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O IIPMMHWUTHWBHLIX KJIETOYHLIX AJITEBPAX

§1. BBEAEHUE

WmeeTcsa mo KpaliHelli Mepe TpPU KpPyra BOIIPOCOB, MPUBOIAINIUX
€CTECTBEHHBIM 06pa30M K KIETOYHBIM (KOTe€DEHTHBIM) alirebpaM, BBe-
néuanpiM b. Beiicdeiinepom n A. Jlemanom u HezaBucumo JI. Xwur-
matoM (cM. [13] u [9]). Tlo ompeneneHuio »To MaTpUYHbIE aJrelphl
van C, 3aMKHYTBIE OTHOCHUTEJBLHO aJaMapoBa YMHOMKEHUA U DPMU-
TOBA COMPSKEHUA W COAEPKAINE eTUHUIHYIO MATPUILy U MAaTPUILY,
COCTOAIYO M3 BceX eawnuIl. [lepBbIii KpyT BOIIPOCOB IPENCTABIIAET
TEOpUA TPYIII MePECTAHOBOK, B KOTOPOM KileTodHad ajrebpa BO3HU-
KaeT Kak IeHTpaidusaTopHas anrebpa Z((G) rpynms! mepectanoBok G
(em. ra. 5 B [15]). Jpyroii kpyr Bompocos oGpasyer anrebpande-
CKasd KOMOMHATOPUKA, B 0CODEHHOCTH TEOPUA ACCOIUATUBHBIX CXEM
u G6iok-cxeMm. Bce 06bekTH, paccMaTprUBaeMble B ®TOM KOHTEKCTE,
MOTYT OBITH MHTEPIPETUPOBAHBI KaK YaCTHBIE CJy4YaW KOTepEeHTHBIX
KOHQUIY pallnii, a KIeToYHble ajrebpbl BOBHUKAIOT KaK UX aarebpbl
cmeskHoCcTH (eM. [9]). HakroHerl, yroMAHEM CBA3aHHBIA ¢ KIE€TOYHBIMHU
ajarebpaMu moaxond K IpobiaeMme m3oMopdusMa rpadon, ABIAIOMIEH-
cA onHOW W3 HamboJiee U3BECTHBIX HEPEIIEHHBIX TTpo6iieM B Teopuu
CIIOKHOCTHU BhIYKCIIeHUlt. KitoueBoii MOMEHT »TOr0 MOAX0 /A4 COCTOUT
B CcOIOCTaBJIeHUN I'pady HaUMeHbIIER KIIeTOUHON anrebpbl, coaepka-
el ero MaTpuily cMmexknoctu. UMeeTcs KaHOHUYECKAasA TPOIENYPA,
CTpodAIasa Ty alrebpy 3a MOJIMHOMUAIBLHOE BPEMA, KOTOPad CBOJINAT
npobieMy M3oMop¢dusma rpadoB K COOTBETCTBYIOMNIeH IpobieMe 1A
KJIE€TOYHBIX aire6p (cm. [13]).

OnHO U3 IPEUMYIIECTB, JOCTUTAEMBIX ITPU TEPEXO 1€ K KIETOUHBIM
asgrebpam, 3aKII0OYAETCA B TOM, YTO, C OJAHOW CTOPOHBI, OTIPENEIAIO-
1€ UX AKCHMOMBI HE CTOJIb ONPAHWUYUTENbHBI, KaK aKCHMOMBI TDYIIIIH,
a, C JApPyroii CTOpOHBI, TU 006HEKTHl He CTOJL aMOP(HbLI, KaK rpa-
¢b1. dpyrvmu citoBamu, KieTodHble aarebpbl coueTaloT B cebe aji-
rebpamveckne 4YepThl TPYII W KOMOMHATOPHBEIE YePTHI I'padoB. MEI
MIPOUIIIIOCTPUPYEM DTOT TE3UC B KPATKOM OOCYKIEHUM TPEX TeEM,

WMcecnenosanume nonnepskano rpantom “Volkswagen-Stiftung Program on Com-
putational Complexity” u POPU, rpaut 96-01-00676.
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UTpPaIOIUX IEHTPAJIBHYIO POJIb B HACTOAIIEH CcTaThe: MpeaCcTaBile-
HUsA, IIIyPOBOCTh U MPUMUTUBHOCTD.

IIycte W — kaerounas anrebpa Ha KOHeUYHOM MHOKecTBe V', To
€CTh KJIeTOYHad moaajrebpa mojgHoW MaTpudHoll anrebpor Maty . C
TOYKW 3peHUA TeopWHW TpeacTaBienuii W MomkeT paccMaTpUBATHLCA
KaK acColMaTuBHaA ajirebpa BMeCTe C TOYHBIM JMHEWHBIM MPeACTa-
BIIEHUEM

p: W — Maty .

Mocroanbry W saBsisgercsa momynpoctoii anrebpoit nax C, npeacrabie-
Hue p BroJsHe npuBoauMo. OmHa 13 1eqeld paboThl COCTOUT B yCTa-
HOBJIEHWM CBA3W MEXIY CTPYKTYPHBIMU cBolicTBavu W u TaknMu
mapaMeTpaMU MIPeJACTaBIeHUA p, KAK KPATHOCTH W CTEIEHU €ro He-
IPUBOMUMBIX MpeacTaBiennii. Cieayer oTMETUTD, YTO HAIM I101X0 1
OTAUYAETCA OT UCIOJIb3YEMOTO0 B [2], Iie U3y dasnch KOMMY TATUBHEIE
KJIETOYHBIE aJrebphl, BO3HUKAIONIME W3 IUCTAHIIMOHHO-PEryJIIAPHBIX
rpagos.

[Tepexons K cieayiomieii TeMe onpenesuM CPYIILY aBTOMODQU3-
moB Aut(WW) kmerounoil anre6per W Ha V' Kak pymimy, cOCTOAIIYIO
13 BCeX MEPECTAHOBOK MHOMKECTBA V| MATPUIIBI KOTOPHIX IEHTPAIH-
syior W. B Hauasie pa3BUTUA TeopUM KIETOYHBIX ajrebp CyIecTBo-
BaJia TUIIOTE3a, YTBEP:KIABINAA, UTO KaykaAasd KiaeTouHasd airebpa W
ABIAETCA TypoBoil (o moBoxay obbsAcHeHWA TepMmmHa cM. [8]), TO
€CTh, YTO CIPaBeJIMBO CIEAYIOIEe PABEHCTBO!

W = Z(Aut(W)). (1)

Ecau 6®1 70 6BITO Tak, TO WMejgach OB TOJHAA XapaKTepU3aIvA
JMCTAHIMOHHO-PEryIAPHBIX TpadoB (cM. [2]) 1 alropuT™ MO TUHOMY-
AJNBHOM CIOMHOCTH JUIA NPobGieMbl m3oMopduama rpados (cm. [13]).
OaHako TunoTe3a oKa3aJgach HEBEPHON M HEIIYPOBBI KJIETOUHBIE aJl-
reGpHl B AeficTBUTENbHOCTH cyIecTByIOT (cM. [15] 1 [8]). Do mpuBo-
JUT K CHeyolei mpobiaeme (MpobaeMa Iy poBOCTH): ONpPEIEInTh,
ABJIAETCA JIU [Ty poBOii 3a1aHHadA KieTouHas anrebpa. [Ipobmema mry-
POBOCTM TIpeACTaBiAeT BTOPYIO M3 TeM HacTOAMeNR paboTh.
KombuHaTopHLIE CBOWCTBA KJIETOYHLIX adrebp MpOUCTEKAIoT W3
3aMKHYTOCTH TIOCJIEAHUX OTHOCHUTENBLHO ajJaMapoBa yMHOMKEHWA. A
VMEHHO, KajkAasd KiaeTouHasa aarebpa W comep:uT eIMHCTBEHHBIM
0o6pa3oM OIpeNedSHHbIA JauHedHbIA Gasuc, cocrosammia uz {0,1}-
MaTpPUIl, CYMMa KOTODBIX coBHajgaeT ¢ Jy (MaTpuila M3 BCeX €u-
HUIT, TpUHAATekamad Maty ), uTo Mo3BoJAeT paccMaTpUBaTh €& Kak
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anrebpy CMERKHOCTH KoTepeHTHoW KoHduryparmu. Mcmoab3ys sToT
Gasmc, MOKHO OIpEeAeUTh OJHOPOAHBIE M IPUMUTHUBHLIE KIETOUHLIE
aJareGphl, COOTBETCTBYIONIME B HIKECIEAYIOIEM CMBICJIE TPaH3ATAB-
HLIM M TIPUMUTHBHEIM T'pyTIIIaM IepecTaHoBok. Mmenno, anrebpa W
Ha3LIBAETCA OJHOPOIHOM, e€cilM OHAa COAEDPUT TOUHO OIJHY HeHy-
aeBylo amaronaiapHyto {0,1}-marpuny (emmHuuHyto marpuiy Iy ),
¥ NPUMUTUBHOM, €Clld OHAa COAEpPHUT TOUHO ABe Henyiebie {0,1}-
mMaTpunel ([y u Jy ), Kakaasd n3 KOTOPBEIX €CTh MaTPHUIA CMERHOCTH
HEKOTOPOro OTHOINEHWA SKBMBaJeHTHocTH Ha V. M3 sTux ompeme-
JIEHNI BBITEKAET, YTO T'pyMNIa MepecTaHoBokK (¢ TpaH3WTUBHA (COOTB.
NPUMUTUBHA) TOTAA M TOJLKO TOTAA, KOTJAA €8 IeHTpPadu3aTopHad
anrebpa Z(G) ogHopomHa (COOTB. MPUMWTHUBHA) Kak KIETOYHAA all-
re6pa. Kak ¥ IpUMUTHUBHLIE IPYIILI B T€OPUK I'PYIII IepeCTaHOBOK,
[NPUMUTHBHLIE KJIETOUHBLIE areGphbl OKA3BIBAIOTCA “CTPOUTENLHLIMMU
6a0kaMm” IS TIPOU3BOJBHLIX KIETOUHBIX adarebp. C nx maydenvem
CBA3aH TPETHii Kpyr BOINPOCOB, PacCMaTpPUBAEMBIX B CTaThe.

OcHoBHbIe pesynbTaThl paBoThl comepskarca B §83, 4 u 5 (B §2
MPUBOAATCA TOUHBIE OTIpEeeHUA U 0603HAUEHNA, CBA3AHHBIE C KIe-
TOYHBIMU aJreGpamu).

B §3 MBI oipenengeM HOBYIO OMEpAIMIO — SKCITOHEHITMPOBAHUE Kile-
TouHOU anrebpul W ¢ rpynmoii mepecTanoBokK K | pe3yibTaToM KOTO-
poii ABaseTcs kiaerounasa aarebpa W | K. Dra omeparusa monobHa
COOTBETCTBYIONIEN KOHCTPYKRIWK JULA TPYNI ITepecTanHoBok (cM. [8]).
IIycty crenens rpynnel K 6oabie 1. Toraa skcmoHeHNMpoBaHUE
G | K rpymn nepecranoBok G u K TpPpUMUTUBHO B TOM W TOJBKO
B ToM ciaydae, korga (G NpUMWUTWBHA W HeperyaspHa W K TpaH3u-
TrBHa. MBI 0606IaeM »T0T pe3ynbTar, AoKasbiBad (Teopema 3.5),
gyro aarebpa W | K mpumMuTwBHA B TOM W TOJNBKO B TOM CIydae,
roraa W mpuMUTWBHA W HeperyaapHa U K TpaH3uTuBHA. MBI Takke
MMOKa3bIBaEM, UTO JUJIA MPOM3BOJIBHOW 3aJaHHOW IPYMNBI ITEpeCcTaHO-
Bok K kaerounas aiarebpa W | K mypoBa Torjia W TOJBKO TOTIA,
KoTAa 1mypoBa anrebpa W (teopema 3.4). DTH TeopeMbl 1aI0T BO3-
MOMKHOCTb CTPOUTH OGECKOHEUYHBIE CEPUM HEITYPOBBIX MPUMUTUBHBIX
anrebp (cM. koHer 1. 3.3).

B §4 MBI onipeaenseM moHATHE 6a3bI KIETOUYHOW aarebphl, aHa o-
TUYHOE MOHATUIO 6a3bl IPYIINLI TepecTaHoBOK. OHO TeCHO CBA3aHO C
npoBieMoii 1ypoBocTu: coraacho [4] mypoBoii ABiserca awbdad m-
3aMKHyTasd KileTo4Has ajarebpa, uMmeromnas 6a3y MomHocT m—1 (06-
CYKJIEHNE CUIBHO 3aMKHY THIX KIE€TOYHBIX aire6p MPUBOANTCA HIDKE).
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OcHoBHOI pesynbraT sToro maparpada (reopema 4.3) mokaseiBaer,
YTO MOIMHOCTH KaK/I0W HeCcBOAMMONM 6a3hl MPUMUTUBHONM KIeTOUHON
anrebpel W He mpeBocxoanT dio6oro u3 dncesn mp/np, viae mp (co-
OTB. np) €CTb KPATHOCTH (COOTB. CTENEHR) HETJABHOIO MPUMUTHB-
HOT'O TeHTpadbHoro uiaemnoTednTa P anrebpwer W. Wcmonbsysa a1y
BEPXHIOIO OIEHKY MBI TTOJIYYa€eM, UTO YITOMAHYTAaA MOIMHOCTL He Tpe-
BOCXOJUT CpelHel cTelleHN HepedIeKCUBHOTO 6a3MCHOTO OTHOIIEHUA
anrebpel W (cremcrbue 4.8), a Takke yCcTaHABIMBAaEeM TPU BEPXHUE
OlleHKW Ha TmopAmok rpymmel Aut(W) B TepmuHax cremeHeii Gaswc-
HBIX OTHOIIeHUA anrebpbl W 1 NpuBeAEHHBIX BbIlle dMces mp/np
(teopema 4.10 u caencrBue 4.12). OTMernM, UTo KasKIBIA M3 9THUX
pPe3yabTaTOB MPUBOIUT K COOTBETCTBYIONIEMY Pe3yAbTaTy MJIA TPU-
MUTUBHBIX TPYII TTePeCTAHOBOK.

B §5 MBI mpomomkaemM M3ydveHME m-3aMBIKAHUA KIETOYHOUW ajire-
6pel, BBenéHHOTO B [4] (TOYHOE oOlpeenieHMe MOMKHO Takke HAlTH
B oToM maparpade). OHO MomkeT paccMaTpUBATHLCA Kak MpUOIN-
’KeHWe KileTouHoU anrebpwer W ma V K eé mIypoBoMY 3aMBLIKAHUIO

Sch(W) = Z(Aut(W)) (cm. [4]):
w=w" <. <W" =Sch(w),

rie W(m) ecTb m-3aMBIKanne anare6puel W wm n — momHocTh V.
IIpeamonaras MPpUMUTUBHbIE KIETOYHBIE AJre6PHI 2-3aMKHY THIME (TO
€CTh COBMAJAIONIMHU CO CBOMMMU 2-3aMbIKAHUAME) MBI 0600IMaeM Ha
HUX HEKOTODBIE KJIACCUYECKHUE TEOPEMBI, CIIPABEIMBBIE HJA ITPU-
MUTHUBHBIX T'PYIII IepecTaHoBok. Hampumep, MBI XxapakTepusyeMm 2-
3aMKHYTble MPUMHUTHUBHBIE airebphbl Kak 2-3aMKHYTBIE OJHOIIOAHBIE
anrebpel W, mia koTopwlx mobas anrebpa W,, v € V, (aHanor
0HOTOYEUHOTO CTabuin3aropa A TPYNI TePecTaHOBOK) ABJIAECT-
cA MUHUMaJbHON Hamanrebpoii anre6per W (Teopema 5.5). Dro, B
YaCTHOCTHU, BIEYET, 4YTo Takad airebpa W cosmanaer ¢ W, "W, nna
JIOOLIX ABYX PAa3JWYHBIX TOYEeK u U v U3 V WM ABJIAETCA PEryidp-
HOW mpocToii crenenn (Teopema 5.6). Mer Takke o606ImaeM Ha 5TH
aJirebpel XOPOIIIO U3BECTHYIO TEOPEMY, YTBEDKIAIOIIYIO, YTO KarKaasd
3/2-TpaH3suTUBHAA Tpya Ju60 NPUMUTUBHA, JUBO ABIAETCH MPYII-
ot Ppobenuyca (reopema 5.11). HakoHern, MBI IPUBOANM TIPUMED,
MMOKA3BIBAIOIINL, UTO BCE BTU TEOPEMBI MTEPECTAIOT OBITH BEPHBIMHU,
€CIIV TIPEAIONOKEHIE 0 2-3aMKHY TOCTH aire6phl oyckaeTca (CM. Ko-
Hell 1. 5.3).
IMpeasapurenbHblii BapuaHT paboThl oy bankoBad B [7].
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O0Gozaauennsa. Kak obbruno depes C obo3HavaeTca moje KoM-
MIJIE€KCHBIX YMCE.

Ha mpotrsskennu Bceit paboTel V ob6o3HadyaeT KoOHeUHOe MHOMKe-
crtBo ¢ n = |V| snementamu. Ilo orHoueHUsAMEY Ha V' MBI IOHUMAEM
moaMHOXKecTBa MHOKecTBa V' X V. Jlaa otHomenua R wa V MBI To-
naraem RT = {(u,v) : (v,u) € R} u R(v) = {u: (v,u) € R}, rne v € V.
Ecan E — 9KBUBaIeHTHOCTD (TO €CTh pedIeKCUBHOE, CHMMETPUIHOE
¥ TpaH3WTIWBHOEe oTHoIeHMe) Ha V', 1o V/FE ofo3HauaeT MHOMKECTBO
BCEX KJIACCOB 0 MOAYIO F.

Asrebpa BCcex KOMIIIEKCHBIX MATpPHUIl, CTPOKA U CTOJOIBI KOTO-
PBIX WMHAEKCHPOBAHBI BJIeMEHTAMU MHOXKeCTBa V|, 0603HaUYaeTCA Ue-
pes Maty , eé e AMHWYHBIA »ileMeHT (€ MHUYHAA MaTpuia) — depes [y
Y MaTpUIla, COCTOAINAA U3 BeeX equumil — vepes Jy . Hdaa U C V azare-
6pa Maty ecrecTBEHHBIM 06pa30M OTOKIAECTBIAETCA C 10 AaATeb POt
anrebpsr Maty .

O U,U' C V uepes Jyy: o6osmavaerca {0,1}-marpumna ¢ equ-
HUIIAaMM TOYHO Ha MecTax, npuHamiaexamunx U x U/, Ecan A € Maty,
to AT 06o03HauaeT TpaHCIOHUPOBAHHYIO MaTpuUIy, a A* — 5pMUTOBO
COTIPSKEHHYIO.

Ecam g : V — V' — 6uerkmms, 1o AY oboszmadvaer obpa3 mMaTpu-
16l A OTHOCHUTENLHO eCTeCTBEHHOr'o M3oMoppurama anrebpor Maty B
anre6py Maty:, uHaynmMpoBaHHOTO g¢.

I'pynma Bcex mepecTaHOBOK MHOMKecTBa V OyneT o6o3HadaThCA
gepes Sym(V). Eciu n HarypanbpHoe uncio, To Cy,, n D, o6o3Hada-
IOT TPYIIBI TEPECTAHOBOK HA N TOYKAX, OTBEYAIOIINE €CTECTBEHHBIM
HeWCTBUAM IIMKINYECKOW TPYINBI MOPAAKA N U IUD APAIbHON I' DYk
MOpAIKA 20 COOTBETCTBEHHO (B TOCIEHEM cilydae n > 3).

Hast neawix uucedn |, m uepes [I, m] o6osnavaerca Mmuoskectso {1, [+
1,...,m}. Msr mmmenm [m], Sym(m), Mat,,, V™ u V Bmecto [1,m],
Sym([m]), Matr,,, V™l u V1 coorsercrrento.

§2. KIETOYHBIE AJTEBPHI

Bce HeonpenenseMble HKE TEPMUHBI, OTHOCAIUECA K KIETOYHBIM
ajrebpaM M TPYIIaM IIePECTAaHOBOK, MOTYT ObITh HaiigeHbl B [13]
u [15] cooTBeTCTBEHHO.

2.1. MMoa xaemounod anzebpoti wa V mMbl moHUMaeM mopairedpy W
anrebper Maty , 11 KOTOpOli BHIMTONHEHBI CJleAYIONIME YCIOBUA:

(Cl) Iy, Jyv e W;
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(C2) VAe W : A* e W,
(C3) VA, BeW :AoBeW,
riae Ao B — amamMapobo ([MOKOMIIOHEHTHOE) TIPOM3BeAeHe MaTpuIl A
u B. N3 (C2) cnenyer, uto W sABiAeTcA MOMYNPOCTOR aurebpoit
wag C. MuoxkecTBo V HasbBaeTca MHoMcecmeom mouek anredper W,
a €ero PIEMEHTHI — MOYKAMU.

Kaxknasa rnerounas aarebpa W uMmeeT equMHCTBEHHBIM 0bOpazom
ONpeleEHHBIA auHeRHbIH Gasuc R = R(W) (emawdapmund 6Ga-
suc W), cocroammii uz {0,1 }-marpui Takux, 4ro

> R=Jy u RER & R €R. (2)
RER

Heorpunarenphpie Lejble YMcaa ¢k g, ONPEIe]eHHbE PABEHCTBOM
RS =3 per ¢hsT, rae R,S € R, Ha3BIBAIOTCA CIPYKMYPHOLMU KO-
cmanumamy anrebpor W.

Homoskum Cel(W) = {U C V : Iy € R} un onpenenum Cel™ (W) rak
MHOMECTBO BCEBO3MOMKHEIX 06 beanHennit snementoB n3 Cel(W). Ka-
A ABIA pieMeHT MHOKecTBa Cel(IW) HasbiBaeTca kaemrotl anreGper W.
Jlerko BuaerTh, 410

V= U U  (mu3pIoHKTHOE 06bearHEHNE).
UeCel(W)

AunreGpa W HaswBaerca odnopodnodl, ecnn | Cel(W)| = 1.
Haa U, U’ € Cel"(W) nonoskmm Ry = {R € R : RoJyuy = R}.
Torma

R = U Ruy: (EN3BIOHKTHOE 00'benUHEHNE).
U, U'eCel(W)

Boaee Toro, maa aByx kaerok U, U’ umciio eavHWIl B u-of CTpOKe
(cooTB. B v-0oM cTonbIe) MaTpunsl R € Ry yr He 3aBUCUT OT BLIGopa
u €U (coorB. v € U'). D10 uncio obozHavyaerca depes doy:(R) (co-
oTB. din(R)). Ecam anrebpa W oanopomna, 10 doyt(R) = diyn(R) nisa
Bcex R € R, u MBI UCTOIB3YeM A »Toro yncyia obosHadeHne d(R)
U Ha3bIBaeM ero cmenenbio . B aToM cayuae

> d(R) =1V, (3)

Nast kasmoro U € Cel” (W) mb1 pacMmaTtpusaem noganre6py Iy W Iy
anrebpol W kak kiteTounyio airebpy Ha U u obo3HadaeM ee depes
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Wy . Basucuble matpunbl anrebpsl Wy #HaxomaTca B 1-1 cooTBeT-
crBumM ¢ MatTputiamu us Ry py. BEcan U € Cel(W), mbr HaseiBaeM Wy
00Hopodnol Komnonenmol W, coorBercTByIoMmeit U.

Kamxpan marpuna R € R, 6yayuu {0,1}-marpuieii, apasercsa ma-
TpUllell CMEKHOCTH HEKOTOPOTO OTHOIEHWA HA V, HA3BIBAEMOTO 6a-
sucHBM omuowenuesm anre6per W. B cuiny (2) MHOMKeCTBO BCeX TaAKUX
OTHOIIeHNIT 06pa3yeT pa3bueHre MHOXKecTBa V X V| olipenensioliiee
KOTepeHTHYI0 KoHpuryparmmio Ha V' (cM. [9]). Mer 6ymem uvacto wmc-
MOJIb30BAaTh JIA ®TON0 MHOMKECTBA TO e caMoe obo3HaueHue R u
COXpaHUM [Jis 5a3WCHBIX OTHOIIEHWH BCce 0003HAUYEHUs, BBEIEHHBIE
A 6a3UCHBIX MaTpHII.

2.2. BoJplnoil Kiacc KIETOUHLIX aJre6p BO3SHMKAET M3 TPYII Ile-
pecTaHoBOK creayiomum obpazom (cm. [13]). Ilycre G < Sym(V)
rpyIIa IepecTaHOBOK U

Z(G)y={A e Maty : 49 = A, g€ G}

eé meHTpamsaTopHas anrebpa. Torma Z((G) — kierodnas anrebpa
na V. Eé 6asucHble OTHOMEHUA CYTh B TOYHOCTU 2-0pOUTHI TPYI-
el G. B wactaoctn, Cel(Z(G)) = Orb(G), rae Orb(G) — MHOMKeCTBO
opbur rpymmsr G.

Byaem rosoputh, uto e kaerounsle anarebput W na V um W' na V'’
CUABHO UzoMOPpPHy (I KpaTKOCTH M3oMOopQHE!) U mrcath W = W/
ecim W9 = W’ pna merotopoil buekimm g : V. — V'’ masniBaemoit
uzomoppusmon s W B W'. flcHo, uTo ¢ MHAYIMPYET GUERITAIO MEHKIY
mHokecTBamu R(W) u R(W'). T'pynma Bcex mzomopdusmos us W B
cebs cComePRUT HOPMAJbHYIO TOATPYIITY

Aut(W)={geSym(V): A = A, Ae W},

Ha3BIBAEMYIO 2pynnotl aemomopdusmos anredpor W.

Ecan W = Z(Aut(W)), 1o anrebpa W nasbiBaeTca wyposod. Jler-
KO BUAEThL, uTo W mypoBa TOrAa M TOJBKO TOTAa, KOTJa MHOMKECTBO
€& 6a3MCHBEIX OTHONIEHWA COBIAJAET C MHOMKECTBOM 2-0pOUT IpyT-
el Aut(W). W3 [15] caenyer, uTo CyIIECTBYIOT HEIIYPOBBI KIl€TOY-
HBle anrebphl (cM. Takke [8]). HauMeHBITUM TPpUMepPOM HEILY pOBOH
KJI€TOYHOM anrebphl, KOTOPBI MBI 3HAEM, ABJIAETCA KOMMY TATUBHAA
anrebpa T(15) Ha 15 Toukax, COOTBETCTBYIOIIAA KOCOAaMapoBOil
MaTpuiie mopagka 16 (ABHoe omucanue cM. B [8]). Dra anrebpa mMe-
eT Tpu Oa3UCHLIX OTHOINEHUA cTemeHeir 1, 7, 7 v ABAAeTCA TPUMU-
TWBHOU B cMBIcie 1. 2.3.
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Hapsay c nonsTtumeM cuibHOTO M30MOp(dU3Ma Mbl paccMaTpUBa-
eM MoHATHe cjlaboro m3oMopdmsMa KIeTOUHHIX airebp. Mmenno,
kaetounkre anrebpel W na V m W ma V' maswBaloTcsa caabo uzo-
MopdrplmMy, eclIU CyIecTByeT Takofl M30MOp(U3M MATPHUUHBIX aJ-
re6p ¢ : W — W' gm0 o(R(W)) = R(W’'). B stom ciydae
(Ao B) = p(A)op(B) n p(A*) = ¢(A)* nna scex A, B € W, npu-
gem |V| = |V'| u ¢ maaymmpyer 6uernmio uz Cel(W) nma Cel(IW')
(em. mpennoxenne 2.4 u3 [4]). J1o6oii Takoii ¢ Ha3BIBAETCA CAGGHM
uzsomoppussmon 3 W B W', OTMeTuM, UTO KaMIBIA CUIBHBIA M30-
vopouam uz W B W' ubayuupyer ecTecTBeHHBIM 06pa3oM ciabblii
M30MOPGUIM MEKIY DTUMU aarebpamu.

Knerounasa anre6pa W HasbiBaeTca noaypezyaaprol, ecnn dip(R)
= dowt(R) = 1 nna scex R € R(W). OnHopodHasA MONyperyisap-
Hasg adarebpa Ha3bpIBaeTCA pezyadpholi. Jlerko BuaeTh, 4To TOype-
ryJsApHBIe (perynfapHble) aAreGphl CYTh B TOYHOCTH IEHTPAM3ATOP-
HBIe aiarebphl Oy PEryIAPHEIX (peryIapHBIX ) TPYII IePecTaHOBOK.
Bonee Toro, mro6oit caabblif M30MOPPU3IM HMONYpPEryAAPHBIX aarebp
WHAYIUPYETCA CUIbHBIM M30MOP(PU3MOM.

2.3. Illycty W — kietounasq anrebpa #Ha V 1 I/ — sKBUBaJeHTHOCTDH
"a V. Mel ToBopuM, uto E ecTh skgusasenmuocmsy anredbpeur W ecam
OHa TIpeJCTaBIAETCA B BU/le 06 beAMHeHNA 6a3nCcHBIX oTHOIeHnit W.
YrBuBasenTHocTn anrebper W ¢ marpuniamu cmexknoctu Iy u Jy
Ha3BIBAIOTCA Mpusuasbusimu. [Ipenmonosxknm naiee, uto anarebpa W
omHopoaHa. MBI Ha3bIBaeM €€ uMnRpuMumuenotl, eciiu OHA MMeeT He-
TPUBUAJIbLHYIO 9KBUBAJIEeHTHOCTL. ey W nMeeT TodHO IBe dKBUBA-
JIEHTHOCTH, TO OHa Ha3bIBaeTCA npumumuenot. Mbl moauepkaéM, UTO
KJleTOYHaA ajrebpa Ha OJHOTOYEUYHOM MHOMKECTBE B COOTBETCTBUU C
BTUM OTIpEeJIEHUEM He ABJAETCA HA UMITPUMUTUBHOMN, HU TPUMUTHUB-
HOMA.

Jlemma 2.1 ([13, c. 71, 72]). Hyems W — npusmumuenad Kiemouwnas
anzebpa, uMelouw,ad wepedaexcusnoe 6aszucnoe omuouwenue cmeneny 1
(cooma. cmenenu 2). Toeda W =2 Z(C,) (coome. W = Z(D,)) das

Hexomopoz2o npocmozo (coome. HEYEMH 020 npocmozo) HUCAA P.

Ecau W npumutusaa, 1o o [13, ¢. 55, 56] ramkaoe eé Hepediek-
CHMBHOe Ga3WCHOE OTHOINEHWE CUIBHO CBA3HO (B COOTBETCTBYIOIIEM
rpade mI00BIE JBE BEPIIMHBI COEIMHEHBI OPUEHTUPOBAHHOMN IENBIO).
Hpyrumu cioBamu, aia mobo#t 6asmcHoil MaTpulel R anrebper W,
R # Iy, kaxaaa 6asucHas MaTpuna S BXOAUT B RS 1714 HEKOTOPOro
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MOJIOKUTENBLHOTO TIeJIOT0 g, To ecTh So RS # 0. Ecau W e apnaeTca
PEryIAPHOI, TO {5 MOMKeT OBITH BHIGPAHO OJHUM M TEM e JJIA BCEX
S. (HeiictButenbho, mo gemme 2.1 umeem d(R) > 1 u motomy R'Iv
He kpatHa [y. Takum o6pasoM, WCKOMOE UKMCIO €CTh MOAXOAANEE
KpaTHOe Ynca i, .)

2.4. MHoM¥kecTBO BCeX KIJIETOYHLIX ajredbp Ha V yHIopamodeHo ITo
BEMoYennio. Hanboabmmm m HaMMeHBIIIMM 3J1eMEHTOM 5TOTO MHOMKE-
CTBa ABIAIOTCA COOTBETCTBEHHO TIOJHAA MaTpUuHas aarebpa Maty n
cumnaexe S(V) = Z(Sym(V)), 1o ectb anrebpa ¢ AuHEHHBIM 6a3McoM
{Iy,Jv}. Mot tummem W < W' ecam W C W',

Il 3a0aHHBIX TTOAMHOKECTB X1, ... , Xy MHOKecTBa Maty ux kie-
TOYHOE 3aMBIKaHWe, TO €CTh HauMeHbINad COAep:RAMAad UX KIeTOU-
Has ajrebpa, obosmauaerca depes [Xi,...,X]. Ecau X; = {A4;},
Mbl OIIyCKaeM B 9TOW 3amucu (GurypHble CKoOKU. Il KiIeToudHOi
anrebper W < Maty mbr mamem W[X] smecro [W, X]. Ecam U =
{v1,...,05}, TO MBI UCHOJNb3yeM 06O3HAUECHUSA Wiy v Wy, . o, Aas

anre6pst Wl 1, ... Iv 1]

s

§3 OKCIOHEHIIMPOBAHWE KIETOYHBIX AJTEBP

3.1. Ilycts W < Maty — rneTounad anarebpa co cTaHAAPTHBIM 6a3u-
coM R u & —rpynna cinabbix uzomopdusmon W. lina R € R nonoskum

R= Y R,
R'€Ogr

rae Or — op6ura rpymmer ®, comepxammad R u Pp={p € & : p(R) =
R}. Toraa scmo, uro R ecth {0,1}-MaTpuma u ABe TakUX MaTpu-
B IGO0 COBMAAAIOT, IUG0 OpPTOrOHAJLHBI OTHOCUTENBLHO a1aMapoBa
yMHO¥eHUA. JIerko BUAETh, 4To

Y R=J/yuReR® & R er”, (4)
ReR®
rae R® = {R: Re€R}. Momowum W = [R®].

Jlemma 3.1. Muoxcecmeo R® ecmy cmandapmusiil 6asuc kaiemounod
anzebpur WP,

HoxrazarenbcTBo. B cuny (4) mid aokazaTelbCTBa yTBEDPHKICHUA
JOCTATOYHO HpPOBEPUTH, UTO HpoM3BeaeHMe ABYX MaTpum nz RE
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opecTaBiIAeTCA B BUe JMHeiHON KoMOuHamuy Matpun us RY. Ox-

HaKoO,
Eg: Z Z R/S/:

R'€Ogr S'€0s

- Y Y Y 4= (XY da)r
TeER

R'€ORr S'€0s TeR \R'€Or S'€0s

rie cﬁ, g/ — CTPYKTYpHBIe KOHCTaHTHl aarebper . llockonbky, ode-
,

T _ (1)
BUAHO, CR g = Cu(R),p(s

B cKOOKax He 3aBUCUT OT BeiGopa T B opbure rpynnel ®. D10 moka-

) AV BCex R, ST €R uyp € ®, To BeIpaskenue
3bIBaeT TpebyeMoe yTBepHKIeHIE.

3ameuanume 3.2. M3 nokazaTenbcTBa JEMMEBI CIEAYET, YTO CTPYK-
TypHBIe KOHCTAHTHI aireGpel W® Beramcasiores ciemyiomum obpa-
30M: C%g =Y Ricon Lasic0s Chr 5

IIycte W < Maty — kimetouHasa anrebpa m K — Tpynma Iepe-
cTaHOBOK Ha MHOMxecTBe X . Onpenenss neiicreue rpymnel K wa VX
dopmynoit

({vx}xeX)k — {ka—l }xEXa Uy € Va k S [{a

MBI MOYKEM paccMaTpMBaTh A Kak T'PYyHIy cilabBIX M30MOPQPU3MOB
anre6put WX ma cebs, rme WX = W@---@W (X pas). Ilo aemme 3.1
5T0 olIpelesdeT KIeTOUHYIo aare6py Ha VX ofosHauaeMylo depes
W 1 K u naspiBaeMyio sxcnonenyupoeanuem W mocpemctBom K.

Ipengmoskenue 3.3. Hamerom smecmo caedyouue Kanonuueckue u3o-
Mopdusmul:

(1) Wi(KeL)y=2(W{ K)o (W1 L);

(2) (W1K) | L=W | (K1),
ede W - waemounas anzebpa, K, L — epynnv nepecmanosox, & (co-
ome. 1) obosnanaem npaMY0 cyMMy (COOME. CRAEMERUE & UMNPUMU-
mugnom deficmeun) 2pynn nepecmanosor 4 @ 0603HaA%AEM MERIOPHOE
npoussedenUe KAemMoNnuL aazebp.

JokazarenbcrBo. Ob6a yTBepHKAEHNUA MOKA3KIBAIOTCA MPAMBIM BhI-
uncienneM. JlokaskeMm, HampuMep, BTopoe w3 HuUX. Hamomuwm, 4uTo
cunerenne K | L rpynn nepecranoBok K vHa X m L Ha Y cocrout
u3s saementoB g = ({ky}yev,!), Tne ky € K, | € L, tak uto g~ =
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({ky,—l},l_l), u netictByer Ha X X Y mo dopmyae (z,y)?! = (v, y').
s cemetictBa {Ry yteex yev € Rey € R(W) MBI nMeeM

SR (S @) =

leL yeY \keKeeX

=2 X Q@ R )=

leL \{ky}€KY (z,y)€EXXY

= 2. Q R=2 QR

({ky}, DEKIL (2,y)EX XY gEKILtEX XY

riue z = y’_l. na 3aBeplieHusa noka3zaTelbCTBa JAOCTATOYHO 3aMe-
TWTDH, 4T0 M06asa GasncHadA MAaTpHUIA W3 JIeBOW (COOTB. MpaBoii) Ja-
CTH DaBEHCTBA B yTBepwKJAeHWM (2) KpaTHa MaTpuIile W3 JIeBoi (co-
OTB. TPAaBO#) YacTW MocieaHedl GOPMYIBI JIA TMOAXOJANETO CeMeii-

crBa {Ry 4}

3.2. BeeméHnas omepalms TECHO CBA3aHa C DKCIOHEHIMPOBaHWEM
TPYII MMepecTaHoOBOK, Ha3kIBAEMOM TAaKKe CILIETEHWEM B TTPUMUTHAB-
HOM mefictBun (cM., HanpwMmep, [8]). DrcrnoHenmuposanne G | K
rpymie! mepectaioBok G < Sym(V) mocpeacTBOM T'DYNIBI MepecTa-
HoBOK K < Sym(X) ecTh 10 ONpeAeNeHNIO TPYIIA, COCTOAINAA W3
nepectatoBok ({¢z Jrex, k) ¢ 95 € G, k € K, meficTBre KOTOPHIX Ha
muOxkecTBe VX 3amaérea dopmyoit

{vg }Hge1H) = {vgik__ll I3
CrpaBeqMMBHI ClleAyIOMNe BEIIOYUEHNA:
Aut(W) 1 K < Aut(W | K) < Aut(W) | KO, (5)

rae KU ecrb 1-3ambikanue K, T0 eCTb IpOU3BELEHIE CUMMETPUUE-
CKMX TpYII, aeiicTByromux Ha opburax K. [lepBoe BrItOUeHME MIpO-
BepseTcsA HemocpeAcTBeHHO. [liig mpoBepKM BTOPOTO 3aMETUM, UTO
Aut(S(V) T Sym(X)) = Sym(V) 1 Sym(X) (o6e rpynmsl, oueBUIHO,
UMEIOT OJHU U T€ ke 2-0pOuThI, MpUUEéM BTOpaA Ipylna 2-3aMKHYTa,
cm. [8]). osTomy Kaskmasa mepectanoBra n3 Aut(W | K) nmeer Bua
o= {g:}, k), 9 € Sym(V), k € K. Boauee toro, g, € Aut(W) u
ke KU uro ciemyer u3 paccMOTpeHWA AACTBUAA MEPECTAHOBKA O
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Ha Ga3sMCHBIX OTHOWIeHMAX aireGpel W | K, mmerommx Bua RX u
RO x SX\O 1ne R, S — pasmndmble Ga3nucHble OTHOITEHUA aireGpsl W
u O — opbura rpynner K .

[Mpo&aema 1mrypoBoCTH AJA BKCIOHEHIIMPOBAHUA PEITAETCA B Clle-
AYIONIEM YTBEDHKICHUN.

Teopema 3.4. Kaemounas anzebpa W | K geagemes wypoeodl mozda
# moavko mozda, xozda aazebpa W wypoea.

HoxazareascTrBo. Ilycte K < Sym(X). Ecau W — myposa aire-
6pa, TO, OYEBUIHO, Iy poBoil ABIseTca n aare6pa WX . Ilo onpemne-
JIEHUTO DKCIIOHEHIIMPOBAHUA DTO BJIEYET, YTO Ga3UCHBIE OTHOIIEHU
aare6per W | K umeror Bug OF = Urex O*, rme O — 2-opbura
rpymmsr Aut(WX). Tockombky rpymma Aut(W) | K nefictByeT Tpan-
sutusHo Ha OF | mocrarouHocTh cieayer us meporo Brmouenus (5).

O6parHo, mycTh R — mpou3BoJibHOEe Ga3uCHOE OTHOIIEHHE AJile-
6per W. Torma myposocts W 1 K Biteuér, uro rpymmna Aut(W | K)
NeficTBYeT TPaH3UTUBHO Ha 6a3ucHOM oTHomeHur R amre6psr W |
K. C apyroii cTopoHbI, B CHIy IpaBoro BRAOUeHNsA (5) Kaskaas mepe-
cranobka u3 Aut(W 1 K) umeer Bun ({gs}, k) ¢ g5 € Aut(W) nma Bcex
z € X. llosTomy rpymma [ x Aut(W) mefictByer TpansutuBHO Ha
mHOoxecTBe Tap ({u}pex, {v}rex), nae (u,v) € R. Tarkum o6pasom, R
ABiAeTcA 2-0pburoii rpynnsl Aut(WW) u, ciaenosarenrHo, anrebpa W
Iy poBa.

3.3. Ecnu W ommopomna, o W | K ecTb EkieTodHasd [OAAJTE-
6pa omHopoaHoii amrebpsr WX. IlosToMy oHa Takke OIHOpPOIHA.
C npyroii crtoponbl, ecau U — kiaeTka aiarebper W, To, scHo, uTO
UX € Cel(W | K). Takum o6pasowm, amrebpa W | K ommopommna,
€CJI ¥ TOJIBKO €CJIW OJHOPOIHON ABideTcs airebpa W. Caenymoiiee
yTBep/KIeHNE XapaKTEPU3YeT CIyYdall MPUMUTUBHOTO BKCITOHEHIIPO-
BaHUA.

Teopema 3.5. [Iyems W < Maty — kaemounas aszebpa u K < Sym(X)
— epynna nepecmanosokr cmenenu boavuwed 1. Toeda W T K npusmumue-
Ha ecau u moavko ecau K mpansumuena u W npumumuena u nepezy-
ATPHA.

Joxkazarenscto. llycte W | K — nmpumuTuBHAA KIETOYHAA aji-
re6pa. Torma |V]| > 1. Eciu O € Orb(K), 1o 9KBHUBaJEeHTHOCTH
Ha VX, Kiacchl KOTOPO# oNpenesfiloTcsa PaBeHCTBOM KOO AMHAT
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BHe O, sABIAETCA YKBUBaJeHTHOCTHIO airebper W T K. Ona HeTpuBmM-
ambHa, ecin O £ X. Tak uro rpynma K TpaHsuTWBHA. AHAITOTHYHO,
9KBUBAJIEHTHOCTEL F anrebpul W omnpenenseT sKBUBAJeHTHOCTH adl-
rebper W | K, kimaccaMu KOTOPO# ABIAIOTCA MHOMXKECTBA erX U,
Uy, € V/E. D10 nokaseiBaer, uro W npumurusha. Hakouen, W we
MOMKeT OBITH PeryJisapHol airebpoii, n6o B MPOTUBHOM CIydae OTHO-
IeHre ¢ MaTpullefi CMeKHOCTH ZR€R RX rme R = R(W), 6b110 GBI
HEeTPUBUAIBHON »KBUBaseHTHOCTIO anrebpur W | K.

O6paTHO, PACCMOTPUM MAaTPUILy CMEXHOCTH F HEKOTODOW KBU-
BajenTHocTH anrebper W | K. Ilpeamonoskum, uro £ # Iy x, u mo-
JLOKUM

S={RER(W¥*):Ro E = R}.

Torma kaxkmas marpurta R € S MoskeT OBITH 3alUMcaHa B BUIE
R = ®zex Ry, Tne R, € R nus Bcex z. Bribepem matpuityy R uz 8
Tak, 4To6bl uncio ng = [{x € X : Ry = Iy }| 6B1I0 MUHUMAJIBHBIM.
N3 Beibopa F caeayer, uro R # Iy x u notomy ng < |X|. Ilokaskem,
uro ng = 0. efictBurenbho, nycrts Ry, # Iy n Ry = Iy nna gHe-
KOTOPBIX 2,y € X. B cuny TpaH3uTUBHOCTU rpynnbl K cyliecTByeT
Takas mepecrtamoBra k € K, uro z¥ = y. Hockompky EF = E, Mbl
sakmouaeM, uro RF € 8. CuenoBareibHo, Bce GasUCHBIE MaTpPUIILI
aare6per WA | Bxonamue B RR* rakxe npuHamieskar MHOKECTBY S.
C mpyroii cTOpOHBI, TOCKONBKY kKjeTouHasd aiarebpa W npumutuBHA
U HePEeryJasapHa, MPOU3BEeAEHNEe IBYX €€ 6A3UCHBIX MaTpUIl KpaTHo [y
TOrZa W TOJNBKO TOTJa, Korjga obe oHWM paBHBI [y . DTO BIEYET, UTO
cymecTByeT 6asucHas Matpuna S anrebpsr WA | Bxoasmas B RRY
KoTOpasd MPUHAMIEKRAT S, MIrdeM ng < ng (AefCTBUTEIRHO, BbIGE-
pem S = ®Z€X S, mak, uro S, # Iy mna Bcex z ¢ R, # Iy; Torma
Sy = RyRy = Ry # Iv). D10, onnako, nporuBopedunt BeIGopy K.

Mocromwrry Ry # Iv, x € X, a W npuMuTuBHa U HeperyisapHa,
To KakAad GasvcHasd MaTpuia ajare6pel W BxommT B Ris nma He-
KOTOPOTO TOOKUTEIBLHOTO 1eNoTo iy (cM. m. 2.3). Takum o6pasom,
mobas GasucHaa MaTpuna aarebpsr WA Bxoaur B R ama HekoTopo-
ro i (B KAYeCTBe §{ MOXKHO B3AThH, HAIPUMED, TIPOU3BEHAEHIE UUCET iy
o BceM z € X ). TlockonbKy R'oE = R, 510 o3nauaer, uro = Jyx.
CaenoBarenbto, aarebpa W | K mMmeer TOJbKO TPUBUAIBHBIE 9KBU-
BaJIEHTHOCTHY U ITOTOMY MPUMUTHUBHA.

ITo Teopemam 3.4 u 3.5 HemypoBa NPUMUTUBHaAA airebpa W =
T(15) (cM. 1. 2.2) mopokIAET CEPUIO HENTY POBBIX IPUMUTHUBHBIX Kile-
Tounblx anrebp W T K, rane K mpoberaer MHOKECTBO BCEX TpPaH3U-
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TWUBHBIX rpynn. Havmenbitaa Takad anrebpa, He coBmagatomasa ¢ W
(ra 225 Toukax) BosuukaeT mpu K = Cs.

§4. IIPEANCTABJEHHWSA, BA3bI, IPYIIIIbI

4.1. Ilycty W — wkietounasa airebpa Ha V. Byayum moaympoctoit
anrebpoit naya C, ona msomopdHa NpAMOMY NPOU3BEIEHUIO MOJIHBIX
MaTPUYHBIX ajrebp:

w= J] wp=z J[ Mat,, (6)

PeSpec(W) PeSpec(W)

rae Spec(WV) ofoszHauaeT MHOKECTBO BCEX TIPUMUTHUBHBIX [EHTPab-
HBIX UAeMIIOTeHTOB airebper W. Orciona caenyer, 4To

dime(W) = >  np. (7)

PeSpec(W)

ITocroabry Iy = ZPESpeC(W) P, uMmeetcs npsAMoe pasjoskeHue

= > prc, (8)

PeSpec(W)

roe CV - nwmmeiinoe mpocrpanctso man C c¢ 6Gasmcom V. Jlas ka-
AJOT0 UiaeMIoTentTa P cBasannbii ¢ auMm W-moayas PCY apnsercs
MpAMON CyMMOM TomapHO M30MOPQHBIX HEMPUBOAUMBIX W-Momyieii
pasmeproctu np Hax C. ObosHaumm ux uyumcio depes mp. Tormga
pasnoxkenne (8) Biaedér, uro

n= Z mpnp. (9)

PeSpec(W)

Uwncna m, n np Ha3bIBAIOTCA HILKE KPAMHOCMbIO U CMeneHdio NIeM-
norernTra P cOOTBETCTBEHHO.

Ilycty nanee W — onHopoaHas kiaeTouHas ajrebpa. Kak mokaszano
B [6], MMeeT MeCTO ceayIoliee HePABEHCTBO (BBITEKAIOIEE TaKKe 13
aemmbl 4.1 Himxke):

np < mp, P € Spec(W). (10)

Bosee Ttoro, np = mp axa Bcex P Torga W TOJBKO TOTAa, KOTIA
anrebpa W peryasapna.
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JIemma 4.1. IIyems W < Maty — odnopoduas xaemounas aazebpa.
Tozda

dim(W Pv) = n%
dag acex P € Spec(W) wveV.

HoxazarenscTBo. Ecim P € Spec(W), to WP = Mat,, u noromy
pasmepHocTh anrebpsr WP man C pasHa n%h. DTo BiIeuéT HepaBeH-
CTBO

dim(W Pv) < np, veV. (11)

C apyroii croponsl, qiA v € V mHOokecTBO X, = {Rv : R € R(W)}
ABJIASTCH, OYEBUHO, JIMHEHHO He3aBUCUMBIM HoaMHO¥ecTBOM B CV .
MMockonbry anrebpa W omHopoana, Mbl uMeeM | X, | = [R(W)|. Cie-
noBaTenbHO, B cuiy (7)

dim(Wv) = [X,| = [ROW)| = dim(W) = > np. (12)
PeSpec(W)

Mz (8) BeiTekaer, yro dim(Wwv) = ZPESpeC(W) dim(W Pv). Takum
o6pasom, popmyasr (12) u (11) Baeryr, uro dim(W Pv) = n% aus
Bcex P.

3aBepInasa MyHKT, OTMETHUM, 4TO B J1000 0AHOPOAHON KIETOUYHOMN
anrebpe W < Maty marpuna Jy /n ABIAAeTCA NPUMUTUBHBIM II€H-
TpaJbHBIM WIEMITIOTEHTOM KpaTHocTu W cTerenu 1. OH Ha3pBaeTcs
2448HBM UIEMITOTEHTOM anrebpor W.

4.2. Cuenyioliee MOHATHE AHAJOTUYHO MOHATUIO 6a3bl TPYIIIEI ITe-
pecTaHoBOK (cM., HanpuMmep, [12]).

Onpenenenune 4.2. Ynopgdouwennnd natop B = (vi,...,vp) saemen-

moe uz V nasvieaemed 6azofl xaemounofi aszeopm W < Maty, ecau

W, . v, = Maty. Yucao b naswieaemes pasmepom baszet B u obo-
s

snavaemes wepes |B|. Mw wasweaem 6azy neceodumotl, ecau {v;} ¢
Cel(Wy, . wi_y) 0as ecex i € [b]. B npomushom cayide ona nasvieaems-
¢ ceodumot.

MunuMmanababIi pa3Mep 6a3bl anarebpwol W o6Go3HauaeTca de-
pes b(W). Jlerko Bumers, uro 0 < (W) < n— 1 musg Bcex anre6p W
va V. HwkHAA ¥ BepxHAA TPAHUIBI AOCTUTAIOTCA JUJIA MOJHOW Ma-
TpuuHOi anreb6prer Maty u cummierca S(V) coorBercrBenHo. Jlia
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rpymie! mepectanoBok G < Sym(V) u knetounoii anrebper W < Maty
UMEIOT MECTO CIIEAYIONNE HEPABEHCTBA!

b(Aut(W)) <b(W),  b(G) < b(2(G)), (13)

rae b(G) — MuHUMaJNbHBIA pasMep Gasel rpynnsl G. IlepBoe cieny-
et w3 paeHcTB Aut(W)y, . o, = Aut(W,,  o,) 1 Aut(Maty) = {1}.
Bropoe BBITEKAET U3 MEPBOTO M TOTO 0YeBUAHOTO pakTa, uro b(G) <
b(G") nna G < G

B »t1o0ii paboTe MLI He pa3BUBaeM TeOpUIO 0a3 KIETOUHBIX aJl-
rebp, HO HECKOJNBKO 3aMeYaHuii B ®TOW CBA3M MOTYT OBITH YMECT-
HBl. M cnob3ysa MOHATUA 6a3bl I MHOTOMEDPHOTO 3aMBIKAHUA (CM. §5)
MOFKHO JaTh JAOCTATOYHOE YCJIOBUE NIy pOBOCTH KIETOYHON aJrebphl.
Nwmenno, B [4] 6vu10 mokazano, uto (b + 1)-3aMblkaHMe KIETOYHOM
anrebper W nyposo, rae b = b(W). (PakTudecku, YuCio pacilenie-
HIA anrebper W, onpenenéHroe B Toii cTaThe, coBmaaaeT ¢ b.) Mub
yIIoMAHEM Takske BepxHIOW onenky b < O(y/nlogn) mas npumuTus-
HOW KileTo4HOI anreGpel W, He coBmagawimeii ¢ cummiekcom S(V),
nokazannyo B [1]. Hakomen, mjis KIeTOYHLIX adrebp, BO3HUKAIO-
HIMX U3 aJaMapOBBIX MaTpUIl, JorapupMuUyYecKasd BEPXHAA OILEHKA
b < O(logn) cnenyer uz [10].

4.3. Jlerro Buaeth, uro (cMm. (10) u Hwke) uro b(W) < 1 = mp/np
JULA peryJIApHO# KileTouHoi anrebper W u kammoro P € Spec(W).
D10 HabII0MEHNE MOXKHO 060BIMUTE CIIeAYIONAM 05 Ppa3oM.

Teopema 4.3. IIycms W < Maty — npumumuenas xaemounas aaze-
opa. Tozda
|B| < mp/np

dag kaxncdofl neceodumoll 6aszwt B aazebpn W u xaxmcdozo nezaasnozo
udemnomenma P € Spec(W). B wacmuocmu, b(W) < minp(mp/np),
20e P npobezaem Muomcecmao scer maxur udeMnomenmos.

3ameuanue 4.4. Orienka W3 yTBEDKIEHUA TEOPEMBI TodHa. PaBeH-
CTBO NOCTHUTAeTCA, HATIpUMeD, B cay4dae, ecin W ABIAeTCA CUMIIITEK-
COM WJIW PEeryJasapHO ajrebpoii.

3ameuanue 4.5. [lpumuTuBHOCTE anrebpul W cyiectBenna. /[leii-
crBuTenbHO, nycth W = Z((G), rme G ecTh rpymia mepecTaHOBOK
Ha 21 Toukre, ompenenénnad AefictBueMm rpymmsl PSL(3,2) Ha ¢duaa-
rax. Torma W mMmeeT HecBoamMyIo 6a3y pasmepa 4, B To BpeMs Kak
mp/np =3 mia eé unemnorenTa P crenenu 2 u KpatHocTH 6.

JokazaresbcTtBo. Hauném ¢ aByX jeMM.
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Jlemma 4.6 ([6]). Hycmy W — xaemounad anzebpa wa V. Jag A €
Maty noaoxcum

Eq(A) ={(u,v) € V x V| Au = Av # 0}.

Tozda A € W saeuém, wmo mampuya cmexncrocmy omuouwenud Eq(A)
npunadaencum W.

Cuaenyromas seMMa Oblila gokazaHa juilb B npenpudre [5]. To-
®TOMY MBI IPUBOJIUM 3/l€Ch €€ IOJIHOEe JI0Ka3aTebCTBO.

JIemma 4.7. lIyems W — kaemounas aazebpa ma V u A € W - ma-
MPUYA € NONAPHO PAZAUNHBIMU HeHYaeablMU cmoabyamu. Tozda Av €

Zle Wu; eaewém {v} € Cel(Wy,  v,), 20e v,v1,... 05 € V.

k
Jokazareascrso. Ilyctes Av mpunamiaexur y ,,_; Wv;, u Marpuma
B € Maty omnpenenena ¢popMymoi

Av, ecum u € {vi,. .., vk };
Bu =
Au, B IPOTMBHOM Cilydae.

Torpa nerko Buaers, uro B € W,, . ... llo nemme 4.6 nonyuva-
eM, yto Eq(B) ABiAeTCA BKBUBAIEHTHOCTHIO aiarebphl Wo, .. v, U3
ycaoBusa Ha A BbITekaer, uto k > 1 m uTo Kilacc SKBUBAJEHTHO-
ctu Eq(B), comepskammii v1, COBIAaeT C MHOMKECTBOM {v1, ..., U, v}.
O6o3naunm depes U kneTky anre6psl Wy, . o,, comepxantyio v. To-
raa {v1} x U aBasercsa GasUCHBIM OTHOIIEHUEM adredphl Wor, og -
Takum o6pasom, U C {v1,..., v, v}, orkyna U = {v}.

Bepuémca K HokazaTelbcTBY TeopeMbl. Ilycts B = {v1,...,v;)
— HecBoamMasa Gasa anrebper W n P € Spec(W) — eé HerjaBHBIH
unemmorenT. [Tokaskem, uyTo cymma

k
Ly =Y WPy (14)

i=1

apaserca npamoii ais k € [0,b]. MocraTouno nposeputh, yro W Pv,MN
Lip_1 = {0} nus Bcex k € [b]. Hycrs Avg € Li_1 aiid HEKOTOPO#A Ma-
tputtet A € W P. Toraa HecBoauMocTh B rapanTtupyer mo jgemme 4.7,
uro oTHomeHnne Eq(A) orawuHo oT amaroHanm MHOMkecTBa V X V.
MMostomy nnubo marpuiia A mMeeT HyileBoil croiubern, aubo Eq(A)
ABJAETCA dKBUBAJIEHTHOCTRLIO airebpul W mo jsemme 4.6. B obomx
cnyudasx A = 0. B mepBom ciiyuyae »To ciienyeT M3 OJHODOIHOCTH
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anre6pol W. Bo BTOpoM caydyae MPpUMUTUBHOCTEL airebphl W Bie-
uér, uro Eq(A) = V x V. D10 osnauaer, uro A kpatHa Jy u motomy
A =0 mo BeIGOpPY P.

o memme 4.1 nonyuaem, uro dim(W Pv;) = n% nas seex i. C
apyroii croponsr, Ly C PCY n dim(PCV) =mpnp. Takum ob6pa3zoMm,
npAaMoe passioskerne (14) ¢ k = b Bieuér HepaBEHCTBO

Im?g < mpnp,
UTO W AOKA3LIBAET TEOPEMY.

Hna popmyaupoBku caeactsuit 4.8 u 4.12 onpenennm Aas ogHO-
pomuoin anrebper W < Maty cpennoio crenenb dg, W CpeaHEB3Be-
IIEHHYIO ABOWCTBEHHYIO CTeleHb dqy GOpMyIamMu

) = ( ;c«m)/um ),
Qo (W) (gc?w)n%)/(zn%),

P

(15)

rae R = R(W), E(P) = mp/np u R (coorB. P) mpoBeraer MHO-
MKECTBO BCEX HEeJAMHWYHBIX MaTpull u3 R (COOTB. BCex HeTNaBHBIX
naemmnorerToB us Spec(W)). B coorsercrBum ¢ (3), (9) u (7) Mbl
MMeeM:

dav.(r_l):Zd(R):n—lz Z mPnP:jav'(r_l)a

Ry P#£Jv/n

rae r = |[R(W)| = dim(W) u dgy = dao (W), c?(w = EGU(W). Takum
obpazom, R

daw(W) = dgy (). (16)
Teopema 4.3 Baeder B cuny (16) cienyiomee yTBepkIcHME.

Cuaencremne 4.8. Ecau W npumumuenag aseebpa, mo b(W) < dgy (W).

Cornacuo teopeme IT1.5.B u3 [12] o6éprriBatomasn anre6pa Env(G)
rpymmel mepectanopor G < Sym(V) coBmagaer ¢ KOMMYTaTop-
Hoii asrebpoi anrebpol Z(G) B Maty m ob6partHo. Bosee To-
ro, Spec(Env(G)) = Spec(Z((G)). U, HakoHell, cTelleHb n, (Kpat-
HOCTH My ) HEMPUBOANMOTO TpeACTaBleHnA rpymie! (¢, oTBevaloliee
naemnorerTy P, coBrnamaer ¢ mp (cootB. np). Takmm obpazom, Te-
opema 4.3 u ciencrsre 4.8 BieryT B cuny (13) n (16) cnenyomee
yTBepsKIeHre, A0Ka3aHHOe UHBIM ryTeM B [11].
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CanencrBue 4.9. Fcau G — npuMumuenasd 2pynna nepecmanogor, mo
b(G) < min(ny/mx) < (n = 1)/(r —1),
™

20e ™ npobezaem ace MeZAABHBLE HENPUBOOUMBLE NPEDCNABAEHUT 2PYN-
nwt G, exodsuyue 6 € nepecmanogonnoe npedcmasaenue, v r — panz G.

4.4. Umeercsa o4yeBUAHAsA BEPXHAA OIECHKAQ
| Aut(W)| < n"™)

MOPSAAKA IPYIIIL aBTOMOP(GUIMOB KieTouHo# anrebpu W. Crienyio-
Ilee yTBepkKAeHNEe NaéT Gojiee CUIBHYIO OIEHKY MOPAIKA B MPUMU-
TUBHOM CJIydae.

Teopema 4.10. Iycms W - npumumuenas xiemounad aazebpa na V.
Tozda 0as xancdozo e€ nepedaekcusnozo 6azucnozo omuowenus R cy-
wecmeyem maxasg wecgodumas 6aza B, wmo

| Aut(W)| < nd"~,
2de d = d(R) — cmenens omnowenus R u b = |B| - pasmep Gasw B.

3ameuanue 4.11. Y TBepkaeHNE TEOPEMBI OCTAETCA CITPABENINBLIM,
ecim W — mpowsBodbHafA KieTouyHasd airebpa, R — cBA3HOe OTHO-
meHre Ha V, ABAA0OINeeca obbeauHeHrneM Ga3UCHBIX OTHOIMEHWA S

aarebper W u d = mSaX{dm(S), dout(S)}.

JHoxkazarensctBo. Ilycts R — HepedaekcuBHOe 6a3MCHOe OTHOIIEHIE
anrebpol W. IlpuMUTUBHOCTDL TTOCHeAHEN BIEYET, YTO OHO ABJIAETCHA
CUIIbHO CBA3HBIM. [losTOoMy

Vor,...,0 €V Wy, o, #Maty = Fue X;: R(u) ¢ X,

roe X; = {v eV :{v} € Cel(Wy,, . o)} DTo Breuér, uro cymecTBy-
eT Takas Hecpogumasd 6aza B = (v1,...,v), 9T0 v;41 € V\ X; u
RT(viz1)N X; # 0 ans seex i € [b— 1]. CaexobaTensHo,

[le,...,v, : le,... ,v,+1] S da i€ [b - 1]a
rae G = Aut(W). Tlockonbry [G: Gy,] < n, TeopeMa AOKa3aHA.
Teopembr 4.3 u 4.10 mosBonsaT B cuny (16) oleHUTH TOPATOK

Ipynnsl aBTOMOP(U3MOB IPUMUTUBHONM KJIeTOoUHO airebphbl B Tep-

~

MUHAX ABOWCTBEHHBIX cTereHeii d(P) = mp/np un creneneii d(R).
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CaencrBue 4.12. [Iycmy W < Maty — npumumuenas xaemounad aa-
zebpa. Tozoda

| Aut(W)] < n - (dyin )21,
a maxnce
|Aut(W)| <n- (dmin)dav_l, |Aut(W)| <n- (Eav)jmzn—l’

2de dmin (coome. dgy) ecmp MunuMaabnag (coome. cpedndd) cmenens
Hepedaekcusnozo bazucnozo omuouenud aszebpvt W, w dpin (coome.

dgy) ecmy Munumaavrad (coome. cpednesssecuwennad) deoticmeennas
cmenens nezaasnozo udemnomenma P € Spec(W) (em. (15)).

Sameuanue 4.13. 3unamenuras runoresa Cumca, gokasaHHad B [3]
B [IPEJIOJIOKEHUN 3aBePIIEHUA KIaCCUPUKAIINM KOHEUHBIX IIPOCTHIX
rpymm, (CFSG) yreepskaaer, uro |G| < nf(d), rne G < Sym(V) —
MIPUMUTUBHAA I'DYIIIa IEPECTAHOBOK U d — €€ MUHUMAJbHAA T10CTE-
meHb (coBmagaiomas ¢ dpy, aaredpul Z((G)). IlepBole aBa HepaBeH-
crBa ciegcteud 4.12 ¢ W = Z(() malor aApyrue BepxHHE TpaHW-
el s |G, Bblio 6bl MHTEPECHO OLEHUTDH dyy WU c?mm dyHEIMEH
0T dpmin; ®T0 majo ObI HOBOE IOKa3aTelLCTBO TumoTe3nl CumMca, He
ommpaitomieecsa Ha CFSG.

B zaBeprienun naparpada orMeTum, 4o 1o Teopeme 4.2 uz [6]
HepaBeHCTBO dpip < 290"P) BLIMOMHEHO paBHOMEDHO MJIA BCEX He-
DJIIABHBIX MAeMITOTeHTOB P € Spec(W) NpuMUTUBHON KIETOUHOR aJi-
re6pul W. B cuny teopem 4.10 1 4.3 »To mora3biBaeT, UTo HepaBeH-
CTBO

| Aut(IW)] < n - 20078/7P) (17)

TaKXKeE BBIITOJHAECTCA paBHOMEDPHO AJIsd BCEX TAKMX P.

§5 2-3AMKHY TBIE TIPUMWTHUBHBIE KIETOUYHBIE AJTEBPBI

5.1. TlousaTue m-3aMKHYTOA KIeTOUHOK ajrebphl 66110 BBeIeHO B [4]
B cBA3uU ¢ npobiemoii myposoctu. Ono Bocxoaur kK pabore [13],
rlle CXOAHOe NMOHATHE ONpeNesANoCh ajJropUTMUYecKu. MBI HaUHEM
C OCHOBHBIX OIIpeJesIeHHH, OTHOCAMMXCA K CHIIBHO 3aMKHYTBIM KJe-
TOUHEIM aJireGpaM.

IIycts W — knerounaa aarebpa ma V. Ilas KamIoro HaTypaJb-
HOT'O YKCJIa 1M MOJIOKUM

W = (W oW, 2(smV).v™)

m
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canrad rpynmy Sym(V) meifictBytomieii Ha V' mokoopanHaTHO. Kie-
TouHasd anrebpa W) < Maty~ HaseiBaeTca m-mepnoll pacuwupennot
anzebpod anrebpor W. ['pynma Aut(/W(m)) JelficTByeT TOYHO Ha MHBa-
puaHTHOM MHOMkecTBe A = {(v,...,v) : v € V}. Bonee Toro, otobpa-

derme 6 1 v — (v ,¥) MHAYIMPYeT m3oMopduam rpynnsl Aut(W) u

g oo

COCTABJAIONIEH TP YIIITHI Aut(/W(m)) Ha, Al

BaskHoii depToii KieTounoi aarebpnr W™ okaseBaeTcs cliepyio-
MasA BO3MOKHOCTD PacIMpenns anrebphl W Ge3 maMeHeHUA €& TPYyII-
sl aBToMopdu3amoB. Ilomosxum

W = (W) 5)8 7

(™)
Mur naszwiBaem W m-zamvikanuem anredbpel W u ropopum, uro W
o ) .
ABAAeTCA m-3amrnymotl, ecim W = W . Raknad KiaeTodHasa aj-
rebpa, oueBuaHO, l-3amrHyTa. OAHAKO, CYIIECTBYIOT airebphl, He
ABIAIONWMECA 2-3aMRHY TEIMU (cM. 1. 5.3). Crenyiolee npeaiioxKeHmne
OTIUCHIBAET COOTHOIINEHNE MEKIY M-3aMBIKAHUEM W Iy POBBIM 3aMbI-

raareM Sch(WW) = Z(Aut(W)) rnerounoit anre6por W.

Ilpemmoxenue 5.1 ([4]). Jag kaoncdofl xaemounodl anzebpu W na V
UMEIOM MECTO CAEOYOULUE YMEEP HCOEHUA:

(1) Aut(W(m)) = Aut(W) dag scez m > 1;
@) w=w"<. . <W" = . =Sch(w);

—(

—m Y —(m)
B) W) =W das ecex | € [m].

(M)
TakuMm o6pa3zoM, B HEKOTOPOM cMEICe airebpa W MOXeT pac-
CMaTpUBAaTHCA KaK alnmpokcuMalmsa aire6por Sch().

5.2. Hwke MBI orpannunMBaeMcs ciaydaeM m = 2. Kak 6yner Bua-
HO M3 CJEeIYIONero MyHKTa Haxke B DTOM cilydae CBOWCTBa M-
3aMKHY THIX KIIETOYHBIX ajirebp OTIAMYAIOTCA OT CBOWCTB 0BIMUX Kile-
TOYHBEIX airebp (Mo KpaiiHeil Mepe B NPUMWUTUBHOM cily4dae). MbI
6y/leM TTOIB30BATHLCA CIEHAYIONIER TeMMOM, OTMCHIBAIONIEN CTPYKTY-
PY 2-pacImupeHHBIX aarebp, KOTopasa BLITEKAET M3 TIPeIosKeHnA 3.6
u gemm 2.6 u 3.1, morazaHHBIX B [4].

1MoskHo mOKa3aTh, UTO Ha CAMOM JeJIe Wim) = We- - -@W, Il
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Jdemma 5.2. [Iyems W — kaemounag anzebpa wa V u W =W W =
—(2
W( ). Tozda

(1) Hoomnoncecmao R muomcecmea V X V geagemcead b6asucuuim

ommnowenuesm arzebpyr W mozda u moavko mozda, kozda om0
ecmy xaemxa aazebpn W.

(2) Jdag waxmcdofi mowxu v € V muoxcecmeo /WU = IU/WIU,
ede U = U, = {v} x V, momcem ecmecmeennvim 00pazom
paccmampusamvcs Kax xaemounads aazeépa wa U. Foaee mo-
20, (W,)v < /WU, 20¢ buexyus (y : V. — U onpedeagemes
Gopmyaoti utv = (v, u).

(3) Jag awbnx deyr mouex v, v’ uz 0dnofl u Mo xHce Kaemku aq-
zebpoe W cyuwecmeyem caabuii usomopusm 1 : /WU — /WU/,
ede U = U, uw U = Uy, makot, wmo (Iy.)) = Iy
Y(ASU) = AU’ Qag ecer A € W.

Ecau G — rpynna nepecranoBok Ha V', To, oueBuano, Cel(Z(Gy)) =
Orb(Gy), v €V, u Z(Gy) = Z(Gy) ana v, v, IpUHAAIEKAIINX 0 THON
u 1ot ke G-opbure (mockoIbKy Gy M Gy M30MOPQHBI KaK T'DYIIIEI
nepecraioBok). Cilegyiolee yTBepEIeHUE 0606maeT 2T GaKTEl HA
2-3aMKHyTBIE KJIETOUHbBIE aJred phl.

JIemma 5.3. lIyems W — 2-zamxnymas kaemouwwasd anzebpaa wa V.
Tozda

(1) Cel(Wy) = {R(v) : R € R}, 2de v € V u R - mMHoxcecmeo
Gazucuuz omuowenul aazebpu W.

(2) Jag awbwz deyr movex v,v', npunadsencauur 00Hod u mod
ace xaemxe aszebpu W, cywecmeyem maxodl caabwli uzomop-
Pusm o = @y o Wy — Wi, wmo o(I,) = I u p(A) = A das
scer AeW.

Joxrasarenbcrpo. llycts v € V. Torma V = |Jzer R(v). Tarum
o6pasoM, I JoKaszaTelbcTBa (1) A0cTaTouHO TPOBEPUTD, UTo R(v)
ABAAeTCA KiaeTkol anrebpwl W, aasaBcex K. [Iycte R € R. Ilo yTBep-
#aennio (1) memmbr 5.2 monydaem, uro R € Cel(/W). C mpyroi cto-
POHBI, W3 TEPBO YacTu yTBepkIeHUA (2) HeMMBI 5.2 cilegyeT, 4To
/WU = IU/WIU ABJIAETCA KIETOYHOR anrebpoit Ha MHOKecTBe U = U,
ITosTomy muoskectBOo U N R ecTh KieTKa airebphl /WU. Ucnonbaysa
BTOPYIO 9acTh yTBeDHAeHUA (2) eMMEI 5.2, 3aKiovaeM, 4To CYIIe-
ctByer Takaa xietka X € Cel(W,), utro X¢ D UNR, rae ¢ = (u.
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Us pasenctsa (R(v))* = U N R caeayer, uto X D R(v). Omnako,
R(v) € Cel*(W,). Takum obpaszom X = R(v) u notomy R(v) aABusger-
cA KaeTkol anrebpur W.

HIna porasarenbcrBa (2) B 0603HAUEHNAX JIEMMBI 5.2 MOTOKAM
W= (/1/17(])451 u W' = (/WU/)CE’I. Torma mo yTBep:xaenue (2) sroii
JIeMMEBEI KJIeTOYHble ajrebphl W u W na V', comepxar W, u Wy
COOTBETCTBEHHO. Y TBep:kIeHME (3) TOW Ke JeMMBbI BIeY&T TOrja,
4T0 0TObpaskeHme

W =W, 3(A)=((Av)o,

ABNAETCA cIabbIM M30MOP(QU3IMOM U3 W s W. Aunre6pa W, (co-
orB. Wy/) ecTh HaMMeEHBIAA KIE€TOYHASA [0 Aarebpa aaretpel (% (co-
OTB. W’), comepxamaa W u I, (coors. W u I,/). Takum o6pazom,
&(Wy) = Wy mo yrBepskaernio (3) memmbl 5.2. TpebyeMblid m3oMop-
¢usM ¢ nosydaerca Terepb orpaHudeHueM $ Ha Wi.

IokazaHHada jeMMa MMeeT MHTEPECHOE CIeNCTBUE, OTHOCAIIEeCS
K KJIeTOYHBLIM ajrebpaM, NMeIonM HepedileKCUBHOEe 6a3MCHOE OTHO-
IeHne cremnenn 1.

CaencrBue 5.4. Ilycms W — 2-zamxuymas o0nopodnas Kaemownas
anzebpa wa V u F — €€ sKeusatsenmmuocms, Jeaa0uagca 00se0unentem
basucnnz omuowenull cmenenu 1. Tozda U € Cel(W[Iy]) dax xaxmcdozo
kaacca U € V/E.

JoxrazareancrBo. N3 yciosua na I caenyer, uto W, = W, = W
o Beex u,v € U. IlosToMy MHOMECTBO {¢@y ., @ u,v € U} comep-
KUTCA B Ipylle BceX ciabelx m3oMop¢duamon anredpsr W Ha ce-
6a. Taknm obpaszoM, 10 yTBepsKIeHNIO (2) TeMMBI 5.3 9T0 MHOMe-
CTBO COmEPRUTCA B moArpymmne @, coxpaHAIONEH CcTaHAAPTHRIA Ga-
suc anrebper W. IlosTomy @ neficTByeT TpaH3WTUBHO Ha MHOMKe-
crBe {I, : u € U}. D10 Baeuér, uro U ABIAETCA KIETKON KIETOUHON
amre6per W® (cm. memmy 3.1). Jlna 3aBepmenHua moKa3aTelbcTBA
ocTaérca 3aMeTuth, uro WP > W(ly], mockodbky mociaemHas ad-
rebpa ABIAeTCA HaUMeHbIIell KileTouHoR Hamanarebpoii anre6pur W,
conepkaliein Iy .

5.3. B »ToMm IIyHKTEe MBI yCTaHABIWBAEM CBOMCTBA 2-3aMKHY THIX MTPU-
MUTUBHBIX KJIETOUYHBIX ajrebp, KoTopble 0600IMIaloT aHAJIOTWUHBIE
cBo¥cTBAa TIPUMWUTUBHEIX TPYII TepeCcTaHOBOK. B KamkmoMm ciaydae
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”TeopeMa O TpyHIax MepecTaHoBOK  MOMKET OLIThH BBIBEAEHa U3 CO-
OTBETCTBYIOMEN ~TeopeMbl O KIETOUHBIX ajrebpax” ¢ MCIOIb30-
BaHMeM Toro (akTa, 4To IeHTpaiauszaTopHasa anrebpa Z(G) npu-
MUTUBHOW Tpymnmel (G Takke TPUMUTUBHA, a TaKKe MPOCTEUITNX
CBOMCTB 2-9KBWBAJIEHTHBIX I'DYII HepecTaHoBok (cm. [16]). B koH-
1le 9TOr0 MyHKTa MBI IPUBOAUM IPUMED, MOKA3LIBAIONIUA, YTO yCIIO-
BUEe 2-3aMKHYTOCTH TPUMUTUBHOW ajireGphl ABIAAETCA CYIIECTBEH-
vbIiM. HauuéMm ¢ xapakTepusanmu 2-3aMKHY THIX TPUMUTUBHEBIX ajrebp
(em. [15, Teopema 8.2]).

Teopema 5.5. IHycms W — 2-zamxuymas o0nopodnas xaemounas aa-
zebpa wa V. Toeda W npusmumuena & mom u moavko 8 mom cayuae, xo-
20a aazebpa W, seagemed MuHUMAaAbHoT Kaemounoll nadaazebpod aa-
2ebput W dag ecex v € V.

JoxkaszateanctBo. Ilycts W npumurusaa u W’ — KiaeTounas aJre-
6pa nHa V, aas kotopoii W, > W' > W. O6osnaunm vepes U KieTKy
anrebpo W', cogepxaiyo toury v. Torga U # {v}, ubo B upoTus-
HoM cayuae W' > W, . Takum o6pasom, cylnecTByeT HepedIeKCUBHOE
BasucHoe oTHomenne R aarebper W, masa xotoporo R(v)NU # 0. C
JAPYTO#A CTOPOHHI, TI0 yTBePkKAcHNIO (1) meMMBI 5.3 MBI 3akIIOUaEM,
uro R(v) € Cel(W,). Dr1o Biteuér, uto R(v) conepsRATCA B HEKOTOPOI
kaetke anrebper W, Ilo BeIGopy R ®Ta KjJeTka coBmamaer ¢ U, To
ecth R(v) C U. Ilpuanmasn Bo BHUMaHue, uTo MHOMkecTBo RN (U X U)
ABiAgeTcA 06 beqnHeHNEM Ga3MCHBIX OTHOIIEHUA OAHOPOIHON KOMITO-
HeHTH WY, anre6por W', mbl 3akmouvaeM, uro R(u) C U ans Bcex
u € U. Tlockonbky R CHIBHO CBA3HO (3/1€Ch MBI TOJb3YeMCH TIPUMU-
TUBHOCTBIO aureGpel W), eTo mokaswBaer, uro U = V. Ilpumensas
yrBepxaenne (1) memmbr 5.3 k W, = W), MBI BUauM, UTo KaxIoe
6aszucHoe oTHOIMeHWe airedbpbl W ABideTcA Takke Ga3UCHBIM OTHO-
mennem anrebper W’ . Takum obpazom W' = W.

O6patHo, ycTh £ — ®KBUBAJEHTHOCTL anrebpet W, F £ V x V|

u U — rnacc EF. Torma umeerca prmoduenme W[ly] < W, aas
Bcex v € U. Tlocronbry W[Iy] # W (BBIGop E), MUHUMAJbHOCTH
anrebpor W, Baeudrt, uro W[ly] = W, auna scex v € U. Tlo nem-

Mme 5.3 orcioga caenyer, uro d(R) = 1 nia Bcex Ga3sMCHBIX OTHOIIE-
Huit R anare6psl W takux, uto R C E. TakuMm o6pa3oM, 9KBUBAJIEHT-
HOCTh F ynoBiaeTBopseT ycioBuio cienctBus 5.4. CiaenoBaTedbHO,
U € Cel(W([Iy]) m moromy |U| = 1. D10 mokaspiBaeT, 4To HKBUBAIEHT-
HOCThH £ TpuUBHUAJbHA.
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Cuaenyroriee yTBepskienue obobmaer npemioskernue 8.7 us [15].

Teopema 5.6. Ilyecms W — 2-3aMEHYyMAT RPUMUMUBHAT KACTNOUHAT
aazebpa wa'V uu,v — pazausnvie mouxu uz V. Toeda au6o W = W, NW,
aubo W 22 Z(Cp) 0ad HeROMOPO20 NPOCMOZO HUCAA P.

JoxrazaTeancTBo. [lo Teopeme 5.5 MBI 3akdIoUaeM, YTO KIeTOUHAA
anrebpa Wy, N W, cosmanaer ¢ W uau W, . B mociennem ciydae,
Takke W, = W,. B cuny 2-zamrayTocTu aiarebpul W u3z gemMmbl 5.3
cleqyer, 410 ee Ga3ucHOe oTHolleHWe R, myisa kotoporo v € R(u),
nMeet cremenb 1. Takum obpaszom, W = Z(C),) mo memme 2.1.

B crenyrormmeii TeopeMe MBI Uconb3yeM obosHauerna CelP™™ (W)
(coors. Cel™P" (W) mus MHOMKeCTBA KIETOK KIAETOUHOM anarebphr W,
OTBEYANMX €€ MPUMUTUBHBIM (COOTB. UMITPUMUTUBHBIM) OJHO PO -
HBEIM KommoHeHTaM u Fix(W) mas mMHo&kecTBa Touek W oTBedarommx
ee KJIeTKaM MOIIHOCTH 1.

Teopema 5.7. IIlyems W — 2-3aMKEHYyMAT NPUMUMUBHAT KACTNOUHAT
anzebpa wa V, v € V u U — MaAKCUMAABHAT NO MOWHOCTIY KAEMKG
aazebpur W, . Toeda
(1) |(Ro)vw| = 1 das nexomopotd U' € Cel(W,) \ {v} mozda u
moavko mozda, kozda W =2 Z(C,) dad npocmozo wucada p.
(2) |(Ro)vw| =2 mozda u moasko mozda, wozda aubo W =2 Z(D,)
0ad Hewemnozo npocmozo wucaa p, aubo W ecms cumnaexc
na V. .
(3) U CFix(Wp) Oas ecex U’ € Cel?™™(W,).
(4) ecau U € Celprim(Wv), mo U C Fix(Wjyn) das ecex U' €
Cel(Wy) \ {v},
2de Ry = R(W,).

JHoxazarenscTBo. [To nemme 5.3 yrBepaenus (1) n (2) BriTekator
W3 CJeAyIoNel JeMMBbI.

JIemmMma 5.8. Ecau W < Maty npumumuenas anzebpa u R € R npuvem
d(R) = dmaz, mo
(1) CQS = d(R) dag nexomopuz S, T € R, T # Ay mozda & moasxo
mozda, kozda W =2 Z(Cp) 0ag npocmozo wucaa p.
(2) C%,S = d(R)—1 > 0 0dag nexomopoti S € R mozda u moas-
®o mozda, xozda aubo W =2 Z(Dp,) 0ad wewemmnozo npocmozo
wucaa p, aubo W ecms cumnaexc na 'V,
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2de R =R(W) u CQS — cmpykmyprsle KoMcmanmyl aszebpur W.

JokaszaTeancTBo. MBI JoKakeM TOJMBKO HeoOX0MUMOCTE YTBE Pk Ie-
A (1) u (2), MOCKONBRY MX AOCTATOYHOCTEH TpuBHatbHa. U3 ycio-
BuA yTBepaenusa (1) caeayer, uro S O R(v) x T(v), rne v € V.
fcwo, uro ST (u) D R(v) ama Beex u € T(v). IosTomy

ST(u) = R(v), wueT(v) (18)

o BLIGOpY R. DKBUBaeHTHOCTEL Ha 1V, olTpenesieHHasd Tak, 9To U ~ W
TorAa u Todbko Torda, koraa ST (u) = ST (w), copmamaer ¢ A mo mpu-
mutuHOCTH W 1 memMe 4.6 (MpUMeHEHHOW K MaTpHIle CMERHOCTH
otnomenua ST ). Caenosarenvno, d(T) = |T(v)] = 1 B cuny (18), To
ectb W 2 Z(C,p) (cMm. memmy 2.1).

W3 yciosus yrBepsaenna (2) cueayer, uro R u S — Hepediek-
cusnble otHOmenusa, npuaem S = ST u d(S) > d(R) — 1. Bomee To-
ro, d(S) # d(R) — 1 B cuny npuvutrHocT W (B HPOTUBHOM CITy-
vae otHomenue S U A ABIAETCA HETPUBMAJILHON SKBUBAJEHTHOCTHIO
anrebpel W ¢ rmaccamm motmHocTn d(R)). Tak uro d(S) = d(R)
mo BeIGopy R. Hycts v € V u v € U, tne U = R(v). Torma
S(u) = (U\{u})U{u'} naa veroropoii v’ € V\U. Yucao |S(w)NS(u)]
HE 3aBUCUT 0T BBIGopa w € S(u), MOCKOMIBKY COBIIAIAET CO CTPYKTYP-
HOU KOHCTAHTOM C§,5~ Ecmu W % Z(D,), o |U| > 3 no memme 2.1.
TMocnentee HepaBeHcTBO Bieder, uto |S(w) N S(u)| > |U|—2 > 0
s Beex w € U\ {u}. HosToMy U3 10KA3aHHOTO BBIIIE CJEAYET, UTO
Sw) N S(u) # 0. Caenosatennho, |S(w) N S(u)| = d(R) — 1 ana Beex
w € S(u')N S(u) n moromy mia w = u'. DTo o3HAYAET, UTO MHOKE-
ctBo U U {u'} ectrp ruacc srBmBasenTHocTrn S U A. Tockoaery W
NIPUMHUTUBHA, MBI 3akaodaeM, uro v’ = v, S = R u, snaunt, W sasmusa-
eTCS CUMILIEKCOM.

Horaskem yrBepkaeans (3) u (4). Jdna napsr kaeror Uy, Uy anre-
6per W, omnpenenum srBuBasieHTHOCTH Fyr, (Usz) Ha Uy monaras

Eu,(Uz) = {(u,u') € Uy x Uy : S(u) = S(u') ana Beex S € (Ry)u, v, }-

Torma mo gemme 4.6 oHa ABJAETCA SKBUBAJEHTHOCTHIO ajrebpbl
(Wy)u,. Kpome 1oro, paerctso Ey,(Uz) = Ay, o4ueBHIHO BiedeT,
uyro orpanmuenne (W,)w,] Ha Ui coBmamaer ¢ Maty,. Tak uro (3)
u (4) apasaworca ciaenctuamu (1) qna Uy = U, Uy = U nu Uy = U,
Uz = U’ coorBercrBenHo npu yciaosun, 4ro v € Fix(Wix)) ana Bcex
X € Cel(W,). Insa 3aBepinenus nokazatenbcrsa nycts X € Cel(W,)
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u v OpUHAIJIEKAT KiaeTke anrebpsl Wix), comepsmeit v. Toraa
S(v") = S(v), rme S — GasucHoe orHorreHre anre6per W ¢ S(v) = X
(ecM. memmy 5.3). Tarkmm o6pazom v = ¢’ 1o semme 4.6.

Crenyrommii pe3yiabpTaT, BEITEKAIOMNA 13 yTBeprkaeHnii (3) u (4)
Teopembl 5.7 06obimaer Teopemy 17.6 uz [15] o ToUHBIX MHBapUAHT-
HBIX MHOMKECTBAX CTabWUIM3aTopa TOYKU NPUMUTHUBHOW TPYIIILI ITe-
pectanoBok. llom 6azoii anrebper W < Maty MBI moHWMaeM HIKe
MHOxecTBo B C V, ma koroporo Wig) = Maty .

Teopema 5.9. IIyems X = Celimpr(Wv). Tozda

(1) ecau X #0, mo muoncecmeo Jyicx U' ecms 6asza areebpm W;
(2) ecau X =0, mo awbax xaemxa arzebpor Wy, omavunas om {v},
ecmy 6aza aazebpu W.

3ameuanme 5.10. OueBuaHO, B NMPENONOKEHAN YTBEPKIeHNA (2)
TeopeMbl 5.9 MBI MMeeM HepaBeHcTBo |Aut(W)| < nkl, rme k =
dmin(W), KOTOpOE BilevueT TUmoTe3y CuMca A MTPUMUTUBHBIX T'PYTII
¢ NPUMUTHBHLIMHM COCTABJAIONNAMN CTa0UIM3aTOpPa TOYKM. Kpome
Toro, B »ToM caydae d(R) < (Lklﬁzj) JUIS BceX 6a3MCHLIX OTHOIIEeHUiA R

anrebper W. (HeiicrBurenpro, nyctb U, U’ € Cel(W,) \ {v}, npuuem
U — MakcuMaibHad [0 MOIMHOCTH KjiaeTka aareGpul Wy, u |U']| = k.
Torma nasa aoboro 6asmcHoro otHomenusa S C U x U’ aarebpor W,
MHOxecTBa S(u), v € U, monmapHo pasinuHbl B CUITY yTBep#aeHusA (1)
TeopeMsl 5.7.)

s TpoBEpPEM TOTO, UTO TPEeAINoJIOMKEHNe O 2-3aMKHYTOCTH aJl-
re6per W ABJIseTCA CymecTBEHHLIM, paCCMOTPUM HENLy pOBY TTPUMU-
THUBHYIO KieTounylo anrebpy W = T(15) na V = [15], onpenenéunyio
B 1. 2.2. [IpAMBIM BLIYMCJIEHMEM JIETKO TOKa3aTh, YTO CYMIECTBYET
Touka vg € V, A KOTOPO# BLITIOJNHEHDI CJeAyIONINE YTBEPHAK ICHUA:

(1) Wy, MMeeT TpU KIETKU: JABE MOIHOCTH 7 W OJHY MOITHOCTH 1;
(2) ecom v # vy, T0 W, MMeeT ceMb KIETOK: YeThIpe MOIHOCTH 3
U TPU MOIITHOCTH 1;

(3) Wy > Wy, ana v # vg.
Bribepem mpomsBobHYIO TOYKY v € V', oTandHyIo oT vo. Toraa jer-
KO BUJETH, uTo yTBepskaeHus (1) u (2) meMMbl 5.3 He BHINOTHAIOTCA
JULA TOYKK © 1 Tapk! (vg, v) cOoTBeTCTBEHHO. [TosToMmy anrebpa W He
MoOkeT ObITh 2-3amkHyTa. (Ha camom merne, W(Z) = Sch(W)). C apy-
roii CTOPOHBI, 3aRJIIOUEHIe TeopeMbl 5.5 He BhIToNHEeHO, 13 (3) cie-
ayet, uto W, He ABAAeTCA MUHMMAJIbLHONW Hamanrebpoit anrebpnr W.
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AHaoruyHO MOYKHO MTOKa3aTh, UTO A aiarebpol W 3akigroueHus Te-
opeM 5.6 m 5.9 TakKe HeclpaBeIJINBHI.

5.4. MsBectHOo, uTo Kamgad 3/2-TpaH3UTUBHAA I'DYINA [1€PECTaHO-
BOK U060 NPUMUTUBHA, J160 ABiseTcaA rpymmnoii ®pobenuyca (cm.
teopemy 10.4 B [15]). Creayromee yTBep:raeHNe 060BIIAET 5TOT pe-
3y/bTAT Ha KIeTOYHBIE aireGpol (cM. Takke [13]).

Teopema 5.11. IIyecms W — 2-zamxnymas 00nopodHas kaemounas aa-
eebpa na V. IHlpednosoncum, wmo d(R) = d(S) dag ecex €€ nepefaex-
cuenvix basucnvir omwowenud R, S. Tozda anzebpa W seagemes wypo-
eoll U Kaxcdad eé neceoduMas 6a3a uMeem pazmep camoe boavutee 2,
30 UCKAIONEHUEM Pa3se auwb caywad, kozda W npumumusna.

3ameuanue 5.12. Ecau W uMnpuMuTuBHA, TO TeopeMa MOKa3hIBAET,
aro W = Z(@), rne G mubo rpynna $pobernyca, mubo peryiapHas
CpyIiia MmepecTaHOBOK.

JoxkazaTeancTBo. MBI Bocmodab3yeMcs Cile IyIOTell JeMMoii.

JIemmMma 5.13. Illyems W — umnpumumuenas kiemouwnas aazebpa wa V
npuyem d(R) = d(S) dag ecex ee nepedaekcusnns 6a3ucHT OMHOULE-
wull R, S. Toeda (W, )v\{v} — noaypeeyagpuas aseebpa na V\{v}, v € V.

JlokazarenbcTBo. Ilycth R — MHOKeCTBO 6a3UCHBIX OTHOIIEHWA aJI-
rebpet W, E — eé skBuBasentaocth u U € V/E. Toraa

U= > dR)=d(a-1)+1,

RER, RCE

rie d — crenenp a106010 HepedIeKCHBHOTO 6A3UCHOT'O OTHOIIEHUS AJl-
re6pul W, 1 ¢ — MOIITHOCTL MHOMKECTBA, TT0 KOTOPOMY IPOMW3BOAATCA
cymmupoBanme. [TosTomy

GCD(d, |U|) = 1. (19)
Hna v € V momoskum § = S(v,U) = {S € R : S(v)NU # 0}. To-

raa MHORecTBa S(v,U) ana pasmuusbix U nubo coBmagaoT, auGo
He mepeceraiorcs (cm. [13]). Takum o6pasom, MuOEeCTBO (g5 S(V)
ABiAgeTcA 06'beMHEHNEM KIACCOB HKBUBAJEHTHOCTU F W, CienoBa-
TENBHO,

dIS| =Y _d(s) = U]l

Ses
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JULA HEKOTOPOTO MOJNOKATENBHOTO Ttesioro urciaa [. 3 (19) caenyer,
uro |U] memr S. Mockonbky |S| < |U|, Mbl 3armouaem, uro |S| = |U|.
OTo BIEUET HEPABEHCTBO

[Rv)NU| <1, UeV/E, veV\U (20)

s Bcex R e R.

IIycte v € V. lIpeanonarasa sKBUBAJEHTHOCTL F/ HeTPpUBUAIBLHOMR
obosnaumm wepes U ee Kmacc, comepskammii v. Torma moctaTouno mo-
kasarh, 410 din(R) = doy:(R) = 1 nua Bcex R € Ry, comepRamMxCs
BV#xV# rae R, - MHO¥eCTBO 6a3UCHBIX OTHOIICHUH anare6per W,
u V# = V\ {v}. llockomery W, > W[Iy], Mb1 BuamM, 9TO AJA Ka-
wmoii kaetkn X € Cel(W,) mmbo X C U, imbo X NU = P. Hycte X
u X’ cyrb knerku aare6pur W, , ana koropeix X C U# u X' NU =0,
rae U# = U\ {v}. Toraa B cuny (20) s npowmssoabHoit u € X'
napel (u, w) u (u,w’) ¢ pazauyabM w, w’ € X NpuHALIEKAT pas3and-
HBEIM 6a3WCHBIM OTHOIeHUAM aare6pwl W. [losToMy unciio 6a3MCHBIX
oTHOIIeHUA anrebpbl W, , comepskamuxca B X' x X, paBHo kak |X]|,
rak u |X'|. Cuenoarenbro, |X| = |X'| u MbI 3aknIO9aEM, UTO

VRER, ((RCU#* x (V\U) = din(R) = dout(R) = 1).

Ina 3aBepieHUsA AOKA3aTENbCTBA 3aMETUM, 9TO KasKAad ba3McHad
matpuita aare6psr W, ¢ nocuresem B U# x U# umu 8 (V\U) x (V\U)
MOMKeT ObITH TIpejcTaBiieHa B BUe MPOW3BEJICHUA JABYX Ga3MCHBIX
matpuit w3 W, ¢ mocurensvm 8 U# x (V\U) u (V\U) x U#.

Ob6partumca k A0Ka3aTelbCTBY TeopeMbl. M3 memmer 5.13 1 yrBep-
waeHuA (2) memwmbl 5.3 cienyer, yro rpymna Aut(W) TpaHswTus-
Ha (MBI MCIIOJNB3yeM TOT (akT, 4To 060l ciaabblii M30MopPuU3M
MOy PETyNAPHBIX airebp MHAYIMPYETCA CHUIBHBIM M30MODP(YU3IMOM).
TMosToMy AOCTATOUHO MpOBepUTH, uTo rpymmna Aut(W),, coBnanaro-
masa ¢ Aut(W,) mefictByer TpaHsuwtubHO Ha R(v) mig Bcex R € R,
rae v € V. Onnako u3 yrBepskaerna (1) semmbl 5.3 crieayer, uro
MHO¥eCTBO R(v) ABisferca kiaeTKoi anrebpwl W,, KoTopad nypoBa
mo jJemMme 5.13.
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base of a primitive cellular algebra in terms of the parameters of its stan-
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the automorphism group of such an algebra and in particular for the or-
der of a primitive permutation group. Finally we generalize to 2-closed
primitive algebras some classical theorems for primitive groups and show
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