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Ïîëó÷åíî îáîáùåíèå òåîðåìû Èîñèäû î ïîðîæäåíèè ñèëüíî íåïðåðûâ-

íûõ ãðóïï êëàññà (C0) â ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâàõ íà ñëó÷àé

ãðóïï, ðàçðåøàþùèõ óðàâíåíèÿ ñîáîëåâñêîãî òèïà. Ïîëó÷åííûå ðåçóëüòàòû

èñïîëüçóþòñÿ ïðè èññëåäîâàíèè îäíîé íà÷àëüíî-êðàåâîé çàäà÷è ñ áåñêîíå÷-

íûì ÷èñëîì êðàåâûõ óñëîâèé.

Êëþ÷åâûå ñëîâà: âûðîæäåííàÿ ãðóïïà îïåðàòîðîâ, èíôèíèòåçè-

ìàëüíûé ãåíåðàòîð, ëîêàëüíî âûïóêëîå ïðîñòðàíñòâî.

1. Ââåäåíèå

Ðàññìîòðèì óðàâíåíèå ñîáîëåâñêîãî òèïà

L
d

dt
u(t) = Mu(t), (1)

ãäå îïåðàòîð L ∈ L(U;F) (ò. å. ëèíåéíûé è íåïðåðûâíûé) íå ÿâëÿåòñÿ íåïðå-
ðûâíî îáðàòèìûì, îïåðàòîð M ∈ Cl(U;F) (ò. å. ëèíåéíûé çàìêíóòûé ñ îá-

ëàñòüþ îïðåäåëåíèÿ domM , ïëîòíîé â U), U è F � ñåêâåíöèàëüíî ïîëíûå

ëîêàëüíî âûïóêëûå ëèíåéíûå òîïîëîãè÷åñêèå ïðîñòðàíñòâà. Â ïîñëåäíåå

âðåìÿ óðàâíåíèå (1) âûçûâàåò îñîáåííî ïðèñòàëüíîå âíèìàíèå èññëåäîâà-

òåëåé [1 � 5].

Â ñëó÷àå ñóùåñòâîâàíèÿ îïåðàòîðà L−1 ∈ L(F;U) óðàâíåíèå (1) ðåäó-
öèðóåòñÿ ê óðàâíåíèþ

d

dt
v(t) = Av(t) (2)

ñ îïåðàòîðîì A = L−1M ∈ Cl(U) èëè A = ML−1 ∈ Cl(F). Ðàçðåøèìîñòü
çàäà÷è Êîøè äëÿ òàêîãî óðàâíåíèÿ òðàäèöèîííî èññëåäóåòñÿ ìåòîäàìè òå-

îðèè ïîëóãðóïï îïåðàòîðîâ [6; 7]. Ôóíäàìåíòàëüíûì ðåçóëüòàòîì ýòîé òå-

îðèè ÿâëÿåòñÿ òåîðåìà î íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèÿõ íà èíôè-

íèòåçèìàëüíûé ãåíåðàòîð A ïîëóãðóïïû ñîîòâåòñòâóþùåãî êëàññà. Â äàí-

íîé ðàáîòå íàñ áóäóò èíòåðåñîâàòü ñèëüíî íåïðåðûâíûå ãðóïïû îïåðàòîðîâ.

∗
Ðàáîòà ïîääåðæàíà Ãîñóäàðñòâåííîé íàó÷íîé ñòèïåíäèåé äëÿ ìîëîäûõ ó÷åíûõ,

ãðàíòîì äëÿ ìîëîäûõ ó÷åíûõ Ïðàâèòåëüñòâà ×åëÿáèíñêîé îáëàñòè è ãðàíòîì Ìèíîáðà-

çîâàíèÿ Ðîññèè (øèôð PD02-1.1-82) íà ïðîâåäåíèå ìîëîäûìè ó÷åíûìè íàó÷íûõ èññëå-

äîâàíèé â âåäóùèõ íàó÷íî-ïåäàãîãè÷åñêèõ êîëëåêòèâàõ.
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Ïîðîæäåíèå îïåðàòîðîì A òàêîé ãðóïïû îçíà÷àåò ðàçðåøèìîñòü êëàññè÷å-

ñêîé çàäà÷è Êîøè v(0) = v0, v0 ∈ domA, äëÿ óðàâíåíèÿ (2) íà âñåé äåé-

ñòâèòåëüíîé ïðÿìîé R. Òåîðåìà î ãåíåðàòîðàõ ñèëüíî íåïðåðûâíûõ ãðóïï

îïåðàòîðîâ â ñëó÷àå áàíàõîâûõ ïðîñòðàíñòâ äîêàçàíà â [6]. Ïðàêòè÷åñêè

ïàðàëëåëüíî ñ òåîðèåé ïîëóãðóïï îïåðàòîðîâ â áàíàõîâûõ ïðîñòðàíñòâàõ

ðàçâèâàëàñü àíàëîãè÷íàÿ òåîðèÿ äëÿ ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ, äëÿ

êîòîðûõ ñîîòâåòñòâóþùàÿ òåîðåìà äîêàçàíà â ìîíîãðàôèè Ê.Èîñèäû [7].

Îòìåòèì, ÷òî ó íàñ, êàê è â [7, ñ. 349], ðå÷ü ïîéäåò îá ýêñïîíåíöèàëü-

íî îãðàíè÷åííûõ ñèëüíî íåïðåðûâíûõ ãðóïïàõ, êîòîðûå âêëþ÷àþò â ñåáÿ

êëàññû ðàâíîñòåïåííî íåïðåðûâíûõ [7, ñ. 347] è ëîêàëüíî ðàâíîñòåïåííî

íåïðåðûâíûõ ãðóïï [8; 9].

Ïîëóãðóïïû ðàçëè÷íûõ êëàññîâ, ðàçðåøàþùèå óðàâíåíèå (1) â áàíà-

õîâîì ïðîñòðàíñòâå, èññëåäóþòñÿ ìíîãèìè àâòîðàìè. Èõ õàðàêòåðíîé ÷åð-

òîé ÿâëÿåòñÿ íàëè÷èå íåòðèâèàëüíîãî ÿäðà ó ïîëóãðóïïû, ïîä êîòîðûì

ïîäðàçóìåâàåòñÿ ÿäðî ïðîåêòîðà, ÿâëÿþùåãîñÿ åå åäèíèöåé. Ìåòîäû, èñ-

ïîëüçóåìûå â ðàáîòàõ [1; 5; 10; 11], ïîçâîëÿþò ðàññìàòðèâàòü ïîëóãðóïïû

(èëè ãðóïïû), âûðîæäàþùèåñÿ íå òîëüêî íà ÿäðå îïåðàòîðà L, íî òàêæå è

íà M -ïðèñîåäèíåííûõ âåêòîðàõ îïåðàòîðà L âûñîòû íå áîëüøå p. Ãëàâíîé

öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïåðåíåñåíèå ìåòîäîâ [7] èññëåäîâàíèÿ íåâû-

ðîæäåííûõ ãðóïï â ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâàõ íà ñëó÷àé ãðóïï

óðàâíåíèÿ (1), êàê ýòî ñäåëàíî â [10] äëÿ ñèëüíî íåïðåðûâíûõ ïîëóãðóïï

îïåðàòîðîâ, è îáîáùèòü íà ñëó÷àé ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ ðåçóëü-

òàòû [11] î ñèëüíî íåïðåðûâíûõ ãðóïïàõ óðàâíåíèÿ ñîáîëåâñêîãî òèïà â

áàíàõîâûõ ïðîñòðàíñòâàõ.

2. Ñèëüíî íåïðåðûâíûå ãðóïïû îïåðàòîðîâ êëàññà (C0) è èõ
ãåíåðàòîðû

Ñôîðìóëèðóåì òåîðåìó Èîñèäû î ãåíåðàòîðàõ ñèëüíî íåïðåðûâíûõ

ãðóïï â ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâàõ [7]. Ïóñòü V � ñåêâåíöèàëüíî

ïîëíîå ëîêàëüíî âûïóêëîå ïðîñòðàíñòâî, à îïåðàòîð A ∈ Cl(V). Îáîçíà÷èì
÷åðåç ρ(A) ðåçîëüâåíòíîå ìíîæåñòâî îïåðàòîðà A, ÷åðåç Rµ(A), µ ∈ ρ(A), �
ðåçîëüâåíòó (µI − A)−1 ∈ L(V) îïåðàòîðà A. Òàêæå áóäåì èñïîëüçîâàòü

îáîçíà÷åíèÿ Ra = {µ ∈ R : |µ| > a}.
Ïóñòü X � íåêîòîðîå ìíîæåñòâî èíäåêñîâ, V,W � ëîêàëüíî âûïóêëûå

ïðîñòðàíñòâà. Áóäåì ãîâîðèòü, ÷òî ñåìåéñòâî îïåðàòîðîâ {Φ(x) ∈ L(V;W) :
x ∈ X} ðàâíîñòåïåííî íåïðåðûâíî, åñëè äëÿ ëþáîé íåïðåðûâíîé íà W

ïîëóíîðìû r(·) ñóùåñòâóåò íåïðåðûâíàÿ íà V ïîëóíîðìà q(·), òàêàÿ, ÷òî
äëÿ âñåõ x ∈ X, v ∈ V r(Φ(x)v) ≤ q(v).
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Îïðåäåëåíèå 1. Îïåðàòîð A ∈ Cl(V), óäîâëåòâîðÿþùèé óñëîâèÿì

(i) ∃a ≥ 0 Ra ⊂ ρ(A);

(ii) ðàâíîñòåïåííî íåïðåðûâíî ñåìåéñòâî îïåðàòîðîâ

{(Rµ(M) (|µ| − a))n : µ ∈ Ra, n ∈ N} ,

áóäåì íàçûâàòü áèðàäèàëüíûì.

Ãðóïïîé ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ íàçûâàåòñÿ ñåìåéñòâî

îïåðàòîðîâ {V (t) ∈ L(V) : t ∈ R}, òàêîå, ÷òî äëÿ âñåõ s, t ∈ R V (s)V (t)
= V (s + t). Ãðóïïó {V (t) : t ∈ R} íàçîâåì ýêñïîíåíöèàëüíî îãðàíè-

÷åííîé ñ êîíñòàíòîé a ∈ R, åñëè ðàâíîñòåïåííî íåïðåðûâíî ñåìåéñòâî

îïåðàòîðîâ {e−a|t|V (t) : t ∈ R}. Ãðóïïà îïåðàòîðîâ íàçûâàåòñÿ (C0)-
íåïðåðûâíîé èëè ñèëüíî íåïðåðûâíîé êëàññà (C0), åñëè îíà ñèëüíî íåïðå-

ðûâíà è s- lim
t→0

V (t) = I.

Îïåðàòîð A íàçûâàåòñÿ èíôèíèòåçèìàëüíûì ãåíåðàòîðîì ãðóïïû

{V (t) ∈ L(V) : t ∈ R}, åñëè

Av = lim
t→0

V (t)v − v

t
,

ïðè ýòîì îïåðàòîð îïðåäåëåí íà òàêèõ âåêòîðàõ v, ïðè êîòîðûõ óêàçàííûé

ïðåäåë ñóùåñòâóåò.

Çàìå÷àíèå 1. Èíôèíèòåçèìàëüíûé ãåíåðàòîð ìû äëÿ êðàòêîñòè èíîãäà

áóäåì íàçûâàòü ãåíåðàòîðîì. Âûðàæåíèå "îïåðàòîð A ïîðîæäàåò ãðóïïó

{V (t) : t ∈ R}" áóäåò îçíà÷àòü, ÷òî A � ãåíåðàòîð ãðóïïû.

Ðåøåíèåì óðàâíåíèÿ (2) íàçîâåì ôóíêöèþ v(t) ∈ C1(R;V), óäîâëå-
òâîðÿþùóþ ýòîìó óðàâíåíèþ ïðè t ∈ R. Ãðóïïó îïåðàòîðîâ {V (t) ∈ L(V) :
t ∈ R} áóäåì íàçûâàòü ðàçðåøàþùåé ãðóïïîé óðàâíåíèÿ (2), åñëè äëÿ ëþ-

áîãî v0 èç íåêîòîðîãî ïëîòíîãî â V ìíîæåñòâà
◦
V ôóíêöèÿ v(t) = V (t)v0

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ.

Òåîðåìà 1 (Èîñèäà). Îïåðàòîð À ïîðîæäàåò ýêñïîíåíöèàëüíî îãðàíè÷åí-

íóþ ñ êîíñòàíòîé a ∈ R (C0)-íåïðåðûâíóþ ãðóïïó òîãäà è òîëüêî òîãäà,

êîãäà îí áèðàäèàëåí ñ òîé æå êîíñòàíòîé a. Ïðè ýòîì ãðóïïà ÿâëÿåòñÿ

ðàçðåøàþùåé äëÿ óðàâíåíèÿ (2) (íà ìíîæåñòâå
◦
V= domA).
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3. Âûðîæäåííûå ñèëüíî íåïðåðûâíûå ãðóïïû

Ââåäåì îáîçíà÷åíèÿ ρL(M) = {µ ∈ C : (µL − M)−1 ∈ L(F;U)},
σL(M) = C \ ρL(M), RL

µ(M) = (µL − M)−1L, LL
µ(M) = L(µL − M)−1,

RL
(λ,p)(M) =

p∏
k=0

RL
λk

(M), LL
(λ,p)(M) =

p∏
k=0

LL
λk

(M).

Çàìå÷àíèå 2. Çàìåòèì, ÷òî åñëè ker L ∩ ker M 6= {0}, òî ρL(M) = ∅.
Çàìå÷àíèå 3. Ïóñòü îïåðàòîð L íåïðåðûâíî îáðàòèì, òîãäà ρL(M) =
ρ(L−1M) = ρ(ML−1).

Äîêàçàòåëüñòâî ñëåäóþùåé ëåììû ìîæíî íàéòè â [1].

Ëåììà 1. (i) ker RL
(λ,p)(M) åñòü ëèíåéíàÿ îáîëî÷êà ìíîæåñòâà

M -ïðèñîåäèíåííûõ âåêòîðîâ îïåðàòîðà L âûñîòû íå áîëüøåé p,

imRL
(λ,p)(M) = imRL

(µ,p)(M);

(ii) ker LL
(λ,p)(M) = {Mϕ : ϕ ∈ ker RL

(λ,p)(M) ∩ domM},
imLL

(λ,p)(M) = imLL
(µ,p)(M).

Ïóñòü U0 = ker RL
(µ,p)(M), F0 = ker LL

(µ,p)(M), Um+1 = imRL
(µ,p+m)(M),

Fm+1 = imLL
(µ,p+m)

(M), m ∈ N0 = {0} ∪ N, Lk = L

∣∣∣∣
Uk

, Mk = M

∣∣∣∣
domMk

,

domMk = domM ∩ Uk, k = 0, 1, Ũ = U0+̇imRL
(µ,p)(M), F̃ = F0+̇imLL

(µ,p)(M).
Âñå çàìûêàíèÿ áåðóòñÿ â òîïîëîãèè ïðîñòðàíñòâà U èëè F ñîîòâåòñòâåííî.

Îáîçíà÷èì ïðè a ∈ R Na = Ra ∩ N.

Îïðåäåëåíèå 2. Îïåðàòîð M íàçûâàåòñÿ (L, p)-áèðàäèàëüíûì, åñëè
(i) ∃a ≥ 0 Ra ⊂ ρL(M);
(ii) ðàâíîñòåïåííî íåïðåðûâíû ñåìåéñòâà îïåðàòîðîâ

{(
RL

(µ,p)(M)
p∏

k=0

(|µk| − a)

)n

: µ = (µ0, . . . , µp) ∈ R
p+1
a , n ∈ N

}
,

{(
LL

(µ,p)(M)
p∏

k=0

(|µk| − a)

)n

: µ = (µ0, . . . , µp) ∈ R
p+1
a , n ∈ N

}
.

Çàìå÷àíèå 4. Îïðåäåëåíèå 2 îáîáùàåò íà ñëó÷àé ëîêàëüíî âûïóêëûõ ïðî-

ñòðàíñòâ àíàëîãè÷íîå îïðåäåëåíèå, ââåäåííîå â [11], äëÿ ñëó÷àÿ áàíàõîâûõ

ïðîñòðàíñòâ.
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Çàìå÷àíèå 5. Åñëè ñóùåñòâóåò îïåðàòîð L−1 ∈ L(F;U), à îïåðàòîð L−1M

áèðàäèàëåí (èëè, ÷òî ðàâíîñèëüíî, áèðàäèàëåí îïåðàòîð ML−1), òî îïåðà-

òîð M (L, p)-áèðàäèàëåí. Ïðè p = 0 âåðíî îáðàòíîå.

Çàìå÷àíèå 6. (L, p)-áèðàäèàëüíîñòü îïåðàòîðà M ðàâíîñèëüíà (L, p)-
ðàäèàëüíîñòè îïåðàòîðîâ M è −M , îïðåäåëåíèå êîòîðîé äëÿ ñëó÷àÿ ëî-

êàëüíî âûïóêëûõ ïðîñòðàíñòâ ââåäåíî â [10].

Èç ïðåäûäóùåãî çàìå÷àíèÿ è ðåçóëüòàòîâ [10] ñëåäóåò

Ëåììà 2. Ïóñòü îïåðàòîð M (L, p)-áèðàäèàëåí. Òîãäà
(i) äëèíû âñåõ öåïî÷åê M -ïðèñîåäèíåííûõ âåêòîðîâ îïåðàòîðà L îãðà-

íè÷åíû ÷èñëîì p;
(ii) ñóùåñòâóåò îïåðàòîð M−1

0 ∈ L(F0;U0), à îïåðàòîðû H = M−1
0 L0,

J = L0M
−1
0 íèëüïîòåíòíû ñòåïåíè íå áîëüøå p;

(iii) lim
µ→±∞(µRL

µ(M))p+1u = u ∀u ∈ U1;

lim
µ→±∞(µLL

µ(M))p+1f = f ∀f ∈ F1;

(iv) Ũ = U0 ⊕ U1, F̃ = F0 ⊕ F1.

Ëåììà 3. Ïóñòü îïåðàòîð M (L, p)-áèðàäèàëåí. Òîãäà Um = U1, Fm = F1,

m ∈ N.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî Um ⊂ U1. Âîçüìåì u ∈ U1, òîãäà ñóùåñòâó-

åò ïîñëåäîâàòåëüíîñòü {un} ⊂ imRL
(µ,p)(M), ñõîäÿùàÿñÿ ê u. Ðàññìîòðèì

ïîñëåäîâàòåëüíîñòü âèäà {vn = (nRL
n(M))k(p+1)un}, êîòîðàÿ â ñèëó ëåììû

1 ïðè äîñòàòî÷íî áîëüøîì k ∈ N ëåæèò â im(RL
µ(M))p+m−1. Òàê êàê

r(vn − u) ≤ r((nRL
n(M))k(p+1)(un − u))+

+
k∑

l=1

r((nRL
n(M))(l−1)(p+1)((nRL

n(M))(p+1)u− u)) ≤

≤ (1− a/n1)−k(p+1)q(un − u) +
k∑

l=1

(1− a/n1)(1−l)(p+1)q((nRL
n(M))p+1u− u),

n1 = min Na∩R+, òî â ñèëó ëåììû 2 (iii) ïîëó÷àåì âêëþ÷åíèå U1 ⊂ Um.

Ëåììà 4. Ïóñòü îïåðàòîð M (L, p)-áèðàäèàëåí. Òîãäà ñåìåéñòâî îïåðà-
òîðîâ {µ−p(µL−M)−1 : µ ∈ Rε|a|} ïðè ε > 1 ðàâíîñòåïåííî íåïðåðûâíî.
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Äîêàçàòåëüñòâî. Âîçüìåì µ1 = (1+ε)|a|
2 è ïî èíäóêöèè ïîëó÷èì

(µL−M)−1= (µ1L−M)−1 + (µ1 − µ)RL
µ(M)(µ1L−M)−1 = · · · =

=
p∑

k=0

(µ1 − µ)k(RL
µ1

(M))k(µ1L−M)−1+

+(µ1 − µ)p+1RL
µ(M)(RL

µ1
(M))p(µ1L−M)−1.

Èç (L, p)-áèðàäèàëüíîñòè îïåðàòîðà M ñëåäóåò, ÷òî ïðè âñåõ µ ∈ Rµ1 äëÿ

ëþáîé íåïðåðûâíîé â U ïîëóíîðìû q(·) ñóùåñòâóþò íåïðåðûâíûå â F ïî-

ëóíîðìû rk(·), k = 0, 1, . . . , p + 1, ÷òî

q(µ−p(µL−M)−1f) ≤
p∑

k=0

|µ|k−p

(
1− µ1

µ

)k

×

×q((RL
µ1

(M))k(µ1L−M)−1f) + (µ1 − a)−p

∣∣∣∣µ− µ1

µ− a

∣∣∣∣
(

1− µ1

µ

)p

×

×q((µ− a)(µ1 − a)pRL
µ(M)(RL

µ1
(M))p(µ1L−M)−1f) ≤

p+1∑
k=0

ckrk(f) = r(f).

Ïîíÿòíî, ÷òî r(·) � íåïðåðûâíàÿ â F ïîëóíîðìà.

Ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì âåêòîð-ôóíêöèþ u ∈ C1(R;U), óäî-
âëåòâîðÿþùóþ (1) ïðè t ∈ R. Íàðÿäó ñ óðàâíåíèåì (1) íàì ïîíàäîáèòñÿ

ýêâèâàëåíòíîå åìó ïðè α ∈ ρL(M) óðàâíåíèå

LL
α(M)

d

dt
f(t) = M(αL−M)−1f(t). (3)

Òåîðåìà 2. Ïóñòü îïåðàòîð M (L, p)-áèðàäèàëåí. Òîãäà ñóùåñòâóåò ýêñ-

ïîíåíöèàëüíî îãðàíè÷åííàÿ ñ êîíñòàíòîé a ñèëüíî íåïðåðûâíàÿ ðàçðåøà-

þùàÿ ãðóïïà óðàâíåíèÿ (1) ((3)), ðàññìàòðèâàåìîãî íà ïîäïðîñòðàíñòâå Ũ

(F̃).

Äîêàçàòåëüñòâî. Ñ ó÷åòîì çàìå÷àíèÿ 6 è ðåçóëüòàòîâ [10] êîððåêòíî îïðå-

äåëåííûìè ÿâëÿþòñÿ ïîëóãðóïïû îïåðàòîðîâ, îïðåäåëåííûõ ïðè t ≥ 0,

U+(t) = s- lim
µ→+∞ e−

(µ−a)
p+1

t+at
∞∑

k=0

tk

k!

(
(µ− a)p+2

p + 1
(RL

µ (M))p+1

)k

∈ L(U1),

U−(t) = s- lim
µ→−∞ e

(µ+a)
p+1

t+at
∞∑

k=0

tk

k!

(−(µ + a)p+2

p + 1
(RL

µ(M))p+1

)k

∈ L(U1).
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Èñêîìîé ãðóïïîé óðàâíåíèÿ (1) ÿâëÿåòñÿ ñåìåéñòâî îïåðàòîðîâ

{U(t) ∈ L(Ũ) : U(t) = U+(t), t ≥ 0; U(t) = U−(−t), t ≤ 0}.
Äîêàçûâàåòñÿ ýòî òàê æå, êàê è â ñëó÷àå áàíàõîâûõ ïðîñòðàíñòâ [11]. Ïëîò-

íûì ìíîæåñòâîì, íà êîòîðîì ãðóïïà äàåò ðåøåíèå óðàâíåíèÿ, ÿâëÿåòñÿ

U0+̇im(RL
µ(M))p+2. Ðàçðåøàþùàÿ ãðóïïà óðàâíåíèÿ (3) ñòðîèòñÿ àíàëîãè÷-

íî ñ ïîìîùüþ ëåâûõ L-ðåçîëüâåíò LL
µ(M).

Òåîðåìà 3. Ïóñòü ïðîñòðàíñòâî U (F) ïîëóðåôëåêñèâíî, à îïåðàòîð M

(L, p)-áèðàäèàëåí. Òîãäà U = U0 ⊕ U1 (F = F0 ⊕ F1).

Äîêàçàòåëüñòâî. Âîçüìåì ïðîèçâîëüíûé âåêòîð u ∈ U. Èç (L, p)-
áèðàäèàëüíîñòè îïåðàòîðà M ñëåäóåò, ÷òî äëÿ ëþáîé íåïðåðûâíîé ïîëó-

íîðìû q(·) ñóùåñòâóåò íåïðåðûâíàÿ íà ïðîñòðàíñòâå U ïîëóíîðìà r(·), òà-
êàÿ, ÷òî ñðàçó äëÿ âñåõ k ∈ Na q

(
((k − a)RL

k (M))p+1u
) ≤ r(u). Òàêèì îá-

ðàçîì, ìíîæåñòâî Au = {((k − a)RL
k (M))p+1u : k ∈ N} ⊂ U îãðàíè÷åíî.

Èç ïîëóðåôëåêñèâíîñòè ïðîñòðàíñòâà U ñëåäóåò, ÷òî Au ñëàáî êîìïàêòíî

[7, ñ.199, òåîðåìà 1]. Ïîýòîìó èç ëþáîé åãî îáîáùåííîé ïîñëåäîâàòåëüíîñòè

ìîæíî âûáðàòü ñëàáî ñõîäÿùóþñÿ ê âåêòîðó èçAu îáîáùåííóþ ïîäïîñëåäî-

âàòåëüíîñòü. Â ÷àñòíîñòè, èç ïîñëåäîâàòåëüíîñòè Au ⊂ U1 âûáåðåì ïîäïî-

ñëåäîâàòåëüíîñòü {((kn − a)RL
kn

(M))p+1u}, ñëàáî ñõîäÿùóþñÿ ê íåêîòîðîìó

âåêòîðó v ∈ Au. Èç çàìêíóòîñòè ëèíåéíîãî ïîäïðîñòðàíñòâà U1 ñëåäóåò åãî

ñëàáàÿ çàìêíóòîñòü [7, ñ.180, òåîðåìà 11], ïîýòîìó v ∈ U1.

Ïóñòü vn = ((kn−a)RL
kn

(M))p+1u−v, òîãäà w- lim
n→∞ vn = 0. Ðàññìîòðèì

s- lim
n→∞(RL

µ(M))p+1vn = s- lim
n→∞((kn − a)RL

kn
(M))p+1(RL

µ(M))p+1u−

−(RL
µ(M))p+1v = (RL

µ(M))p+1(u− v)

ñîãëàñíî ëåììå 2 (iii). Äëÿ ëþáîãî ýëåìåíòà ñîïðÿæåííîãî ê U ïðîñòðàíñòâà

u′ ∈ U′ u′((RL
µ (M))p+1vn) = v′(vn), ãäå v′ ∈ U′. Îòñþäà

w- lim
n→∞(RL

µ(M))p+1vn = 0 = (RL
µ(M))p+1(u− v),

çíà÷èò, u− v ∈ U0. Òåîðåìà äîêàçàíà.

4. Ôàçîâûå ïðîñòðàíñòâà

Ïóñòü U � ñåêâåíöèàëüíî ïîëíîå ëîêàëüíî âûïóêëîå ïðîñòðàíñòâî,

ôóíêöèè u : R → U, w : R → C. Èõ ñâåðòêîé íàçûâàåòñÿ èíòåãðàë Ðèìàíà∫
R

u(s)w(t− s)ds = u ∗ w : R → U.



204 Â.Å. Ôåäîðîâ

Ñðàçó îòìåòèì ñèìììåòðè÷íîñòü ñâåðòêè â ñëåäóþùåì ñìûñëå:

u ∗ w =
∫
R

w(s)u(t− s)ds = w ∗ u.

Íèæíèé èíäåêñ "íîëü" ïðè îáîçíà÷åíèè ôóíêöèîíàëüíîãî ïðîñòðàí-

ñòâà áóäåò îáîçíà÷àòü ôèíèòíîñòü âõîäÿùèõ â íåãî ôóíêöèé. Ñèìâîëîì D

áóäåì îáîçíà÷àòü îïåðàòîð äèôôåðåíöèðîâàíèÿ.

Ëåììà 5. Ïóñòü ôóíêöèè w ∈ Cm
0 (R; C), u ∈ Cn((a, b);U),

supp u(t) ⊂ [a, b]. Òîãäà ôóíêöèÿ u ∗ w ∈ Cm+n
0 (R;U), ïðè÷åì Dk(u ∗ w) =

u ∗Dkw, k ≤ m ∈ N0, Dl(u ∗ w) = Dlu ∗ w, l ≤ n ∈ N0.

Àïïðîêñèìàòèâíîé åäèíèöåé ïðè α → α0 áóäåì íàçûâàòü ñåìåéñòâî

íåîòðèöàòåëüíûõ ôóíêöèé {4α : R → R;α ∈ A}, òàêèõ, ÷òî, âî-ïåðâûõ,
ïðè ëþáîì α ∈ A ∫

R

4α(s)ds = 1, à âî-âòîðûõ, äëÿ ëþáîé îêðåñòíîñòè O
íóëÿ lim

α→α0

∫
O
4α(s)ds = 1.

Ëåììà 6. Ïóñòü ôóíêöèÿ u : R → U îãðàíè÷åíà, A ⊂ R, α0 ∈ A, {4α :
R → R, α ∈ A} � àïïðîêñèìàòèâíàÿ åäèíèöà ïðè α → α0. Åñëè ïðè ëþáîì

α ∈ A ñâåðòêà u∗4α ñóùåñòâóåò è ôóíêöèÿ u(t) íåïðåðûâíà íà èíòåðâàëå
(a, b), òî u ∗ 4α(t) ïîòî÷å÷íî ñõîäèòñÿ ê u(t) íà (a, b) ïðè α → α0.

Äîêàçàòåëüñòâà ïðåäûäóùèõ äâóõ ëåìì ñîâïàäàþò ñ äîêàçàòåëüñòâà-

ìè ëåìì 1.1, 1.2 [12] ñ òî÷íîñòüþ äî çàìåíû íîðìû íà ïðîèçâîëüíóþ íåïðå-

ðûâíóþ ïîëóíîðìó â ïðîñòðàíñòâå U.

Ëåììà 7. (i) Åñëè ôóíêöèÿ u ∈ C([0, T ];U) ∩ C1((0, T ];U) óäîâëåòâîðÿåò
óðàâíåíèþ (1) íà èíòåðâàëå (0, T ], òî ïðè µ ∈ ρL(M)

t∫
0

e−µτu(τ)dτ = RL
µ(M)(u(0) − e−µtu(t)); (4)

(ii) åñëè ôóíêöèÿ f ∈ C([0, T ];F) ∩ C1((0, T ];F) óäîâëåòâîðÿåò óðàâ-

íåíèþ (3) íà èíòåðâàëå (0, T ], òî ïðè µ ∈ ρL(M)

t∫
0

e−µτf(τ)dτ = LL
µ(M)(f(0) − e−µtf(t)). (5)
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Äîêàçàòåëüñòâî. (i) Ââèäó íåïðåðûâíîé äèôôåðåíöèðóåìîñòè u(t) ïðè t >

0 è íåïðåðûâíîñòè îïåðàòîðà L, èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì

L

t∫
ε

e−µτu(τ)dτ = −e−µτ

µ
Lu(τ)

∣∣∣∣
t

ε

+
1
µ

t∫
ε

e−µτMu(τ)dτ.

Óñòðåìèì ε → 0+ è èñïîëüçóåì çàìêíóòîñòü îïåðàòîðà M , òîãäà

µL

t∫
0

e−µτu(τ)dτ = −e−µtLu(t) + Lu(0) + M

t∫
0

e−µτu(τ)dτ.

Åñëè µ ∈ ρL(M), òî ïîëó÷èì òðåáóåìîå.

(ii) äîêàçûâàåòñÿ àíàëîãè÷íî ñ èñïîëüçîâàíèåì çàìåíû u(t) = (αL −
M)−1f(t).

Ëåììà 8 [13]. Ïóñòü ϕ ∈ L((0, T );U) è äëÿ ëþáîé íåïðåðûâíîé â ïðîñòðàí-
ñòâå U ïîëóíîðìû q(·)

lim
µ→+∞

ln q

(
T∫
0

eµsϕ(s)ds

)

µ
≤ h < T.

Òîãäà ϕ(s) = 0 ïî÷òè âñþäó íà [h, T ].

Çàôèêñèðóåì ïðîèçâîëüíîå T > 0 è áóäåì ðàññìàòðèâàòü óðàâíåíèå

(1) è åãî ðåøåíèÿ íà èíòåðâàëå (−T, T ).

Îïðåäåëåíèå 3. Çàìêíóòîå ìíîæåñòâî P ⊂ U íàçûâàåòñÿ ôàçîâûì ïðî-

ñòðàíñòâîì óðàâíåíèÿ (1), åñëè

(i) ëþáîå ðåøåíèå u = u(t) óðàâíåíèÿ (1) ëåæèò â P, ò. å. u(t) ∈ P

∀t ∈ (−T, T );

(ii) äëÿ ëþáîãî u0 èç íåêîòîðîãî ïëîòíîãî â P ìíîæåñòâà
◦
P ñóùåñòâó-

åò åäèíñòâåííîå ðåøåíèå çàäà÷è u(0) = u0 äëÿ óðàâíåíèÿ (1).

Òåîðåìà 4. Ïóñòü T1 < T2. Òîãäà äëÿ ëþáîé ôóíêöèè u ∈ C1((T1, T2);U)
(f ∈ C1((T1, T2);F)), óäîâëåòâîðÿþùåé óðàâíåíèþ (1) ((3)) íà èíòåðâà-

ëå (T1, T2), èìååì äëÿ âñåõ t ∈ (T1, T2) u(t) ∈
∞⋂

s=0
imRL

(µ,s)(M) (f(t) ∈
∞⋂

s=0
imLL

(µ,s)(M)).
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Äîêàçàòåëüñòâî. Ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì äàííîé òåîðåìû, â

ïðåäåëàõ ýòîãî äîêàçàòåëüñòâà äëÿ êðàòêîñòè áóäåì íàçûâàòü ðåøåíèÿìè

óðàâíåíèÿ (1) èëè óðàâíåíèÿ (3) ñîîòâåòñòâåííî.

Ïóñòü u ∈ C∞((T1, T2);U) � ðåøåíèå óðàâíåíèÿ (1). Òîãäà u =
RL

α(M) (α− d/dt) u. Ïî èíäóêöèè ëåãêî äîêàçàòü, ÷òî ïðè ëþáîì k ∈ N

u = (RL
α(M))k

k∑
m=0

(−1)mCm
k αk−m dm

dtm
u = (RL

α(M))k
(

α− d

dt

)k

u.

Ñëåäîâàòåëüíî, u(t) ∈
∞⋂

s=0
imRL

(µ,s)(M) ⊂
∞⋂

s=0
imRL

(µ,s)(M) ∀t ∈ (T1, T2).

Ðàññìîòðèì ôóíêöèþ ϕ(t), ðàâíóþ ke−(1−t2)−1
ïðè |t| < 1 è ðàâ-

íóþ íóëþ ïðè |t| ≥ 1. Êîýôôèöèåíò k =
(∫ 1

−1 e−(1−s2)−1
ds
)−1

. Íåòðóä-

íî óáåäèòüñÿ, ÷òî ϕ ôèíèòíà è áåñêîíå÷íî äèôôåðåíöèðóåìà, à {4α =
α−1ϕ(α−1t) : α > 0} � àïïðîêñèìàòèâíàÿ åäèíèöà ïðè α → 0+.

Äîîïðåäåëèì ðåøåíèe u ∈ C1((T1, T2);U) ñ îòðåçêà [T1 + ε, T2 − ε] ïðè
ìàëîì ε > 0 íóëåâîé ôóíêöèåé íà âñþ ïðÿìóþ. Âîçüìåì T > 0 è äîñòàòî÷íî
ìàëîå α, ÷òîáû 4α(s) = 0 ïðè |s| ≥ T . Äåéñòâóÿ, êàê ïðè äîêàçàòåëüñòâå

òåîðåìû 2.1 [12], íåòðóäíî ïîêàçàòü, ÷òî ñâåðòêè äîîïðåäåëåííîãî ðåøåíèÿ

óðàâíåíèÿ (1) ñ ôóíêöèÿìè 4α áóäóò ðåøåíèÿìè óðàâíåíèÿ (1) ïðè t ∈
[T1 + ε, T2 − ε], ò. å.

L(u ∗ 4α)t = L
d

dt

T2+T∫
T1−T

u(s)4α(t− s)ds = M(u ∗ 4α).

Ñîãëàñíî ëåììå 5 u ∗ 4α ∈ C∞
0 (R;U), òàê êàê 4α � áåñêîíå÷íî äèô-

ôåðåíöèðóåìûå ôóíêöèè. Äîîïðåäåëåííûå íóëåì ñ îòðåçêà [T1 + ε, T2 − ε]
ðåøåíèÿ u(·) îãðàíè÷åíû è íåïðåðûâíû íà (T1 +ε, T2−ε), ïîýòîìó ñîãëàñíî
ëåììå 6 ïîëó÷àåì, ÷òî áåñêîíå÷íî äèôôåðåíöèðóåìûå ðåøåíèÿ u ∗ 4α íà

èíòåðâàëå (T1 + ε, T2 − ε) ïîòî÷å÷íî ñòðåìÿòñÿ ê 1 ðàç íåïðåðûâíî äèô-

ôåðåíöèðóåìîìó ðåøåíèþ u(·) ïðè α → 0+. Â ñèëó ïðîèçâîëüíîñòè ε > 0
ìíîæåñòâî {u(t) : t ∈ (T1, T2), u(·) ðåøåíèå èç C∞((T1, T2);U)} ïëîòíî â

{u(t) : t ∈ (T1, T2), u(·) ðåøåíèå èç C1((T1, T2);U)}. Ïîýòîìó äëÿ ðåøåíèé

èç êëàññà C1((T1, T2);U) òàêæå èìååì u(t) ∈
∞⋂

s=0
imRL

(µ,s)(M) ïðè t ∈ (T1, T2).

Äëÿ ðåøåíèé óðàâíåíèÿ (3) òåîðåìà äîêàçûâàåòñÿ àíàëîãè÷íî.

Òåîðåìà 5. Ïóñòü îïåðàòîð M (L, p)-áèðàäèàëåí. Òîãäà U1 (F1) åñòü

ôàçîâîå ïðîñòðàíñòâî óðàâíåíèÿ (1) ((3)).
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Äîêàçàòåëüñòâî. Âêëþ÷åíèÿ è ðàâåíñòâà

∞⋂
s=0

imRL
(µ,s)(M) ⊂

∞⋂
s=0

imRL
(µ,s)(M) =

∞⋂
s=0

imRL
(µ,s)(M) = U1

ñëåäóþò èç ñâîéñòâ çàìêíóòûõ ìíîæåñòâ è ëåììû 3. Ïîýòîìó u(t) ∈ U1 ïðè

âñåõ t ∈ (−T, T ) â ñèëó ïðåäûäóùåé òåîðåìû (T1 = −T , T2 = T ).

Óñòàíîâèì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè. Èç (4) äëÿ ðåøåíèÿ

u(t) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåãî óñëîâèþ u(0) = 0, ïðè t = T ïîëó÷èì

RL
µ(M)u(T ) =

T∫
0

eµ(T−τ)u(τ)dτ =

T∫
0

eµsu(T − s)ds.

Ñîãëàñíî ëåììå 6 äëÿ ϕ(s) = u(T − s), s ∈ (0, T ), è äëÿ ëþáîé íåïðåðûâíîé

â U ïîëóíîðìû q(·) ñóùåñòâóåò íåïðåðûâíàÿ â F ïîëóíîðìà r(·), ÷òî

lim
µ→+∞

ln q

(
T∫
0

eµsϕ(s)ds

)

µ
≤ lim

µ→+∞
ln µp + ln r (Lu(T ))

µ
= 0.

Îòñþäà ïî ëåììå 8 u(t) = 0 ïî÷òè âñþäó íà (0, T ). À òàê êàê u(·) � íåïðå-
ðûâíàÿ ôóíêöèÿ íà (−T, T ), òî u(t) = 0 ïðè âñåõ t ∈ [0, T ). Ðàññìîòðèì
ôóíêöèþ v(t) = u(−t) íà [0, T ). Ïîíÿòíî, ÷òî v(t) åñòü ðåøåíèå óðàâíåíèÿ
L d

dtv(t) = −Mv(t) íà ýòîì îòðåçêå. Èç çàìå÷àíèÿ 6 ñëåäóåò, ÷òî îïåðàòîð

−M òàêæå (L, p)-áèðàäèàëåí. Ïîýòîìó v(t) = 0 ïðè t ∈ [0, T ). Ýòî îçíà÷àåò,
÷òî u(t) = 0 ïðè t ∈ (−T, 0].

Îòñþäà ïîëó÷àåì åäèíñòâåííîñòü çàäà÷è çàäà÷è Êîøè ñ ëþáûì íà-

÷àëüíûì çíà÷åíèåì. Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ

(1) íà ïëîòíîì â U1 ìíîæåñòâå im(RL
µ(M))p+2 ñëåäóåò èç òåîðåìû 2.

Äëÿ óðàâíåíèÿ (3) òåîðåìà äîêàçûâàåòñÿ àíàëîãè÷íî. Ïðè ýòîì äëÿ

äîêàçàòåëüñòâà åäèíñòâåíîñòè èñïîëüçóåòñÿ òîæäåñòâî (5).

Çàìå÷àíèå 7. Èç åäèíñòâåíîñòè ðåøåíèÿ çàäà÷è Êîøè ñëåäóåò åäèíñòâåí-

íîñòü ðàçðåøàþùåé ãðóïïû.

5. Ñèëüíî (L, p)-áèðàäèàëüíûé îïåðàòîð

Îïðåäåëåíèå 4. Îïåðàòîð M íàçûâàåòñÿ ñèëüíî (L, p)-áèðàäèàëüíûì
ñïðàâà (ñëåâà), åñëè îí (L, p)-áèðàäèàëåí è äëÿ ëþáîãî u ∈ domM è äëÿ
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ëþáîé íåïðåðûâíîé â U ïîëóíîðìû r(·) ñóùåñòâóåò êîíñòàíòà c1, çàâèñÿ-

ùàÿ îò u, òàêàÿ, ÷òî

r

(
(|λ| − a)

p∏
k=0

(|µk| − a)RL
(µ,p)(M)(λL−M)−1Mu

)
≤ c1(u)

(äëÿ âñåõ f èç íåêîòîðîãî ïëîòíîãî â F ëèíåàëà
◦
F è äëÿ ëþáîé íåïðåðûâíîé

â F ïîëóíîðìû r(·) ñóùåñòâóåò êîíñòàíòà c2, çàâèñÿùàÿ îò f , òàêàÿ, ÷òî

r

(
(|λ| − a)

p∏
k=0

(|µk| − a)M(λL−M)−1LL
(µ,p)(M)f

)
≤ c2(f)

)

ïðè ëþáûõ λ, µ0, µ1, . . . , µp ∈ Ra.

Çàìå÷àíèå 8. Îïåðàòîð M ñèëüíî (L, p)-áèðàäèàëåí ñïðàâà (ñëåâà) òîãäà

è òîëüêî òîãäà, êîãäà ñèëüíî (L, p)-ðàäèàëüíû ñïðàâà (ñëåâà) [10] îïåðàòîðû

M è −M .

Èç ðåçóëüòàòîâ [10] ñðàçó ñëåäóåò

Òåîðåìà 6. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-áèðàäèàëåí ñïðàâà (ñëåâà).

Òîãäà U = U0 ⊕ U1 (F = F0 ⊕ F1).

Ñëåäñòâèå 1. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-áèðàäèàëåí ñïðàâà è ñëåâà.
Òîãäà

(i) LPu = QLu ∀u ∈ U;
(ii) ∀u ∈ domM Pu ∈ domM è MPu = QMu;
(iii) Lk ∈ L(Uk;Fk), k = 0, 1;
(iv) Mk ∈ Cl(Uk;Fk), k = 0, 1;
(v) ñóùåñòâóåò îïåðàòîð L−1

1 ∈ Cl; (F1;U1).

Äîêàçàòåëüñòâî ýòîãî ñëåäñòâèÿ íå îòëè÷àåòñÿ îò äîêàçàòåëüñòâà àíà-

ëîãè÷íîãî óòâåðæäåíèÿ â áàíàõîâûõ ïðîñòðàíñòâàõ [11].

Çàìå÷àíèå 9. Ëåãêî óâèäåòü, ÷òî ïðè óñëîâèè ñèëüíîé (L, p)-
áèðàäèàëüíîñòè îïåðàòîðà M ñïðàâà (ñëåâà) ðàçðåøàþùàÿ ãðóïïà óðàâ-

íåíèÿ (1) ((3)) çàäàíà íà âñåì ïðîñòðàíñòâå U (F), à åå åäèíèöåé ÿâëÿåòñÿ

ïðîåêòîð P (Q).

Îïðåäåëåíèå 5. Îïåðàòîð M íàçûâàåòñÿ ñèëüíî (L, p)-áèðàäèàëüíûì, åñ-
ëè îí (L, p)-áèðàäèàëåí ñëåâà è ðàâíîñòåïåííî íåïðåðûâíî ñåìåéñòâî îïå-
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ðàòîðîâ{
(|λ| − a)

p∏
k=0

(|µk| − a)RL
(µ,p)(M)(λL −M)−1 : λ, µ0, µ1, . . . , µp ∈ Ra

}
.

Çàìå÷àíèå 10. Â ñëó÷àå L−1 ∈ L(F;U) îïåðàòîð M ñèëüíî (L, p)-
áèðàäèàëåí, åñëè áèðàäèàëåí îïåðàòîð L−1M (èëè ML−1).

Òåîðåìà 7. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-áèðàäèàëåí. Òîãäà ñóùåñòâó-
åò îïåðàòîð L−1

1 ∈ L(F1;U1).

Äîêàçàòåëüñòâî. Ïóñòü f ∈ imLL
(µ,p)(M), ò. å. f = (LL

n1
(M))p+1g ïðè íåêî-

òîðîì g ∈ F. Òîãäà ïðè n, l ∈ Za = Z ∩ Ra ïîëó÷èì

np+2(RL
n (M))p+1(nL−M)−1f − lp+2(RL

l (M))p+1(lL−M)−1f =

= (l − n)
p+1∑
k=0

(nRL
n(M))p+1−k(lRL

l (M))k(lL−M)−1×

×LL
n(M)(LL

n1
(M))pM(n1L−M)−1g.

Îòñþäà âñëåäñòâèå ñèëüíîé (L, p)-ðàäèàëüíîñòè îïåðàòîðà M

r
(
np+2(RL

n(M))p+1(nL−M)−1f − lp+2(RL
l (M))p+1(lL−M)−1f

) ≤
|l|+ |n|

(|l| − a)(|n| − a)

p+1∑
k=0

q(M(n1L−M)−1g)
(1− a/|n|)p+1−k(1− a/|l|)k(|n1| − a)p

→ 0

ïðè n, l → ∞. Ïîýòîìó, ó÷èòûâàÿ ïëîòíîñòü ëèíåàëà imLL
(µ,p)(M) â F1 è

ðàâíîñòåïåííóþ íåïðåðûâíîñòü ñåìåéñòâà îïåðàòîðîâ

{np+2(RL
n (M))p+1(nL−M)−1 : n ∈ Za},

ìû ìîæåì óòâåðæäàòü, ÷òî ñóùåñòâóåò îïåðàòîð

L̂−1
1 = s- lim

n→∞L−1
n ∈ L(F1;U1),

ãäå L−1
n = np+2(RL1

n (M1))p+1(nL1 −M1)−1.

Âîçüìåì u = (RL
n1

(M))p+1v ïðè íåêîòîðîì v ∈ U.

L−1
n L1u = (nRL

n(M))p+2u = (I + (nL−M)−1M)p+2u =

u +
p+1∑
k=1

Ck
p+2(R

L
n(M))k(RL

n1
(M))p+1−kwk+
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(RL
n (M))p+1(nL−M)−1Mwp+1.

Èç ñèëüíîé (L, p)-ðàäèàëüíîñòè îïåðàòîðà M ïîëó÷àåì

r
(
L−1

n L1u− u
) ≤ p+1∑

k=1

Ck
p+2

q(wk)
(|n| − a)k(|n1| − a)p+1−k

+
q(Mwp+1)
(|n| − a)p+2

→ 0

ïðè n →∞.

Íåòðóäíî ïîêàçàòü, ÷òî ñåìåéñòâî îïåðàòîðîâ {L−1
n L1 : n ∈ Na} ðàâ-

íîñòåïåííî íåïðåðûâíî, ïîýòîìó â ñèëó íåïðåðûâíîñòè îïåðàòîðà L1 äëÿ

ëþáîé íåïðåðûâíîé ïîëóíîðìû r(·) ñóùåñòâóåò íåïðåðûâíàÿ ïîëóíîðìà

q(·), òàêàÿ, ÷òî äëÿ âñåõ n ∈ Za, u ∈ U1 r(L−1
n L1u) ≤ q(u). Òàê êàê

imRL
(µ,p)(M) = U1, ïîëó÷àåì, ÷òî L̂−1

1 L1u = u äëÿ ëþáîãî u ∈ U1. Àíà-

ëîãè÷íî äîêàçûâàåòñÿ, ÷òî L1L̂
−1
1 = I.

Ñóæåíèå {U1(t) : t ∈ R} ({F1(t) : t ∈ R}) ãðóïïû {U(t) : t ∈ R}
({F (t) : t ∈ R}) íà ïîäïðîñòðàíñòâî U1 (F1) ÿâëÿåòñÿ ýêñïîíåíöèàëüíî îãðà-
íè÷åííîé ñèëüíî íåïðåðûâíîé ãðóïïîé êëàññà (C0).

Îáîçíà÷èì S1 = L−1
1 M1 : domS1 → U1, domS1 = domM1; T1 =

M1L
−1
1 : domT1 → F1, domT1 = L1[domM1]. Î÷åâèäíî, ÷òî îïåðàòîðû

S1 ∈ Cl(U1), T1 ∈ Cl(F1).

Òåîðåìà 8. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-áèðàäèàëåí. Òîãäà èíôè-

íèòåçèìàëüíûì ãåíåðàòîðîì ãðóïïû {U1(t) : t ∈ R} ({F1(t) : t ∈ R})
ÿâëÿåòñÿ îïåðàòîð S1 (T1).

Ñõåìà äîêàçàòåëüñòâà íå îòëè÷àåòñÿ îò ñõåìû, èñïîëüçîâàííîé ïðè

äîêàçàòåëüñòâå òåîðåìû 5.1 [11] â ñëó÷àå áàíàõîâûõ ïðîñòðàíñòâ. Èç òåîðå-

ìû 1 ïîëó÷èì

Ñëåäñòâèå 2. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-áèðàäèàëåí. Òîãäà îïåðà-
òîðû S1 è T1 áèðàäèàëüíû.

Ñëåäñòâèå 3. Ïóñòü U = F. Îïåðàòîð M ñèëüíî (I, p)-áèðàäèàëåí òîãäà

è òîëüêî òîãäà, êîãäà îí áèðàäèàëåí.

Äîêàçàòåëüñòâî. Îáðàòíîå óòâåðæäåíèå ñëåäóåò èç çàìå÷àíèÿ 10. Äîêà-

æåì ïðÿìîå óòâåðæäåíèå ñëåäñòâèÿ. Ïîñêîëüêó L = I, òî U0 = {0}, U1 = U

è L−1
1 M1 = M . Îñòàëîñü ñîñëàòüñÿ íà ñëåäñòâèå 2.
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6. Îáîáùåíèå òåîðåìû Èîñèäû

Ðàññìîòðèì ñëåäóþùèå ïÿòü óñëîâèé.

(A1) Ñóùåñòâóþò äâå ýêñïîíåíöèàëüíî îãðàíè÷åííûå ñèëüíî íåïðå-

ðûâíûå ãðóïïû {U(t) ∈ L(U) : t ≥ 0} è {F (t) ∈ L(F) : t ≥ 0} îïåðàòîðîâ ñ
ÿäðàìè.

Ïîëîæèì P = U(0), Q = F (0), U0 = ker P, U1 = imP, F0 = ker Q,

F1 = imQ. Èìååì U = U0 ⊕ U1, F = F0 ⊕ F1. ×åðåç {U1(t) : t ∈ R} è

{F1(t) : t ∈ R} îáîçíà÷èì ñóæåíèÿ ñîîòâåòñòâóþùèõ ãðóïï íà ïîäïðîñòðàí-

ñòâà U1 è F1. Ñóæåíèÿ ÿâëÿþòñÿ íåâûðîæäåííûìè ãðóïïàìè, è ïî òåîðåìå

Èîñèäû îíè èìåþò èíôèíèòåçèìàëüíûå ãåíåðàòîðû S1 è T1 ñîîòâåòñòâåí-

íî, ÿâëÿþùèåñÿ áèðàäèàëüíûìè îïåðàòîðàìè. Ïðè ýòîì áåç îãðàíè÷åíèÿ

îáùíîñòè êîíñòàíòû a â îïðåäåëåíèè áèðàäèàëüíîñòè äëÿ ýòèõ îïåðàòîðîâ

ìîæíî âçÿòü îäèíàêîâûìè.

(A2) Ñóùåñòâóåò ëèíåéíûé ãîìåîìîðôèçì L1 : U1 → F1, òàêîé, ÷òî

L1[domS1] = domT1, L1S1 = T1L1.

(A3) Ñóùåñòâóåò áèåêòèâíûé îïåðàòîð M0 ∈ Cl(U0;F0).
Îòñþäà ñëåäóåò ñóùåñòâîâàíèå îïåðàòîðà M−1

0 ∈ L(F0;U0).
(A4) Ñóùåñòâóåò îïåðàòîð L0 ∈ L(U0;F0), òàêîé, ÷òî îïåðàòîð

H = M−1
0 L0 íèëüïîòåíòåí ñòåïåíè íå áîëüøå p ∈ N0.

(A5) L = L0(I − P ) + L1P ; M = M0(I − P ) + L1S1P , domM =
domM0+̇domS1.

Òåîðåìà 9. Îïåðàòîð M ñèëüíî (L, p)-áèðàäèàëåí òîãäà è òîëüêî òîãäà,

êîãäà âûïîëíåíû âñå óñëîâèÿ (A1) � (A5).

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü óñëîâèé (A1) � (A5) ñëåäóåò èç ðåçóëüòà-

òîâ ïðåäûäóùèõ ïàðàãðàôîâ. Ïîêàæåì èõ äîñòàòî÷íîñòü. Èç ïåðå÷èñëåí-

íûõ óñëîâèé ñðàçó ñëåäóþò ðàâåíñòâà

(RL
(µ,p)(M))n =

p∏
k=0

(Rµk
(S1))nP, (LL

(µ,p)(M))n =
p∏

k=0

(Rµk
(T1))nQ,

ãäå µ = (µ0, µ1, . . . , µp) ∈ R
p+1
a . Äàëåå, ïðè λ ∈ Ra

M(λL−M)−1LL
(µ,p)(M)f = (λI − T1)−1

p∏
k=0

(µkI − T1)−1T1Qf.

Çäåñü f èç ïëîòíîãî ëèíåàëà
◦
F= F0+̇domT1. Èç äàííûõ ñîîòíîøåíèé è áèðà-

äèàëüíîñòè îïåðàòîðîâ S1 è T1 ñëåäóåò òðåáóåìîå, ïðè ýòîì â îïðåäåëåíèè

ñèëüíîé (L, p)-áèðàäèàëüíîñòè ñëåâà c(f) = q(T1Qf).
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Çàìå÷àíèå 11. Â ñëó÷àå, êîãäà U = F, L = I, ñèëüíàÿ (I, p)-
áèðàäèàëüíîñòü ðàâíîñèëüíà áèðàäèàëüíîñòè îïåðàòîðà M (ñëåäñòâèå 3),

êîòîðàÿ â ñâîþ î÷åðåäü ýêâèâàëåíòíà ñóùåñòâîâàíèþ äâóõ îäèíàêîâûõ (ïî-

ñêîëüêó ïðîñòðàíñòâà ñîâïàäàþò) ñèëüíî íåïðåðûâíûõ ãðóïï êëàññà (C0).
Óñëîâèÿ (A2) � (A5) â òàêîì ñëó÷àå ñòàíîâÿòñÿ òðèâèàëüíûìè è òåîðåìà 9

ðåäóöèðóåòñÿ ê òåîðåìå Èîñèäû.

Ñëåäñòâèå 4. Èç ñèëüíîé (L, p)-áèðàäèàëüíîñòè îïåðàòîðà M ñëåäóåò

åãî ñèëüíàÿ (L, p + q)-áèðàäèàëüíîñòü.

7. Íà÷àëüíî-êðàåâàÿ çàäà÷à ñ áåñêîíå÷íûì ÷èñëîì ãðàíè÷-
íûõ óñëîâèé

Ñíà÷àëà ââåäåì â ðàññìîòðåíèå íåêîòîðûå êîíñòðóêöèè è ñôîðìóëè-

ðóåì ñâÿçàííûå ñ íèìè ðåçóëüòàòû, äîêàçàííûå â [14, ãë. 7, �3, ï. 3].

Ïóñòü V � áàíàõîâî ïðîñòðàíñòâî, îïåðàòîð A ∈ Cl(V). Îáîçíà÷èì

domA∞ =
∞⋂

k=1

domAk. Íàäåëèâ ýòî ìíîæåñòâî òîïîëîãèåé, îïðåäåëÿåìîé

ñèñòåìîé ïîëóíîðì qk(u) =
k∑

l=0

‖Alu‖V, k ∈ N, ïîëó÷èì ïðîñòðàíñòâî Ôðå-

øå, êîòîðîå îáîçíà÷èì DA(V) = DA. Çàôèêñèðóåì ïîëîæèòåëüíîå ÷èñëî τ .

Ïóñòü
◦
EA(τ) =

{
u ∈ domA∞ : lim

k→∞
‖Aku‖1/k

V ≤ τ

}
� òàê íàçûâàåìîå ìíîæå-

ñòâî ýëåìåíòîâ A-ýêñïîíåíöèàëüíîãî òèïà, íå ïðåâîñõîäÿùåãî τ . Âîçüìåì

íàèáîëüøåå çàìêíóòîå â òîïîëîãèè DA ïîäïðîñòðàíñòâî, ñîäåðæàùååñÿ â
◦
EA(τ), è îáîçíà÷èì åãî ÷åðåç EA(τ,DA). Ìíîæåñòâî EA(τ,DA) ñ òîïîëîãèåé,
îïðåäåëÿåìîé ïîëóíîðìàìè qk(·), ÿâëÿåòñÿ ïðîñòðàíñòâîì Ôðåøå. Îáîçíà-

÷èì AD = A

∣∣∣∣
EA(τ,DA)

.

Òåîðåìà 10 [14]. Ñóùåñòâóåò êîíñòàíòà C ∈ R+, òàêàÿ, ÷òî äëÿ ëþáîé

íåïðåðûâíîé â V ïîëóíîðìû r(·) ñóùåñòâóåò íåïðåðûâíàÿ â V ïîëóíîðìà

q(·), ÷òî äëÿ âñåõ v ∈ V, k ∈ N r(Ak
Dv) ≤ Ckq(v). Ïðè ýòîì σ(AD) ⊂

σ(A) ∩Bτ (0).

Çäåñü Bτ (0) = {µ ∈ C : |µ| ≤ τ}.
Âîçüìåì òåïåðü Ω = (0,+∞), V = L2(Ω), A = −d2/dx2, domA = {v ∈

L2(Ω) : v(0) + v′(0) = 0, v′′ ∈ L2(Ω)}. Ñïåêòð îïåðàòîðà A ñîñòîèò èç îäíîãî

ñîáñòâåííîãî çíà÷åíèÿ λ = −1 è íåïðåðûâíîé ÷àñòè [0,+∞) [15]. Ïóñòü

ϕ1(x) = 4
√

2e−x, ϕ2(x, λ) = (
√

λ + λ
√

λ)−1/2(sin(x
√

λ)−
√

λ cos(x
√

λ))
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åñòü ñîáñòâåííàÿ è îáîáùåííàÿ ñîáñòâåííàÿ ôóíêöèè îïåðàòîðà A. Òîãäà

äëÿ ëþáîãî v ∈ L2(Ω)

v(x) = (v, ϕ1)ϕ1(x) +

+∞∫
0

(v, ϕ2)ϕ2(x, λ)dλ,

ãäå (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â L2(Ω).
Âîçüìåì DA(L2(Ω)) = DA, EA(τ,DA) ïðè τ > 0. Ïîëîæèì

L = P (A) =
∞∑

k=0

ckA
k, ck ∈ R, M = Q(A) = i

∞∑
k=0

dkA
k, dk ∈ R,

ãäå P (λ), Q(λ) � öåëûå ôóíêöèè, ïðè÷åì P (−1) = 0, Q(−1) 6= 0, à íóëåé,

ïðèíàäëåæàùèõ ìíîæåñòâó [0,+∞), ó ôóíêöèè P (λ) íåò. Â ñèëó òåîðåìû

10 îïåðàòîðû L,M ∈ L(EA(τ,DA)).

Òåîðåìà 11. Ïóñòü U = F = EA(τ,DA), òîãäà â óñëîâèÿõ äàííîãî ïàðà-

ãðàôà îïåðàòîð M ñèëüíî (L, 0)-áèðàäèàëåí.

Äîêàçàòåëüñòâî. Ïîñêîëüêó P (−1) = 0, èìååì

RL
µ(M)u = LL

µ(M)u =

τ∫
0

(u, ϕ2)ϕ2(x, λ)

µ− Q(λ)
P (λ)

dλ.

Îòñþäà äëÿ β ∈ N, µ ∈ R \ {0},

qβ(RL
µ (M)u) =

β∑
γ=1

√√√√√
τ∫

0

λ2γ |(u, ϕ2)|2∣∣∣µ− Q(λ)
P (λ)

∣∣∣2 dλ ≤

≤ 1
|µ|

β∑
γ=1

√√√√√
τ∫

0

λ2γ |(u, ϕ2)|2dλ + |(u, ϕ1)|2 =
1
|µ|qβ(u).

Àíàëîãè÷íî ïîëó÷èì ñèëüíóþ (L, p)-áèðàäèàëüíîñòü.

Â îïèñàííîé ñèòóàöèè óðàâíåíèå (1) ïðåäñòàâëÿåò ñîáîé êðàåâóþ çà-

äà÷ó ñ áåñêîíå÷íûì ÷èñëîì ãðàíè÷íûõ óñëîâèé

P (A)ut(x, t) = Q(A)u(x, t), (x, t) ∈ R+ × R+,
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(
∂2k

∂x2k + ∂2k+1

∂x2k+1

)
u(0, t) = 0, k = 0, 1, . . . , t ∈ R+.

Çàìå÷àíèå 12. Îòìåòèì, ÷òî â óñëîâèÿõ äàííîãî ïàðàãðàôà ÿäðî ïîëó-

ãðóïïû êðàåâîé çàäà÷è èìååò âèä U0 = span{ϕ1}, à ôàçîâîå ïðîñòðàíñòâî

ýòîé çàäà÷è � U1 = EA(τ,DA)	 U0.
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