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c© 2000 £. �.�. � «¨«®¢∗�������� � ������� �������Ǳ���� � 2 + 1 � 1 + 1 �����������ää¥ªâ ®¡à §®¢ ­¨ï í«¥ªâp®­-¯®§¨âp®­­ëå ¯ p ¨§ ¢ ªãã¬  ¢­¥è­¨¬ ªã«®­®¢áª¨¬¯®«¥¬ ¨§ãç ¥âáï ¢ (2 + 1)-¬¥p­®© ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥. Ǳ®ª § ­®, çâ® ¥á«¨í«¥ªâà®¬ £­¨â­ ï ª®­áâ ­â  á¢ï§¨Z� ¯à¥¢ëè ¥â §­ ç¥­¨¥ 0.62 (Z = 85), â® ¤«ï ¯à®áÄâ®© ¬®¤¥«¨ ¯p®âï¦¥­­®£® ¨áâ®ç­¨ª  (ï¤p ) ­¨§è¨© í«¥ªâà®­­ë© ãà®¢¥­ì í­¥p£¨¨ ¯¥Äà¥á¥ª ¥â £p ­¨æã ­¨¦­¥£® ª®­â¨­ãã¬  (¤¨p ª®¢áª®£® ¬®pï) ¨ ¢ ­¨¦­¥¬ ª®­â¨­ãã¬¥¯®ï¢«ï¥âáï ¤ëpª  (¯®«®¦¨â¥«ì­® § pï¦¥­­ë© ä¥p¬¨®­-¯®§¨âp®­). Ǳ®«ãç¥­® ãp ¢­¥Ä­¨¥, ®¯p¥¤¥«ïîé¥¥ ãp®¢­¨ í­¥p£¨¨ ®á­®¢­®£® ¨ ¢®§¡ã¦¤¥­­ëå í«¥ªâp®­­ëå á®áâ®ï­¨©¢¡«¨§¨ £p ­¨æë ­¨¦­¥£® ª®­â¨­ãã¬  ¢ á¨«ì­®¬ ªã«®­®¢áª®¬ ¯®«¥ ï¤p . �p¨â¨ç¥áª¨©§ pï¤ ï¤p  ­ ©¤¥­ ¤«ï ­¥áª®«ìª¨å ­¨§è¨å í«¥ªâp®­­ëå á®áâ®ï­¨©. Ǳ®ª § ­®, çâ® ¢¥Ä«¨ç¨­  ªp¨â¨ç¥áª®£® § pï¤  ¢ 2 + 1 ¨§¬¥p¥­¨ïå áãé¥áâ¢¥­­® ¬¥­ìè¥ ¥£® §­ ç¥­¨ï ¤«ïâ®© ¦¥ ¬®¤¥«¨ ¢ 3 + 1 ¨§¬¥à¥­¨ïå. �§ãç¥­® ¢«¨ï­¨¥ ¢­¥è­¥£® á¢¥påá¨«ì­®£® ¯®áâ®Äï­­®£® ¬ £­¨â­®£® ¯®«ï ­  á¯¥ªâp í­¥p£¨© í«¥ªâp®­  ¢ ªã«®­®¢áª®¬ ¯®«¥ ¨ ¢¥«¨ç¨­ãªp¨â¨ç¥áª®£® § pï¤ ï¤p ¢3+1¨§¬¥à¥­¨ïå. Ǳà®¡«¥¬  á¢¥¤¥­ ªp¥è¥­¨î§ ¤ ç¨¢®£Äp ­¨ç¥­­®¬ªã«®­®¢áª®¬ ¯®«¥ ¢ 1+1¨§¬¥p¥­¨ïå, ­® ¡¥§ ¬ £­¨â­®£® ¯®«ï. � áá¬®âp¥­®¢§ ¨¬®¤¥©áâ¢¨¥ ä¥p¬¨®­  á® áª «ïà­ë¬ ¢­¥è­¨¬ ¯®«¥¬ ¢ 2 + 1 ¨ 1 + 1 ¨§¬¥p¥­¨ïå.1. ��������� ¯®á«¥¤­¥¥ ¢p¥¬ï §­ ç¨â¥«ì­® ¢®§p®á ¨­â¥p¥á ª ¨§ãç¥­¨î ¯®¢¥¤¥­¨ï ª¢ ­â®¢ëå á¨áÄâ¥¬ ä¥p¬¨®­®¢ ¢ ¯p¨áãâáâ¢¨¨ ¨­â¥­á¨¢­ëå ¢­¥è­¨å ¯®«¥© ¢ ¯p®áâp ­áâ¢ å ¯®­¨¦¥­­ëåp §¬¥p­®áâ¥©. �â®â ¨­â¥p¥á ¬®¦­® á¢ï§ âì á ¤¢ã¬ï ¯p¨ç¨­ ¬¨. � ª, ­ ¯p¨¬¥p, pï¤ íäÄä¥ªâ®¢ ¢ ª®­¤¥­á¨à®¢ ­­ëå áp¥¤ å ãª §ë¢ ¥â ­  áãé¥áâ¢®¢ ­¨¥ ª¢ ­â®¢ëå á¨áâ¥¬ á®á¯¥ªâp®¬ í­¥p£¨©, ®¯p¥¤¥«ï¥¬ë¬ £ ¬¨«ìâ®­¨ ­®¬ ãp ¢­¥­¨ï �¨p ª  ¢ 2 + 1 ¨§¬¥p¥Ä­¨ïå [1, 2]. �pã£®© ¯p¨¬¥p á¢ï§ ­ á ¯®¢¥¤¥­¨¥¬ í«¥ªâp®­®¢ ¢ á¢¥påá¨«ì­®¬ ¬ £­¨â­®¬¯®«¥. � ç áâ­®áâ¨, ¬®¦­® ¯®ª § âì, çâ® ¢ á¢¥påá¨«ì­®¬ ®¤­®p®¤­®¬ ¬ £­¨â­®¬ ¯®«¥­ ¯pï¦¥­­®áâ¨ B > Bcr ≡ m2=|e| í«¥ªâp®­ ¢ ¯¥p¯¥­¤¨ªã«ïp­®© ¯®«î ¯«®áª®áâ¨ «®ª Ä«¨§®¢ ­ ¢ ®¡« áâ¨ á «¨­¥©­ë¬ p §¬¥p®¬ ¯®pï¤ª  â ª ­ §ë¢ ¥¬®© \¬ £­¨â­®© ¤«¨­ë"a = √2=|eB|, â.¥. «¨­¥©­ë© p §¬¥p ®¡« áâ¨ «®ª «¨§ æ¨¨ ¢ íâ®© ¯«®áª®áâ¨ ®ª §ë¢ Ä¥âáï ¬¥­ìè¥ ª®¬¯â®­®¢áª®© ¤«¨­ë ¢®«­ë í«¥ªâp®­  [3]. � ª®¥ \¢ë¬®p ¦¨¢ ­¨¥" ¤¢ãå¯p®áâp ­áâ¢¥­­ëå áâ¥¯¥­¥© á¢®¡®¤ëä ªâ¨ç¥áª¨ ¯®§¢®«ï¥â á¢¥áâ¨ pï¤ § ¤ ç (3+1)-¬¥àÄ­®© ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨ (���3+1) ª § ¤ ç ¬ ���1+1.

∗�®áª®¢áª¨© £®áã¤ àáâ¢¥­­ë©ã­¨¢¥àá¨â¥â,�®áª¢ , �®áá¨ï. E-mail: khalilov@thc.phys.msu.su372



�������� � ������� ������� Ǳ���� � 2 + 1 � 1 + 1 ���������� 373�á¢ï§¨ á íâ¨¬¨§ãç¥­¨¥ ¯®¢¥¤¥­¨ï § pï¦¥­­ëåª¢ ­â®¢ëåç áâ¨æ ¢ ¯p¨áãâáâ¢¨¨ á¨«ìÄ­ëå ¢­¥è­¨å ¯®«¥© ¢ ®¡« áâ¨ à¥«ïâ¨¢¨áâáª¨å í­¥p£¨© ¢ ¯p®áâp ­áâ¢ å ¯®­¨¦¥­­ëåp §¬¥p­®áâ¥©,   â ª¦¥ ¨áá«¥¤®¢ ­¨¥ ®¡ãá«®¢«¨¢ ¥¬ëå¯p¨áãâáâ¢¨¥¬ á¨«ì­®£® ¯®«ïä¨Ä§¨ç¥áª¨å íää¥ªâ®¢  ªâã «ì­® ¢ ­ áâ®ïé¥¥ ¢p¥¬ï ¨ á â®çª¨ §p¥­¨ï ¢®§¬®¦­ëå ¯p ªâ¨Äç¥áª¨å ¯p¨«®¦¥­¨©. �¤­¨¬ ¨§ â ª¨å íää¥ªâ®¢ ï¢«ï¥âáï íää¥ªâ ®¡p §®¢ ­¨ï í«¥ªâp®­-¯®§¨âà®­­®© ¯ pë¨§ ¢ ªãã¬ ªã«®­®¢áª¨¬¯®«¥¬, ª®â®pë©¤«ï á«ãç ï ªã«®­®¢áª®£®¯®Ä«ï ¯p®âï¦¥­­®£® ¨áâ®ç­¨ª  ¢ âp¥å ¯p®áâp ­áâ¢¥­­ëå ¨§¬¥p¥­¨ïå ¡ë« ¯p¥¤áª § ­ ¢ áâ Äâì¥ [4] ¨ § â¥¬ ¨áá«¥¤®¢ ­ ¢® ¬­®£¨å p ¡®â å [5{11]. �®ç­ë¥ p¥è¥­¨ï ãp ¢­¥­¨ï�¨p ª ¢ á¨«ì­®¬ ªã«®­®¢áª®¬ ¯®«¥ ¤«ï í«¥ªâp®­  ®¡áã¦¤ «¨áì ­¥¤ ¢­® ¢ p ¡®â å [12].� ¤ ­­ë© p ¡®â¥ p áá¬ âp¨¢ ¥âáï íää¥ªâ p®¦¤¥­¨ï í«¥ªâp®­-¯®§¨âp®­­ëå ¯ p ¨§¢ ªãã¬  ¢���2+1 ¨���1+1 á¨«ì­ë¬ªã«®­®¢áª¨¬¯®«¥¬. �áá«¥¤ãîâáïp¥è¥­¨ïãp ¢Ä­¥­¨ï �¨p ª  ¨ á¯¥ªâp í­¥p£¨© í«¥ªâp®­­ëå á®áâ®ï­¨© ¢ á¨«ì­®¬ ªã«®­®¢áª®¬ ¯®«¥¯p®âï¦¥­­®£® ï¤p  ¢¡«¨§¨ £p ­¨æë ­¨¦­¥£® ª®­â¨­ãã¬ ,   â ª¦¥ ¨§ãç ¥âáï ¢®¯p®á ®¢«¨ï­¨¨ ¢­¥è­¥£® á¢¥påá¨«ì­®£® ¯®áâ®ï­­®£® ®¤­®p®¤­®£® ¬ £­¨â­®£® ¯®«ï ­  á¯¥ªâpí­¥p£¨© í«¥ªâp®­  ¢ ªã«®­®¢áª®¬ ¯®«¥, ­  ªp¨â¨ç¥áª¨© § pï¤ ¨ ­  ¢¥p®ïâ­®áâì p®¦Ä¤¥­¨ï í«¥ªâp®­-¯®§¨âp®­­®© ¯ pë ¨§ ¢ ªãã¬  á¨«ì­ë¬ ªã«®­®¢áª¨¬ ¯®«¥¬ ¢ 3+1 ¨§Ä¬¥à¥­¨ïå. �®¦¤¥­¨¥ ¯®§¨âp®­®¢ á¢¥påªp¨â¨ç¥áª¨¬ ªã«®­®¢áª¨¬ ¯®«¥¬ p áá¬®âp¥­® ¢¯p¥¤¯®«®¦¥­¨¨, çâ® ¢ ­¨¦­¨© ª®­â¨­ãã¬¯®£pã¦ îâáï ­¥áª®«ìª®á¢ï§ ­­ëå á®áâ®ï­¨©.�p®¬¥ ¢§ ¨¬®¤¥©áâ¢¨ï ä¥p¬¨®­  á ¢­¥è­¨¬ (¢¥ªâ®p­ë¬) í«¥ªâp®¬ £­¨â­ë¬ ¯®«¥¬,p áá¬ âp¨¢ ¥âáï ¬®¤¥«ì, ¢ ª®â®p®© ¬ áá¨¢­ë¥ ä¥p¬¨®­ë ¢§ ¨¬®¤¥©áâ¢ãîâ á ¢­¥è­¨¬áª «ïp­ë¬ ¯®«¥¬. � âp¥å ¯p®áâp ­áâ¢¥­­ëå ¨§¬¥p¥­¨ïå ¢§ ¨¬®¤¥©áâ¢¨¥ ¬ áá¨¢­®£®¤¨p ª®¢áª®£® ¯®«ï á® áª «ïà­ë¬ ¢­¥è­¨¬ ¯®«¥¬, ª ª ¯®« £ îâ [11], ¬®¤¥«¨pã¥â á Ä¬®á®£« á®¢ ­­®¥ ¯®«¥ ª¢ pª®¢®© á¨áâ¥¬ë. �¨¦¥ ­ ©¤¥­ë p¥è¥­¨ï ¨ á¯¥ªâpë í­¥p£¨©ãp ¢­¥­¨ï �¨p ª  ¢® ¢­¥è­¥¬ áª «ïp­®¬ ¯®«¥ ªã«®­®¢áª®£® â¨¯  U(r) = −q=r ¢ 2 + 1¨§¬¥p¥­¨ïå,   â ª¦¥ ¢ áª «ïà­®¬ ¢­¥è­¥¬ ¯®«¥U(x) = −q=(|x|+a) ¢ 1+1 ¨§¬¥p¥­¨ïå.�®¤¥«ì á â ª¨¬¢§ ¨¬®¤¥©áâ¢¨¥¬ ¢ 1+1 ¨§¬¥p¥­¨ïå¨­â¥p¥á­  ¯®â®¬ã, çâ® ®­  ¯p¨¢®¤¨âª áãé¥áâ¢®¢ ­¨îä¥p¬¨®­­®£® á®áâ®ï­¨ï á ­ã«¥¢®© í­¥p£¨¥©, §­ ç¥­¨¥ ª®â®p®£® ªp âª®®¡áã¦¤ ¥âáï.� áâ âì¥ ¨á¯®«ì§ã¥âáï á¨áâ¥¬  ¥¤¨­¨æ, ¢ ª®â®p®© c = ~ = 1.2. �Ǳ���P ���P��� �����P���� ����������� Ǳ��� � 2 + 1 ����P�����Ǳ®áª®«ìªã [2] ¢ 2 + 1 ¨§¬¥p¥­¨ïå  «£¥¡p  ¬ âp¨æ �¨p ª  ¬®¦¥â ¡ëâì ¢ëà ¦¥­  ç¥Äà¥§ ¬ âp¨æëǱ ã«¨ ª ª 
0 = �3, 
k = i�k, ãp ¢­¥­¨¥ �¨p ª  ¤«ï í«¥ªâp®­ ¬ ááëm ¨§ pï¤  e = −e0, e0 > 0, ¢§ ¨¬®¤¥©áâ¢¨¥ ª®â®p®£® á ¢­¥è­¨¬ ¯®«¥¬ ã¤®¢«¥â¢®pï¥â ¯p¨­Äæ¨¯ã \¬¨­¨¬ «ì­®áâ¨" ¢ ¤¢ãå ¯p®áâp ­áâ¢¥­­ëå ¨§¬¥p¥­¨ïå, ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥(i@t −HD)	 = 0; (1)£¤¥ HD = �P+ �m+ eA0 ≡ �1P2 − �2P1 + �3m+ eA0 (2)



374 �.�. �������{ £ ¬¨«ìâ®­¨ ­,P� = i@�−eA� { ®¯¥p â®p ®¡®¡é¥­­®£®¨¬¯ã«ìá  í«¥ªâp®­ ,A� { ¢¥ªÄâ®p-¯®â¥­æ¨ « ¢­¥è­¥£® í«¥ªâp®¬ £­¨â­®£® ¯®«ï,   ¯®«­ë© ¬®¬¥­â ¨¬¯ã«ìá  í«¥ªâp®Ä­  ¨¬¥¥â â®«ìª® ®¤­ã ª®¬¯®­¥­âã Jz = Lz + Sz, £¤¥ Lz = −i@=@' ¨ Sz = �3=2.�¥è¥­¨¥ ãp ¢­¥­¨ï�¨p ª  ¢® ¢­¥è­¥¬ªã«®­®¢áª®¬¯®«¥,®¯¨áë¢ ¥¬®¬¢¥ªâ®p®¬-¯®-â¥­æ¨ «®¬ A0(r) = −Ze0r ; Ax = Ay = 0; (3)ã¤®¡­® ¨áª âì ¢ ¯®«ïp­ëå ª®®p¤¨­ â å r, '. Ǳ®«®¦¨¬	(t;x) = 1√2� exp(−iEt+ il') (r; '); (4)£¤¥ E { í­¥p£¨ï, l { æ¥«®¥ ç¨á«®  ̈(r; ') = ( f(r)g(r)ei' ) : (5)� ¬¥â¨¬, çâ® ¢®«­®¢ ïäã­ªæ¨ï (4) ï¢«ï¥âáï á®¡áâ¢¥­­®©äã­ªæ¨¥© ®¯¥p â®p®¢� ¬¨«ìÄâ®­ HD ¨ ¯®«­®£® ¬®¬¥­â  Jz á á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ E ¨ l + 1=2 á®®â¢¥âáâ¢¥­­®.Ǳ®¤áâ ¢«ïï á®®â­®è¥­¨ï (4) ¨ (5) ¢ ãà ¢­¥­¨¥ (1) ¨ ãç¨âë¢ ï p ¢¥­áâ¢ Px ± iPy = −ie±i'( @@r ± ir @@'); (6)¯®«ãç¨¬ á«¥¤ãîéãî á¨áâ¥¬ã ãp ¢­¥­¨©:dfdr − lr f +(E +m+ Z�r )g = 0;dgdr + 1 + lr g − (E −m+ Z�r )f = 0; (7)£¤¥ � ≡ e2 = 1=137 { ¯®áâ®ï­­ ï â®­ª®© áâpãªâãpë.� ªã«®­®¢áª®¬ ¯®«¥ â®ç¥ç­®£® ï¤p  p¥è¥­¨ï ¨ ¤¨áªp¥â­ë© á¯¥ªâp í­¥p£¨© E < mãp ¢­¥­¨ï �¨p ª  ¡ë«¨ ­ ©¤¥­ë ¢ à ¡®â å [12]. � ç áâ­®áâ¨, ¤¨áªp¥â­ë© á¯¥ªâp í­¥pÄ£¨© í«¥ªâp®­  ¢ ¯®«¥ (3) ¨¬¥¥â ¢¨¤E = m

1 + (Z�)2
(nr +√(l+ 12)2 − (Z�)2 )2



−1=2 ; (8)¯p¨ç¥¬ ®ª §ë¢ ¥âáï, çâ® ¤®¯ãáâ¨¬ë á«¥¤ãîé¨¥ §­ ç¥­¨ï ª¢ ­â®¢®£® ç¨á«  nr:0; 1; 2; : : : ¯p¨ l > 0 ¨ 1; 2; 3; : : : ¯p¨ l < 0.�­¥p£¨ï í«¥ªâp®­  ­  ­¨§è¥¬ ãp®¢­¥ (l = nr = 0)E0 = m√1− (2Z�)2 (9)



�������� � ������� ������� Ǳ���� � 2 + 1 � 1 + 1 ���������� 375¨ ®¡p é ¥âáï ¢ ­ã«ì ¯p¨ Z� = 1=2. � ¬¥â¨¬, çâ® â.ª. p áá¬ âp¨¢ ¥¬®¥ §¤¥áì ªã«®­®¢Äáª®¥ ¯®«¥ ¯p¨âï£¨¢ ¥â í«¥ªâp®­ë ¨ ®ââ «ª¨¢ ¥â ¯®§¨âp®­ë, â® á¯¥ªâpë í­¥p£¨© ¤«ïç áâ¨æ (í«¥ªâp®­®¢) ¨  ­â¨ç áâ¨æ (¯®§¨âp®­®¢) ­¥á¨¬¬¥âà¨ç­ë.�¯¥ªâpëí­¥p£¨©¤«ïç áâ¨æ¨  ­â¨ç áâ¨æ ¡ã¤ãâ á¨¬¬¥âà¨ç­ë¢ á«ãç ¥ ¢§ ¨¬®¤¥©áâÄ¢¨ï ¬ áá¨¢­ëå ä¥p¬¨®­®¢ á® áª «ïà­ë¬ ¢­¥è­¨¬ ¯®«¥¬ ªã«®­®¢áª®£® â¨¯  U(r) =
−q=r. � ¬¨«ìâ®­¨ ­ ãp ¢­¥­¨ï �¨p ª  (1) ¤«ï â ª®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¨¬¥¥â ¢¨¤HD = �p+ �(m+ U(r)) ≡ �1p2 − �2p1 + �3(m+ U(r)); (10)£¤¥ pk = i@k { ¯à®áâà ­áâ¢¥­­ë¥ ª®¬¯®­¥­âë ®¯¥p â®p  ¨¬¯ã«ìá . �p ¢­¥­¨ï ¤¢¨¦¥Ä­¨ï ¬ áá¨¢­®£® ä¥p¬¨®­ , ¢§ ¨¬®¤¥©áâ¢ãîé¥£® á® áª «ïà­ë¬ ¢­¥è­¨¬ ¯®«¥¬ U(r) =
−q=r, ¯®«ãç îâáï ¨§ (7) ¯p¨ ¨§¬¥­¥­¨¨ §­ ª  ¯¥p¥¤ ¯®á«¥¤­¨¬ ç«¥­®¬ ¢® ¢â®p®© áâp®ª¥¨ § ¬¥­¥Z� ­  q. �ë ¯p¨¢¥¤¥¬ §¤¥áì â®«ìª® ä®p¬ã«ã ¤«ï á¯¥ªâp  í­¥p£¨© ä¥p¬¨®­  ¢®¢­¥è­¥¬ áª «ïp­®¬ ¯®«¥E± = ±m

1− q2
(nr + √(l+ 1=2)2 + q2 )2



1=2 : (11)�¥«¨ç¨­  E± ¤«ï l = nr = 0 «¨èì áâp¥¬¨âáï ª ­ã«î ¯à¨ q → ∞:E(0)± = ± m√1 + 4q2 → 0: (12)3. ǱP��������� ���������������P. �P��������� ��P���­¥à£¥â¨ç¥áª¨© á¯¥ªâp í«¥ªâp®­  ¢ ªã«®­®¢áª®¬ ¯®«¥ ï¤p  á Z� > 1=2 ¨¬¥¥â ä¨§¨Äç¥áª¨© á¬ëá« â®«ìª® á ãç¥â®¬ ª®­¥ç­ëå p §¬¥p®¢ ï¤p , á®§¤ îé¥£® ªã«®­®¢áª¨© ¯®Äâ¥­æ¨ « [13], â.¥. á«¥¤ã¥â à áá¬ âà¨¢ âì ¯®â¥­æ¨ «, ®¡p¥§ ­­ë© ­  ­¥ª®â®p®¬ p ááâ®Äï­¨¨ R. � á«ãç ¥ âp¥å ¯p®áâp ­áâ¢¥­­ëå ¨§¬¥p¥­¨© á¯¥ªâp í­¥p£¨© í«¥ªâp®­  ¢ á¨«ìÄ­®¬ ¯®«¥ ®¡p¥§ ­­®£® (­  ¬ «ëå p ááâ®ï­¨ïå) ªã«®­®¢áª®£® ¯®â¥­æ¨ «  ¢¯¥p¢ë¥ ¡ë«¨áá«¥¤®¢ ­ ¢ áâ âì¥ [13]. � p®áâ®¬ Z ¢ ®¡« áâ¨Z > 137 ãp®¢­¨ í­¥p£¨¨ í«¥ªâp®­  áâ Ä­®¢ïâáï ®âp¨æ â¥«ì­ë¬¨ ¨ ¯p®¤®«¦ îâ ®¯ãáª âìáï ¤® £p ­¨æë ­¨¦­¥£® ª®­â¨­ãã¬ 
−m. �­ ç¥­¨¥Z = Zcr, ¯p¨ ª®â®p®¬­¨¦­¨© ãp®¢¥­ì í­¥p£¨¨ í«¥ªâp®­  ¤®áâ¨£ ¥â £p Ä­¨æë ­¨¦­¥£® ª®­â¨­ãã¬ , ­ §ë¢ îâªp¨â¨ç¥áª¨¬ ¤«ï ®á­®¢­®£® á®áâ®ï­¨ï [9{11]. � ª¯®ª § ­® ¢ à ¡®â å [12], ¢ á«ãç ¥ ¤¢ãå ¯p®áâp ­áâ¢¥­­ëå ¨§¬¥p¥­¨© ¯®¢¥¤¥­¨¥ ãp®¢­¥©í­¥p£¨¨ í«¥ªâp®­   ­ «®£¨ç­® âp¥å¬¥p­®¬ã á«ãç î, ®¤­ ª® ¯¥à¥á¥ç¥­¨¥ £p ­¨æë ­¨¦Ä­¥£® ª®­â¨­ãã¬ −m ¨¬¥¥â ¬¥áâ® ¯p¨ §­ ç¨â¥«ì­® ¬¥­ìè¨å §­ ç¥­¨ïå Z.� áá¬®âp¨¬p¥è¥­¨ï ¨ á¯¥ªâp í­¥p£¨© ãp ¢­¥­¨ï�¨p ª  ¢ ®¡« áâ¨ 2Z ≈ 137¨ ®¯à¥Ä¤¥«¨¬ á®®â¢¥âáâ¢ãîé¨¥ §­ ç¥­¨ï Zcr. �áª«îç ï ¨§ á¨áâ¥¬ë (7) äã­ªæ¨î g(r), ¯®«ãÄç¨¬ d2f(r)dr2 + 1r df(r)dr +(E2 −m2 + 2EZ�r + (Z�)2 − l2r2 )f(r)++ Z�r2 (E +m+ Z�r )−1(df(r)dr − lr f(r)) = 0: (13)



376 �.�. ��������â¬¥â¨¬, çâ® ¯®á«¥¤­¨© ç«¥­ íâ®£® ãp ¢­¥­¨ï ¯p®¯®pæ¨®­ «¥­ ~. �â®â ç«¥­ ¬ « ¯p¨¤®áâ â®ç­® ¡®«ìè¨å r, ®¤­ ª® ®­ ¢«¨ï¥â ­   á¨¬¯â®â¨ç¥áª¨© ¢¨¤ p¥è¥­¨© ¯p¨ ¬ «ëår ∼ ~=mc.� ª ª ª ¤«ï ®¯à¥¤¥«¥­¨ï Zcr ¤®áâ â®ç­® à áá¬®âà¥âì ®¡« áâì §­ ç¥­¨© í­¥p£¨©¢¡«¨§¨ £p ­¨æë ­¨¦­¥£® ª®­â¨­ãã¬  −m, â® ¤«ï äã­ªæ¨¨ F (r) = rf(r) ¨§ ãà ¢­¥­¨ï(13) ­¥âpã¤­® ¯®«ãç¨âì ãp ¢­¥­¨¥ ¯p¨ E ≈ −m ¢ ¢¨¤¥d2F (r)dr2 +(E2 −m2 + 2EZ�r + (Z�)2 − l(l + 1)r2 )F (r) = 0: (14)�¥è¥­¨¥ ãp ¢­¥­¨ï (14), ã¡ë¢ îé¥¥ ¯p¨ r → ∞, ¢ëp ¦ ¥âáï ç¥p¥§äã­ªæ¨î�¨ââ¥ª¥p ¢¨¤  F (r) =W�;i�(2�r); (15)£¤¥ � = EZ�� ; � = √(Z�)2 − (l + 12)2; � = √m2 − E2: (16)�¥è¥­¨¥ ¤«ï G(r) = rg(r) ¢¡«¨§¨ §­ ç¥­¨ï E = −m ­ å®¤¨âáï ¨§ p ¢¥­áâ¢ G(r) = 1Z�((1 + l)F − dFdr ) (17)á ¨á¯®«ì§®¢ ­¨¥¬ ãp ¢­¥­¨ï �¨p ª  ¨ à¥ªãpà¥­â­ëå á®®â­®è¥­¨© ¤«ï äã­ªæ¨© �¨ââ¥Äª¥p .�p ¢­¥­¨¥ (14) ¬®¦­® ¨­â¥p¯p¥â¨p®¢ âì ª ª áâ æ¨®­ p­®¥ ãp ¢­¥­¨¥ �p¥¤¨­£¥p ,¢ ª®â®p®¬E′ = (E2 −m2)=2m { í­¥p£¨ï \ç áâ¨æë",  Ue�(r) = −EZ�mr − (Z�)2 − l(l+ 1)2mr2 (18){ íää¥ªâ¨¢­ ï ¯®â¥­æ¨ «ì­ ï í­¥p£¨ï. �¥è¥­¨¥ ãp ¢­¥­¨ï (14) áE = −m¬®¦­® ¢ëp Ä§¨âì ç¥p¥§ äã­ªæ¨î� ª¤®­ «ì¤  ¬­¨¬®£® ¨­¤¥ªá  [14]F (r) = √rK2i�(√8mZ�r): (19)�ã­ªæ¨ï G(r) ¯p¨ E = −m ®¯p¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬ (17). �­ ç¥­¨¥ Zcr ­ ©¤¥¬ ¤«ï¯p®áâ®© ¬®¤¥«¨, § ¤ ¢ ï ¯®â¥­æ¨ « ¢ ¢¨¤¥AZ0 (r) = { −Ze0r ; r > R;
−Ze0R ; r 6 R: (20)� ®¡« áâ¨ r 6 R ãp ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ F (r) ¨¬¥¥â ¢¨¤d2Fdr2 − dFrdr +((E + Z�R )2

−m2 + 1− l2r2 )F (r) = 0: (21)



�������� � ������� ������� Ǳ���� � 2 + 1 � 1 + 1 ���������� 377�£® ª®­¥ç­®¥ (¯p¨ r = 0) p¥è¥­¨¥ ¢ëp ¦ ¥âáï ç¥p¥§ äã­ªæ¨î �¥áá¥«ï Jn(z) æ¥«®ç¨áÄ«¥­­®£® ¨­¤¥ªá  n á«¥¤ãîé¨¬ ®¡p §®¬ [14]:F (r) = rJ|l|(�r); (22)£¤¥ � = √(E + Z�R )2
−m2: (23)�«ï ­ å®¦¤¥­¨ï á¯¥ªâp  ãp ¢­¥­¨ï �¨p ª  ­¥®¡å®¤¨¬® áè¨âì p¥è¥­¨ï ¢ â®çª¥r = R: (G(r)F (r))r=R−0 = (G(r)F (r))r=R+0: (24)� ç áâ­®áâ¨, ¯®« £ ïE = −m ¨ ãç¨âë¢ ï, çâ® ¯ p ¬¥âpR ¬ « ¯® áp ¢­¥­¨î á ª®¬¯â®Ä­®¢áª®© ¤«¨­®© ¢®«­ë í«¥ªâp®­  1=m, â ª çâ® � ≈ Z�=R, ¯®«ãç¨¬ âà ­áæ¥­¤¥­â­®¥ãp ¢­¥­¨¥, ®¯p¥¤¥«ïîé¥¥ (¯p¨ ä¨ªá¨p®¢ ­­®¬ R) ªp¨â¨ç¥áª¨© § pï¤ ¤«ï ®á­®¢­®£® ¨¢®§¡ã¦¤¥­­ëå á®áâ®ï­¨© á l = 0:J1(X)J0(X) = (1− zW ′�;i�(x)W�;i�(x) ) (25)¨«¨ J0(X) = K2i�(z); (26)£¤¥X = Zcr�, � = √X2 − 1=4, � = −mZ�=�, x = �R, z = √8mRX ¨èâp¨å ®§­ ç ¥â¯p®¨§¢®¤­ãî ¯®  p£ã¬¥­âã äã­ªæ¨¨ �¨ââ¥ª¥p  x.Ǳ®«ãç¥­­ë¥ ãp ¢­¥­¨ï ã¤ ¥âáï p¥è¨âì «¨èì ç¨á«¥­­®. � ¯p¨¬¥p, ¤«ï â®£® çâ®¡ëp¥è¨âì ãp ¢­¥­¨¥ (26), ¨á¯®«ì§ã¥¬ ¯p¥¤áâ ¢«¥­¨¥ ¤«ï äã­ªæ¨© � ª¤®­ «ì¤  ¯p¨ ¬ Ä«ëå §­ ç¥­¨ïå  p£ã¬¥­â  ¢ ¢¨¤¥ [12]K�(z) = �2 sin(��){ z−�2−��(1− �)[1 + z24(1− �) + · · ·

]
−

− z�2��(1 + �)[1 + z24(1 + �) + · · ·
]}: (27)� «¥¥, ¯®á«¥ ­¥á«®¦­ëå ¯p¥®¡p §®¢ ­¨© ­¥âpã¤­® ¯®«ãç¨âì á«¥¤ãîéãî ä®p¬ã«ã:Ki�(z) = −

( �� sh(��)) 12 [(1 + z24(1 + �2)) sinP − �z24(1 + �2) cosP]; (28)£¤¥ P = � ln |z|2 + arg �(1− i�):�­ ç¥­¨ï ªp¨â¨ç¥áª®£® § pï¤  Zcr ¤«ï á®áâ®ï­¨© á l = 0, nr = 1; 2; 3 (íâ¨ §­ ç¥­¨ï ¯®Ä«ãç îâáï ¯p¨ ç¨á«¥­­®¬ p¥è¥­¨¨ ãp ¢­¥­¨ï (26), ¢ ª®â®p®¬ äã­ªæ¨ï� ª¤®­ «ì¤  ãçÄâ¥­  ¢ ¢¨¤¥ p §«®¦¥­¨ï (28) ¯p¨Rm = 0:03) ¯à¨¬¥à­®p ¢­ë á®®â¢¥âáâ¢¥­­® 85; 111; 148.



378 �.�. ��������â¬¥â¨¬, çâ® Zcr ≈ 170; 230 ¯p¨ Rm = 0:03 ¢ á®áâ®ï­¨ïå 1s1=2, 2s1=2 ¤«ï  ­ «®£¨ç­®©¬®¤¥«¨ ¢ âp¥å ¯p®áâp ­áâ¢¥­­ëå¨§¬¥p¥­¨ïå [9{11]. �â¬¥â¨¬â ª¦¥, çâ® á ã¬¥­ìè¥­¨¥¬R ã¬¥­ìè ¥âáï ¨Zcr. �«¥¤®¢ â¥«ì­®, ¢ ªãã¬���2+1 ¢ á¨«ì­®¬ ªã«®­®¢áª®¬¯®«¥ ¤®«Ä¦¥­ ¯p®ï¢«ïâì ­¥ãáâ®©ç¨¢®áâì ¯® ®â­®è¥­¨î ª ®¡p §®¢ ­¨î í«¥ªâp®­-¯®§¨âp®­­ëå¯ p ¯p¨ áãé¥áâ¢¥­­® ¬¥­ìè¨å §­ ç¥­¨ïå ªp¨â¨ç¥áª®£® § pï¤ , ç¥¬ ¢ ���3+1.Ǳ®«ãç¨¬ â¥¯¥pì ãp ¢­¥­¨¥, ª®â®p®¥ ®¯p¥¤¥«ï¥â á¯¥ªâp í­¥p£¨© í«¥ªâp®­  ¢¡«¨§¨£p ­¨æë ­¨¦­¥£® ª®­â¨­ãã¬ , ­® ¤«ï ¯p®¨§¢®«ì­ëå (æ¥«ëå) §­ ç¥­¨© l. �¡«¨§¨ £p Ä­¨æë ­¨¦­¥£® ª®­â¨­ãã¬ E ' −m ¯p¨ ãá«®¢¨¨ Rm� 1 ãp ¢­¥­¨¥ (24) ¬®¦­® áãé¥áÄâ¢¥­­® ã¯p®áâ¨âì. �«ï íâ®£® ¨á¯®«ì§ã¥¬ ¯p¥¤áâ ¢«¥­¨¥ ¤«ï äã­ªæ¨© �¨ââ¥ª¥p  ¯p¨¬ «ëå §­ ç¥­¨ïå  p£ã¬¥­â  ¢ ¢¨¤¥ [14]W�;i�(z) = { �(2i�)�(12 − � + i�)z 12−i� + �(−2i�)�(12 − � − i�)z 12+i�}: (29)� «¥¥, ¯®á«¥ ­¥á«®¦­ëå ¯p¥®¡p §®¢ ­¨© ­¥âpã¤­® ¯®«ãç¨âì ä®p¬ã«ãW�;i�(z) = |�(2i�)|∣∣�(12 − � + i�)∣∣2z 12 cos(�); (30)£¤¥ � = −� ln(2�r) + arg �(2i�)− arg�(12 − � + i�):�ëç¨á«¨¢ ¯p®¨§¢®¤­ãî ¯®  p£ã¬¥­âã z ¢ á®®â­®è¥­¨¨ (30) ¨ ¯®¤áâ ¢«ïï ¯®«ãç¥­­ë©p¥§ã«ìâ â ¨äã­ªæ¨î(30) ¢ à ¢¥­áâ¢® (24), ¯®«ãç¨¬âp ­áæ¥­¤¥­â­®¥ ãp ¢­¥­¨¥, ­¥ï¢­®®¯p¥¤¥«ïîé¥¥ á¯¥ªâp í­¥p£¨© ª ª ¤«ï ®á­®¢­®£®, â ª ¨ ¤«ï ¢®§¡ã¦¤¥­­ëå á®áâ®ï­¨© áãç¥â®¬ ª®­¥ç­®áâ¨ ï¤p : �RJl+1(�R)Jl(�R) = l + 12 − � tg(�) (31)¨«¨ íª¢¨¢ «¥­â­® � = arctg� + �nr; (32)£¤¥ � = −
(�RJl+1(�R)Jl(�R) − l − 12)�−1:�§ ãp ¢­¥­¨ï (31) ¬®¦­® â ª¦¥ ­ ©â¨ ªp¨â¨ç¥áª¨© § pï¤ ¯p®âï¦¥­­®£® ï¤p  ¯p¨ ¯p®Ä¨§¢®«ì­ëå §­ ç¥­¨ïå l, ¯p¨ç¥¬ ª ª ¤«ï ®á­®¢­®£®, â ª ¨ ¤«ï ¢®§¡ã¦¤¥­­ëå á®áâ®ï­¨©.�¥è¥­¨¥ ãp ¢­¥­¨ï (31) ç¨á«¥­­® ¤ ¥â Zcr ≈ 108 ¯p¨ Rm = 0:03 ¤«ï á®áâ®ï­¨ï l = −1,nr = 1. �â¬¥â¨¬, çâ®Zcr ≈ 185 ¯p¨Rm = 0:03 ¢ á«ãç ¥ á®áâ®ï­¨ï 2p1=2 ¤«ï  ­ «®£¨çÄ­®© ¬®¤¥«¨ ¢ ���3+1 [11].



�������� � ������� ������� Ǳ���� � 2 + 1 � 1 + 1 ���������� 3794. ������� ���P��������� ����������Ǳ��� �� �Ǳ���P ���P��� �����P���� á¢¥påá¨«ì­®¬ ¬ £­¨â­®¬ ¯®«¥ ®¡« áâì ¤¢¨¦¥­¨ï í«¥ªâp®­  ¢ ¯¥à¯¥­¤¨ªã«ïà­®©¯®«î ¯«®áª®áâ¨ ¨¬¥¥â «¨­¥©­ë© p §¬¥p ¯®pï¤ª  a = √2=|eB|,   ªã«®­®¢áª¨© ¯®â¥­æ¨Ä « â®ç¥ç­®£® ï¤p  íää¥ªâ¨¢­® ®¡p¥§ ¥âáï ¢ ­ ¯p ¢«¥­¨¨ ¬ £­¨â­®£® ¯®«ï ­  p ááâ®ïÄ­¨ïå ¯®àï¤ª  a [3]. �â® ¯®§¢®«ï¥â á¢¥áâ¨ § ¤ çã ® ¢«¨ï­¨¨ ¢­¥è­¥£® ¬ £­¨â­®£® ¯®«ï ­ ªp¨â¨ç¥áª¨© § pï¤ ¢ 3+1 ¨§¬¥p¥­¨ïå ª íää¥ªâ¨¢­®© § ¤ ç¥ ® á¯¥ªâp¥ í­¥p£¨© í«¥ªâp®Ä­  ¢ ®£p ­¨ç¥­­®¬ ªã«®­®¢áª®¬ ¯®«¥ ¢ 1 + 1 ¨§¬¥p¥­¨ïå. � 1 + 1 ¨§¬¥p¥­¨ïå ¨¬¥îâáïâ®«ìª® ¤¢¥ 
-¬ âp¨æë �¨p ª . �¤¥áì ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯p¥¤áâ ¢«¥­¨¥
0 = �3; 
1 = i�1 (33)(íª¢¨¢ «¥­â­® ¤«ï ¬ âp¨æ �, �1: � = �3, �1 = −�2).� ¬¨«ìâ®­¨ ­ ãp ¢­¥­¨ï �¨p ª  (1) ¢® ¢­¥è­¥¬ ªã«®­®¢áª®¬ ¯®«¥ (¬ £­¨â­®¥ ¯®«¥¢ 3+1 ¨§¬¥p¥­¨ïå ­ ¯p ¢«¥­® ¯® x) ¨¬¥¥â ¢¨¤HD = �1P1 + �m+ eA0 ≡ i�2@x + �3m+ eA0: (34)�¥è¥­¨¥ ãp ¢­¥­¨ï �¨p ª  á £ ¬¨«ìâ®­¨ ­®¬ (34) ¢® ¢­¥è­¥¬ ¯®«¥A0(x; a) = − Ze0
|x|+ a (35)(a { ¯ p ¬¥âp ®¡p¥§ ­¨ï) ¨é¥¬ ¢ ¢¨¤¥	(t; x) = exp(−iEt)	(x); (36)¯p¨ç¥¬ 	(x) = ( 1(x) 2(x)) (37){ ¤¢ãåª®¬¯®­¥­â­ ï äã­ªæ¨ï (á¯¨­®p).� p¥§ã«ìâ â¥ ¯p¨å®¤¨¬ ª á«¥¤ãîé¥© á¨áâ¥¬¥ ãp ¢­¥­¨©:d 1dx −

(E +m+ Z�
|x|+ a) 2 = 0; d 2dx +(E −m+ Z�

|x|+ a) 1 = 0: (38)�¥è¥­¨ï á«¥¤ã¥â ¨áª âì ®â¤¥«ì­® ¤«ï ®¡« áâ¥© ¯®«®¦¨â¥«ì­ëå ¨ ®âp¨æ â¥«ì­ëå §­ Äç¥­¨© x.�¢¥¤¥¬ ®¡®§­ ç¥­¨ï b+ = √m+E, b− = √m− E, � = b+b− ≡
√m2 − E2 ¨ ¯¥p¥©Ä¤¥¬ ª ¯¥p¥¬¥­­®© z = 2�(|x|+ a). �¢®¤ï äã­ªæ¨¨ 1 = u+ vb− ;  2 = u− vb+ ; (39)



380 �.�. �������¯®á«¥ ¯p®áâëå ¯p¥®¡p §®¢ ­¨© ¯p¨å®¤¨¬ ª á«¥¤ãîé¨¬ ãp ¢­¥­¨ï¬ ¤«ï u ¨ v:d2udz2 + 1z dudz +(
−14 + 2EZ�− �2�z + (Z�)2z2 )u = 0; (40)d2vdz2 + 1z dvdz + (
−14 + 2EZ�+ �2�z + (Z�)2z2 )v = 0: (41)�¥è¥­¨ï ãp ¢­¥­¨© (40) ¨ (41) ¢ ®¡« áâ¨ ¯®«®¦¨â¥«ì­ëå x, ã¡ë¢ îé¨¥ ¯p¨ x→ ∞,¢ëp ¦ îâáï ç¥p¥§ äã­ªæ¨¨ �¨ââ¥ª¥p u = AW�− 12 ;i�(z)√z ; v = BW�+ 12 ;i�(z)√z ; (42)§¤¥áì � = EZ�� ; � = Z�: (43)�¥è¥­¨¥ á¨áâ¥¬ë ãp ¢­¥­¨© (38) ¨¬¥¥â ¢¨¤ 1 = AW�− 12 ;i�(z) +BW�+ 12 ;i�(z)b−√z ; 2 = −

AW�− 12 ;i�(z)−BW�+ 12 ;i�(z)b+√z ; (44)  á¢ï§ì ¬¥¦¤ã ¯®áâ®ï­­ë¬¨A ¨B ®¯p¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬A� = BZ�m. �®«­®¢ë¥äã­ªæ¨¨ ¢ ®¡« áâ¨ −∞ < x < 0 ¯®«ãç îâáï  ­ «®£¨ç­®. �¥è¥­¨ï ¬®¦­® ª« áá¨ä¨Äæ¨p®¢ âì ¯® ç¥â­®áâ¨: 1) ç¥â­ë¥  1, ­¥ç¥â­ë¥  2; 2) ç¥â­ë¥  2, ­¥ç¥â­ë¥  1.�p ¢­¥­¨ï ¤«ï ®¯p¥¤¥«¥­¨ï á¯¥ªâp  í­¥p£¨© ä¥p¬¨®­  ¢ ¯®«¥ (35), ®ç¥¢¨¤­®, ¬®¦Ä­® ¯®«ãç¨âì ¨§ ãá«®¢¨©  2(0) = 0 ¤«ï á«ãç ï 1 ¨  1(0) = 0 ¤«ï á«ãç ï 2. Ǳp¨ ¬ Ä«ëå am� 1 á ãç¥â®¬ p §«®¦¥­¨ï äã­ªæ¨© �¨ââ¥ª¥p  ¢¡«¨§¨ ­ã«ï (29) ¨ ä®p¬ã«ë (30)­¥âpã¤­® ¯®«ãç¨âì âp ­áæ¥­¤¥­â­®¥ ãp ¢­¥­¨¥, ­¥ï¢­® ®¯p¥¤¥«ïîé¥¥ á¯¥ªâp í­¥p£¨©ä¥p¬¨®­  ¢ ¢¨¤¥� ln(2�a) + arg�(−� + i�)− 12 arctg �� − arg�(2i�) = �(n+ 12); (45)£¤¥ n { æ¥«®¥ ç¨á«®, ­ã¬¥pãîé¥¥ ãp®¢­¨ í­¥p£¨¨. �¨§è¥¬ã ãp®¢­î í­¥p£¨¨ á®®â¢¥âÄáâ¢ã¥â §­ ç¥­¨¥ n = −1.�p¨â¨ç¥áª¨© § pï¤ áãé¥áâ¢¥­­® § ¢¨á¨â ®â ¯ p ¬¥âp  a, â.¥. ®â ¢¥«¨ç¨­ë ¬ £­¨âÄ­®£® ¯®«ï. Ǳp¨ am � 1, çâ® á®®â¢¥âáâ¢ã¥â á¢¥påá¨«ì­ë¬ ¬ £­¨â­ë¬ ¯®«ï¬ B � Bcr,¢¥«¨ç¨­  ªp¨â¨ç¥áª®£® § pï¤  áãé¥áâ¢¥­­® ¬¥­ìè¥ ¥£® §­ ç¥­¨ï ¢ ®âáãâáâ¢¨¥ ¬ £­¨âÄ­®£® ¯®«ï. � ª, p¥è¨¢ ãp ¢­¥­¨¥ (45) ç¨á«¥­­® ¤«ï am = 0:1 (B ∼ 102Bcr), ¬ë ¯®«ãÄç¨«¨ Zcr ≈ 93. C ã¬¥­ìè¥­¨¥¬ a (â.¥. ã¢¥«¨ç¥­¨¥¬ B) Zcr â ª¦¥ ã¬¥­ìè ¥âáï, ®¤­ ª®¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¯ p ¬¥âp  a, p §ã¬¥¥âáï, ®£p ­¨ç¥­® ¢¥«¨ç¨­®© p ¤¨ãá  p¥ «ìÄ­®£® ï¤p .



�������� � ������� ������� Ǳ���� � 2 + 1 � 1 + 1 ���������� 381�î¡®¥ ¨§ ãp ¢­¥­¨© (40) ¨ (41) ¬®¦­® § ¯¨á âì ¨ § â¥¬ ¨­â¥à¯à¥â¨à®¢ âì ª ª áâ Äæ¨®­ à­®¥ ®¤­®¬¥p­®¥ ãp ¢­¥­¨¥�p¥¤¨­£¥p . � ¯p¨¬¥p, ¢¢®¤ï äã­ªæ¨îu(z) = F (z)√z ;¬ë «¥£ª® ¯p¨¤¥¬ ®â ãà ¢­¥­¨ï (40) ª ãp ¢­¥­¨î (¤«ï x > 0)12m d2FdX2 +(E2 −m22m + 2Z�E − �2mX + (2Z�)2 + 18mX2 )F = 0; (46)£¤¥X = x+ a.�p ¢­¥­¨ï (32) ¨ (45) ¯p¨ Z < Zcr ®¯p¥¤¥«ïîâ ­¥ï¢­® á¯¥ªâp í­¥p£¨© á¢ï§ ­­ëåí«¥ªâp®­­ëå á®áâ®ï­¨© á m > E > −m. �®¦­® ¯®ª § âì, çâ® p¥è¥­¨ï íâ¨å ãp ¢­¥Ä­¨© ¯p¨Z < Zcr ¢¥é¥áâ¢¥­­ë, ®¤­ ª® ¯p¨Z > Zcr ¤«ï ­¨§è¥£® í«¥ªâp®­­®£® á®áâ®ï­¨ï¯®ï¢«ï¥âáï ä®p¬ «ì­®¥ ª®¬¯«¥ªá­®¥ p¥è¥­¨¥ E = E0 − iw, ¢ ª®â®p®¬E0 = −m− c1�(Z − Zcr)(c1 { ç¨á«® ¯®pï¤ª  ¥¤¨­¨æë),   ¬­¨¬ ï ç áâì (¯p¨ Z − Zcr � Zcr) íªá¯®­¥­æ¨ «ì­®¬ « . � ª®¥ p¥è¥­¨¥ ¬®¦­® ­ ©â¨ ¨§ ä®à¬ã« (32) ¨ (45), ¢ë¯®«­ïï  ­ «¨â¨ç¥áª®¥ ¯p®Ä¤®«¦¥­¨¥E ª ªäã­ªæ¨¨ ®âZ ¢ (32) ¨ (45) ¢ ®¡« áâìZ > Zcr. �¤­ ª® ¯p¨Z−Zcr � Zcr¢¥«¨ç¨­ã ¬­¨¬®© ç áâ¨ á â®ç­®áâìî ¤® ¯p¥¤íªá¯®­¥­æ¨ «ì­®£® ¬­®¦¨â¥«ï ¯p®é¥ ®æ¥Ä­¨âì ¤pã£¨¬ á¯®á®¡®¬. � ¨¬¥­­® ¯®ï¢«¥­¨¥ ¬­¨¬®© ç áâ¨ ®§­ ç ¥â, çâ® ¯p¨Z > Zcr á®Ä®â¢¥âáâ¢ãîé¥¥ ãp ¢­¥­¨¥ �¨p ª  ¨¬¥¥â «¨èì ä®p¬ «ì­®¥ p¥è¥­¨¥ á E = E0 − iw ¤«ïí«¥ªâp®­­ëå á®áâ®ï­¨©. �¤­ ª® â® ¦¥ ãp ¢­¥­¨¥ ¯p¨ Z > Zcr ®¯¨áë¢ ¥â ¨ ¯®§¨âp®­ áí­¥p£¨¥© E = m + c1�(Z − Zcr). �ç¥¢¨¤­®, çâ® ãp ¢­¥­¨¥ �¨p ª , ®¯¨áë¢ îé¥¥ ¯®Ä§¨âp®­­ë¥ á®áâ®ï­¨ï ¯p¨Z > Zcr, ¬®¦­® ¯®«ãç¨âì ¨§ ãp ¢­¥­¨ï�¨p ª  ¤«ï í«¥ªâp®­Ä­ëå á®áâ®ï­¨©, § ¬¥­¨¢ ¢ ­¥¬E ­ −E ¨ Z ­ −Z. Ǳ®íâ®¬ã ¯®§¨âp®­­ë¥ á®áâ®ï­¨ï ¯p¨Z > Zcr ï¢«ïîâáï ª¢ §¨áâ æ¨®­ p­ë¬¨.Ǳà¨Z−Zcr ≡ �Z � Zcrè¨p¨­ã ª¢ §¨áâ æ¨®­ p­®£®ãp®¢­ïw á â®ç­®áâìî ¤® ¯p¥¤-íªá¯®­¥­æ¨ «ì­®£® ¬­®¦¨â¥«ï ¬®¦­® ®æ¥­¨âì ¢ ª¢ §¨ª« áá¨ç¥áª®¬ ¯p¨¡«¨¦¥­¨¨, ¢ëÄç¨á«ïï ª®íää¨æ¨¥­â ¯p®å®¦¤¥­¨ï ç¥p¥§ ¯®â¥­æ¨ «ì­ë© ¡ pì¥p ¢ ãp ¢­¥­¨¨ (14) (¤«ïá«ãç ï ç¨áâ® ªã«®­®¢áª®£® ¯®«ï ¢ 2 + 1 ¨§¬¥p¥­¨ïå) ¨«¨ ¢ ãà ¢­¥­¨¨ (46) (¤«ï á«ãÄç ï ¢­¥è­¨å á¢¥påá¨«ì­®£® ¬ £­¨â­®£® ¨ ªã«®­®¢áª®£® ¯®«¥© ¢ 3+1 ¨§¬¥à¥­¨ïå). �âÄ¬¥â¨¬, çâ® è¨à¨­  w p ¢­  ¯®«®¢¨­¥ ®¡p â­®£® ¢p¥¬¥­¨ ¦¨§­¨ ¯®§¨âp®­  ¢ ¯®â¥­æ¨Ä «ì­®¬ ¡ pì¥p¥ ¨«¨ ã¤¢®¥­­®© ¢¥p®ïâ­®áâ¨ p®¦¤¥­¨ï ¯ pë ªã«®­®¢áª¨¬ ¯®«¥¬. Ǳp¨�Z � Zcr p®¦¤ ¥¬ë¥ ¯®«¥¬ ¯®§¨âp®­ë ®ç¥­ì ¬¥¤«¥­­ë¥ ¨ ªã«®­®¢áª¨© ¡ pì¥p ¤«ï â Äª¨å ¯®§¨âp®­®¢ ¬ «®¯p®­¨æ ¥¬, ¢á«¥¤áâ¢¨¥ ç¥£® ¢¥p®ïâ­®áâì p®¦¤¥­¨ï ¯ pë íªá¯®­¥­Äæ¨ «ì­® ¬ « , â.¥.w ∼ m exp(−2�Z�( m√E2 −m2 − 1))
∼ m exp(−c2√Zcr�Z);£¤¥ c2 { ç¨á«¥­­ë© ¬­®¦¨â¥«ì ¯®pï¤ª  ¥¤¨­¨æë. �«¥¤ã¥â ¯®¤ç¥pª­ãâì, çâ® íªá¯®­¥­Äæ¨ «ì­ ï ¬ «®áâì ¢¥p®ïâ­®áâ¨ p®¦¤¥­¨ï ¯ pë ¨¬¥¥â ¬¥áâ® â®«ìª® ¯p¨ �Z � Zcr.



382 �.�. �������5. � P������ � ������� ���P�����¯¥ªâpë í­¥p£¨© ¤«ï ç áâ¨æ ¨  ­â¨ç áâ¨æ ¡ã¤ãâ á¨¬¬¥âà¨ç­ë ¤«ï á«ãç ï ¢§ ¨¬®Ä¤¥©áâ¢¨ï ¬ áá¨¢­ëå ä¥p¬¨®­®¢ á® áª «ïà­ë¬ ¢­¥è­¨¬ ¯®«¥¬ U(x) = −q=(|x|+ a). � Ä¬¥â¨¬, çâ® â¥¯¥pì ¯ p ¬¥âp a, å®âï ¨ ï¢«ï¥âáï ¯ p ¬¥âp®¬®¡p¥§ ­¨ï, ­® ­¥ ¨¬¥¥â á¬ëáÄ«  \¬ £­¨â­®©¤«¨­ë". �®®â¢¥âáâ¢ãîé¨¥ ãp ¢­¥­¨ï ¤¢¨¦¥­¨ï ¬®¦­® ¯®«ãç¨âì ¨§ á¨áÄâ¥¬ë (38) ¯p¨ ¨§¬¥­¥­¨¨ §­ ª  ¯¥p¥¤ ¯®á«¥¤­¨¬ ç«¥­®¬ ¢® ¢â®p®¬ ãà ¢­¥­¨¨ íâ®© á¨áÄâ¥¬ë ¨ § ¬¥­ë Z� ­  q. �¤­ ª® p¥è¥­¨ï ãp ¢­¥­¨ï �¨p ª  ¢ â ª®¬ ¯®«¥ ¬®¦­® ­ ©â¨­¥áª®«ìª® ¯p®é¥, ¥á«¨ ¨á¯®«ì§®¢ âì ¯p¥¤áâ ¢«¥­¨¥
0 = � = �1; 
1 = i�3; �1 = �2: (47)� íâ®¬ ¯p¥¤áâ ¢«¥­¨¨ áâ æ¨®­ p­®¥ ãp ¢­¥­¨¥ �¨p ª  ¢® ¢­¥è­¥¬ áª «ïp­®¬ ¯®«¥U(x) ¨¬¥¥â ¢¨¤
(
−i�2 ddx + �1(m+ U(x))) ( 1(x) 2(x)) = E ( 1(x) 2(x)) : (48)�®¤¥«ì á â ª¨¬ ¢§ ¨¬®¤¥©áâ¢¨¥¬ ¯p¥¤áâ ¢«ï¥â ¨­â¥p¥á ¯p¥¦¤¥ ¢á¥£® ¯®â®¬ã, çâ® ®­ ¯p¨¢®¤¨â ª áãé¥áâ¢®¢ ­¨î ä¥p¬¨®­­®£® á®áâ®ï­¨ï á ­ã«¥¢®© í­¥p£¨¥©. Ǳ®ª ¦¥¬, çâ®ãp ¢­¥­¨¥ �¨p ª d 1dx +(m− q

|x|+ a) 1 = E 2; −d 2dx + (m− q
|x|+ a) 2 = E 1 (49)¨¬¥¥â p¥è¥­¨¥ á ­ã«¥¢®© í­¥p£¨¥©.�¢ï§ ­­ë¥ ãp ¢­¥­¨ï (49) «¥£ª® ¯p¨¢¥áâ¨ ª ¯ p¥ ®¤­®¬¥p­ëå ãp ¢­¥­¨©�p¥¤¨­£¥p ¤«ï äã­ªæ¨©  1 ¨  2: d2 1dz2 +(

−14 + qm�z + q(1− q)z2 ) 1 = 0; (50)d2 2dz2 +(
−14 + qm�z − q(1 + q)z2 ) 2 = 0: (51)�¥è¥­¨ï ãp ¢­¥­¨© (50) ¨ (51) ¢ ®¡« áâ¨ ¯®«®¦¨â¥«ì­ëå x, ã¡ë¢ îé¨¥ ¯p¨ x → ∞,¢ëp ¦ îâáï ç¥p¥§ äã­ªæ¨¨ �¨ââ¥ª¥p  1(x) = AWg;q−1=2(z);  2(x) = BWg;q+1=2(z) (52)á g = qm=�.�¢ï§ì ¬¥¦¤ã ¯®áâ®ï­­ë¬¨A ¨B ¬®¦­® ­ ©â¨, ¯®¤áâ ¢«ïï (52) ¢ (49) ¨ ¨á¯®«ì§ãï à¥Äªãpà¥­â­ë¥ á®®â­®è¥­¨ï ¤«ï äã­ªæ¨© �¨ââ¥ª¥p . � p¥§ã«ìâ â¥ ¬ë ­ ©¤¥¬, çâ® A(m−�) = BE. �®«­®¢ë¥ äã­ªæ¨¨ ¢ ®¡« áâ¨ −∞ < x < 0 ¬®¦­® ¯®«ãç¨âì, § ¬¥â¨¢, çâ®ãp ¢­¥­¨ï (49) ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© x → −x,  1(x) →  1(−x), 2(x) → − 2(−x), E → −E ¨«¨ ¯à¥®¡à §®¢ ­¨©x → −x,  1(x) → − 1(−x),  2(x) →



�������� � ������� ������� Ǳ���� � 2 + 1 � 1 + 1 ���������� 383 2(−x), E → −E. �¥è¥­¨ï ¢ ¯®«­®© ®¡« áâ¨ −∞ < x <∞ ¬®¦­® ª« áá¨ä¨æ¨à®¢ âì¯® ç¥â­®áâ¨: 1) ç¥â­ë¥  1 ¨ ­¥ç¥â­ë¥  2, 2) ç¥â­ë¥  2 ¨ ­¥ç¥â­ë¥  1.�p ¢­¥­¨ï ¤«ï ®¯p¥¤¥«¥­¨ï á¯¥ªâp  í­¥p£¨© ä¥p¬¨®­  ¢ p áá¬ âp¨¢ ¥¬®¬ ¢­¥è­¥¬áª «ïp­®¬ ¯®«¥, ª ª ¨ ¢ëè¥, ¬®¦­® ¯®«ãç¨âì ¨§ ãá«®¢¨ï  2(0) = 0 ¤«ï á«ãç ï 1 ¨ ãáÄ«®¢¨ï  1(0) = 0 ¤«ï á«ãç ï 2. �¥âpã¤­® ¯®ª § âì, çâ® ¢ «î¡®¬ ¨§ íâ¨å á«ãç ¥¢ á¯¥ªâpí­¥p£¨© ä¥p¬¨®­  ®¯p¥¤¥«ï¥âáï ãp ¢­¥­¨¥¬q − qm� = −n: (53)�«¥¤®¢ â¥«ì­®, ¤¨áªp¥â­ë© á¯¥ªâp í­¥p£¨© ä¥p¬¨®­  ¢® ¢­¥è­¥¬ áª «ïà­®¬ ¯®«¥U(x) = −q=(|x|+ a) ¨¬¥¥â ¢¨¤ E2n = m2[1− q2(q + n)2 ]; (54)  á®®â¢¥âáâ¢ãîé¥¥ p¥è¥­¨¥ ï¢«ï¥âáï ¨§®«¨p®¢ ­­ë¬. �­¥p£¨ï ®á­®¢­®£® ãp®¢­ïE0 = 0 ª ª ¤«ï ç áâ¨æë, â ª ¨ ¤«ï  ­â¨ç áâ¨æë.�«ï p¥è¥­¨ï á ­ã«¥¢®© í­¥p£¨¥©B = 0,   äã­ªæ¨ï	0(x) ¨¬¥¥â ¢¨¤ (¯p¨ ¯®«®¦¨â¥«ìÄ­ëå x) 	0(x) =Wq;q−1=2(2m(x+ a))( 10) : (55)Ǳ®ª ¦¥¬, çâ® p¥è¥­¨¥ (55) ®¯¨áë¢ ¥â § pï¤®¢®-á®¯pï¦¥­­®¥ á®áâ®ï­¨¥. � 1+1 ¨§¬¥p¥Ä­¨ïå ¯p¨ ¯p¥¤áâ ¢«¥­¨¨ (47) ¢ ª ç¥áâ¢¥ ¬ âp¨æë § pï¤®¢®£® á®¯pï¦¥­¨ï (¢ ®¡« áâ¨x > 0) ¬®¦­® ¨á¯®«ì§®¢ âì à ¢¥­áâ¢® C = �3. �¥©áâ¢¨â¥«ì­®, ¥á«¨ p¥è¥­¨¥ ãp ¢­¥Ä­¨ï (49) 	n á í­¥p£¨¥© En ­ ©¤¥­®, â® ®ç¥¢¨¤­®, çâ® 	cn ≡ �3	∗n â ª¦¥ ï¢«ï¥âáï p¥Äè¥­¨¥¬, ­® á í­¥p£¨¥© −En. � ç áâ­®áâ¨, ¤«ï p¥è¥­¨ï á ­ã«¥¢®© í­¥p£¨¥© (64) «¥£ª®¯p®¢¥p¨âì, çâ® �3	0 = 	0.Ǳp¨ ª¢ ­â®¢ ­¨¨ í­¥p£¥â¨ç¥áª¨© á¯¥ªâp ª¢ ­â®¢ëå á®áâ®ï­¨© ¢ ¯p¨áãâáâ¢¨¨ â ª®©\­ã«¥¢®© ¬®¤ë" ­¥ ¤®«¦¥­ ¨§¬¥­ïâìáï, ¯® ªp ©­¥© ¬¥p¥ ¢¯«®âì ¤® ¯®pï¤ª  ~, ®¤­ ª®,ª ª ¯®ª § ­® ¢ áâ âì¥ [15], ¤pã£¨¥ á¢®©áâ¢  ª¢ ­â®¢ëå á®áâ®ï­¨©,  áá®æ¨¨pã¥¬ë¥ á íâ¨Ä¬¨ ãp®¢­ï¬¨, ®ª §ë¢ îâáï ¨§¬¥­¥­­ë¬¨. � ª, ¢ ¯p¨áãâáâ¢¨¨ § pï¤®¢®-á®¯pï¦¥­­®£®á®áâ®ï­¨ï á ­ã«¥¢®© í­¥p£¨¥© p §«®¦¥­¨¥ ®¯¥p â®p®¢ ª¢ ­â®¢ ­­®£® ¯®«ï �¨p ª  ¨¬¥Ä¥â ¢¨¤ 	̂(t; x) = c0	0(x) + ∑n>1(cne−iEnt	(+)n (x) + d+n eiEnt	(−)n (x)); (56)£¤¥	(±)n { ­®p¬¨p®¢ ­­ë¥ ¯®«®¦¨â¥«ì­®- ¨ ®âp¨æ â¥«ì­®-ç áâ®â­ë¥ á®¡áâ¢¥­­ë¥äã­ªÄæ¨¨,  ±En { á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¤­®ç áâ¨ç­®£® £ ¬¨«ìâ®­¨ ­  �¨p ª  ¢® ¢­¥è­¥¬¯®«¥. �¯¥p â®pë c0, cn ¨ dn ¯®¤ç¨­ïîâáï áâ ­¤ pâ­ë¬  ­â¨ª®¬¬ãâ æ¨®­­ë¬ á®®â­®Äè¥­¨ï¬ {cn; c+k } = Ænk, n; k = 0; 1; : : : , {dn; d+k } = Ænk, n; k = 1; 2; : : : . �á¥ ®áâ «ì­ë¥ ­â¨ª®¬¬ãâ â®pë p ¢­ë ­ã«î.�á¯®«ì§ãïä®p¬ã«ã (56), ­¥âpã¤­® ãáâ ­®¢¨âì, çâ® ¨¬¥îâáï¤¢  ­¥§ ¢¨á¨¬ëå¢ëp®¦Ä¤¥­­ëå á®áâ®ï­¨ï á ­ã«¥¢®© í­¥p£¨¥© ¨ ä¥p¬¨®­­ë¬¨ § pï¤ ¬¨ Q = ±1=2 [15, 16]. �áÄ«¨ ¡ë ¬®¦­® ¡ë«® ¨§¬¥p¨âì í«¥ªâp¨ç¥áª¨© § pï¤ ä¥p¬¨®­®¢ íâ®© ¤¢ã¬¥p­®© ¬®¤¥«¨ ¢
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