIE C KOHIEHTpAIMEl COOCTBEHHBIX
3HAYeHU, nX OMdypKAIUIMA U JIBUKEHNEM [IPU U3MEHEHUH MaJioro Iapa-
Merpa. ObHapyxKeHHbIe 3(P@PEKTH MOJTyYatoT 0OOCHOBAHME HA OCHOBE IO/I-
X0J1a K aCUMITOTAYECKOMY WHTErPUPOBAHUIO JudDepeHInabHbIX YpaBHe-
HUll, Pa3BUBAIONIETO TEXHUKY OUPKrO(MOBCKUX KAHOHUYECKUX ITyTedl u He
UCTIOJIE3YIOIIET0 ATIPUOPHON MHMOPMAINN O PACIIOJIOXKEHIN COOTBETCTBYIO-
mux guaniit Crokca.
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We study a family of two-parametric nonlinear equations that arises in the
problem of modeling the overdamped Josephson junction in superconduc-
tivity. This family is parametrized by the third parameter: the frequency.
It originates from quantum mechanics but also arises in several problems
of classical mechanics and geometry. It is equivalent to a special three-
parametric dynamical systems on two-torus that also arises in the theory of
slow-fast systems. We fix a frequency and consider the rotation number of
dynamical system as a function of two remaining parameters. The phase-
lock areas are the level sets of the rotation number that have non-empty
interiors. An important problem is the description of the dynamics of the
structure of phase-lock area portrait, as the frequency tends to either zero,
or infinity. We present a series of results and conjectures on the geometry of
phase-lock areas obtained in collaboration with V.M. Buchstaber [5, 6] and
in the previous joint papers of V.M. Buchstaber and S.I. Tertychnyi [2—4].
These results were obtained via complexification, which allowed to use the
methods of investigation of equations in the complex domain. This was real-
ized via reduction of the nonlinear equations under question to appropriate
second order linear ordinary differential equations on functions of complex
variable: a certain subfamily of double confluent Heun equations. It ap-
pears that the phase-lock areas exist only for integer rotation numbers (the
quantization effect of rotation number: a joint result of V.M. Buchstaber,
0.V. Karpov and S.I. Tertychnyi [1]). A series of joint results of V.M. Buch-
staber and S. Tertychnyi relates the geometry of phase-lock areas to the
existence of entire (or polynomial) solutions of the double confluent Heun
equations. A joint result with V.M. Buchstaber [5] implies a conjecture due
to himself and S. Tertychnyi [3, 4] about the description of the parameter
values corresponding to the adjacencies of the phase-lock areas (equiva-
lently, to the double confluent Heun equations having entire solutions). We

*Supported in part by RFBR grants 13-01-00969-a, 16-01-00748, 16-01-00766 and
ANR grant ANR-13-J501-0010.
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also present a recent joint result with V.M. Buchstaber [6] describing the
double confluent Heun equations having monodromy eigensolution with a
given eigenvalue. The latter result implies a description of boundaries of
phase-lock areas as solutions of explicit analytic functional equations. Its
proof is based on the uniqueness theorem for existence of entire solution
FE of a non-homogeneous version of double confluent Heun equation. The
uniqueness theorem is equivalent to the statement that the sequence of
three-term linear relations on the Taylor coefficients of F (equivalent to
the differential equation) has a unique converging solution. This is proved
by using ideas from hyperbolic theory: the converging solution corresponds
to the unstable manifold of appropriate fiberwise contracting skew product
dynamical system.
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ANOSOV £-ORBITS AND MIXED DYNAMICS
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We review recent results related to the new type of dynamical chaos,
the so-called, “mixed dynamics” which can be considered as an intermedi-
ate state between the strange attractor and conservative chaos. The phe-
nomenon of mixed dynamics is related to the existence of such open regions
(a version of Newhouse regions) in the space of dynamical systems, where
systems with the following properties are dense:

(i) the system has infinitely many hyperbolic periodic orbits of all possible
types (stable, completely unstable, saddle);
(ii) the closures of the sets of orbits of different types have a nonempty

intersection.

Essentially, this means that for such systems the attractor A and repeller R
have a non-empty intersection but do not coincide. In the talk we propose
a mathematical concept of mixed dynamics based on the notion of e-orbits.

PARAMETRIC FURSTENBERG THEOREM
ON RANDOM PRODUCTS OF SL(2,R) MATRICES*

Anton Gorodetski, Victor Kleptsyn

Department of Mathematics, University of California Irvine, USA
CNRS, Institute of Mathematical Research of Rennes,
UMR 6625 du CNRS, France

asgor@math.uci.edu, kleptsyn@gmail.com

Random products of matrices appear naturally in many different settings,
in particular in smooth dynamical systems, probability theory, spectral the-
ory, mathematical physics. The crucial result is Furstenberg’s Theorem [2, 3]

*A.G. was supported in part by NSF grant DMS-1301515. V.K. was supported in
part by RFBR projects 13-01-00969-a and 16-01-00748-a.
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on positivity of Lyapunov exponents. It claims that generically the expo-
nential rate of growth (Lyapunov exponent) of product of random matrices
is well defined and positive. In the talk we will discuss the random prod-
ucts of SL(2,R) matrices that depend on a parameter. This is motivated,
in particular, by the study of discrete Schrédinger operators with random
potentials. In that case the Schrédinger cocycle is given by the random prod-
ucts of transfer matrices, and energy serves as a natural parameter. From
spectral point of view it is natural to fix the potential first, and then vary
the energy. As a more general setting, one can consider random products
of matrices depending on a parameter, and study existence and properties
of Lyapunov exponent for a typical fixed sequence when the parameter
varies. We will show, for example, that in the non-uniformly hyperbolic
regime almost surely upper Lyapunov exponent is positive (and coincides
with the one prescribed by Furstenberg Theorem) for all parameters, but
lower Lyapunov exponent vanishes for a topologically generic parameter.
These result explain the difficulties one encounters in the classical proofs of
Anderson localization for random Schrodinger operators.

Let us now provide the formal statement of the result. Let A C SL(2,R)
be a precompact set of matrices (i.e. for some M > 0 we have ||A]| < M
for all A € A). Let Q be a topological space, and p some Borel probability
measure with supppu = 2. Let J C R be a compact interval of parame-
ters. Suppose a continuous map F': Q x J — A is given with the following
properties:

e For each w € Q the matrix valued function F,(w) is a C! function of a,
with C'-norm uniformly bounded in w;

e Monotonicity: there exists § > 0 such that “Larg(F,(w)v) > ¢ > 0 for
alla € Jyw € Q,v € R?\{0}.

e For each a € J the collection of matrices {F,(w) | w € Q} is not
uniformly hyperbolic.

e Furstenberg condition: denote by p, the measure u, = F, (). Let G,
be the smallest closed subgroup which contains the support of u,. Suppose
that for each a € J the subgroup G, is not compact, and there is no proper
linear subspace L C R? (or a pair of subspaces Ly, Ly) such that A(L) = L
(resp., A(L1 U Lg) = L1 U Ls) for all A € G,.

Under the conditions above, consider random sequences @ = wiws...,
where w; € ) are chosen independently with respect to the measure u. For
agiven w € Qset T 00 = Fo(w1)Fo(w2) ... Fo(wy).

Let us denote by Ap(a) the Furstenberg value of the Lyapunov exponent.
Notice that due to Furstenberg Theorem for each a € .J there exists a
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subset Q, with p(Q,) = 1 such that for @ € Q, one has

1
lim —log [ Thal = Ar(a).
n—oo N

In turns out that the full measure set 2, of “typical” sequences cannot
be chosen independent of the parameter a € J. Moreover, the following
statement holds:

Theorem. In the notations above the following holds p-almost surely:
e For all a € J we have
1
lim sup — log | Ty 0.0/l = Ar (@) > 0.
n—+oco N

o We have
1
dim g {a € J | liminf —log ||Th 0.5/ < )\F(a)} =0.
n—+oo N

e The set
1
{a € J | iminf —log||Th,esl = O}
n—+oo N

is a dense G subset of J.
It is interesting to compare this result with the results in [1].
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Let X,,,,m > 2 be a space of marked m-generated groups introduced by
the speaker in 1984 [1]. It consists of pairs (G, S), where G is a group and
S ={s1,82,...,8m} is ordered generating set of cardinality m. Space X, is
supplied by a local topology: two marked groups (G1,S1), (Ga, S2) are close
in this topology if the Cayley graphs I'(G1, S1),T'(G2, S2) are isomorphic on
the large neighborhood of the identity element. Each of the spaces X,,
is a compact metrizable totally disconnected space. X, naturally embeds
into X,,4+1 and the union X, = Um>2 X,» can be considered as a space
of finitely generated groups. Each of the spaces X,,, X, has a scattered
part consisting of isolated points of different Cantor-Bendixson rank and
a condensation part (perfect kernel) denoted X* and X*_, respectively. It
is interesting problem to identify groups that belong to each of these parts
and compute the Cantor-Bendixson ranks r(X,,), (X ). Perfect kernels
X¥,,2 <m < oo are homeomorphic to a Cantor set.

The group N, of Nielsen transformations naturally acts by homeomor-
phisms on X,,, (preserving condensation part X} ), and the inductive limit
Ny = hg./\/'m acts by homeomorphisms on X..

Problem 1. (a) Is there is a continuous invariant Borel probability
measure for the action (Npm,Xm),2 <m < 0o?.

(b) If the answer to the part (a) is no, is there is a continuous quasi-
invariant Borel probability measure for the action (N, Xp),2 <m < oo?.

If such measure exists then it can be used for study of typical properties
of groups in corresponding class (in the case m = oo it is the of all finitely
generated groups). Suggested approach to the randomness is called by us
global dynamical approach (it was suggested in [4]). An alternative local
approach is described and used in [5].

There is a notion of random group due to Gromov [2] (based on his density
model). Tt is far from to have a dynamical flavor as the randomness appears
in the form of the quantity given by the limit behavior of the ratio m;/n;,
where n; is the cardinality of the set of finite group presentations with
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relations of the length i and m; is the number of presentations that define
a group with a certain group property P. Some parameters are involved in
the model and depending of their value typical group properties may vary.

Let S(G) and N (G) be sets of subgroups and normal subgroups of a
countable group G. These sets can be considered as subsets of {0, 1} and
therefore can be supplied by induced topology of the product topology on
{0,1}N. This makes them compact metrizable totally disconnected spaces.
The questions about condensation and scattered parts of S(G) and of N'(G)
and about the Cantor-Bendixson ranks r(S(G)), (N (G)) are interesting in
many cases. A group G acts on S(G) by conjugation and a group of auto-
morphisms Aut(G) naturally acts on S(G) and N (G). Invariant probability
measures for actions (G, S(G)), (Aut(G), S(G)) and (Aut(G), N (G)) can be
viewed as invariant random subgroup (IRS), characteristic random subgroup
(CRS), or characteristically normal random subgroup (CNRS), and will be
identified with them. Let TRS(G), CRS(G) and CNRS(G) be the corre-
sponding Choquets simplexes. We are interested in topological structure of
them, number of critical points (they correspond to the ergodic measures),
etc. A delta mass d supported on one point N € N (G) is a trivial example
of IRS and therefore we focus on continuous random subgroups. Let F, be
a free group of finite or countably infinite rank m.

Theorem 1. [6] There is uncountably many continuous F,-weakly miz-
ing CRS’s on Fy,, 2 < m < o0.

This is stronger than the results of L. Bowen [7], or E. Glasner—B. Weiss [8]
about existence of uncountably many continuous ergodic IRS’s on F,,.

Corollary 1. Let G be acylindrically hyperbolic group. Then it has
uncountably many continuous ergodic IRS’s.

This is because acylindrically hyperbolic group contains a normal sub-
group isomorphic to a noncommutative free group. The class of acylindri-
cally hyperbolic group includes such important subclasses as non-elementary
Gromov hyperbolic groups, mapping class groups of oriented surfaces of
negative Euler characteristic and groups of outer automorphisms Out(F,,).
The corresponding results are due to T. Delzant, F. Dahmani, V. Guirardel,
and D. Osin.

In the proof of the above theorem we use existence of uncountably many
characteristic subgroups in a free group F,,,m > 2, and description of
ergodic CRS’s on elementary abelian p-group of infinite rank A, = Py 7Z,
(p prime). Recall that a simplex is called a Bauer simplex if the set of
extreme points is dense.
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Theorem 2 [6]. The simplex CRS(Ap) is a Bauer simplex. The set of
its extreme points is countable and can be enumerated as pn,,n = 1,2,...,
where [, 15 a measure supported on subgroups of index p™.

In fact in [6] the CRS’s are described on groups Ay = @y Z, for arbitrary
k € N and on free abelian group Z> of countably infinite rank. The case
k = p also can be deduced from the result of A. Gnedin and G. Olshanski [8].

By Nielsen theorem the group N, is isomorphic to Aut(F,,), and space
X can be identified with space N (F,), as each m-generated group is iso-
morphic to a quotient of a free group F),. Therefore part (a) of Problem 1
is equivalent to the following problem: “Is there a continuous invariant
Borel probability measure for the system (Aut(F,), N (Fy,))?” (similarly,
we can reformulate the part (b) of the problem). The CRS’s given by The-
orem 2 are supported on step 2 subnormal subgroups (normal subgroups
of normal subgroups, in fact they are supported on normal subgroups of
characteristic subgroups). Therefore to solve in affirmative way Problem 1
it is enough to construct a continuous CRS on F;, whose support is on the
set of normal subgroups, i.e. to construct continuous CNRS. In the above
discussion the system (Aut(F,),N(F,,)) can be replaced by the system
(Out(Fy,), N (Fy,)) as the group of inner automorphisms Inn(F,,) acts triv-
ially on N'(Fy,) and Out(F,,) = Aut(F,,)/Inn(F,,). The groups Aut(F,)
and Out(F,,) are very popular objects of investigation in geometric group
theory and their actions on Teichmuller type spaces are thoroughly studied.
Perhaps this could help to solve the suggested problem.

A global categorical approach to the notion of typical group for study
of typical properties of groups also works for described dynamical systems.
A local categorical approach is used in [3] and [5]. Study of countable Borel
equivalence relations ~,,, ~+ given by the partition on orbits for systems
(N, X ), 2 < m < oo is another challenging problem. It is known that they
are not smooth (i.e. not tame or not measurable in the language of Rokhlin),
and are not hyperfinite). But it may happen that they are p-hyperfinite
and so Zimmer amenable, where p is invariant or a quasi-invariant measure
discussed above.

If (T,X) is a Cantor system where X C X,, is a Cantor set, T is a
homeomorphism of X, and equivalence relation on X generated by T is
a subrelation of ~,, (or of any other useful relation on X,,), then any
T-invariant probability measure p on X can be used for study of typical
properties of groups from X. This is what we mean by the local approach
and it was used in [5] for study of typical growth of groups of intermediate
growth from [1].
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GRrROUP ACTIONS, SUBSHIFTS AND SPECTRA
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We will discuss a recently discovered connection between the spectral

theory of Schrodinger operators whose potentials exhibit aperiodic order,
and that of Laplacians associated with certain interesting group actions,

as,
on

for example, the action of Grigorchuk’s group of intermediate growth
the boundary of the infinite binary tree. The connection goes through
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a subshift associated with the action; in many cases it is given by a sub-
stitution over a finite alphabet that defines the group algebraically, via a
recursive presentation by generators and relators. Our results allow us to
apply methods from the theory of aperiodic order to deduce information
about the spectra of the Laplacians. We then study the dependence of the
subshift, the Laplacians and their spectra on the group, as a point in the
space of marked groups. The talk is chiefly based on the two joint papers
listed below, but will also contain some new as yet unpublished results.
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ON ANOSOV—WEIL THEORY AND CLASSIFICATION
OF DYNAMICAL SYSTEMS ON SURFACES*

Viacheslav Grines, Evgenii Zhuzhoma

National Research University Higher School of Economics, Nizhny
Nowgorod, Russia

vgrines@yandex.ru, zhuzhoma@mail.ru

In 1966 in Tiraspol at the Symposium on General Topology D.V. Anosov
formulated the idea that a clue to the construction of effective topolog-
ical invariants for dynamical systems with nontrivially recurrent motions
(including foliations with nontrivially recurrent leaves) on surfaces consists
in studying nonclosed curves without self-intersections that possess certain
recurrent properties and in investigating the nonlocal asymptotic behavior

*Supported by the Russian Foundation for Basic Research (project nos. 15-01-03687-a,
16-51-10005-Ko a), Russian Science Foundation (project no. 14-41-00044), the Basic
Research Program at the HSE (project 98) in 2016 and the European Union ERC
AdG grant no 339523 RGDD.
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of the lifts of these curves to the universal covering by means of the abso-
lute (circle at infinity). Idea of using universal covering for investigation of
asymptotic behavior of curves without self-intersection was firstly mentioned
by A. Weil in 1931 and then in 1935 and unfortunately was soon forgotten.
After 1966 the development of Weil and Anosov ideas led to the topological
classification of the basic classes of flows, foliations, 2-webs, nontrivial one-
dimensional basic sets, and homeomorphisms with invariant foliations on
closed surfaces of constant nonpositive curvature. The field of inquiry in
question was called the “Anosov—Weil Problem” or “Anosov—Weil Theory”.
We consider some aspects concerning Anosov—Weil Theory (see [1-5] for
introduction to subject).
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CKOPOCTDb JIE®OPMAIMU B JUHAMUYECKNX CUCTEMAX
(DEFORMATION RATE IN DYNAMICAL SYSTEMS)*

B. M. I'ypeBuu (B. M. Gurevich),
C. A. Komeu (S. A. Komech)

Mockoscxutl 2ocydapemeennoiti yrusepcumem, Uncmumym npobaem
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bmgbmg2@gmail .com, komech@mail.ru

Cas13b suTpornnu KosmoropoBa—CuHast co CKOPOCTBIO JteopMaIiuy rpa-
HATIBI 00CY?KIa1aCh B HECTPOTOit (popMe B PUINIECKON U HAY THO-TTOMYIIAP-
Hoit jiureparype (cm. [1, 2]). B pabore [3] Buepsbie 6blu HOIyYeHBI CTPO-
rue pe3yJsIbTaThl, yCTaHABJIUBAIOIINE TAKYIO CBA3D JJIsT MAPKOBCKUX CJIBUTOB.
OmnurieM OCHOBHYIO KOHCTPYKIIUIO JIJIsI CAMBOJIMYECKUX JUHAMUYIECKUX CHU-
creM. Ha MeTprieckoM mMpoCcTpaHCTBe JIBYCTOPOHHUX TIOCJIEIOBATEIBHOCTEIH
HAJ[ KOHEYHBIM aJ(aBATOM PACCMOTPUM JUHAMHUYECKYIO cucremy (X, S, v),
rae (X, S) — TpaH3uTUBHBII IOJCABUT CO CTAHIAPTHBIM IIPE0OPA30BAHUEM
¢/IBUTA S, COXPAHSIONM DOPEIEBCKYIO BEPOSTHOCTHYIO Mepy V. J1jist Besko-
ro maoxkectBa Y C X obosHaunm uepe3 O.(Y') ero e-okpectrocTs. ITycrh
B(z,r) C X — map pajauyca r ¢ neHTpoM B Touke = € X. B kauecTse Xa-
PAKTEPUCTUKHU, OTBEYAIOIIEH 3a JIOKAJIBHYIO CKOPOCTH nedopMarun, ObLia
PACCMOTPEHA ACUMIITOTHKA OTHOTIECHUS

V(0-(5"B(z,2))) "
v(B(x,¢))

Ipun — QOHUE — 0. OAHI/II\I N3 BazKHBIX yC.HOBI/II.;I7 JAI0NINX HETPUBUAJIbHYTO

ACUMIITOTUKY, ABJIACTCA COOTHOIIECHUE MEXKIY N U &

n = n(e) = o(In(e)), (2)
BIIEPBBIE IpeIoKeHHoe B pabore [3]. OKa3am10ch, 9TO 9TO yCJI0BHE J0OCTA-
TOYHO yHHBEPCAJILHO U IIPU €0 BBIIOIHCHUH YAACTCH JOKa3aTh(cM. [7]) mis
IIPOU3BOJILHOMN 9ProuiecKoll NHBAPUAHTHON MEPBI I/ CXOJUMOCTD BBIPaZKe-
unst (1) x suTponuu, ecin (X, S) — CHHXPOHH30BaHHAS CHMBOJINIECKAS CH-
crema. IInpokuit Kaace CHHXPOHU30BAHHBIX CHMBOJIMIECKUX CHCTEM, BBE-
JeHHBI B pabotre [4], conepKuT He TOIBKO MApKOBCKHE, HO U codudeckne
(sofic) cucremsr Beticca (cm. [5]).

1
—1In
n

*Pabora BbioaHeHa npu dbuHancoBoi noggepxke PODU (npoexr 14-01-00379 A).
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,ZLTIH TVIQJKUX CUCTEM Ha PUMaHOBBIX I\’IHOI‘OO6pa3I/IHX €CTeCTBEHHO pacC-
CMOTPETH PUMaHOB 00bEeM B KauecTBe MephbI ﬂe(bOpMaL[I/II/I I'PaHUIbI

1, #O-f"B(w,2))

n p(B(z¢))

rie [ — riajKoe 0ToOparkeHrne KOMIIAKTHOTO PUMAHOBA MHOI00Opa3us, [t —

(3)

Mepa JleGera, a n U € CBA3aHBI T€M Ke COOTHOIIeHneM (2).

st aBTOMOPGU3IMOB N-MEPHOTO TOPa C MHBAPUAHTHOU Mepoii Jlebera B
pabote [6] GblIa ycTaHOBIEHA CXOAUMOCTD (3) K SHTPOIUH BO BCEX TOUKAX
MHOroobpasus. B [8] ycranosieno, uro xors B 00IIel CHUTyaluu PUMaHOB
o0beM He WHBapUAHTEH OTHOCHUTEJBLHO [, OKa3bIBAETCs, UYTO JIJIsi PABHO-
MepHO ruiepboimdeckux cucreM, nuddeomopdu3sMoB AHOCOBa, BbIpaXKe-
aue (3) cXomuTes K CyMMe IOJIOXKUTEIbHBIX oKazareseil JIgamyHnosa, oTse-
YalONAX TPOU3BOJIbHOU MHBAPUAHTHOII 3PrOJMYECKON Mepe, IIOYTH BCIOLY
o 3Toit Mepe. Takum 06pa3oM, ecyii MHBAPUAHTHAS MePa SBJISETCS MEPOit
Cunas—Prossiia—Boysna, Beipaxkenne (3) cXOAUTCsS HOYTH BCIOJAY K SHTPO-
nun. TTpeyioxKeHHbIN TOAX0/] YAAeTC TPUMEHUTD U JIJIs CUCTEM, B KOTOPBIX
OTCYTCTBYET paBHOMEPHAs TUIEPOOJTNIHOCTD, HAIPUMED, JJIsI IOTOKOB AHO-
coBa.

Crucok aureparyphbl

1. Bacnasckui I'M. CroxacruanocTs guHamMpudeckux cucreMm. M.: Hayxka, 1984.

2. Yau S.-T., Nadis S. The shape of inner space: String theory and the geometry
of the universe’s hidden dimensions. New York: Basic Books, 2012.

3. Gurevich B. M. Geometric interpretation of entropy for random processes //
AMS Transl. 1996. V. 171. P. 81-87.

4. Blanchard F., Hansel G. Syste‘mes Code’s // Theor. Comput. Sci. 1986.
V. 44. P. 17-49.

5. Weiss B. Subshifts of finite type and sofic systems // Monatsh. Math. 1973.
V. 77. P. 462-474.

6. Gurevich B., Komech S. On evolution of small spheres in the phase space of
a dynamical system // ESAIM: PROC. 2012. V. 36. P. 68-72.

7. Komeuw C.A. CKOpPOCTH MCKarKeHUsI I'PAHUIBI B CHHXPOHHU30BAHHBLIX CHCTE-
Max: reomerpuyueckuii cmpicsa suTponun // IIpobiembr nepenaun uudopma-
mum. 2012. T. 48. C. 15-25.

8. Gurevich B., Komech S. Lyapunov exponents and the boundary deformation

rate under the action of hyperbolic dynamical systems // J. Difference Equat.
Appl. 2016. V. 22, N 1. P. 140-146.

56



RATES OF CONVERGENCE IN ERGODIC THEOREMS
FOR ANOSOV DIFFEOMORPHISMS

Alexander Kachurovskii

Sobolev Institute of Mathematics, Novosibirsk, Russia

agk@math.nsc.ru

1. Let (£2,F,\) be a probability measure space, and let T be its auto-
morphism. For f € L1(Q), w € Q, and n > 1, we set

L
:E;::

The individual Birkhoff ergodic theorem asserts that the limit f* =
lim, o A, [ exists A-a.e. The mean von Neumann ergodic theorem asserts
that, for f € Ly(Q2), this limit also exists in Lo (92).

We measure the convergence rate in the Birkhoff theorem in terms of the
rate of decay as n — oo of the quantities

PZ=A{wmAw—fﬂzs}
k>n

for every € > 0. The rate of convergence in the von Neumann theorem is
the rate of the convergence of |4, f — f*||% to zero as n — oco.

For Anosov diffeomorphisms, the phase space €2 is a compact C” Rieman-
nian manifold, » > 1; T is a C'** diffeomorphism, i.e. the differential DT
belongs to the set H*(2) of Holder continuous functions, « € (0,1); and A
is an SRB-measure for T'.

2. Let’s begin with estimating the rate of convergence in the von Neu-
mann theorem. We assume that dim €2 > 2 and that the diffeomorphism T is
transitive and, therefore, mixing with respect to A. The rate of such mixing,
i.e. the rate of convergence to zero as n — oo of correlations

ﬁ=4ﬂwwﬂmw—(4ﬂmwf

for Holder continuous functions f, has long been known: it is exponential;
we use estimates obtained by coupling method in [1].
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Let ds and d,, be metrics on the stable and unstable manifold induced by
the Riemannian metric d on Q. Take sufficiently small 6 > 0. Following [1],
for any measurable function on 2, we set

1l = [flot  sup L) =Sl

do(wiws)<s A3 (w1, wo)

= lflh+  sup )=l

du(wrwa)<s A% (w1,w2)

If fe H*(Q), then || f||s < oo and || f]|, < co. According to [1], there exist
constants 0 < ¥ < 1 and A > 0 such that, for any f € H*(Q) and n > 1,

[on ()] < AlLFIlsl1LFllw™

Using the results of [2], we immediately obtain the following estimate
in the von Neumann theorem for an Anosov diffeomorphism, any func-
tion f € H*(Q2), and any n > 1:

1

2 gn
1Auf = £ = an~" — bn=2| < 241f = FULlF = £l (—) ”

1-9 n

with some constants ¢ and b (whose exact values can be found in [2]).

3. Let’s estimate the rate of convergence in the Birkhoff theorem. We
assume diffeomorphism to be C2? and, as previously, transitive. It is well
known (see, e.g., [3]) that large deviations p§, = A{|Anf — f*| > ¢} for
an Anosov system decrease as n — oo exponentially too. Namely, for any
f e H*(Q), a € (0,1), not cohomologous to a constant (i.e., not satisfying
the relation f(w) = g(Tw)—g(w)+c for some g € C(2)) and any sufficiently
small € > 0, there exist constants C(e¢) > 0 and y(g) > 0 such that

ph, < Cle)e 7"

for all n > 1. Applying the results of [4], we immediately obtain the following
relation for all n > 1 and any sufficiently small € > 0:

. In(1+~7'(¢)) —(e)n
Pn SC(E) (1+1n(1+5||f_f*”g°1)>e ' .

If the function f is cohomologouos to a constant, then, for any ¢ > 0 and
sufficiently large n, we have P; =p§ =0.
As it is shown in [5] (by approximation method), analogous exponential

estimates for pg, and P$, are valid not only for Holder continuous functions f,
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but for all functions continuous a.e. This result has, for example, such a
simple consequence.

Let A C 2,0 < MA) < 1, and boundary of A has measure zero:
AOA) =0 (i.e., the characteristic function x4 of the set A is continuous
a.e.). And let denote the first hit time

ka(w) =inf{k > 1: T*w € A}

for each w € Q (as in the Kac lemma). Then quantities A{k4(w) > n} decay
exponentially as n — oo (for any transitive Anosov C? diffeomorphism T,
and its SRB-measure \).
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ON LOCAL BIRKHOFF CONJECTURE FOR CONVEX BILLIARDS
Vadim Kaloshin
University of Maryland, College Park, MD, USA

vadim.kaloshin@gmail.com

The classical Birkhoff conjecture states that the only integrable billiard is
the billiard inside an ellipse. We show that this conjecture is true for small
perturbations of ellipses preserving many rational caustics. This consists of
two main steps: study small perturbations of the circle (joint with A. Avila
and J. De Simoi) and extend the analysis to small perturbation of ellipses
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(joint with A. Sorrentino). In a somewhat different direction we prove the
conjecture that for small perturbation of the circle preserving not so many
rational caustics (joint w G. Huang and A. Sorrentino).

O JIMCKPETHBIX OPBUTAX LUJIMHAPUYECKOIO KACKAJIA
C TEJIb/IEPOBON ®YHKIIVEN
(ON DISCRETE ORBITS FOR A CYLINDRICAL CASCADE
WITH A HOLDER FUNCTION)

A. B. Kouepruu (A. V. Kochergin)

MI'Y um. M.B. Jlomorocosa, Mocxea, Poccus

a.kochergin@gmail.com

B 70-x romax mox pykosogacrsoMm Imurpust Bukroposuua Anocosa ero
yuenuku A.B. Kpeirun u E.A. Cumgopos onybsmkoBau psi paboT, B KO-
TOPBIX U3YYAIOTCS TOMOJIOTUYECKAE W METPUIECKHE CBOMCTBA ITUJIUH]IPH-
YeCKUX KaCKaJOB — KOCBIX IPOU3BEIEHUI HAJI SPIOIUIECKIM IOBOPOTOM
okpyzxuocTH 1,. Cam Jmurpuit BukTopoBud omy6/mKoBaJj 3aMedaTesIbHy IO
cTarbio [1], HOCBSINEHHYIO TOMOJIOTHIECKOMY (M KOTOMOJIOTHIECKOMY B
COBPEMEHHO} TEPMUHOJIOTUN) YPABHEHHIO

f(z) = F(T,x) — F(x), (1)

rje f — 3ajanHas QYHKIUS HA OKPYKHOCTH, ' — Hem3BecTHas (DyHKIINS.
J1.B. AnOCOB mcCireoBall pa3spemnMOCTh 3TOTO YPABHEHHUS] B PA3JIAIHBIX
KJaccax OYHKIMI U [TOKa3aJl CBaA3b pelleHnus: ' nim ero oTcyTcTBUs C TO-
ITOJIOTMTYECKUME ¥ METPUYECKIMH CBOMCTBAMH ITNJINHIPUYECKOTO KacKa 1a
CIIEITNAJIBHOTO ITOTOKA HaJI TIOBOPOTOM OKPY?KHOCTH. B JacTHOCTH, OH TIPH-
BeJI HOBBIN CIIOCOO MOCTPOEHUSI TOIOJIOTMYECKN TPAH3UTUBHOIO ITUJIHMHIPH-
YECKOT'0 KacKa/la, y KOTOPOI'O BCIOJY IJIOTHBIE OPOUTHI 06Pa3yIoT MHOZKECTBO
MePBI HOJIb.

Yrounum obosnauenust. Ilycrs T = R/Z — okpyzkuocts qumab 1, T x R
— mmeap, T,: T = T, T,x = x + p (mod 1) — moBOpoT OKpPYKHOCTH
Ha upparmonaabusiil yroa p; f: T — R — menpepsiBHast HA OKPYKHOCTH

dyHKIHA, fT f(x)dz =0.
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Mer paccmaTpuBaeM KOCOe IIPOU3BEIEHHE, IIOCTPOEHHOE IIO IIOBOPOTY
okpyxkHoctu 1), u dbyHKIMN f:

T, TxR—=>TxR, T,s(z,y)=Tz,y+ f(x)).

DT0 KOCOe IIPOU3BeIeHNe HA3BbIBAETCS IIUJINHIPUIECKUM OTOOPasKEeHUEM, [10-
CTPOEHHBIM IIO0 MOBOPOTY OKpy:KHOCcTH T, m dyHKIUn f, Wi BCes 3a
J1.B. AHOCOBBIM, IMJIMHIPUIECKIM KaCKaIOM.

HMwmnapuaeckue kackaapl uzydanuch A. Ilyankape, JI.I. Ilaupensma-
mom, A.C. BeankoBruieM n MHOTHMU JPYTUMHU ABTOPAMHU.

B ciygae, eciin cymectByer HenpepbiBHast F', yIOBIETBOPSIONIAs ypaB-
mennio (1), kaxkgas opbura Kackana T, j OrpaHHYCHA, €€ 3aMBIKAHNE OIIH-
CBIBAETCs C TOMOIIBIO rpaduka GYHKIMYN F', 1 MUIXHID PACCIanBaeTCs Ha
TaKne WHBApUAHTHBIE KPUBbIE. B 3TOM ciydae f Ha3biBaeTcs kozpanuyed.
Samernm, 3aberast BIepes, 9TO KOIPAHUIBI UTPAIOT OCOOYIO POJIb B KOH-
CTPYKIIUSIX KACKAJIOB C JIMCKPETHBIMUA OPOUTAMHU.

Iumspruyecknii Kacka | TONOJOTMIECKA TPAH3UTUBEH TOTJIA M TOJIBKO
Torja, Korja ypasHerue (1) He mMeeT HeNpPEPLIBHOTO perreHust F.

B cBs13u ¢ n3ydyenneM MUHUMAJIBHBIX MHOYKECTB IUJIMHIPIIECKAX KACKA-
o8 A.C. Besukosuu [2] B 1951 romy obGHAPYKUJI, YTO CYIIECTBYIOT (TOIO-
JIOTUYECKH TPAH3UTHBHBIE) IMJIMHAPHIECKUE KACKabl, UMEIOIINe JIUCKPET-
Hble, yOerarorue B 6eckoHeuHOCTD, opbuThl, a E.A. Cuzopos [3] 8 1973 roxy
[TOCTPOMJI KACKaJ, Y KOTOPOTO HEeT JUCKPeTHbIX opbut. /luckpernnie opbu-
THI 00PA3YIOT MHOZKECTBO MEPBI HYJIb, OHAKO ITO MHOXKECTBO MOXKET MMETh
HOJIOXKUTEJIBHYIO pa3MepHocTh Xaycaopda. Takke HeTPYIHO BUgeTh (XOTst
OITyDJIMKOBAHO 9TO OBLIO TOJIHBKO B JBYXTBICSIHBIX Tofax, CHIOpoB 3TOro
He YBHJEIN), 9To [yisi f ¢ orpaHmYeHHON Bapuarmeil Kackaj 1), f He MOXKeT
UMeTh JIUCKpeTHBIX opbut. Ucxoms uz sroro, K. @poruek u M. Jleman-
quK [4] mocTaBHIIM BOIPOCHL O TOM, IPU KAKUX YCJIOBUSX HEIPEPBLIBHOCTU
Jutst GYHKIUY f IHIHHAPUIECKAN KACKa T MOYXKET UMETh JIMCKPETHBbIE OpOH-
TBI, KAKYIO Pa3MEpPHOCTh Xaycaopda MOXKET NMEeTh MHOXKECTBO, 0Opa30BaH-
HOe JIMCKPETHBIMU OPOUTAMU, W CBSI3aHA JIU 3Ta PA3MEPHOCTH CO CTEIEHBIO
HelpepbIBHOCTH f.

MbI HasblBaeM MHOXKECTBO TO4eK Ha okpyxkHoctu T x {0}, mmerorux
JUCKPETHBIE OPOUTHI, MHodcecmeom Besuxosuua.

Teopema 1. Jas ao6oz20 v € (0,1) cywecmsyem dynruyua f, ydosae-
meopawan ycrosuto Iéavdepa ¢ nokazamenem v, U NOBOPOM OKPYHCHO-
cmu T, Ha UPPOUUOHAAOHBIL Y2on, OAA KOMOPHIT UUAUHOPUHECKUT KacKad
T, t umeem duckpemmvie opoumat, a pasmeprocms Xaycdopda mroorcecmea
Besukxosuua ne menvwe,wem 1 — .
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Teopema 2. Cywecmeyem @gynkuyus f, y0oeiemeopaou,as ycio8uro
T'énvdepa ¢ aobvm nokasamenem v € (0,1), u nosopom oxpyosrcrnocmu T),
maxue, ¥mo yusundpuveckul xackad T, ¢ umeem duckpemmovie opoumbL.

Bo BropowM cirydae HUKHsIsT OTIEHKA pa3MepHOCTH XaycIopda MHOXKECTBA
BesukoBuya, mosryuennast TeM ke METO/IOM, UTO U B TIEPBOiT TeOpeMe, OKa3bI-
BaeTCd PaBHON HYJO. ECTh OCHOBaHWs moJIaraTh, YTO MOJIYyIEHHAS] OIEHKA
KaK B CJIydae IIePBOI TeopeMbl, TaK U BTOPOH, He yJIydIlIaeMa.

T'unoreza. FEcau gynrxuyus [, ydosaemeopsem ycaosuro I'éavdepa ¢ no-
xasamenem ¥ € (0,1), mo muooicecmeo bBesukosuua UusuHOPUIECKO20 Kac-
xada T, ; umeem pasmeprocmv Xaycdoppa ne eviwe, wem 1 — 7.

JlokazaTesibCTBO IPUBEIEHHBIX TEOPEM OCHOBAHO HA KOHCTPYKIINH U3 Pa-
6orsl [5] aBropa. 3a cuer ee MOAUMUKAIMN YIAIOCH [IOJIYIUTh B TeopeMe 1
MHOKeCTBO Be3mkoBuva ¢ JIydineil HuKHeil OIeHKoil, a B TeopeMe 2 yBeJn-
YUTH CTEIeHb HEIPEPBIBHOCTU (DYHKITUH.
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Spocarascruti 20cydapemeennoiti yrusepcumem um. 11T, JJemudosa,
Apocaasan, Poccus.
Mockosckuii 2ocydapcmeernnuts yrnusepcumem um. M.B. Jlomowocosa,
Mocxkea, Poccus

kolesov@uniyar.ac.ru, fpo.mgu@mail.ru

IIycts % C R¥, k> 2, — npousBo/IbHOE OTKPLITOE MHOXKECTBO, COIePIKa-
Iiee HAYAJI0 KoopanHat; S — oKpyKHOCTh {¢ € R: 0 < ¢ < 27 (mod 27)}.
Hausee, mycts 3a1an muddeomopdusm I1: % x S — R¥ x S, umerormuit B

v = f(v, ),
© — my + g(v, v) (mod 27), (1)

rae m € L, [m| > 2, a f(v,9) € CH% x R;R¥), g(v,¢) € CHW x R)
u f(v,p+2m) = f(v,9), g(v,o+ 2m) = g(v, ). Koabriom (mosmoropuem)
HA30BEM MHOZKECTBO

K={w=(v,9): [[v| <r, p €S} =BxS, (2)

e r = const > 0, B = {v € R¥: |[v]| <}, a || *| — esxommosa nHopma B RF.
IIpemnonaraercsi, uto B C %, r.e. oneparop (1) onpesesnen B Kouble (2).
Kpowme Toro, cauraem, aTo

I(K) C int K. (3)

Usyuenune nuddbeomopdusmon Buga (1) 6eper madasuo ¢ padors 1], rae
chopMyIUpOBaH OOINI MTPWHITAIT TOCTPOEHUS OTOOPaXKEeHM KOIbIIa B ceds,
JIOITYCKAIONINX TUIEPOOINIECKIe ATTPAKTOPHI COJIEHOUIAIbHOrO Tria. OT-
MetuM, 9To guddeomopdusmer (1) BO3HUKAIOT IpH ucceq0BaHnn (D dekTa
TaK Ha3blBaeMOH "KaracTpodsl romy6oro He6a” [2], CBA3aHHOTO ¢ MCUYE3HO-
BEHUEM CEJJIO-Y3JI0BOTO IUKJIAa. B HACTOAIIEH MyOJUKAIINN MTPEJIaraioTCs
JIETKO TIPOBEPsieMbIe JIOCTATOYHBIE YCJIOBUSI Ha PYHKIMH f, ¢, TIPU KOTOPBIX

*Pabora BbImOIHEHA IpH (PUHAHCOBOM mHojjepxKKe Poccuiickoro donma dyHmamen-
TaJIbHBIX uccaenoBanmii (mpoekt 15-01-04066a) u nmpoekra 1875 roczamanus na HUP
Ne2014/258.
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muddeomopduzm I nmeer B Kosbile K TunepboMIecKnii CTpaHHbIA aT-
TpakTOop THula cosienona Cmeiia—Buibsamvca. abiMu cjioBamMu, ycTaHABIIA-
BaeTCs runepOOJIUIeCKUil TPUHIIAT KOJIbIIA, AHAJOIMIHBIA IPUHIIAILY KOJIb-
Ia B 3a/a4e O CyIIeCTBOBAHUY U yCTONIMBOCTH MHBAPUAHTHOIO Topa [3, 4].
[MomgepkHeM, 9TO 5TU YCJIOBHUS BBIMTOJIHSIOTCS JIJIsT U3BECTHBIX MOJIETHHBIX
[PUMEPOB COJIEHOMIAJIBHBIX 0TOOpaKeHuit (1 11 0TOOPAsKEeHNUsI, OIUCHIBA~
fomero “karactpody romyboro He6a).
CHabayuM KoJblo K MeTpuKoi

p(wi, wa) = [[v1 — va|| + | exp(ip1) — exp(ip2)], (4)

roe w; = (vj,¢;) € K, j = 1,2, a OKpyKHOCTb .S OTOXKIECTBIISIETC C
muokecTBoM {2z € C: |z| = 1} Ha KOMILIEKCHO! mocKocTH. B crty (3) jo-
CTaTOYHO PACCMOTPETH aTTpakTopbl auddeomopdusma I, mexamue B K.
Bysem cunTaTh U3BECTHBIMU J(Ba (SKBUBAJIEHTHBIX) OIPEJEJIEHHs] TOHSITHS
arrpakropa A C K orobpaxenus II B kosbiie K, npuBesieHHbIe B 0630De [5],
a4 MaKCHMAJbHBIM €ro aTTpakTopoM (KOTOpPBIA B cuity (3) cymiecrByer) Ha-
30BeM

A= () IY(K). (5)

n>0

Ob6paTuMcst K ONPEJIEJIEHUIO TUTIEPOOJUIHOCTH, AJIAIITHPOBAHHOMY JIJIst
Halero ciaydas. Beemem B paccmorpenne npocrpanctso RFFL cocrosmee
73 BEKTOPOB

T = (i) , &=colon(&,&, ..., &) € R* neR, |z |lge+r = |I€]l + |7l
(6)

JaJtee, mpuBJIeKasi TTOKOOPIUHATHBIE TIPEJICTABICHUS

v =colon (v1,...,v;), [f(v,p)=colon(f1(v,p),...,fr(v,p)),

utst Jr060it Toukn w € K onpeesum uneitnbiit oneparop DII(w): RFFT —
— RFT! (mudcbepenmuan), meficTBytomumit Ha TPOU3BOIBHLIT BekTOp (6) 110
paBUILy:

af of
%(w)f‘f' 8_go(w)n

Dwie+ (m+ 52w

(7)
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rjie

4 k
nw=(wn) . gw=gos. Fw=gee

%(w) = (a_vl(vaso)w--a avk (’U,(,O)) .
(8)

Hakouer, Beegem oneparopsr D(II"(w)), n € N, 3anaromuecs paBeHcramu
D(I1"(w)) = DIl(wp—1) o DIl(wp—_2) o ... o DIl(wg), n €N, (9)
riae ws = II¥(w), s € NU {0}.

Onpenesienne 1. MakcumanbHablil arTpakTop (5) Ha30BEM runepbosIm-
YECKUM, eCJIA JJIsi KaXKJI0ro w € A CIipaBeJINBO IIPeJICTaB/IeHe

R*! = E* © ES (10)

B BHUJE IPAMOH CyMMBI JINHEHHBIX TOANPOCTpaHcTB L), ES | mpuaém

a) s Vw € A myeem DINw)Ey = Ey,y, DINw)Ey, = Eyy

6) cymecTByoT Takue (He 3aBUCSIME OT W, &) IOCTOSHHBIE A > 1,
p € (0,1), ¢1, ca > 0, uro

[ R—
w —

DT (w))z|[grsr > ciA”||2]ges Ywe A, VaeEY, VYneN, (11)
DT (w))z|[gr < cop™||z|ges: Ywe A, Ve ES, VYneN. (12)

Onpenesenne 2. Hubdeomopbusm II|4 HA30BEM TONOJOIHIECKUM
[epeMEIIMBAHUEM, €CJIM JJIs JIOObIX JABYX HelycThbiX MHOxkecTB U,V C A,
OTKPBITHIX B TONOJIOTUM IIPOCTPAHCTBA (A, p), CyIIecTByeT Takoe HaTyPaJib-
Hoe ng = no(U, V'), uro II"(U) NV # & nupu BCex n > ny.

PaCCMOTpI/IM II0CJIeI0BATECJIbHOCTD 3aMKHYTBHIX BJIO?KEHHBIX MHO2KECTB
KiDKyD>...DK,D..., (13)

rie K7 coBuagaer ¢ nonnoropueM (2), K11 = F,(K,),n > 1,a F,: K, —
— K, +1 — HEKOTOpasi MOCJIeI0BATEIHHOCTh TOMEOMOP(MOU3MOB.

Onpenenenne 3. MuoxecrBo A = nnZl K,, Ha30BEM COJIEHOWJIOM,
ecu:

a) A aBJISETCS 3aMKHYTBIM, COBEPIICHHBIM W HUTJE HE IJIOTHDBIM;

6) 1us Joboro n > 1 ock nonnoropus K, 11 obxomur m, > 2 pas ocb
nosHoropust K, He 06pa3yst Kprokos (cM. [6]).
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OupeniesiuM Ceayomue KOHCTAHThL:

Q] = 5 Qg = _(’Uaso) )

max H max H
(v,p)eK (v,p)eK (14)
f1 = min ‘m—l——(v @)‘ ﬁg— max H H

(v,p)eK (p (v,p)eK
CrpaBe yIMBO yTBEPKJICHUE, SBJIAIONIEECS OCHOBHBIM PE3YJIBTATOM JIAH-
HO¥ TyOJMKAIINKA W NPEJCTABJIAIONIee COOON TunepOOTMIeCKnl IPUHIIATL

KOJIBIIA.

Teopema. ITycmo, nomumo (3), 6uinosHerb: HEPABEHCNEE

Qs 2
1— (65} '
Tozda makcumarvrod ammpaxmop (5) dudpeomoppusma (1) maxos, wmo:
a) A — 2unepbosuneckoe MHONHCECTNEO U COAEHOUD;
6) II|4 — monosozuseckoe nepemetuéarue.

ap <1, By>1+ (15)

B zakmrouenmne oTMeTHM, UTO M3 CBOMCTB IUIIEPOOJUIHOCTH, JIOKAJILHON
MAKCUMAJIBHOCTH (MHOYKECTBO A TAKOBBIM SIBJISIETCS, WOO OHO ATTPAKTOD) U
TOMOJIOTHIECKOTO TIEPEMENTUBAHNST BBITEKAIOT TPAH3UTUBHOCTH (CYIIECTBO-
BaHUe BCIOAY IJI0THOI B A nosyrpaekropuu 11" (wp), n > 0 upu HeKOTOpOM
wp € A) u pasencto Per = A, tyie Per — COBOKYIHOCTD MEpPUOJIITIECKIX
rouek 3 A. Takum 06pa3oM, MOKHO yTBEpKJaTh, 9TO oTobGparkenue 11
XaoTn4IHO Ha A B cMmbIcie lepanu.

Crucok aureparTypbl

1. Cmetin C. Huddepennupyemble aunamuaeckue cucrembr // YMH. 1970.
T. 25, Ne1. C. 113-185.

2. Shilnikov L.P., Turaev D.V. Simple bifurcations leading to hyperbolic
attractors // Comput. Math. Appl. 1997. V. 34, N 2-4. P. 173-193.

3. Hlunavnuxos JILII., Hlusoruxos A.JI., Yya JI. Meronbl KadecTBeH- HOM TeO-
puu B HeJlnHeHOM quHamuke. M.; VxkeBck: VIH-T KOMIIBIOTEPHBIX UCCIIEI0BA-
uwmit, 2004. Y. 1.

4. Konecos A.FO., Pozos H.X. VlnBapmaHTHbIE TOPBI HEJWHEHHBIX BOJHOBBIX
ypasuenuit. M.: ®usmariaut, 2004.

5. Awnocos JI.B., Conodos B.B. T'unepbonuteckue MHOKecTBa // [uHamuaeckue
cucreMsl ¢ runepbosmdeckuM nosegenneM (Inuamudeckue cucremsr—9). M.:
BUHNUTH, 1991. C. 12-99. (Uroru nayku u texs. Cep. CoBpem. mpobi. Mar.
QOyumam. nanpasienus; T. 66).

6. Aarts J.M., Fokkink R.J. The classification of solenoids // Proc. Amer. Math.
Soc. 1991. V. 11, N 4. P. 1161-1163.

66



YC/10BUSI HEUHTETPUPYEMOCTH YPABHEHUM
I'EOJIEBUYECKHUX HA OJJHOPOJHBIX ITPOCTPAHCTBAX
®YKCOBBIX T'PVIIII
(NON-INTEGRABILITY CONDITIONS FOR GEODESIC FLOWS
ON HOMOGENEOUS SPACES OF FUCHSIAN GROUPS)

B. B. Kozuos (V. V. Kozlov)

Mamemamuueckuts uncmumym um. B.A. Cmexaosa PAH,
Mocxsa, Poccus

vvkozlov@mi.ras.ru

Paccmarpusaercst 3a71ada 06 MHTErpupyeMOM MTOBEJIEHUH T'€0/Ie3UIECKIX
Ha OJIHOPOJHBIX (hakTOpax IIOCKOCTH JlobaueBCKOro 1mo (hbyKCOBBIM I'DyII-
nam (opbudoiax). JIOKaabHO ypaBHEHHs TeOIE3UIECKUX JOIYCKAIOT TPU
HE3aBUCUMbBIX HETEPOBBIX HHTEIPAJIA, JMHEHHBIX 110 CKOPOCTSAM (YHEPrus —
KBaJparudHasg opMa orT drux uHTErpasoB). OmHako npu 00Xole BIOJIb
3aMKHYTBHIX [IMKJIOB HETEPOBBI MHTErPAJIBI [IPETEPIIEBAIOT JIMHEHHYIO IO/
cTraHoBKY. Takum 06pa3oM, 3a/1a9a 00 MHTETPUPYEMOCTH CBOJIUTCS K ITOUCKY
dyHKIMII, THBAPUAHTHBIX OTHOCUTEJIBHO TUX IOJICTAaHOBOK. Fcym dykco-
Ba rpyima abereBa, TO UMeeTCs JIUHEHHBIN 0 CKOPOCTU TEPBBIA WHTErpaJt
(ne3aBucuMblil 0T mHTerpatia sHepruu). Haobopor, eciu dykcosa rpyima
COJICP?KUT HEKOMMY THPYIOIIIE TUIePOOTHIecKUe Win napabomaecKne dJie-
MEHTBI, TO T'€0J[e3MIEeCKUIl TIOTOK He JIOIYCKAeT JIOMOJIHUTETbHBIX HHTErPa-
JIOB B BHJIE PAIIMOHAJILHOM (PYHKIIUUA OT HETEPOBBIX MHTErpaJsioB. [lomguepk-
HEM, YTO 3TOT PE3YJIbTAT CIIPABE/JINB U JJIsi HEKOMIIAKTHBIX OpOudOJII0B,
KOrJIa 00 SPrOJUIHOCTH TEOI€3MIECKOTO MOTOKA MOBOPUTH HE ITPUXOIUTCS
(IIOCKOJIBKY HEBO3BPAIIAIOIIUECs Ie0e3MIECKIe MOTYT COCTABIATH MHOYKE-
CTBO TIOJIOXKUTEJIBHON MepHI).

67



['MIIEPBOJIMYECKAS JUHAMUKA ®U3UYECKUX CUCTEM
(HYPERBOLIC DYNAMICS OF PHYSICAL SYSTEMS)*

C. II. Kysnenos (S. P. Kuznetsov)

Vomypmexrut 20cydapemeennoili yrusepcumem, HUowcescr, Poccus
COUPSD um. B.A. Komeavnurosa PAH, Capamos, Poccus

spkuz@yandex.ru

C 60-x romos XX Beka, bstarogapst J1.B. AHocoBy u apyrum uccieaoBare-
JISIM TIOJTY 9MJIa PA3BUTHE TUIEPOOINIecKast TeOPUst — PA3JIel TEOPUN JIMHA-
MHYECKUAX CHUCTEM, JIOCTABJISIIONINNA CTPOroe 000CHOBAHUE BO3MOYKHOCTH Xa-
OTHUYECKOrO IIOBEJICHNs B CUCTEMAX KaK ¢ JUCKPETHBIM BpeMeneM (auddeo-
MODPMU3MBI), TAK U ¢ HEIPEPHIBHBIM BpeMeHeM (OTOKH ), Ha HHBAPHUAHTHBIX
MHOKECTBaX B (pa30BOM MPOCTPAHCTBE, COCTABJIECHHBIX UCKJIIOYATETHHO U3
ceIoBBIX TpaekTopuil [1]. st KOHCEpBATUBHBIX CHCTEM rUIePOOINIecKuit
Xa0C MPEJICTABJIEH JTUHAMUKON AHOCOBA, KOTJIA WMHBAPUAHTHOE MHOXKECTBO
3aHMMaeT KOMIAKTHOe (ha30Boe IIPOCTPAHCTBO HOMHOCTHIO (st auddeo-
MopduU3Ma) UM OTBEYAET IIOBEPXHOCTHU IIOCTOSIHHOM SHEPruM (JIJ1s1 TI0TOKA).
JIist TUCCUIIATUBHBIX CUCTEM IUIepOonYecKasi TEOPUs BBOJUT B PACCMOT-
peHME CIEeNUAJBHBIA TUI IPUTATUBAIONIAX WHBAPUAHTHBIX MHOXKECTB, Ta-
kux Kak arrpakrop [Lisikuua win comenony, Cmeitiia — Bumbsavca. Jlokiar
uMeeT cojiep:KanneM 0030p MCCJIeIOBaHM, HAIIPABJIEHHBIX HA MTOCTPOECHUE
[IPUMEPOB CUCTEM C TUNEPOOJINIECKON JTUHAMUKON Ha 6a3e HHCTPYMEHTAPUs
busuku 1 371€KTPOHUKH [2].

B kavecrBe mepBoro npumepa [3] paccMOTPUM JBUKEHNE TACTHUIBL €J[¥-
HUYIHON MACChl Ha IUIOCKOCTH (&, ¥) B CTAIIMOHAPHOM HOTEHIUAJBLHOM II0JIe
Ulz,y) = —3u(@® + ) + tp(2? + y?)?, ¢ MEEIMYMOM Ha €IMHIMHOf
okpyxkuoctu. [Ipumem, aro mepuommyaecku, ¢ mepuojom 1', Ha KOPOTKOe
BpeMsl BKJIIOYAIOTCS MMILYJIbChl CUJIOBOIO II0Jis ¢ HoTeHimajioMm V(z,y) =
= %(xQ +y?) — %x3 + zy?, TaK ypaBHEHNs [BHKEHHS IMEIOT BUJI

i=pr(l —2® —y?) + (—z + 2% — ?) Z 5(t —nT) — i,

j=py(l—2” =)+ (—y —2xy) Y 6(t—nT)—y.

*Pabora BbionHeHa npu dunancosoi nogaepxkke PH® (npoekr 15-12-20035).
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31ech nobaBiieHa cuia TPEHUs, IIPOIOPITHOHAIBHON MIHOBEHHOI CKOPOCTH,
1 K03 DUIMEHT TPEHUS IPUHAT PABHBIM €IUHHUIIE.

IIpecraBum cebe KOIBIIO N3 MHOXKECTBA HEB3AUMO/ICHCTBYIONTUX YACTHUII,
B HAYAJIbHBI MOMEHT IIOKOSIIIUXCS HA €JMHMYHON OKDY?KHOCTH B TOYKaX
x =cosp nuy = sinp, rne 0 < ¢ < 27. ITocse Tomuka nosst V' wacru-
112, UMeBMIas HAYATbHBIA YTOJ (0, HOMYYUT UMIyabc P, = —x + 12 — 2,
Py, = —y — 2zy. Ecsim He yuuTeBaTh nos1e U, TO OCTaHOBKA M3-3a TPEHUS
npousoiiger B Touke ¥’ = v + P, = 2? —y?, y =y + P, = —2zy, Te.
2 = cos¢ my = —sing’, rne ¢ = —2p, T.e. YACTUIBI PACIIONOKATCS
110 €IMHUYHON OKPYKHOCTH, HO C JBYKPAaTHBIM OOXOJ0M KOJIbIIA B 0OpaT-
HOM HalpaBjeHuH. JIjisi yriioBoil KOODJIMHATHI LOJydaeM pPacTsArHBAIONIEe
oTobOpakeHne OKPYZKHOCTHU, UJIn 0ToOparkeHne Bepryuin.

Cootnomenus (1) IpUBOAAT K 4eThIpEXMEPHOMY OTOOpazkenuio Ilyanka-
pe, KOTOpoe, AaTTPAKTOPOM KOTOPOTO CIIy?KuT costeHomn Cmeita — Busbsam-
ca, I4TO 00yCJIOBJIEHO TOIOJIOTUYIECKNM CBOWCTBOM aHCAMOJIsT YacTHI I10CJIe
npeobpasoBanusa. CxkaTne B $a30BOM IPOCTPAHCTBE B MOMEPETHOM HAIIPAB-
JIEHUU OCYTIECTBJIISIETCS 32 CUET TPEHUSI Ha TOW CTaJIUU IIPOIIECCa, KOT I MO/
JIefiCTBAEM TTOTEHIMAIBHOTO TI0JI YaCTUIla ApeiidyeT B HAIIPABJIEHUU I10-
TEHIUAJIBHOTO MUHUMYMA..

Bropoii npumep — cucrema JByX IIOIIEPEMEHHO BO30YKa€MbIX aBTOI'€He-
paropos [4]:

i — [Acos(2mt/T) — x%)i 4+ wiz = ey coswot,

2
i — [~Acos(2nt/T) — y?]y + 4wy = ex?. @)

ITepemenHble T U Y OTHOCSTCS K ITOJICHCTEMAaM, aKTUBHBIM 110 Oo4Yepeau OJia-
rojiapsi IPUHYIUTEIbHOMY M3MEHEHUIO [apaMerpa ¢ IepuoIoM 1 1 aMILIu-
rynoit A. Ilpemnonaraercs soinosHenasiv coornorterne I = 27N /wy, rue
N — mejoe 9ncyIo, Tak 9TO 3TO CHCTEMa yPABHEHUI ¢ MEPUOTUIECKUME KO-
s durmenTamMu.

IIycrs mepBBIit OCIIUIISATOP Ha CTAJINNA aKTUBHOCTH HMeeT a3y p, Tak
qr0 = ~ cos(wot + ). Ero BoszelicTBre Ha apTHEPA OIPeIesSeTcs] BTOPOoi
rapMOHUKO# cos(2wot + 2¢), U TP 1epexojie B AKTHBHYIO CTaJUI0 BO3HU-
Karomue Kojebanns nosydaior dhaly 2¢. B cBoo odepenn, npu geiictBun
BTOPOTO OCITMJLIITOPa Ha MEPBBIi, 00eceInBaeTcss ero Bo30y K aenne ¢ da-
3011 2 Gaaromapst TPUCYTCTBUIO OIIOPHOI'O CUTHAJIA, IACTOTHI Wy .

Takum 06pazomM, obe MOJACUCTEMBI [0 OYEPeH MEPEAl0T BO30YKIEHIe
OJIHA, JIPYTOii, ¥ IIPU ITOM Ha, [IOCJIEI0OBATEIbHBIX CTAIUSIX AaKTUBHOCTH (ha3a
Kosiebanuil jaercs orobpazkenueMm beprysum ¢, 1 = 2@, + const (mod27).
B derbipexMepHOM MTPOCTPAHCTBE COCTOSTHUN 38 TIEPUOJT MOJTYJISIIIAA UMEET
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MECTO PACTsPKEHHE B HAIIPABJICHUH, CBA3AHHOM C (ha30i, U CXKATHUE 110 TPEM
OCTaJIbHBIM HAIIPABJIEHUSIM. DTO COOTBETCTBYET KOHCTpy K Cmeiisia — Bu-
JIbSIMCA B 9ETBIPEXMEPHOM IPOCTPAHCTEE.

Tperuit npumep — cucrema ¢ arrpakropom tumna [Lasikuna. IlycTs Mrao-
BEHHBIE COCTOSTHUSI 3aJIAI0TCS TPEMsI IEPEMEHHBIMU TOJINHEHHBIMA yCJI0-
o 22 + y2 + 22 = 1. Ilycts A, B, C, D deTnIpe 0cOBEIE TOUKH HA OJI-
HOM MEPHUIMOHAILHOM cedeHnu cepbl Ha PABHOM yIAJECHUH JIPYT OT JAPyra,
N u S - ceBepHBII U IOKHBIN TOJIOCH. PacCcMOTPUM MOC/IET0BATEIHBHOCTD
HEIPEPBIBHBIX IPe00Pa30BaHuil, KaXK10€ IIPOJIOJIKATEHLHOCTHIO B €MHUAILY
BpEMEHU

I. Crok mo mapasienu — cMmerieHne Todek ot mepuananoB NABS u
NCDS 1o napaJjuieisiM K paBHOYIAJEHHON MEPUINOHAIBLHON OKPY>KHOCTH:

&= —exy?, y=caz’y, 2=0. (3)

I1. duddepennuanibHoe BpallleHue BOKPYT OCHU Z C YIJIOBOIT CKO-
POCTBIO, TUHEHHO 3aBUCAIIEH OT 2z, TaK YTO TOUKM Ha napasurean BC nero-
JIBUKHBI, a Ha mapaJutesin AD coBepmaror moBopoT Ha 180°:

i=m(z/V2+1/2)y, §=—7(z/V2+1/2)x, 3=0. (4)

ITI. CToK K KBaTOPY — CMEIEHNE TOYEK 0 OKPY?KHOCTSAM C IEHTPAMI
Ha ocu ot 6osbiioro kpyra ABCD k sxBatopy:

=0, §=ecyz? 2= —ey’z. (5)

IV. JuddepennmnansHoe BpamieHne BOKPYT OCH X C YIJIOBOI CKO-
POCTBIO, JIMHEHHO 3aBUCSINEH OT T, TaK YTO OPTOTOHAJIBLHOE OCH & CEUCHUE,
coyepzkariee TouKy C, ocTaeTcsi HEMOJIBUXKHBIM, & CEUEHHe, COJepIKalee
Touky B, mperepresaer moBopor Ha 180°:

i=0, y=—m(x/V2+1/2)z, z=mn(x/V2+1/2)y. (6)

Juddepentmaibable YpaBHEHUST JJIsi KaXKJION CTa UM PeIrarTcs aHa-
JIMTUYECKU. B pe3ysibTare MOXKHO ITOJIyYUTh OTOOparKeHUe 3a MEePUOJL, KakK
KOMIIOBHIUIO OTOOPazKeHUii, OTBEYAIONINX BCEM YEeThIPeM CTaausaM [2], Ko-
TOpOE, KaK OKA3bIBAETCs, uMeeT arrpakTop Tuna llibikuna. B pabore [5]
IIPEJICTABJIEHA CXEMa JJIEKTPOHHOTO YCTPOHCTBA, TJIe JUHAMUKA TAKOTO THIIA
MOXKET OBITH ObecIieueHa.

BosmoxkHOCTE husnaeckoii peajan3anuy runepOoImIecKoro Xaoca OTKPhI-
BaeT IEPCHEKTUBBI IIPUJIOXKEHUI JIjId XOPOIIO PA3BUTONH MaTEeMaTHUYeCKON
TEOPHUH M CO3JIa€T OCHOBY JIJIsl MIPOBEJEHUS] CPABHUTEIBHBIX HCCIIEIOBAHNN
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runepOoIMYeCKOr0 M HErnIepooJIMIecKoro Xaoca, B TOM YHCJIE B PaMKaX
KOMIIBIOTEPHOT'O UCCJIEJIOBAHUS U B 9KcHepuMenTe. MoxKHO TyMaTh, 9TO MO-
JleJIN, IIeJIEHAIIPABJIEHHO CKOHCTPYHUPOBAaHHBIE C T€M, YTOOBI Pean30BaTh
runepOOIMIeCKnil Xa0C, OKAXKYTCH MMOJIE3HBIMA JJIs TOHNMAaHUs (DYHIaMEH-
TAJbHBIX BOIIPOCOB, BCE €Ille OPOCAIOIINX BBI30B HMCCJIEIOBATEISM, HAIIPU-
Mep, B OTHOIIEHUH TPOOJIEMBI TyPOYJIEHTHOCTH.
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NONAUTONOMOUS DYNAMICS:
ANOSOV’S HERITAGE IN ACTION*

Lev Lerman

Lobachevsky National Research State University
of Nizhny Novgorod, Russia

lermanl@mm.unn.ru

I shall discuss a topic that is closely related with what was introduced to
the theory of dynamical systems by D.V. Anosov [1]. This concerns the no-
tion of hyperbolic dynamics when it is applied to nonautonomous dynamical
systems on smooth closed manifolds. In the first paper on the structurally
stable nonautonomous dynamics [2] the main approach was relied on the
notion of a specific integral curve as such that stays fixed under the action of

*Supported by the Russian Foundation for Basic Research (project nos. 16-51-10005,
16-01-00364).
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all equimorphisms of the extended phase manifold preserving the foliation
into integral curves. It appeared that this was not too convenient. The more
flexible approach was developed in [3] based on the notion of exponential
dichotomy of solutions to a nonautonomous vector field (shortly, NVF) given
on a smooth closed manifold on the semi-axis Ry, R_. This allowed one
to get stable and unstable manifolds related with any integral curve and to
distinguish a class of NVFs with a finite number of such manifolds. In this
way the class of nonautonomous gradient-like systems was introduced and
some elements of its structure were studied [3].

Let us recall some notions. We consider NVF's on a smooth closed man-
ifold M. A nonautonomous vector field on M is a uniformly continuous
map v: R — V¥(M) where V¥(M) is a Banach space of C*-smooth vector
fields on M endowed with C*-norm. Such a NVF generates its solutions
and their graphs in the extended phase space M x R (integral curves) define
a foliation into integral curves. Let us endow M some Riemannian metric
and take in M x R the metric of the direct product of two metric in M
and standard metric on R. It is evident that for any NVF its foliation into
integral curves is homeomorphic to the trivial foliation into straight-lines
given by the zeroth vector field. In order to bypass this triviality we lay
as an equivalence relation between two NVFs an equimorphism of their
extended phase manifolds sending one foliation into another one with the
preservation of time direction.

A natural question arises for NVFs: which types of foliations into inte-
gral curves are possible, what are the constructions allowing to find nonau-
tonomous systems from some interesting autonomous ones, etc.? On this
way a notion of the nonautonomous suspension was introduced [4] which
was proved useful to transfer dynamics of some diffeomorphisms onto NVFs.
The construction of a nonautonomous suspension is as follows. Let M be a
smooth closed manifold and f: M — M be a diffeomorphism. Denote Mjy
a standard suspension over f with its flow orbits structure. My is a bundle
p: My — S with the leaf M and f being a characteristic mapping. Due to
the construction My is covered by the manifold M x R: H: M xR — Mjy.
Let us endow M; by some Riemannian metric (in fact, only the uniform
structure is essential) and lift this metric to M x R using H. The Rie-
mannian manifold M x R with this metric (denote it as M) is not always
equimorphic to M x R with the metric of direct products of a metric on
M and the standard metric on R. The covering H lifts also the foliation
from My. In this respect the main question is when two diffeomorphisms
f,g: M — M have equimorphic manifolds M 5 ]\Z/g along with their folia-

72



tions? In this case diffeomorphism f, g are called to be §-equivalent [4]. In
this direction a more weak result was found.

Theorem 1. In order that the spaces ]\/:ff and Mg be uniformly homo-
topically equivalent, it is necessary and sufficient that integers m,n # 0 and
a homotopy equivalence p: M — M would exist such that g o f™ ~ g™ o,
where ~ denotes the homotopy of the maps.

It is natural to ask: suppose there is an NVF on a smooth closed M
with its foliation of M x R into integral curves. Does a diffeomorphism
f+ M — M exist such that M ¢ with its foliation is equimorphic to M x R
with its foliation. In particular, the following result was closely connected
with the properties of Anosov diffeomorphisms.

Corollary 1. The nonautonomous suspension over a hyperbolic auto-
morphism of an n-dimensional torus T™ is not equimorphic to T" x R.

On the other hand,

Proposition 1. The following diffeomorphisms are always é-equivalent:

a) f and f*, k # 0 is an integer;

b) @1 and ¢, t # 0, 1 is an autonomous flow;

¢) topologically conjugate diffeomorphisms.

One of the main results in [3] was the generalization into nonautonomous
case the notions and results obtained for a autonomous vector field about
the orbit structure near a homoclinic orbit to a saddle periodic orbit (Smale,
Shilnikov). These results were published later in [5]. The main construction
in [3, 5] was related with the existence of uniform sequence of h-curves
to some integral curve of an NVF. In particular, the existence of such a
sequence leads to the fact that such NVF possesses infinitely many different
stable leaves. This shows impossibility of such the structure in NVF's of the
Morse—-Smale type.

Another result in [3] was the construction of a distinguishing graph as an
invariant of uniform classification for gradient-like NVFs on 2-dimensional
closed manifolds. Roughly speaking, a gradient-like NVF means that (1)
every integral curve possesses the exponential dichotomy both on the semi-
axis t > — and t < 0; this property implies the existence of the local stable
manifold (if dichotomy on ¢ > 0) or the local unstable manifold (if dichotomy
on t < 0); (2) there are only finitely many stable and unstable manifolds;
two more assumptions guaranteeing the right behavior of boundaries of
stable and unstable manifolds. For such NVFs on 2-dimensional manifold
we consider traces of global stable and unstable manifolds on the section
t = 0 (these traces can be either a point, a smooth curve, or a open disk).
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This allows one to introduce some invariant of these NVFs similar to that
found by Leontovich, Peixoto and others. Then the following two theorems
are valid.

Theorem 2. The invariant found is the complete classifying invariant
for gradient-like NVFs.

Theorem 3. Gradient-like NVFs are structurally stable.

The same ideas work also for 1-dimensional case for nonautonomous equa-
tions on the circle S'. Namely, the following theorem is valid:

Theorem 4. For a gradient-like nonautonomous equation on S' there
exists a complete invariant of the uniform equivalency, that is two such
equations are uniformly equivalent iff their invariants coincide.

This can be applied to a differential equation on S which depends almost
periodically in ¢t. Then the following result holds.

Proposition 2. If a gradient-like differential equation is almost peri-
odic in t then there are a finite number of almost periodic integral curves in
S1 x R such that each such a curve possesses exponential dichotomy on R,
half of these curve are exponentially stable and another half are exponen-
tially unstable. These curves divide S* xR into finite number of strips which
boundary are one stable and one unstable curve.
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K MYJIBTUIVIMKATUBHOW SPIOANYECKOII TEOPEME
(ON MULTIPLICATIVE ERGODIC THEOREM)

M. E. JIunaros (M. E. Lipatov),
A. M. Crenun (A. M. Stepin)
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Kormuka vHag uamepuMmbiM moTokom 1 = {Tt: X — X }icr €O 3HAUEHUSIMU
B TOTIOJIOrm4IecKoii rpymie G — 310 u3mepumoe orobpazkenne A: Rx X — G,
yaosaersopsomee yeiaosuio A(t+s,z) = A(s, T'z)A(t, ) upu Beex t, s € R
u z € X. anee OymeM mpesmosaraTb, YTO HOTOK 1’ COXpaHAET KOHEYHYIO
Mepy 4 Ha X.

Teopema 1. Iycmo xouuka A nad T co snavenusmu 6 GL(m,R)
npu xascdom t ydosaemesopaem ycaosuro In ||A(t, )| € Li(p). Toeda cy-
wecmeyem usmepumasn Pynkyus T — 7(T) co 3HaUeHUAMU 6 GOpesescrus
nodmmoorcecmear R naommnocmu 1 maxas, wmo 0as 6cex T u3 HeKOMOPO2O
T-UH6aPUAHMHOZ0 MHONCECTNEA NOAHOT MEDDL

(i) cywecmeyem npeden

lim (A"t 2)At )2 =: A(z);
7(z) 3 t—+o00
(ii) R™ npedcmasumo 6 sude npamots cymmol @]:g) Ui(x), ede U;(T'z) =
= A(t,z)U;(x) u

In||A(t =+ 1
olm A 2] = ) (1)

pasromepro no v € U;(x)\{0}, npuvem dynryuu x — k(z), z — xi(z)
u x — di(z) = dimU;(z) T-uneapuarmo, a {(eX:®) d;(z)} ecmo
cnexmp mampuyve A(z) ¢ ywemom xpammocmer.

Panee B MyJI]:TI/IHJII/IKaTI/IBHOfI 3pI‘O‘HI/I‘{eCKOIU/I TeopeMe J1JIsd OIlepaTOPHBIX
KOITMKJIOB Ha/J IIOTOKaMMU IIPEAIIoJaraJjioCh BBIIIOJTHEHHBIM YCJIOBHE

sup In* [|A(t,-)1]| € Ly (p). (2)
0<t<1

[Ipemioxkennast Bbiie (GOPMYIUPOBKA yTBEPXKIAET, B YACTHOCTH, OJIOUHYIO
JIMArOHAIM3YEMOCTh KOIMKJIOB B OOINEM CjIydae X log-MHTErpupyeMOCTH
npu Beex t € R.
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Bee 910 jocTHraercd 3a cYer 3aMeHbl IIPEesioB npu ¢ — 0o (B ompe-
JleJIleHUN TokazaTesielt JIsmyHoBa) npejesiaMu Ipu ¢ — 00 [0 MHOYKECTBaM
mwrotHocTu 1. HemszbexkHOCTB 5TOrO CiiejyeT u3 CyllecTBoBaHus log-mHTe-
IPUPYEMBIX OMEPATOPHBIX KOIMKJIOB, JJII KOTOPBIX MOKAa3aTesn JIamyHoBa
X; HE CYIIECTBYIOT B mpexueM cMmbicyie. C JIpyroit CTOpOHBI, OKA3bIBAETCH,
9TO CyIecTBOBaHUe (TOUHBIX) IpejesioB npu t — 0o B dopmyie (1) os-
MODHCHO JIJIST KOIIUKJIOB, He YJIOBJIETBOPSIIONIUX YCIOBHIO (2).

VTBep:KIeHne O JUATOHAJIN3YEMOCTH 10g-UHTErPUPYEMBIX KOIUKJIOB MO-
JKHO YCWJIATH — KaXKJIbIH TOAKOIUKJI HA IUATOHAJIN KOTOMOJIOTUIEH KOITUK-
Jty BJIOYHO-TPEYTOJBHOTO BUJA C HETPUBOJUMBIMU OJIOTHO-KOH(MDOPMHBIME
[TO/IKOIMKJIAMU Ha, JUATOHAJIN, UTO IIOJIyYaeTCsl UCIO/Ib30BAHUEM PE3yJIbTa-
Ta [1].

JlokazaresibcTBO TeOpeMbl 1 MOYKHO TIPOBECTH TI0 CXEMe, PE/IJIOKEHHOM
B OPUIMHAJBHOM JoKazareiabcrBe Ocesenia (2] ¢ MCIOIB30BAHUEM IOHS-
TSI IIPABUJILHOCTH, OCHOBAHHOI'O HA IIEPEXOJie K IPeJesy 10 MHOXKECTBY
mwrotaoctu 1. JIpyroit momxon K pgokazarenberBy MIT, mpenjozkeHHBIH
Parynaranowm [3], ucrosnbsyromuii cy6a [ IUTUBHYIO SPrOJNIECKYIO TEOPEMY
Kunrmana—Prosuia [4, 5], Takzke MOKeT ObITH IPUMEHEH K JIOKA3aTEIbCTBY
Teopembl 1. JIjist 3TOTO TpebyeTcsi COOTBETCTBY IO BapraHT CyOa I InTHB-
HO¥ 9ProJINIECKOil TEOPEMBI.

Teopema 2. ITycmo das usmepumoti pymryuu o Ry x X — RU{—o0}
evinoamnaemes ot (t, ) € Ly(u) npu xascdom t u dna eécex t,s € Ry, x € X

alt+s,2) < alt,z) +as, T'z).

Tozda cyuecmeyrom usmepumas Gyrryua x — 7(x) co snaveruimu 6 6ope-
AeeckuT nodmmosicecmear R naommnocmu 1 u usmepumasn T-unsapuarnmmas
dymryun B: X — RU{—o0} maxue, wmo B+ € Li(p),

M = B(x) p-n.s.,

lim % at,x)du(z) = irtlf%/oz(t,x)du(x) = /B(m)d,u(a:).

t—o0

IIpuseneM JBe KOHCTPYKIUM, COJEpKAIIE O0bSICHEHNE YyTBEDKICHWI,
VIOMSIHyTBIX B TEKCTE.

IIycts ammuruBHbI KOMUKI : R X X — R accomuupoBan ¢ sprojute-
ckum norokom {1}, Moxwuo caurars, uro X = {(y,7) € Y x R: 0 < 7 <
< f(y)}, rme S — sproauueckuii aBTOMOPMU3M IPOCTPAHCTBA ¢ KOHEUHOI
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mepoit (Y,v), f: Y — [a,00) (a > 0), f € L1(v), du = dv - dr, nuramuka
— BepTHKaJIbHOE JiBuzKeHue, a Toukn (y, f(y)) u (Sy,0) 0OTOXKIeCTBISAIOTCS.
B TakoMm mpesicTaBieHNN TOTOKA KaXK/Iblii aCCOIMMPOBAHHBIN ¢ HUM aJ|I1-
THUBHBIH KOIUKJI OJHO3HAYHO BOCCTAHABJIUBAETCS 10 €r0 OTPAHUIECHUIO HA
muoxkecTBo {(t, (y,0)), y €Y, 0 <t < f(y)}; Gosee TOro, MOXKHO CUUTATD,
uro dyHKIHUs f orpaHuteHa, u TOrja Jrodas cymmupyemasi OYHKIHUS g
Ha 9TOM MHOKECTBE TIPOJIOJIZKAETCS JI0 aJINTUBHOTO Konukia Haa {1} co
suagenuamu B Ly (p). Ecin npu sTom g kaxkaoro y dyHKIma o Heorpa-
HUYEHA 110 £, TO JJIS €€ MPOJOJIKEHNST JIO KOIUKJIA (¢ HE BEPHO 3aKJIIOUEHNE
TeopeMmbl Bupkroda.

ITycrs norok {73} mocrpoen 1o sprojudeckomy asromopdusmy S: [0,1] —
— [0,1] ¢ nuBapuanTHO# Mepoii JleGera B Kauectse v u byHKuuu f(y) =
= y~2/3. Tlonaras snauenus o pasabivu 0 BCiofLy, KpoMe Touek (1, (y,0)),
n € NNJ0, f(y)), a Ijst HIX — PABHBIMHA /T, TTOJY9IaeM KOIUKJI HAJl 9PTO-
JIIYECKUM HOTOKOM, JIJIS KOTOPOrO SUPg<;<1 |a(t, )| ¢ L1(u), a BpemeHHble
CPEJTHUE CXOJISATCS. o
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JOCTATOYHBIE YCJIOBHSA HEYCTOMYNUBOCTH ITOJIOXKEHUI
PABHOBECHUS PEJIEMHBIX CUCTEM
(SUFFKHENT‘CONIHTTONS OF UNSTABILITY OF RELAY
SYSTEN[EQUHJBRIUM)

A. A. JloceB (A. A. Losev)
Mocxsa, Poccus

andrey.a.losev@gmail.com

PaccmarpuBaercst cucrema BeIeCcTBEHHBIX OOBLIKHOBEHHBIX UM depeHIm-
aJIbHBIX YPABHEHUIT C JIByMsl peJie BUIA

n

yi:pngnyl+Qi5gny2+zrijiji:17---an- (1)
j=1
Baecs n = 2; y1(t), ..., yn(t) — HeusBecTHble dyHKIMU BpeMenu t; §; 06o-

3Havaer npoussoanyto dy;/dt, i = 1,...,n; (p1,...,pn)T 1 (q1,---,qn)T —
3a/IaHHBIE TIOCTOSTHHBIE N-MepHbIe BeKTOPhI (cuMBosi T ofo3HAYAET TPaHC-
LOHUPOBAHUE); (Ti5)1<i, j<n — 38JAHHAS IIOCTOSHHAS (N X 1)-MaTPHIA.

g nooupesenenus cucremsl (1) Ha runepruiockocTsax y1 = 0 u yo = 0
pa3pblBa NIPABBIX YacTell ypaBHEHUIl CHCTEMbl W Ha IEPECEUYCHUN 3TUX I'H-
HEPILIOCKOCTEH MOXKHO MCHOJIB30BaTh MPOCTEHIee BHITYKJIOE T00IpPEIeIe-
HUe, JOOIpeIeIeHIe METOIOM SKBUBAJIEHTHOTO YIIpaBJIeHNUs, 001Iee J00mpe-
JleJIeHue, TIpUIeM Jjisa pejteiinoit cucrembl (1) Bee TpH JIOONPEIEICHUS COB-
nagaor [1].

Onpepnesienune. Pewenuem cucmemov, (1) HazbiBaeTcst HAGOp abCOIIOT-
HO HenpepbiBHBIX GYHKIWHA (y1(t),. .., Yn(t)), KOTOPBIH BHE IHIEPILIOCKO-
creit y; = 0 u y2 = 0 yuosaersopsier cucreMe (1), a Ha TUX THIEPILIOCKO-
CTSIX W WX TIEPECETeHNN — CUCTEMAaM, TIOMyIeHHbIM 13 (1) MeTosoM SKBUBa-
JICHTHOT'O ylpaBjieHus (IpU OYTH BCeX t).

Ecmu A := p1gs — paq1 # 0, To cucremy (1) MOXKHO IPUBECTH K BUIY
n
T1 = ai;sgnzy + by sgnzoe + ijl C1;Tj,
. n
To = agsgnxy + be sgnxy + Zj:1 C2; %5, (2)

n
jc-:g Cii%i 1 =23,...,M.
7 =1 ENE ) )
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IIpu srom xx = Yk, ax = Pk, bk = qx, kK = 1,2, A = a1by — asb;. Peneitayro
crucremy Bujia (2) MbI Ha3bIBAEM NPUGedeHHo.

B nacrosmeit pabore nmosydeH psj JOCTATOYHBIX YCJIOBHI HEYCTONUINBO-
ctu (B MasioM) nosioxkeHust pasHoBecust (0, . .., 0) IPUBEIEHHO CHCTEMBIL.

Teopema. Ilycmv n > 2 u 66n0AHEHG 00HAG U3 CACOYOUUL CUCTEM
YCA08UTL:

1) A#0,a1+b; >0, az + by > 0;
2) A#0, —a1 +b1 <0, —as + by > 0;
3) A<O, |by| < —a1;

4) A <0, |ag]| < —bo;
)
)

5) r:.= a1|a2| +b2|b1| >0, |a1| < by, |b2| < —ag;

6) r>0, |a1| < 71)1, |b2| < as.
Tozda nonoscenue pasnosecus (0, ..., 0) npusedenroti cucmemvl neycmoti-
“YUB0.
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OMEGA-LIMIT SETS OF GENERIC POINTS
OF PARTIALLY HYPERBOLIC DIFFEOMORPHISMS

S. S. Minkov, A. V. Okunev

Moscow Center for Continuous Mathematical Education, Moscow, Russia
National Research University Higher School of Economics, Moscow, Russia

stanislav.minkov@yandex.ru, aokunev@list.ru

We prove that for any E* @ E-partially hyperbolic C2-diffeomorphism
the w-limit set of a generic (with respect to the Lebesgue measure) point
is saturated by the unstable leaves. As a corollary we prove a conjecture
from a paper by Ilyashenko (2011) that the Milnor attractor is saturated
by the unstable leaves. This property was used by Ilyashenko to prove that
there exists a locally generic set of boundary preserving diffeomorphisms of
[0,1] x T? with “thick” Milnor attractors.
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Definition 1. For a diffeomorphism F' of a Riemannian manifold X
the Milnor attractor (notation: Aps(F) or Aps) is the smallest invariant
closed set that contains the w-limit sets of almost all points with respect to
the Lebesgue measure on X.

Consider is a Riemannian manifold M, possibly with a boundary. The
metric induces the Lebesgue measure on M.

Definition 2. A diffeomorphism F: M — M is called E* @& E°*-
partially hyperbolic if there exist A > 1,4 < A, ¢ > 0 and two invariant

distributions E$* C T, M and E* C T, M, (i.e., dF,(ESSY) = E;S(’;L)) and

T,M = ES* & E,

|dF7 g

<o, [|dFT g < AT

Theorem. Let F: M — M be a E* ® E® partially hyperbolic C?-
diffeomorphism. Then the w-limit set of almost any point with respect to the
Lebesgue measure is saturated by the unstable leaves (i.e. it either contains
an entire leaf or does not intersect it).
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LONG-TERM BEHAVIOUR OF SLOW—-FAST SYSTEMS
WITH PASSAGES THROUGH RESONANCES:
EXAMPLES FROM CHARGED PARTICLE DYNAMICS
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Long-term behaviour of slow—fast systems with passages through reso-
nances can be described in probabilistic terms. In this talk we discuss
examples of such a behaviour in charged particle dynamics.

A probabilistic approach to description of dynamics in slow—fast systems
has Anosov’s averaging theorem [1] as one of his origins. This theorem is
dealing with systems of the form

dx dy

E:f(xvyag)a %zag(x,y,s). (1)

Here ¢ is a small positive parameter, the vector y is called the slow variable,
and the vector x is called the fast variable. System (1) is called a slow—fast
system. The system for x for ¢ = 0,y = const is called the fast system.
It is assumed that z is a point on a smooth compact manifold M, and
that the dynamics in fast system has a smooth invariant measure and is
ergodic with respect to this measure for almost all values of y from a given
bounded domain. Averaging of the function g(z,y,0) over M, with respect
to this measure gives a closed system for description of dynamics of the slow
variable y: the averaged system. The averaging method consists of using
solutions of the averaged system for approximate description of behaviour
of the slow variables in the original system (1). Anosov’s averaging the-
orem states that for any fixed in advance threshold the measure of initial
conditions for which the error of such a description on the time interval
0 <t < 1/e exceeds this threshold tends to 0 as e — 0. Sets of initial
condition for solutions that can and can not be approximately described by
the averaged method tend to fill the phase space densely as ¢ — 0. Thus
a probabilistic interpretation can be used: the probability that the error of
the averaging method exceeds any fixed threshold tends to 0 as ¢ — 0.

In this talk we discuss dynamics on time intervals which are much longer
than 1/e. Deviations of exact solutions from solutions of the averaged sys-
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tem on the time intervals of length ~ 1/¢ can determine dynamics on longer
time intervals. We will consider this question for the cases when M, is the
two-dimensional torus with angular variable z, and dynamics of the fast
system is a linear flow (rotation) on this torus: f(z,y,0) = w(y). In this
case a rather detailed information about dynamics on the time intervals
of length ~ 1/e is available (see [5] and references therein). Main effects a
related to resonances between frequencies of the fast motion (components of
the 2-dimensional vector w(y)) that appear in the process of the evolution of
the slow variable y. Principal time scales here are t ~ 1/3/2 and t ~ 1/&2.

Effects of passages through resonances can be treated as random events
if € is small enough. There is a heuristic reasoning that suggests that such
effects separated by time intervals ~ 1/¢ can be treated as statistically
independent. For some cases this suggestion is proved in [4]. In this talk
we describe several model examples from charged particle dynamics that
demonstrate these quasi-random effects. In particular, we present an analog
of kinetic equation for description of such kind of dynamics.

The talk is a review based on papers [2, 3, 5-7].

References

1. Anosov D.V. Averaging in systems of ordinary differential equations with
rapidly oscillating solutions // Izv. Akad. Nauk SSSR. Ser. Mat. 1960. V. 24,
N 5. P. 721-742.

2. Artemyev A.V., Neishtadt A.l., Vasiliev A., Mourenas D. Kinetic equation
for nonlinear resonant wave-particle interaction // Phys. Plasmas. 2016. V. 23.
Art. 090701.

3. Artemyev A.V., Neishtadt A.I., Vasiliev A., Mourenas D. Probabilistic ap-
proach to nonlinear wave-particle resonant interaction. Submitted.

4. Dolgopyat D. Repulsion from resonances // Mém. Soc. Math. France (N.S.).
2012. V. 128. 119 pp.

5. Neishtadt A.I. Averaging, passage through resonances, and capture into res-
onance in two-frequency systems // Russ. Math. Surv. 2014. V. 69, N 5.
P. 771-843.

6. Neishtadt A.l., Artemyev A.V., Zelenyi L.M., Vainchtein D.L. Surfatron
acceleration in electromagnetic waves with a low phase velocity // JETP
Lett. 2009. V. 89, N 9. P. 441-447.

7. Vasiliev A., Neishtadt A., Artemyev A. Nonlinear dynamics of charged par-
ticles in an oblique electromagnetic wave // Phys. Lett. A. 2011. V. 375.
P. 3075-3079.

82
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Consider the group G of all transformations of a Lebesgue measure (M, )
space (M, i) leaving the measure p quasiinvariant. Denote by R™ the half-
line t > 0. We say that a polymorphism (see [3]) of M is a measure s on
M x M x RT satisfying two conditions:

1) The pushforward of s to the first factor M is p.

2) The pushforward of ¢ - 5 to the second factor M is p.

For any g € G(M) we define a polymorphism as a pushforward of the
measure g under the map m — (m, g(m), g’'(m)). Denote by Pol(M) the set
of all polymorphisms. It has a structure of a semigroup with a topology, and
the group G(M) is dense in Pol(M) (so Pol(M) is a natural completion’
of G(M)).

Therefore, for any action of a group I' on M there arise a problem about
closure of T" in Pol(M). This question is interesting at least for infinite-
dimensional ("large’) groups I', several examples were examined in [1-5].

The talk contains a solution of this question for the space (2, w) of Pois-
son configurations on a space N with non-atomic o-finite measure and the
group I' of measurable transformations leaving w quasiinvariant.
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A C' ANOSOV DIFFEOMORPHISM WITH A HORSESHOE
THAT ATTRACTS ALMOST ANY POINT

Alexey Okunev
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This is joint work with C. Bonatti, S. Minkov, and I. Shilin.

Using Bowen’s construction of a horseshoe with positive Lebesgue mea-
sure [1], we construct an example of a C! Anosov diffeomorphism of the
2-torus that admits a physical measure v such that

e the basin of v has full Lebesgue measure,
e v is supported on a horseshoe H with zero Lebesgue measure.

The horseshoe H is semithick, i.e. it is a product of a Cantor set with pos-
itive measure in the unstable direction and a Cantor set with zero measure
in the stable direction.
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ERDOS MEASURES ON EUCLIDEAN SPACE AND Z"
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What one can say about the distribution of the random variable:
C:A71§1+A72£Q+~-~a

where £, € Z™ are independent identically distributed random variables,
0 < P(& =0) < 1, the expanding matrix A € GL(n, Z).

We will call the distribution of the random variable ¢ the Erdds measure
on the space R™.

84



Another question is what one can say about the distribution of the ran-
dom variable:

ZZE1+A§2+A2§3+...,

Here ¢ € 2", where Z" is the profinite extension of Z™ with respect to
Zn > AZ" > A2Z0 > L R

We will call the distribution of the random variable ¢ the Erdds measure
on the group Z™. We give some answers to these questions.

We use the notions of A-invariant Erdds measure on the torus and the
invariant Erdés measure on the compact abelian group Z".

SHADOWING AND INVERSE SHADOWING IN GROUP ACTIONS
Sergei Yu. Pilyugin

St. Petersburg State University, St. Petersburg, Russia
sergeipil47@mail.ru

In this talk, we discuss shadowing and inverse shadowing in actions of
some finitely generated groups.

The shadowing property means that, given an approximate trajectory, we
can find an exact trajectory close to it. The Reductive Shadowing Theorem
(RST) states that if ® is a uniformly continuous action of a finitely generated
group G and the action of a one-dimensional subgroup of G is topologically
Anosov (i.e., it has the shadowing property and is expansive), then the
action @ is topologically Anosov as well (and hence, ® has the shadowing
property).

The first RST was proved in [1] for the groups ZP; later it was proved for
virtually nilpotent groups [2]. At the same time, it was shown in [2] that
the RST is not valid for the Baumslag—Solitar groups BS(1,n) with n > 1.

The inverse shadowing property means that, given a family of approxi-
mate trajectories (generated by a so-called approximate method), we can
find a member of this family that is close to any chosen exact trajectory. It
is shown in [3] that an analog of the RST for the case of inverse shadowing
(with “topologically Anosov” replaced by the so-called “Tube Condition”)
is also valid for virtually nilpotent groups.
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O TOIIOJIOTUYECKOI KJIACCUPUKAIINU
CUCTEM MOPCA-CMENJIA
(ON TOPOLOGICAL CLASSIFICATION
OF MORSE-SMALE SYSTEMS)*
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HIUY BIIY, Huscrnuti Hoszopod, Poccus

olga-pochinka@yandex.ru

IToroku Mopca—Cwmeitnia Ha MHOrOOOpa3usiX OBLIN BBEIEHBI B PACCMOTPE-
HUE B CepeJMHE IPOIIOrO BeKa 1| Kak peTeHIeHThl Ha TUIUYHBIE CTPYK-
TYDHO yCTOYMBBIE CHCTeMBL. Biiarogaps nuonepckoii padore [2] o rpybpix
cucTeMax Ha IUIOCKOCTH, KA3aJI0Ch, YTO MUP JUHAMUIECKUX CHUCTEM yCTPO-
€H JIOBOJIBHO IIPOCTO W Ha JPYIUX MHOTOoOpasusix. B jeiicTBUTEIHHOCTH
BCE OKazaJoch 6ojiee JApaMaTWYHBIM, HO cucTeMbl Mopca—Cwmeiisia BoILIm
B MUpP JUHAMHUKHU, KaK CTPYKTYPHO yCTOWYMBBIE CUCTEMBI C HEOJLYZKJIai0-
UM MHOXKECTBOM, COCTOAINIAM M3 KOHeYHOro umcya opbut. Hecmorps Ha
KaXKYIIYIOCs IPOCTOTY ITUX CHCTEM, UX TOIOJOTMIECKas KIACCU(DUKAIS,
HAYMHASI C PA3MEPHOCTH JIBA, sIBJISETCsI JJOBOJIBHO CJIOXKHOM 3ajaueii. U ecom
JIJIsT HEIIPEPBIBHBIX CHCTEM BCE CBEJIOCH K KOMOWHATOPHON 3ajiade pasiiu-
YeHMsl HAIPABIEHHBIX [3| win TpexuseTHbIX [4] rpadoB, TO B AUCKPETHOM
ciydae Ha CETOMHSINHUN T€Hb U3BECTEH JIUIIb [OJIXO ], UCIOIb3YIONIIi am-
napaT MapKOBCKUX pa3buenuii [5]. B nokiae Gyzer u3/10:KeH HOBBI OIXOL
K TOIOJIOrH4IecKoil Kinaccudukanyn guddeomopdusmon Mopca—Cwmeitia Ha
[TOBEPXHOCTSIX, IIO3BOJISIONINI PeaIn30BaTh JOO0 TaKO KacKal 10 KOHEY-
HOMY HaDOPY TOPOB, C BJIO?)KEHHBIMU B HEr'O IIPOKOJIOTBHIMU JIUCKaMu. B pas-

*Pabora BbIOMHEHA TIpu buHAHCOBOH nomuepkke POPDPU (npoekTsr 15-01-03687-a,
16-51-10005-Ko _a) u LI®V HUY BIIS (upoekr 98 B 2016 1.).
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MEPHOCTH TPH KJIACCUDUKAIMOHHBIE PE3yJIbTaThl st nuddeomopdusMon
Mopca—Cwmelina GbUIM OJIYYIEHBI HA SI3BIKE TETePOKJINHUIECKUX JIAMUHA-
muit [6], o yem Toxke Oymer YHOMsiHYTO B JoKjaajge. Kpome toro, GymyT
IPHUBEJICHBl HEKOTOPBIE KJIACCH(DHUKAIMOHHBIE PE3YJIBTATHI JJIsi MHOIOMEp-
ubIx cucreM Mopca—Cweiina |7, 8.
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ESTIMATES OF CORRELATIONS IN DYNAMICAL SYSTEMS:
FROM HOLDER CONTINUOUS TO GENERAL OBSERVABLES

Ivan Podvigin

Sobolev Institute of Mathematics, Novosibirsk, Russia,
Novosibirsk State University, Novosibirsk, Russia

ipodvigin@math.nsc.ru

Let pu be a Borel measure on a metric space M and T: M — M be
a measure preserving transformation, i.e. u(A) = u(T~tA) for all Borel
sets A C M. For observables f € L,(M,p) and g € Ly(M, 1) with Holder
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conjugate p, q € [1,00], we denote as ¢,(f, g) the pair correlations, i.e.

/f /f ) dp(x / g(z)du(z), n € N.

As is well known, for mixing measure preserving transformation the pair
correlations ¢, (f, g) for f,g € La(M, 1) may decay to zero as n — oo with
arbitrary slow rate, and furthermore such behavior is typical in Ly (see [1]).
Nevertheless for general observables f and g it is interesting to know how
slow the pair correlations ¢, (f,g) decay. We present in this talk the ap-
proach to estimating of the pair correlations for general observables via
approximation by observables with already known information on the decay
of pair correlations.

More precisely, let §, C L,(M) and &, C L,(M) be densely embedded
Banach spaces of complex valued functions on M. Assume that for all f € §,
and g € &,

len(f,9)l < Allfli,l9lle,2(n), n €N, (#)

with some constant A > 0 and ® N\, 0 as n — oo.

There are a lot of the dynamical systems with estimates of the pair cor-
relations like (#), among which there are the classical transitive Anosov
diffeomorphisms with sets §, and &, of Holder continuous functions in
stable and unstable directions respectively (see [2]).

For f € L,(M) and t > 0 denote as 7¢(t) the best §p-approximation of
order t for function f, i.e.

7y (t) = nf{[[f = hllp: heFp, |hls, <t}

Let us define new Banach spaces of functions associated with different es-
timates of the best approximations. Let = be the set of all decreasing to zero
functions ©: Ry — Ry, i.e. O(t;) > O(ta) for 0 < t; <ty and O(¢) — 0 as
t — +00. Let Z° C Z be the set of functions which equal to zero beginning
at some point.

Definition. For © € = denote as §,(0©) the set of all functions f € L, (M)
such that the best §,-approximation satisfies the estimate

Tr(ct) < cO(t)

for all ¢ > 0 and some constant ¢ > 0. The set of such constants is denoted

C(O, f). Let

~ - i f
Iflls,0) = ik e

be the norm in the space §,(0).
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Let us formulate the main result.

Theorem. Assume that the estimate (#) holds true. Let ©1,09 € =2,
then for any f € §p(01), g € B4(02) for all n > ng

len(£:9)1 < Al fll5,00) 96 ,(02) @' (1) (##)

for some ng € N, constant A’ > 0, and &' \, 0 as n — co.
In the case ©1 V O & Z°, we have ®'(n) = ®(n)v(®(n)) with the function
v: Ry — Ry which is the inverse of

1
;(@1 Vv ©2)(V1), t >0,
and ng 1is the smallest integer satisfying the estimate
D (ng)v(P(ng)) < 1.

In the case ©1V Oz € 20, we have &' (n) = ®(n) and ng = 1.

As we see the estimate (##) looks like (#) and evidently extends it to
all observables.

As application of the main result one can obtain, following the ap-
proach [3], the CLT for Anosov diffeomorphisms with some new observables,
for example for the characteristic functions of the sets with power behavior
of the measure near the boundary.
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O OIUHAMUKE JUCKPETHBIX CUCTEM
CO CJIVUAVHBIMU TTAPAMETPAMU
(ABOUT DYNAMICS OF DISCRETE SYSTEMS
WITH RANDOM PARAMETRES)*

JI. 1. Poauna (L. I. Rodina)

Vomypmexuti 2ocydapemeernnoiti yrnusepcumem, Howcesck, Poccus
LRodina67@mail.ru

IIpu mMaTemMaTniecKOM MOJEIMPOBAHUU [IUCKPETHBIX JIUHAMUYIECKUX CH-
CTeM BO3HHMKAIOT PA3HOCTHBIE (MM DEKyPpeHTHbIe) ypaBHenus. Hanpumep,
pa3BUTHE MHOTUX OMOJIOTMIECKUX MOIYJISINI C HEITEPEKPHIBAIOIINMICS 10~
KOJIEHUSIMU (K KOTOPBIM MOXKHO OTHECTH MOILYJISIIAN HEKOTOPBIX BUJIOB Ha-
CEKOMBIX, PBIO, OJIHOJIETHUX PACTEHUII) OIPEIE/IIeTCs YPABHEHTEM

Tn41 :f(xn)v n=0,1,..., (1)

[JI€ Tpt1 — PA3MeP IOIYJIAINN B MOMEHT BPeMeHH 7+ 1 BhIpaykaeTcs uepe3
pasMep MOMYJISIUU T, B NPEIbLIyInuii MOMeHT BpeMmenu. CBoiicTBa pere-
HUN TaKuUX ypaBHEHUI XOPOIIO U3yYeHbl W OMUCAHBI, B YACTHOCTH, B Pabo-
tax [1, 2]. K naubosiee u3BeCTHBIM pe3ysbraTaM MOXKHO OTHECTU TEOPEMY
A H. ITapkosckoro [2, rir. 3| 0 coCyIIecTBOBAHUU [IUKJIOB PA3JINIHON JIJIH-
HBI 1 yTBepsKieHue amepukanckux maremarukos T. JIn u [Ixx. HMopka [3] o
CBSI3U MEXKTy HAJIMIMeM IIUKJIa IEPUOJIa TPU U CyIIIeCTBOBAHNEM HECUETHOIO
MHOXKECTBa XaOTHUIECKUX PEIeHMU.

Paccmorpum 0606mienne momesu (1) B IPeAonoKeHun, 9T0 B KaxK Iblii
MOMEHT BpeMeHHU n (pyHKIus f 3aBUCUT TaK¥)Ke OT CIYyYaiiHOTO mapaMeTpa
Wy, TPUHUMAIOIIEro 3HadeHus B MHOXkKecTBe (). [loyanM BeposSTHOCTHYIO
MO/JI€JIb, 33J[aHHYIO Pa3HOCTHBIM ypaBHEHIEM

anrl:f(Wn;xn)v (anxn)GQXI; n=0,1,..., (2)

rre € — 3aJaHHOE MHOMKECTBO ¢ CHI'Ma-aJIreGpoil OAMHOMKeCTB A, Ha KOTO-
poii orpejiesiena BeposiTHOCTHAsE Mepa [i, I = [a, b]. IIpeanonaraem, 4o st
KaxkI0ro w € ) dyukuus ¢ — f(w,x) nenpepsiBro auddepeHupyeMa.
IpuseneM pe3yabTaThl paboTHI [4], B KOTOPOIt /JIst TAHHON BEPOSTHOCT-
HOI MO/ ITOJTy9eHbI yCJIOBUS CyIECTBOBAHUS IPUTATHBAIOIIETO U OTTAJI-
KUBAIOIIETo MUKJIOB JUIMHLL k > 1, a Tak»Ke yCJI0BUsI, IIPA KOTOPBIX PEIleHnst

*Pabora BeIOIHEHA IpU buHaHCOBOH noguepxkke POOU (mpoekt Ne16-01-00346a) u
Munucrepcrsa obpasosanus u Hayku P® B pamkax 6asosoii yactu (npoext 2003).
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XAOTHYECKHUE C BEPOSTHOCTBIO eIMHNTIA. Il0KarKeM, 9TO XaOTUIeCKHe pere-
HUS CYIIECTBYIOT B TOM CJIydae, KOTjla ypaBHEeHHE CO CIyYaiiHbIMU ITapaMeT-
pamu (2) b0 He UMeeT HU OJIHOTO TUKJIA, NGO BCE IIUKJIIBI OTTAJIKUBAIOIINE
C BEPOATHOCTDHIO €IUHAIIA.

Beezsem B paccMmoTpenne BepogTHOCTHOE pocTpascTo (X, 1), rae X
O3HAYAET MHOXKECTBO MOCJIEIOBATENIbHOCTEH 0 = (Wp, W1, -« .« ,Wp, .. .) € 2%,
cucreMa MHOXKeCTB 2| sBJISeTCS HauMeHbIIell cCurMa-anaredOpoi, IOpOXKIeH-
HOH IUJIMHIPHYECKUMEI MHOXKECTBAMU

D,={ceX:wy€e,...,w, €y}, tme Q GQNl, j=0,...,n,

u onpegemum Mepy [i(Dy) = () - f(1) - ... - @(9Qy,). Torma Ha u3Mepn-
MoM TpoctpaHcTBe (X, 2l) cylecTByeT eIMHCTBEHHASI BEPOSITHOCTHAST Mepa
{4, KOTOpAsl ABJISIETCs IPOJIOJIZKEHUEM MeDbI [ Ha curma-airebpy 2.
IIpuBeieM ONMpeNETIEHNs W JTOCTATOYHBIE YCJIOBUS CYTIECTBOBAHUS NpPU-
MAZUBAIOWE20 U OTNMANKUBAIOWEL20 YUKAOS JJIst ypaBHEHWsI (2), BBHITIOTHEH-
HBIE JIJIsl BCEX 3HAYEHUI CJIy9aliHOrO MapaMeTpa U BBIIIOJHEHHBIE ¢ BEPOSAT-

HoCThIO efuHuna. s kaxaoro n € N o6osHaunM 0™ = (wo, w1, . - -, Wn—1),
[ o, x) = f*(0" 2) = fwn1,- .., flwr, f(wo,2)))-
Onpenenenne 1. Touku By, ..., Br_1 0bpasdyior yuks B nepuoda k > 1

IUIsd ypaBHeHus (2), ecyu it Bcex o* € OF BemosnHens! pasencTsa

(o, 80) = Bo, [™(0,B0) = Bm, m=1,....k—1

U IUKJI B HE COAEPKUT IUKJIA MEHBIIETO IIEPUOJIA.
Honoorcernuem pasrosecus (HENOIBUKHON TOUKOIT) ypaBHeHus (2) Hazo-
BeM TOUKY T € I Takyw, 9T0 f(w,Zx) = T 115 Beex w € Q.

Onpenenenune 2. Iuka B = {fo,..., Sk—1} HA30BEM Npuma2u6aio-
WUM YUKAOM JJIg ypaBHEHUs (2), €C/U CYIIEeCTBYET OKPECTHOCTD U 9TOro
mukia Takas, aro () f"(o,U) = B mis Beex o € 3. lukn B HazoseM

n>1
NPUMAZUBUIOULUM C BEPOATMHOCTNDI0 €OUHUUG, ECITTH CYIIECTBYET MHOYKECTBO
Yo C X rakoe, uro p(Xg) = 1 u a1 Kazxka0r0 0 € Xy HalIeTCs OKPECTHOCTD
U =U(o) nukna B takas, aro (| f"(o,U) = B.
n>1

Onpenenenne 3. Ilukn B HA30BEM 0MMAAKUSAIOUUM GUKAOM YPAB-
Henus (2), ecam cymiecTByeT okpecTHOCTh U 1ukjia B, KOTOPY0 KaxKjuas
rouka (0,x) € ¥ x (U \ B) nokujaer 3a KOHEYHOE BpeMsl, TO €CThb JIJIs
kaxoro (o,z) € ¥ x (U \ B) naitnerca nomep N = N(o,x), misg KOoTo-
poro fN(o,x) € U. lluxn B HA30BEM 0MMAAKUGAIOUUM C G6EPOATNHOCTIDIO
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edunUYa, eCIIN CYIIECTBYIOT MHOXKeCTBO Yo C ¥ n oKpecTHOCTh U JaHHOTO
KA, Takue, 9to (1(Xg) = 1 u mus xaxoit rouku (o,z) € ¥g x (U \ B)
naitnerca nomep N = N (o, z), as xoroporo [V (o, ) & U.

Teopema 1. ITycmov ypasrerue (2) umeem yuxa B = {Bo, ..., fr—1}-
Eeau

k=1
T1 W supl i) < 1
=0 2

I*},BI weE

mo B asasemca npumazusaiowum yuxiom JaHH020 YPAGHEHUA.

k=1
Ecou [] lLm inf |fl(w,z)| > 1, mo yuka B Aeasemcsa ommanrkusaro-
i=0 z—p; WEL
WUM YuKA0M Ypasrenus (2).
Teopema 2. ITycmov ypasrerue (2) umeem yuxa B = {Bo, ..., fr-1}-
Ecau cywecmeyem oxpecmuocmos U amozo yukaa maxas, 4mo

M(lngsggg“fk(a, x));‘) <0,

mo yuka B npumasusatowut ¢ eepoamuocmovio edunuya. Fcau cyuecmey-

em oxpecmuocms U yukaa B maxas, wmo M(ln infU| (fk(a, x));D > 0, mo
e

YUKNA ABAAEMCA OMIMAAKUBATOWUM C BEPOAINHOCTNBIO €0UHU’I40,.

Ounpenesnenne 4. Pemenve x,(0,z¢) ypasuenus (2) (upu dbukcupo-
BAHHOM 3HAYEHNH 0 € Y) HA30BEM XAOTHIECKUM, €CIH JIs Kaxkaoro k € N
upenen lim z,x(0, o) He cymectsyer. Touky o € I Ha30BEM anepuoduse-

n—oo

cKoll ¢ 8epPOAMHOCMbIO eJuHUYaA TOYKON ypaBHeHUs (2), eciid CyIlIecTByer
MHOXKecTBO Yo C X rakoe, uro pu(Xg) = 1 u mus moboro o € Xy perieHus
xn (0, o) XaoTHIECKHE.

Touky y HA30BEM CO 8pemenem Nepuoduseckoti WK IPEeIePUOITIeCKO
TOUKON ypaBHeHust (2), ecau cymecrsyer m € N Takoe, 910 Jyist JHOOBIX
o™ € Q™ rouka x = f™(c™,y) ABILETCS TOYKOW HEKOTOPOTO IIEPHOJIA
kE>1.

Vceaosue 1. Ilycrs Q@ = {v1,..., 0.}, rmer 2 2, pu(v;) = p; > 0,6 =1,...,7,
T

S i = 1 mkaxas us bynkxmmit fF (o, 2), k € N, o € QF mmeer xoneunoe

i=1

YHCJI0 HEIOJBUKHBIX TOYeK Ha orpeske I = [a, b].

Teopema 3. IIpednoaooicum, wmo ewvinosneno ycaosue 1 u ypashe-
nue (2) aubo ne umeem nu 00noz2o yuxaa (nepuoda k > 1), aubo ece yurab
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OMMAAKUBGOUUE C BEPOAMHOCTYIO eduHuya. [lyemv Y — mmoorcecmso
NePUOIUYECKUT U CO BDEMEHEM NEPUOIUHECKUT TOUer JGHHO20 YPASHEHUL.
Tozda nwbas mouka xg € I\Y anepuoduueckasn ¢ sepoammocmoio eduruya.
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HOMOCLINIC INVARIANTS OF ERGODIC ACTIONS
Valery Ryzhikov
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We consider a family of homoclinic groups and Gordin’s type invariants of
measure-preserving actions, state their connections with factors, full groups,
ranks, rigidity, multiple mixing and realize such invariants in the class of
Gaussian and Poisson suspensions.

In a topological group G there is the correspondence between an ele-
ment 7" and its homoclinic group:

H(T)={8: T~"ST" — I, n — oo},

where [ is the neutral element. We consider the case where G is the group
of all automorphisms of a Lebesgue space. It is not hard to see that all
Bernoulli actions have ergodic homoclinic groups (the same is probably true
for all K-automorphisms). King, answering Gordin’s question, built in [2]
a zero entropy transformation T of a probability space with ergodic H(T),
we say a transformation T with Gordin’s G-property. This invariant implies
the mixing [1], furthermore, it implies the mixing of all orders [8].
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All mixing Gaussian and Poisson suspensions (see [3] for definitions), have
G-property (the proof for Poisson suspensions see in [8], as for Gaussian
actions, it is an exercise).

We know that all group actions without multiple mixing property and
the horocycle flows do not possess Gordin’s property (the latter follows from
Ratner’s results [6]).

Let us define a family of homoclinic nature groups. The weak homoclinic
group is defined as

N
1
H(T) = D= T—"ST" -1, N .
WH(T)={SeG NnEZI ST" — I, N — oo}

For P, an infinite subset of integers, we define the group
Hp(T)={SeG: T7"ST" =1, n€ P, n — co}.

One presumes here the strong operator convergence, associating the
transformations with corresponding operators in Lo(X, ).

A transformation 7' is prime by definition as it possesses only trivial
invariant o-algebras. Recall that the full group [S] of the automorphism S
is defined as the collection of all automorphisms R of the Lebesgue space
(X, i) such that for all x € X one has R(z) = S™®). The full group [{S,}]
of a family {S,} is the group generated by all groups [Sy].

Theorem 1. If a transformation T is prime, then either the group
Hp(T) is ergodic or Hp(T) = {I}.

For all P the group Hp(T) is full: Hp(T) = [Hp(T)].

Corollary 1. If the group WH(T) (H(T),Hp(T)) is ergodic, then it
includes representatives of all conjugacy classes of ergodic transformations.
King’s homoclinic group from [2] contains isomorphic copies of all ergodic
transformations.

Theorem 2. Weakly mizing Gaussian and Poisson suspensions have
ergodic weak homoclinic group.
Let T be an automorphism of a standard Lebesgue space (X, p), u(X)=1.

Let for a number 5 > 0 there exist a sequence §; of partitions of X in the

form
& ={B;,TB;,T°B;,..., T"'B;,C},...,C]" ...},

and any measurable set can be approximated by ;-measurable ones as
j — oo, and u(U;) — B, where U; = |_|0<k<hj T*Bj. The local rank B(T)
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is defined as mazximal number B for which the automorphism T possesses a
corresponding sequence of approximating partitions. An automorphism T is
said to be of rank 1, if B(T) = 1.

Theorem 3. If for an automorphism T of rank 1 the group WH(T) is
infinite, then T is rigid: for some sequence n; — oo it holds T™ — 1.

If a mizing transformation R is of rank 1, then H(R) = WH(R) = {I}.

If an automorphism T is ergodic, B(T) = 8 > 0 and the group WH(T)
is infinite, then there is a sequence n; — oo such that T™ — I+ (1 — )M
for some Markov operator M (we say: T is partially rigid).

Theorems 2 and 3 imply a generalization of Parreau—Roy’s result: rank-
one Poisson suspension must be rigid [5] (for now there are no examples of
such kind).

Theorem 4. For any two infinite families of integers there are some
subsets Q, P of these families, respectively, such that for some weakly mizing
Poisson (Gaussian) suspensions T, T" the groups Hp(T'), Ho(T") are ergodic
and the groups Hp(T"), Ho(T') are trivial.

The homoclinic approach gives new proofs of the multiple mixing for
Poisson suspensions (Roy [7]) and Gaussian actions (Leonov [4]) as well as
the proof of weak multiple mixing for weakly mixing Gaussian and Poisson
suspensions.

Theorem 5. Suppose that an automorphism T satisfies the properties

Hp(T) is ergodic, and for sequences m},...,mF € P, m} mk — oo the
convergence
W(T™ BN .. .AT™ By) = w(By) ... w(By)
holds for any measurable sets By, ..., By.
Then for any measurable sets B, By, ..., By we have

w(BAT™ BN ...NT™ By) = u(B)u(By) . .. u(By).

Questions. Let T be weakly mixing rank-one transformation. What can
we say about homoclinic groups WH(T), Hp(T)?

Could Hp(T') be ergodic for mizing rank-one transformation T, or, more
generally, for a transformation with minimal self-joinings?

From Ageev’s results we know that for generic actions of the group
(S,T: T~1S?T = S) the generator S is rank-one. In connection with the
above question it is naturally to ask: could such T be a rank-one automor-
phism? For all known models the corresponding element 7' is out of rank
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one. In generic case for some infinite set P C {2,4,8, ...} the group Hp(T)
is ergodic.

Only for transformations R with discrete spectrum we know that

Hp(R) = {I} for all infinite sets P.

1.

Are there weakly mizing transformations with the same property?
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KOMITO3ULINU CJIYUYANHBIX MTOJIYTPYIIIL
1 3AKOH BOJIBIINX YUCEJ
(COMPOSITION OF RANDOM SEMIGROUPS
AND THE LAW OF LARGE NUMBERS)*

B. 2K. Cakb6aeB (V. Zh. Sakbaev)

Mockoscxutl gusuro-mexnuveckuts uncmumym, Mockea, Poccus
fumi20030mail

s mocyieroBarenbuocTeit S, = % ZZ=1 Nk, n € N, cyMM HE3aBUCUMBIX
TICJIOBBIX CJIy9ailHbIX BEJNIHH 1), N € N, 3aKOH GOJIBIINX HHCET yTBEp-
xnaer, aro P({|S, — Mn| > €}) — 0 upu n — oo g JI060r0 9YHCIa
€ > 0, rme Mn — MareMaTuIecKoe OXKUJIAHUE CIIyJaiiHOW BEJIMYUHBI 7)) U
P({|Sn — Mn| > €}) — BepOSITHOCTH OTKJIOHEHHUsI CJIyIafHON BEJUMIUHBI S,
OT ee MAaTeMaTHIECKOT0 OXKHIaHus Oosee deM Ha €. [l mocsemoBaTebHo-
cru {U, } He3aBUCUMBIX CJIyYallHBIX BEJUYUH CO 3HAYCHUSIMU B MHOYKECTBE
OJTHOTIAPAMETPUIECKIX MTOJIYTPYIII JHHEHHBIX OEPATOPOB B IIIBOEPTOBOM
npocrpascTBe H craBuTcst BOIIPOC 06 ACHMITOTHIECKOM IIOBEJICHUH II0CTIe-
nosareasroctn U(n) = U/, .OU}/ " n € N, KOMITO3UITIIT He3aBUCHMBIX
caygaitubix mosyrpymnn U, n € N.

Onpenenenne 1. Ilycrs {A,} — nocienoBaTesbHOCTh HE3ABUCHMBIX
CJIydaifHBIX OIIEPATOPOB, MMEIOIINX OJMHAKOBOE MATEMATHIECKOE OXKH/Ia-
mue A. Torna ecau

T P{[(A)" 0.0 (A" = Rl > ) =0 (1)
pu JIOOBIX JTI00BIX € > 0, ub0

lim P({[|(A)Y"o...0 (A)Y" — A)z||g >€}) =0 (2)

n—oo

npu Jobbix © € H, x # 0, u jg06b1x € > 0, TO JIs TIOCJIeI0OBATETLHOCTH
HE3aBUCHMbIX CJIyJaiiHbIX onepaTopos { A, } 3aKOH GOJIBIINX YUCENT BBIIOJ-
HeH HO HOpMe (1), ubo B cuibHOl onepaTopuoil Tomoaoruu (2).

Tousrue cirydaitHoii oy rpymbl cocToutT B ciaenyomeM. [lycrs Yy (X) —
TOTIOJIOTUIECKOE BEKTOPHOE MPOCTPAHCTBO CHJIBHO HENPEPBIBHBIX O0TOOpa-

*Pabora BbImOIHEHA IpH (PUHAHCOBOM mHojjepxKKe Poccuiickoro donma dyHmamen-
TaJbHBIX HccaenoBanuil (mpoekt 14-01-00516), Poccuiickoro mayanoro dhonma (mpo-
ekt Ne14-11-00687).
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xkennit F nonyocu Ry = [0, +00) B 6anaxoBo npoctpancTtso B(X) smHeit-
HBIX IpeoOpa3oBaHuii GaHAX0Ba IPOCTPAHCTBA X , TOIIOJIOTHS Ty HA KOTOPOM
OIpeJiesIgeTCs CeMeficTBOM (PYHKITMOHAJIOB ¢r,,, 1' > 0, u € X, neiicTByro-
mux 1o npasuiy ¢, (F) = sup,co  [|F(¢)ul x.

Omnpenenenne 2. CiydaifHON TOJIyTPYIIION MbI HA3BIBAEM CJIy IaHHYIO
BesinunHy (G, IPUHUMAIOIYIO 3HaUYeHnsl B MHO)KecTBe S(X ) cusibHO Herpe-
PBIBHBIX OJTHOMIAPAMETPUIECKUX TOJYTPYII OMEePATOPOB, NEACTBYIOMNUX B
6anaxosoM npocrpancree X (anrebpa As nonmuoxkecrs S(X), npesparia-
IOIIAsI €ro B U3MEPUMOE IIPOCTPAHCTBO, IPEJICTABIISIET COO0I MUHUMAJIBHYIO
anrebpy MOAMHOXKeCTB MHOXKecTBa S(X ), coeprKallyo Bce MHOXKECTBa U3
TOIIOJIOTHN T, MHAyIupoBaHHo! Ha S(X) M3 TOMOJOTUIECKOrO IPOCTPAH-

crBa Yi(X)).

MaremMaTHIecKUM OXKUJIAHUEM CJIydaiiHoi moayrpynnel G Kak oTobpa-
JKenust mpocTpancTsa ¢ Mepoit (2,29, 1) B TONONOrIYIECKoe MPOCTPAHCTBO
Y, (X) 6ynem naspiBarh unrerpas Ilerruca

MIG(t) = / Ge(t)due), t>0.

Teopema 1. Ilycmov p — 6ewecmeenno3HauHaA MEPG Ha anzebpe A nod-
mHoocecme mnoocecmea E ¢ oepanuvennol sapuayueti. Tozda ecau us-
mepumoe omobpasicenue £: Q — Yi(X) asanemes pasnomepro oepanu-
YEHHbIM U CYWECTEYEM MaKoe NAomHoe 6 npocmpancmee X aunetinoe
nodnpocmparcmeo D, wmo daa xascdozo u € D cemeticmeo omobpasrce-
wut &, ()u € C(Ry, X), w € Q, ABAALTNCA DABHOMEPHO HENPEPLIBHBIM, MO
ME(t) € Y(X).

Jucnepcueit ciydaiinoro omeparopa A co 3HAYEHUSIMU B IIPOCTPAHCTBE
B(H) ¢ maremaTudeckuM oxuianmeM A (ciydaitnoit oneparop-byuxmun U
co 3HAMenmAME B npocTpancTse Ys(H) ¢ MmatemaTuaecknm oxumanuem U)
Oy/eM Ha3bIBATh MATEMATUIECKOE OXKMJIAHUE CIYyYaiiHOro OIepaTopa
(A — A)*(A — A) (MaTeMaTHYeCKOe OXKHJIAHHE CJIyUailHOTO OIepaTopa
(U-10)*(U-0)).

JlemmMma 1. Fcau cayuatinodi oepanudermuiti aunetinoild onepamop A
umeem ducnepcuto D € B(H), mo moezda cnpasedausos nepasencmea Ye-
bviwesa:

1
P{l|A = MA| ) >¢€}) < 6—2HDKHB(H)

1
P{|II(A—MA)z||g >¢€}) < G—QHDK:CHH Vel
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Hycrs (2, A, 1) — OPOCTPAHCTBO € CYETHO-a IUTHBHON Mepoil Ha o-
anrebpe A noamuoxkects MHoxKecrsBa 2. s kaxkgoro unciaa n € N o06o-
sHaanM depes A ® ... ® A MEHUMAJIBHYIO o-aareGpy, COIep:Kallylo COBO-
KymHOCTB A X ... X A BCEBOSMOXKHBIX N-KPATHBIX MPSAMBIX [TPOU3BEIEHUI
MHOKECTE U3 aJareopbl A; 9epes (1 ® . .. ® p 0003HAIUM CIETHO-a I IATUBHYIO
Mepy, SBJIAIONLYIOCS CIeTHO-a [ IATUBHBIM TPOJOJIKeHneM (PYHKIINU MHOMKE-
CTBA i X ... X [t C COBOKymHOCTH MHOXKecTB A X ... X A Ha o-anrebpy
A®...® A (cMm. [1], Teopema 3.3.1).

Onpenenenne 3. Kowmmosunueil n He3aBUCUMBIX OJUHAKOBO DPACIIpPE-
JIeJIEHHBIX caydaitHbix nosayrpynn U Ha3bpBaeTca oTobdpakenme U™ mpo-
crpancTBa ¢ Mepoit (2 X ... X QA® ... A,u® ... ® ) B U3MepUMoe
upocrpasncrso (B(H), As), oupenensiemoe pasercrsom U™ (wi, ..., wy)
=U(wp)o...oU(wy), (wi,...,wp) € QX x ... x

Jlemma 2. FEcau npu xasrcdom n € N cayuatinoe noayepynno. Uy,
Us, ..., U, asaaromcsa ne3asucumvimu, mo

M[U"] = M[U,]o...0 M[Us]o M[Uy] VneN.

Teopema 2. [Iycms & — cAyualinas 6EAUNUNG CO 3HAUEHUAMU 6 NPO-
cmpancmee B(H), mmuoscecmso snauenuti Komopoti 02paHUMERO NO HOP-
me npocmpancmea B(H), u U(t) = exp(i&t), t > 0, — coomseemcmayro-
was cayuatinas noayepynna. Toeda das nocaedosameavrocmu {U,} nesa-
BUCUMDBLE 00UHAKOBO PACTIPEICNEHHBIT CAYUATHBLT NOAYLDYNN, GBINOAHACTICA
Yeaosue

. 4 t
lim [sup [|[D(Up(=)o...oUn(=))|l )] = 0. (3)

n—oo T>0 n n

Teopema 3. ITycms & — cayualinas 6eAUNUNHA CO SHAMEHUAMU 6 MHO-
JICECTNGE  CAMOCOMPAICEHNLT ONEPAMOPoOs 6 npocmpancmee H u nycmo
U(t) = exp(i&t), t > 0, — coomeemcmeyowas cAyHainas NoAY2PYNNA.
ITycmov cywecmeyem maxoe naomuoe 6 npocmpancmee H nodnpocmpan-
cmeo D, wmo das 06020 u € D evmonrero yeaosue [, [|€(w)ul pdp(w) <
< 00. Tozda ecau onpedeaennvili na npocmpancmee D pasencmeom Eu =
= [, &(w)udp(w) onepamop € CYWECNBENHO CAMOCONDPANCEH, O OAA NOCAE-
dosamenvrocmu {U™} KomMnosuuutli HE3a6UCUMBDT CAYUATHBLT NOAYZPYNT.
GHINONHACTNCS, YCAOGUE

lim [ sup [D(Un(L) 0. 0 Un(E)alu] =0V T >0, VaeH (4)

n=00 0,7 n n
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3ameuanue 1. U3 ycnosusg (3) B cuy JleMMbI 2 CJI€yeT CIIPABEIJIU-
BOCTB 3aKOHa 0OJIbIINX rcest 1o HopMe (1), a u3 yciosust (4) — B CHIIBHOM
oneparopHoii Torosoruu (2). CyinecTByror cirydaiiHble CaMOCOIPsIYKEeHHbIe
OIepaTOPHI &, YIOBIETBOPSIOIIIE YCIOBUAM TEOPEMBI 3, JJIs KOTOPBIX yCJIO-
BHE HE BBIMOJIHAETCS 3aKOH OOJIBIINX YHCEJ IO HOpMe. TakKoB, HAIpUMep,
CJIyYailHBI CAaMOCOIPSI2KEHHBIH OllepaTop, IPUHUMAIONINI ¢ PaBHOI 1 / 2 nBa
s3HavdeHns: A u —A, re A — caMOCONIPSIPKEHHBIH OIIEPATOP CO CIEKTPOM
o(A) = N, cocTosimumM U3 OJHOKPATHBIX COOCTBEHHBIX 3HaueHuit. B pa6o-
Te [2| upuBemeHbI HpPUMEDBI CAyYailHbIX [IOJYTPYIII, JJIs KOTOPBIX 3aKOH
OOJILINUX YHCEST He BBINOJHEH U B CHUJIBHOI OIEPATOPHON TOIOJOTHN.
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B macrosimeit pabore paccMaTpuBaeTcs 3a/a9a TOMOJIOIHIECKON KIaccu-
duranun guddeoMopdU3IMOB MOBEPXHOCTEH, HEOJIYKIAI0IIEe MHOKECTBO
KOTOPBIX COJIEP’KUTCS B WHBAPUAHTHOM OObBEIMHEHUN KOHEYHOIO YHCIA
HETIePeCEeKAIONIX sl 3aMKHYTHIX KPUBBIX. Bojiee To4YHO, mycTh G — KJtacc

*Pabora BbloaHeHa npu duHaHcoBo# nogaepxke PODU (npoekr 15-01-03687-a).
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nuddeoMopdU3MOB 3aMKHYTHIX TOBEPXHOCTEN TAKUX, YTO JJIs KayKIOTO
f € G BBIOJHAIOTCS CIIEJYIONTNE YCIOBHS

1) mebayxnatomee muoxecrso NW(f) comepxurca B f-uHBapHaHT-
HOM MHOroo6pasuu K, nmpeacrasisiomeM coboil JU3bIOHKTHOE 00b-
eIMHEHUE KOHEIHOIO YHCJIa IPOCTBIX 3aMKHYTHIX KPUBBIX;

2) K — HOpMaJIbHO runepboInIecKoe UHBAPUAHTHOE MHOI000Opas3ue
muddeomopdusma f.

3) cyxkeHue HeKOTOPOii crenenu juddbeomopdusma f Ha 0OV Kpu-
ByI0 U3 K gBJISI€TCA TPAH3UTUBHBIM TOMEOMOP(MU3MOM OKPYKHOCTU
C OJIHUM ¥ TEM YK€ UPPAIMOHAJHHBIM YUCJIOM BPAIIEHUS.

Pemmenve 3ana4n KiraccudUKaIUy OCHOBAHO Ha MeTonax paborsl [1], mo-
CBSIIIEHHON DEIEHNI0 aHAJOTUIHON 3amadn it A-muddeomopduzmvon 3-
MHOT000pa3uii ¢ AByMEpPHBIMU Oa3WMCHBIMEA MHOXKecTBamu. IIpu aTom yrma-
eTcs TI0Ka3aTh, 9To Kiiaccudukarus auddeomopdusmon u3 kiaacca G CBO-
JIUTCS K KJIACCU(DPUKAIMYA TPAH3UTUBHBIX 1] dHeoMopdu3MoB OKPYKHOCTH.

HamomanMm, Kaaccndukammio roMeoMopdu3MOB OKPYKHOCTH C UPPAITi-
OHAJIBHBIM uHCIOM BpameHus. Ilycrs y: St — S' — mudpdeomopduzm
OKPY2KHOCTHU C MPPAIMOHAJBHBIM dnC/IoM BpamteHus «. CoriacHo Teopeme
A. Tlyankape cymiecTByeT HellpepbIBHOE oTobpazkenue p: St — S!, mepeso-
JdIree Y B IOBOPOT Ha yroa a. Ilyers f: M — M — muddeomopdusm u3
kiacca G Ha 3amMKHYTO oBepxuHocT M. CymiecrBoBanue Takoro auddeo-
MOpdHU3Ma TO3BOJISIET YTOYHUTH TOTOJIOrHI0 MHOr00Opa3us M. Oboznadanm
qepe3 Ay (Rjy) MHOXKeCTBa BCEX aTTPAKTOPOB (peresuiepos) auddeomop-

duzma f.

IIpengoxkenune 1. Jlaa mobozo f € G sepro caedyrowee:

o wmmnoorcecmea Ag, Ry ne nycmuv v cocmoam u3 00uHAKO6020 “UCAQ
NONAPHO HENEPECEKAIOUUTLCA HE2OMOMONHBLL HYAIO NPOCTBLT 3AMKHY-
MBLT KPUBHLL;

o K=A;URy;
® 3aMBIKAHUE KAXHCOOT KOMNOHEHMbL CBA3HOCMU MHodcecmea Vi =
= M2\ (Af URy) eomeomopgro S x [0,1] u cocmoum 6 mouno-

cmu u3 0010l Nepuodueckot Komnornernmos ammparmopa A u 00not
nepuoduueckoli Komnorenmo, penesiepa Ry.

B cuny sroro yrBep:kuenuss muoroobpasue M romeomopdHO daKkTOp-
npoctpanctsy M., momydennomy w3 S' x [0, 1] oToxmecTBIeHmeM TOWEK
(2,1) u (7(2),0), rme 7: S* — S — mexoTopwIit ToMeoMOphUIM.
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JIemma 1. Paxmop-npocmparcmeo M, zomeomopdro T2, ecau 2omeo-
MOPPUBM T coxpanaem opuenmayuio; bymuike Kaetina K2, ecau T mensem
OPUEHTNAUUIO.

B wrore momydaeM CIeAyIONIyI0 TEOPEMY, OINMCHLIBAIONIYIO TOIOJIOTHIO
HecyIero MaHoroobpasusi nudpdeomopdusma f € G.

Teopema 1. Ilycmv mmuozoobpasue M donyckaem dugpdeomopdpusm usz
xaacca G. Toeda M 2omeomopdro mrozo06pasuto M.

ITocrpoum mogenbuble quddeomopdusmbl u3 kiaacca G Ha TOope U Oy-
toutke Kieitna. [Tycrs St = {2z € C: |z| = 1}. Jlna n,k € N oboznaunm
gepe3 Yy 1 R = R mquddeomopdusm, apnsromuiics cIBUTOM Ha €IMHUILY
BpeMeHU IMOTOKA, IMMOPOXKIAEMOro ypaBHerueM 7 = sin27mnkr. Hua k = 1
nostoxkuM [ = 0, qyisa k > 1 mycrs [ € {1,...,k — 1} u aBisercs aucsom,
B3aUMHO IPOCTHIM ¢ k. O6o3HaunM 4epes 7 ;@ R — R nuddeomopdusm,
samanubii dopMymnoit ;1 (r) = r —U/k, n: R - R — muddeomopdusm,
3asansbli bopmyioit n(r) = —r. IlosoxumM w;k’l = Yn kN1, Uy, = P oM.

Ob6o3HaunM gepes 1/): s ST xR muddeomopdmsn, samannbrii Gpopmy-

JIOH w;n,k’l(z, r) = (€272, w:7k7l), uepes ¥, ,, St xR — muddeomopdusm,
3atanHbIi hopmyiioit ¥, (2, 7) = (€2™2, 4, ). Hamomumm, 9TO 3/7€CH (v —
upparnuoHajbaoe auciao. O6o3HaAUNM MHOXKECTBO AuMHeoMOPdOU3IMOB yKa-
3aHHOTO Bua depe3 W.

Bynem paccmarpusarh M, Kak daxrop-tipoctpanctso (S x R)/T, re
I' — rpynma creneneit gucddeomopdusma v: (ST xR) — (ST xR), y(z,7) =
= (1(2),r = 1), a 7: St — S!' — nekoropsrit romeomopbusm. Ilycts
pr: 81 x R — M, — ecrecrBennas mpoexmus. Eciu ¢ € U, Torma pa-
BEHCTBO 1 0y = 7y 0 1) ABJIAETCS HEOOXOIUMBIM U JIOCTATOUYHBIM YCJIOBUEM
npoeknun juddeomopdusma ¢ Ha guddeomopdusm p: M, — M., tae
© = pr othop-t. U3 3T0r0 yCI0BHS ClIEJIYeT, 9TO FOMeOMOPhU3M T MOKET
OBITH JITO0 TOXKJECTBEHHBIM, JIN60 MHBOJIIONHEH, OO0 TOBOPOTOM' .

Bynem obo3navars yepe3 ¢ mocTpoeHHOE TAKMM 00pa30M MHOXKECTBO MO-
nesbHbIX Jguddeomopdusmon ¢: M, — M. Kaxawiii quddeomopduszm
u3 kiacca ® xapakrepusyercs HAOOpOM mapaMerpoB (T, «, n, k,l) (MHOXKe-
CTBO TaKUX MOJEJbHBIX juddeomopduzMos 6yaem obozHauaTh yepes 1),
Jmbo Habopom (T, ,n) (MHOXKecTBO Takux JuddeoMopdu3zMoB 0603HAUNM
vyepes O7).

L JleficTBUTE/IBHO, IPEACTABUB T C HOMOMIBIO yIrJIOBOH (DYHKIMH, TO €CTDh T(e27) =
= e2milt+h(t), nosnydaeM ypasHenue h(t+a)—h(t) = 0, koTopoe nmeer GeCKOHEUHOE

MHOKecTBO perennit h(t) = const.
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Cireytomuil pe3ysibTaT JJaeT TOIMOJOTUIECKYIO KIacCu(DUKAIINIO MOJIEhb-
HbIX 1 PeoMopdU3MOB.

Teopema 2. Jlsa dugdeomoppusma 1,02 € ®+ ¢ nabopamu napa-
mempos (11, a1,n1,k1,11) u (72, a2, ng, ko, l2) monosoeusecku conpastcerv
mozda u Moavko mozada, Ko2da T, = Ty, G = Qig, | = Na, k1 = ko, npuvem
ECAU CONPARAIOWUT 20MEOMOPPUIM COTPAMHAEM opuenmayulo, mo i = la,
ecau menaem, mo —ly = ko — lo, —lo = k1 — [3.

Hea dugpeomoppusma @1, pa € P~ ¢ nabopamu napamempos (11, ay,nq)
u (T2, 2, M2) TMONOAORUMECKYU CONPAINCENDL M020Q U MOALKO Mo20a, %0204
TI = To, 1 = Qo, N1 = Na, k1 = ko, npuuem ecau conpazarowutl 20-
MEOMOPPUM coxparaem opuenmayuro, mo Iy = la, ecau menaem, mo
—ly =ko — o, —ly = k1 — .

OCHOBHBIM PE3YJILTATOM HACTOSAIIEH PAbOThI ABJISIETCS CJIEAYIONast

Teopema 3. Kaowcdoili dudeomoppusm us xaacca G monosozurnecku
CONpANCEH HEKOMOPOMY ModesvHomy duddeomoppusmy us xaacca P.

Aprop 6sarogapur B.3. I'puneca 3a mocTaHOBKY 3a/a4u.

Crucok gurepaTypbl

1. I'punec B.3., Jlesuenxo I0.A., IHowurxa O.B. O Tononornyeckoii Kiaccudu-
kanuu uddeoMopdu3MOB Ha 3-MHOro00pa3usixX ¢ MOBEPXHOCTHBIMU JIBYMep-
HBIMU aTTpaKTopaMu u peneiepamu // Hesmuelinaa qunamuka. 2014. T. 10,

Nel. C. 17-33.
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['PYBASA DHTPOIINA B 3AJAYE O PACIIPEAEJIEHUN
KOCMHNYECKUX IIBIJIEBBIX YACTHUILL

(THE COARSE-GRAINED ENTROPY IN THE PROBLEM

OF THE DISTRIBUTION OF DUST COSMIC PARTICLES))k

T. B. Canbuukosa (T. V. Salnikova),
C. 41. Crenanos (S. Ya. Stepanov),
A. . Ilysanosa (A. I. Shuvalova)

MI'Y um. M.B. Jlomonocosa, PY/IH, Mocksa, Poccus
BI] um. A.A. Jlopoonuuyvima @PUI] 1Y PAH, Mocxsa, Poccus
MI'Y um. M.B. Jlomorocosa, Mocxea, Poccus

tatiana.salnikova@gmail.com, stepsj@ya.ru,
a.shuvalova@yahoo.com

PaccvarpuBaercs 3amada o aBmkennn JacTHIBI B TPABUTAIIMOHHOM IO~
sie Cousana, 3emuin un JIyHbl. B paMkax HOABMXKHON CHCTEMBbI KOODIUHAT,
cBsizaHHON ¢ Semuteit u JIyHOIT nccsemyercs mockast OUIUPKYJIIpHAsT Orpa-
HUUYeHHas 3aJ1a49a derbipex Tei Comnne—3emis—/lyna—acruma. B okpect-
HOCTHU TPEYTOJIbHBIX TOYEK JINOpalnyd CUCTeMbI 3eMJisi—/IyHa cyIecTByoT
ycroituuBble nepuoudeckue apuxkenus [1]. Hamuaue nepuogmaeckux tpa-
eKTOpHUil O0DBSICHSIET HEIMOCTOSHCTBO HADIIOACHUsT 0071aK0B KopmablaeBcKo-
o — THIIOTETHYECKUX CKOILIEHUH KOCMHYECKOW MbLIA B OKPECTHOCTH Tpe-
YTOJBHBIX TOUeK aubparmu cucreMbl emisi—JIyHa [2, 3]. TIpennaraemoe mc-
cJie/loBaHue 0a3UpyeTcsi HA AHAJM3€ IBOJIIONUNA (DYHKIUH PACIPEIeIeHIsT
JacThl] B a30BOM IMPOCTPAHCTBE B OKPECTHOCTH TEPUOIMIECKOTO JTBUKE-
aus [4].

ITocranoBka 3amauu. Mbl uccienyeM IUIOCKYIO OUIMPKYIISPHYIO 3a-
JTady YeThIPeX Tes Ha IIPUMepe IBUKEHNA 1aCTHUIbI B TPABUTAIIMOHHOM II0-
se 3emumn (E), JIyust (M) u Conuana (S). Semist n JIyna gBuzKyTCst BOKPYT
ux obmrero mnenrpa macc O ¢ MOCTOSHHON yIJIOBOM CKOPOCTHIO wi. B Kade-
CTBE €JINHUI] MACCHI, JJIMHBI 1 BPEMEHU BBIOEPEM CYMMAPHYIO MACCy 3eMJIN
u Jlyuwl, |[EM| =1, wl_l = 1. Bapuniearp O npuxkeTcs 110 KpyroBoii opoure
¢ meHTpoM S u pajmycom R = 389.18, ¢ MOCTOSIHHOI yIJI0BOil CKOPOCTHIO
w = 1/13.36. dmkenue YacTuipl paccMaTpuBaeM BO BpAIIAOIIeiics Cu-

*Pabora BbinonHeHa npu dunaHcoBol nogaepkke POOU (upoektsr 15-01-03747 u
16-01-00625).
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cTeMe KOODJHMHAT ¢ IMeHTpoM B Touke O, och Ox HampapiieHa OT 3eMJu K
Jlyne. Ilepuon obpaleHust paccMaTpuBaeMO CHCTEMBI PABHSIETCS OTHOMY
cuHoAmIecKoMy Mecsiy (29aueit 12uacos 44MunyT).

3a HavasbHOe BpeMs t = (0 MBI BO3bMEM MOMEHT ITOJIHOJIYHUSI, TO €CTh
MomenT, Korja Couaie, 3emits n JIyHa HaxofsTcs Ha ofHOMN npsiMoii. Tora
ypaBHeHHus ABMKeHns Jactursl B popme Jlarpamka uMeoT Bu:

0 =2v+ (1 —w?)x + 3w? cosp(xcosp — ysinp) — (1 — p)(z + p)r >+
+,LL(]. e Z)liB,
= —2u+ (1 —w?)y — 3w?sinp(zcosp — ysinp) — (1 — p)yr > — pyl =3,

riae p = 0.0122 — wmacca Jlynsl, p = (1 — w)t — yroa Mexiy ﬁ u W,
r=\@+p?2+y2ul=/(1-—2—p)?+y> — Paccrosuust OT YaCTHILbI
10 3emun u JIynnl coorBercTBenHo. IpeacraBiennblii Buj| ypaBHEHUST IBY-
JKeHUsI MUMEIOT, KOTJa OTOPACBIBAIOTCS CJIATAEMBbIE JIATPAHKUAHA TIOPSIIKA
1/R. Ouuncannas 3aja4ya uMmeer nepuojuyeckue pemienus [3]. Byuxem pac-
CMaTpHUBATh YCTONYMBOE B JIMHEHHOM II€PHOINYIECKOE PEIICHUE C TIePUOIOM
T = 27 /(1—w), oxBaTeiBatoONee TOUKy Jubparmu Ly cucremsr Semisi—JIyHa,
¢ HagasioM B Touke A (0.7274, 0.815, 0.0742, —0.2113).

YucsenHoe mozeaupoBanne (pyHKIUU pacnpeieseHusi. Paccmo-
TPHUM aHCAMOJIb YACTHI] OIMHAKOBOH Macchl. Eciin Mex 1y wacTuiamu oTcyT-
CTBYyeT B3aMMOJIEIICTBIE, TO aHCAMOJIb CTATUCTUIECKN SKBUBAJIEHTEH TECTO-
Boii uacrune P(x,y,u,v) ¢ dbynkuueil pacupenenenust p(z,y, u, v,t), OMUCHI-
BaeMoil ypaBHeHUeM JIumyBuJLIst:

ot Oor oy ou ov
DTO OJHOPOJHOE JIMHEHHOe ypaBHEHHE B JYACTHBIX IIPOU3BOIHBIX IIEPBOIO
mopsijika. Kro perenne mocTosiHHO BJI0JIb XapaKTEPUCTUK, YPaBHEHUsT KOTO-
PBIX COBIIAQIAIOT C YPABHEHUSIMU JIBUYKEHUST JACTHIIBI.
Paccemorpum nipsimoyrosibHYy 0 06J1acTh (ha30BOro MPOCTPAHCTBA!

[0 — 0.5w,; o + 0.5wy] X ... X [vg — 0.5w,; vo + 0.5w,),

LJIe Wg, Wy, Wy, W, — JJIUHBI CTOPOH IPAMOYTOJILHOIO YeThIPEXMEPHOI0
apaJsiIesennie a, OrPAHTINBAIONIET0 00IaCTh (PA30BOI0 MPOCTPAHCTBA C
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HEHTPOM B TOYKE (g, Yo, Uo, Vo). Pa3obbeM 061aCTh PABHOMEPHOMN 10 KaXK-
JION KOOpAUHATE CETKOM.

Yucyiennoe mojenupoBanue dbyHKIMEA pacupenenenus p(x,y, u, v, t) da-
crur, B a3zoBOM IIPOCTPAHCTBE OCHOBAHO HA WHTEIPUPOBAHWY yDaBHEHUIA
JBUKEHUA JaCTHIII JIJI BCEX y3JI0B CETKHU Ha3aJ| 10 BPEMEHHU JI0 OIIPE/ie-
JICHHOI'O MOMEHTA, TJIe 3aJIaH0 HaYasIbHOe pacipeaesenue po(z,y, u,v). [lpu
9TOM (DYHKIUS pacipejesieHns: OyIeT MOCTOSTHHA, BJIOJIb TPAEKTOPUU B (a-
30BOM IPOCTPAHCTBE, CJIEIOBATELHO Ha HAYAJbHOM M KOHEYHOM OTPE3Ke
OJIHOI TpaeKTOpuu B (PA30BOM IIPOCTPAHCTBE OYJIET COXPAHSIThCS 3HAUEHHE
dyHKIIMN pacupegeaeHns. TakuM oO6pa3oM TMOIyINM 3HAYEHUS (OYHKITAN
pacmpe/iesieHus Ijis BCEX y3JI0B CETKH B paccMaTpuBaeMoil obsactu dazo-
BOT'O IPOCTPAHCTBA.

B kauectse To4KH (Tg, Yo ,Un, Up) HOCTETOBATENBHO OEPYTCS TOUKM A,
B, P upuHajjiexKaliye mepuondeckoil TPAeKTOPUU, COOTBETCTBYIOIIIE MO-
menTaM Bpemenu t = 0, t = T/2, t = 0.3024T (P — To4Ka NepHOANIECcKOi
TPAEKTOPHUH, HAXOIAIIASICS HA JIMHAW BU3UPOBAHUS ¢ 3eMJIH TOYKH JTUOPa-
mun Ly).

Hauasnbuoe pacupenenenne 3a1aercst B BUIE

pol,y,u,0) = g eap(—oa(w—w1)+ (y—y1)?) ~o2((u=w)’ +(v=01)%)),

rje 01,09 — HapaMmerpsl Mojenu, (r1,y1,u1,v1) = A.

I'py6as surpornusi. llosyuenHas B y3/jax ceTku (DYHKIMS PaCIIpejie-
JIEHUS TIO3BOJISET BBIYACIUTD IPyOyIO SHTPOIUIO, KOTOPasl SIBJIsIeTCst (OyHK-
HOHAJIOM, 0600IIAIIUM 00bIUHYI0 dHTponuo ['u66ca [5, 6]. yukImua pac-
TIpeJIe/IEHAsST B y3J1aX PACCMATPUBAECTCA KaK rpydas MIOTHOCTD. ['pybast 2H-
TPOIUs BEIYUCJIAETCS 110 (hopMyJIe

g(t) = - Z dup(xa,yb,uc,vd,t) hlp(xaaybvuc;vdvt)a
a,b,c,d

rie dy — Mepa 3jieMeHTa (Ha30BOr0 IPOCTPAHCTBA,

Wi Wy We, Wy

(N = 1)(Ny = 1)(Np = 1)(Nppy — 1)

dp =

Ng, Ni, Ny, N;, — KOJIMYECTBO Y3JIOB CETKH IO X, ¥, U, U COOTBETCTBEHHO.

Iloydennas rpybast SHTPOIUS UMEET TEHJICHITUIO K BO3PACTAHUIO CO Bpe-
MEHEM JI0 HEKOTOPOTO TIPEJIEILHOTO 3HAYECHUS JIJIs KaXKJIOT0 PACCMOTPEHHO-
ro y9JacTika ¢a30BOro IpOCTPAHCTBA, HO He SBJISIETCSI MOHOTOHHOIA.
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MNHTEIrPUPYEMBIE CUCTEMBI C IIEPEMEHHO!
JOUCCUITALIUENT HA KACATEJIBHOM PACCJIOEHUU
MHOT'OMEPHOI C®EPHI
(INTEGRABLE VARIABLE DISSIPATION SYSTEMS ON TANGENT
BUNDLE OF MULTI-DIMENSIONAL SPHERE)*

M. B. IITamosnu (M. V. Shamolin)

Hruemumym mexarnuru MI'Y um. M.B. Jlomonocosa, Mocxksa, Poccus

shamolin@rambler.ru, shamolin@imec.msu.ru

Pabora mocesimmena HOBBIM C/IydasM HUHTETPUPYEMOCTH CHCTEM C JUCCH-
maryeil Ha KacaTeJIbHOM PAacCioeHnn K KoHedHomepnoit cdepe. K rakoro
PoJia 3aJa9aM IPUBOJATCS CUCTEMbI U3 JMHAMUKHA (MaJIOMEPHOrO WJId MHO-
TOMEPHOTO0) TBEPJIOTO TeJja, HAXOJSIIErocsi B HEKOHCEPBATUBHOM T10JIE CUJL,
a TakKKe 3aJ]aui JIMHAMHUKN TOYKH B CHJIOBBIX IOJIAX Ha KOHEYHOMEDPHOMN
cdepe. Vccmemyemble 3aa9u ONMUCHIBAIOTCS TUHAMUIECKAMA CHCTEMAMHU C
[epeMEeHHON Jrccutalueii ¢ HyaeBbiM cpeaanM. OOHAPYKeHbI CJIydan WHTe-
IPUPYEMOCTH YPABHEHUH JIBUKEHUS] B TPAHCIIEHIEHTHBIX (B CMbICJIE KJIACCH-

*Pabora BbloaHeHa npu duHaHcoBo# nogaepxke PODU (npoekr 15-01-00848-a).
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dukarmm ux ocobernocTeit) GYHKIMUAX U BHIPAYKAIONINXCA 9€pPe3 KOHEUHYIO
KOMOUHAIIMIO JIEMEHTAPHBIX (DYHKITHIA.

B obmem ciiydae mocTpouTh KaKyo-aub0 TEOPUI0 MHTEIPUPOBAHUS He-
KOHCEPBATUBHBIX CUCTEM (XOTsi Obl U HEBBICOKOI Pa3MEPHOCTH) JI0BOJILHO
3aTpyanuresnsHo. Ho B psijie caydaes, KOT/Ia MCCJIEyeMble CUCTEMbI 00J1a-
JIAIOT JIOTIOJIHATEIbHBIMU CUMMETPUSIMU, YIAeTCs HANTH [epBble HHTErPaJIbl
yepe3 KOHEYHbIe KOMOWHAINY 3JIEMEHTAPHBIX (DyHKITHIA.

TlosryyeHbl HOBBIE CTyYau MHTEIPUPYEMOCTH HEKOHCEPBATUBHBIX JTUHAMI-
YeCKUX CHCTeM, OOJIAJAIONNX HETPUBHAJIbHBIMEA cuMMeTpusiMu. 1lpu srom
IIOYTU BO BCEX CJIyYasix MHTEIPUPYEMOCTH KAXKJIbIl M3 MEPBBIX MHTErPa-
JIOB BBIPAXKAETCH Uepe3 KOHEIHYIO0 KOMOMHAIIAIO SJIEMEHTAPHBIX (DyHKITHA,
SIBJISISICH OJTHOBPEMEHHO TPAHCIIEHJIEHTHON (DYHKIMel CBOUX IePEMEHHBIX.
TpaHCIIEHIEHTHOCTDh B JIAHHOM CJIy4dae IIOHUMAETCs B CMBICIE KOMILIEKC-
HOTO AHAJN3a, KOTJIa IOCJI€ MTPOIOJI)KEHN TAHHBIX (PYHKINNH B KOMILIEKC-
HYTO 00/IaCTh Y HIX UMEIOTCS CYIIECTBEHHO 0coObIe Toukn. Ilocmennnit haxT
00yCJIaB/INBAETCS HAJUINEM B CUCTEME IIPUTATUBAIONINX ¥ OTTAJIKABAIONINX
[PEeJIEIbHBIX MHOYKECTB.

B kauecTBe nmpumMepa paccMOTPUM CJIEYIOIIYIO CUCTEMY YpPaBHEHUIl I0-
panka 2n — 3:

ng b*é cos& +siné cos& — [7)'12 + 12 sin® ny +

sin§

+1j3? sin? my sin® mp + ... + 7'7%_2 sin?7; ... sin? nn_3]

?

cosé

1+ cos?¢

— — [1j2” + 1j3” sin® no+
cos&siné

11 + barjy cos € + €1y

+1j4? sin® my sin® s + ... + 7'7,2172 sin?7; . . . sin? 7’]n_3} sinn; cosn = 0,

1 + cos? . . Cos
L oS8 oy S5

. 1172 1js” + 1ja® sin® n3+
cossiné sin

1y + batja cOS E + Ejo

+1js2 sin® 3 sin® ny + ... + 12 _ysin® 3. . . sin? N3] sinna cosna =0, (1)

.. . . 1 + cos? . cos
-3 + byl —_3 cos§ + fnnfzsi.g + 277177n73.—771+
cossiné sin 7

COS Np—4

.9 .
: — Np—2o SM 1)y -3 COSTp—-3 = 0,
Sinn,_4

+...+ 27.7n—47'7n—3
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.. . . 1 + cos? . cos
-2 + byl _2 cos § + 57771727.5 + 2771777172.—7’14’
cossiné sin 7
. . COS Ny
+...+ 2777173777172 . n_3 = 0,
sin 7,3

b, > 0, oIMCHIBAIONIYIO 3aKPEIJIEHHBIH N-MEPHBI MAasATHHK B HEKOHCEDPBAa-
TUBHOM T0oJie cujl. [lepeMennast 1), _o ABJISETCH ITUKJIUIECKON, UTO U MPU-
BOJIUT K PACCJIOEHHIO (pa30BOr0 IIPOCTPAHCTBA, SIBJISIOMIAMCS KAcaTe/IbHbIM
paccJioeHueM

Tsnil{évn-lv"';ﬁn72;£an17"'777n72} (2)
K (n — 1)-mepHoit cdepe
Snil{gvnla sy fin—2: 0< fa ny---37n-3 < Ty Tn—2 mod 271—}

Paccmarpusaemas cucrema (1) sABISeTCS MHAMIYECKONH CHCTEMOIT ¢ Tie-
peMeHHO# Juccumanueit [1-3] Ha KacaTeabHOM pacciaoeHun (2).

Teopema. Cucmema (1) na xacameavrom paccaoeruy (2) obaadaem
TOANDLM HABOPOM, BOOBULE 2060PA, MPANCUEHICHIMHBIT NEPEVLT UNMELPANOS,
BUPAICAIOULUTCA YEPES KONEUHYIO KOMOUHAUUIO INEMENMAPHILT PYHKUUT.

TpaHCIIEHIEHTHOCTD B JIAHHOM CJIydae MMOHUMAETCS B CMBICTIE KOMILIEKC-
HOTO aHaJM3a, KOIJIa paccMarpuBaeMble (yHKIMU (IlepBble HHTErPAaJIbl)
UMEIOT CYIIECTBEHHO OCOObIE TOYKH, COOTBETCTBYIONINE MPUTATHBAIONIAM
WX OTTAJKUBAIONINM MPEJIEIbHBIM MHOXKECTBAM B (PA30BOM IPOCTPAHCTBE
CHACTEMBI.

st mostHOrO MHTErpupoBaHus cucreMbl (1) HeOBXOAUMO 3HATH, BOOGIIE
rOBOPS, 2n — 3 HE3aBUCUMBIX MTEPBLIX HHTErpasoB. OIHAKO TOCIe HEKOTOPOIA
3aMeHbI IIepeMeHHbIX cucreMa (1) pacmajaercs ciemyonmumM 06pa3oM:

. . cos&
¢ = —w,_1 —bysing, w,_, =sinécosé —w?_, e’
(3)
, cos&
W9 = wn72wn71ﬁv
14 w? cosn
w; == ds(wnfla cee 7w1;£an17 cee 7777172)—8—5

w, sinn,’ (4)
77; = ds(wnfla'"7w1;§an17"'777n72)7 s = 1;"'771737

77;172 = dn72(wn71;"'7w1;£an17"'7777172)- (5)
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Buso, uto B cucreme (3)—(5) mopsiaka 2(n — 1) BblaessieTcs: HE3aBUCH-
Masi TOJICUCTEMa TPEThero mopsaka (3), n — 3 HE3ABUCHMBIX CHCTEM BTO-
poro mopsizika (4) (mocse 3aMeHbI He3aBHCHMOI II€peMEHHOit), a Takxke
ypasrenue (5) Ha 7),_g oTAenseTCA. [I1s HOJHON MHTErPUPYEMOCTH CHCTE-
MBI (3)—(5) goCTATOYHO yKa3aTh JiBa HE3aBUCHMBIX IEPBBIX MHTErPAsa CH-
cremsl (3), o ofHOMY — JIst cucTeM (4) (Bcero n—3 mMTyK) U JOIOJHUTE b
HBI TIepBBIN UHTErpaJ, “npussssiBaronumil’ ypasaenne (5) (m.e. ecezo n).

OnuH U3 HEPBBIX MHTETPAJIOB CUCTEMBI (3) cremytommii:

. .92
w2+ w?_y + baw,_qsin€ +sin® €

- = (1 = const,
Wy o SINE

(6)
& JIONOJHUTE/IbHBIH HEepBBbI HHTerpaJ cucreMbl (3) uUMeeT ciieiyromuit
CTPYKTYPHBIN BUI:

@l(wn—la wn—2§€) =

Wn—1 Wp-—2
sin€’ sin¢

@2(wn717wn72;£) =Gy (sinf, > = (3 = const. (7)

Ocrasioch yKazarh 0 OJHOMY HEPBOMY HHTErpajly — JJid cucrem (4)
(ux Bcero n — 3) ¥ JIONOJHUATEJILHBIN HEPBbI HHTErpaJl, “IPUBI3bIBAIONINI
ypasHuenue (5).

JleiicTBUTETHHO, HCKOMBIE HWHTETPAJIBL OyIyT UMETDH CJIeIyTOIINil BUJT;:

_ \/1+w§_ "

Osra(ws;ns) = s, Cere =const, s=1,...,n—3, (8)
S

®n (wn73; Wn—45Mn—4,Mn—-3, 77n72) ==

Cr—1cOSMp—3

= Ny_o + arctg = C)/ = const, 9)

2 2 2
Cr_5sin“n,_3—C:_;

upu 3TOM B JieByIO dacTh pasercrsa (9) Bmecro C_o, Cp—1 HEOOXOAUMO
HOJICTABUTH TIepBble HHTErpaJibl (8) mpu s =n —4,n — 3.
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ITERATED MONODROMY GROUPS AND INVARIANT TREES
Anastasia Shepelevtseva

Higher School of Economics, Moscow, Russia

asyashep@gmail.com

Definition of the iterated monodromy group.

Definition 1. A post-critically finite orientation preserving branched
covering f with deg(f) > 2 is called Thurston map.

We can relate to it a special group which acts on some rooted tree. This
rooted tree is a tree of preimages. The point (y,0) is the root (the second
number means the level) and is connected with its preimages (f~1(y)1,1)
and (f~1(y)z2,1) by two edges. As we have branched coverings of degree 2,
there always will be two preimages. Thus the root will be connected by
concatenations of edges with all its preimages of any order.

(y,0)

To describe the group, we label all the vertices by finite words in the
alphabet {0,1}. The vertex (y,0) is labeled by empty word, the vertices
(f~Y(y)1,1) and (f~*(y)2,1) are labelled by 0 and 1 respectively. Let the
path from y to f~1(y): be Iy and the path from y to f~'(y)2 be I;. At
the next steps we can consider the lift of the paths [y and [; originating at
YW1, f~(y)2. We will add at the end of the word the element 0 if we
take the lift of Iy, and 1 otherwise.
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Computation of iterated monodromy group gives us an ability to describe
the action of any element of the fundamental group of S%2 — P, where P is
postcritical set of our branched covering, on any word from alphabet {0, 1}.

Let the 91 be a set of homotopy classes of paths starting in y and termi-
nating in preimage f~"(y) of order n of y (one of the vertexes of the tree
of preimages). There is a structure of bimodule, defined for the 9t on the
fundamental group m; (S? — P). That means that both right and left actions
of the 71 (S? — P) are defined on 9. Left action is just a simple composition
of v € m(S? — P) and o € M:

y.a =y«
It is well defined when we choose the basepoint as y so the loop « has
the same end with the path a.
In the case of the right action we take the path « first, so it finishes in
f~™(y). To define composition correctly we take the preimage of v under
the covering starting in f~"(y). So:

ay =af"(y)

In this case in terms of binary words these actions are equal.

The group of automorphisms of a tree acting on the right as described
above is called the iterated monodromy group (IMG).

For the description of the iterated monodromy group for any generator
v € m(S? — P) we should find elements v; € m(S? — P) and symbols
u; € {0,1}, 7 € {0, 1} such that 0.7 = you, and 1.y = yu;.

Definition 2. The map F acting on the fundamental group of the
sphere without the posteritical set F': 71(S% — P(f)) — m1 (S — P(f))
is defined by the following property: a.y = F(y)a.

Getting the IMG by invariant tree. Assume that we have a post-
critically finite branched covering f with post-critical set P(F'). Let it have
an invariant tree I' with vertices set V' such that P(f) C V. Let us choose
some point a that does not belong to the tree as a basepoint. We will call
the loops starting at the basepoint and crossing I' only once at the edge the
legitimate loop.

Theorem. Homotopy classes of the legitimate loops and the trivial loop
form a closed set under the action of F.
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LYAPUNOV UNSTABLE GLOBAL ATTRACTORS
Ivan Shilin

Independent University of Moscow, Moscow, Russia

i.s.shilin@yandex.ru

A global attractor is a set that attracts most points of the phase space.
One of the definitions of a global attractor was presented by J. Milnor
in [1]: the likely limit set is the smallest closed subset of the phase space
that contains the w-limit set for Lebesgue-a.e. point. This definition will be
our primary example; however, the list of other, nonequivalent definitions
includes minimal and statistical attractors and the generic limit set. The
results below apply to any definition of global attractor provided that the
attractor thus defined

e exists and is unique for any mapping in the class under consideration
(say, for any diffeomorphism of a given smooth closed manifold),

e is contained in the nonwandering set,
e is closed,
e contains every hyperbolic sink.

Assume from now on that such a definition of global attractor is fixed.

Recall that a subset of the phase space is called Lyapunov stable if for
any its neighborhood there is a smaller neighborhood such that the orbits
which start at the latter never quit the first one. This is a nice property
which topological attractors, such as sinks, have. Yet it is easy to give an
example of a diffeomorphism whose global attractor is Lyapunov unstable:
consider a diffeomorphism of a circle with a single semi-stable fixed point.

It turns out that the Lyapunov instability of global attractors is a lo-
cally topologically generic phenomenon closely related to the Newhouse
phenomenon, i.e., to existence of open subsets in the space of diffeomor-
phisms where the maps exhibiting a homoclinic tangency associated with a
continuation of a single hyperbolic saddle are dense and where coexistence
of infinitely many sinks is generic.

Theorem. Suppose that in an open set of diffeomorphisms there is a
persistent homoclinic tangency associated with a sectionally dissipative pe-
riodic saddle. Then for a topologically generic diffeomorphism in this set
the global attractor is Lyapunov unstable.
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The argument that proves this result can be applied with minor modifica-
tions to the case of P. Berger’s locally topologically generic finite-parameter
families of diffeomorphisms with robustly infinitely many sinks (see [2]).
This yields the following result.

Theorem. There exist locally topologically generic finite-parameter fam-
ilies of diffeomorphisms where the unit ball in the parameter space corre-
sponds to diffeomorphisms with Lyapunov unstable global attractors.

For any C?-smooth diffeomorphism, as well as for a C'-generic one, if
this diffeomorphism satisfies axiom A, its likely limit set is Lyapunov stable
(same for the minimal and statistical attractors and the generic limit set).
When hyperbolicity is violated strongly enough, we have the contrary, as
the following result shows.

Theorem. If a topologically generic C'-diffeomorphism of a closed

manifold has a homoclinic class that does not admit a dominated splitting,
the global attractor is unstable for this diffeomorphism or for its inverse.
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2016. V. 205, N 1. P. 121-172; arXiv: 1411.6441.
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DISCRETE COMPLEX ANALYSIS: CONVERGENCE RESULTS*
Mikhail Skopenkov

National Research University Higher School of Economics,
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Various discretizations of complex analysis have been actively studied
since 1920s because of applications to numerical analysis, statistical physics,
and integrable systems. This talk concerns complex analysis on quadrilat-
eral lattices tracing back to the works of J. Ferrand, R. Isaacs, R. Duffin.

We solve a problem of S.K. Smirnov from 2010 on the convergence of
discrete harmonic functions on planar nonrhombic lattices to their con-
tinuous counterparts under lattice refinement. This generalizes the re-
sults of R. Courant—K. Friedrichs—H. Lewy, L. Lusternik, D.S. Chelkak—
S.K. Smirnov, P.G. Ciarlet—P.-A. Raviart.

We also prove convergence of discrete period matrices and discrete
Abelian integrals to their continuous counterparts (this is a joint work with
A.T. Bobenko). The proofs are based on energy estimates inspired by elec-
trical network theory.
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R-METOJA ['AYCCA HA TOJIOCJ/IEJOBATE/THLHOCTU,
HOPOYKJIEHHOW MMPOLEAYPON CUJILBECTPA
(DOUBLING BIFURCATION OF THE LEADING ELEMENTS
OF THE GAUSS R-METHOD ON A SUBSEQUENCE
GENERATED BY THE SYLVESTER PROCEDURE)

IT. H. Copokun (P. N. Sorokin),
H. H. YennoBa (N. N. Chentsova)

OI'Y OHII HUH cucmemmvir uccaedosanuti PAH, Mocxsa, Poccus
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Onpenenenne 1. Ilycrs 3anans k € Nt kagparnas marpuna A% €
€ RF** nopsanka k ¢ MATPUYHBIME 3JIEMEHTAME (A(k))i,j € R ¢ unuex-
camu i,j = 1,k, sekropa-cronbusr M), b p¥) ¢ RF ¢ koopmunaramu
(), (0%, (p™)); € R u ¢ mnpexcamu i = 1, k. R-metomom Taycca noncka
perieHuda £\*/ CHCTEMBbI JIUHEUHBIX YPaBHEHUI ¢ MaTpUIleit A®) g ¢ IpaBoOi
gacrbio b(F):

> (AW - @) = W), i=T1F, (1)

1<j<k

Ha3bIBAETCs Takas MojauduKaims Mmeroja laycca, korma npu n = 1,k 3a
k o o
ﬁsl) — BeIyIIUi 3JIEMEHT N-TO Iara — BBIOUPAETCT MATPUIHBINA IJIEMEHT

(k)

(k)
(Anil)igc)’j”sk) MaTpunsl A, ”; ¢ MAKCHMAJbHBIM 3HAUYEHNEM MOJY/IA U MU-

HAMAJBHOHN B JIEKCHKOIDAMUIECKOM MOPSIKE [1aPOi MHIEKCOB:

. . . . . k k
(0, 38 =min{(is ja): n <, iy < AR Do |= ) ma [(AL20):51),
o 2)

ESZC) = (Ailkzl)iw,j(k’)' (3)

n

k
Ecau npu 1 < n < k okazajoch, 4To ESL ) — 0, TO AJITOPUTM 3aKAHIUBAET
pabory, nanedaras: “Marpua A*) juneiinoit cucrenms (1) BoIpOKIEHA.
IlycTsb Bemyrmit 31eMeHT N-TO Iara OTJIMIEH OT HYJIS:

(W 240, 1<n<k. (4)
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A(k) 6 b(k) (k)
Hautee Beraucsitorca marpuna A, ' 1 BeKTOpa-cToJiOns by, ’, p\™ 1o cire-
AyIOLIEeH cxeMe:

Eciu n = 0, To BBIIOJIHAIOTCSA HaYaJIbHbIE TIPUCBOEHMUS:

") =i, ) = 0W),, 1<i<k, 5)

(A)ey = (AW, 1< <k ©

rme A®) — uexommas marpua, a b*) — mpasas wacts cucremsr (1).
Ecmn 1 <n <k — 1, TO BBIIOJHAIOTCST TTPUCBOEHMUST:

OE), = ), 1<i<k, (7)
(A)ig = (A2 )iy, 1<ij<h (8)
Hamee, ecm 0Ka3aI0Ch, ITO
iW) #n, 9)
(k) (k)

E
TO MEPECTABJISTFOTCS iy, '-$I ¥ 7-51 CTPOKH MATPUIIBI Al ), a TaK¥XKe iy, -€ U N-€
k
KOOPJMHATHI BEKTOPA b% ),
Hamee, eciin 0Ka3aa0Ch, 9TO

i £ n, (10)

(k) . . k
TO IIEPECTABJIAIOTCS ]7(L )—I/I 7 n-# CTOJOIBI MATPUITHI ASL ), U OIIPEHEsISIeTC

™), =n, W), =P, (11)

e k
Barem mpu KaxkjaoM i = n + 1, k K i-if CTpOKe MaTpHIlbI A% ) pubaBJiseTcst
k
N-s1 CTPOKA MATPUITHI Al ), YMHOYKEHHAas Ha IUCJIO:

(gr(zk))i,n = _(A»Ezk))i,n/gslk); n+1<1<k, (12)
(AF)i s = (AM)i 4+ (08)in (AW )0y, n+1<i<k, 1<j<k, (13)
a i-s1 KOOPJAWHATA BEKTOP-CTOJIOMA bslk) U3MEHSIETCS aHAJIOTHTHO:

O = (B8 + (95)i n - (BF)).n. (14)

Dopmysoii (14) 3aBepruaercs n-it mwar upu 1 <n < k — 1.
Ecmm k <n <2-k—1, To cHagasa BeiosHsiorcs npucsoerns (7), (8).
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(k)

Sarem mpu KaxjaoMm ¢ = 1,2 -k —n — 1 K i-if crpoke marpunsl A, 1pu-
k
6aBJIIETCST N-51 CTPOKA MATPUIIHI Al ), YMHOYKEHHAasT HA IUCJIO:

Gi2-k—n = *(Agf))i,zkfn/fg?;i_m (15)
SaTeM BBIYUCJIAKOTCSA
k k
@) pryan = O Don /0. (16)

Dopmyoii (16) 3aBepruaercs n-it mar upu k <n <2k — 1.

Iocne (2 - k — 1)-ro mara anroputM R-metona aycca 3akandnBaercs.

Onpegenenue 2. Ilycrsp € N7, k = 2P. Cienys [6], 6yem roBopuTh,
aT0 moanocenoBareasrocTs Marpur A € RF¥F noposkena mpomemypoit

CI/IJIbBeCTpa, ecJin
' Ak Ak)
AW =1, ABRH = (Auc) A<k>) : (17)

Bameuanwme. Ilycrs pe Ntk = 2P u marpunsr A®) € RF*F npumae-
JKaT TOJIIOC/IEI0BATEILHOCTH, IOPOXKIeHHOi poneaypoit Cuibsecrpa. To-
raa

(AR, e (1,1}, 1<i,j<k, |det AP®)|=kF/2 (18)

Teopema. ITycmv p € NT, k = 2P u nodnocaedosamenvrocmy mampuy
A®) e RF¥k nopoorcdena npoyedypoti Cunveecmpa. Tozda R-memod Taycca,
npumenermoits ® mampuue A®) coenadaem ¢ memodom Taycca, max xak

NePecmMano6ox cmpok u cmoabuos wem. Ilycmo A,(i)l € R¥*F noayuena us
mampuyse A®) nocae evinoanenus k—1 wazoe R-memoda Taycea. Mycmo
MAMPUUQ Afk) eRZFX2E posyuena us mampuys A nocae evinoanenua
k wazoe R-memoda Laycca, a mampuya Afkk_)l ERZFX2E — pocae 2-k—1
wazos. Tozda

k k
A(Q'k) _ A](gk,)l A](gk,)l A(Q'k) _ Al(cjl Al(cjl (19)
k gk oAk | P2kl z0) 2. 4W 7

2de mampuua ZF) € RF¥F cocmoum us odnux nysedi.

Bedywue anemermol Eg?k) = z;k) npul <n<k anpuk<n<2-k
npoucxrodum dudyprayus yosoeHus, Mo ecmy: E%Q'k) =-2- églkzk.

IIpu ecex k € NT gedywue saemenmaot e&k) YIOBAEMBOPAIOM HEPAGEH-
cmey

1<n<k. (20)
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Bameuvanmne. Merox, HaszBaHHBI Hamu R-mertonom laycca (eM., Hanpy-
Mep, [1]), Xoporo u3BecTeH U WCIOab3yeTcss Ipu pacderax Ha IBM, Ho
ofImenpuHATOro Ha3BaHus He uMeeT. Hanpumep, B [2-4] oH HasbBaeTcs Me-
rogoMm ['aycca ¢ BBIGOPOM IJIABHOTO 3JIEMEHTa 110 BCeil Marpuie, a B [5] —
MetosoM [aycca ¢ motaHbIM TIepebopoM. Bompoc o ckopocTu pocTa BeayImmx
9JIEMEHTOB OCTAETCsI OTKPBHIThIM. HaMu Hali/ileHa BepXHssl OI[EHKa POCTA JIJIst
MaTPHII, ITOPOXKIEHHBIX nporeaypoit CuabBectpa npu Beex k = 2P. Dta
onerka (20) mocruraercst pu Beex n = 2° < k = 2P. B monorpadusx [4, 5
[IPUBE/IEHBI CCHLIKY HA CTATHU C HEKOTOPBIMU OlleHKaMu. MbI HameeMcs, 910
HAIlla OIleHKa YHHUBepCcaJbHa B CMbIcie [7].
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OILIEHKU BO3MYIIEHUSA PE3OJIbBEHT
KPAEBBIX 3AJJAY HA MHOI'OOBPA3UU
(ESTIMATES OF RESOLVENT PERTURBATION
OF BOUNDARY VALUE PROBLEMS ON A MANIFOLD)

A. M. Crenun (A. M. Stepin), 1. B. Hpuiun (I. V. Tsylin)

Mockoscxutl 2ocydapcmeennviti yrnusepcumem, Mockea, Poccus
Poccutickuti yrnusepcumem dpyorcoo. napodos, Mocksa, Poccus

ststepin@mail.ru, ioxlxoi@yandex.ru

Ilycts M — riagxoe cBA3HOE MHOrOOOpa3me ¢ pUMaHOBOI METPUKO ¢,
smMITHIeCKuit oneparop A cTpouTcs Mo ToJyTopaJuHeiinoit ¢gpopmve P,
T0JIOKUTeIbHOM 1 HenpepbisHOit B H}(Q). Cama dbopma ® nopoxiaercs
JuddepeHIuaIbHBIM BbIPasKeHNEM

V* (AVu + au) + bVu + cu, (1)

rJle TEH30PHOE 110J1e A TIPeIIIoIaraeTcst IpMATOBBIM U OJIOXKUTEIHLHO OIIpe-
nenennbiM, A € Loo(M)2, a,b € M(HY (M) — Ly(M)), c € M(HY (M) —
— H=Y(M)). dna obmactu Q@ C M pacemorpnM 3agaqy Jlupuxie

Au=feHNQ), ueH'(Q) (2)
Bgenewm oneparop, permaroriuit 3a1adqy (2)
Go: H™ (M) — H'(M).

Hac 6ymer mnTepecoBars ciemyronuit Bompoc. Ilycts 21 — Hekoropas
durcuposannas obaacrs u g obnacrb Guuskag K 1 (Bo3mymienue). Ha-
CKOJIBKO OYy/IyT OJIU3KY PE30TbBEHTHI

1Ga, — Gaulleix,y) < wle), (3)

rjie € — BeJUYUHA PACCTOAHUSA (B TOM WJIM UHOM CMBbICIe) Mexy 21 u Qo,
X,Y — durcupoBannbie 6aHAXOBBI MPOCTPAHCTBA U (PYHKIIUAS © 3aBUCUT
TOJBLKO OT KO03(ddumuenTos oneparopa A u or &, HO He oT objgacTu {s.
Onerka (3) Gblia IpejcTaBIeHa Jisi IPOM3BOJILHOIO BO3MYIIEHUsT 00Ja-
ctu ; ¢ rpanuneit C-kiacca B pabore [1]. Oznako, B ceete paborsr [4] craso
SICHO, 9TO TPH POU3BOJBHBIX BO3MYIIEHUSX MbI Te€psSieM 4acTh HHMOpMa-
uu. Bostee Toro, m3orpomubie mpoctpancrBa CoboJieBa OKa3a/nch MeHee
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IIOJIE3BHBIMU Y€M HUX aHU3O0TPOIIHbIC O606H_LeHI/ISI. Heﬂb JaHHOI'O CTEHJ0BOI'O
JAOKJIa/la IIPOAEMOHCTPUPOBATH 9aCTh PE3YJ/JAbTaTOB, IIOJIYICHHBIX aBTOpaMN
3a IIoCJIe/ITHUE JIBa I'O/la B 3TOM HallpaBJICHUN.

Ounpenesenne 1 (paccrosnue Tuna Xaycaopda). Bsemem usmepuresb
PACCTOSTHUST MEXKJy MHOXKECTBAMU CJIEyIomuM obpasoM, myctb X, Y —
HEKOTOPBIE [TOJIMHOXKECTBA METPUIECKOr0 KoMiakTa M, Toria

e(X,Y) = 51612 d(z,Y).
T

Onpenesienune 2. s nanHoro atiaca U Muoroobpasus (M, g) cka-
JKeM, 9To obacTb 2 C M mMeeT TpaHuUIly Kjacca C&’w ¢ HopMoit N, w(:) —
MOJLYJIb HENPEPBIBHOCTH, ecyu s Jjiroboro snementa (U, ky) € U MHO-
xkecrBo Ky (U NON) npencraBumo B Buze rpaduka HEKOTOPOH byHKIMU
h e CO(U) u maxy ||h| cow@y < N.

Byzem mcats 02 € C%%, ecom cymectsyer Taxoit ariac U, aro J€) €
c oy,

Iycre F(L) — 6aHaxoBO HPOCTPAHCTBO (DYHKIWIT ¢ HOCUTEJSIMU U3
(HEOBs3ATEIPHO KOMIAKTHOrO) MHOroo6pasusi L, torma F(Q) cocront u3
Beex dymkmmit f € F(L), Takmx, uro supp f C Q. B cBoio ouepesn,
sambikaane C§°(Q) Gymem obosnauars uepes F(Q). Ckaxkem, uro yHK-
s u € W;(Rd), k € 7., npuHAJJIEXKUT TPOCTPAHCTBY HUKOIBCKOTO

N’mi R4 d o .
5 "%(R®), ryie s €CTh BEKTOP Pa3sMepPHOCTH d, COCTOAIINI N3 MOy Ieil Helpe-
PBIBHOCTH, €CJIN KOHETHA TOJTYHOPMA,

N7l ety

U ms = max Su
” HN2 (R4) kzl’mdh;g(; 5k(|h|) ’

A?u = Ap(Apu), Apu = up — u, up(x) = u(z + h).

IIpocTpamncrBa BecoBa oTpunareIbHON TJIAIKOCTHA BBEIEM KaK

(B2t (@ = [(Nk17%2)v (Q)T, L] <S|1~(}) . S|d-(.|)> |

ecin sq — crenennbie by u 0 € C%1, o sro ompeneenue SKBU-
BaJIEHTHO KJiaccudeckoMy (cMm. [4]). JTonosHUTEeIbHO BBEIeM BCIOMOTATE b
noe mpocrpamcrso K4 (R?), kotopoe momyaaercs nz Ny»*(RY) zamenoii B
OIIpEJIeJICHIE HOPMbI BTOPO# PA3HOCTH Ha, MEPBYIO, AHAJOIHIHO

(m:47), @ = [ (&57%) i ) B
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ITorpeGyeM BBIMOIHEHHST CIIE/YIONIX yCIOBHii:
Al. Ac C’%M(M)7 3 = (501,...,%4), #); — MOJLYJIN HEIIPEPLIBHOCTH.
A2 a,be M (Ly(Q) — (K5 '7) ,(Q)), ce M(HY(Q) — (K, ™77) ().
BBenem oTHOIIEHRe HOPsIKa Ha MOYJISX HellpephbIBHOCTH. ByaeM nucarh
w1 = we, ecau cymecrByeT Takas koHcradTa C, uro wo(z) < Cwi(x) s
Jo6bIx x € [0, 1], Hanpumep h7 <X k72, ecom v < a.

Cuy4ail KOMIAKTHOrO puMaHoBa MHoroo6pasust (M, g). Ipous-
GONBHBLE GOZMYULEHUA.

Teopema 1. Ilycmo
00 € CO0) < (1)
onepamop A ydosaemsopsem ycaosuam Al, A2 das
= =g = =2 (), N=-=qa =22 (),
mozda dasn s = (s(-),...s(+)), s 2 /2%
1Ga, — gﬂszL(B;lf(M),ﬁ[l(M)) < Oslw(e(09, 21 AQ))],
2
||g91 - gﬂz ||L(B2_1’§(M),L2(M)) < Cs [w(e(é)ﬂl, QIAQQ))]
Pezyasphole 8HEWMHUE GOZMYULLHUS NPU NPOUSBOALHVIL SHYMPEHHUL.
Kax 1mojiuepkuBanocs B [2], 1y1st cTabuIbHOCTH CIIEKTPa BHY TPEHHNE 1 BHEII-
HUE BO3MYIIEHUsT 00JIaCTH JOJIZKHBI 00J1aaTh HEKOTOPLIME CBORCTBAMU Pe-
ryagpuoctu. Tak, Hanpumep, /i CTabUILHOCTH ITPU BO3ZMYIIIEHUN OBJIACTH
o Xaycaopdy BHyTPEHHUE BO3MYIIEHNS MOI'YT ObITH IIPOU3BOJIbHBIE, 8 BOT

BHEITHIE HAKJ/IAIbIBAIOT OTPAHUYEHHUS Ha MPEAeJbHYI0 007acTh. [1omobmoe
YCJIOBUE COJEPIKUTCS ¥ B T€OPEME HUKE

Teopema 2. Ilycmo
00 €Oy a0 uQ) ey Y w=()
onepamop A ydosaemeopaem ycaosuam Al, A2 das
M= =g == =Y-1=1, Yi,%a =2 (),
mozda daas = (1,...1,5(-)), s = /224 + 75, ¢ € (0,1), swinoareno
1901 = G2 ll 2oy 17y, 0 (ary) S O5lw(e(900, 21A0D,))],
10, — gQ‘z”L(B;l’?(M),Lz(M)) < O [w(e(9921, 01 A02))].

3aMeTuM, YTO B 9TOM YTBEPKICHUN HAM YIAJIOCh YCUJIUTH OLEPATOPHYIO
HOPMY OIIEHKH U B TO K€ BpPeMs OCJTA0UTD yCJIOBUS HA KOIDMUIMEHTHI. DTO
BO3MOXKHO B CHJLy TeopeMbl u3 [4].
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Cuayuaii obnacreit B R? ¢ merpukoit g. B ciayuae obiacreii B eB-
KJIUJIOBOM IIPOCTPAHCTBE MOXKHO OCJIAOUTDH YCJIOBHs Ha KOI(DMUIMEHTHI B
yTBepxKaeHnn 1

Teopema 3. Ilycmo
o0 € 000w < ()
onepamop A ydosaemsopsem ycaosuam Al, A2 das
= =g = 2 (1), N=-=7%=% =)
mozda 0ans = (s(-),...s()), s 2 /250 + 7§, c € (0,1), svinoanero
190, = Gaull (g1 5 (ary, i1 (ary) < COslw(e(021, 21A8D,))],
190, — g92||L(B2_1’§(M),L2(M)) < Os*[w(e(991, 1 AQ))]-
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[TPOCTPAHCTBA HECTATMBAEMbBIX 3AMKHYTBIX KPUBBIX
B KOMITAKTHBIX [TPOCTPAHCTBEHHBIX ®OPMAX
(THE SPACES OF NON-CONTRACTIBLE CLOSED CURVES
IN COMPACT SPACE FORMS)

N. A. Taitmanos (I. A. Taimanov)

Hrnemumym mamemamuxy um. C.JI. Coboresa CO PAH,
Hosocubupcx, Poccus

taimanov@math.nsc.ru

Wsyduenne npobieMbl O CyIEeCTBOBAHNT 3aMKHYTBIX T'€0JIe3NIeCKIX He00-
paTuMbIX (DUHCIEPOBBIX METPHUK ObL10 nHUIUEpoBaHo JI.B. AHocoBbIM B [1].
Mp1, caenys [2]|, u3/102KMM HEKOTOPBIE PE3YJILTATHI O BHIYUCJICHUN KOIOMO-
JIOTU# TPOCTPAHCTB HECTATUBAEMBIX 3aMKHYTBIX KPHUBBIX B KOMITAKTHBIX
MPOCTPAHCTBEHHBIX (DOPMAX W MPOJEMOHCTPUPYEM, KAK OHM MOTYT IpPH-
MEHATHCS I JTOKA3aTeIbCTBa CYIeCTBOBAHUS 3aMKHYTHIX T€0/Ie3NIeCKIX
(PUHCIIEPOBBIX METPUK.

IIycTn

M=S"/T, n2>2,
rae I' cBoGosiHO JeiicTByeT m3oMmeTpusiMu Ha n-MepHoil cdepe, A(M™) =
= H'(S', M) — npocrpanctso Beex H '-oToGparKkenmit

v:[0,1] = M, f(0) = f(1),
oxpyzxuocta S =R/Z B M, Q,(M) — nommpocrpanctso B A(M), obpaso-
BaHHOE IETJISIMA, HATHHAONMUCS U 3akaHuInBatonmmucs B v(0) = (1) =
=x € M,ull"(M) ull(M) — dbakrop-npocrpancTtsa npocrpanctsa A (M)
orHOCUTENBHO feficteusa SO(2)(= St):
1
p-(t)=7(+y), ¢S =R/Z,

u geiicteus O(2), coorBercTBenHO. 376ch AeiicTBue O(2) ABJIgETCS PACIIH-
perneM neiicrBust SO(2) ¢ TOMOIIBIO UHBOJIIOIUK

o-f(t) = f(=1).
Iycts h € m1 (M, xg), h peamusyercs orobpakennem w: [0,1] — M, rue
w(0) = xo, u [h] — coorBeTCTBYIONMIT CBOGOAHBIN TOMOTONMYECKHIT K1ace
3aMKHYTBIX Kpubbix: [h] € [S1, M]. Mer o6osratmm qepes

AM[h| C AM w LMkl C LM
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CBsI3HBIE KOMITOHEHTHI ipocTparcTB AM u LM, 06pa3oBaHHbBIE KDUBBIMU U3
kiacca [h], a gepes h;,i = 1,2,..., — aBromMopdusm

hil Fi(M, xo) — 7T7;(M, J)Q),

OTBeYaIONNil CTaHIAPTHOMY JIefCcTBUIO h € T Ha ;.

Teopema 1. ITycmov h # 1 € m(M). Toeda
1) npui>2

Q npui=4k—2,4k—1,

m2(AM[h])) = {
0 6 MPoMmueHvlT CJLy“ta.ﬂ.Z’
ona M = S? /7, = RP? 4

rO(AMIH])) = {? npu i = 2k, 2k + 1,

ona M = ST,
2)

6 NPOMUBHBIT CAYHAAT

™ (AM[h]) = C(h) = ZT(h) fOT' n > 3,
2de C(h) = Zypy CT' — uenmpanrusamop h 6 T, u
71 (ARP?[h)) = Z4.

31ech
(X)) =m(X)®2Q, i>2.

(3

dakrop-ipocrpancTso npoussemaenus LM [h] x ESO(2) no guaronaibHOMY
neiicteuio SO(2) obosmaumm wepes LM [h]go(2), KOTOMOIOTHE 3TOrO TIPO-
crpancTBa Ha3biBalOTCA SO(2)-9KBUBADMAHTHBIMEU KOTOMOJIOTUSIMHA ITPO-
crpancrBa LM [h].

Teopema 2. [Iyemv h #1 € m(M). Tozda
1) npui>2

Q npui=24k—2,4k — 1,

Q _
w=(LMI[h =
il [Fso) {0 8 NPOMUBHBLT CAYHAAL,

ecau M = S?* /75 = RP?* |y
Q npui=22k2k+1,

Q _
w=(LMIh =
il [hlso) {0 6 NPOMUBHBLT CAYUAAL,

ecau M = S?k+1/T;
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2) Ons nevemnovir n > 3 npocmpancmea LM [h]so(2) 2omomonuyecku
npocmal U

71 (LM [h)so2y) = C(h)/Z]h]  daa newemmovir n > 3,

2de C(h) C T' — uyenmpaausamop h 6 T' u Z[h] — nodepynna ¢ C(h), no-
pooicdennasn aremernmom h;
3) npun >1
m1(LRP*"[h]50(2)) = 0.

Hmeer MmecTo

CaencrBeue 1. Jlas xascdoli neobpamumoli Gurcaeposots mempury
na RP? ece samxnymuoie 2eodesuneckue komopoti nesviposicdertiv, no Mop-
CY, CYWeECmMeYem no menvwel mepe 06€ Pa3sUNHbLE HECNALUBLEMbLE 3a-
MEHYMBIE 2€00€3UvecKue.

BbIBOJI AHAJIOTUYHOTO PE3YJIbTATa JJIA 1 > 3 CBOJUTCS K PEMICHUIO HEKO-
TOPBIX 33/1a49 Teopun uncen. C MCIONIBL30BAHNEM YKA3AHHBIX BBIINIE TEOPEM
u3 [2] aTo GbLI0 HEaBHO cienaHo B [3]. 3amernm, 4ro npu n = 3 aHAJIOIMY-
HBIA pe3ysibrar ObUI IOJIyUeH paHee B [4].
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A METRIC PROPERTY OF SMOOTH DYNAMICAL SYSTEMS
Jean-Paul Thouvenot

L.P.M.A. Université Paris 6, France

jean-paul.thouvenot@Qupmc.fr

We are going to define a measure theoretic property of abstract measure
preserving transformations with finite entropy, give some examples, and
show that this property is satisfied for smooth dynamical systems.

QUANTH%THW]ASPECTSCW‘THESHADOWHNGvPROPERTY
Sergey Tikhomirov

Saint Petersburg State University, St. Petersburg, Russia

stikhomirov@spbu.ru

The shadowing theory studies properties of pseudotrajectories. Pseudo-
trajectories naturally appears in various situations: presence of a noise, not
complete information about the law of evolution, it appears as a result of
round-off errors in numerics.

The shadowing theory starts its rapid development after celebrated work
of Anosov on structural stability of geodesic flows on manifolds of negative
curvature. In particular Anosov proved that in a neighborhood of a hyper-
bolic set any pseudotrajectory can be shadowed by an exact trajectory.

In the talk we discuss some of recent results on shadowing theory devoted
to quantitative and probabilistic aspects of shadowing.
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GENERIC MIXING ACTIONS
Sergey Tikhonov

Plekhanov Russian University of Economics, Moscow, Russia

tikhonovc@mail.ru

In this talk a transformation means an invertible measure preserving
transformation of a nonatomic finite Lebesgue space. A group of transfor-
mations {T9} . is called a G-action if it is isomorphic to group G.

A G-action T is called I'-mizing for a given set I' C G if for any € > 0
and measurable sets A, B there exists a bounded subset C' C G such that

lu(T9ANB) — p(A) p(B)| <e,
for every g e '\ C. If I' = G then we say that T is mizing.

Theorem 1. Let G be a local compact Hausdorff group with a countable
neighbourhood basis and I' an unbounded subset of G. Then the set Mg
of all T'-mizing G-actions is a separable metric space for certain appropriate
metric m.

We call m the leash-metric. It was introduced independently by S. Alpern
for mixing actions [1] and by the author for all cases [2, 3].

We have several directions for using the metric.

Generic properties. A subset of a metric space is called massive if it
is a countable intersection of dense open sets.

Theorem 2. (Bashtanov [4,5]) The set of rank one Z%-actions is mas-
stve.

Hence generic mixing Z%-actions have a zero entropy and a trivial cen-
tralizer.

k-fold mixing. An action T is called k-fold mizing if for any € > 0 and
measurable sets Ay, ..., Ay there exists a bounded set C' C G such that for
any D = {g1,...,9x} CG, D™'DNC = & we have

Ju <ﬂ TgiAi) - HH (Ai)

Rokhlin problem. For a given group, is arbitrary 2-fold mixing action
necessarily any-fold mixing?

Alpern’s conjecture. Generic mixing transformation is not 3-fold
mixing.

<eE.
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It is proven to be false by next theorem.

Theorem 3. Let G be a direct product of an amenable monotilable
group and Z. Then generic mizing G-action is any-fold mizing.

Spectral properties of mixing transformations. A spectral mul-
tiplicity of a transformation T is the spectral multiplicity of operator U,
defined by the formula U f (z) = f (Tx).

Theorem 4. For any finite collection {n;} of natural numbers there
exrists a mizing transformation T with

M) = {Hn}

142 \iel

In particular, there exist mizing transformations with homogeneous spec-
trum of any multiplicity.
This is an analog of results [6, 7] for mixing transformations.
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AHAJIMTUYECKUE CBOVCTBA PEIIEHUN
TPEXMEPHOUW HEJMHEWHON JIUHAMUYECKOW CUCTEMBI
(ANALYTICAL PROPERTIES OF SOLUTIONS
OF THREE-DIMENSIONAL NONLINEAR DYNAMICAL SYSTEM)

B. B. Ilereasnuk (V. V. Tsegel’nik)

Benopycerutl 2ocydapemeennviil yrusepcumem unBopmamury
u paduossexmponuru, Munck, Pecnybaura Beaapyco

tsegvv@bsuir.by

Cucrema ypaBHEHUI

b=y +z-1)+axz,
y=ux(-2?+32+1) +ay, (1)
z=—-22(b+ xy)

(cucrema Pabunosnua—Pabpukanta [1]| ¢ HenzBecTHbIMU DYHKIUAME T, Y, 2
He3aBUCUMOIli 1iepeMeHHol ¢ (a,b — npousBosibHBIE (DUKCUPOBAHHBIE IIADa-
MeTPBI)) MOJEJIUPYET IIPOIECC HeJIMHEHOrO B3auMOJIEHCTBUST BOJIH B ILJ1a3-
Me. OHa OKa3bIBAeTCsl HOJE3HOM IPH OIMCAHUH IPOIECCOB, MPOTEKAIOIIIX
B BA3KOH cpefie (PKMIKOW WM ra3000pa3HOl), IIPU BO3HUKHOBEHUM BOJIH
Tommvmua—lnuxtuara n ap. IIpu crammaprobix 3madennsax a = (.87,
b= 1.1 B momenu (1) nabiogaercs J1eTePMUHAPOBAHHBIN Xa0C, & ee IPUTS-
IHUBAKOIIee MHOXKECTBO IIPeJICTaBIseT coboil cTpaHHbIil aTTpakTop [2].

Hosbre kadecrBeHHble CBOiCTBa pertennii cucreMsl (1) mosydens B [3]
(cMorpm Takke [4]) ¢ yueTOM HOBBIX HOJXOJOB K HMCCIEIOBAHUIO JUHAMU-
YEeCKUX CHUCTEM, U3JIOXKeHHBIX B [5]. B wacTHOCTH, OKA3aHO CyIIECTBOBAHME
B (1) CKPBITBIX XAOTHYECKUX ATTPAKTOPOB IIPU OIIPE/IeJIEHHBIX 3HAYEHUSIX
ub.

Ha ocnoBanuu wm3BecTHOi runores3nl [6] 0 HECOBMECTUMOCTU BBILIOJIHE-
HUsI JJIsI CUCTeMBbI CBOicTBa IleHyieBe ¢ XaOTHYHOCTHIO €e MOBEJICHUS, aK-
TYaJIbHBIM SIBJISIETCS UCCJIEJOBAHIE AHAJIUTUIECKUX CBONCTB peIleHuil cu-
cremsl (1). ITox croiicteoM IleHseBe (B NPEIIIONIOKEHAN, YTO HE3ABUCHMAST
HepeMeHHasl t SIBJISETCsT KOMILUIEKCHOM) Gy/ieM IIOHMMATh OTCYyTCTBUE Yy 00-
IErO PEIIeHus CUCTEMBI (1) TOJBIYKHBIX KPUTHYECKNX 0COOBIX TOYEK [7, 8],
T.€. BO3MOXKHOCTh HAJIMIUS TOJHKO MTOJIBUYKHBIX TIOJTIOCOB.

OHUM U3 aJrOPUTMOB, OOECIIETUBAIONIUX TPOBEPKY BBITIOJIHEHUsT YCIIO0-
BUil, HEOOXOIUMBIX JI/IsT HATUINA ¥ An(PepeHITnaaIbHON0 YPABHEHMS CBO-
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cra Ilennese aBnserca dopmanbubii rtect Ilennese [9, 10] (anropmrm
Kosasesckoii-T'ambne [11]).

Teopema 1. Cucmema (1) Hu Npu KAKUT 3HAHEHUAT NAPAMEMPOS G, b
He npoxodum gopmasvhoii mecm Ilenaese u, caedosamenvro, ne obaadaem
ceoticmeom Ilennese.

JokazaTesbCcTBO YTBEPXKIEHUs CJIeAyeT U3 TOro, 4To Jijid cucrembl (1)
HU 1IpU KaKUX @ U b He BBINOJIHsETC nepBblii (13 Tpex) mar GopMaabHOro
tecta Ilensese.

Cucrema (1) B obmem ciaydae obiamaer cummerpueit x(t) — —xz(t),
y(t) = —y(t), 2(t) = =().

Eciu a = b =0, To (1) coxpansier cBoii BUJ IIpU CJIELYIONIUX IPE0OPa30-
BaHUAX:

a) x(t) = —x(—t),y(t) = y(=1),z(t) = z(-1).
6) z(t) = z(—t),y(t) = —y(—t), z(t) = z(-1).

Teopema 2. Cucmema (1) npu a = 0 umeem pewerue suda

Tr_1 1 3
T=—7 21T f 2372 + ..., (2)
T2
ix,1 1 3
y=—7+wnr? +yst2 +..., 3)
T2
=27+ + ..., (4)
ede T =1t—tg, ¥2, = %, i? = —1, z0, 71(y1), to — NPouscoABLIHBIE MOCTNO-
annvle, npuvem 3x1 — B = —iz_1. Padw (2)-(4) cxodamea 6 obaacmu

0<|r|<p, p>0.

B oM, uto passoxenust (2)—(4) 3aBUCAT OT TPeX IPOU3BOJIBHBIX IOCTO-
SIHHBIX, JIETKO y0eUThCsl HEIIOCPEICTBEHHON MI0ICTAHOBKON PSIZIOB B ypaB-
Henus cucremsl (1). s oka3arebeTBa CXOAUMOCTH pasJioxkenuii (2)—(4)
JIOCTATOYHO BBECTH IIPEOOPA30BAHNUS

T=s1= %(:C_l +u1(s)),y = %(ix_l +ug(s)), 2z = s%(20 + us(s)),

nepepoagnue cucremy (1) B cucremy Bpuo u Byke u Bocmosib3oBaThbes ciie-
JyronmM pesyiabraroM (eM. Teopemy A.12 u3 [12, ¢. 272]):
Ecmu cucrema Bpuo u Byke

SU;:fj(S,Ul,UQ,...,Un), "= (5)
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C aHAJIUTUIECKAMHU B HEKOTOPO# OKPECTHOCTH TOUKHU § = U] = -+ = Uy = 0
dyskuuamn f;, j = 1,2,...,n, ¢ yeaosuamu f;(0,...,0) = 0, momyckaer
dopmasbHoe perierne

ui(s) =Y cjns®, cn €C, (6)
k=1

To pazyioxkenue (6) cxoaurcst B obmactu 0 < |s| < p1, p1 > 0.

Teopema 3. Cucmema (1) 6 cayuae a = —b umeem HeagmMoOHOMHbIL
nepswiti unmezpas x2 + y> + 4z = Ce?*, 20e C — npoussosvras nocmo-
AHHAA.

CaencrBue. Cucmema (1) npua = b = 0 umeem unmeepas snepeuu 1]
22+ y? +42=F, 20e E — npoussosvras nocmosHHaA.

Teopema 4. Cucmema (1) 6 cayuae a = b= 0 ne obaadaem raomuue-
CKUM NOGedenUeM.

B cuy caencrsus cucremy (1) MOXKHO CBECTH K JIByMEPHON ABTOHOMHOI
cucreme. Ho cornacuo [13] perenust aBTOHOMHBIX CHCTEM € JIByMEPHBIM (a-
30BBIM TPOCTPAHCTBOM HE MOTYT OBITH XaOTHIHBIMU.
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[TOBEJIEHUE PE3OJIbBEHTBI KPAEBBIX 3AJIAY
B OBJIACTAX C TPEIIMHAMU
(RESOLVENT BEHAVIOR OF BOUNDARY VALUE PROBLEMS
ON DOMAINS WITH CRACKS)

. B. HUpuius (I. V. Tsylin)
Poccudickuti ynusepcumem dpyoicbv, napodos, Mockea, Poccus

ioxlxoi@yandex.ru

Iycts M — rnajgxoe cBA3HOE MHOTO0OOpa3He ¢ PUMAHOBOH METPHKOM ¢,
A — symanTuydeckuii onepaTop

V* (AVu + au) + bVu + cu, (1)

Brenem omeparop, pemmaionyii IepBy0 KpaeBylo 3aJady JJs OIepaTo-
pa A B obsacru )

Go: H™ (M) — H'(M).

Onpenenenne 1. Jliasg mapsl (pUKCHPOBAHHBIX aT/aacoB U, V) MHOro-
obpasust M nosoxum, yro (ky,U) € U < (ky,V) € U, V € U, BBenem
paccrostHue diy MEKIy TPOU3BOILHBIMI MHOXKeCTBaMU X 1 Y CJIeIYTIOIIAM
obpaszom

dy(X,Y) =sup _inf {§|ky(X NU)+deq D ry(Y NV),
U Fd=o0

ku(XNV)=deq Cry(YNU)}.
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Onpenesienue 2. s nanHoro atiaca U Muoroobpasus (M, g) cka-
2KeM, uTo obiacts {2 C M mmeer rpamumy Kiacca Ly, eciu 1yaa mo60ro
ssementa (U, ky) € U muoxkecTBO Ky (U N IN) npencraBumo B Bujie rpadu-
Ka HeKOTOpOii (Muorosuaunoi) dyukmmn h € Lo (U, R). pmaem mpooGpas
h=1(z) m06oit Toukn & € U ABISETCS JTHHEAHO-CBA3HBIM MHOXKECTBOM (TO
€CTh OTPE3KOM).

Taxum obpazoM, ecimm 02 € Ly, To 06jacTb §) MOXKET UMETh TPEIIUHbI.
Heobxomnmo, ITOOBI BCe TMOBEPXHOCTH TPEIIUH MOXKHO OBLIO BBIIPIMUTD
(To ectb nomobparh muddeomopdusm) TakuM 06pa3oM, YTOOBl B KazKIOi
nepeceKaeMoii Kapre oHu (IIOBEPXHOCTH) CTAJIU MAPAJLIEIbHBI HEKOTOPOMY
Hampas/ieHn0. Toraa i JoCTaTOYHO Pery/IsipHbIX KO3 MOUINEHTOB UMEeT
MECTO CJIEJTYTOTIAsT

Teopema 1. Ilycmo
oY edNe Ly, 0(UQe) ey
moada UMem MECMo OUEHKY

||g§21 - gQ‘2|‘£(B;17§(M)7I:’II(M)) < CS(du(Qh QQ))7
1Ga, — ngHg(B;L?(M),LQ(M)) < Cs?(dy (1, 2)).

HpI/I 9TOM IIpUBEJICHHaA OICHKa ABJIACTCHA TOYHOM.
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AVERAGING OVER A NON-ERGODIC SUBSYSTEM*
Dmitry Turaev

Imperial College, London, UK,
Lobachevsky University of Nizhny Novgorod, Russia

dturaev@imperial.ac.uk

One of the most basic results of the averaging theory was discovered and
proven by Anosov [1]:

If, in a slow-fast system, the fast subsystem preserves a smooth invariant
measure p and is ergodic for almost all values of the frozen slow variables,
then the evolution of the slow variables is close to that given by the averaged
system (averaged over the measure p in the space of fast variables) for any
finite time interval (which can be taken as long as we want) and for all
initial conditions except for a set of a small measure, provided the separation
between the slow and fast scales is sufficiently large.

It is a very general theorem, which has almost no assumptions - it uses
only smoothness and ergodicity of the measure u. The natural application
is given by slow-fast Hamiltonian systems:

gb:nglaxH(x,y,s), y:nglayH(xayvg)v

where 0, and ), are the matrices defining the standard symplectic form in
the z- and y-spaces respectively, H is the Hamiltonian function (its value is
preserved by the system), and ¢ is a small parameter, so the x variables are
slow and the y variables are fast. This system preserves the standard volume
form, so the Anosov theorem is applied if the y-subsystem at e = 0 is ergodic
with respect to the Liouville measure pl(dy) = OUF = H(z,y,0))dy a
JO(E — H(z,y,0))dy
the given value of H(z,y,0) = E for almost every value of = (here ¢ stays
for the delta-function). Under the ergodicity condition, Anosov theorem
implies that given any v > 0, v > 0 and T > 0 there exists g > 0 such that
for all € € (—ep,&0) we have

[lz(t) — Z(t)|]| <~ on the interval 0 <et <T

*Supported by the Russian Science Foundation (project no. 14-41-00044).
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for all initial conditions except, may be, for a set of measure less than v,
where Z(t) is the solution of the averaged system

b == [ 910, H ey, 0)uk(dy).

It is a simple computation to show that this system can be written in the
following form:

i = —eT(z) Q,10,5()

where the effective Hamiltonian S(x) = In / dy can be identified
H(z,y,0)<E

with the Gibbs volume entropy of the y-subsystem, and the scalar time-
reparameterisation factor T'(z) = (OgS)~! can be viewed as the tempera-
ture [2]. Obviously, the averaged system preserves S(x). Therefore, Anosov
theorem actually establishes that the fundamental physical fact of the en-
tropy preservation at adiabatic (i.e. sufficiently slow) changes of system
parameters follows from the ergodicity of the system.

In this talk we address the question of what happens if the fast system
is not ergodic. We need to consider this question because the ergodicity
does not seem to be the prevalent feature of the Hamiltonian dynamics.
We discuss a theory which is developing in joint works with V. Gelfre-
ich, T. Pereira, V. Rom-Kedar, and K. Shah [3-9] and suggest that in the
non-ergodic case the behaviour of the slow variables is approximated by a
random process, and not a single, deterministic averaged system. Namely,
we propose the following conjecture (corroborated by an extensive set of
numerical experiments).

Conjecture. For fized tolerance parameters vy and v, there exists a finite
set of smooth non-negative functions py(x,y), Y, px = 1, such that for any
T > 0 and all sufficiently small € the evolution of the slow wvariables is
approzimated on the time interval [0,T /] by the solutions of the system

&= E/Q;laxH(w,y70)pk(t)(fﬂ,y)u£(dy)-

Here the index k of the “approximate ergodic component” py, over which
we perform the averaging at each given moment of time, is a random func-
tion obtained as a realisation of the Markov process with the x-dependent
transition probabilities

_ f pj (x(t + At)v y) Pi (ﬂ?(t), y) Nf;(t) (dy)

Pr[k(t) = i — k(t + At) = j] [ pi@(t),y) nk,)(dy)
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The conjectured Markov property is crucial here, as it implies that a
typical process of this type must equilibrate at an exponential rate. This
means an exponential convergence of any absolutely continuous initial mea-
sure on the given energy level H = FE to a unique stationary one, i.e., to the
Liouville measure. Moreover, the equilibration process can be attributed
to the increase of the Gibbs volume entropy. It is not clear whether a
typical random process described above corresponds to a typical slow-fast
Hamiltonian system. However, a success in establishing the validity of this
conjecture would offer a way of explaining the equilibration in adiabatically
evolving systems of statistical mechanics as an effect of ergodicity violation.
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HOW TO DEFINE A NOTION OF HYPERBOLICITY
OF A DYNAMICAL SYSTEM IN TERMS OF MEASURE
PRESERVING TRANSFORMATIONS
(WITHOUT SMOOTHNESS AND TOPOLOGY)*

A. M. Vershik

St. Petersburg Department of Steklov Mathematical Institute,
St. Petersburg, Russia

avershik@gmail.com

In the paper [1] we gave a version of the definition of the notion of hy-
perbolicity in the measure-theoretical category or the notion of hyperbolic
measure-preserving transformation. The definition use the terms of Markov
operators or so called polymorphisms with invariant measures. The main
problem is to enlarge some results of ergodic theory to polymorphisms. We
introduce invariant definition of metric hyperbolicity and produce the ar-
guments for the following thesis: metric hyperbolicity of the automorphism
is equivalent to be K-automorphism. This claim can consider as a com-
pletely new characterization of the K-property and connected with many
facts about Markov processes, Past and Future context of random process,
entropy theory et al.
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SMOOTH MODELS AND THE ANOSOV—KATOK METHOD
Benjamin Weiss
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weiss@math.huji.ac.il

One of the classic methods for constructing smooth mappings was de-
veloped almost half a century ago in a landmark paper by D. Anosov and
A. Katok. Recently, in joint work with Matt Foreman we have used this
method in order to show that the isomorphism relation when restricted to
smooth mappings is not Borel and is in fact a complete analytic set. I
will explain these concepts and our work which is based on a new symbolic
representation of irrational rotations.
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TOPOLOGICAL AND MEASURABLE ASPECTS
OF MULTIPLE ERGODIC AVERAGES

Xiangdong Ye
School of Mathematics, University of Science and Technology of China,
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In this talk first I will review the results related to the convergence of
the multiple ergodic averages both in L2-norm or almost surely. Then I will
talk about the topological analogues of the measurable results. This talk is
based on joint works with Glasner, Gutman, Huang and Shao.

Measurable results. It is a long-standing open question whether
+ Zfz_ol f1(T"x) ... fo(T%z) converges a.s. Bourgain [1] showed it does
when d = 2. We have some partial results for the general case.
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Theorem 1. [4] Let (X, X, 1, T) be an ergodic measurable distal system,
and d € N. Then for all f1,..., fa € L°°(u) the averages

1
N Z f(T™x) ... fo(T"z), converge p a.s.

Theorem 2. [3] Let (X, X, u,T) be a weakly mizing PID measure pre-
serving transformation. Then for all d € N and all fi,..., fqa € L>=(u),

N Z A(T"2)... fa(T"x) /fldu/fzdu /fddu, N — occ.

n=0
Moreover, for a generic measurable preserving transformation,

N-1
the limit of — Z fi(T™z) ... fo(T"x) exists a.s.

Topological results. Let (X,T) be a topological system and let d € N.
The pair (z,y) € X2 is said to be regionally proximal of order d if for any
§ > 0, there exist 2/,y’ € X and a vector n = (ny,...,nq) € Z% such that

p(z,z") < 6,p(y,y') <4, and
p(Tnfx/’Tn-ey/) <5

for any € € {0,1}4\ {(0,...,0)}. The set of regionally proximal pairs of
order d is denoted by RP!¥ (or by RP!Y(X,T) in case of ambiguity), and
is called the regionally proximal relation of order d.

Let (X, T) be a topological system and d € N. We say (x,y) € X2 is a
regionally proximal pair of order d along arithmetic progressions if for each
0 > 0 there exist 2/,y’ € X and n € Z such that p(z,2’) < 6, p(y,y") < 6
and

p(T™(2'), T™(y')) < 6 for each 1 <4 < d.

The set of all such pairs is denoted by APl (X,T) and is called the region-
ally proximal relation of order d along arithmetic progressions.

Remark 1. In [2] the authors defined a regionally proximal relation of
order d for any group actions (this definition is the same as the previous def-
inition when the group is abelian) and showed that it is also an equivalence
relation.
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Theorem 3. [5] Let (X,T) be a unique ergodic minimal distal system
such that for each d > 1, Z4 is isomorphic to Xy4. Then for d > 1, Apld =
RpU,

Note that Z; is the d-step nilfactor for the measurable system (X, T, i)
and Xy is the d-step nilfactor for the topological system (X, T).

Theorem 4. [6] Let (X,T') be a topological system, where T’ is a nilpotent
group generated by Th, ..., Ty such that for each T € T, T # er, (X,T) is
weakly mizing and minimal. For d,k € N, let p; j(n),1 <i<k,1<j<d
be polynomials with rational coefficients taking integer values on the integers
and p; j(0) = 0. We show that if the expressions g;(n) = Tlp“(n) o ~T5i’d(n)
depends nontrivially onn fori=1,2,--- k, and for alli # j € {1,2,...,k}
the expressions gi(n)g;(n)~! depend nontrivially on n, then there is a resid-
ual set Xg of X such that for all x € Xg

{(g1(n)x, g2(n)x, ..., gx(n)x) € X*: n € Z} is dense in X"

References

1. Bourgain J. Double recurrence and almost sure convergence // J. Reine
Angew. Math. 1990. V. 404. P. 140-161.

2. Glasner E., Gutman Y., Ye X. Higher order regionally proximal equivalence
relations for general group actions: Preprint.

3. Gutman Y., Huang W., Shao S., Ye X. Old and new results for the almost
sure convergence of the multiple ergodic average: Preprint.

4. Huang W., Shao S., Ye X. Pointwise convergence of multiple ergodic averages
and strictly ergodic models: E-print. arXiv: 1406.5930v2 [math.DS].

5. Huang W., Shao S., Ye X. Regionally proximal relation of order d along
arithmetic progressions and nilsystems. In preparation.

6. Huang W., Shao S., Ye X. Topological correspondence of multiple ergodic
averages of nilpotent actions: E-print. arXiv: 1604.07113.

7. Huang W., Shao S., Ye X. Nil Bohr-sets and almost automorphy of higher
order // Mem. Amer. Math. Soc. 2016. V. 241, N 1143; arXiv: 1407.1179v1
[math.DS].

8. Shao S., Ye X. Regionally proximal relation of order d is an equivalence one
for minimal systems and a combinatorial consequence // Adv. Math. 2012.
V. 231. P. 1786-1817.

141



YCJIOBUE EJUHCTBEHHOCTU I'EOJE3UYECKUX
B UTPE ‘JIEB U YE/IOBEK’
(UNIQUENESS OF GEODESICS
IN THE LION AND MAN GAME)
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Poccus

yufereval2@gmail.com

Urpa ‘JleB u 1esoBeKk’ — OJIHA U3 UTP IIPECIIEIOBAHUS-YOETaHms, KOTOPOI
3aHMMAJIICH MHOIHE UcciaenoBaresn [1—4]. ror BapuanT Urphl [Ipenoiara-
eT JBYX HI'POKOB, 00JIaJaI0NNX OAMHAKOBBLIMA MAKCHUMAJILHBIMI CKOPOCTSI-
MU; OJIMH UTPOK (OpeciesoBaTesb) IbITaeTcst ‘mofiMars’ BToporo (yberato-
IIEro0), TOr/a KaK BTOPOIi IblTaeTcsd n3bekaTh HOUMKHU. B ciydae urpel Ha
kpyre (cM. Hampumep [5]) BHE 3aBUCHMMOCTH OT JefCTBUIl IIpecsieIoBaTes s
yberafomumii MOzKeT n30eKaTh TOYHON MOMMKH, HO TP 3TOM IPECTIEI0BA-
TeJIb BCErJa MOXKET O0eCIeYUTh CKOJIb YIOJHO MAJIOE PaccTogHue 10 ybe-
raoriero. I1o 3Toi IpUYUHE CYUTAETCs, 9TO MPECIEI0BATENb T00EKIAET,
€CJI MOKET IPUOJIN3UTHLCS K yOeraomeMy Ha Job0e, CKOJIb YIOIHO MAJIoe,
3apaHee 3aJJaHHOE PACCTOSTHUE € BHE 3aBUCUMOCTH OT JIEHCTBHi yOeraro-
IIero.

JlokJa 1 TIOCBSAIIEH CTpAaTEeruy IIPOCTOrO NpecieoBanus B urpe ‘Jles u
YeJJOBeK’ Ha, METPUYECKOM KOMIIAKTe. B IOIIaroBoii Bepcun cTpaTerun mpe-
cJaeoBaTeNb Yepe3 paBHbIE IIPOMEXKYTKH BpPEMEHH HAIeJUBAaeTCsa Ha IIo-
JIO’KEeHNE yOEraloIero n JIBATAETCS 110 TeOJE3NIECKON WX COeNUHSIONIEH.
B HenpephIBHOI BEpCUM HAIEJUBAHUE MTPOUCXOIUT IIOCTOSHHO. [Ipm 3ToM
yberaomuii, 3Has O CTPATETUH IIPECJIEIOBATEISA, MOXKET BBIOPATDH JIOOYIO
l-MmmuIeBy TPaeKTOPHIO, a TPAEKTOPHUsI MPECIe0BATEsI COCTOUT U3 OT-
PE3KOB TEOIE3UIECKUX.

OTMeTnM, 9TO TaKas CTPATErus KOPPEKTHA €CIM B IIPOCTPAHCTBE JTIIOOBIE
JIBE TOYKH COEIUHSET €IMHCTBEHHAS T€0JIE3NIECKAS. DTO YCIOBUE BBITTOJIHSI-
ercst, Hanpumep, Jisi CAT(0)-upocrparcts (poctpancTBa AJeKCaHIPOBa
C HEMOJIOKUTETHHON KPUBU3HOH ). K HUM OTHOCSATCS B TOM YHCJI€ BBIIYKJIbIe
HOJAMHOXKecTBa B R™, OJHOCBAZHBIE MOJMHOYKECTBA, €BKJIMIO0BO IIJIOCKOCTH
u R-nmepesps. Kak mokazano B [6] HenpepblBHas Bepcusi 9TOi cTpaTerus
rapanrupyer nobeny upeciaemosareis B CAT(0)-komnakrax.
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VYeaosue CAT(0)-KoMIAKTHOCTH He siBJIsieTcs Heo6xomuMbIM (eM. [7]). Bo-
Jlee TOro, JJIs MONIArOBOrO BapUaHTa CTPATEruu IIPOCTOTO Mpec/ieI0BaHIs
MOZKHO TOKa3aTh CJIEILYIONHIA Pe3yJIbTaT:

Teopema. [lycmv K — wmempuueckuii kKomnaxm, ar00ve e mov-
xu u3 K coedunsem eduncmeennasn zeodesuveckan. Feau zeodesuveckue
HENPEPLIBHO (8 PABHOMEPHOT MEMPUKE) 3A6UCA OM CEOUT KOHUOB, O 6
uepe ‘Jles u weaosex’ nobescdaem npecaedosamens.

Jannast Teopema obecriedanBaeT, B 9aCTHOCTH, I00E/Ly IIPECJIe/I0BATEIS B
IPOU3BOJILHOM Irape u3 R™, ocHamieHHOrO || - ||p-MeTpukoit (1 < p < 00).
Taxue mapsr ne apisiorces CAT(0)-KoMIaKTaMu.

B noKJajie IIaHAPYeTCsl TAKXKe PACCMOTPETh IIPUMEPBI MHOrooOpasuii, B
KOTOPBIX MOXKHO 00€CIeYUTDb MOMMKY, HO HE YJIOBJIETBODPSIOMIAX YCIOBUSIM
reopeMbl. Hanpumep, y 3aMKHYTOH mosrycdeps! (B €BKJIMI0BOM OPOCTPAH-
crBe R", n > 2) mMeeTcs 3aMKHYyTas reojie3ndecKasi, U 3HAUYAT HE BBINOJ-
HEHO YCJIOBHE €JINHCTBEHHOCTH. JIErKO IPOBEPHUTD, YTO CTPATErNH IPOCTOTO
TIpecjIeIoBaHnsA He MPUBOAUT K mobesme. Tem He Mmeree, ecTh €€ Moanduka-
IMsl, BBIUTPBIIIHAS JIJIs IIPECJIeI0BATEs, KOTOPask OCHOBBIBAETCSI HA TI0Ka-
3aHHOI TeopeMme.
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The research of pseudo-Anosov and generalized pseudo-Anosov homeo-
morphisms of surfaces is one of the areas that has grown from the fundamen-
tal works of D.V. Anosov on the theory of dynamical systems. The concept
of pseudo-Anosov homeomorphism was introduced by W. Thurston in his
development of the J. Nielsen theory of classification up to isotopy surfaces
homeomorphisms (see. [1]). In Thurston theory the pseudo-Anosov homeo-
morphisms appear as natural representatives of “mysterious” third Nielsen
class. Thus, the dynamics helped topology in solving of the old difficult
problem. At the same time, Thurston’s results were useful for dynamics
as they are closely related to the smooth cascades on surfaces possessing
hyperbolic strange attractors which are the important objects of the theory
of smooth dynamical systems.

Dmitry Victorovich was keenly interested in the emerging theory and its
connections. Shortly before his illness the author of the report had a chance
to discuss with him a program of a research in this area. In this talk we will
speak on the problems in accordance with this program. The author is also
going to report his comprehension about the progress in resolving of some of
these problems. Below there are formulations of these problems in exactly
the same form in which they were discussed with Dmitry Victorovich.

Begin with few remarks on the terminology used (see [2] for more details).

Pseudo-Anosov homeomorphisms (PA) stand out among generalized pseu-
do-Anosov (GPA) by absence of valence 1 singularities (thorns) in its in-
variant foliations. Singular type of GPA-homeomorphism is the sequence
{ba: d € N}, where bg is the number of valence d singularities. Almost all
elements of this sequence are 0 and we may assume that by = 0.

1. Is the Thurston theorem on the classification up to isotopy of homeo-
morphisms true for non-orientable surfaces?

2. Can be extended to the nonorientable case Bestvina—Handel algo-
rithm [3] for constructing train-track by automorphism of the fundamental
group of the surface and defining the singular type of GPA-homeomorphism
if such is defined by this automorphism according to Dehn—Nielsen theorem?
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3. Describe the singular types which are formally admitted by Euler—
Poincaré formula and actually realized by (generalized) pseudo-Anosov
homeomorphisms of non-orientable surfaces with orientable and nonori-
entable invariant foliations. In the case of orientable surfaces the answer
is given in [4].

4. Is it true that there are no pseudo-Anosov homeomorphisms of nonori-
entable surface of genus 37

5. Is it true that there are no GPA-homeomorphisms of the Klein bottle
of singular type {bs = by = 1}7 Note: this singular type is not realized in
the case of the torus.

6. Whether exists PA-homeomorphism of singular type {bs = b5 = 1} on
non-orientable surface of genus 47 Note: this singular type is not realized
in the case of an orientable surface of genus 2.

7. Give an example of PA-homeomorphism for each non-orientable sur-
face of odd genus > 5 (for ¢ = 5 and each even genus, such examples are
known [2]).

8. Is it true that for each surface (orientable or not) there is a GPA-
homeomorphism with the topological entropy smaller than prescribed value?
(With the decreasing of entropy increase the number of thorns.) The answer
is yes for the sphere and the projective plane [2].

9. Evaluate the minimum of dilation of PA-homeomorphisms of the non-
orientable surface depending on its genus. For orientable surfaces, such
evaluations are known (see [5] for example), but whether it is possible to
improve them?

10. Evaluate the minimum of dilation for GPA-homeomorphisms with a
fixed number of valence 1 singularities depending on the type of surface and
the number of thorns.

11. Whether is it possible to find the exact value of the minimum for
at least surfaces of small genus, and with a small number of thorns? For
Anosov diffeomorphisms of torus, and GPA-homeomorphisms with no more
than with 4 thorns it is simple. Some other results see in [6].

12. TIs it true that the simplest (i.e. with minimal dilatation) PA-home-
omorphism (GPA) of fixed surface and with a fixed number of thorns is
unique up to topological conjugacy?

13. Is it true that for any PA-homeomorphism of orientable surface of
genus 2 there exists an invariant leaf?
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of

14. Ts it true that for a fixed singular type there are only a finite number
conjugacy classes of GPA-homeomorphisms having no invariant leaf?

15. Evaluate the growth rate of the number of conjugacy classes of PA-

homeomorphisms for given surface (GPA-homeomorphisms with a given
number of thorns) depending on dilation.

1.
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