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LIMIT MODEL FOR THE VLASOV-MAXWELL SYSTEM
WITH STRONG MAGNETIC FIELDS VIA GYROAVERAGING

© T. KESSLER, S. RTASANOW

This paper deals with the Vlasov—-Maxwell system in the case of a strong
magnetic field. After a physically motivated nondimensionalization of the
original system, a Hilbert expansion is employed around a small parameter
given as the product of the characteristic time scale and the gyrofrequency.
From this, necessary conditions on the solvability of the reduced system
are derived. An important aspect is the reduction of the six-dimensional
phase space to five dimensions. In addition to the discussion of the partial
differential equations, also initial and boundary conditions both for the full
system and the limit model are studied.

§1. Introduction

First promising results of experiments from Wendelstein 7-X (see [9]) and
the international cooperation on building large scale reactors like ITER in
southern France show the great progress towards nuclear fusion as a new source
of electric power. In order for the atomic nuclei to fuse upon collision with
high probability, large pressure or temperature is needed. Both cases give rise
to a plasma, a state of matter where the negatively charged electrons of the
atomic hulls and the positively charged nuclei are separated. If a plasma is not
kept away from the walls of the device, it reacts with the material of the wall
and cools down, bringing the fusion process to hold. Therefore, it is crucial to
confine the plasma. The most successful strategy is magnetic confinement. Due
to the electromagnetic Lorentz force the charged plasma is trapped inside the
magnetic field lines. Over the years several designs for the magnetic field lines
have been proposed with most successful being the tokamak and stellarator
geometries, see [3] for a physical and [19] for a historical review.
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The mathematical models for plasma are too complicated to obtain analytic
solutions in closed form. Thus, a numerical treatment is unavoidable. However,
in some simplified situations, there are analytical results [1,21,22], see also [2]
for an overview.

To give an idea of typical particle trajectories in the plasma and to introduce
the notation that will be used later, let us consider the motion of a charged
particle with mass m and charge ¢ within a constant magnetic field B # 0. Its
state at time ¢ € R is described by the position z(t) € R? and the velocity
v(t) € R3, which evolve according to the Newtonian equations of motion,

T =wv,

. q

v=—v X B,
m

with initial conditions z(0) = zg, v(0) = vg. With the unit vector
B
B[’
we define the velocity parallel to the field lines,
ol = (v-b)b

and the velocity perpendicular to B,

’UJ' :U—’U”.

b=

Clearly,
I— 4 . =
ol = = |B| ((v x b) b)b 0

and
ot = LBl (0l o) xb= L |B|vt xb. (1)
m m

From this differential equation we deduce that

d
— vt =20t -0t =0,

so that the curve vt (t) describes a circle of radius |vg | in the plane perpen-
dicular to b. The frequency of the motion can be identified from (1) as the
gyrofrequency

lq|

Integrating once again, we see that the particle’s trajectory perpendicular to

b is a circle with radius

B N
We |Q‘ ‘B’
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Figure 1. Two particle trajectories for different field strength | B].

the so-called gyroradius. We illustrate this motion of a particle in Figure 1,
where two trajectories with the same initial conditions but different magnetic
fields are shown.

Stellarators and tokamaks have a toroidal shape with a minor radius of
around 2m and strong magnetic fields in the order of 2T to 5T [17,20]. For
deuterium ions this leads to gyroradii of 2mm to 5mm. Contrarily, the mo-
tion of the particle parallel to the magnetic field lines is in the order of the
minor radius. Therefore, the full description of a plasina in these geometries is
a multi-scale problem with a rapid periodic motion perpendicular to the mag-
netic field lines and a slowly varying drift along the parallel axis. It is tempting
to average over the fast time scale and at the same time keeping relevant phys-
ical properties. This mitigates the stiffness introduced by the gyrofrequency
and additionally reduces the number of degrees of freedom. Instead of a three-
dimensional velocity v € R3, the velocity of the averaged particle is fully de-
scribed by vl and |[vt|. The gyrokinetic theory (or gyrokinetics) built in [11]
is an asymptotic analysis of the Vlasov—Maxwell system [23,24] as |B| — oo
while averaging over the circular motion. We refer the reader to |5,16] for a
modern review of gyrokinetics and its applications in physics.

In the following, we review some mathematically rigorous treatments of plas-
mas in strong magnetic fields. A convergence proof for the Vlasov-Maxwell



LIMIT MODEL FOR THE VLASOV-MAXWELL SYSTEM 203

system with strong external fields was given in [10], analogous results for the
electrostatic case were reported in [12]. The derivation of second order gy-
rokinetic theory for the Vlasov—Poisson system was discussed in [4]. The limit
model for the Vlasov—Poisson system with strong magnetic field analyzed in [8]
couples the Vlasov operator with an additional transport operator that ensures
the transport along the magnetic field lines. Recently, Possanner [18] gave a
rigorous derivation of the gyrokinetic theory based on variational averaging.
His work also includes error bounds for the approximation of the full Vlasov—
Maxwell system.

This article is organized as follows. We begin with a review of the Vlasov—
Maxwell system in §2 and discuss suitable initial and boundary conditions for
the particle density function and the electromagnetic fields. In §3, we transform
the Vlasov—Maxwell system into a nondimensional system of partial differential
equations and identify the small parameter used for the Hilbert expansion
in §4. Necessary conditions for the Hilbert expansion are given in §5 where we
review known results on averaging operators and apply them to our system.
Concluding remarks are found in §6.

§2. The Vlasov—Maxwell system

Let © C R? be a physical domain. The Vlasov equation for the particle
density
f:Ryx QxR =Ry

reads
ft—i-v-gradxf—l—%(E—i-va)-gradyf:O (2)

for the time, space, and velocity variables (t,z,v) € Ry x  x R3, Here, ¢ € R
denotes the charge and m € R, the mass of the particle. The electric and
magnetic fields,

E: R, xQ—>R3
and
B : R, xQ—R3

are the solution of the Maxwell equations (Faraday and Ampere laws)
1
curl, E + By =0, curl, B — < E; = po7, (3)
c
subject to the Maxwell constraints (Gauss laws)

1
diveE = o, div,B =0, (4)
0
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and related to the Vlasov equation via charge and current densities

e=q s, i=qfvrav (5)
R3 R3
In (3), c is the speed of light, 1o is the magnetic permeability while ¢ in (4)
is the electric permittivity. We have the relation

1
2
c = . 6
E0/40 (6)
The Vlasov-Maxwell system (2)—(4) is subject to a set of initial conditions
f0,z,v) = fo(z,v), E(0,x2)= Ey(x), B(0,z)= Boy(x) (7)

for x € Q and v € R3. If Q is a bounded Lipschitz domain with the boundary T,
then the outward unit normal n, € S? is defined for almost all z € I". In this
case also a set of boundary conditions for the unknown functions f, E, and B
is required. An appropriate boundary condition for f can be specular or diffuse
reflection (see [6] for more details) or simple absorption

f(t,z,v) =0, t>0, zcT, velR> (8)

If the boundary I' is a perfect conductor, the following boundary conditions
are formulated for the fields E and B:

n, X E(t,x) =0, ng-B(t,x)=0, t>0, xel. (9)

It is easy to see that the Maxwell constraints (4) are fulfilled subject the initial
fields Eg and By fulfil them. Integrating the Vlasov equation (2) over the
velocity space, immediately leads to the continuity equation

or + div,j = 0. (10)

This equation is fully consistent with the Maxwell system. We have only to
take divergence of the Ampere equation in (3) and inserting the first Gauss
law in (4), we obtain with (6) the continuity equation (10) again. Thus, the
continuity equation is very natural for the Vlasov—Maxwell system and, as a
consequence, it has to be addressed by any numerical solution or other approx-
imation of this system.

§3. Scaling transformation

In order to recognize important dimensionless parameters of any physical
problem, it is necessary to scale all physical quantities with appropriate typical
values. For a scaling of the Vlasov—Maxwell system, we will use the following
characteristic scalar quantities:
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e time fchar, ® 1M3assS Mchar,

o length Lepar, e magnitude of the E field
hd Speed ‘/char; Echar;

e temperature Tepar, e magnitude of the B field
o number density ncpar, Bchar,

e charge Qchar,

where

kBTchar Lenar Mchar ‘/;2}13r
‘/char = — tchar = ; Echar =
Mchar Venar Jchar Lchar
and kp is the Boltzmann constant. The scaling factor for the particle density f
is
Nchar

V3

char

fchar =

Following the usual nondimensionalization procedure for all physical scalar or
vector-valued quantities

9

Jchar

g=

and immediately dropping all tildes, we get the dimensionless Vlasov equation

ft +v- gradxf + M(E + (wctchar) v X B> : gradvf = 07 (11)
m/mchar
where
— QChachhar
¢ Mchar

is the so-called cyclotron frequency [7]. The gyrokinetic equations are valid in
a regime with a strong magnetic field Bepar, i-€., for tcpar > 1/w,, or

QCharLchar 1
= ———— Bepar = = e — 0.

Wetchar
Mchar Vehar

The Vlasov equation changes to

Q/ (char

€ +wv-grad, ¢+
ft g :rf m/mchar

1
<E8 + SUx Bs) -grad, f¢ =0,

where we put the superscript € on f, E and B to emphasise their dependence
on €.
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The Maxwell equations composed of dimensionless terms are

LcharNchar@enar 1
div, E* = — 5 c,
char €0
: €
div,B® = 0,
LcharEchar
curl, B 4 Deherlehar pe ()
tchachhar
L E 1 n L2
c charf’char e char{charLchar .¢
curl, B — ————SFE; = fichar— 0 7] .

tchar Benar c? Behartchar
The constant in the first equation can be simplified by the use of the Debye

length (see [7])
Ay — €0k BT char
D= (|5
ncharqchar

L charNcharQchar l _ <Lchar > 2
Echar €0 )\D
The factor in Faraday’s law is simplified to

to

LcharEchar — ot o
s = har = —
tchachhar e
For the Ampere-Maxwell law, we get
2
LcharEchar 1 _ <‘/char> e

tchar Behar c?

2 2 2
Nchar QCharLchar o Lchar Vchar
Ho = €
B charbchar A D c

Hence, the Maxwell equations are now

and

LC ar 2
leng = < )\}; ) Qg’
div,B* = 0,
1
curl, E° + ng = 0,

V::ar 2 LC ar 2 VC ar 2
curleE—6< h ) Ef = g< h > ( b )ja.
c AD c

Note that the initial and boundary conditions in §2 have to be scaled with the
corresponding characteristic values as well.
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§4. Hilbert expansion

One of the possibilities to study singular limits of equations including small
parameters is the formal Hilbert expansion [14] for all scalar and vector-valued
functions involved in the system

ga:go+€gl+52g2+...

in the hope that the corresponding equations at least for ¢° and g' are much
simpler that the original system. For the Vlasov equation, we have one term
of the order =1

Q/ Jchar 0 0
———— (v x B") -grad, f° =0.
m/mchar ( ) v
The corresponding term in the system of Maxwell equations is

BY =0,
and, therefore, BY is a function of x only, i.e., B = B%(x). We rewrite the
vector B? as B%(x) = rp(z) b(x) with
BO
rg=|B°| 20, b=—¢€S5
B ’ ‘ ‘BO|
Thus, the equation for fO can be rewritten as

Tf0 = a(x) (v x b(x)) - grad, f0 = 0. (12)

with
ala) = LI

m/mchar

The term of the order of €° in the Vlasov equation is

VIO + T =0, (13)
where the Vlasov operator V acting on a function g is defined as follows:
Vg = G¢ + v - gradxg + M<EO 4+ v X Bl) X gradvg'
m/mchar

From the Maxwell system, we get the following terms of order £°:

Lenar \
div, E® = <;> o, div,B°=0,
D

curl, E° + Bl =0, curl,B° = 0.
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Two further equations including E° and B! are the terms of order €' in the
Maxwell system:

2 2 2
char LC ar char .
div, B! =0, Curlel—(VZ> Egz( b ) <Vh > 3% (15)

)\D C
with
o = 1 /fodv, = 1 /vfodv.
Gchar Gchar
R3 R3

The second and fourth equations in (14) show that the time independent
field BY is harmonic in €, i.e.,

B = —gradwgpo, —Amfpo =0,

where the harmonic potential ¢ is uniquely determined thorough its boundary
values.

In the general theory of the Vlasov—Maxwell system, it is known that the
scalar divergence equations for the vector fields E and B are automatically
fulfilled for all times if they are fulfilled initially. Here, we adapt this property
for the Hilbert expansion. Since the field B is time independent, its diver-
gence remains zero if it was so initially and the second equation in (14) is
fulfilled. From the third equation in (14), we deduce that the divergence of B!
is constant in time

(div,B"), = —div, curl, E = 0.

Thus, the first equation in (15) is automatically fulfilled for all times if it is
fulfilled for the initial condition B*(0, -). For the divergence of E°, from the
second equation in (15) with

div, curl, Bt =0,

we get the following expression:

(le EO) _ (LChar>2diV jO _ q <I/<:har>2 /le ('U fO) dw
T : ] = z .
Ao w) )

(char
With
divy (v fo) =wv-grad, f°,

we replace the integrand with the help of the Vlasov equation. This gives rise
to three terms. The first term is
2
) e

LC ar 2 LC ar
q h /f? dv = h
{char AD AD
R3
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For sufficiently fast decaying f° and f! with respect to v, we get for the second

term )
q ( L char > Q/ Gchar
AD n7/7nchar

Gchar

/EO -grad, f*dv = 0.
R3

The third term is similar and we use
(vx B) -grad, f° = divy (v x B) f°) = f*div, (v x B) = div, (v x B) /)

to conclude that this term vanishes as well. Thus, the expression

LC ar 2
(divxEO—( o > o) =0
D t

shows that the first equation in (14) is fulfilled for all times if it is fulfilled for
the initial condition.

The scaled initial conditions fy, Eo, and By may be also dependent on the
small parameter €. A detailed discussion on this subject concerning the Boltz-
mann equation can be found in [13]. Thus,

fo = fot+efo+fg 4
Ey = E{+cE}+*Ej+...
By = B)+eBj+&’Bi+. ...

We assume that these expansions are known and give the initial conditions for
all f¥, E* and B*. Note that if the initial condition By does not depend on &,
then the field BY coincides with its initial value By = BJ.

The homogeneous boundary conditions (8) and (9) remain homogeneous for
all fk, E* and B*.

§5. Transport and averaging operators

The study of the transport operator 7 was completed in [4]. Here, we sum-
marize the results. Consider the following differential operator

Tf=a(z)(vxbz)) - grad,f,
where
zeQ, veR a:Q—-Ry, b:Q— 5%
This is a linear partial differential operator of the first order. The system of
three ordinary differential equations for the characteristic curves V : R — R?
reads
d

—V(s) = a(@) (V(s) x b(a)
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with the initial condition
V(0) =wv.
The solution of the system is
V(s;z,v) =cos (a(x)s) (b(z) x (v x b(z)))
+ sin (a(z)s) (v x b(z)) + (v - b(z))b(z),

which describes for fixed z, v with v X b(x) # 0 a circular rotation in the plane
orthogonal to the vector b(x) with the period

p(z) =

27
a(x)
Consider the homogeneous equation
Tf=a(z)(vxbz)) - grad, f =0.

Linearly independent invariants of the characteristic curves V(s;z,v) are
|v X b(z)| and v - b(z) due to
[V (s;2,0)] = |v x b(a)2 + (v-b(x))

and
V(s;z,v)-b(x) =v-b(x).

Since x is a parameter of the equation, and the time variable is not at all
involved, the general solution can be given in the form

flt,x,v) = F(t,x, |v X b(z)],v - b(a:)), (16)

where F' : Ry x Q@ xRy xR — R is an arbitrary sufficiently smooth function.
This is the characterization of the kernel ker 7.

Since the zero term f° in the Hilbert expansion of the function f belongs
to ker T, see (12), it is still an arbitrary function of ¢t and x, the dependence
on v, however, is reduced from three variables to two, namely |v x b(z)| and
v-b(x)

In order to find a further equation or condition for the function f9, we
have to characterise the image of the operator 7. In accordance with [4], the
following averaging operator is a key for this study.

Let u = u(z,v) : @ x R* = R be a scalar Lo-function, i.e., u € Ly (Q x R?).
Consider

(u)(z,v) = (1x u(z,V(s;z,v))ds,

p(x)

o\;:\
Y
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where V(s;z,v) is the characteristic curve of the transport operator 7. For
fixed x, the operator < . > describes the averaging of the function u over one
period of the characteristic curve V, i.e., over the circle

Co=Cy(z) ={ec S*: e-blzx) =0}.
This yields
(u)(w,v) = % / u(z, |v x b(z)|e + (v- b(xz))b(z)) de,
Co(x)

where the following parametrization of the circle Cp

e =cos (as)uy +sin (as)ug, s € [0,p] (17)
has been used. The vectors u; and uy are defined as follows
v X b(x) v x b(x)
= b — =2 =22
(o) =) X g 2 = )]

Consequently, with respect to v, the average <u> is a function of |v x b| and
v - b only. Therefore,

(u) € ker T.
The operator < . > is a continuous linear mapping
() Ly( x R?) — Ly(Q x R?)
with norm
I >H£(]L2(Q><IR{3),]L2(Q><R3)) =1
Furthermore, it is an orthogonal projector
() La(Q x R®) — ker, T

and for all u € ker T we get the relation u = <u>
However, its most important property is

ker ( - ) =1ImT, (18)

which gives us the next necessary condition on the solvability of equation (13),
i.e.,

(Vo) =o. (19)
Thus, the necessary conditions on f° are
T =0,
(20)

(vf) = o.
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The first condition in (20) means
Ft @ v) = g(t 2, v x b()], v - b(x))

for some sufficiently smooth function g = g(t, x,r(x), z(;v)) Thus, the depen-
dence on v is reduced from three independent variables vy, ve, and w3 to two,
namely, |[vx b(z)| and v-b(x). However, the price is quite high, since the depen-
dence on z is now much more complicated and the averaging of Vf° requires
some technical computations. We recall the Vlasov operator

V=) +v-grad, f° + M(EO +v X Bl> - grad, f°. (21)

m/nchar

The terms involved in (21) are

v-grad, f* = v - grad,g — Org ((b)v-v)(v-b) + 8.9 (J(b)v - v),

lv x b
and
0o_ T
grad, f* = Org [~y ([ bb )v +.9b,
where ;
J(b) = <8bi> c R3%3
Ox; ij=1

is the Jacobi matrix.
Now, we give the averages of all four terms in (21):

<ft0> = 9t
<v . gradxfo> = (v . b) (b . gradxg)

— Slxbldivab (— (v-5) g+ |vx blo-g)
<E0 . gradvf0> = E° b0.g,

<11 x B! -gradvf0> = 0.

The last averaging is somehow surprising. Since it was not involved in [4], we
demonstrate this averaging by the use of the following property of the averaging
operator. Let u : Q x R? — R be a scalar Ly-function and let w € ker T, i.e.,
w = w(x,|v x bl,v-b). Since |e x b| =1 and e - b = 0 for the vector e defined
in (17), we get

|(Ju x ble + (v b)b) x b| = |v x b |e x b| = |v x bl
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and
(v x ble+ (v-b)b) - b= (v-b).
Thus, for all w € ker T, we have

(uw) = (wu) = (u) w = w (u). (22)

By the use of this property, we get
<v x B! -gradvf0>

=g i . <v x B! (I— bbT)v> +(9Zg<v x B'. b>

= (—8rg|v bb’ +8zg><UXBl'b>

:(—8rg| bb’+azg)( .b)(bx B') -b=0.

Note that the average is zero due to the structure of the Lorentz force, inde-
pendent of the fields b and B!. The averaged Vlasov equation for the function
g=g(t,x,r z) reads
gt +2b - grad g—i-}rz&«g—&-(—lrz—i-q/qﬂEo-b)azgzo. (23)
z 2 2 M /Nchar
Although we obtain the same transport operator as in the electrostatic case
(see [4]), which does not depend on B!, the vector-valued function E° is the
solution of the system (15). Therefore, the dynamics of the particle density
function still depends on the self-consistent magnetic field albeit it does not
appear explicitly in equation (23). We repeat, E? is the solution of the following
system (see (14), (15)):

curl, E° + B} =0,
cur1x31_<°> B = (0> (0) o
c AD c

An important consequence of the averaging is that the current density is tied
to field lines of BY. With cylindrical coordinates along b(x), we get

Ot2)= L /vfo(t,:r,v) dv

{char
3

—on 14 b(az)/z/g(t,x,r,z)rdrdz.
Gchar
0
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In contrast to the full Vlasov—Maxwell system, only the magnitude of the cur-
rent density depends on the distribution function. Its direction is predetermined
by the magnetic field lines. This is consistent with the transport operator in
equation (23), where particles only move along b, therefore they only generate
a current parallel to it.

The initial condition fJ is assumed to imply fJ € ker T, i.e.,

g(0,z,7,2) = go(x, 7, 2) = fO(x,|v x bl,v-b).
It seems to be very restrictive, however, due to
v x b+ (v- b)2 = |vf?

for all unit vector fields b € 52, any isotropic density function in v and arbitrary
in x can be used as an initial condition, for instance with Qg C 2 we take

1 p(z) [v]?
fOO(xJU‘):i]lQ (.%')76}{1) - )
[0l T (21 T(2)*? 27 (x)
where 1g, is the indicator function of the set €2g. The density p and the tem-
perature T' may be arbitrary positive functions of the space variable z. The
initial conditions EY and B} are assumed to enjoy the Maxwell constraints

L 2
div, By = <Ag> o,

div,By = 0
with

{char

o5(z) =27 a //go(x,r, z) rdrdz.
—oco 0

If the physical domain € is bounded, we assume homogeneous boundary con-
ditions on its boundary I':

g(t,z,7,2) =0, myx E°t,z)=0, mn, B (t,z)=0, t>0, zel,

where n, is the outward unit normal. The unit vector b = b(x) is assumed to
be given.

§6. Conclusion

In this paper, we apply the theory of the transport and averaging operators
developed in [4] to the full system of Vlasov—Maxwell equations. An appropriate
scaling and nondimensionalization of the this system lead to a system with a
physically motivated small parameter. The Hilbert expansion with respect to
this small parameter leads to a simplified Vlasov equation, which is formally
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identical to the equation from [4]. However, the involved electric field is the
solution of a modified system of Maxwell equations.

The classical Hilbert expansion for the Boltzmann equation [14] leads to
a much stronger restriction already for the function f°, which has to be a
Maxwell distribution. In our case, the solution of equation (12), which is a
simple linear first order partial differential equation, remains quite general.

The resulting system of partial differential equations posed in a two-dimen-
sional velocity space and the three-dimensional physical domain seems to be
suitable for the numerical solution by means of a particle method which has to
be coupled with a deterministic transient Maxwell solver. We address this sub-
ject in a forthcoming paper and refer to [15] for the meshfree particle method
combined with boundary element methods for the Vlasov—Poisson system.
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