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PaccmatpuBaloTcsi  MHTEPRONALMOHHBIE Mpouecchl Jlarpatixa, B
KOTOPLIX PONb MHOOUJIEHOB, 0BpaLlaloWuXcs B HyNb B y3nax
WHTEPNONNPOBAHMUSA, UrPAIOT PALMOHANbHLIE QYHKULMM C
UKCHPOBaHHBLIMM  3HameHaTensMu. Mosny4eHa OLEHKa KOHCTaHT
JleBera Takux NPOLIECCOB B C/y4ae, KOraa pauMoHasbHble GyHKLMK
HauMeHee YKNOHSIITCA OT HYNsi Ha AaHHOW CUCTEME OTPE3KOB C
HaubONbLUMM BO3MOXHBIM YWCIOM TOYEK YKIOHEHUS, NpuyeM
MaTpuua, CocTaBneHHas W3 (UKCMPOBAHHLIX MONIOCOB,
pacrofioxeHa B KOMMAKTHOM MHOXECTBE BHE 3T0W CUCTEMb
OTPE3KoB. YacTHbIMY CryuasiMm BnsloTCs pesynbTarsl B.H. Pycaka
u . Muna (s ogHoro oTpeska).

Rational interpolation processes on several
intervals

A.L. Lukashov

It is considered the Lagrange interpolation processes such that
rational functions with fixed denominators play the role of
polynomials vanishing at interpolation nodes. An estimate for
Lebesgue constants is obtained for the case of rational functions
deviated least from zero on a given system of intervals with maximally
possible number of deviation points, and when the matrix of fixed
poles is contained in a compact set outside of the system of intervals.
V.N. Rusak and G. Min found earlier particular case (for the case
of one interval).

HMurepnonuposanue Jlarpamka 1o Hy/IIM MHOTOWIEHOB UeObIicBa H3y4aioch MHOTHMH YIEHBI-
MM, OLIEHK! KOHCTaHT Jlebera, T.e. HOpM COOTBETCTBYIOLIMX HHTEPIOJISIIMOHHBIX MHOIO4ICHOB, pac-
CMaTpHMBaEMBIX KaK OTEpaTophl B IPOCTPAHCTBE HENPEPBIBHEIX (YHKIMIA Ha OTpe3Ke, ObUIA IoTyye-
HbI B paboTax Takux MaremarukoB, kak C.H. Beprurreiin, B.K. [[3ampik, A.X. Typeuxui [1, 2] (6onee
roapoOHO 06 3ToM cM. [3-6]).

OnHO# ¥3 MpUYKH, 0OYCIOBIHBAIOIIMX HHTEPEC K HHTEPIIOIMPOBAHUIO HIMEHHO IO HYJISIM MHO-
rowieHoB YeOblieBa SBISETCS TO, YTO COOTBETCTBYIOIIME KOHCTaHTH! JleGera MMeoT OITHMAJIbHBIH
POCT, T.€. TaK e Kak H JUlsl HanMeHee BOSMOXKHBIX CPEJIH BCEX CUCTEM (MaTPHLL) Y37I0B HHTEPIOIHPO-
BaHHUdA, oHH uMeroT ropsaok pocra O(log 7). Ilpu sTOoM onTHMaNIBHEIE, T.€. UMEIOIIHE HAUMEHBINNE
BO3MOKHBIE KOHCTaHTHI Jlebera, MaTpuilsl 10 CHX IOp He Hainens! (cM. [7-10], rae nmpuBomsaTcs pe-
3yIBTaThl YHCIICHHBIX PACYETOB IO IPHOIIDKECHHOMY ONPEIENEHHIO TAaKIX MaTPHIl U JaHBI AAbHEHIINC
CCBUIKHM), TIPHYEM JIaXke KPUTEPUH, KOTOPHIM OHH YIOBIICTBOPSIOT (TaK Ha3bIBAEMbIE TMIIOTE3bI bepH
nrreiisa 1 dpyelna), GhUTH 1oKa3aHk! b B 1978 roxy T. Keropom, K. ne Bopom u A. TTunkycom [11, 12].

EcTeCTBEHHBIM aHAJIOTOM Ul MHTEPIIOIMPOBAHMS PALMOHAIBHBIMA QYHKIMAMU C GUKCHPO-
BaHHBIMM Tomocamy [13] jurt caydast ODHOTO OTpE3Ka CITyXKaT MHTEPIIOJSILHOHHBIC TPOLIECCHI 110
HynAM npobeit Uebbimesa—Mapkosa, BBenenssie B.H. Pycakom [14] u u3syuenHbie B paboTax
E.A. PoB6s1, A.II. CrapoBoiftoBa u (6e3 ynoMuHaHUs IpeasAymmx asropos) I Munom [15-18].
Bripoyem, Takue IpoLecchl MOXKHO HHTEPIPETUPOBATH M KaK MOJMHOMHAIBHOE HHTEPIIOIMPOBAHHE C
BECOM, KOTOPOMY TIOCBALIEHO GOJIBIIOE KOMNYECTBO HeaBHUX pabot [19-22] u ap. [1pu nnTepnonu-
POBAHUH aHATHTUYECKUX (YHKIHMI €CTECTBEHHO TAKXKE UCIOIb30BaTh MHOTOTOYEYHBIE alIPOKCHMA-
unu Ilage (wmm urTepnonsatsl [lane—Hpiorona) [23-30]. 3ameTuM, 4TO NPY WHTEPIOIHPOBAHHU
PALHOHATLHBIMH QYHKIHAMHU CO CBOOOTHBIMH IIOIKOCAMH BO3HUKAET PAJ JONOIHUTENBHBIX TPYIHO-
CcTel yXe Ha CTa{H BOIPOCOB CYNIECTBOBAHMS, CAMHCTBEHHOCTH M MPE/ICTABICHHUA TaKHX HHTEPIIO-
JIAHT, /I pa3pelleHus KOTOPhIX IPUMEHSIIOTCS pa3iudHbie cnocobsr [31-38].

3aMeTHM TaKxKe, YTo 0000IEeHHe pe3y/IsTaToB 10 OleHKaM KoHcTaHT Jlebera mo y3nam YeOpime-
Ba C OJHOTO OTPE3Ka Ha CITydyail HECKOIBKUX OTPE3KOB IPEICTABIACTCS OOJIEe €CTECTBEHHBIM HMEHHO
JUIS pALMOHAIIBHBIX PYHKIWMIA ¢ PUKCHPOBAHHBIM 3HAMEHATENEM, KOO 32 CYeT yCIIOBHI, HaKIaIbIBae-
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MBIX Ha 3HAMEHATEIIH, MOXHO rapaHTHPOBAaTh, YTO BCE HY/IM COOTBETCTBYIOMMX (yHKIMH Uebpimre-
Ba-MapkoBa, HAMEHEe YKIOHAIOWMXCs OT Hylisl, OyIyT HAXOAMTHCS MMEHHO Ha CHCTEME OTPE3KOB,
4TO HEBO3MOXHO 00ecreunTh cpasy Ui BCeX HOMEPOB B IOJMHOMHAILHOM ciydae. Kpome Toro,
IIOCKOJIBKY CYLIECTBYET TECHAs CBA3b MEKIY MHOTOWIEHaMH 30JI0TapeBa ¥ MHOTOWIeHaMu YeObnie-
Ba Ha JIByX OTPE3KaX, HHTEPIIOIMPOBAHKE B SKCTPEMYMaX MHOTOWICHOB 30J10TapeBa, HCCIEIOBAHHOE
B [39], ABNIsETCA YACTHBIM CITy4aeM HHTEPIIOIMPOBAHHMS 10 Y3/1aM MHOTOWICHOB Uebbimena 150:108]
M BTOPOTO pOJia Ha HECKOIBKMX OTpe3kax. JloKasbiBaeMas fajiee B TeOpeMe OLCHKa AaXeE /IS Cydas
OZHOTO OTpe3Ka CHIIbHEe cQOpMynMpOBaHHLIX B [14, 18] 1 13 Hee nerko cieayer Teopema 3 u3 [40].
PaccMOTpuM HHTEPIIONAILIMOHHBIE TIPOLECCHI BHAA

M,(9,%)
(x—x,,)M.(@,%,,) )

L/ R0.0=3 f(x,,)

rne M,(g, xX) — palnuoHaIbHasi GYHKIMS BHIA

x"+ex" +.+c,
H md-a;,x)

u p={a;,}’]  — Marpuna oGpaTHBIX BEJMYHH [IOIIOCOB, a R={x, | e
NOJIMPOBAHHS, COCTOAMIAS U3 HyJIEeH palMoHanbHOM QyHkuuu M, (0, x).

PaccmarpuBasi 3TH NPOLIECCH! HA HECKOJIBKHMX OTpPE3KaxX, ECTECTBEHHO TPEGOBATh, YTOOBI Mart-
puna y3JI0B HHTEPIOIMPOBAHKs CONEPKANAch B 3THUX OTpe3KaX. DTOMY TPeOOBAHHUIO PAlMOHATBLHEIC
(yHKUMY, HaMMEHee YKIOHAIOMHUECS OT HyJd Ha HECKOIBKHX OTPE3Kax, GyIyT YOBIETBOPSATH B CIIy-
Jae, Korja Marpuia R peryaspHa OTHOCHTEIIBHO CHCTEMBI OTPE3KOB.

Hpyrumu cioBamu, GyIyT pacCMaTpHBATHCS CHCTEMBI OTPE3KOB

E =[b,b,]U[b,b,]u...L[b,_ b,], b <..<b,

1,00

— MaTpula y3J10B UHTEp-

oo

H MaTpPHLBI OOPaTHBIX BEIMYMH MONIIOCOB 0 ={a;,,}": TaKHe, 4TO NPHU KOKAOM ne N.n>=1 A

=1,n=1
MHOTI'OYJICHA
p,(x)=]]0-q, x)
j=1

BBINOJIHAIOTCS YCIIOBUSA TeOpeMsl U3 [41].
Jlemma 1. Tlpu BeIMONHEHMH YCIOBME TeopeMbl u3 [41] paumonansHas gyHkums M, (x) MOXeT
OBITh IIPEJCTABIICHA B BH/IE

IJie IpU

Cl’,,(x) H —1— affu (o, —El,n)

1 a; .,
y"'l (x) = 4 - = 3 (2)
Zl al.ncl‘n(l/al,n )(l—a}"nx)(l_al-"x) !

C.,x)=[]:a(x—c,), ampu
1

€ (ij’ijH)

A.n
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1 21
C/l.n(x) H( )al,n i
Vo 7 3)

a,i_.rlzcl,n (1 / al.n )(1 - a/\.nx)

Vi (x)=

1
C,,0=T1 (x—cuc, =¢; ;. , € (by,by,,) OMHO3HAYHO OIPEEIISIETCA YCIOBUAMU
k=1k#;

bzl.-+l
Ta® 40, k=10,

by VH(x)

1 .
mpHYeM s —— € (b,;»b;,,) paccMaTpHUBAKOTCs UIIb k # j. [Ipu 3ToM B city4ae 1/a, , & R\[-1,1] BO3-
A

MOXXEH BapHaHT C; = %, B KOTOPOM MHOXXHATEIIb BHOA
x-¢

l1-a, ¢

3ameHseTcs Ha 1/a; ,; KpOMe TOro, CYMTAEM, UTO (b,;,b,,, ) = (—oo,+o)\[-1,1].
B cOOTBETCTBHH ¢ TeopeMoii 2 [42] 10CTaTOYHO NOKa3aTh PaBEHCTBO

i (_i_ e Yna(X)
) H(x)|’ 4)

A

rae @,(&, X) — IIOTHOCTh TaPMOHMYECKOH MepHl v, (&, E, ), E, = E N[-1,x] w obnactu D = C\ E.
Wcnons3ys npuHumn nogauHeHus [43, Teopema 4.3.8], norydaem

0y (& E,)=wpy(,E,)s

e D= f(D),E, = f(E,) u f— mo6oii romeomopusm obnactu D U E va DU E,, MepoMophHEIi B D.
Iycts cagana £ € R\ [-1, 1]. BossMeM B kadecTBe f IpoOHO-THHEHHOE 0TOOpaKEHHE, EPEBOSIICE
[-1,1]Bcebsim & —B =, Te.

)

Torza D=C\E, rae E =[b,b,]u...U[b,_,b, 1,0, ==1,b,, =1,b, = ib bl

@ 5(°, E_) coBmajaeT ¢ paBHOBeCHOM Mepoi u.(E,) [43, Teopema 4.3.1], IO3TOMY €€ IpeICTaBICHHE
u3BecTHO [44, nemma 4.4.1]:

e p,(x)=(x—&)..(x—¢_,) uuaucna é,b, <, <b,,.,,i=1,..,—1 OJIHO3HAYHO ONPEIETAIOTCS PaBEH-
CTBaMH

j Md =0, F=bod=L
H (x
VuureiBas BEIOOp BETBU KBAJIPATHOIO KOPHH,

argJR(e®)=arg(-1) "%, Qe (9,,¢.,), j=L..I-], (6)
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HMCEM:

a)l-)(oo,EX)=iJ‘E E:'—mdx
o™ H(x)

OTKYy/la, IPUMEHsis 00paTHOE K (5) oTo6paxenue, nomydnM (i &£ € R\ [-1, 1])
j H

0y (& E,) =" J- P ()VH(E) e, %)

"(x=EWVH(x)p, (&)
e p(x)=(x—¢)..(x—¢,,) munucna c,b, <c, < b,;,;, OIHO3HAYHO ONPENEIISIOTCS PABEHCTBAMU

bua Py (X)VH(E) e 2.

| dx=0, i=l,.., I-1.
b (=EVH )P ()

Ans & € [1, 1]\ E umeem To xe camoe nipescTasnenne (7), Ho i & € (by;, by.1) BMeCTO (8) mutst
[ = j HY’KHO B3STh PaBEHCTBO

8)

( "+J'°" ) D (X\H(E) B
VN (x=E)WH(x)p,,(£)

—oo

Tpu 5TOM MOXET OKa3aThCsl, YTO £~ (¢,) = %, B TAKOM CIIydae ¢;= ° H B 2i(%) MHOXHTEh ——
OIyCKAeTCs. Pa(é) ~6
IIycts Teneps £ € C\R. B TakoM cityuae NpuMeHHM JpOGHO-THHEHHOE OoTOOpaXKeHHUE:

(z=E)E+1)
o= flzy=———t—= 9
(z-EXE+D) ®

KOTOpo€ 1mepeBoauT [-1,1] B myry enunudnol oxpyxuaocTH. OG03Ha9MM depes
/
T, ={e":pe 1§, 6,1}
j=1

~ 21 S &
obpa3 E npu 3ToM oToOpaxkeHuH, uepes H, (o) = (w—e"), =1 - caMOB3aMMHBIH MHOTOYJICH,
3 P j=1 P

COOTBETCTBYIOIMH cucTeme Ayr I';. Torna npescTasnenne paBHOBeCHOM Mepsl Hr, (E.) Moxer 6bITh
HOITy4YEHO, Hanmpumep u3 [45, 23]:

1.5(60) da)

.ur (E "27”"- \/_['1_(5—) o (10)

r1e S, (w) — CaMOB3aMMHbIH MHOIOWIEH CTENEHU /, HOPMUPOBAHHBIN YCIOBHEM
i8,.(0)=/H,(0) (11)
U OIpEZIENAEMbIN PaBEHCTBAMH

S by ) S~[‘§ (CO) do

=0, j=1..,/-1. 19
f(;;[,)\/Hg(w) 0 (12)

TockonbKy Tyru OKpYKHOCTH €MHMYHON OKPYKHOCTH, HE BXOIIUME B I',, PABHOTIPABHBI, TO
JOJDKHO BBINOJHATECS U PABEHCTBO
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f(52/+1 glf(m) d_a)_o 13
e, Ho (@) @ : (13)

Bo3Bpamiasce K NEPEMEHHOH z, OTyYUM

S
) aEx)'—‘C E = —l)
i / " JH () -E)—E) (14)

rzie S); (z) — MHOTOUIEH CTeIeHH / C eJMHMYHBIM CTapIIuM K09 GHIMEHTOM, OHO3HATHO Opeems-
eMbli BeITeKarommmu u3 (12), (13) paBeHcTBaMH

bage S, (2)dz
) JH, @G-8G-8)

u C — HEKOTOpas KOHCTaHTa, MoJJIeKalas ONpeIc/ICHHUIO.
Tak kak mocie 3aMeHsl @ = €9 B paBeHcTBax (12), (13) nomydaem

Il
-
4
~

(15)

[y gl'é (eup)
(2N ‘\/ ﬁg(eiw)

TO AeHCTBUTENbHbIH TPUTOHOMETPHIECKHIA TIOMMHOM S, , () MMeeT / HyJel Ha IIEpHO/Ie, 110 OJTHOMY B

dp=0, j=1,.,1

~ - 1 5
Ka)X/IOM M3 MHTEPBAIIOB (,,,0,,,,), @ TOrAa S, .(2) =H,--|(Z'Cf.:)’ rae ¢, , € (b,;,b,,,).j =1,...,1. Ilpen-
CTaBHMM TIOJIMHOMBI, BXoAAIue B Beipakenue (10):

- ! - 2/ I
Sl.g(m)zcn(m_cj_§)9 Hg(m) =ij(w_elW)-
J=1 j=1

- = S
Venosust HopmuposkH (11) Torma nepernmutytes Tak: S, (0) = | H,(0), wm i (@)

OTKya

—ioc = \/; (16)
O6o3HaunM gepes ¢, mpoobpas &, npu oTobpaxenu (9), T.e.
_ e, ~ENE+D)

C],é = — o
(c;: —&)E +1)
Torpma

s _EmDEH) (cm EXE+D) _(EHIE-E)z=c,). a7
P (=E)E+D) (¢, —ENE+D)  (E+D(z—ENc,;, —E)

AHAIOrHYHO PeoOPa30BBIBAIOTCA COMHOXHTENH, BXOIAIIKE B F, (), U 9TOM CIIEAYET yIeCTh,
4To mpoobpasom e’ seserca by, j =1, ..., 2L
OKOHYATEIBHO IMOIYIUM

E+)'(E-8) H

S~ =
16 (@) Crhz—ey e (18)
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g g2l 2 L}
)= p DI E-8)" pr b

Ao N e : (19)
do__ E-¢
— =
0 (z-&)z-8) (A0
Iloncrasmssa (18)—(20) B (10), Haiinem:
T2
1 i €i:—6 E—é
e(E)=— L —dz,
)=y | [2b 60D )
pj:l bj_‘f
win, 0003HauuB C,(z) = IL[(z -2 )
] Cl(2)H (&) E-~E
(B =— : —daz.
S o cmoe-5 @

Bsse & = 1/, umeem (2), 4to u Tpe6oBATOCH JOKA3aTh.

3ameuanue 1. Paenctso (3) (c yueroM (4)) nokasano Taxxke B [46].

Jlemma 2. Ecim 1/e;,, € K 1ipu Beex 1ocTarouno Gombmmx 7, A = 1, ..., n, T0 Hal{IyTCcs KOHCTaH-
181 C,, C,, 3aBucsume ot K u E, Takue, 4yto

0<cgs]nmujsc;

Joxa3zareancTBo.
Haunewm ¢ paBeHCcTBa

Il —a“x| B ’1 —QanX

Ial.n

|aA.n

Jlerko BHJIETH, YTO 3TO BBIPAXXCHHUEC, paBHOE

1
——=
al,n

b

e K.

1
PaBHOMEPHO OTPaHUYEHO U OTTPAHUYCHO OT HYJIS IIPH x € E,
A.n

élgng)(gaEx):wD(go,Ex) (22)
npu &, € KR, &e K. Tloacrasmss (21), (7) B (22), momyunm
o[, GONHO E-f |, _if _ PagGWHG)
20217 5 CEWH(2) (2-8)z-8) ) B (x=E)WHG) b, (&)

JOTIOHATENBHBINA UHAEKC &, ¥ P, (X) MOKA3bIBAET €r0 3aBUCHMOCTB OT &,,.

(23)
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Bmecto E, B (23) MOXHO B35Th CKOJIb YTOJHO MaJblii HHTEpBall, COAEpXKalumii Touky x € int E,
OTKyJla, YYMTHIBAsl HENPEPHIBHOCTD MOABIHTETPATbHEIX (yHKIMH,

ICGENHE)  E-g  _ PugGWHE)
=62 C(E) (x-&)(x-&) “a— éo)Pn.;oﬁo

YautsiBas HENPEPHIBHOCTE H U TO, 4T0 H (&) # 0, I0Iy4aem

GG _ Pg®
SR 2Ax—8)C,(E)  Prag, (&)

U3 mpenpiymel 1EMMBI H3BECTHO, 9TO P ;) MMEET IO OJHOMY HYJIO B K&XJIOM HHTEpBaje
(by, by.y), HE comepxameM &y, T.e. IPH k= j, THE §o € (by, by.y), @ Ce(x) MMEET MO OIHOMY HYIIO
B KoM HHTepBaie (b,;, by.,). Tak Kak paBeHCTBO (24) MMeeT MeCTo NpH x € int E, TO KaX/IBIA HyIIb
TOJMHOMA P ; ¢ ABILIETCS PEJETIOM COOTBETCTBYIOIIEIO HYIIsl NIOTMHOMA Ce, T.e. ecm

(24)

!
Prag, 0 =[1(x-c; ),
=1

i#k
TO

lime,, =c,., j=L...I,j#k.

£, 75

Torma ans j = k momydum

l. (g é)(x Ckg) l- (25)
8% 2(x—ENE ¢y )

PaBencTBO (25) 03HavaeT, 91O lim ¢, , =¢&,, IPUYEM TaK, YTO
S -

E-¢ —(5 _ck,g’)

Teneps H($) =[], & -b)uC.(x)=]]  (x—¢, ) maEE C\R

Cg(x)=n(x_cj'§o)s

j*k

Wi & € (by, bys), T8€ ¢ € (by, byy), j =1, ..., I. TloaToMy 11s z € E QyHKums
_CEHE) _ E-¢
C: (¢) (Z—é)(z‘§>

aHanuTH4Yeckas, Kak ¢yukiwms ot &, B K. Ilpu & > umeem limg_m f.€)=p,,..(2), 1 TaK KaK P, | o
HelnpepbIBHA Ha E U He oOparaeTcs B HylIb Ha E, TO

C.<s lpl—l,w (Z)’ - £

Ha E. Takum obpazom,

inf | £.(§)] <|£.(8)] < Suplf 3

13)¢
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IPUYEM MOXHO CUMTATh, 4T OK — OrparudenHoe MHOXecTBO. Ouenum | £(€) | Ha 6K ceepxy. [Ipu
mobom & € 0K 1 x € E BBINONHAIOTCS OUEHKH |x — &| =lx—E‘ L

k—e|2C,. (26)
OTKyza

Eedk

HE) = inf |2—¢|=C. (28)

Eedk

Hanee, umeeM

lz-c|s2, i=1,...0-1 (29)

|z=c.c|2 p(E.C"), i=1,..,1, (30)

e C¥ — MHOXECTBO, COCTOSIIIIEE M3 BCEBO3MOXHBIX 3HAUCHHIA ¢, £ & € K. Tlpu stom st & € (by, by.,)
cunraeM (eM.(25)), 4ro ¢;; = £. Bemuunna ¢, kak GyHKIWA OT & HelpephIBHa, ITI0O3TOMY MHOXECTBO
CY — 3amKHYyTO®, U, 3HauuT, p(E, CP) > 0. Jlanee, ans

1
teak\U, U=Ju,

=1

rae U, — 0-0KpecTHOCTS [by, b,,.,], umeem

[5—5‘2 26,|¢ —| < diam oK, (1)
lE—c.. 25,|1;—c,.‘£|s:‘;2€v5 |z-¢&l=c,, i=1,..,I-1. 32)
&edk
OneHumM Tenepb
Z—Cl“5
G —Cre

ms & € 0K \ U, @ynxmms |(z — ¢) \ (§ — ¢)| HenpepriBHa Ha E X 0K \ U, X C @ xak GYHKIHSA OT
(z, &, c), npuuem

zZ—cC
&E—c
MO3TOMY OHa orpaHu4eHa Ha £ X 0K \ U, X C®, xpome Toro, oHa He ofpamaeTcs B Hy/lb Ha
E X 0K\ U, X CY, mostoMy OHa OTTpaHMYEHA OT HyII, T.€.

lim =1,

oo

2=y

i

C, <
4 £ —ai;

e (33)
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OyHKIWA

(E-§)x=c,e)
(x=EXE=c;)

HenpepbiBHa Ha 0K UU ;XE xak dyskuus ot (§, x), B cuity (25) u He obpamaeTcs TaM B HyJb,
j=1,...,1—1, nostomy ansa HekoTopbix nocrosHHbIX Cg, C,; > 0, 3aBucsmuX nuisb o1 K, E, numeem

(é‘ S)x—c¢, )l
(x-EXE=cy)|

To e camoe pacCyXIeHHe CIPaBeATHBO M IIpH j = 1 ¢ ydeToM Toro, 4ro u3 (25) ciaemyer, 4ro
MOXKHO BBIOpATh § HACTOIBKO MajbiM, 4TO M3 3¢ <6, € U, MoK cnenoBano 6bl HEPaBEHCTBO (25).
O6benunss (26)—34), moayyaeM yTBEPXKICHUE JIEMMBL.

BeegeM [ONOJMHHTENbHBIE 0003HA4YEHHsS, KOTOpBIE OyAyT HCHOJB30BaHBl Jajee
B 3TO# pabore: depe3 M,(x) Oyamem oOGo3HauaTh pauHoHanbHyl (yHKnui0 YebGbimesa—
MapkoBa, HauMeHee YKIOHSIOMYICS OT Hyls Ha E ¢ MakCHMaJIlbHBIM YHCIIOM TOYEK YKJIO-

HEHHS W CO 3HaMeHaTeleM H’;=I=(1—a,«‘,,x);)’,,(x)=2:=,)’,,,(X), rae y;, (x) uz memms 1,
i ¥,(%)
S (x)=—| —FA=—=dx, H(x x-b,), b=-1, b, =1
o e = | J Y
Teopema 1. Ilycts {a;,} — peryaspHas OTHOCHTEIRHO E Marpuna 0O6paTHBIX BENMYKH I10JIIOCOB,

{l/a;,} < K, rne K — HEKOTOpO€ KOMIIAKTHOE B CHEPUIECKOM METPHUKE MTOMHOXKECTBO C\E.
Torma

6

C,. (34)

A - <Clnn, (35
rne C = C(E, K) 3aBucuT b oT £ u K.

Jloka3aTejJbCTBO.

3aHymepyeM HylIM palliOHaNbHOH QyHKIHMH M,(X) caeqyromuM o0pa3oM:

1<%, , kX <b<bh,<x, ,<u.<by <%, ,<..<x, <l

my+ln

Janee, BeIOepeM HOMepa p, i = 1, ..., [ U3 HepaBEHCTB

b,  +b,
< 2i—1 2i
fow" - 2 < xl’:-"'

Jloka3arenbCTBO NPOBOAXUTCA B 3aBUCUMOCTH OT PACIOIOXKEHUSA TOYKH X.
Ilycth cHauana

T.e x€(x,,x._,] U 1<i<p +1. Onenum QyHIaMEHTAIBHBIH [IOJMHOM

I ()= M, (x) M"(x)\/—H(xk,n)
N (X xk n)M (‘xl. n) (x_xk,n)yn(xk,n)
Mg k=12,..,i-2;3<i< p,+1. Tak KaK

| Yo (Xen) _ Ya(Kica) ’

VHGL HGa| o

TO 10 TeopeMe Jlarpamxa umeeM
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V-H(x,,) Va(E)J—H(x,)
lk,n (x )I S’ = < L

=X, |7, (x,) "~ mli—k=DJ=H @)y, (x,,)’

e x,,, <& <x,,. Orcrona ¢ y4eToM J1eMMbI 2 HOLyYHM

AT A v
kon - (21-1)/2 - . £
o ) k-1
S [ RCR (36)

Hanee, ipuk=i—1;i=2,3,...<p,+ 1,

|M,0-M, (x| J-H(x,,,) _ 1&)y-Hx,,)

(Xipn = X)7, (X1, AN-H(E)y,(x_,,)

lli—l,n (x)] =

rae x <& <x;_,,, OTKyJa C y4eTOM JIEMMBI 2

Iy, (0| < e
nC, 1-5(%;) ’ 37

Ipuk=i;i=2,3, ..., p,+ 1 umeem

N —-H(x,
1 ooj= L0 o7 (38)
' a-HE) 7,(x,) "
Tae x; , <&;<x "
7 = J-H(x,,)
o \/ _H(él)
AnaniornyHo moctymumM u it i=1,2, ...,p; k=i+1,...,m,,.
lk"(x)‘s \/‘H(xk,n) =|Sn(xk-1.n)_sn(xk.n) \/—H(xk.n) _ (xk-l,n_xk,n)' 7.(€) _\/_H(xk.n) SiZk, (39)
‘ (x_xk‘n)yn(xk,n) (x=x,,)7,(x,) r(x=x.,) A(x.,) \/_H(gk) nC,
roe

Z, =M’ By < 65 S Xy e
N-H(E) ' '

Ouenkodt BenuuuH Z;, k = i, i+1, ..., m,, 3alimeMcs 103Xe, a ceifyac IEPENIEM K CIydaro
i=1,2,..,psk=m +2, .., p, . 30ech NMEEM TaK e, KaK U TIpH HoMydeHHH (39),

21-1
Gt = %) ¥,(&) N~H,) <« G Xioin = Xim by =%,2 7 <
23

r(x=x.,) 7,(x,) \/‘H(f,‘) _”Cl X=X n by —byy T
X n ’ f b - b _b 2 2
VPa =8 (by = by, X D) )

L, (x)| <
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5/( - xk.n xk—l.n _xk,n

& T ék xX—= xk.n

<C- |1+ x . (40)

Tae x, , < & Ly 0

- == - (2l1-1)/2
Tak kak S ~Xin  Fatn " ¥un TN HG) n2 ’ @)
2’ 2 —S bZI—Z —& (b, _gk )'}’n(gk) Cl \/bzz—z —ék 7, (gk)

TO 18 oneHKH (40) Hy>KHO HalTH OLIEHKY U 2
2012~ Sk

1 . 1 . H@-nr2
\/bZI—Z - \[bZI—Z = Xy 4l \/—H(xm,_l+1,n)

[ockonsky H'(b,;,) < 0, To MOXHO HaiTH &, , > 0 3aBUCALIEE JULIB OT E, TaKOe, 4TO /A BCEX
x,b,,_,—6,_, <x<b,,_, CIpaBeJIMBO HEPABEHCTBO

Hmeem

(42)

~H'(x)=C,
npudem C > 0 3aBHCHUT JIULIB OT E, a TOIIa I TaKuX 71, 9TO X, ., € [by, =0y 5,0, ,) (B IpOTUBHOM
Clly4ae IPHMEHsEM TPUBHAIBHYIO OLIEHKY

1 Sl)

\/52[—2 - xm,_ﬁ-l,n 92/—2

UMEEM
e by, —H '(x)dx by1a
V H(x"" 1+, " J‘ s 24[—H (X) ok Jl”"“‘” " Al _H(x

O603HaunM depe3 F(x) rUnepaIMOTHYECKUNA HHTErpal

_dx
—-H(

s X, 41, B AOCTATOYHO MAJIOH, HE 3aBUCAIEN OT 77 OKPECTHOCTH TOUKH by, dyHKIms F(x)
OCYILIECTBIISET B3aHMHO-OJHO3HAYHOE OTOOPAKEHUE OTPE3KA [Xy  +1, boi 2] HA [0, 175.5]. TTockomeKy

SH(F"(nz:-z))—S,,(F_l(O)=? (43)

TO, IpUMeHss K (43) Teopemy Jlarpamxka, HaieM, 4TO CYLIECTBYET 7, ,,0 <7,_, <7,,_,, TAKOE, 9TO

T ~-H(F™ (MT21-2) _ T

27, (F G, NF ) (yy) 27, (F ()

My =

HIIA 9YTO paBHOCHIIBHO

T
UL
n 27,(632)
€ Spa = F_l(ﬁZI—l )’me+l,n <Gyp <byy-
T 6 H(x )2 < 44
akuM 00pazom, —H(x,, 4,) 2=
P 1 Y(S2is) e

HayqHeiri otgen
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Ioncrasnas (44) B (42) u B (41), monyuum u3 (40) ¢ yu4eToM TeMMBI 2:

X —X,
l, <C k—1,n k,n )
' M(x){ .——x—xk," (45)
mi=1,2, ....psk=m_+2,..,p.,.
ﬂ)’[ﬂk:mi_] + 1; i= 13 29 ""JleMeeM
I, ()| < ) < 2
) IX xmr 1+l Va (xm +1n) Cl (bZ’_I _b21'2) . (46)
Ouenum teneps Z, k=1i,i+ 1, ...,m_,i=2,3,...,p,+1:
—H(x, 1- =
7, =3 H10) \/ r _ \/ﬁk S @)
HE) V-4 1=
Hanee,
& ~x,, < Fitn "X _ n-H(&,) N 722h2 48)

=&~ 1=& T -&nE) 1-7,)

Teneps /1 —¢&, OLICHUM TaK Xe€, KaK U IpH BhIBoOZE (42):

J-=H
N e il 2 \/_H(x) (49)

(1 b )(21 /2 —
21-1

TIToBTOpsist paccyx/aeHHs, HCIIONB30BaHHbIE IIPH TOMydYeHuH (44), HalieM, 9To

C
J-H(x, )2 ;
() 7.(62)

e x; , < G, <1. IloacTaBisia 3Ty oueHky B (49) u (48), momyunm

S =X Scyn(gﬂ)
1-¢, AN

a Torza u3 (47) ¢ y4eToM JISMMBI 2 UMEEM
e (50)

AHaJIOTMYHO Pa3dUparoTCs CIydau kK = p, |, ...., n. Ouenum teneps /, (x):

I, (x)l<1+2|k"(x)|. (51)
O6wvemunas (36)~39), (45), (46), (50) u (51), umeem
2|l (x)|<C1nn+C ;Z————x =, 3 (52)

3aMeTHM Tenepsb, 4TO IpH k = i+2, ..., n

Xi-tn ~ X n :J'Xu do J'Xk;; do

x < x o’
X —xk.n Fe-1n X —xk i k=-1n X ~—
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xk—l.n _xk.n < J""'*'-” de - ln e x"~” <ln 2 =In 23/"(51) o, (53)
k=i+2 . x,.— xk‘,, X —0 X = xi+1,n Xin = Xittn ﬂ\/—H(éi )

Ecmu teneps &, > 1 — 6,, tne 6,, onpenenserca u3 ycnoBus H'(x)=2C,, >0 mig 1-6,, <x <1, TO
TIPUMEHSAEM OLIEHKY

VHEY 2 — (54)

7’"(52/)’

Ie x,, , <&, <1, ecmuxe §,>1-6,, T0

(21-1)/2
\/"H(;‘)Z\/l_czi (l—_ZzLi) o (55)

OxkoHyarensHo, noacTasis (54), (55) B (52),(53), nomyyum Tpedyemoe. OcTanbHbie ClIy4au pac-
TMIOJIOXKEHHS TOYKU X HA MHOXeCTBe £ pa30uparoTcs aHaJIOTH4HbIM oOpa3oM. Teopema nokasaHa.
[Toxaxxem Temniepb, 9To oueHKa (35) TodHa o nopsAaxy. st 3Toro oneHMM cymmy

Sl )-
k=1
[Momyuum
Z L _H(xk',,) 2L |Sn(l)_Sn(xk.n) —H(‘xk,n) D yn(ék) _H(xk‘,,)
DW= — 22 “ =2, “ — (56
= o (=x,)7, (%) ia wk=12)(A=x, )y, (%) %5 n(k—-1/2)1-x, )7, (x,,, )J—H(gk)
rneé, e (x¢,,»1), a ”HAEKCBI p,, ..., p, BRIOUPAIOTCS TENEPh U3 TOr0 TPeOOBaHMs, YTOOBI TOUKH X x

m+ln3 " p oy
IPHUHAIEKANN HHTEPBaIaM yObIBaHHUSA, & TOUKH X,,  ,»--»X;,,, HHTEpBATaM BO3pacTaHUs (YHKIMH —
Hx),i=1,...,1(m=1, my=n).
Y4auteiBas BEIOOp MHIEKCA p;, UMEEM

S o, Bl

J-HE) p”

a Torzaa u3 (56) nomyvaem

n

l,,(|=n p,. (57)

k=1
AHajtorugHo YCTaHaBJIMBAKTCA OLICHKH

n

2,

k=1

Lo 2Clp,-m|, j=L..1-1, (58)

n

>

k=1

l/c.n (b2j+l )

2Cln|p,-m,_+1|, j=0,1,.I-1, (59)

Tak xak

~

S (1B, ~ 7,00 + 2 +[B 1~

)=n,

J

]
o
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P

TO XOTH OBl OHO U3 YHUCEN ' p,—m, +1|,| P~

,j=-0,...,1—1 6yner Gomsire n/(2/), a Torma mns

COOTBETCTBYIOIIErO HepaBeHCTBa U3 (57) —(59) naiinem

n
max 3,
1=5<21 =

I, (b)|2Clnn,

TakumM 06pa3oM, TOYHOCTB OLIEHKH (35) yCcTaHOBIEHA.

Paboma evinonnena npu gunarncosoii noddepicke PODH (npoexm 04-01-00060), npozpammbt
«Ynusepcumemor Poccuuy (npoexm YP. 04.01.040) u npozpammer Ilpesudenma PP noddepocku ée-

Oywux HayuHvix wikon (npoexm HIII-1295.2003.1).
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