Asrebpa u anasms
Tom 34 (2022), Ne5

JOCTATOYHBIE YCJIOBUA MUTHVMMAJIBHOCTU
BUBOTHYTHIX ®YHKIIUN

© M. 1. HOBUKOB

B mamnoit pabore OMMCHIBAIOTCS JTOCTATOYHbBIE YCJIOBUS, IPU KOTOPBIX OH-
BorayTas Gyaknus B: G = {(I,y) ER*:z—-2<y<z+ 2} — R muaB-
MaJIbHa OTHOCHTEIHHO mommopku L: & — [—00, +00), TO eCTh ABIAETCS
[IOTOYEYHO HAWMEHbIIeH cpemu Bcex ObuBorHyThix dyukmmii B: & — R,
VIOBJIETBOPAIONINX HEPaBeHCTBY B > L.

§1. Beepenue

B st1o0it cratbe MbI Oymem paboTaTh C KOOPJHHATHO-BOTHYTBIMU (DYHKITHAA-
mu (o amrmiicku separately concave functions). Tak maseiBarorcs GyHKIUN
HECKOJIbKUX IIePEMEHHBIX, KOTOPbIe BOIHYThI [0 KaK/ 10 IEPEMEHHOI B OT/Ie/Th-
HocTu. B kHure |2, yacrs 2] HoMUMO KOOPAMHATHO-BOIHY ThIX (DYHKIMIH MOXKHO
BCTPETUTH W JIPyru€ MPUMEPhbl 00bEKTOB, C KOTOPHIMU OIEPUPYET TAK HA3bI-
BAEMbIll KBa3WBBIMYKJIbIH anan3. Bce 3tu DyHKIMU UTrPAlOT BAXKHYIO POJIb
B COBPEMEHHOM BapPUAIIMOHHOM HCYHNCJICHUUN. B JaCTHOCTHU, HEKOTOPbIEC N3 HUX
u3ydarorcs B crarbe [5], a B pabore [4] MOKHO HafiTH HEIOCDPECTBEHHOE [IPUME-
HEHUEe KOOPMHATHO-BOTHYTHIX (DyHKIMI (OHM BBOJAATCH B OUPEJIENEHUE 3 9TOM
paboTel). 3aMeTHM, 9TO OCHOBHOE OT/JIMYME KOOPJAMHATHO-BOTHYTBIX OT KJIACCH-
YeCKUX BOTHYTBIX (DYHKIHI COCTOMT B TOM, UTO CJi€Jl KOOPAUHATHO-BOTHYTO
dbyakumn f: R™ — R, pasubiii orobpaxenuio © — f(x,x,..., ), He obazan
6])IT]) BOTHY THIM. OHI/IC&HHQ MHOZKeCTBa CJI1eJOB KOOPDAWMHATHO-BOT'HY THIX (i)yHK—
Uil SIBJASIETCST HETPUBHUAJIBHON 3aa9eif, M 9TOT BOMPOC JTOCTATOTHO TOIPOOHO
u3ydeH B crarbe [6].

Ocobbrit maTEpEC /15T HAC DYy T MIPEICTABISTH MUHUMAJIbHBIE KOOPIUHATHO-
BoruyTbie dyuknun. Koopjunarno-soruyras yHkKIus

B: Q CR" — [—o0,+0]

Ha3BIBAETCS MUHUMAJIBHOM OTHOCHTEIbHO mommopku L: ) — [—oo, +00], ec-
JIA OH& ABJIACTCA MOTOYCIHO HaMMEHbIIeH Cped BCeX KOOPAUHATHO-BOIHY ThIX

Karouesvie crosa: dynkmusa Bennvana, buBorayras GyHKIUS, MapTHHTAIbHOE [Ipeodpa-
3oBanue, metox Bypkxoapaepa.
HWccmenoBamnue BoImoHEeHO Ipu mozAeprkke rpanta Ne9-71-10023.
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174 M. 1. HOBUKOB

dbyuxuuit B: Q — [—o0, +00], takux, uro B > L. UcciepoBanne MuHMMAb-
HBIX KOODJMHATHO-BOIHYTBIX (DyHKIMI 0OyC/IOBJIEHO MX HOSBJIEHUEM B TEO-
UM BEPOSITHOCTEH TPU JI0KA3ATEIHLCTBE HEPABEHCTB Jjijisi Maprunrasos. Cra-
Thst Bypkxosbiepa [1| siBisiercst nepsoit paboroii, B KOTopoii 110ApobHO oru-
CaH MeTOJI, HO3BOJIAOIIMIA CBECTH IOMCK TOYHBIX KOHCTAHT B HEPABEHCTBAX /IS
MaPTUHIAI0B K MOCTPOEHNUI0 MUHUMAIbHBIX KOOPJAMHATHO-BOIHYTHIX (DYHKIHIA
C KOHKPETHBIMU IPAHMYHBIMK 3HAYeHUsAMU. Bosiee oOmmMpHBIN nepedens npu-
MEpOB IIPUMEHEeHUsI MeToja Bypkxoibiaepa MoxkHO HaiiTu B KHUre [7].

B sroit pabore OyjyT M3ydarbCsd TOJNLKO OUBOrHYTHIE (DYHKIMH, TO €CThb
KOOPJIMHATHO-BOIHYThIe (DYHKIMK JIBYX IlepeMeHHbIX. [Ipu sTrom Mbl Oyiem B
OCHOBHOM pPacCMaTpUBATh OUBOTHYTHIE (DYHKIUH C 00JIACTBIO OIPeIe/IeH st

S ={(z,y) € R%: t—2<y<z+2} (cm pucynok 1).
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Puc. 1. Obnacts onpenenenus G.

[esrecoobpasuocTs u3ydenus JaHHBIX DYHKIUI 00yCI0BIEHA CIETYIONIE TEe0-
peMoii.
Teopema 1.1. Paccmompum npous3eossHoe u3MePuMoe 0mobparcernue

H:[-1,1] xR = [—00,+x]

u 66edém Ppynkyuto Beasmana B: [—1,1]xXR — [—00, +00], snauenus xomopot
onpedesum nocpedcmeom caedyrousets Popmyav:

B(z,y)=sup {EH (oo, Vo) [dool <1, G0 =1, tho=y noumu nasepnoe}, (1)
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1

2de cynpemym OePEMCA MO MHONCECMBY NAP NPOCMBLT  MAPMUH2AA0E O, U,

maxux, 4mo
VkeN e e {11} : ¢p — g1 = e(dr — dr—1)- (2)

Tenepv nocmpoum murumanvryto busoznymyto dynryuro B: & — [—o00, +00]
OMHOCUMENDHO TLOONOPKY

L: & = [—00,+00], L(z,y)=H((z—y)/2,(y+z)/2).

Tozda
V(z,y) € & B(z,y) = B((z —y)/2, (y +2)/2).

OrmeTuM, 9TO 3TO yTBEDPXK/IEHUE SBJISIETCH MPOCTHIM CJIEJCTBUEM Teope-
MBI 2.2, chopMympoBaHHoii B KHETe |7].

3amerum, 9TO [I/1si TPUMEHEHNS ITOM TeopeMbl TpeOyeTcs KaxK Iblil pa3 CTpO-
UTh MUHUMA/IbHYIO OuBorayTyio dyukuuio B: & — [—o00, +00] oTHOCHTEIBHO
HeKoTopoii noguopku L: & — [—00,400]. Mbl onycruM aciekrsl Hermocpe/i-
CTBEHHOT'O [TOMCKA MUHUMAJIbHON OMBOrHYTON (DyHKIIMK 1 IepeiiéM K CJIeIyTo-
memy Bornpocy. Kak mousars, uro nocrpoennas pyHKIUA AeHCTBUTEIHHO SIBJIS-
€TCsi MUHUMAJIBbHOW OMBOTHYTOM OTHOCUTE/IHHO moanopku L: & — [—oo, +oo]?
B nepsyto ouepenp HyKHO yOeuThCs, 9TO MOIydeHHasS PYHKIUS B CAMOM JI€/1€
OuBOrHYyTast. Ta 3a/a4a UMEET CyryD0 TEXHUUECKUI XapaKTep, XOTs HEOCPE/I-
CTBEHHBIE BBIYUC/IEHUST MOTYT ObITH TPpyA0oéMKuMu. [IpoBepka MUHUMAIBHOCTH
[IOCTPOEHHOM (DYHKIMHU 3a9aCTYI0 CBOAUTCA K MOCTPOEHUIO TAK HA3BIBAEMBIX
MOAMAPAOIINX TTPUMEPOB, TO €CTh ONTUMAJbHBIX MApPTUHTAIOB @, 1 B (op-
mysie (1). lannas 3a/1a4a y»Ke HETPUBHAJIbLHA, B TOM YHUC/IE U B TEXHUYECKOM
[LJTaHE.

B sroit pabore mbl okaxkem, 910 ecju OuBOTHYyTast PYHKIUS YIOBIECTBOPSI-
€T HEeKOTOPBIM YCJOBUIM JTUHEHHOCTH, HEIPEPHIBHOCTUA W PACTET HE CJIUIIKOM
OBICTPO, TO OHA ABTOMATUIECKHU ABJISIETCS MUHIMAJIBHOI (cM. Teopemy 1.24). U
XOTsl TIO/IIIUPAIOIINE IPUMEDPBI MHTEPECHBI CAMU 110 cebe, IIpU MPOBEPKE MUHU-
MaJIbHOCTH OUBOTHYTBHIX (DYHKITHI, YIOBJIETBOPSIONINX YCIOBUIO TeopeMbl 1.24,
HEODOXOUMOCTh B HUX IMIPOTIA/IAeT.

[IpuBeiéM HECKOTBKO IPUMEPOB HEPABEHCTB, KOTOPBIE MOXKHO TOKA3aTh IIPHU
oMot Teopembl 1.1, IlycTs ¢ — maprunraibHoe 1npeobpa3zoBaHue IPOCTOrO
MapTHHTAIA ¢, YAOBIETBOpsitoniee coorHorernto (2). Takxke morpebyem, aTo-

6b1 mouTn HaBepHOE ¢p = Yy = 0 U |Poo| < 1. Torma musa moboro wmcsa
p € (2,400) crpaBenuBa CIEAYIONIAs OIEHKA:
E [t |’ < 3T(p+ 1), (3)

lMapTI/IHI‘aJI ¢ Ha3bIBAETCH IPOCTBIM, ECJIU OH C HEKOTOpOro HoMmepa n € N crabuimmsupy-
€TCsI, TO €CTh Y/IOBJIETBOPSIET PABEHCTBAM ¢y, = Pnt1 = Ppt2 = ... = Poo-
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B KOTOPO#l KOHCTAaHTa %F(p + 1) sBastercs TOYHOl, TO €CTh HAMMEHbBIIEH BO3-
MOKHO#. JlanHOoe HepaBeHCTBO ObLIO Jl0Ka3aHO Bypkxosbiepom B crarbe [1]
IIOCPEJCTBOM MEeTO/[a, OCHOBAHHOI'O Ha Teopeme 1.1 m BBIYMC/IEHWH COOTBET-
CTBYIOIIUX MUHUMAJIbHBIX OuBOruyThix pynkmuit. lasee 3adukcupyem npowns-
BosibHOE ncsio A € [0,1) u chopmysnupyem emg ojHo ciejcrsue Teopemb 1.1:

E e)“ww‘ g 2-A
2 — 2\
Ormernm, aro HepaBeHCTBa (3) U (4) ABIAOTCS YaCTHBIM CIYIaeM TEOPEMBI,
KOTOPYIO MOXKHO HaiiTu B Kuure |7, reopema 3.12, mepasernctso (3.104)].
Temneps moxazkeMm, Kak MOXKHO J0Ka3arh coorHoutenns (3) u (4). g sroro
npumeHnM Teopemy 1.1 ¢ dyHKIISIMT

H(z,y) = f1(y) = [y, H(z,y) = faly) = MY,
U IIOJIYYIUM CJIEAYIOI[HEe TOYHbIEC OIEHKHM:
E[so]” < B1(0,0), EeM=l < B5(0,0),

e yarmust Br: G — R OuBOrayTa 1 MUHUMAJIBHA, OTHOCUTEIBHO MOIITOPKH
Li(z,y) = fi((x + y)/2), a dyuxnus By: & — R MunnMaibHa OTHOCUTEIBHO
orobpaxenust Lo(x,y) = fo((x 4+ y)/2). Ham ocranocw naiiru dyuxmun By u
Bo. MbI mokarkem, 4emy OHM paBHBI, HO He Oy/1eM IIPOBEPSIThH, YTO TU (DYyHKIUU
OUBOrHYTHI ¥ MUHUMAJbHBL. B jlajibHeiiiem Jyisi 0003HAYEHUS MaKCUMyMa, U
MUHAMYMa JIBYX 9HCEJT MbI Oy/IEM MTOJIb30BATHCS CJAEY IOIIIMEI 0003HAYEHUSIMU:

< +00. (4)

a Vb= max(a,b), a A'b = min(a,b).
Beeném obmacta St u &2 (cm. pucynok 2):

' ={(x,y) €&: [z VIyl <1}, & ={(zy)e&:|x|V|y>1}.

Puc. 2. TIpoduas 6usorayreix dysrkiuit B u Bs.
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Ha pucynke 2 obsiacti, B KOTOPBIX HAPUCOBAHbI MOPU3OHTAJIbHBIE ¥/ UK
BepTI/IKaJIbeIe JINHUWH, COOTBeTCTByIOT JIMHENHOCTHU (byHK]_[I/II/I 110 HepeMeHHOﬁ
y u/mam no nepemennoii x. Pynkiys By 3a1a8TCs TOCPEACTBOM CJ1e 1y IOMIEH
dbopmyJibL:

%(1 +ay)T(p+1), ecm (z,y) € Sl
Bi(z,y) = § sz —yl- fi(lz[ V ]yl = 1) + (1 = 3lz — yDa(lz| V [y - 1),
ecru (z,y) € &2,

e g(t) = e ftoo sPe™% ds. Oyuxiws By (x,y) UMeeT CIeayonumii BII:

By(r.y) Tl_)\)(l +zy)+1(1—my), ecuu (z,y) € S
€5 (1= 3z —y]) MeVID | ecn (2,y) € &2

OrmeruM, 9TO MHTEPECHBIM PE3YJIbTATOM SIBJISIETCSl HE TOJIBKO HAXOXKJIEHUE
KOHKPETHOro 3Hadenusi KoHCTauTbl [3(0,0), HO U POCTO JOKA3ATENTBCTBO KO-
HeyHocTH 910f Besmunubl. Hanpumep, npu A € [0, 1) nocrpoensasi MUHUMA/Ib-
Hast buBorayTas pyHKIus Be Oy/1eT KOHEUHA U, B YJACTHOCTH, BEJIMINHA, EeA ool
OrpaHrveHa CBepXy abCOTIOTHON KOHCTAHTOIl (3aBucsrmeit or ). OqHAKO MOXK-
HO [0Ka3aTh, YTO HpU A > 1 OuBorHyTas (YHKIWS, MUHUMAJIbHAS OTHOCHU-
TeIBLHO MOAMOPKU Lo, BRIPOKEHA, TO €CTh PaBHA +00 Be3/e KpOMe IDAHUITHI
obnactn 6. B wacrnocru, npu A = 1 Benmdmna sup,, EeAvel rakxe pasna
+o0. Ilomobubrit Bompoc usydascs B padbore (3| (cm. Teopemy 6.1.2) masa apy-
roii ¢pyuknun Bemivana.

[IpuBegém mpuMep ermé OIHOTO HEPABEHCTBA, KOTOPOe MOXKHO MOJTYIUTDH U3
Teopembl 1.1:

[%oo]
e

[JIe 9UCTI0 @ SIBJSIETCsT abCOTIOTHON KOHCTAHTOM, KOTOPYIO MBI OTPEIeINM 03~
xke. Ormernm, 910 OreHKA (5) SIBISETCS HOBBIM DE3YJIBTATOM W DaHee B JIH-
Teparype He BCTpedasiach. /laHHoe HepaBEHCTBO MOXKHO JOKA3ATH, IPUMEHUB
teopemy 1.1 ¢ dyukmnmei
elvl

1+y2

BamernM, 9T0 HepaBeHCTBO (b) cuibHee ouneHKH (4), €CU OLMyCTUTH TOTHBIE
3HAUeHUs KOHCTAHT. B camom neje, st jmoboro unciaa A € [0, 1) cupaseniuso

H(z,y) = f3(y) =

npesenbHoe cootromenme fao(t) = el = of 1611‘2) = o(f3(t)) upu [t| — +o0.
[Iycts B3y: 6 — R — dbuBornyTas GyHKINsT, MUHIMATbHAST OTHOCHTEIHHO O~
nopku Ls(x,y) = f3((z + y)/2). Torma, BHOBL npumenus Teopemy 1.1, Mbl
nosryunm HepaseHcTso E f3(1)s) < B3(0,0). Ilosromy, kKak u panblie, gocTa-
TOYHO HaliTu QyHKIUIO Bs. Yrobbl € onucarb, Mbl BBEJIEM HECKOJIBKO JOMOJI-

HuTenbHbIX Beuunn u dyuxnuit. [Iycrs § € (0, +00) — pemenne ciaemyomnero
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ypaBHeHus (3TO pereHue CymecTBYeT U eJMHCTBEHHO):
203 — 6% +1
tg(d) = —————=——, ¢ =~ 0.566.
arcctg(0) AT
Onpegennm aucia a, b u ¢ u dbyuxkuuu g, h: [0,+00) — R caenyomum obpa-
30M:
1+ 46% — 64 1-94 2—30+46* - ¢6°
A N el :
26(1 4 62) 20(1 4+ 6?) 20(1 4+ 6?)
7 d
e®ds ¢
g(t) =ct+ t/ m, h(t) =€ arcctg(t).
t

f3(0);

a =

,Z[anee BBeéM obmacrn G, &2 &% C & (cM. pucynok 3):
S'={(z,y) €G: 2| V|y| <1+ s A—y<1-6, —zAy<1—06};
G*={(z,y) €G:2A—y>1—06 mm —a:/\y/l—é};

&3 ={(z,y) €&: |z|V |y =1+ 6}.

Puc. 3. Ilpoduns dpyukiuu B.

Tereps MbI TOTOBBI OnpeenTb GyHKIUIO B:
a—l— bxy, ecin (z,y) € G
1 ImIA\yI f3( =z Alyl) + 2(1_‘\2\/\%—\) (1= |zl Alyl),
B(xz,y) = ecmn (x,y) € 62
slo =yl falzl Vgl = 1) + (1= gle —yl) - h(lz] v ]yl = 1),
y) € &3.

| ecm (x,
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B jasbreiimenm BayTpeHHOCTH MHOMKecTBa ) C R? MBI Gyem 0603Ha9aThH
gepes int {2, a ero rpanuily depes 0f). Beeagm emmg ojHO ompejesieHne Mu-
HUMAJIbHOCTH. Bymem roBoputh, uto OmBormyTas dymkmms B: & — R mu-
HUMAJIbHA, €CJIU g Jji000i 6uBormyroit dpyukmuu B: & — R, Takoii, uro
Blyg = Blye, cupasepmso mepasencrso B > B. lnaue rosops, GuBortyras
dbyuknus B: & — R mMuHMMaIbHA TOTJAa U TOJBKO TOrJA, KOTJAA OHA MUHU-
MaJIbHa OTHOCUTENBbHO TTOAIIOpKY B + (—00) - ijpy . Ormernm, uro Bce npuse-
JIEHHBIE paHee MpUMepbl OMBOTHYTHIX (DYHKIWI, MUHUMAJIbHBIX OTHOCUTETBHO
HEKOTOPOI MOAIOPKY L, SIBJISIIOTCS HA CAMOM Jejie MPOCTO MUHUMAJIbHBIMU.
s MuHUMAIBHBIX OUBOTHYTHIX (DYHKIINN CIpaBeiuBo ciaegcTsue 1.25, aHa-
JioTuaHOe npebiayineit Teopeme 1.24. [ToaTomy, 94T00BI T0KA3aTh, YTO OIIpPE/ie-
néumnle panee Gyukmm By, By u By MEHUMAILHBI 1 OUBOTHYTHI, JTOCTATOUHO
[IPOBEPUTD, UTO OHU Y/IOBJIETBOPSAIOT YCJOBHIO CeJcTBUdA 1.25 u cripaBe//IuBbI
CJIe/IYIOIIe COOTHOIIEHUS:

Vj€{1,2,3}1 Bj}Lj, Bj‘()G:ijG'

Takum obpazom, B 3TOil paboTe JOKA3BIBAIOTCH HEKOTOPBIE JIOCTATOYHBIE
YCJIOBUSI MUHAMAJIBHOCTH (M MUHHMAJIBHOCTH OTHOCHTEIBLHO TIOIIOPKH) GUBO-
rayThiX dyHkuuii. Bo3duukaer ecrecrBeHHbI BOpOC. fBISIOTCS JiM CBOWCTBA,
copmyupoBaHHbie B ycaoBusx Teopembl 1.24 u ciaexcrBug 1.25 emé u vHeob-
xogumbiMu? Ha sror cuér aBropy usBecTHa Teopema 1.28) 10Ka3aTe/ibCTBO
KOTOpOit MblI He OyzeM TpuBOAUTH B 9TOU crarbe. IIpm sTOM, KaK CKa3aHO B
zamegannu 1.29, mosydeHHble HEOOXOJIMMBIE W JOCTATOYHBIE YCIOBUS OYTH
COBITAAIOT.

OCHOBHBIM pPE3Y/JIBTATOM 9TOM PAbOThI MOYXKHO CYUTAThH Teopemy 1.23, u3 Ko-
TOpOIt caeayoT yreepxkaenus: 1.24 u 1.25, ynomstayThie Bbime. Ormerum, 9To
9Ta TEeopeMa MO3BOJISET MO/Iy4YaTh Oojiee rubkue HUKHUE OIEHKN Ha OMBOTHY-
Thie DPYHKIUN, MUHUMAJIbHBIE OTHOCUTE/IHHO HEKOTOPOU moamnopku. B gacrHo-
cru, He Tpedyercs, arobbr pyurrma B, burypupyromas B reopeme 1.23, Obu1a
OuBOTHYTOI, & €€ 06/IaCTh OIpe/e/ieHrs PABHSIACH BCEMY MHOXKeCTBY &.

1.1. Omnpenenenus u npegBapuresibHbie cBeeHnd. Creppa Mbl BBEJIEM
HECKOJIbKO TEPMUHOB, CBI3aHHBIX C 00/1ACTHIO Ope/ie/ienns OUBOTHYTON (yHK-
ruu. OTMeTnM, 9TO 107 00IACTHIO MBI [T0/IPA3YMEBAEM [TPOU3BOJIHLHOE [TOJIMHO-
JKECTBO TLJIOCKOCTH.

Bynem Ha3pIBaTh MOAMHOYKECTBA MPIMBIX, MapaJI/IEJIbHBIX OJHOU U3 KOOD-
muHATHBIX oceit Ox mau Oy, KOOpAUHATHBIMA. [IPpOMEXYTOK — 9TO Hemycroe
OrpaHUYEHHOE BBIMYKJ/I0€ TIOJIMHOKECTBO IIPAMOi, OTIMIHOE OT TOUKU. OTKPbI-
THIN IPOMEXKYTOK OyJ/IeM HA3bIBATH WHTEPBAJIOM, & 3aMKHYTBI OTPE3KOM.

Omnpenesenne 1.2. MuoxectBo () Ha3bIBAETCS KOOPIAUHATHO-BBITYKJIBIM, €C-
Jia Jijist JIF000# KOOpAMHATHOM 1psiMoii | epecedenue ) N [ BBIMTYKJIO.
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Onpeneaenne 1.3. MuoxkecTBoO {2 KOOPAMHATHO-OIPAHUYEHO, €CJIUA I JIEO-
ObIX yuces a < b obaacru

{(:E,y) ER2:a<a:<b}ﬁQ u {(a:,y) e R2: a<y<b}ﬁQ
OrpaHdIeHbI.

Kaxk rosopuiocs panee, HaubOIbIINIT JI/IT HAC MHTEPEC TPEJICTABIAET KOOD-
auHATHO-BHITyKIas obaacts & = {(z,y) € R?: x — 2 < y < x + 2}, uzobpa-
JKEéHHad Ha pucyHKe 1.

[lepes TeM, KaK MPUCTYIUTH K ONUCAHUIO MHOYKECTBA OMBOIHYTBHIX (DYHK-
Wi, MBI YTOYHUM, KaKue UMEeHHO (DYHKIUH MBI Oy/eM HA3bIBATH BOIHYTBIMU
U JIOKQJILHO BOTHYTBIMH. IjIs1 3TOr0 BBEIEM MHOXKECTBO

R =RU{—00,+00} = [~00, +3].

Ecnun dyuknus npuHuMaer 3HaYeHUI TOJBKO U3 MHOXKeCcTBa R, TO oHA HA3BI-
BAaETCs HEBBIPOXK/IEHHOI, WHAaYe OyIeM FOBOPUTH, UTO OHA BBHIPOXK/IEHA.

Ounpegenienne 1.4. Oynkrua f: U € R — R massBaeTcs BOTHYTOI, ecn
1tst JTI00BIX TOUeK x,y € U u takoro unciaa o € (0,1), aro ax + (1 —a)y € U,
CIIpaBeINBO HEPABEHCTBO

flaz + (1 —a)y) = af(z) + (1 —a)f(y).
ITpu sTom Byziem canrath, 9ro (—00)+(+00)=—0ou 0 - (—oc) =0 (+o0) = 0.
Oyurmust f: U C R — R HasbiBaeTcst JIOKAJBHO BOIHYTOM, €CIU JJIsl JIIODOr0O
orpeska s C U BorayTo cyxenne f|,.

Bameuanme 1.5. Kaxgas sornyras dbysxmus f: U C R — R nosymenpe-
PbIBHA CHU3Y.

OrmernM, 9TO [T BRITYKJI0# 06s1acTn onpeesienns U MOHATHS BOTHY TOCTH
1 JIOKQJIBHOIM BOIHYTOCTH COBIIa/aoT. Kpome Toro, B 9TOM cilyyae BOIHYTOCTb
dyHKIMN PABHOCUIbHA BBHIMTYKJI0CTH €€ noarpaduka. Temeps Mbl MOXKEM OIpe-
JIeJINTH CEMENCTBO BUBOIHYTHIX U JIOKAJILHO OMBOIHYTHIX (DYHKIUI.

Onpenesaenue 1.6. @ynkiua B: Q) C R2 — R nasbiBaercs OUBOTHYTO#T
(1oKaIbHO BGUBOrHYTOl), ecau i 000 KOOPAMHATHON npsMoii | dbyHKIms
B|, BorayTa (g0KaabHO BOrHYTa). MHOXKECTBO BCeX OMBOIHYTBIX (YHKIIHI
B: Q — R o6osnaunm uepes BC(f2), a ero MOIMHOKECTBO HEBBLIPOKICHHbIX
dbyuknuit gepes BC(2). AmasormansiM 06pa3oM BBEJEM CEMEHCTBO JIOKAJIBHO
ObuBOTHY THIX (DYHKITH B_Gloc(Q) ¥ ero OMHOXKECTBO HEBBIPOXKIEHHBIX (DyHK-

it BCoc ().

Bameuanne 1.7. s soboit obmactn Q C R? copasemusbl CJIe/ Ty IoIIne
COOTHOIIIEHUA:
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® @(Q) - @100(9)7 BC(Q2) C BCoc(2);
o BC(Q) = BCioc(2), BC(N) = BCloc(2), ecom obmacts §2 KOOpAUHAT-

HO-BBIIIYKJIa.

OTMernM TakKe, ITO JIOKAJIBHO OmBorayTaa pyukmmsa B: (0 — R B kax-
noit Touke (x,y) € int ) uMeer OJHOCTOPOHHUE KOOD/IMHATHBIE MPOU3BOIHBIE,

KOTOpbIe MbI 0003HAUUM CHMBOJIAMHI g—iB(a;,y) u %B(az,y). A nmenso,
ai B(:L‘—{_E)y)_B(aj)y)
Z_B(a,y) = i :
ox (33‘, y) 6—1>I(?i € ’
o* B - B
9 Bluy) = tim By +e) = B@y)
dy e—0% €

[Tpu sToMm eciin yTBep:kgaercsi, 9ro QyHKIua B nMeer B ToUkKe p € () 9aCTHYIO
[IPOW3BOHYIO 10 MEPEMEHHON X, TO MbI Oy/IeM CUYUTATh, 9TO P € S, TJE S —
TaKoil MHTEepBaJ MapaIeTbHbI ocn Ox, I9TO p € S. AHAJIOTHIHO /TS IACTHON
[IPOU3BOHONI 110 Y.

Sameuanne 1.8. Jliobas dbyuknua B € BC.(£2) nokaabpHO sumimuesa (CM.
kuury [2, c. 47, reopema 2.31]). B wacrmocTu, HempepsIBHO cykenue Bl . ¢,
u mosroMy (PyHKIUA B MOXKET MMETh Pa3pbIBbl TOJBKO HA TDAHMIE MHOXKE-
crBa €.

Ternepb MBI TOTOBBI [IaTh TOYHOE OIPEJeJIeHNe MUHUMAJIbHON OUBOTHYTOI
dYHKITIN.
Omnpenenenne 1.9. Oyukmua B: 2 — R HazpBaerca MUHAMAJBLHON OMBO-

ruyToii yuxmumeii orHocHTenbHO mommopku L: Q — R, ecn B € BC(Q) u
CITPaBEJINBA CJAEYIONIAs UMIIITKAIMA:

VBeBC(Q): B>L = B>=B.
Bameuanne 1.10. g bysknun B € BC(S), MUHMMAILHOE OTHOCHTEILHO
nojmnopku L: & — R, BepHO ciiestytoriee paBeHCTBO:
B|8G = L|86 '
Onpenestenne 1.11. Bygem rosoputs, uro 6usormyras dynkuus B € BC(Q)
MUHUMAJIbHA, €CJIU OHA, ABJISIeTCS MUHUMAJIBLHOM OuBOrHyTON (DyHKIMENH OTHO-

CUTEJILHO O{IOPKH B 4+ (—o00)lintq. To ects B < B ayis 060t dbyHskimn
B € BC(Q2), Takoit, uro Blyq = Blyg-

BBeiém s mpousBosbHOil obractu  u dyuknmm L:  — R caenyromee
oTobparkeHme:

B[L]: @ — R, B[L)(z)=inf{B(z): B€BE(Q), B>L}. (6)

Cureytonyto IeMMy MBI OCTaBUM 0€3 JOKA3aTETHLCTBA.
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JIemma 1.12. @ynuxyus B[L] asasemca munumasvnol busoenymot Gynkyu-
eti omuocumeavHo nodnopky L.

MsI roToBbI c(hOPMYIUPOBATH CBONCTBA MUHUMAJIBHBIX (DYHKITHUI, TOCTATOY-
HOCTb KOTOPBIX OyJieM JI0Ka3biBaTh. PaccMOTpUM MPOM3BOIBHBIE MHOXKECTBA

0,0 C R? u pynxnumio B: Q — R.

Onpepenienne 1.13. @yukuus B smneiina (rosysimHeiina) 10 11€peMeHHOI x
B Touke p € ), ecam cymecTByer uHTEPBa (OTPE30K) S, MapaJsuIeIbHbIA OCH
Oz, Takoii, uto p € s C Q n dyskuus B|, muHeiina.

Bynem roBoputh, uro dyHKImsg B CTPOro mojyjinHelHA MO T B TOYKE P,
ecan B nosynuneiina, HO He JIMHEHA 10 NEepeMeHHol & B Touke p (cM. pucy-
HOK 4). AHAJIOrMYHO BBOJUTCS JIMHEHHOCTD, IOy IMHEHHOCTh U CTPOrast MoJIy-
JIMHEIHOCTD 110 Y.

cTporas

\ JIMHEHUHOCTD MOJTYJIMHEMHOCTh }

Y
MOJIYJTUHEHHOCTD

Puc. 4. JIuneltHOCTH, MOTYINHENHOCTh U CTPOTAS MOJTYINHERNHOCTD.

Onpenenenune 1.14. Oyukiua B: ) — R srcrpeMasibHa 10 TIEPEMEHHOM X
(o nepementoit y) B Touke p € \ y orHocuTENBLHO MHOXKeCTBA 1y, eciiu
B 9TOi1 Touke B mMeeT YacTHYIO MPOM3BOAHYIO 1m0 Z (IO y), W CYIIECTBYET
0TPe30K §, mapasieabablii ocu Oz (Oy), Takoii, YTO OUH €ro KOHEI| COBIIAIAET
C TOUKO{T p, & IPYroiil MPUHAIEKUT MHOXKECTBY (g, u hyuknusa B| ¢ JINHEHHA,
(cM. pECYHOK ).

3ameuyanue 1.15. 3amerum, aro pysnus B: & — R He MoxkeT ObITH IKC-
TpeMaJibHa, U JIMHEHH] B TOUKe p € 06, Tak Kak JJIst 3TOr0 Tpedyercs, 4To0b
CYIIEeCTBOBaI WHTEPBAI §, p € s C 6, mapautenbabiii ocu Ox win Oy, 910
HEBOBMOXKHO.

Jlamee MBI OIIpe e TUM MHOXKECTBO KaHUJIaTOB 1-0ro THIIA.

Onpenenenune 1.16. @ynkius B: () — R waseiBaerca Kaumgarom 1-oro tu-
1a OTHOCUTEIHLHO MHOXKeCTBa {9 u npunagexur cemeiicrey €1(€, Qy) rorma
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p

9KCTPEMAJTbHOCTD

Puc. 5. DxcrpeMabHOCTD 0 & U €€ yC/JIOBHOE 0003HAYUEHUE HA, PUCYHKE.

¥ TOJIBKO TOIJIA, KOIJIa OHA JIOKAJIbHO OIDAHMYEHa CBEPXY, [0JIyHelpPepbIBHA
cBepxy u st J1000i Touku p € Q \ Qy BbIONHAETCH XOTS ObI OJHO U3 CJIe/1y-
IOLIMX YeTHIPEX YCJA0BHI (CM. pUCYHOK 6):
(1) dbyukuus B jmHeiiHA 10 T ¥ SKCTPEMA/IbHA 110 £ OTHOCUTENBHO {2y B
TOYKE P,
(2) dbyskuus B auHeitHA 110 Y ¥ SKCTPEMAIbHA 110 Y OTHOCUTEIBHO (29 B
TOYKE P,
(3) dynkums B guneitna 1o T u 10 Y B TOUKE P,
(4) dbynkuus B sKCTpEMaIbHA OTHOCUTENHLHO MHOKECTBA {1y 110 T U 10 Y
B TOYKE P.

3ameqganune 1.17. Kaggumar He o0g3aTe/lbHO OUBOIHYT.

Sl

Puc. 6. Csoiicta 1, 2, 3 u 4.

3ameqganue 1.18. YrBepxkaennsa myHKTOB 1, 2, 3 u 4 pPaBHOCHIBHBI TOMY,
910 B J1I000i1 Touke p € )\ Qp CHpaBemTHBO KayKI0€ M3 CAEIYIOMUX IBYX
YTBEPZK ICHU:
(1) dysaknus B B TOUKe p IKCTpEMaJbHA OTHOCUTENBHO )y [0 T WJIN JIu-
HelHa 110 Y;
(2) dysaknus B B TOUKe p KCTpeMaTbHA OTHOCUTETHHO (g M0 Y WIN JIu-
HelfHa MO0 X.

B crenyromem paszgene Mbl TakzKe ONPEIEJNM KaHIMAATOB 2-0M0 W 3-ero
ruma (M. onpegenenus 1.30 u 1.35), KOTOpBIE 0JHAKO HE MOHALOOATCH JIJIst
dopMyITMPOBKK OCHOBHOTO pe3y/braTa. JI1s MHOKECTBaA, KaHIMIATOB KazKI0r0
THUIIA BBEIEM CJIEIyIONIee CeMeicTBO (pyHKImil.
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Onpeneaenue 1.19. Oyuknus B: ) — R HazbBaeTcs: KaHIUIATOM i-0I'0
tuna orHocuresbHo dGyHkun L: Q@ — R u npunajgexunr muoxecrsy &;[L],
ecun

Bed;(2,9), rme Qy={peQ:B(p) <Lp)}.

OYHKIIIO, ABJSIONIYIOCH KaHIUIATOM [IEPBOI'O, BTOPOTO WM TPETHEro, THU-
ma MBI 9acTO Oy7eM Ha3BIBATHL MPOCTO KaHmumaToM. IlomMumo TpeboBaHusa OT
uHTepecyomell Hac (yHKIUU OpuHaIIexRars MaoxkecTBy €1[L], Mbl BBenEM
eré HeCcKOJbKO orpanudenuii. CHadana nob6aBuM yC/IOBUE, KACAIOIIEECS POCTa
dyHKINN HA OECKOHEYHOCTH.

Omnpenenenne 1.20. PaccMoTpuMm Tpom3BoJibHOE MoAMHOKECTBO 2 C 6.
Oyukrmus B: @ — R wmasbBaerca dyHKIuHell orpanmdeHHoro pocra (6yaem
TaKzKe TOBOPUTD, UTO OHA UMEET OTPAHUYIECHHBIN POCT), €C/Iu

Oyukiua B: 2 — R uMeeT yCI0BHO OTpaHUIEHHBIN POCT OTHOCUTETHHO PYHK-
mun L: & — R, ecnu pasunocts B — B|[L]|, uMeer orpaHndeHHbIil POCT.

3ameuanme 1.21. Kaxpag pyHKIUS OrpaHUYEHHOrO0 POCTA UMEET YCJIOBHO
OrpaHUYEHHbIN POCT OTHOCUTEIHLHO TPOU3BOILHON HEOTPUIIATE/IFHON (DYyHKITIHN
L. Kpowme Toro, 94ro0b! 3aK/11091Th, 4T0 HEOTpHUIaTeabaas dyukiusa B € BC(S)
MMEeT OrpaHHYeHHBIH POCT, JOCTATOYHO MOMydnTh onerky B(z,z) = o(el®]).
HeitcTBUTEIBHO,

B(z,y) < (1+ Yz —y[)B(z,2) < 2B(z,2) = o(el”) = o(el"T¥1/2)

npu |z, |y| — +oo.
MBI TaK2Ke GyAeM HpeAHOHaFaTb, YTO HaIIl Ka.H’Z[I/I’Z[aT y,ZLOBJIeTBOpSIeT HEKO-
TOprM yCﬂOBHHM HereprBHOCTI/I. HaHOMHI/IM7 9TO TOYKa p, HpI/IHaAJIeH{aLL[aH

TOLOJIOMMYECKOMY [IPOCTPAHCTBY X, HAa3bIBAETCH M30JIMPOBAHHOMN, €CJIM MHO-
KecTBo {p} OTKPBITO.

Onpenenenne 1.22. Bynem Ha3bIBaATH TOMOJIOINYECKOE TPOCTPAHCTBO X JIO-
KaJIbHO JIMCKPETHBIM, €CJIU JII000€ ero HeryCcToe MOAIPOCTPAHCTBO C WHIIYIIH-
POBAHHO#I TOIOJIOrUEHl COlepKUT XOTsd Obl OJHY M30JIMPOBAHHYIO TOYKY.

Teneps MbI TOTOBBI C(HOPMYIUPOBATH OCHOBHYIO TEOPEMY.
1.2. ®opMyJINpPOBKAa OCHOBHBIX PE3yJIbTATOB.

Teopema 1.23. Paccmompum samxnymyro obaacmo @ C &, omobpasicerue
L: 6 — R u xandudama B € & [Ll|g]. IIpednoroocum, wmo oas dynryud L
u B 8uINOAHEHDL CACOYIOULUE YCAOBUA:
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(1) mmoorcecmeo mouex paspwisa cysicenusn L|yg aokarvro duckpemmo;

(2) pynryus L|yg 10KaABHO 02PANUNENE CHUSY U NOAYHENPEPBIGHA CEEPTY;

(3) xandudam B umeem YCA06HO 02PAHUNENHBIT POCT OMHOCUMEALHO
omobpasicernusn L.

Tozda B < B[L]|q-

[TogcTaBuB B mOTydeHHYIO TeopeMmy 00acTh ) = &, MBI MOYKEM IOy IUTh
CJIeIY IO pe3ysibTar.

Teopema 1.24. Paccmompum omobpasicenue L: & — R u 6usoznymozo xar-
dudama B € €1[L], makxozo, wmo B > L. IIpednoaooicum, wmo dynkyuu L u
B yd06AeMBOPAIOM CACOYIOUWUM YCAOBUAM:

(1) wmmoorcecmeo mouex paspuisa cysicenus Lye aokarvro duckpemmno;

(2) pynryua L|yg 40KaABHO OZPAHUYERE CHUSY U NOAYHENDEPBIEHA CEEPTY;

(3) xandudam B umeem ycao6Ho 02paHUNENHBIT POCT OMHOCUMEALHO
omobpascerus L.

Tozda B = B[L].

B kagecrBe 11pocToro cjejcTBus Mbl HOJy4YaeM cJeyiomuit pesyiabrar. s
JI0KA3aTe/IbCTBA ITOr0 CJIEJICTBUA JOCTATOYHO IpUMeHuTh Teopemy 1.24 ¢ dyn-
xupeit L = B + (—00)Xint -

Cuencrue 1.25. [Tyemos B € €1(6,06) — aokaavro ozpanuvernvd cHu3y
busoenymuiti kandudam. [Ipednoaosicum, ¥mo MHOHCECTNBO €20 MOYeEK Pa3pPulea
AOKGADHO QUCKPEMHO U OH UMEET, YCAOBHO 02ZPAHUMEHHDIT POCTN, OMHOCUTNEAD-
no gynryuu B + (—oo)linrg. Toeda kandudam B aAsaseMCA MUNUMANLHOT
busoenymot Gynryuet.

Obparum Takzke BHUMaHHE Ha Mpejjioxkenue 2.3 (CM. HIKe), KOTOPOE mMo3-
BOJISIET JOKA3bIBATh MUHUMAJILHOCTH OMBOTHYTHIX (DYHKIMIT B 00/1aCTAX, HMe-
forux Oojiee obmmit Buj. [losyHenpepoiBHbIE cBepXY (DYHKIMA OTHOCUTETHHO
[OJIIIOPKY ¥ KAHIUIATHl TPETHEro TUIA, KOTOPbIE UCIIOJIB3YIOTCA B (hopMyJin-
POBKE 3TOr0 TPEJJIOXKEHNsd, BBOAATCA B omperdeneHusx 1.32 m 1.35 coormet-
CTBEHHO.

Tenepb MbI chOpMyIUPYEM HECKOJIHKO PE3yJIBTATOB OTHOCUTEIHHO HEOOXO-
JINMBIX CBOWCTB MUHUMAJILHBIX OMBOTrHYTHIX (DyHKIHi. JloKa3bIBATE 9TH yTBEp-
JKJIEHUS B JIAHHOW CTaThe MbI HE DymeM.

Jlemma 1.26. ITycmo Q C R? — nexomopoe BAMEHYMOE 6HINYKA0E MHOHCE-
cmeo. Beedém npouseoavroe omobpasicerue L: 8 — R u nomoueuno HauMeHD-
WY NOAYHENPEPBIEHYIO CEEPTY PYHKUUIO L:Q — R, maxyro, wmo L> L.
Tozda cnpasedauso pasencmeo

B[Z] |int Q= B[L] |int Q
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3ameuanme 1.27. Teopema 1.23 Oyzner Bepua u B cirydae, eciu pyukins L ve
SABJISIETCS TIOJIyHEITPEPBIBHOM CBEPXY, a 1-bIif MYHKT 3aMEeHEH Ha, CJIEIYTIOIINA:

(1) MHOXKECTBO TOYEK, B KOTOPEIX Cyxenue Ly HE yaoBrersopser ycio-
BUIO MOJIyHENPEPLIBHOCTH CHU3Y, JIOKAJIBHO JUCKPETHO.

Oxamako B cmmy jeMMbl 1.26 Takoe ycuieHre TeOPEMbl He IMEET 0CO00r0 CMBIC-
1.

Teopema 1.28. [lycmv B: & — R — neswpoorcoennas MuHUMAADHAA OUGO-
enymaa Gynryua, maxaa, wmo cyocenue Blyg AOKGADHO 02PANUMEHO CHUSY U
noaynenpepouieno ceepry. Tozda cnpasedauso sxarouenue B € €1(S,06).

Ecau xpome mozo, pynryus —B umeem ozpanuyuennvili pocm, mo 02paru-
weHHull pocm umeem u Gynrxyus B.

Bocmonwszosapmuck caemcreuem 1.25 u reopemoit 1.28, MBI MOXKeM 3aKJIIO-
YUTh, YTO MOJIYYEH CJIEILYIONUNA PEe3yJIbTaT.

3ameuanue 1.29. Vmeercs moJiHOe onrcaHme MHOXKECTBA, MUHUMAJBHBIX OU-
BoTHYTHIX dyHKImt B: & — R ¢ J0KATBLHO JUCKPETHBIM MHOMKECTBOM TO-
Y€K pa3pbiBa, TAKUX, 9TO (PYHKIUA —[ MMET OrpaHUIeHHbI POCT, & CyZKe-
Hus B|yg TOTyHepepbIBHLL CBEPXY U JIOKAJIbHO OIDAHITIEHBI CHU3Y.

1.3. Ilian goka3aresbCTBa, 3aMevdanus u rumnore3dbl. CrepBa Mbl OKa-
JKeM, KaK MOXKHO 0C/1abuTh yC/iOBHe NPUHA/IEKHOCTH (DyHKINN B cemelicTBy
KAHU/ATOB IIEPBOr0 TUIIA IIPY yCJa0BUU, 9T0 oHa buBornyra. Ho cragasta ompe-
JIeJIMM MHOXKECTBO KaH/MIATOB BTOPOI'O THUIIA.

Onpepnesnenne 1.30. KamammaroMm BTOPOro THUIIA OTHOCHTEILHO MHOXKECTBA
0y C R? HasbiBaercs JOKATBLHO OTPAHUYEHHAS CBEPXY H II0JTyHeIpepbIBHAL
ceepxy bynxmusa B: Q C R? — R, taxag, 9ro aaa moboit Toukn p € 2\ Qp
BBITIOJTHSIETCST XOTsI ObI OJIHO W3 CJAEAYIOMMX JBYX YCJIOBUIA:

(1) dbynkums B jmneitna 10 T WM 10 Y B TOUKE P;

(2) dynkumsa B sKcTpeMasbHA 0 T ¥ 10 Y B TOUYKE P OTHOCUTENHLHO MHO-

kecTBa (1g.
MuoxKecTBO KaHauaaros Broporo tuma B: 2 — R orbocurebHO MHOXKE-

crBa {ly obozuadnm uepes Co(£2, Qp).

Bamermm, aro €1(2, Q) C (£, Qy). Oanako mpu OUpeTeTEéHHbIX YCIOBH-
SIX CIPaBEJINBO BKJIIOUYEHHE U B Apyryio cropony (cm. IIpemroxkenme 1.31),
KOTOpO€E MBI He OyJeM JTOKa3bIBATh.

Ipennoxkenue 1.31. Ecau obaacmov € K00pounammo-eunykaia, mo oas A1060-
20 3aMKEHYMO20 Nodmmoscecmea g C  cnpasedauso caedyrousee GKAIOUEHUE:

Q:Q(Q, Qa) N 'BG(Q) Cc ¢ (Q, Qa).



YCJIOBUA MUHNMAJIBHOCTU BUBOTHYTHIX ®YHKIINN 187

V24

1.

Puc. 7. CsoiicrBa 1 u 2.

Teneps MBI IPUCTYIUM K ONMMCAHUIO IIJIAHA JOKA3aTeIbCTBA TeopeMbl 1.23.
Byneum mokasbiBaTh 91Ty Teopemy or mporusHOro. IIpegnomoxum, aro B(a) >
B[L](a) nna wekoropoii Touku a € ). OcHOBHAsI ujes COCTOMT B TOM, UTO-
661 moctpouth Gyukmuio M: Q — (0,+00), pacTyILyio J0CTATOIHO OBICTPO,
HaifTu TOUKY ¢, B Koropoil actaoe (B — B[L]|y)/M nocruraer cBoero mak-
CUMAJTbHOT'O 3HAYEHUs U IOJI0KUTEIbHO. 3aTeM MOXKHO JI0OKA3aTh, 9YTO B CHJIY
CcTpyKTypbl pyHKIHHU B TAKOTO HE MOIJIO npou3oiitu. UTobbl mOKa3aTh, ITO
gacrHoe (B — B[L]|,)/M mocruraer cBoero MaKCHMaJIbHOIO 3HAYEHNST, MOKHO
JI0Ka3aTh, 9TO 9Ta (PyHKIUA yObIBAET HA OECKOHEYHOCTH W IOJIyHEIIPEPLIBHA
cBepxy. YObIBaHUE 3TOr0 OTHOIIEHUS JTOCTUTAETCH TeM, 9YT0 DyHKIus B nmeer
YCJIOBHO OIPAHUYEHHBIN POCT oTHOCUTEIbHO oToOparxkenus L. Ilosrynenpepnis-
Hocth cBepxy dyukuun (B — B[L]|g)/M saBisercs HeTpuBHaIbHO 3a1adeil,
KOTOPOit Oy1eT moCBLAIIEH mocieaanit pasmesa 5. Yrobsr chopmyiupoBaTs COOT-
BETCTBYIOILYIO JIEMMY, KOTOpasi Oy/IeT B 9TOM pa3fese JTOKa3bIBATHCA, BBEIEM
MOHSITHE MOJIYHETPEPHIBHON CBEPXY (DYHKIMKA OTHOCHTEIBHO HEKOTOPOW MO-
[MOPKH.

Onpenenenne 1.32. Paccvorpum obmacra © C Q' C R? u nosyHenpepsis-
Hy10 cBepxy dyukmnuio B: () — R. Bymem massiBats dynkiuio B moayHemnpe-
PBIBHO# CBEPXY B TOUKe p € §) orHOCHTEepHO Hoanopkn L: ' — R, ecim 0106-
pazkerne max(B — B[L]|q,0) moayrenpepsBHO CBepXy B 910ii Touke. PyHK-
st B Ha3bIBAETCS MOy HEITPEPBIBHON CBEPXY OTHOCUTETHHO TOAIOPKY L, ecym
OHa TOJIYHENPEPBIBHA CBEPXY OTHOCHTEIBHO L B Kaxkmoil Touke p € ().

3ameuanue 1.33. B cuny 3ameuanus 1.8 noynenpepbishas cBepxy dbyHKims
B: Q — R nosyHenpepblBHa, CBEPXY OTHOCHTEIbHO oToOpaxkenusa L: Q' — R
B KazKJI0if Touke p € int ).

KroueBoe npemyioxkenne, KOTOpoMy Oy/1eT IOCBSIIEHA BTOPas 4aCTh Pado-
ThI, (DOPMYJIUPYETCsT CIAEAYIONUM 0Opa30M.

ITpennoxxenmne 1.34. Paccmompum sammnymyro obaacmo ) C &, dymnn-
yuro B: Q — R u omobpasicenue L: & — R, makoe, wmo cysicenue L|yg
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AOKAADHO 02ZPAHUMEHO CHUSY U NOAYHENPEPBIEHO ceepxy. [Ipednoaodcum, 4mo
B € € [L|g] u muoocecmeo mouer paspwea dynkyuu L|yg soxasvro duc-
kpemmno. Tozda dyrxuus B NOAYHENPEPLIEHE CEEPTY OMHOCUMENDHO NOONOP-
xu L.

Yro6br chopMyIupOBAThH MPE/JIOKEHUE, KOTOPOE MbI OY/JeM JI0Ka3biBaTh B
epBOit YacTu paboThl, HAM MOHATOOATCA KAHIUIATH TPETHETO THUIIA.

Omnpenenenune 1.35. KanangaroMm TpeThbero TUIa OTHOCHTEIBHO MHOXKECTBA
Q5 C R? Ha3biBaeTCs JIOKATHLHO OIPAHMYEHHAS CBEPXY W IOJIyHEIPEPLIBHAS

B:QCR? R 6ofi 0\ 0
ceepxy dyurrug B: Q C — R, Takast, 910 a5 1000 TOUKHA P € 9
CIpaBeJ/InBO 1-oe mam 2-oe yCaoBHE:

(1) dyukuus B nuHeiiHa M0 T WIK [0 Y B TOUKE P;
(2) dysknus B sxcTpemMasbHa [0 T WIK [0 Y OTHOCHTEJIBHO MHOXKECTBA
9 B TOUKE p.

LGS

1. 2.

Puc. 8. CsoiictBa 1 u 2.

Kax n pampImme MHOXKECTBO KaHIUIATOB Tperbero tuma B:  — R ormocn-
TeJIbHO MHOXKecTBa 2y ob6o3Haunmm depe3 C3(€2, Qy).

3ameuanue 1.36. s so6bx MuOxecTB §2, Q5 C R? n dbynxmmm L: Q — R
CIPaBEJINBLI BKIIOYCHUST

@1(9, Qa) C QQ(Q, Qa) C @3(9, Qa);
¢, [L] C () [L] C ¢3 [L] .

Ipennoxxenne 1.37. Beedém npoussosvhyro dynkyuro L: S — R u pac-
cmompum samrnymoe mroocecmso @ C &. Hycmo B € C3[L|o] — wandudam,
KOMOpwtl UMeem YCa08HO 02ZPAHUMEHHDIT POCT, omHocumenvro dymnryuu L u
noaynenpepwisen ceepry omuocumenavruo L. Tozeda B < B[L]|,.

Bamerum, aro Teopema 1.23 aBroMaruvuecku cjeayer u3 npejoxennii 1.37
u 1.34 ¢ yaérom 3ameqanus: 1.36. [losromy B masipHeiiiem Mbl Oyzem J0Ka3bI-
BaTh TOJILKO yrBepxKienns 1.37 u 1.34.
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Crour orMerurb, YTO Ha JAHHBLA MOMEHT He U3BECTeH LpuMmep o0jacru
Q C &, dyukuuu L: & — R u kanaujara B € €[ L|g], koropsiii e 6b11 6bl
NOJIyHEIPEPBIBEH CBEPXY OTHOCHTEIBHO MOAIOpKu L. B ¢Ba3m ¢ 3Tum nmeercs
CJIeyIoIas THIIOTe3a.

I'mmore3a 1.38. Ilycmv ) C & — samxnymoe mnoocecmso. Tozda eca-
kul kandudam B € €[ L] noayrnenpepusen ceepry ommnocumenvro dyrnkyuu

L: 6 —=R.

Ecnu nanmas runoresa BepHa, TO B TeopeMe 1.23 M0OXKHO n3baBuThCa or 1-ro
ycaoBusg. MBI TOTOBBI IPUCTYIUATE K JOKA3aTEeTHCTBY Mpeaiokernsd 1.37, Kiito-
YEBYIO POJIb B KOTOPOM OyjierT Urparh JieMMa, KOTOPO#l HOCBAIIEH CJie/y Ol
pasjieJi.

§2. OcHoBHast neMMa 1 €€ NpUMEHEHNE

Jlemma 2.1. Paccmompum 3amKHymoe K00pouHammo-02panuienioe MHOIHCE-
emeo Q C R? u npoussosviyro samxnymyro obaacmo Q C R?. Beedém
omobpasicenue Lo: Q — R;

A0KAALHO Ousoznymyro dynrkyuto B € BCio(Q), makyro, wmo B > Ly;
kandudama B € €3[Lo];

noaynenpepvishyro crudy dynryuro M: Q — (0,400), makyro, ¥mo

M]g\q € Bioc (21 ).

IIpednonosicum makorce, wmo wacmuoe max(B — B,0)/M noaynenpepusro
ceepxy. Tozda,

e 2() — Blp) _ Blg) — B(g)

ecau Jq € Q: peg M) M)
G sup 20— Bp) _ Blg) — Bla)

mo dq € Q: peg M) V()

Hnave 2060pa, maxcumym pynryuu (B — B)/M ne moorcem docmuzamves

€ (0,4+00), (7)

(8)

moavko na muoocecmese S\ €, ecau on Goavwe 0.

3ameuanue 2.2. /lannas jieMmma HaMm OyJieT HYXKHA TOJBKO B CJIydae, KOT/a
JIOKajibHO OuBOTHyTas (yHKIMS B npocro 6uBoruyTa. JlokajabHas OUBOTHY-
rocTh pyHKIMU M 1mpu 5TOM SBJSETCA CYIIECTBEHHBIM YCJIOBHUEM.

[Tepen Tem, Kak mOKa3bIBATH JemMMy 2.1, cremaeM HECKOJIBKO 3aMEJaHwMii,
WLTIOCTPUPYIOHUX €€ 1e1eco0bpa3HocTh. B mepByio odepess Mbl XOTUM 0K~
3aTh, UYTO MPU HEKOTOPBIX JOTOTHUTEIBHBIX YCIOBUIX byHKIWA B Oymer Mu-
HUMaILHOT GuBoruyToii. [Tycrs cymecrsyer GuBornyras dyukuus B € BC(Q),
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takast, 4ro B(a) < B(a) pis vekoropoit Touku a € Q. Torga, arobb nosy-
YUTHh MPOTUBOPEYHE, MOXKHO JIOKA3aTh IOCBLIKY U OIPOBEPTHYTH CJIECTBHE
AMILIUKAIUY, cPOPMYIupPOBaHHOM B 3ak/todennu jemMbl 2.1. To ectb Tpedy-
ercst 1I0Ka3aTh, 4To coorHouenne (7) BepHo, a paBeHcTBo (8) y1oxkno. [Ipuseném
KOHKDPETHBII MIPUMED yTBEPXK/IeHUsI, KOTOPOe CJejayer u3 jemmbl 2.1.

Ipenmnoxenue 2.3. Ilycmov @ — K00pOUHAMHO-02PAHUNEHHOE 3AMEHYMOE
MmHootcecmeo. Paccmompum

o npouseosvryto Gynryuo L: Q — R,
o xandudama B € C3[L], noaynenpepuisnozo ceepry ommnocumenvro L,
® NOAYHENPEPLIBHYIO CHU3Y NoAodcumesvryto dynryuto M € BC ().

IIpednonootcum, wmo
max(B(p) — B[L|(p),0) = o(M(p)) npu [p| = +o0. (9)
Tozda sepro nepasencmeo B < B[L].

Hoka3zareabcTBo. llpenmomoxum nporuBHOoe. IlycTh 115 HEKOTOPOU TOUKH
a € Q umeercs nepasencTso B(a) > B[L|(a). IlokazxkeM, 410 B 3TOM Ciydae
BBIIIOJIHEHO yTBepkenue (7) memmsbl 2.1, tae Lo = L uw B = B[L|. Heiicrsu-
TeJIbHO, B ity coorHomenust (9) Haiiéres rakoit komnakr K C €2, aro

sup max(B(p) — BIL)(p), 0)/M (p) = supmax(B(p) — BL](p), 0)/M(p). (10)
peEK peEQ

Bocmomp30BaBmnch MOy HETPEPBIBHOCTHIO CBEPXY (DYHKIHH B OTHOCHTEIHHO
moAnopKu L u mojiyHenpepbiBHOCTBIO cHu3y yHKIur M, MBI MOKEM 3aKJI0-
quTh, uro yactHoe max(B — B[L],0)/M sBisiercst no/yHENPepbIBHOM CBEpXY
dyHuKIHEl, a 3HAYUT, €ro CyKeHne Ha KOMIAKT K TOCTUTaeT CBOEro MaKCH-
MaJIbHOTO 3HAYeHHs B HEKOTOpoii Touke ¢ € K . B cuy mepasencrsa (28 (a) —
B[L)(a))/M(a) > 0 u pasencrsa (10) gacrroe (B — B[L])/M rtoxe nocruraer
CBOEr0 MAKCHMAJILHOTO 3HAYMEHWS B TOUKE (.

BHaUUT, MBI MOZKEM C/IeJIATh BBIBOJ, ITO paBeHCTBO (7) BEPHO, C/IEI0BATE b
HO B cuty JieMMbl 2.1 crpasemuBo u coornorrenune (8). Ho mo yemoBuro dhyHK-
st M JTOKaJIbHO OWBOTHYTA, TO €CTh HPUHAIEKUT MHOXKECTBY BCloc(2), a
3HQYIUT, B Ka4eCTBE Q MBI MOZKEM BbI6paTb IIyCTO€ MHOZKECTBO. HO B 9TOM
citydae cooTHommenue (8) He MOKET ObITh BBIIIOJIHEHO, M Mbl [IOJIy4aeM POTH-
BOpeUue, 3aBEPIIAIOIIEe J0KA3ATE/IbCTBO MPEJIoKeHus 2.3. ]

3ameuanue 2.4. Bre 3aBucumoctu ot obmactu {2 MOXKHO B34Tb (DYHKIIHIO
M =1 € BCc(2). Ecsm npu srom dbynkiusa L HeorpunarebHa, TO s
BBINIOJIHEHUS TIPEJIEIBHOrO cooTHomenus (9) Byaer gocrarouno, urodbsl B(p) =
o(1) npu |p| — +o0.
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3ameuanue 2.5. [lycrs B: ) — R — nosiyHenpepbiBHasi cBepxy (DYHKIIHS.
Tora j1ist oIy YeHust MOy HelpepbIBHOCTH cBepxy (hyHKIuu B B Touke p € )
oTHOCHTEIBHO OTOOpazkenus L: ) — R 10CTATOYMHO 10KA3ATH, 4TO dbyHKIHS
B[L] nosyHenpepbiBHa CHU3Y B 9TOM TOUYKE.

Bameuanue 2.6. [JoMIMO MEHIMAJIBHOI OTHOCHTEILHO MOAMOPKE Lo:  — R
6usoruyToit dpynkuuu B[Lg] MOKHO BBECTH U MUHUMAJBHYIO JIOKAJIHLHO OUBO-
rayTyio dbyskuio Bi[Lo], onpenenenne koTtopoii 6ymer anajoruduo. B sTom
Cydae MOYKHO TepenucarTh MOHITHE MOJYHEIPEPBIBHOW CBEPXY OTHOCHTETb-
HO oTobpaxenus Lo dyuknuu B u moTpeboBaTh MOJIYHENPEPBIBHOCTH CBEPXY
dbyuximu max(B — Bioe[Lo],0). Torga npemioxenue 2.3, B KOTOPOM TIOAPA3Yy-
MEBAETCS HOBOE OIpeJIeIeHIe 0Ty HEIIPEPBIBHOCTH CBEPXY OTHOCHTEIBLHO TO-
[OPKHU, & 3aK/I0YeHNe 3aMEeHEeHO Ha HepaBeHCTBO B < Bio.[Lo], Oymer Takxe
BEPHO.

Hakower, mpuctynum K 10Ka3aTe/bCTBY jJeMMbL 2.1.

§3. [loka3aTenbCTBO OCHOBHO JIEMMBbI

IIpenmomnoxknym, 9ro MakcuMmyM dactaoro (8 — B)/M 1o Bceit obmactu §)
Jocturaercd u nojiokuteser. Jomuoxkum ¢yuknuo M Ha HTOJ0KUTENTHHYTO
KOHCTAHTY TaK, ITOOBI CTAO BBHITIOJHEHO PABEHCTBO

B(p) — B
sup (p) — B(p)
peEN M (p>
Beeném B pacemorpenne pyukmuio A = M + B — B u 3amernm, uro A > 0.
PaccMorpuM MHOXKECTBO

Q={qeQ: A(q) =0} ={q € Q: (B(q) - B(q))/M(q) =1}  (11)
n IPEAIOJIO?KUM, 9TO 3aKJIIOYEHUE JIEMMbl HEBEPDHO, TO €CTh
Q#9, HO Qﬂﬁz@, B YaCTHOCTH VpE(AZ: A(p) > 0. (12)
Tenepsb BBeséM MHOXKecTBa g 1 g:
Qo={peQ:B(p) < Lo}, Q=0\Qy={peQ:B(p)>Lo}.

Tak>ke MbI Onpeie/iuM Cjeayonme 00/1acTu:

=1.

e V., C Qg — MHOXKECTBO TOYEK, B KOTOPBIX (byHKIUs B 3KCTpEMaTbHA
0 TIEPEMEHHON T WU Y OTHOCHTETHLHO MHOYXKECTBA {29;

Ve, Vy C Qo — MHOXKecTBa nostyauHeitnocTs GyHknun B 110 T u 110 y
COOTBETCTBEHHO;

Uz, Uy C Qp — MHO)KECTBa, B KOTOPBIX ‘B JHHENHA 110 X U 110 ;

Wy, Wy C Qo — MHOXKECTBA CTPOroit nosyauneinoct Gynknun B 1o
X ¥ 0 Y.
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Tak xak B € C3[Lo],
Qo CcVeuU, UU,. (13)
Harr mran 3ak/itodaercss B TOM, 9TOOBI 10 OYEpEIN UCKII0YATh MTOIMHOXKE-
cTBa obacTy (), KOTOpbIe MOTVIN OBI TEPECEKATHLCS ¢ MHOXKECTBOM (), M B UTOTE
IpUATH K TTPOTUBOPEUHIO.

YrBepxkaenne 3.1. Mruoocecmeo Q) 3amMKEHymo U YI0BACTNEOPAELT, PABEHCNEY
QN (QUQ) =2. (14)

JokazareabcTBo. eiicTBureibHo, paBercrso () N = & cieyer u3 coor-
nomenus (12), a musg 11000t Touku p € {dy 1O ONPEJENEHUIO CIPABE/INBbI
HEPABEHCTBA

M(p) >0, B(p) = Lo(p), B(p) < Lo(p).
[Tosromy
A(p) = M(p) + B(p) — B(p) > 0+ Lo(p) — Lo(p) = 0.

Buaunt, p ¢ (). 3aMKHYTOCTH MHOXKECTBa () CJIeJyer m3 TOro, ITo (hyHKIHs
max(B — B,0)/M mnonyHenpepbIBHA CBepXy U ¢ 3HAUEHUS HE MPEBOCXOJAT
qncaa 1. g

Jlatee HaM OHAIOOUTCA CJIEIYIOIIAI JTEMMA.

Jlemma 3.2. Jlaa w060t mouku ¢ € Uy, N Q cywecmsyem maroti napas-
aeavholti ocu Ox ompesox s, ¢ € s C @, 4mo €20 KOHUb NPUHAOLEHCATN
mnooicecmey Wy (cm. pucynok 9). Anasozuunoe ymeepoicdenue sepro, ecau

qelU,NaQ.

-—— -—

Se—aa —-———-

Puc. 9

B nokazarenbcTBe eMMbI 3.2 MBI OyZeM MOIB30BATHCS CJIETYIOMAMA 000-
spavennamu. g mobeix MEoxkecTB A C X C R? onpesemm

e intxy A — BHYTPEHHOCTH MHOXKECTBA A OTHOCUTENIHHO MPOCTPAHCTBA X
C UMH/IyIUPOBAHHON TOLOJIOI'UEH.

e cl A — 3aMBLIKaHHEe MHOXKECTBA, A OTHOCHUTEIBLHO CTAHIAPTHON! TOIIOJIO-
ruu B R2.
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JokazaresbcTBo. O603HAYMM CUMBOJIOM | IPAMYIO, COAEPKAILYIO TOYKY ¢ U
napaJsienbayio ocu Ox. PaccMorpum HanboJIbIIMe 110 BKIIOYEHUIO TPOMEKY T-
KU 8, sg C {1, Takue, 910

qesCl\Q, g€ syCl

u bynkmun Bl , B, , ‘mueiinel. Crpapemueo Brmovenne s C so. Mbr noka-
JKeM, 9TO IMPOMEXKYTOK § PABEH HMPOMEXKYTKY Sg U ABJISIETCH UCKOMBIM OTPE3-
KOM.

BAcpmy yrBepxKAeHusd 3.1 u TOLO, 4TO ¢ € (), cupaBejIMBO COOTHOIIEHME
q ¢ Q. Kpome Toro, muokecTBO [\ {2 OTKpBITO B TOmOI0rHY ipsimoii [ u ¢ € Uy,
mosToMy int; § # &. HecmoxkHO TakKe BHUIETH, UTO MPOMEXKYTKH S, So OTpa-
HUYeHbI, Tak KaK s C sg C | N Q u MHOKeCTBO ) KOOPANHATHO-OTPAHUIEHHO.
Bamernwm, uro Heorpunarenbuas Gyukmus A|, = M|, + B|, — B|, Boruyra u
A(q) = 0. Ilosromy

A, =0. (15)

OTMernM, 9TO TPOMEKYTOK S ABIACTCI KOMIIOHEHTOH CBSIZHOCTH, COZEPIKa-
el TO9KY ¢ B MHOYKECTBE so\ﬁ. 1 rax kak o6sacts () BaMKHYTa, [IPOMEXKYTOK
S OTKPBIT B TOMOJIOTMH MHOXKECTBA So. ECIN MBI JOKAYKeM, 9TO MPOMEKYTOK
S emé M 3aMKHYT, TO B CHJIy CBSI3HOCTHM MHOXKECTBA S) Mbl aBTOMAaTHYECKU
[IOJIyYHM PABEHCTBO S = Sg.

CriepBa mOKarKeM, 9TO CIPaBEJINBO BKIOUeHUE ¢l s C Sp, TO ecTh DyHKIUS
B|,, muneitna. B camom nene, B cuay samkayTocTH 0obaactn §) u simHEHO-
cru Gysknun B, J0CTATOUHO MOKA3aTh, 4TO cyxKenne Bl HempepsisrO. 1o
onpezenernio GyHKus B, ABISETCS OTyHEIPEPHIBHON CBEPXY, U TaK KaK
Bl,s = M|, s+ Blys — Aly s, HaM ocramocsk nokasars, 4ro dbynkmun M|,
Bl 4, — Al s TOTyHEIPEPBIBHBI CHU3Y. DTO CIIe/lyeT u3 Toro, 9to gyHknmsa M
IIOJIy HelIPePhIBHA CHU3Y I10 OLPEJeIeHNIO, cyKenne Bl BoruyTo, a dbyHKIms
A|, , HEOTpUIATEIbHA U ya0BIeTBOPsieT paBencTBy Al = 0.

Ob6o3HasnM Termeph KOHIIBI MPOMEXKYTKA S CHMBOJAMHU (1, (2 U TOKAYKEM,
41O q1, 2 € S. 3amerum, 4TO B Cuy paBeHcTBa (15) crpaBejyMBO BKJIIOUEHHE
s C (). Ho Torma, obparuBIimch K yTBEPKIeHUIO 3.1, MbI MOXKEM 3aKJIFOUUTh,

cls cls

aro cls C Q, ro ectb 1, g2 € Q. 3uauur, qi, g2 ¢ SA), TaK KaK MHOXKeCTBa ()
u 2 me mepecekatorca (pasencTso (14)). Ocramocs 3ameTutrs, 910 cls C sg, 1
[IO3TOMY ¢1, G2 € S.

Takum 00pa3oM, MBI JOKA3a/M, 9TO § = Sg W MPOMEKYTOK S ABJIAETCA OT-
peskom. Ham ocrasock mokazarsb, uTo q1,q2 € W,.. B camom mene, q1,qs € V,,
TaK Kak (1,q2 € S = So 4 q1,q2 ¢ U, BBUJY MAKCMMaJbHOCTH BBIOPAHHOIO
IPOMEXKYTKA S0. (]

Tenepb MbI TOTOBBI JI0KA3ATh CJIEIYIOIIEe PABEHCTBO.
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YrBepxkaeaue 3.3. Bepro coommnowenue Q NV, = 2.

HokazaresbeTo. [Ipeanonoxum, aro dbyHKIma B sKCTpeMaabHa II0 Iepe-
MeHHO = B Touke ¢ = (xo,y0) € @ N Ve orHOCHTENIbHO MHOXKECTBA (9. To-
rja 1o onpejeseHuio ¢ € Vo, U CylecTByer OTPe30K S C KOHIAMU B TOYKAX
q1 = (x1,y0) € Qy u ¢, na koropom dynknusa B auneiina no x. be3 orpanun-
denng obmHOCTH Oysem cauTarh, 9To 1 < Xg. Tak Kak dyHKIus B umveer B
TOYKE ¢ YaCTHYIO IPOM3BOHYIO 110 EePEeMEHHOI T, Haiij1éTcs orpe3ok s1 C 2 ¢
KOHI[AMK B TOYKaX q1 = (1,Yo) u g2 = (Z2,Y0), rae xo < 2 (cMm. pucynok 10).

B,
| A Ve 1 )
— & Y

q = (%1,%) q=(z0,%) g2 = (T2,%)
|\ J

.
>

Puc. 10. Orpesku s, s1, s2 u byukmua B .

B cuy pasencrsa (14) Bepro coornomenune ¢ ¢ €, u Tak Kak MHOXKECTBO )
3aMKHYTO, CyINIECTBYET Cojepxkamuii Touky ¢ uarepsasn Sy C s1 \ . Janee
noxazkeM, uro Al o =0, 10 ectb 53N s C Q. 1t 9TOTO BHIIHUIIIEM HECKOJTHKO
YTBEPKIEHUI, U3 KOTOPBIX 3TO PABEHCTBO MOYKHO IMOJIYyYHTh.

A(q) = 0;

A|S2 2 0;

bynxmua Al -, BoruyTa;

cyxenue Al = (M + B)|,, + (=B)|,, paBno cymme BoruyToit u juc-
depeniupyemoit B Touke ¢ pyHKImii.

3 BRIMMCAHHBIX TYHKTOB CIAEAYeT, IYTO

0~ ot
0> %A(Q) = %A(Q) =0,
a 3HAYUT, OJHOCTOPOHHME IPOM3BOAHBbIE (DYHKIUH A B TOUKEe ¢ COBIAJAIOT 1

pasubl 0. HecsioxkHO BuJeTh, 9TO OTCIOAA CJI€/yeT MHTEPECYIONIee HAC PaBEH-
creo Al =0.

SoMs —

BosbMém Tenepb nmpousBoJIbHYIO TOUKY 3 € int (sg N'S). 3amernm, BKIIO-
genne q3 € U, maér BOBMOXKHOCTH NPUMEHUTH JeMMY 3.2 W 3aK/JII0YAThH, 9TO
A|, =0, B gacraoctu A(g1) = 0 u ¢1 € Q. Ho 310 nporuBopednT paBeHCTBY
(14), rak xak ¢ € y. 3HauUT, HAIE NPEIIIONOKEHNE ObLIO OMUOOYHBIM U

yTBepxKieHne 3.3 BEPHO. O
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Taxum obpazom, B cury yrBepxkaenuii 3.1 u 3.3 cupaBejinBO BKIIOYEHME

13
QCO\(QUY,) =\ V, C U, U, (16)

Tenepsb onpesennm 06J1acThb
D={zxeR| JyeR: (z,y) € Q}.

Tak kak obacTh () 3aMKHYTa (CM. yTBepKaeHne 3.1) u KOOpAUHATHO-OIPAHU-
JeHa, MHO2KecTBO D Toxke 3aMKHYTO. BBegém dyukmuo Y : D — R, 3amammyio
caegyomuM 06pa3om:

Y(z) =sup{y € R: (z,9) € Q}.

B cuny xoopamHATHON OrpaHUIeHHOCTH MHOXKecTBa () C ) dpyukimua Y jo-
KaJabHO orpanndena. CHOBa BOCIOIBL30BABIINCH 3AMKHYTOCTHIO MHOKECTBA (),
MOKHO 3aK/I09uTh, 410 Vo € D: (z,Y (z)) € Q. Bamernm, uro (z,Y (x)) ¢ U,.
Unate MOXKXHO IPUMEHUTH JEMMY 3.2 W MOJYYATH MIPOTHBOPEYNE C TeM, UITO
Y (z) = sup{y € R: (z,y) € Q}. Buauut, BBy coorHomenus (16) cupases-
mauso Biouenue (z,Y(x)) € Uy. Ho sro B cmay semmer 3.2 o3Hagaer, 9ro
MHOKeCTBO [ OTKDBITO, OTKyZa BBHJIY €ro 3aMKHYTOCTH CJI€IyeT DABEHCTBO
D = R, rak kak D # @&. Kpowme toro, Bkmodenne (z,Y (z)) € U, Biaedér
COOTHOIIIEHIE

VeeRIe>0Vte(x—c,x+e): Y(t) =Y (x). (17)

Hokazxem, uro g jaoboro orpeska s C R cyxenne Y|, gBiaserca mo-
crogHHOll (yHKImedl. 3aMeTnM, ITO CyzxkeHue Y|, HOJIyHEIpPEpPBIBHO CBEPXY,
TaK KaK MHOXKECTBO () 3aMKHYTO W KOODJMHATHO OrpanuyeHo. Takwmm obpa-
30M, pyHKIUA Y JOCTUTAET CBOEr0 MAaKCHMyMa Ha oTpe3ke s. Obo3HaIMM ero
cumBosioM h u pacemorpum muOxkectBo H = {z € s: Y (x) = h}, xoropoe 3a-
MKHYTO M HEIyCTO B CWJIy HOJiyHenpepbiBHOCTH cBepxy dyukuuu Y. Kpome
Toro, u3 mepasencrsa (17) ciemyer ero OTKPBITOCTH B TONOJIOIMU OTPE3KA
s, a spaunr H = s u Y|, = h. Mbl pokazamu, 910 dyHKnus Y JI0KaIb-
HO TTOCTOSIHHA, a 3HAYUT, OHA PaBHA KOHCTaHTe Ha Beeit mpamoit R. Ho rorma
l= {(:E,y) eR?:y= Y(O)} C @ 1 MHOKeCTBO (Q He sBJILeTCH KOOP/IUHATHO-
OrpaHUYEHHBIM, TaK KaK COJEPKUT KOOPAUHATHYIO mpsimyio [. VI3 aToro mpo-
TUBOpEYUA CJIEAYyeT JIOZKHOCTH HAIIIEro M3HAYaJIbHOT'O IPEAIOJIOXKEHUA O TOM,
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aro muoxkecrso Q = {q € Q: (B(q) — B(q))/M(q) = 1} neuycro n QNG = .

Tem caMbIM MBI 3aBEPITAIA J0KA3ATETHCTBO JTeMMbI 2.1.

§4. JlocTaTouHble yCnoBus Ans CTaHAAPTHOW MOJOCHI

Mpbr mHaguém 3TOT paszen ¢ JoKazareabcTBa yreepxkaenusd 4.1. lannoe yT-
BEPK/IEHUE TIO3BOJIUT HAM TOJYYUTh [IPOCTENIIee YCAOBUAE MOJIYHETPEPHIBHO-
CTH CBEpXy OTHOCHUTEIbHO IOAIOPKU, chopmympoBannoe B caeictBum 4.2.
CoBmecruB 310 ciejcTBue ¢ npepjokenueM 1.37, Mbl aBTOMATHYECKU ITOJIY-
anm Teopemy 1.23 B ciyuae, korga dyHKiusg L HenpepbiHa. OTMeTuM, 9T0
IOMUMO 3TOro yTBepkaeHue 4.1 monaoduTcs npu J0Ka3aTe/IbCTBE IPEI0XKEe-
Hus 1.34) K KOTOPOMY Mbl HIPUCTYIIUM B CJIEAYIOIIEM Pas/ieJie.

Vreepxxkaenne 4.1. Paccmompum dynwyuo L: & — R, cyocenue xomo-
poti L|yg noxasvro ozparuero cnusy. Tozda dynkyua B[L] mooce aokanrvro
ozparuena crwusy. Ecau, kxpome mozo, cysicenue L|ys noayrnenpepviero crusy
6 mouke p € IS, mo 6 smot mowke noaynenpepviena crudy u dynryus B[L].

Joka3zareabcTBO. s morydenus JIOKaJIbHOM OrPAHUYEHHOCTH CHU3Y (DyHK-
uuu B[L] 10cTaTrodHo NpUMEHHUTD CJIeLyIONIee HePaBeHCTBO:

V(z,y) € &: B[L|(z,y) > %(y —(r—2))L(x,x +2)+ %(:E%—Q —y)L(x,z — 2).

Tenepp mpucTynuM K JI0Ka3aTeJbCTBY IOJIYHEIPEPHIBHOCTH CHU3Y (DYHKIUH
B[L] B Touke p € 96. Bes orpanudenust obmuoctu 6yem caurars, aro p= (0, 2).
Beeném dynkiuio B: G — R:

B(z,y) = 3(y — (z — 2))L(z, 2 + 2)

1 — i — i —
+ 7(z +2 —y)min (L(aj,aj 2)’tef£1{,1} L(t,t 2)>

B cuny snokasmbrO# orpanumdenHocTH cyxennus L|ye dynxmus B onpesenena
koppekTHo. Kpome Toro, ona mosmynenpepbisaa caudy B Touke p = (0,2). 3a-
meruM, uro Jyisi byakuuu B rakzke Bepto 1o, uro B[L](p) = B(p) u B[L] > B.
Ho rorga dyukuus B[L] ToxKe 110/1yHENPEPbIBHA CHU3Y B TOYKE P. O

Ob6paruBIIUCh K 3aMeIaHuIo 2.5, Mbl MOJIyunM CiiejcTBue 4.2.
CaencrBue 4.2. Paccmompum obaacms 2 C S u maxoe omobpasicerue
L:6 =R,

wmo cyoicenue L|ye A0KGADHO 02PANUNMENO CHU3Y U NOAYHENPEPHIEHO CHUSY.
Tozda scarasn nosynenpepwvisras ceepxy dynryua B: Q — R noayrnenpepvisna
C6EPTY OMHOCUMEALHO NodNnopky L.
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Teniepb Mbl IOTOBBI HPUCTYIHUTh K JOKa3aTeAbCTBY Lpejjoxkenns 1.37. Ho
[IPEXK/IE, YeM [IPUMEHTH JOKA3aHHYIO0 jleMMy 2.1, Mbl BBeIEM ceMeiicTBO dyHK-
nuit BE, KoTopble Oy1yT UCIOIB30BAaThCs 1Ipu nocrpoenun dynkmun M.
Omnpenenenne 4.3. 3ajauum muoxecrsa S,y u &,y (pucynok 11):

6<y>:{(:c,y)66y<a:}, 6<m>:{($7y)€6x<y}

Oupegennm st siroboro € € [0, %) dbynkuo BE: & — [0,400) nocpeacrBom
cieytomeit opMyJIbL:

Bg(l',y) =(1- %(1 —e)ly _1.|)e:z:Vy

B {(1 — %(1 —e)(z—y))e”, ecu (z,y) € Sy (18)
%(1 —e)(y — m)) e¥, ecmn (7,y) € Gyy.

[Tosmoxknm Takxke B¢ = B§.

Hanee Mpl moiiMéM B Kakux obsacTax dyHKiuu BE JIOKaJIbHO OUBOI'HYTHI.
Mz sroro sasaaum muoxkecrso &, upu € € [0, 3) (pucynox 11):

éaz{(x,y)ERQ:x—%<y<x+l2—fe}.

Puc. 11. Mnoxecrsa &), &, C & n obractsb (‘%E C 6.

IIpepsioxxenune 4.4. Cnpasediusvl 6KA0MEHUA

B°€BC(S) u Bilgg. € BCic(S )\ S.).
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JokazareabcTBo. Crieppa Haii[éM HEKOTOPhIE YaCTHBIE TPOUBBOIHBIE (DYHK-

L B§|6< - s moboit Toukn (z,y) € S, CrnpaBeyMBLI CIEIyIONHIe pa-
Y

BEHCTBaA:

2 gt = 41 -2 o
%Bf(w,y) —(1+1a-o)-2) e - 11 —g)e"
= (B +50-9)y—2)) € (20)
aa—;BS(x,y) = (=1 i1 -e)(y—a))e” — L1 —e)e”
= (e +3i1-e)(y—x) e (21)

];))\BI/I,Z[y cuMMeTpun (GyHKIUH B¢ OTHOCHTEIBHO HPAMOR Y = I W DPaBEHCTBa
So = {(z,x),x € R} gocrarouHo mposepuTh, 4To

02 o ot
V(z,y) € &y \ Ge: @Bg(aj,y) <0 n VteR: a—yBg’(t,t) = 8—yB§’(t,t).
HeitcteuTensho, ecnu (z,y) € &y \@E, Oy < T — 12_—55 u
0? 21
WBS ) (e+3(1—e)(y—z))e” < (5 — 31— 5)12—_5€> e’ =0.
s nokazarenbeTBa, BTOPOro COOTHOMIEHUS JOCTATOYHO 3aMETUTh, U4TO
o~ (19) 1 4 OF ot (20) 1 ¢
8—yBoe(t,t) = 56 N a—yBS(t,t) = %Bg(t,t) = 56 . O

3ameuanue 4.5. Ycji0Bre OrpaHnyueHHOr0 pocTa B Teopemax 1.23, 1.24 u cie-
creun 1.25 weobxonumo. leificTBUTEIbHO, HECJIOXKHO BUNIETH, 9TO (pyHKIUd B¢
npuHa et MaoKecTBy €1(S), HO He SAB/ISETCS MUHUMAJBHON, TaK Kak Ha
rparure pasHa 0.

Jloka3zaTeqabcTBO npeajioxkeuus: 1.37. O0uuil 1aH 10Ka3are/bCTBa, IT0-
T0 MIPEJIOKEHNsT OYIET MMETh CXOACTBA C TIOKA3ATETbCTBOM TPE/IOKEHUST 2.3.
[peanonoxum, aro B[L](a) < B(a) mis vHexkoropoit Touku a € €.

st kaxgoro € € [0,1/3] mbl Oyem npumensits jgemmy 2.1 ¢ dbyHKusiMu
Ly = L|Q’ B:B[L”Qv M(:L‘ay):ME(aj’y):1+B§($’y)+B€e(_ya_$)

~

U MHOXKecTBOM §) = §€ = éeﬁQ B ciydae € > 0 m Q= g, ectm € = 0.
Bamerum, uro gacraoe max(B— B, 0) /M. nosyHenpepblBHO CBEPXY, TAK KaK 110
YCJIOBUIO KaH AT B 10Ty HEPEPBIBEH CBEPXY OTHOCUTEIBLHO 0TOOpakerust L,
a dynkius M, HETPEpPbIBHA 10 MOCTPOEHUTO.
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Cuagajia Mbl Oyjem caurarh, aro € > 0. [lokaxem, 910

max(B(p) — B(p),0) = o(M:(p)).
ITo ycioBuio kKauguaar B UMEeT yCJIOBHO OIPAHUYEHHBIH POCT OTHOCUTETHHO
dyukumn L, nosromy npu |x|, |y| — oo

max(B(z,y) — B(x,y),0) = max(B(x,y) — B[L](x,y),0) = o(e®T¥/2). (22)

BHAUUT, JOCTATOUHO J0Ka3aTh, uto M. (z,y) = Cel® /2 g nexoropoit kon-
craatel C' > 0. JleiictBurensho, npu ¢y < @

Mz—:(aj’y) =1+ B:(:Evy) + BS(_ya _33)

P (1450 -y -2)e + (1+30 o)y —2)e

>e(e® +e ) > E(e(:c—i-y)/Q—l + e—(:v+y)/2—1) > %e|x+y|/2'
Chnyaait x < Yy MOXHO He pacCMaTpuBaTh, TaK Kak (yHKiua M. cummer-
pUYHA OTHOCHTEIBHO npsaMoit y = x. Takum 00pa3oM, MaKCUMyM OTHOIIIE-
aust max(B — B,0)/M, npu ¢ > 0 gocruraercs. I[Ipu srom B cuiy Hepa-
sercTBa B(a) > B(a) 9T0T MAKCUMyM MOJIOKUTENLHBIH, a 3HAUUT ByHKIMSsI

(B — B)/M. Toxe gocTHraer CBOEro MaKCUMAaJbHOrO 3HadeHusi. 1103Tomy B
cuity JieMMbl 2.1 cripaBejiuBO TOXK/IECTBO

Sug (B(p) — B(p))/M:(p) = igg(%(p) — B(p))/M:(p).

CaepnoBaresnbho, npu € € (0,1/3] Mbl n0/1y49aeM HEPABEHCTBO

sup (B(p) — B(p)) /Mo(p) = sup (B(p) — B(p)) /M:(p)
pElly /3 pEQ,

= Egg(%(p) — B(p))/M:(p),

rak Kak e C /3 u M > My. Verpemiias € k 0, nojiyuaem oneHky

sup (B(p) — B(p))/Mo(p) > Sug(%(p) — B(p))/Mo(p) > 0. (23)
PEQy /3 pe

Tenepn ybemumvcs, uro dyukuus (B — B)/My mocturaer CBOEro MakCuMyMma
Ha MHOXKeCTBe (1) /3. Jla 9T0r0 HAM TOHATOOUTCS CeTYIONTAs OTleHKA:
MO(:L‘v y) =1+ Be(aj) y) + Be(_y) _:E)
= 14 (1= By — om0 4 (1 by — afpemssny

> %(emaX(z,y) + emax(=Tmy)y > %(e(ﬁy)/? + e~ (@HY)/2) elztul/2

>
<y<z+1}.

pu (z,y) € G153 = {(,y) €Q: . — 1
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Jasee, BOCIO/Ib30BABIIKCH COOTHOLIEHHEM (22), OTMETHM, 4TO
max (B(p) — B(p),0)/Mo(p) = o(1)

upu p € Oy /3 1 |p| = oo. U3 nepasencrsa (23) cieiyer, 4T0 CynpeMyM dact-
Horo (B — B) /M0|91/3 MOJTOYKUTETIEH, TIOITOMY OH PEaJN3yeTcs Ha HeKOTOPOM
KOMIIAKTHOM MHOZKECTBE. OCTa.JTOCb 3aME€TUTh, 9TO Ha KOMIIAKTE IOJIyHEIIpe-
PbIBHAA CBEPXY (byHKL[I/IH JO0CTUTaLT CBOECI'O MaKCUMAJIBHOI'O 3HAYCHUA. Ta.KI/IM
obpazom, makcumym dacraoro (B(p) — B(p))/Mo(p) mocruraercst Ha MHOXKe-
crBe @1/3, a 3HauuT, B cuay HepaseHcTBa (23) u B obmactu 2. Temepn BOC-
nosb3yemcs jgemmoit 2.1 yxe npu € = 0. B arom ciryuae mbr 6epém dyHKIUIO
M = My 1 MHOXKeCTBO Q= @, tak KaKk My|q € BCioc(£2). Mbl yrxe nokazaim,
9710 MakcuMyM gactHoro (B — B)/M nocruraercs Ha MHOXKeCTBe (), & 3HATNT,
B cuJjiy JieMMbl 2.1 1 Ha MHOXKeCTBe Q=0 , 9TO HEBO3MOXKHO. O

§5. [MonyHenpepbIBHOCTb CBEPXY OTHOCUTEILHO MOAMNOPKYA

Ilocneguwuit pasgen cTaThby MOCBAIIEH JO0KA3aTEJbCTBY HpeoxkeHns 1.34.
Cravasa pagu yIpOIeHus JAJbHEAINNX BEIUNC/IeHN 3aMeHnM 00/1acTh Ommpe-
nemennsg G wa MHOXKecTBO &1 (CcM. pucyHOK 12), 3amannoe ciexyrormeii (hop-
MYJIOM:

61:{($,y)6R2:x<y<aj+1}.

3amerum, uTo obsacTs & nepeBonuTCa B MHOXKECTBO G roMoTerueii, a ydacT-
BYIOIIWE B YCJIOBUU TIpe/ioykernst 1.34 00beKThl (MOJIyHEeIpephIBHBIE CBEPXY
byHKIMI OTHOCHTETHHO MOAMOPKY, KAHIUAATH IEPBOTO TUMA, U T. JI.) HHBAPU-
AHTHBI OTHOCUTEIBLHO rOMOTeTHH 00jacTu ompejesenus. [losromy rakas 3a-
ME€Ha A0IIyCTUMaA. HpI/IMeHI/IM 9Ty TOMOTETHUIO M K MHOXKECTBY Q TakK, LITO6bI
O C 6.

Baesém orobpaxkenne A: &1 — R, 3a/aHH0€ 110 CJI€/yIONEMY IPABIILY:

max (0,B(p) — B[L](p)), eciu p €

A =
() 0, ecin p € 61\ Q.

(24)

BaMeTum, 4TOo MoJIyHEeNPEePbIBHOCTH CBepXy (DyHKIMN B OTHOCUTEIHLHO T10/I-
nopku L paBHOCHIIbHA 110JTy HElpepbiBHOCTH cBepxy dyHkunu max(B—B[L],0),
YTO B CBOIO OY€pe/lb PABHOCHJIBLHO TOJIYHENPEPBIBHOCTH CBepXy (byHKImm A,
Tak Kak obuacrs 2 3amkuyra u max(B — B[L],0) > 0.

ITycrs npepoxenne 1.34 HeBepHo, 10 ecrs Kanaugar B € €[ L] ne yzmo-
BJIETBOPSIET YCJIOBHIO MOJIyHENPEPBIBHOCTH CBEPXY OTHOCHTEILHO MOAIIOPKU L.
Buaunt, maokecrso X C ), cocrosimiee u3 TOYEK, B KOTOPbIX (pyHKimsa A
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Puc. 12. Obnacrs &,

HE YJ/IOBJIETBOPSET YCJOBHIO IMOJIYHEIPEPBIBHOCTU CBEPXY, HemycTo. Obparus-
IHCh K 3aMedanuio 1.33, MBI MOXKeM cIenaTh BeIBoI, uro X C 0671. Obo-
3HAYUM CHMBOJIOM X| MHOXKECTBO TOUYEK pa3pbiBa (byHKIwH L] 9s,- B cuny
yreepxaenus 4.1 dyukinus B[L] nosyHenpepbiBHA CHU3Y BO BCEX TOUYKAX U3
muoxkecrsa &1 \ X;. Cremosaresnbho, dbyuknus A nosyHenpepblBHA CBEPXY
B Kax10if Touke u3 &1 \ X7, u Torma Mbl MOkKeM 3aK/aI09NTh, 9T0 X C Xj.
[To ycyioButo mpemyioxkenus 1.34 muOkecTBO X JIOKAJBHO JUCKPETHO, a 3HA-
YUT €ro MOJIMHOZKECTBO X COJIEPYKUT W30/ IMPOBAHHYIO TOUKY. Be3 orpannyenus
obrmuocTH Oy/ieM cauTaTh, 9To 3Ta TouKa mMeer KoopauaaThl (0,0). B cmmy
CUMMETPUN MBI TAKKE MOXKEM IIPEJIIOJIOKUTh, YTO YCJIOBUE MTOTYHEIPEPBIBHO-
cru cBepxy B Touke (0,0) Hapymaercs y cykenns (GpyHKIun A Ha MHOXKECTBO
{(z,y) € &1: © > —y}. Ha pucynke 12 coorBercrByioias m10006/1aCTh OT/Ie/1e-
HA [MyHKTUPHOW JIMHWEN U BbIJeJeHa TEMHO-CEPBIM ITBETOM.

B kauecTse cieyromiero mara 3ameruM, aro ¢gpyuknusa B[L] mokanbHo orpa-
HUYEHA CHU3Y B Cujiy yTBepxkjenus 4.1, a kauaugar B J0KaJIbHO OTpaHUYEH
cBepxy Mo ompejenermio. [loaromy GyHKIHS A JTOKAJIBHO OTpaHIIEHA CBEpP-
xy. Kpome toro, mbl MoxkeMm npubaButTh K pyHKIuaM B u L onHy u Ty XKe
KOHCTaHTy TakKuM 00pa3oMm, 4robbl dyHkuus B[L] okazanach 110J0KUTEIbHA B
obnacru {(z,y) € 61: —2 < x < 2}

YrBepxkaenue 5.1. Cnpasedauso mooicdecmeso A|861 = 0.

Hoka3zaresbeTBo. eiicreurensno, A > 0 no onpegenenuio pyuknmm A.
BHauuT, 0CTANIOCH 10KA3aTh, 9TO [ 060l Toukn (z,y) € 061 N Q) BepHO
nepasenctso A(x,y) < 0. IIpeanonoxkum, uro A(z,y) > 0. Toraa

B(z,y) > BlL)(z,y) = L(z,y)
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7, 00PATHUBINNCH K ompeaenserHnto 1.19, Mbl MOXKeM 3aKJIIOUYATH, UTO

(z,y) ¢ Qo = {p € Q: B(p) < L(p)} -

Ho rorpa cupaseymso Briovenue (z,y) € Q\ Qy u, tak kak B € €[L] =
¢1(Q,Qp), bynknus B goskaa ObITH JUHEHHA MM IKCTPEMAIBHA B TOUKE
(z,y) € 0671, 94T0 HEBO3MOXKHO B cuiy 3amevanus 1.15. O

Hakoner, B cuy JI0Ka/abHO OrpaHMYeHHOCTH cBepXy dyHKIuu A, BK/oue-
nus (0,0) € X u pasencrsa A(0,0) = 0, Mbl MOx)eM JOMHOXKUTH dyHKIMK B
u L Ha OjHy U Ty K€ I[0JIOXKUTEJbHYI0 KOHCTAHTY TaK, 4TOObl CTAI0 BEPHO
CJIEJLYIOIIEe COOTHOIICHUE:

l%sup {A(z,y): (x,y) € Q, |z|,|y| <rmaz>-—-y}=2. (25)

B nmanbHeimmx BBIYUC/IEHUSX HAM I[TOHAL00sITCs HEKOTOPbIE ONEHKHA (PYHK-
i« — xlog 27! ma orpeske [0, 1]. DTa DyHKIHS yI0BICTBOPAET CITE Ty TOTIIM
COOTHOIIEHUSIM:

e lim, ,gxlogz~! = 0;
e Vz €[0,1]: zlogz™t<e ! < 3.
[IepBbIil MyHKT OYEBHIEH, & BTOPOil MOZKHO TIOIYIUTH CJETYIOMUM 00pa30M:
rlogz™ = 2(1 +log(ex) ™) < z(1 + (ex)™ ' —1) =L
HaMm Takzke MOHAJIOOUTCS CIIEYIONIEE TPOCTOE YTBEPZK ICHHUE.

Yreepxkaeuue 5.2. Ilycmv | — npoudsosvhas kKoopdunammas npamas. To-
eda cyorcenue B[L]|, noaynenpepuisno crusy, a dpynkyua Al noaynenpepusna
ceepry.

Joxka3zaresnscrso. [lomyrenpepssrocts cuusy dyukiun B[L]|, caexyer u3
busormyrocru dhyukimu B[L], a mosyHenpepeIBHOCTS cBepxy dbyHkmun Al; cie-
ZyeT W3 MOJIyHelpepbIBHOCTH cBepxy (yukuuit B, u — B[L]];. O

O6o3uaunm Teneps Besmuuny B[L](0,0) 6yksoit f. Tak xax A(0,0) = 0,
CIIPABE/JIUBO HEPABEHCTBO

Beeén Takoe monoxuTesaoe qnco € € (0,e 1), urto
e <eloge ™ < (10(6 + 1))~ L. (27)

Bocnonbzosasnmcs yreepxaeaueM 5.2, coornomenusvu (25), (26) u noryne-
PEPBIBHOCTHIO cBepxy dyHKImu B, BbiOepeM duciao § < € Tak, 4ToObl Jjist
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ar00bIx uncen y € [0,8] u x € [—y,y| BBIIOIHSINCH CIIELYIOLIME COOTHOIIEHUST:
B[L](O)y) 2 5 — &, A(O)y) < £,

eloge™ (28)

1

Az, y) < 2<1 + > B(r,y) < B +e.
Kpowme Toro, B mpocrpancrse X touka (0,0) m3oampoBana, a 3HAYUT, MBI MO-
JKeM TIOTpebOBaTh, 9TOOBI (DyHKINS A ObLTa MOJTyHEIPEePhIBHA CBEPXY BO BCEX
Toukax u3 MHOXecTBa {(z,z), © € [—0,0) U (0,d]}. Badurcuposap uncia e
1 §, Mbl BLIOEPEM TAKYIO JOCTATOYHO OJIM3KYIO K HY/I0 TOUKy (Zg,%y0) € O1,
qTo

eloge1\ 7!
15 ’

Yo < 57 Zo = —¥Yo, |5_1$0| < min(l)ﬁ_l)é'

A(l‘o, yo) > 2 <1 + (29)

leomerpudeckas maTepperarus ycaosuii (29) m3obparkena Ha pucynke 13.
Bamernm, 9To B 9TOM ciaydae auciao A(zg,yo) MOXKHO rpybO OIEHUTH CHU3Y

Puc. 13. Tpebyercs, arobst A(zo,yo) > 2 (1 + feloge™)”

TaKuM 00pa3oM:
A(:Eo,yo) > 1.75. (30)
Cnenpyromuii mar cOCTOUT B TOM, 9TO0BI YCUJIUTH HEPABEHCTBO Tg 2> —Yg U

CBECTH Hally 3aJady K ciaydaio xo > 3 1yg (cm. pucynok 14).

5.1. CBeaeHue 3agauu K ciaydaro yy < Srg. Crepsa gokazkeMm Oojiee ciia-
0oe yTBepXKIeHmue.

Jlemma 5.3. Cnpasedauso nepasencmeo xg > 0.
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A /
y = fdr
]

o, 1)

(0.0}

Puc. 14

Hoxka3zaresiberBo. [Ipeanonoxkum nporusaoe. B cumy (28) u (29), xo # 0,
O9TOMY MOYKHO CUHTaTh, 9T0 T < 0 (cM. pucyHok 15). dasee, Bocmob30BaB-
much 6uBoruyTocTHI0 (DyHKIWK B[L], Mbl MOXKEM 3aK/JIIOYUTH, Y4TO

(1 = v0)B[L](z0,y0) = (1 — yo + 20)B[L](0,y0) — zoBIL|(—=1 + yo,y0)- (31)

(=14 y0,90)

Puc. 15

Temepb MBI TOTOBBI BBIIHCATDH IEMOYKY HEPABEHCTB, KOTOpas MPUBEIET K
IIPOTUBOPEYUIO:

(28) (24)
B+e = B(xo,y0) = A(zo,v0) + B[L](w0, yo)

(30),(31) -
20175+ R TR0, ) — 0
1 -0 1—yo

B[L](—1 + yo,%0)

(28)
> 175+ (1-2)B-¢e)21-c+(1-2)p.
Taxum obpasom, 23+2¢ > 1, aT0 HeBO3MOKHO, Tak Kak £ < (10(1+8))~L. O

Crenyromnuii mar 3aK/I009aeTcsi B TOM, YTO0bI JI0KA3aTh, 9TO IPHU JOCTATOY-
HO OOJIBINKMX 3HAYEHUAX BeaumuuHbl A(Z,y) M IOJO0KUTEJIHHOM ApPryMeHTe &,
BTOPYIO KOOD/UHATY Y MOXKHO OIEHUTH CBEPXY UUCIOM (.
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Jlemma 5.4. Ecau x >0 u A(z,y) > 1.25, mo y < fx.

Hokazaresibero. [Iycrs A(z,y) > 1.25 uw > 0. B cuny 6usornyrocrn
dbyuxiu B[L] cuipaBeyinBo Ciiejyioliee HepaBeHCTBO:

yB[L](z,y) = «B[L](y,y) + (y — ) B[L](0,y). (32)
[Tepeitém K HEMOCPEICTBEHHOMY JIOKAa3aTeIbCTBY HEPABEHCTBA Y < S
(28) 24
B+e > Bla,y) 2 Alz,y) + BL(z,y)
y—x

(32) T
> 1.25+ ;B[L] (y,y) + BI[L](0,y)

(28)
> 1.25+ <1—§>(ﬁ—5)>1.25—5+ <1_§>5.

27
Takum 06pazoM, Mbl IMEEM % >1.25—-2 > 1. O
3amevanue 5.5. Moxuo caurars, uro S > 1. Unade, npumensst jgemmy 5.4
u HepasencTso (30) MbI 3aK/I09aeM, 9TO Yo < Sro < xo. HO 310 HEBO3MOKHO,
HOCKOJIbKY Torga Yo = o u A(zo,y0) = A(xo,x0) = 0 B cuny yrBepxkje-
Hus 5.1,

5.2. ®@ynknus h. Onpenemmy dynxmmo h: [0, zg] — [0, +00), 3a1ammyio
IO TIPABHITY
h(z) = sup A(x,y).
y€[w,0]

Cneppa ormernM, uTo (PyHKIUS h NOIyHEIpEepbIBHA CBEPXy M OrpaHHYeHa
ceepxy Ha mpoMexyTke (0,e lwg] BBEAY IpemosoXKeHHsa JOKATLHON orpa-
HUYEHHOCTH CBepXy (hyHKIMHm A U eé MoyHempepbIBHOCTH CBEPXY B 00JIacTH
{(z,y) €61: 0<z<d u x<y<d} (em. ab3ar nocre opmyist (28)).

Jlemma 5.6. Ecau w1 € (0,6 1zg) u h(z1) > 1.25, mo aubo npu noaosicu-
MEALHOLT, AUOO NPU OMPUUGMENDHBIL YUCAAT S CNPABEOAUBE OUEHKA

h(xl)—E
——|8| +o(s npu s — 0.
S lsl () mp

Joka3aresibcTBO. BOCIO/IB30BaABIINCH OTyHENIPEPBIBHOCTHIO CBEPXY (DYHK-
muu A B COOTBETCTBYIOMIEil 0OIACTH, MOXKHO HAWTH HANMEHbIIee INC/I0 Y1, Ta-
koe, aro A(z1,y1) = h(x1). Taxk kax A(z1,21) = 0, cpaBeyIHBO HEPABEHCTBO
y1 > x1. B cuny semmbl 5.4 MBI nMeeM

h(:L’l + S) 2 h(a:l) +

)
y1 < Bry < fe Tz < 0.
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[Tosromy B Touke (z1,y1) Kauauuar B(xry,y1) HE MOKET ObITH JIUHEHHBIM 110
nepeMeHHol y, uHade (pyHKIus A OKayKeTcst B 9TOW TOYKE BBIIMYKJION 10 Y,
HO TOTJA Y1 HE ABJISIETCS HAMMEHBIIMM 3HAYEHUEM, IPH KOTOPOM JIOCTUTIAETC S
pasenctBo A(z1,y1) = h(z1). 3HaunT, MBI MOXKEM BOCIIOJIb30BATHCS 3aMeYaHU-
em 1.18 u 3akmounrsh, uro dbyHkusa B sKCTpeMaibHa B TOUKe (T1,Y1) 110 11e-
pemennoii x. VI3 3T0ro, B 9aCTHOCTH, CJEIYET, 9TO %A(.’L‘l, Y1) = g—;A(ajl, Y1)-

[Mepeitaém K HENOCPEACTBEHHOMY J0Ka3aTeNbCTBY MHTEPECYIOIIEro HaC CO-
oruotmrerus. [lycrs skcTrpemanibHOCTh DyHKIMEU B peasmsyercs Ha OTPE3KE,
COEIMHSIONIEM TOUKM ¢ KoOpauHaTamu (1, Y1) u (T2, y1). B arom cayuae dynk-
nust A Byjer Ha 9TOM OTpPe3Ke BBIILYKJIA U 110 onpejesenuto cemeiicrsa €;[L]
CIIPABE/IMBO HEPABEHCTBO

A(z2,y1) = max (0, B(z2, y1) — B[L](22,y1)) (33)
< max (0, L(z2,y1) — L(x2,y1)) = 0.

CuadgaJjia mpeirnoaoKuM, 9To pyHKINs B InHeliHa CieBa OTHOCUTEIHHO TOYKU
(z1,y1), TO ecTb z9 < 1. Ecnu z9 < 0, To MBI nMeeM

3aM. 5.5,

ot - A(z1,y1) — A(0,51) @) h(zy) —¢

i > > > _—

(%A(l’l,yl) Z (%A(l’l,yl) =z o > B,
Wnaue x9 > 0 u Torma
or 0~ A(z1,y1) — A(xo, (33) h(z h(zx1) — ¢
—A(z1,51) = —A(z1,11) 2 (@1, 1) (2, 91) = (z1) P (z1) .
ox ox T — X9 T Bx1

B cayuae, korpa kanuaar B JIMHEEH ClIpaBa OTHOCUTENHLHO TOYKU (X1, Y1) MBI
MeeM

o ot Az, 1) — Az, y1) B3) h(xy) _ h(z) —¢
Az, ) = —5—A(x1,1) > : : > > .
Ox Ox To — T Y1 Bx1
HeCHO)KHO BI/IAQT]), qgTo U3 HoﬂyquHbIX O]_[eHOK Ha O,Z[HOCTOpOHHI/Ie HpOI/ISBOﬂ—
HBIE CJIEJIyeT MCKOMOE HePABEHCTBO. O

5.3. 3aBepiiieHue Jgo0Ka3aTesbCTBa IpeajioxkeHnsa 1.34. Beeném dynk-
mmio g: (0,6 wg] — [0, +00), onpegenéumyio ciepyionmM 06pasom:

glx) =3+¢ <log@ +2eloge™ ! i) .
€T i)

Breruncimm 3uadenns CbYHKL[I/H/I g B HEKOTOPLBIX TOYKaX K BBIIIHIIIEM HECKOJIBKO

OIIEHOK:
g(zo) =3+ e?loge 2 < 3.5; (

w W
SR
RN

zo) =3 +eloge +2eloge ™t =3+ cloge™!; (
g(x) = 3+cloge > 2.5. (

g(e

w
(@)}
=
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Bamernm, uro na npomexyTke (0, 1z0] bynxmus h/g nomynenpepbisaa cep-
Xy, 1 Tak kak (byHKinus h orpanuvena cepxy u g(x) — +oo npu x — 0,
qacTHOe /g MOXKHO TPOJOIKUTE HyJEM B Touke (), COXPAHUB HPU 3TOM I0-
JIyHeTIPEPLIBHOCTL CBepXy. 3HaunT, Ha orpeske [0,e lwg] mocTuraercs max-
cumym byukiuu h/g. CrenosarebHo, MOKHO 3aUKCHPOBATH TAKyl0 TOYKY
r] € [0,6_11‘0], q9T0

Wa1)  h(2)
o) = 9(@) (37)

Vreepxkaenne 5.7. Cnpasedauso sxarouenue 1 € (0,67 1o

V€ [0, tag]:

0)-
HokazaresibectBo. Cnepsa zamernm, uro h(x1)/g(x1) = h(xzg)/g(xg) > 0,
osroMy o1 # 0 1 HAM HYKHO TOJILKO JIOKA3aTh, 9TO T1 7 £ 'xg. A 310 Gymer
CJIEJIOBATH U3 HEPABEHCTB
h(z1) BT h(xo) 7 h(e1zg)
> > e 20
g(x1) ~ glzo) = gle~ o)

Takum 06pa3oM, HAM JTOCTATOYHO JTOKA3ATH CJIEIYIOIIHe OIeHKN:

g(e™1xo) it eloge™! 7 h(elwg)
9(xo) 5 h(zo)

Hauuém ¢ nepBoro nepasencrsa:

1 1

(34),
gle tag) (35) 3+eloge™! cloge ™t — 2% loge™
g(xo)  3+c%loge=?2 3+ e2loge2

(34) =1 (27
> 1+(1—2s)510% (>)1+(1—%)

eloge™! 1+ eloge™!

4 5

Temepsr moxkaxkem BTOpOE:

(28), gloge!

h(e Lag) (29) 2 (1 + =1 ) _ <1 Elog€_1>2<1 N 3eloge™! .

h(z cloge—1) 1 N 15 h 15 '
(o) 2 (1 + =E— )
B kauecrBe caemyromero niara nokazxem, uro h(zy) > 1.25:
GB7 g(z1) * 25 7 5
h > h > — = 38
() > Gy 2 55 171 (38)

Hepagencrso co 3Bé3/101K0ii coreyer n3 coorrommenuii (30), (34) u (36). Taxmm
00pa30M, MOKHO [IPUMEHHUTH JIEMMY 5.6 U 3aK/TI0YATE, YTO JIuO0 IPU HOJTOXKHA-
TEJIbHBIX, JIHOO IPU OTPUIATEIbHDBIX 3HAYEHUSIX S CIPABEIINBA OIEHKA

M@l = 4 o), s—o0.

h(:L’l + S) 2 h(a:l) + 5331
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C apyroii croponbl, u3 mepasencrsa (37) ciaemyer, 4To

har o+ 5) < 2o +9) = 5 (glon) + 015+ ofs)
< hlan) + 2 g/ o) 5]+ o).
Takum obpaszom,
h(z1) —¢ h(z1)

h(zq) + |s| + o(s) < h(x1) + |9 (z1)] |s| + o(s).

,B.%l g(xl)

YerpeMuB 9mc/io § K HYJ/II0, 130aBUMCS OT HErO U MPUJIEM K CJIEIYIOMUM Hepa-
BEHCTBaM:

h(l‘l) — & < h(l‘l
Br1 gz

/ g(x1) e ) ()2 1\ 1
a1 |g' (a1)] = 5 (1— h(m1)> > 3 (1— 5) =3

HepaseHCTBO ¢ AByMs 3BE3M0UYKAMHU MOXKHO IMOJIYIUTH, BOCIIO/IH30BABIINCH CO-
oraomenusMu (27), (36) u (38). ia mosydenuss mpoTuBOpedns U 3aBepiire-
HUS JIOKa3aTeabCTBa IpeaoxKeHnsd 1.34 HaM 0OCTajoCh OIMEHUTH BBIPaXKEHUE

z1|g'(x1)| cBepxy:

; |9/(1’1)|;

1 o T .
B < z1lg'(z1)] = 21 oxy <3+€ (105533_(1) +2eloge™ - x_(l)>>‘
1 2¢e | -1
S N S 1L Sl B YR 1‘
T o 0

< emax (|2(clog e et -1

= max (|2cloge™! — ¢ ,¢)
2 1 3

2loge lbe 4 — = >
eloge " TES 105 T 108 T 108

|=1])

N

5.4. BuBorayTtast GyHKIOUS, HE SIBJISIONIASICS MTOJIyHEMPEPHIBHOI CBe-
PXy OTHOCUTEJBbHO IIOANOPKMU. B 310M pasjesie Mbl MOKaxkeM, 910 TPebO-
Banue B € €1(6) aBasiercsa CylECTBEHHBIM B yCJI0BUM NP ioxKenus 1.34.

Ipenmaoxenue 5.8. Cywecmsyem omobpasicenue L: &1 — R, umerowee pas-
PH8 MOALKO 6 00HOU MOoUuKe, U NOAOHCUMEALHAA NOAYHENPEPLIGHAL CEEPTY
Ppynryua B € BC(G1), womopas ydosaemsopsem pasencmey Blys, = Llgg,
U He ABAAECMCA NOAYHENPEPBIBHOT CEEPLY OMHOCUMEALHO Nodnopku L.
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Hoxka3areabcTBo. Bregém orobpaxkenue L: &1 — R, 3amannoe no ciemyro-
IeMy IIpaBUILy: 1, ecommx= % ny = %7
L(z,y) =
0, wuHaue.

Ormerum, uro B cuy jemmvbl 1.28 dyukuuga B[L] nosyHenpepbiBHa CBEPXY.
Torma B KagecTBE MCKOMOTO TIPUMEPA MOMONAET 0TOOparKeHNe

B = min(1,2BI[L]).

Bamerum, uTo yHKIMS B OMBOrHYTA U MMOJYHENPEPLIBHA CBEPXY, KAK MUHU-
MyM JIByX OMBOTHYTBIX IIOJIyHEIIPEPLIBHBIX CBepXy (byHKnuii. [locrpoum B 06-
nactu int &1 mocsieoBaTebHOCTL TOUeK { (T, yx) oS, Takux, ato (Tg, yr) —
(3,2) npu k — 400 u B[L](zk, yx) = 3. DTO MOKHO CI€IaTh BBHILY TOTO, 4TO
Y15t JTI000i KOOPAMHATHOI npsiMoit | cyrkenne B[L]|; HenpepbIBHO, 1 TOTO, YTO

B[L]|ps, = X{(1,1)}- OcraJioch 3aMeTUTh, 9TO

B(xy, yr) — B[L](xk, yr) = min(1, 2B[L](zx, yx)) — BIL|(zk, k)
. 1 1
=min(1,1) — 5= 5
no B(3,3) — B[L](3,5) = 0. O

Puc. 16. ®@yukunu B[L] u B — B[L] = min(1,2B[L]) — B[L] =
min(1 — B[L], B[L]).
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