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FACTORIZATION OF THE R-MATRIX. II

ABSTRACT. We study the general rational solution of the Yang—Baxter
equation with the supersymmetry algebra s/(2|1). The R-operator acting
in the tensor product of two arbitrary representations of the supersym-
metry algebra can be represented as the product of the simpler building
blocks — R-operators.

1. INTRODUCTION

In the previous paper [1] we have shown that the general R-matrix can
be represented as the product of the much more simpler R-operators. In
this paper we shall consider the general rational solution of the Yang-
Baxter equation with the supersymmetry algebra s¢(2|1) and show that
there exists the same factorization. In fact all calculations are very sim-
ilar to the sf(3)-example and modifications due to supersymmetry are
simple. The generalization of the previous results [1] to the algebra of
supersymmetry is mainly motivated by the possible applications to the
super Yang—Mills theory [2, 3, 12, 5].

The presentation is organized as follows. In Sec. 2, we collect the stan-
dard facts about the algebra s£(2|1) and its representations. We represent
the lowest weight modules by polynomials in one even variable (z) and
two odd variables (8, ) and the s¢(2|1)-generators as first order differen-
tial operators. We use the notation and formulae from the paper [8]. In
Sec. 3, we derive the defining relation for the general R-matrix, i.e., the
solution of the Yang—Baxter equation acting on tensor products of two
arbitrary representations, the elements of which are polynomials in vari-
ables z1, 91,51 and zs, 92,52. In Sec. 4, we introduce the natural defining
equations for the R-operators and show that the general R-matrix can
be represented as the product of such much more simple operators.

Finally, in Sec. 4, we summarize. In Appendix we calculate the ma-
trix elements of the R-operators and as consequence obtain the matrix
elements of R-matrix in full agreement with the results of the paper [8].

This work was supported by the grant 03-01-00837 of the Russian Foundation for
Fundamental Research.
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2. sl(2|1) LOWEST WEIGHT MODULES

The superalgebra s¢(2[1) has eight generators: four odd V¥, W* and
four even S, S*, and B. Using the natural notations

Es = S_; Ey = —W_; Es) = V_; Es = S+; Eos = W+;
E;;=V'E;; =B-S; Ey=-2B; Es;zs=B+S.

The commutation relations for the generators of s¢(2|1) can be written
compactly in the form [6, 7]

[Esar,Ecp] =écpEap — (—)(Z+§)(6+5)6ADECB ; AB,C,D=1,2,3,

where the graded commutator is defined as (we choose the grading T =

3=0,2=1)
[Esg,Ecp] =Eap -Ecp — (—)(Z+§)(6+5)E0D “Eap.

There are two central elements [6, 7, 10]

C,

1 _
52 ()P EapEps = 87— B* +57S” + VIW T 4 WV,
AB

1 -
C; = G Z (=)"""EapEpcEca
ABC

The Verma module is the generic lowest weight s¢(2]|1)-module Vo5 A =
(€,b). As a linear space V, is spanned by the basis with even elements
ag, by

ap=Ska;, k=0,1,2.; by=SI"'W,V,ay, k=12
and odd elements v, wy
vy =8k Viag, w,=8StWia,, k=012
The vector ag is the lowest weight vector:
S_ag=V_ag=W_a;=0; Say=/,-ay; Bay=10b ag

We shall use the representation Va of s€(2|1) in the infinite-dimensional
space C[Z] where Z = (z,0,0) of polynomials in even variable » and odd
variables 6, 8 with the monomial basis {zk, 00:%: 0% 0" };OIO and lowest
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weight vector ag = 1 (see [8]). The action of s(2|1) in V4 is given by the
first-order differential operators

1 1
ST=-9;, VT =0s+ 598; W™ =d7+ 598, (2.1)
1- 1- _
Vt = — [z@e + 59,28 + 59989] — (£ =b)6;
n 1 1 -
W™ = — 207+ 59,28 + 59965 —(£L+b)0
St =220+ 200y + z?@; + 20z — bH6;
1 1 1 1
= -6 —00-+1¢;, B=-00— =0 b.
S 26—1-269—1-269—1-, 269 269—1—
It is possible to derive the closed expressions for the elements of the basis

bl

kb
ap =St 1= (20) [z— % .99] kL

by =SET'TW V1= %(zz)k [z—l— <b+£+ g) .95] ket
vy = SEVL 1= —(0—b)(2¢ + 1), 2"0;

20+ k
wy = S]j_W_I_ ==+ b)(2¢+ 1)kzk9; (20), = %

It is evident that for the generic £ # —% the module V4 is an irreducible
lowest weight s£(2|1)-module isomorphic to V4 but for the special values
of the spin £ = — % there exists the finite dimensional invariant subspace.
There are three cases depending on the relation between b and n [6,
9, 10]. The first case is for generic b # +% (typical representations)
and there exists the 4n-dimensional invariant subspace. The second and
third cases appear for b = % (atypical representations). For the chiral
representation b = —% the (2n 4 1)-dimensional invariant subspace is
spanned on the vectors

67\ "
<I>2': (z—;) . k=0.n, Wp=0: k=0...n-1
and for the antichiral representation b = % the (2n + 1)-dimensional

invariant subspace is spanned on the vectors

07\ "
@;:(z—l—;) k=0...n; Vy=0:" k=0...n—1.
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We shall use the three-dimensional chiral representation V. In the basis

00
e1:S+~1:—z—|—7, ex=W, -1=6, e3=1
the sf(2|1)-generators take the form
0 0 0 0 0 0
s—.=10 0 0); w_=|-1 0 0];
1 00 0 0 0
00 0 0 0
vo=1[0 0 0}); s=[0 0 0 (2.2)
010 00 -1
0 0 1 0 0 0
sy=10 0 0]; we=]10 0 1];
0 0 0 0 0 0
0 1 0 -1+ 0 0
vi=10 0 0]; b= 0 -1 0
0 0 0 0 0 -1

There exists the second three-dimensional representation - antichiral rep-
resentation V. In the basis

60 _
e1:S+~1:—z—7, ex=Vy-1=0, es=1

the sf(2|1)-generators take the similar form as in chiral representation
but v¥ — w*; b — —b. We use the standard definition for the matrix
A;p of the linear operator A in the basis {eg}

Aek = Z eZAzk

3. YANG—BAXTER EQUATION AND LAX OPERATOR

The Yang—Baxter equation is the following three term relation [11, 12]

Rl\ﬂ\z(u - U)RAlAa(U)RAzAa(U) = R/\ﬂ\a(v)R/\lAa(u)R/\lAz(u - U)

for the operators R a;(u) @ Va, ® Va; — Vi, @ Vi,. We start from
the simplest solutions of Yang—Baxter equation and derive the defining
equation for the general R-operator [8, 15]. First we put Ay = Ay = Az =
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(—%, —%) in Yang-Baxter equation and consider the restriction on the

invariant subspace V® V ® V. We obtain the equation
Rlz(u — U)]ng(u)]Rzg(U) = Rzg(v)ng(u)Rlz(u — U),

where the operatorRa(u) acts on the first and second copy of V in the
tensor product V® V ® V and similarly for the other R-operators. The
solution is well known [11, 12]

Rys(u) = v+ Pya,

where Py is the (graded)permutation operator in V.® V. We choose
the basis {e1,es,es} in V so that ey, ez are even elements and es is odd
element and our gradingis: T =3 =0, 2 = 1. The permutation operator
acts on the basis as follows

Pize; @ep = (_1){Eek ® e;

and additional sign arises for e; ® ey only. Secondly we choose Ay =
Ay = (—%, —%); Az = A = (£,b) and consider the restriction on the
invariant subspace V.® V& V4. The restriction of the operator R, a(u)
to the space V ® V, coincides up to normalization and shift of spectral

parameter with the Lax-operator [11-13]
Lu): VO Vy—= VeV,

and the Yang-Baxter equation coincides with the defining equation for
the Lax-operator

RBio(u — o)L ()L (v) = L (o)L ()R o(u — v)

where L(l)(u) 1s the operator which acts nontrivially on the first copy of
V and V4 in the tensor product V@ V ® V, and L(Z)(u) is the operator
which acts nontrivially on the second copy of V and V. The solution
coincides up to additive constant with the Casimir operator C» for the
representation V.@ Vy [12, 14]

Liu)=u+2s@S5S—-2b@B4+ vy @W_+s; @S_
—W_®V++W+®V_+S_®S+—V_®W+,

where s, b, s1, vy, and wy are sf(2|1)-generators in the chiral represen-
tation (2.2) and S, B, S1, Vi, and W are generators in the generic repre-
sentation. The algebra s¢(2|1) has two three-dimensional representations
— chiral V and antichiral V so that there exists the second Lax-operator

L(u) : Vo Vi — V@ Vy;
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B (i — v)I (I (0) = T ()T ()R 1o(u — v).

The explicit expression for the second Lax-operator is the same but now s,
b, st, vy, and wy are sf(2|1)-generators in the antichiral representation
V. In matrix form we obtain [14, 8]

S+B+u —W_ S_
L(u) = Vi 2B+ u V_ ;
S_|_ W_|_ B — S —|— (7
_ S—B+u -V_ S_
L(u) = Wy —2B+u W_
S_|_ V_|_ —B — S + Uu
Note the arising some additional signs due to grading. For example, we
have vies = e; but vy @ W_ey = —vieasW_ = —e; W_ so that one
obtains
0 1 0
vies=e;=>vy=10 0 0];
0 0 O
0 —-W_ 0
v+®W_e2:—e1W_ = V4 QW_ = 0 0 0
0 0 0

We shall use the chiral Lax-operator L(u) in defining equation for the
general R-operator. The Lax-operator depends on three parameters u, £, b
and we shall use the parametrization

uy=u+b+4€ uy=u+2b us=u+b—1{

Uy — U3 b_u_u1+u3
2 2

The explicit form of the Lax operator L(uy, us, us) in the functional rep-
resentation V, is

! =

L(Ul, Us, Ug) —

20100 4w — (05 + 160) i,
Loy a@g — 00y + us O + %56 (31)
L3y L3z —20 —00s + us

00 1 =
L21 = — (Z — 7) 69 — 5926 + (UZ - Ul)g,
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00 1
L32 = — (Z + 7) 8@- 5926 + (U3 — Uz)g

- 00
L31 = 228 + 2(969 + 98@) + (U1 - U3)Z + (U1 + usz — QUQ)E

There exists the useful factorized representation for the Lax-operator

L(Ul, Uz, Ug) =

1L 0 0\ /uw D~ -0 100
—9_ 1 0 0 uy—1 —D* g 1 0], (32
2+ 8 -6 1 0 0 ug —z+ % 0 1

where DT are covariant derivatives
1 1-
D_ = —6‘?—1— 596, D+ = —89 —|— 598

The L-operator is sf(2|1)-invariant by construction and as consequence
one obtains the equality

M~ L(u) - M=8S"1Lu)-S; S=e*V-.eoW- Ce(A+eF)s-.

1 0 0
M=| -a_ 1 0]. (3.3)
A4+ 5 —a 1
%, —%) in Yang-Baxter equation
RA1A2(U - U)RA1A3(U)RA2A3(U) = RA2A3(U)RA1A3(U)RA1A2(U o U)

change the numeration of the representation spaces Ay — A} =
(61,b1); Az — Az = (2,b2) and consider the restriction on the in-
variant subspace V ® V, ® Va,. In this way one obtains the defining
equation for the R-operator

Li(u— v)La(u)Raa,(v) = R, (0)La(w)Ly(u — v).

The operator Ly acts nontrivially on the tensor product V& V,, which
is isomorphic to V @ C[Z;] where Z;, = (zk,ﬁk,gk) and the operator
R aa,(u) acts nontrivially on the tensor product Vi, ® Va, which is
isomorphic to C[71, 73] = C[71] ® C[Z3]. Note that obtained defining
equation is slightly different from the ones which was used in [1] and [8].
The defining equation which is similar to [1, 8] is

RK}A2(U —u)Ly (u)La(v) = Lz(v)Ll(u)RxllAQ(v — u). (3.4)

Finally we put Ay = (—
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There exists the well known automorphism of the Yang-Baxter equa-
tion R, (u) — RXEAQ(—U). In the simplest s£(2) case we have
Ry, (1) ~ Rﬁ_éz(_u) but for the more complicated algebras the ac-
tion of this automorphism is nontrivial. To proceed in close analogy
with [1, 8] we shall use the defining equation (def21) so that we derive
the expression for the operator ]RX}AQ(U — u).

4. THE GENERAL R-MATRIX

It is useful to extract the operator of permutation
]P)IZ . C[Zl] ® C[Zz] — C[Zz] ® C[Zl] ; plz\lf (Zl, Zz) = \If (Zz, Zl)

from the R-operator RK}AQ(U —u)= JPHRAIAQ(U; v) and solve the defin-
ing equation for the R-operator. The main defining equation for the R-
operator 1s

R(u; v) Ly (ur, s, uz)La(vy, v, v3) = Ly (v1, va, v3)La(ur, ua, uz)R(u; v)

U1:U—|—b1—|—f1, U22U+2b1, U3:U—|—b1—f1;
01:U—|—b2—|—£2, Uz:U—|—2b2, Ug:U—sz—Ez.
The operator R interchanges all parameters in the product of two L-

operators and similar to the s£(3)-case R-operator can be represented as
the product of the simpler “elementary building blocks” — R-operators.

Proposition 1. There exists operator Ry which is the solution of the
defining equations

RaLi(u1, ug, us)La(vi, va, v3) = Li(v1, ua, us)Lo(ug, vo, v3)R1 (4.1)

Ri = Ri(uilv,va,v3);
Ri(ui|vi, va,vs) = Ri(ur + Ao + A, v+ A, vz + A)
and these requirements fix the operator R1 up to overall normalization
constant
(2202 + w1 — vz + 1)
T(2202 + v1 —vs + 1)
T(2202 + w1 — v3)

— 0o, 05 | - S
F(Zzaz —1—1}1 —1}3—|— 1)Z2 b 92:| !

Rl NSl_l |: <f1 —|—§28§2)

— 9,8 _
828 - W —z+#)5 vy — v
812622262~691V2~91W2 ~e(1 : 2; fl_il 2.

Uy —v1
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Proposition 2. There exists operator Ro which is the solution of the
defining equations

Raliy(ug, ug, uz)La(vy, v2,v3) = Li(uy, ve, ug)La(vy, ua, v3)R2  (4.2)

Ro = Ra(ui, uslva, v3);

Ra(uy, uz|ve,vs) = Ri(ur + A, ua + Alva + A, vs + A)

and these requirements fix the operator Rs up to overall normalization
constant

Ry~ S5t [fz + u12 - 0209, + vas 'glé‘gl-l-

(z12 + 9152)%1392 + (ug — Uz)gzalagl 392] - So

A 9,8 958
Se = e€1692 .692691 -e 1o _%62;
_ U21V23 _ _
Jo=———", wiz=wu;—uz, V3=V~ V3.
Vg2 — U2

Proposition 3. There exists operator R3 which is the solution of the
defining equations

RaLi(u1, us, us)La(vi, va, v3) = Ly (u, ug, v3)Lo(vi, v9, us)Rs  (4.3)

R = Ra(ui, us, us|vs);

Ra(ur, uz, uslvs) = Ra(ur + A, ua + A, uz + Alvsg + A)

and these requirements fix the operator Rs up to overall normalization
constant

[(z101 +u1 —vz+1)
T(z101 +up —us+1)
(2101 + w1 — v3)
T(z101 +up —us+1)

Rs~ S5 [ (fs +010s,)

zlﬁglﬁgl] . 83

_ 856 —
_ 8163 - oW —(22+ 222)51 Uy — U3
83 —e 2 01 . e€2V1 . 692 1 .e ; f3 - - =

U3—03.
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Proposition 4. The R-operator can be factorized as follows

R(u; v) = Ra(ur; v, uz, uz)Ro(uq, us; vo, uz)Ra(uq, us, us; vs).

There exist six equivalent ways to represent [ in an factorized form
which differ by the order of R-operators and their parameters. All these
expressions and the proof of the factorization of the R-operator can be
obtained using the pictures similar to [1].

The defining system of equations for the R-operator can be reduced to
the simpler system which clearly shows the property of s¢(2|1)-covariance
of the R-operator.

Lemma 1. The defining equation (4.1) for the operator R is equivalent
to the system of equations

R [Li(uy, ua, us) + Lo(vy, ve, v3)] =
[L1(v1, w2, us) + La(u, va, v3)] R (4.4)

Riz1 = 21R1, Ribr = 01R1, Rib1 =01 Ry
Ry (Vs +6:87) = (V5 +6157) - Ru. (4.5)

Lemma 2. The defining equation (4.2) for the operator R4 is equivalent
to the system of equations

R [L1 (w1, uz, uz) + Lo(vi, va, v3)] =

[L1 (w1, v, us) + La(v, ug, v3)] Ro (4.6)
6.6

[Rz, z1 — %] =0, Rath =66Ry;
06 _ _

[Rz, 29 + %] =0, Rabz=02R>

Lemma 3. The defining equation (4.3) for the operator R is equivalent
to the system of equations

R [L1 (1, uz, us) + Lo(vi, va, v3)] =
[L1(ur, ug, v3) + La(vi, va, us)| R (4.7)
R3zs = 29R3, Rabs = 05R3, Rsl: = 0:R3
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The relations in the first line are simply the rules of commutation of R-
operators with s€(2|1)-generators written in a compact form. In explicit
notations we have for Ay = ({1,61) and Az = ({2, b2)

R:Va, @Va, = Vo @ Vi
Ry A= —&,b+6);
A=l +&1,bp—&1); & =
Ro : AL = (01,01 — &a);

Ay = (o, 09+ &)y Eo = uz —v2
Rz + Aj = (01 +&3,01 4+ &3);

AL =(ly — 3,00 — E&3); & =

up — v

2

uz — v3

2

The s£(2|1)-invariance of R-matrix follows directly from the properties of
R-operators so that the general R-matrix RK}A2(U —u) = P1aR A, (u;v)
is automatically sf(2|1)-invariant.

Proof. Now we are going to the proof of equivalence of defining equa-
tion (4.3) to system (4.7) and derivation of explicit formula for the op-
erator Rz. First we show that system (4.7) is the direct consequence of
Eq. (4.3). Let us make the shift uy, — up + A, v1 — v1 + p, v2 — v2 + v,
vz — vz + A in the defining equation (4.3). The R-operator is invariant
under this shift and L-operators transform as follows

1 0 0

Li =L+ AT Lo—TLot+A-T4(p—2A) 0, 0 0
482 000

0 0 0

+w=-XN| 6. 1 0

020, —05 0

After all one obtains the equation which contains the arbitrary parame-
ters A | 1t and v and as consequence we derive system (4.7) and Eq. (4.8).
Next we show that from the systems of Eqs. (4.7) and (4.8) follows
Eq. (4.3).This will be almost evident if we rewrite these equations in
equivalent form using the s¢(2|1)-invariance of the L-operator and the
commutativity of Rs and zs,6s,05. We substitute the factorized rep-
resentation (3.2) for the operator L in the defining equation for the
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operator R3

V1 DZ_ —09
RsLi(up,ug,us)M | 0 wva—1 —DI | M~ =
0 0 V3
V1 DZ_ —0n
Li(up,us,v3)M [ 0 vy —1 —DF | M™'R;
0 0 Us

and perform the similarity transformation M__1 -+ - M of this matrix equa-
tion using the commutativity Rz and zs, 62, 62. Then using the s¢(2]1)-
invariance of L-operator (3.3)

- gwe —(rtER)sy
M. L, M=S"'.1,-S; S:e€2vl~e€2wl~e( ) ;

bl

1 0 0
M = —0, 1 0],
828,
29 + 5 —92 1

we derive the equation for the transformed operator R=S-R3-S~!

R - L1 (u1, uz, uz)L(v1, va, v3) = Li(u1, us, v3)L(ve, v, us) - R,  (4.9)

where
U1 DZ_ —82
L(Ul,vz,vg)ES~ 0 1}2—1 —D;— 'S_lz
0 0 V3
V1 DZ_ + Wl_ —0s + 01
0 w—1 —DI-vy
0 0 V3

To derive the system of equations which is equivalent to system (4.7), (4.8)
written in terms of R we repeat the same trick with the shift of param-
eters and obtain the system of equations

R : [Ll(ula Us, Ug) + L(Ula Va, 1}3)] —
[Ll(ul,UQ,Ug) —|— L(vl,vz,u;:,)] . R (410)

R- Ll(ula uz, Ug)

o O =
O = O

10
= Ll(ul,UQ,Ug) 0 1 R. (411)
0 0



176 S. E. DERKACHOV

It is evident that all equations of system (4.11) contained in Eq. (4.10)
except only one (12)-equation RW, = W R. We use the system of
equation

R : [Ll(ula Us, Ug) + L(Ula Va, 1}3)] —

4.12
[Ll(ul, Ua, 1}3) + L(Ul, Va2, Ug)] . R, RWl_ = Wl_R ( )

as defining system for operator R. This system is equivalent to sys-
tem (4.7), (4.8). Returning to system (4.9) (it is the system (4.3) writ-
ten in terms of R) we note that it is possible to factorize the matrix
diag(vy;ve — 1;1) from the right

R-Li(ui,un,u3) | 1 -Df-v; | =
0 0 U3
L %5 oo
L (ur,uz,v3) | o 1 —D} —V§ ‘R.
0 0 Uus

In comparison with (4.12) there are three new equations only

61 a1
R~L1(u1,u2,U3) _Vl_ = Ll(ul,UQ,Ug) _Vl_ R. (413)
V3 us

Indeed the system (4.12) contains the equations [R,DE] = [R, 8] =
[R, W] =0 and by conditions (4.11), we obtain the three new equations.
It is easy to check that these equations follow from system (4.12). Finally
the systems of Eqgs. (4.12) is defining and it remains to find the solution.
First of all [R,z] = [R,62] = [R,0,] = [R,DI] = [R,8] = 0 and
therefore the operator R depends on the variables z1, 6,6, only. For
simplicity we use the natural transformation

R = e30191015.0= 561010
change z1, 6, 8; — z, 8, 6 and obtain the system of equations
rdy = Osr; r (z@ + 56‘;) = (z@ + 56‘;) T; (4.14)
r (00 — 007) = (005 — 00) x '

r (z28 +z (969 + g@g) + 2(uy — uz) + 00(us — uz)) =
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= (z28 +z (969 + 56‘;) + z(up —v3) + 95(1}3 — uz)) r (4.15)

r (zé‘g—l— (ug — U3)9) = (zé‘g—l— (ug — v3)9) r (4.16)

r (—z (69 + 56) + 000, + (ug — ul)g) =
(—z (69 + 56) + 000, + (ug — ul)g) r.

(4.17)

First of all equation (4.17) is not independent. Tt is the consequence of
Egs. (4.15) and r85 = d51 due to commutation relation [ST, W~] = WT.
The general solution of Eqs (4.14) is

r = afz0] + b[z0] - 005 + ¢[20] - 20407
Equations (4.15) and (4.16) results in recurrence relations

uz — v3

alz0] — a[z0 — 1] = (uz — ug) - ¢[z0]; blz0] = - afzd]

Uz — U3
c[z0 4+ 1] (20 + i —uz + 1) = (20 + uy — v3) - ¢[29]
alz0 + 1] - (20 + up — uz) + (ug —ugz) -c[z0+ 1] =
= (20 + uy — v3) - a[z0]a[zd] + b[2d] - (20 + u1 — uz) — (us — us) - ¢[z0)]
= a[z0 — 1] + (20 + uy — vs) - b[zd — 1].
The solution of these equations has the form

L(z04+u —vs+1)

al:0] = [(z0+u —us+1)’

b[20] = ug — vz I'(20 + u; — vz + 1)
Cug —ug D(20 4+ up —us + 1)

o[20] = ug — vz (20 +up — v3)

uy —uz [(20 +up —us+ 1)’

Collect everything together we obtain the expression for the operator
Rs from the proposition. All calculations for the operator Ry are very
similar.

It remains to prove the equivalence of defining equation (4.2) to sys-
tem (4.6) and derive the explicit formula for the operator Ra. First we
show that system (4.6) is the direct consequence of Eq. (4.2). Let us
make the shift u; — u; + A, us — us + A, ug — ug + p, v1 — v1 + v,
va — vz + A, v3 — vz + A in defining equation (4.2) for the operator Rs.
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The R-operator is invariant under this shift and L-operators transform
as follows
0
816,
2

+ oo

0
0];
—Z1 1 1

6
0 0
A0

| =

L2—>L2—|—AI[—|—(I/—A) —Va
m+82 0 0

After all one obtains the equation which contains the arbitrary parame-
ters A, y, and v and as consequence we derive system (4.6). Next we show
that from the systems of Eqs. (4.6) follows Eq. (4.2). This will be almost
evident if we rewrite these equations in equivalent form using the s¢(2]1)-

invariance of the L-operator and the commutativity of Rs and z; — 91291 ,

9
01, 29 + 72

32, 5. First of all it is useful to make the transformation

8,6 898
191 5 —22262

Ro=S"1R-S; S=ez 91.¢

so that R commutes with 21,61, 25, #5 now. The corresponding transfor-
mation for the L-operators can be easily derived using factorized repre-
sentation (3.2). Next it is possible to make the two similarity transfor-
mations of defining equation (4.2) using simple matrices which commute
with operator R. After all these transformations defining equation (4.2)
for the R-operator in factorized form looks as follows

R -1y (w1, us, us) - M - 1o(v1, ve,v3) = Li(ug, va, uz) - M - 1a(vq, us, v3) - R;

1 0 0
M= —92 _ 1 0
—Z12 — 9192 91 1

ll(ula uz, Ug)

1 00 Uy —8;1 01 1 00
—91 1 0 0 U9 — 1 891 — 5161 61 10
0 0 1 0 0 us 0 0 1

12(vla V2, Ug) =

1 0 0 V1 —6‘@2 + 0200 —0o 1 0 0
0 1 0 0 vy — 1 0o, 0 1 0
0 —92 1 0 0 V3 0 92 1
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Next step we rewrite the defining equation for the transformed operator

g

— o100y 2%, R .00, P20

r

in the form
r- Ll(ula uz, Ug)mLz(Ul, V2, Ug) =

4.18
=Ly (u1, vz, us)mLy(v1, ug, v3) - 1, (4.18)
where
Ll(ula uz, Ug) =
up — 1+ 51%1 —0, -0
(U2 — ul)gl Uy — 1 + glagl 891 — 892 — 5261
0 0 Us
V1 —8§2 + 8;1 + 8,09 —09
Lo(vi,v2,v3) = | 0 vy — 0204, Oy,
0 (1}3 — 1}2)92 V3 — 92892

To derive the system of equations which is equivalent to system (4.6)
written in terms of r we repeat the same trick with the shift of parameters

and obtaln
r - [Lq(u1, g, us)m + mLy(vy, ve, v3)] =

4.19
[T, vz, ) + T (v, uz, 05)] - . (+19)

This system results in a simple equations
r (&91 — ?161) = (&91 — ?161) I r (6@2 — 9162) = (420)

(05, = 010)v5 x(01 + 02) = (91 + Oa)r
r (92892 + (212 + 91?2)82) = (92892 =+ (212 =+ 91?2)82) r (421)

r (515‘@1 + (212 + 0102)01) = (515‘@1 + (212 + 0102)01) v (4.22)

r (glﬁgl - 92692) = (glﬁgl - 92692) r (423)
r ((212 + 9152)392 + (u2 — U1_)§1) = (4.24)
((212 + 6102)0, + (va — U1)91) r
r((z12 + 9152)%1 + (v3 — v2)f2) = (4.25)

((212 + 6’152)%1 + (vs — vz)ﬁz) r.
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Returning to system (4.18) (it is system (4.2) written in terms of r)
we note that it is possible to factorize the matrix diag(vy;1; 1) from the
right and the matrix diag(1; 1; uz) from the left so that v1, uz-dependence
disappear from equation. The obtained system of equations is the conse-
quence of system (4.20)—(4.25). The proof is by direct calculation. Now
we are going to the solution of the defining system of equations. The
general solution of Eqs. (4.20)—(4.23) has the form

r= a—l-b'gﬁgl +c- 0200, +d - (212 +91§2)3§1392 +e'§192'3§1392,

where a,b,c,d, e are some constants. Equations (4.24) and (4.25) fix
these constants
_ (uz —u1)(v2 — v3)
Vg — U2

-d; b= (va—v3z)-d;

c=(u; —uz)-d; e=(uz—wy)- d.

Collect everything together we obtain the expression for the operator R,
from the proposition.

5. CONCLUSIONS

We have shown that the general R-matrix can be represented as the
product of the simple “building blocks” — R-operators. In the first pa-
per [1] we have demonstrated how this factorization arises in the simplest
situations of the symmetry algebra s€(2) and s€(3). In the present paper
we have showed that the same factorization take place for the R-matrix
with supersymmetry algebra s£(2|1). It seems that this phenomenon is
quite general and all results can be generalized to the symmetry algebra
sf(n) and to the supersymmetry algebra sf(n|m).
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APPENDIX

In this Appendix we calculate the matrix elements of the R-operators
and as consequence obtain the matrix elements of R-matrix. It is addi-
tional check of the main results and after all we recover the formulae from
the paper [8].
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All lowest weights in the space Vi, 3, ® Vi, 3, are divided on two sets.
There are the even lowest weights

1 _ n
oF = <Z12:|: 5912912) ;. Dior =0,

SOE = (n+ 4 + )%, BdE = (b +by)dE
and the odd lowest weights
\If; = 912Z?2; \IJ;IL_ = 512Z?2;

1 1
Syt = <n+£1+£2+§) vE BUt = <b1+b2j:§) vt

In this section we shall calculate the action of R-operators on these lowest
weights.
OPERATOR R3

We have factorized representation for the operator R

_ I'(z101 + w1 —vs+1) (Uz—u3 )
Rz~S3z'-r3-S3 r3= + 610s,
3 3108 3 T(z101 +up —us+ 1) \uz —vs e

(2101 + u1 — v3)
F(z181 + vy —usz+ 1)

216918@1 .

In the explicit form the action of the operators Sz and Sgl 18
83@ (Zla 91a§1|'z2a 62a§2> =

0,0, 6,60, 0,0 - _
q)<21+22+ L1z 1,91+92,91+92|Zz,92,92)

2 2 2

S§1<D (Zla 91a§1|'z2a 62a§2) =

0,0, 050 _ _ _
¢ <Z1—22-1-%-1-%—9291,91—92,91—92|Zz,92,92)~

First we calculate the action of S3
qu);l; =z7; Ss®, = (z1 — 91§1>n
then the action of r3
n Ur—uzl(n+wu —vs+1)

ta 4 = ug— vz (n+u —uz+1) A1




182 S. E. DERKACHOV

—.n  us—vz(n—+u —uvs3) —\n
: — 6,6 = : — 616
rs (21 1 1) us — vs F(n+u1—U3) (21 1 1)
I'n4+u —v
TR B L k) B

T(n+u —us—+1)
and finally action of Sgl

of =531z @ =531 (21— 6,0,)"
so that one obtains

R3.¢+:“2_“3F("+“1_“3+1).q>+
" ug—vz (n+u —ug+1) "

Uz—UgF(TL—FUl—Ug). _
ug—vzl(n+u —ug) "

T'(n+ u —vs) o+
Fn+u —us+1)

For the odd lowest weights all is simpler

Ra- @, =

—I-(Uz — Ul) :

Sg\IJ;IL_ = 51 . Z?, Sg\p; = 91 . Z?

= o uz—uzl(n4u —vs+1) =
I‘3'9121 = '61751’
ug— vz (n+uy —us+1)
ug —vz3 (n+u —vs+ 1)
.9 n: .9 n
ta s us—v3(n4+u —us+1) 141
and, finally, we have
R3~\I!;';:u2_u3r(n+u1_v?’+1)'\If;l{;
ug— vz (n+u —uz+1)
R3~\P;:u2_03r(n+ul_03+1)~\I!;.
us—v3(n4+u —us+1)

OPERATOR R,
We have factorized representation for the operator Ro
Ro~S7tory-S

(uz2 — u1)(v2 — v3)
V2 — U2

re =

+ (uz — u1)b1209, + (v2 — 03)5123;1
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+(212 + 0102)95 0, + (va — u2)01201205 s, .

In the explicit form the action of the operators S and S™1 is

- - 6.6 - 0,6 -
S® (z1,01,01]22,04,05) = P <Z1 + %,91,91&2 - %,92,92)
- - 6.6 - 0,6 -
S—lq) <21,91,91|22,62,92) = (Zl - %,91,91“«'2 + %,92,92) .

First we calculate the action of §
SO = (212 + 0105 + 6'12512)71 ; S®; = (224 ngz)n
then the action of rs

) = (us —Uvzs)_(vjz— uy)

1o (212 4 0105 + 012015

(212 + 0102 + 912512)n

—(u1 —vs+n) (212 + ngz)n vy (210 + ngz)n =

_ (Uz - Ul)(vz - 03)
B Vg2 — U2

(212 + ngz)n
and finally one obtains

(uz2 —v3)(va — w1)
V2 — U3y

R2~<I>;IL':

~<I>;|L'—(u1—vg—|—n)~<1>;;

(uz2 — up)(va — v3)
Vg — U2

Rz'q);I <I>;

For the odd lowest weights all is simpler
SUF =015 (210 + ngz)n . SUL =61y (210 + ngz)n

(v2 — u1)(va — v3)
Vg — U2

ro - 012 (212 + ngz)n = 012+ (212 + ngz)n

y - spiteon

vy 010 (2124 6010 0o (212 + ngz)n

and, finally, we have

(v2 — u1)(va — v3)
Vg — U2

Ry - WU = St

n?

(uz2 — u1)(uz — v3)
V2 — U3y

Ro -V, = 3\
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OPERATOR Rq

We have factorized representation for the operator Ry

_ (2202 +u1 —vs + 1) <U1—Uz = )
Ri~S7h e Sy, = + 6,04
! ! bt ! T(z202+v1 —vz+1) \ug — vy i

T(2202 + w1 — v3)
— 290y, 07
F(Zzaz + vy —v3 + 1) 2702 02

and the action of the operators S; and Sl_l in explicit form is

Slq) (Zla 91a§1|'z2a 62a§2) =

— 0,6, 6,6, 650 -
=@<21,91,91|Zz+21+ 222-1- 122— 221,92-1-91,92-1-91)

Sl_lq) <21,91,§1|22,62,§2) =
_ 6,0, 6.0 _ _
=® <Z1,91,91|22 -2 — % - % + 020,00 — 01,05 — 91) ~
First we calculate the action of S;

S19} = (—22)"; S1®; = (=21 — 020,)"

then the action of ry
o t1—vaT(n4u —ovs+1) n
ri-(—z = =z
! ( 2) ul—vlf(n—l—vl—vg—l—l) ( 2)

—n  up—vy T(n+u —vs) —\n
(=29 — 650 = (—z9 — 050
ry ( %2 2 2) PR P—— ( %2 2 2) +

I (77, + uy — 1}3) n
+(US B Uz) . I (77, + v — Vs + 1) . (—22)
and, ﬁnally, one obtains

Rl.q)_l_:vl—vzf(n—l—ul—vg—l—l).q)_l_
"ouy—onTn+uvr—vs+1) "

up — va T(n 4wy — v3) 4

Ri-® =
L %n up — v D(n+ vy — v3)
T'(n+u; —vs3)
— . .ot
Hvs —v) 'n4+vi—vs+1) "
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For the odd lowest weights, we have

Rl.q;;lr:“1_“2F(”+“1_“3+1).\p;;
up—vy D(n+vy —vs+1)

Ry = vl—vzf(n—i—ul—vg—i—l).qj;.
up—vy D(n+vy —vs+1)

OPERATOR R

The matrix elements for the R-operator are obtained from the matrix
elements of R-operators by the formula

R(u; v) ~ R(ur; v, uz, uz)Ro(ur, us; vo, uz)Ra(uq, us, us; v3).

The result of calculations is the following

Tn4+u —vs+1)

R@:NR~{(U2—U3)(1}2—1}1)~F(n+vl_u3+1) CI);IL_—F
Tn4+u—wvz+1) __
_ . )
e —v2) T'(n+4 vy — ug) n
S I'(n+wu —v _
RO ~R~{(u2—u1)(v2—v3)~m.@n+

I'(n+u — v3) }
+C- ot
T(n+ v —us+1)

where

C = (ua — v3)(v2 — uz)(ur —v1) + (v2 — ur)(v1 — u2)(vs — uz)+
+ (U1 — 01)(U2 — Uz)(us - U3)

) I'(n+4+wu —v3+1)

RUL ~ R (2 = wn)(v = wa) - o 2y - W
o Fn+u1—03+1) N
B~ R (e = o) (ua = wa) - mm = o) e

We extract the common normalization factor

(uz — w1)(u2 — us)
(w1 — v1)(uz — va)(us — v3)’

R=
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After substitution of parameters in explicit form

up=u+by+4, vi=v+by+4ly; us=u+ 20y,

Uz:U—|—2b2; U3:U—|—b1—f1, Ug:U—sz—Ez

we recover the formulae for the matrix elements of R-operator from the

paper [8].
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