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A. B. MuponeHnko

AnHoTauusi: PaccmarpuBaercst 3ajiada paBHOMEPHOIO IPUOJIMXKEHNSI HEPEePbIBHOMN
dyHKIUM Ha OTPE3Ke IIPHU IIOMOINM KJiacca (DYHKIMI C OrpaHUYeHHONU BTOPOM Ipon3-
BOJHON. JIOKa3bIBAIOTCS OLIEHKYU BEJIMYMHBI HAWJLYYIIEero TpubInKeHusi OyHKIUNA Yepe3
ee JIOKaJIbHbIE IPUOJIMKEHNUSI Ha PABHOMEPHBIX W HEPABHOMEDHBIX TPEXTOYEYHBIX CET-
KaxX.

KuroueBbie cjioBa: paBHOMEPHOE NPUOJIMKEHUE HA OTPe3Ke, (DYHKIMKU C OrPAHUYIEH-
HOU IIPOU3BOJIHOM.

ITycrs X — 3aMKHYyTOE IIOJMHOXKECTBO oTpe3ka [a,b]. Hepes CX oboznadum
TIPOCTPAHCTBO (DYHKIINIA, 3aJaHHLIX Ha MHOXKeCTBE X, C HOPMOit

[fllex = max{[f(z)] : z € X}.

B ciuyuae, korga mMHO)KecTBO X — BeChb OTPE30K [a, b], MOJIyIUM IIPOCTPAHCTBO
HenpepbiBHBIX byHkuit Cla, b], HOpMy 9TOrO IpPOCTPaHCTBa MbI OyeM 0603HAUATD
gepes || - || = || - [[c[ap)r Hepes AC"[a,b] obosnaumm kmace dynkumit us Cla, b,
UMEIOIUX abCOIIOTHO HEMPEPBIBHYIO MPOU3BOIHYIO HOpsiaka n. Yeped 2™ obosna-
YUM CJIEIYTOMNN Kaace OyHKITIIL:

9" = {g e AC" a,b] : |¢™(x)| <1 Beiony, rae g™ cymecrsyer}.

[Tpubmmxenne ipoussosbhoit byukmun f € Cla, b| bynxnuavu us xkimacca 21
(xace JIunmmuia) ucnoaszosano H. I1. KopheliaykoMm jist JOKa3aTeIbCTBA TEOPEMBI
Ixxekcona — Creuknna. VM HAlJIEHO COOTHOIIEHNE MEXK/Ty BEJIMINHON HAUTY dIIIero
npubsKenusi pyHKIUU f U ee JIOKAJbHBIMU [TPUOJIMKEHUSIMUA HA JIBYXTOUEUHBIX
MHOXKECTBaX. B IaHHOII CTaThe 0Ty YeHbI AHAJIOTHIHbIE PE3YJILTATHI [Jls Kaacca 22,

1. OGo3HaveHUs U ONIPE/IEJIEHUS.

ONPEAEJNEHUE. Ilycrs kinace dyukiuit Q cogepxkurca B Kiacce Cla, b], a X —
3aMKHYTOe MHOXKECTBO OTpe3ka [a,b]. Beauuwunol nausyuwezo npubaustcerus
(BHII) ¢hynryuu f xaaccom Pynryut Q na muoocecmee X OysieM Ha3bIBATH Be-
JIMYUHY

E(f;Q;X) = gigg If —gllex.

Pabora Brmosnnena npu dpunancosoit nogaepkke Poccuiickoro donma pyHIaMEHTATIBHBIX UC-
cnenoBannii (kox npoekra 05-01-01092) u Cosera no rpantam npesuenta PP u rocyaapcTBeHHON
HOJJiepKKe BeLyIUX HaydHBIX IKOJ (kom mpoekrta HIIT-1347.2003.1).
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B ciayuaae, korma X — orpesox |[a, b], mis Kparkocru OyJeM NUCATH TaK:
E(f; = inf —
(£:Q) = int |1 - g,
a Korja X sBJsiercs KOHEYHBIM MHOXKECTBOM {1, T2, ..., Tk}, — TakK:

E(f;Q; = inf —
(va;zla-rZa 7zk) gngHf g||C{L1,J,2,...,Lk}

OnpPEAEJNEHUE. Ilycrs kiace dynkuuit ) cogepxxurcsa B kiacce Cla,b], a 3a-
MKHYTOe MHOXKeCTBO X — B OoTpe3Ke [a, b]. Daemenmom nausyuwezo npubiuscerus
(QHII) gynruuu f 6 xaacce Pynruut Q na muoocecmee X GylneM HA3BIBATH JIOOYIO
QYHKIUIO g, U3 3TOrO KJIACCa, YIOBIETBOPSIOILYIO YCIOBHIO

If = g«llex = E(f;Q; X).

Ormernm, 9To J11060#1 Kitacc P 3aMKHYT U JIOKAJIbHO KOMIAKTEH. DTO 3HAYMNT,
qro gus moboit byakuun f € Cla,b] ee DHII B kacce 2™ Ha orpeske [a, b] Bcerma
CYIIECTBYeT, HO He Beerja enuHacTBeH. Xapakrepusaruio DHII B xiracce 2™ MoKHO
Haiitu B [1].

O6o3naunm Makcumaabnyio BHIT dynkmuun f kipaccom dysaknumit () Ha Beex
k-To4yedHBIX IOJMHOXKECTBAaX OTpe3Ka [a, b] yepes

Ey(f;Q) = sup E(f;Q;z1,x2,...,Tk).

a<lzy<zo< <z <b

Nmeer mecTo Oo4YeBH/HOEe COOTHOIIIeHHEe

Ey(f;Q) < E(f:Q). (1)

Pacemorpum Takake makcumasbayio BHID dymkmum f xkiraccom dymkmmit @
HA BCEX PABHOMEPHBIX K-TOUEYHBIX CETKAaX U3 OTpe3Ka [a, bl:

Ur(f;Q) = sup E(f;Q;z,z+h,...,x+ (k—1)h).
a<z<z+(k—1)h<b

Bﬂ;er TaK>Ke MOKHO BBIIIICATH OYCBUIHYIO OIICHKY

Ui(f;Q) < Ex(f;Q). (2)

Yepes A}'(f, x) 0603HaUNM KOHEUHYIO Pa3HOCTh GYHKIUN f HOPSIKa 1M B TOU-
Ke x ¢ marom h:

AR (4 [SITERR D) Q

k=0

Yepes w, (f, h) 0603HaUMM Kiaccuueckuii MO/LYJIb HelpepbiBHOCTH QyHKIMHU [ 110~
psKa m:
w(fih) = sup  [AF(f, )],

§€l0,h],
z€la,b—md]

2. OcHoBHoil pe3syabtar. [Ipusemem cmagana teopemy H. II. Kopreitayxka.
JlokazaTesIbcTBO 9TO TeoOpeMbl MOXKHO HaliTH B [2, ¢. 206].
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Teopema 1. Ilycts f € Cla,b] \ 2. Torga mmeror MecTo creayronyie paBeH-
crTBa:

E(f;2") = Ex(f;2") = Ua(f;2") = = sup  [wi(f,h) — hl.

hel0,b—al

N =

Jlannast paboTa MOCBAIIEHA TIePeHOCy 3Toil TeopeMbl Ha Kiaacc 2. Ilocnenee
PABEHCTBO TEOPEMBI CIIPABEJINBO B JIIOOOM Kjtacce P™.

Teopema 2. Ilycrs f € Cla,b] \ 2™. Torua umeer MecTo CJAEAYIOIEE PABEH-
CTBO:

1
Un+1(f; @n) - 2_n Su? [wn(fa h) - h’n]
helo,2=2

n

Yro KacaeTcs MePBBIX JBYX PABEHCTB U3 TEOPEMBI 1, TO OHU UMEIOT MECTO TOJIb-
KO B caydae Kiacca 21, B ciayuae kimacca 22 MOYKHO BBIHCATH JIMIIb J[BE JBYCTO-
POHHUE OILIEHKHU.

Teopema 3. Ilycts f € Cla,b] \ 2%. Torga umeror MecTo cieayromue Hepa-
BEHCTBA:

(a) 5E(f; 2%) < B3(f:2°) < E(f; 2);

(b) 3E3(f; 2%) < Us(f; 2%) < Es(f; 2.

OrmernM, 9TO NpaBble HEPABEHCTBA B TEOPEME 3 — ITO OUEBUJIHBIE HEDABEH-
crBa (1) u (2), mO3TOMY B J0KA3ATEIBCTBE HYXKJAIOTCH TOJIBKO JIEBBIE.

3. BcrmomorareanHbIE yYTBEep2KIAeHusd.

Jlemma 1. Ilycre 1 < w2 < x3, a QYHKIUS G, Takasi, 4TO HA HHTEPBAJIE
2 .,
(21, x3) BBIIOJHEHO TOXKIECTBO gi )= 1. Torma st 066IX TmCeT hy, ho u JTIO6OLH

Gynxiun g € 92, yJA0BIETEOPSIONIEH YCAOBUIM

(9 —g:)(x1) < —h1, (9— g«)(x2) > ho,
BBIIIOJIHSIETCST HEPABEHCTBO

T3 —T1

(9 — g«)(x3) > (h1 + h2) — hy.

To — I

JOKABATEJIbCTBO. B cmity Toxzaecrsa gf) = —1 ¢dyurmEa g, Ha OTPE3Ke
[21, x3] umeer BuU 759:2 + bz + ¢ npu HeKoTOpBIX uyncyaax b u c¢. Iloctpoum Bermo-
MoraTesbHyo GyHKIMIO $(x) = —32% + bix + ¢1, O/JHO3HAMHO OIIPEJIeTIIeMYIO CJle-
Jyronmmu yesaosusiMu: $(21) = g« (z1) — b1 u s(x2) = gu(x2) + ho. Ipumep Taxoii
PYHKIINN TTOKa3aH Ha, puc. 1.

Paccmorpum dbyukmuio h = s — g, = (b — b)z +
(c1 — ¢). DTO TOJMHOM NEPBOro MOPsijIKA, OIpeJe-
JISIEMBIH CJIeJ[YIOIME paBeHcTBaMu: h(x1) = —hy u

hs h(xz2) = hg. Torma

S

g*
T3 — 1
hy h(ﬂ?g) = (hl + hg)i — h;.
T2 — X1
. Zs 3 BosbMeM mpousBosibHYI0 GYHKIMIO ¢ € P2, ynoBie-
Puc. 1 TBODPSIONTYIO YCIOBHUSAM JIEMMBI, W PacCMOTDHM pas-
uc. 1.

Hocts 1 = g — s. Ilo mocrpoenmio r € ACYHxy, 23]
U CIPaBEIUBBI COOTHOIIEHUS
1) v > 0 Bcromy, e npoussosmas (2 cymecrsyer;
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2) r(z1) <0, r(x2) > 0.

Iokazkem, uto r(x3) > 0. B camom mese, mycts 310 He Tak u (x3) < 0, Torma
no teopeme Jlarpanxa (ecsm < y U 3HaUeHWEe HenpepbiBHO Jud depeHnupyemMoit
GYHKIUE B TOYKE & CTPOrO MEHBINE 3HAYEHUS] B TOUKE ¥y, TO HAMJIETCA TaKast TOUKA
u3 unrepsasa (z,y), B KOTOPOii IIPOU3BOHAL ITON (DYHKIMU CTPOro GOJIbINE HyJIs)
CYIIECTBYIOT JBE TOYKH {1 U {9 Takue, 9To T1 < 1 < 9 < to < X3, U BBIIOJHEHBI
nepasencrsa (1) > 0 u ' (t3) < 0. C apyroii cropomsl, B city cooTHomenus r(2) >
0 abcomoTHO HenpepbiBHast GyHKIMS 7' He yObIBaeT; IOy Yl IPOTHBOPEYHeE.

Mpu1 yeranoBuian, 9to 7(23) > 0. D10 3HAUMT, UTO

T3 —T1

(9= g:)(23) = (s = gu)(w3) +7(23) = (s = g«)(w3) = h(x3) = (b1 + Do) =l

T2 —T1
JlemMma mokazaHa.

Canencreue 1. Ecim B ycnoBusix jiemmbr 1 umeer mecto mepasencrso (hy +
h2) > 0, To crupaBesIuBO ciegyioliee COOTHOIEHHE:

(9 — go)(@s) > (b1 + ho) 221 —hy = (hy + ho) (M - 1) +ha > hy. (4)
To — T1 T2 — T1

JIemma 2. Ilycre mansr dyrrnms h € AC|a,b] u Toukn 1, 22 (a < 11 < 22 <
b). Ecmu h(x1) < h(z2), To cymecrByer Touka 0 € [z1,x2], B KOTOPOI IpoH3BOAHAS
h'(0) cymecrByer u HoIOXKHUTEIBHA.

ﬂOKABATE{I_bCTBO. TTockouibKy dyHKIUst h abCOIOTHO HENPEPBIBHA, UMEEM

h(z) = h(z1) + [ K (t) dt. Orciona ciexyer, uro
z1

2

sign /h'(t) dt | = sign(h(z2) — h(z1)) > 0.

Ha orpeske [x1, 2] dysKImst h’' xoTs1 661 B 0/1HO TOUKe § TOJKHA TIPUHSATH 3HAYEHIE
TOTO K€ 3HaKa, 9TO M WHTErpaJj oT Hee. JlemMMa goKazaHa.

JIemma 3. ITycrs gamer unciaan > 1 u N > n, a taxske pyuxnus h € AC™ 1.
Ecin ¢pyraknust h npuanvaer B N+1 todkax xg < 1 < - -+ < TN 3HAYCHUS C IEPELY-
TOIIMHCS 3HAKaMH (T. €. BBIIOJIHsETCs paBeHcTBo sign h(x;) -sign h(x; 1) = —1 npn
i €0, N — 1), ro naiinyrcs 1o9ku y1 < Yo < +++ < YN_n41 TaKHe, 9T0 B HUX (DYHK-
s h™) cymecTByer n IpHHIMAET 3HAUCHHS ¢ 9epEeIyIOMIMUCS 3HAKAMH, TPHIEM
peimostHETCs pasenctso sign h(™ (yy) = (—1)" sign h(xo).

JIOKABATEJIBCTBO. O6o3nauum « = sign h(xg). IIpumenus neobxoaumoe quc-
JIo pa3 teopemy JlarpaHa, MOJyYUM MHOXKECTBO TOYEK {z]};vz e
sign A"~V (2;) = (=1)7""a. Tpumenus N —n + 1 pas jemmy 2 k dynxrmmm A1

Ha Iapax TOYeK {Z;,%;i1}, MOIydnM Habop Touek {y; € [zj,zjﬂ]};v;lnﬂ. Ilpn

TaKUX, 4TO

srom sign h(™ (y;) = (—1)7T" a. Dror naGop Touex u Gymer uckombim. Ocrajnoch
orMeTnTh, aro sign h(™ (y;) = (—1)"" o = (—1)"sign h(xg). Jlemma noxazana.

Jlemma 4. Ilycres manbr HAbOp TOYeK Ty < T1 < -+ < Ty W uuciao k € 0,n.
IIycrs ynxmus h € AC™™ ! rtaxosa, uro h(x;) = 0 npm Beex mmgexcax i # k,
a B TOYKe Xy, BblosHsercs HepapenctBo h(xy) > 0. Torpma Haligercs rakas TOYKa
0 € [xo, xn], B KOTOPOI byHKIHS h(") cymecrByer, npmyeM BepHO paBEHCTBO

sign h(™ (0) = (=1)"*.
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HOKABATEJILCTBO. Paccmorpum orzpesnsao ciaydait k = n. [Ipumenus teope-
My Jlarpanxka K dpyHKIuU h, HaiijileM n M0CIe10BaTE/IbHBIX TOYeK. B repBbix 1 — 1
u3 Hux h' paBHa Hy/o, a B HocjeaHeill nonoxnrenbHa. CHOBa IPUMEHUB 3Ty TEO-
pemy yxke K dyHkmmum h', Haligem n — 1 TOYEK ¢ aHAJOTMYHBIMU CBONCTBAMU JIJIst
dyaxmum h”. TIpomoszkas 3TOT IPOIECC, HAWIEM TOCIE0BATEIbHBIE TOUKHA §j1 U Yo
takue, aro 0 = h("~D(y;) < A= D(y,). Ipumenus temmy 2 k dbynxmum (1),
HaiileM TOYKY § C MCKOMBIMU CBOWCTBAMU.

Teneps pazbepem ciayygait k < n. [Ipumenus Teopemy Jlarpanxka K dyHKIun h,
HOJIyYUM 7L TIOCJIe0BATEIbLHBIX TOYEK: B IEpBLIX k — 2 Toukax gpyHKIus h' paBHa
uyso, B k — 1-it Gosbite mysisi, B k-ii MEHBIIE HyJIs, BO BCEX MOCJEIYIOMNX PABHA
Hym0. IIpomo/mkum 3TOT mpornece, npuMmenss teopemy Jlarpamka x GyakmuaM b,
h', T o

CxeMaTHIecKy 3TOT IPOIECC MOXKHO M300pa3uTh TaK:

xX o Tp—1 T Th+1 oo I

signh : 0o ... 0 1 0 0 O
sign b’ : 0 0 1 -1 0 0 0

.Si.g.nh(k): SRR
sign k1) -1

(.7.1)71717]6 g A1) U <0 ..
(—1)" F sign h(™) . 1

Ha k-m mrare mporecca mosyanm poBHO 1 + 1 — k moc/ie10BaTeIbHBIX TOYEK.
B nepsoii uz nux bynxmua h(F) nonoxurensa. Ha (k + 1)-m mare nosyunm st
dysaxmaa hFY posro n 4+ 1 — (k + 1) Touek, B mEPBOii U3 KOTOPHIX OHA GyIeT
OTpUIIATEIbHA, U T. J. B KOHIE KOHIOB i (DYHKIMH h(n=1) OyJlyT TOYKHU Y1 U
y2 co caoiictramu (—1)" 1 Fsign AV (yy) > 0 m (—1)" 1 Fsign A"V () < 0.
ITpumenus jgemmy 2, HOJLy9uM TOYKY 6 U3 OTpe3Ka [Zo, Ty |, B KOTOPOIi BBIIOJIHIETCS
pasencrso sign(h(™ (0)) = (—1)"~*. Jlemma noxazana.

ONPEAEJEHUE. Ilycrs kiace dyukuuii (Q conepxxurcs B Kiacce Cla, b], a dyuk-

nust f 3amana Ha HAbOpe TOUeK Tg < X1 < --+ < Tp. DBynem rosBopurb, 9TO
Ppynxuyus f ne aesrcum 6 xaacce Pynruyul QQ wa amom wabope mouex, ecian B Q
HeT DYHKIUH, OJJHOBPEMEHHO MHTEPIONNPYIONWX 3Havenust f(xo), f(z1), ..., f(zk).
Dro ycosue Gyaer 0603HAYATHCs cieayomumM obpasoM: f ¢ Q(xo, x1,. .., Tk).

Venosus f ¢ 9™ (xo,21,...,2k) 0 f € D™(xg,21,...,Tk), OYEBUIHO, IKBUBA~
JgenTHbl yeaosuaM E(f; 9™ x1,x1,...,x) > 0u E(f; 9™ 21,21, ...,x,) = 0 coor-
BETCTBEHHO.

ONPEAENEHME. Ilycrs knace dyukuuii Q comepxurcsa B Cla, b]. O6oznaunm
MHO2KecTBO Beex DHII st pyukuu f B Kiacce () yepe3

A(f;Q)={9€Q:|lf —gll = E(f;Q)}

ONPEAEJEHUE. [lycts manbl HAOOp Touek xg < o1 < -+ < T U HEKOTOPBIH
kiacce dbyukiumit @, conepxkamuiics B Kiaacce Clzg, xx|. Ob03HAINM MHOXKECTBO BCEX
OHII s dyukun f B Kiaacce () Ha TaHHOM HADOPE TOYEK Yepe3

A(fa Q; o, ... 7zk) - {g €Q: ||f - gHC{.Lo,,J,k} - E(va;zm s 71'19)}-
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Jlemma 5. Ilycres gambl Habop Todek o < x1 < -+ < T} U3 orpe3ka [a,b]
u ¢yakmust f € Cla,b] \ 2"(xo,21,...,2). Ilycrs naner Takxke g € 9™ u h €
AC™ Ya, b| Takue, uro

1) ¢dymrnms h(") orpanmiena;

2) ecmn B Touke x; BpmosHsercs yenosne (f — g)(xi) = [|f — gllcizo,....zr}> TO
B arodi rouke h(x;) > 0, u eciu (f — g)(x;) = —||f — 9||C{x0,...,xk}, To h(x;) < 0;

3) cymecrByer koncranTa 0 > 0 Takasi, 4TO eCJIH JJisk KAKOH-T0 TOYKH t( BBIIIOJI-
HSIeTCSI PABEHCTBO i@ |9 (2)| = 1, To B §-OKpecTHOCTH 3TOI TOYKH BBINOTHACTCS

z3to

nepaperctso sign h(™) - sign (™) < 0.

Torma cyiecTByer takoe qucjo € > 0, aro st pyHkuu g. = g + €h BbrosiHe-
upt yenosust ge € 2" u || f — gelloqeo, . any < IIf = 9llctao,..an) -

JIOKA3ATEJBCTBO. JleMMa JOCTATOYHO CTAHIAPTHA, TOITOMY IIPUBEJIEM JIUIIH
SCKM3 JloKa3areberBa. Ilockonbky dynkmms h(™ orpanmdena, cymecTByeT Takoe
qucsio g1 > 0, uro (g + ah) € 2™ upu a € [0,e1]. Kpome Toro, mockosibky cama
dbyHsKIms h TaKKe orpaHuYeHa, CyIeCcTByer Ynucio €3 > 0 Takoe, uro npu a € (0, 2]
BBITIOJTHSIETCST HEPABEHCTBO

1f = (g + aD)llegao,. ..oy < I = gllogao,...any-
Yucso € = min{ey, g2} U gaeT yTBEPKIEHUE JEMMBI.

Hasee yepes f[zo,...,x,]| Oyaem 0603HaAUATH Pa3/IeTIEHHYIO PA3HOCTD MOPSIIKA
n oT (byHKIMHU [, IOCTPOEHHYIO IO TOYKAM I, .. ., Tn:
n -1

floos szl =Y fl)| T] @i—a)| - ()
— .

k=0;k#1

i—
N3BectHO, 1TO
AR (f,x) =nlh" flz,x + h,...,z+ nh, (6)
kpome Toro, eciau f € C™, To cymecTByer Takas Touka 8 € [z, x,|, uTo

nflzo, x1,. .., xn] = F(6). (7)
Hoxkazarenbcrsa yreepxkiaennii (6) u (7) MoxKHO HaiiTu, Hanpumep, B [3].

ONPEAEJEHUE. O603Ha4unM uepes P™ KJacc MOJMHOMOB CTEIIEHN He BhIIIE 1,
a gepes P P" = P" N P™ — 10JKIaCC IOJUHOMOB, JIesKaluX B 9™,

n
Hosmnom Y apa® sexur B P Y™ Toraa u ToabKO TOrAa, Koraa |a,| < .

k=0
Jlemma 6. ITycrs gan Habop ToUek xo < 1 < -+ < Tp, HA KOTOPOM 3aJaHa
npousposibHas Gyrknust f. Ecan [n!flxo,...,z,]| < 1, o f € D™ (x0,...,Tk).

JOKABATEJBLCTBO. Ilocrponm muTepnonsmuonnsiii mosmaoM p € P™) 3aman-
Hblil yesoBusimu p(z;) = f(x;) upu i € 0,n. OgeBumno, 4TO

[nlp[xo, ..., x.]| = In!flxo, ..., z.]| <1,

crepoBarensro, [p™| < 1, 7. e. p € 9", OTKyda U BHITEKAT BK/IIOUCHHE [ €

D™ (x0, .-, Tn).
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Jlemma 7. Ilycre mambr Habop TOo4eK To < 1 < -++ < Xy, u HOMED © € 0, n.
Torna
n n
(e = an) = (0" T s =,
k=0,k#i k=0,k#i

JOKABATEJILCTBO. B camom neire,

n 1—1 n n
I G- w0 = [ b — =1 ] Joi— el = (07 T Joi —
k=0,k+i k=0 k=it1 k=0,k#i
Jlemma 8. Ilycre manbl HabOp TOYEK To < T1 < -+ < X, u QyHKIUs [, HE
npuHapIexamas kiaaccy 9" (xo, €1, ..., Ty). Ilyers o = sign flzo, ..., zy,]. Toraa
1) muO)ECTBO A(f; D™; X0, . . ., X1y) COMEPIKUT POBHO OJIUH ITEMEHT (s
2) Ha orpeske [Ty, Ty | BBIIOIHIETCS TOMXKIECTBO "=

3) npu i € 0,1 BBIIOJHSIOTCS PABEHCTBA
(f = 9:)(@i) = a(=1)""E(f; Z";z0, ..., xn).

JIOKA3ATEJBCTBO. CHavaja paccMOTPUM TPHOJIIKeHe QYHKIMHA f KIACCOM
P92". Ormernm, 4uro eciu g € P", h € P"™ u dbyukuun f, g u h ynoBaerso-
pAIOT JleMMe 5, TO (BPYHKIHA (e, MOJYYaIOAAcS B Pe3yJbTaTe NPUMEHEHUS 3TOIl
JIEMMBI, SIBJIIETCA HOJIMHOMOM U JIEKUT B Kiacce P P" ke K byHxkuu f, gem
HOJIMHOM ¢. JTo o3HauaeT, uro g & A(f; PD";xo,...,2y). Ioapsysach sruM Ha-
OJII0JICHAEM, YCTAHOBUM HEKOTOPbIE HEOOXOMUMBIE YCIOBUA HA, MOJMHOMBI U3 KJIACCA

A(fv‘@@n;zmaxn)
VYcaosue 1. Ecm g € A(f; P D" ;x,. .., xy), TO
g™ =1 (mm —1). (8)

B camoM Jieiie, TIPeJIIIONOXKIM IIPOTUBHOE: IIyCTh | g(”)| =r < 1. Iocrpoum
UHTEPIOJISIIIMOHHBIN MoJIMHOM h u3 Kjaacca P™, 0JIHO3HAYHO ONpPeIeIaeMbIil yCIOBH-
svm h(x;) = (—1)%sign((f — g)(xo)) npu i € 0,n. Oynxuum f, g u h yIOBIETBOPSIOT
semme 5, orkyza g & A(f; PD";xg, . .., xy,); HOTYyIUIN TIPOTUBOPEYHE.

VYcmosue 2. JLns moGoro mosmaoma g n3 kmacca A(f; P D" xy, ..., x,) BCe
BesmyuHbl yKJaoHenus §; = g(x;) — f(x;) oAuHAKOBBI 10 MOAYJIIO, OTJIUYHBI OT HYJIst
" HX 3HaKH depedyrorcs (T. e. sign d; = — sign d; 1), IpuIeM UMeeT MeCTO COOTHOIIE-
HHE

sign((f — 9)(z0)) = (=1)"¢"" (x0). 9)

B camowm Jiesie, Bce BeJIMYIUHBI §; HE MOLYT OBITH OJIHOBPEMEHHO PABHBI HYJIIO

(unave f € 9" (xg,T1,...,Tp)), 3HAIAT, XOTSA OBl OJHA U3 HUX OTJIUIHA OT HYJIsL.

ITycThb Tenephb He BCe BEJIMHYUHBI |;| pABHBI JPYT JIPYTY, TOrJA CYHMIECTBYET HOMED j

Takoii, 4ro |§;| = max |d;| — 7, tme r > 0. IlocTpouM HHTEPIOJISIMOHHEI TOJINMHOM
1€0,n

h € P"! ojnosnauno onpesiensemblii yenosusivu h(x;) = sign(d;) npu i # j. Ipu-
MeHUB JiemMy b K yHKmmsM f, g u h, nomyanm, aro g ¢ A(f; PD";xg, ..., xn);
nporusopedne. Takum 06pa3om, Bee 9ucsa ; IMEIOT OJMHAKOBBIA MOJLY/Ib W OTJINI-
HBI OT HYJISL.

ITycTh KOMMYIECTBO TAKMX HOMEPOB 4, 9TO BBIOJHSIETCS HEPABEHCTBO 0;0;11 < 0,
pasHO m. IIpeaosoKuM, 9To 3HAKA YUCes §; HEe BE3JEe YepeiyloTcs, T. €. m < n.
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[TocTponm mHTEPHOIATIHOHEDBIN TTOJIMHOM h € P™ | 3aaHHBIN CJIEIYIONUMHI YCIOBU-
SMMU: h(%) = 0, eciim §;0;41 < 0. Ilosyamm pOBHO M YCJIOBWIA, B KadecTBe
HOCJIE/IHETO YCI0BHs Bo3bMeM yciosue h(zg) = sign((f — g)(xo)). Iomamuom h 06-
Jajaer ciaepyomum cBoiicrBoM: h(x;)d; < 0 s Becex Homepos i. CHOBa NPUMEHUB
semmy 5, maxomum, uto g & A(f; PD"; xy, . .., x,); nporusopeune. CiieloBaTEIbLHO,
3HAKU YUCEJT §; IE€PELYIOTCSI.

ITokazkeM, 9o BBIIOJHEHNE yeaoBust (9) Takike HeoOxoaumo. B camom zeste, o-
CTPOMM UHTEPIOJIAIMOHHBIA TOJIMHOM h € P™ 0IHO3HAMHO ONIpeIe/ISIeMbIil yCI0BUS-
mu h(z;) = sign((f — g)(x;)). YuurbiBas JoKa3aHHOE YepPEIOBAHAE 3HAKOB BEJIHIHH
h(z;) n ucnonb3ys JeMMmy 3, HOJLydaeM, 9T

sign (") = (—1)" sign h(xo) = sign((f — g)(0))-

Ecsin pasencrso (9) mapyiieso, To sign h(") = —signg(™, a s10, B CBOIO OUe-
pelnb, o3Havaer, 9T0 MYHKIUH f, ¢ U h YIOBJIETBOPAIOT YCJIOBHUSM JIEMMBI D, U MbI
OISATH MIPUXOJUM K IMIPOTUBOpeYnio. TakuM 00pa3oM, yCIOBHe 2 SBIIAETCS HEOOXO -

MBIM ISl TIOJIMHOMOB 13 Kaacca A(f; P D™ xo, ..., Tp).
Yeaosue 3. s moboro g € A(f; PP™; xg, . .., Ty) BBIIOJHIETC TOXKIAECTBO
¢ =a. (10)

Jlemma 6 rapanTupyer, yro « # 0. g pokasarensbcrsa (10) Mbl ucrosb3yem
coorsomutenus (5), (9) u semmy 7:

(f_g)[$07---7xn]:2(f g mz [ H _mk‘|
k=0,k#i

=0

n n -1
= g\ (wo) Z[ H |zs — $k|] = 9™ (20)-C, rae C>0.

i=0 Lk=0,k+£i

Dro zuaunt, yro sign((f — g)[zo, ..., zs]|) = sign(g[zo,...,zns]), orkyna u ciemyer
roxectio (10).
Csozst Bmecre (9) u (10), mosydaem COOTHOIIEHHE

(f = 9)(@:) = (~1)""aBE(f; D" x0, ... ). (11)

YuuThiBas IOJy4YeHHBIE HEOOXOIUMBIe ycJoBud 1-3, yOexkiaaeMcsl, YTO IOJIH-
HOM ¢ JIeWCTBUTEJIHHO CYIIECTBYET U €JIMHCTBEH, €ro MJa/ e Kod(hdUIUeHTH 1 Be-
JIMYUHY YKJIOHEHUST F MOXKHO HAWTH, PENIUB CHUCTEMY JUHEHHBIX yPABHEHUN BUIA
f(@;) — glw:) = (~1)"HiaE.

IMokaxkem, 4T0O HalifeHHDBIH HOIMHOM ¢ BXOmuT B Kiacc A(f; D™ xo, ..., Tn).
[Ipe/osokuM IpOTUBHOE, TOTIA CyIIecTBYeT MYHKIWMS ¢, € P, KoTOpas Ha JIaH-
HOM Habope ToueK npubJmkaeT QyHKIUO f Jydiie, 9eM HOJUHOM ¢. DTO 3HAUUT,
qT0

(=D)"a(f —g)(xi) > ()" a(f — g (1),

T. e. (g« — g)(x:)(—1)""*a > 0. Orciona sign((g« — g)(z;)) = (—1)" ‘. lpumenus
K QyHKIUU g, — g eMMy 3, HaiizeMm TOUKy Y1 € (Zg,T,) TAKYIO, 9TO

sign((g« — 9)™ (y1)) = (=1)"sign((g. — 9)(w0)) = .
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(n)

B cuty Toxzectsa (10) 910 paBeHCTBO MOXKHO Tepenucath Kak sign (g (y1) — o) =

«. 3Ha9wuT, ‘g&") (yl)‘ > 1, 9TO IPOTUBOPEUUT YCJIOBUIO Gy € D.

Mpbr nokazamu, uro g € A(f; P™;x0,...,%n). YCTAHOBUM TelEpb, YTO IAPY-
I'MX 3JIEMEHTOB B 3TOM KJacce HeT. IlycTh B HEM CyINEeCTBYeT apyras (DYHKIUA G
OueBuno, uto g«(r;) = g(z;) s Beex i € 0, n. IockoabKy DyHKIMY g U g, Henpe-
PBIBHBL U PA3JIMIHBI, CYIIECTBYeT Touka 0 € (X, &y) Takas, ato g.(6) # g(6). ycrs
TouKa 0 Jiexkur B uHTEpBase (x;,;1). llpuMenus jgemmy 4 K dyHKIu h = g, — g
Ha HAOOpE TOYEK Xq,...,Ti—1, O, Tit1,...,Ty 1 HADOPE Tq,..., L5, O, Tito, ..., Tn,
nostyuuM To49ku 01 u o u3 unrepsasna (xg,x,). B omHOll u3 Hux h(™ >0, B apy-

o n .o n
roit (") < 0. Tax kak ‘g£ )| = |a+h(")|, B OJIHOH M3 3TUX TOYEK |g£ )| > 1, uro
[IPOTUBOPEYUT YCJIOBUIO ¢y € ™. 3HAYNUT, HOJMHOM ¢ — €JMHCTBEHHBIN SJIEMEHT
muOXKecTBa A(f; D™ 20, ..., Tn).

Mper gokazasu 1. 1 stemMbl. 11, 2 BbINOJIHSIETCS IO OCTPOEHUIO IIOJIMHOMA, §.
Hokazannoe st mojmHOMa ¢ cooTHoutenue (11) m cocraBisier comepKaHue II. 3
sleMMBbl. JleMMa JtokasaHa.

S3AMEYAHUE. Mmeer mecro ciemyiomee Gosee obiiee, 4eM JiemMMa 8, yTBep-
xaerne. Ilycrs [ > 0, manbl Habop TOUeK g < T1 < -+ < Tpy; U GyHKIWUSA f,
He Jexamasi B Kiaacce D" (o, x1,...,Tn11). DPYHKIUS g, TPUHAIJIIEKAT KIIACCY
A(f; 9™;x0,. .., Tntl) TOTJA U TOJIBKO TOLIA, KOTJA HARIETCS OJAMHOXKECTBO YTOIO
Habopa TOYeK T;, < --- < m;, (3meck k > n + 1) — anbrepHanc st GYHKIUA ¢y
u f B npocrpancree C{xy,..., Ty} TaKoii, 4T0 Ha OTpe3Ke [T, ,x;, | DyHKIMS gy
COBIIAJIAET C MJIeaJbHBIM CILIAMHOM CTEIIeHHU 71, UMEIONUM poBHO k — n — 1 y3J10B,
pHUYEM BBIIOJIHUTCS PABEHCTBO

sign((f — g:)(24,)) = (—1)" sign(g\" (27,)).-

DTO yTBEpKIEHNE MOXKHO JOKA3aTh, CJIErKa MOIUMDUIMPOBAB JI0KA3aTEIHLCTBO
TeopeMbl 2 B pabore [1], HO B JaHHOl paboTe OHO He HOHAIO00UTCH, II0ITOMY JOKA3bI-
BaTh ero 3j1echb He Oyiem. OnpejiesieHns MOHATUI UI€AJIBHOTO CILJIaliHa U YeObIIIeB-
CKOT'0 aJIbTEPHAHCA MOXKHO HaliTh B MOHOrpadun [2].

Jlemma 9. Ilycrp mHa Habope Todek Ty < 1 < - -+ < Ty 3aJaHa MPOHU3BOJIHHAST

¢ynkmust f. Torma muoxkectBo A(f; 9™, ..., %n) HEMYCTO W BBIIOJHEHBI CJIEJY-
IOIIUE Y TBEPKICHUS:
(a) ecam |n!f[xo,...,xn]|| <1, TOo E(f; P";20,...,2,) = 0;

(b) ecau |n! flzo,...,zn]| > 1, T0 E(f; 2™; 20,...,2Zn) > 0.

JIOKA3ATEJLCTBO. II. (a) siBasieTcst npsiMbIM ctesicTBreM JieMMbl 6. ITo sToii
aemme f € 9™ (xg, ..., T,), OTKYJA HEMEJIEHHO noTydaeM, 9o E(f; 2™;xg, ..., )
=0upeA(f; 2" x0,...,2,) (31€CH p — HOJIUHOM, TIOCTPOEHHBLI B JieMMe 6).

Hoxkaxewm n. (b). Ham mawo, uro |n!f[zg,...,zn]| > 1. Bes orpannvenus
OOIIHOCTH MOXKHO CYUTATh, 9TO f[Zo,...,Tn] > 0. TlocTpoMM MHTEPHONAMOHHBIN
nosmHOM P, 1 € P"~!) opHosnauno 3ajaBaemblit yerosusMu p, 1(1;) = f(x;) npn
1 € 0,n — 1. Ilockombky pgln_)l = 0, ms a060it dyakmun f BepHO yTBEpKIECHHE:
dyuxun f(z) n f(x) — pp—1(x) gexkar win He JgeKAT B K1acce P™ 0JHOBPEMEHHO.
Kpowme Toro, BLIOJHAETCS 09€BHIHOE PABEHCTBO

E(f; 2" x0,...,00) = E(f —pn—1; 2" 0, ..., %n).

Bes orpanwvenust OGITHOCTH MOXKHO CYMTATH, ITO BBITOJHSIOTCS DABEHCTBA
f(xo) = f(x1) = -+ = f(xn—1) = 0 (uHaue MbI BbrYTEM U3 QYHKIUK f HOJIUHOM
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Pn—1)- Torna no dopmysie (5) BBIIOJIHAETCH COOTHOIIEHUE

n—1

(x"l) f[xov .- xn] H - J?l > 0.

TToCTPONM HHTEPIOSIMOHHEI OTHHOM p € P™, 3ananubiii yeaosusym pi™ = 1
up(z;) = f(z;) =0npu i€ 0,n— 1. B rouxe z,, momyaum
n—1
Tn) n! H
Buggo, uro f(x,) > p(z,). IHoxkaxewm, aro f ¢ P™(xg,...,x,). Ilpemmnonoxum
MPOTUBHOE: MYCTh CYMECTBYET DYHKIWMA ¢ € Y™, NHTEPIOJNPYIOMAs BCe 3HATCHIA
f(z;). Torma dyukmsa h = g — p paBHA HYJIIO B TOUKAX Z(, L1, ..., Ln_1 U OOJIbIIE

HYJISl B TOUKE Tp,. 110 eMMe 4 cymmecTByeT Touka 6, B KoTopoii byukims h(™) crporo
Gonbine myss. C IPyroi CTOPOHBI, HOCKOIBKY g € 2", 1o h(™) = ¢(") — pn) —
g™ — 1 < 0; nporusopeune. 3uaunr, f ¢ P"(xg,...,2n). o gemme 8 DHII s
dyukiyn f cymecrsyer u equacTBeH u E(f; 2™ 2o, ..., Tyn) > 0. Jlemma nokazaHa.

4. /Toka3aTeJbLCTBO TEOPEMBI 2.

Jlemma 10. Ilycrp mHa Habope Todek xg < - -+ < T, 3ajada QyHkmnus [ Takas,
qro |n!flzo,...,zy]| > 1. Toraa

n n -1\ -1
E<f5@”5z0w-~vﬂfn><2l 11 Ixz—m] ) (a0 ccanll = ;)
i=0 Lk=0,k#i -

JTOKA3ATEABCTBO. Ilo slemme 9 OHII st byrknuum f cymecTByer u siBjisieTcst
[TOJTMHOMOM, 0603HAYNM ero 4depes p. M3 jieMMbl 8 ciemyer, 9To

p(n) = Sign(f[z07 s 73371]) = Q. (12)
BHaYHUT, IMETOT MECTO PaBEHCTBA P[To, T1, ..., Tn| = o
1
|(f _p)[l‘07$17 R 7‘7"’”” - |f[l‘07$17 R 71‘”” - ﬁ (13)

ITo nemme 8 BBIIOJTHSIETCS PABEHCTBO
(=p) (i) = a(=1)"""E(f; 7"; 20, . .., 2n). (14)

Orcroma

|(f —p)[xo,xl,...,xn” —

n n 1
Za(—l)n+iE(f;9";xo,.. , T, l H i — Tk ]
=0 k kot

n n —1
Z n+z [ H — ‘| .
k=0,k+#i

=0

=E(f;9™;20,...,%n)

IMpumenus paserctso (13) u jgemmy 7, mosydum

-1

1 n n

|f[36073317-- »’Un]| (f D";x0,...,T )( l |xi_$k|] )
n! i=0 Lk=0,k#i

JlemMma mokazaHa.
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Caencrsue 2. Ecin B yc/I0BHSIX IPEAbLIYINEH JeMMbBI TOUKH T; B3SITHI C PABHO-
MepHBIM maroMm h, To BeIpazkenue st B ( 9™z, ... ,:cn) npuaIMaeT 6oJiee 1Ipo-
CTO¥H BUJI:

hn
E(f; 2" x,x+h,...,z+nh)= 2—n(|n!f[9:,9:+h,...,3:+nh]| -1).

JIOKA3ATEJBCTBO. B cuy (3) u (14) j1erko BUjieTh, 9T0 NIMEET MECTO PABEH-
CTBO

A1 =l =X () 0 et
k=0
- <Z>(1)k(1)”k(1)"@E(f;@";z,z+h,...,3:+nh)
k=0

=E(f; 92" x,x+h,...,x +nh) =2"E(f; 2" x,x + h,...,x + nh).

n
n
3 (1)
k=0
ITpumenus coornomenust (6) u (12), mosyanm

Tl f —
E(f;@n;z7z+h7-.-7x+nh):|h n.(f p)[z’z:»h,'."z+nh]|

hn
= 2—n(|n!f[z,z+h,...,9:+nh]| -1).

CJIe,HCTBI/Ie JI0Ka3aHO.

JIemma 11. Ecin f € Cla,b]\ 2™, 10

(a) Bepxmusist rpabp  sup  |wn(f, h) — h"™| gocruraercs B Hekoropoii Touke ho;
helo,t=2

n

(b) B 9T0I TOYKE BBITOIHAECTCS HEPABEHCTBO Wy ( f, ho) — hi > 0;
(¢) maitmercst Touka T Takas, 9To wy(f, ho) = ‘Aﬁo(f, x0)|.

JIOKA3BATEJIBCTBO. II. (a) BBInOJHSIETCS, TIOCKOJIBKY Wy (f, h) — h™ — Heupe-
pbiBHAS 110 h QyHKIMS, 3aaHHas Ha KOHEIHOM OTPE3KeE.

IMokaxkem, aro Boimosausiercd 1. (b). B camom neste, mycTb 910 He Tak, TOrja U3
ompeiesieHus 9uciaa hg cjemyer, 9To s Jodoro ancaa i > 0 BBITOJIHEHO HEPABEH-
CTBO

wn(f,h) < h". (15)

B obosnauenusx monorpaduu [4] mHepasencrBo (15) MOXKHO 3ammcaTbh B BHE
f € H' [a,b] (3mech w(t) = t", T(t) = t, 7 = n —1). Torma no teopeme 1 u3 [4,
c. 191] nosnyuaem srmouenue f € W Hi[a,b], . e. f"V) € P'a,b], orkyna
f € AC" Ya,b].

Jlerxko BuzeTh, uTo U3 crpaseuBocTn Hepasenctsa |f (M (zo)| > 1 B kakoii-To
Touke zo no dbopmyse (7) HEMEJICHHO CJIE/lyeT CIPABEIINBOCTD HEPABEHCTBA

[n!flz,z+ hy...;z+nh]| > 1

B HEKOTOPOIT OKpecTHOCTH 3T0i Touku Zo. C apyroil cropousl, 110 HepaBeHcTBy (15)
JUIst JIIOOBIX [dncest & u h 13 06JIaCTH OIpPeIeJIeHIs BBIIOJIHSIETCS] COOTHOIIIEHNE

AR )] _ wnlfh)
hn - A"

[nlflz,z+h,...,z+nh]| = <1.
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Do 3naunT, uTo M3 mepasencrsa (15) ciemyer nepasemcrso |f(™)(x)] < 1 B Tex
TOUKax oTpeska |a,b|, e bynxmua f() cymecrsyer.

TaknuM 06pa3soM, M3 CHPABEJIMBOCTH HepaBeHCTBa (15) BBITEKAET BKIIIOUEHWE
f € 2", aro uporuBopedur yciaoBuaM jeMMbl. Mbl mokazanu, aro 1. (b) jgeMmbl
BBIIIOJIHSAETCS.

HokazkeM 11. (c) semmsbl. o onpenesenuio

wn(f7h0) - sup |Ag(f7z)|
6€[0,ho],
z€la,b—nd|
Oyuxnus |A}(f, z)| HenpepsiBHa Kak DYHKIUS ABYX IEPEMEHHBIX X, § Ha KOMIIAKT-
HOIl 00JTACTH ONPEJIESIEHHs], CJIEJOBATEIHHO, OHA JOCTUTAET CBOEr0 MAaKCHMyMa Ha
KaKHX-TO Hapax Ty, 0x, T. €. wn(f,ho) = |A} (f,z.)|. Ilo onpenenenuio dbyukimn
wy, mveeM |AY (f, z«)| < wn(f,dx). Tlpeamonoxkum, aTo 1. (c) He BBITOTHsETCS, T. e.
IS JIIOOBIX HAMJICHHBIX 11ap TOYEK (T4, 0x) BBIIOJHAETCH HEPABEHCTBO 0x < hg. To-
rJla U3 MOHOTOHHOCTH (DYHKIMU W, U HepaBeHCTBa wy(f, ho) < wn(f,ds) caenyer,
a0 Wy (f, ho) = wa(f, 0x), oTKya

wn(f7 6*) - 5: - Wn(f> hO) - 6: > Wn(fy hO) - h87
YTO IIPOTHBOPEYUT OIpejieenuto ducia hg. Jlemma gokasana.

JOKABATEJILCTBO TEOPEMEI 2. B ycioBusx Teopemsl cripaBeusa jemma 11,
9TO JIAeT HaM 9UCsIa Lo U hg. 110 9TOii leMMe BBIOJIHAETCS HepaBeHCTBO wy, (f, ho) —
(ho)™ > 0. 13 Hero BeITEKAET HEPABEHCTBO

|AR, (fszo)l  wn(fy ho) — b

|n!f[q;0,q;0+h0,...,$0+nho]|—1: n —-1= X3 > 0,
O O

YTO JaeT HaM IIpaBO NIPUMEHHUTDH CJIC/ICTBUE U3 JIEMMBbI 10:

Uni1(f; 2") > E(f; 9™ 20,0 + ho, - .., o + nhg)

(ho)n
on

(In!flx, ...,z + nho]| — 1)2%(|A20(f,z0)| — hy)

= o supln(f, )~ Bl (16)
h

Mpbr nokazasm, 9To

1
Un+1(f; @n) 2 ﬁ Sl}tp[wn(fa h) - h’n] > 0

ITo onpenenennto Beamauabl Uy, 1(f; 2™) nosmydaem, 910 JJist JHO60T0 JOCTATOTHO
MaJIoTo uucia € > 0 cymecTByer napa Jquces e, he Takas, 9To

E(f; 72" xc,xc +heyoo.yxe +nhe) > Unia(f;9") —e > 0.

U3 uepasencrsa E(f; P™;xc,xe + hey...,xe + nhe) > 0 u semmbr 9 ciresryer,
4TO
n!|f[$€7$€ + h67 sy Te + nheH > 17

1 MBI MOkKeM puMendaTsb jiemmy 10. o crencTuio u3 jgemmbr 10 mosyvyaeM paBeH-
CTBO

h n
E(f; 2" xc, e + hey...,zc +nh) = <§> (In!flze, xc + hey ..., xe + nhe]| — 1).
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Orcroma

2 n
[n!flze, ...,z + nhe]| = (h_> E(f; 2" xc,...,xc +nh)+1
€

> (,%) Unia(f;27) — ] + 1.

Ucnonbsys coornontenne (6), nepenuiieM 310 HEPABEHCTBO B BUJIE
AL (fr o)l = 2 Unia(f; 27) — €] + hL-

Hockombry wy(f,he) > AR (f, )|, Bomonmnaercs nepaseHcTBO Wy (f,he) —
he 2 2"Upia(f; 27) — €], orkyna

1

on suplwn (f, h) — h"] > Upi11(f; 2") —e Ve > 0.
h

Comnocrasus 310 HepaseHcTBO ¢ (16), moaydaem TpeGyemoe paBeHCTBO. Teopema 2

JIOKa3aHa.

5. oxkazareqbcTBO TeopeMbl 3. Ilycrs mpubmmkaemass dyukmus f €
Cla, b] dukcuposana. s kparkocTu GOPMYJIUPOBOK Ja/IUM CJIETKA HECTAHIAPTHOE
oripe/iesieHue IeOBIINEeBCKOIO AJIbTePHAHCA.

ONnPEAEJEHUE. Habop Tovek x1 < x2 < --+ < ) U3 oTpe3ka [a,b] HazoBeM
anvmepnancom mig byaknmm g € 2", ecrm (f — g)(x;) = B(=1)""Y|f — gll, tme
B =sign (f — g)(z1).

Jasee HaM MOHAIOOUTCS caenyiomas xapaxrepuszamus DHII B kiacce 2.

Teopema 4. Ilycts f € Cla,b]\Z?. /list TOro 9T06BI BEIIOIHIOCH BKITOTCHHE
g« € A(f; 2?), Heobxommvo 1 JoCTaTOTHO, ITOOBI Ha OTpe3Ke |a, b| Hammch amprep-
HaHC 15t pyHKImA g. 13 s Tovek {15 (s > 3) ms—1rouexty <ty < -+ <ts o
TaKHe, YTO BBIIOJIHSIIOTCS CJACAYIONHIE YCIOBHSI:

1) cupaBemiuser Brinodenust x1 € [to,t1); s € (ts—3,ts—2];

2) cupaseTUBHI BKIOYenns x; € (t;_o,t; 1) mpmi € 2,8 — 1;

3) npu i € 0,8 — 3 BBUIOJIHSIOTCS TOXKIECTBA

g;’|(ti,ti+1) = (_1)151gn((f - g*)(l‘l))
Sta TeopeMa JokazaHa B pabore [1].

OTPEAEJIEHUE. AJIbTepHAHC, YOBJIETBOPSIONIAI BCEM YCJIOBUSM TeopeMbl 4,
JUIsE KPATKOCTU OyJ1eM HA3BIBATH HCECTNKUM 36EHOM.

Flas) Ha puc. 2 nuzobpazken npumep pyHKIUHI Gy,

f(za) VIOBJIETBOPSIIOINIEil TeopeMe 4 ipu § = 5, a Tak-

2Ke TOKA3aHbl 3HAYEHMs TPUO/IIKaeMoii pyHK-

G« mmn f B TOYKaX »KECTKOro 3BeHa. I3 Teope-

24 MBI CJIEJIyeT, 9TO Ha OTpe3Ke [lo,ts| dyHkIms

to| 1 ; T5|t3 s SBJSIETCS WJIEAJIbHBIM CIJIAfHOM CTeleHu 2
nedekra 1 ¢ y3maMn B TOUKax t;.

f(1) F(xs) ITpu jokazaTebCTBE TEOPEMBI 3 MBI OyIeM

f(z3) OIIyCKATh O0OO3HAYEHUS MPUOINKAEMOIl DYyHK-

mun f u npubmKaoero Kiacca 22, s sTo-

Puc. 2.
o BBeJIeM crefytorne obosnadenus: E = E(f)

= E(f;2%), Es = Es(f) = Es(f;2?), Us = Us(f) = Us(f; 2?).
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Hoxkazkem coornorrenne (a) reopembl 3. OcTajnoch JI0Ka3aTh TOJIBKO HEPABEH-
CTBO

lp<m, (17)
2

BosbMeM MpousBo/ibHyio GyHKIMO g, u3 kiacca A(f; 2?2). Tlo teopeme 4 st
dyHKIUY g, HalieTcs XoTs Obl OJHO YKECTKOe 3BEHO, COCTOSIIEE U3 S TOYEK aJbTep-
Hanca {z;}7 ;, pACIOJIOKEHHBIX Ha OTpe3Ke [to, ts_2]. PaccMoTpumM Tpu BOZMOXKHBIX
caydada: s =3, s=4wu s> 5.

B cayuae s = 3 2KeCTKOe 3B€HO COCTOUT U3 TPEX TOYEK T'1, Lo U T3, PACIIONIOKEH-
HBIX Ha OTpe3Ke [to, t1], & byHKIWM g, HA OTPE3KE [t, 1] ABISETCH MHOMOYIIEHOM BTO-
poit crenenn. Jlemma 8 jaer Brimouenue g, € A(f; 221,12, v3), OTKYy/Ia MOIydaeMm
pasenctso E(f; 2% 21,72,73) = E, a s10 3naunur, uro E = E(f; 2221, 22,73) <
Es5, u vepasercTBo (17) BBIIOJIHSIETCS.

B ciayuae, korga s = 4, *KecTKoe 3BEHO COCTOUT U3 UeThIPEX TOYEK, PacHoJIo-
JKEHHBIX Ha OTPE3Ke [to,tg], npudeM 1 < Ty < t1 < r3 < r4. DBe3 orpanmvenus
OBIMHOCTY MOXKHO CIUTATD, ITO

sign(gf)) =-—1 npux € (to,t1). (18)
Ha puc. 3 npusejien npumep Takoil (PyHKIMN Gy
PaccMOTpUM BeJIMIMHBL

D1 = E(f; 2% 21,32,t1), Do = E(f; 2% t1, 23, 4).

B cuny mepaBercTBa (1) BBIIOJHAIOTCH COOTHOIICHUS
D1 < Es3u Dy < Es. Ilycth

g1 GA(f;@2;.T}1,‘T}2,t1), gQGA(f;@2;t17x37x4)'

Beenem Besmmunnb
Ri = g1(t1) — g+(t1), Lo = g(t1) — g2(t1).
BoinumnieM 1Ba OYEBUIHBIX HEPABEHCTBA!
g1(21) — gu(x1) = [91(21) = f(z)] + [f(21) — g+ (21)] < D1 — E = —(E — Dy),

91(x2) = gu(22) = |91 (22) = f(z2)] + [f(22) = gu(@2)] = =D1 + E = (E — D).

Oru aBa HepaBeHCTBa BMecTe ¢ (18) Ial0T BO3MOXKHOCTH IIPUMEHHUTD JJisl TOYEK 1,
T2, t1 memMmy 1 u ciresicTBue u3 Hee. HepaseHcTBO (4) JaeT HaM COOTHOIIIEHNE

Ry > g1(x2) — g«(x2) = (E — D1) > E — Es. (19)
Kpowme Toro,

RitLa = (91(t1) =g« (t1)) +(g+(t1) —g2(t1)) = (92(t1) = f(t1))+(f (t1) —g2(t1)) < 2E5.
(20)
Hcrosb3ys 3aMeHy HepeMeHHbIX W TpUMeHsist jeMMy 1 Ha Tpoiike Touek t1, T3,

X4, IO HEPABEHCTBY (4) I0JIydaeM COOTHOLIEHUE

L2>(E—D2)ZE—E3. (21)

C yuerom (19)—(21) upuxomum k coornomenuto 2(E — FE3) < Ry + Lo < 2E3, orkyna
%E < Es5. 3naunr, u B 3TOM ciyuae HepaeHCTBO (17) cnpaseiinso.
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B caygae s > 5 xkecTkoe 3BEHO JIEXKHUT HA OOBLEIMHEHUU S — 2 CMEKHBIX WH-
TepBasioB (t;,1;11), IPAUYEM HA KPANWHUX MHTEPBAJAX PACIOJIOKEHO 10 JIBE TOYKU
13 YKECTKOT'O 3BeHa, a Ha KaKJIOM BHYTPEHHEM II0 OJIHON. PaccMoTpuM ciiejryromnine
BEJIMINHBI:

Dy = E(f; 2% 21,22, t1), Dy = E(f; 2% t1,23,t2), ...,

Ds_3 = E(f, @2;t5—47$s—27t5—3)7 Do = E(f7 92;t8—37$s—17xs)-

ITycTh 3TH BEJIMYHUHBLI JOCTUTAIOTCA Ha (DYHKIUAX G, G2, ..., s—2 COOTBETCTBEHHO.
Be3s orpannyenus o6IIHOCTH MOKHO CYUTATH, YTO BBIIOJIHEHO paBeHcTBo (18). Pac-
CMOTDVM BEeJTHIMHBI, XaPAKTEPU3YIOHe yKIoHenne Gy HKIpii g; OT g, Ha KOHIAX -
tepsanos (ti,tir1): Ry = (—1) ) (g;i—gu)(t;) mpmi € 1,k —3u L; = (—1)0F D (g; —
gx)(ti—1) mpu @ € 2,k — 2. Ha kpaitaux nHTepBasax 1o axagoruu ¢ (19) u (21) no-
JIydaeM HepaBeHCTBa,

Ry > E — Es, (22)
Ly > E — Es. (23)
B roukax t; BBIIOJHSIOTCS COOTHOIIEHUS, aHajoruduble (20):
Ri + Liy < 2Es. (24)
IMoscrapus i = 1 B HepaBeHcTBO (24) 1 ucnonb30BaB (22), MeeM HEPABEHCTBO
Ly <3E3—F

ITpumenss jemmy 1 Ha Tpoiike TOYEK t1, T3, ta, 10 HepaBeHCTBY (4) (IOCKOJIBLKY
B 9TOM CJIy4ae B 0003HAUEHUAX JIeMMBI hy +he = (3E3—E)+(E—FE3) > 0) nosydaem
HEPABEHCTBO

Ry > F — Ejs. (25)

IMoscraBus i = 2 B HepaBeHCTBO (24) 1 UCIOIBb30BaB (25), IPUXOJUM K HEPABEHCTBY
Ls < 3F3 — E. llpono/mkasi aHAJOTHYIHbIE BBIKJIAJIKN, B KOHIIE KOHIIOB TOJIYYHM,
4TO

R, 3> FE — FEs. (26)

CruagpiBas (23) un (26), umeem Rs_3 + Ls_o > 2(E — E3). ConocraBus 910 HEpa-
BEHCTBO ¢ (24), mosy4aem 2E3 > 2(E — E3), 94r0 1 JaeT HCKOMoe HepaBeHCTBO (17).
Ciygait s > 5 MOJTHOCTBIO pa300paH.

Taxkum 06pasom, I1. (a) TeopeMbl yCTAHOBJIEH.

Joxkaxkewm reneps 1. (b) Teopemsr 3. JIocTATOYHO yCTAHOBATH HEPABEHCTBO

1
55 < Us. (27)

PaccMOTpUM IPOM3BOJIBHBIA HAGOD TOUYEK T < To < X3. Besm zo < B3 1o ofo-
1 2 3 2 S T5,

3HAYUM T, = Ta + (T2 — 1), B UPOTHBHOM Cjlydae 0003HAYUM Ty, = To — (T3 — T3).
B 06oux ciryuasx TouKa Tp, JEKUT Ha OTpe3Ke |71, r3]. Kpome Toro, B nepsoM ciyqae
oyt Bemaunoit U (f; 9% w1, 22, 23) Gynem nounmats semauny E(f; 9% 21, 12, 21),
a Bo BropoM — Beqmmunny E(f; 22;xp, 12, 13). IlokakeM, uTo Beeryia BEpHO Hepa-
BEHCTBO

U(f;@z;zl,l'g,l’g) (f @ $1,$2,$3) (28)

1
2
Bamernm, uto ipu E(f; 22 331,1‘2,1‘3) 0 HepaBeHCTBo (28) cupasemiuso. dasee
MBI TIpejtnosiaraeM, uto E(f; 22 w1, 12, 23) >
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Fas) Be3 orpanuvenns: obmHocTH OyIeM CIATATH, ITO
Dy, n BBIIIOJTHEHO HEPABEHCTBO To < Il;“, nHAUe cAesiaeM
3aMeHy TepeMeHHBIX & — —x. Takke 0e3 orpaHude-

Hus obrHocTH OyJeM cauTarThb, 9ro f[r1,Ta,x3] < 0.

X Z
| |

3
. A | ITo memme 8 mmoxkectBo A(f; 22521, 29, 13) cocTouT
n
D D
Dy,
f(z1)

U3 eWHCTBeHHOH (BbYHKIWN (., TPUYEM Ha OTPE3Ke
[x1, 23] cpaBeIMBO TOXKIECTBO

0¥ = sign(flz1, o, 23)).

f(z3)

Puc. 4. IIpumep Takoit dbynaknun mzobpaxken Ha puc 4. 060-
sHaanM wepes D, semmamny FE(f; 9211, 290,73) =
Il.f = 9«llc{ar 22,05} - 11O eMME 8 Oy HaEM

(f —g«)(@1) = =Ds, (f — g+)(x2) = Ds.

[ycts g, € A(f; 2%; 21, 29, 11,), 9epes Dy, oboswaunm E(f; 225 w1, 22, x1,). Ode-
BUJHO, YTO

(gn — [)(@1) < Dp,  (gn — f)(x2) > —Dh.

Nmeror mecto cjreiyromue COOTHOIIECHU !

(95 — gn)(®1) = (9« — [)(x1) = (gn — f)(x1) = Dy — Dy,

(9« = gn)(w2) = (9 = )(@2) = (90 — f)(w2) < =(Dx = D).

W3 mux mo jiemme 1 BuITEKaET HEpaBEHCTBO

(gn — 9:)(x1) > 3(Ds — Dy,).

CBQ,HGM IIOJIy9Y€HHbIEC B TOYKE Tp YCJIOBUA B CUCTEMY HEPABEHCTB!:

(gn — g«)(wn) > 3(Dx — D), (f —g«)(xn) < Ds,  (gn — f)(zn) < Dp.

CJ10:KUB BTOPOE U TpPEThe HepaBeHCTBa, nojyduM (gn — g« )(xn) < Dy + Dy, Torma
u3 nepsoro cieayer, uro 3(D. — Dp) < D, + Dy, orkyna D, < 2Dj. Takum
o6pa3oM, Jisi IPOU3BOJBHOIO HAGOPa TOYEK IOJYUIHIN HepaBeHCTBO (28). 3HaUwmT,
BEPHBI CJIEIYIOMNEe COOTHOICHMS:

Ey= sup E(f;2%21,22,23) <2 sup U(f; 221,32, 73)

r1<x2<T3 r1<w2<T3

<2sup E(f; 2% xz,x + h,x + 2h) = 2Us.
z,h

CupasenBocTh HepaBeHCTBa (27) J0KazaHA. DTO W 3aBepHIAeT JOKA3aTEIbCTBO
TEOPEMBI 3.

Mo2KHO T0Ka3aTh, 9TO 00€ KOHCTAHTHI %, YUYaCTBYIOIIUE B HEPABEHCTBAX TEO-
peMbl 3, HeJIb3sl YBEJIWYIUTH CPa3y i BceX HenpepblBHbIX ¢dyuknumit f. Ho sror
Pe3yIbTaT TEXHUIECKN TPY/IEH U BBIXOJNT 33 PAMKH JIAHHON CTATHU.

Asrop 6arogapur B. 1. Beppimiesa 3a nmocranosky 3agaqdun u C. H. Bacuibesa
3a HOMOIIb B paboTe HaJl CTaThell.
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