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ABSTRACT. We consider exit times for random walks with independent
but not necessarily identically distributed increments. We are going to
describe an asymptotic behavior of the probability that the random
walk stays above the moving boundary for a long time. In the paper
by D. Denisov, A. Sakhanenko, and V. Wachtel (Ann. Probab., 2018) an
universal asymptotic formula for such probability was found in the case
when the random walk satisfies the classical Lindeberg condition. Now
we investigate a question if it is possible to find similar asymptotics for
more general random walks when increments may have infinite variances,
but the central limit theorem is still valid. We obtain such result for a
class of walks with symmetrically distributed increments.
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MTOCTPOEHHOE TI0 HE3aBUCUMBIM CJIYYaifHBbIM BeaumawHaMm X1, Xo, . ... asa mociemo-
BaTeIbHOCTH { gk} NeHCTBUTENBHBIX YUCET BBEIEM BEJIUUIUHY

T:=inf{k>1:85; <gr}

PAaBHYIO BPEMEHHU IIEPBOTO II€PECEYEHUs MEHSIOIEHCs IPAaHuIbl { gy} CIIydaiiHbiM
Guryzkmanuem {Sg}. OCHOBHOIL 11e1bI0 HACTOSAIIEH PAOOTHI SBJISAETCH UCCIEI0BAHIE
ACHMIITOTUYECKOI'O IIOBEIEHUs] PACIIPEIEJIEHUs] 3TOIO BPEMEHH:

P(T >n) = P(lg}i?n(s’“ — k) > 0).

B nmammoit crathe paccmarpuBaercs caydaii, korma Omyxknanme {5, } npuname-
KUT 00JIACTH TMPUTAXKEHUST HOPMAJIBHOTO 3aKoHa. To4uHee, MbI TPEIIOIAraeM, 9TO
CYIIIECTBYET TaKasi YMCJIOBas TTOCIeNI0BATeNbHOCTE {by, }, UTO

(1) S, /b, cXOOUTCA NO PACIPEIENEHHUIO K CTAHIAPTHOMY HOPMAJIBHOMY 3aKOHY,

¥ 9TO BIODABOK
(2) Xo/bn 50 w b, — .

(B (1), (2) u nasee Bce npemesbl 6epyTcs Ipu n — 00.)
Bynem takxke camrarb, 4T0 rpanuna {g,} MEHSETCA MeJJIeHHEe, 9eM HOPMHDPY-
IOIAst TTOCJIE0BATEIBHOCTD, T. €. ITO

(3) Gn/bn — 0.

Kpowme Toro, 9To6hI HCKIIOUATH TPUBHAJIBHBIE CIIyYan, MbI TIPEIIIOIAraeM, YTO
4) P(T>n) >0 pnsscex n> 1.

XopoIo W3BECTHBIM KJIACCHYECKUM CiydaeMm, Korgaa (1) MOXKeT BBITOIHATHCS,
ABJIACTCA CIydail HyJIeBbIX CPeJHUX M KOHEYHBIX JUCIIEPCHIi:

(5) VE>1 EXy=0 u Bl:=)Y EX]— oo
k=1

Ecnu emé ycmosue Jluunnebepra

1 n
(6) L,(e) == = ZE[X,?; | X%| >eBy] = 0 s kaxzgoro € >0
k=1
BepHO, To (1) m (2) cnpasenueel nipu b, = B,. B HemasHeii crarbe [1] 6bu10 TM0-
Ka3aHO, YTO IIPU BBINOJHEHUM STUX KjaccudeckKux ycjosuil (5) u (6) umeer mecto
TAKKe CJIEYIOMAst ACHMIITOTHKA:
2 Uy(B7)

(7) P(T >n) ~ = B,

rae Uy, — TmooyKuTeTbHASA MeJ[TIEHHO MEHSIONasaca (DYHKIM CO 3HAYCHIAMI
2
Uy(B;) =E[S, —gn; T >n], n>1.

Ho crarpu [1] rakas To4Has acHMIITOTHKA, Kak (7), OblIa M3BECTHA TOJIBKO IS
HE3ABUCUMbBIX U OJMHAKOBO PACHPEIEIEHHbIX Ciaydaiinbix seauuud {Xi} (cMm. mo-
npobuoctu u 6ubsmorpaduio B [1]).
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1.2. ITocranoBka 3agmaun. 3BecTHO, 9TO HEHTpAJIbHASA OpeeabHasd Teopema (1)
MOKeT ObITb BEPHOI U [ist ciaydaiinbix BesmanH {Xj} ¢ 6ECKOHEUHBIMU JAUCIIEPCH-
AMHU WU JazKe 0e3 cpeannx 3Hadenuii. Beeaém dyHKINN:

(8) Sn(w) = P(Xi|>u) w  Bi(u):=>» E[X;Au’],
k=1 =

rJie MBI WCTIOIb3yeM CTaHIapTHBIE 0003HAYEHNS:
u Vv = max{u,v} u u A v = min{u, v}.

IloguepKHEM, UTO JIJIT CHMMETPUTHO PacipeaeaeHHbIx X1, Xo, . . ., 3 CXOIUMOCTeH
(1) m (2) MBI ¢ HEOOXOANMOCTHIO MeeM (CM. MOAPOOHOCTH HUXKe, B 3aMeYaHnu 3),
YTO

9) Ve >0  X,(eb,) — 0,
a Takxe
(10) B} (by) ~ b ~ by — 00

B macrosimmeii crarbe BMecTo (9) MBI HCHONB3YEM cieiyioiiee 6ojee OrpaHudw-
Te/IbHOE YCJIOBUE:

(| Xk| > eb
(11) Ve>0 Qn(e) :=by, Z P( k' n) — 0; rae  Qn(e) > 3, (eby).
Jlerko Bumiers, uro u3 npeamnonoxkenus (11) ciemyer (cM. TakKe HEXKe 3aMeda-
HUe 4), 9TO CymIeCTBYIOT Yncna {&,} Takue, 9T0:

(12) en — 0 n Qnlen) — 0.

Yro6bl chOPMYTHPOBATEH HAIIK HOBBIE PE3YIbTATHI, MbI JOMKHBI BBECTH CJIydaii-
Hble Oy K JaHns CO Cpe3aHHbIMU npupanenusamu. s kaxmoro u > 0 u Bcex k > 1
[IOJIOZKUM

u, ectm X > u,
(13) XM= (1 X Au) - sign(Xe) = { Xy, e | Xi| < u,
—u, ecom Xp < —u.

Omnpenennm Tak»Ke
k
(14) Spw) =Y X w TWi=inf{k >1: Si(u) < gi).

Hamra nems — gokasarb, YTO IPU COOTBETCTBYIOMIHAX Uy, — OO

(15) P(T > n) ~ P(T0") > n) ~ \/zE"b(“)

rae

En(u) := E[S,(u) — gn; T™ > n).
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1.3. OcHoBHbIe pe3ynbrarbl. B 0CTa/JbHOIl 9aCcTU CTaThbU MbI UCIOJIb3YEM CJie-
JIyTOIITAE TIPEITOTOKEHHS.

(a) HezaBucumble cayuaiinbie esmautbl X1, Xo, ... Paclupe/eseHbl CAMMETPUY-
HO.

(b) Ionoxkurenbusle neficTBUTENbHbIE THCAd {by, } U {€,} TAKOBLI, UTO BLIIOJ-
Hstorcs yemosus (10) u (12).

(g) T'panuneit {g,} aBasgercsa HEeBO3paCTAMOIIASA OCIEIOBATEIHLHOCTD I€HCTBI-
TeJIbHBIX YMCeJl, YJOBJIETBOPSIONIas yCIoBUIO (3); KpoMe Toro,

(16) P(X;>g/)>0 n e1b1 > g

Huzke MbI roBopnM, 910 nocaedosamenvrocms {U,} medaenno mensemesa npu
b, — 00, B caydae ecan

(17) Ve>0 Upm)~Un, KOTIA bpy(ny ~cb, m m(n) — oo.

Teopema 1. [Iycmv evnoanenv, yeaosus (a), (b) u (g). [pednorosicum maxoice,
wmo deticmeumenvroie wucaa {u,} maxoso,, wmo npu nekomopom N < 00

(18) Yn>N u, > v, = max erby U UnQn(en) /by — 0.

Tozda eepra acumnmomuseckan opmysa (15) u, Kpome moezo, nocaedosamens-

noems {E,, (u,)} medaenno menaemes npu b, — 00.

B kauecrse {u,} B Teopeme 1 Bcerma MmoxHO 6parh U, = b, wm u, = v, (cM.
obocHoBanue B jiemme 1).

1.4. YacTHuble cjaydyan U KOMMEHTaAPUN.

Caeacrsue 1. I[Tycms yceaosue Jundebepeza (5)-(6) umeem mecmo emecme ¢ npeo-
noaosicenuamu (a) u (g), 6 komopux ucnoavayrmea wucaa By, emecmo by,. Tozda
npednoaoorcenue (b) marotce sunosnaemea, npuweém ¢ neobxodumocmoio by, ~ By,
u eephb. 6ce ymeepotcoenus meopemv, 1. B wacmuocmu, 6 smom cayuae umeem
CACOYIOUWYI ACUMNMOMUNECKYI POPMYAY

P(T > n) ~ P(T() \f n(tn) \f o(B1)

daa ecex wucen {uy}, ydosaemeoparowuz (18).

IIpumep 1. ITycmo cayuainse seavuwunv, { Xy} pacnpedenenvs 00unaroso u cum-
MEMPUYHO, NPULEM

022 ¢
(19) P(X,| > 2) = C(a) %

> npu ecexr x > e,

2de a >0 u P(|X1]| > e?) = 1. Jleeko ybedumoca, wmo

bn
(20)  B2(b,) = n/ 20P(|X1| > x)dw ~ b2 = ——
0

B nynxme 2.7 6ydem noka3ano, 4mo 6 3mom CAYae Ce YCA08UA U YMEePHCIeHU,
Teopemos 1 cnpasedausvy dasn s06ux wucea {u,} maxux wmo

(21) Uy ~ Cbylog' 3P (n+1), Koeda 0<B<1/2 u C>0.
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Bameyanue 1. [Ipednoaoorcenua (g) u (a) saexym 3a cobot ycaosue (4). Kpome
m020, 6 IMOM CAYHaE

(22) Gy = max|ge| = [g1] V [gn| = 0(bn)-

3ameuanue 2. 0603HauuUM wepe3 Ny MUHUMAALHOE YUCAO 1T MAKOE, YN0 CAY-
YaUHAA BEAUNURG X, UMEEM Hesbposicdentoe pacnpedesenue. IIpu ycaosuu (a) 6
amom cayuae X = 0 daa ecex k < Ny. Ilo amoti npuwure npedcmasasemcs ecme-
cmeenHumM cuumams X, NEPEuM CAGZAEMUM 6 HaWeMm bAYsHcIaHuY; Mo ecmb
npednoaoscums, wmo X1 umeem neswviposcdentoe pacnpedeserue. M mu, deticmeu-
meabHO 88eau amo npednososicenue 6 (16), Toms u HeasHO.

Bameganue 3. Hanomuum, 4mo eciu umeem mecmo cxodumocms (2), mo Sy /by
ABAAEMCHA CYMMOT HEZ3ABUCUMBE CAYaTHuE seautun X1 /by, Xo /by, ..., ydosse-
MBOPANUUT YCAOBUN PAEHOMEPHOT OECKOHEYHOT MANOCTIIU:

max P(|Xk|/bn >¢€) = 0 0daa xaocdozo € > 0.
<j<n

Caedosamenvho, das cummempuuno pacnpedesennns X1, Xo, . .. cxodumocmu 6 (1)
u (2) umeem mecmo mozda u MoAvKo mozda, k0204 6LINOAHAIOMCA Yeaoeus (9)
u (10). Jlokasameabcmeo 9mozo u36ecmnozo Parxma MoHcHO HATMU, HANPUMED, 8
kruze Josea [4] (cm. nynkmo 22.5 u 23.1 6 pycckom nepesode 1962 200a).

Bameuyanue 4. [Tycmo (11) swnoanero npu wexomopux {b, > 0} u 3adano wucao
€1 > 0. B amom cayuae

Vn>2 Qule)) <er, npu e :=min{e >0:Q,(e) <e} — 0.

Taxum obpasom, wucra {e, = ¢} u {e, = supy>, €5} aemomamurecku ydoe.re-
meopsrom npednoaoscenuro (12).

Bameuvanue 5. Hawa 2unomesa cocmoum 6 mom, 4mo ecau 6 meopeme 1 emecmo
npednoaoorcenus (b) mpebosamsv moavko cxodumocmu (1) u (2), mo ycaosue (11)
bydem neobxodumvim 0as evinosnenus (15) npu w, = by,.

OcranpHasg 9aCTh CTATHU IIOCBAMIEHA TOKA3ATEIHCTBAM CPOPMYTHPOBAHHDBIX BbI-
e yTBEPZKJICHUIA.
2. JJOKA3BATEJBCTBA
2.1. CoenuasibHbIe YyPOBHU CPE30K.
JIemma 1. ITycmo evnoanens, ycaosus (a) u (b). Tozda

(23) Uy = lrgnl?%(n exb = o(bn) u  Bp(vy) ~ by ~bpy1 ~ by = 1r§1]?§(n by.

Jokasamenvcmeo. 3aMeTuM, IPEKe BCEro, 4ro Beusy (8)
(24)

n
Vu>v>0 0<B2(u) - B2(v) =Y B[X[)? =02 [X5| > 0] < u?8,(0).
k=1

Hanee, pu k(n) := min{k < n: b, = b, } — 0o mbr u3 (10) oueBMTHO WMEEM:

72 — —
(25) By (bn) ~ by < by = by ~ B (bk(n)) = Biy()(0n) < Br (ba).-
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A u3 (24) u (9) nonyuaem:

- - -2
Bl%(n)(bn) - Bi(bn) < Bi(bn) - Bi(bn) <0,8,(bn) u Eu(bn) — 0.

Ho u3 nocneaux coornomenuit u (25) BbITeKaeT, YTO

2

— - —2 —2
bgz ~ B’?L(bn) 2 Bl%(n)<b’ﬂ) = b (bn) ~ by (1= (b)) ~ by, > bi'

3uauur, Bi ~ b2,
Breném rerepnb uncaa l(n) := min{k < n: by > \/b,} — oo. Uz (12) umeem:

Enpi=supeg — 0, g1 < 00 " Ein) — 0.
k>n

CrenoBareIbHO, B CUJIy OMPEIEIEHNS BEJIUUUHBL Uy,

v, < max by + max epby < &1/ by —|—El(n)gn =b,0(1) = o(by,).
1<k<l(n) I(n)<k<n

U rem campIM T0KA3aHO TIEPBOE COOTHOIIEHHE B (23).
Takum obpazom, v, < b, mpu Bcex JOCTATOIHO OOMbIUX n. U mpm Bcex TaKmx
n u3 (24) uosydyaem, 4ro

(26) 0< BZ(bn) - BZ(Un) < bizn(vn) < bizn(gnbn) = O(bi)a

noromy 910 Y, (,b,) < Qn(en) — 0 B cumy (12). A nockonbky emé B2(b,) ~ b2
B cuiy (10), To u3 (26) u (10) caenyer, uro By (v,) ~ b, ~ byi1. Temeps Bce
COOTHOIIEHHs B (23) TOKa3aHBL O

JIemma 2. ITycmob evnoanens, ycaosus (a), (b) u (g). Tozda

(27) BT 5 )~y | 2 Enlon)

T by

JHokazameavcmeo. Mbl cobupaeMcst TIPUMEHATh OCHOBHO! pe3ynibraT u3 [2] k ciy-
vaitupiv BesmauaaMm { Xy, } u rpamume {gi »}, roe

X

9k
28 Xpn = sy Sk =Xin+... o+ Xin ni= — .
(28) k, Bo(vp) k, 1t +Xkn WGk, By (vy)
N3 (22) u (23) nerko BuAeTh, 910
(29) | Xjon| < T 0 : gl = =" 0
ma nl <rp = ——— ‘= ma nl = 57—~ .
PE B, (vy) I = T Ik, B, (vy)

Croiicrsa (29) MO3BOJAIOT MPUMEHNUTH OCHOBHOE YTBEPXKIEHWe TeopeMbl 1 m3 [2]
K BesmanHaM u3 (28). B pesynbrare, ucnomb3ys obo3HadeHue Zi , = Skn — Gkn
noJIyvaem, 4To

(30)
2 E,(vy)

2
p(T(vn)>n)P(minzkn>0>~\/7E[Znn;min2kn>0} — .
k<n T M T 7T Bp(vn)

IMockonbky By, (vy,) ~ by, B cuy (23), 1o (27) ciaegyer reneps u3 (30). O
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2.2. CpaBHeHue ypoBHell ycedeHus. /lajiee B CTaThe MO yMOJIYIAHUIO HUCIIOb-
3yI0TCd IeJble M, N U JIeHCTBUTE/IbHbIE YUCa U, U CO CIeAYIOMUMUA CBORCTBAMMU:

(31) n>m>1 u u>v>0.
Beesem ciydaiiHble BeTMYUHbL:

Zn(u) == 8Sp(u) — gn, Z,(u):= 1I<HklEn Zi(u), «(v):=min{k >1:|Xy| > v}.

Ormernm, 9T0 (V) — 9TO MOMEHT OCTAHOBKH M YTO
(32)
vi<a() X=X 8w =8;(0), Ziw) =Z(v), Z;u) = Z©v).
ITonoxum
(33) T8 =T An n Py(u,0):=Y PT™ > k- 1)P(|X,| > v),
k=1
npuaéM Mbl Beerya cautaem, uro P(T( > 0) = 1.

Ilpenmoxenne 1. ITycmo cayuatinvie seauvwuror X1, Xo, ... He3asucumv,. Tozda
s 1100020 Uen020 wucra n > 1 u ecex deticmeumervhvix u > v > 0 umeem mecmo
caedyroulee COOMHOWEHUE,

(34) P(a(v) <TW <n) <P(T™ > a(v)) =PI > a) < inf P,(u,v).

uE[v,00)

Kpome mozo, 6 amom cayuae
(35) ‘P(T(“) >n) - P(T > n)‘ < P(T) > a(v)),
(36) ‘P(T >n) — P(TW > n)’ < P(T™) > a(v)).

Joxazameavcmeso. Tpexae secero ormernm, uro {TW > k} = {T™) > k — 1} =
{Z;,_1(u) > 0} u, ciegoBarenbHo,

P(T™ An > a(v)) = iP(a(v) =k, TW > k) = iP(a(v) =k, Zy_,(u) >0)
k=1 k=1
(37) = P(a(v) =k Z, 1 (v) > 0) = P(T™ An > a(v),
k=1

rae ™Mbl ipuMenwn (32) pn j = k — 1 < k = a(v). Jasnee,
Pla(w) =k, Z;,_1(u) > 0) =P(a(v) >k —1,|Xk| > v,Z,_1(u) > 0)
(38) S P(|Xk| > 0,21 (u) > 0) = P(|Xi| > v)P(Z;_ (u) > 0),

/I MbI UCIIOJIb30BAJIA HE3ABUCUMOCTD CJlyYaiiHbiX Bejaudn Xy u Zi_1(u). Cymmu-
pys onenku B (38), nonyuaem u3 (37), 94To

P(T™ An > a(v) <Y P(IX| > v)P(Z),_, (1) > 0) = Py(u,0).
k=1
W3 sroro nepasencrsa u (37) caenyer (34).
YuaursiBas (32), Jerko BUAETH, 9TO

a() <TWATW | korma T £ T,
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Ho u3 sroro dakra u (34) nmeem:
(39) Py :=P(T™W >n, T <n) <Pa(v) < TW <n),
(40) Py =P(TW > n, TW <n) < P(afv) <TW < n).
Teneps 3aMeTuM, 4TO

P(T™ >n) = Pyyp <P(T™ >n) <P(T® > n) + Pyyo.

9ro coornomenne BMecre ¢ (39), (40) u (34) siaeuér (35).
Haxkower, (36) ciaeayer u3 (35) upu u — oo. O

2.3. CaoiicTBa MaTeMaTU4ecKuXx oXXuganuii £, (-). Mbi cobupaemcs Joka3arh
CTIEIYIOIIEe YyTBEPIK ICHIE.

IIpenuioxxenne 2. IIpednorosicum, wmo ycaosus (a) u (g) evinoanens, emecme
co ceoticmeamu (31). Tozda

(41) 0 < En(u) = Ep(w) < (u+ gn — gn)P(T™ > m),
(42) |En(u) = En(v)] < 2(u+ g1 — gn)P(T{ > a(v)).
Kpome mozo, 6 smom cayuae
43)  Vn>1 Vu>eby  En(u) > Ei(u) > Ko == EX" - gt > 0.
JlokazaTebCTBO OCHOBAHO HA ABYX JEMMaX.

JlemMma 3. Ilpu ewnoanenuu ycaosua (a) eephvl caedyrousue npedcmasienu:
(44)

En(u) = Elgy — Spe s T™ < n) = g = Elgro — Spo ; T < 0] = Bgrooan
Ecau oice npednonooicenue (g) marsice 6binoAHACMCA, MO UMEIOT, MECTO COOMHO-
wenus (41), (43), a maxorce u

(45) () 2 ST(u) = ST(u)q + Xj[?(]u) > g1 — U > g — U.

Joxasamenvcmeo. Tlpexe Bcero ormerum, uro (45) cpasy cieayer u3 ompejesie-

ruit (14) n (13) cayuaitmex pesmann T w X ,Eu] B CJIydae, KOLJIa IIOC/IeI0BATe b
HOCTh {gn} — HeBO3pacraomasd. Jaree, u3 paserncrsa (12) B [3] (Tam oHO JOKA3aHO
B JleMMe 3) uMeeM

(46) En(u) = B[Sy ; T™ < n] — g, P(T™ > n).
U3 3TOr0 TOKIECTBA TIOCIE O9EBAIHBIX MPEOOPa30BAHTIA JIETKO MOYyYnTh 004, Tpe/I-
crasyienus B (44). Kpome Toro, u3 (46) oueBuIHO cieayer, 4To Jjisd Beex n > m > 1
(47)
En(u) = En(u) = Elgpa — Spe sm < T < n] 4+ Elgm — graa, ;m < T,
TMoncrasasist onenku u3 (45) B (47), MbI mpuxomnM K (41).
Haxomen, mbr uveem u3 (16) npu u > e1by > g, uaro
(48) Ei(u) 2 BIX[" - 915X, > 0] > B[X{" - 915X, > 0]
> B - g X0 > 6] = Ko = B(X[ = )t >0,
IIOTOMY 9TO BeIWIHHA X {“] BO3pacTaeT ¢ poctoM u > 0, B ciydae korga Xp > 0.

Teneps (41) u (48) mator (43). O
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Jlemma 4. B ycaosuazr npedroscenus 2

(49) |Bu() = B3 (0,0)] < (u+ g1 — gn)P(afv) < T® < n),

2de

(50) E;y(u,0) i= Elgn = Sz ;T < a(v)] = g0 = Ejy(v,0).
Joxazameavcmeo. Ecrm T < a(v), To uz (32) caemyer, uro T = T®) »

S = Spw) . Takum obpasom, (50) gokazaHo.
Teneps n3 npencrasienns (44) u onpenenenust (50) MBI MeeM, 9TO

(51)  An(u,v) = En(u) — Ej(u,v) = E[gy — Spe ja(v) < TM <nj.
Ucnomnb3ysa (45), momydaem
|An (u,0)] < Ellgn = gro| +usa(v) <T™ <
< (ut g1 = g2)P(a(v) <T™ < ).
ITocnenuee HepaBeHCcTBO BiewIeT (49), mockombky A, (u, v) = B, (u)—E} (v, v) BBEIY
(50) u (51). O
Tenepnb Mbl uMeem u3 (49), uro
[En(u) = En(v)| < [En(u) = EL(v,0)] 4 [En(v) — B, (v,0)]
< (u+ g1 = gn)P(a(v) T <n) + (v + g1 = gn)P(afv) TV <)

< 2(u+ g1 — ga)P(a(v) < TY),

rje Mbl Takke ucnojb3osanu (34). Urak, (42) mokasaHo.

HamoMuamM, 9TO OCTaJIbHBIE YTBEPKIAECHUS MPE/IJIOKEHNS 2 CJIEIYIOT U3 JIEMMBI 3.

2.4. BepxHue OIeHKHW BepOATHOCTEMN P(T(') > k). Huxe Mbl dukcupyem 1o-
caenosaressuoctu {b,}, {€,} u {g,} n BBEAéM HexkorOpBIe KOHCTanTbl K M N7,
KOTOPBIE MOTYT 3aBUCETh KaK OT 3TUX (PUKCUPOBAHHBIX TTOCIEIOBATEIHHOCTEH, TaK
u or pacrpezenennii Benmant { X, }. OCHOBHAsI 1e71b STOTO MyHKTA, - JOKA3aTh CJIe-
QIyTOIiee yTBEPIKICHNE.

IIpengnoxenue 3. Ilpu ewnoanenuu yeaosui (a), (b) u (g) cywecmeyem maxoe
yucao K < 0o, umo

(52) Yn>1 Yu>wv, max bP(T™ >k—-1)<KE,(u).
1<k<n+1

Bradasie Mbl JOKazKeM IIapy JIEMM.
Jlemma 5. Ilpu scexn > 1
(53) Vu>0 E[ZT(w)|PT™ >n) < E,(u),
GH  Ve>0 BZL) 2 EISH0)] -6 2 3Bal) — v - g,

[Hoxasamesvemeo. Hepaserncrso (53) HeMemyIeHHO BhITEKaeT u3 JjeMMbl 25 B [1].
Hazee, mockombky | X ,[Cv}| < v s Beex k > 1, MBI MOXKEM MOBTOPHTH JTOKA3ATENb-
crBo HepaseHcTB (52) u (55) u3 [2], ucnonssys semuaunst Sy, (v), B, (v) 1 v BMecTo,
Sm, Bm ¥ T, coorBercrBenno. B pesynbrare nosydaem (54). O
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Jlemma 6. Ilpednoaoorcum, wmo cayuatinoe seauswurvt S u X Hezasucumol, g X
cummempuywro pacnpedesena. Toz0a
(55) Vu>v>0  E(S+ XUt >E®S + xPht
Kpome moeo, 0as HE3ABUCUMBIT U CUMMETNPUYHO pacnpedeaennois seausut { Xy}
(56) Yn>1 Yu>v>0 E[Z](u)] > E[Z] (v)].

Joxasamenvcmeo. @ukcupyem | X| u S = a u GepeM ycjIoBHOE MATEMaTHIECKOE
oxuganue B (55). B pesynbrare nosydaem

(57)  2E[(a+X)"[IX[] = (a+|X)T + (a— [X])T = 24" + (| X] — |a]) ™.

Juia 1oka3arebeTBa MOCIEHEr0 PABEHCTBA MIPOIIE BCErO UCC/IEA0BATH OTAEIHHO
ciydqan a <0, 0<|X|<a u 0<a<|X]|
Ho u3 (57) merpyaHo Buserh, 4To cieayomas QyHKIus

fla,b) == E[(a + X)" [|X] = }]
MOHOTOHHO HE yOBIBAET MO CBOEMY BTOpOMy aprymenty. CjemoBaresibHO,

Va Yu>v>0 f(a,|XM]) > fa,|XM))

HOCKOJIbKY |X,[€"]| > |X,[€U]| upu |u| > |v| kak ar0 crexyer u3 onpegenexus (13). A
noToMy

Vu>v>0  E(S+XMT =Ef(S |XM) > Ef(S, X)) =E(S + X

Takum o06paszom, mMbl nosyduiau (55).

IMpucrynum renepp K BoiBogy nepasercrsa (56). Ilpu k& = 0,1,...,m BBeaém
BEJINIWHbBI
Sk 1= Z XJ[»U] + Z XJ[U] — gn, TpUIEM Z =0.
1<j<k k<j<n 0
Cayuaitnaa seqnmunaa S := Sj, odeBngHo He 3aBucHT oT X := Xj. IlosTomy,

cormacuo (55),
Epn = E(Spn + XN 2 E(Skn + X = E(Sim1n + XM )T = Eiia.
IloBropsig ator mpuém n pa3 aasd k =n, ..., 1, momydaem
E(Z, (w)] = Enn > Eon = E[Z, (v)].
Uraxk, (56) moka3aHo. O

Jokaszameavcmeo npedaoscenus 3. Tlpex e Bcero HAIOMHUM, YTO KaK MOKA3AHO B

(41) u (43)

(58) Yn>k>1 Yu>u E,(u) > Ex(u) > E1(u) > Ky > 0.
Hanee, uz (54) mpu v = vy, HAXOAUM:
3 3 3 1
E[Z,:(’Un)] Z an(Un) — Un — gr—yi,_ ~ gbn ~ gbn+1 > ianrl,

rae Mbl Takske npuMmenman (3) n (23). CremoBaTesbHO, CYIIECTBYET HATYDPAIHHOE
qncio N < 0o Takoe, 9TO

Vn >Ny Yu>wv, E[ZT(u)]>E[Z(v,)] > bnyi1/4,
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rae mbl emg yuau (56). Iopcrasisa waiigennyio onenky B (53), mosydaem, 4To
Vn> Ny Yu>wv, by P(T™ >n) <4E,(u)

A 3aMeHuB B OPHUBEJIEHHOM HEPABEHCTBE MEPEMEHHYI0 1 HA k — 1, MbI IpUXOAUM K
CJIeIyIONIEMY COOTHOIIEHUIO

(539) Yn>k>N; Yu>v, >v1 P(TW >k —1) <4E,_1(u) < 4E,(u).

Ipu BeiBOAE (59) MBI McHOIB30BaMM (58), a Takxke TOT (DAKT, UTO MOC/IEI0BATE b
HocTh {v, } He yObiBaeT.
Hakoneu, npuvensis (43) upu u > v1 = £1b1, Mbl LIOJIy4aeMm, 4TO
(60)
ka(T(u) >k — 1) < b maxj<g<n, b,

O SEwST K

Vn>1 Vke[l,N] Yu>wv

Teneps (52) Boitekaer u3 (59) u (60) npu K := 4 + maxj<p<n, bi/Ko < oo. O

2.5. HokazaresqbcTBO TeopeMmbl 1. Ham morpebyrorcsi aBa BCIOMOTATEIHHBIX
YTBEPXK ICHUS.

JIemma 7. ITycmo evinoanens, ycaosus (a), (b) u (g). Tozda das ecex u > vy,

(61) P(Tr(zu) > a(vn)) < Po(vn,vn) < KQn(en)En(vn)/bn = o(En(vs)/bn),

(62) P(T( > n) < K(14 Qu(en))En(vy)/by = O(Epn(vn)/bn).
KpOMe moeo, 6 3MoM cayvae
(63) P(T > n) ~P(T™ > n) ~ P(T"") > n) ~ \/ZE"I)(U").

Hoxaszameavemeo. Tloacrasnss ouenky (52) B (33), Haxomum, 9410
" " KE, (v,
Po(vn,vn) = 3 P(TW) > k= DP(| Xk > v5) <) T()P(pm > vp)
k
k=1 k=1
n
KF,
< Z MPOXH > enbn) = KQn(en)En(vy) /by
o b
U reneps (61) crexyer usz (12).
IMocme sToro u3 (35) u (36) monygaem:
[P(T™ > n) = P(T") > n)| < Py(vn,vn) = o(En(vn) /bn),
[P(T > n) —P(T") > n)| < Po(vn,vn) = o(En(vy)/bn)
Ho s1tu coornomenns Bmecre ¢ (27) HemenneHno naior Ham (62) u (63). O

Jlemma 8. B ycaosuaxr semmo, 7

u+gl_gn
b '

B wacmnocmu, E,(u,) ~ E,(v,) npu ésnosneruu ycaosut meopemsy 1.

(64) Vn>1 Yu>v, |Ep(u)— En(vy)| <2KQn(en)En(vy)
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Joxasamenvcmeo. Iloncrasiss (61) B (42) upu v = v, Mbl Haxoxum (64). Tasee,
upu BeimosHeHun ycnosuii (3), (12) u (18) mbr nmeem u3 (64) npu u = Uy, 9T0

Qn(en)ﬂﬁitglilﬂﬁ 50, anotomy En(un) — En(vn) = o En(vn)).
Caenoaresnbuo, Fy(uy,) ~ En(vy). O

Tenepb mepBOE yTBEPIKIEHNE TEOPEMBI 1 HETTOCPEICTBEHHO BHITEKAET U3 JIEMM 7
n 8. JlokazaTebCTBO BTOPOTO OCHOBAHO HA CJEAYIONIEM YTBEPIKICHUH.

IIpengnoxenue 4. B ycaosusr meopemovs 1 nocaedosamenvrocms {Ep(uy)} med-
AEHHO MEHAEMCA NPU by, — 00.

Hna npoussossuoro ¢ € (0, 1] Beibepem mobbie uesbe wucaa m(n) co cuaeayo-
IIIAMUA CBOWCTBAMMU:

(65) n>m=m(n)>1 1 by ~cby, TaK U0  Qpy(n)(Em(n)) — 0.
JlemMma 9. B ycaosuazr meopemor 1

(66) En(vn) ~ Epyn)(0n) ~ Epn)(Vmmn))-

JHoxaszamesvemeo. Beugy (65) Mbr maxogum u3 (62) ¢ m(n) BMecTo n, 9To

(67)

buP(T\1) > 1) < buK (14 Quuny (Em(n) By (0 /By = 0By (Vi)

JUIA BCEX U > Upy(p). Janee, uz (23) u (41) npu m = m(n) umeem aia seex u > 0
410

0 < Ep(w) = Epgny(w) < (u+ gn = Gin(n)) P(T™ > m(n)) = o(b,)P(T™ > m(n)).
IloxcraBnss Tenepn (67) B IIOCJIE/IHIOI0 OLEHKY IIPU U = Uy, > Um(n), 11OTyIaeM:

Ho 3710 cooTHOIIEHNE BIEYET NEPBYIO IKBUBAIEHTHOCTH B (66).
Beuny (65) mbr Haxogum u3 (61) ¢ m(n) BMecTo 1, 9T0

(68)
Hagee u3 (42) u (34) ¢ m BMecTO N uMeeM:
Ym>1 Yu>v>0 |Em(u) — En(v)| < 2(u+ g1 — gm)Pm(v,v).
U3 sToro HepapeHCTBA MPU M = M(N), U = Vp U U = Vpy () TPUXOIIM K
‘Em(n)(vn) - Em(n)(vm(n))‘ <2(vp + g1 — gm(n))Pm(n) (Um(n)a vm(n))'
[ozcrasisas (23) u (68) B HOC/HEHION ONEHKY, UMEEM: Up + g1 — Gm(n) = 0(bn) 1
Orcioga crexyer Bropoe coorHomeHue B (66). O
Urak, nocaenosarensuocrs {E,(vy,)} Memnenno mensiercd upu b, — 00, 1O-
CKOJIbKY BCE ycJioBus B onpesenenun (17) semosnustorces korma U, = E, (vy,), Kak
aTo cieayer u3 (66) u (65).
C apyroii CTOpOHBI, B ycja0BusX Teopembl 1 umeeM E,, (u,) ~ E,(v,) BBUILY JleM-

mbl 8. Ho sTor dakT o3uagaer, 4o nocrenoBarensHOCTs { By, (U, )} Tak:Ke MeJIEHHO
MeHsIeTCs Tpu b, — 00.
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Takum obpazom, mpegoxkenne 4 u TeopeMa 1 MOTHOCTHIO JOKA3AHDI.

2.6. HokazaresbcTBo caeqacrBus 1. Eciu Beimosneno ycmosue Jlungebepra, To
[0 HEHTPAILHOMN TIPEeIEIbHOI TeopeMe UMeeT MeCTO cXoauMocTh (1) ¢ B,, BMeCTO by,.
Ho eciiu B 3T0M cayuae (1) BepHO €1mg u st HEKOTOPOro APYroro by, To ¢ HEOOXO-
1uMocTbio by, ~ B,,. Takum obpazom, Bmecto (11) ¢ npousBosbHbIM by, J0CTATOYHO
nokazarb, 4ro (11) Bepuo, korja b, = B,,. Ho sror dakr BbiTeKaeT U3 ciieLyomero
BCIIOMOTATEIFHOTO YTBEPIKICHUSI.

JIemma 10. Ecau évinoansemcs yeaosue Jlundebepea (6), mo
(69)

|Xk| > eB,) [(XZ:|Xk| >eBn] _ 2y/Ln(e)
V5>OBZ <BZ ETETN <= -0

Lloxazameavcmeo. dns dukcuposanubix € > 0 u B, > 0 BBegem obo3nadenwusi:

k
we =E[X7:[Xx| >eBy] u Vii=)» w; <BE k=12,....
j=1
fdcno, uro g Bcex n > 1

Vo da

Wy " wy, " Vi — Vi
— < = < — =2¢/V, =2B,\/L
_Z — V% o Ve

1
B pesyubrare nosyuaem (69). O

B
b
ﬂ‘
E
b

2.7. okaszaTebCTBO yTBepxKaeHusa u3 npumepa 1. Ilpexne Bcero ormernm,
9TO MPU JIIOOBIX YUCTAX 0 U Uy, u3 (21)

(70) eni=log P(n+1) =0 u e,b,/u, = O(logm*l(n +1)) = 0.
Taxknm obpasom, neppble yciaopus B (12) u (18) BBITONHEHBI.
Tenepsb u3 (19) nmeem:
(71)
log®® by, B O(log®*(n + 1)) B o(1)
b2 nlog®tl(n41) nlogn+1)
C mpyroit CTOPOHBI, JIETKO BUAETH, YTO JJist BCEX NeHCTBUTEIBHBIX ¢

dx 2y/n 2n
Zflog n+1) / Valog z +1) "~ log(n+1)  nlog(n+1)

no npasuiy Jlonurassa. CrenoBarenbho, ipu ¢ = a + 1/2 u3 (20) umeem, 410
by, b,O(n)

(72) > = =anfa+1/2) = == = 0(n).

1 n

Vee (0,1 2P(|Xy| > eby) < Cla)

n

B cuny onpenenenns (11) u3 (71) u (72) ciexyer, gro

2 —n = —
(73) Ve €(0,1] £°Qnle) = *P(|X1| > eby) ; b log — 0.

+1)



O BPEMEHAX TIEPBOT'O ITPOXOXXJEHIMA 99

Hakoner, noyiaras € = €, B (73), nosydaem:

__ 0@
) = g+ )

1-38
Up, O( log (n+ 1)) 5
En)7— = =0(lo n+1)) —0.
Qn( n) bn 5721 10g(n+ 1) ( g ( + ))
Nrak, Bropsie ycinosus B (12) u (18) Takke BepHBI.
Takum obpasom, Bce ycsioBusi TeopeMbl 1 BbILIOJHEHbI M, KAK CJEICTBHE, BCE
YTBEDPIKIEHWsT ITON TEOPEMBI NMEIOT MECTO € uuciaaMn {u,} u3 (21) mpn mucnoas3o-

BaHWHU BCIIOMOTaTeIbHOI TocenoBarenbHoctn {&, }, BBengnHoii B (70).

=0(log” ' (n+1)) =0,
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