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INVERSE PROBLEM FOR FRACTIONAL ORDER
PSEUDO-PARABOLIC EQUATION WITH INVOLUTION

D. SERIKBAEV

Abstract. In this paper, we consider an inverse problem on recovering the right-hand side of
a fractional pseudo-parabolic equation with an involution operator. The major obstacle for
considering the inverse problems is related with the well-posedness of the problem. Inverse
problems are often ill-posed. For example, the inverse heat equation, deducing a previous
distribution of temperature from final data, is not well-posed since the solution is highly
sensitive to variations in the final data.

The advantage of this paper is two-fold. On the one hand, we investigate the solvability
of the direct problem and prove the solvability to this problem. On the other hand, we study
the inverse problem based on this direct problem and prove the solvability results in this
problem, too.

First, we investigate the Cauchy problem for the time-fractional pseudo-parabolic
equation with the involution operator, and secondly, we consider the inverse problem on
recovering the right-hand side from an overdetermined final condition and prove that it is
solvable.

To achieve our goals, we use methods corresponding to the different areas of mathematics
such as the theory of partial differential equations, mathematical physics, and functional
analysis. In particular, we use the £-Fourier analysis method to establish the existence and
uniqueness of solutions to this problem on the Sobolev space.

The classical and generalized solutions of the inverse problem are studied.

Keywords: fractional differential equation, inverse problem, involution, pseudo—parabolic
equation.

Mathematics Subject Classification 2010: 35R30, 34K37

1. INTRODUCTION

In this paper we study the inverse problem for the nonlocal pseudo-parabolic equation with
an involution of the space variable z. We investigate the equation

D [u(t, x) — tge(t, ) + ey (t, T — )] — Upe(t, ) + €U (t, 7 — ) = f(2), (1.1)

for

(t,x) eQ={0<t<T <00, 0 <z <7}, 0<a<l,
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where D¢ is the Caputo derivative (see [14]) for 0 < o < 1 and D := 9, for « = 1. In L*(0, )
we consider a second order differential operator generated by the differential expression

L(u) = —u(z) +eu’(r—z), O<z<m, (1.2)
subject to the boundary conditions
u(0) =0, u(m) =0, (1.3)

where |e] < 1, € R. We can check easily that the introduced operator is self-adjoint (see
[1,13,28]). For all |¢| < 1, nonlocal problem (1.2), (1.3]) has the following eigenvalues:

M =4(1+e)k®, ke IN  and  Agpyr = (1 —e)(2k + 1), ke,

and the corresponding system of eigenfunctions

2
ugr(x) = \/;sin 2k, ke NN,

2
Ugpr1(T) = \/;sin (2k + 1)z, ke NU{0}.

As a motivation, we mention that pseudo-parabolic equations have numerous applications in
sciences and engineering. For example, the energy functions of the isotropic materials can be
expressed as solutions of pseudo-parabolic equations [5]. Some wave processes [3|, filtration of
the two-phase flow in porous media with the dynamic capillary pressure [4] are also modeled
by pseudo-parabolic equations. The time-fractional pseudo-parabolic equation occurs in
studying flows of the Oldroyd-B fluid, one of the most important classes of dilute solutions of
polymers [7,27].

The study of inverse problems for pseudo-parabolic equations was initiated in the 1980s. The
first result obtained by Rundell |22] refers to the inverse identification problems for an unknown
source function f in the following equation

%[u(t, x) + Lu(t,z)] + Lu(t,z) = f, (1.5)
where L is an even order linear differential operator. Rundell proved global existence and
uniqueness theorems for then cases when f depends either only on x or only on t¢.

The inverse problems on identifying the right hand sides of the pseudo-parabolic equations
from a local over-determination condition have important applications in various areas of
applied sciences and engineering. Inverse source problems for the diffusion, sub-diffusion and
for other types of equations are well studied. In this area some recent progresses have been done
in the series of articles, see, for example, [12,9,/10}/12,/13/15,/21,23,24,26.28|. However, inverse
problems for pseudo-parabolic equations and for their fractional analogues have been studied
relatively less, see [8,11,17-19,22]. In our paper, we aim to fill this gap.

For more information on pseudo-parabolic equations, we refer to a book by Demidenko and
Uspenskii [6] and the references therein.

(1.4)

2. DIRECT PROBLEM
Before formulating a problem, we first introduce fractional differentiation operators.

Definition 2.1. The Riemann-Liouville fractional integral I* of order 0 < a < 1 for an
integrable function f is defined by the formula

1°[)(0) = ﬁ [ = ois. t e,
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where I' is the Euler gamma function.
The Caputo fractional derivative of order 0 < o < 1 of a differentiable function f is defined
by the formula

DY) = 11 0] = e | et ¢ € fed)

Further information on fractional derivatives can be found in [14].
In what follows, we widely use the properties of the Mittag-Leffler type function (see [16]),
which is introduced as

o0 Zm

In [25], the following estimate for the Mittag-Leffler function was proved:

1 1
——— < Fhi(—2) < ) > 0,
1+T(1—a)z 1(=2) 1471+ a) 2 :
as 0 < a < 1 and this estimate fails for o > 1. Thus, it follows that
0< E,i1(—2) <1, z > 0. (2.1)

Definition 2.2. The space W20, 7] is a Hilbert one consisting of all elements of L*[0, 7]
having generalized derivatives up to order 2 in L?, i.e.

W22(0,x] = {f € L2[0,7]| f', " € L*[0,x]}

and the norm is defined by

2 2

d'f
112200 = ; :
o ; 4| 2p0.7
o W3[0, 7] is the subspace W22[0, 7] defined as the closure with respect to | - |[w2z2p- of

all twice continuously differentiable in [0, 7| functions vanishing at the points 0 and 7.
e The L2-scalar product of two functions f, g : [0, 7] — R is defined by

(f,9)12 = /O7T f(x)g(z)dz.

In this section, we study the Cauchy problem for the pseudo-parabolic equation
D u(t, x) — uge(t, ) + ety (t, 7 — )]

— U (t, T) + ey (t, 7 — ) = f(, ), (t,x) € Q, (22)
with the initial data
u(0,z) = ¢(x), x € (0,7, (2.3)
and the homogeneous Dirichlet boundary conditions
u(t,0) = u(t,m) =0, (2.4)

where Q:={0 <t <T < o0, 0 <z <7}, f(t,z) and ¢(z) are given functions.
The following statement holds true.

Theorem 2.3. Let |e| < 1, f € C([0,T];C?%0,7]) and f(t,0) = f(t,7) = 0, ¢ €
C*0, 7] and ¢D(0) = o@D (7) = 0, i = 0,2. Then there erists a unique reqular solution
u € CY([0,T]; C?[0,7]) of problem (2.2)-(2.4) and this solution can be written in the form

u(t,z) = Z wi(t) sin(2k + 1)z + Z v () sin 2k,
k=0 k=1
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where

A2k41 1 /t d ( < Aokt1 >> 1
1) =1 Fay | ——22EHL ga) _ 2B, (-2 t— s)ds,
wn(t) =P1Fa ( 1+ Aoks1 ) Aokt1 Jo ds 5 1+ )\2k+15 Jilt = s)ds

(t) =porFay | — A2k o —i/ti By (——22 o FR(t—s)d
Ug\l) =¥P2kLia,1 1+ Aor ot Jy ds a,l 1+)\2k5 & s)ds,

fort € [0,T] and for all k € N, where

Pk = (SO?UZk:—i-l)L% Yok = (907U2/<:)L2,

fli(t) = (f(tv ')7 u2k’+1>L27 fl?(t) = (f(t7 ')v u2k)L2'

Joxaszamesvcmeo. We begin with proving the existence. Since the system of eigenfunctions
(1.4) is an orthonormal basis in L?(0,7), we seek the function u(t,z) in the form

u(t, ) =Y wi(t)sin(2k + )z + Y vy(t) sin 2kz, (2.5)

where wy(t) and vg(t) are unknown functions. Substituting equation (2.5)) into equations ({2.2)),
(2.3), we obtain the following equations corresponding to the functions wy(t) and vy (t):

Drun(t) + — 2y = O e, (26)
1+ )\2k+l 1+ >\2k:+1
wi(0) = 15, k€ Ny, (2.7)
and
Aok fE()
Dy (t t) = ——— ke N 2.8
Uk(O) = P2k, k € IN. (29)

According to [16], the solutions of equations ([2.6)) and (2.8) satisfying initial conditions (2.7)
and (2.9) can be represented in the form

Aokt 1 ) 1 /t d ( ( Aok 11 )) 1
£) = pupBay [~ 224 o) - E By (——224 o)) (¢ — s)ds, (2,10
un(®) = uBos (22 ) = o [ (B (-2 ) - s, (210

and
Ao 1/td Aok 9
1) = oouFas [ — e — [ L(E, (- o t—s)ds, (211
vp(t) = oo ,1< T ) Sor S ds S S fi(t —s)ds (2.11)

for t € [0, 7] and for all £ € IN. Substituting (2.10) and (2.11)) into (2.5)), we obtain a solution
of problem ([2.2)-(12.4)).

Now we are going to prove the convergence of the obtained infinite series corresponding to
the functions u(t, z), Dfu(t, o), U, (t, x) and Dfug,(t, ).
By the assumptions of the theorem we have

©?(0) = 0, eD(m)=0, i=0,2, f(t,0) = f(t,7) = 0.
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This implies that

e
arsa )

P2k = \/;/0 p(z)
B 16k4\/§/oﬁ o

_ \/g /0 " () sin(2k + 1)ade

)sin(2k + 1)azdx

sin 2kxdx

x) sin 2kxdx =

1 2 [T 1
_ —m\/;/o f”(t,$) Sln(2]€ + 1)1’dl’ = —mf;@)(t%

= \/gfﬂ f(t, z)sin2kxdx

Here 901k;7 gka, fk 2)( t) and f,?(Q)(t) are

)sin(2k 4+ 1)zdx =

D. SERIKBAEV

1 (@)

“on 1T 1 a Pk
2k + 1) (21

(4)

16K4 72k

(2.13)

4]{2\/>/ 1 (t, x) sin 2kxdx = 4kak ().

oW (z) sin(2k + 1)zdz,

2 ™

\/7/ oW (z) sin 2kadz,
\/7/ 1 (¢, z) sin(2k + 1)xdz,
[/ f"(t, z) sin 2kzdx,

2(2)

where

[t x) =

f
dx?

(t,x).

Our next step is to calculate Dfu(t, x), Uz, (t, ) and Du,,(t, x). We have:

Doc
k=0

By (2.6) and (2.8)) we find D{wy(t) and Doy (t):

fe (1)

Z D wy(t) sin(2k + 1)z + Z Divg(t) sin 2kz.

(2.14)

>\2k+1

Difwn(t) = L+ Aogya

and

fi @)

wy(t), (2.15)

1+ A2k41

Aok

Divi(t) =

1+)\2k_

vk (t). (2.16)

14+ Ao
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Substituting ([2.15) into and taking into consideration formulae -, -
D, BT, we s

S /S0 3
Dt =— 2k 1)z 2k
vult2) ,; (7 dr )2k g D @R 2 1+A2k 4k2 ——
- l—¢ (4) Agk+1 ) :
— E, ——1t° 2k +1
2 T @ 1P P < DL E SR

k=0

sin(2k 4 1) /t d ( ( A2k+1 )) 1(2)
T Bar | —7 ¢ t—s)ds (2.17
(L4 Aos1) (26 +1)% Jo ds ! 14 Aokt i fi 7t = s)ds (2.17)

(1 -+ 8) sin 2kx (4) Aok
E, — t*
(1 + Agg)4k? Par e \ T A2k

sin 2kx td Aok 2(2)
—_ — E i | — @ t — s)ds.
(1+/\2k)4k2/0 ds( ’1( 1T+ o )) gt s)ds

Applying the operator ;—;2 to (2.5) and taking into consideration formulae (2.10)), (2.11)), (2.12)),

(2.13)), we have

M

k=0

WE

k=1

NE

T

1

= A
Uz (t, ) Z (plk Eoa (—At“) sin(2k + 1)z

(2k +1)2 14 Aokt
sin(2k + 1)z /t d ( < A2kt 1 >> 1(2)
4 S S — | Egq [ —————5" t — s)ds
% )\2k+1 0 ds 5 I+ )‘2k+1 fk ( )
= (2.18)
4k‘2 <— e ) sin 2kx

sin 2kx Aok
Z or / (Ea,1< 1_1_)\% ))fk; (t — s)ds.

Finally, applying the operator % to (2.17), we have

17 (0) S (1)
Dty (t, x) Z k v sin(2k + 1)x + Z k27 sin 2kx

1— A
+ Z < oWE <—¢ta> sin(2k + 1)z

1+ )\2k+1

N 1 ' d A2k+1 12)
— | Bag | 77— t—s)d 2k + 1 :
+Z {szkﬂ/ ds ( ’1( 1+ Aot )) (t = s)ds| sin(2k + 1)z (2.19)

@ p Ak 0\
-t 2k
ap% ( s ) sin 2kx

A
(Ea,l (— . +2];\2k sa)> f,?m) (t — S)dS] sin 2kx.
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Let us to show the convergence of the integral term:

4o () mo-m
L8 (e ()
< max | (¢ — 9) / 1% (Bas (— )

6 o ()

Hereinafter we suppose that ¢ = 1,2 and if i = 1, then £ = 2k + 1, k € N, while if ¢ = 2, then
¢ = 2k, k € IN. In the above estimates, the integrand is the derivative of the Mittag-Leffler
function, which is a non-positive function since

d Ag Ae a1 Ag
— | E, ) ) =——"—=—5"""E, .| — “) <0. 2.21
d8< 71( 1‘1‘)\5 )) 1+/\§S ’ < 1+)\§S ( )

It is known that

(2.20)
ds

S.

Eoo(—2) >0, z >0,
see, for instance, [20]. Hence,

Y d Ae td Ae
—(E, (- @ d —(E 1| — “ || ds|.
/0 ds( ’1( 1+)\58 )) /odé’( ’1< 1+)\58 )) ’

Substituting the latter relations into (2.20) and employing ({2.1), we obtain:

bd >\5 o )‘6 o

<C max | fy(t)].
Using the estimates (2.1)), (2.23) and taking into consideration the formulae (2.12)), (2.13),

o<t<T
we arrive at the following inequality:

5 = (2.22)

- ’%k S
lullen.m <C2_ w7y (2k + 1) Z 16k4
el k=1
_ - . e (2.24)
+Cmaxz i O XZ|fk: 0l
0<t<T Aogr1(2k + 1)2 0<t<T Aopdk?
By formula (2.17)), we have
- (4)| |S02k
Dy <C
1Dl <O (1+ /\%H J(2k T 12 Z (14 Aox)4k?
k:O (2.25)

e S BPOL i £70)
O<t<T (1 + )\2k+1)<2k + ].) (USAS — (]. + /\2k)4l€2 '
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It follows from formula (2.18]) that

’901k |0 (4)‘
||uxa:||Ct1(Q) CZ 2]€+1 +CZ 4k2

N (2.26)
O ma Z 2Ol o 3 52 @)
0<t<T Aokt 0<t<T Ao
and by the formula (2.19)), we have
ST PR S o7
Dty o <C +C okl
1Pzl @ < kz_; + A2k41 Z L+ Aoy
= (2.27)

> rf,i<2>< 120
" Corgsg% — 1+ )\2k+1 0<t<TZ 1+ )\Qk

Hence, series (2.24)), (2.25), (2.26) and (2.27)) converge absolutely and uniformly in the domain
Q.

Now we are in a position to show the uniqueness of the solutions. Let w(t, x) and v(z,t) be
solutions of problem ({2.2)—(2.4), that is,

Diw(t,x) — wee(t, ) + cWer(t, 7 — )] — Waa (t, ) + cwye(t,m — ) = f(t,2), w(0,2) = p(z),
D v(t, ) — vy (t, ) + €pe(t, T — )] — V40 (b, ) + v (b, m — ) = f(t,2), ©v(0,2) = ¢(z).

By subtracting these equations one from the other and denoting u(t,z) = w(t,z) — v(t, x), we
obtain that

D [u(t, ) — tge(t, ) + ety (t, 7 — )] — Upa (t, ) + €Uge(t, m — ) = 0, (2.28)

w(0,z) = 0. (2.29)

2 ™
= \/i/ u(t, ) sin(2k + 1)zdz, k € IN,
T Jo

We also have

) (2.30)
= \/g/o u(t, ) sin 2kxdzx, ke IN.
Applying the operator Dy to , we obtain
Diwg(t) = \/g/7T Diu(t, x) sin(2k + 1)zdz, k€ Ny,
(2.31)

Do (t) f/ Diu(t, x) sin 2kzdz, ke IN.

We multiply both sides of equations ([2.28)), (2.29)) by the functions sin (2k + 1)z, sin 2kz and
integrate in the variable z from 0 to m. Taking into consideration the self-adjointness of the

nonlocal operator £, and by (2.30)—(2.31), we have

A
Dwy(t) + —=t () =0, k€ Ny, (2.32)
1+ Aokga

we(0) =0, ke N, (2.33)
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and
Do‘vk(t) + Azk ’Uk(t) =0, ke N, (234)
14+ Ao
w(0) =0, keN. (2.35)

By formulae 2.10), (2.11) with ¢ = 0, fk( ) =0, o, = 0, f2(t) = 0, the solutions of problem
[2-32), (233 and -, ([2-35)) read as wy(t) = vi(t) = 0. Hence, by the completeness of the

system qu( ), Uskr1(x) in L2 we obtain u(x,t) = 0. O

2.1. Generalized solution. In this section we provide a solution to the direct problem with
data from Sobolev spaces.

Theorem 2.4. Let |e| < 1, f € C(|0, ] 2[0,7]) and ¢ € W”[O 7r] Then there exists a
unique generalized solution v € C*([0,T); W [O 7)) of problem (2.2] and it can be written
as

x) = Z wg(t) sin(2k + 1)x + Z vg(t) sin 2kzx,
k=0 k=1
where

/\21c+1 1 /t d ( ( /\2k+1 )> 1
1) = 1By | — ) + 2B, (-2 t— s)ds,
wnlt) = @b ( 1+ Aogt1 > Aok+1 Jo ds 5 1+ /\2k+18 Jult = s)ds

and
Aok 1 /t d Aok 9
t) = E, — t — — | E, — @ t — s)ds,
U (t) = Qo ,1( 1T oo )+ Sor ) s 1 1+>\2k8 fi(t —s)ds

for all t € [0,T] and for each k € N, where

P1k = (s Uzk+1) 12, o = (p, u2k) 12,
fkl;(t) = (f(t,), uak+1) L2, fl?(t) = (f(t,-), uan) L2
oxazameavcmso. Using property (2.1), we get the following estimates:

2 i@ — |2
lwlle o7, £210,77) CH@HI}[O 7] +CO<t<TZ +Cofgt3;>%z ESVIRE

Ar1 ST 2%
o AP a0l
1D ull oy, 20) < Cllellzzpm + Corg% T+ Do P + Co<t<TZ TS e

C

e | Eo,1, 20020 < CllPaallTepa + m“f”%’([oﬂ,ﬂ[o,ﬂ)»

D5 e |0 17, 2210.77) < ClNPaael F20. + CNFNE 0,10, 2210.2)-
Arguing as in the proof of Theorem we complete the proof. O
3. INVERSE PROBLEM
In this Section, we study an inverse problem for the pseudo—parabolic equation (1.1).

Problem 3.1. Find a pair of functions (u(t,x), f(x)) satisfying equation (1.1)), the
homogeneous Dirichlet boundary conditions

u(t,0) = u(t,m) =0, (3.1)

and an initial condition
u(0,z) = ¢(x), x € [0, 7], (3.2)
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with an additional condition
W(T,2) = 9(@), @ e0n) (3.3)
where p(x) and Y(x) are sufficiently smooth given functions.

Using the Fourier method, one can check the unique solvability of this problem. A regular
solution of problem [3.1]is a pair of functions (u(t, z), f(z)), where u € C*([0,T7], C*([0, 7])) and
f € C?(|0,7]). A generalized solution of problem [3.1]is a pair of functions (u(t, z), f(x)), where
u e CY([0,T], W?%([0,n])) and f € L*([0,7]).

3.1. Main results. For equation (1.1)) with conditions (3.1)—(3.3) the following theorem
holds true.

Theorem 3.2. Let T > 0, |e| < 1, ¢,¢ € C*0, 7] and
P(0) = o (r) = @ (0) =P (m) =0,  i=0,2
Then there exists a unique reqular solution u € C'([0,T],C?[0,n]), f € C*[0, 7] of problem

and it can be written as
A o .
0 (1 — Ea,l( Tt )) sin(2k + 1)z o o
(%k — ik )
k=0 (1 — Ea,l( —1i2>\’;:1 T“)) (2k + 1)?

0o (1—Ea71< 14/:2; t“))sian‘x (2)
+ (5

k=1 (1 —Ea,1< liik Ta)) 4k2

© (- 2)(0? — @
f(x) = — Yua(T) + €pra(m — ) + Z (1 (@1 — )

— /\ (0%
fe'e) 2 2
(1+ ) (¢S — v

1
+Z re ( k Qk)sinﬂm,

u(t, ) =p(x) +

%k ),

sin(2k + 1)z

— Aok
S Fa e

for (t,x) € Q, where

<p§? = (<Pm, u2k+1>L27 Sﬁéi;) = (<Pm, u2k>L27 ?/fg) = (Tﬂm, u2k+1)L27 wéi) = (wzmuzk)m-

oxazameavcmeso. We begin with proving the existence. Since the eigenfunctions (1.4]) form an
orthonormal basis in L?[0, 7], we seek functions u(¢, ) and f(z) in the form

v) =Y wi(t)sin(2k + 1)z + Y vi(t) sin 2k, (3.4)
k=0 k=1
and . N
= Z frsin(2k + 1)z + Z f2sin 2k, (3.5)
k=0 k=1

where wy(t), vg(t), fi and f7 are unknown. Substituting equations (3.4)) and (3.5)) into equation
(1.1)), we obtain the following equations for the functions wy,(t), vi(t) and the constants f., f2:

A2k 1 fk A2k f;?
D t)+ — t Yo (t) + t) = ———.
Cwe(t) 1+)\2k+1wk( )= 1+ Nogt1 ru(t) 1+)\2kvk< ) 1+ Agg
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Solving these equations, we obtain
fu Aok+1 fi Ao,
wy(t) = OBy | =22 go) (¢ + CoE., ),
() A2kt 1 U T+ A (t) = Aok S WD W

where the constants f, f2, Cix and Cy are unknown. To find these constants, we use conditions
(3-2) and (3.3). Let

1k = (P, Uakt1) 12, Vo = (¢, Uak) 2, U1 = (¥, Ugkt1) 12, Vo, = (¥, ugk) 12

We first find Cy:

1
wi(0) = >\2J;+1 + Cii = O1k,
fa ( Aok+1 )
wi(T) = + CpEoqi | ——————T%) = 1y;.
«(T) A2k+1 el L+ Aokt Vi
Then we have
Cup = ©1e — Y1k

_ _ Aokt g
1 EO“l( 1+>\2k+1T

f;i = 901k)\2k;+1 - Clk)\2k+1-

The constant f] is represented as

Now we find Cy:
2

vi(0) = )\—% + O = Qo

Aok
E, T | = ,
)\Zk + Cop, 1( 1+ o ) Yoy,

Aok
— Oy + Cop By | ————T%) = .
P2k 2k 2k ,1( 1+ Mo > Yoy,

Uk(T)

Then we obtain

O — Vo — Yok ‘
A a
1—Ea,1< T )

fi = @ardar — Copdap.
Substituting wy(t), vi(t), fi and f2 into equations (3.4 and (3.5)), we find

= A2kt1 ) )
u(t,r) =p(x) + Cip | Eq1| ———————t%) — 1] sin(2k+ 1)x
() =50+ 3 Cu (P (5 2k +1)

- A2k .
+ E Cop | Eqnrl| — t*) — 1) sin2kx.
L 2 ( ! ( L+ Ao ) )
By the assumption of the theorem we have

©(0) = p(m) = ¥(0) = ¢(m) = 0.

For the constant f7 we find

This implies

e = ©1k — Y1k 901k wlk

A A .
RPN S Ry PR e P
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In the same way we obtain:

Cop = — ‘sz %k

(1 — Em( s Ta)) 4k?

Then we get

f: (1 - Em( @%t‘))) sin(2k + 1)z o
(1%

k=0 (1 —EaJ( —113';;11@)) (2k +1)2

— )

(3.6)
- (1 — EM( En ta)) sin 2kx
+ Z (SD% w% ).
k=1 <1 —Ea,l( 112; Ta)) 4k2
As above, we also find that
0 (2) (2
1-—
f(x) = = paa() + ge(m — ) + Z (L= 2)lon = vi) sin(2k 4+ 1)x
_ A o
= (14 2) () — @) (3.7)
+ Z 2k 7 sin 2kx
== Eal( 1i2;2k a)

The assumption 7" > 0 and the estimate (2.1)) guarantee that the denominators in formulae
(3.6) and (3.7) do not vanish. Moreover, there exists a constant C' > 0 such that

Ae
1—Ea71(—1+)\§T ) >C >0, (3.8)

forall £ € Z,.
Let us calculate D{u(t, ), Uy, (t, x) and Dfug, (¢, ). According to [16], we have

D (Bt (— M) = —AE 1 (—At%). (3.9)
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Applying the operator Df to (3.6) and taking into consideration (3.9)), we have

(1—¢)E,. ( @;Lta) sin(2k 4 1)z

2 2
- (o1 —vi2)
k=0 (1 — Eqa ( Hi’“—iﬂT“)) (14 Aogs1)

(3.10)
wx (14+¢€)Eqn (— 1i§’“ t‘l) sin 2kx o
+ (o2 — i),
= (1 - Ea,l( s Ta)) (14 Aar)
e’} (1 - Ecx,l( 112/\221 ta>) S1H<2]€ + 1)1’
Uge (t, ) =g () — - (‘Pm ¢1k)
= ()
(3.11)
o |1—E, A t“)) sin 2kx
( ’1( e @ @
o Z (0o — Vi)
= 1= Ean (_ 112,\16% Ta)
and we also have
0 /\2k+1Ea,1( 13’““ O‘) sin(2k + 1)z
Diug,(t,x) = — ?/1
t (t,r) = S 7o 1+2 )(%k 1k )
ol " Thagen 2%k+1
(3.12)

00 Aok Ea 1 < 13’“ t“) sin 2kx o o
(Sﬁzk — Vo )-
=1 (1 — Ea71< li\ikkTOC)) (]. + /\Qk)

In view of estimate (2.1)), in order to ensure the convergence of series (3.6, (3.10), (3.11),
(3.12) and (3.7)), we have the following estimate

0]+ [ e sy |+ 15
lulle, . < lelleqom +CZW+CZ ETER (3.13)
k=1

By the assumptions of the theorem we have

This implies that the coefficients of the function ¢ (x) satisfy identities (2.12]). Using this fact
for f(x), we arrive at the estimate

[0 e o]+ )|
zx 7 —_— —_=r == .14
1 lleqo.m) CW@Ham)+C§: IS +cg; e (3.14)



INVERSE PROBLEM FOR FRACTIONAL PSEUDO-PARABOLIC EQUATION... 135

We also have:

|‘P1k | + Wuf ‘90 ‘ + |¢2k |
Diu <C E +C E ,
| Hct 1+ Aogt1 1+ Ao

Iso |+ [ Iso |+ [
letaelle, @ < CZ Tm + CZ ol ],

s (4) (4)
D5z o, z M'W |+Czlw%|+|¢2|

k=

This completes the proof of the existence of the solution.

We proceed to proving the uniqueness. We suppose that {u;(t, x), fi(z)} and {us(t, x), fo(z)}
are solutions of Problem 3.1} Then u(t,z) = uy(t, z) — us(t,z) and f(z) = fi(x) — fo(z) satisty
the following problem:

D [u(t, ) — Uge(t, ) + Uy (t, T — )] — Upe(t, T) + €U (t, 7 — ) = f(2), (3.15)
u(0,2) =0, (3.16)
uw(T, z) = 0. (3.17)

We also have

2 ™
= \/j/ u(t, z) sin(2k + 1)xdzx, k € Ny,
T Jo

(3.18)
2 ™
= \/j/ u(t, x) sin 2kxdzx, keN,
T Jo
and
2,
fi=1/= | [f(x)sin(2k + 1)xdx, k € Ny,
™ Jo (3.19)
2 ™
fi= \/j/ f(z) sin 2kxdx, k € No.
T™Jo
Applying the operator Df to (3.18), we get
2 [T .
Diwy(t) = \/j/ Diu(t, z) sin(2k + 1)zdz, k € Ny,
(3.20)

Do (t) f/ Diu(t, x) sin 2kzdz, ke IN.

We multiply both sides of equations ([3.15)~(3.17)) by the functions sin (2k + 1), sin 2kz and
integrate in the variable z from 0 to 7. Takmg into consideration the self-adjointness of the

nonlocal operator £, and by (3.18)—(3.20), we have

Aok+1 fk
D (1) + —2EE (¢ ke Ny, 3.21
rwe(t) 1+)\2k+1wk( )= 1+ Aogt1 0 (3:21)
wi(0) = 0, k € INo, (3.22)

wi(T) =0, ke, (3.23)
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and
Ao, fi
D& (t t) = ke N 3.24
FuLlt) + A ult) = T 7 (3.24)
ve(0) =0, k € N, (3.25)
w(T) =0, k € IN. (3.26)

Arguing as in the proof of the existence result, we confirm easily that the solutions of equations

(8:21)-(3.23) and (3.24)-(3.26) are wy(t) = vx(t) = fi = fi = 0. Then

2 s

0= \/j/ u(t, z) sin(2k + 1)xdz, k € Ny,
T Jo
2 [T ,

0= \/j/ u(t, z) sin 2kzdz, ke NN,
T Jo

2 ™

0= \/j/ f(z)sin(2k + 1)xdz, k € Ny,
T Jo
2 [T ,

0= \/i/ f(z) sin 2kzdzx, k € No.
T Jo

Therefore, owing to the completeness of the system uo (), ugry1(2) in L?, we obtain u(x,t) =0
and f(z) = 0. This prove the uniqueness of the solution of problem [3.1] The proof is complete.
]

and

3.2. Generalized solutions. Once we deal with a generalized solution instead of the regular
one of problem Theorem [3.2] can be modified as follows.

Theorem 3.3. Let T > 0, |e| < 1 and p,00 € W?0,7]. Then there exists a unique
generalized solution u € C([0,T], Wy?0,x]), f € L*[0,7] of problem and it can be written
as

50 (1 — Ea,l( H’\Q)\%ta)> sin(2k + 1)z
x) + Z ) (%k ¢1k )
k=0 (1 — E%l( —Hf\’“;r T“)) (2k +1)2
0 (1 - Ea71< li‘f\’“ t“)) sin 2kx (2)
+ (or, = Usi):

k=1 (1 _Ea,1< 1j\-§\k Ta)) 4k2

f(2) = — @uu(®) + €pe(m — ) + Z (- 5)(901k: wm )

A
k=0 _ o 2k+1 e}
1—-FEq\q ( Thwr T )

sin 2k,

sin(2k + 1)z

0o 2 (2
I QMIEDIC At

1= B (-2
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for (t,x) € Q, where

2 2
wgk) = (Paa, U2k +1) 12, sogk) = (Paa, U2k ) 12,

(2) = (¢xm7 u2k+1>L @i) = (¢xx; Uzk)L2-

Jloxasameavcmeo. Reproducing the proof of Theorem [3.2] we can prove the unique solvability
in the considered case, too. We just need to clarify the functional classes. By using Plancherel
identity and orthogonality of uok, usgi1, we get:

[e) (2))2 (2)2
o7 2 + o) |0 |+W |
HUH%([O,T},LQ[O,W]) < C||<P||%2[o,7r] +C Z 1( e + C Z = ;

2k +1)4

Hf”LQOTI’] OHSO‘TIHLQ[OTF +OH¢$$||L207T]

Moreover, we find:

‘ 1k ‘2 |¢1k ‘ |2 ’ka ‘
DY CE s +C§ Pk ,
|| U’HC [0 T] LQ[OTI') ~ 1 )\Qk 1 1 )\2k;

[t B 0,17, 220,77 < C|’<P:ca:||L2[o,7r] + CWmHL?[o,ﬂv
1D e &0 11, L210.m7) < Cll Pl F20.m + CllvaallT2p0x-

These estimates allow us to reproduce the arguing from the proof of Theorem The proof
is complete. O
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