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Àííîòàöèÿ

Ïîëó÷åíà àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ ÷èñëà ïðîñòûõ ÷èñåë, íå
ïðåâîñõîäÿùèõ X è ëåæàùèõ â àðèôìåòè÷åñêîé ïðîãðåññèè ñ ðàçíîñòüþ
D = pm0 , ãäå p0 > 3 � ôèêñèðîâàííîå ïðîñòîå ÷èñëî è D 6 X

3
8 e−(ln lnX)2 .

Ïîñâÿùàåòñÿ ñâåòëîé ïàìÿòè
Ñåðãåÿ Ìèõàéëîâè÷à Âîðîíèíà

1 Ââåäåíèå

Â òåîðèè ÷èñåë âàæíóþ ðîëü èãðàåò ðàñïðåäåëåíèå ïðîñòûõ ÷èñåë â àðèô-
ìåòè÷åñêèõ ïðîãðåññèÿõ.

Ïóñòü ïðè (l, D) = 1 π(X,D, l) îçíà÷àåò ÷èñëî ïðîñòûõ ÷èñåë, íå ïðåâîñ-
õîäÿùèõ X è ñðàâíèìûõ ñ l ïî ìîäóëþ D. Èç ðàñøèðåííîé ãèïîòåçû Ðèìàíà
ñëåäóåò, ÷òî:

π(X,D, l) =
LiX

φ(D)

(
1 +O

(
ln−M X

))
,

ãäå D 6 X
1
2
−ε, ε > 0 � ïðîèçâîëüíî ìàëîå ÷èñëî, M > 0 � êîíñòàíòà.
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Èçâåñòíàÿ ê íàñòîÿùåìó âðåìåíè ãðàíèöà èçìåíåíèÿ D ãîðàçäî ìåíüøå.
Íàïðèìåð, ïðè D 6 lnAX, ãäå A > 0 � êîíñòàíòà, c = c(A) > 0, ñïðàâåäëèâà
ôîðìóëà:

π(X,D, l) =
LiX

φ(D)
+O

(
Xe−c

√
lnX
)
,

êîòîðàÿ èçâåñòíà â ëèòåðàòóðå êàê ôîðìóëà Çèãåëÿ-Âàëüôèøà [1].
Íî äëÿ ðàçíîñòè D = pm0 , p0 > 3 � ôèêñèðîâàííîå ïðîñòîå ÷èñëî, ìîæíî

óëó÷øèòü ýòîò ðåçóëüòàò. Â 1955 ãîäó À. Ã. Ïîñòíèêîâ îáíàðóæèë [2], ÷òî ñóììà
çíà÷åíèé íåãëàâíîãî õàðàêòåðà ïî ìîäóëþ D, ðàâíîìó ñòåïåíè íå÷åòíîãî ïðî-
ñòîãî ÷èñëà, ïðåäñòàâëÿåò ñîáîé ñóììó Âåéëÿ ñïåöèàëüíîãî âèäà. Ýòî îòêðûòèå
çàìå÷àòåëüíî òåì, ÷òî ñóììû Âåéëÿ, äàæå î÷åíü êîðîòêèå (à âìåñòå ñ íèìè è
î÷åíü êîðîòêèå ñóììû çíà÷åíèé õàðàêòåðà), äîïóñêàþò íåòðèâèàëüíûå îöåíêè.

Èäåÿ À. Ã. Ïîñòíèêîâà ïîçâîëèëà ðåøèòü íåêîòîðûå ïðîáëåìû òåîðèè ÷èñåë,
ê êîòîðûì â îáùåì ñëó÷àå íå áûëî íèêàêèõ ïîäõîäîâ.

Â 1964 ãîäó Þ. Â. Ëèííèê, Ì. Á. Áàðáàí è Í. Ã. ×óäàêîâ [3] äîêàçàëè
ñëåäóþùèé àñèìïòîòè÷åñêèé çàêîí, ñïðàâåäëèâûé ïðè D = pm0 6 X

3
8
−ε (ε > 0

� ïðîèçâîëüíî ìàëîå ÷èñëî, M > 0 � ïðîèçâîëüíî áîëüøîå ÷èñëî):

π(X,D, l) =
LiX

φ(D)

(
1 +O

(
ln−M X

))
.

Äîêàçàòåëüñòâî ýòîé òåîðåìû îñíîâàíî íà ïëîòíîñòíîé òåõíèêå, è ïîýòîìó
äëÿ íåãî òðåáóåòñÿ èíôîðìàöèÿ î ðàñïðåäåëåíèè íóëåé L-ôóíêöèè Äèðèõëå â
êðèòè÷åñêîé ïîëîñå.

Â 1979 ãîäó Ì. Ì. Ïåòå÷óê [4] ïðèìåíèë èäåþ À. Ã. Ïîñòíèêîâà ê ïðîáëåìå
äåëèòåëåé Äèðèõëå â êîðîòêèõ àðèôìåòè÷åñêèõ ïðîãðåññèÿõ è ïîëó÷èë àñèìï-
òîòè÷åñêóþ ôîðìóëó:∑

n6X
n≡l (mod D)

τk(n) =
XQk−1(lnX)

φ(D)
+O

(
X1−κ

φ(D)

)
,

ãäå D = pm0 6 X
3
8
−ε, (l, D) = 1, Qk−1(lnX) � ìíîãî÷ëåí ñòåïåíè k − 1 ñ êî-

ýôôèöèåíòàìè, çàâèñÿùèìè îò k è p0, κ = min

{
ε

16
,
β

k3

}
, β > 0 � êîíñòàíòà,

çàâèñÿùàÿ îò p0.
Äîêàçàòåëüñòâî ýòîé ôîðìóëû îñíîâàíî íà èäåå ðàáîòû À.À.Êàðàöóáû [5],

ïîçâîëÿþùåé îöåíèâàòü åå îñòàòî÷íûé ÷ëåí ïî ñõåìå ðåøåíèÿ òåðíàðíîé àääè-
òèâíîé çàäà÷è. Äîêàçàòåëüñòâî Ïåòå÷óêà ¾ýëåìåíòàðíî¿, òî åñòü íå èñïîëüçóåò
ñðåäñòâ êîìïëåêñíîãî àíàëèçà.

Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ íîâûé ñïîñîá âûâîäà àñèìïòîòè÷åñêîé
ôîðìóëû äëÿ π(X,D, l) ïðè D = pm0 . Ïî ñðàâíåíèþ ñ òåîðåìîé Ì. Á. Áàð-
áàíà, Þ. Â. Ëèííèêà è Í. Ã. ×óäàêîâà ïîëó÷åíî íåçíà÷èòåëüíîå óòî÷íåíèå
îñòàòî÷íîãî ÷ëåíà è âåðõíåé ãðàíèöû èçìåíåíèÿ D.



62 Ñ. À. ÃÐÈÖÅÍÊÎ, Ì. Â. ØÅÂÖÎÂÀ

Íàøå äîêàçàòåëüñòâî ñóùåñòâåííî îòëè÷àåòñÿ òåì, ÷òî íå èñïîëüçóåò èí-
ôîðìàöèè î ðàñïðåäåëåíèè íóëåé L-ôóíêöèè Äèðèõëå â êðèòè÷åñêîé ïîëîñå, à
èñïîëüçóåò ëèøü òåîðåìó î ãðàíèöå íóëåé, ïðèíàäëåæàùóþ Â. Í. ×óáàðèêîâó
[6], äîêàçàòåëüñòâî êîòîðîé ýëåìåíòàðíî.

Â îñíîâíîì ìû ïðèäåðæèâàåìñÿ ñõåìû äîêàçàòåëüñòâà òåîðåìû Ïåòå÷óêà,
îäíàêî â íåêîòîðûõ ìåñòàõ ïðèõîäèòñÿ âíîñèòü â ýòó ñõåìó èçìåíåíèÿ, ïîñêîëü-
êó íàì íåîáõîäèìî îöåíèâàòü íå òîëüêî ñóììû çíà÷åíèé õàðàêòåðà, íî è ñóììû
çíà÷åíèé õàðàêòåðà ïî ïðîñòûì ÷èñëàì.

Ñôîðìóëèðóåì íàø îñíîâíîé ðåçóëüòàò.

Òåîðåìà 1. Ïðè (l, D) = 1, D = pm0 6 X
3
8 e−(ln lnX)2 ñïðàâåäëèâà ôîðìóëà

π(X,D, l) =
LiX

φ(D)
+O

(
X

φ(D)
e−κ(ln lnX)2

)
, (1)

ãäå κ =
b6

6
, b6 � êîíñòàíòà ëåììû 9.

Íàì ïîòðåáóåòñÿ íåñêîëüêî ëåìì.

2 Ëåììû

Ëåììà 1. (òîæäåñòâî Õèñ-Áðàóíà) Ïóñòü K > 1, z > 1. Òîãäà äëÿ ëþáîãî
n < 2zK èìååì

Λ(n) = −
∑

16k6K
(−1)k

(
K

k

) ∑
m1...mkn1...nk=n

m1,...,mk6z

· · ·
∑

µ(m1) . . . µ(mk) lnnk.

Äîêàçàòåëüñòâî. Cì. â [7, c. 344].

Ëåììà 2. (Âèíîãðàäîâà-Ïîéà) Ïóñòü χ � ïðèìèòèâíûé õàðàêòåð ïî ìî-
äóëþ D. Òîãäà ñïðàâåäëèâà îöåíêà:∣∣∣∣∣ ∑

16ν6a
χ(ν)

∣∣∣∣∣≪ √
D lnD .

Äîêàçàòåëüñòâî. Cì. â [8, c. 123] .

Ëåììà 3. Äëÿ ëþáîãî íåãëàâíîãî õàðàêòåðà χ ïî ìîäóëþ D = pm0 ñïðàâåä-
ëèâà îöåíêà: ∣∣∣∣∣ ∑

16ν6a
χ(ν)

∣∣∣∣∣≪ a
1
2D

1
6 lnD.

Äîêàçàòåëüñòâî. Ñì. â [9, c. 161].
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Ëåììà 4. Ïóñòü χ�ïðîèçâîëüíûé íåãëàâíûé õàðàêòåð ïî ìîäóëþ D = pm0 .
Òîãäà âûïîëíÿåòñÿ îöåíêà ∣∣∣∣∣∑

ν6a
χ(ν)

∣∣∣∣∣≪ a
1− γ

ρ2 ,

ãäå ρ = lnD
ln a

, 1 6 ρ 6 0, 5m, 0 < γ < 1 � êîíñòàíòà.

Äîêàçàòåëüñòâî. Ñì. â [8, c. 222].

Ñëåäóþùàÿ ëåììà ïðåäñòàâëÿåò ñîáîé âàðèàíò òåîðåìû Â. Í. ×óáàðèêîâà
[6] î ãðàíèöå íóëåé L-ôóíêöèè Äèðèõëå â êðèòè÷åñêîé ïîëîñå.

Ëåììà 5. Ïóñòü χ � ïðîèçâîëüíûé íåãëàâíûé õàðàêòåð ïî ìîäóëþ
D = pm0 . Òîãäà L(s, χ) íå èìååò íóëåé â îáëàñòè

σ > 1−
b1

(lnD)2/3(ln lnD)2
, |t| < eb2(ln lnD)2 ,

b1, b2 � ïîëîæèòåëüíûå êîíñòàíòû.

Äîêàçàòåëüñòâî. Ñíà÷àëà ïîêàæåì, ÷òî â îáëàñòè σ > 1 −
γ1

(lnD)2/3
,

γ1 = γ/2, ãäå γ � êîíñòàíòà èç ëåììû 4, èìååò ìåñòî îöåíêà

L(s, χ) = O((|t|+ 1)(lnD)2/3).

Ñïðàâåäëèâî òîæäåñòâî

L(s, χ) = s

∫ ∞

1

S(x)x−s−1dx, S(x) =
∑
ν6x

χ(ν).

Ðàçîáüåì èíòåãðàë íà ÷àñòè:

L(s, χ) = s

∫ D

1

S(x)x−s−1dx+ s

∫ ∞

D

S(x)x−s−1dx. (2)

Âî âòîðîì èíòåãðàëå äëÿ îöåíêè ñóììû S(x) áóäåì ïîëüçîâàòüñÿ îöåíêîé Âèíî-
ãðàäîâà-Ïîéà: S(x) = O(

√
D lnD). Èìååì:∣∣∣∣s ∫ ∞

D

S(x)x−s−1dx

∣∣∣∣ 6 (|t|+ 1)

∫ ∞

D

|S(x)|x−σ−1dx≪ (|t|+ 1)
√
D lnDD−σ.

Ïîñêîëüêó σ >
1

2
, òî

L(s, χ) = s

∫ D

1

S(x)x−s−1dx+O

(
(|t|+ 1)

lnD

Dε

)
,
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ãäå ε > 0 ïðîèçâîëüíî ìàëî.
Ðàññìîòðèì ïåðâûé èíòåãðàë â (2). Ðàçîáüåì åãî íà ÷àñòè, ïîëàãàÿ N =

= exp (lnD)2/3:∫ D

1

S(x)x−s−1dx =

∫ N

1

S(x)x−s−1dx+

∫ D

N

S(x)x−s−1dx.

Â ïåðâîì èíòåãðàëå ñïðàâà ñóììó S(x) îöåíèì òðèâèàëüíî, à âî âòîðîì � ñî-
ãëàñíî ëåììå 4. Ïîëó÷èì:∣∣∣∣∫ N

1

x−sdx

∣∣∣∣ 6 x1−σ

1− σ

∣∣∣∣∣
N

1

= O((lnD)2/3),∣∣∣∣∫ D

N

S(x)x−s−1dx

∣∣∣∣ 6 ∫ D

N

|S(x)|x−1−σdx = O

(∫ D

N

xσ exp

{
−
γ ln3 x

ln2D

}
dx

)
=

= [v = lnx] =

= O

(∫ lnD

lnN

exp

{
v(1− σ)−

γv3

ln2D

}
dv

)
= O

(∫ lnD

lnN

exp

{
−

γv3

2 ln2D

}
dv

)
=

= O((lnD)2/3).

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî â îáëàñòè σ > 1−
γ1

(lnD)2/3

L(s, χ) = O((|t|+ 1)(lnD)2/3).

Òåïåðü ïóñòü ρ = σ + it � íóëü ôóíêöèè L(s, χ), ïîëîæèì

σ = 1−
d

(lnD)2/3(ln lnD)2
, d 6 1.

Íàäî ïîêàçàòü, ÷òî d > c0 > 0. Ðàññìîòðèì òî÷êó

s0 = 1 +
4d

(lnD)2/3(ln lnD)2
+ it = σ0 + it.

Èç òî÷êè s0 îïèøåì êðóã ðàäèóñà r =
c1

(lnD)2/3
. Òî÷êà ρ áóäåò ëåæàòü âíóòðè

êðóãà ðàäèóñà r/2, òàê êàê

c1

2(lnD)2/3
>

5d

(lnD)2/3(ln lnD)2
.

Â êðóãå |s− s0| < r
L(s, χ) = O((|t|+ 1)(lnD)2/3).
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Êðîìå òîãî,∣∣∣∣∣ 1

L(s0, χ)

∣∣∣∣∣ 6
∞∑
n=1

1

nσ0
6 1 +

∫ ∞

1

du

uσ0
= 1 +

(lnD)2/3(ln lnD)2

4d
.

Ïîýòîìó ∣∣∣∣∣ L(s, χ)L(s0, χ)

∣∣∣∣∣ 6M = (|t|+ 1)
ln2D

d
.

Òî÷íî òàêàÿ æå îöåíêà èìååò ìåñòî â êðóãå |s−s1| 6 r, s1 = σ0+2it. Ïðèìåíèì
ëåììó 6 [8, c. 99].

Re
L′(s0)

L(s0)
> −

4

r
lnM +Re

1

s0 − ρ
= −

4(lnD)2/3

c1
lnM +

(lnD)2/3(ln lnD)2

5d
,

Re
L′(s1)

L(s1)
> −

4

r
lnM = −

4(lnD)2/3

c1
lnM,

−
L′(σ0)

L(σ0)
<

1

σ0 − 1
+ c2.

Ñïðàâåäëèâî íåðàâåíñòâî:

3

{
−
L′(σ0, χ)

L(σ0, χ)

}
+ 4

{
−Re

L′(σ0 + it)

L(σ0 + it)

}
+

{
−Re

L′(σ0 + 2it)

L(σ0 + 2it)

}
> 0.

Ïîäñòàâëÿÿ ïîëó÷åííûå îöåíêè â ýòî íåðàâåíñòâî, ïîëó÷èì:

3

{
(lnD)2/3(ln lnD)2

4d
+ c2

}
+ 4

{
4(lnD)2/3

c1
lnM −

(lnD)2/3(ln lnD)2

5d

}
+

+
4(lnD)2/3

c1
lnM > 0,

−
(ln lnD)2

20d
+

3c2

(lnD)2/3
+

20

c1
(ln lnD)2 +

40

c1
ln lnD −

20

c1
ln d > 0,

−
1

d

(
(ln lnD)2

20
−

20d ln d

c1

)
+

20

c1

(
3c2c1

20(lnD)2/3
+ (ln lnD)2 + 2 ln lnD

)
> 0.

Ïðè d→ 0 èìååì: d ln d→ 0,
1

d
→ ∞, ïîýòîìó

−
1

d

(ln lnD)2

20
+

20

c1
(ln lnD)2 > 0, d >

c1

40
.

Òåì ñàìûì ëåììà äîêàçàíà.
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Ëåììà 6. Ïóñòü χ � ïðîèçâîëüíûé íåãëàâíûé õàðàêòåð ïî ìîäóëþ D =
pm0 . Òîãäà â îáëàñòè

σ > 1−
b1

2(lnD)2/3(ln lnD)2
, |t| < eb2(ln lnD)2 ,

ãäå b1, b2 � ïîëîæèòåëüíûå êîíñòàíòû, ñïðàâåäëèâà îöåíêà∣∣∣∣∣L′(s, χ)

L(s, χ)

∣∣∣∣∣≪ (lnD)5/3(ln lnD)2.

Äîêàçàòåëüñòâî. Ïðèìåíèì ôîðìóëó ðàçëîæåíèÿ ëîãàðèôìè÷åñêîé ïðî-
èçâîäíîé ïî íóëÿì è ãðàíèöó íóëåé äëÿ ôóíêöèè L(s, χ) ëåììû 5. Ïóñòü ρn =
βn + iγn � íóëè L(s, χ) è

βn 6 1−
b1

(lnD)2/3(ln lnD)2
, σ > 1−

b1

2(lnD)2/3(ln lnD)2
.

Èìååì:

L′

L
(s, χ) =

∑
|t−γn|61

1

s− ρn
+O(lnD|t|),∣∣∣∣∣L′

L
(s, χ)

∣∣∣∣∣≪ 2

b1
(lnD)2/3(ln lnD)2

∑
|t−γn|61

1 +O(lnD|t|) = O((lnD)5/3(ln lnD)2).

Ëåììà 7. Ïóñòü χ�ïðîèçâîëüíûé íåãëàâíûé õàðàêòåð ïî ìîäóëþ D = pm0 ,
a≫ Dη, η > 0 � êîíñòàíòà, p � ïðîñòîå ÷èñëî. Òîãäà ñïðàâåäëèâà îöåíêà:∣∣∣∣∣ ∑

a<p62a

χ(p)

∣∣∣∣∣≪ ae−b5(ln lnD)2 ,

ãäå 0 < b5 < 1 � êîíñòàíòà.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî îöåíèòü ñóììó∑
a<n62a

χ(n)Λ(n).

Ïðèìåíèì äëÿ ýòîé ñóììû ôîðìóëó Ïåððîíà [10, c. 427]. Èìååì:

∑
a<n62a

χ(n)Λ(n) =
1

2πi

∫ b+iT

b−iT

(
−
L′

L
(s, χ)

)
(2s − 1)as

s
ds+

+O

(
ab

T (b− 1)
+
a ln2 a

T

)
. (3)
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Ïóñòü Γ� êîíòóð, ÿâëÿþùèéñÿ ïðÿìîóãîëüíèêîì ñ âåðøèíàìè σ1+iT , b+iT ,

b− iT , σ1 − iT , ãäå b = 1 +
1

ln a
, σ1 = 1−

b3

(lnD)2/3(ln lnD)2
, T = eb4(ln lnD)2 .

-

6

1σ1 b
III

IV

II

-T

T

Òîãäà

1

2πi

∫
Γ

(
−
L′

L
(s, χ)

)
as

s
ds = 0.

Îöåíèì èíòåãðàëû ïî ñòîðîíàì II è IV ñîîòâåòñòâóþùåãî êîíòóðà:∣∣∣∣∣ 1

2πi

∫ b+iT

σ1−iT

(
−
L′

L
(s, χ)

)
as

s
ds

∣∣∣∣∣ 6
∫ b

σ1

(lnD)5/3(ln lnD)2
aσ

T
dσ ≪ ae−b5(ln lnD)2 .

Ïî ñòîðîíå III èíòåãðàë îöåíèì ñëåäóþùèì îáðàçîì:∣∣∣∣∣ 1

2πi

∫ σ1+iT

σ1−iT

(
−
L′

L
(s, χ)

)
as

s
ds

∣∣∣∣∣ 6
∣∣∣∣∣ 1

2πi

∫ T

−T

(
−
L′

L
(s, χ)

)
aσ+it

t
dt

∣∣∣∣∣ =
≪ aσ1 lnT (lnD)5/3(ln lnD)2 ≪ ae−(lnD)1/4 .

Òàêèì îáðàçîì èíòåãðàë â ôîðìóëå (3) íå ïðåâîñõîäèò ae−b5(ln lnD)2 , îòêóäà è
ñëåäóåò óòâåðæäåíèå ëåììû.

Ëåììà 8. (À. È. Âèíîãðàäîâà) Êîëè÷åñòâî ÷èñåë, íå ïðåâîñõîäÿùèõ x, âñå
ïðîñòûå äåëèòåëè êîòîðûõ íå ïðåâîñõîäÿò z0 6

√
x, èìååò îöåíêó

Bx exp

(
−
1

α

(
ln

1

α
+ ln ln

1

α

)
+

1

α
+

θ

α ln 1/α

)
,

ãäå α = ln z0/ ln x, |θ| 6 1, B � ïîëîæèòåëüíàÿ êîíñòàíòà.

Äîêàçàòåëüñòâî. Ñì. â [11].
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Ëåììà 9. Ïóñòü χ�ïðîèçâîëüíûé íåãëàâíûé õàðàêòåð ïî ìîäóëþ D = pm0 ,
a≫ Dη, η > 0 � êîíñòàíòà. Cïðàâåäëèâà îöåíêà:∑

n6a
µ(n)χ(n) ≪ ae−b6(ln lnD)2 ,

ãäå 0 < b6 <
1

10
� êîíñòàíòà.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî

∑
n6a

µ(n)χ(n) = 1 +

R0∑
r=1

(−1)r
∑
δr6a

χ(δr),

ãäå δr � áåñêâàäðàòíîå ÷èñëî, èìåþùåå ðîâíî r ïðîñòûõ äåëèòåëåé,
R0 6 [log2 a].

Ïóñòü 1 6 r 6 R0. Îáîçíà÷èì Sr =
∑

δr6a χ(δr).
Åñëè r = 1, òî Sr � ñóììà ïî ïðîñòûì ÷èñëàì, åå îöåíêà ïîëó÷åíà â ëåììå

7.
Ïóñòü r > 1. Ðàçîáüåì ÷èñëà δr íà r+1 íåïåðåñåêàþùèõñÿ êëàññîâ A0, A1, . . . ,

Ar ñëåäóþùèì îáðàçîì: ïðè 0 6 j 6 r δr ∈ Aj, åñëè ñðåäè ïðîñòûõ äåëèòåëåé
δr ðîâíî j ïðîñòûõ äåëèòåëåé, áîëüøèõ e(lnD)2/3+ε1 , è ðîâíî r− j ïðîñòûõ äåëè-
òåëåé, íå ïðåâîñõîäÿùèõ e(lnD)2/3+ε1 , ãäå 0 < ε1 <

1
100
.

Ðàññìîòðèì ñíà÷àëà ÷èñëà δr èç êëàññà A0. Âñå ïðîñòûå äåëèòåëè ýòèõ ÷èñåë
íå ïðåâîñõîäÿò e(lnD)2/3+ε1 . Ïîýòîìó∣∣∣∣∣∣∣

∑
δr6a
δr∈A0

χ(δr)

∣∣∣∣∣∣∣ 6
∑′

n6a
1,

ãäå øòðèõ îçíà÷àåò, ÷òî âñå ïðîñòûå äåëèòåëè n íå ïðåâîñõîäÿò e(lnD)2/3+ε1 . Îöå-
íèì ýòó ñóììó ïî ëåììå À. È. Âèíîãðàäîâà (ëåììà 8), ïîëó÷èì:∑′

n6a
1 ≪ a exp

(
−(lnD)1/3−ε1

)
,

ñëåäîâàòåëüíî, ∣∣∣∣∣∣∣
∑
δr6a
δr∈A0

χ(δr)

∣∣∣∣∣∣∣≪ a exp
(
−(lnD)1/3−ε1

)
.

Ðàññìîòðèì ÷èñëà δr, ïðèíàäëåæàùèå îñòàëüíûì êëàññàì Aj, 1 6 j 6 r.
Ëþáîå òàêîå ÷èñëî ìîæíî îäíîçíà÷íî ïðåäñòàâèòü â âèäå

δr = δ′r−jδ
′′
j ,
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ãäå δ′r−j � áåñêâàäðàòíîå ÷èñëî, èìåþùåå r − j ïðîñòûõ äåëèòåëåé, êàæäûé

èç êîòîðûõ íå ïðåâîñõîäèò e(lnD)2/3+ε1 , à δ′′j � áåñêâàäðàòíîå ÷èñëî, èìåþùåå j

ïðîñòûõ äåëèòåëåé, êàæäûé èç êîòîðûõ áîëüøå e(lnD)2/3+ε1 . Èìååì:∑
δr6a
δr∈Aj

χ(δr) =
∑

δ′r−jδ
′′
j 6a

χ(δ′r−jδ
′′
j ) =

=
∑

δ′r−jδ
′′
j 6a

δ′r−j6a0,1

χ(δ′r−jδ
′′
j ) +

∑
δ′r−jδ

′′
j 6a

δ′r−j>a
0,1

χ(δ′r−jδ
′′
j ) =

= S ′
r + S ′′

r .

Îöåíèì ñóììó S ′′
r . Òàê êàê δ

′
r−jδ

′′
j 6 a, δ′r−j > a0,1, òî ÷èñëî δ′′j óäîâëåòâîðÿåò

íåðàâåíñòâó δ′′j 6 a0,9, ïîýòîìó

|S ′′
r | 6

∑
δ′′j 6a0,9

∑
δ′r−j<z1

1,

ãäå z1 =
a

δ′′j
, z1 > a0,1.

Â ñèëó ëåììû À. È. Âèíîãðàäîâà,

∑
δ′r−j<z1

1 ≪
a

δ′′j
exp

(
−0, 1(lnD)1/3−ε1

)
,

ñëåäîâàòåëüíî,
|S ′′
r | ≪ a exp

(
−0, 05(lnD)1/3−ε1

)
.

Îöåíèì òåïåðü ñóììó S ′
r . Èìååì:

|S ′
r | 6

∑
δ′r−j6a0,1

∣∣∣∣∣∣
∑
δ′′j 6z2

χ(δ′′j )

∣∣∣∣∣∣ ,
ãäå z2 =

a

δ′r−j
, z2 > a0,9.

Ñðàâíèì âíóòðåííþþ ñóììó ñ ñóììîé∑
δ′′j−1p6z2

p>e(lnD)2/3+ε1

χ(δ′′j−1)χ(p),

ãäå δ′′j−1 ïðîáåãàåò ìíîæåñòâî áåñêâàäðàòíûõ ÷èñåë, èìåþùèõ ðîâíî j − 1 ïðî-

ñòûõ äåëèòåëåé, êàæäûé èç êîòîðûõ áîëüøå e(lnD)2/3+ε1 .
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×èñëà δ′′j−1p ìîãóò íå áûòü áåñêâàäðàòíûìè; åñëè ÷èñëî δ
′′
j−1p íå áåñêâàäðàò-

íîå, òî îíî äåëèòñÿ íà p2. Âêëàä òàêèõ ÷èñåë â ñóììó íå ïðåâîñõîäèò

∑
p>e(lnD)2/3+ε1

z2

p2
≪ z2e

−(lnD)2/3−ε1 .

Åñëè æå ÷èñëà δ′′j−1p áåñêâàäðàòíûå, òî êàæäîå çàäàííîå ÷èñëî δ
′′
j 6 z2 âñòðå-

÷àåòñÿ ñðåäè ÷èñåë δ′′j−1p ðîâíî j ðàç, ïîýòîìó∑
δ′′j 6z2

χ(δ′′j ) =
1

j

∑
δ′′j−1p6z2

χ(δ′′j−1p) +O
(
z2e

−(lnD)2/3−ε1
)
,

ãäå ∣∣∣∣∣∣
∑
δ′′j 6z2

χ(δ′′j )

∣∣∣∣∣∣ 6
∑

δ′′j−16z2e(lnD)2/3+ε1

∣∣∣∣∣∣∣∣
∑

e(lnD)2/3+ε1<p6 z2
δ′′
j−1

χ(p)

∣∣∣∣∣∣∣∣ .
Òàêèì îáðàçîì, äëÿ îöåíêè ñóììû

∑
n6a

µ(n)χ(n) òðåáóåòñÿ îöåíèòü ñóììó ïî

ïðîñòûì ÷èñëàì
∑

p6z3 χ(p), ãäå z3 > e(lnD)2/3+ε1 . Ïðèìåíèì ëåììó 7, ïîëó÷èì:∑
p6z3

χ(p) = O
(
z3e

− 1
2
b5(ln lnD)2

)
.

Îáúåäèíÿÿ îöåíêè âñåõ ðàññìîòðåííûõ ñëó÷àåâ, èìååì:∑
n6a

µ(n)χ(n) ≪ ae−b6(ln lnD)2 .

Òåì ñàìûì ëåììà äîêàçàíà.

3 Äîêàçàòåëüñòâî òåîðåìû 1

Ðàññìîòðèì ñóììó

ψ(X,D, l) =
∑
n6X

n≡l (mod D)

Λ(n).

Èç îðòîãîíàëüíîñòè õàðàêòåðîâ èìååì:

∑
n6X

n≡l (mod D)

Λ(n) =
1

φ(D)

∑
χ (mod D)

χ(l)
∑
n6X

Λ(n)χ(n).
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Âûäåëèì ñëàãàåìîå ñ χ0:

∑
n6X

n≡l (mod D)

Λ(n) =
1

φ(D)

∑
n6X

(n,D)=1

Λ(n) +
1

φ(D)

∑
χ̸=χ0

χ(l)
∑
n6X

Λ(n)χ(n).

Ïåðâàÿ ñóììà ñïðàâà äàñò íàì ãëàâíûé ÷ëåí ôîðìóëû, à âòîðàÿ � îñòàòîê
R. Êî âòîðîé ñóììå ïðèìåíèì òîæäåñòâî Õèñ-Áðàóíà (ëåììà 1):

R = −
∑

16k6K
(−1)k

(
K

k

)
1

φ(D)
×

×
∑
χ̸=χ0

χ(l)
∑

n1...nknk+1...n2k6X
· · ·
∑

c1(n1) . . . c2k(n2k)χ(n1 . . . n2k),

ãäå cj(nj) � ëèáî 1, ëèáî lnnj, ëèáî µ(nj), j = 1, . . . , 2k. Åñëè cj = µ(nj), òî
nj 6 X1/K .

Ïóñòü K = 100. Çàôèêñèðóåì k è ðàçîáüåì ñîîòâåòñòâóþùóþ ñóììó Rk íà
O(ln2kX) ñëàãàåìûõ âèäà

S =
1

φ(D)

∑
χ̸=χ0

χ(l)
∑

N1<n162N1
n1...n2k6X

. . .
∑

N2k<n2k62N2k

c1(n1) . . . c2k(n2k)χ(n1 . . . n2k).

Áåç îãðàíè÷åíèÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî N1 > N2 > . . . > N2k.
Ðàññìîòðèì ñëó÷àé: D > X1−εN−1

1 , ε � ïðîèçâîëüíî ìàëîå ÷èñëî. Òîãäà

N2 . . . N2k 6 DXε. Êðîìå òîãî, N1 >
X

D
X−ε, ñëåäîâàòåëüíî, c1(n1) ðàâíî ëèáî 1,

ëèáî lnn1. Îöåíèì
∑

N1<n162N1

n16X(n2...n2k)
−1

c1(n1)χ(n1) ñîãëàñíî ëåììå 2. Òîãäà:

S ≪
√
DN2 . . . N2k ln

2D ≪ D3/2X2ε 6
X1−ε

D

ïðè D 6 X
2
5
− 6

5
ε. Ñëåäîâàòåëüíî, äëÿ ýòîãî ñëó÷àÿ óòâåðæäåíèå òåîðåìû âû-

ïîëíÿåòñÿ.

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî D 6 X1−εN−1
1 .

Ïóñòü

τ ′2k−1(y) =
∑

N2<n262N2

· · ·
∑

N2k<n2k62N2k

n2···n2k=y

c2(n2) . . . c2k(n2k).
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Ðàçîáüåì ïðîìåæóòîê ñóììèðîâàíèÿ (N1, 2N1] íà ïðîìåæóòêè (H,H +H ′],

ãäå H ′ =
N1

eδ(ln lnX)2
, 0 < δ < 1 � äåéñòâèòåëüíîå ÷èñëî. Ïîëó÷èì:

S ≪

≪
exp{δ(ln lnX)2}∑

H

1

φ(D)

∣∣∣∣∣∣∣∣∣∣
∑
χ̸=χ0

χ(l)
∑

H<n16H+H′

c1(n1)χ(n1)
∑

X(H+H′)−1<y6XH−1

y6Xn−1
1

χ(y)τ ′2k−1(y)

∣∣∣∣∣∣∣∣∣∣
.

Çàìåíèì óñëîâèå y 6 Xn−1
1 íà óñëîâèå y 6 XH−1 è îöåíèì ïîëó÷èâøóþñÿ ïðè

ýòîì îøèáêó R1:

R1 6
exp{δ(ln lnX)2}∑

H

(
∑

H<n16H+H′

∑
X(H+H′)−1<y6XH−1

y≡ln−1
1 (mod D)

τ ′2k−1(y)+

+
1

φ(D)

∑
H<n16H+H′

∑
X(H+H′)−1<y6XH−1

τ ′2k−1(y)).

Äëÿ îöåíêè âíóòðåííåé ñóììû ïåðâîãî ñëàãàåìîãî â ñêîáêàõ ïðèìåíèì ëåììó
1.1.5 [1, c. 30], à äëÿ îöåíêè âíóòðåííåé ñóììû âòîðîãî ñëàãàåìîãî � òó æå
ëåììó, ïîëîæèâ â íåé D = 1:

R1 ≪
X

D

(
H ′ 2

H2

)(
N1

H ′

)
≪

X

D
e−δ(ln lnX)2 .

Ïîëó÷èì:

S ≪ eδ(ln lnX)2 max
χ̸=χ0

{|S1|}+O

(
X

D
exp{−δ(ln lnX)2}

)
, (4)

ãäå

S1 =
1

φ(D)

∑
χ̸=χ0

χ(l)
∑

H<n16H+H′

c1(n1)χ(n1)×

×
∑

N2<n262N2

n2...n2k6XH−1

c2(n2) . . .
∑

N2k<n2k62N2k

c2k(n2k)χ(n2 . . . n2k).

Ââåäåì îáîçíà÷åíèÿ:

U = N2N4 . . . N2k, V = N3N5 . . . N2k−1,
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τ ′k(u) =
∑

N2<n262N2

∑
N4<n462N4

· · ·
∑

N2k<n2k62N2k

n2n4···n2k=u

c2(n2)c4(n4) . . . c2k(n2k),

τ ′k−1(v) =
∑

N3<n362N3

∑
N5<n562N5

· · ·
∑

N2k−1<n2k−162N2k−1

n3n5···n2k−1=v

c3(n3)c5(n5) . . . c2k−1(n2k−1).

Çàìåòèì, ÷òî V 6 U 6 N1V .
Òîãäà

S1 =
1

φ(D)

∑
χ̸=χ0

χ(l)
∑

H<n16H+H′

c1(n1)χ(n1)
∑

V <v62k−1V

uv6XH−1

τ ′k−1(v)χ(v)
∑

U<u62kU

τ ′k(u)χ(u).

Ðàññìîòðèì ñëó÷àé V 6 Xε. Åñëè N1 6 X
1

200 , òî U 6 V N1 6 X
1

200
+ε, ñëåäî-

âàòåëüíî, S1 ≪ X
1

100
+2ε è, î÷åâèäíî, óòâåðæäåíèå òåîðåìû âûïîëíÿåòñÿ.

Åñëè æå N1 > X
1

200 , òî c1(n1) = 1, èëè c1(n1) = lnn1, ïîýòîìó:

S1 ≪
√
D lnD

∑
V <v62k−1V

1

φ(D)

∑
χ (mod D)

∣∣∣∣∣ ∑
U<u6Uv

τ ′k(u)χ(u)

∣∣∣∣∣ ,
ãäå Uv = min

{
2kU,

X

Hv

}
.

Ïðèìåíèâ íåðàâåíñòâî Êîøè, ïîëó÷èì:

σ =
1

φ(D)

∑
χ (mod D)

∣∣∣∣∣ ∑
U<u6Uv

τ ′k(u)χ(u)

∣∣∣∣∣ 6 (σ1)
1/2,

ãäå

σ1 =
1

φ(D)

∑
χ (mod D)

∣∣∣∣∣ ∑
U<u6Uv

τ ′k(u)χ(u)

∣∣∣∣∣
2

.

Çàìåòèì, ÷òî σ1 ðàâíÿåòñÿ ÷èñëó ðåøåíèé ñðàâíåíèÿ

n2n4 . . . n2k ≡ n′
2n

′
4 . . . n

′
2k (mod D);

N2 < n2, n
′
2 6 2N2, . . . , N2k < n2k, n

′
2k 6 2N2k.

×èñëî ðåøåíèé ýòîãî ñðàâíåíèÿ íå ïðåâîñõîäèò âåëè÷èíû∑
U<u6Uv

τk(u)
∑

U−u
D

<d6Uv−u
D

τk(u+ dD) ≪
∑

U<u6Uv

uε/10
∑

U−u
D

<d6Uv−u
D

(u+ dD)ε/10 ≪

≪ Xε/5
∑

U<u6Uv

(
U

D
+ 1

)
≪ Xε/5

(
U 2

D
+ U

)
.
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Îòñþäà

σ ≪ Xε/10

(
U
√
D

+
√
U

)
.

Ñëåäîâàòåëüíî,

S1 ≪ X1,2ε

(
U
√
D

+
√
U

)
√
D lnD.

Òàê êàê U2V 6 UV N1 6 X, V 6 Xε, òî U ≪
√
X1+ε,

√
UD ≪ X1/4

√
D,

òî S1 <
X1−ε

D
ïðè D 6 X

1
2
−2,2ε. Ó÷èòûâàÿ (4) ïîëó÷àåì, ÷òî S <

X1−ε

D
ïðè

D 6 X
1
2
−4ε, è äëÿ ýòîãî ñëó÷àÿ óòâåðæäåíèå òåîðåìû âûïîëíÿåòñÿ.

Ðàññìîòðèì ñëåäóþùèé ñëó÷àé: V > Xε.
Ïóñòü ñíà÷àëà U 6 DXε. Ðàçîáüåì ïðîìåæóòîê ñóììèðîâàíèÿ (V, 2k−1V ] íà

ïðîìåæóòêè (W,W +W ′], ãäå W ′ =
V

X2ε
. Òîãäà:

S1 ≪

≪
X2ε∑
W

∣∣∣∣∣∣∣∣∣∣
1

φ(D)

∑
χ̸=χ0

χ(l)
∑

H<n16H+H′

c1(n1)χ(n1)
∑

W<v6W+W ′

τ ′k−1(v)χ(v)
∑

U<u62kU

u6X(Hv)−1

τ ′k(u)χ(u)

∣∣∣∣∣∣∣∣∣∣
.

Çàìåíèì óñëîâèå u 6 X(Hv)−1 íà óñëîâèå u 6 X(HW )−1 è îöåíèì ïîëó÷èâøó-
þñÿ ïðè ýòîì îøèáêó R2:

R2 6
X2ε∑
W

∑
H<n16H+H′

∑
W<v6W+W ′

τ ′k−1(v)
∑

X(H(W+W ′))−1<u6X(HW )−1

u≡ln−1
1 v−1 (mod D)

τ ′k(u)+

+
X2ε∑
W

1

φ(D)

∑
H<n16H+H′

∑
W<v6W+W ′

τ ′k−1(v)
∑

X(H(W+W ′))−1<u6X(HW )−1

τ ′k(u) ≪

≪
X1+3ε

D

(
H ′

H

)(
W ′

W

)2

≪
X1−ε

D

(
H ′

H

)
.

Ïîëó÷èì:

S1 ≪ X2εmax
χ̸=χ0

{|S2|}+O

(
X1−ε

D
e−δ(ln lnX)2

)
,

S ≪ X3εmax
χ̸=χ0

{|S2|}+O

(
X1−ε

D

)
,
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ãäå

S2 =
1

φ(D)

∑
χ̸=χ0

χ(l)
∑

H<n16H+H′

c1(n1)χ(n1)
∑

W<v6W+W ′

τ ′k−1(v)χ(v)
∑

U<u62kU

u6X(HW )−1

τ ′k(u)χ(u).

Â ýòîì ñëó÷àå c1(n1) = 1, ëèáî lnn1, ïîýòîìó, ïðèìåíÿÿ íåðàâåíñòâî Êîøè,
èìååì:

S2 ≪ max
χ̸=χ0

∣∣∣∣∣ ∑
H<n16H+H′

χ(n1)

∣∣∣∣∣
 1

φ(D)

∑
χ (mod D)

∣∣∣∣∣ ∑
W<v6W+W ′

τ ′k−1(v)χ(v)

∣∣∣∣∣
2
1/2

×

×

 1

φ(D)

∑
χ (mod D)

∣∣∣∣∣∣
∑

U<u62kU

τ ′k(u)χ(u)

∣∣∣∣∣∣
21/2

.

Òàêèì îáðàçîì,

S2 ≪ Xε/5
√
D lnD

(
U
√
D

+
√
U

)(
V
√
D

+
√
V

)
≪ Xε

√
UV D ≪ X2εD3/2.

Òàêèì îáðàçîì, S <
X1−ε

D
ïðè D 6 X

2
5
−3ε. Ñëåäîâàòåëüíî, óòâåæäåíèå òåîðåìû

âûïîëíÿåòñÿ.

Ðàññìîòðèì ñëó÷àé U > DXε.
Ðàçîáüåì ïðîìåæóòîê ñóììèðîâàíèÿ (V, 2k−1V ] íà ïðîìåæóòêè (W,W + W ′],

ãäå W ′ =
V

eδ(ln lnX)2
. Ïîëó÷èì:

S1 ≪
exp{δ(ln lnX)2}∑

W

1

φ(D)
×

×

∣∣∣∣∣∣∣∣∣∣
∑
χ̸=χ0

χ(l)
∑

H<n16H+H′

c1(n1)χ(n1)
∑

W<v6W+W ′

τ ′k−1(v)χ(v)
∑

U<u62kU

u6X(Hv)−1

τ ′k(u)χ(u)

∣∣∣∣∣∣∣∣∣∣
.

Çàìåíèì óñëîâèå u 6 X(Hv)−1 íà óñëîâèå u 6 X(HW )−1 è îöåíèì ïîëó÷èâøó-



76 Ñ. À. ÃÐÈÖÅÍÊÎ, Ì. Â. ØÅÂÖÎÂÀ

þñÿ ïðè ýòîì îøèáêó R2:

R2 6
exp{δ(ln lnX)2}∑

W

∑
H<n16H+H′

∑
W<v6W+W ′

τ ′k−1(v)
∑

X(H(W+W ′))−1<u6X(HW )−1

u≡ln−1
1 v−1 (mod D)

τ ′k(u)+

+

exp{δ(ln lnX)2}∑
W

1

φ(D)

∑
H<n16H+H′

∑
W<v6W+W ′

τ ′k−1(v)
∑

X(H(W+W ′))−1<u6X(HW )−1

τ ′k(u).

Ïðèìåíèì ëåììó 1.1.5 [1, c. 30]:

R2 ≪
X

D

(
H ′

H

)(
W ′

W

)2

≪
X

D
e−2δ(ln lnX)2 .

Ïîëó÷èì:

S ≪ e2δ(ln lnX)2 max
χ̸=χ0

{|S2|}+O

(
X

D
e−δ(ln lnX)2

)
, (5)

ãäå

S2 =
1

φ(D)
×

×
∑
χ̸=χ0

χ(l)
∑

H<n16H+H′

c1(n1)χ(n1)
∑

W<v6W+W ′

τ ′k−1(v)χ(v)
∑

U<u62kU

u6X(HW )−1

τ ′k(u)χ(u).

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè, èìååì:

S2 ≪ max
χ̸=χ0

∣∣∣∣∣ ∑
H<n16H+H′

c1(n1)χ(n1)

∣∣∣∣∣
 1

φ(D)

∑
χ (mod D)

∣∣∣∣∣ ∑
W<v6W+W ′

τ ′k−1(v)χ(v)

∣∣∣∣∣
2
1/2

×

×

 1

φ(D)

∑
χ (mod D)

∣∣∣∣∣∣
∑

U<u62kU

τ ′k(u)χ(u)

∣∣∣∣∣∣
21/2

.

Çàìåòèì, ÷òî σ1 =
1

φ(D)

∑
χ(mod D)

∣∣∣∣∣∣
∑

U<u62kU

τ ′k(u)χ(u)

∣∣∣∣∣∣
2

ðàâíÿåòñÿ ÷èñëó ðåøå-

íèé ñðàâíåíèÿ

n2n4 . . . n2k ≡ n′
2n

′
4 . . . n

′
2k (mod D);

N2 < n2, n
′
2 6 2N2, . . . , N2k < n2k, n

′
2k 6 2N2k.
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×èñëî ðåøåíèé ýòîãî ñðàâíåíèÿ íå ïðåâîñõîäèò âåëè÷èíû∑
U<u62kU

τk(u)
∑

U<u′62kU
u′≡u (mod D)

τk(u
′).

Äëÿ îöåíêè âíóòðåííåé ñóììû ïðèìåíèì ëåììó 1.1.5 [1, c. 30], à äëÿ îöåíêè
âíåøíåé ñóììû � òó æå ëåììó, ïîëîæèâ â íåé D = 1. Ïîëó÷èì:

σ1 ≪

(
U2

D
+ U

)
(lnU)2A(k),

A(k) � ïîëîæèòåëüíàÿ êîíñòàíòà, çàâèñÿùàÿ îò k.

Àíàëîãè÷íî îöåíèâàåòñÿ ñóììà
1

φ(D)

∑
χ(mod D)

∣∣∣∣∣ ∑
W<v6W+W ′

τ ′k−1(v)χ(v)

∣∣∣∣∣
2

.

Òàêèì îáðàçîì:

S2 ≪ max
χ̸=χ0

∣∣∣∣∣ ∑
H<n16H+H′

c1(n1)χ(n1)

∣∣∣∣∣
(

U
√
D

+
√
U

)(
V
√
D

+
√
V

)
.

Åñëè c1(n1) = 1 èëè c1(n1) = lnn1, òîãäà, îöåíèâàÿ ñîîòâåòñòâóþùóþ ñóììó
ñîãëàñíî ëåììàì 3 èëè 4, ïîëó÷èì:

max
χ̸=χ0

∣∣∣∣∣ ∑
H<n16H+H′

χ(n1)

∣∣∣∣∣
(
U
√
V +

√
UV

√
D

+
√
UV

)
≪

≪
√
N1D

1/6 lnD

(
U
√
V

√
D

+
√
UV

)
≪

≪ lnX
(
X3/4D−1/3 +X1/2D1/6

)
≪ X3/4D−1/3 lnX,

max
χ̸=χ0

∣∣∣∣∣ ∑
H<n16H+H′

χ(n1)

∣∣∣∣∣ UVD ≪
X1− γ

8K3

D
.

Åñëè æå c1(n1) = µ(n1), òî, îöåíèâàÿ ñîîòâåòñòâóþùóþ ñóììó ñîãëàñíî ëåì-
ìå 9, ïîëó÷èì:

max
χ̸=χ0

∣∣∣∣∣ ∑
H<n16H+H′

µ(n1)χ(n1)

∣∣∣∣∣
(
U
√
V

√
D

+
√
UV +

UV

D

)
≪

≪ N1e
−b6(ln lnD)2

(
U
√
V

√
D

+
√
UV +

UV

D

)
.

Âûáåðåì δ =
2

5
b6 <

1

25
. Òàê êàê, ïî óñëîâèþ òåîðåìû D 6 X

3
8 e−(ln lnX)2 , òî,

ó÷èòûâàÿ (5) è (lnX)2k, ïîëó÷àåì: R ≪
X

φ(D)
e−κ(ln lnX)2 , κ =

1

6
b6.
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Èç ïîëó÷åííîé àñèìïòîòè÷åñêîé ôîðìóëû ïðåîáðàçîâàíèåì Àáåëÿ ïðèõî-
äèì ê óòâåðæäåíèþ òåîðåìû.
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