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SKOROST� SHODIMOSTI DL�
PRIRAWENI� SLUQA�NYH POLE�

�� Vvedenie

Pust� dalee Xn� n � N
d
� � nezavisimye odinakovo raspredelen�

nye nevyro�dennye sluqa�nye veliqiny s

EXn � � ��	

i s proizvod
we� funkcie� ��t� � E exp �tXn�� koneqno� v pravo�
storonne� okrestnosti nul


� � t� � supft � ��t� ��g� ��	

Priraweniem qastiqnyh summ budem nazyvat� sluqa�nu
 ve�
liqinu

S�i�j� �
X

i�k�j

Xk� �i� j� � Nd
��

Otnositel�no posledovatel�nosti celyh qisel faNgN�Nbu�
dem predpolagat�� qto aN � �a�N ��� gde ��� � cela
 qast�� a funk�
ci
 a�t�� t � �� t � R�

� � a�t� � t�

a�t� i
t

a�t�
ne ubyva
t � ��	

Dl
 ka�dogo N � N rassmatriva
ts
 maksimumy priraweni�
qastiqnyh summ na parallelepipedah� ob�em kotoryh libo toq�
no raven aN libo ne prevoshodit aN � le�awih vnutri d�mernyh
parallelepipedov vida ��� n�� ob�em kotoryh ne prevoshodit N �

SN�aN � max
jjj�N

jj�ij�aN

S�i�j�� S�N�aN � max
jjj�N

jj�ij�aN

S�i�j��
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Pust� I�N� aN � � maksimum priraweni� na parallelepipedah
ob�ema ne bolee� qem aN � le�awih vnutri d�mernogo kuba ��� �� �

�N
�
d ��� gde �� � ��� � � � � ���

I�N� aN � � max
J��������N

�
d ��

jJj�aN

SJ � I��N� aN � � max
J��������N

�
d ��

jJj�aN

SJ �

Otmetim� qto ob�em kuba ��� ����N
�
d �� otliqaets
 ot N ne bolee

qem na dN����d�
Oboznaqim m�u� � �log��u���� ���u� � m��u�

p��� � inf
t����t��

��t�e��t � ��t��e��t
�

�

Polo�im c��� � ��� log p���� izvestno� �mo�no na�ti� napri�
mer� v ���	� qto funkci
 c��� � ubyva
wa
 differenciruema

funkci
 ot

� � ��� A�� A � lim
t�t�

m�t��

priqem�

lim
���

c��� �� lim
��A

c��� � c� � ��

t�Z
�

tm��t�dt�

Vs
du dalee budem predpolagat�� qto logx � log�x�e�� log�N �
log logN � xN 	 yN oznaqaet� qto dl
 dostatoqno bol�xih N su�
westvu
t takie konstanty C�� C� 	 �� qto C� � jxN�yN j � C��
asimptotiqeskie sootnoxeni
 rassmatriva
ts
 pri N 
��
Izuqeniem skorosti shodimosti dl
 priraweni� dliny

�c logN � v odnomernom sluqae dl
 nezavisimyh odinakovo ras�
predelennyh sluqa�nyh veliqin zanimalis� Devel�s� Devro� i
Linq ���� Dl
 priraweni� dliny �c logN 	 
 log logN � dl
 neodi�
nakovo raspredelennyh sluqa�nyh veliqin poluqeny rezul�ta�
ty Martika�nenym� Frolovym i Xta�nebahom ����
Vopros o skorosti shodimosti dl
 pole� izuqals
 Xta�ne�

bahom i Pfulem ���� Oni rassmatrivali priraweni
 po kubam
ob�ema �c logN 	 
 log logN ��
Sformuliruem teoremu Xta�nebaha i Pful
�

Teorema ���� Pust� Xn� n � N
d
� � nezavisimye odinakovo rasprede�

lennye sluqa�nye veliqiny� udovletvor��wie uslovi�m ��	� ��		
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Predpolo
im� qto

aN � c logN 	 
 log�N 	 o�log�N �� gde c 	 c�� 
 � R� ��	

Pust� � � ��� A� � edinstvennoe rexenie uravneni� c � c��� i

t� � ��� t�� � edinstvennoe rexenie uravneni� � � m�t��	
Togda

lim
N	


I�N� aN �� �aN
log�N

� �
��
 	 
�c

t�
po vero�tnosti�

lim inf
N	


I�N� aN �� �aN
log�N

� �
��
 	 
�c

t�
p	n	�

lim sup
N	


I�N� aN �� �aN
log�N

�
��
� 
�c

t�
p	n	

Priqem� �ti utver
deni� ostanuts� spravedlivymi� esli IN�aN
zamenit� na I�N�aN 	

Cel�
 nasto
we� raboty 
vl
ets
 poluqenie analogiqnogo
rezul�tata dl
 statistik SN�aN i S�N�aN �

Teorema ���� Pust� Xn� n � N
d
� � nezavisimye odinakovo raspre�

delennye sluqa�nye veliqiny� udovletvor��wie uslovi�m ��	� ��		
Predpolo
im� qto

aN � c logN 	 
 log�N 	 o�log�N �� gde c 	 c�� 
 � R� ��	

Pust� � � ��� A� � edinstvennoe rexenie uravneni� c � c��� i

t� � ��� t�� � edinstvennoe rexenie uravneni� � � m�t��	
Togda

lim
N	


SN�aN � �aN
log�N

�
d� ��
� 
�c

t�
po vero�tnosti�

lim inf
N	


SN�aN � �aN
log�N

�
d� ��
� 
�c

t�
p	n	�

lim sup
N	


SN�aN � �aN
log�N

�
d� ��
� 
�c

t�
p	n	

Priqem� �ti utver
deni� ostanuts� spravedlivymi� esli SN�aN
zamenit� na S�N�aN 	

Takim obrazom� hot
 statistiki SN�aN � S�N�aN ime
t tu �e
asimptotiku vozrastani
� qto i IN�aN � I�N�aN � ih fluktuacii�
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ime
 tot �e razmah� okazyva
ts
 sdvinuty na d � �� Ots
da�
v qastnosti� sleduet� qto

P �S�N�aN � �aN b�q�� � P �SN�aN � �aN b�q�� � �

pri d 	 ��
 	 
�c�

�� Vspomogatel�nye utver�deni�

Dalee budem predpolagat�� qto d � 
�
Pust� A�N � � fn � Nd

� � jnj � Ng�

Lemma ���� Polo
im Bd�N � � Card fn � Nd
� � jnj � Ng	

Togda dl� l�bogo � 	 � i dostatoqno bol�xih N

Bd�N � � N ��

Card �A�N �� �
X
n�N

Bd�n� � N � Pd���logN � 	 O
�
N

d��
d��	�

�
�

gde Pd�� mnogoqlen stepeni d� �	

Zameqanie ���� Pre�de vsego� sleduet otmetit�� qto Bd�N � mo��
no rassmatrivat� kak qislo sposobov predstavleni
 N v vide
proizvedeni
 d mno�itele�� Dokazatel�stvo mo�no na�ti v ���
ili v ����

Lemma ���� Pust� a�N � �aN � �� � � � � ��	 Esli vypolneno ��	� ��	� to
dl� l�bo� posledovatel�nosti yN � tako� qto y�NaN 
 �� N 
��

budet vypolneno

P �S���a�N � � aN ��	 yN �� � Ca
����
N paN ��� expf�t�aNyNg�

gde konstanta C 	 � zavisit tol�ko ot raspredeleni� Xn	

Dokazatel�stvo ��	 mo�no na�ti v rabote Devel�sa� Devro

i Linqa ����

Lemma ��� �D�un� �rdex� ����	� Dl� proizvol�nyh sobyti�

A�� � � � � An imeem�

P �
n�

k��

Ak� �
�
Pn

k��P �Ak��
�Pn

k��P �Ak� 	
P

i��j P �Ai �Aj�
� ��	
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Lemma ��	� Pust� � � i � k� �i � �i� �� � � � � ��	 Togda dl� l�byh x� q
i t � ��� t�� budet vypoln�t�s��

P �S���k�� 	 x� S�bi�bi	k�� 	 x� �

� ���t���k�ie�t
�q 	 P �S���k� 	 x����t��ie�t�x�q��

Dokazatel�stvo lemmy ��� mo�no na�ti v rabote Devel�sa�
Devro
 i Linqa ����
Dalee budem prepolagat�� qto uslovi
 teoremy ��� vypolne�

ny�

Lemma ��
� Dl� l�bogo y poluqim sledu�wu� ocenku�

P �S���a�N � � aN ��	 �y 	 d� ��
� 
�c�
log�N

t�aN
�� 	

�logN ��d�y	o���

N
�

Lemma ���� Pust� r� � �r� �� � � � � ��	 Dl� l�bogo r� takogo qto aN�

a
��

N � r � aN � i l�bogo y poluqim sledu�wu� ocenku�

P �S���r�� � aN ��	 �y 	 d� ��
� 
�c�
log�N

t�aN
�� 	

	
�logN ��d�y	���	o���

Nr���
��t��r�aN � ��	

Dokazatel�stvo� Primen

 lemmu ���� gde zamenim aN na r i

yN � ��aN � r� 	 �y 	 d� 
�c� ��
�
log�N

t�
�

poluqim ��	�

P �S���r�� � aN ��	 �y 	 d� 
�c� ��
�
log�N

t�aN
�� 	

	
�logN ��d�y���c	���	o���

r���N
e�r�c	�r�aN �t�� �

�
�logN ��d�y	���	o���

r���N
��t��r�aN �

�

Oboznaqim A�i�j� � fS�i�j� � xg�
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Lemma ��
� Pust� bi � �i� �� � � � � ��� x � aN�	�d���
�
�c�u�
log� N
t�

i q � aN�� log��t�� i
t� 	 �d� �� 
�c� log�Nt� 	 v

t� log i� gde u� v � R	
Togda dl� vseh t � ��� t�� i � � i � aN budet vypoln�t�s�

P �A���a�N � �A�bi�bi	a�N �� �

�
i�vN��

logd��N
	 P �A���a�N ��

� ��t�

��t��
t
t�

�i
log�u	���� t

t� Ni
vt
t�

�
i�vN��

logd��N
	 P �A���a�N �� log

u	v	���Ne�i	�

� � t
� log��t��

t�
�

log��t�

t

�
	 ��

Zametim� qto � 	 �� tak kak E��tetX � E��sesX � dl
 t � s�

�� Dokazatel�stvo teoremy ���

V �tom paragrafe budem predpolagat�� qto vypolneny uslo�
vi
 teoremy ����

Lemma ����

lim sup
N	


SN�aN � �aN
log�N

�
d� ��
� 
�c

t�
p	n	

Dokazatel�stvo� Voz�mem proizvol�noe � 	 �� Pust� j � � i
rassmotrim posledovatel�nost� Nj � minfN � �aN � � jg�
Dl
 Nj � N � Nj	� budem imet� aN � j� SN�aN � SNj�����j�
Vospol�zuems
 lemmo� ����

Pj � P �SNj�����j � j��	 �d� ��
� 
�c 	 ��
log j

t�j
�� �

� NjPd���j�

jX
r��

r���P �S���r�� � j�� 	 �d� ��
� 
�c	 ��
log j

t�j
���

Razob�em summu na dve
Pj

r�� �
Pl

r�� 	
Pj

r�l	�� l � j�j��
� pervu

ocenim s pomow�
 neravenstva Markova� a vtoru
� ispol�zu

lemmu ����

NjPd���j�
lX

r��

r�����t��r�jN��
j j�d	����� �
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� Cl�	�����t��l�jj������ � Cj���������t���j
���

� O�j��������

Primenim pervoe utver�denie lemmy ����

NjPd���j�

jX
r�l

r�����t��r�jN��
j r����j�d	����� � Cj�������

Takim obrazom�
P


j�� Pj � �� Primenenie lemmy Borel
�
Kantelli zaverxaet dokazatel�stvo� �

Lemma ����

lim inf
N	


SN�aN � �aN
log�N

�
d� ��
� 
�c

t�
p	n	

Dokazatel�stvo� Povtor

 s oqevidnymi izmeneni
mi rassu�
�deni
 predyduwe� lemmy� prihodim k

P �SN�aN � aN ��	 �d� ��
� 
�c	 ��
log�N

t�aN
�� � C log����N 
 ��

�

Lemma ���� Dl� l�bogo � 	 �

P �S�N�aN � aN ��	 �d� ��
� 
�c� ��
log�N

t�aN
��
 ��

Dokazatel�stvo� Postroim sistemu d�mernyh pr
mougol�nikov
sledu
wim obrazom�

JN � f�i� a�N � i� � i � A�N �� i� a�N 	 �g�

Mownost� mno�estva mo�no ocenit� po lemme ��� Card �JN � �
NPd���logN �� Oboznaqim

A�i�j� � fS�i�j� � aN ��	 �d� ��
� 
�c� ��
log�N

t�aN
�g�

Blagodar
 neravenstvu iz lemmy ��� dostatoqno pokazat�� qto

��	
P

�i�j��JN
P �A�i�j��
��

��	 �
P

�i��j�����i��j��
P �A�i��j�� � A�i��j������

P
�i�j��JN

P �A�i�j���
� � � 	

o����
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Ispol�zu
 lemmu ��� s y � ��� �� poluqim

Card �JN �P �A���a�N �� � C logd��N � log�d	�	� N � C log�N 
��

Dl
 dokazatel�stva vtorogo utver�deni
 vospol�zuems
 lemmo�
���� gde polo�im v � 
 i u � ��
Togda poluqim

P �A���a�N � �A�bi�bi	a�N �� �

�
i��

N � logd��N
	 P �A���a�N �� log

�	���N � e�i	� � 	 ��

Zametim� qtoX
�i��j�����i��j��

P �A�i��j�� �A�i��j��� � Card �JN �P �A���a�N ��	 ��	

	�Card �JN �P �A���a�N ���
� 	Card �JN �

aNX
i��

P �A���a�N � �A�bi�bi	a�N ��� ���	

Pust� l � �a���N �� togda

Card �JN �
aNX
i��

P �A���a�N � �A��bi�bi	a�N �� �

� C � Card �JN �P �A���a�N ��

�
l 	


X
j�l	�

j�� 	
log�	���N � e�	l

�� e�	

�
�

� O�log
�
�
�N ��

�

Lemma ��	�

lim sup
N	


S�N�aN � �aN

log�N
�

d� ��
� 
�c

t�
p	n	

Dokazatel�stvo� Voz�mem proizvol�noe � 	 �� Pust� j � N i
rassmotrim posledovatel�nost� Nj � minfN � �aN � � jg� Postro�
im seme�stvo d�mernyh pr
mougol�nikov� raspolo�ennyh v sloe

A�Nj � nA�Nj���
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sledu
wim obrazom�

LNj � f�i� a�N � i� � jij � Nj � ji� a�N j 	 Nj��g�

Zametim� qto Nj � e��cNj���
Dl
 ocenki mownosti ispol�zuem lemmu ����

Card �LNj � �

NjX
K�Nj��

Bd�K� 	 Njj
d���

Rassmotrim nezavisimye sluqa�nye veliqiny

Tj � max
�i�a�N �i��LNj

S�i�a�N �i� � S�N�aN �

gde neravenstvo vypolnneno dl
 Nj � N � Nj	��

Oboznaqim A�i�k� � fS�i�k� � j��	 �d� ��
� 
�c� �� log j
t�j

�g�

Primenim lemmu ��� s y � ��� poluqim P �A���a�N �� 	 j�d	��Nj�

Card �LNj �P �A���a�N �� 	 j��	��

Pust� l � �j����� togda

Card �LNj �

jX
i��

P �A���a�N � �A�bi�bi	a�N �� �

� C �Card �LNj ��P �A���a�N ��l 	

jX
i�l	�

P �A���a�N � �A�bi�bi	a�N ���

Dl
 ocenki vtorogo slagaemogo ispol�zuem lemmu ���� gde polo�
�im v � � 	 
�� i u � � � ��

jX
i�l

P �A���a�N � �A�bi�bi	a�N �� �

�

jX
i�l

�
i������

Njjd��
	 P �A���a�N ��e

�	ij������� t
t� i��	���� t

t�

�

�
j�d

Nj
	 P �A���a�N ��j

����	���	�� t
t�

e�l	

�� e�	
�

Card �LNj �

jX
i��

P �A���a�N � �A�bi�bi	a�N �� � O�j��	 �
�
���
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S pomow�
 neravenstva� analogiqnogo ��	� mo�no proizvesti
sledu
wie ocenki�

P �Tj � j��	 �d� ��
� 
�c� ��
log j

t�j
� � P �

�
�i�j��LNj

A�i�j�� �

�
�Card �LNj �P �A���a�N ���

�

Card �LNj �P �A���a�N �� 	
P

�i��j�����i��j��
P �A�i��j�� �A�i��j���

� j��	��

S pomow�
 Lemmy Borel
�Kantelli zaverxaem dokazatel��
stvo� �

Lemma ��
�

lim inf
N	


S�N�aN � �aN

log�N
�

d� ��
� 
�c

t�
p	n	

Dokazatel�stvo� Voz�mem proizvol�noe � 	 �� Pust� j � � i
rassmotrim posledovatel�nost� Nj � minfN � �aN � � jg� Dl


j � N� r � N� i s � Nd��
� opredelim mno�estva

Nj � fm�j���� � m � �� �� � � �g�

Jj�r�s � f�i� i	 a�N � � i� � �
rj� �
r	 ��j� �Nj� s � �i�� � � � � id�g�

Zametim� qto Card �Jj�r�s� � aNj j
���� � cj������

Cluqa�nye veliqiny Tj�r�s � max
�i�a�N �i��Jj�r�s

S�i�a�N �i� budut nezavi�

simymi� i dl
 Nj � N � Nj	� budem imet�

max
����r�s���A�

Nj�j

�j �

Tj�r�s � S�N�aN �

Ispol�zu
 neravenstvo � � x � e�x i ocenku dl
 mownosti

mno�estva Card �A�Nj�j
�j ��� poluqim

Pj � P �S�Nj �j � j��	 �d� ��
� 
�c � ��
log j

t�j
�� �

expf�P �Tj�r�s 	 aNj ��	 �d� ��
� 
�c� ��
log j

t�j
��Njj

d�����
	 o����g�

Oboznaqim A�i�k� � fS�i�k� � j��	 �d� ��
� 
�c � �� log j
t�aN

�g�
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Primen

 neravenstvo Bonferroni� poluqim

P �Tj�r�s � j�� 	 �d� ��
� 
�c� ��
log j

t�j
�� � 
� �
��

Gde 
�� summa po nepereseka
wims
 intervalam� ocenivaets

s pomow�
 lemmy ��� s y � �� � �� a imenno�


� � Card �Jj�r�s�P �A���a�N �� 	 j�����j��d	��Nj�

A 
�� summu po pereseka
wims
 intervalam� ocenim� ispol��
zu
 lemmu ��� s v � 
 i u � ��


� � Card �Jj�r�s�
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