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Àííîòàöèÿ

Â âû÷èñëèòåëüíîé ìàòåìàòèêå ñóùåñòâåííóþ ðîëü èãðàåò èíòåðïîëÿ-
öèÿ ôóíêöèé, ò.å. ïîñòðîåíèå ïî çàäàííîé ôóíêöèè äðóãîé (êàê ïðàâè-
ëî, áîëåå ïðîñòîé), çíà÷åíèÿ êîòîðîé ñîâïàäàþò ñî çíà÷åíèÿìè çàäàííîé
ôóíêöèè â íåêîòîðîì ÷èñëå òî÷åê. Ïðè÷åì èíòåðïîëÿöèÿ èìååò êàê ïðàê-
òè÷åñêîå, òàê è òåîðåòè÷åñêîå çíà÷åíèå. Íà ïðàêòèêå ÷àñòî âîçíèêàåò çà-
äà÷à î âîññòàíîâëåíèè íåïðåðûâíîé ôóíêöèè ïî åå òàáëè÷íûì çíà÷åíèÿì,
íàïðèìåð ïîëó÷åííûì â õîäå íåêîòîðîãî ýêñïåðèìåíòà.

Â ðàáîòå ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà ïî èíòåðïî-
ëÿöèè è àïïðîêñèìàöèè ïåðèîäè÷åñêèõ ôóíêöèé íà åäèíè÷íîì êâàäðàòå.

Êëþ÷åâûå ñëîâà: Èíòåðïîëÿöèîííûå ôîðìóëû, àïïðîêñèìàöèÿ ôóíê-
öèé, ïàðàëëåëåïèïåäàëüíûå ñåòêè.

Áèáëèîãðàôèÿ: 3 íàçâàíèÿ.

NUMBER-THEORETIC ALGORITHMS OF
INTERPOLATION

© 2012. A. V. Oderov (c. Tula)

Abstract

In calculus mathematics an essential role interpolation of functions, i.e.
construction on the given function plays another (as a rule, more simple) which
values coincide with values of the given function in some number of points.
Interpolation has both practical, and theoretical value. In practice often there
is a task about restitution of a continuous function on its tabular values for
example received during some experiment.

1Ðàáîòà âûïîëíåíà ïî ãðàíòó ÐÔÔÈ 11-01-00571
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1 Èíòåðïîëÿöèÿ è àïïðîêñèìàöèÿ ôóíêöèé ìíî-
ãèõ ïåðåìåííûõ

×àñòî äëÿ çàäàíèÿ ôóíêöèè f(x1, . . . , xs), ïðèíàäëåæàùåé òîìó èëè èíîìó
êëàññó As, ïðèõîäèòñÿ èñïîëüçîâàòü òàáëèöó çíà÷åíèé ýòîé ôóíêöèè â óçëàõ
íåêîòîðîé ñåòêè

Mk = (ξ1(k,N), . . . , ξs(k,N)), (k = 1, 2, . . . , N)

.
Ðàññìîòðè òàáëèöû çíà÷åíèé ôóíêöèè f(x1, . . . , xs), ïîëó÷àþùèåñÿ ñ ïîìî-

ùüþ äâóõ ðàçëè÷íûõ ñåòîê ñ îäèíàêîâûì ÷èñëîì óçëîâ. Î÷åâèäíî, ëó÷øåé
áóäåò òà èç ýòèõ òàáëèö, êîòîðàÿ ïîçâîëèò âîññòàíîâèòü ôóíêöèþ â òî÷êàõ, íå
ïðèíàäëåæàùèõ ñåòêàì ñ áîëüøåé òî÷íîñòüþ ðàâíîìåðíî äëÿ âñåõ f(x⃗) ∈ As.
Êàê áûëî ïîêàçàíî â [3], ïðè òàáëè÷íîì çàäàíèè ôóíêöèé, ïðèíàäëåæàùèõ ê
êëàññàì Eα

s è Hα
s , òåîðåòèêî-÷èñëîâûå ñåòêè çíà÷èòåëüíî âûãîäíåå ðàâíîìåð-

íûõ.
Îïðåäåëèì ôóíêöèþ P (x1, . . . , xs) ðàâåíñòâîì

P (x1, . . . , xs) =
N∑
k=1

f(ξ1(k,N), . . . , ξs(k,N))ψk,N(x1, . . . , xs), (1)

ãäå ψk,N(x1, . . . , xs) � íåêîòîðûå èçâåñòíûå ôóíêöèè. Ïóñòü ôóíêöèÿ R∗(x⃗)
îïðåäåëåíà ðàâåíñòâîì

f(x1, . . . , xs) = P (x1, . . . , xs) +R∗(x1, . . . , xs). (2)

Ïðè ïîñòðîåíèè èíòåðïîëÿöèîííûõ è àïïðîêñèìàöèîííûõ ôîðìóë åñòå-
ñòâåííî âûáèðàòü ñåòêèMk è ôóíêöèè ψk,N(x1, . . . , xs) òàê, ÷òîáû ïðè âîçðàñòà-
íèè N ñêîðîñòü óáûâàíèÿ ïîãðåøíîñòè R∗(x1, . . . , xs) áûëà âîçìîæíî áîëüøåé.

Ïóñòü f ∈ Eα
s , a1, . . . , as � îïòèìàëüíûå êîýôôèöèåíòû ïî ìîäóëþ p, β �

èõ èíäåêñ, N = p è N1 = [
√
N

ln
β
2 N

]. Îïðåäåëèì ôóíêöèþ P (x1, . . . , xs) ñ ïîìîùüþ
ðàâåíñòâ

C̃(m1, . . . ,ms) =
1

N

N∑
k=1

f

({
a1k

p

}
, . . . ,

{
ask

p

})
e−2πi

(a1m1+···+asms)k
p

P (x1, . . . , xs) =
∑

m1...ms6N1

C̃(m1, . . . ,ms)e
2πi(m1x1+···+msxs).

(3)

Îáîçíà÷àÿ f − P ÷åðåç R∗, ïîëó÷èì ñîîòíîøåíèå

f(x1, . . . , xs) = P (x1, . . . , xs) +R∗(x1, . . . , xs),

êîòîðîå, êàê âèäíî èç òåîðåìû 1, ïðåäñòàâëÿåò ñîáîé àïïðîêñèìàöèîííóþ ôîð-
ìóëó.
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Òåîðåìà 1. (Ðÿáåíüêèé Â.Ñ.) Åñëè ôóíêöèÿ f(x1, . . . , xs) ïðèíàäëåæèò
êëàññó Eα

s (C) è òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí P (x1, . . . , xs) îïðåäåëåí ðàâåí-
ñòâàìè [3], òî ñïðàâåäëèâà îöåíêà

1∫
0

. . .

1∫
0

|f(x1, . . . , xs)− P (x1, . . . , xs)|2dx1 . . . dxs = O
(
N−α+ 1

2 lnγ N
)
,

ãäå γ 6 αβ + s.

Äîêàçàòåëüñòâî. Ñì. [3] ñòð. 165.
Òàêèì æå ïóòåì, êàê è â òåîðåìå 1, ìîæíî ïîëó÷èòü îöåíêó ìîäóëÿ ïîãðåø-

íîñòè àïïðîêñèìàöèîííîé ôîðìóëû.

Òåîðåìà 2. Åñëè ôóíêöèÿ f1(x1, . . . , xs) ïðèíàäëåæèò êëàññó Eα
s (C) è

òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí P (x1, . . . , xs) îïðåäåëåí ðàâåíñòâàìè [3], òî
ñïðàâåäëèâà îöåíêà

f(x1, . . . , xs)− P (x1, . . . , xs) = O
(
N−α−1

2 lnγ1 N
)
, (4)

ãäå γ1 6 αβ
2
+ s.

Äîêàçàòåëüñòâî. Ñì. [3] ñòð. 167.
Òàêèì îáðàçîì, â ñëó÷àå àïïðîêñèìàöèîííûõ ôîðìóë ñ ïàðàëëåëåïèïåäàëü-

íûìè ñåòêàìè, ïîñòðîåííûõ áåç èñïîëüçîâàíèÿ ïðîèçâîäíûõ àïïðîêñèìèðóåìîé
ôóíêöèè, äëÿ ôóíêöèè f ∈ Eα

s ïðè s ≥ 2 íåëüçÿ ïîëó÷èòü îöåíêó ïîãðåøíîñòè
ëó÷øóþ, ÷åì O(N−α

2 ).

Èíòåðïîëÿöèîííûå ôîðìóëû äëÿ ôóíêöèé, ïðèíàäëåæàùèõ ê êëàññó Eα
s ,

ïðåäñòàâëÿþò èç ñåáÿ êîíå÷íûå ðÿäû Ôóðüå.
Ïóñòü p > 1 � öåëîå è ôóíêöèÿ f(x1, . . . , xs) îïðåäåëåíà â òî÷êàõ(

z1
p
, . . . ,

zs
p

)
(zν = 0, 1, . . . , p− 1; 1 6 ν 6 s). (5)

Îïðåäåëèì öåëûå p1 è p2 ðàâåíñòâàìè: 2

p1 =

[
p− 1

2

]
, p2 =

[p
2

]
.

Òîãäà öåëûå ÷èñëà èíòåðâàëà −p1 6 k 6 p2 îáðàçóþò ïîëíóþ ñèñòåìó âû÷åòîâ
ïî ìîäóëþ p.

2Çäåñü [x] � öåëàÿ ÷àñòü ÷èñëà x.
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Òåîðåìà 3. Â êàæäîé èç òî÷åê (5) âûïîëíÿåòñÿ ðàâåíñòâî

f

(
z1
p
, . . . ,

zs
p

)
=

p2∑
m1,...,ms=−p1

Cp(m1, . . . ,ms)e
2πi

m1z1+...+mszs
p , (6)

ãäå

Cp(m1, . . . ,ms) =
1

ps

p−1∑
k1,...,ks=0

f

(
k1
p
, . . . ,

ks
p

)
e−2πi

m1k1+...+msks
p . (7)

Äîêàçàòåëüñòâî. Ñì. [3] ñòð. 26.
Â ðàáîòàõ [1] è [2] ðàññìàòðèâàþòñÿ êîíå÷íûå ðÿäû äëÿ ïðîèçâîëüíûõ îáîá-

ùåííûõ ïàðàëëåëåïèïåäàëüíûõ ñåòîê ñ öåëî÷èñëåííûìè ðåøåòêàìè. Êîíå÷íûé
ðÿä Ôóðüå èç òåîðåìû 3 ÿâëÿåòñÿ ÷àñòíûì, íàèáîëåå ïðîñòûì ñëó÷àåì îáùåé
êîíñòðóêöèè.

2 ×èñëåííûé ýêñïåðèìåíò

Äëÿ ñðàâíåíèÿ âûøåîïèñàííûõ ìåòîäîâ àïïðîêñèìàöèè èíòåðïîëÿöèè ñëå-
äóåò ïðîâåñòè ÷èñëåííûé ýêñïåðèìåíò. Äëÿ ýòîãî áóäåò èñïîëüçîâàí ìàòåìàòè-
÷åñêèé ïàêåò Mathcad.

Äëÿ ïðîñòîòû ýêñïåðèìåíòà ðàññìîòðèì äâóìåðíûé ñëó÷àé.
Ïóñòü èñõîäíàÿ ôóíêöèÿ çàäàíà ôîðìóëîé:

f(x, y) = 9((1− 2x)(1− 2y))2.

Å¼ ãðàôèê ïðåäñòàâëåí íà ðèñóíêå 1.

Ðèñ. 1: Ãðàôèê îðèãèíàëüíîé ôóíêöèè

Äëÿ ïåðâîãî ñëó÷àÿ èíòåðïîëÿöèîííàÿ ôîðìóëà áóäåò âûãëÿäåòü ñëåäóþ-
ùèì îáðàçîì:

fint1(x, y)=

P−1
2∑

m1,m2=−P−1
2

(am1,m2 cos(2π(m1x+m2y))− bm1,m2 sin(2π(m1x+m2y))) .
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Ôîðìóëû äëÿ ðàñ÷åòîâ êîýôôèöèåíòîâ am1,m2 è bm1,m2 :

am1,m2 =
1

P 2

P−1∑
k,n=0

f

(
k

P
,
n

P

)
cos

(
−2π

(
k ·m1 + n ·m2

P

))
,

bm1,m2 =
1

P 2

P−1∑
k,n=0

f

(
k

P
,
n

P

)
sin

(
−2π

(
k ·m1 + n ·m2

P

))
.

Ïóñòü, P = 59. Ãðàôèê ôóíêöèè, ïîñòðîåííûé ñ ïîìîùüþ èíòåðïîëÿöèîí-
íîé ôîðìóëû, ïðåäñòàâëåí íà ðèñóíêå 2

Ðèñ. 2: Ãðàôèê, ïîñòðîåííûé ñ ïîìîùüþ èíòåðïîëÿöèîííîé ôîðìóëû

Äëÿ ðàñ÷åòà îøèáêè èíòåðïîëÿöèè ïðèìåíèì ñëåäóþùóþ ôîðìóëó:

r(x, y) = |f(x, y)− fint(x, y)| (8)

Ðèñ. 3: Ãðàôèê îøèáêè èíòåðïîëÿöèè

Êàê ìîæíî óâèäåòü èç ðèñóíêà 3 îøèáêà èíòåðïîëÿöèè äîñòèãàåò ìàêñè-
ìàëüíîãî çíà÷åíèÿ íà ãðàíèöàõ êâàäðàòà.
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Òåïåðü ðàññìîòðèì âòîðîé ñïîñîá àïïðîêñèìàöèè.
Àïïðîêñèìàöèîííàÿ ôîðìóëà äëÿ ýòîãî ñëó÷àÿ áóäåò âûãëÿäåòü ñëåäóþùèì

îáðàçîì:

fint2(x, y) =
∑

m1·m2<
√

P
lnP

(am1,m2 cos(2π(m1x+m2y))− bm1,m2 sin (2π(m1x+m2y))) .

Òîãäà, ôîðìóëû ðàñ÷åòà êîýôôèöèåíòîâ a è b ïðèìóò ñëåäóþùèé âèä:

am1,m2 =
1

P

P∑
k=1

f

({
a1 · k
P

}
,

{
a2 · k
P

})
cos

(
−2π

(
(k ·m1 + n ·m2) · k

P

))
,

bm1,m2 =
1

P

P∑
k=1

f

({
a1 · k
P

}
,

{
a2 · k
P

})
sin

(
−2π

(
(k ·m1 + n ·m2) · k

P

))
,

ãäå a1 è a2 ÿâëÿþòñÿ îïòèìàëüíûìè êîýôôèöèåíòàìè.
Ïóñòü, â ýòîì ñëó÷àå, P = 701, a1 = 1 è a2 = 21.
Òîãäà ãðàôèê èíòåðïîëÿöèîííîé ôîðìóëû áóäåò âûãëÿäåòü òàê:

Ðèñ. 4: Ãðàôèê, ïîñòðîåííûé ñ ïîìîùüþ èíòåðïîëÿöèîííîé ôîðìóëû

Ãðàôèê îøèáêè èíòåðïîëÿöèè, ïîñòðîåííûé ñ ïîìîùüþ ôóíêöèè 8, ïðåä-
ñòàâëåí íà ðèñóíêå 5.

Êàê âèäíî èç ðèñóíêîâ 3 è 5 ïåðâûé ïîäõîä ê ïîñòðîåíèþ èíòåðïîëÿöèîííûõ
ôîðìóë äàåò áîëåå òî÷íûå ðåçóëüòàòû. Òîæå ñàìîå ìîæíî óâèäåòü è â òàáëèöå
1.

Ôàéëû ïðîåêòîâ äàííîãî ýêñïåðèìåíòà äîñòóïíû ïî àäðåñó
http://poivs.tsput.ru:8181/xwiki/bin/view/Ñòàòüè/ÏÎÈÂÑ+<ÒÌÊ>%3A+

Òåîðåòèêî-÷èñëîâûå+àëãîðèòìû+èíòåðïîëÿöèè
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Ðèñ. 5: Ãðàôèê îøèáêè èíòåðïîëÿöèè

x y f(x, y) fint1(x, y) r1(x, y) fint2(x, y) r2(x, y)
0 0 9 9 7.816 ∗ 10−14 9.048 0.048
0 1 9 9 7.816 ∗ 10−14 9.048 0.048
1 0 9 9 7.816 ∗ 10−14 9.048 0.048
1 1 9 9 7.816 ∗ 10−14 9.048 0.048
0.5 0.5 0 2.967 ∗ 10−6 2.967 ∗ 10−6 9.83 ∗ 10−4 9.83 ∗ 10−4

Òàáëèöà 1: Ýêñïåðèìåíòàëüíûå ðàñ÷åòû
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