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TNIEPBOJINMYECKUE TEOPUU N 3AJAYN
MEXAHUKI KOHTUHYYMA*

IO. H. Padaes', B. A. Kosanes®

I Uncruryr mpobiem mexanmkn um. A. 1O, Ummnckoro PAH,
Poccus, 119526, Mocksa, npocrm. Beprajckoro, 101, xopm. 1.

MockoBcKuil rOpOACKOil yHUBepcUTET yrnpasienus [IpasurensctBa MOCKBBI,
Poccusi, 107045, Mocksa, yi. Cperenka, 28.

AmnHortarus

PaccmarpuBatorcst Teopun u 3a7a9u TOW YACTH TEPMOMEXAHUKU KOHTHUHY-
yMa, KOTOpasi He MOYXKeT ObITh KOPPEKTHO C(OPMYIMPOBaHA BHE PAMOK T'H-
11epOoJINIeCKUX yPaBHEHU U cUCTeM Takux ypapuenuii. [Ipu arom BHUMaHTE
cOKyCHPOBAHO HA ABYX OTHOCHUTEIHBHO HOBBIX T'MIIEPOOTUIECCKUX TEOPUIX:
TEOpUHU TPEXMEPHOrO UEaJbHO IJIACTHIECKOT0 TeUeHNs U TEOPUU MUKPOIIO-
JSIpHOI TepMoynpyroctu Broporo tumna (type-II thermoelasticity). Mccsery-
I0TCsI TPEXMEPHBIE CTATHIECKUEe U KHHEMATUIECKHUE YPABHEHUSI TEOPUHU UJIe-
ajpHOM ractuanocTu Urnmmackoro—lBieBa ¢ TOUYKM 3peHUs UX aHAJUTU-
YeCKOI KiIaccuUKAINHT, OIIPE/IEIeHNs XaPAKTEPUCTUIECKUX HAIIPABJICHUN 1
BO3MOXKHBIX ITOJIX0JIOB K TOCTPOEHUIO MHTErPUPYEMBIX cooTHOIeHM . HoBbIe
MTOJIXOJIbI K TUMEPOOTUIECKUM (POPMYJIUPOBKAM CBSI3BIBAIOTCS] C BBEIEHUEM
JIOTIOJTHUTEJIbHBIX OA3UCHBIX IT€PEMEHHBIX, KOTJI& JOIMYCTUMBIMU IIPU3HAIOTCS
HE TOJIbKO TE€PMOIMHAMHUYECKHE [EPEMEHHBIE COCTOsIHUS (TaK Ha3bIBaEMble
«MeJIJIEHHbIE TIEPEMEHHBIE ), ACCOIUUPOBAHHBIE ¢ TEPMUIECKAMU U MUKPO-
CTPYKTYPHBIMH CBOMCTBAMU KOHTHHYYMa, HO U UX pedepeHIinaibHble MPa/Iu-
eHTbl («ObICTpBIE IIEpeMeHHble» ). PazBuBaercs runep6oJndeckas TepMoMe-
XaHUKA MUKPOIOJIAPHBIX TEPMOYIIPYTUX CPEJl HA OCHOBE TEOPETUKO-IIOJIEBOM
CXeMbI U C TOMOIIBIO BAPUAIIMOHHOTO (DYHKIIMOHAJA JIEHCTBUS U IIPUHITAIA
HAWMEHBIIEro JIeHCTBHUS.

KnroueBble ciioBa: KOHTUHYYM, THIIEPOOINIHOCTD, HI€ATbHAS IIJIACTHIHOCTD,
TEPMOYIIPYTOCTh, JefiCTBUE, IPUHINII HAUMEHBIIIETO JIefICTBUL.
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FHH6p60ﬂI/I'{eCKI/IG TeopHuHu U 3a1a9u MEXaHUKH KOHTHHYYMa

doi: http://dx.doi.org/10.14498/vsgtuldl2

BBoanbie 3ameuanus. ['unepbosimyeckne TEOPUN U COOTBETCTBYIOIINE THIIED-
bosmueckue audepeHIualbible YpaBHEHNsI B JACTHBIX ITPOU3BOIHBIX — €/IMH-
CTBEHHO BO3MOXKHBIH MOJIXO/] B MEXAHUKE KOHTUHYYMAa, IPUBOISIINIA K BbIIOJIHE-
HUIO MPUHIIUIIA «KOHEYHOCTH» CKOPOCTHU IIEPEHOCA SHEPIUU U UMITYJIbCA U JIOIYC-
KA BO3MOXKHOCTB PACIPOCTPAHEHUs] SHEPTUH U UMITYJIbCa Ha OOJIbIIE PAC-
CTOSTHUSI, He COIPOBOXKIAIOIIEr0Csi Bo3pacTanueM suTpornuu. Ilocientnee o6cTosi-
TEJILCTBO BBICTYIIAET B KAYECTBE OJIHOTO U3 IPU3HAKOB CYIECTBOBAHUS BOJTHOBBIX
pEeIIeHnii COOTBETCTBYIOIMNX CUCTEM JTuddepeHnaabHbIX YPABHEHUN B 9aCTHBIX
POU3BOHBIX. Kak M3BECTHO, MEXaHUKA KOHTUHYYMAa BKJIFOUAET Psif] HEJIMHEIHBIX
runepbosmyeckux Teopuii [2]. Ocoboro yrnoMuHaHUsT 3/1€Ch 3aC/IyKUBAIOT Ma30Bast
JIMHAMUKA, TEOpUs UIEATbHO ILUIACTUYeCKuX cpef |3, 4|, cBasannas tepmoynpy-
rocts Broporo tuna (type-II thermoelasticity) [5].

Becbma 3aMeTHBIN IIPOrpecc B TOW 9acTU TEPMOMEXAHUKH KOHTHHYYMa, KOTO-
pasi He MOXKeT OBITh KOPPEKTHO CHOpMyIMpPOBAaHA BHE PAMOK THUIIEPOOJIMIECKUX
yPaBHEHUil, CBA3AH IPEXK/JIE BCErO C TEM, UTO IPU IMOCTPOEHUHM MATEMATHIECKUX
MoJieJieit B KavuecTBe OA3MCHBIX [TEPEMEHHBIX JIOMYCKAIOTCS HE TOJBKO TEPMOMHA-
MUYECKHE TIEPEMEHHbIE COCTOSIHUS (TaK HA3BIBAEMbBIE «MEJIJICHHBIE IEPEMEHHBIEY ),
ACCOIMUPOBAHHBIE C TEPMUIECKUMU U MUKPOCTPYKTYPHBIMEA CBOHCTBAME KOHTH-
HyyMa, HO U uX pedepeHIuaibHble TPAJIneHThl («ObICTphble mepeMeHnbles ). [Tpu
9TOM IIEPEMEHHBIE COCTOSIHUS U UX I'PAJIUEHTHI CIUTAIOTCS (DYHKIIMOHAIBHO HE3a-
BUCHMBIMHU. VIMEHHO cjieysi TI0 9TOMY IyTH, YIAETCsI CO3JATh HOBYIO TepMOMe-
XaHUKY KOHTHHYYMa C THIepOOJIMIeCKUMI yPaBHEHUSIME TpaHCIIoOpTa Teria. 1lo-
caejHee 0OCTOATEHCTBO BIIOJIHE COOTBETCTBYET HOBOH THIIEpPOOJIMYECKON ITapa-
JIUTMe Pa3BUTUsI TEOPHU M MEXaHUKU KoHTHHyyMa [2|. B paBore paccmarpusa-
FOTCsT JIB€ OTHOCHTEJBHO HOBBIE IHIIEPOOJIUIECKIE TEOPUH: TEOPHUsI TPEXMEPHOTO
UJIEAJIBHO IIACTUYIECKOTO TEUYeHWsT U TEOPHUsl MUKPOIOJISIPHOW TEePMOYIIPYTOCTH
BTOPOI'O THUIIA.

ITepexos kK TpéxmepHO TUITEPOOJINIECKON MOJETH B MATEMATUIECKON Teopun
[JIACTUIHOCTU UCTOPUYECKH CBsi3aH ¢ u3BecTHOM crarbeil A. FO. Mnumuckoro (6],
oTHOcsIelcsa 1946 1., u B CyIIECTBEHHBIX YepTax ObLI BBIIOJIHEH B pse paboT
. [. Usnepa, naunnas ¢ 1959 r. A. FO. NuummHCKA NpUHS B KQYeCTBE OIIpe-
JIEJISIIONIEr0 3aKOHA TEH30PHOE ypaBHEeHue mepectanoBodHocTu (cM. |7]) TeH3zopa
HAIIPSZKEHUI U TeH30pa MPUPAIIEHUS IUIACTUIECKON JTeOpPMAIME IPU YCJIOBUH,
YTO UMEIOTCS JBA KOHEUHBIX COOTHOIIEHUsI, CBS3BIBAIOIINX TVIABHBIE HOPMAJIbHBIE
Hanpsokernsi. Paborsr 1. /1. BmeBa 6a3upoBaianch Ha IPEINOJIOKEHIH O TOM,
9TO TEKydecThb peasiudyercs Ha pebpe npusmbl Kymona—Tpecka, Korga uMmeroT-
Cs1 POBHO J[Ba COOTHOIIEHUS, CBSI3BIBAIONINX TVIABHBIE HOPMAJIbHBIE HAIIPSI KEHUS,
u Ha 0000U,EHHOM ACCOIIMIPOBAHHOM 3aKOHE ILJIACTUYECKOro TedeHns. Kak ObLIO
nokasaso B [7], sror noaxon skeusasenTen reopun A. FO. Nmuckoro, eciu pac-
cmaTpuBaeTcst pebpo npusmbl Kymona—Tpecka. IlpocTrpancrBeHHble ypaBHEHUS
A. 1O. MmamHCKOTO MOJTHOCTHIO COXPAHSIOT CBOE 3HAYEHNE B COBPEMEHHON MaTe-
MAaTHUYIeCKON TEOpUU IJIACTUIHOCTH W UX MOXKHO HCIIOJIb30BATH IPHU ITOCTAHOBKE
U PelleHn’ 3a/1a9 TEOPUM UJIEAJLHON IJIACTUYIHOCTHU, HOCKOJBKY OHU SBJISIIOTCS
CIeCTBUSAME ODOOIIEHHOTO ACCOIMMPOBAHHOTO 3aKOHA TEUEHUS B CIydae TeUCHUS
Ha pebpe npusmbl Kyona—Tpecka.

B mpencrasisiemoit pabore HCCIEAYIOTCI TPEXMEPHBIE CTATUYUECKUE U KUHE-
MaTHYIeCKHe yPaBHEHHsST TeOpUN UiealbHON miactuunoctu Unmnackoro—MBiesa
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C TOYKH 3PEHHSI UX AHAJIUTUICCKON KIACCU(PUKAIMHU, OIPEIeICHUsT XapaKTepH-
CTUYECKUX HAIIPABJIEHUN U BO3MOXKHBIX [OJIXO/IOB K IIOCTPOEHUIO UHTEIPUPYEMBIX
COOTHOIIIEHUI.

C moMoIpio runepboIMIecKuX yPaBHEHUM, CIeIyst [8], MOXKET OBITh M3ydeHa
KNHEMAaTHUKa TPEXMEPHOTO IIACTUIECKOTO TeYeHWsl Ha IMMOBEPXHOCTSAX CKOJIbXKe-
HUS (HOBerHOCTHX MAaKCHUMAJIbHOU CKOPOCTH C,HBI/II‘a). Bonb aTux nmopepxHocTeit
KacaTeJIbHasl COCTABJSIONIas BEKTOPa IPUPAINEHNsT IepeMeleHnii du pa3pbiBHA,
TEH30p NMPUPAIIEHNS IJIACTUIECKUX TepOpMaIinii de JOIMYCKAeT CAeIyIONee Ipe/i-
CcTaBJIEHHE (N — eJUHUYHBII BEKTOP, OPTOrOHAJILHBIN IIOBEPXHOCTHU CKOJII)}KGHI/IH)Z

de = ¢([du] ® N + N ® [du]),

e Y — HeKoTopas (PYHKINs, ONpeae€HHas Ha MOBEPXHOCTH CKOJIbKeHusi. le-
dopmalysg B HOpMaJIbHBIX CEYEHUX IOBEPXHOCTH CKOJIbYKEHHSI IIPEICTABIISIET CO-
00#1 CIBUT OJHOI CTOPOHBI TOBEPXHOCTU OTHOCUTEIBHO JAPYTOoil ee cTOpoHbI. B o71-
HOM U3 HOPMAJIBHBIX CEUEHMI MOBEPXHOCTH CKOJbXKEHHUsT CKOPOCTDb JedopMalinu
CBUTA MAKCUMaJIbHA. DTO HOPMaJIbLHOE CeIeHIEe NMeeT HAllpaBJIeHIe BEKTOPa pa3-
HOCTH BEKTOPOB TAHI'€HIIMAJIbHBIX IIPUPAIICHUN BEKTOPa NepeMelleHUd C JABYX
CTOPOH TOBEpXHOCTH. JIMHUS TIepecedeHns 9TOT0 HOPMAaJILHOIO CedYeHUsl ¢ Kaca-
TEJIbHOW IIJIOCKOCTBIO YKa3blBaeT HAIIpABJICHNE MaKCHMAJIbHOU CKOPOCTHU CIBU-
ra. SHAYUTE/bHBIN WHTEPEC MPEACTABIISIOT CODOM COOTHOINEHUSI, CBI3BIBAIOIINE
CKaUYKN TaHI'€HIIMAJIbHBIX IIPUPAIICHUN IIepeMelleHNil IIpU IIepexo/jie yepe3 JIMHUUN
CWJIBHOT'O Pa3pblBa, PAaCHOJIO?KEHHbIE HA IMOBEPXHOCTU MAKCUMAJBHOU CKOPOCTHU
caBura. Y Ka3aHHBIE JUHUHU ABIAIOTCA ACUMIITOTHISCKUIMI JIUHUSIMH [TOBEPXHOCTH
MaKCHUMAaJbHO! CKOPOCTH CIABUTA, & COOTHOIICHUS BJIOJIb HUX, CBA3BIBAIONINE CKad-
KM, OKa3bIBAIOTCSI HHTEIPUPYEMBIMU. TakuM 0Opa3oM, CKOIbXKEHUsT BHYTPH TeJia
HPOSABJIAIOTCA KaK Pe3yJibTaT MUKPOCKOJIbXKEHUN BJI0JIb HAUMEHEee UCKPUBJICHHBIX
ACUMNMOMUNECKUX JIMHUH HA TUIEPOONIECKAX MOBEPXHOCTAX MAKCUMAJILHON
CKOPOCTH CJIBUTA.

B pamkax rumepbosmdeckoii Teopun yiaercs: npoaHaausuposarh (9] ypasHe-
HHMSI COBMECTHOCTH JIjIsl IIPUPAIIEHUI MaJibIxX jedopMaluii B TPHOPTOrOHAJILHOMN
U30CTATUYECKON CHUCTEME KOOPJAWHAT, & TaKzKe JIOIOJHUTEJIbHbIE COOTHOIIEHUS,
CBA3BIBAIONTAE (PU3MIECKNE KOMIIOHEHTBI TeH30pa HecoBMecTHOCTH. Kak xoporro
W3BECTHO, CYIIECTBEHHBIX ypaBHEHUI COBMECTHOCTHU IeCTb. [ljs HanpsiKeHHBIX
COCTOSIHII, COOTBETCTBYIOIMX pebpy npusmbl Kysona—Tpecka, mMeIOTCS JIUIIDb
TPU HE3ABUCUMBIX YPABHEHUSI COBMECTHOCTH, IIPUUIEM sIBHO MOT'YT OBITH yKa3aHbI
pa3MIHbIE CHCTEeMBl HE3aBHCHMBIX ypaBHEHUI coBMecTHOCTH. IIpm sTOM Haxo-
JSITCS YCJIOBUSA, JIOCTATOYHBIE JJIsi TOrO, 9TOOBI NP BBIIMOJHEHUN TPEX HE3aBU-
CUMBIX YPaBHEHUI COBMECTHOCTHU YJOBJIETBOPLAJINCH TPU OCTABIIUXCSA YPABHEHUS
coBMecTHOCTHU. VIHTEpeCHO OTMETUTH CJICAYIONIUI pe3yAbTaT: HAPYIIEHUS CILIOII-
HOCTH Ha MOBEPXHOCTH UIACATHHO ILJIACTUIECKOTO TejIa PACIPOCTPAHIIOTCH BIilyOb
TesJa BJIOJAb AaCUMIITOTHUYECKHAX JIMHUNU Ha CJIOAX BEKTOPHOTO II0JIs, yKa3bIBAIOIIEe-
o HallpaBJeHUsI HAMOOJIBIIEro IJIABHONO HOPMAJILHOIO HalpsiKeHusi. I1ocKobKy
ACUMIITOTUYIECKUE JINHUY HAUMEHee UCKPUBJICHBI 10 CPABHEHUIO C JIIOOBIMU JAPYTH-
MU JINHUSIME Ha [TOBEPXHOCTHU (B TOM CMBICJIE, ITO HOPMAJIbHAs KPUBU3HA ACHMII-
TOTHYECKUX JINHUN DaBHA HYJII0), HAPYIIEHUs CILUIONIHOCTU MPOHUKAIOT BIUIyOb
UJI€aJIbHO ILJIACTUYECKOrO TeJjla 110 HauMeHee MCKPUBJIEHHBIM TPAeKTOPUAM, YTO
HO3BOJIAET BECTU PeYb O MUHUMAJIbHOM UCKPUBJIEHUU TPAEKTOPUI PacIIpOCTpaHe-
HUS TPEeNUH B UJIeaJIbHO ILJIACTUYECKUX TBEP/BIX TeaaX.
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IITupokoe pacmpocTpareHne B MEXaHUKE KOHTHHYYMa T'HIEpPOOJINIeCKre TEO-
pUU TOJIyYWJIM B CBSI3U C HEOOXOJUMOCTBIO OObSICHEHUST BOJIHOBOW ITPUPOJIBI CBSi-
3aHHBIX TEPMOYIIPYTUX BOJIH, OOHAPYXKUBAEMBIX IKCIIEPUMEHTAJBHO B 00JIACTH
HU3KUX TEMIEPATyp B KPHUCTAJIAX BBICOKON YHCTOTHI. TepMoMexaHWKa THUIep-
OOJIMIECKUX TEPMOYIIPYTUX CPEIl MOXKET OBITH Pa3BUTa HA OCHOBE TEOPETUKO-IIO-
JIEBOIi KOHIIENIIMU C TIOMOIILIO IPUHIMIA HAauMeHbInero jeiicrsust |5, 10]. Cran-
JlapTHBIe Teopur 1oJs (cM., Hanpumep, [11]) passuBatorcst Ha 6a3e TPEXMEpPHO-
0 eBKJIMIOBA IMPOCTPAHCTBA W HE3ABHCHUMOIO abCOJIIOTHOTO BpeMeHun. Bosee 06-
mast 3ajJada COCTOUT B TOM, YTOOBI BBIPAOOTATH KOBAPUAHTHYIO (DOPMYJIUPOBKY
BCEX KJIACCUIECKUX (DU3UMIECKUX TEOPUIl HA OCHOBE IIPOCTPAHCTBEHHO-BPEMEHHO-
ro MHOroo6pasusi MUHKOBCKOrO (MM MCKPUBJIEHHOIO PUMaHOBA IIPOCTPAHCTBA-
BpeMenn ). EjnHCTBeHHAsI U3BECTHASI B HACTOSIIEE BPEMsl [10J1eBasl MUIIepOosnde-
CKasl MOJe/Ib HEINCCATTATHBHON TEPMOYIPYTOCTH B TEPMOINHAMIIECKN KOPPEKT-
Hoit dopme Gbuia npeyioxkena I'punom (A. E. Green) u Haxau (P. M. Naghdi) B
1992 r. u TepMuUHOJOrTIECKN 0DO3HATAETCSI KAK TEPMOYIIPYTOCTh BTOPOrO THIIA.
VkazanHast TeOpusi MOXKeT ObITh IOCTPOCHA B KAHOHUIECKOM OTCIETHOM OIUCAHUN
C TO3UIMI TEOPHUH TOJIsT ¢ COOTBETCTBYIONINM 00pa30M MOJ0OPAHHBIM JIATDAHKH-
aHOM. BaKHBIMU 3JIeMEHTAMM TEOPETUKO-IIOJIEBOIO ITOJIXOJIA SIBJISIOTCS KOBAPU-
AHTHOCTH T depeHnnaIbHbIX YPABHEHUN 110JIsI ¥ HAJTMIHEe BAPUAIIMOHHBIX CHM-
MeTpuii moJist. [locseqHne MO3BOJISIIOT HAXOJUTh 3aKOHBI COXPAHEHUsI, KOTOPHIE
BBICTYITAIOT B POJIN «IIE€PBBIX MHTErpasioB» AuddepeHrunaJ bHbIX YpaBHEHUN MO~
JIsl.

C moMoIp0 TUIepOOJIMIecKUX yPAaBHEHUI TEOPUH TEPMOYIIPYTOCTH BTOPO-
o THUIA HCCIAEAYIOTCS 3aJia9i O PACIpPOCTPaHEHHH 0e3 3aTyXaHUsl CBSI3AHHBIX
FapMOHUYECKUX TEPMOYIPYIUX BOJH «BTOPOI'O 3BYKa» B JIMHHBIX [IAJIMHJIPUAYIE-
ckux BojtHOBOJAX [5]. TIpu 9TOM YHC/IEHHO HAXOJATCS BOJHOBBIE YmcJia (IIOCTO-
SIHHBIE PACIIPOCTPAHEHNS ), COOTBETCTBYIOIIIE HE3ATYXAIONMM CBA3AHHBIM TEPMO-
YIPYTUM BOJIHAM, CIIOCOOHBIM PaCIpPOCTPAHSITHCST HA HEOIPAHWYEHHBIE PACCTOSsI-
HUS BJOJIb BOJIHOBOJIA.

1. T'unepbonmyeckas Teopus NAeATbHO IUIACTHYIECKOTO TeYeHNs Ha pedpe mpus3-
mbl Kymona—Tpecka. Paccmorpum ypaBHeHnst paBHOBECHS I HATIPSIZKEHHDBIX CO-
CTOSTHUIt, COOTBETCTBYIONMX pedbpy mpu3Mmbl Kymona—Tpecka. Obo3naunm depes
O TEH30p HAIpsiKeHuil; 1, m, n— OpTOHOPMUPOBAHHBIN 6A3UC U3 COOCTBEHHBIX
BEKTOPOB TEH30Pa HaIlPAKECHUN.

CrekTpa/ibHOE Pa3/IozKeHNe TEeH30Pa HAIIPSIKEHN HMeeT BHI

oc=0l®]l+oom®@m-+o3n®@n. (1)

B npocrpancrse ryraBHbIX HanpsizkeHuit pedbpa npusmbl Kynona—T pecka ompe-
JEJISAI0TCS yPaBHEHUSMUA

o1x2k=09 =03, o01=09+t2k=03, 01 =09=03=%2k.

st TaHHOTO HANPSZKEHHOTO COCTOSIHUS, COOTBETCTBYIOIIECTO PEOPY IPU3MBI
Tpecka, Bcerya MOKHO IEPEHYMEPOBATH IVIaBHbIE OCU TEH30PA HAIIPSIKEHU TaK,
9TOOBI BBITTOJTHSAIOCH PABEHCTBO

01 = 09 = 03 * 2k.

HOCJIQ,HHGG ycj0BHuE O3HAYa€T, 9TO JIBa I'NTaBHBIX HAIIPAXKEHMW A PaBHBI 110 BEJIMYNHE,
a I'NITaBHOE HalIPA2KECHHUE 03 ABJIACTCA JIb0o HanMEeHbIINM, JIIO0 HAUOOJIBIINM TJIaB-
HBIM HOPMaJIBHBIM HaIIPAXKECHUEM.
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PaBencrBo JByX IVIaBHBIX HalpsiKeHUIl 0] = 09 O3HAYAET, 9TO JII0DOE Ha-
[IpaBJIeHUE, PACIOJIOKEHHOE B IJIOCKOCTH, OPTOTOHAJIBHON BEKTOPY N, SIBJISETCS
T'JIaBHBIM. HCHO IIO9TOMY, 9YTO IIPU COOTBETCTBUU HaHpH)KéHHOI‘O COCTOAHUA pe6—
py npusmbl Kynoma—T pecka mmeercs m3BecTHas JI0J1sT IPOU3BOJIA IIPU BBIOOPE
cOOCTBEHHBIX BEKTOPOB 1 1 m (OHU OIpejieieHbl ¢ TOYHOCTHIO JIO HOBOPOTOB B
IJIOCKOCTH, OPTOTNOHAJIBHON BEKTOPY ).

Tak xak 1, m, n — opToHOPMUPOBAHHLIN Oa3uUC,

Il+m@m+n@n=1, (2)

rae I — e mHnYIHbBIi TeH30p.
Yunrsias (1), (2) u ypasuenue pebpa npusmbl Kynona—Tpecka

o1 = o9 = 03 £ 2k,

TIOJIY YUM

o = (03 £2k)I F 2kn ® n. (3)

Takum 06pa3oM, TEH30p HAIPSIKEHUI OIpeessieTCs CKaJIAPHBIM I0JIEM 03 U
C€IMHNYIHBIM BEKTOPHBIM IIOJIEM 1.
VYpaBHeHNE PABHOBECHUST
dive =0

[OCJIe TIOJCTAHOBKU B HErO Pas3/oxkeHus (3) MOMKHO IIPEJCTABUTH B CJIEIYIOIEM
BU/IE:
grados F2kdivin®n) =0 (n-n=1). (4)

CrenoBare/ibHO, 3a7a4a O PABHOBECUU TeJja, HAIPSIKEHHOE COCTOSHUE KOTO-
poro coorBercTByeT pebpy mnpusmbl Kysnona—Tpecka, dpopMasibHO CTaTHIECKU
onpezenuma (IIOCKOJIBKY UMEIOTCS DOBHO TPU YPAaBHEHUs JJIsl OLIPEJIeIeHHsI TPEX
HEU3BECTHBIX: COOCTBEHHOIO 3HAYEHUS 03 U, HAIPUMED, JABYX YIJIOB, 3aJIAIOIINX
OPHEHTAIMIO €JJMHUIHOIO BEKTOPA N), €CJIM TPAHUYHBbIE YCJIOBUS 3aJIaHbl B Ha-
NPsZKEHUAX. Y pABHEHUS] PABHOBECUsI MOTYT OBITH PAaCCMOTPEHBI HE3ABUCUMO OT
KUHEMATUYECKUX YPABHEHUII.

O6o3naqnmM gepe3 Y oTHOIIEHUE 03 K F2k 1 npuBeaéM ypasrenue (4) K BUIY

grad¥ +divin®n)=0 (n-n=1). (5)
OTmMernM TakKe elne OjHy WHBapUaHTHYIO (opmy ypasHeHusi (5):
VE+(n-V)n+n(V-n)=0. (6)
JIJ1s1 eIMHIIHOrO BEKTOPHOIO T0JIs ClIpaBe/yinBa (hopMyIia
(n-V)n=—n xrotn,

C MOMOIIIBIO KOTOPO# BEKTOpHOE ypaBHeHUE (6) MOKET ObITh TAKKe IIPEJICTABIEHO
B BHUJIE
V3 —n X rotn + ndivn = 0. (7)

TTockosbKy 1151 TF000T0 €IMHUTHOTO BEKTOPHOTO TIOJIsT UMEeeM
. 2 g2 2
Indivn — n X rot n|” = |diva|® + |n X rot n|”,
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U B cuily ToxKlecTBa Dittepa—Jlarpanxkal

In x rot n|* = [rot n|* — (n - rot n)?,
OKa3bIBa€TCd CIIpaBEeJIJIMBBIM COOTHOIIICHNIE
Indivn — n x rotn|* = |divn|* + |rotn|* — (n - rot n)2,
13 KOTOPOTrO ¢ HOMOIIBIO ypaBHeHus: (7) HAXOAUM
IVE)? = |divn|? + |rot n|* — (n - rot n)?,
OTKy/Ia Cpa3y Ke CJICJyeT HEPABEHCTBO
IVE)? < |divn|? + |rot n|?.

Uccnenyem xapakrepucTukyu BeKTopHOro ypasaenust (7). s sToro Gymem
TPAKTOBATH XapaKTEPUCTHIECKIE TIOBEPXHOCTH ypaBHEeHUs (7) KaK MOBEPXHOCTH
c1aboTo pa3pbiBa X U N W BOCHOJB3YEMCST YCJIOBUSIME COBMECTHOCTH A mamapa—
Tomaca

[VX]=BN, [V@n]=Nab, (8)

rJie KBaJipaTHble CKOOKH | | 0003HAYAIOT CKAUOK IIPH [Iepexo/ie Yepe3 MOBEPXHOCTD
citaboro paszpeiBa; N — e IMHUIHBIN BEKTOP HOPMAJIA K IOBEPXHOCTH CJTabOro pas-
pbiBa; B, b — HEKOTOPLIE 10JIs, OIIPEIe/IEHHbIE Ha 3TON IOBEPXHOCTH, IIPUIEM Pa-
BercTBa B =0 u b = 0 He MOI'YT BBIOJIHITHCST OJHOBPEMEHHO HU B KaKOH TOYKE
[MOBEPXHOCTH, €CJIN pacCMaTpUBaeMasl IOBEPXHOCTb €CTh JeHCTBUTEHFHO TOBEPX-
HOCTBH CJIaDOTO pas3phIBa.

Ha ocnosamnuu ypasnenus (7) nmeem

[VX] —n X [rotn] + n[divn] = 0
U, IPUMEHsISI YCIIOBUSI COBMECTHOCTH (8), TIOJIyIuM
BN —-nx (Nxb)+ (N-b)n=0. 9)

Kpome Toro, Tak kak n-n = 1, ron- (V ® n)T = 0 u, ciemoBaTesbHO,
(b-n)N = 0, 94T0 IPUBOIUT K CJIEIYIOMEMY COOTHOIIEHUIO HA MMOBEPXHOCTHU CJia-
6oro pas3pbiBa;

b-n=0. (10)

3ameuast, ITO

nx (Nxb)=(n-b)N—-(N-n)b

u yuursiBas (10), ypasuenue (9) IpHBOAUM K BUIY

BN+ (N-n)b+ (N:-b)n=0. (11)

'Peun uméT 0 TOXKIECTBE
ux V]2 = ul? [v[? = (u-v)?,

CIIpaBeJINBOM JIJIf JTF0OBIX JABYX BEKTOPOB U 1 V.
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YMHOKIM 06€ YacTH 9TOr0 ypaBHEHUsI CKaJspHO Ha BeKTop N:
B+2(N-n)(N-b)=0. (12)
Ymuoxas obe yactu ypaBHenust (11) ckasIsipHO HA BEKTOD N, LOJLyYHM TaK¥Ke
B(N-n)+N-b=0.

[TomcraBiisist B 9TO ypaBHEHNE BhIpasKeHue st B, TOJIydeHHOe ¢ IIOMOIIBIO TPeIbI-
JyTIero ypaBHEHUSI, HAXO UM, ITO

(N-b)(1—-2(N-n)}) =0.

D10 ypaBHeHue pacmajgaercs Ha jaBa. Eean N - b #£ 0, To Heobxoaumo

1
N-n:iﬁ. (13)

Ecaun N - b = 0, To na ocnoBanuu (12) B = 0, u Torga ypasuenne (11) gaér

(N-n)b=0,
OTKyZla B CHJIy TOro, urTo paBeHcTBa B = 0 uw b = 0 He MOrYT BBITOJHSITHCS
OJIHOBPEMEHHO,
N -n=0.

Urak, ypasaenue (7) npuHa/jie’KuT K runepbomdeckoMy tuity. Ero xapakre-
PUCTHYECKOE yDABHEHUE UMEET TPH Pa3JIMYHBIX BEIIECTBEHHBIX KOpHs. Hopmasn
K XapaKTEePUCTUIECKUM TOBEPXHOCTSIM B cuity (13) obpasyior Kpyroeoii KoHyc
C yIJIOM MOJIypacTBOpa 7/4 U OCbi0, OPHEHTHPOBAHHON BJIOJIb BEKTOpa n. Xa-
PAKTEPUCTUIECKUMU SIBJISIFOTCSI TAKzKe MHTEerPAJIbHbIe MOBEPXHOCTH HOJist N (T. e.
[OBEPXHOCTH, COCTABJICHHBIE U3 MHTETPATBHBIX KPUBBIX BEKTOPHOTO IOJIS 1).

PaccmoTpuMm fasiee KuaeMaTudeckue ypaBHEHUS . Y paBHEHUS] OO00IIEHHOTO ac-
COIIMMPOBAHHOI'O 3aKOHA TeYeHUsl, COOPMYIMPOBAHHOTO /151 pebpa mpu3Mbl 1Tpec-
Ka, TIO3BOJIAIOT HAfiTH MOMHMO YCIIOBHs coocHocTn Temsopos del’ m o (ma u To
€ TOYHOCTBIO JIO HOBOPOTA TPHUIJIPA IVIABHBIX OCEN B IIJIOCKOCTH, OPTOrOHAJIBHOM
BEKTOPY 1) €Ille TOJbKO OJ[HO CYIIECTBEHHOE COOTHOIIECHNE — YCJIOBHE HECKIMAe-
MOCTH:

del’ +del +def =0

Ero moxk#O Takxke mnpejicraBuTh B (hopme

del; =0 (14)

nJIN B I/IHBapI/IaHTHOﬁ HpﬂMOfI 3alluCH

tr (de”) = 0.

[Tocnemree 06CTOSATENILCTBO UMEET TPUHITUITUAJIBHO BaXKHOE 3HAYCHUE: JIJTsT Ha-
MPsZKEHHBIX COCTOSTHIH, COOTBETCTBYIOMUX peOpy npusMbl Tpecka, ImiacTuaecKoe
TedYeHne mMeeT HAuOOJIBIIYIO CBOOOTY, I UMEHHO ITO3TOMY BO3PACTAET BEPOSITHOCTH
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IIOCTPOUTDH PEIIeHUs psJia BaKHEHINX IPUKJIQJIHBIX 3a/ad, IIPUBJIEKAsd CXeMY
noJHoOM macTuanocTH Xaapa—Kapmana®. SIcHO, 9TO HAIPSZKEHHBIC COCTOSHISI,
COOTBETCTBYIOIIHE IPaHIM TPuU3Mbl T'pecka, MOTYT pPeain30BbIBATLCS JIUIIb B UC-
KJIIOYUTE/IbHBIX CJIydadX, IIOCKOJIbKY IIPU 9TOM UMeeTCd BeCbMa CUJIbHOE KMHEMa-
THYECKOE ONPAHUYEHUE: OHA U3 TVIABHBIX CKOPOCTeH IJIacTHIecKux jedopMaruit
JOJIKHA OBITH paBHA HYJIIO. ['paHgaM NPU3MbI COOTBETCTBYIOT YUCTO CIABUTOBLIE Te-
YeHUsl, KOTJA TVIABHBIE IPUPAIIEHNS IIJIACTUIeCKUX AedopMaIiuii yI0BJIeTBOPSIOT
YCJIOBUAM

del =0, del +del =0 (i#4,j#1L1#4)

Venosre coocrocTu tensopos det’ u o B cuny (1) Mmoxer 6bITH CHOPMYIUPO-
BaHO KakK

de?” =1®@1del’ + m @ mde? 4+ n ® ndel . (15)

3mech BeKTOPHI 1 1 M y2Ke BBICTYIAIOT KaK COOCTBEHHBIE BEKTOPBI TEH30PA de? ,

U MO3TOMY HX OPHEHTAIs B IJIOCKOCTH, OPTOTOHAJILHON BEKTOPY 1N, YHUKAJIb-

na. Eciin Ter3zop HampsikeHuit & coorBercTByeT pebpy npusmbl Kymona—Tpecka

U 3aJ]aH, TO OPHMEHTAIlus BEKTOpPAa N M3BECTHA, a OPUEHTAIMU BEeKTOpPoB | m m

HEOIIPEJIeJIEHHBI JI0 TeX 110D, TI0Ka He OIIPejieJIeHo 1ojie ckopocreil. [losromy sa-

Jie€ B KWHEMATUYIECKNX YPaBHEHNUAX MbI Sa.,ZLeI‘;ICTByelVI JINIITb BEKTOP I1.
Coornomtenue (15) mo3BosisieT 3aK/I0YATH, ITO

n-de’’ = ndet,

NJIN TaK>Ke
n-de’’ -n=def

U KpOMe TOro
n-de” = ntr((n ®n) - deh). (16)

Tlostyuennoe ypaBHeHMe YCTaHABIUBAET JIUMIb TOJBLKO TOT (PAKT, UTO BEKTOP
n — cob6erBennbIit BekTop Tersopa del’. TIpoexTupyst BeKTOpHOE ypaBHEHME (16)
Ha OCH HEKOTOPOI MPAMOYTOJILHON CHCTEMBI KOODJMHAT X1, T2, L3, MOYXKHO IOJIy-
YUThL TPU CKAJISPHBIX yPaBHEHUS

njdsf-; = nyngpmydel). (17)

Tombko nBa 3 HUX OyayT He3aBUCUMBIME. JleficTBUTEIbHO, CBEPHYTBIE C 7; COOT-
Horerust (17) yIoBIeTBOPSIOTCS TOXKIECTBEHHO, YTO YKAa3bIBACT HA UX JIHHEHHYTO
3aBUCUMOCTb.

JIBa HesaBuCcHMMBbIX ypaBHeHUs u3 (17) BMecTe ¢ ypaBHEHHEM HECKUMAEMOCTU
(14) obpasyror cucremy U3 mpér HE3aABUCHMBIX YDaBHEHMUIT

dé‘P = O’

P_ P

(18)

2 Lo

Sra runoresa (110 KpaiiHeil Mepe B IPOCTPAHCTBEHHOM BapuaHTe) npunaiexur . J1. Vsie-
By. IIpuMeHnTEIEHO K OCECUMMETPUYHON 3ajjade TOYHO TaKas »Ke MBICJIb BbICKa3bIBasach 11n-
JIOM.
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KOTOpPBIE IIOCJIE€ TTOJCTAHOBKU B HUX BMECTO IPHUPAINCHUI MJIacTHIecKuX jedop-
MaIluil mpéxr NpUpAIeHni TepeMeNnieHnil corIacHO

2de = (V @ du) + (V @ du)’
WJIN, IIePEeXos K IPAMOYTOJILHOI cucreMe KOOpAUHAT T, T2, I3,
2de}; = O;(duy) + 0;(duy),

HIO3BOJIAIOT IIOJIHOCTBIO UCCJIEI0BATh KMHEMATUKY ILJIACTHYECKOIO TeUEeHUS, eCIU
10JIC HAIIPAXKEHUI y2Ke OIIpeesIeHO.
Cucrema KunemaTu4decKux ypapHenuii (18)

tr (de?’) =0,

n-de’ = ntr((n®n) - de?), (19)

OIIUCBHIBAIOIIAS U/ICaILHO IJIACTUIECKOe TedeHne na pebpe mpusmbl Kymnona—Tpec-
K&, IPaBUJIBHO OIIpeIeIEéHHAs U THIIepOoInIecKasi. XapaKTepUCTHIeCKue HAllpaB-
JIEHHSI 9TOM CHCTEMBI, KaK IOKa3bIBAET HECTOXKHBIA PACUET, COBIAIAIOT C XapaKTe-
PUCTUYECKIMU HAIIPABJICHUSIMYI CUCTEMBI TPEXMEPHBIX CTATHYECKUX YPaBHEHUIA.

eificTBUTEIbHO, OY/IEM TPAKTOBATH XaPAKTEPUCTUIECCKIE IOBEPXHOCTU CUCTE-
MBI ypaBHeHuil (19) Kak MOBEPXHOCTH €1ab0ro paspbiBa IPUPAIICHUIT TIepeMerne-
Huli du ¥ BOCIIOJIb3YEMCSl PeOMETPUICCKAUMU YCIOBUSIMEI COBMECTHOCTH Aama-
pa—Tomaca:

[V®du] =N®a,

rje | | obo3HauaeT cKavuoK IpHU IEpexojie depe3 IIOBEPXHOCTh CJaboro paspblBa,
N — eMHUYIHBIN BEKTOP HOPMAJIM K IIOBEPXHOCTH CJIaOOro pas3pbiBa, a — HEKOTO-
poe HeHyJIeBoe BEKTOPHOE T10J1e, OlpeesIéHHOe Ha 9To# nmopepxHocT. Ha ocHoBa-
Huu coorHommenunit Kon

2[de’] =N®a+a®N,
CJIe/I0BaTEJILHO,
tr([dr—:P]) =N-a.

YuurbiBas nosydeHHbie (GopMyJibl, U3 ypaBHeHu cucreMbl (19) HaXoMUM ciiery-
IOIIKe COOTHOIIEeHUs i BeKTopa IN:

N.a=0,
(n-N)a+ (n-a)N—-2(n-N)(n-a)n=0.

[TpoekTupys mocJieiHee u3 MOy I€HHBIX yPABHEHUI HA OPTOrOHAJIBLHBIE APYT APY-
ry "HampajeHust N, a, moJydaem

(n-a)(1-2(n-N)?) =0,

(n-N)(a-a—2(n-a)?) =0. (20)

B zaBucumoctu ot Toro, BbInoJiHAETCH Jin yciaoBue n-a = 0, umeem n - N = 0
nm 1 —2(n-N)? = 03, [TosTomy HOPMAIH K XapaKTepUCTHHECKAM TTOBEPXHOCTAM

3 JTroBOMBITHO OTMETHTH, ITO BO BTOPOM CIIydae (1. e. korma n - a # 0) ¢ TOMOLIBIO BTOPOrO
ypasHeHusi cucreMbl (20) MOXKHO YyCTAHOBHUTB, YTO BEKTOD &, 00J1a/1asl IIPOM3BOJIBHBIM MOJLYJIEM,
JIOJIZKEH COCTABJISITH C BEKTOPOM N yroJ £ /4.
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00pas3yIoT KOHYC C yIVIOM HOJIypacTBopa 7/4 M O0ChbIO, OPHEHTUPOBAHHON BJIOJIb
BekTOpa n. Konyc nopmaseit K XapaKTepUCTUIECKIM MTOBEPXHOCTSIM JIJIsl CUCTEMBbI
KMHEMAaTUYEeCKAX yYPABHEHUN IIPOCTPAHCTBEHHON 33,191 MaTEMATHICCKON TCOPUH
IJTACTUIHOCTH (B CJIydae TedeHus Ha pebpe npu3Mbl Tpecka) TOT ¥Ke caMblit, 9TO 1
ISl CUCTEMBI YpaBHeHUil paBHOBecus. fcHo, uTo Ha ocHoBanmu n - N = ( xapak-
TEPUCTUICCKUMU ITIOBEPXHOCTAMHU ABJISAIOTCS TAKXKe U UHTEI'PDAJIbHBIE IIOBEPXHOCTHI
1oJisi N (T. €. MOBEPXHOCTHU, COCTABJIEHHBIE U3 MHTErPAJIbHBIX KPUBBIX 110J1st ). Bee
9TO yKa3bIBAET HA TUHEPOOJMIHOCT CHCTEMBI ypaBHeHnit (19).

2. T'unepbonuyeckas moJieBas T€OPHUS MUKPOIIOJISIPHOTO TEPMOYNPYroro KOH-
THUHYYMa C «HEXKECTKUM» PEerepoM aCCOIMMPOBAHHBIX JMPEKTOPOB. Teopusi KOH-
TUHYYMa C JOIIOJIHUTEJIbHBIMN (HOMI/IMO TpaHCJIﬂLLI/IOHHbIX) POTAalTMOHHBIMU CTEIle-
HSMU CBOOOJIBI 1 MOMEHTHBIMU HAIIPsizKeHUsAME ObL1a co3tana B 1909 . 9. u ©. Koc-
cepa [10|. VcTropuuecku TeOpETHKO-TIOJNIEBOI METOJ OKA3ajiCsi BEChbMa, BarKHBIM
u 3 EKTUBHBIM UHCTPYMEHTOM BBIBOJA yPABHEHUI MUKPOIIOJSPHOIO YIIPYTO-
'O KOHTUHYYMa, ITIOCKOJIbKY O6eCHe‘lI/IBaJI BOBMOXKHOCTBb OTXO/la OT TpaJHUIINOH-
HOT'O IIyTH IIPEJICTABIEHUS BHYTPEHHUX HAIPSKEHUN CUMMETPUYHBIM TEH30POM
nanpsizkenuit Korm. YkazanHbIil 110/1x07, 6y1arofgapst CBOUM OYEBUJIHBIM IIPEUMY-
[IECTBAM HUCIOJIB30BAJICS, HAIPUMED, B KJIacCH4IecKoii pabore [12]. B sroit crarbe
MIPUHITATT HAUMEHBITEro JeHCTBUs OBLT ITOJIOXKEH B OCHOBY MaTEMaTHICCKON MO/Ie-
JI1 KOHTHHYYMa C MUKPOCTPYKTYDO#l, OIIpee/IsIeMOil «HEXKECTKIM» PEIepOM JIO-
KaJIbHBIX [IOBOPOTOB, BBIBOJIA M depeHninaabHbIX YPABHEHUN MUKPOIOJISPHOTO
1oJist B OpMe COOTBETCTBYIONUX (DYHKITHOHAIY IEHCTBUS ypaBHEHUN Jitepa—
Jlarpan:ka 1 OnpeIesifonX ypaBHeHNH, a TaK»Ke IMTOCTPOSHUsT KAHOHUIECKUX 10~
JIEBBIX CKAJISIPOB M TEH30POB, TAKUX KaK SHEPIUsi, UMIIYJILC U YIJIOBOW UMILYJIbC.
Hawnbostee dynmaMenTaibHOE TOJIOKEHIE TEOPUN TIOJIA COCTOUT B TOM, ITO (PU3HU-
YeCKOe I0JIe MATEMATHIECKHU OIUCHIBAETCS MHTEIPAJbHBIM (DYHKIIMOHAJIOM JIeii-
crBust

= /.i”((pk,aacpk,&ﬁa@k,...,Xﬂ)d4X, (21)
rje £ — IWIOTHOCTH JarpamzKuana (ILIOTHOCTH jeficTsus); ¢F — yrnopsaodeHHbrit
HabOp (PUBMIECKUX TIOJIEBBIX BEJUUUH, YUCJO KOTOPBIX IPEIIOIaraeTcs KOHEU-
HBIM; X8 (8 = 1,2,3,4) — npocTpaHCTBEHHO-BPEMEHHBIE KOOD/IMHATHI; X4 = ¢t
(KOHCTaHTa ¢ UMeET CMbICII XapAKTEPHON CKOPOCTHU U €€ MOXKHO MOJIOKUTh PABHOI
equnmne); d* X — «ecTecTBeHHBI» 3JIeMEHT 06beMa TIpocTpancTBa-spemenn. O6-
JIACTH MHTErpupoBaHust 4-npocrpancrsa B (21), B mpejiesiax KOTOPO M3MEHSIIOTCS
IIPOCTPAHCTBEHHO-BpeMeHHbIe Koopuuarel X 1, X2 X3 X* mecnermdumposa-
Ha U B IPUHIUIIE B 9TOM HE HYXKJIAETCH.

Iox cuvBosiom d*X B (21) MbI TOHEMAaEM «eCTECTBEHHbIIT» MPOCTPAHCTBEHHO-
BPEMEHHOI 3JIeMEHT 00beMa, MPEJCTABISIONN coboit ponusBenenue muddepeH-
OaJIOB IIPOCTPaHCTBEHHO-BPEMEHHBIX KOOPJAHWHAT:

d*X = dX'dX?dX3dX*.

Kak 910 npuHsiTO B COBpeMeHHBIX paborax 1o Teopun nosst (cum. rakxe [13]),
depe3 OJg B IpeJcTaBiieHnn jeiicteus (21) u ganee 0603HAUAETCS OIEPATOD N0A-

no020 1 bepeRIIPOBAHTS IO IIPOCTPAHCTBEHHO-BPEMEHHON KoopanHare X :

_ nexpl ! ’
8,3 —85 +Z(80116a2"'8°‘585()0> a(aoqa(m"'aas(pl),

s=>0
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1
rje 8Z,Xp — oIepaTop YacTHOrO JHuMMEPEHIIUPOBAHNS 110 AGHOMY BXOXKJIEHUIO I1e-

pemermoit X7,

Maremarudeckoe ornucanne (pu3nIECKOro 1mMoJjisi OCHOBBIBAETCS HA BapUAIMOH-
HOM IIPUHIIUIIE, KOTOPBIN 110 COOOpaKeHUsM HUCTOPUYECKOIO XapaKTepa Ha3bIBa-
€TCsI B COBPEMEHHOI HayJHON JINTEPATYPE BAPUAIIMOHHBIM IIPUHIIUIIOM [ aMIIbTO-
Ha—OCTPOrpaIckoro (MM IPUHIMIOM HAUMEHBIIEro IefiCTBUs). DTOT MPUHITHIT
YTBEPK/IAET, UTO JIeUCTBUTEIBLHOE TTOJIe PeasIn3yeTCs B TPOCTPAHCTBE-BPEMEHT Ta-
KIM 00pa30M, 4TO JIEWCTBUE OKA3bIBAETCS SKCTPEMAJIBHBIM, T. €. IEPBas BapHAaIUsl
JeficTBus oOpalaeTcst B HYJIb JjIs BCEX JOMYCTUMBIX BapUAIuil (pU3UICCKUX I10-
Jei o

31ech He MOJIBEPTAOTCSI BAPbUPOBAHUIO TPOCTPAHCTBEHHO-BPEMEHHBIE KOOPIMHA-
el X? 1 4-06512¢Th HHTErPHPOBAHUSI.

W3 npuHIuna HanMeHbIIero JeficTBus oIy atoTces JuddepeHuaibHbe ypaB-
HeHUusl 110Jist B (popme ypaBHeHUil Dittepa—/larpanxka

e 0L 0L 0L
L) = 5ok B g TN gE,aen

ecTh BaykKHeH it iudpepeHnuaibHbIi OTlepaTop MaTeMaTHIeCKON (pU3uKu — ore-
parop Ditiepa.

Bapwuaruonnsiit mpunnun HanMmenbinero getictsus [amuabrora—OcTporpa/i-
CKOTO, SIBJISTIOTININCS (DYHIAMEHTAILHBIM JIJISi TEOPUU TOJIsI, YCTAHABINBAET TEC-
HYIO CBsI3b (PUBMIECKUX TEOPHil T0JIst ¢ audpepeHInajIbHOl reoMeTpreil NCKPUB-
JIHHBIX ITpocTpancTB PuMmana, BapuannoHHbIM UCIUC/ICHUEM, TeOpUeli IPYIII IIpe-
obpazoBaHmii, BADUAITIMOHHBIX CAMMETPHUH 1 3aKOHOB COXPAHEHUS JIJTsT CHUCTEM [T~
depeHnraIbHbIX YPABHEHNH B YaCTHBIX MTPOM3BO/IHBIX.

B MUKpPOTIOJIIPHBIX TEOPUSIX «KOHEUHAsT» JTepOpMaIis TeJia, MpeacTaBiiseMast
reOMETPHUICCKUM ITPeodpa30BAHUEM

x = x(X,t)

[OJIOXKEeHNsA X OTCYETHON KOHMUIYPAIIMA B COOTBETCTBYIOIIEE aAKTyaJbHOE MECTO
X, COIPOBOXKIAETCs JIONOJIHUTENIbHON fedopmanueii (skcTpasgedopmarumeii), omnu-
ChIBAEMOIl HAPYIIEHUSIMHU I'€OMETPUHN CUCTEMBI TPEX MPOCTPAHCTBEHHBIX IMOJISP-

HBIX d-BeKTOPOB (aupekTopoB) d (a = 1,2,3), CBA3AHHBIX ¢ MUKDPOJIEMEHTOM:
a

d = d(X,1).
a a

Usmenenue penepa d (a = 1,2, 3) xapakrepusyercsi ero BO3MOXKHOI jedopma-
a

rpedi (CIBUrM TPEXTPAHHUKA U YIMHEHUsI ero pébep) u nmoBoporoM. Takum obpa-
30M, KazKIbIil 9/JIeMEeHT KOHTHHYYMa 00/1aaeT OOJIBIINM YUCIIO CTENeHel CBOOOIBI.
C IOIOIHUTE/ILHBIMEA CTEIIEHAME CBOOOILI, KOTOPBIME HAIE/ISeTCI MIKPOIJIEMEHT,
CB#IBaHbI WU JOIIOJIHUTEJIbHad UHEPIHA, UMITYJIbC, KHHETUYIECKOEe 1 ﬂe(bOpMaL[I/IOH—
Hoe jieficrBue. B opurnnanbuoii padore . u @. Koccepa [10] nBukenue perepa
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d (a = 1,2, 3) npeamnonaarajioch «KECTKUM», CJIEI0OBATEIHHO, TOMUMO TPEX TPAHC-
a

JIAIIMOHHBIX CTEIEeHell CBOOOIbI MUKPOdIeMeHT KOoHTmHyyMa Koccepa obsagaer
JINIIb TPeMs JOMOJIHUTE]IbHBIMI POTALMOHHLIMU CTEIEHsSME CBOOOABI. Bo3MoK-
HOCTBb TOJIbKO <«XKECTKOIi» TpaHchopMaun d-pernepa MOXKHO BBIPA3UTL ypaBHe-
HUeM

gijd'd = § (a,b=1,2,3),
ab ab

IJIe gij — KOMIIOHEHTBI 91I€pOBOii IPOCTPAHCTBEHHON METPUKH, 56 — cumBos1 Kpo-

a
HeKepa, KOTOpOoe, OYEBUIHO, MMeeT CMBIC JIOMOJHUTEIbHOTO KUHEMATUIECKOTO
OrpaHMYEHUs, HABI3BIBAEMOTO TOJIeBBIM repeMeHHbM d (a = 1,2, 3).
a

TIepemennbie X 1 X BBICTYIAIOT KAK COOTBETCTBEHHO JIArDAHYKEBA U diIepoBa
IepeMeHHbIe, eCIU MOJTb30BATHCS CTAHJIAPTHON TEPMUHOJOTUHEN MeXaHUKHN KOH-
runyyMa. C 3TUMHU HepeMeHHbIMU CBA3AHbI METPUKH o8, Jij. Pedepennuanbaast
U IPOCTPAHCTBEHHAS CUCTEMBI OTCUETA IPEJIITOJIATaloTCs NHEPINAJbHbBIMU. B Ka-
4eCcTBe OCHOBHOM TEpMUYECKOHN IepeMEeHHO IIpUMeM TeMIlepaTypHOe CMeIleHUe
¥}, KOTOpOE OIIpe/iesisieTcsl KaK lepBoobpasHasi 110 BpeMeHu (11pu (hUKCUPOBAHHBIX
JlarpaHnKeBbIX MepeMeHHBIX) OT abCOJIIOTHOl TeMIepaTypsl 6. A

B narpamxkesbix X< (a = 1,2,3) u sitiepobix koopaunartax z? (j = 1,2, 3)
ecTeCTBeHHAs [JIOTHOCTD JIEfiCTBUS (JIArpaHKUaH) B PACIETE Ha €MHUILY 00bEMA
B OTCYETHOM COCTOSTHUU

L= LX), 0,37, & D, 0027, 0ad’, 00) (22)
a a a

MIPECTaBJISIET COOOi Pa3HOCTDb MJIOTHOCTU KUHETUYECKOW SHEPIuu U CBOOOIHOM
suepruu l'eibMrosbia

2

1 ay. kaj o, L ay, Wi
Z = §PR(X )Grj T +§PR(X )gingiCbi -

- w(Xa’xjadjaﬁa Qéa 8a1:j)aadj)aal9)' (23)
a a

31ech TOUKOI 0003HAUaeTCsT YacTHOe JudDepeHImpPOBaHNe 10 BpeMeHH TP 10~

CTOSIHHBIX JIAIDAHKEBLIX KoopauHarax X%, pr — pedepeHiuaibias MJI0THOCTD,
ab
J — TEH30p UHEePLUU MUKPOIIOJISIPHOI'O II0JIH.

Taknm o6pa3oM, B KadecTBe OIMPEHEISIONNX MTePEMEHHBIX THIEPOOINTIECKOM
MUKPOIIOJIIPHOM TEPMOYIIPYIOCTH C «HEXKECTKUM» PEIEePOM JIOKAJIBHBLIX IIOBOPO-
TOB BBICTYIAKOT B TOM ducjie” rpajueHt jedopmarun F = Vi ® x; nupekTopbl
d (a = 1,2,3) u ux pedepennnasbubie rpajuentel Vi @d (a = 1,2, 3); rpajuent
a a

TeMIepaTypHOro cMmelennss VRY U CKOPOCTh TeMIIePATyPHOIO CMeIIeHusT v.
Bamerum, 4To coryiacHo (23) TepMuUeckoe 1oJie He 00JiajlaeT nHepueil, mno-
CKOJIbKY He JaéT HUKAKOrO BKJIaJa B KHHETUYECKYIO 9aCTh JeiCTBHS.
Bapuanuonublii nHTErpaJjl MUKPOIOJISIPHOIO TEPMOYIIPYTOro JICHCTBUS B CHLILY
(22) Gyzer uMeThb Cyeyomuii BUI:

¥ = / LXP 2l 09,87, D, 002, Oad’, 009)dX  dX2dX3dt
a a a

“Hike uepes Vi 0603HAYAETCS OTCUETHBIN oneparop IaMUIBTOHA.
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(a=1,2,3; o, 3=1,2,3; j=1,2,3). (24)

CoorBercTByOIMe BapUAIIMOHHOMY WHTerpaJsy (24) ypaBHEHUs MOJIsI paclia-
JAIOTCS Ha CJIEJLYIONINE TPU TPYIIIBL:

aan;%'—Pj:—go% (a=1,2,3; j=1,2,3),

a a .C?

Dol + o/ —(2;) =0 (a=1,2,3; a=1,2,3; j =1,2,3), (25)
Oajl +§= % (a=1,2,3).

B pamkax Jlarpam:xkesa mojieBoro opMasim3Ma OMPEIeIsoNnine yPaBHEeHUsT
BBICTYIIAIOT IPOCTO KaK 0003HAYEHHUS JIJIT KAHOHMIECKUX MMOJIEBBIX YACTHBIX IIPO-
M3BOJIHBIX, KOTOPbIE BBOJSTCS B IIEJIAX COKpAIEHUsI 3anucu JuddepeHnnaabHbIX
ypasHeHuit osst (25):

0L «a 0L

5= e 4
o 0Z /;/a,__ 0% o 07
T (O’ T 00ad) T 0

0L 0L

82%7 JR = a(aar&)

B 1aHHbIX BbIIE ONPEEMIONNX YPABHEHUSIX TPUHATHI CJeyioine 0603Ha-
yenus: Pj; — 0000IEHHBIN MMITYJIbC, COOTBETCTBYIONMN TPAHCIAIMOHHBIM CTerle-

a
HAM CBOOOJBI; 2j — 0OOOIMIEHHBIC UMITYJIBCBI, COOTBETCTBYIOUIME JOIIOJTHUTE b
HBIM (B TOM YHCJIe POTAIIMOHHBIM) CTEIEHIM CBOOOIBL; S‘j — IIePBBIIl TEH30P Ha-

a a
upsizkennit Hnona—Kupxroda; .#° — Tensopbl sKcTpaHalpsizKenuit; o7 j — 06006-
MIEHHBIE MOMEHTBI, CONPSZKEHHBIE JIOKATBHBIM Bparernsm Tpmyapa d (a = 1,2, 3);
a

$ — IJIOTHOCTb SHTpONUU (B pacuére Ha €JIUHUILYY OObeMa B OTCYETHOM COCTO-
SHUH); j — PedepeHInaIbHblil BEKTOP MOTOKA SHTPOIHN (B €IMHUILy BPEMEHH
Yepes eIMHUILY IO B OTCIETHOM COCTOSIHUM).

Huddepennmanpaoe ypaBuenue B HuxKHeil crpoke (25) BbIpazkaer 6ajianc 9H-
Tpormu. Eciin JjlarpaHKuaH He COJEPKUT SBHBIX BXOXKJIEHUN TeMIIEpPaTypPHOrO
CMEIIEHUs, TO IPOU3BOIACTBO SHTPOINHU OyIeT PaBHO HYJI0. TakuMm 0Opa3oM, ypas-
HEHUE TPAHCIIOPTa Telsia OyIeT UMeTh IMIIepOoJInIeCKUil AHATUTUIECKUN THUIT TaK
2Ke, KaK 9TO UMeeT MeCTO B TEPMOYIPYTOCTH BTOPOrO THUIIA.

VHBapraHTHOCTH HHTEIPAJILHOIO (DYHKITMOHAJIA JeHCTBIS (BapUAIMOHHASI CUM-
MeTpHsl JIefiCTBHsI) OTHOCUTEJILHO OJHOIAPAMETPUIECKOIl MeOMeTPUIeCcKOl TPyII-
IIBI TPeoOpa30BaHMi TOPOXKIAET, KAK M3BECTHO, HEKOTOPBIN INBEPTreHTHBIN 3aKOH
coxpaneHusi. J{MBepreHTHHIN 3aKOH COXPAHEHUS SBJISIETCS 000DIEHNEM U3BECTHO-
ro U3 Teopuu OOBIKHOBEHHBIX U (DEPEHITNATBHBIX YPABHEHUI TOHITHAST IEPBOTO
WHTEerpaJja U Bcerga nMeeT popMy AuBEpPreHTHOro auddepeHInaIbHOr0 ypaBHe-
HUSI

9sJ" =0,

rme J 5((,0]“, DaP®, 8780(4,0]“ , ..., XH")— 1-KOHTpaBapUaHTHBIH IIPOCTPAHCTBEHHO-
BPEMEHHON 4-BEKTOP, KOTOPOE JOJIZKHO YAOBIETBOPATHCS JJIsT JTFOOOTO PEITeHsT
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ypasrenwuii mosst. Bekrop J? — muddepennmanbaas byHKIWMs, 3aBHCSIIAS OT IPa-
JUEHTOB II0JIEBBIX IIEPEMEHHBIX, HAMBLICIITUN MTOPSIOK KOTOPBIX HA €IMHUITY MEHb-
11e opsijika YPaBHEHUIl [0JIs; 9TOT BEKTOP HA3bIBAETCS BEKTOPOM TOKa (mim 4-
TOKOM ).

Jlmst KaxKa0# BapUAITMOHHONW CHUMMETPHUHU JeHCTBUS BEKTOP JB MoxeT 6BITH
s dekTuBHO BhIUmcseH (cM., nanpumep, [13]). Bapuanuonusivm cummerpusiv jeii-
cTBUs B (pOpMe TPAHCIAINUN MPOCTPAHCTBEHHO-BPEMEHHBIX KOOD/IMHAT COOTBET-
CTBYIOT TOKH

J(‘u)\):Tl)L\ ()‘7}1’:1723’4)7
rae T (A, p=1,2,3,4) — TeH30p 9HEPrHU-HMILYJIbCA TOJIS.

B pmanbneiimem Oymem cYuTATh IPOCTPAHCTBO-BPEMs ILIOCKUM. B 3TOM CIIy-
Jae BBIITOJIHAETCSH YCJIOBUE TPAHC/ISIIIUOHHON MHBAPUAHTHOCTH JieiicTBust. [losromy
MOXKHO BBECTH 4-KOBAPpUAHTHBIN TEH30D SHEPIUU-UMITYIbCa 1" ‘)‘\ (A, p=1,2,3,4)
1 cHOPMYJIMPOBATE C €r0 TIOMOIIBIO 3aKOHBI COXPAHEHUsI, COOTBETCTBYIOIINE HE3a-
BHCHUMBIM CIABUTAMU BCEX UETHIPEX MPOCTPAHCTBEHHO-BpeMeHHbBIX KoopauHat. Cire-
Jyst [13], BBIYUCIMM KOMIIOHEHTBI KAHOHUIECKOIO TEH30Pa SHEPIUU-UMILYJIbCA MUK~
POIIOJISPHOTO TEPMOYIIPYTOro 1M0Jisd. Beero umerorcst cieyrorine 4eThbipe IPY b
COOTHOIIICHUA:

. . a . .
Th = 28 + S (0\2') + ) (@gjl) —Jjh(ON9) (A, p=1,2,3); (26)

T =t gl 4 /}/%;'%’lzl S (A =45 p=1,2,3); (27)
T4 = —(06) P, — (Ord') 21 — 5(0x0) (A =1,2,3; = 4); (28)
a
Th =% P —d9—s9 (A=4; p=4). (29)
a

IIpuBenéuubIe BBIIE KOMIIOHEHTHI TEH30pa SHEPIUU-UMITYIbCA MUKPOIIOJIIP-
HOTO TEPMOYIIPYTOTO TOJSI MO3BOJSIOT OBICTPO HANTH TaMUJILTOHUAH TOJIST
BEKTOD TICEBIONMITYJIbca ot &y, BekTop YMmoBa—IlottaTurra I'* u Tenzop Ha-
MIPSIPKEHUI DTI1es 10N P‘;\

Tax, kommonenTa (29) TeH30pa HEPrUU-UMITYJIbCA IPEJCTAB/IIET COOOM B3si-

TYIO C OTpUIIATEJIbHBIM 3HAKOM IIJIOTHOCTb I'aMUJIbTOHHUAaHA:

H=iP o+ s)— 2.
a

Kowmnonentst (28) ompe/esisiioT KOBADHAHTHBI BEKTOP IICEBIOUMITYJIBCA TIOJIsT CO-
riaacHo dopmylre

P\ =—(0\a")P - (&\dl);@l — s(0\0).

a

U3 komnonenT (27) dopMupyeTcsi KOHTpaBapUaHTHBIN BeKTOP Y MoBa—IloiHTHH-
ra

.. a .. . hd
F“:S.’Z:cl—k,///f;gll—jﬁﬁ.

KomnonenTsr (26) TeH30pa SHEPrUM—UMILYJIbCA, B3sIThIe C TPOTHBOIOJIONK-
HBIM 3HAKOM, JAIOT BO3MOXKHOCTb BBIYMCIUTH KOMIIOHEHTBI TEH30pa HAIPS2KCHUAN
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D1resion
B cpsh e ! ° ! -
—P =20\ + 8 (0\z") + .4, (3)\? ) — Jr (OxD).
IIpuBenéM Tak>Ke ypaBHEHUs COXPAHEHNs SHEPIUU M KAHOHUYECKOI'O UMILYJIbCA,
runepboJInIeCKOro MUKPOIIOJIAPHOIO TEPMOYIIPYTOTO TIOJIS:

—H 49, =0, (30)
~ P\ + 0, P =0. (31)

OTH ypaBHEHUS BLICTYHAIOT B POJIA «IIEPBLIX HHTErPAIoB» IuddepeHaabHbIX
ypaBHeHuit 110Jis1 (25) U BBINOJHAOTCS B CUIy ypaBHeHUIt mosisi. Eing pas ciemyer
I0/T9e€PKHYTh, 4T0 ypasHerus (30) u (31) MosABIAIOTCS B TEOPETUKO-TI0JIEBBIX (hOP-
MYJIHPOBKAX T€PMOYIIPYTOCTH TOJBLKO B TOM CJIydae, KOIJa MHTerpaabHbIi (yHK-
IUOHAJ JIeICTBUA MHBAPUAHTEH IIPU HE3ABUCHMBIX TPAHCJIANUAX BCEX YETBIPEX
IPOCTPAHCTBEHHO-BPEMEHHLIX KOOPAMHAT; II0J00HAs MHBAPUAHTHOCTL 3aBEIOMO
HIMeeT MeCTO, KOIJIa IPOCTPAHCTBO-BPEMs] sIBJISIeTCS ILJIOCKHM.
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Abstract

Theories and problems of that part of continuum thermomechanics which
can not be properly formulated without partial differential equations of hy-
perbolic analytical type are considered. Special attention is paid to compar-
atively new hyperbolic continuum theories: the theory of three-dimensional
perfect plasticity and the theory of micropolar thermoelasticity. The latter
is accepted as type-II thermoelasticity. Three-dimensional statical and kine-
matical equations of the perfect plasticity theory by Ishlinskii and Ivlev are
studied in order to elucidate their analytical type and opportunity to obtain
integrable equations along some special lines. A new approach to hyper-
bolic formulations of thermoelasticity presumes consideration of referential
gradients of thermodynamic state variables and extra field variables (rapid
variables) as independent functional arguments in the action density. New
hyperbolic thermomechanics of micropolar thermoelastic media is developed
within the framework of classical field theory by the variational action inte-
gral and the least action principle.
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