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Jagada ApxmMmena o 6biKax
aaropurMm EBkanna u ypasHeHue llemnsa

A.H. Hlemwnuros

B }{I‘LC'I"OJIHIel} CTAThHe CAKIAHS IIOILITKS PDeKOHCTPYHPOBATh MeTO/ PelleHH
vpasHeHua [learas 8 Tol QopMe, kotopol APXUMEA 402 Nodb2080mbed (I0I-
FEPKHGM €IIE Pan  He (IOIL30BAJCHY, 4 HMeHHQ («MOT IOIRI0BEATHCA ). (OTaasas
ccOC 0TI0T B TOM, UT0 BCAKAH POKOHCTPYKIHA TAkoro pogs Ov1eT OTKPOBCHHO
PHIFOTCTHICCKOH, MBI BCE XC DPCATPHHALN 3T0 MIBICKAHHC, 33JABIINCE LICABIO
YOTaHQBUTE M M3YUHTL TAKVE TH0AXOMLL K PEIIeHRK) YRanHeH I H(?,J]JIH, KOTopbnie
COOTBETCEBOBAIN O CPeACTBAM, yHOTpeG-HﬂB]JJ HMES B 3-}{',[‘]-‘1“]‘10]‘;1 JOTHCTUKE (TaK
IPEBHEE TPEKH HABBIBAIE CBEOE MCKYCeTeo BeivncaeHul). (KoMMeHTapuil ABTODA

Hpum, ped.).

1. 3agaya ApxumMmena o GbIKax

Ao HAIDEX 1HCH Z01MAA JOOONBITHAS MATCMATHICCKAL 3244492, KOTOPYK APXUME/
NPCAAOKRT AICKCAHAPDHACKAM MATCMATHKAM B OMCHMC, aAPCCOBAHHOM JPATOCDEHY
KUPEHCKOMY (cM. APXUMEA 1962, ¢. 372-377). B sron sazage rpedyeTes y3HATH
9iCI0 ORIKOB ¥ KOPOB B YeTHIpEX cTajax. upuHaliexamnx Gory Coanna [eanocy, mo-
ITOMY €€ OOBIYHO HasblBalOT zadauet Aprumeda o buikar.

Yeaopre 2a1a9u ApXuMeIa COCTOHT W3 ABYX dacTed. 13 meppom dacTu Tpebvercs
DEIHATEL B HATYDATLHBIX YHCIAX CHCTEMY K3 CeMH JWHEHHBIX VDPABHEHHH € BOChMbBIO
HEH3IBECTHRIMI. X 3TOH 3ajade ApXuMel FaéT TAKOH KOMMEHTAPWH:

Croapro y Coanya Obiko6, YYHCECTNPAHEY, KOAD TNOUHO bl CRANCEUD,
Ham pazdeapno Haz6a6 Mmyunbie 0bIKO6 4uca0,

Tawx we pazdeapno Kopos, cxoavko kaxcdoeo yeema ux Hvia0,

He nozosém poms wuwme s uucany wesencdotd meba,

Beé o w sydpeyam mul npuvicaen we fyden.
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Korja 0TBeTE MEPBOH TACTH HOJVIEHE, VCIOBHE BTOPOHW TACTH TPHBOIUTCA K Ce-
AVIOTHEMY BHIY: «HAHTH TaKOe KBaIPATHOE THCT0, KOTOPoe, OVAVIA BIATO

M = 51285802909 803 pas,

OKAXKETCA PABHBIM HEKOTOPOMY TPEVIOJBHOMY HCavs. 06 3TOH BTOpPOH 3a1atie Apxu-
MeI FOBOPHT TakK:

Ecau mbr omo walidéuwn, wyscecmpaney, ymom nopackuuys,
H cmoncews mouno wassams kaxcdozo cmada wueao,
To yrodu, sozzopduswuce nobedot, v Oydem cuumamocs,
Yo 6 amoil mydpocmu mor 6c€ do Konya npes3ouwéa.

HamoMHuM, 970 TPEYIOABHBIMHA HA3BIBAKOTCA YHCIA, MOJTYVYCHHBIE CYMMHDOBAHHEM TO-
CACAOBATCIBHBIX HATYDAIBHBIX 9HCEI, HaduHad ¢ equHnnsl (puc. 1). Obmwas popmyaa
IS ¢-0T'0 TPEYTOABHOIO 9HCIA, 3anuchiBacTes Kak q(g + 1)/2.
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O603HAYEM CTOPOHY HCKOMOI'0 KBaApPaTHOrO YUCIA 3a X, CTOPOHY HCKOMOIO Tpe-
VIOJBHODO YHCAA 328 . BoceMb TPeyroJabHBIX YHCET ¢ TODABICHUEM ETHHHUIBI MAKOT
KBaIPATHOE SHEIO CO CTOPOHOH y = 2¢ + 1 (cTaBgapTHAA FeOMETPHYICCKas JeMOHCTPa-
us 37oro (akTa u3obpaxkena Ha puc. 2). Tem cambiM apudmeTHIecKoe AP0 3a1a49K
ApxuMesa COCTORT B OTBICKAHHY XOTA OBl OJHOTO HEJOYHCACHHOTO DEIICHUSA VPABHEHI

> = Nz? 41 (1)

a1 KoHKpeTHoro cavyias N = 8M = 410286423278424.

B roxkoMObloTepHYIO 9Py 3a1a4a ApXEMena paccMaTpUBAIach B Ka4ecTBe NpUMEpa
TAKOHW 3a/Ja41, KOTOPAsA XOTA 0 MMEeT PeIleHne, HO (PH3NIECKH He MOXKET ObITh pelleHa.
A. AMTHOR (1880) ycTanOBRI, ¥TO HANMEHBIIEE T, ABIAIOIICECS PEIICHHEM YDABHEHU
(1), BripaxkaeTcs gecaTuaHbM qucaoM ¢ 206530 nudpamu; OH Ke BEITHCIRIT HECKOTLKO
HePBBIX W HECKOABKO Tocaearux mudp sToro dmcia. [lepBoe moaHoe KOMIBIOTEPHOE
peurenne 3a1aaun Apxumera moayauau B 1965 rogy C. WiLLiaMS, R. A. GERMAN
& C. R. ZARNKE, 11s 9ero notpeboBaioch 7 9acoB 49 MUHYT paboThl BHIYHCINTETh-
son Mammaer IBM 7040. Komneiorep Cray 1 mpoxeran Ty ke padoty B 1981 rogy za
10 muryT (NELSON 1981). CymecTBeHHO Go1ee OBICTDPBIE BHYUCIUTEIBHEE ATNOPHTMBL
AU pelenus 3agasu Apxumeaa ool paspadboranst AWTAHOM BArau (VARDI 1998) u
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AutTit HIOTPEHOM (NYGREN 2001). DopMyIs! TOCIETHENO HCTOALIVIOT TOJILKO IO
THCACHEYIO apH(METHKY B TPeOVIOT BCero HeCKOIBKHX CeKVEI PAboThH HePCORATBHOTO
koMOeBTepa Pentium I

Haao aymare, 910 APXUME/, OpeAIarad 324a9y 0 ObIKAX CBOHM KOAICCAM, OT 14831
cehe OTHRT B 00 HCOOCHABHOCTH. HO TOIa CCTCCTBCHHO 6\',:[("1" HPpCAIIOJAOEBTD, 4T0O OH
[HOCTABRA 3TY 34129V HC CTOABKO PAIH HCC CAMOU, CKOABKO DALl 0OCYARACHUA ODIHCED
MOTOAA POINCHEA YPABHCEER B A (1), KOTOPBIM OH CAM BAAICT K H3IOKCHAL KOTOPOFO
OH KAA 0T AJeKCAHAPHUCKUX MaTEeMaTHKOB.

K coRaleHnto, MR HE 3HAeM HE TOPO, Kak pemad vpasrenue (1} cam APXWUMES,
HH TOTO, FTOJIVIET A0 OH KaKOH-HHOVIb OTBET 0T JPATOCDEHA. B jomeimux 1o Hac
AHTHIHBIX MATEMATHIECKHX TeKCTaX 0OIOue MOIX0AH K DEINeHnn ypasHenusa (1) wurie
e odcymaanTes. JAUODBAHT ANEKCAHAPHMUACKUNA B Apudmemure paccMaTpuBaeT
TACTHEE CayiIay vpapEeHns (1) ama cayuaes N = 26(1V,) v N = 30(17;}). Ogmaxo
B O0OHX DTHX CJIVIAAX HAHMEHLITEE DEIHeHde HaXOIHTCS ¢ TOMOIILK COeNRATBLHOTO
npuéMa. IHyvers N = n® + m, rae n HauOOIBIIee THCIO, KBaJApaT KOTOPOro He
npPeBOCXOANT i’\r. ECJII’I HpH 5T0M 2 KPDATHO i1, TO MOMKHO RCIIOIB30OBATE 10 ACTAHOBKY
y = nx + 1, wro gaér orser x = 2n/m. Namerca, 910 5TOT 9ACTHBIE NpEEM HE
CARIIKOM MHOEO DOBOPAT HAM O TOM, KakK APCBHCTIPDOYCCKHE MaTCMATHEY MOLVIH POIIATD
ypasncrue (1) npu npouwssoabuoy N,

Heropus ypasrernns (1) B Hopoe BpeMs HadnraeTes ¢ BRI30Ba, KOTOPBIN IIBEP (PEP-
MA Opocna B 1657 roay ceomM KoageraM-mMaTesMaTukan: «[lvers ganHo awdoe Hekpa-
APATHOE 9HEI0, TpeOyeTes HAHTH GeCKOHETHOS THCI0 KBAIPATOB, KOTOPHIE TIPH ¥MHO-
JKEHHH Ha JAHHOE THCI0 W YBETHYCHIN HA CTHHHEILY COCTABAT KBaapar... Hautn, Hanpn-
MeD. KBapaT, KOTOPHIH NpHA YMHOKeHAH Ha 149, nan 109, wan 433 0 npu yBeaAndeHny Ha
eIHHUIY cocTapuT Kpaapat (PEPMA 1992, ¢.G8). DTOT BHIOB NPUHAIA AHTINACKHE
MATEeMATHKH Y WJILAM BPOYHKEP u [IKOH BANAKC, IpeICTABUEBIIAE CBOW DeIleHu.
Kax pemaan ypasuerne (1) PEPMA u BPOYHKEP. MBI B TOTHOCTH He 3HaeM. MeToawr,
NpUMeHABIHEHeCA BAJUTMCOM, paccMOTpersl B cTaThe AL A, AHTPOTIOBA 1986.

C ypasucruem (1) cBAzaH 0AMHE HCTOPHICCKUR KYPB3 Jeorapa Inacp no ommo-
Ke Ha3BaA cro ypasnenues Heaan (xora anrannckuin maremarng Jaon [eass nukoraa
ITHM VPABHCHUCM HC BAHUMAJACH, NPABUABHCC KC ObLIO HABBATL CI'O ypuchehiucs Dep-
LM,(L), H 370 HAIBAHHC 34KPDCIHIOCH B I\Ia-'l‘(‘,l\f[a'l’ld‘iCCKOI.f)I JRTCPpATVPC.

Oomyvio neropur ypasuenwsa [eaas pacematpuBatn DICKSON 1920 1 WEIL 1984,
Tag HasbIBaeMBIN THKIAYECKHT METO, ¢ TOMOIIBI KOTOPBIX 3a THICAYY JeT 10 PEPMA
H €70 COBPEMeHHHKOB ypasHerune [lerts pernaan MaTeMaTukn apepuer Meimn, paceMo-
Tper B eTaThe b1 BAH JAEP BAPJIEHA 1976.

2. O MeToA0I0rnIeCKUX MPUHNUIIAX HPe/|JaraeMon
PEeKOHCTPYKIINUA

B HacTOAUIEN cTaThe CAeJaHa TONRTKA DEKOHCTPYHPOBATL METOI DEIIeHHA VaB-
nenna [eaas B Toun dopye, KOTOpoH APXUMEA M02 n0oAL306amLCA (MOATEDKHEM e1é
paz - He «IOJb30BAJICAY, & HMEHHO «MOT TOJIB30BATRCy ). (OTIasas cede OTIET B TOM,
TTO BCAKAA PEKOHCTPYKIHA TAKOTO POIa Oy 1eT OTKPOBEHHO THIOTETHTECKOH, MBI BCE
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e IPeIpRHAIN 2TO I3LICKaHNe, 33, 1aBIIHCh HedLK VCTAHOBHTE B H3VINTE TakHe oI~
XOABE K PEINeHHio VpaBHeHna ller1a, KoTophie COOTBETCTBOBAAN OBl CpeicTBaM, VIO~
TPeOAABIHEMCA B AHTHTHOR JOFHCTHKE (TaK APEBHEE PPeKH HA3LIBATH CBOE HCKVCCTBO
BEINTHCTCHHHT ).

MbI €O 1HKOIBI BPHEYECHB BOCOHPHHEMATL BCAKOC AAPCOPAHTICCKOC BBRIPAKCHHC KAk
CBOCID POAA MATCPHIO EAW «OOCPATHBHBIE 00BOKTYBOOODAKCHRA. Sanuchk (o + b)? =
a’+2ab+b* me TpefyeT 404 HAC «IPEBTIKIYK KAKOU-TO HHOH MATCPHE (HAIDHAMCD, Ma-
TEPHE MEOMETPHYCCKAX depTeken). () THAKO HAIUCH CHMBOIHYECKON aireOpBl ¥ Apen-
HHX TPEKOB He OBLIC. W MaTepHel HX MaTeMaTHYeCKHX DaACCYRIACHHH HOYTH BCETFA
CIVEKRIE FEOMETDHYECKHE HePTekH HIH CXeMATHIeCKHe H300paxeHus GHCVPHBIX SH-
ceq. {lopToMy MBI CIRTAEM, ¥TO OCBOHTDL IPEYeCKOe MATEMATHICCKOS MBAILTEHUE B €10
CROCOOPAINH —— BHAYUT HAYUYATHCA PAbOTATE ¢ PEOMeTPHYECKHME 0OBPa3aMy Take Tan,
rjle HaM Fopa3 o NPHBBITHEES HAOHCATE aIredpanieckyr QopMyIy.

W x0Ta 178 KPATKOCTH 3alMCH B HEKOTOPHIX Pa3 eJax HACTOMIEH pabOTH MBI TTOTh-
3yeMcs OPHEBLIMHBIME IreOpantiecKaME GOopMYIaMu, 2TH QOPMYJILl Beeria A0OVCKAIT
HPSAMOR HCPEBOL HA «POAHOM 418 APCBHCPPOICCKOR MATCMATHKH HS3BIK «FCOMOTDHIC-
cxoi aaretpen, miaokennoa 8o 11 kaare Hovea EBKAMAA (cy. FOWLER 1980, IIET-
HUKOB 2001). Yro kacacTes OTPpHEATCABHBIX YHCAOBEIX KOMDGHIHCHTOB, KOTOPBIC MbI
BBOAHM B ¥DABHCHIS /A48 YHPOIICHUA AHAIH3A DAIIAYHBIX (JIVYACB B KOTOPBIC 3aBCI0-
MO HC MOINIH YIHOTPCOIATBCS PPOYCCKAMNE MATOMATHKAME B 310Xy APXUMEIA, TO Mbl
HOKA3BIBACM, KAK MOXKHO OPOBCCTH HANC PACCYRICHUC B D03 ATOr0 aircdpandcckoro
cpegcTa. CaMo coDOM pPazyMeeTed, 9TO Mbl COZRATEIBHO BO3JAEDKHBAIHCH OT TOTO,
70O HCIOIB30BATE B HAICH PEKOHCTPYKIHE HENPEePhIBEBIE IDOOH B alredpandecKne
TowgecTBa BHAA (a+ VN Ha—b VN ) = a®— NI’. cogepxaime HppalloHATbHBIE BEIDa-
WEHHSA -~ TO €CTh 0T TOTO MATEMATHIECKOTO allllapaTa, KOTOPBIH €O BpeMeén JWJIEPA
0 JIAPPAHMKA CTARIAPTHO HCTOABIVETCA TIPH HIJAOKEHWH BOMPOCOB, OTHOCANINXCA K
vpapHenuio [fexta.

IToMEMO PEKONCTPYKIHA MeTO1a pelennda Ypasaeauns [leqns, JanHAf cTaThA cOTeD-
EKHT TAKKe HCCASIOBAHHE BOHPOCA, MOMKHO JH XAPAKTEPHBIMHE CPEACTBAMHE AHTUTHON
MATCMATHKE JOKA3ATh, 970 vpasucaue [Heaaa paspewnmo 11 aodoro HeKBAIPaTHO-
ro V.

3. HGKOTOPBIG HCXOMHEBEIC ITPOTOTHIIE 34 a1 O ObIKax

A, K ypasucunwo ¢° = 22% £ 1 npusoaur nmdaropeickas 3aia4a 00 OnPeAcICHEH
¢PaAlRORAJBHBLIX CTOROH KB ,ILI’I&FOHEL?I(‘B», TO eCTh 00 OTBICKAHHE TAKHX PAIHOHAABHBIX
leflf)o"llfl}K(!Hlflfl AG1H \/5._ V KOTORBIX KBajpaT 3HAMCHATCAA HAa CAHHHLIY OTARYaACTCHA OT
YVABOCHHOIO KBaipaTrTa ITHCIHTCIA. B BTOE[ A IIpC,LIJ\lQ’I’HOﬁ JAOCAKC PCIODCHHC Y DABHE-
aud (1) CBA3AHO ¢ MOMCKOM TAKHX PATHOHATBHBIX NPHOIKeHNH 118 vV N, ¥ KOTOPHIX
KBAIPAT THCIHTENA Ha eTHHHILY OTIRYaeTCa 0T N pas B3ATOI0 KBaJpaTa 3HAMEHATETA.

B. Aprop amoHEMHON cxoaun K jauaitory LIATOHA Xapamud (165¢) cpeanm Boupo-
COB, KOTOPBIMH 3dHHMACTCH JOPMCTHKA, VIOMIHAeT Kak 3a1a9y Apxumena o ObIKax.
TAK B «0D03PUMYIO MATEPHK 3314, KACAIIIUXCA TPEYTOALHBIX H MHOTOYTOABHBIX TH-
cem. ITH TOCTETHHE 3aTa7TH, KAK MBI CEHTaC MOKAMKEM, TAKKe MOTYT HDPHBOIATE K
vpapaeHuio [eria.
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HeTpyaro BEAETL, TITO THCIO 306 ABIASTCA KBAIPATHEIM H TPEVLOJIBHLIM OIHOBDE-
MeHHO. (OTCKIa BO3HAKAET 341874 HAHTH BCE “THCTA, KOTOPBIE ABIAIOTCA KB IPATHRIME
W TPEYTOJILEBIME OJHOBPEMEHNO, KOTOpas HPHBOIAT K YPaBHenun y° — 2a° + 1.

ABaJormHAa 3a1a7a 00 OTEICKAHEE BCEX THCET, KOTOPHIE OJHOBPEMEHHO ARITIOTCT
KBAAPATHBIME M HSTHYCOJBHBIME, TAKKEC OpuBoiut K vpapaenuw Ileams. B camom
acac, k-0¢ naTHYrOARHOC R0 BeipamacTes popamyaon k(3k — 1}/2. Caomus Buecte
1CCTE TAKAX 9HCOI, HOIYIEM reTepoMekaoe queao 3k(3k—1). Cromup BMCCTC 90TEIPC
HOAYYCHHBIX DOTCPOMCKHBIX 9HCAA H I00ABHB K HHM CARHHOY, TOIYIHEM KBAIPDATHOC
aucao {6k — 1)%. Tem caMpiv Halma 3218498 OPEBCIA K YDABHCHE

(6h —1)7 = 24n” + 1.
(' n1exan zameny 6k — 1 = 2, 2n = y, NEepPENnUIIEM 3TO VPABHEHUE B BHJE
T = 6y* + 1.

M3 COBOKYITHOCTH PEIICHHH ATOPO YPABHEHUA A HAIICH 3aJat9i CICAVeT BHIOpATh Te
PEIHerRns, B KOTOPHX & + 1 aernTea Ha 6.

4. AaroputMm EBkianga B ero ucxoauoun gpopme

I3 CoBpeMeHHOM HKOILHOMYIOHAMAHEE aJdropHTM EBKINIA TPEICTABIAeT CoOOH
MRONEAVDY OTBICKAHUA Hauboavuezo 0bujezo deaumeds IBYX HATY PATBHBIX THCEH, ABYX
MHOPODICHOB H T, 1. B OpOTHBOHOIOKHOCTE 3TOMY, APDCBHOCPCICCKHY MATCMATUKE KO-
1HOAB30BALE HT0T adropury (EBKIRAOM ne u300peTEHABIN, HO amib onucannbi B VI
u X knurax Havoa) g noncka navfioabiuei o0ued mepor 1BYX BCAMEUH, BKIOMAA CIO 1A
u gucaa. lo-rpedccky Dponeaypa Takoro HORCKA HA3blBAcTes agTdpanpecue (/v ug <
LPETLS Y, ITO MOKHO NCPCBCCTH HA PYCCKHH A3BIK KAK «Gauumioc shraumanies. CyTb
e COCTONT B CICAVIOTIEM.

Bospménm ame pexnumebl 4 > B w BraTeM £ Mz A B pesvapTaTe NOIVIEM B
peauanael B u (' = A— B, Eean oun papee Apyr apyry, T0 Toraa ' 6vieT HandoIbInen
obmen mepon A w B. B nporrBHOM cayyuae BO3bMENM napy 3w (7 B BEIYTEN MEHBIIY D
BEAHYHHY H3 OOJBITEH; MBI MTOAYYHM HOBVIO TTapy BEAHYIAH, 0 T. 4. Eeau aTa npoueaypa
3ABEPIHNTCA Ha KAKOM-HEOY I6 1Mare paBeHCTROM 00pDAa30BaABIHNXCA BEINTTHH, TOCTeTHIN
0CTATOK OVeT CIVARTE HAROOIRIEN o0inen Mepol Havtaasaon maph {4, B}. Ecan xe
HAM VIACTCA MOKA3ATH, ITO 101 TAHHOW DApPBI BEJIHTTHH DTA NPOUEIVPA HE 3aBePIIATCH
HH Ha KAKOM IHare. TO BEIUTAHBI B TAHHOH Mape NPHJISTCA NPH3HATE HECOU3MEPHMBIME
MEETY COBOH.

Emé pap moI1TepKHEM DAalHHNY MeKIY COBPEeMEeHHOH W AHTHYTHOH TDAKTOBKAMH al-
ropeTya Eskanga. Mbel 40auM 0gHO 9HCIO HA APYTOC B OTBICKHBACM OCTATOK, HOCAC
YOO COCTABAACM [APY W3 ACAHTCAA B OCTATKA. [ PeKH XKC BBIYATAIH OTHY BOAHIHHY
U3 APYUOH, HOCJAC 90I0 COCTABIAAR HAPY W3 BBIYUTACMOIO U pasnocra. K opuaepy,
KOFAa MBI HPAMCHACM aaropury Eskaunaa k mape {37, 11}, mer acamy 37 : 11, naxoaum

1B apTHYHOH apBdMOTHRY 2CEMMePOMERRELAYL BA3HBATICD TPAMOYTOTLHEIC SHCIA, CTOPOHE KOTODEX
PARHATCA HA @IHHELDY. DEASTSHHE DTOTO BEIA THCST CBA3AHO OPEXIS BCETO ¢ TEM, SITO IeTHIpEe
QIHBHKOBEIX TETEPOMEKHBIX 9HCIA ¢ I00aBICHTSM SIRHATE T4I0T KBaapaT (puc. 2).
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ocTaTok 4 W cocTapaseM mapy {11,4}. I'pexu e maxoamin paszuocts 37 — 11 = 26,
cocTapaaia mapy {26, 11}, cuopa maxoxmmu pasnocTs 26 — 11 = 15, cocTapasaan napy
{15,11}. cuoBa HaxOAWIH PasHoCTL 15 — 11 = 4. ¥ TOILKO Teneph COCTABIATH TApY
{11, 4}. Kome1Ho Ke, HTOr OKa3LIBAETCA TEM &e - HO EACHHAA OCHOBA 00OHX IOIXO0-
0B, HA HAIH B3IVIAA, HOCKOJABKO DAIHIACTCA.

{Ipoucgypa aprndaipecucs HCIOAL3IOBAIACH B PAHHCH AHTHIHOU TCOPHH HPOLMOP-
HHOHAIBROCTE A8 DUPCACICHES PABCHCTBA oTHOmCHEE (M. BECKER 1932, FOWLER
1979), B AOrRCTHKC -~ 45 IPHOIEAKCHHODO COKPAINCHRA APOOCH ¢ HOIBIIAME THCIHTC-
AAMM B 3HAMCHATCLZIMU (¢M. 3BEPKHHA 2000a).

5. AnTHdanpeTnieckoe J0Ka3aTeILCTBO HPPAIMOHATLHOCTH N
(oTAebHOE AIA KAXKZOTO JacTHOT'O CJIydad)

b..1. BAH AEP BAPAEH {1959) BoiaBuHY.I IPCAHOJIORCHHEC O TOM, 9TO IDCBHC-
FPOYCCKHEC MATCMATUKIE MODVIM HCIHOAB3OBATE HPOLCAYPY AHTH(MAUPCCHCA 1AM 10KA-
BATCABCTBA HPPALMOHAIBHOCTE OTHOmeHES VAN : 1 (310c6 VN MBL OYICM MBICGIATD
FeOMETPHYECKH - KaK CTOPORY KBAJApaTd, OTHOUIEHAE [MOUIATH KOTOPOTO K ILIOIA {1
EAMHAYHONO KBaIpaTa BhIDAKALTCS HEKOTODRIM HEKBaIpaTHBIM 4ncaon N). B pekon-
cTpyKIRRE BAH AEP BAPAEHA oreOmerue N @ 1 pasfaraeted B IePHOAHICCKYHO
HENPEPBIBAYID ADO0hL. Bojee H30pEéHHY K BEPCHID 3TOW e DEKOHCTPYKIIHN, OCHOBAH-
HYIO Ha TPEoGPasoOBAHMAX 9€DTEXKA B DAMKAX «MEOMETPHYCCKOU ATredpbis, MPeiToK T
Aosua Payaee (FOWLER 1980).

I IpOTHRBONOIOKRHOCTE DTOMY, B HAlEH PEKOHCTPYKIHH METO,T BRAHNMHOTO BRITHTA~
HESA TPUMEHARTCA He K NAPe JauHbIL OMPe3koe. 4 ¥ Nape HEeu38ecmublly HQImypaib by
YUCEA, OTHOCHTEABHO KOTOPBIX NPEANOIATAETCA, TTO OHU VIOBJIETBODIIOT VPABHEHHIO

pi’ =N r_;Q. (2)

B ka4qcorBe HpEMCPA PACCMOTPENM VPABHCHEC
p=1Tq¢
H 6}';]:@-1\1 HCKaTh €10 HARMEHBIIICE DEITCHHEE B HaTYPDAABHBIX HHCTAX. qHC.TIa PG EBEITOM
PEUIcHK. CCIH TakKOBOE CYIONECTBYET. - B3aHMHO ITPOCTHIC (a HHa%e 3TO peilleHHe HE
OLLIO OBl HAMMEHBLIHHM ), M UX HauOOILIIAA 00THAS Mepa PABHA e THHHIE.

\ﬂCHO; ITO B BCKOMOM DellleHuH 6'\:.19'1_ P > q. TeI\I CaMBIM BOIHUKALT MBEICJIE BLITTECTE
P U3 ¢ M CIeJATh JaMeHny p = g + 7t

(g+7r)7°=T¢ = ¢ +2 =067

[tockoapky B HOBOM YPABHCHHE CyMMa KO(M(DUUECHTOB GIcBA paBHA 3, a4 KOMPPHIHCHT
CHPABA PABCH 7, B UCKOMOM peincHuu Ovacr g > . CacaacM 3aMeny ¢ = r + s:
9

(r+ 8 20 +s)r=Tr" = & +drs=3"

[ToekoaBKY B HOBOM YPABHEHHH CYMMa KO(DPWIHERTOB ¢JeBa DaBHA 5, a KOd(DHIIACHT
cripaBa pPaBeH 3, B MCKOMOM pelneHnn oviaeT s < r. CgedaeM 3aMeny r = s + £

s+ 4(s+t)s=3(s+1)7 = 28 = 2st+ 3t
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Jagaua Apxusena o ObIKax

Ecam B JaHHOH CTPOKE BEITOJHAETCS] HEPABEHCTBO

a+b < a+bh>e

TO B ATOM GIVIAC CACAVOT CACTIATD 3aMCHY

r=y+z W=r+:z

KOTOpad HpHBGIWT K YVPAaBHCHHUID

2

az? + (b +2a)rz = (6 —a—b)y* (a+b— ) + (b—2¢)ar = oz

TeMm caMBIM TePexon K KOpDHIHEHTAM CISTVIONEN CTPOKH 33, TaéTCa (POPMY.TaMu

a = a. d=a+h—c,
YV =b+2a, W =h—2c
¢ =c—a—0bh ¢ =

(Bameganne: u3 QOPMYJT HEpEXoJa CACIYET, 9TO KoadDHIREHTR ¢ B ¢ BCErja OCTa-
BOTCA HOJOKATEABHBIMIE }

AABEPIHEHAK AHTHGMARPECHCA COOTBETCTROBAI0 OB MOJIVIEHTE Ha OTeDeTHOM Iare
TAKOTO YPABHEHMS. PEIHeHneM KOTOPOro 0ulaa 0wl napa wuces {1.1}. n koo punnenTr
KOTOPOTO VIOBIETBOPATH OBl COOTHOWEHUW a + b = c.

Huxe npuscacanl Tabaunubl npeodpasosanus koodunncaros (¢, b, ¢) ypaBacHEE
Buia (2) aaa Beex HekBagpatHeix N ot 2 10 150 Mo arux Tadamn moxseO BRACTS,
TTO BO BCEX DACCMOTDEHHBIX CIVYAAX VCIOBHE ¢ + b = ¢ He BHIIOJHASTCI HH B OJTHOH
M3 BRIIHCAHHBIX CTPOK, 3aTO HA HEKOTODOM IIare apTmdgaipecuca (0TOOPAKEHHOM B
FOCAETHER CTPOKE KK I0U TabAnIbl} BOCIIPOUIBOIRTCA POPMa HCXOAHOTO YPABHEHUA.
STO 03HATAET, 9TO BO BCEX 3THX GIVIAAX IPOIEAVpa aHTHQanpecuca TpuBOIAT K M0~
CTPOSHHEIO NEPHOIHICCKOR HeNoIKE KoadOHIRERTOB 0 He HMeeT 3asepinedans. OTco1a
BLITEKAET, ITO BO BCEX OTHX CIVIaX COOTBETCTBYHLIEe oTHOWeHNE /N : 1 apaseTes
PP PAHOEAILHEIM.

SAMCTHM TAKMKC, 4TO BO BCCX TabaMuax HAOJIOIACTCA OAHA H Ta KO HAJTHHAPO-
MHYCCKAS CTPYKTYPa: B CTPOKAX, PABHO OTCTOMAMMX OT HAYAJIA B KOHIA Tabamiser,
KOXPGHOECHTEL ¢ B ¢ NOHAPHO DABHDBL APVE APYIEY, & KOX|WDPHOHCHTHL  MCHAKT 3HAK.

B rabmuuax aaa N = 2,5, 10, 13 mMeeTcs CpeiHss CTPOKA, B KOTOPOH HPOHC-
XOANT obopaduBanre KO3(PHIHERTOB HAYAJBHOH CTPOKA. 3 IDHHIMIE, I0Ka3aTeTb-
¢TBO HPPAINHOHATBHOCTH OTHOIICHHA VN @ 1 MOKHO OBLIO OB 0BOPBATE ViKe Ha 3TOH
CTPOKE, HO B HeIAX TaTbHEHIIEr) HCCAeTORBAHKA MBI TPOJOTKIIN NOCTPOSHAIE TA0INITET
BILIOTH 40 BOCTPOW3BEASHNA HAUATRHOU cTpoku. ([IpuMevanme: ¢ DTOH Ke NETBK) BO
BCex TabAuIIaX BELIETeHA CTPOKA. KOXPpQUIHEHTH KOTODOH VIOBIETBOPAIT ¥DABHEHHU)
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6. O6mee auTudaupeTHIeCcKoe JOKaA3aTeIbLCTBO
HPpPALMOHAJIBHOCTH N

OTHOCHTEABHO PEKOHCTPYUPOBAHHEIX BAH JIEP BAPAEHOM n PAYJIEPOM aHTH-
PAMPETHIECKAX 10KABATEIRCTE UPPAINOHATBHOCTH OTHOmeHEnA v N 1 1 npuHATO 3a-
MeTaTh, ITO UX HeJOCTATKOM ABIATCA HeOOXOAMMOCTE PAa3laraTh 3TCO OTHOIIEHUE B
HENPEPEIBAVIO IPOOL 34HOBO LI KAk I0T0 N (I 111 HEKOTOPOTO CHeMHATLHOTO KIAC-
ca N). B mamen Bepcun JoKa3aTelLCTBA DTOT HEIOCTATOK JAeCKO YCTPAHACTCA: MEI
MOXKEeM TTPOBECTH OJHO VHHBEPCATBHOE TOKA3ATETRCTBO 114 BCEX HEKBAIPATHRIX N.

Jlemma 1. 3nauenne pulpaxkenus b2+ 4ac NpH Depexode oT NpeJbLIvIIed cTPOKH K
HOCAEAVIONIEH OCTAETCA HEM3MEHHBIM H paBHBIM 4N,

Howazameavemeso. llyers a + b < ¢, Torga

da'd + b7 = da(c —a — )+ (b +2a)” = dac + .
[Iycte a + b > ¢, Toraa
da'd +V* =4(a+b—c)e+ (b — 2¢)? = dac + b

[MoaToMY 3HaTeHNe BRIpAKeHHS b° + 4ac 0cTaéTea HemsMeHHEN. Ho B mepBoll cTpoke
a=1,5=0¢c= N, n Tem cameim b? + 4 = 4N.

(a) (0)
Pue. 4

J0KA3aTEILCTBO HPPANMOHAILHOCTH v/ N . TIpeanono)iM, 9T0 Ha KAKOM-HEOY Ib
HIATe AHTH(ARpecHca Mbl 400epEMes A0 3aBepIIAlollel CTPOKH, B KOTOPON OvIeT a + b = c.
Ho torga b* + 4ac 6yacT kpaapaTHeM unctoMm (puc. 4 (a) BHOOIHCH gad caygas b > 0
puc.4 (6) — aas cayaas b < 0).

B cuay gemmsl 1 noavuaeTrcs, 9To KBagpaTHoe ducao b? + dac paBHO HeKBaipaT-
womy wucay 4N, 9To HeBozMoxkHO. CAe0BATCIBHO, CACIAHHOC BHITIC MPCATOIOMKCHEC
ABIACTCA JOKHBIM, W MPONCIypa anTudanpecuca He GyIeT mMeTh 3aseprrcHud.  (OT-
CIOTA CAEAVET 3AKTIOTHTH, WTO VN 11 M0GOro HeKBAAPATHONO N eCTh BeIdTHHA,
HECOMIMEPUMAA ¢ € THHHIIEH.
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7. OThICKaHWEe HaANMEHbIIero penienaus ypapaeuns Ileansn
(oTAenbHOE A KAXK OO YACTHOIO CJIy'ast)

DBHOBL BepHEMCA K KOHKPETHOMY IpuMepy, korga N = 7. /1ag oTHCKaHAsI HauMeHb-
ero pelnesna VPaBHeHuA
o .
pt=Tg? + 1

PACCMOTRHM TY &€ TabAuIy, ITO B B ODpeIsavieM pasiene. COVCTHAMCA [0 HeH BHHA3
10 CTPOKH, B KOTOpOH a + b = ¢ + 1. HpupucyeM K Tabaune IOTOJHETETLHBIE [LATHIH
W UIeCTOR cTOIOIE! (HWAKe OHE HA3BAHEL JEBLIM M NPABHIM}, ¥ BANHIIEM B 00a CTOJIOUA
ITOH CTPOKH IBE eTHHUIEL, a 3aTeM HATHEM HOIBEM HaBepX. FCIH B CAeAVIONEN CREDXY
CTPOKE CTONT BHAK «<», SAMAIICM B ¢C JCBBIH CTOJDCH CYMMY SHCCI OPCIbLAVIICH CTPO-
KM, & B HPABBLIA CTOI0CU OCPCOMIHCM THCIO K3 DPABOCC ¢TOA0OA BPCABIAVIOCH CTPOKH.
Ecan B COcayioiien CBOPXY CTPOKC CTONT 3HAK «>%, 3AHHIHCM B ¢¢ IPABBIH CTOA0CH
CYMMY YHCOA NPCABLAYVIHCH CTPOKH, 4 B JCBLIEM ¢TOA0CH HCPCIKIICM THCAO K3 JACBOLO
CTOAOUA NPCABLAYVIHCH CTPOKH. TAKEM OOPA3OM MBI HOAHHMCMCS A0 ICPBOH CTPOKH;
JBA 3AITHCAHHBIE B HEH 9HCIL JAOT HCKOMOE HARMEHBIIEE DelleHne.

1 0 < 7|8 3
1 2 < 65 3
1 4 > 3|2 3
2 =2 < 3|21
2 2 301 1

9 = oo
Hpopepka nokasbiBaeT. 9TO B B caMoM jJedae 82 = 7. 3% + 1.

8. /lokazaTeabLcTBO TEeopeMbl 0 TOM, 4TO ypaBHeHnue llemwns
Pa3spenmmMo B HATYPAIbLHBLIX YHUCAAX NPH JI000M HEKBagpaTHOM N

A. /114 HaTaTa BAVIAMCST BEITHCIATE IO JAHHOH CTPOKE TPeTIIeCTRYIONIYIO CTPOKY.
Habopy (a, b, ¢) moryT npeamecTsosats aBa Habopa (a, b— 20, e+ b—a) u (a — b — ¢,
b+ 2¢, ). Ho 010 w3 BeIpaskeru#t ¢+ b — a aubo @ — b — ¢ ABAASTCA OTPHIATETHHBIM.
HooToumy ecan

c+b>a c+b<a

To HabOPY (a. b. ¢) mpemmecTBYeT HAbOD

(a.0—2a,c+b—a) | (e—b—c, b+ 2, ¢)

B. Temepp zadMeTHM, 9TO BO BCeX PAaCCMOTPEHHBIX BBINE MPHMEDPAX DPABEHCTBO
@+ 6 = ¢+ 1 BBRINMOAHASTCA B CTPOKE, HaAXOAANECHCA HEMOCPEICTBEHHO Hal OJOKOM

HHRHAAX CTPOK, B KoTophix ¢ — 1. Tpeacrasum N B Buge N = n” +m, rae n° —

HAROOILIINN KBaApaT, He npeprnnatormun V. Hecaom\o noxazaTh, «1TO 0J0K HUKHEX
CTPOK H CTPOKA HAJ HUM OVIVT HMETE CIeIVIOMHH BHI:
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1l—m+2n | —2n+ 2m m
1. —2n m
1 —2(n—1) | m+n?—(n—1)?
i| -2 m+n?—1
i 0 m + n?

HpH STOM B BerHeﬁ CTpOKe ﬂeﬁCTBMTEJBHO BHIIIOJIHACTCA PaBEHCTBO
a+b=(1—-m+2n)+(-2n+2m)=m+1=c+ 1.

B. Brime (pasgen 6) Mbl 10Ka3aim, 9T0 Iponece aHTuganpecuca 1isa ypapHenus (2)
HUKOTIa HE 3aBepIIaeTcs, — HO MBI €6 He J0KA3aJH, 9TO MepBad CTPOKA MPH HTOM
00A3aTeIbHO MOBTOPUTCA. UTOOBI 10KA3aTh 3TO, 3aMETHM, 9TO IUCI0 HAGopos (a > 0,
b, ¢ > 0), I19 KOTOPHIX BHIIOIHACTCA yeaoBue b’ + 4ac = 4N, ABAAETCA KOHETHBIM.
[TosTOMYy paHO WK MO3THO MOBTOPUTCA 1O KpawHed Mepe OAWH u3 >TuX HabGopos. Ho
TOTa TOBTOPATCA W HAOOPHI MPEIBIIVIIAX CTPOK, U T.A. BILIOTH T0 MEPBOW CTPOKH.
A moCKOMBKY mepBasg CTPOKA MOBTOPUTCA, TO B YKa3aHHOM Mecre (M. nyHKT B) Haz
Hen 06a3aTeabH0 OVIeT HAXOAUTHCA CTPOKA, B KOTOpol a +b = ¢+ 1.

I'. Beiwe (nyukrer B 4+ B) mbr gokaszaau, aro yvpasmenue [lewns paspemmno B
HATYPAJbHBIX IHCIAX TP J060M N, B yKa3aIu IPUEM, TO3BOIAIONINA IBHO IOCTPOUTH
0aHO ero pemenne. OCTaloCh NOKA3aTh, 9TO MOCTPOEHHOE TAKUM 00PA30M peIleHue
ABIACTCA HauMeHbImuM. /[lag 5Toro pokazkem, 9TO CTpOKa, B KOTOpou a +b = ¢ + 1,
BCTPEYAETCA BHYTPH IIEPUOAA OT HEPBOU CTPOKHU A0 €€ MOBTOPEHUsA TOJLKO OJUH Pas.

Cocrapum Gurypy u3 kpajparta b’ m 9eTHIPEX TPAMOYTOILHAKOB (¢, KaK TTOKA3aHO
Ha puc.b (Ha puc. b, (a) mzodpaxén cayygan b < 0, Ha puc.b, (6) — cayqam b < 0).
[Lroma e srou puryps mo Jgemme 1 pasaa 4/N; miomanb 3aKpPalIeHHON YETBEPTH 3TOH
¢urypet pasaa N.

(a) (©)
Pue. 5

[ycte N = n? + m, rae n? — HamboJbIICe KBAAPATHOE YUCIO, HE MPEBBIIIAIOIIECE
N. W3 paccMOTpeHuA depTexka CIeayeTr, 9TO M — ITO YHUCT0 € TUHUI B 3aKPAlIeHHBIX
(BBICTYTIAX) («BBICTYTIEY ) eIUHUTHOW MUPHUHEL, U 3TO YMCIO PaBHO c. [loaydaem, 9To
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W3 COBMECTHOTO BEIIOAHEHNHA YCIOBAH a + b = ¢+ 1 m b + dae = 4N caegver, 710
K0(POUIHERTE CTPOKH, B KOTOPOH a + b = ¢+ 1, oda3aTeIvno 6yIVT BMeTH BHJ

¢=m, b=2(m—n), a=2n—m+ 1.

Ho aro u cors pemcnune, noctpocaaoe soane (oyakr B).

SAMCTHM TCICPh, 9T0 BHYTPH HCPHOAA OT HCPBOU CTPOKH A0 ¢¢ HOBTOPCHAA IO
CTPOKA MOECT BCTPOTHTBCA HE HOJOC OJHOFD pasd (B IPOTHBHOM CIVHAC DOBTOPITCL
" HaBOpHI CAIYIOUX CTPOK. U T. A.. BILIOTh A0 TMOCISAHCH CTPOKH, H TeM CaMBIM I10-
AVIATCA, 9TO BHYTPE MEPROIA BOTPEYAeTeA CTPOKA, COBMAJAIHAA ¢ TOCACTHEH CTPO-
kor). HoatoMy mocTpoeHHOe BHIHE pelnenue YpaaeHusa (1) 1eHCTBHTEARHO ABIACTCA
HAMMEHBIIHM.

9. IfocTpoenue GeCKOHEYHOU LEIOYKH PelleHun
ypasHenua ilemnsa

B popMyanpoBke 3aga4n ApxuMesa TpedyeTcs HaRTH XOTA Obl 0HO PEHICHHE YPaB-
mepua (1) gon sagassoro N. OAEAKO caMO HCeJIeToBaEMe vpasHeRuEH smia (1) ecte-
CTBEHHO OPHBOAAT K 341476 0 NOCTPOSHIN HOCASTOBATEILHOCTH BCEX DEUICHHE Kadk 10
ro Takoro ypapuenwsa. COOTBETCTBYIOIEE aJTOPHTM 148 FACTHOTO cayidaa N = 2
6BLT maBecTen e mudaropennam (cv. [TAEB 1965, FOWLER 1982, 3BEPKUHA 1999,
HIETHUKOB 1999).

Ypapacune {1} uMeeT GCCKOHCIHO MHOMO DCIICHUH, HOCKOABKY B KAZKIOM HCPHOIC
UMOCTCH CTPOKA, B KOTopon o+ 0 = ¢+ 1. Bee oy pelucHus B OpUHIKNG MOTYT OBITH
HARJACHBE OOPATHLIM BOCXOMK ACHUCN K IHCPBOR CTPOKC.

Boitee ORICTPRIT NPHEM OTHICKAHHA TTOCTEAOBATEIBHBIX DEIleHHH vpaBHeHus (1) ocHo-
BBIBACTCH HA TaK HAZRIBACMOM «TOX TCCTBE BpaXMaryIThb

(2 — Nyp) (a5 — Ny3) = (22 + Nyrye)® — N2y + 201)° (3)
WCTHHEOCTD KOTOPOTO MOMKHO NPOBEPHTh IPAMBIM PACKPEITHEM ckoO0K. W3 sToro To-
AKAECTBA CASAVET. TITO eCAH ABe napel wuced {xy.y} u {12y} (He obazaTeanHo pas-
JIMHEE) VIOBIETBODMIOT YpasHeHuio (1), To m mapa {&12s + Nyjya, yy 20 + 210 } Takxe
VAOBIETROPAET ypapHenu (1).

{Ipuéy cocTouT B TOM, 9T0OLI B KAa4CCTBC napol {Xy,y } BeG BpeMs Oparh HAR-
MCHBIICE POLHCHEAC [J.) a B KadcoTBe llapbl {:i‘.‘g, (jj} 6paTb CHAaYAJIa 370 KC HARMCHBIOCC
PCLHCHAC, 3a.1T0M Haﬁ;{(‘ﬂﬂoﬂ Ha [HCPBOM lOare propot pelacHaue, 1 T. 4.

Tax g1a N = 7 HanMenpunM 6vaeT HaleHroe Belne peinenne {8, 3}, Caegyviomme
PEIIEHNA HAXOAATCA PO YKa3dHHOMY HPABHIY:

8- 84+7-3-3 127 8-127+7-3-48 2024 8-2024+7-3-765 32257

8.34+3.8 487 8-48+3.127  TGH T 8-T65 4+ 3-2024 0 121027

CropammBaeTcs. MOT A7 0 TORIECTBe (3). COALPKATHIM BHIPAKEHAA TeTBEPTOM CTe-
ey, 3HATh APXUME/A? Kak 5To TOXIeCTBO YCTAHABIHBALTCA C MOMOIIBIO CPEICTB
«reoMeTpHTIecKon aaredpen?  (BripameHus UeTBEPTON CTENEHUW BCTPETARTCA B TaK
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HaseIBaeMol «opMyae ['eponas. HO3BOMIIOIHEH BHITHCAATE IIOMIATEL TPEYIOILHEKA 10
JIMHE TPEX €U0 CTOPOH. DTa (GopMyJa B IeHCTBHTEALHOCTH ObITa OTKPHITA He 'EPO-
HOM, omucapimuM €€ B cpoenl Mempuxe, a APXUMEZOM. B Xo1e J0Kaz3aTeapeTBa MI0~
IHATE TPEVIOABHUKA IPeJcTaBAIeTed KaK CpelHee MeoMeTPHTIeCKoe IBVX ADPVIHX MIo-
IHAACH, TO CCTH KAK KOPCHb KBAZPATHBIH H3 ONPOU3BCACHEA HTHX IO ICH ( APXUME
1962, ¢. 419-421)}.

I'. Viamew ciné o npuéM, DO3BOMAIOIIIE KO ABY M EMCITHEMCH DCIICHIAM {1, If{ }
u {xq, io } HOCTPORTL HOBOC poamenue {1 xy + Niyyys, g0 + 1 b Pacemorpum cacay-
OV SCTBCPKY PAHMOHAILHBIX HPUOJHAKCHANL A1 \/.T :

Nys Ny ay a9
S R VR T

Ha mepBoM 1HAC NOCTPOCHEA BEIMECAMM CPOAHREC FAPMOHHICCKHC 114 ACPBOH (HHAKHCH )
B 1458 BTOPOH (BepxHen) napsl NpROJIHKCHHI:

2Ny 0 210

Tl + X2y 1.: Xl oy l

Ha BTOpOM 1IHAFC BBIYUCARM CPDCAHLC a.pI/I(bI\-IC"I'I/I‘ICCKOC A 3TRX CPCARRX FAapPMOHRYIC-

CKHX:
Ty + Nipis

Tile + X2l

MOKBEO IPHETH K DTOMY K€ Pe3VALTATY W B APYTOM MODAIKE, BETHCINE Ha MEPBOM
THare NoCTpoeRwsa Cpejnue a[)bl(l)l\-ieTIfI‘IECKIfIE AJ TEPBOF0 B TPeThero U 1A BTOPOTO
H ‘IeTBépTOFO H[)PIG,HI/I}I{GIII/Iﬁ; a Hd BTOPOM Iare - Cpelnes TapMOHMA'IECKOEe 104 2THX

CPeIHEX apuQMeTHISeCKAX.
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