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6.2. YCJIOBUE. [JaHa mMaTpuma OpTOrOHAIBLHOIO IpeoOpa3oBaHusa (a;;) pasMe-
pa 3 x 3, mpuuem Bce a;; # 0. IHycres B = (b)) = (ai_jl). loxaxwure, aro det B = 0.

PEMEHUE. 3amMeTuM, ITO

3 12013 41113  QA11Q12
H Qg5 - det B = |a22a23 az1a23 a21G22|,
3,j=1 32033 310433 A31A32

a y TOU MaTPUILI CyMMa CTPOK PaBHA HYJIO, HOCKOILKY CTOIOULI MATPUILI A Op-
TOTOHATBLHLL. 3HAYUT, OMPeNeINTeTb PABeH HY.TIO, YTO 1 TPe6OBATOCK.
(B. B. Jouenxo)

6.3. YCJIOBHUE. [[okaxkuTe, 9TO CUCTEMA YPABHEHUU C 7 TAPAMETPAMHU A1, . . - , A,
ar1 + ...+ apx, =0,

2 2
aizy +...+apx;, =0,

azy + ... +apz, =0
MMEeEeT HEHyJEeBOE€ PEIICHHEe TOrJa M TOJLKO TOrJa, KOTa CyMMa HEKOTODPEIX U3 a;
pPaBHA, HYJTIO.

PEMEHUE. Mubr npuBeieM naxe ABA PEIIEHUS. 3AMETUM CHAYUANA, YTO €CIU CyM-
Ma HEKOTODHIX @; PaBHA HYJIO, TO HEHYJIEBOE DelIeHUe, OYeBUIHO, €CTh: MOJOXKUM
COOTBETCTBYIOIIVE T; PABHBIMU EIWHUIIE, & OCTalbHble — Hyato. [losTomy mrTEpec-
HO JIMIIb TOKA3aTEeIbCTBO OOpPAaTHOro yrBepxkiaeHnus. Wrtak, mycTs cucrema mmeer
HEHYJIEBOE peIleHue.

Ieproe pemenue. («/Iunennwe CI/ICTeMbI»l)) PaccmoTpuM cuctemy Kak JUHEH-
HYI0 OTHOCUTENBHO ;. Fie ompenennTent noaydaercsa us onpedesuvmens Bandepmonda
VMHOXEHUEM HA T1Z3 * ...  Tp. LCIN DTOT ONpEeNeTuTeNh He PABEH HYJI0, TO OTHO-
CUTEILHO (; HAIla CUCTEMA UMeeT JUIIb HyJeBOe DEIIeHue, T. €. BCe 4; PABHLI HYJIIO,
9T0 maxe 60JbIIe, YeM TPpeOoBaJIoCh. B mpoTuBHOM caytdae aubo cpeau x; eCTh HYJIH,
IGO0 HEKOTOPHIE U3 I; PABHBI MEX Iy COO0U. B KaxX 10M M3 3TUX CIyIAeB HECKOTLKO
TIEPBLIX YPABHEHUU OOPA3YIOT AHAMTOTUYHYIO CUCTEMY MEHBIIEro TOpAaKa, Koahdu-
[UEHTH B KOTOPOU — HEKOTOpBIE U3 a; (B MEPBOM U3 DTUX CIYIAEB) WIA CyMMBI
mapamMeTpoB @; (BO BTOPOM CAydae; 4TOOBI B 3TOM yOequThCs, HaI0 CrPYNIUPOBATD
paBHBIE MeX Iy COOOU X;), U MOXKHO BECTU UHIYKIMIO IO 1.

1 Cu. 0630p A. A. Kupuropa «AHBApUAHTHEIE OIEPATOPEI HAJ T€OMETPIIECKIMI BeIMTMHAMEY,
BUHUTU, 1980, c. 11-12; Tam >TOT pe3yabTaT NPUBOAUTCA CO CChuikou Ha P. Y. Buriosa.

MaTemaTu4eckoe npoceeweHue, cep. 3, Boin. 9, 2005(225-233)
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Bropoe pemenne. («Teopema Bueray) Iycts 0f — k-as daeMeHTapHAA CAMMe-
Tpuieckas GYHKIMA OT Ty, ..., T,. YMHOXUM [-0e ypasHenue Ha (—1)""lo,_; (I =
— A a n—1 -1 1y —
=1,...,n— 1) u croxum Bce ypaBHenus: y , , ap(zp + Y ,_; (=1)"'op—z}) = 0.

Bocnonrayemcsa Teopemon Buera:

(x—z1) - (x—xp) =" —oz" .+ (= Doz R L+ (=1)"0,.

O=na mnosBosgeT Ipeo6pPa3OBATH MOMYYEHHOE DABEHCTBO K OYEHb IPOCTOMY BHUIY:
(=D)™(ay + ...+ an)on, = 0 (HyKHO NOLCTABUTH B BBHIIUCAHHLIM MHOTOWIEH I = Tj,
YMHOXUTD HA Gj, U CJIOKUTB). DTO O3HAUAET, UTO JMOO CYMMA BCEX G; PABHA HYJIO

(ormmanol), mu6o 0 = 0y = 1% - ... Tp. A €CIM OHA U3 TIEPEMEHHBIX PABHA HYJIIO,
TO mepBele N — 1 ypaBHeHHE 06Pa3yIOT AHATOIMIHYIO CHCTEMY MEHBIIErO HOPAIKA
(cHOBa MHIYKIHA). (B. B. Jouenxo)

6.4. YCJOBUE. a) MoxHO a1 pa3ObUTh MPOCTPAHCTBO HA OKPY:XKHOCTU? A TLIOC-
KOCTB?

6) MOXKHO 11 MOKPHITH IIOCKOCTH OKPY KHOCTAME TAK, YTOOBL JT06AA TOIKA, OBLIA
IIOKPLITA POBHO Tpu pasa’ A asa pasa?

PEmWEHUE. a) [IpocTpancTBo MOXHO pa3buTs Ha OKpyxkHOCTU. [IpuBegeM ABHYIO
KOHCTpPYKINio, npuHaarexaiyo /. Pomuny. flcHo, uTo momnoTopue T HA OKPYXK-
HOCTU pa3buBaeTCsa (BHYTPU OKPYKHOCTb, HA KOTOPYIO HAHU3AHEI BCE OCTANLHEIE).
IIycte T — momuoTopue; S’ — OKPYyXHOCTB, MPOXOAAMAA 9epe3 HeHTp 1 Tak, ITo
nentp O okpyxuocTn S’ He conepxurca B T, a paguyc S’ 60JbIIE BHEITHETO PAITYCa,
nomsoropus T'; T' — HOBOE MOJHOTOpUE, HOIyYalomeeca u3 1 BPAIEHUEM BIOJbL OCH
¢, mpoxoaamen vepes O u MepeH UKy IAPHON TIOCKOCTH okpyxkHOocTH S’. flcHo, 9TO
T US gonomasercsa okpyxHOCTAMHA 10 T'. ITepupys 3Ty KOHCTPYKIIMIO, JIETKO MOy~
auTh cemeiictso nomsotopuit T T+ = T(M)' sanonamomee Beé mpocTpaHCTEO.
Monyuurcsa Tpebyemoe paszbuenue.

JloxaxkeM, 9TO MIOCKOCTH PA3bUThb HA OKPYKHOCTYU HENb3sA. [IpeanosokumM mpo-
TuBHOEe. [locTpouM MOCIEI0BATEIBHOCTE P; BIOXKEHHBIX OKPYXKHOCTEU Pa3OueHust,
PaguyChl KOTOPBIX CTPEMATCA K HYJTH0. [IepByi0 OKpY)HOCTE Py BHIGEPEM MPOU3BOIB-
HO. OKpyXHOCTb Pj11 IPOXOAUT Uepes HeHTp OKpy:KHOCTH P;. IIoCKOTbKY OKPYI:KHO-
CTU Pa3OUEHUSA HE MEPECeKaArTCA, PAIUYC CASAYIOMEN OKPYXKHOCTU B MOCTPOEHHOU
MOCJAEJOBATENILHOCTY [0 KPAUHEN Mepe BABOE MEHbIe paauyca npeasirymen. Oue-
BUIHO, 9TO P; nexwut BuyTpu Py npu i > k. [losTomy ects poBHO 0gHA 001mas TOYKA
y KPYr'OB, OrpaHUYEHHBIX OKPyXHOCTAMU P;. OKpyKHOCTEL pa3bueHus, mpOoXoaaInasn
9epes BTy TOUYKY, MEPECEKAET BCE OKPYXKHOCTHU Py, mpu mocTaTovHo 60abmoM k, 9T0
MPOTUBOPEYUT YCJIOBUIO.

6) Hpusenem mpuMep TAKOTO MOKPHITUA MIOCKOCTU OKDPYXKHOCTAMU, UTO KaiK-
Iasg TOYKA MOKPHITA POBHO 2 pasza. DToT npumep mpuHagiexutr H.B. Bacuineny.
On crpouTcsa B gBa mara. BHagane BO3bMEM BCE OKPYXKHOCTU €IUHUTHOTO IUAME-
Tpa, JeXallue B MOJOCe €IUHUYHOU HIUPUHBL JIErKo BUAETH, 9TO Yepes KaKAYIO
BHYTPEHHIOI TOYKY MOJOCHI TPOXOAUT POBHO 2 OKPYXKHOCTH, 8 Yepe3 KaXKIYI0 I'pa-
HUYHYIO — POBHO OfHA. Tenepb 3aKOHYUM MOCTPOEHUE, NOOABIAI OKPYKHOCTH, KO-



Permterns 3a1ay u3 IpeabIIVIINX BBITYCKOB 227

TOpBIE MONYYAITCA MapaLIeTbHBIMU CIBATAMY HA IIeIbIe PACCTOSHNA B HATIPDABIECHUN,
TIePHIeHINKYIAPHOM II0I0CE.

[lokaxxeM CyIIECTBOBAHME TAKOTO MHOKPHITUA IIOCKOCTUA OKPYXKHOCTAMU, UTO
KaXK Iasd TOYKA TOKPHITA POBHO 3 pasa. HazoBeM MHOXKECTBO OKPYXKHOCTEU NP a8 Uib-
HbIM, €CJIH JI00aI TOYKA IIOCKOCTHU IMOKPHITA He 60sIee YeM TpeMsa OKPYKHOCTAME 13
5TOT'0 MHOXECTBA.

JIEMMA 1. IlycTh uMmeeTcs mpaBUIBLHOE MHOXKECTB OKPYXKHOCTen P, comepxaiiee
MeHee KOHTHHYyyMa OKpyxkHocTen. Torma s m1o00d TOYKK A MOXKHO IONOJHUTH
P xoueunwim (o1 0 10 3) 94MCIOM OKPYKHOCTEH TaK, YTOOLI MOJYyYEHHAA CUCTEMA,
OKPYKHOCTEU OCTATaCh MPABUILHOU, a Yepe3 A TmPOXOauao OBl POBHO TPU OKPYK-
HOCTH.

JOKABATEJILCTBO. Todek mepecedenns OKpyKHOCTeN u3 P MeHee KOHTUHYyMa,
TaK KaK OKPYKHOCTHU TEPECEKAIOTCA He 00Tee YeM B ABYX Toukax. depes A u 100y
TOYKY, TTOKPLITYIO TPEMsA OKPYKHOCTAMU U3 P, MpOXOAUT HE 60Jee ABYX OKPYIKHO-
CTeN efUHUIHOrO PAAUYCA. SHAYUT, BCEI'O TAKUX OKPYKHOCTEU MEHEee KOHTUHYYMA.
A Bcero OKpyX)HOCTEU eIUHUYHOTO PALUYCA — KOHTUHYYM. SHAYUT, MOXKHO, COXPa-
HAA MPABUIBHOCTH MHOXKECTBA OKPYXKHOCTEHN, NOOABATEH OKPYKHOCTD, IIPOXOISIIILY O
gepes A. TIoBTOPSA 5Ty TPOIEIypPy HYKHOE TUCIO0 PaA3, MOJYIAEM UCKOMOE PACIIpe-
HUE CUCTEMEBI OKPYKHOCTEN.

Bosbmem nepsoin opauaan MomuocTr KouTrayyMa C'. [leperyMepyeM ¢ moMoImbo
C TOYKHU MIOCKOCTHU, OKPYKHOCTH, TTAPHI OKPYKHOCTEN U TPOUKU OKpYyKHOCTEn. [l
kax 10ro opauHana a < C onpenennM TpaHCHUHATHON WHAYKIUEN MPABUILHOE MHO-
JKECTBO OKpyx)HocTen P,. [Ina madamrsuoro opamuana 0 mosaraem Py = &. Ecnm
a = 4+ 1 — menpegensHbN opauHal, To P, O6yger morydarscs us Pg npumenennem
JIEMMBI OTHOCUTEIBHO TOUKHU pg, cooTBeTcTByomen 3. [sa onpeneseHHOCTH CIITa-
eM, 9T0 B P, Britodaercs C-MUHUMAIBHBIL HAGOP OKPYKHOCTEN, Y IOBIC TBOPAIOMINN
ycaoBuio teMMbl. Eciu e o — TpegensHbI Op JUHAT, (¢ = UiEI @i, 70 Py = ;.7 Pa;-

Muox)ecTBO OKpYy)RHOCTEN P maeT nCKoMOe MOKPHITUE TLIOCKOCTH.

icl

S3AMEYAHUE. [JaHHAsS KOHCTPYKIWS IO3BOJIAET TAKIKE PELIATH IYHKT &), & TAKKE
pemarh aHAJOTMYHEBIE 331849 (HAIPUMED, TOCTPOUTL CUCTEMY MPAMBIX HA TLIOCKO-
CTU, HUKAKWE MBE U3 KOTOPBLIX HE MapalIeNbHBI, 8 KaXKIasd TOYKA MOKPHITA POBHO
2004 npavbivMu). OCTAETCA OTKPBITHIM BOMPOC, MOXKHO JU TPEIBABATH KOHCTPYK-
L0, HE UCIOJIB3YIONLYI0 AKCUOMY BHIGOpa (WU, ITO TO XKe caMoe, TPAHC(HUHUTHYIO

MHIYKIIIIO). (A. A. Kaneav)

6.11. YcaoBUE. PaccmaTpuBatores crmoBa n3 6ykB pycckoro andasura. Ciaosa
Buga Sult U suut UMEIT OJAMHAKOBHIM CMBICT (34€Ch S, U, I — NPOU3BOJIBLHEIE CJOBA,
BO3MOXKHO, ImycThIe). JloKkaxuTe, 9T0 KOAUIECTBO PA3JIMIHBIX CMBICJIOB KOHETHO.

PEMEHUE. [[anuyio 3a1ady MOXHO mepedOpMyJupOBATH TAK: U%OEMNOMEHMHAA
KOREUHO-NOPOHCOCHHAAL NOAY2PYNNA KOHEUHA.

IMoayrpynna P HA3BIBAETCA KOHEUHO-NOPOHCAEHHOT, €CIU CYIMIECTBYET TAKOE KO-
HEYHOE MHOXKECTBO DIEMEHTOB {d1,...,as} C P, 9T0 10607 IPYTOU DIEMEHT Mpe[-
CTABJAECTCA B BUJE IPOU3BEICHUA DTUX DJIEMEHTOB (OHU MOT'YT UATHU B IPOU3BOIHHOM
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MOPAJKE, U KAXKIBIA DIEMEHT MOXET BCTPEIATHCA HECKOABKO pas). Hoayrpynma P
udeMnomenmmua, €CIN KX LN 21eMeHT a € P udemnomenmen, T.e. a®> = a.
Beenem oTHOIIEHNS TOPAIKA U SKBUBAJEHTHOCTH:

s < v, ecan A JIOOBIX t1,ts St1 = Sty = wi; = vig; (L)

s~v,ecmm s <Lvuv<S. (~)

Yepes A Gygem 0603HAYATE MyCTOE CIOBO (€IMHUYHBIA DJIEMEHT IIOJLYyTPYIIIHL).
IIpuBeneM HEKOTOPHIE CBOUCTBRA, BBEICHHBIX OTHOIICHUN.

JIEMMA 1. a) s < us; 6) auas ~uas; B) s ~t & st =s.

[JOKA3ATEJNLCTBO. YTBepxkaeHUe a) 04eBUAHO. HepaBeHCTBO uas < auas cie-
ayer u3 a). C Ipyrou CTOPOHEHL,
auas < uauas = (ua)’s = uas,
nosToMy auas ~ uas. OcTanocs nposepuTh B): tA = 2 = tt, OTKy[1a s$2=s5=sA=
= st.

ByneMm nokasbBaTh yTBEpKAEHME 33Ja4N HHIYKUAEH DO 9YUCIY OOpPa3yOLIWX,
T.e. OykB ampaBura. MOXKHO [I0KA3aTh, IUCIO KIACCOB DKBUBATEHTHOCTY KOHEYHO.
[us ogHON 06pa3yIomer OHO 0IeBUAHO. [IyCTh yTBEPXK IeHIE 334N BEIIOIHEHO 1JI1
UIEMIIOTEHTHHIX NOIYTPYHHI ¢ N obpasyrommumu. PaccMoTpuM Temeps MIeMIIOTEHT-
HYI0 TOIyrpynmy ¢ n + 1 o6pasyromen.

ConocTaBuM KaxkIOMy KJIACCy SKBABAJEHTHOCTH B P ero mpencraBuresns, nuMero-
Imero MuHUMaIbHyIo aauHy. Ilycts @ — camas jeBas GykBa mpeacraBuTens v. 1o-
rga B cury m. 6) gemMMbl 1 GykBa @ B CJa0Be v OOabIIe He BCTpedaerca. IlosTomy
KJIACCOB 3KBUBAJEHTHOCTU KOHEYHOE YUCIO: IPEICTABATENb KaX 00 KIaCCa MOXKET
OBITH MOJIYYEH TOMUCHIBAHWEM K MPOU3BOILHOUN OYKBE (g DIEMEHTA IMOATOIYTDYIIIIH,
[IOPOXK JEHHOU OOPABYIOUIMHA (1, . . . , Gy, & UX — KOHEYHOE IUCJIO IO IPEN0I0KEHUIO
MHIYKIUN.

[oxazxeM, 9TO J11060€ JOCTATOYHOE AIMHHOE CIOBO B PP MOXHO coxpamumb, T.e.
YKa3aThb CJIOBO MEHBIIEH IIUHBEL, KOTOPOE 33aeT TOT K€ JIEMEHT HOAyrpynmsr P.
C10BO 3aBEJOMO COKPATUMO, €CIM B HEM DsJOM HAINCAHBL IBA [I0LCAOBA, OTHOCAIIN-
ecs K OQHOMY KJIACCY DKBUBAJEHTHOCTH (CM. JJeMMy 1, IYHKT B).

IMocTpoum mo ciaoBy rpad, BepIIMHAME KOTOPOrO ABIAIOTCA MO3WIUM CJIOBA, &
pebpy, COeIWHAIONIEMY [Be IIO3UINHN, COMOCTABIECH KIACC DKBUBATEHTHOCTH IIOCIO0-
Ba, KOHIIEI KOTOPOI'0 HAXOATCA B DTUX ABYX HO3uuuax. [loaydmin pacKpalieHHBIN
monubIn rpad. Useecrnas Teopema Pamces yrsepxkzpaeT, 9TO mpum (QpUKCUPOBAH-
HOM YHCJTE IIBETOB M NOCTATOYHO GOJBIIOM WHCIE BEpPIINH B rpade HAUAETCI Of-
HOIIBETHHIN TPEYTroMbHUK. HO OMHOIBETHOMY TPEyTOJBLHIKY COOTBETCTBYIOT IBA 3a-
MUCAHHBEIX NOAPAL MOLCIOBA, KOTOPHIE NPUHAMLIEKAT OTHOMY KJIACCY DKBHUBAJIEHT-
HOCTH.

SAMEYAHUE. Wcnonb3ys aHATOIMYHOE PACCYXKACHUE U OECKOHEYHYIO TEOPEeMy
Pamces, MOXXHO MOKa3aThb ClIeLyIOIIee YTBEPKACHUE: NYCMb 6CE CA0BG KOHEUHOU
OAUNBL PACKPAULENDL 8 HECKOADKO UYBEMO8, M020a 4000e OECKOKEUROE BNPAEO CAOBO
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MOHCHO PA3OUMb KA KYCKY KOREUROT 0AUNbL MAK, WMOoObl 6CE KYCKU, 30 UCKAIOUEHUEM
6b1mb MONHCEM NEPBO20, ObLAL PACKPAULENLL 6 00UH UYBEM.
P ’ pacrp (A. A. Kaneav)

7.1. YcaoBUE. UsBecTHO, 9TO 1 < @2 < -+ < Xy 4 |2; — y;| < € mpm Beex 4
21 € 22 € -+ £ 2z, — DE3YABTAT MEPEYNoOpALOYUBaHUA HAOOpa {y;}1, B mOpALKe
Bospactanus. Jlokaxure, 910 |z; — 2;| < € npu BCex i.

PENEHUE. YTBepx)IeHUE 3aJa91 PABHOCWIBHO TAKOMY: €CJIM NI IBYX HEyOBI-
BAIOIINX TOCTEAOBATEILHOCTEN 1 < X2 < -+ < Tp W 21 < 22 < -+ < 2, TIpH
HEKOTOPOM 4 BBITIONHEHO HEPABEHCTBO |T; — z;| > €, TO mas J060N MepecTaHOBKA
o :[1,n] = [1,n] mangercs Takoe k, 910 |}, — 25 ()| > €.

Pacemorpum cayuan x; < z;. Hangercs raxoe k € [1,1], ato o(k) > i. [asx sToro
k BBIIOJIHEHO

[Tk = 2o(k)| = Zo(k) — Tk = 2 — T > €.

Cayuan z; > z; pa3bupaeTCs AHAJIOCUYIHO: HYXKHO B3ATb Takoe k € [i,n], 94T0
o(k) < i. Torga

Tk = Zo(k) 2 Ti = Zi > €. (M. H. Baavui)

7.3. YciaoBuk. Hokaxure, aro marpunsr AAT u AT A umeror ogun u TOT *XKe
HaOOp HEHyJIeBLIX COOCTBEHHEIX umcesl, rge A — mpamoyroabHas marpuma, AT —
TPAHCIOHUPOBAHHAA MATPUIIA.

PEIEHUE. Bygem paccmaTpuBaTh MAaTpUIly A Kak MaTpUILy JUHEXHOTO OIEPATO-
pam V =R 8 W = R™. 3amernwm, urto (Az,y) = (z, ATy) (vepes (-, -) o6osuareno
CTaHIApTHOE CKAIAPHOe MPOU3BEJEeHNME), MOdTOMY AcHO, ¥To V. = ker A @ im AT,
W = ker AT @ im A. Hanmpumep,

veEker Ae (Yu € V)(Av,u) =04 (Yu € V)(v,ATu) =0 vlim AT,
Moxaxewm, aro ker AT A = ker A. [leficTBUTENIBHO,

AATz =0= (AT2,4T2) =0 ATz =0 = AAT2 = 0.

3aBepIIuTh JOKA3ATEIHECTBO MOKHO Tak. CobcTBennbi BexTop = aia AT A ¢ e-
1
HYJIEBBIM COOCTBEHHEIM 3HAMeHHeM \ jaexuT B o0pase AT, mockoabky & = AT(XA:L').

W3 cxasaHHOrO BHINIE CIEAYET, YTO A L MOXKHO JaXe BLIOPATH MPEJICTABICHUE
x = ATy, roe ylkerAT, 1.e. y € imA. Umeem: ATAATy = XATy, T.e.
AT(AATy — \y) = 0. TIpu >Tom Bextop AATy — Ay mexur B o6paze omepaTopa A,
U moTOMy oproroHaneH aapy omepaTtopa AT. 3maumr, oH paBeH HymO, T.e. y —
cobcrBenHbIn BeKkTOp i1 omeparopa AAT ¢ co6CcTBeHHBIM 3HAYMEHMEM A, ITO U Tpe-
60BaTOCH (0O6PATHOE BKJIKOYEHUE MHOXKECTB COOCTBEHHBIX 3HAYCHUU NOKA3LIBACTCA
TaK Ke). (B. B. Jlouenxo)

7.4. YCIOBUE. z,y > 0. JokazaTh HepaBeHcTBO: ¥ + y* > 1.
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PEmEHVE. Eciu xoTsa ObI OMHO M3 YUCET T U Yy HE MEHbINEe 1, TO HEpaBEeHCTBO
oueBugHO. [ToaToMy mocTaTouno pacemorpers caydan 0 < z,y < 1. Mlpu 0 < y < 1
3 HEPABEHCTBA BepHy/LIn 3aKI0YaeM, ITO

YV =(1+@@-1))"V<l4+(@z-1D1-y)=z+y—ay<z+y.

xr
CaenoBarenbuo, ¥ > ol Crano ObITh,
rry

”5 Yy 1.

y T —
"ty >x+y+z+y

(A. ¥ Xpabpos)

7.9. YcJOBUE. Tpu 4denoBeka MMEIOT COOTBETCTBEHHO IO Nj, Mo, N3 NOLIAPOB.
Kax e 6pocaeT MOHETKY U TOIYYaeT PEe3yabTaT — «OPely WK «pelnky». Fcau y
OIHOT'O HE TOT K€ PEe3yJAbTAT, 9TO y ABYX APYTUX, TO T€ ABOE ILIATAT €My IO H0J-
aapy. Eciu ke Bce pe3yabTaThl OMUHAKOBBI, TO IEHBIU HE JEJIAT, HO «TAKT» UTPHI
npoucxoaut. Urpa KOHIaeTCs, KOrIa y OJHOTO U3 UTPOKOB HET Goabire gexer. [lom-
CYUTATH CPEIHIOI MPONOMIKUTEILHOCT UTPHL.

4’)7,1712’)7,3
3(711 +n2+n3) —6 '
B pemenun nam noTpebyroTCS ABE JEMMBI.
IepBas — XOPOINO U3BECTHOE YTBEPKICHNE U3 JUHEUHOUN ATTeOPHI.

PEmMEHUE. OTBert:

JIEMMA 1. Heogmopoguas cucrema N JIuHENHBIX ypaBHeHUU ¢ N HEM3BECTHBI-
MU WMEET €IUHCTBEHHOE DEIIeHne TOr'a M TOJbKO TOrAA, KOTQa COOTBETCTBYIOIIAI
OIHOPOIHAS CUCTEMA MMEET TOJBLKO HYJEBOE PEIIICHUE.

JIEMMA 2. Pacemorpum opmentupoBanusil rpad!) V' ¢ BELIEIEHHBIM [OIMHO-
xkecTBoM BepumH (G (BepmuHbl u3 MHOXKeCTBA (G OyIeM HA3BIBATH 2PAHUUHbIMU, A
OCTANbHBEIE — BHYMPennumu) . [lycTh TpaHuma docmuMcuma 13 KaxK 0N BHYTPEHHEN
TOYKH (T.€. UMEETCA OPUEHTUPOBAHHBIN Iy Th U3 DTOU TOYKHA B OMHY U3 TPAHUIHLIX
Touek). IlycTh masee KaxIoW BEPIIUHE MPUMUCAHO (KOMILUIEKCHOE) YMCIO TaK, 9TO

1) umcao B KaxK 10U BHYTPEHHEN BEPIIMHE PABHO CPEIHEMY apupMETUICCKOMY M-
cel B KOHIIAX BHIXOIAIIUX U3 Hee pebep;

2) BCe 4uCJa B IPAHUYHBLIX BEPIIMHAX PABHBL HYJIIO.

Torga u Bce Ymcia BO BHYTPEHHUX BEPIIMHAX PABHBLI HYJIIO.

[IOKA3ATEJILCTBO. Paccmorpum Bepruay A, B KOTOPOU CTOUT MaKCUMATHLHOE
o Moxy o uuciao M. B cury 1) B KOHIAX KaK OO BHIXOIAIIETO U3 Hee pedpa Tak-
ke crouT M. IloBTOpsA 5TO paccyxXmeHue, BUAUM, ITO uUucao M CTOUT BO BceX
BepmHax, focTmKUMBIX u3 A. [lockoabky 3 A mocTmxuMa rpaHUYHAS BEPIIUHA,

To M = 0.

SAMEYAHUE 1. Ycmosue 1) MOXKHO HECKOABKO OCTAOUTH, HO HAM JOCTATOYHO U
Takou hOPMYIUPOBKH.

DB rpade MOryT OBITH METJIN.
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MoxHO cIUTaTh, YTO WTpa MPOUCXOAUT HA MHOKECTBE V TO3WIUN BUIA
(n1,n2,n3), TIE N1, N2, N3 — TPOU3BOJIBHLIE HEOTPUIATEIBLHLIE [EILIE YUCIA C TaH-
HOU CyMMOU

ny +ns +nsg =n.

HazoBem rpaHWYHBIME TO3MIUN, B KOTOPEIX UT'Pa 3AKAHIMBAETCA, T. €. DIE 10 KPal-
HEl Mepe OJHO M3 THMCea N1, N2, N3 PABHO HYJIIO, W MOCTPOUM T'pad ¢ MHOXKECT-
BOM BepIMH V', COEIMHUB BBEIXOMAIIAMH PeOpaMyu KA Iy BHYTPEHHIOK MO3UIAIO
A(n1,n2,n3) ¢ MO3UNUAMY, KYoa U3 HEE MOXKHO MOMACTH 3& OJUH TAKT, T.€. C Ca-
mon nosunmen A u nosunuavu A'(ny — 1,ny — 1,n3 +2), A"(n1 — 1,n2 +2,n3 — 1),
A" (ny+2,n2—1,n3—1). HeTpyaHo IpOoBEpUTH, YTO BEPOATHOCTH IEPEXOAA 38 OLUH
TaKT U3 no3uuu A B KaxKAyI0 U3 5TUX YeThIpex no3uuui passa 1/4. U3 rpaauaabix
no3unui (MHOXKECTBO uX 0603Ha4uM depe3 () peOGpa HE BBHIXOIAT.

1) Cuavana BLIYUCAUM CPEIHIO MPOIOMKUTETILHOCTL [(A) Urpsl, HavaBmencs
B To3uOuu A, B TPEeANONOXKEHUN, 9TO OHA MJIA KaXKJIOW TO3WINA KOHeYHA. B cury
BHIIEM3I0KCHHOT'O

1(A) = 1+ J(I(A) +1(A) +1(A") +1(A™)). (%)

(Mur monmaraem, uto [(A) = 0 1/ Kax[0M PPAHUYTHON TO3UINN).

IMonyunnack cucTeMa JUHEUHBIX YPABHEHUU C KOJIUIECTBOM YDABHEHUN U HEU3-
BECTHBIX, DABHBIM YUCIY BHYTpeHHUX BepiuuH. COOTBETCTBYIOMIAA OMHOPOIHAA CU-
cTeMa UMeeT BUL

1
1(4) = 7(1(A) +1(4") +1(A") +1(A™)).
B cuny memMmBI 2 OHA MMeeT TOJBKO HyJIeBoe pelnerue. B cmry memmbr 1 ucxonnas
CHCTEMa UMEET PEIIeHue, IPUTOM equHCTBeHHOe. OCTANIOCh «yragaThy DTO DEIIeHHE.
Mockoanbky [(A) obpamaercsa B HyJlb B MPAHUYIHBIX HO3ULUAX, €CTECTBEHHO MOIPO-
60BaTHL MONOOPATL €ro B BUIE aniNang. llogcrasmaa B (¥) u packpeiBas CKOOKH,

npuxoguM K paBeHCTBY (3n — 6)a =4, T.e. a = Er—
n—
2) [lokaxkeM Temephb, 9TO CPENHA TPOJOIKATEIHHOCTD UTPEI TEMCTBATEIBHO KO-

HEYHA.
1(A) = kpi(A),
k=1

rae pi(A) — BEpOATHOCTH TOrO, YTO UIPA, HAYABIIUCH C NO3UIMEA A, 3aKOHIUTCA
posHO 4depe3 k TakToB. Hy:kHO 10Ka3aThb, 9TO DTOT PAS CXOIUTCA.
Bepostroctu pi(A), 09€BUAHO, yIOBIETBOPAIOT COOTHOILIEHUAM

1
Pr+1(4) = Z(pk(A) + pi(A") + pr(A") + pr(A™)), (%)
KOTOPEIE, HAPAY C HAYAJIbHEIMU yCIOBUAMEA
0, A¢G,
A) =
po(4) I Aeq

u rpasuaHBME yeaoBuaMu pi(A) = 0 mpu A € G u k > 0, TO3BOJAIT BLIYUCIATL UX
MOCTEIOBATEILHO.
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PaccMoTpuM BEKTODHL Py, ¢ KoopauHaTaMn Py (A) (KOmnIecTBO KOOPANHAT PABHO
ety Beex sepumH rpada V). Coorromenus (*¥*) BMecTe ¢ rpAHUYHBIMEA YCJIOBUAMEA
MOXKHO 3aIlUCATh B BUIE Pp,; = UPy, rae U — IUHEHHEIA OMEpaTOp Ha COOTBET-
cTByMOIEM mpocrpancTse. Tormga

_ 7k
Py =U"py.
o 17k
TakuM 06pa3oM, JOCTATOYHO JOKA3ATh, 9TO CXOIUTCA PAX »,_, U*. [l1a sroro mo-
CTATOYHO NPOBEPUTD, 9TO BCe COGCTBeHHEBIE 3HadeHua U (B TOM 9YUC/IE U KOMILIEKC-
Hele) 10 Moxy o Menbire 1. (Hampumep, nocie npusegeHus MaTpULbL K K0P JAHOBOU
opMe MOXKHO yOenuThCA B CXOAUMOCTH PALA HEIOCPEACTBEHHLIM BBEIYUCACHUEM).

IIycte & — cobcTBeHHBIN BEKTOD onepaTopa U, cCOOTBETCTBYIOUMI COOCTBEHHO-
My BHAYEHUIO \:

Az(A) = i(m(A) + 2(A") + z(4") + x(A")) opu A ¢ G, (¥*%)
Az(A) =0 mpu A € G.

Ecmm |A| > 1, HO A # 1, TO, pacCMOTpeB HAUGOMBIIYIO IO MOAYII0 KoopauHaTy (A)
BEKTOpPA, L, HEMEIJICHHO TIPUIEM K TPOTUBOPETNIO — J€Bad 9aCTh COOTHOIICHNUS

(A=) #(4) = (@A) +2(4") + 2(4™)),

skBuBajeHTHOro (***), mo momyuaro Gombie mpasou. Ecau ke A = 1, To xoopauna-
TBI BEKTOPa T YAOBJICTBOPAIOT YCAOBHUIO JEMMBI 2, U CI€JOBATEILHO, PABHBLI HYJIIO.
ITpoTusopedne. (JI. Mednuxos)

7.11. YCJIOBUE. Bce koMIIeKCHBIE KOPHU YPABHEHUS
Ag X+ A XM 4 4 A, =
mo Moxyaio crporo menbine 1. [locaegoBarenbHOCTH
{vr, = AoUkyn + A1Ukyn—1 + -+ Apui}
cxoguTes. JlokaxkuTe, 9TO MOCIELOBATETLHOCTD {uUy } TOXE CXOOUTCA.

PEIEHUE. Bes orpanmdenns o0OMHOCTA MOXHO CIATAThL, 9T0 Ag = 1.
PasnmoxuM xapakTepucTuaeckuin Maorowren P(x) = 2" + Ajz" ' +--- + A, Ha
MHOKUTEN:

Px)=(xz-&)(z—&) ...-(z—&,), &€eC |& <1
PaccymorpuMm onepaTopsl Ay B IPOCTPAHCTBE MOCIE[0BATEILHOCTEH:
u = Ay (u), (Ax(w))i = wip1 — ;.

[MocnemoBaTEeTLHOCTE ¥ €CTH PE3YALTAT MPUMEHEHUA TPOU3BEICHUA OTIEPATOPOB A&i
K IMMOCJIeqOBATEIBbHOCTH U:
n
v = H Agiu .
i=1
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Taxum 06pa3oM, JOCTATOYHO NOKA3ATH CIefyommee: mycTs |€] < 1, a v = Agu —
cxoautesa. Torga u u Takxke CXOAUTCA. [JOCTATOYHO PACCMOTPETD CIydan klim v =
—00

= 0, IOCKOIBKY 3aMeHa U = Uy, — ¢, Uy = u — ¢/(1 — £) coxpanseT pekyppeHTHOe
COOTHOIIEHNE Vf, = Up4+1 — Eug. B TOM ciydae nokazkeM, 9TO klim up = 0, 1 331894
—00
OyaeT pernreHa.
W gykumen Jerko mpoBEPUTEH COOTHOIIECHUE

UNtr = Eun + & NG -+ EoNpr—1 + UN (*)

Ecan vy, cxogurces k Hym o, TO mas ao6oro € > 0 u Bcex k, HAUYMHAA ¢ HEKOTOPOro NV,
BBILIOJHEHO |vg| < €. U3 (*) monyuaem
- £
unrl <17 Tun] +e (€77 + -+ &+ 1) <JE] un| + T
N3 sron omenku crenyer, uro npu C' > 1/(1 — [€]) u mpu nocTaToO4HO GOABIIUX T°
BBLIIOTHEHO

|UN+T| < CE:
a BTO W 03HAYAET, YTO MOCIeNORATeTLHOCTD Uy, cxoauTes K uymo. (A. A. Kaneav)

8.8. YCJOBUE. B rpaHnvHLIX KIETKaX TabMULBI N X N PACCTaBIeHBI uucaa. [o-
KaXUTe, 9YTO MOXKHO MOTUCATH YUCAA B OCTATbHBIE KICTKU TAOJUIBI TaK, ITOOBI
KAz JO€ YMCI0") PaBHAIOCH CpeqHeMy apiupMeTHIeCKOMY CBOMX Cocepen?).

PEMIEHUE. YCI0BUE MOXKHO 3aMUCATL B BUIE CUCTEMbI THHEUHEIX YPABHCHUH (KO-
JIMIECTBO yPABHEHWI U HEM3BECTHLIX PABHO YUCTY BHYTPEHHUX KIETOK). CooTmeT-
CTBYIOIMAA OJHOPOJHAA CUCTEMA, HMOMYyIUTCA, €CIM B MPAHMYHBIX KICTKAX 3alucaThb
Hyau. B cuny nemmer 2 u3 pemenus 3agaqau 7.9 (c. 230) (Bepmunsr rpada cooTBeT-
CTBYIOT KJIETKaM TaOJUIEL, PeOPa COSIUHAIOT COCEIHUE TOYKM) OHA MMEET TOJBKO
HyJesoe pemerve. B cury memmer 1 u3 permenus 3agaau 7.9 (c. 230) ucxonuasn cucrema,
UMEET DEIeHre, TPUTOM €INHCTBEHHOE.

3AMEYAHUE 1. B ucxoxuou 3agade pedsb nuia o kagpaTaou tadaune. Ho yrsep-
K IEHUE BEPHO U 1A JTIOOOH «PAa3yMHON» TAOMUIEI, B YACTHOCTH, /I MPAMOYTOJbHON.

(JI. Mednuxos)

DYMerorcsa B BUIy 9YMCIA BO BHYTPEHHUX KIETKAX. B IPOTUBHOM CIyuae yTBEPXKAEHNE HEBEPHO.
2)MOXHO PaCCMATPUBATE KAK COCEACTBO (IO CTOPOHE», TAK M (IO BEDPIIMHE».



