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Annorarus

JlokazaHo, 9YTO B KOHEYHOH IMOJIYTPYIIE, eCAN KaXKJbIi JIeMEHT JTeJTUTCA
crpaBa Ha JIIOO0 APYTOil 3/7€MEHT B MOTEHIIMAILHOM CMBICJIE, TO KarKIbIi
9JIEMEHT JeINTCA Ha KaXKIbIi CIpaBa U B OOBITHOM CMBICIIE.

Abstract
It is proved that in any finite semigroup, if every element is divided by
every one on the right in potential sense then every element is divided by
every one in usual sense too.
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[Tycrpb a,b — saementsl noayrpyunst S. Mbl roBOpuM, 910 @ jeaurcs Ha b crupa-
Ba, ecau a = bx npm Hekoropom x € S'. DroT dakT 3amuckBaerca Tak: a <, b.
Ouennano, a <, b < a € bS' & aS! C bS*.

Ecim a <, bu b <, a, 1o (a,b) € R, re R — ornomienue ['puna Ha nosyrpyiie
S (em. [1, r1. 2]). Takum obpasom, (a,b) € R B TOM 1 TOJBKO B TOM CJydae, eCliu a
u b nendarcsa Apyr Ha Apyra clpasa.

Bygem roBopuTh, 9TO MMeEET MECTO TMOTeHIMAJbHAs JEIUMOCTh a Ha b crnpasa
(em. [2, ra. 10]), ecaum cymecrByer magmoayrpynma ' O S Takas, uro a € bT.
[TorennmanpHasg gemmMOCcTh obo3HavaeTcd Tak: a <, b. B ciydae, korma a <) b n
b <! a, mbl numiem (a,b) € R* u naszpiaem R* 0600méunbIM OTHOIIEHHEM | puHa
(em. [3]). BayrperHIO0 XapakTepH3auo HOTeHIHATBHON JIeJIMMOCTH, IOy Y9eHHY O
S.[IyToBeiM, Haér yeaosue (2) caeayomnei JeMMbl.
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JIEMMA 1 (2, v1. 10). Jlas a00vx saemenmos a, b noayepynno S sxeusaserm-
Mol YCAOBUA:

(1) a <7 b;

(2)Vz,y € S' (b= yb = za = ya).

JIOKA3BATEJBCTBO. OueBuiHO, s JIOOBIX 3JIEMEHTOB HOJIYTPYIIIbl OObIYIHAST
JIEJTUMOCTD BJICYET MOTeHNHAIbHYIO: a <,= a < b. Orciona ciemyer, 9T0 Bcerjia
R C R*. [

Ucnonb3ys jgemmy 1, HETPYJIHO TOKa3aTh, 9TO €CJAU b — peryysipHbIi S7eMeHT
nosnyrpynmst S (T.e. b € bSbH), To a <, b < a <! b. Takum 06pa3oM, B perysipHoii
nosyrpymie R* = R. Kpome Toro, cynecrByioT u HeperyJisipHbie IOJIyIPYIIIbl €
yeaoBueM R* = R. Hanpumep, KoHedHasi MOHOIeHHasi HOIyrpynna (B Toif moJy-
rpynme R* = R, Ho B ob1iem ciayvae a <! b # a <, b). B pabore [4] 6p110 n0KkazaHo,
YTO MOJIYIPYIIA OMHAPHBIX OTHONIEHHIT HA MPOU3BOJIHLHOM MHOXKecTBe X 00/1a/1aeT
TEM CBOMCTBOM, 4TO B Heil R* = R (u qaxe a <k b= a <, b).

B koneunoit nosyrpynie R* nu R Heobsi3aTe/ibHO COBIAJIAIOT, KAK 1OKA3blBAET
npumep, npuBojumbiii Huzke. [lesb jannoit padboTbl — MoOKa3aTh, 4TO B KOHEYHOMN
moJIyrpyTime S UMeeT MeCTO IKBUBAJTEHTHOCTh R* = S X S & R = 5 X S, 1.e. ecn
KazKJIbI{l 971eMEeHT KOHEUHOM MOJTYTPYIIILI JEJIUTCA Ha JI000H IPYTroil moTeHIIHAILHO,

TO OH JIeJUTCS HA HETO M B OOBIYHOM CMBIC/IE.
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KOHEYHasl MOoJIyrpyIna, B Koropoir R* # R.
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Hanomuum, o nosyrpynna S Ha3blBaeTCs MPOCTOil clipaBa, ecjiu aS = S upu

Bcex a € S, m mpocroii caeBa, ecan Sa = S npu Bcex a € S. fcHo, 9TO yCaoBue
R = S x S paBHOCHIBHO TOMY, 9TO S — MPOCTasi CIPaBa MOJYTPYIIIIA.
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Jlasee MBI Oy1eM CINTATD, UTO S — KOHEUHAs MOJYTPYIIIa, B KOTopoit R* = Sx S.
Hama nesnb — nokasarb, uyro Torga R = S X S.

JIEMMA 2. JIob6ot udemnomenm noayepynno, S asasemcs €€ aesoti edurued.

JIOKABATEJLCTBO. Ilycts €2 = e € S. Torma B S* MBI mMeem: 1-e = e - e.
Tak kak R* = S x S, 1o no jiemme 1 nosyuaem: 1-a = e - a jjga Beex a € S. D10
03HAYAET, UYTO € — JIeBas eJIMHUIIA. ]

HanoMuunwm, 9T0 moayrpynnoil npaBbixX HyJ1ell Ha3hIBAETCS MOIYTPYIIA, YI0BJIe-
TBOPSIONIAs TOXKIECTBY LY = Y, MOJYIPYIIA JIEBBIX HYyJeil Ompeensercs TOXKIe-
ctBoM xy = x. Jlasnee, mpaBas rpymma — 3TO IMOJIYIpyHa,n30MopdHas TPIMOMY
npoussegennio G X R rpyuubl u noayrpyninbl npasbix myseit. IIpsvoe npoussee-
uue L X G moyrpynisl jeBbix Hysieir L u rpynnbst G — 3TO JieBast rpyiia. XOpOoIiro
u3BecTHO (cM.[1,Teop. 1.27]), uTo mpocras cnpaBa MOJYrpyIia, HMEIIas X0Ts Obl
OJIMH UJIEMIIOTEHT, sIBJIsIeTCsl IPABOii IPYIIIOi, a IpOCTas CJeBa MOJTYyTPYIIIIa ¢ UIeM-
MOTEHTOM — JieBasi TPYIIIIA.

TEOPEMA 1. Ilyecmv S — xoneunas nosyepynna, 6 komopoti R* = S x S. Toezda
S — npasas epynna (a snavum, R =S x S).

JIOKABATENBCTBO. Ilycts p = {(z,y) € S x S|Ja € S (xa = ya)}. Bame-
TUM, 4TO BBUJY JieMMbl 1 u ycjoBus R* = S X S, paBencrBa ra = ya u b = yb
paBHOCUJIBHBI Tipu JiI0ObIX a,b € S. Herpyano nposeputh, 9T0 p — KOHTPYIHIHUSI
MOJIyTPY TG S.

Ionoxum S = S/p u 0603HAYNM Uepe3 G KJIACC KOHIPYSIHIMH p, COJePIKAIIMIIA
s7eMenT a. [IpoBepuM, 4T0 S — MOTYTpyIIa ¢ MpaBeIM COKpalneHueM. /leficTBuTe H-
HO, IYCTh TG = 3 G IpH HEKOTOpHIX x,y,a € S. Torma Ta = ya, T.e. (xa,ya) € p.
Orcroga nosydaem, uro xrab = yab upu Bcex b € S. Tak kak R* = § x .S, 10
(ab,s) € R* npu Becex s € S. Orcroga no jgemme 1 xab = yab < s = ys. Uraxk,
xs = ys upu Beex s € S. CnepoBaTenbho, (T,y) € p, a 3HAYAT, T = .

Taxk kak S — TMOJYIpyNIa ¢ HPABBIM COKPAIIEHHEM, TO IPH JTI060M (BUKCHPO-
BaHHOM @ € S smeMenTHl @ (T € S) Bce pasmble, MOITOMY (BBHIY KOHETHOCTH
noayrpynibt S) S@ = S. Takum 06paszom, S — npocras cjiesa HOJYIPYIIIA, a BBUILY
KOHEeIHOCTH S — JeBast rpymma. Moxuo cautars, uto S = L X G, tie L-nonyrpymma
JIEBBIX HyJseil, a G — rpymma.

3aMeTnM, 4TO ecIi @ — WAeMIIOTeHT NMOJYTPYIIBL S, TO @, PACCMATPUBAEMOE KaK
TOJIMHOZKECTBO MOJIYTPYIIIBLL S, SIBAIETCd MOAMoIyrpymmoii. Tak kak S KoOHedHa, TO
B nosyrpynne @ C S ectb waemnorent. JTokaxem,uro |L| = 1. TIpeauonoxum, aro
|L| > 2. Torga Mo:kHO HAfiTM MJAEMIOTEHTHI €1,e2 € S Takme, uTO €1 # €2 (1Ba
pasaudaHbIxX jaeMenta u3 L). Tak kak L — moJgyrpynmna JeBbX HyJeid, T0 €16y = €;.
Ho mo sniemme 2 ejey = eg. O1Ciofa €1 = €2, YTO MPOTUBOPEUUT BBHIOOPY SJIEMEHTOB
e1, €. Taknm obpasoM, mokasano, uro |L| = 1. Cregosarensno, S = G.

O603HaunM vepes F MHOKECTBO ujeMinoTeHToB noiyrpyist S. [Tycrs e — kakoii-
Ju00 UAeMIOTeHT. Tak Kak e’ = €, TO € — eAUHUIA I'PYIIIbI S=aG. CaengoBaTe/ibHO,

E Ce. Ilycts o € €. Torna x? € €. Ao Bieuér, uro (x,x?) € p, a 3naunt, re = €.
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Nmeem: 1-xe =z -xe. Tak kKak R* =S5 x S, 10 1-a0 =2 -a upn Becex a € S. B3gas
a = x, noayunm: ¥ = 2. Urax, F = €. Beuuy jtemMbl 1 F — 10yrpyiia 1npasbix
HYyJ1ei.

[Tyctb a, by, by € S u (by,by) € p. Mpeanosnoxum, aro aby = aby. Togoxum
¢ =a"! (B rpyune G). Torna ca € E. Umeem: cab; = caby. Tak Kak ca — jeBas
enuHuIA, T0 by = by. Taxum obpazoM, |ab| < |ab| (31ech b, ab paccmaTpuBaoTCs Kak
noMHOZKecTBa Toayrpymmst S). Orciona cieayer, uro |Z| = |y| = |E| nupu m066x
x,y € 9.

[Iycrs Tenepsb a,b — npon3BoabHBIE 1eMenThl U3 S. Tak Kak S — rpymma, To
@T = b upu wekoropom z € S. Nmeem: a - T = b. CaemoBarennno, ay = b upu
HEKOTOPOM Yy € S. DT0 03Havaer, 4To S — MpocTasl ClpaBa MOJyrpymma. Teopema
JTOKa3aHa. ]

B zaksirouenue 3aMeTumM, 910 /it OECKOHEYHBIX HoJLyrpyiin S ycjiaoBus R = S xS
n R* = S x S He paBHOCHJIbHBI, TAK KaK B JIIOOO0I MOJIYTrpymIe ¢ COKPAIeHUSIMI
R* =S x S, HO JMa/€KO He BCce W3 HUX MPOCTHI CIIPaBa.
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