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LIMIT MODEL FOR THE VLASOV�MAXWELL SYSTEM

WITH STRONG MAGNETIC FIELDS VIA GYROAVERAGING

© T. KESSLER, S. RJASANOW

This paper deals with the Vlasov�Maxwell system in the case of a strong
magnetic �eld. After a physically motivated nondimensionalization of the
original system, a Hilbert expansion is employed around a small parameter
given as the product of the characteristic time scale and the gyrofrequency.
From this, necessary conditions on the solvability of the reduced system
are derived. An important aspect is the reduction of the six-dimensional
phase space to �ve dimensions. In addition to the discussion of the partial
di�erential equations, also initial and boundary conditions both for the full
system and the limit model are studied.

�1. Introduction

First promising results of experiments from Wendelstein 7-X (see [9]) and
the international cooperation on building large scale reactors like ITER in
southern France show the great progress towards nuclear fusion as a new source
of electric power. In order for the atomic nuclei to fuse upon collision with
high probability, large pressure or temperature is needed. Both cases give rise
to a plasma, a state of matter where the negatively charged electrons of the
atomic hulls and the positively charged nuclei are separated. If a plasma is not
kept away from the walls of the device, it reacts with the material of the wall
and cools down, bringing the fusion process to hold. Therefore, it is crucial to
con�ne the plasma. The most successful strategy is magnetic con�nement. Due
to the electromagnetic Lorentz force the charged plasma is trapped inside the
magnetic �eld lines. Over the years several designs for the magnetic �eld lines
have been proposed with most successful being the tokamak and stellarator
geometries, see [3] for a physical and [19] for a historical review.

Êëþ÷åâûå ñëîâà: Vlasov�Maxwell system, strong magnetic �eld, gyrokinetics.
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The mathematical models for plasma are too complicated to obtain analytic
solutions in closed form. Thus, a numerical treatment is unavoidable. However,
in some simpli�ed situations, there are analytical results [1,21,22], see also [2]
for an overview.

To give an idea of typical particle trajectories in the plasma and to introduce
the notation that will be used later, let us consider the motion of a charged
particle with mass m and charge q within a constant magnetic �eld B ̸= 0. Its
state at time t ∈ R+ is described by the position x(t) ∈ R3 and the velocity
v(t) ∈ R3, which evolve according to the Newtonian equations of motion,

ẋ = v,

v̇ =
q

m
v ×B,

with initial conditions x(0) = x0, v(0) = v0. With the unit vector

b =
B

|B|
,

we de�ne the velocity parallel to the �eld lines,

v∥ = (v · b) b

and the velocity perpendicular to B,

v⊥ = v − v∥.

Clearly,

v̇∥ =
q

m
|B|

(
(v × b) · b

)
b = 0

and

v̇⊥ =
q

m
|B| (v∥ + v⊥)× b =

q

m
|B| v⊥ × b. (1)

From this di�erential equation we deduce that

d

dt
|v⊥|2 = 2 v⊥ · v̇⊥ = 0,

so that the curve v⊥(t) describes a circle of radius |v⊥0 | in the plane perpen-
dicular to b. The frequency of the motion can be identi�ed from (1) as the
gyrofrequency

ωg =
|q|
m

|B|.

Integrating once again, we see that the particle's trajectory perpendicular to
b is a circle with radius

rg =
|v⊥0 |
ωc

=
m

|q|
|v⊥0 |
|B|

,
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Figure 1. Two particle trajectories for di�erent �eld strength |B|.

the so-called gyroradius. We illustrate this motion of a particle in Figure 1,
where two trajectories with the same initial conditions but di�erent magnetic
�elds are shown.

Stellarators and tokamaks have a toroidal shape with a minor radius of
around 2m and strong magnetic �elds in the order of 2T to 5T [17, 20]. For
deuterium ions this leads to gyroradii of 2mm to 5mm. Contrarily, the mo-
tion of the particle parallel to the magnetic �eld lines is in the order of the
minor radius. Therefore, the full description of a plasma in these geometries is
a multi-scale problem with a rapid periodic motion perpendicular to the mag-
netic �eld lines and a slowly varying drift along the parallel axis. It is tempting
to average over the fast time scale and at the same time keeping relevant phys-
ical properties. This mitigates the sti�ness introduced by the gyrofrequency
and additionally reduces the number of degrees of freedom. Instead of a three-
dimensional velocity v ∈ R3, the velocity of the averaged particle is fully de-
scribed by v∥ and |v⊥|. The gyrokinetic theory (or gyrokinetics) built in [11]
is an asymptotic analysis of the Vlasov�Maxwell system [23, 24] as |B| → ∞
while averaging over the circular motion. We refer the reader to [5, 16] for a
modern review of gyrokinetics and its applications in physics.

In the following, we review some mathematically rigorous treatments of plas-
mas in strong magnetic �elds. A convergence proof for the Vlasov�Maxwell
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system with strong external �elds was given in [10], analogous results for the
electrostatic case were reported in [12]. The derivation of second order gy-
rokinetic theory for the Vlasov�Poisson system was discussed in [4]. The limit
model for the Vlasov�Poisson system with strong magnetic �eld analyzed in [8]
couples the Vlasov operator with an additional transport operator that ensures
the transport along the magnetic �eld lines. Recently, Possanner [18] gave a
rigorous derivation of the gyrokinetic theory based on variational averaging.
His work also includes error bounds for the approximation of the full Vlasov�
Maxwell system.

This article is organized as follows. We begin with a review of the Vlasov�
Maxwell system in �2 and discuss suitable initial and boundary conditions for
the particle density function and the electromagnetic �elds. In �3, we transform
the Vlasov�Maxwell system into a nondimensional system of partial di�erential
equations and identify the small parameter used for the Hilbert expansion
in �4. Necessary conditions for the Hilbert expansion are given in �5 where we
review known results on averaging operators and apply them to our system.
Concluding remarks are found in �6.

�2. The Vlasov�Maxwell system

Let Ω ⊆ R3 be a physical domain. The Vlasov equation for the particle
density

f : R+ × Ω× R3 → R+

reads

ft + v · gradxf +
q

m

(
E + v ×B

)
· gradvf = 0 (2)

for the time, space, and velocity variables (t, x, v) ∈ R+ ×Ω×R3. Here, q ∈ R
denotes the charge and m ∈ R+ the mass of the particle. The electric and
magnetic �elds,

E : R+ × Ω → R3

and

B : R+ × Ω → R3,

are the solution of the Maxwell equations (Faraday and Amp�ere laws)

curlxE +Bt = 0, curlxB − 1

c2
Et = µ0j, (3)

subject to the Maxwell constraints (Gauss laws)

divxE =
1

ε0
ϱ, divxB = 0, (4)
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and related to the Vlasov equation via charge and current densities

ϱ = q

∫
R3

f dv, j = q

∫
R3

v f dv. (5)

In (3), c is the speed of light, µ0 is the magnetic permeability while ε0 in (4)
is the electric permittivity. We have the relation

c2 =
1

ε0µ0
. (6)

The Vlasov�Maxwell system (2)�(4) is subject to a set of initial conditions

f(0, x, v) = f0(x, v), E(0, x) = E0(x), B(0, x) = B0(x) (7)

for x ∈ Ω and v ∈ R3. If Ω is a bounded Lipschitz domain with the boundary Γ,
then the outward unit normal nx ∈ S2 is de�ned for almost all x ∈ Γ. In this
case also a set of boundary conditions for the unknown functions f,E, and B
is required. An appropriate boundary condition for f can be specular or di�use
re�ection (see [6] for more details) or simple absorption

f(t, x, v) = 0, t > 0, x ∈ Γ, v ∈ R3. (8)

If the boundary Γ is a perfect conductor, the following boundary conditions
are formulated for the �elds E and B:

nx ×E(t, x) = 0, nx ·B(t, x) = 0, t > 0, x ∈ Γ. (9)

It is easy to see that the Maxwell constraints (4) are ful�lled subject the initial
�elds E0 and B0 ful�l them. Integrating the Vlasov equation (2) over the
velocity space, immediately leads to the continuity equation

ϱt + divxj = 0. (10)

This equation is fully consistent with the Maxwell system. We have only to
take divergence of the Amp�ere equation in (3) and inserting the �rst Gauss
law in (4), we obtain with (6) the continuity equation (10) again. Thus, the
continuity equation is very natural for the Vlasov�Maxwell system and, as a
consequence, it has to be addressed by any numerical solution or other approx-
imation of this system.

�3. Scaling transformation

In order to recognize important dimensionless parameters of any physical
problem, it is necessary to scale all physical quantities with appropriate typical
values. For a scaling of the Vlasov�Maxwell system, we will use the following
characteristic scalar quantities:



LIMIT MODEL FOR THE VLASOV�MAXWELL SYSTEM 205

• time tchar,
• length Lchar,
• speed Vchar,
• temperature Tchar,
• number density nchar,
• charge qchar,

• mass mchar,
• magnitude of the E �eld
Echar,

• magnitude of the B �eld
Bchar,

where

Vchar =

√
kBTchar
mchar

, tchar =
Lchar

Vchar
, Echar =

mcharV
2
char

qcharLchar

and kB is the Boltzmann constant. The scaling factor for the particle density f
is

fchar =
nchar
V 3
char

.

Following the usual nondimensionalization procedure for all physical scalar or
vector-valued quantities

g̃ =
g

gchar

and immediately dropping all tildes, we get the dimensionless Vlasov equation

ft + v · gradxf +
q/qchar
m/mchar

(
E +

(
ωctchar

)
v ×B

)
· gradvf = 0, (11)

where

ωc =
qcharBchar

mchar

is the so-called cyclotron frequency [7]. The gyrokinetic equations are valid in
a regime with a strong magnetic �eld Bchar, i.e., for tchar ≫ 1/ωc, or

ωctchar =
qcharLchar

mcharVchar
Bchar =

1

ε
, ε → 0.

The Vlasov equation changes to

f ε
t + v · gradxf ε +

q/qchar
m/mchar

(
Eε +

1

ε
v ×Bε

)
· gradvf ε = 0,

where we put the superscript ε on f,E and B to emphasise their dependence
on ε.
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The Maxwell equations composed of dimensionless terms are

divxE
ε =

Lcharncharqchar
Echar

1

ε0
ϱε,

divxB
ε = 0,

curlxE
ε +

LcharEchar

tcharBchar
Bε

t = 0,

curlxB
ε − LcharEchar

tcharBchar

1

c2
Eε

t = µchar
ncharqcharL

2
char

Bchartchar
jε.

The constant in the �rst equation can be simpli�ed by the use of the Debye
length (see [7])

λD =

√
ε0kBTchar
ncharq2char

to
Lcharncharqchar

Echar

1

ε0
=

(
Lchar

λD

)2

.

The factor in Faraday's law is simpli�ed to

LcharEchar

tcharBchar
= ωctchar =

1

ε
.

For the Amp�ere�Maxwell law, we get

LcharEchar

tcharBchar

1

c2
=

(
Vchar
c

)2

ε

and

µ0
ncharqcharL

2
char

Bchartchar
=

(
Lchar

λD

)2(Vchar
c

)2

ε.

Hence, the Maxwell equations are now

divxE
ε =

(
Lchar

λD

)2

ϱε,

divxB
ε = 0,

curlxE
ε +

1

ε
Bε

t = 0,

curlxB
ε − ε

(
Vchar
c

)2

Eε
t = ε

(
Lchar

λD

)2(Vchar
c

)2

jε.

Note that the initial and boundary conditions in �2 have to be scaled with the
corresponding characteristic values as well.
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�4. Hilbert expansion

One of the possibilities to study singular limits of equations including small
parameters is the formal Hilbert expansion [14] for all scalar and vector-valued
functions involved in the system

gε = g0 + ε g1 + ε2 g2 + . . .

in the hope that the corresponding equations at least for g0 and g1 are much
simpler that the original system. For the Vlasov equation, we have one term
of the order ε−1

q/qchar
m/mchar

(
v ×B0

)
· gradvf0 = 0.

The corresponding term in the system of Maxwell equations is

B0
t = 0,

and, therefore, B0 is a function of x only, i.e., B0 = B0(x). We rewrite the
vector B0 as B0(x) = rB(x) b(x) with

rB =
∣∣B0

∣∣ > 0, b =
B0

|B0|
∈ S2.

Thus, the equation for f0 can be rewritten as

T f0 = a(x)
(
v × b(x)

)
· gradvf0 = 0. (12)

with

a(x) =
q/qchar
m/mchar

rB(x)

The term of the order of ε0 in the Vlasov equation is

Vf0 + T f1 = 0, (13)

where the Vlasov operator V acting on a function g is de�ned as follows:

Vg = gt + v · gradxg +
q/qchar
m/mchar

(
E0 + v ×B1

)
· gradvg.

From the Maxwell system, we get the following terms of order ε0:

divxE
0 =

(
Lchar

λD

)2

ϱ0, divxB
0 = 0,

(14)

curlxE
0 +B1

t = 0, curlxB
0 = 0.
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Two further equations including E0 and B1 are the terms of order ε1 in the
Maxwell system:

divxB
1 = 0, curlxB

1 −
(
Vchar
c

)2

E0
t =

(
Lchar

λD

)2(Vchar
c

)2

j0. (15)

with

ϱ0 =
q

qchar

∫
R3

f0 dv, j0 =
q

qchar

∫
R3

v f0 dv.

The second and fourth equations in (14) show that the time independent
�eld B0 is harmonic in Ω, i.e.,

B0 = −gradxφ0, −∆xφ
0 = 0,

where the harmonic potential φ0 is uniquely determined thorough its boundary
values.

In the general theory of the Vlasov�Maxwell system, it is known that the
scalar divergence equations for the vector �elds E and B are automatically
ful�lled for all times if they are ful�lled initially. Here, we adapt this property
for the Hilbert expansion. Since the �eld B0 is time independent, its diver-
gence remains zero if it was so initially and the second equation in (14) is
ful�lled. From the third equation in (14), we deduce that the divergence of B1

is constant in time (
divxB

1
)
t
= −divx curlxE0 = 0.

Thus, the �rst equation in (15) is automatically ful�lled for all times if it is
ful�lled for the initial condition B1(0, · ). For the divergence of E0, from the
second equation in (15) with

divx curlxB
1 = 0,

we get the following expression:(
divxE

0
)
t
= −

(
Lchar

λD

)2

divxj
0 = − q

qchar

(
Lchar

λD

)2 ∫
R3

divx
(
v f0

)
dv.

With

divx
(
v f0

)
= v · gradxf0,

we replace the integrand with the help of the Vlasov equation. This gives rise
to three terms. The �rst term is

q

qchar

(
Lchar

λD

)2 ∫
R3

f0
t dv =

(
Lchar

λD

)2

ϱ0t .
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For su�ciently fast decaying f0 and f1 with respect to v, we get for the second
term

q

qchar

(
Lchar

λD

)2 q/qchar
m/mchar

∫
R3

E0 · gradvf0 dv = 0.

The third term is similar and we use(
v×B

)
· gradvf0 = divv

((
v×B

)
f0

)
− f0 divv

(
v×B

)
= divv

((
v×B

)
f0

)
to conclude that this term vanishes as well. Thus, the expression(

divxE
0 −

(
Lchar

λD

)2

ϱ0
)
t
= 0

shows that the �rst equation in (14) is ful�lled for all times if it is ful�lled for
the initial condition.

The scaled initial conditions f0,E0, and B0 may be also dependent on the
small parameter ε. A detailed discussion on this subject concerning the Boltz-
mann equation can be found in [13]. Thus,

f0 = f0
0 + εf1

0 + ε2f2
0 + . . .

E0 = E0
0 + εE1

0 + ε2E2
0 + . . .

B0 = B0
0 + εB1

0 + ε2B2
0 + . . . .

We assume that these expansions are known and give the initial conditions for
all fk,Ek, and Bk. Note that if the initial condition B0 does not depend on ε,
then the �eld B0 coincides with its initial value B0 = B0

0.
The homogeneous boundary conditions (8) and (9) remain homogeneous for

all fk,Ek, and Bk.

�5. Transport and averaging operators

The study of the transport operator T was completed in [4]. Here, we sum-
marize the results. Consider the following di�erential operator

T f = a(x)
(
v × b(x)

)
· gradvf,

where

x ∈ Ω, v ∈ R3, a : Ω → R+, b : Ω → S2.

This is a linear partial di�erential operator of the �rst order. The system of
three ordinary di�erential equations for the characteristic curves V : R → R3

reads

d

ds
V (s) = a(x)

(
V (s)× b(x)

)
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with the initial condition

V (0) = v.

The solution of the system is

V (s;x, v) = cos
(
a(x)s

)(
b(x)×

(
v × b(x)

))
+ sin

(
a(x)s

)(
v × b(x)

)
+
(
v · b(x)

)
b(x),

which describes for �xed x, v with v×b(x) ̸= 0 a circular rotation in the plane
orthogonal to the vector b(x) with the period

p(x) =
2π

a(x)
.

Consider the homogeneous equation

T f = a(x)
(
v × b(x)

)
· gradvf = 0.

Linearly independent invariants of the characteristic curves V (s;x, v) are
|v × b(x)| and v · b(x) due to

|V (s;x, v)|2 = |v × b(x)|2 +
(
v · b(x)

)2
and

V (s;x, v) · b(x) = v · b(x).
Since x is a parameter of the equation, and the time variable is not at all
involved, the general solution can be given in the form

f(t, x, v) = F
(
t, x, |v × b(x)|, v · b(x)

)
, (16)

where F : R+ ×Ω×R+ ×R → R is an arbitrary su�ciently smooth function.
This is the characterization of the kernel ker T .

Since the zero term f0 in the Hilbert expansion of the function f belongs
to ker T , see (12), it is still an arbitrary function of t and x, the dependence
on v, however, is reduced from three variables to two, namely |v × b(x)| and
v · b(x)

In order to �nd a further equation or condition for the function f0, we
have to characterise the image of the operator T . In accordance with [4], the
following averaging operator is a key for this study.

Let u = u(x, v) : Ω×R3 → R be a scalar L2-function, i.e., u ∈ L2

(
Ω×R3

)
.

Consider 〈
u
〉
(x, v) =

1

p(x)

p(x)∫
0

u
(
x, V (s;x, v)

)
ds,
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where V (s;x, v) is the characteristic curve of the transport operator T . For
�xed x, the operator

〈
·
〉
describes the averaging of the function u over one

period of the characteristic curve V, i.e., over the circle

Cb = Cb(x) =
{
e ∈ S2 : e · b(x) = 0

}
.

This yields〈
u
〉
(x, v) =

1

2π

∫
Cb(x)

u
(
x, |v × b(x)|e+ (v · b(x))b(x)

)
de,

where the following parametrization of the circle Cb

e = cos
(
a s

)
u1 + sin

(
a s

)
u2, s ∈ [0, p] (17)

has been used. The vectors u1 and u2 are de�ned as follows

u1(x, v) = b(x)× v × b(x)

|v × b(x)|
, u2(x, v) =

v × b(x)

|v × b(x)|
.

Consequently, with respect to v, the average
〈
u
〉
is a function of |v × b| and

v · b only. Therefore, 〈
u
〉
∈ ker T .

The operator
〈
·
〉
is a continuous linear mapping〈

·
〉
: L2

(
Ω× R3

)
→ L2

(
Ω× R3

)
with norm ∥∥〈 ·

〉∥∥
L
(
L2

(
Ω×R3

)
,L2

(
Ω×R3

)) = 1.

Furthermore, it is an orthogonal projector〈
·
〉
: L2

(
Ω× R3

)
→ ker, T

and for all u ∈ ker T we get the relation u =
〈
u
〉
.

However, its most important property is

ker
〈
·
〉
= ImT , (18)

which gives us the next necessary condition on the solvability of equation (13),
i.e., 〈

Vf0
〉
= 0. (19)

Thus, the necessary conditions on f0 are

T f0 = 0,
(20)〈

Vf0
〉

= 0.
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The �rst condition in (20) means

f0(t, x, v) = g
(
t, x, |v × b(x)|, v · b(x)

)
for some su�ciently smooth function g = g

(
t, x, r(x), z(x)

)
. Thus, the depen-

dence on v is reduced from three independent variables v1, v2, and v3 to two,
namely, |v×b(x)| and v ·b(x). However, the price is quite high, since the depen-
dence on x is now much more complicated and the averaging of Vf0 requires
some technical computations. We recall the Vlasov operator

Vf0 = f0
t + v · gradxf0 +

q/qchar
m/nchar

(
E0 + v ×B1

)
· gradvf0. (21)

The terms involved in (21) are

v · gradxf0 = v · gradxg − ∂rg

(
J
(
b
)
v · v

)(
v · b

)
|v × b|

+ ∂zg
(
J
(
b
)
v · v

)
,

and

gradvf
0 = ∂rg

1

|v × b|

(
I − bb⊤

)
v + ∂zg b,

where

J(b) =

(
∂bi
∂xj

)3

i,j=1

∈ R3×3

is the Jacobi matrix.
Now, we give the averages of all four terms in (21):〈

f0
t

〉
= gt,〈

v · gradxf0
〉

=
(
v · b

)(
b · gradxg

)
− 1

2
|v × b| divxb

(
−
(
v · b

)
∂rg + |v × b| ∂zg

)
,〈

E0 · gradvf0
〉

= E0 · b ∂zg,〈
v ×B1 · gradvf0

〉
= 0.

The last averaging is somehow surprising. Since it was not involved in [4], we
demonstrate this averaging by the use of the following property of the averaging
operator. Let u : Ω× R3 → R be a scalar L2-function and let w ∈ ker T , i.e.,
w = w(x, |v × b|, v · b). Since |e× b| = 1 and e · b = 0 for the vector e de�ned
in (17), we get∣∣(|v × b|e+ (v · b)b)× b

∣∣ = |v × b| |e× b| = |v × b|



LIMIT MODEL FOR THE VLASOV�MAXWELL SYSTEM 213

and (
|v × b|e+ (v · b)b

)
· b = (v · b).

Thus, for all w ∈ ker T , we have〈
uw

〉
=

〈
wu

〉
=

〈
u
〉
w = w

〈
u
〉
. (22)

By the use of this property, we get〈
v ×B1 · gradvf0

〉
= ∂rg

1

|v × b|

〈
v ×B1 ·

(
I − bb⊤

)
v
〉
+ ∂zg

〈
v ×B1 · b

〉
=

(
− ∂rg

v · b
|v × b|

+ ∂zg
)〈

v ×B1 · b
〉

=
(
− ∂rg

v · b
|v × b|

+ ∂zg
)(

v · b
)(
b×B1

)
· b = 0.

Note that the average is zero due to the structure of the Lorentz force, inde-
pendent of the �elds b and B1. The averaged Vlasov equation for the function
g = g(t, x, r, z) reads

gt + z b · gradxg +
1

2
rz ∂rg +

(
− 1

2
r2 +

q/qchar
m/nchar

E0 · b
)
∂zg = 0. (23)

Although we obtain the same transport operator as in the electrostatic case
(see [4]), which does not depend on B1, the vector-valued function E0 is the
solution of the system (15). Therefore, the dynamics of the particle density
function still depends on the self-consistent magnetic �eld albeit it does not
appear explicitly in equation (23). We repeat,E0 is the solution of the following
system (see (14), (15)):

curlxE
0 +B1

t = 0,

curlxB
1 −

(
V0

c

)2

E0
t =

(
L0

λD

)2(V0

c

)2

j0.

An important consequence of the averaging is that the current density is tied
to �eld lines of B0. With cylindrical coordinates along b(x), we get

j0(t, x) =
q

qchar

∫
R3

v f0(t, x, v) dv

= 2π
q

qchar
b(x)

∞∫
−∞

z

∞∫
0

g(t, x, r, z) rdr dz.

(24)
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In contrast to the full Vlasov�Maxwell system, only the magnitude of the cur-
rent density depends on the distribution function. Its direction is predetermined
by the magnetic �eld lines. This is consistent with the transport operator in
equation (23), where particles only move along b, therefore they only generate
a current parallel to it.

The initial condition f0
0 is assumed to imply f0

0 ∈ ker T , i.e.,

g(0, x, r, z) = g0(x, r, z) = f0
0 (x, |v × b|, v · b).

It seems to be very restrictive, however, due to

|v × b|2 +
(
v · b

)2
= |v|2

for all unit vector �elds b ∈ S2, any isotropic density function in v and arbitrary
in x can be used as an initial condition, for instance with Ω0 ⊂ Ω we take

f0
0 (x, |v|) =

1

|Ω0|
1Ω0(x)

ρ(x)(
2π T (x)

)3/2 exp(− |v|2

2T (x)

)
,

where 1Ω0 is the indicator function of the set Ω0. The density ρ and the tem-
perature T may be arbitrary positive functions of the space variable x. The
initial conditions E0

0 and B1
0 are assumed to enjoy the Maxwell constraints

divxE
0
0 =

(
L0

λD

)2

ϱ00,

divxB
1
0 = 0

with

ϱ00(x) = 2π
q

qchar

∞∫
−∞

∞∫
0

g0(x, r, z) rdr dz.

If the physical domain Ω is bounded, we assume homogeneous boundary con-
ditions on its boundary Γ:

g(t, x, r, z) = 0, nx ×E0(t, x) = 0, nx ·B1(t, x) = 0, t > 0, x ∈ Γ,

where nx is the outward unit normal. The unit vector b = b(x) is assumed to
be given.

�6. Conclusion

In this paper, we apply the theory of the transport and averaging operators
developed in [4] to the full system of Vlasov�Maxwell equations. An appropriate
scaling and nondimensionalization of the this system lead to a system with a
physically motivated small parameter. The Hilbert expansion with respect to
this small parameter leads to a simpli�ed Vlasov equation, which is formally
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identical to the equation from [4]. However, the involved electric �eld is the
solution of a modi�ed system of Maxwell equations.

The classical Hilbert expansion for the Boltzmann equation [14] leads to
a much stronger restriction already for the function f0, which has to be a
Maxwell distribution. In our case, the solution of equation (12), which is a
simple linear �rst order partial di�erential equation, remains quite general.

The resulting system of partial di�erential equations posed in a two-dimen-
sional velocity space and the three-dimensional physical domain seems to be
suitable for the numerical solution by means of a particle method which has to
be coupled with a deterministic transient Maxwell solver. We address this sub-
ject in a forthcoming paper and refer to [15] for the meshfree particle method
combined with boundary element methods for the Vlasov�Poisson system.
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