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The present study is devoted to propagation of plane harmonic GNIII-

thermoelastic waves by the coupled system of linear equations
of motion and heat transport based on the Green & Naghdi
theory of thermoelasticity. Analytical findings and exact solutions
are primarily related to complex wavenumbers, phase velocities
and attenuation coefficients of the plane GNIII-thermoelastic waves.
Complete analysis of all analytical branches of the wavenumbers
is given. Constitutive inequlities and frequency restrictions which
provide a normal behaviour of the plane GNIIl-thermoelastic waves
are obtained. Limiting cases, including those corresponding to
GNI/CTE (the classical theory) and GNII (hyperbolic, thermal energy
conserving theory) thermoelasticity, are noted. The paper presents
an in-depth analysis of plane thermoelastic waves in the context of
GNLILII.

Key words: heat transport, GN-thermoelasticity, plane wave,
wavenumber, phase velocity, attenuation coefficient, constitutive
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Tepmoynpyrocti (GNIII) ¢ nomoLLblo CBS3aHHON CUCTEMbI yPaBHEHWI
LBIKEHNS W TENOMNPOBOAHOCTI NPUBOANTCS aHanua NNockux rap-
MOHMYECKIX TEPMOYNPYruX BOMH. HaliAeHbl X BOMHOBBIE HiCAa W
NpoM3BeEHO OTAeNeHNe MHOrO3Ha4HbIX BETBEN KBaAPATHbIX KOp-
Hell Ha KOMMNEKCHO NOCKOCTH, ONPeensioLnX HeTbipe BO3MOX-
HbIX 3HA4€HUs1 BOMHOBBIX “4uCcen nnockoi rapmoHudeckon GNIII-
TEPMOYMpYroi BOAHbI. MMony4eHbl onpeaensiowme orpaHnyermns n
OrpaHNyeHis Ha YacToTy, KOTopble 06ECTEHNBAIOT HOPMANBHBIA Xa-
pakTep 3atyxaHus NpsiMblx BoNH. OTMEYEHb! NpefenbHble Cayyai,
B koHTekcTe GNIII Bknoyarowme apuant GNI/CTE (knaccuyeckas
TepmoynpyrocTs) u BapuaHT GNII (runepbonnyeckasl TepMoymnpy-
rocTb).

KnioueBble cnoBa: TennonpoBoAHOCTb, GN-TepMoynpyrocts,
nnockasi BOJHA, BOMHOBOE YWCNO, (pa30Basi CKOPOCTb, KO-
LIMEHT 3aTyXaHus, onpeaensioluee orpaHinieHme.

1. NPEABAPUTE/IbHbIE CBELEHNS U BBOAHbIE 3AMEHAHUS

[Tocsie Bbixoma B cBet pa6or [l, 2], GbICTPBIMH TeMIaMH Pa3BUBAIOTCS MAaTeMaTHYeCKHE MOMENH Tep-
MOyTipyroro mnoBefeHusi TBepabix Tes (GN-TepMoymnpyrocTb), OCHOBaHHble HA Pa3/HYHBIX MOIU(HKALHU-
X 3aKOHA TeIJIONPOBOAHOCTH Pypbe, CTABUBLIMX CBOEH LleJIbl0 MOJYyUeHHEe CBA3aHHBIX THIepOOIHYeCKUX
YpaBHEHUH TePMOYIPYTrOCTH, KOTOPble FapaHTHPOBAJIU Obl KOHEUHYH0 CKOPOCTb PACIPOCTPaHEHHS TEMJIOBOTO
CHTHAJA.

¢IBNIeHME TENJIONPOBOTHOCTH MOCPENCTBOM PACIpPOCTPaHeHHs (C KOHEUHOH CKOPOCTBIO) He3aTyXaloLUX
TepMHUUECKHX BOJIH MOJYUUJIO HA3BaHHE «BTOPOTO 3BYyKa». MIMeeTcs psill SKCIIepUMEHTAbHBIX T0KA3aTeNbCTB
CYLIECTBOBAHUS «BTOPOTO 3BYKa», XOTS €ro KCIEePUMEHTaNbHOe OOHApyKeHHe BCETHA COMPSIKEHO ¢ GOJb-
LIMMH TPYAHOCTSIMH, TOCKOJIbKY B TBEPIBIX T€NaX OH BO3MOXKEH JIMIIb B 00/1aCTH BECbMa HU3KHX TEMIIEPaTyp
(HampuMep, B TBEPAOM TeJIHH).

Heknaccuyeckass teopuss GN-TepMoynpyrocT BKJIIOYAaeT TPH Pas/JMYHBIX BapUaHTa: TEPMOYNpPYToCTb,
OCHOBAaHHYIO Ha 3aKOHE TeIlJONpOBOAHOCTH Dypbe, ¢ GeCKOHEUHO GOJBILIOH CKOPOCTbIO paclpocTpaHe-
HUsI 9KCIOHEHIIMAIbHO 3aTyxatolero temnosoro curiaia (GNI/CTE); TepmoynpyrocTb ¢ coxpaHsionieiics
SHepruell ¥ KOHEYHOH CKOpPOCTbIO PaclpOCTpaHEHHs] TePMHUECKHX BOJIH «BToporo 3BykKa» (GNII, rumep-
6osuueckas Tepmoynpyrocts); Tpetuil BapuaHT (GNIII) cmemaHHbI# W BK/IIOUAET MepBBe ABa B KaueCTBe
npenenpHbIX caydaeB. fcHo, uto GNIII-Teopusi B COCTOSHUM MOIEJNHPOBATH 3HAUUTENBHO GoJiee LIHPO-
KWH KPYT $IBJI€HWH, MO CpPaBHEHHIO C KJIACCHUYECKOH Teopueil TemjonpoBogHocTH Pypbe. 3amMeTuM, uTo
GNII — envHCTBeHHAs M3BECTHAasl B HACTOsllee BpeMsl TePMOAMHAMHYECKH KOPPEKTHas TeOopHs, KoTopas
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TI03BOJISIET OMHKCATh TEMJIONPOBOLHOCTh B TBEPAOM TeJie KaK BOJHOBOH MpOLECC, He COMpPOBOXKIAMIIKHCA
paccessHHeM 3HEPTHH, U c(POPMYJIMPOBATh MaTeMaTHUYECKYI0 MOJIeJsb Npoliecca TeMJONPOBOAHOCTH B TBep-
JBIX TeJaX C TIOMOIILbI0 CHCTEMBI TUNepOOINYeCKHUX YPaBHEHHH B YaCTHBIX POM3BOAHBIX, 06eCMeurBalOIUX
(B cuay cBOell aHANHUTHYECKOH KJAaCCH(HKALHHK) KOHEUHYIO CKOPOCTb pacrlpocTpaHeHHs Temsa. I[lostomy
GNII-TepMoynpyrocTb — 3TO KaK pa3 Takasi TeOpHUsi, KOTOPYIO C HOCTATOUHBIM OCHOBAHHEM MOXKHO Ha3BaTb
runepbosryeckoil Tepmoymnpyroctbio. OHa HomyckaeT BapHalMOHHYIO (HOPMYJIUPOBKY [3]: BCe OCHOBHEBIE CO-
otHoweHus: GNII-TepmoynpyrocTd MoryT ObITh NOCJENOBATeNbHO BbIBEIEHBI M3 MPHUHLMNA HaHMEHBLIEro
JeHCTBHS C COOTBETCTBYIOLIUM 06pa3oM nofodpaHHbM Jlarpan:xuaHoM. IlocenHee 06CcTOATENLCTBO 103BO-
JsieT paccMaTpuBath Tepmoynpyrocts trna GNII kak ¢usnueckyio Teoputo mosst [4].

[Monubiét ananus miockux rapmonndeckux GNI/CTE-tepmoynpyrux BosiH Obll BBIOJHEH B cTaThe [5]
¥ OBLIO MMOKa3aHO, UTO IJs KaxKIOH 4acTOThl BCErJa UMEeEeTCs POBHO 1Ba BOJHOBBIX YHCJA, BelleCTBEHHAs
¥ MHHMasi 4aCTH KOTOpPBIX MOJIOXKHUTeJbHB. B paborax [6, 7] mpuBomuTcs HccienoBaHHE MJIOCKUX BOJH B
GNII-Tepmoynpyrux cpenax. Ilmockue TepMOynpyrue BOJIHBI «BTOPOrO 3BYKa» XapaKTepHU3YIOTCS UeTblpbMsl
BEIlleCTBEHHBIMH BOJTHOBBIMH YHCJAMHU, BA U3 KOTOPBIX MOJIOXKHUTeNbHEL. Llesblo HacTosIIero ucciei0BaHus
SBJISIIOTCS TJIOCKHE TapMOHHYECKHe CBSI3aHHBIE TEPMOYIPYTHe BOJIHBI, KOTOpblE OMHUCBHIBAIOTCS JIMHEHHBIMH
ypaBHeHussMH GNIII-trepmoynpyroctu. CraBuTCA 3amaya BBIYMC/IEHHS MX BOJHOBBIX YHCEI M HX IOCJe-
IYIOLMH aHa/Iu3 B 3aBUCHMOCTH OT ONpele/sIollUX NapaMeTpOB TEPMOYNPYTOCTH M 4acTOThl. II0CKOJbKY
BOJIHOBOE YMCJIO k TIJIOCKOH TepMOYTPYTOH BOJIHBI SIBJISETCS, BOOOIE TOBOPS, KOMIIJIEKCHOH BEJHUHUHOH, TO
OrpaHHUMBAsCh JIHIIb HUCCENOBAHHEM 3aTyXalOMIUX BOJH, (Da30Bble TMOBEPXHOCTH KOTOPBEIX PacMpoCTpaHs-
I0TCSl B HallpaBJeHUH BOJIHOBOTO BekTopa k, HEOOXOMMMO HAaHTH TOJNBKO TaKHe BOJIHOBbIE YMCJ/A, KOTOPBIE
ynoBJeTBopsiau Obl ycaoBusiM Rek > 0, Imk > 0. Mbl Oynem HasbiBaTb MX HOpPMaJbHBIMH BOJIHOBBIMH
yucaamu. PellleHue 3Toll 3amauu TpeGyeT CHCTEMaTHUECKOrO MCC/E0BAHUS 3HAKOB BELECTBEHHOH W MHHU-
MOH 4YacTH B MHOTO3HAYHOM KOMIIJIEKCHOM IIpPeICTaBJEHUH BOJHOBOTO YHCJ/a W BBINIOJHEHHS B 3TOH CBSI3U
3HAUNUTEJbHOIO0 0ObeMa BBIUUC/AUTENbHOH paboTsl. BosHOBOe uncsao k& B TOM BHIE, B KOTOPOM OHO OOBIYHO
HaXOIUTCsl, TIOMUMO BCEro Mpoyero, onpefessieTcs HECKOJIbKUMH He3aBUCHMO U3MeHSIOLIUMHUCS MapaMeTpa-
MH, UTO TaKXKe CYLIeCTBEHHO OCJIOXKHSET pelleHHe YKa3aHHOH 3aljauH.

2. OCHOBHbIE YPABHEHUS CBA3AHHOM GNIII-TEPMOYMPYOCTU

PaccMoTpuM cucTeMy CBI3aHHBIX YPaBHEHWH ABHKEHHS U TEIJONPOBOLHOCTH AJisl JUHEHHOTO H30TPOIl-
Horo tepMoynpyroro (tuna GNIII) Tena npu yc/oBHH OTCYTCTBHSI MacCOBBIX CHJ W HCTOYHHKOB Tellja:

pViu+ A+ p)VV -u—aVl — pii =0,

S (1)
AV20 4+ A V%0 — k0 — abyV -1 = 0,

T U — BEKTOp MepeMelleHHUs CpPeiibl U3 OTCYETHOTO COCTOSIHHS; p — IIOTHOCTh Cpensl; A, i — ympy-
rue noctosHHbe Jlame; V — TpexmepHbiii onepaTop 'ammibrona; V2 = V . V —oneparop Jlamnaca;
f — npupalleHHe TeMIepaTypsl Haj OTCUETHOH TeMIepaTypoi; fy — oTcueTHasi TeMmIepatypa; A — xapak-
TepHast CKOPOCTh TeronpoBogHocTh (thermal conductivity rate); A, — Ko3(pUIIHEHT TEMIONPOBOIHOCTH;
K — TeIJIOEMKOCTb (Ha eIMHHLY 00beMa) MpU MOCTOSIHHOH Hed)opMally; TepMOMeXaHHYecKasi MOCTOsIHHAS
a = (1/3)(3\ + 2u) 5%, tne §* — k03(hhULEEHT 0OBEMHOrO TEMJIOBOTO PACILIMPEHHS; TOUKA Hal CHMBOJIOM
0603HauaeT 4acTHOe AH(pepeHIIHPOBAHNE 110 BPEMeHH NpH (PMKCHPOBAHHBIX MPOCTPAHCTBEHHBIX KOOPAHHA-
Tax.

CxkaJisipHoe ypaBHeHHe B cucteMe (1) HasbiBaeTcs: 060OIIEHHBIM yPaBHEHHEM TeIIONPOBOAHOCTH, COMpsi-
JKEHHBIM C ypaBHEHHEM ABUXKeHHUs (mepBoe ypaBHeHHe B cucteme (1)).

[penensusiii nepexon A, — 0 Tpancpopmupyetr GNIII-monens B GNII-tepmoynpyrocts (rumnep6o.u-
yeckasi TepMoyrnpyrocts), a A — 0 mpeoOpasyeT ee K Kjaccuueckoit Teopuu tepmoymnpyroctd GNI/CTE
(mapaGosueckasi TEPMOYIPYTrOCTb).

K naHHBIM Bbillle ypaBHEHUSM CJeayeT 100aBUTh onpenesiomuil 3akon GNIII-repmoynpyroct (3akoH
Horamens—Heiimana)

o = 2ue + (Mre — af)l, (2)

rie o — TeH3op HanpsikeHui Ko, € — TeH3op Manblx nedopmauuii, I — eqMHHYHBIN TeH30D, U reOMeTpH-
yeckue cooTHoweHHus Komn
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2e=Vou+(Veoul, (3)

yCTaHaBJUBAIOILME CBSI3b MEXKIY MasbIMHM Ae(OpMalMsIMH U NepeMelleHUsIMH.
C 1esbl0 yMpOIEeHHs 3aMicH U Jydiero Bocnpusitusi ypasHenui GNIII-repmoynpyroctu (1) BBemem

caenyiolirie 0603HAYEHHS:
M= oA s
b’ " 6O’ bo
PasnenuB obe yacTu 0600IIEHHOTO ypaBHEHHS TEIIONPOBOAHOCTH Ha A, mepemnuieM (omyckasi MpH 3TOM
IITPUXHU B 3amuck moctosiHHbiXx A, AL, «') satem BTOpoe ypaBHeHue cucteMbl (1) B HeckosbKo GoJee
npocTod popme. OKOHUATEJbHO YpaBHEHHs CBsizaHHOH AuHamuueckod GNIII-repmoympyrocTu masi uesed

HaCTOALLEro Ucc/eqOoBaHUA NMPUHHUMAIOTCA B Q)opMe

pViu+ A+ p)VV -u—aVl — pi =0,
A . K - o

2 2020 o1 =

VI + VI - 20— TV =0,

(4)

OtmMetuM nBa npefesbHbX caydast ypaBHeHHH GNIII-tepmoynpyroctu: nmosarass A — 0 NpUXOAHMM K
IUHAMHYECKUM CBSI3aHHBIM YpaBHeHHUSIM Kjaccudyeckod Teopuu tepmoynpyroctd GNI/CTE:

pViu+ A+ p)VV -u—aVl — pi =0,

. 5
V20—Ai9—A3V-u:0; ®)

coBepruas npefiebHbIN nepexon A, — 0, nosmyunum ypasHenust GNII-repmoynpyroctu:

pViu+ A+ p)VV -u—aVl — pi =0,

V297%57%V'ﬁ:0.

3. MNMOCKUE FrAPMOHUYECKWE CBS3AHHbIE GNIII-TEPMOYNPYTUE BOJIHbBI

(6)

B atom pasgnesie 6yayT pacCMOTpPEHBI MIOCKHE rapMOHHUYECKHE CBsI3aHHbIE TEPMOYIIPYTHE BOJHBI, KOTOPbIE
SIBJISIIOTCST OJIHUM M3 HauboJjiee 4acTo HMCCJEeIyeMbIX B BOJIHOBHIX 3ajadax TepMOyNpyroctd (u BooOlie B
IMHAMHKe CIIOIHBIX cpen [8]) mpenmeTos.

[Tnockasi rapMOHHUecKasi TepMOymnpyrasi BoJHa wuMeeT BUI (k — BOJIHOBOH BEKTOp, w — LHUKJIUYECKas
4acToTa, A — BEKTOp MOJSIPU3AIUH BOJNHH, B — aMIIUTyIa OTKJOHEHHWH TeMIepaTypel OT OTCUETHOH TeM-
nepaTypsl)

1

u= Aei(k'r_“)t) ,

f = Bei(k‘r—wt)_ (7)
PaccmoTpum cBazanHyto cucremy ypaBHeHud GNIII-Tepmoymnpyroctu
pViu+ A+ p)VV -u—aVl — pi =0,
A . ke o« (8)
2 Mooy Ry Q& i
V0+AV9 AE) AV u=0.

[TonctaBuB BbipaxkeHus (7) B ypaBHeHHs cUcTeMbl (8), a Tak»Ke yUHThIBAsi, YTO
V =ik, 09/0t=—iw,

MOJIYYUM CJIEAYIOLLYI0 CUCTEMY YpaBHEHHH, CBS3bIBAIOLLYI0 BOJHOBOH BEKTOpP, LIMK/JIMYECKYIO 4acTOTY, Bek-
TOp MOJISIPU3allMK BOJIHBI U aMIIATYRy B:

—pk?A 4+ (A + p)(ik) (ik - A) — a(ik)B + pw?A =0,

oz (il Qin?(k-A) = ©)
(Aa) +k <1Aw 1>)B—|—Aw (k-A)=0,

1B (bnsuqecxoﬁ JIMTEpaType Takue BOJIHbI 00bIYHO HA3bIBAIOTCS MJIOCKUMH MOHOXPOMATHU4YECKUMU BOJHAMH.
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rae k IBsSieTCst BOJHOBBIM UKCJIOM (MOLyJieM BOJIHOBOrO BekTOopa K) MIOCKOH rapMOHHUYECKOH BOJIHBI.
BosiHoBoe uucs0 k MOXKeT ObITb, BOOOLIE TOBOPSi, KOMIIIEKCHOH BeJHUMHOH. BrosiHe ecTecTBEHHBIM
NPeNCTAaBJSETCsS OTPAHHUUUTBCS JIMIIb UCCAEOBAHUEM 3aTYXAKUIUX BOJH, (Da30Bble MOBEPXHOCTH KOTOPBIX
pacrpocTpaHsoTcs B HanpaBjaeHHH BekTopa k. [TosToMy c/iefyeT pa3biCKHBATh BOJHOBBIE UHCJA, MTOTUHHS-
IOLIHECS] YCIOBHSM
Rek >0, Imk > 0.

SaMeTI/IM, 4ToO B (IIL)PISH‘-ICCKOﬁ JIUTEpaType CcOOCTBEHHO BOJIHOBBIM UYHCJIOM HasbiBaeTcs Re k; Be€JHYHWHa

Im k o6bluHO HasbBaeTcst KO3(P(ULHEHTOM 3aTyxaHusl. C BOJHOBBIM YHCJIOM Kk CBsI3aHa TaKkXkKe CJELYIO-
Imk

Rek

11asi TEPMHHOJIOTUS: — (ha3oBasi CKOPOCTb BOJIHEI, — riyOMHa NMPOHUKAHUS BOJHBL; 47

w
Rek Im#k
KO3((MHULHEHT MOTePh.

C nomolbio mepBoro M3 ypaBHeHHE (9) MOXKHO 3aKJ/IOYHTb, YTO B CB3aHHOH TEPMOYNPYToOil BOJIHE

B # 0 Bextopel A 1 k He MOryT ObITb OPTOTOHAJIbHBIMH.

4. BO/THOBbIE YMC/A NIOCKOW FAPMOHUYECKOW GNIII-TEPMOYNPYT O BOJIHb

YmHOXKHUM 00e YacTH MepBOro W3 ypaBHeHHH cucTeMbl (9) ckassipHO Ha BOJIHOBOH BekTop K, mpuxomnm
K Cjefylollel CUCTeMe ypaBHEeHUM:

(k- A)(pw? — kK*(A +2u)) —iak®?B = 0,

10
(k- A)Ziw? + (Ew2+i%k2w—k2)B:0. (10
A A
Jlnst HeTPHUBHANBHON COBMECTHOCTH CHCTeMbl YpaBHeHHH (10) HOMKHO BBIMIOJHSATCS PABEHCTBO
pw? — k2(\ +2p) —iak?
A, =0. 11
i%wQ %wQ—&—iKka—k‘Q {an

Berancasis onpenesnnTtesb, NPUXOAUM K cienylomieMy OHKBaJpaTHOMY ypaBHEHHIO OTHOCHTE/bHO HeH3-
BECTHOTO BOJIHOBOTO YHCJ/a K:

k4 _ 128 2 2,2 (Asw ) 4 Aw _047222_
PRV k v (A +2p) + pwk (z A 1) k ()\+2u)<z A 1) Akw =0. (12)

BBeJleM HeO6XO]11/IMbIe JJ1d ﬂaﬂbHeﬁHleFO U3JI0XKEHHUsT 0003HaUYeHUs

A+2
cl2: i M? l_2:K7
p

rme c; u | ©UMeroT PasMepHOCTb CKOPOCTH, a TaKxKe 6e3pa3MeprIe TMOCTOSAHHBIE

Aw o? c?
hy=——, s*=—, h3=-L.
A ) pA’ 2

OmnpepenuM eme ogvH 6e3pasMepHbIN NapaMeTp COOTHOIIEHHEM

2 Cl2 2
h1:1+ﬁ+5

¥ 0003HAaUUM KBaJpaT BOJHOBOTO YMCJ/a YNPYrod MPOLOJbHON BOJIHBI Yepes

N

k2 = w-
|
1
[lpuHnMast BO BHHMaHHe HOBble 0603HaueHust ypaBHeHue (12), U3 KOTOPOTO HAXOMSTCS 3HAUEHUST BOJIHO-
BBIX UHCeJI, IPeACTaBUM B CjefyIollel (opMe:
4 2
k k 9

(ih3 = 1) 75 + (hF = ih3) 75 — b3 = 0. (13)
I I
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3aMeTHM, YTO B CHJIy JAHHBIX BbIle ONpeleseHUi a priori ynoBJAeTBOPSIIOTCS ONpefesiolie HepaBeH-
CTBa:
2 2
hy >1, hi—h5>1. (14)

[lepBoe U3 HUX sABJAseTCs caefcTBHeM BTOporo. [1o3ToMy MMeeTcs TOJbKO ONHO alpHOpPHOE ONpeneJsiiollee
OorpaHUYeHHe Ha MOCTOsIHHbIE hi, ho, hs.
flcHo, 4TO Ge3pasMepHOE BOJHOBOE UHCJIO k/k:” MOXKeT OBITh HaHWJeHO B 3aBUCHMOCTH OT IOCTOSIHHBIX
h1, he, hs, U3 KOTOPBIX [BE TEPBbIE SBJSIOTCS ONPENeNsIOIUMH U JIUIIb TOCAENHSAS 3aBUCHT OT YacTOTHIZ.
KBanparsl BOJIHOBBIX YHCes MJIOCKOH TapMOHHYECKOH CBSI3aHHOH TepMOYMNPYTOH BOJIHBI HaXOAATCH M3

ypasuenust (13) B Buze

k2 ihi —h} + \/(h‘f —ih2)? + 4h3(ih% — 1)
Qk—ﬁ = 21 . (15)
3nech U B JajibHEHIIEM H3JI0)KEHWH KBaIpaTHBIH KOpPeHb W3 KOMIJIEKCHOrO YucJa TOHHWMaeTcs Kak JBY-
3HAYHBIH.

OtcTynast OT OCHOBHOH JIMHMM H3JIOXKEHHSs, 3aMeTHM, UTO MOCKOJbKY B Teopud GNII-Tepmoympyrux
BOJIH «BTOPOTO 3ByKa» BeqndnHa hg = 0, TO OTHOLIEHHE k/kH He 33aBHUCHT OT 4acToTbl. HeTpynHo BHOeTs,
uto ypaBHeHue (15) B aTOM caydae ympoliaercs

k2
255 = h?+4/h} —4h3. (16)

Bpra)KeHI/Ie oMl 3HaKOM KBaJpaTHOTO KOPHA BCerga moJioXKHUTEJbHO!:
hi —4h3 = (1 + 5% — h3)? + 45*h3 > 0.

[IpaBasi yactb B (16), KaK JIerko MPOBEPHUTh, TAKXKe MOJOXKUTEJbHA MPH JHOOOM BbiGope 3HaKa. [loaTomy
NIJIOCKHE TEPMOYTIPYTHe BOJIHBI «BTOPOTO 3BYKa» XapaKTepU3YIOTCs YEThIPbMS BelleCTBEHHBIMHU BOJHOBBIMH
YHUCJAaMH, IBa U3 KOTOPBIX MOJIOXKHTENbHBL.

Jlns onpenesieHus: 3HaueHUH KBajapaTa BOJHOBOTO YHMCJa k MPOBeJeM PSifl AOMOJHUTENbHBIX BbIUNCIEHHEH
W M3BJleueHHe KBaJpPATHOrO KOPHs B COOTHOLIeHHH (15).

Bocnosibayemcsi u3BecTHOU (HOPMYJIOH MJIS HAXOXKAEHHUS] KBAJPATHOTO KOPHS M3 KOMIILJIEKCHO3HaYHOTO
Bhipaxkenus p = Rep + ilmp. Tlonoxus /p = ¢ = Req + ilmq, umMeeM poBHO JBa 3HaueHHA AJA /P,
KOTOpBIE OTIPeNesISIIOTCs B CJAeNYIOEeM BHIE:

Rep+ v/(Rep)? + (Imp)?
2 9

Imp
q= :
2Req

Reqg==% (17)

o2 .
B paccmarpuBaemom Hamu ciyuae p = (h? —ih3)” + 4h3(ih3 — 1), sHauenust BeanunH Rep u Imp
c/eflyeT MPUHATL PABHBIMH

Rep=h{—hi—4h3,  Imp=2h3 (2h3 — h).

Torna na ocroBanum (17), o6o3Hauast Req = a1,2 1 Imgq = b 2, HaxonuUM

hY — nd — 4h2 + \/(h;L — hi — 4h2)® + 4h3 (202 — B2)? ) h2 (2h3 — h2) 15)
) L,2= -
2 ’ a1, 2

al,QZi

YuuTbiBasi HalileHHbIe BbIlE 3HAUEHHUS a1 2 U by 2, paBeHCTBO (15) MOXKHO KOMIAKTHO MPEACTABHTH B
CJIeYIOIEM BUIE:

k* ik} —hi+ a1 2 +iby o

k2 ih3 —1 (19)

2B reopuu GNII-TepMOynpyrux BOJH «BTOPOro 3ByKa» hz = 0.
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[TpomoskuM aHanU3, OTAEJsIsE MHUMYIO U BellleCTBEHHble yacTd B npaBoit yactu (19). s atoro ymHo-
JKUM ¥ pasiesuM IMpaByio yacTb ypaBHeHHUs (19) Ha KOMIJIEKCHO COMPSIKEHHYI0 3HAMEHATeJI0 BeJUYHHY

k2 Zhg — h% + a1, 2 +iby, o —ih% —1

2— = . . 20
ki ih3 —1 —ih% —1 (20)
[IpeoGpasys u usBsekas B (20) KopeHb MPUXOTUM K
ﬁ _ h%+b172h§+h% — a2 +Z(h%h:23 —h%al’z —h% —bl,g) (21)
ky 2(hi+1) ’

Jsi nanbHeHIIero BHIUMCJIEHUS] BOJHOBBIX YHCEJN MJIOCKOW TapMOHHYECKOH TEPMOYTPYTOH BOJIHBI ellle
pa3 oCyllecTBHM ONEpaLUI0 W3BJedeHHs KBagpaTHoro kKopHs B (21). Hssi 3T0ro BOCHOJb3yeMCst yxkKe IMpH-
MEeHSIBLUMMCSI aJTOPUTMOM U COOTBETCTBYIOLIMMHU (hOpMyJaMH, MoJaras

Rep = hj + b1 oh3 + h3 — ay, o, Imp = hih} — h3a; o — h3 — by .

k )
\/2(h§+1)k—u :a/1,2;3,4+lb11,2;3,4v (22)

rae Homepa 1, 2 BbI6I/Ipa}OTCH HE€3aBHUCHMO OT HOMEPOB 3,4mu [IO3TOMY HMeeTCsd BCEro 4eTbIpe pa3JIMYHbIX
BapHaHTa;

B pesynbraTe Haxomum

o _ S bk —a e V(8% + b1 9h3 — a1,2)% + (T? — ay, 2h3 — by 2)?
1,2;3,4 =

2 @
b/ _ T2 — a172h§ — b1’2 .
1,2;3,4 2&172;374 )
S? u T? onpenensioTCs CONIACHO
S?=h3+h3,  T?=hi(hI-1). (24)

5. MAPAMETPUYECKUIA AHANU3 3HAYEHUA BOMTHOBbIX YACEN MIOCKOW TEPMOYNPYOW BOJIHbI

[TockosbKY BOJTHOBOE UHKCJO k TJIOCKOH TEPMOYMIPYTOH BOJIHBI SIBJSETCS, BOOOIEe ['OBOPSI, KOMILJIEKCHOH
BeJIMYMHOH, TO OrPAaHUYUBASACH JIMIIb HUCCJeIOBAHHEM 3aTyXaloUUX BOJH, (pa30Bble MOBEPXHOCTH KOTOPBIX
pacrnpoCcTpaHsTCS B HalpaBJaeHUU BekTopa k, HE06X0AUMO HAaHTH TOJBKO TaKHe BOJHOBbIE UHCJ/A, KOTOPbIE
yaooBJeTBOPsiK Obl ycaoBusiM Rek > 0, Imk > 0. Takue BoJHOBbIEe UMCJa MBI Ha3blBaeM HOPMaJsbHBIMH.
Pemrenue stoil 3amaun TpebyeT CHCTEMAaTHYECKOTO HCCJENOBAHHS 3HAKOB BEIleCTBEHHOH M MHHUMOH 4acTH
B (22) W BBIMOJIHEHHST 3HAUHUTENBHOTO 00beMa BBIUMCJIHTEbHON PabOThl, TaK KaK BOJHOBOE YHCJIO k B TOM
BHJIe, B KOTOPOM OHO ObLJIO HalIeHO BhILIe, ONpefesisieTcss TpeMsl He3aBUCUMO U3MEeHSIOILMMUCS apaMeTpaMu
h1, hs, hs. HanomMHuM, 4TO OHM MOAYMHEHBl BCErO ONHOMY AlNpPHOPHOMY OMpENEeJSIONIEMY OrPaHHYEHHI0
h?—h%>1.

CoBceM MPOCTO pellaeTcsi BOMPOC € BELIeCTBEHHOH YacTbiO BOJIHOBOTO uucia k: HepaBeHCTBY Rek > 0
NpH BCeX JIOMYCTUMBIX 3HAYEHUSX NApaMeTpoB hi, ha, h3 yIOBJETBOPAIOT JHUIIb 3HAYEHHUS a7, 3 U Ay, 3.

Takum 06pasoM, ocTaeTcs BBIACHUTb 3HAKHM BeJMUHH bj.3 M by 3 B 06/1aCTH JOMYCTHMBIX 3HAYeHHH
napameTpoB hi, hg, h3 ¢ TeM, 4YTOOB yKa3aTb 3HaK MHHUMOH 4acTH BOJHOBOIO YHCJA.

[Ipexxnie Bcero sameTHM, 4TO 3HaK b} 5. 3 COBMANAeT CO 3HAKOM BeJHUMHbI

71,2 = hih3 — a1,2h3 — hj — b1, . (25)

h3(2h3 — hi)

3amedas gasee, 4To by o =
ai, 2

, BbIDaXKeHHe 1JI Ti, 2 MOXHO NMpeo0pasoBaTh K BUIY

a3 o +2h3 — hi

1,20 = h3(hf —1) — h} s

(26)
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HUJIN
2

h
, = a_s [—a? 5+ (A — 1)ay,» + h} — 2h3]. (27)
1,2

T1

)

3aMeTHM, YTO B CHJly CBOEro omnpefeserus a; > 0, ag < 0 B 06J1aCTH JONYCTUMbIX 3HAUEHUH MapaMeTpoB
h1, ha, hs. CnegoBaTe/ibHO, MOXKHO 3aKJIOUHUTh, YTO

signy =sign [—ai + (h] — 1)a; +h} —2h3], signm = —sign [—a3 + (A} — L)ao + A7 — 2h3] . (28)

[Tponosxas paccyIeHHs, CBI3aHHbIE C OLIEHKOH 3HAKOB BEJHUHHBI T1, 2, PACCMOTPHUM BCIIOMOraTe/IbHbIH
KBaJPAaTHBIH TpexuJseH
§(k) = —k*+ (h? — 1)k + h? — 2h3. (29)

OLeHHM ero 3Hak AJs pa3/JUYHbIX AHUAlla30HOB MU3MEHEHH S HEPEMGHHOI:I K. OnpeueJmM CHaydaJla €ro KOpHH

K19 = 7(h% - 1) + \/(h%_;l)Q + 4(h% - 2h%) ) (30)

Jlns panbHefiliero aHajnu3a HeOOXOLMMO HCCJENOBaTh 3HAK AMCKPHMHHAHTA KBaJpaTHOIO TpexuseHa
(29). O6o3Hauast yka3aHHBIH JUCKPUMHUHAHT 4epe3 ¢, UMeeM

s =(h?—1)2 +4(h3 —2n3). (31)

Bynem paccmaTpuBaTh AMCKPUMMHAHT ¢ KaK KBaApaTHBIH TpexuseH oT nepemenHoi £ = h? — 1. Hac Gymer
WUHTEPEeCOBAThb JIUIIb MOJOXKUTENbHBIA AHANa30H U3MeHeHUs MepeMeHHOH £. fAcHo, uTo

¢ =246 +4(1 - 2h3).

KOpHI/I ¢ OIpeneJisdoTCd Kak
€12 = 2(—1 £ V2hy). (32)

B o6nactu 3HaueHu#t £ > 0 MOXKeT pacroJsaratbCsl TOJbKO KOPeHb &1, 1a ¥ TO TOJbKO, KOTJa BBITIONHSETCS
HepaBeHCTBO h3 > 1/2. YuuThiBas BCce CKa3aHHOE BbILIE MOXKHO 3aKJIOYHTh, UTO OLlEHKAa 3HaKa NMUCKPUMM-
HaHTa ¢ B 3aBUCHMOCTH OT T€X WJIM MHBIX OrpaHMYeHHUH pacrnagaetcss Ha TPH CJIydas:

(i) <0, ecmh?—hi>1,hE>1/2u<&;

(i) ¢>0, ecauhd—h3>1 h3<1/2;

(iii) ¢>0, ecmh?—h3>1,hE>1/2u¢>¢&.

HccnenyeM Kaxkablil U3 yKa3aHHBIX Bblllle BAPUAHTOB.

B cayuae (i), KOTOpbIi XapaKkTepu3yeTCs armpUOPHBIM ONpeNe/AIMM HepaBeHCTBOM h — h3 > 1 u
onpe/ie/IOIUMH HepaBeHCTBaMu h3 > 1/2, 0 < h? — 1 < 2(—1 + v/2hy), IUCKPUMHHAHT ¢ OTpULIATeeH H,
CJIelOBATENbHO, KBAJPATHBIH TPeXuJieH § He UMeeT BellleCTBeHHBIX KopHeH. [loaToMy TpexuseH § nprHUMaeT
TOJIBKO OTpHLIATeNHble 3HaUeHHUs, OTKya 3akJauaeM, uto 71 < 0, 7o > 0. HepaBenctBa Rek > 0, Im £k > 0,
TaKUM 00pa3oM, BBIMOJHSIOTCS, €CJH B BbIPAXKEHHUU [Ji BOJHOBOro uucsaa (22) BbOpaTb WHIEKCH 2 U 3.
Wccnenosanue HepaseHCTB hs —h3 > 1 u 0 < h? — 1 < 2(—1 + v/2hy) noOKa3biBaeT, 4TO OHH HECOBMECTHBI,
nostomy ciaydai (i) ciegyer HCKJIIOUHTh W3 PACCMOTPEHHSI.

B cayuae (ii), KoTOpbIii XapaKTepu3yeTcs anpHOPHbIM OMpeeNsOUM HepaBeHcTBOM h? —h3 > 1 u eue
ONHHM OMpeeNsIONIUM HepaBeHCTBOM h3 < 1/2, IMCKPUMHHAHT § TOJOXKHUTE/IeH; KBaipaTHbIH TpexdseH &
MMeeT POBHO [1BAa BeLIECTBEHHBIX KOPHSl K1, Ko, KOTODbIE YIOBJETBOPSIOT HepaBeHCTBaM k1 < 0, ko > 0.
fcHo, uto 7 > 0, TONBKO ecn a1 < Ko; T2 > 0, TONBKO €C/IH ag < K1. 3aMETHM, UTO HEPABEHCTBA a1 < Ka
U ay < K1 He HMEKT CMbICJIA ONpPelesIOUUX OrPAHHUEHHUH, TIOCKOJIbKY OHM yCTAHABJIWBAKT OrpaHUYEHHUS
Ha napameTtp hs, KOTOPbIH 3aBUCHT OT LMKJIHUECKOH yacToThl w. HepaBenctsa Rek > 0, Imk > 0, Takum
06pa3oM, BBHIONHSIOTCS, €CJH B BblpaXKeHHU JJIs1 BOJHOBOTO uucia (22) BhIOpaTh:

(ii-1) Homepa 1 ¥ 3 mpH YCJOBUH a1 < Ko;

(ii-2) Homepa 2 W 3 mpH YCJOBHH ay < Ki.

B npenenax uccienyeMoro ciayyasi MokKa OCTaeTCsi OTKPBITBIM BONPOC O CMEKTPe YacTOT, MOTUUHSIOLINXCS
HEepaBeHCTBAM a1 > ko WM 0 > ap > Kp: NPH alPUOPHOM ONpeje/IsioleM OrpaHudeHud h? — h3 > 1 u
onpezesioluleM orpaHudeHrd h3 < 1/2 HepaBenctBo Imk > 0, oGecreunBaiollee HOPMaNbHBIH XapakTep
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3aTyXaHHs IJIOCKOH BOJIHBI, HUKOTJa He YAOBJIETBOPSETCs, €C/IM 4acToTa NOJUYHHEHa OTPaHHYEHHIO a1 > Ko
unu 0 > as > K.

B cayuae (iii), kKOTOpBI XapaKTepusyeTcsi alpHOPHBIM ONpee/AOIMM HepaBeHcTBoM h? — h3 > 1 u
onpe/ieNIAIONUMH HepaBeHeTBaMu h3 > 1/2, h? — 1 > 2(—1 + v/2hy), BTOpPoe H3 KOTOPHIX ABJSETCS CJell-
CTBHEM aNpHOPHOTO OMpeNe/ISIONIero HepaBeHCTBA, JUCKPUMUHAHT ¢ TOJIOKUTEJIeH; KBaJPaTHBIH TPexdseH §

B.A. Kosanes, KO.H. Pagaes. BonHosble Yncia nnocknx GNIll-Tepmoynpyrnx BoiH n HepaBeHCTBa

HMeEET POBHO [Ba BEUIECTBEHHBLIX KOPHA K1, Ko, BTOpOfI U3 KOTOPBIX TOJIOKUTEJIEH, @ 3HAK IMEPBOro KOPHA
HeOOXOIUMO BBHISICHUTD. SaMeTI/IM, YTO CIIPaBENJIMBO HEPABEHCTBO K1 < Kg. Ha ocHoBanuu (30) HnMeeM

(33)

I o VRV R )

2 )
T.€. 3HaK K1 (TIOJIOXKUTEJbHBIN HJIM OTPULATEbHBIN) MOXKET ObITh yKa3aH B 3aBUCHMOCTH OT BBITOJIHEHUS
HepaBeHCTB

€5\ HAE A1 —2h3), €< \J€ 4+ 41— 2nB),

KOTOpbI€ CBOASATCA COOTBETCTBEHHO K CJeAYIOLIEeMY BHUAY:

hf—1<2h3—1, h}—1>2h3—1.

B pamkax paccMaTpHBaeMoro cjyuasi HMeeTcsi anpuopHOe onpejiesisiiolliee orpanuuenue h? —h3 > 1, koTopoe
He POTUBOPEUMT orpanuuenuio h?—1 < 2h3—1, TOIBKO ec/iu BhINOJIHsAETCS HepaBeHcTBo h3 > 1. Cymmupys
BCE pacCyXIeHUs, MOXKHO ClleslaTh CJelyloluid BbiBon. B pamkax (iii) HepaBeHctBa Rek > 0, Imk > 0

YIOBJIETBOPSIIOTCS, €CJIM B BBIPA’KEHUH MJIST BOJHOBOrO uncaa (22) BblOpath:

(iii-1-1)
orpannuenns hi —1 < 2h3 — 1,
(iii-1-2)

MHIEKCHl 2 U 3 NpH BbNOJHeHHH h3 — h3 > 1, h3 > 1 U NONOJNHUTEJBHOTO OMpelessoLero

vHeKCH 2, 3, a Takxke 1, 3 mpu BoinosHenud h? — h3 > 1, h2 > 1 u mononHUTeNBHOrO

onpefensouero orpanuyenus h? —1 < 2h3 —1 u orpanudenus Ha yactoty 0 < Ky < a; < Ko;

(iii-2-1)

vHaekcsl 1 1 3 npu BeimosiHeHud h? — h3 > 1 U [IONOJHUTENBHOTO OMPEIEsSIOUIero OrpaHu-

yenuss h? — 1 > 2h2 — 1 W orpaHMuYeHHs] HA YaCTOTY a1 < Ko}

(iii-2-2)

VIHJIEKChl 2 U 3 NpH BbIMoJHeHuH h? — h3 > 1 U [I0TMOJHUTENBHOTO OMPelessiouero orpaHu-

uenust hf — 1 > 2h3 — 1 u orpaHuyeHns Ha 4acToTy az < K1 < 0.

Taxkum o6pa3om, HopMmaJsbHble BOJHOBbIe uncsaa k maockux GNIII-trepmoynpyrux BoJiH, T.e. BOJHOBLIE
qucaa yaoBJeTBopsomye HepaBeHcTBaM Rek > 0, Im & > 0, ompenesieHbl BO BCEM IOMYCTHUMOM AHaNa3oHe

HU3MeHeHUsl napaMmeTpoB hy, ho, hs.
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