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1. Introduction. Let Ж (Rn) be the space of infinitely differentiable 
real functions on the Euclidean u-space Rn, which vanish outside of compact 
sets. If fn EE Ж (=Ж (Rn) hereafter), then, the sequence { /„} is said to con­
verge to zero provided the supports of all the fn lie in a fixed compact set and 
/„ (x), together with their derivatives, tend uniformly to zero. With this, 
Ж becomes a locally convex linear topological space. (For a theory of these 
spaces, see [16].) If M(-) : Ж -> scalars, is a map, it is termed local by 
Gel'fand and Vilenkin»(cf. [10], Ch. I l l , Sec. 4.1, Footnote 2), provided M 
satisfies: (a) M(ft + /8) == M{fx) + M (f2) whenever | Д |-| / 2 | = 0, for 
any / 1 5 / 2 in Ж. (b) M is continuous, i. е. / „ EE Ж, / „ -> / in Ж implies 
M (fn) -*~ M (f). (Since bounded sets are relatively compact in Ж, the conti­
nuity of M implies its boundedness on bounded sets of Ж.) (c) For each g EE Ж? 
if Mg (/) = M (f+g) — M (g), then Mg(-) verifies (a). It should be'noted that in 
[10], conditions (b) and (c) were not postulated in the definition of local 
functionals. In this generality the problem is more involved. The latter con­
ditions are satisfied in most applications, and, in any case, they will always 
be assumed in this paper. 

Local functionals are important in the theory of generalized random 
fields with independent values. The latter concept is defined thus. A linear 
map F : Ж -*- C, the space of scalar random variables on a fixed probability 
space (Q, S, P), is said to be a generalized random field (g.r.f.) if F is conti­
nuous in the sense that / „ ЕЕ Ж, fn ->- 0 in Ж implies F (fn) —>- 0 in probability, 
([91, [10]). See also [7]. If С С L 2 (Q, 2 , P) and, in the above, F (/„) - * 0 
in L 2 , then the concept was introduced in this form in [11]. (When compa­
rable, these two concepts can be shown to coincide.) If a g.r.f. has the property 
that for апу.Д, / 2 in Ж, with | Л | | Д | = 0, F (fx) and F ( / 2 ) are mutually 
independent, then F is said to have independent values ([91, [10]). The work 
of [101 indicates the intimate relationship between the local functionals and 
the characteristic functionals (cf. f.) of g.r.f.'s o n ^ with independent values. 
In that connection, special forms of M(-) were used by these authors who 
raised the problem of characterizing local functions. 

* This research was supported under the NSF Grants GP—7679, GP-8777, and 
GP-15632. 
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The purpose of this paper is to present some characterizations of local 
functionals, on Ж, and then to consider the ch.f.'s of g.r.f.'s (Section 3). 
Necessary and sufficient conditions for certain classes of functionals to be 
ch.f.'s of g.r.f. 's with independent values are given. For this class of ch. f.'s 
an explicit form is presented (Section 4) and it generalizes the classical 
Levy — Khintchine representation formula for processes with independent 
increments. Some miscellaneous results, complementing the above characte­
rizations, are included in the last section. The results of this paper extend and 
•complement the fundamental work of Gel'fand [91 in many ways. 

A different aspect of the g.r.f.'s with independent values (related to the 
stable laws) was considered by Urbanik [17], and another related study 
centering around the Levy — Khintchine formulas was recently given in [10]. 
For other connected work, see [15]. A brief account of the main results of 
the present paper (with somewhat stronger hypotheses) was included in [14] 
without detailed proofs. [Condition (c) above was omitted by oversight in the 
definition of local functionals there.] 

2. Local functionals. In this section some characterizations of local fun­
ctionals on Ж will be considered. The classes studied are as follows. 

Definition. 2.1. If M(-) : Ж - v scalars, is a local functional, then it is 
said to be of finite order (s^ m < oo), if M(-) is continuous in the topology 
of Жт (Rn), the space of rn times continuously differentiable real functions 
with compact support. 

v For the theory of the spaces Ж and Жт (Rn), see [16]. 
Definition 2.2. A set N CZ Rn is termed the support of a local functional 

M (•) on- Ж if (a) N is closed, (b) for any open V CZ Rn with V f] N =h 0 , 
there is a g in Ж with support in V f] N such that M (g) =j= 0, and (c) for 
any / e Ж with support in Rn — N, M(f) = 0 . 

First a characterization of local functionals of finite order will be consi­
dered and later (in Section 5) a discussion of those^functionals with compact 
support will be presented. It is seen that, if a local functional is uniformly 
continuous on Ж (instead of simple continuity as above), and of compact 
support, the theory of such functionals reduces to that of finite order. At the 
suggestion of the referee, the proofs of this section are outlined and the 
results on Coo(G) (cf. [14]) are omitted. They will appear elsewhere. 

Theorem 2.3. Let M(-) : Ж ->- scalars, be a local functional of finite order, 
say m. Then it can be represented as: 

M(f)= j 0(f(t),Df(t) D«f(t),t)d\i(t), }е=Ж, (2.1) 
Rn 

where D = — —, a ; > 0,1 a j = ocx + . . . -f a„ «SC m, u is a Borel mea-
dX7l. . . ox n m 

sure in Rn such that p (A) < oo for compact A CZ Rn, and where the function 
Ф : Ry X Rn scalars, has the following properties, (i) Ф ( • , . . . , t) is con­
tinuous for each t, (ii) ф (0, . . . , 0, t) = 0 for each t, (iii) Ф (x, . . . , z, •) 
is a Borel function on R"- for each real x, . .. ,z, and (iv) for each com-
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pact AczRn, a 6 > 0 and / £ » with supp (/) С A, \ D^f (x) | < 6, 0 < 
< | P | < m one has | Ф (/ (t), Df (t), . . . , Daf (t), t) | < С {A, 8 ) < oo, almost 
all (t), where С (A, 8) is a Constant, depending on A and 8. Here v is the 
number of partial derivatives of order ̂ .m. Conversely a function Ф on 
R" X Rn and a Borel measure \i in Rn satisfying the above conditions de­
fine a local functional of order m on Ж through the formula (2.1). 

The proof of this result is a simple consequence of the next two lemmas. 
Lemma 2.4. Let Ж (JV) be the subspace of Ж all of whose functions vanish 

outside of a compact rectangle N CZ Rn- If M : Ж (N) ->- scalars, is a local 
functional of order m ( < oo) , then there exists a Borel measure p 0 with 
Ho (N) < oo, and a function <$>N on Rv x N —»- scalars, with properties (i) — 
(iv) of the theorem such that (2.1) holds with Фк for Ф there. 

P r o o f . Since M(-) is of order m, for each f El Ж (N) it depends only 
on Daf, 0 ^ I a I ̂  m. So consider the vector 

xF = {^a:^a(x) = Daf(x),xEzN,0^\a\^m}, (2.2) 

of length v where v is the number of partial derivatives of order not exceed­
ing m. For each /, there is a ¥ and its correspondence / <-> W is one-to-one. 
Let A v be the space of all vectors W of v components given by (2.2) for 
fEEЖ (N). 

Let S be the space of all continuous functions on N and S4 = S X ... X S. 
If g = (gi, • • • . f t l e ^ where gt EE S, let 

\\g\\ = max {sup [ I gi (x) \: x EE N] : 1 < : i ̂  v} . (2.3) 

Then I • |] is a norm under which Sv is a Banach space and A v CZ Sv is a 
linear subspace. Next define" a functional Mx{ •) on A v by 

M1(V) = M(f),feiX(N), (2.4) 

where / and Y are determined by (2.2) uniquely. Consequently М\ (•) on A v 

is well-defined and it follows that Mx is also a local functional on A v . By con­
tinuity, Mx can be extended to the closure of A v under the metric (2.3) (or 
one not stronger than (2.3)) so as to remain a local functional. Since a metric 
space is normal, the functional! Mx can be extended to all Sv, say Мъ, by the 
generalized Tietze extension theorem. What is more, by a slight modification 
of the construction of this extension given in [1] and [41, M2 can and will 
be taken to be a local functional. The result will follow if M2 is characteri­
zed and then by restricting M2 to A v to give Mx and hence M. 

The Cartesian product space can be identified with the space С (N; Rv), 
the continuous function space on N with values in R4 (cf., e.g., [51, p. 89), 
with the same norm (2.3). If v = 1, a local functional on such a space was 
characterized in [21, under the name «additive functional*, whose hypothesis 
is satisfied by that of this paper. Since v < oo, an extension of [2] to С (N; Rv) 
presents no new difficulties. Hence, M 2 ( •) on С {N, Rv) can be represented 
as follows: There exists a finite regular Borel measure p 0 on the Borel sets 
of N and a function Флг on Rv X N to scalars, such that (i) Флг(", •, t) 
is continuous on R4 for p 0 almost all t, (ii) Ф^ (x, z , •) is Borel measureb-
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le, (iii) <5JV (0, 0, t) = 0 for p 0 almost all t, and (iv) for any e > 0, 
there is а б > 0 such that | Фм (x\, x4, t) | < e, a.a. (t), if т а х ^ К б , 

in terms of which the following equation holds, 

Mt(g) = J Ф* (*i ( * ) . • • • . g, (t), t) d\i0 (t), (2,5) 
N 

for all g = (glt . . . ,gv)Ez S". Since is jjseparable and N is also sepa­
rable, one can find a fixed null sat AnCZN such that if t0_Ao then 
Ф ( - , . . . , -,t) is continuous. Hence dsfining Флг on Aa by giving an ar­
bitrary value, CDjv ( - , . . . , - , t) may Ьз choseu contiauous in (2.5), for each 
tE=N. With this in (2.6) 1st Ф я Ьэ the function Фдг whan Мг is rest­
ricted to A", so that M 2 j A v = Mx. This aud (2.4) yisld (2.1) at once. 
This completes the proof. 

Lemma 2.5. If M on Ж is a local functional of finite order, say m, then 
there exists a regular Borel measure fx in Rn such that p, (A) < ; oo for each 
compact A CZ Rn and a function Ф : Rv X Rn -> scalars, satisfying the con­
ditions (i) — (iv) of the theorem, in terms of which the formula (2.1) holds. 

Proof . Since Rn is countable at infinity, it can be written as Rn = 
oo 

= (J Nn where each Ni is compact and is contained in the interior of 
71=1 

JVi+1. Let Ж(Ы1) be the corresponding space (of Schwartz) on Ыг. Then 
Ж {Ni)CZW (Ni+1) and Ж = \J Ж(Ы{), is the strict inductive limit of 
tt(Ni). But for each i, since Mt = M \ Ж (N{), the restriction of M to 
&(Ni), is local on Jf(Ni), it follows, by tb.3 preceding lemma, that 

Mi (f) = J Фщ (f (t), Df(t),..., D'f (t), t) dii{ (t),fe= Ж (Ni). (2.6) 
Ni 

The general саэз is now obtained by piecing together these (Ф^1, щ), where 
}Xj are ths corresponding regular Borel measures on -/V4. 

Let Nx = Nlt and if N{ is defined, let Ni+1 = Ni+l - N-,. It is clear 
oo , 

that Ni are disjoint Borel sets, NtczNi, all г, and Rn = [J N{. Here all 
i = l 

the pj may Ьэ assumed, for convience, positive since otherwise p4 may Ьз 
replaced by their variation measures v (щ) (i. e. р, г<^ у (|i |), so by the 
Radon — Nikodym thsorem d\it = rfy ^ • dv (p,{) = /г{йу (р,{) and the mea­

surable function hi can Ьз absorbed iuto Ф,у4 to start with). Next define 

the measure \x on .the Borel sets of Rn starting with the equation: 
oo 

!*(•) = 2 Л • ) • (2.7) 

This is well-defined and u. | TVJ = p b so that p, ( 4 ) < oo for each compact 
A since A is intersected by at most a finite numbar of Ni's, and u.t ( Л ^ Х 
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<^ оо. Finally let 

Ф {х, У z,t) = Ф 4 (х, У, • • • , z, 0, for ^ ЕЕ N{. (2.8) 

Then Ф is well-defined, Ф | Rv х N{ = Ф 4 and satisfies the conditions (i)— 
— (iv) since ! Е Л " if and only if tEENi for a unique i. The relations 
(2.6) - (2.8) yield 

M (/) = j Ф (/ (t),Df ( * ) , . . . ' , (0, 0 d(i (*), / e= ЛГ. (2.9) 

The integral is well-defined since each / has compact support, and thus the 
integral reduces to one on a compact set, which exists by (2.6). This implies-
the lemma, and with it the theorem follows. 

Definition 2.6. If h SEE Rn and xh is the translation operator on X, so that 
xhf (x) = f (x + h) for all / £E X, and M( •) is a local functional on X then 
it is said to be translation invariant if M (xhf) = M (/) for all f EE and 
h EERn. 

For translation invariant local functionals on X, a more precise result 
holds. 

Theorem 2.7. Let M (•) : X -> scalars, be a translation-invariant local 
functional of finite order, say m. Then there exists a continuous function-
Ф : R" scalars, satisfying the conditions (i), (ii) and (iv) of Theorem 2.3-
(whithout mention of t El Rn there and (iii) being automatic, since Ф does not 
depend on t and is continuous now), such that 

M (/) = j Ф (/ (0 , Df(t),..., />/ (t)) dix ( 0 , / GEE ЛГ, (2.Ю) 

where \ a \ m and p is the Lebesgue measure in Rn. Conversely, a function 
Ф of the above description, and the Lebesgue measure p, together define a trans­
lation invariant local functional M (•) on X through formula (2.10). 

P r o o f . It M (•) : X scalars, is the given local functional, then let 
M 2 (•) : Sv scalars, be the extended functional as in the proof of Lemma 
2.4. But if M( •) is translation invariant, then, as noted before, M a (•) can be 
chosen to be also translation invariant. Then a measure \xh is induced by a 
translation invariant additive set function as: 

l*h (A) = lim M 2 (Ph} * ) = lim JW8 [raPh, x) = lim M2 (Ph, x) = H {A + a) 
x-*o x-»o x̂ o 

where P = xaPh^ is the (vector) peak function of [2], which is translated 
by a units along its bases, and A + a = {x + a : x Ez A}. The work of [2] 
shows that the limit exists and \\ h is a measure. It follows that [ih and hence 
p of (2.3) are both translation invariant. Since p is a Randon measure on Rn 

(i. e. every compact set has finite [i-measure) it follows from known results 
that p is a Lebesgue measure on Rn (cf., e.g. [12]). It thus remains to show 
that Ф of (2.1) does not depend on t. 

Since M2(xhg) = Mi(g), gElCoo(Rn, the space of continuous 
functions on Rn with compact supports and with values in R\ and p, is 
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translation invariant, this equation can be expressed, by a change in variab­
les in (2.9), as 

j Ф (gl (t), ...,g4 (t), t — h)dp(t) — j Ф (gl (t), ...,gv (t), t) dp (t) (2.11) 
Rn Rn 

for all g EE Cao(Rn, i? v). Since Ф was originally defined in such a way that 
Ф (a%A, if) was defined for all bounded Borel sets A EE Rn, the integrands 
in (2.11) can be identified for almost all t. Thus identifying and setting 
h — t one gets 

Ф {x, y, z, 0) = Ф (x, y, z, t), t EE Rn. (2.12) 

Then letting Ф (x, y, z) = Ф (x, y, z, 0), it follows from (2.12) that Ф 
can be expressed as a function on R* only, and that it has the stated proper­
ties of the theorem. Since the converse implication is clear, the result fol­
lows. (Note that the mention of Borel sets is unnecessary to deduce 
(2.12) from (2.11).) 

3. Characteristic functionals. If F (•) : X Ц is a generalized random 
field, where R is the set of all real random variables, on (Q, 2 , P), then F 
is said to be a g.r.f. with independent values] whenever /, g EE X and 
I / I - j I = 0 implies F (/) and F\(g) are mutually independent random 
variables. This, concept, due to Gel'fand [9], is a generalization of that 
of the ordinary ( = nongeneralized) processes with independent increments. 

Let L : X ->• scalars, be a map defined by L (f) = Е(егр^) where E is 
the mathematical expectation on (Q, 2 , P), so that L (•) is the characteristic 
functional (cf. f.) of the g.r.f. F. According to ([10], Ch. I I , Sec. 4) a conti­
nuous functional L(-) on X is a ch.f. of a g.r.f. with independent values if 
and only if, it is positive definite, and L (/ x -f- / 2 ) = L (fx)L ( / 2 ) whenever 
/ 1 '/г = 0 f ° r а п У fij /2 in Moreover a g.r.f. F is said to be (strictly) stationary 
whenever L (rhf) = L ( / ) , / EE X, h EE Rn. In this section some structure 
theorems for the ch. f .'s L (•) on X will be given extending and complemen­
ting the basic work of Gel'fand ([9], [10]). 

First a special class of ch.f.'s L (•) on X will be considered. These relate 
the ch.f's of certain g.r.f.'s with independent values and the local functionals 
considered in the preceding section. Using this form, certain general ch.f.'s 
and their structure will be analyzed. 

Suppose L (•) on X is a continuous functional which never vanishes so 
that log L (•) can be defined. If moreover L (ft -f / 2 ) = L (jx)L ( / 2 ) for 
/ 1 / 2 = 0, then M (•) = log L (•) defines a local functional on X, and 
L (•) = ехр M (•). A sufficient condition on a ch.f. L (•) to admit of the 
above representation is this. 

Proposition 3.1. LetL(-) : X -> scalars, be a ch.f. of some g.r.f. F with 
independent values. Suppose (i) L (%A) is also defined (by extension) for all 
indicator functions %A of bounded Borel sets, A CZ Rn, and (ii) L (KAn) -> 1 as 
{An} decrease to the void set. Then there exists a local functional M on X such 
that L (f) = ехр M (/), allf E E « % \ 

P r o o f . Let ц>А (s) = L (s%A) for any real s and bounded Borel set 
A CZ Rn. Then <pA (•) is the characteristic function of a real random variable 
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for each A. If Аг, A2 are disjoint bounded Borel sets, then, from the multi­
plicative property of L (•) and condition (ii) of the hypothesis, it follows that 

Фл*1М. (s) = ФА, ( * ) ФА 2 (s), and lim cpAji (s) = 1, (3.1) 
n 

uniformly for s in any finite interval. 
Now if A is any compact rectangle in Rn, it can be written as A =' 
m 

= (J Ai,A? are disjoint (half-open) rectangles in Л for each m. Then 
i = l 

from the first of (3.1) one has 
m 

Ф А ( * ) - = П ("•)(*)• ( 3-2) 

Now, given e ]> 0, one can choose m (e) large enough and the diameters of 
A™ uniformly small, such that | ф m(s) — 1 | < e uniformly for any finite 
s-interval, while A is fixed. Then by ([31, p. 132, Theorem 4.1), c p A (•) satis­
fying (3.2) is infinitely divisible and hence never vanishes. Since A CZ Rn 

is an arbitrary (bounded) rectangle, and hence the result also holds for Borel 
sets, it follows that L (j) Ф 0 for any piecewise continuous / of bounded 
support. Consequently, the functional M (•) given by M (/) = log L (/), 
/ EE is well-defined and the continuity and multiplicative properties of 
L (•) imply the continuity and additivity of M ( • ) . For condition (c), let 
Me (f) = log Lg ( / ) , with Lg (/) = L (f + g)/L (g). If A , / , GE X, f, -/2 = 0, 
a simple computation shows L (/x + f2 + g)/L (|r) = (/i + g)-
L(h + g)/L* ( g ) , and hence Ж 5 (/i + /2) = M8 ( A ) + ikTg ( / 2 ) . So M (•) 
is a local functional on X, completing the proof. 

Corollary 3.2. If L (•) is a ch.f. on X, suppose either L (•) satisfies the con­
ditions of the above proposition or, more generally, it is of the form L (•) = 
= ехр M (•) where M (•) is a local functional on X. Then for each f EE X, 

given by tyf (s) = L (s/), defines a characteristic function of an infinitely 
divisible random variable. 

The conditions of the Proposition 3.1 on L (•) are not necessary. Conse­
quently, the general class of functions given by 

L (f) l~ e x P M ( / ) , / EE №, (3.3) 

where M (•) is a local functional on X of order m (< 0 0 ) will be considered, 
Though the above argument does not seem to extend, it is likely that the 
ch.f. L (•) of a g.r.f. with independent values does not vanish and that (3.3) 
is the most general form of such £ ( • ) • 

As in the preceding section, a functional L ( • ) given by (3.3) is said to 
be of finite order, say m, on УС if the corresponding local functional is of 
order m. Since by [101, a functional L (•) on X is a ch.f. of some g.r.f. if and 
only if L (•) is continuous and positive definite with L (0) = 1, it will be 
of utmost importance, for further study, to find conditions on M (•) such 
that the L (•) of (3.3) is a ch.f. The following result goes in that direction, 
and extends a result in [9]. 
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Theorem 3.3. Suppose a functional L(-) on Ж is given by (3.3) where M (•) 
is an arbitrary local functional on Ж, of order m ( < oo). Then L (•) is a ch.f. 
(necessarily of some g.r.f. with independent values) if and only if 

exp Ф (xx, . . . , xv, t) dp (i)j, xiE=R, (3.4) 
A 

is positive definite as a function of xx, £v for all compact A CZ Rn where 
(Ф, p) is the pair determined by M through (2.1), and v is the number of par­
tial derivatives of order not exceeding m. 

P r o o f . Since M (•) is of order m, by Theorem 2.3, L (•)• of (3.3) can 
be expressed as 

L (/j = exp f J Ф (/ (t),Df (t),..., D*f (t), t) dp (*)), / EE Ж, (3.6) 

where (Ф, \i) is a pair associated with M{•) through (2.1). As in Lemma 
2.4, let g be the vector of v components given by 

g = {g*:g«(x)=Di(x), 1Е2Ж,\а\^т}. (3.6) 

Since the correspondence between g and / is one-to-one, define Lx (•) on 
A v by 

exp Mx (g) = Lx (g) = L (f) = exp M ( / ) , (3.7) 

where Mx is the corresponding local functional to M (•) given by (2.4). 
Suppose now that L (•) given by (3.5) is a ch.f., i. е., is positive definite 

and continuous on Ж. Hence this implies, by (3.3) and (3.7), for any fixed 
but arbitrary set of complex numbers lx, gR, the inequality ('bar' denotes 
complex conjugation below), 

к к 

2 2 e x P M i (Si - ii) l h > 0- (3-8) 
i=i j=i 

Let M% (•) be a local functional which is an extension of Mx onto C<x> (Rn, Rv): 
The extension procedure of [4] is such (M% is a certain positive linear combina­
tion of M (•)) that (3.8) remains true when Mx is replaced by M2, and A v by 
Cca(Rn, R4). Also from the form of this functional (exponential form) it 
can clearly be extended to the space ^ ZD CO0(Rn, R£) of piece-wise conti­
nuous functions (as in [10], Ch. I l l , Sec. 4). 

Now consider the vector gt = (gix, ... . , g i v ) , i = 1, . . . , k, where gu (t)~ 
= xtj for tEzA, A compact, l ^ / ^ v , and = 0 otherwise. Then (3.8) ta­
kes the form, after rearrangement, 

к к 

2 2 lili' e x P (j ф (xn — • • . , x u — Xi-V, t) dp (t)) > 0. (3.9) 
i = i i ' = i * A ' • ' 

Since {£J are arbitrary this" implies that (3.4) is positive definite for each 
compact A CZ Rn. The properties of (Ф, p) imply that (3.9) is always finite 
for all compact A cz Rn. Thus the condition (3.4) is necessary. 
5 Теория вероятностей и ее Применения, N« 3 
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For the converse, suppose (3.4) is positive definite. The proof that L (•) 
is positive definite and hence, because of (3.3), is a ch.f. follows closely that 
of [10], and is outlined. Again let L 2 (•) = exp M2 (•) be the extended func­
tional onto Coa(Rn, R4). Let gx, gk be a fixed but arbitrary set in 
Coo(Rn, R4)- Their supports may be taken to lie in the compact rectangle 

n 
( & > 0 ) N = X [ - i . i l ' c i f . Consider the expression, for 1 

i = l 

au = exp Ф (gix (t)~gjx (t),.. .,gi, (t)-gj*(t), t) dp(f)) . (3.10) 

Since Ф ( • , t) is continuous and the integral above exists on N (p (N) <^ 
<^oo!) , this, integral may be approximated by step functions glp-^gip 

pointwise and boundedly, as r ~> oo, where g] — "V. aipq% r , with A\ as 
r £—1 An 

g = l 4 

disjoint Baire sets in N for each r, aipqElR, l^sZp^SZv, so that, for 

Uij =1= lim Д exp I J Ф (aixq — ar

m , . . . , aliq — а)щ, t) dp. (t)J = 
r _ > ° ° g = l r 

= lim TT d%, say. ~ (3.11) 
9=1 

Thus to prove that Lx is positive definite, it suffices to-show that the matrix 
(aij) is positive definite. For this, by a classical theorem of Schur (cf. [10]), 
it is enough to show that, for each q and r, the matrix (afj) is positive defi­
nite. But by hypothesis this is true if in,(3.11) each A\ is a compact set. 
Since (3.4) is positive definite for each compact set, it implies the result 
for all bounded Borel sets and thus (a%) is positive definite. So Lx (•) on 
Coo (Rn, Rw) and hence L ( • ) on 3C satisfy the same property. Since L (0) = 1 
by (3.3), and is continuous, L (•) is a ch.f., and hence necessarily of a g.r.f. 
with independent values by [10]. This completes the proof of the theorem. 

Corollary 3.4. If L(-) on Cff, given by (3.3), is of order m (< oo) and is 
translation invariant, (i. e. L(xhf) — L(f), f EE Ж, h EE Rn) then L (•) is 
a ch.f. (necessarily of a g.r.f. with strictly stationary and independent values) 
if and only if 

exp (вФ (xx, . . . ,xv)) (3.12) 

is positive definite for all real xx, x4 and any s ^> 0, where Ф on Rv is the 
function given in Theorem 2.7, and v is the total number of partial derivatives 
of orders not exceeding m. 

This follows from the theorem since the translation invariance of L is 
equivalent to that of M (•) and then by Theorem 2.7, Ф does not depend on 
the last variable and p is the Lebesgue measure, so that s = p (A) ^> 0, 
and (3.4) is equivalent to (3.12). If v = 1, the above corollary implies a re-
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suit obtained in ([9], [10]), and the necessity answers affirmatively a ques­
tion in [10]. 

The above theorem raises the problem of characterizing those local func­
tionals M (•) for which (3.4) is positive definite. Only then it can be used in 
the theory of g.r.f.'s with advantage. This is now given in the next result. 

Theorem 3.5. Let (Ф, p) be a pair satisfying the conditions of Theorem 2.1. 
Then in order that the function 

exp [ | Ф { - , * ) # ( * ) ) (3.13) 
' A 

be positive definite in R" for each compact A CZ Rv, it is sufficient that for 
^-almost all t EE Rn and any fixed but arbitrary set of complex numbers lx, | s 

with + ... + Ik = 0, Ф (—x, t) = Ф (x, t) and 
к к 

2 2 (xn — %u — xjlt t) > 0 (3.14) 
1 = 1 j = l 

hold for all хг = (xix, . . . , x%.,) EE R", i = 1, . . . , k. If moreover, the measure 
[i is non-atomic, then the condition is also necessary. 

R e m a r k . This result extends a corresponding one in ([10], Ch. I l l , Sec. 
4, Theorem 4) given when v = l, p the Lebesgue measure and Ф not involving t. 
However, the important sufficiency proof given there needs an additional 
argument. [The argument in [10] is insufficient for the case Ф (x, t) = ix, 
cf. Math. Reviews, March 1968, 679), because the expression (11) in the 
proof there has no finite minimum!] The needed modifications together with 
the details of proof will be supplied here. 

P r o o f . To prove the first part of the result, if £jc are any given 
complex numbers and A CZ Rn is compact, it should be shown that for all 
Xi EE i?v, i = 1, k, and with (3.14), one has 

к к 

2 2 Ыз e x P 7(*i - xh A) > 0, (3.15) 
i = l j = l ' 

where f (x, A) = J Ф (x, t) dp (t). By Schur's theorem, used in the proof of 
A 

Theorem 3.3, it is enough to establish the positive definiteness of the 
matrix (oy) where a™ = 1 -\--^-f(xi — x-v A) for any positive s and large 
enough яг (because a™-> exp (sf (ж» — Xj, A)) as m-^-oo for anys^>0). Thus 
it should be shown that (f (—x, A) — f(x,A) being true by hypothesis), 

к к n к к 

2 2 <%Uj= 2 S i 2 + s o 2 2 1&7(Ъ-Ъ,А)>o (3.i6) 

i = i i = i i = i i = i 3 = 1 

holds true. Now if 2 li = 0 and (3.14) is true simultaneously then (3.16) 
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is clearly true. So consider the case that 2^гт^=0- Dividing through by 
i = l 

к 
the non-zero number 2 St> if necessary, it may and will be assumed,, for 

к 

convenience, that 2 S i = 1 * n establishing (3.16) in this case. 

Let 0 < P < со be a fixed but arbitrary number, and let £7p = {x E= JRV: 
: I x I < p}. Then consider the continuous function (in a '̂s) for any fixed 
compact A 'CZ Rn: 

к к к 

"2 2 li%J(Xi-xh A), 2-ii = 1- i i . « j G fp- '(3.17) 
i = l ' = 1 i = l 

The continuity of f (• , A) on i?v implies for any fixed £ l t . . . , £ft in (3.17), 
the function has a finite minimum as x^s vary on the compact set Up, 
the closure of Up. Let this be cp and so 0 |̂cp|<[oo. It follows that 

(3.16) has the following lower bound in this case: f since 2 Si = 1 

к к к 

2 Si 2 + «о 2 2 lib T(4 -x},A)>i+ s0cp. (3.18) 1=1 г=1 ; = 1 

But s0 = s/m j 0 as w—>oo. So choosing s0cp E> —1 (i.e., if cp ;> 0 any s0 

will do here and if cp < 0, let 0 < ; s„ ^ | cp j - 1 ) , it follows that (3.18) 
is non-negative. This means the matrix (a™) is positive definite for all x E= Up 
for large enough m (i. е., so that = s0 ^ | cp | _ 1 ) . Translated back, it is 
shown that for each compact A CZ Rn, exp (f (x; A}) is positive definite 
(and continuous in Rv) for ж in a ball of finite radius. Consequently by a 
result of M. G. Krein (cf. [13], p. 209) the function exp (f (• , A)) coincides 
with a characteristic function on Up. But this function being an exponential, 
is regular and it has just been shown to coincide with a characteristic func­
tion on Up for any p < oo. It then follows, as a consequence of a result of 
J. Marcinkiewicz (cf. [13], pp. 212—213) that e x p ( / ( - , A)) determines 
uniquely a characteristic function on Rv itself. Since this is clearly (3.13) 
itself (simply let P ->- oo so that Up^R'" in the above), it follows that 
(3.15) always holds for all x 6E Rv- Since AClRn is arbitrary (3.15) implies 
that (3.13) is positive definite. This completes the sufficiency. 

For the converse, let p be non-atomic and (3.13) be positive definite. 
Using the notation of the preceding part, and noting that e9 = 1 + 8 + 828 
for some [ б | < 1 for small enough 0, one can expand exp (/ (x, A)), on 
noting that f (• , 4̂) is a continuous function and \ f (x, A) ] ->- 0 as p (A) ->• 0 
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uniformly in x EE Up for any [3 < oo, to get the following: 
ft ft ft 

0 < 2 2 lib e^P (7(*i - x„ A) = f 12 и n 

i= l j = l i = l 
ft ft ft К 

+ 2 2 iifj 7 ( « i — A ) + -у б 2 2 Stli 7(^» — Ay = 
i = l 3 = 1 i= l 3=1 

ft ft ft ft 
= о + 2 2 ^ / > г - ^ , ^ ) + 4-б2 2 ^ 7 ( ^ - ^ , ^ ) 2 . (3.19) 

i = l } = l i = l j = l 
ft 

since 2 S i = 0- Given any e > 0 , and any fixed but arbitrary P, for all 
i= l 

XiEzUp, there exists an ц ( = TJ (e, [})) such that ц ( 4 ) < т | implies | / (x^— 
— Xj, A)\<^e. Thus, if (3.14) were false, there exists a set A, and e, [},. 
r), for which the above inequalities are true and such that in (3.19) 

К ft 

2 2Sii;7(Xi-^,^) + e 2 <o. 
i= l j = l 

Since this contradicts the left inequality of (3.19), which is true by hy­
pothesis, (3.14) must hold as stated. The positive definiteness of (3.13) implies 
immediately that / (—x, A) = / (x, A) and the arbitrariness of A then im­
plies Ф (—x, t) = Ф (x, t) for almost all t EE Rn- This proves the necessity 
and with it the theorem. (Clearly the nonato micity of p is not fully 
used here.) 

The condition (3.14) can be stated equivalently in another form using 
integrals for sums there. Thus for any compact A a Rn, exp (f (•, A)) is 
positive definite if and only if 

j j / (x — y, A) h(x) h(y) dxdy > 0 (3.20) 

for any ПЕЕУС{Ry) such that j h(x)dx = 0. Since for a n y А ё ^ ( Д ' ) , 

J Dh(x)dx = Q, where D is the differential operator of order one, the 

condition (3.20) can be stated more conveniently, but equivalently, as 

j j f (x — У, A) Dh (x) Dh (y) dxdy E> 0, hEEX(R>). (3.21) 

In the terminology of [10], this condition means that for each compact 
A CZ Rn, f (•, Л) determines a conditionally positive definite generalized 
function of order one on X ( f i v ) . Because of its importance the theorem is 
formally stated as follows: 

Theorem 3.5'. If Ф : Rv x Rnscalaras, has the properties, (а) Ф (•, t) 
is continuous on i?v and Ф (0, t) — 0, for each t EE Rn, and (b), Ф (x, •) is 

Borel measurable, and if p is a Radon measure in Rn, then exp ^ J Ф (• , t) d\a (t)j 
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is a positive definite function for each compact A CZ Rn, if Ф (•, t) determines 
in X (Rv) a conditionally positive definite generalized function, of order one, 
and Ф (—ж, t) = Ф (x, t), for almost all t EE Rn. The converse holds whenever 
[x is also non-atomic. 

R e m a r k . If in Theorems 3.5 L (•) is also translation invariant then 
the function Ф does not involve the last variable and the measure |x is 
the Lebesgue measure. This case reduces to that of [91, since Corollary 3.4 
is applicable now. 

4. Generalized Levy — Khintchine representation formula. The results 
of the preceding sections enable a generalization of the Levy — Khintchine 
representation formula for the ch.f.'s of the g.r.f.'s on X with independent 
values. This work extends the results of Gel'fand's (cf. [91, [10]) to the ch.f. 
of the form (3.3) and of finite order. Recall that a continuous functional 
L (•) on SfC (Rn) is of order m « oo) if it is continuous in the topology of 
3Cm(Rn), the space of иг-times continuously differentiable real functions in 
Rn with compact supports (cf. [16]): Another extension of the formula, in 
a different direction, was recently considered in [81. 

The main result is here contained in 
Theorem 4.1. Let L (•) : CfC scalars, be afunctional of order m (•< oo), 

and suppose L (/) is given by (3.3) for all f' EzW. Then L (•) is a characteristic 
functional of a g.r.f. on CfC with independent values if and only if it can be 
represented as: 

L(f)= exp J j Ф(f(t),Df(t),...,D-f(t),t)dV,(t)\, / E E J T , (4.1) 

where | a | < I m, p, is a Radon measure in Rn (also non-atomic for the 'only 
if part), and Ф on R4 X Rn is given by 

Ф ( * , * ) = J lei^y)-a(y)(l + i(x,y))]s(dy;t) + 
lv l>o 

+ «о (О-!- 2 ok (t) J*£ . (4.2) 
I к l = i 

Here a (•; f) is a positive tempered measure in Rv for each t EE Rn, о (A, •) 
is a Borel function in Rn for each Borel A CZ Rv, (x, y) is the scalar product 
in R4, a (•) is an entire analytic function of exponential type (i. е., it belongs 
to the space Z, cf. [10]) such that a (y) — 1 has a zero of order three at у = 0, 
and the a (-)'s are some Borel functions in Rn determined by Ф (i. е., by L( •)) 
all of which satisfy the following two conditions, for almost all t EE Rn: 

j \yfc(dy;t)+ j a (dy-tX oc, (4.3) 
0< l i / | < l l « l > i 

j (l-a(y))a(dy;t) + ao(t) = 0, £J a r + s (*) Us > 0, 
\Vl>0 I j- I = j s I 

where the |'s are complex numbers. (The standard notation of [16] is used 
here; namely, | к j = kt + . . . -j- kv, \ у |2 = (у, y) ,kl = k±l. .. kvl and x* =» 
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= x\ .. . .) Finally, if L(-) is also translation invariant then Ф of (4.1) 
does not involve the last variable t, and then the a and a/s do not involve t. 

P r o o f . Since L (•) never vanishes, set M (•) = log L ( • ) • It is clear 
that M : Ж -> scalars, is well-defined and is of order m, (see equation (3.3) 
above). To prove the sufficiency, l e tL( - ) be the ch. f. of a g.r.f. on Ж with 
independent values. Then L (•) is multiplicative and by (3.3) M (•) defined 
above is a local functional of order m. Hence by Theorem 2.3, there exists 
a pair (Ф, p) such that Ф satisfies the conditions (i) — (iv) there and p. is 
a Radon measure, and one has 

£ ( / ) = expff Ф (/(*) , Df(t),. ..,D*f(t),t)d\i(t)), f&X. (4.4) 
Rn 

If as before f (x, A) = J Ф (ж, t) d\i (t), utilizing the fact that L (•) is a ch.f., 
A „ 

then, by Theorem 3.3, exp (/ (• , A)) is a positive definite function in Rv for 
each compact A CZ Rn. Consequently by Theorem 3.5', this implies that 
/(•, A) determines a generalized function ( / ( • , A), •) on Ж which is condi­
tionally positive definite of order one, treating A as a parameter. 

As a consequence of an important theorem of N. Ya. Vilenkin and 
A. M. Yaglom (cf. [10], Ch. I I , Sec. 4.4, and [18], Sec. 3) the functional 
<(/(-, A), • ) , of order 1, on the space Z can be expressed as follows: 

j f(x,A)f(x)dx = (f(.,A),f)= j \f(t)~a(t) x 

Ш1 =o p - J [|3[=o p i 

where <*(•) is an entire analytic function of exponential type (i. e. a E Z ) 
such that о (t) — 1 has a zero of order 3 at t = 0, / is the Fourier trans­
form of / , and y0(-,A) is a positive tempered measure, for each compact 

A(ZZRn, on i?o = i?v — { 0 } . Moreover, ak(A)= j f(x, A) a (x) x*dxt 0 < 

^ I к I s£C 1, and for \k\ = 2, аК (A) = vK (0, A) where the measures vt(-,A) 
•ace uniquely defined by (f(-,A),f) through the equation (/ ( • , A), zHf) = 
== j / (ж) dvK (x, A), and aK's are positive definite for |A | = 2. In other 

words, v 0 ( - , . 4 ) and als(A)'s satisfy (4.3) if t is replaced by A there and 
v 0 for o. From this, the actual expressions given in the theorem can be 
obtained as follows. • 

Substituting the expression for f (•, A) here and rearranging (by Fubini's 
theorem) one gets 

аК (A) = J j Ф (x, t) a (x) xHdxd\i (t) = J afe (t) d\x (t), say, 
A flv A 

so that ak ( • ) , defined by the integral on i?v, is a Borel function in Rn. Since, 
by the representation, vf t (A, •) is also countably additive and ^-continuous 
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it can be expressed as 
щ(А) = SJv f c(0;*)dp(*). 

A 

Letting aK (t) = vk (0, t), \k\ = 2, it follows that ak(-), 0 < | > | < 2 
satisfy the conditions of the theorem. Since v 0 (C, A) = j" v 0 (C, t) dp (t), 

A 
for Borel С CZ R4, compact A CZ Rn, a similar computation shows that with 
v 0 ( - , t),= a (•, t), the right side of (4.5) yeilds the right side of (4.2). Sin 
conditions (4.3) hold for v 0 , it follows, as above, that (4.5) holds for cr (•, t) 
for p-almost all t E= Rn. This completes the proof that every ch.f. of the 
theorem admits a representation (4.1) — (4.3). 

To prove the necessity, let Ф : Rv X Rn scalars, be given by (4.2), 
with (4.3) being true relative to a Randon measure p in Rn. Then the converce 
part of the Vilenkin — Yaglom theorem yields the result that, for almost 
all t ЕЕ Rn, the function Ф (• , t) (and hence f (•, A)), determines a conditio­
nally positive definite generalized function on Ж. But then, when p is also 
non-atomic, the converse part of Theorem 3.5 is applicable and shows that 
exp (f (• , A)) is a positive definite function in R" for each compact A CZ Rn-
Then Theorem 3.3 yields the result that L (•) of (4.1) is a ch.f., of order m, 
of a g.r.f. on Ж with independent values, as asserted. 

If L (•) is also translation invariant, then Ф does not involve t and the 
result then is immediate from Theorem 3.5, and the a4's, and cr (•) do not 
involve t and conversely. Thus the theorem is completely proved. 

That this result . extends the classical Levy—Khintchine repressntation 
formula (cf., [3], p. 418, eq. (7.3)) will be illustrated now. For simpli­
city only the translation invariant case (with v = n - = l ) will be conside­
red. Let a(^) = l, and a(-) be a finite measure determined by a monotone 

non-decreasing bounded function such that ^ | x ] a (dx) <^ oo. Let a0= 
I x i >o 

= 0, ax = — ^ ^ _^ ^ da (x) - f f c m d a2 = —a2. Then a simple computa-
I x I >o 

tion shows that (4.1) reduces to the following when p concentrates at a point 
t, so that L (i) = exp Ф (t) where 

I x I > 0 

which is one form of the Levy — Khintchine formula (cf. [3]). 
5. Miscellaneous results and remarks. In this section a few special results 

related to the work of Sections 2 and 3 will be briefly treated. If the hypothe­
sis on local functionals is strengthened then the hypothesis of finiteness of 
the order can be dropped. This will hopefully clarify (rather than generalize) 
the structure of local functionals. A functional M : Ж —> scalars, is strongly 
local if conditions (a) and (c) of a local functional definition hold, and (b) 
is strengthened to: (b') M (•) is uniformly continuous on Ж (i. е., for any 
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e > 0, there is a neighborhood V of the origin in Ж, such that for any /, g in 
V, \M(f) -M(g)\<e). 

The following result illustrates the nature of this hypothesis. 
Proposition 5.1. If M on Ж is a strongly local functional with compact 

support, then M is of finite order. 
Proof. Recall that the neighborhood basis for Ж is given by the sets-

V ({TO}, {g}, {Q}) where {e} = {elt s2, . . . ; е,- J. 0}, {m} = {mx, то2, . . . ; m} \ 
\ oc}, and {Q} = {Qlt Q 2, . . . , : Qj = [x : |ж|<0']}, * п terms of which 

V({m},{s},{Q}) = {f:\Daf(x)\<:ej, | a x 6Z- Qs, j = 1,2,...}, (5.1) 
(cf. [16]). Now by hypothesis M (•) has compact support'N CZ Rn. Then 
M : X(N) -> scalars, and is strongly local. Consequently, given E > 0,. 
there is a neighborhood V (m, 6, N) = V, of zero in W(N) such that for all 
/ EE V one|has | M (/) | < e. This means for any X^>0, one has | (/Ja/) | < 
< K8, \a\^m, xStN, for some то (taking Q m = JV). Then ~ EE F so that 

л 

(̂xj < ^ 8 ' b y t n e u n i f o r m continuity of M(-). Since X is arbitrary, this 
implies M (/) | 0 as | Daf (x)\-*0 uniformly for | a J < m. Hence M (•) is 
of order m « o c ) , completing the proof.| 

R e m a r k . Without the uniformity condition, this result is false in 
general since then V depends on X also in the above. 

The above proposition implies the work of Sections 2 and 3 also holds, 
for the strongly local functionals of compact support. The following compa­
nion result can be given for general strongly local functionals. 

Proposition 5.2. If M : Ж scalars, is a strongly local functional, then, 
there exists a sequence [Mr (-)}of strongly local functionals, eachMr (•) having 
a compact support, satisfying lim Mr (/) = M ( / ) , / EE Ж, in terms of which 

r-*oo 
the following representation holds: 

M {f) = lim J Ф г (/ (*), Df(t),..., Darf (t), t) d\ir (t), f<= Ж, (5.2) 
where | ocr | ̂  mT ( < ^ o o ) , the (Ф г , \ir) being the pair associated with Mr 

(where Or(-,t) is also uniformly continuous now) as in Theorem 2.3, and 
the {mr} is a (not necessarily bounded) sequence of positive integers. 

Proof. Let { Л к } be an open countable covering of Rn which (by re­
finement if necessary) may be assumed locally finite and Ak relatively-
compact. Then there exists a C°°-partition of unity {ф|}|<=г subordinate to 
the covering {Ak}, (cf. [16]). This means (i) each ф 4 E>0, cp{EE Ж, (ii) 
2фг(ж) = 1, xEzRn, (iii) support of ф ^ С ^ and (iv) any compact set 
Bi~Rn intersects only finitely many supports of ф 1 . Now if fm = { 2 ^ / , 
iE=Im} where Im ] CZ I is a finite set. Then 1тЕ2Ж and fm-^f in Ж. 
The first assertion is obvious and the second one follows from a small 
computation yielding: 

a 
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Here the differential symbolism and the product rule (cf. [16J) are used. The 
first factor vanishes outside of a compact set and only finitely many supports 
-of фг intersect it. So as m oo (Im / ) the second factor of (5.3) tends to 
zero, unless a = i (by interchanging the sum and derivative) in which case 
it tends to one. Thus Dafm ->- / > / for each a, so that fm -> / in X. 

The continuity of M (•) implies lim M (/m) =M(f). So let MT (/) = 
m->oo 

= Ф г / ) ' f^EX. Then M r (•) is a strongly local functional and 'the 

support of Mr is contained in that of 2 Фг> which is compact for each r. This 
proves the first assertion. The second part is now a simple consequence 
•of Theorem 2.3 and the first part. This completes the proof. 

Using this proposition many of the results of Sections 2 and 3 can be 
reformulated for arbitrary strongly local functionals. However, this class 
excludes some interesting simple cases. Thus it will be of interest to ex­
tend the general theory of local functionals of finite order, of the earlier 
sections, to arbitrary order and it seems to require a separate study. 

•Carnegie-Mellon University and the Institute Поступила в редакцию 
for Advanced Study (U.S.A.) 2.9.68 
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ЛОКАЛЬНЫЕ ФУНКЦИОНАЛЫ И ОБОБЩЕННЫЕ СЛУЧАЙНЫЕ ПОЛЯ 
С НЕЗАВИСИМЫМИ ЗНАЧЕНИЯМИ 

М. ЯГ. РАО (США) 

(Резюме) 

В работе обобщаются и уточняются результаты И. М. Гельфанда [9], касающиеся 
обобщенных случайных процессов.? Доказаны соответствующие теоремы для функциона 

лов конечного порядка и для функционалов, связанных с локально компактными хаус-
дорфовыми пространствами. Уточнен ряд результатов о характеристических функцио­
налах. 


