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Ob MHTYUTHUBHOW TEOPUM MHOXECTB U EE ®OPMAJIM3ALIMUA

Cratbs TIOCBJIIEHA BBISICHCHUIO IIPUYUH ITOSIBJICHUS U3BECTHBIX ITapalOKCOB B
HHTyPITHBHOfI TEOPUU MHOXKECTB. I[OKB.?,BIBae’TCﬂ, 4To Impouecc 06paSOBaHI/IH MHO-
JKCCTB SABJISICTCS HE3aBEPIIACMbIM, a ITPUYNHA ITOSBJICHUA U3BECTHBIX ITapaJloOKCOB
3aKJII0YaeTCsA B IIPEACTABIICHUM IIpoLecca 06pa3OBaHI/Iﬂ MHOXECTB KaK 3aBepliac-
MOro Imponecca (I/IHa‘-Ie roBops, HpH‘{HHOﬁ TIOSIBJICHHUS ITapaJOKCOB ABJIACTCA
OTOXJICCTBJICHUC MOHATUH MHOXECTBa | KJ'IaCCEl). CraBurcs 101 COMHCHHUEC
BO3MOXXHOCTb l'IOJ'[HOI.IeHHOﬁ (bOpMaJ'lI/I?,aLII/II/I HHTyPITHBHOfI TEOPHUHU MHOXKCECTB.

B WHTYWTHBHON TEOpPUHM MHOXECTB M3 KAKUX-TO OOBEKTOB 00pa3yroTCs
MHOXECTBa (COBOKYITHOCTH 00BEKTOB), KOTOPBIC IPUHIUMAIOTCS 32 O0BEKTHI. 3aTeM
M3 UMEIOIIUXCS O00BbEKTOB 00pa3yrOTCsl MHOXECTBA, KOTOPBIC, B CBOIO OYepe/b,
MPUHUMAIOTCS 32 OOBEKTHI U T.J. [l BBISICHEHUS MPUYKH MOSBJICHUS U3BECTHBIX
MapagoKCcOB B MHTYUTUBHOW TEOPHH MHOKECTB JIOKKEM, UTO MPOIEcC 00pa3oBaHUsI
MHOXECTB SIBJISIETCSl He3aBepIIaeMbIM, T.e. MOocie 0o0pa3oBaHUS KaKOW YTOIHO
COBOKYITHOCTH MHO)XECTB MOXKHO 00pa3oBaTh HOBOE MHOXXECTBO (HMXKE MBI
MPHUBEAEM JOMOIHUTEIBHOE MOSICHEHUE OTHOCHTEIILHO MOHATHS He3aBepIIaeMoro
rpoiiecca).

[lyctoe MHOXecTBO 0003HAYMM CHMBOJIIOM (J, a  MHOXECTBO BceX
TIOJIMHOKECTB MHOXecTBa X — uepes 2* . OObeIMHEHHE U IEPEcedeHHe COBO-
KYITHOCTH MHOXeCTB Y 0003Haunm yepe3 UY u (Y cooTBercTBEHHO (CYMTAETCS

U=, a D ue onpenensercs).

Teopema 1. ITyctb X — muoxkectBo. Torma 2% ¢2% .

Jloxazamenvcmeo. Ilpenmnonoxum 2% 2% Torma 2% c X . O6o3naunm
uepe3 S MHOXKECTBO TeX AJIEMEHTOB M3 27| Kamplii M3 KOTOPBIX HE SIBIACTCS

cBouM sneMenToM. Tak kak S 2 c X, 10 S€2¥.B CHJTY 3TOT0, COOTHOIIEHUS
SeS u S¢S MOryr BHIIOIHATHCS JHUIIb ONHOBpeMeHHO. Ho 3To nmpoTuBopeune.
Mostomy 2% ¢ 2%,

Teopema nokazana.

AHaNOruYHO JI0Ka3bIBaercst bonee odmias

Teopema 2. Ilyctb Y — Takas COBOKYIHOCTh MHOXECTB, 4T0o 2” C Y s
kaxaoro yeY. Torma Y gV .



U3 Teopemsr 1 BeITEKaeT

Cneocmeue 1. Ilycte Y — HekoTOpasg COBOKYMHOCTh MHOXECTB, a
X =UY.Torma Y c2” u,snaunt, 2° ¢V .

Crnencreue 1 mokas3piBaer, 4To MpOIEcC 00pa30BaHUS MHOMKECTB SIBIISICTCS
He3aBepIIaeMbIM, a BBIPAKEHHE «BCE MHOXECTBA» — OeccMbIcieHHbIM. OHO
OIPOBEPraeT YKOPEHHBIIIEECS MPEACTABICHHE O TOM, YTO IpOIecc 00pa3oBaHUS
MHOXECTB SIBJISICTCSL  3aBeplIiaeMbiM (T. €. BCE MHOXKECTBA MOTYyT OBITh
0o0pa3oBaHbI), a TMOSBJICHHE B HWHTYUTHBHOM TEOPHUM MHOXECTB HW3BECTHBIX
MapajioKCOB CBS3aHO C CAMHUM HHTYUTHBHBIM TIOHSATHEM MHOXECTBa (110 3TOMY
nmoBony cM. [1], c. 39-63; [2], ctp. 224; [3], ctp. 17-55; [4], ctp. 357; [5], cTp.
332-341; [6], ctp. 348-350). Ha camom pene, IpWYMHA TOSBICHUS 3THUX
MapaloKCOB 3aKTI0YaeTCsl B HEMPAaBUIIFHOM MPECTaBIEHHH O XapaKTepe mpoiecca
00pa3zoBaHusT MHOXKECTB. [Ipy BOCTIPUSTHH 3TOrO IMpolecca Kak He3aBepIIaeMoro
(c ydgeroM Takke JOKa3aHHON HMKE TEOPEMBI 5) UHTYUTHBHAA TEOPHS MHO)KECTB
cTaHOBHTCS cBOOOIHOI OT mapanokco Paccena, Kantopa u Bypanu—®optu (Tem
CaMbIM 3TH TapaJIOKChl MEPECTarOT OBITh MPEMATCTBUEM JUISl TOCTPOCHUST TEOPUH
MHOXXECTB Ha HHTYUTHUBHOH ocHOBE (cM. [7], cTp. 14)).

OOBEKT, KOTOPBII MCIONIB3YETCs TIPH 00pa30BaHUU MHOXKECTB U WHTYHTHBHO
HE BOCIIPHHHUMAETCS KaK MHOXECTBO, YIOOHO (HOpMaIbHO CUMTATH MHOMKECTBOM
TaKAM, YTO OHO Camo SIBJISETCS SIUHCTBEHHBIM CBOMM 3JIeMeHTOM. Ero Oynem
Ha3bIBaTh aTOMOM (IIyCTOE MHOXKECTBO TaKXKe sIBIIsIETCS (OPMAIbHO BBEICHHBIM
noHsTueM). Mrak, aToM ecTh Takoe MHOXKECTBO a , UTO a€a U b¢a nipu b#a.
OTO MOHATHE aTOMa OTJIIMYAETCA OT UCIOIb3YEMOI0 B TEOPUHM MHOYKECTB TIOHATHUS C
TakuM ke HazBaHueM (cM. [8], ctp. 122). C BBemeHHEM MOHATHS aToMa KaXKIbIi
JJIEeMEHT MHOXKECTBAa CTAHOBHUTCA MHOXECTBOM, a KaXJI0€ MHOXECTBO Y
CTAHOBHUTCS COBOKYITHOCTHIO MHOXECTB M K HEMY MpUMEHHMBI 0603HaueHus UY u

Y. IlogMHOXECTBAMH aTOMa a ABISIOTCA TOIBKO a U &, MIpUYEM
Ua=Na=a. Teopema 2 u ciaenctBue 1 BepHBI TakkKe IUISI COBOKYITHOCTH Y ,

CpEH JIEMEHTOB KOTOPOI UMEIOTCSI ATOMBI.
J1si MHOXECTBA, COCTOSIIIErO TOJIBKO U3 3JIEMEHTA X , HCIIOJIB3YEeTCsl 3aIiCh
{x}, a MHOXXECTBO, COCTOSIII[EE TOJIBKO U3 JIIEMEHTOB X W ), IPUHSATO 3aNMCHIBATH

B BHJE {X,y} W Ha3plBaTh HeymopsaoueHHOH mnapoi. I[Ipm sTOM cumTaercs
{x,x} ={x}. OueBUAHO, MHOXECTBO ¢ SBJSICTCSI aTOMOM TOrJa W TOJBKO
Torjaa, Koraa {a}=a. YTOpsAIOYeHHOH mNapou (x, y> Ha3bIBACTCSI MHOXKECTBO
(x,y)z{{x},{x,y}}. ScHo, uTO (x,x}z{{x}}, a Juid atoMa a UMEIOT MECTO
paBeHCTBa (a,y>={a,{a,y}} 4§ (a,a>=a. Eciu z=<x,y>, o x=UNz=NNz un

y=(NUz)U((UUz)\UNz). D10 ompenencune ynopsnoueHHoii mapsi Gbito

npennoxkeno Kyparosckum (cm. [7], ctp. 67). B [5] Taxke moja ymopsiiodeHHON
Mmapod MOHMMAETCs MHOXKECTBO, HO HE YTOUYHSACTCS Kakoe MMEHHO M Tpedyercs

JINIIG, YTOOBI U3 (x,y> = (u,w> CIEMOBANI0 X=U U Yy =W.
Eciu MHOXECTBO X HE SIBJISICTCSA aTOMOM, TO OyJeM CUHMTaTh X & y IS
KOKJIOTO0 Y E€X M, 3HAYUT, X & X. OTO COTJAIICHUE BIIOJIHE COOTBETCTBYET



UHTYUTHUBHOMY IOHATHUIO MHOXXECTBA. B CHUITYy IPUHATOrO COrjIall€HUSA OTHOUICHHUEC
«e Ui =» peq)HeKCI/IBHO 1 aHTUCUMMCTPHUYHO. OTMCTI/IM, 4YTO IJIA MOCTPOCHUA
TCOPUH MHOXKECTB HAJMYME AaTOMOB HEOOsA3aTEeNbHO (B KAayecTBE HCXOIHOIO
00BbEKTa MOXKHO B3STh TOJIBKO & ).

HOCKOHBK}’ MBI HE HCKIIOYacM HaJIN4YUE aTOMOB, CUUTAEM HYXHBIM IIpU-
BECTH OMpE/CeHIe Op/rHaIa (IOPSAKOBOrO YKClia) U KapAuHaIa (KapIuHaJIbHOTO
4Kciia) crocodomM, mpemiokeHHbM Qo Hedimanom (cm. [7], ctp. 271; [9], cTp.
109-129; [10], ctp. 343-360).

MHOXECTBO X Ha3bIBaeTcCs TPAaH3UTHUBHBIM, €CJIIM Yy C X JId KaXXIoro
yex.

O‘ICBI/IZIHO, aTOM SABJIACTCA TPAH3UTUBHBIM MHOXXCECTBOM.

Onpedenenue I. MHOXECTBO Ha3bIBa€TCd OpPJAMHAJIOM, €CIH OHO
TPAH3UTHUBHO, HC COACPKUT aTOMOB U BIIOJIHE YIIOPAAOYCHO OTHOIICHUEM « € HJIU
=».

OpauHanaMu SBJISIOTCS, HapUMep, MHOXKecTBa I, {0}, {D,{J}}, a Takxke

UX COBOKYIHOCTb U T. 1. Eciu x — opaunan, to xU{x} — toxe opaunan. Ecin x
— OpAMHAI U Y €X, TO y — TOXKE OpAMHANT U y C x. Eciu X U y — OpauHANIbI, TO
BBITIOJHSCTCS] OTHO U TOJIBKO OJJHO M3 COOTHOIICHHH x =), x€ )y, y€x. Ecm x
U y —OopAuHaJlbl U )y C X, TO BBIIOJHACTCA OAHO U TOJIBKO OJHO U3 COOTHOIIEHUI

X=y, YEX.
J1s1 BIOJNHE YNOPSAIOYEHHBIX MHOXKECTB X H Y roBOpaT, 4ro X

HU30MOphHO Y , eciu CyliecTByeT cOXpaHsIollee MOPSII0K B3aNMHO OJHO3HAYHOE

oroOpakeHne MHOKecTBa X Ha Y (cuuTaercs, 4ro & uzomMopdHo cebe).

[okazaTenbcTBa ClEAYIOIIENM TEOpeMbl UM YKa3aHHBIX BBIIIE CBOMCTB
Op/AMHAJIOB MOXKHO HaifTH B [9], cTp. 102—-123.

Teopema 3. Kaxmoe BIOJIHE YHOPAAOYCHHOE MHOXKECTBO H30MOPGHO
HEKOTOPOMY, IPUTOM €JUHCTBEHHOMY, OpINHATY.

I'oBopAaT, uTo MHOXKECTBO X pPaBHOMOIIHO MHOXKECTBY Y , €ciu CyulecT-
BYET B3aWMHO OJJHO3HAYHOE OTOOpakeHWe MHOXKecTBa X Ha Y (cuuraercs, 4ro
(Z paBHOMOIIHO ce0e). ByaemM roBopuTh, 4TO HEMYCTOE MHOXKECTBO X MOIIHEE
MHOXECTBa Y , €l HEBO3MOXHO B3aUMHO OJHO3HAa4YHO 0TOOpasuth X B YV (He
uckiouaercs Y =J).

Onpeodenenue 2. KapaumHan ecTh OpAMHAN, KOTOPHIA MOIIHEE KaxKIO0Tro
CBOCTO 2JIeMeHTa ((J cuMTaeTcs KapIuHaIoM).

B [5] xapounan ompemensieTcsl Kak IPUBWICTHPOBAHHBIA TMPEICTABUTEND
Cpely paBHOMOIIHBIX MHOXECTB 0e3 YTOYHEHHs, KaKoe M3 HHUX CUUTATh NMPUBH-
JIETUPOBAaHHBIM (Takoe TMOHSATHE KapAWHala U paccMOTpeHHoe B [5] moHATHE
VIIOPSIIOYEHHON Mapbl MOTYT OBITh COJIEPXKATEIbHBIMH JIUIIb MPH HAJHYHH BCEX
MHOYECTB).

U3 teopems! 3 u Teopemsl Llepmeno o MoIHOM yHOPSIAOYEHUN BBHITEKAET

Teopema 4. Kaxnoe MHOXecTBO X pPaBHOMOIIHO HEKOTOPOMY, IPUTOM
€IMHCTBEHHOMY, KapAWHAaJy, KOTOPBIA Ha3bIBa€TCS MOIIHOCThIO MHO)XKeCTBa X U
oboznauaercs uepes Card(X) .

[Iporecc o0pa3oBaHMsS KapaWHAJIOB, a 3HAYMT, W OPAMHAJIOB SBJISCTCS
He3aBepIIaeMbIM. DTO JIOKa3bIBACTCS C MOMOIIBIO PACCYXICHUHN, MPUBOISAIINX K



napanokcam Kanrtopa u Bypamu—®optu (Teopema 1 Taroke Oblia ToKa3zaHa P I10-
MOIIIM pacCyKIEHUMN, NPHUBOIAMMX K TMapaaokcy Paccena). A uMeHHO,
CTpaBeIHBa

Teopema 5. Ilycts Y — HekoTOpasi COBOKYIMHOCTh MHOKecTB, a X =Y .

Torna Card(y)e Card(2”*) nns xaxnoro y €Y n, 3sHaunt, Card(2¥)eY .
Jloxkaszamenvcmeo. Tlo Teopeme Kantopa, 2% mommuee X . Ecmu yeY, 1o

y < X u,3naunt, 2% Mommee y. OTCIONA U BBITEKAIOT YTBEPIKICHHS TEOPEMBI.

Jlerko oxasbIBaeTCs TaKkkKe

Teopema 6.Ilyctb Y — HekoTOpasi COBOKYIHOCTb opauHaioB, a X =Y .
Torma X u XU{X} smusiorcs opmunanamu, npudem Y < X U {X}, u, 3Hauwnr,
XU{X}eY.

BHecem Temeph HEKOTOpOe YTOYHEHHE B IIOHSATHE HE3aBEPIIAEMOrO
nponecca. IIpouecc, onuceiBaeMblid IPU MOMOIIM  IIaroB, Ha3bIBAETCS
OECKOHEUHBIM, €CIIM TOCTIE COBEPIIEHHS KaKOro YrOJHO KOHEYHOrO KOJIMYEecTBa
[IaroB MOKHO cjenath enie ofguH mar. C TOYKM 3peHHsl KaKHX-TO KOJIHYECTB
MPOIIECC CUMTAETCSl He3aBepIIaeMbIM, €CIH IOCJEe COBEPUICHHS] KaKOro YroJHO
HAXOJSIIIErocsl B PACCMOTPEHHU KOJIMYECTBA [Iar0B MOXKHO CJIENaTh €Ille OJIMH IIar,
WHa4ye TPOIeCC CUUTACTCS 3aBepliacMbIM. SICHO, 4TO TIOHSATHE HE3aBEpIIaeMOro
mporecca HOCUT OTHOCHUTENBHBIN XapakTep W 3aBUCHT OT KOJIWYECTB, C TOYKH
3peHusl KOTOPBIX paccMaTpuBaercsi mpoiecc. Hampumep, mporiecc moCTpOeHHs
HATYpaJbHBIX YHCENT C TOYKH 3PEHUS KOHEYHBIX KOJUYECTB (T.€. KOJIHYECTB,
ONpe/esieMbIX HATypallbHBIMH 4YWCIaMH) SIBIISIETCS. HE3aBEpIIACMBIM M €My
HEBO3MOXXHO TIPUIIMCATh OKOHYATENBHBIA PE3YNbTaT, SBISIONIMNCS HATYpaJbHBIM
4yrcIoM (He MMEET CMBICIa TOBOPUTh O HATYpPallbHOM YHCIIE BCEX HATypallbHBIX
gucen). OmHAKO 3TOT MpoIecC ompenenser OecKoHeuHOe (MMEHHO CYETHOE)
KOJIMYECTBO, C TOYKU 3PEHUSI KOTOPOTO MPOIIECC CTAHOBUTCS 3aBEPIIAEMbIM H €ro
OKOHYATEIBHBIM PE3YJIbTATOM SIBIISIETCSI MHOXECTBO BCEX HATYpPaIbHBIX YHCE.
Bo3MokHOCTE  3aBepiieHUs] OECKOHEYHOro rmporecca (T.e. CYIIECTBOBAHHE
OECKOHEYHOT0 MHOXKECTBA) MBI JIOJDKHBI MPHHATH, YTOOBI M30eXKaTh MapajoKCoB,
KOTOphIC MOTYT BO3HHUKHYTh B MaTEMaTHYECKOM IPOCTPAaHCTBEHHO-BPEMEHHOM
MpeACTaBICHUN  JBWKeHHsS. K  3ToMy  Bompocy  OTHOCHTCS — MpUMEp
npeBHerpedeckoro Quiocoda 3eHOHA O IMpeciefoBaHMHM AXWUIOM depenaxu. B
HayaJlbHbIi MOMEHT AXMII HaXOOWTCS B TOUKE A;, a yepemaxa — B TOUKe A .

Korma AXwul noXoouT 10 TOYKH 4, , dyepenaxa OyneT HaXOOUThCS B Touke A,

npsmoit  A,4, u T1.A. JlorHaB uepemaxy, AXHW/UI COBepIIaeT OECKOHEYHOe

KOJMYECTBO Takux Iaros. B sTtom mpuMeEpe Mbl UMEEM JICJIO C 3aBCPIIACMbBIM
OECKOHEYHBIM IPOIIECCOM, TaK KaK B pe3ysibTaTe 0ECKOHEYHOTr 0 KOJINYECTBA IIaroB
AXWIT ¥ 4epernaxa OyIyT HaXOIUThCS B OJHOM TOYKE, a TOTJa HEBO3MOXKHO CJICIIaTh
elle OJWH IIar yKa3aHHOro Tuma. MHOXKECTBO BBIPaYKaeT TaKXKE CMBICI KOJIHMUYECTBA
(xoHeuHoOTO MK OeckoHedHoro). CrencTBue | MoKa3bpIBaeT, YTO C TOUKH 3PCHUS
KOJIMYECTB, ONpENEeNsIeMblX MHOKECTBAMH, TpollecC 0Opa3oBaHUS MHOMKECTB
SABJLICTCA HE3aBEPIIACMBIM W €MY HCBO3MOXHO IIPUITUCATH OKOHYATEIbHBIN
pE3yibTaT, HBHHIOmHﬁCH MHOXECTBOM (He HUMECT CMBIC/Ia TOBOPUTH O MHOXKECTBE
BCEX MHOXECTB). OTOT IIpoLeCC OIpeAeiseT KOJIMYECTBO, KOTOpOE He



VKJIQJIBIBACTCS. B PaMKH HMHTYUTHBHOTO BOCIPHATHS, & C TOYKH 3PEHHS TAKOTO
KOJTMYECTBa IMpoIlecC 00pa30BaHUsT MHOXKECTB SIBJsieTCs 3aBepinaeMbiM. [Ipu
MOMOIIM BBEJICHHS TOHSTHSI Klacca KaK OKOHYATENBHOro pe3yibTaTa Ipolecca
MOCTPOCHUSI O00BEKTOB MpoIeccy O0Opa30BaHHUsS MHOXECTB MOXKHO TIPHUITHCATH
OKOHYATENbHBIA PE3yNbTaT, HA3bIBAEMBIN KJIACCOM BCEX MHOYKECTB. MOXXHO Taxxke
CUUTATh, YTO MOHSATHE MHOXKECTBA SIBJISCTCS 000OIICHUEM TOHSATHS HATYpaIbHOTO
YHClla, a I[OHATHE Kiacca — OOOOIIEHHEM IIOHSATHS MHOMKECTBA. Y I0OHO
HCTONIKOBBIBATh KIIACC KaK OOBEKT, YKa3bIBAIOMIMH Ha HEKOTOPOE CBOMCTBO.
Hanpumep, monm kigaccoM BceX MHOXKECTB MOXKHO —ITOHMMaTh  OOBEKT,
YKa3bIBAIOIIMI Ha CBOMCTBO «OBITh MHOMKECTBOM». OOpa3HO IoBOps, KJIacC BCEX
MHOXECTB €CTh CaMO TOHITHE MHOXKECTBA, a TOHSATHE MHOXXECTBA HE SIBIISCTCS
MHOXECTBOM, MPHYEM MHOXKECTBO €CTh KJIACC, KOTOPBIH TPEICTABISETCS B PaMKaX
WHTYUTUBHOI'O BOCHIPHATHSI KaK OKOHYATEIIBHBIN pe3yabTaT 3aBepIiaeMoro mpoiecca
W BBIpaXaeT CMBICI coOpaHus (KOJJIEKIHH). B CBSI3M € STHM OTMETHUM, 4YTO
MOHSATHE HATYPallbHOTO YKCa €CTh KIJIACC BCEX HATYpallbHBIX YHCEN, KOTOPBIH
CUMTACTCSI MHOXKECTBOM. YTOYHHM €IIE, YTO BBIPAKCHUE «HUMEIOTCS OOBEKTHI»
MOHUMAETCSI B CMBICIIE «HMEETCSi MHOXKECTBO OOBEKTOBY», a TIPU HCIOIb30BAHUH
MOCJEAHETO BBIPAKEHHUS TMOHMMAETCs TaKXkKe, 4YTO HMEIOTCSI BCe OOBEKTHI,
MpHHAAIEKAITUAE ITOMY MHOXKecTBY. OJHAKO MPH HCIONBb30BAaHUH BBIPAKCHHS
«HMeeTCs Kiacc 00bEKTOBY, BOOOIIEC TOBOPS, HENIb3S TOHUMATh, YTO UMEIOTCS BCE
00BEKTHI, MPUHAUISKAIHE 3TOMY KJIacCy. B WacTHOCTH, TOBOps O Kilacce BCEX
MHOECTB, HENIb3S CUUTATh, YTO UMEIOTCS BCE MHOXECTBA. B oTnmume ot kiacca,
JUISt MHOXKECTBA BCETJ]a CYMTACTCS BO3SMOXKHBIM ONPEEINTh, IPUHAIICKHT JTH EMY
JaHHBIA OOBEKT W BBHIMONHSAECTCS M JAHHOE YCJIOBHE, OTHOCAIIEEeCS K €ro
31eMeHTaM. MOXXHO CKa3aTh, YTO NPUYMHON IOSIBICHHS B MHTYHUTHBHOW TEOpPUU
MHOXXECTB HM3BECTHBIX IMApaJIOKCOB SIBJSIETCS  OTOXKJECTBICHUE MOHSATHH
MHO)XECTBa (COBOKYITHOCTH) U KJacca.

[Tpu 0OCyXIeHNU HEKOTOPHIX BOIIPOCOB HAM TIOHAI00UTCS

Onpedenenue 3. 3aMKHYTOH COBOKYIHOCTbIO OyJeM Ha3bIBaTh BCSAKOE
MHOXECTBO K , YIIOBIIETBOPSIOIICE CIACAYIONIM YCIOBUSIM:

1) eciu xe K, 70 x© K (1. €. K TpaH3UTHUBHO);

2) ecnmi xe K , 10 2° €K ;

3) ectu xeK nu yeK, 10 {x,y}€K;

4) eciu xe K ,to UxeK .

3aMKHYTOW COBOKYIHOCTBIO cuuTaercs Takke & . [lepecedenne HemycToro
MHOKECTBA 3aMKHYTBIX COBOKYITHOCTEH €CTh 3aMKHYTasi COBOKYITHOCTb.

Teopema 7. Kaxmoe MHOXECTBO S SBJISETCS MOAMHOXECTBOM HEKOTO-
poil 3aMKHYTOIH COBOKYIHOCTH K .

Hoxazamenvcmso.  IlocnenoBarenbHO  CTPOMM — MHOXecTBa S, S,, ...

cnenyronM obpasom. Ilomoxum S;=S. Ecim ang HatypanbHOro umcna n
MHOXECTBO S, IOCTPOEHO, TO B KadecTBe S,,; BO3bMEM MHOXKECTBO BCEX Z,

YIOBIIETBOPAIOIIHUX XOTsl Obl OZHOMY M3 YCIOBHMH: z€S,; z € X a1 HEKOTOPOro

xeS,; z=2" mua Hekotoporo xe€S,; z={x,y} U1 HEKOTOPHIX X€S, H



veS,; z=Ux a1 nexoroporo xeS§,. Jlerko Bumers, uro TpeOyemoii

o
3aMKHYTON COBOKYIHOCTBIO siBisieTcst MHOXecTBO K =[S, .
n=l1

Teopema nokazana.

Creocmeue 2. JIng xaxaoro MHOXeECTBa S CyYIIECTBYeT HaWMEHbIIAs
3aMKHYTasi COBOKYIIHOCTb, JUIsl KOTOPOH S SIBISETCS OAMHOXKECTBOM.

Joxazamenvcmeo. Ilycte K — HEKOTOpas 3aMKHYTasi COBOKYITHOCTb Takas,
yto S c K. PaccmorpuMm mnoaMHoXkecTBa K, KaXJI0€ M3 KOTOPBIX SBIIAETCS
3aMKHYTOH COBOKYIHOCTBIO M COAEPXKUT S Kak NOAMHOXeCTBO. Ilepeceuenue
BCEX 3TUX COBOKYIIHOCTEH sBisiercs uckomuim. CreAcTBUE TOKA3aHO.

Herpynao y0enutbesi, 4TO TOCTPOCHHAsE B JIOKA3aTENbCTBE TEOPEMBI 7
3aMKHYTasi COBOKYIIHOCTb K SIBJISIETCS HAMMEHBIIEW 3aMKHYTON COBOKYITHOCTBIO,
cojeprailer S Kak MOJAMHOMXKECTBO.

Creocmsue 3. JIng xaxaoro MHOXKecTBa X CyHIECTBYeT HaMMEHbIIast
3aMKHYTasi COBOKYITHOCTb, cofiepxalias X Kak 3JIeMEHT.

Jokazamenvcmeo. B xauecTBe MCKOMON COBOKYIHOCTU CIIYXXUT HaMMEHbILAs
3aMKHYTasi COBOKYMTHOCTh K , ansi kotopoit { X} K . CneacrBue 1okaszaHo.

Jlerxo mpoBepUTH CIPaBEATUBOCTD CIEAYIONIEH TEOPEMBI.

Teopema 8.Ecmu wMHOKecTBO X  TpamsutuBHO, To 2%  Tarke
TPaH3UTHBHO, & HAUMEHbBIIAas 3aMKHYTasi COBOKYMHOCTh K , cozmepkamiast X Kak

JJIEMEHT, OIPENENseTcs paBeHCTBOM K = GAn , e A4 =X u A4, =2% s
n=l

Ka)KJIOTO HATYpaJIbHOTO YUCHIA 71 .

Teopema 9. Ilycte K — 3amkHyTas coBokymHocts. Torma UK =K,
K¢ K (r.e. K ne ssnsercs atomoM), Card(K)e K n Card(x) e Card(K) nns
kaxnoro x € K , a snauut, Card(x)e K npu Card(K)c K .

Hoxazamenvcmeo. Ilycts xe K . Tak kak xc K, To UK <K . B cuny
2*eK u xe2' nonysaem xeUK wu, smaunt, K cUK . ITosromy UK =K .
OueBuaHo, A K BBITIONHAETCS YCIOBHE TEOPEMBI 2 M, clegoBaTenbHo, K ¢ K .

Eciu npexnonoxutrs y=Card(K)eK, 10 B cuny 2 cK Oynem uMeTh
Card(2”)c y, 4To MpUBOOUT K MPOTHBOPEUYHIO, TaK Kak, 1o Teopeme Kanropa,
ycCard(2”) n y#Card(2”). Cnenosarensno, Card(K)gK. U3 2°cK
Boitekaer Card(2") c Card(K), a, mo teopeme Kanropa, Card(x)e Card(2").
Moatomy Card(x) € Card(K).

Teopema nokazana.
ITycts K, — HauMeHbIIasl HellycTas 3aMKHYTas COBOKYIIHOCTb (T.€. yKa3aH-

Has B TeopeMe 8 coBokynHocTh K mnpu X = ). MHoxkectBo K, CUETHO H
Ka/Ibli €ro 3JIEMEHT SIBJIIETCsl KOHEYHBIM MHOXeCTBOM, IipudeM Card(K|)c K| .
O6o3HaunM uepe3 K, HaUMEHBUIYI0 3aMKHYTYIO COBOKYITHOCTb, ISl KOTOPOH

cuetHbIi kKapauHan [| = Card(K,) sABISeTcs 37€MEHTOM (T.€. YKa3aHHYIO B TeOpeMe



8 coBokynHocTh K mpu X =[] ). OpauHainsl ¥ KapJUHaIbL, NpuHamiexamme K, ,

KOHEUHBI WJIM CUCTHBI, a 00BEIUHCHHE STUX OPAWHAJIOB (WJIM, YTO TO K€ CaMoe,
MHOKECTBO 3THX OPJAMHAJIOB) SIBJISCTCS CUCTHBIM OPIMHAIIOM, HE IPUHAISKAIIM

K,.pustom 2 €K, u Card(2" )¢ K,. O603HaunM uepe3 K; HaNMEHBIIYIO
3aMKHYTYIO COBOKYIHOCTb Takyo, uro Card(K,)c K;. C yuerom teopem 8, 9 u
J0OKa3aTelbCcTBA  TEOpeMbl 7  HETpyaHo  yOemuTbes, d9ro K, K;,

Card(K,)= Card(K;) u Card(x) e K; JUTSI KQXK0TO X € K; .

HaMm nonano0stes eiie ABa MOHATHS U3 TEOPUH MHOXKECTB.

MuoxectBo U HaspBaeTcs yHuBepcaibHBIM (cM. [10], cTp. 18), korma oHO
YIIOBIIETBOPSIET CIACAYIONIIM YCIOBHUSIM:

1) ecmu xeU,10 xC U ;

2) ecmu xeU, 10 2° €U

3) ecmu xeU u yeU, 10 {x,y}€U;

4) ecmu [eU n z;eU (iel), 0o Uz, eU.

iel

Paznura Mexay onpeneneHus MU 3aMKHYTON COBOKYITHOCTH U YHUBEPCAJILHOTO
MHOJKECTBA 3aKJII0YAETCs B Pa3INYNH YCIOBHil 4 (B ONpeeneHnH YHUBEPCAIbHOTO
MHOXKECTBa YCIIOBUE 3  SIBIFETCA CIEACTBHEM OCTalbHBIX). [lpumepom
YHUBEPCATbHOTO MHOXECTBA,  3JEMEHThl KOTOPOTO SBIIAIOTCA KOHEYHBIMHU
MHOXECTBaMM, MOXET CIIyXHTb 3aMKHYTasi COBOKYNHOCTb K, (J MOXKHO cUUTaTh

YHUBEPCAJIbHBIM MHOXECTBOM). Ha BOmpoc 0 CyllecTBOBaHHM YHHBEPCAIBHOI'O
MHOXECTBa, COJICPIKAIIEro B KauyecTBE DIIEMEHTa OCCKOHEYHOE MHOXKECTBO, MBI
CKJIOHHBI JaTh OTPHIIATEIBbHBIA OTBET, CUMTas, YTO B Ipolecce 00pa3oBaHUS
3aMKHYTBIX COBOKyrIHOCTeﬁ HC MOXCET IIOABUTLCA 3aMKHYTasd COBOKYIIHOCTD,
cojieprKaliasi B KauecTBE dJIEMEHTa OECKOHEYHOE MHOXKECTBO M yJIOBJIETBOPSIONIAS
YCIIOBHSIM ~ ONPEICIICHUS  YHHUBEPCAJIBLHOIO MHOXKECTBA (3THMM  YCJIOBHSM
YAOBIETBOPSIET KJIacC BCEX MHOXKECTB). OTOT OTBET MBI OTHECEM K YHCTY
YTBEPKIECHUN, KOTOPBIE YTOUHSIOT CYTh MHTYMTHBHOI'O ITOHSTHS MHOMKECTBA H
MPUHUMAIOTCSA 0€3 JI0Ka3aTelnbCTBa, KakK, HANPUMEP, YTBEPXKIACHHUE O TOM, YTO
OTJIMYHOE OT aTOMa MHOYKECTBO HE SBIISIETCS SJIEMEHTOM CBOET'O DJIEMEHTA.
Kapnunan C Ha3bIBaeTcss HEOOCTIKUMBIM (cM. [9], cTp. 154), ecnu:

1) Card(2°) e C mns moboro kapaunana ¢ e C
2) nns moOsix kapauHanoB [ € C u ¢; € C (ie€l) MHOXeCTBO X = {(i,x}:

xec;,iel} ynopnerBopser cootHomenuto Card(X)eC .

CueTHBIf KapauHAT HEAOCTIDKUM ((J MOXKHO CYMTATh HETOCTHIKUMBIM
KapauHaioM). [IpuMepoM HECUETHOTO KapAWHAJIa, yIOBIETBOPSIONIETO YCIOBHIO
1, ™oxer cunyxutb Card(K,), a mpuMepoM HECYETHOIO KapjauHala,
YIOBJICTBOPSIOLIETO YCIOBUIO 2, — MHOXXECTBO BCEX KOHEYHBIX MJIM CYETHBIX
opauHanoB. Ha Bompoc o cymecTBoBaHHM HEIOCTHKUMOTO HECUETHOTO Kap/uHalia
MBI CKJIOHHBI CHOBa [aTh OTPHIIATEIbHBIA OTBET, CYMTas, YTO B MPOIECCEe
00pa3oBaHUsl KApIMHAJIOB HE MOXKET TIOSBHTHCS HECUCTHBIA  KapaAWHAI,
YIIOBIICTBOPSIONIMHA YCIOBUSM OMNpPEACICHNUS HETOCTHKMMOTO KapIuHala, JaKe



ecnu B ycnoBun 2 TpeboBanue Card(X)eC 3amenuts Ha Uc, eC (atum

iel
YCIIOBHSIM YJIOBJIETBOPSIET KJIACC BCEX KapIUHAJIOR).

B 0CHOBY aKkCHOMAaTHYECKOI'O IOCTPOCHHS TCOPHHM MHOMECTB 3aJI0KEHO
BOCIPUATHE Mpoliecca 00pa30BaHHMS MHOXKECTB KaK 3aBEpPIIAEMOro, a MMEHHO:
CUMTAETCSI, YTO BCE OOBEKThI TCOPUHU, HA3BbIBACMbIC MHOXKECTBAMM, 3aJaHbl M JIJIS
HUX OINpEZCICHO OMHAPHOE OTHOIICHHE, Ha3bIBAEMOE OTHOIICHUEM MPUHANICKHOCTH
U 0003HAaYaeMOE 3HAKOM €, OTHOCHUTEIBHO KOTOPOro TpeOyeTcs BBIMOJIHEHUE
HEKOTOPBIX aKCHOM. AKCHOMBI ITO3BOJIIOT 00pa30BbIBATH MHOKECTBA C TPEOOBAHUEM,
4YTOOBI OHU OBLIU B YHUCIIC 3aJaHHBIX MHOKECTB. [IpoTHBOpEYHBO 3TO TpeOOBaHUE
WM HET — 3aBHUCUT OT IO3BOJICHHBIX aKCHOMaMH BO3MOXKHOCTEH 0Opa3oBaHHs
MHOKeCTB. IIpM OTCYTCTBMM OIpaHMYCHHMH Ha OOpa3oBaHHUE MHOXKECTB, KakK B
WHTYUTHBHOM Clly4dae, yKa3aHHOE TpeOOBaHME MPOTHBOPEYMBO. A €CIH CHIIBHO
OIPaHUYUTh BO3MOYKHOCTH O0pa30BaHUS MHOXECTB, TO MOXKHO OOECIICUHTH
HEMPOTHBOPEUHNBOCTh YKa3aHHOIO TPEOOBAHUS, HO 3TO MOXET IPHUBECTH K MOTEPE
HEKOTOPBIX CYIIECTBEHHBIX PE3YJIbTaTOB MHTYUTUBHOU Teopuu. OOCyauM 3TO Ha
npuMepe cucteMbl akcuoM Llepmeno—®penkens (cm. [7], cTp. 53-66; [9], cTp. 87—
102).

1. Axcuoma obvemmnocmu (Unu IKCMEHCUOHATTLHOCTIL):

VxVy(Vz(zexzey)>x=y).

2. Axcuoma cyuwecmeo8anus nycmozo MHONCECmEa:

AOVy(y e D).

3. Axcuoma HeynopsaooueHHOU napul.

VxVydzVw(wez>w=xvw=y).

4. Axcuoma obwvedurnenus (Uiu cymmol):
VxdyVz(zey o t(tex&zet)).

5. Axcuoma becxoneunocmu:
(P ex&Vy(yex—>yU{ytex)) .

6¢. Axcuoma 3amenvl (UIU NOOCMAHOBKU) 0151 BbICKA3bIBAMELLHOU QYHKYUU
@ . Eciu ans Kaxaoro x CymeCTBYET SIMHCTBEHHOE ) Takoe, 4To D(x,y)
WCTHHHO, TO JUIsl KQKJOrO0 MHOXKECTBA U CYIIECTBYET MHOXECTBO W, COCTOSIIEE
M3 TeX DJEMEHTOB 7 , JJIs KaXXJIO0r0 M3 KOTOPBIX @D(s,7) UCTHHHO MPH HEKOTOPOM
SEU:

VxAly (@(x,y)) > VudwVr(rew«>Is (s cu&@(s,r))) .
7. Axcuoma cmenenu:
Vx3dyVz(zey > zCx).
8. Axcuoma evibopa:
VX (Vx(xeX 5> x#D)&Vz(ze X &z x> zNx=D)) >
> 33YY cUX &Vu(ue X ->3y(y euY)))).

9. Axcuoma pezynsapuocmu:
Vx(x2D8—>3y(yex&Vz(zex >z ¢y))).

AKcHoMa peryJsIpHOCTH UCKITFOUaeT HaJIMInue aTOMOB.
VYkazaHHYIO CHCTEMY aKCHOM 0003HA4MM 4epe3 X , a CUCTeMy 0e3 aKCHOMBI

OeCKOHEYHOCTH — uepe3 2| . 3aMKHyTasi COBOKYMHOCTb K, SIBJISICTCSI MOJEIbBIO IS
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2|, 3HAuUWT, CHCTEMa aKCHOM X, OTHOCUTEIbHO HempoTuBopednBa. OO03HAUYNM
yepe3 2, CUCTEMY aKCHUOM, IIOIy4aeMylo U3 2 3aMEHOH akCUOMBI O Clenyroleh
aKCHOMOH, maroriel oonee ci1adyro BO3MOXKHOCTD JIIsl 00pa30BaHUS MHOXKECTB (CM.
[7], cTp. 62; [9], cTp. 98).

6:1). Axcuoma evidenenus 0 svickasvleamenvhoi @yukyuy @ . J1jia Kaxao-
IO MHOXKECTBA X CYIIIECTBYET MHOXKECTBO ), COCTOSIIEE U3 TEX DJIEMEHTOB Z € X,
JUTSt KOTOPBIX @D(z) MCTHHHO:

VxdyVz(zey > zex&P(2)).

A
Kaxpas W3 3aMKHYTBIX cOBOKyNnHocTed K, u K, sBiIseTcs MOJEIbIO JUIS
2, W, 3HAYMT, CHCTEMA aKCMOM 2, OTHOCHUTEIIBHO HENPOTHUBOpeunBa. Monens K,
[IOKa3bIBAET, YTO TECOPEMBI 3 U 4 HE BBITEKAIOT U3 CUCTEMBI aKCUOM 2, , @ MOZENIb

A
K, ToKka3bIBaer, 4To 9TH TEOPEMBI HE NMPOTUBOpEYAT X, .

Bompoc, MOXXeT M MHTYUTHBHOE MHOXECTBO CIYXHTh MOJENbIO aius X
MPH HMHTEPIPETAIMN OTHOIICHUS TPUHAIUIGKHOCTH (OpMalbHONH TEOpUH Kak
WHTYUTHBHOT'O OTHOIICHHS MPHHAIJICKHOCTH, CBS3aH C BOIPOCOM O CYIIECT-
BOBAaHMM HEJIOCTH)KMMOTO HECUETHOI'O0 KapJuHajla WIA YHHBEPCAIHHOTO
MHOECTBa, COZIEPIKAIIEro B Ka4ecTBE dJIeMeHTa OECKOHEYHOe MHOXKECTBO. B [9],
ctp. 165-177 (cm. tarke [8]), yTBep)KIaeTcsi, 9TO KJIacC BCEX KOHCTPYKTUBHBIX
MHOXECTB SIBJISIETCSI MOZIeNbO Uit X . OZIHAKO B CBSI3U C 3TUM BO3HHKAET BOIPOC:
SIBIISIFOTCS. JIM BIIOJIHE OCMBICTICHHBIMHU TIOHSITHE MCTHHHOCTH 0€3 HAJIWYHs BCEX
9JIEMEHTOB MOJIEH M 00Ilee TOHATHE OTOOpa’KeHHsl Kiacca B Kiacc (a UMEHHO,
MOXHO JIM CYHTATh TMPOBEPSEMON B TaKOW MOJETH BBITOIHUMOCTH YCIIOBHS
aKCHOMBI Og) .

3aMeTHM, YTO WHTYUTHBHAs TEOPHS MHOXECTB 00pa3yer OOBEKTHl Ha
OCHOBaHWM 33/IAHHOTO OTHOIICHHS, a aKCHOMaTH4YecKas TEOpHS BBOJUT OTHO-
[ICHUE MEXIY 3aJaHHBIMH OOBEKTaAMH. OTHM TarKKe OOBSICHIETCS HaIndue
Pa3IUYHBIX aKCMOMATHYECKUX TeOopuil MHOXxecTB (cM. [7], cTp. 64-66; [9], cTp.
140-145). Jns ¢dopmanu3aniid HHTYUTABHOM TEOPHHM MHOXKECTB, TaK 4YTOOBI
aKCHOMBI OMKCaId dTall Tpoliecca 00pa3oBaHUST MHOXKECTB M KIAcC BCEX
WHTYUTHBHBIX MHOXXECTB CIYXXHJ MOJENbI0 Uil (opManbHOW TEOpHUH, MOXKHO
MOCTYMUTh CICAYIONIMM 00pa30M: CUHTATh 3a/IaHHBIMH JIHIIb ITYCTOE MHOMXECTBO
U, OBITh MOXKET, aTOMBI, a TaK)K€ OJHO OECKOHEYHOE MHOXKECTBO, M 00pa3oBaTh
HOBBIE MHOYKECTBA IO MpPaBHJIaM, YKa3aHHBIM B CHCTEME aKCHOM, BEIOPaHHOW IO
o0pa3ly Kakoh-TM00 M3BECTHOM CHCTEMBI ~ aKCHMOM € [OAXOIAIIMMHU
W3MEHEHUSIMH, HCIOIB3Ysl TPU STOM JIOTIONHUTENbHBIN KBAHTOP, YKA3bIBAIOIIUI
HAa HOBOe MHOXeCTBO. OJJHAKO MpH Takod (OpManu3alié OCTAETCS OTKPBITHIM
BOIPOC: MOMYYHUTCS JTH MHOXKECTBO BCEX TOJAMHOMKECTB OECKOHEUHOTO MHOXKECTBA
Kak BIIOJTHE C)OPMHUPOBAHHBIN OOBEKT, MJIM OHO OYJET HaXOAWUTHCS B MpOIlEcCe
CBOEro cCTaHOBJIEHHs. M3JIO)KEHHOE CTaBUT I0J] COMHEHHE BO3MOXKHOCTh
MOJTHOIICHHOW (OopManu3alliil WHTYUTHBHOW TEOPHH MHOXECTB (10 MHEHHIO
aBTOpa, WHTYWUTHBHAs TEOPHS MHOXECTB HE TMOJJAeTCs  IOJTHOICHHON
(dbopmanuzanun).
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Udthnthnid

Lnnjuon Ghpwo b pwqumpniGGtph Gipgquyuiuwl nbunipjnilnud
hwjmGh wwpwnnpuGtiph wnwowgdwl wwwmdwnltph pwgwhwjmdiwbn:
Uywgnmgynud t, np pwqinpnbGibtp juqitnt ypngtiul wjwpm snGhgnn E,
huy wwpuwnnpuGtiph wnwowgiwl wwwdwnp pwqimpniGitn Juqdibmn
wnpngbup npytu wjwpun nilGhgnn wypngbu pGyugbG £ o(wy Yepy wuwd,
wwnpuwnnpultiph wonwowgiwl wwwmdwnp pwqinpjuwli L quuh qunuthwp-
Gtph GnyyGwgnil k): Gwuywoh wnwy L gpymd pwuqinmipmGitph Ghpgqu-
Julwl mbunpjwl jhwpdtip dbwjulugiwb hGupuynpnipjniGn:

I. G. KHACHATRYAN

ON THE INTUITIVE SET THEORY AND ITS FORMALIZATION
Summary

The present paper investigates the reasons of occurrence of known para-
doxes in the intuitive set theory. We have proved that the process of formation of
sets is non-finishing, and the reason of occurrence of paradoxes consists in repre-
sentation of formation of sets as a finishing process (in other words, the reason of
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occurrence of paradoxes is the identification of concepts of a set and a class). The
possibility of full formalization of the intuitive set theory is suspected.
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