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PRODUCTS OF CONJUGACY CLASSES IN PERFECT

LINEAR GROUPS� EXTENDED COVERING NUMBER

Abstract� In this paper we obtain estimates of extended covering num�
bers for some classes of perfect linear groups�

�� Introduction

This paper is a continuation of the investigation of products of conju�
gacy classes in �nite and in algebraic groups ���� �� ��� �	
� The products
of conjugacy classes of such groups were considered in a number of arti�
cles� in particular in ��� �� 
� �� �� ��� ��� ��� �
� ��� ��
� and others�

In most of these papers the authors deal with simple and quasisimple
groups �i�e� central extensions of simple groups�� However� the questions
which were investigated for simple groups are of interest in a more general
situation� namely� for perfect groups �by a perfect group we mean here a
group G such that G � �G�G
�� In the present paper we concentrate on
the question of the extended covering number ecn�G� of a perfect group
G� Recall �see ���
� that a generating conjugacy class C of a perfect group
G is a conjugacy class such that G � hCi and the extended covering

number of G is

ecn�G�
def
� minfn j C�C� � � �Cn � Gg

for any n generating conjugacy classes C�� C�� � � � � Cn � G� In ���

it has been shown that there exists a general constant d such that
ecn�G� � d � rankG for every Chevalley group G �proper or twisted
in the sense of ���
�� In ���
 it has been conjectured that there exists
a constant c such that ecn�G� � c dimV for every perfect linear group
G � GL�V � such that the extended covering number ecn�G� exists� How�
ever� N� Nikolov found a counterexample ���
� Also� the question of es�
timates of ecn�G� as well as other questions that are connected with
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products of conjugacy classes for perfect groups seem to be much more
di�cult than the ones for quasisimple groups� This paper is an attempt
to �nd approaches to study such products that presumably will allow us
to gain a deeper understanding of the nature of perfect groups�

The �rst step for the extension of our theory from quasisimple groups
to perfect groups is to �nd a relation between ecn��� and ecn�G�� where
� is a perfect group and G � ��N for some N C �� We emphasize two
cases �Section ��� First we consider a nilpotent normal subgroup N such
that V � N��N�N 
 is an augmentativeZ�G
�module �i�e� IGV � V where
IG is the augmentation ideal ofZ�G
�� In particular� if � is a �nite group�
we show that

ecn��� � �gen��� � ���gen�N � � �� gen�G� �����

�here gen��� and gen�G� are the minimal numbers of generators of � and
G� respectively�� Actually� we prove more general estimates �see Theorem

�� Corollaries �� 	�� In the second case N �
Qj�m

j�� Qj� where the Qj are

quasisimple �nite groups and the natural action of G on fQjg
j�m
j�� is

transitive� In this case we show �Theorem 	� the existence of a general
constant c such that

ecn��� � �� � 	minfc� ecn�Q��g� ecn�G�� ���	�

Using ����� and ���	� we give in Section � estimates of ecn��� for some
classes of �nite perfect groups�

In Section 
 we consider connected perfect algebraic groups� For a
simple algebraic group G let l�G� � rankG � � if all roots of the corre�
sponding root system have the same length� or l�G� � 	 rankG in the
other case� For a connected perfect algebraic group � let l��� be the maxi�
mum of the numbers l�Gi�� where Gi runs through all simple components
of the group ��Ru��� �where Ru��� is the unipotent radical of ��� For
a connected perfect �rm �see De�nition 	��� algebraic group � we show
that

ecn��� � 	l��� � �

�Corollary ���

�� Notation� terminology� conventions

���� Let G be a group� Here�

�a� b
 � aba��b�� is a commutator�
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if x�� � � � � xn� y�� � � � � yn � G� then the following identity holds

�x�y�x
��
� ��x�y�x

��
� � � � � �xnynx

��
n �y��

n y��
n�� � � �y

��
� �

� �x�� y�
�y��x�� y�
y
��
� � � � �y�y� � � �yn���xn� yn
y

��
n�� � � �y

��
� � � �y��

� y��
� �
���

Z�G� is the center of the group G�
gen�G� is the minimal number of generators of the group G�
if G�� G� are groups� then G� � G� is the central product of G�� G�

�i�e� G� � G� � �G� � G���H for some H � Z�G� � G���� the symbol
�
Q
Gi denotes the central product of several groups� a group G is called

quasisimple if it is perfect and G�Z�G� is simple� a generating conjugacy

class C of the group � is a class such that hCi � ��
���� Let A be a commutative ring and let V be an A�G
�module�
Let IA�G� � fa��g�����a��g������ � ��an�gn��� j ai � A� gi � Gg

be the augmentation ideal of A�G
� If A �Z� we shall write IG instead of
IZ�G�� An A�G
�moduleV is called augmentative if IA�G�V � V � Obviously�
IA�G�V � IGV and therefore an A�G
�module V is augmentative if and
only if it is augmentative as aZ�G
�module�

De�nition ���� A group � is called �rm if there exists a normal series
� � �s C �s�� C � � � C �� C �� � � such that each factor �i��i��

is either a central product of quasisimple groups or it is abelian and an
augmentative I���i�module�

���� Here all algebraic groups are linear algebraic groups de�ned over
a �eld K ��	
�� We omit the �eld of de�nition K if it is assumed to be
algebraically closed�

If G is an algebraic group and X � G then X is the Zariski closure
of X� Here ecn�G� is a topological extended covering number of G �see
���
��

ecn�G�
def
� minfnjC�C� � � �Cn � Gg

for any generating conjugacy classes C�� � � � � Cn of G�

�� Theorems of reduction

���� Nilpotent A�subgroups� Let N be a nilpotent group� Further�
let � � Nk�� C Nk C � � � C N� � N be a central series of N �here
Ni � �Ni��� N 
�� Put Vi � Ni�Ni���
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De�nition ���� The group N is called an A�group if for every i the
abelian group Vi is an A�module over a commutative ring A and for all
n � Nk�m � Nl and for every a � A the following congruence holds

�an�m
 	 a�n�m
 	 �n� am
�modNl�k����

If� in addition� V � V� is a �nitely generated A�module� then we say that
N is a �nitely generated A�group�

Remark ���� The condition of the de�nition always holds for A � Z�
Also� if N is a connected unipotent algebraic group that is de�ned and
split over a �eld K� then the condition holds for A � K�

De�nition ���� The set fn�� � � � � ncg � N� is a commutator generating
set if

N� � �N�N 
 � �n�� N 
�n�� N 
 � � � �nc� N 
�

The minimal length c of a commutator generating set will be denoted by
cg�N � and will be called the commutator generating length of N �

For a �nitely generated nilpotent A�group we can use its graded Lie
algebra �over A�� Indeed� let N be a �nitely generated nilpotent A�group
and let

L � L�N � �
X

��i�k

Vi

be a graded Lie algebra of N over A� where the Lie brackets are induced
by commutators �we denote this bracket also by �x� y
��

Further� let

� � V� �
 EndA�L�

be the map that is given by the formula

��v��l� � �v� l
 for v � V�� l � L�

Under these assumptions the following proposition holds�

Proposition �� Let m�� � � � �mr � N be elements such that

��m��modN����L� � � � �� ��mr�modN����L� � �L�L
 �
X

��i�k

Vi�
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Then fm�� � � � �mrg is a commutator generating set�

Proof� Take vk � mk�modN�� � L for every k � �� � � � � r� Let n �
Ni nNi��� i � 	� and let v 	 n�modNi��� � Vi� There exists a sequence
l�� � � � � lr � Vi�� such that

��v���l�� � � � �� ��vr ��lr� � v� �����

Let q�� � � � � qr � Ni�� be elements such that lk 	 qk�modNi��� for every
k � r� Then from ����� we get

n � �m�� q�
�m�� q�
 � � � �mr � qr
n
�� n� � Ni��� ���	�

Now suppose that in ���	� we have n� � Nj n Nj��� j � i � �� In the
same way as we obtained ���	� we get

n� � �m�� q
�
�
�m�� q

�
�
 � � � �mr� q

�
r
n

��� n�� � Nj�� �����

for some q��� � � � � q
�
r � Nj��� Since ��mt� qt
� �mf � q

�
f 

 � Ni�j and

�qt� �mf � q
�
f 

 � Ni���j for every t� f � r and since i���j � j��� i�j �

j � �� we have from ���	� and ����� that

n � �m�� q�q
�
�
�m�� q�q

�
�
 � � � �mr � qrq

�
r
n

���� n��� � Nj��� �����

Comparing ���	� and ����� shows that we can get our statement by in�
duction� �

Remark ���� It is a well�known and simple fact that if fn�� � � � � nkg
is a set of generators of a nilpotent group N � then �N�N 
 � �n�� N 

�n�� N 
 � � � �nk� N 
� It is easy to see that instead of generators we can
take here A�generators if N is an A�group� Thus� cg�N � � genA�N ��
Moreover� it is easy to see that if the elements n�� � � � � nk � N such that
��n��modN���� � � � � ��nk�modN��� generate the A�module ��V��� then

��n��modN����L� � � � �� ��nk�modN����L� � �L�L


and according to Proposition � the set fn�� � � �nkg is a commutator gen�
erating set and therefore cg�N � � k�
Example ���� The di�erence between cg�N � and the numbers

genA���V��� � genA�V � can be large� Let N � U be the maximal unipo�
tent group of a simple algebraic group G de�ned over an algebraical�
ly closed �eld K� Then genK���V��� � genK�N � � dimK U��U�U 
 �
rankG� but cg�N � � � because �U�U 
 � �u� U 
 for a regular unipotent
element u � U �
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���� Covering of normal nilpotent A�groups�

Theorem �� Let � be a perfect group and let N C � be a normal
nilpotent �nitely generated A�subgroup� Further� let k be the minimal
number such that V � V� � N��N� is an augmentative A�h��� � � � � �ki

�module for some ��� � � � � �k � �� Then

ecn��� � �k � ���cg�N � � �� ecn���N ��

Proof� In the following lemma we use the notation of ����

Lemma �� Let m�� � � � �mr � N be a commutator generating set and
let O�� � � � � Or be the conjugacy classes of m�� � � � �mr in N � Further� let
m � m�m� � � �mr � Then

O�O� � � �Or � N�m�

Proof� From ��� we have

�x�m�x
��
� ��x�m�x

��
� � � � � �xrmrx

��
r �m��

r m��
r��

� � �m��
� �

� �x��m�
�m��x��m�
m
��
� � � � �m�m� � � �mr���xr�mr 
m

��
r��

� � �m��
� � � �m��

� m��
�

for xi � N � By Proposition �� the set

fm��m�m�m
��
� � � � � � �m�m� � � �mr���mr�m

��
r�� � � �m

��
� �g

is also a commutator generating set� Thus

O�O� � � �Orm
�� � N��

�

Now we prove Theorem ��
Put e � ecn���N �� c � cg�N �� Let X�Y�� � � � � Yk� Z�� � � � � Zc be prod�

ucts of e generating conjugacy classes of � and let �Z�� � � � � �Zc be prod�
ucts of ke generating conjugacy classes� We can �x �� � Y�� � � � � �k � Yk
such that V is an augmentativeZh��� � � � � �ki�module� From ��� �see ���
�
Proposition �� it follows that

V � �Y�Y� � � �Yk�modN��� ���
�
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where � � ���
k ���

k�� � � ��
��
� � For the same reason as for ���
� there are

element �� � Z�� � � � � �c � Zc such that

V � �i �Zi�modN�� for every i � c� �����

Now ����� implies that we can �x a minimal commutator generating set

fm� � �� �Z �N� � � � �mc � �c �Zc �Ng� �����

Put m � m�m� � � �mc� By Lemma ��

N� � m��Z�
�Z�Z�

�Z� � � �Zc �Zc� �����

Since m�� � N � we see that ���
� and ����� imply

N � ��Y�Y� � � �Yk��Z�
�Z�Z�

�Z� � � �Zc �Zc�� �����

Now let 	 � �� We can �nd elements 	�� 
 � � such that

	�
 � X� 	 � 	�n�� � � n�
� n�� n� � N� ������

From ������ ������

	�
 � �	�n���n
��
� n��

� ��n�
 � � 	n� � X� n � N� ������

From ����� � ������

	 � X�Y�Y� � � �Yk��Z�
�Z�Z�

�Z� � � �Zc �Zc��

The number of generating conjugacy classes in the product above is equal
to e� ke� c�ke� e� � �k � ���c � ��e� �

In Theorem � we do not suppose that V is an augmentative Z�G
�
module �thus k �
 is possible�� In the following corollaries we keep the
assumptions of Theorem �� Moreover� we assume that V is an augmen�
tative Z�G
�module�

Corollary ��

ecn��� � �gen��� � ���cg�N � � �� ecn���N ��

Proof� Obviously� k � gen���� �
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Corollary �� Suppose A is either a �eld or a local ring � or A �Zand
V � N��N� is a �nite abelian group� Then

ecn��� � �k � ���genA�N � � �� ecn���N �

� �gen��� � ���genA�N � � �� ecn���N ��

Proof� This follows from Remark ��	 and Corollary �� �

���� Normal semisimple subgroups�

Let � be a perfect group and let Q C � be a �nite normal subgroup
of the form

Q �

j�mY
j��

Qi�

where Qi is a �nite quasisimple group� Further� let

� � � �
 Sm

be the homomorphism that is induced by the action of � on the set fQjg�
Suppose m � �� Then Aut�Q� is a soluble group �this follows from

the Classi�cation�� Since � is a perfect group� the natural homomor�
phism � �
 Aut�Q� is trivial� Hence � � Q � �� where ��Z � ��Q
for some Z � Z�Q�� In this case� e��� � minfecn���� ecn�Q�g� More�
over� one can easily check that e��� � eM �� � eM ecn�Q��� where
eM � maxfecn�Q�� ecn���Q�g� In Theorem 	 below we exclude the case
m � ��

Theorem �� There exists a general constant c such that for every perfect
group � and for every semisimple normal subgroup Q C � with a non�
trivial �m � �� transitive permutation representation � the following
inequality holds

ecn��� � �� � 	minfc� ecn�Q�g� ecn���Q��

Proof� Below we use the notion of a big element�
The elements of a �nite quasisimple group G are called big if a product

of any c conjugacy classes of them coincides with G� where c is a general

constant that does not depend on G�

It is possible to de�ne big elements since the existence of such c has
been shown in ���
� Indeed� let us �x a constant c such that c � ecn�G� for
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every quasisimple sporadic group G and for every group of Lie type of Lie
rank � �� If G is one of those groups� then every non�central element is
big� If G is a central extension of an alternating group� then the preimages
of cycles of maximal length are big ��
� Now let G be a group of Lie
type corresponding to the simple root system f��� � � � � �rg� r � � �the
numeration of roots corresponds here to ��
� for twisted groups of type
�A�r�

�A�r�� we assign root systems Br � Cr� respectively� as in ��
�� let
G � BNB be the Bruhat decomposition� and let B � HU� W � N�H�
Further� denote by

�wa �
Y
i�a

�w�i

the product of the �rst a elements �in any order� of the form �w�i� where
w�i � W is the corresponding re�ection and �w � N is a preimage of
w � W � Let

g�

���
��

�wru� u � U� if G is of type Ar� r � ��

�wr��u� u � U� if G is of type Br � Cr� r � �� or D�l� 	l � r � ��

�wr��u� u � U� if G is of type D�l��� 	l � � � r � ��
����	�

If we take elements that are conjugate to such g� we will have big elements
as well if we add to this set all regular unipotent elements �see ���
� Proof
of Theorem ��� Below� by a big element in the case of a group of Lie type
of rank � � we will mean either regular unipotent elements or elements
that are conjugate to elements g of the form ����	�� For other groups� a
big element is a non�central element� Note that sets of elements which we
call big are invariant under automorphisms of G �for groups of Lie type
this follows from the description of automorphisms ���
� for others it is
an obvious statement��

Lemma �� Let G be a �nite quasisimple group� let q � G be a �xed
element� and let f � Aut�G� be a �xed automorphism� Then there exist
two big elements y�� y� � G such that y�f�y

��
� � and y�q both are big�

Proof� We may assume q �� Z�G�� For sporadic groups and for groups
of small Lie rank the statement is trivial� Let G�Z�G� be an al�
ternating group� then there exists y� � G such that y��modZ�G��
and y�q�modZ�G�� are cycles of maximal length �see ��
�� Now
f�y��

� ��modZ�G�� is again a cycle of maximal length� Thus we can �nd
an element y� � G such that y��modZ�G�� and y�f�y

��
� ��modZ�G�� are

both cycles of maximal length�
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Now let G be a group of Lie type with rank�G� � �� If q � Z�G��
we can take f�y��

� � � u � U a regular unipotent element and y� � �wa�
where a � r� r� �� or r� 	 with respect to the cases ����	�� Suppose q ��
Z�G�� Then there exists an element � � G such that ���q� � vu� where
v � U�� u � U �here U� and U are groups generated by negative and
positive root subgroups� respectively���
� Put y� � � �wav

������ where
a � r� r � �� r � 	 is de�ned according to ����	�� Let w� be the longest
element in the corresponding Weyl group and let �w� be a preimage of w�

in N � Then �w� �wav
�� �w� � �w�

au
� for some element w�

a which is also de�ned
according to ����	� and for some u� � U �this follows from the de�nitions
in ����	��� Hence y� is also a big element� The element y�q � � �wau�

��

is also big� Further� let v� � U� be an element such that v�v is a regular
unipotent element� Put y� � f�� �wav

������ Then this element is also big
as well as the element

y�f�y
��
� � � f��� �wav

�������v �w��
a ����� � f�� �wa�v

�v� �w��
a ����

because v�v is a regular unipotent element� �

Lemma �� Let n � ecn���Q� and let C�� � � � � Cn be generating conju�
gacy classes of �� Then there exists an element � � C�C� � � �Cn such that
the permutation ���� has no �xed point�

Proof� This follows from the transitivity of �� �

Lemma �� Let n � 	 ecn���Q� and let C�� � � � � Cn be generating con�
jugacy classes of �� Then in the product C�C� � � �Cn one can �nd an
element

q �

j�mY
j��

qj� qj � Qj�

where each qj is a big element of Qj �

Proof� Let � � � be an element such that the permutation ���� has no
�xed point and let ���� � s�s� � � � sk be the decomposition into indepen�
dent cycles� We may assume that the cycles s�� � � � � sk correspond to the
natural order on ���m
� i�e�� s� � ��	 � � � r�� s� � ��r � ���r � 	� � � � � � � � �
Consider the cycle s� � ��	 � � � r�� Note� all groups Qj are isomorphic to
each other� If we put Q� � Q� and �x the isomorphisms 
j � Q� �
 Qj

de�ned by the formula 
�Q�� � �j��Q��
��j � then we can consid�

er elements of the groups Qj also as elements of the group Q�� By
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f� � Q� �
 Q� we denote the automorphism de�ned by the formula
f��q� � �rq��r for q � Q� � Q�� Further� if

y �

j�rY
j��

yj� yj � Qj� ������

then
�y� �
 � �y�f��y

��
r ��� �y�y

��
� � � � � � � �yry

��
r���� ������

where �y�f��y��
r �� � Q�� �yjy

��
j��� � Qj for every 	 � j � r�

Put in ������ yj � � for even j� Then from ������

�y� �
 � y� � y��
� � y	 � y��

	 � � � � � yr�� � y��
r��� ����
�

where yj � Qj� y��
j � Qj�� if r is even and

�y� �
 � �y�f��y
��
r ��� y��

� � y	 � y��
	 � � � � � yr � ������

where �y�f��y��
r �� � Q�� yj � Qj� y

��
j � Qj�� if r is odd�

Below we consider an element y � Q constructed according to some
rule for a cycle s�� If we construct elements y�l� for every cycle sl that is
contained in ���� according to the same rule and if we take the product
of the elements y�l� and denote it by y� we get from ����
� and ������ a
system of independent parameters y�� � � � � ys� s � m�	 � �� such that

�y� �
 �

j�mY
j��

vj � vj � Qj� ������

where� under an appropriate renumeration of y�� � � � � ys� we have

vj �

���
��

yj or

y��
j�� or

yjfl�y��
r � for some j � r and some l � k�

������

�In ������ fl is the automorphism corresponding to the cycle sl which is
constructed by the same rule as f� for s��� Moreover� the same parameter
yj of ������ occurs for exactly two components in ������� namely� either

vj � yj � vj�� � y��
j � or vj � yjfl�y

��
r ��� vj�� � y��

j for some yr and in
the latter case vr � yr �

Now let � � � be an element satisfying the condition

� � ���q�� q� � Q� ������
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and let

q� �

j�mY
j��

q�j� q�j � Qj� ���	��

Further� consider again the decomposition ���� � s�s� � � � sk and a cycle
s� � ��	 � � � r�� We have ������ � s��

� s��
� � � �s��

k and s��
� � �r�r �

�� � � ���� Put

n� �

j�rY
j��

q�j� ���	��

Further� consider the sequence of elements of the group Q�

u� � q��� u� � q��q
�
�� � � � � ur�� � q��q

�
� � � �q

�
r��� ur � � ���		�

and consider each element uj of this sequence also as an element of Qj�
Put

w� �

j�rY
j��

uj� ���	��

From ������� ������ and ���	�� ���	�� we get

��� w�
 � q���
� � �q��q

���
� q���

� �� � � � � �q��q
�
� � � �q

�
r���

and therefore

��� w�
�w�n�w
��
� � �

j�rY
j��

q��j � q��� � � � � � q��r�� � �� q��r � q��q
�
� � � �q

�
r�

���	��
Now let us construct in the same way elements w�� � � � � wk and put

w � w� � w� � � � � �wk� We have

w���q�w�� � ������ w
�wq�w��� � ���
l�kY
l��

��� wl
�wlnlw
��
l �� ���	
�

By Lemma � we can �nd in a product of e � ecn���Q� generating
conjugacy classes of � an element � such that ���� has no �xed point�
In any other product of e generating conjugacy classes of � we can �nd
an element � of the form ������� Moreover� ���	�� and ���	
� imply that
the element � can be chosen such that the factor q� in ������ has trivial
components except for one index in each cycle ���� �like in ���	���� Thus�
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in the product of 	e generating conjugacy classes of � we can �nd an
element of the form

y�y�����q� � �y� �
q� �

j�mY
j��

vjq
�
j�

where each vj has the form ������� Let j be the last number of a cycle

sl � �j�j� � � � j��j�� Hence vj � yj if sl is an odd cycle� or vj � y��
j�� if it is

an even cycle� Let sl be an odd cycle� By Lemma	 we can take parameters
yj� � yj such that both parameters as well as yjq

�
j and yj�fl�y

��
j � are big�

Also� we can take the parameters yj� � � � � � yj�� to be big� Let sl be an
even cycle� By Lemma 	� we can take the parameters yj� � � � � � yj�� to be
big and such that y��

j��q
�
j is also big� The construction of the element q�

implies �see ���	��� that q�j� � q�j��� � � � � � q�j�� � � and therefore all
elements

vj�q
�
j�

� vj� � � � � � vj��q
�
j�� � vj��� vjq

�
j

are big� Since the same can be done for every cycle� we have our statement�
�

Now we can prove Theorem 	�
Let c be the constant de�ned above and let

ec � minfc� ecn�Q��g�

Let 	 � �� then in a product of e � ecn���Q� generating conjugacy
classes of � we can �nd an element of the form 	q for some q � Q�
Further� in a product of 	e generating conjugacy classes of � we can �nd
an element q� � Q which has big components �Lemma �� and hence we
can �nd in a product of 	eec generating conjugacy classes every element
of the group Q� in particular� the element q��� Thus� in a product of
e�	eec generating conjugacy classes we can �nd every element 	 of ���

�� Extended covering numbers

for some finite perfect groups

���� Firm groups�

Let � be a �nite perfect group� Then there exists a series of normal
subgroups of � �

� � �n C �n�� C � � � C �� C �� � � �����

satisfying the following conditions�
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a� �� is a minimal normal subgroup of � such that ����� � �
Q

j Sj�

where fSjg are quasisimple groups�
b� every factor �i��i�� for i � � is either nilpotent or is isomorphic to

�
Qj�m

j�� Qj � where fQjg are isomorphic quasisimple groups� m � �� and

the natural action of ���i �by conjugation� on fQjg is transitive�

Indeed� we can construct such series in the following way� Let �� C �
be a minimal normal subgroup of � satisfying the condition a�� Obviously�
we can �nd a decreasing series of normal subgroups f�igi�� of � which are
contained in �� and satisfying conditions b�� but with m � �� Let us show
that in each factor isomorphic to a semisimple group we havem � �� Sup�
pose m � � for a factor i� i�e�� �i��i��

�� Q for a quasisimple �nite group
Q� Since Aut�Q� is a soluble group �this follows from the Classi�cation�
and � is a perfect group� the natural homomorphism ���i �
 Aut�Q� is
trivial� Hence ��Z�Q��i�� � Q�Z�Q�����i and therefore there exists a
normal subgroup N C � such that ��N � Q� ��

Q
j Sj�� This contradicts

the choice of ��� Thus the condition b� also holds�
Below we assume that n is the smallest number such that a� and b�

hold� Let
n� � � n� � n�� ���	�

where n� and n� are the numbers of the nilpotent and the semisimple
factors �i��i��� i � �� respectively�

Let d be a general constant such that

ecn�S� � d � rank S �����

for every quasisimple perfect group S �where rankS is the Lie rank of S
if S is a group of Lie type� rankS � n if S�Z�S� � An� and rankS � �
if S is a sporadic group �see ���
��

Proposition �� Let � be a �rm �nite group� Then

ecn��� � �� gen����n��� � 	c�n� �maxfd rankSjg�

where c is the general constant of Theorem ��

Proof� Let N C G be a nilpotent normal subgroup of the �nite group
G and let every factor Ni�Ni�� be an augmentativeZ�G
�module� Then
ecn�G� � � gen��� ecn�G�N � ����� Proposition �
�� Now our estimate fol�
lows from Theorem 	 and ������ �
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���� Two step groups� Let � be a �nite perfect group that has a
normal nilpotent subgroup N C � such that the corresponding factor

G � ��N � �
Qi�l

i�� Si� where Si is a quasisimple group�
Let V � N��N� where N� � N�N� � �N�N 
�We may assume that V is

an augmentativeZ�G
�module� Indeed� if it is not� there exists a normal

subgroup �N of � which is contained in N such that �� �N is a central

extension �G of G� Hence �G � �
Qi�l

i��
�Si� where �Si is a central extension

of Si� Thus� we can consider �N instead of N � If we take the smallest
normal nilpotent subgroup of � such that the corresponding factor is a
central product of quasisimple groups� we will have our assumption� Now
we can apply Corollary 	 to ��

ecn��� � �gen�G� � ���gen�N � � �� ecn�G�� �����

Using ���� Theorem �
 we get

ecn�G� � d � log� jGj� ���
�

Using gen�Si� � 	 we can simply get gen�G��� � l�	� Further� gen�N � �
gen�N��N�N 
� � log� j�N��N�N 
�j � log� jN j� Now we have from �����
and ���
�

Proposition �� Let � be a group satisfying the condition ���� Then

ecn��� � d�l � 	��log� jN j� �� log� jGj�

���� Some linear groups� Let � be a �nite perfect group satisfying the
conditions ����

Proposition �� Let � � � �
 GL�U � be a faithful irreducible represen�
tation� Suppose G is a quasisimple group of Lie type� Then

ecn��� � c � dimU log� dimU

for a general constant c which does not depend on � or ��

Proof� We will use

Lemma 	� Let N be a nilpotent subgroup and let A C N be an abelian
normal subgroup of N � Then

cg�N � � gen�N�A��

Proof� Let L � L�N � be the graded Lie ring of N �see Section
�� and let LA � L be the subalgebra generated by the elements
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�A � Ni��mod�Ni���� for every i� Since A C N � the algebra LA is an
abelian ideal of L� Let n�� � � � � nr � N� a�� � � � � as � A be elements
such that fn��mod�A��� � � � � nr�mod�A��g is a minimal set of generators
of N�A and fn�� � � � � nr� a�� � � � � asg is a set of generators of N � Since
�ai� LA
 � � for every i � �� � � � � s we have

�L�LA
 � �n�� LA
 � � � �� �nr� LA
� �����

Let �N � hn�� � � � � nri and let �L � L be the Lie subring generated by the
elements � �N �Ni��mod�Ni���� for every i� Obviously�

L � �L � LA� �����

Now ����� � ����� and Proposition � imply that fn�� � � � � nrg is a commu�
tator generating set for N and hence we have our statement� �

Lemma 
� Let n � pk and let N � Sn be a transitive p�subgroup� Then

gen�N � � k�

Proof� Let

X � ��� n
 �

i�p�
i��

Xi� Xi � ��i� ��pk�� � �� ipk��
�

We consider Sn as a group acting on X and let Pi be a Sylow p�subgroup
of the permutation group of Xi which is isomorphic to Spk�� � Further� let
! � h	i � Sn be the subgroup interchanging fXig �we assume 	p � ���
Let P � Sn be a Sylow p�subgroup� Then we may assume

P � Q �!� Q � P� � P� � � � � � Pp C P� N � P�

Let

 � P �
 P�Q � !� pi � Q �
 Pi

be the natural homomorphisms� Since N is a transitive subgroup of Sn�
we have 
�N � � !� Let n� � N be a �xed preimage of 	� Further� let

O � Ker�N
�
�
 !��

Then N � hn�� Oi�
Further� the map pi induces the surjective map

"pi � V � O��O�O
Op �
 Vi � pi�O���pi�O�� pi�O�
pi�O�p�
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The action of n� by conjugation on O induces the action on V � Moreover�
np��v� � v for every v � V because np� � O� Note� all subspaces Vi are
isomorphic to each other and the element n� acts on the set fVig as a
p�cycle� We identify Vi with a vector space ni��

� �V�� and consider the
Fp�hn�i
�module

Q
i Vi� Put y �

Q
i Vi� then

y � �v�� v�� � � � � vp�� v�� v�� � � � vp � V�� �����

and

n��y� � �vp� v�� � � � � vp���� �����

Consider the action of n� on the vector space V over the �eld Fp�
Let V � U� � � � � � Us be the decomposition of V into indecomposable
hn�i�modules� where each Uj corresponds to a Jordan block of n�� We
have

s � dimFp V
hn�i� ������

If x � V hn�i then ����� and ����� imply

x � �v� v� � � � � v�� v � V�� ������

From ������� ������

s � dimFp V�� ����	�

Further� since N is a transitive group� the group p��O� is also a transitive
subgroup of Spk�� � We can make the induction hypothesis �with respect
to k��

gen p��O� � k � �� ������

But gen p��O� � dimFp V� and therefore ����	� and ������ imply

s � k � �� ������

Now for every j � s choose one element uj � Uj n �n� � ��Uj � Then

j�sX
j��

Fp�hn�i
uj � V� ����
�

Let fnjg
j�s
j�� be the set of preimages of elements uj in the group O� Then

����
� shows that N � hn�� n�� � � � � nsi� Now our statement follows from
������� �
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Lemma �� Let N � GL�U � be an irreducible �nite nilpotent group�
Then

cg�N � � log� dimU�

Proof� Let N �
Q

pNp be the decomposition of N into the product of
its Sylow p�groups� Since N is irreducible� the N �moduleU is decomposed
into the tensor product �pUp of irreducible Np�modules� Hence

dimU �
Y
p

dimUp� ������

Further� the union of commutator generating sets of all components fNpg
is a commutator generating set of N � Hence

cg�N � �
X
p

cg�Np�� ������

Now ������ and ������ reduce our statement to the case of p�groups�
Now we assume that N is a p�group� Since N is irreducible� N is mono�
mial of dimension pk for some k and there exists a transitive irreducible
representation 
 � N �
 Spk � We have A � Ker 
 is an abelian normal
subgroup of N � By Lemmas 
 and � we obtain

cg�N � � gen�
�N �� � k � logp dimU � log� dimU�

�

Now we can prove Proposition ��
Since � is irreducible� the Cli�ord Theorem implies that the restriction

of � to N is a sum of irreducible representations �i � N �
 GL�Ui�� i �
�� � � � �m� and

U � U� � � � �� Um�

Moreover� the group G � ��N acts on the set fUig transitively� Hence
there exists a transitive permutation representation


 � G �
 Sm�

Put m� � dimU�� Then
dimU � mm�� ������

Consider Ni � �i�N � for every i � �� � � � �m� By Lemma ��

cg�Ni� � log�mi� ������
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Let X � N be a set such that �i�X� is a commutator generating set of
Ni for every k� Since � is faithful� the set X is a commutator generating
set of N � Now from �������

cg�N � � m log�m�� ���	��

From ���������	�� and Theorem ��

ecn��� � �d � �m log�m� � �� rankG� ���	��

�Here d is a general constant as in ����� and k as in Theorem � is equal
to two because gen�G� � 	�� Further� since G is a group of Lie type
and the permutation representation 
 is transitive� we have m � � or
m � c� � 	rankG for a general constant c�� Hence� if m � ��

rankG � c� log�m ���		�

for a general constant c�� Now� if m � �� then from ����������	��� ���		�

ecn��� � c �m log�m� log�m � c � dimU � log� dimU ���	��

for a general constant c�
Let � be an irreducible representation� Then m � � and dimU �

m�� The kernel of the natural homomorphism � � G �
 N��N�N 
 ��
is induced by conjugation� is contained in the center of G �because G
is quasisimple�� Hence gen�N � � c� rankG for some general constant c��
Now let r� s be numbers from the proof of Lemma 
� We have r � log�m��
Since s is less or equal to the number of generators of a subgroup of the
diagonal group of GLm�

� we have s � m�� Hence gen�N � � r � s � 	m�

and therefore m� � c	 rankG for some general constant c	� Now from
���	�� we have again ���	��� �

�� Perfect Linear Algebraic Groups

	��� The extended covering number for �rm groups� Let � be
a linear perfect algebraic group� let Ru��� be its unipotent radical and
G � ��Ru���� Since � is perfect� G � G� � � � � �Gk where Gi is a simple
algebraic group corresponding to the root system Ri� Let ri be the Lie
rank of Gi� Put

li �

�
ri � � if all roots of Ri have the same length�

	ri if roots of Ri have di�erent length�

and put
l��� � maxfli j � � i � kg�
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Theorem �� Let � be a connected linear algebraic group� Suppose � is
a �rm perfect group� Then

ecn��� � ecn�G� � � � l��� � ��

Proof� Put e � ecn�G�� Let Q�� � � � � Qe� Qe�� be generating conjugacy
classes of � and let C�� � � � � Ce� Ce�� be their images in G� Further� let
H be a maximal torus of G� There is only a �nite number of maximal
proper closed subgroups of G that contain the maximal torus H �see �	
��
Hence there exists an open subset X � Ce�� such that

hH�xi � G for every x � X� �
���

Let

R� � �Ru���� Ru���
� � � � � Rk � �Rk��� Ru���
� Rk�� � �Rk� Ru���
 � ��

Further� let Vi � Ri�Ri��� Then Vi is an augmentativeZ�G
�module for
every i �because � is a �rm perfect group�� Let �Vi�H
 � h�v� h
 j v �
Vi� h � Hi� From �
��� we have for every i

�Vi�H
 � �Vi� x
 � Vi for every x � X� �
�	�

Let �i�� � � � � �isi be the non�trivial weights corresponding to the natural
linear representation of the torus H on Vi� Then

fh � H j �Vi� h
 �� �Vi�H
 for some ig �
�
i�j

Ker��ij� �� H� �
���

Now �
�	� and �
��� imply that there exists an open subset Y � H such
that for every i

Vi is an augmentative Z�hy� xi
�module for every x � X� y � Y�
�
���

Since
C�C� � � �Ce � G�

there exists a dense open subset Y� � Y � C�C� � � �Ce � H in H such
that for every y� � Y� and for every x � X the Z�hy�� xi
�module Vi is
augmentative for every i �this follows from �
����� Since the set fgHg�� j
g � Gg contains a dense open subset of G �	
� we have a dense subset
M � f�y� x�g of G � Ce�� such that Vi is an augmentative Z�hy� xi
�
module for every �y� x� �M and every i and� moreover� fy j �y� x� �Mg
is a dense open subset of G� Obviously�

fyx j �y� x� �Mg � G� �
�
�
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Now if g � yx� �y� x� �M � we have for u�� u� � Ru���

�u�yu
��
� ��u�xu

��
� � � yx�x��y����u�yu

��
� ��u�xu

��
� �

� g�x���y��� u�
x�x
��� u�
�� �
���

For every u � Ru��� there exist u�� u� � Ru��� such that

u � x�y��� u�
x
���x��� u�
 �
���

�because Vi is an augmentative Z�hy� xi
�module for every i ����
� proof
of Proposition 	��� Now �
�
�� �
���� and �
��� imply

� � Q�Q� � � �QeQe��� �
���

Now our statement follows from �
��� and ���� Theorem �
� �

Theorem � implies ecn��� � 	l����	� However� the proof of Theorem
� supplies a better estimate�

Corollary �� Let � be a connected linear algebraic group that is also a
�rm perfect group� then

ecn��� � 	l��� � ��

Proof� The proof of Theorem � implies that there is a dense open sub�
set S � G such that fgu j g � S� u � Ru���g � Q�Q� � � �Qe�� for all
generating conjugacy classes Q�� Q�� � � � � Qe��� where e � l���� Further�
let P�� � � � � Pe be generating conjugacy classes of � and let D�� � � � � De

be their images in G� Since D�D� � � �De contains a dense open subset S�
of G and S�S � G� we have

� � P�P� � � �PeQ�Q� � � �Qe���

�

Example 	��� Let G � SLn�C� and let V � U �� � ��U � nU� n � 	�
where U is an irreducible ��dimensionalG�module� Further� let � � V �G
be a semidirect product� Then � is a connected algebraic group that is
also a �rm perfect group� Here l�G� � r�G� � � � 	� Let us show

ecn��� � ��

Indeed� let Q be a conjugacy class of � generated by a semisimple element
g � G of order � 	� Consider the set

M � V �Q� � V � f�v�	�g	
��
� v��

� ��v�	�g	
��
� v��

� �
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j 	�� 	� � G� v�� v� � V g�

Put g� � 	�g	
��
� � g� � 	�g	

��
� � The element �v�g�v

��
� ��v�g�v

��
� � belongs

to V if and only if g� � g��
� � Put g� � �� Then �v�g�v

��
� ��v�g�v

��
� � �

�v�� �
��� v�
 � V� � where V� is the direct ��invariant complement of V � �
Since dimV� � 	n� we have dimM � dimV� � 	 � dimV if n � 	�

Hence Q� �� � and therefore ecn��� � 	� According to the Theorem ��
ecn��� � �� Hence ecn��� � ��
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