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LOCAL FUNCTIONALS AND GENERALIZED RANDOM FIELDS
WITH INDEPENDENT VALUES *

M. M. RAO

1. Introduction. Let 7% (R™) be the space of infinitely differentiable
real functions on the Euclidean r-space R™, which vanish outside of compact
sets. If f, = & (=% (R™) hereafter), then, the sequence {f,} is said to cone
verge to zero provided the supports of all the f, lie in a fixed compact set and
frn (z), together with their derivatives, tend uniformly to zero. With this,
% becomes a locally convex linear topological space. (For a theory of these
spaces, see [16].) 1f M(-) : & — scalars, is a map, it is termed local by
Gel'fand and Vilenkin¥(cf. [10], Ch. III, Sec. 4.1, Footnote 2), provided M
satisfies: (a) M (f; + f,) = M (f;) + M (f,) whenever [f,|-|f,|=0, for
any fi, f, in . (b) M is continuous, i. e. f, = K&, f,— f in & implies
M (f,) = M (f). (Since bounded sets are relatively compact in &, the conti-
nuity of M implies its boundedness on bounded sets of %#.) (c) For each g = %,
it Mg (f) = M (f4-g) — M (g), then M g(-) verifies (a). It should be’noted that in
[10], conditions (b) and (c) were not postulated in the definition of local .
functionals. In this generality the problem is more involved. The latter con-
ditions are satisfied in most applications, and, in any case, they will always
be assumed in this paper.

Local functionals are important in the theory of generalized random
fields with independent values. The latter concept is defined thus. A linear
map F : % — C, the space of scalar random variables on a fixed probability
space (82, 2, P), is said to be a generalized random field (g.r.f.) if F is conti-
nuous in the sense that f, = &, f, — 0in % implies F (f,) — O in probability,
(191, 1100). See also [71. 1f C  L* (Q, =, P) and, in the above, F (f,) >0
in L2, then the concept was introduced in this form in [11]. (When compa=
rable, these two concepts can be shown to coincide.) If a g.r.f. has the property
that for any fy, f, in &, with [ f, | [/, | = 0, F (f;) and F (f,) are mutually
independent, then F is said to have independent values (191, [10]). The work
of [10] indicates the intimate relationship between the local functionals and
the characteristic functionals (cf. f.) of g.r.f.’s on /% with independent values.
In that connection, special forms of M(-) were used by these authors who
raised the problem of characterizing local functions.

* This research was supported under the NSF Grants GP—7679, GP-8777, and
GP-15632.



Local functionals and generalized random fields 467

The purpose of this paper is to present some characterizations of local
functionals, on %, and then to consider the ch.f.’s of g.r.f."s (Section 3),
Necessary and sufficient conditions for certain classes of functionals to be
ch.f.’s of g.r.f.’s with independent values are given. For this class of ch. f."s
an explicit form is presented (Section 4) and it generalizes the classical
Lévy — Khintchine representation formula for processes with independent
increments. Some miscellaneous results, complementing the above characte-
rizations, are included in the last section. The results of this paper extend and
complement the fundamental work of Gel'fand [9] in many ways.

A different aspect of the g.r.f.’s with independent values (related to the
stable laws) was considered by Urbanik [17], and another related study
centering around the Lévy — Khintchine formulas was recently given in [10],
For other connected work, see [15]. A brief account of the main results of
the present paper (with somewhat stronger hypotheses) was included in [14]
without detailed proofs. [Condition (c) above was omitted by oversight in the
definition of local functionals there.]

2. Local functionals. In this section some characterizations of local fun-
ctionals on % will be considered. The classes studied are as follows.

Definition. 2.4. If M(-) : % — scalars, is a local functional, then it is
said to be of finite order (<< m <C oo0), if M(-) is continuous in the topology
of ™ (R"™), the space of m times continuously differentiable real functions
with compact support. '

. For the theory of the spaces 7 and & ™ (R"), see [16].

Definition 2.2. A set N C R™ is termed the support of a local functional
M () on % if (a) N is closed, (b) for any open V CC R™ with V [} N == (7,
there is a g in 2 with support in V [} N such that M (g) =~ 0, and (c¢) for
any f & % with support in R® — N, M(f) = 0.

First a characterization of local functionals of finite order will be consi-
dered and later (in Section 5) a discussion of those}functionals with compact
support will be presented. It is seen that, if a local functional is uniformly
continuous on- %% (instead of simple continuity as above), and of compact
support, the theory of such functionals reduces to that of finite order. At the
suggestion of the referee, the proofs of this section are outlined and the
results on Co (G) (cf. [14]) are omitted. They will appear elsewhere.

Theorem 2.3. Let M(-) : & — scalars, be a local functional of finite order,
say m. Then it can be represenied as:

M@$) = { ©G@.DIO, ..., D @), du (), fex,  (2.1)
. R™

9% .
where D = prraway o >0,Jal=a,+... +a,<<m,p is a Borel mea-
.. 02t ‘

sure in R" such that p (A) < oo for compact A C R*, and where the function
®: R X R*— scalars, has the following properties. (i) ®(-,...,¢) is con-
tinuous for each t, (ii) ®©0,...,0,f)=0 for each ¢, (iii) ® (z,...,z,-)
is a Borel function on R™ for each real =,...,z, and (iv) for each com-
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pact AC R, a 8>0 and fe& % with supp (/) C A4, | D (z)| <8, 0
<|B|<<m one has |®(f(t),Df(t),..., D% (¢),t)|<C(4,8) < co, almost
all (t), where C(A,8) is a constant, depending on A and &. Here v is the
number of partial derivatives of order<<m. Conversely a function ® on
R’ X R" and a Borel measure p in R" satisfying the above conditions de-
fine a local functional of order m on % through the formula (2.1).

The proof of this result is a simple consequence of the next two lemmas.

Lemma 2.4. Let 5 (N) be the subspace of % all of whose functions vanish
-oulside of a compact rectangle N C R™ If M : %% (N) — scalars, is a local
functional of order m (< o), then there exists a Borel measure p, with
Po (V) << o0, and a function @y on R® X N — scalars, with properties (i) —
(iv) of the theorem such that (2.1) holds with @y for @ there.

Proof. Since M(-)is of order m, for each f = % (N) it depends only
on D*f, 0 << |a | <{m. So consider the vector

¥ = (a1 (2) = DY (@), 2 = N, 0< ot < ), (2.2)

of length v where v is the number of partial derivatives of order not exceed-
ing m. For each f, there is a ¥ and its correspondence f < ¥ is one-to-one.
Let AY be the space of all vectors ¥ of v components given by (2.2) for
f = % (N).

Let S be the space of all continuous functionson N and §* = S X ... X S.
If ¢ = (g, ..., &) =S¥ where g; = S, let

lg | = max {sup [ | g (2)]:2 = N1 : 1 <i < v} (@2.3)

Then | -| is a norm under which S” is a Banach space and AY(C S” is a
linear subspace. Next define’ a functional M;(-) on AY by

M, (¥)=M(f), e % (N), (2.4)

where f and ¥ are determined by (2.2) uniquely. Consequently M; (-) on A®
is well-defined and it follows that M, is also a local functional on A¥, By con-
tinuity, M, can be extended to the closure of A® under the metric (2.3) (or
one not stronger than (2.3)) so as to remain a local functional. Since a metric
space is normal, the functional{ M; can be extended to all S*, say M,, by the
generalized Tietze extension theorem. What is more, by a slight modification
of the construction of this extension given in [1] and [4], M, can and will
be taken to be a local functional. The result will follow if M, is characteri-
zed and then by restricting M, to AY to give M, and hence M.

The Cartesian product space S*can be identified with the space C (V; RY),
the continuous function space on N with values in R (cf., e.g., [5], p. 89),
with the same norm (2.3). If v = 1, a local functional on such a space was
characterized in [2], under the name «additive functional», whose hypothesis
is satisfied by that of this paper. Since v <C o0, an extension of [2] to C (V; R)
presents no new difficulties. Hence, My() on C (&, R®) can be represented
as follows: There exists a finite regular Borel measure p, on Nthe Borel sets
of N and a functionNCDN on R X N to scalars, such that (i) ®n(*, ..., =, )
is continuous on R for p, almost all £, (ii) (IN)N (x, ..., 2, -) is Borel measurab-
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le, (iii) @y (0, ..., 0, &) = 0 for p, almost all ¢, and (iv) for any e >0,
there isa 6 >> 0 such that | @y (%, ..., &y, £) | <<e, aa.(f), if max [z;| <86,

Iy
in terms of which the following equation holds,

M,(g) = jéw (81 ()y -+ - 8 (£), 1) dig (B)s (2.5)
N

for all g = (g1, .-.,8)=S". Since S” is jseparable and N is also sepa-
rable, one can find a fixed null s3t A4, N such that if ¢e£ 4, then
’-(~D(-, .«.y+,1) is continuous. Hence dsfining Dy on A, by giving an ar-
bitrary value, CﬁN (+y...,,t) may b3 chos?n continuous in (2.5), for each
t=: N. With this in (2.6) lst Oy b3 the function TDN whan M, is rest-
ricted to A¥, so that M,|A"= M,. ThIS and (2.4) yisld (2. 1) at once.

. This completes the proof.

Lemma 2.5. If M on % is a local functional of finite order, say m, then
there exists a regular Borel measure w in R"™ such that p (4) << oo for each
compact A C R" and a function @ : R® X R"™-> scalars, satisfying the con-
ditions (1) — (iv) of the theorem, in terms of which the formula (2.1) holds.

Proof Since R™ is countable at infinity, it can be written as A" =

U N, where each N; is co:npact and is contained in th> interior of
n=1

Niyg. Let 2 (N;) be the correspondlncr space (of Schwartz) on N;. Then

H(N)YCTH (Niyy) and & = U H(N;), is the striet inductive limit of
i=1 )
 (N;). But for each i, sintce M; = M|H& (N;), the restriction of M to

X (N;), is local on & (IV;), it follows, by tha pracading lamma, that

M; () =Ji DO, (F @), DFE(E)s -, D (1), ) dwi (1), = 2 (N3). (2.6)

The general cas2 is now obtain>d by piecing togsthar thess (Dy,, u;), where
y; are the corresponding regular Borel measures on N;.

Let N, = Ny, and if N, is defined, lot Niy = Niw —N 1t is clear
that N~ are disjoint Borel ssts, N-CNi, all i, and R, U N Here all

i=1
the p; may bs assumed, for convisnce, positive since otherwiss p; may bs

replaced by their variation msasures v (w;) (i. e. u;<<v (p;), so by the

Radon — Nikodym theorem dw; = - dv (w;) = hidv (u;) and the mea-

i
dv (H’i)
surable function h; can bs absorbad into Dy, to start with). Next define

the measure n on.the Boral sits of R® starting with the equation:
JOEPINHCAIDE | (2.7)
i=1
This is well-definad and p |V, =w;, so that p(4)< o for each compact
A since A is intersected by at most a finit> numbir of N,’s, and p; (V;)<C
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< oo. Finally let _
Oz, y,....2,8) =0 (x,y,...,2, 1), forte= N, (2.8)

Then @ is well-defined, ® |R* X N; = ®@; and satisfies the conditions (i)—

— (iv) since ¢ = R" if and only if t= N; for a unique i. The relations
(2.6) — (2.8) yield

M(fy= [ ©G,Di@,....D @), 0dp ), j = . (2.9)

R"

The integral is well-defined since each f has compact support, and thus the
integral reduces to one on a compact set, which exists by (2.6). This implies
the lemma, and with it the theorem follows.

Definition 2.6. If # & R™ and v, is the translation operator on %', so that
Tf (1) = f (z + h) for all f = %, and M(") is a local functional on % then
it is said to be translation invariant it M (v,f) = M (f) for all f = %, and
h = R"™.

For translation invariant local functionals on 5%, a more precise result
holds.

Theorem 2.7. Let M () : % — scalars, be a translation-invariant local
Junctional of finite order, say m. Then there exists a continuous function
D : R’ — scalars, satisfying the conditions (i), (ii) and (iv) of Theorem 2.3
(whithout mention of t & R™ there and (iii) being aulomatic, since @ does not
depend on t and is continuous now), such that

M(fy= [ ©¢@).Df@),....DFO)du (), TS,  (210)
R’I’L

where || << m and p is the Lebesgue measure in R™. Conversely, a function
D of the above description, and the Lebesgue measure W, together define a trans-
lation invariant local functional M (-) on % through formula (2.10).

Proof. It M(-) : & — scalars, isthe given local functional, then let
M, (+) : §¥— scalars, be the extended functional as in the proof of Lemma
2.4. But if M(-) is translation invariant, then, as noted before, M, () can be
chosen to be also translation invariant. Then a measure p, is induced by a
translation invariant additive set function as: '

Pp (A) = lim M, (P), 3) = lim M, (1,P5,2) = lkimM2 (Pr2) = pp (4 + a)
A0 A—0 —0

where P = 1 P, , is the (vector) peak function of [2], which is translated
by @ units along its bases, and 4 4 a = {z + @ : z = A}. The work of [2]
shows that the limit exists and p, is a measure. It follows that p, and hence
p of (2.3) are both translation invariant. Since p is a Randon measure on R™
(i. e. every compact set has finite p-measure) it follows from known results
that p is a Lebesgue measure on R™ (cf., e.g. [12]). It thus remains to show
that @ of (2.1) does not depend on ¢.

Since M, (1,8) = M, (g), g & Cs (R™, R”), the space of continuous
functions on R™ with compact supports and with values in R, and p is
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translation invariant, this equation can be expressed, by a change in variab-
les in (2.9), as

V@@ . ... 800t —hdu) j @ (g, (1), . ... g (). 1) du(t) (2.11)
RTL
for all ¢ = Co (R™, R). Since @ was originally deflned in such a way that
D (aXa, t) was defined for all bounded Borel sets A & R", the integrands
in (2.11) can be identified for almost all ¢. Thus identifying and setting
h = t one gets

d@= y ....2 0) =Dy, ..z 1, t=R" (2.12)

Then letting @ (z, y, ..., 2) = O (z, y, ..., 2, 0), it follows from (2.12) that @
can be expressed as a function on RY only, and that it has the stated proper-
ties of the theorem. Since the converse implication is clear, the result fol-
lows. (Note that the mention of Borel sets is unnecessary to deduce
(2.12) from (2.11).)

3. Characteristic functionals. If F () : # — R is a generalized random
field, where R is the set of all real random variables, on (Q, 2, P), then F
is said to be a g.r.f. with independent values. whenever f, g & %4 and
ff| -|g1 =0 implies F(f) and F|(g) are mutually independent random
variables. This, concept, due to Gel'fand [9], is a generalization of that
of the ordinary (= nongeneralized) processes with independent increments.

Let L : %% — scalars, be a map defined by L (f) = E(¢'¥) where E is
the mathematical expectation on (Q, X, P), so that L (-) is the characteristic
tunctional (cf. f.) of the g.r.f. F. According to ([10], Ch. II, Sec. 4) a conti-
nuous functional L (-} on % is a ch.f. of a g.r.f. with independent values if
and only if, it is positive definite, and L (f, + f,) = L (f;)L (f,) whenever
f1:fo = O for any f,, f, in . Moreover a g.r.f, F is said to be (strictly) stationary
whenever L (1,f) = L (), f = &, h & R". In this section some structure
theorems for the ch. f.’s L (-) on &% will be given extending and complemen-
ting the basic work of Gel'fand ([91, [10]).

First a special class of ch.f.’s L () on % will be considered. These relate
the ch.f’s of certain g.r.f."s with independent values and the local functionals
considered in the preceding section. Using this form, certain general ch.f.’s
and their structure will be analyzed. :

Suppose L (+) on & is a continuous functional which never vanishes so
that log L (-) can be defined. If moreover L (f; + f,) = L (fy)L (f,) for
fifo = 0, then M (+) = log L (-) defines a local functional on &%, and
L (+) = exp M (-). A sufficient condition on a ch.f. L( *) to admit of the
above representation is this.

Proposition 3.1. Let L () : % — scalars, be a ch.f. of some g.r.f. F with
independent values. Suppose (1) L (X4) is also defined (by extension) for all
indicator functions %4 of bounded Borel sets, A C R", and (ii) L (X4,) — 1 as
{4} decrease to the void set. Then there exists a local functional M on % such
that L (f) = exp M (f), allf =%,

Proof. Let g4(s) = L (sX4) for any real s and bounded Borel set
A C R". Then ¢4 () is the characteristic function of a real random variable
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for each 4. If A,, 4, are disjoint bounded Borel sets, then, from the multi-
plicative property of L () and condition (ii) of the hypothesis, it follows that

(PAxUAz (3) = CPA!. (S) (PAz (S), aﬂd llrlz,n (PAn (S) = 1 ’ (31)

uniformly for s in any finite interval.

Now if 4 is any compact rectangle in R", it can be written as 4 =
_ :
= | A™, A7 are disjoint (half-open) rectangles in A for each m. Then

i=1

from the first of (3.1) one has

H ® (m) ‘ (3.2)

i=1

Now, given ¢ > 0, one can choose m (¢) large enough and the diameters of
A7" uniformly small, such that | ¢ m(s) — 1| < ¢ uniformly for any finite

s-interval, while A is fixed. Then by ([3] p. 132, Theorem 4.1), 94 () satis-
fying (3.2) is infinitely divisible and hence never vanishes. Since 4 C R"
is an arbitrary (bounded) rectangle, and hence the result also holds for Borel
sets, it follows that L (f) == 0 for any piecewise continuous f of bounded
support. Consequently, the functional M (-) given by M (f) = log L (f),
{ &= &, is well-defined and the continuity and multiplicative properties of
L (+) imply the continuity and additivity of M (-). For condition (c), let
Mg (f) = log Ly (), with Ly () = L (f + /L (2)- It fy, fo & %, ffo = 0,
a simple computation shows L (f; +f. + g)/L(g) = L (fy + 2).
L (f, + g)/L* (g), and hence Mg (fy -+ fo) = My (fy) + Mg (fa). So M ()
is a local functional on %, completing the proof. '

Corollary 3.2. If L () is a ch.f. on %, suppose either L ( -) satisfies the con-
ditions of the above proposition or, more generally, it is of the form L (-) =
= exp M () where M () is a local functional on J. Then for each f &= %,
Py, given by P, (s) = L (sf), defines a characteristic function of an infinitely
divisible random variable. \

The conditions of the Proposition 3.1 on L (-) are not necessary. Conse-
quently, the general class of functions given by

L(f)=exp M(f), f = %, (3.3)

where M (-) is a local functional on % of order m (<< oo) will be considered.

" Though the above arg/ument does not seem to extend, it is likely that the
ch.f. L () of a g.r.f. with independent values does not vanish and that (3.3)
is the most general form of such L (-).

As in the preceding section, a functional L (-) glven by (3.3) is said to
be of finite order, say m, on X if the corresponding local functional is of
order m. Since by [10], a functional L (+) on & is a ch.f. of some g.r.f. if and
only if L () is continuous and positive definite with L (0) = 1, it will be
of utmost importance, for further study, to find conditions on M () such
that the L () of (3.3) is a ch.f. The following result goes in that direction,
and extends a result in [9]. : '
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Theorem 3.3. Suppose a functional L (-) on # is given by (3.3) where M ()
is an arbitrary local functional on %, of order m (< oo). Ther L () is a ch.f.
(necessarily of some g.r.f. with independent values) if and only if

exp (jcp(xl, o t)du (t)), z =R, (3.4)
J | |

is positive definite as a function of zy, ..., x, for all compact A C R™ where
(D, p) is the pair determined by M through (2.1), and v is the number of par-
tial derivatives of order not exceeding m.

Proof. Since M (-) is of order m, by Theorem 2.3, L (-) of (3.3) can
be expressed as

L(f)=exp(f O (f (), Df (t),...,pr(t),t)dp(t)), f=m, (3.5)
R® '

where (D, p) is a pair associated with M (-) through (2.1). As in Lemma
2.4, let g be the vector of v components given by

§={g:8.(0) =D (). X, la|<m}).  (3.6)

Since the correspondence between g and f is one-to-one, define L; (-) on
AY by

exp My (g) = Ly (g) = L(f) = exp M ({), 3.7

where M, is the corresponding local functional to M (-) given by (2.4).

. Suppose now that L () given by (3.5) is a ch.f., i. e., is positive definite
and continuous on %. Hence this implies, by (3.3) and (3.7), for any fixed
but arbitrary set of complex numbers &, ..., §;, the inequality ("bar’ denotes
complex conjugation below), '

" '
Z Z exp M, (g; — g;)8:&; > 0. (3.8)
i=1j=1 .
Let M, () be a local functional which is an extension of M; onto C, (R™, R¥).
The extension procedure of [4] is such (M, is a certain positive linear combina-
tion of M (-)) that (3.8) remains true when M; is replaced by M,, and A¥ by
Co(R", RY). Also from the form of this functional (exponential form) it
can clearly be extended to the space % D Co(R", R}) of piece-wise conti-
nuous functions (as in [10], Ch. III, Sec. 4).

Now consider the vector g; = (g1, .. .. &), { =1, , k, where g;; (¢ )
=uxy for te= A, A compact, 1 <Lj<Cv,and =0 obharms“ Then (3.8) t
kes the form, after rearrangemont,

Z‘, Zggl eXp(ch o Tty e iy — Tin, £) du(t))}(). (3.9)
i=11'=1 -

Since {&;} are arbitrary this implies that (3.4) is positive definite for each

compact A CC R™. The properties of (D, p) imply that (3.9) is always finite

for all compact 4 — R™. Thus the condition (3.4) is necessary.

5 Teopus BepoATHOCTEH M ee TpuMeHeHHA, N 3




474 M. M. Rao

For the converse, suppose (3.4) is positive definite. The proof that L (-)
is positive definite and hence, because of (3.3), is a ch.f. follows closely that
of [10], and is outlined. Again let L, (-) = exp M, (-) be the extended func-
tional onto C (R", RY). Let g, ..., g; be a fixed but arbitrary set in
Cwo(R™, RY). Their supports may be taken to lie in the compact rectangle

(6>0) N = >< [— b, b]*C R Cons1der the expression, for 1<Ci,j<Ck,
i=1
=5 ([ © (@ (O~ 8 0, g0 () — g5 (0, 1) (t)). (3.10)
N

Since @ (-,?) is continuous and the integral above exists on N (u (V)<
< ool), this. integral may be approximated by step functions 8L, — &ip
. tr ’
pointwise and boundedly, as r— oo, where g’ = Z alpqx r, with Aq as
g=1
disjoint Baire sets in N for cach r, @p =R, 1<p<v, so that, for
1<i, j<k,

t.

;= lim H exp ( 5' @ (ahrg — Biag s - - - » Qg — Qjug, 1) A (zf)) =
P20 q—l Aq ] ;
= lim H ay, say. (3.11) '

q=1

Thus to prove that L, is positive definite, it suffices to.show that the matrix
(a;;) is positive definite. For this, by a classical theorem of Schur (cf. [10]),
it is enough to show that, for each ¢ and r, the matrix (a¥) is positive defi-
nite. But by hypothesis this is true if in (3.11) each Aq is a compact set..
Since (3.4) is positive definite for each compact set, it implies the result
for all bounded Borel sets and thus (af}) is positive definite. So L, () on
Co (R™, R*) and hence L (-) on 5 satisfy the same property. Since L-(0) = 1
by (3.3), and is continuous, L (-) is a ch.f., and hence necessarily of a g.r.f.
with independent values by [10]. This completes the proof of the theorem.

Corollary 3.4. If L(-) on %, given by (3.3), is of order m (<< oo) and is
translation invariant, (i. e. L (v,f)= L (f), f= %, h. = R™ then L () is
a ch.f. (necessarily of a g.r.f. with strictly stationary and independent values)
if and only if

' exp (s@ (z,, . . ., 2,)) (3.12)

is positive definite for all real x,, ..., z, and any s > 0, where ® on R’ is the
function given in Theorem 2.7, and v is the total number of partial derivatives
of orders not exceeding m.

This follows from the theorem since the translation invariance. of L is
equivalent to that of M (-) and then by Theorem 2.7, @ does not depend on
the last variable and p is the Lebesgue meéasure, so that s = u (4) > 0,
and (3.4) is equivalent to (3.12). If v = 1, the above corollary implies a re-
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sult obtained in ([91, [10]), and the necessity answers affirmatively a ques-
tion in [10]. -

The above theorem raises the problem of characterizing those local func-
tionals M () for which (3.4) is positive definite. Only then it can be used in
the theory of g.r.f.’s with advantage. This is now given in the next result.

Theorem 3.5. Let (@, ) be a pair satisfying the conditions of Theorem 2 1.
Then in order that the function

exp (jq)(-,...,.,t)dp(t)> (3.13)
A

be positive definite in R® for each compact A C R, it is sufficient that for
w-almost all t & R™ and any fized but arbilrary set of complex numbers §,, ..., &
with & + ... + &, =0, ® (—=z, ) = D (z, t) and

Z Z 8D (T — Ty, - - - Ty — Xy, ) =0 (3.14)
i=1 j=1 . .
hold for all z; = (23, ..., o) ER, i =1, k. If moreover, tke measufe

w is non-atomic, then the condztzon is also necessary.

R e m a r k. This result extends a corresponding one in ([10], Ch. III, Sec.
4, Theorem 4) given when v=1, u the Lebesgue measure and @ not mvolvmg t.
However, the important sufficiency proof given there needs an additional
argument. [The argument in [10] is insufficient for the case @ (z, t) = iz,
cf. Math. Reviews, March 1968, 679), because the expression (11) in the
proof there has no finite minimum!] The needed modifications together with
the details of proof will be supplied here. '

Proof. To prove the first part of the result, if §,, ..., &, are any given
complex numhers and A C R" is compact, it should be shown that for all

e R, i =1, ..., k, and with (3.14), one has

k

k ' .
2 D EEexp F(zi~ 25, 4) >0, (3.15)

i=1 j=1
where [ (z, 4) = jl(D (z,t)dp (£). By Schur’s theorem, used in the proof of
Theorem 3.3, 1t is enough to establish- the positive definiteness of the
matrix (ai;) where ajj = 1 +gf (#; — z;, A) for any positive s and large

enough m (becausé ai;— exp (sf (z; — z;, 4)) as m—> oo for any s >>0). Thus
it should be shown that (f (— =z, 4) = f (z, 4) being true by hypothesis),

E k -
2 D) dlEE; = Z& +8022§1§f(x —2;, ) >0 (3.16)

i=1j=1 i=1 i=1 j=1

K

- holds true. Now if Z £, =0 and (3.14) is true simultansously then (3.16)

i=1
5%
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K
is clearly true So consider the case that EE =0. Dividing through by

i=1
k

‘the non-zero number z E;, if necessary, it may and will be assumed, for
. 1'=1
k

’convenience, that 2 §, =1 in establishing (3.16) in this case.
N i=1
Let 0 << p << oo be a fixed but arbitrary number, and let Us = .(x = R

: |z |<<PB}. Then consider the-continuous function (in z;’s) for any fixed
compact A C R™

E k

A D ek — 2 4), Z fi=t s s Us (3.17)
i=1"=1 =1
The continuity of f (-, A) on R implies for any fixed &, ..., & in (3.17),

the function has a finite minimum as z;’s vary on the compact set Ug,
the closure of Ug. Let this be - and so 0<]cB|<oo It follows that

(3.16) has the followmg lower bound in this cass: (smce Z g, = 1)

=1

lZal

+302 2 8 f (o — — A) =1+ secp. : (3.18)

i=1j=1

" But sy =s/m | 0 as m—co. -So choosing s,cs > —1 (i.e., if ¢g > 0 any s,
“will do here and if ¢y << 0, let 0 <<Tsy<C|[cp|™"), it follows that (3.18)
is non-negative. This means the matrix (ai;) is positive definite for all z & Uy,

~ for large enough m (i. e., so that’% = s, << | ¢p |Y). Translated back, it is

shown that for each compact 4 C R™, exp (f (z; A)) is positive definite
(and continuous in RY) for z in a ball of finite radius. Consequently by a
result of M. G. Krein (cf. [13], p. 209) the function exp (f (-, 4)) coincides
with a characteristic function on Up. But this function being an exponential,
is regular and it has just been shown to coincide with a characteristic func-
tion on Upg for any P <C oc. It then follows, as a consequence of a result of
J. Marcinkiewicz (cf. [13], pp. 212—213) that exp (f (-, A)) determines
uniquely a characteristic function on R itself. Since this is clearly (3.13)
itself (simply let p — oo so that Ug— R” in the above), it follows that
(3.15) always holds for all z & R". Since AC R™ is arbitrary (3.15) implies
that (3.13) is positive definite. This completes the sufficiency.

For the converse, let u be non-atomic and (3.13) be positive definite.
Using the notation of the preceding part, and noting that ¢® = 1 + 6 -+ 026
for some |8 |<C1 for small enough 8, one can expand exp (f (z, 4)), o
noting that f (-, 4) is a continuous function and | f (z, 4) | - O as p (4) — 0
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uniformly in z & Ug for any f << o0, to get the following:

J+

k k
+Zzgigj7(xi—x]7 ) + = 5 622&1&] (Cc —vaA)

E k
0<3 D &jexp (@i — 25, 4) = (]Za

i=1j=1

i=17j=1 1_1_7_1
=0+ 2 DV EEf (@i — 5, A) + 62 Z 5E T (@ — @ AP (3.19)

i=1j=1 . i=1 j=1
" .
sincez ¢, =0. Given any £ >0, and any fixed but arbitrary 3, for all,
1=1 .
x;¢= Up, there exists an 1 (=1(e, B)) such that p(A4)< v implies |f (z;—
—xz;, A)|<e. Thus, if (3.14) were false, there exists a set A, and &, B,
" n, for which the above inequalities are true and such that in (3.19)

koK
2 X & (@ — 2y, 4) + 22 0.
i=1j=1
Since this contradicts the left inequality of (3.19), which is true by hy-
pothesis, (3.14) must hold as stated. The positive definiteness of (3.43) implies
immediately that f (—z, A) = f (z, A) and the arbitrariness of 4 then im-
plies @ (—z, t) = @ (z, ) for almost all £ & R™. This proves the necessity
and with it the theorem. (Clearly the nonato micity of p is not fully
used here.) .
The condition (3.14) can be stated equivalently in another form using
integrals for sums there. Thus for any compact 4 — R", exp (f (:, 4)) is
positive definite if and only if

j f f x—y’A)h(x)h(y)dxdy >0 (3.20)

RY RY

for any he % () such that jﬂ h(z)dz = 0. Since for any h <= & (RY),
Rv .

j Dh(z)ydz =0, where D is the differential operator of order one, the

RV

condition (3.20) can be stated more conveniently, but equivalently, as

{ { 7(@—y, ) Dh(z) Dk (y)dady >0, he=x R).  (3.20)
RV RV
In the terminology of [10]l, this condition means that for each compact
A T R" § (-, A) determines a conditionally positive definite generalized
function of order one on % (R*). Because of its importance the theorem is
formally stated as follows:
Theorem 3.5'. If @ : R® X R™—> scalaras, has the properties, (a) @ (-, t)
is continuous on R® and ® (0, t) = 0, for each t = R", and (b), @ (z, *) is

' Borel measurable, and if p is a Radon measure in R™, then exp (S O(-,t)dp (t))
: A :
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is a positive definite function. for each compact A C R™, if @ (-, t) determines
in % (R*) a conditionally positive definite generalized function, of order one,
and @ (—z, {) = @ (z, 1), for almost all t & R". The converse holds whenever
p is also non-atomic. '

Remark. Ifin Theorems 3.5 L () is also translation invariant then
the function ® does not involve the last variable and the measure p is
the Lebesgue measure. This case reduces to that of [9], since Corollary 3.4
is applicable now.

4. Generalized Lévy — Khintchine representation formula. The results
of the preceding sections enable a generalization of the Lévy — Khintchine
representation formula for the ch.f.’s of the g.r.f.’s on % with independent
values. This work extends the results of Gel'fand’s (cf. [9], [10]) to the ch.f.
of the form (3.3) and of finite order. Recall that a continuous furctional
L () on & (R™) is of order m (< oo) if it is continuous in the topology of
A™(R™), the space of m-times continuously differentiable real functions in
R™ with compact supports (cf. [16]): Another extension of the formula, in
a different direction, was recently considered in [8].

The main result is here contained in

Theorem 4.1. Let L (-) : & — scalars, be a functional of order m (<< o0),
and suppose L (f) is given by (3.3) for all f= 3. Then L (.) is a characteristic
functional of a g.r.f. on % with independent values if and only if it can be
represented as:

L(h=ep| [ 0. DF®), ..., DI 0,00}, fEx,  (GA)
R" ' '

where |o|<<m, i is a Radon measure in R™ (also non-atomic for the 'only
if' part), and ® on R' X R" is given by

O @1 = [ [©D—a@)d+iEy)ody)+
[yi>0
+ a0 (1) + 2 ax (t) (””) . N (4.2)

1k |=1

Here o (; ) is a positive tempered measure in R for each t =R ¢ (4, 9
is a Borel function in R™ for each Borel A C R, (z, y) is the scalar product
in RY, o. () is an entire analytic function of exponential type (i. e., it belongs
to the space Z, cf. [10]) such that o (y) — 1 has a zero of order three at y = 0,
and the a (-)’s are some Borel functions in R™ determined by @ (i. e., by L(*))
all of whzch satisfy the following two conditions, for almost all t & R”
lylPo(@y;t) + [ o(dy) <o, (4.3)

o<y <1 fy(>

A—a@)o@i)+a®=0, 3  an®ii>0

fy1>0 ' . frl=lst=1

where the E's are compler numbers. (The standard notation of [16] is used
here; namely, [k| =1/l 4 ...k, |y>= @, y),kl=4!... k] and 2*¥=
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=aF. .. xf".) Finally, if L(-) is also translation invariant then ® of (4.1)

does not involve the last variable t, and then the ¢ and a;'s do not involve t.

Proof. Since L (-) never vanishes, set M (-) = log L (). It is clear
that M : % — scalars, is Well-defixied and is of order m, (see equation (3.3)
above). To prove the sufficiency, let L () be the ch. f. of a g.r.f. on & with
independent values. Then L () is multiplicative and by (3.3) M (-) defined
above is a local functional of order m. Hence by Theorem 2.3, there exists
a pair (@, p) such that @ satisfies the conditions (i) — (iv) there and p is
a Radon measure, and one has

L(f) = exp | CD(f(t),Df(t),...,Daf(t),t)dp(t)), few.  (44)
R™ ’

If as before f (z, A) = j' @ (z,t)dp (¢), utilizing the fact that L (-) is a ch.f.,

then, by Theorem 3.3,Aexp (f (-, A)) is a positive definite function in R" for
each compact 4 C R". Consequently by Theorem 3.5, this implies that
f (-, A) determines a generalized function (f(-, A), *) on & which is condi-
tionally positive definite of order one, treating 4 as a parameter.

As a consequence of an important theorem of N. Ya. Vilenkin and
A. M. Yaglom (cf. [10], Ch. II, Sec. 4.4, and [18], Sec. 3) the functional
{f(-, 4), ), of order 1, on the space Z can be expressed as follows:

JT@nt@az=F (. 4.p= | [fO—awx
Rv . R;

0 87
< 3 Za KU o, 4) + S, @20 e,
18] =0 ) (8] =0 ‘
where oc{-) is an entire analytic function of exponential type (i.e. a &= Z)
such that a () — 1 has a zero of order 3 at t =0, f is the Fourier trans-
form of f, and vy (-, 4) is a positive tempered measure, for each compact
ACR", on RO_R"—{O} Moreover, d (A) = 5‘ Fz, Ao (x) ztdz, 0L

RV
<(|k|< 1, and for | k| =2, @ (A) = v, (0, 4) where the measures vi(-,A4)
are uniquely defined by (f (-, A),f) through the equation (f (-, 4), z¥f) =
S‘f x)dvi (z,A), and d;'s are positive definite for [k|=2 In other
RY -
words, vy(-,4) and a; (4)'s satisfy (4.3) if ¢ is replaced by A there and
vo for o. From this, the actual expressions given in the theorem can be
obtained as follows.

Substituting the expression for f (-, A) here and rearranging (by Fubini's
theorem) one gets

G (4)= | | © ()0 () akdedp ) = [ ax (1) dp (1), say,
A pv - A

80 that ay (), defined by the infegral on RY, is a Borel function in R™ Since,
by the representation, v (4, -) is also countably additive and p-continuous
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it can be expressed as )
i (4) = [ ¥ (00 dn ().
4 .
Letting ay (1) = v, (0, 1), |k| = 2, it follows that ay (-), 0<C|k|<<2
satisfy the conditions of the theorem. Since v, (C, 4) = 5”\70 (C,t)ydp (2),

for Borel C C R¥, compact 4 C R™, a similar computation ;hows that with
Vo(-, t),= o (-, 1), the right side of (4.5) yeilds the right side of (4.2). Sin
conditions (4.3) hold for v, it follows, as above, that (4.5) holds for o (-, ?)
for p-almost all £ = R™ This completes the proof that every ch.f. of the
theorem admits a representation (4.1) — (4.3).

To prove the necessity, let @ : R¥ X R"™ — scalars, be given by (4.2),
with (4.3) being true relative to a Randon measure p in R™. Then the converce
part of the Vilenkin — Yaglom theorem yields the result that, for almost
all t = R™, the function @ (-, #) (and hence f (-, 4)), determines a conditio-
nally positive definite generalized function on 2. But then, when u is also
non-atomic, the converse part of Theorem 3.5 is applicable and shows that
exp (f (-, 4)) is a positive definite function in R for each compact 4 C R".
' Then Theorem 3.3 yields the result that L () of (4.1) is a ch.f., of order m,
of a g.r.f. on % with independent values, as asserted.

If L () is also translation invariant, then @ does not involve ¢ and the
result then is immediate from Theorem 3.5, and the a;’s, and ¢ () do not
involve ¢ and conversely. Thus the theorem is completely proved.

That this result extends the classical Lévy—Khintchine representation
formula (cf., [3], p. 418, eq. (7.3)) will be illustrated now. For simpli-
city only the translation invariant case (with v=n = 1) will be conside-
red. Let o (A)=1, and o(-) be a finite measure determined by a monotone

nonQdecreasing bounded function such that S | 2] (de) < oo. Let ay=
x| >0

=0, a =— S ds (z) 4+ vand a, = —a?. Then a simple computa-
fx]>0

1—{-—:52

tion shows that (4.1) reduces to the following when p concentrates at a point
t, so that L ({) = exp @ (¢) where

5+ S (eifx —1-— 7%) ds (z),
[x]| >0
which is one form of the Lévy — Khintchine formula (cf. [3]).

9. Miscellaneous results and remarks. In this section a few speeial results
related to the work of Sections 2 and 3 will be briefly treated. 1f the hypothe-
sis on local functionals is strengthened then the hypothesis of finiteness of
the order can be dropped. This will hopefully clarify (rather than generalize)
the structure of local functionals. A functional M : % — scalars, is strongly
local if conditions (a) and (¢) of a local functional definition hold, and (b)
is strengthened to: (b’) M (-) is uniformly continuous on % (i. e., for any
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¢ >0, there is a neighborhood V of the origin in %, such that for any f, g in
V, M () — M (9)] < o).

The following result illustrates the nature of this hypothesis.
Proposition 5.1. If M on %% is a strongly local functional with eompact
support, then M ‘is of finite order. ‘

Proof. Recall that the neighborhood basis for % is given by the sets
V ({m}, {e}, {Q}) where {e}={e;,&5,...;8; | O}, {m}={my,m,y,...;m; 1}
1 oo}, and {Q} ={Q;, Qy,...,:Q;=[2:]2]|<]j]}, in terms of which
V(im} {21 QD) = {F 1| DF (@) | <<epr o] <myy 2 Qpj=1,2,...},  (5.1)
(cf. [16]). Now by hypothesis M (-) has compact support N (= R™. Then
M : %(N) — scalars, and is strongly local. Consequently, given & >0,

there is'a neighborhood V (m, 8, N) = V, of zero in % (N) such that for all
f &V onejhas | M (f) | << &. This means for any 4>>0, one has |(D%)|<

<M, jo|<<m, xeE N, for some m (taking Q,, = N). Then%e V so that.
\M <%) \-< &, by theuniform continuity of M (-). Since A is arbitrary, this
implies | M (f)|—0 as | D*f(z)|— O uniformly for |o|<Cm. Hence M (-) is
of order m (< oc), completing the proof.|

Remark. Without the uniformity condition, this result is false in
general since then V depends on A also in the above.

The above proposition implies the work of Sections 2 and 3 also holds
for the strongly local functionals of compact support. The following compa-
nion result can be given for general strongly local functionals. k

Proposition 5.2. If M : % — scalars, is a strongly local functional, then
there exists a sequence {M, (-)}of strongly local functionals, each M, () having
a compact support, satisfyinglim M, (f) = M (f), f & %, in terms of which

the following representation holds:

M(f) =lim § ©,.( (@), D (t):- > D (0,0 dp, (), fEH, (5:2)
—oo oy

where |a,.|<<m, (< o0), the (., n.) being the pair associated with M,
(where @, (-,t) is also uniformly continuous now) as in Theorem 2.3, and

the {m,} is a (not necessarily bounded) sequence of positive integers.
Proof. Let {4;} be an open countable covering of R™ which (by re-
finement if necessary) may be assumed locally finite and A, relatively
compact. Then there exists a C>-partition of unity {¢;}icr subordinate to
the covering {4}, (c¢f. [16]). This means (i) each ¢; >0, ;= %, (i)
3¢;(z) =1, 2= R", (iii) support of @, A; and (iv) any compact set
B R intersects only finitely many supports of ¢;. Now if f,, = {Z¢;f,
ie: Iy} where I, 4 I is a finite set. Then f,&=% and f,—7f in #.
The first assertion is obvious and the second ome follows from a small

computation yielding: ‘

D=3 (F)0% 2 =y 63

i=0 TEIm
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Here the differential symbolism and the product rule (cf. [16]) are used. The
first factor vanishes outside of a compact set and only finitely many supports
of ¢, intersect it. So as m ~> oo (I, = I) the second factor of (5.3) tends to
zero, unless o = i (by interchanging the sum and derivative) in which case
it tends to one. Thus D*f,, — D4f for each a, so that f,, — f in 7.

The continuity of M (-) implies llm M({fm)=M(f). So let M,.(f)y=

’LEI

= M(\Z Csz) fex. Then M, () is a strongly local functional and ‘the

support of M, iscontained in that of 2 @;, which iscompact for eachr. This
U=

proves the first assertion. The second part is now a simple consequence

«0of Theorem 2.3 and the first part. This completes the proof,

Using this proposition many of the results of Sections 2 and 3 can be
reformulated for arbitrary strongly local functionals. However, this class
-excludes some interesting simple cases. Thus it will be of interest to ex-
tend the general theory of local functionals of finite order, of the earlier
:sections, to arbitrary order and it seems to require a separate study.
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