3anucKM Hay4JHBIX
cemunapos [ITOMUA
Tom 321, 2005 r.

H. B. Adypos

BLIUMCJIEHUE T'PYIIIILI TAJIYA MHOTOYJIEHA C
PAIIMOHAJILHBIMH KO9®®NIIMNEHTAMM. II

Hacrosmas my6aukaiisa 3aBepinaer ctatbio [10].

4. BUPTYAJBHBIE IIOJATPYIIIIBI CUMMETPUYECKON I'PYIIIIbI

4.1. XapakTepbl CUMMETPUYECKOM IPYIIIEI

Ilenbio sTOro mMyHKTa ABJJAAETCA WM3JIOKEHME OCHOBHBIX CBOMWCTB
IpeacTaBIeHNA CUMMeTprUdecKnX rpymn &, , ¢cBoiicTB UX XapaKTepoB
W M3J0KEHNE aJroPUTMa BBIUMCIEHUA Tabanibl XapaKTepoB CAMMe-
TpUYeCKOR rpynmnbl. B ocHOBHOM MBI 6y1eM cile 1oBaTh KHUre JlKeiim-
ca [2]. Ha npoTsskeHUn 2TOr0 MyHKTA Mbl (UKCUPYEM OCHOBHOE KOJIb-
mo K = C, xoTa mpaKTUYEeCKN AJA BCEX KOHCTPYKIMI MOMKHO OBLIO
6nl ucnoab3oBarth K = Q unu naxke K = Z.

Onpenenenue 4.1.1. Jag awbozo muoncecmaea X 0603nanum wepes
&x epynny, cocmoswyw uz buexuyulil X Ha cedA, 0CMABATOUUT NOUMY
gce (m.e. ece, Kpome KONEUNO020 4uCcAa) dneMenmbl MHoxcecmea X ne-
nodeuncuvimu. bydem nasweams Sx epynnodl nodcmanogox uaw CuM-
Mempuneckodl zpynnoti muoncecmea X. Jag awbozo Y C X mut 6y-
dem omoacdecmaagsmes Sy ¢ nodepynnol ¢ Sx. Jag awbozo wenozo
n > 0 obosnanum wepes [1,n] muomcecmeo yeaviz wucea om 1 do n u
oboznanum wepez &, 2pynny nodcmanosox Sy p). Daemenmer epynnu
NOOCMAROBOK MbL OYDeM HAZBLEAMD NODCIMAHOBKAMU.

Haa a06e1x m,n > 0 MBI 6yAeM OTOXKIAECTBIATL €CTECTBEHHBIM
obpaszom &, x &, ¢ noarpynnoit B Sy,

Onpenenenue 4.1.2. Mu 6ydem nazpieams pasbuenuem a06yio Heaos-
pacmanwyio nociedosameishocms A = (Ap)p>1 YeABT HEOMPUYAMEND-
HWT YUCER, 8CE YAECHBL KOMOPOT, HAYUHAT C HEKOMOPO20, PABHBL HYAI.
Feau cymma |N| ecex A paena nexkomopomy yeaomy vucay n, Mo 6ydem
2080pUMb, UMO N FGATEMCT pasbuenuem (na caaeaemuie) wucaa n. Feau
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k — nauboavwudl undexc, dag xomopozo A > 0, Ml 6ydem zanucrieams
pasbuenie A maxace 8 sude (Ay, Az, ..., Ap) uau e gude Ay+Aa+--+Ap;
mom daxm, wmo A FeaTemcs pasbuenuem ucaa n, Ml bydem 3anuc-
samb maxxce 8 sude n = Ay +Aa+- -+ A, Munoacecmeo acexr pazbuenud
MbL 0003Ha%UM wepes part, MHodCecmao pasdbuenutl yea020 weompuya-
MEAVRO20 HUCAA T ML 0603HANUM “epes part,, ¢ KoAuwecmeo makuzr
pasbuenutl — wepes p(n).

Onpenenenne 4.1.3. [Iyems X — mMuoxcecmeo, ay,as,... 6, € X —
n pasauunur ssemenmos muoxcecmea X (n > 1) Oboswanum wepes
(a1 az ... ay) nodcmanosky o € X, onpedesennyin caedyouum obpa-
som: o(a;) = ajp1 npul < i< n, o(ay) = a1 wo(x) =2 dag ocmaabuus
r € X. Mw 6ydem zoeopums, 4mo o F6ATEMCA YUKAOM QAUHBL TV

Sameuanue 4.1.4. Kax uzsecmmno, awbdag nodcmanosra n-saemenm-
1020 MHoHcecmaa X 00HO3HANHO ¢ MOYHOCBIO 00 NOPTOKE PACKAADDI-
eaemed & NpoussedeHue HenepeceaULULCT YUKA08, NPULEM KaHCOLT
uz anemenmos X 8xodum poeno & 00U U3 IMUL YUKA08 (Q0NYCKAIOMET
yukavt edunuunoll daunwt). Habop daun smux yuxaos, ynopadouennul
NO HEBOZPACTMARUI U QONOAHEHHBLT O ECKONEUHBIM KOAUNECTNEOM HYaed,
o6pazyem HeKOMOpPoe Pa3bUEHUE X NUCAG N. DMO pasduenue HazL8aAem-
CT YURAUMECKUM MUNOM Qannoll nodecmanosku. Jag awbozo A € part,
obosnanum wepez Cn Muoxmcecmao nodemanosor uz S, YUKAULECKO20
muna A. Hecaoxncno eudems, wmo pasbuenue &, = erpartn Cy npeo-
cmasagem coboll pazaoncenue S, HA KAACCHL CONPTNCENHBLL JACMEH-
moe.

Onpenenenue 4.1.5. Hazoeem duazpamsmodi Onza uau npocmo dua-
epammotl kxonewnoe nodmmoncecmeo D C N x N, obaadawuwee caedyo-
WUMY ceoticmaamy:

1. (z+1,y) € D= (x,y) € D dax awonz x,y € N;
2. (m,y+ 1) €D = (x,y) €D daxg awbnz x,y € N.

Hapw (2,y) us D mu 6ydem nasweams kaemramu dudazpammu. D u 6y-
dem zogopums, wmo kaemxa (£,y) Harodumed 8 cmpoxe y u 8 cmoabye
x; MowHoCMb MHOMCecmaa D Ml Oydeat Ha3BLE8AME KOAULECTNEOM KA -
moxk Quazpammsr D. Muoxncecmeo acex duazpamam FOnea mut 0603nanum
wepes diag, a Muomcecmso duazpamm, cocmoawus uz n kasemox — diag,, .
Jag w060t duazpammer FOnza D onpedeaum dsolicmeennyio duazpam-
My D' caedywouum obpasom: (z,y) € D' < (y,z) € D.
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Onpenenenune 4.1.6. JAag awbozo pasbuenus X = (A;)i<1 onpedeaum
duazpammy FOnea D(X) caedyowum obpasom: D(X) = {(5‘, y) ENxN:
z < Ay}, Met 6ydem zogopums, wmo D(X) geasemes duazpammol, onpe-
deaennoll pasbuennesm N. Aewo, wmo A — D(X) geagemes 6uexyued part
na diag u part, na diag,, obpamuas x xomopod szadaemcs dopmyaod
A c=min{z € N: (z,i) & D} — 1. Mw 6ydem zo80pums, wmo pasbuenue
X deoticmeenno k A, ecau duazpamma D(N') deolicmeenna x D(X).

3ameuanue 4.1.7. O6praro muarpammbl FOHra nzobpaskaroT B Buie
auarpaMM M3 KJIeTOK, HAMpaBJAd IPU 9TOM OCb abcluMcce BIIPaBO, a
OoCh OpaWHAT 8Hu3 BoT, HanmpuMep, U300paskeHre aAUATPaAMMBI, CO-
OTBEeTCTBYIOMEeN pa3zbuennio 7 =34 3+ 1:

Onpenenenne 4.1.8. Jag awbozo pasbuenug A = (A1,...,Ap) uucae
n obosnavum wepes Gy epynny Sy, X - X &y,, omoxcdecmsaennyio
06BuNBLM 06paszoM ¢ nodzpynnol & S,.

Onpenenenue 4.1.9. Ilycms A — pasbuenue wucaa n, X — n-ssemenm-
noe mroxcecmeo. Hazosem X-mabauyedt (I0nza) Popmu A n106yio 6uex-
yuw t: D(A) — X. Ecau X = [1,n], mo 6ydesm nasveams t npocmo ma-
bauyett (FOnea) gopmwr A, Onpedeaum deticmene Sx Hna MHoxucecmae
X-mabauy dopmur A obwunsim obpazom: (ot)(x,y) = U(t(l‘, y)) dadg ao-
bur o € Sx, (x,y) € D(A). Mw 6ydem zoeopums, wmo nodcmanoexa
o € &x cozpangem cmpoxu mabauyst t, ecau proot~l oo = pryoti,
20e pro: N X N — N — npoexyus na emopyio xomnonewmy, nodzpynny
R; C ©x, obpazosannyio makumuy o, Mbl OYydes HA3BL8AMb CIMPOLHBLM
cmabuauzamopom mabanyvt t. Anarozuuno, Ml Oydeas 2080pUMs, 4MO
o € &x coxpangem cmoabuv. mabauyn t, ecau pryot~to o = pryot7!,
coomeaemcemeyouyio nodepynny & Sx M obosnanum wepes Cy u 6y-
dem Hazpleams cmoabyoeuiM cmabuauzamopom madbauyst t. Mt 6ydem
zoeopums, wmo dee X-mabauyst t ut’ dopmu A cmpouno sxeueansenm-
not, ecau t' = ot 0ag mexomopoeo ¢ € R;. Kaacc mabauyw t ommno-
CUMEABHO HMO20 OMHOWEHUT FKEUBAAEHIMHOCINU ML 6YdeM HAZBLEAMD
X-mabroudom gopmu A, onpedeaennnmt, u 6ydem obosnavams ezo {t}.
Feauw X = [1,n], Mot 6ydem onyckams ynomunanue o6 X.

Sameuanme 4.1.9.1. fcuo, uro ase X-tabauier ¢ u t' Gopmbr A
CTPOYHO SKBUBAJIEHTHBLI B TOM U TOJLKO TOM CIIy4ae, eciiu pry ot =1 =
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1 o

U Ot/ , TAK UTO CTpOYHAasA 9KBUBAJECHTHOCTL ACUCTBUTEJIBHO ABJIA-
€TCsA OTHOIMEHUEM SKBUBAJCHTHOCTU, MMTPpUYEM DTO OTHOIIICHUE BSKBU-
BaJIEHTHOCTU COT'JIaCOBAHO C AeWCTBUEM 6n

IIpennoxenue 4.1.10. Ilycms n > 0, u nycms &, = HAEpartn Ca
pazaoncenue cummempuieckot zpynnvt S, HaA KAGCCH CONPINCERHBE
saemenmos (em. 4.1.1). Obosnanum wepes dy xoauvwecmeo nodcemano-
80K YUKAUNECKOZ0 MUNA A, M.€. KOAUYECTNBO IAEMENMOE €0 MHOHCE-
cmae Cy. Inavenue dy Moxucem 6ums auuucieno no Gopmyae

n!
- n ’
[Ty cuthe

2de cp = {i: A = k} — koaunecmeo caazaemuz, pasnwz k, e pazbuenuu

A

dy (4.1.10.1)

JokaszaTeancTBo. Ilpeskie Bcero, pacCMOTPUM pa30HeHMA MHOMKe-
ctBa [1,n] Ha ¢; OMHODJIEMEHTHLIX ITOJIMHOMKECTB, €y ABYXJIEMEHT-
HBIX HOAMHOKecTB 1 T. 1. Takux pasbuennii n!/[], k!°*; ecom Mol
He XOTUM pa3jMdaTh B TaKoM pa30HeHMM paBHOMOIIHEIE I10AMHOMKE-
cTBa, BTy BeJIWYMHY HAJO elle pasfeiuTb Ha [[, ¢;!. Barem Hamo
3aJaTh Ha KasKJIOM U3 MHOMKECTB pa3bHeHMA HUKJINYECKYIO I0CTa-
HOBKY; Ha k-21eMeHTHOM MHOKecTBe ecTh (k— 1)! pasauunbx mukIn-
YECKMX MOACTAHOBOK, M IIOTOMY IOJIYyYeHHAA BEJIUUMHA YMHOMKACTCA
Ha [[,(k —1)!**. B urore nonyuaem kak pas Bbipaskenne (4.1.10.1).

Onpenenenue 4.1.11. Bsedem na mMuoxncecmee ecexr pasbuenudl part
dea ynopsdowenus. Hycms A u p — dea pasbuenus. Mt 6ydem 2osopums,
wmo p Mmaxcopupyem A, ecar dag awbozo k > 1 svinoaneno nepasen-
cmeo Zle A < Zle i, MBL OYOdeM 3anucvleams amo ceoficmeo e ude
A= pouau p= A Ecau, kpome mozo, A # p, mu 6ydem 2ogopums, 4mo
[L CTPOZ0 MANCOPUPYEM A, U 3aNUCBLEAME MO & 8Ude A < [ UAU [ > A.

Onpedeaum na part aexcuxozpaduueckud nopsdox caedyouwum obpa-
soM: A < p (vumaemes: “A nexcuxoepadunecku Mmenvwe i1”), ecau A £ p
U NEPBAT HENYAEBAT PAIHOCTND 8 NOCAO08AMEAbHOCMU ([l — Af)p>1 NO-
aoncumenvna. Q6tunbM 06pazom eeodames obosnavenus A < p, > A
up > A

3ameuanue 4.1.11.1. flcHo, YTO OTHOIIeHWEe MAKOPUPOBAHUA
ABJAETCA OTHOITEHNEM YaCTUYHOTO MOPAAKA Ha part, a JeKcuKoTrpa-
¢UdecKUii MopANOK < ABAAeTCA JWHEHHBIM IopAakoM Ha part. Kpo-
Me TOrO, W3 ONpeesieHNiA HEMEeIJIEHHO CIJEAYEeT, UYTO A < i BJEYeT
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3a coboii A < p (m A =% p Baeder A < p). Ha KoHedHOM MHOMKECTBE
part, Takke eCThb ABa OTHOIIEHWA MODPAAKA, WHIAYIUPOBAaHHEIE < U
~<; B YaCTHOCTH, JEKCUKOTpaPUUECKN MOPANOK < TO3BOJNAET O
HO3HAYHO PACIOOKUTL DIIEMEHTH part, Mo Bo3pacTaHuio. B maik-
HeMIeM, BCAKAN pa3, Koraa HaM Hago OYIeT JTUHEWHO YIOPAMZOYUTH
part,, (ckaskem, YTOGBI M306Pa3UTh MATPHUIBI CO MHOMKECTBOM WHIEK-
coB part,), MBI Gy/JeM HCIOIb30BaATh MUMEHHO JEKCUKOTpa(uiecKrit
mopAnok. Hampumep, ameMeHTH party ymopAmoUYMBAIOTCA CIENYIO-
mum obpasom: (1,1,1,1,1) < (2,1,1,1) < (2,2, 1) < (3,1,1) < (3,2) <
(4,1) < (5).

Onpenenenne 4.1.12. Jlag awbozo pasbuenus A € part, onpedeaunm
caedyouum obpasom K-8, -modyav My : amo ceobodnwi K-modyas, 6a-
BUCOM KOTOPOZO TEATIOMEA 8CE803MONCHBLE Mabaoudn {t} Popmu A, a
&, deficmeyem na saemenmazr smozo basuca cozaacwo 4.1.9. Obosna-
wum wepes ¥y € X(8,) zapaxmep smozo modyad.

3ameuanume 4.1.12.1. fAcuo, urto &, TpaH3UTUBHO HAelCTByeT Ha
MHOMKeCTBe BceX TabmonaoB GopMbl A u drTo cTabuinsarop Jo6o-
ro tabigomaa compsKeH ¢ moiacTaHoBouHOW moarpymmoit &y C &,
(eM. 4.1.8 1 4.1.9). Takum o6paszom, My = K(S»/Ox) yqpy = XG, /G
(em. 3.5.1). Tem caMbIM MBI yiKe TTOCTPOWUIN HEKOTODBIE BUPTYailh-
Hble moArpynnel B &, .

YkaykeM, KAKUM 06pa30oM MOKHO BEIUMCIUTEH 3HAUEHUA XapaKTepa
Y Ha KJacce CONMpMHEHHBIX dleMeHTOB C, Iia MOOHX A, € part,,.
Mpesxkne Becero, ecim n = 0, o A = p = () (mycroe pasbueHwme,
KoTopoe MokHo o6osHaunTh Takxe (0) manm (0,0,...)), m ¥0)(Cio)) =
1. Mns 66apmmx n sHadeHus 13 (Cy) TOCIETOBATENBHO BEIYUCIAIOTCA
C TMOMOIIBIO CJEAYIONIETO MPEATOKEHNA:

Ilpemmoxennme 4.1.13. Hyems A = (Ar, ..., Ap) wp = (p1,..., 1) -
pasbuenud o0nozo u mozo xce wucaa n > 0. Tozda

{
1/)>\(CN) = Z 1/)>\1,... JAG— 1, Ak (CNQ,... ,u1)~ (41131)
i=1

3anucy Yxy, . xi—py,.. xp DONUMAEMCT CACOYIOULUM 06PAZOM. €CAlU Aj —
pn1 < 0, mo caazaemoe, coomeememeyiousee QanHoMy undexcy i, onyc-
xaemed e cymme 4.1.13.1; & npomuenom caywae mv ynopgdouueaem
Hatop (A1, ..., Ai— f1, ..., AL) 8 NOpAOKe HEBOZPACTNANUA, QONOAHTEM
OECKONEUHBIM HUCAOM HYaed, U paccmampusaes Py 0AT NOAYLEHHO20

maxum obpazom pasbuenus X € part, _, .
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JlokazaresnbcTBOo. BRIGepeMm Kakyo-HUOY AL TOACTAHOBKY O IIMKJIIA-
geckoro tuma g. Torma ¥ (Cu) = ¥a(o) ects uncao Tabronnos pop-
MBI A, OCTAIOMINXCA HEMOABWKHBIMU o AeiicTBreM ¢ (cm. 3.5.1.1),
T.e. KoaudecTBo Tabiougos {t} GopMbl A, 0BiamAIOMMX TEM CBOW-
CTBOM, YTO JIOGO0M IUKI TIOJCTAHOBKA 0 COMEPHKUATCA B OJHOW CTPOKE
{t}. Nuaye roBops, HaM HAL0 PACHPEIEIUTDH [UKILL 10 ACTAHOBKA O
M0 CTPOKAM TakK, YTOOBI B -0l CTPOKE 0Ka3aj0Ch POBHO A; YHCe.
PaccMoTpyM MepBHIA UK TOACTAHOBKA ¢ (T.€. TOT CaMBIA UK, KO-
TOPOMY COOTBETCTBYET CJATAEMOE [i] MUKJIUIECKOTO TUMIA [ TTOACTa~
HOBEM ). OH CTOWT B KaKOW-TO CTpoKe {t}, HaIpuUMep, B i-0ii; ecan
MBI €r0 BBIKMHEM U3 i-OM CTPOKMW, MBI MOJYYUM B TOUYHOCTH Habop,
KOJIMYECTBO KOTOPHIX 3aJaeTCA {-bIM ciaraeMbiM cymmbl (4.1.13.1);
MpOCYMMHPOBAB 110 BCeM ¢ oT 1 jo [, monyuaem popmyny (4.1.13.1).

CaencrBue 4.1.14. Ecau ¥5(C,) # 0, mo pp < X u p < A, Huawe 2o-
80PA, MAMPULG <1/)>‘(C“)))\,u€partn

mpuyetl, cocmoguiell U3 YeavlT HeoOMPUYGMeAvuns wucea. IIpu smom
OUAZOHAABHBLE BAEMEHMBL FMOT MAMPUYBL HE PABHBL HYAIW.

ABAAEMCA Hu:}tcnempeyzonbnoﬁ Ma-

JHoxkazareancrBo. Muaykuua o n = |A| = |u| ¢ ucnoaszoBanuem
popmyner (4.1.13.1).

Onpenenenue 4.1.15. /Jag awbot mabavywr t gopmut A € part, obo-
SHANUM wepe3 Ky daemenm epynnogotl aazebpwr Z[S,], onpedeaennbiii
Pasencmeom Ky := ) p (sgno)o, ede Ry — cmpounni cmabuauzamop
t (em. 4.1.9), asgno = +1 - snax nodemanoaxy o.

Acwo, uro maaa aoboit nmogcranoBru T € G,

Ky = Z (sgno)o = Z (sgno)o = Tryr !
TER ¢ ceTR;T—1!
Onpenenenne 4.1.16. /lag awbozo pasbuenus A € part, onpedesum
MoQyas [lnexma Sy C My xax K-8, -nodmodyas 6 My, nopoxncdennnd
kax K-mo0yab saemenmamu suda k{l} dag eceeozmoncnbvir mabauy
t dopmur A (9mo delicmeumensno K-&,-modyas, nockoavky t{t} =
Kre{Tt}). Obosnanum wepes xn zapaxmep K-8, -modyag Sy.

3ameuanme 4.1.17. B gefictBurenbHocTH mpoBepserca (cMm. [2]),
gyro misA aoboro moaa K HynmeBo# xapakrepucturm K-8, -monyib
Sy mpoct, uro moayau llmexra, cCOOTBETCTBYIOIIME PAa3IUIHBIM A,
MOMaPHO HEM30MOP(HE! 1 TOTOMY (T.K. MX KOJWYECTBO PABHO KOJMYe-
CTBY KJIACCOB COINPSAKEHHEIX BIeMeHTOB Ipyiibl &, ) o6pasyioT mo-
HOe CeMeHCTBO TpencTaBuUTeleli KaaccoB nmpocThix K-&,-Monyieii.
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Unaue roBops, (XA)repart, — DTO B TOYHOCTU MHOMKECTBO BCEX He-
MIPUBOAMMBIX XapakTepoB rpymmsl &,. Kpome Toro, B pasioxkeHuu
M), B cyMMy IpOCTBIX MOAyJlelf BCTpeUYatoTCa TOJIbKO Sy ¢ = A (u,
CIEeOBATENBHO, [t > A), TpryeM Sy BXOAWT POBHO oauH pa3. VHade
ropops, marpuna M := (Mxu)x uepart,, ONPeAeIeHHAA PABEHCTBOM
Py = Zu My X, ABIAETCA BEPXHEW yHUTDPEYroJbHOM MaTpumei, co-
CTOANIER W3 MeNBIX HEeOTPHUIATENbHBIX uncesa. OTcrona HemeIIeHHO
cienyeT, uTo Bee sHaueHUA XA (C,) ABIAIOTCA HelbIMy YnciaMu. Ilo-
CKOJIBKY IPOM3BOJILHBIN XapaKTep Y ABIAECTCA EeJOUYUCTEHHON KOM-
GuHatmeid (x5 ), BCe ero 3HaUYEeHUA TakKe ABIAIOTCA HEIBIMU YNCIa-
MU.

3ameuanue 4.1.18. [Torkaxkem, KakuM o6pa3oM MOKHO, TOJb3YsACH
W3J0KeHHEIMI BBHIMIe ($aKTaMM, BBIUMCIATL TabauWIly XapaKTepoB
rpynnel &,. Ilpesxiae Bcero, Mbl MepednciisgieM B JleKCUKOT padude-
CKOM TOPSLAKe BCe pa3bueHus A € part,, n BbIUMCIAEM IS KaHKI0T0
3 #Hux dy = [Ci] mo dopmyie (4.1.10.1). Temepb MBI MOKEM BBI-
YUCIUTE CKAJIAPHOE MPOoU3Belenne (1, pa) ABYX MPOU3BOIBHBEIX Xa-

PaKTEpPOB @1 U @y 1o popmyde (p1,92) = 17 2 ,es, P1(0)p2(0) =
% pepart dusol(cu)S@(Cu) = % pepart | du@l(ﬂ)S@(N) (HOC‘HeﬂHee
pPaBEeHCTBO BEPHO, MMOCKOJbLKY BCE 3HaYeHUA BCEX xapakTepoB &, me-
HaT B Z; KpoMe TOro, Mbl obosHaumian ¢1(C,) depes ¢q(y) n ama-
JOTUYHO A 7). Bblumcanm xapakTepbl (T.e. Tabawily 3HaYEHMI
xapakrepoB) (¥x)repart, 10 Ppopmyiae (4.1.13.1); sameuanne 4.1.17
MOKa3bIBA€ET, YTO OPTOHOPMUPOBAHHEIA Gasnc (YY) YHUTAPHOTO HPO-
crparctBa Cen(6,,C) nmonyvaerca n3 Gasumca (i) MPOIECCOM Op-
Toronamuzarmu | pama—IlIMuaTa OTHOCUTENBLHO MOPAIKA, TPOTUBO-
[OJIOMKHOTO JIeKCUKoT paduueckomy. MHaue ropops, Mbl riepebupaem
A € part,, B mopsiake, o6paTHOM JIEKCUKOI PAPUUECKOMY, BEIYUCIIAEM
Koo QUUUEHTE My, = (¥a, Xu) LIS BCEX [t > A UM 3aTeM IoJjara-
eM Y = Yy — Zu>>\ MapXpu. HHomuMo Tabauner xapakrepoB (ya(y)),
MBI TaKUM 00pa3oM BEIUMCJIAEM BEPXHIOI YHUTPEYTOILHYIO MATPUILY
(Map)-

W 3i1oskeHHBIA BEITIE MeTO (ABIAIOINUACA HEKOTOPBIM YIIPOTIEHNEM
MeTO/Ia, N3T0KEHHOTO B KHUTe [2]) XOpoIl TeM, YTO OH JIETKO pealin-
3yeTca Ha KOMITLIOTEpe.

3ameuanue 4.1.19. IlycTth ¥ — TpoM3BOJIBHBIN BUPTYaJIbHBI Xa-
pakTep rpymnbl &, (T.e. aaeMeHT Komblia xapakrepoB X(&,)). M
MOKEM 3aJaTh X C IIOMOINBIO JI060r0 M3 Tpex HabopoB MEJbIX
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ancen (xx), (¥y,), (2v), onpenesenubx GopMmysnaMu Y = )y TAXA,
Yy = X(Cu) = x(1), x = ), 2wy YrameMm, KakuM 06pa3oM mepexo-
JUTH OT OJHOTO TaKoro 3aJaHMA K JobGoMmy apyromy. Ilpeskme Bce-
ro, Tabauia xapakrepoB (x(ft)) HMo3BoJNAET MepexomuTh oT (&)) K
(y,) m maoGopor mo opmymam y, = >\ waxa(p) m zA = (X, X») =
% Zu duy,Xx (). MB1 Moskem Takke mepeiitu oT (21) ¥ (2, ) m Ha06o-
pOT Mo GopMydie Ty = 2x + Y, . MyaZy 1 OT (2,) K (yL) 1 Ha06OpOT
o ¢popmyie y, = Zy>u zyty (1) (37€Ch MBI TOIB3YEMCA TPEYTOIBHO-

cthio MaTpuil (map) u (¥a(p)); em. 4.1.17 u 4.1.14).

4.2. TTouck BupTyanpHbix noarpyna B &, meronst (a) u (c)

Oycts G = &, — cummerpuveckas rpymmna, H C G — mpowus-
BOJIbHAA €€ MOArPYINa, X = X@g/f — COOTBETCTBYIOMAS BUPTYyaslb-
Has moarpymma (cM. 3.5.4). Cornacho 3.5.9, BUpTyaJabHasA M0ATPYTI-
ma Y MOJHOCTHIO 33aJaeTCA C MOMOMIBI0 Jboro m3 HabopoB Ile-
aerx umced (2x)aeA, (Yu)uess (Y, )ueM, WIAM C TOMONTHIO YHKIM
pa: M —[0,1], e A — MHOMKECTBO, UHAEKCUPYIOIIEe HENPUBOAUMBIE
KOMIIJIEKCHEBIE XapakTepsl &, , a M — MHOKEeCTBO KJIACCOB COMPAKEH-
HBIX 9ieMeHTOB Tpymnbl &, . Coraacuo 4.1.4 u 4.1.17, MbI MokeM
B3ATL A = M = part
ABIAETCA €Ille OJINH CTII0COo6 3aJaHUA BUPTYalbHOU MoArpymibl B &,
a MMEHHO, C IOMOIIBIO HaGopa MebIX Yucel (2, ), epart, , TAKAX, YTO
X =2, Z%y; cm. 4.1.19. ®opmyasr 3.5.9 u 4.1.19 m03BONAIOT JErKO
MEPEXOAUTH OT OJHOTO M3 9TUX ONMMCAHWA BUPTYAIbHOMN IT0AT DYk
K I11060My APYrOMY.

HamomuumM, 49To Halllell TMeNbIo ABIAETCA MOCTPOEHWE UIA BCEX

ns; 9TO MBI U cAejlaeM. KpoMme Toro, y Hac mo-

HeGonbmux n (ckaskeM, n < 10) HEKOTOPEIX MHOMECTB XapaKTEDOB
rpymmsr &, , KoTopble GBI 3aBEAOMO COMEPKAIN BCEBO3MOYKHBIE BUP-
TyaJbHble HOATPYIIBI, T.€. XapaKTepbl BUAA X, /[ /1A HeKOTOPHIX
nmoarpynn H C &,,. [Ipu sToM MBI X0TWM, YTOGBI 9TH MHOMKECTBA Xa-
PAKTEPOB COMEPHKAIU KaK MOKHO MEHBIIE “HECYINECTBEHHBIX 9 IeMeEH-
TOoB”, T.e. XapaKTepoB, HE COOTBETCTBYIOIIMUX HUKAKOW ITOATPYIIIIE.
Mgl BBe#eM CIleAVIONIYIO, HECKOJIBKO HEJOTUUHYIO, TEPMUHOJIOTUIO:
®TU XapaKTePHI MBI Oy /1eM Tak:Ke Ha3bIBaTh BUPTYAIbHBIMU 10 AT PYTI-
maMu, HO 6YyJeM MOBODUTH, UTO OHU HECYULECMEENHbL, WIU UTO OHU
He COOTBETCTBYIOT HUM OMHOW “Hacrosmeir” moarpynme &, .

Kakue y Hac ecTb KpUTEpUU IJIA OTIpENESIEHUA HECYIIECTBEHHBIX
BUPTYadbHbIX moarpymmn? [lomumo cootHomenuii uz 3.5.9, y Hac ecTh
T-kpurepmii 3.6.6 w ero pasmmunble Moaudurarmu (cm. 3.6.6.3).
Kpome Toro, MokHO MpUAyMaTh HECKOJIBKO TEOPETUKO-TPYIIOBBIX
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TECTOB, OCHOBAHHBIX Ha TOM, UTO T-KPUTEPWU maeT HeobOXommmoe
yCJOBUE TOTO, UYTO OAHA MOATPYINIA COMEPHKUATCA B APYTOH, B Tep-
MUHAX COOTBETCTBYIOMMX BUPTYaJbHbIX moarpymn (cMm. 3.6.9). Tak,
BCAKasA MOArpyIa nopsanaka 48 B ©g M0mKHA COAEPKATH HEKYIO 101~
rpymiy mopsAaka 16 (a MMeHHO, CBOIO CMIIOBCKYIO 2-TTOATPYTILY ); 0=
BTOMY, €CJiM MBI 0OGHADYKMBAEM BUPTYAJIbHYIO TOATPYIITY IOPAI-
Ka 48 (HAITOMHUM, YTO TOPAMTOK M WHIEKC BUPTYAJIbHOW [M0ATPYIIIEI
KOPPEKTHO OIpeeieHbl; cM. 3.5.6), KoTopad He MOMET COJIEpKaATh
HUKAKYIO BHPTYAJbHYIO MOArpYNHy Hopsika 16 (B cMblcie KpuTe-
pus 3.6.9), To seTa BUpTyajbHAA MOATPYMNIa HopAika 48 ABidgercs
HECYIIeCTBEHHOM.

OcHOBHOM MIeel Halllero MOCTPOEHUA CIMCEKA BUPTYAJbHBIX I10-
rpynn &, ABIAETCA UCIOJb30BaHUE Y3Ke IOCTPOEHHLIX CIMCKOB IJIA
BCeX MeHbBIIUX 3HaUeHUH N AJIA IO0CTPOCHUA CIIMCKA, JJ1d JaHHOrO 3Ha-
YeHWA N — CBOEro poja MoCTpoeHne Mo MHAykImu (Gasza n = 0 Tpu-
BUAJBHA).

B gamHOM moapasiese MBI PaccCMOTPUM [Ba METOHA IMOCTPOe-
HUA BUPTYAJbHLIX NoArpymnn &,, KOTOpEIE MBI Ha30BEM MEMOOOM
(a) m memodom (c¢). TpyGo ToBOpA, TEPBHIA M3 ®TUX METOJOB 3a-
KmiodaeTca B ToMm, uto &, 1 OTOXIECTBAAETCA C TOATPYNITON B
S,, n nmoromy Bcaraa moarpynma H C &,_; MoxkeT paccMaTpu-
BaThLCA M Kak moarpynmna &,; HalZo TOMLKO 3amuMcaTh 5TO B TePMU-
HaX COOTBETCTBYIONMX BUPTyaabHBIX moarpymn. CormacHo 3.5.5,8),
s mo6oit moarpynmsl H C &,_1 BBIIOJIHEHO PABEHCTBO X&,/H =
Ind(i, C)(xs,_, /u), Tae i: 6,1 — &, — KaHOHMUYECKOE BJIOKEHME, a
Ind(%,C): Cen(&,,-1,C) — Cen(6,,, C) — nnaympoBaHHoe UM 0TOGpa-
JKEeHre eHTpabHbIX GyHEnui. TakuM 06pa3oM, IS peau3aly Me-
Toma (a) HaM HYKHO HAy4WTbCA BEUMCAATH xapakrep Ind (7, C)(y) mo
XapakTepy Y; Cleaylollee IIpeJlokKeHre 06 bACHAST, KAK 5T0 MOMKHO
CHeaTh:

Ilpemmoxenne 4.2.1. ITyems f € Cen(Sp_1,C) - yenmpaavuas pynx-
yuda, i:6,_1 — &, - xanonuvecxoe anoxcenue, ' := Ind(i, C)(f) €
Cen(6,,,C). Obosnanum wepes 7 Sp-muomceemeo {1,2,...,n} ¢ ecme-
cmaennuim delicmenem Sy, u nyems Yz — coomeememeayowutl rapak-
mep (cm. 3.5.1); maxum obpasom, dag a0 nodemanoexu o € 6,
snavenue Xz(0) €cmb wUCAO HENOGOBUNCHBEL MOUEK NOOCTNANOBKY T, 4
dag awbozo pasbuenus X € part, swavenue Yz(Cx) ecms xoauvecmeo
COUHUNHBLE CAAZAEMBLE 8 Pasbuenuu A.
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Toz0a das a106020 pasbuenud A € part, 8HUNOAHEHO PABEHCTNED

Fey) = {

0, ecar xz(Cx) =0,
Xz(CA)f(CA/), ecat A=XNV (1) U XZ(CA) > 0.
(4.2.1.1)
30ecy wepes X'V (1) obosnaveno pasbuenue wucaa n, noayvennoe 006a-
aaenUeM eduHUUHOZ0 caazaemMozo K pasbuenuto N wucaa n— 1. Omae-
mum, wmo X' odnosnauno onpedeasemed uz pasencmea A = ANV (1), u
wmo cyuecmeoganue maxozo X paenocuavno xz(Cx) > 0, m.e. naau-
YU eOUNUNNBLL CAAZAEMBT 68 A, MAKUM 06pasom, gopmyasa, npuseden-
Hag evluie, KOppexmuda.

HoxazareabcrBo. Ionokum 1, = (k n) € &, aaa Bcex k ot 1 10
n. Torga 7 06pasyIoT MOJHYIO cucTeMy Hpencrasureneid S, /&, _1,
u moToMy aia moboro o € Cy C &, BRIONHEHO paBeHcTBO f/(0) =
errk_leﬁn_l f(TkO'Tk_l). 3aMeTuM, 4TO TkO'Tk_l nonagaer B &,_1 To-
rfa M TOJBbKO TOTAa, KOTJa ®Ta IMOJACTaHOBKa OCTABIAET HEIOABUK-
HBIM ®JIEMEHT 1, T.€. TODJA M TOJbKO Toraa, korga o(k) = k. TToaTo-
My, €CJIM ¥ ¢ HeT HENOABWKHBIX Touek, T.e. ecim xz(o) = 0, To u
f/(¢) = 0; Tem caMbIM JokazaHa mepBas 4acTb Gopmyist (4.2.1.1).
Mpemmonoxum Tenepb, uro xz(o) > 0, T.e. uto A = A V (1) nna
wekoroporo A € part,_,. Torma komuuecTtBo Tex k, mid KOTODPLIX
o7, 1 € G, _1, PABHO UMCIY HeTOABWAHBIX TOUEK 0, T.e. Yz(0); A
Bcex 9TuX k ToAcTaHOBKA TroT, | € &, 1 NMeeT MMKINYECKMiA TUIT
N, Tak 4To f(TkO'Tk_l) = f(Cx); TakuM 0Gpa3oM, MBI TOJIYYAEM CYyM-
My xz(Cx) cnaraembix, paBHbIX f(Cy/), UTO W 3aBepimaeT MPOBEPKY
npaBuibHOCTH popmysr (4.2.1.1).

O6cynum Tenepsb MeTo (¢). Ero ¢cyTh 3akIo4aerca B TOM, U4TO MC-
xoas m3 noarpynn H C &, u K C &, MOKHO TIOCTPOUTH ITO AT PYIILY
HxKCG6,x6, C6yim (cM. 3ameuanue mocie 4.1.1). Ham vago
Telepb M3J0KUATH 9Ty KOHCTPYKIMIO B TEPMHUHAX COOTBETCTBYIOIIMX
BUPTYaJIbHBIX MOATpyN. /s ToTo MBI BBEAEM CJeAyIONLyIo olepa-
IMIO: JJIA JTIOOLIX ABYX KOHewHbIX rpynn G u 7 m mobkIX ABYX IeH-
rpanbHbx pyHKIWiA [ € Cen(G,C) n f/ € Cen(G’, C) onpenennm fx* f’
popmynoit (f * f')(g,9") = f(g)f'(¢"). Nz oupenenennii Heme1meHHO
caenyer, uTo ecau f U f — XapaKTephl KOMILIEKCHBIX [P € ACTaBIeHA
rpymn G u G', to [ * [ ecTh xapakTep MX TEH30pHOTO TIPOU3BEE-
HUsA, pacCMaTpUMBaEMoOro Kak npeacraBiaenne rpynmsl G X G, Kpome
Toro, ecam Z — G-muosxkectBo, Z' — ('-MHOoxecTBO, TO Ha 4 X 7’
eCTh ecTeCTBEHHO olpeaeseHHas cTpykrypa G X ('-mMHoxkecTBa, n
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XzZxz' = Xz * Xz'. B "wactnoctn, eciu H C G m H' C G’ — npowms-
BoJIbHEIE ToArpymmel, To (GxG')/(Hx H') = G/HxG'/H', n noromy
X(GxGNY/(HxH" = XG/H * XG'/H'-

IIpyMeHNTEALHO K Halllefi CHTyallud BCe 5TO O3HAUAET, YTO
XGnpm/(HxE) = d(j,C) (X6, /0 * X&,,/K), TA j:6n X Gy — Gy
— KaHoHM4YecKoe BiodkeHue. OKasbIBAeTCA, UTO DTOT XapaKTep Jer-
KO BBIUMCJIAETCA B TEPMUHAX K09()PUIMEHTOB (z,), ONpeaeeHHBIX B

4.1.19.

IIpennoxenue 4.2.2. Ilycms j: 6, X &, — G,4m — Kanonuveckoe
enomcenue. Tozda:

a) Jag awbwz deyr pasduenufl A € part, u p € part,, gwnoaneno
pasencmeao Ind(j, C)(va * ¥y) = Vavy, 20e ¥x, ¥, — zapaxme-
pot, onpedeaennvie 8 4.1.12, a AV pu — pasbuenune wucaa n+ m,
noaywennoe obsedunentem pasdbuenut A u f; unave 2080pA, Mol
paccmMampuaaem nocaedosamesdHocms, 06pazoeannyo NPUNU-
CHLBANUEM K NOCAEO0BAMEADHOCNU HEHYAEBLLL KOMNOHEHM A
NOCALO0BAMEALHOCTNIY HEHYAECBBLL KOMNOHENM [, 3AMEM YNO-
PAOONUBAEM IAEMEHMBL NOAYNUBWENLCT NOCAECO0BANEABHOCTU
8 NOPAOKE HEBOIPACMANUS U OONOAHIEM OECKOHEUHBLM HUCAOM
HYyaed.

b) Ecau X1 = Z)\Epart Zg\l),l/»\ U X2 = ZNEpart Zl(iz),l/}ﬂ - aea za-

n m
paxmepa zpynn S, u S, coomeemcmaenno, mo

md(j, O *x2) = 3. 2ty ez, = 3 23D

vepart,, 4, AVu=v

IokazarembcTBO. a) MBI 3HAEM, 4T0 ) = X@g,/s,, Dde Gy =
Gy, X X6y, C6, (M. 4.1.8 1 4.1.12.1). Kpome 1010, MBI ysKe BHI-
Aacauan, uto Ind(j, C) (X, /6x ¥ XSn/6h) = XGnim/(GrxS,); OCTAIOCH
3aMeTUTh, 4To moarpymmna 8y x &, C &,4,, coBnazaeT ¢ MOATPYI-
moit Gy, ¢ TOUHOCTBIO IO IepeHyMepallii 2JeMeHTOB MHOKECTBA
{1,2,...,n4+m}, T.e. ¢ TOUHOCTBIO O conpsBKeHUA B &, 4y ; M02TO-
My WX XapaKTepbl COBIAIAIOT.

b) OueBuaHoe ciencTBUe MyHKTA a) BBUAY OWUIMHERHOCTH ollepa-
i (X1, X2) = Ind(j, C)(x1 * x2)-

Bameuanue 4.2.3. Eciau npoBoanuTh BelUMCIeHUA He s (y;,) (pas-
HEIX 3HAQUCHUAM BUPTYaJbHOA MOATPYIIBI X, /g Ha KIaccaX COIpsA-
*KEHHBIX 9JeMeHTOB), a Aiad Habopa y, = |[C, N H| (cm. 3.5.9), To BEI-
YMCJIEHNS ellle yIpOoINaloTCA: HECIOKHO BUAeTh, uto ecam H C &,
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to H kak moarpynma &, sanaer-
(1)
w!
xz(p) = 0 (1.e. ecim p He mpencrabaserca B suae p' V (1)), Dtu
GOPMYJIBI COXPAHAIOT CUIY, eCiU Jaxke He MPEeoararh, 4To pac-
cMaTpuBaeMble BUPTYyaJbHEIE TOATPYIIHI COOTBETCTBYIOT KaKMM-TO
49 ” /
HACTOAMMM  MOATPYNIAM, a OTpeAesaTsh (y,) nexond us (y,) mo
dopmynam 3.5.9.

6 (1)
3a1aeTcAa HabopoM (yu, Juepart,

e HaBoPOM (Yu)ugpart, , TAKAM, UTO Yurv(1) = Y,,° ¥ Yy, = 0, ecim

4.3. Tlouck BupryanpHbix noarpyna B &,,: metron (b)

B sToM myHETEe MBI paccMaTpUBaeM CIIoco6 OMpeneieHus BUPTY-
aNbHBIX moarpymn &,, kKoTopelii MbI HazoBeM Memodom (b). Cymur-
HOCTH ®TOTO MeToJa 3aKII0YaeTcA MPUMEPHO B CIEAYIOMEM: A
npousBobHOU moarpynnsl H C &, MBI MOKEM pacCMOTpPeTh CBA3HOE
S, -muokectBo X = &, /H; MBI MOMKEM TakKkKe pacCMOTpeTh X Kak
Sy, —1-MHOXKECTBO, KOTOpOe MBI 0603HaunM yepes i* X (rae i: 6,1 —
&, — KaHOHWMYeCKoe BioskeHMe; cM. 3.1.3). Torma i*X pacmamercsa B
cyMMy He Gojlee YeM n KOMIIOHEHT CBA3HOCTH (T.e. opOUT), KamkIad
13 KOTOpHIX uMeer Bun &,_1/H;, 1.e. i* X =2 &,_1/HU.. US,_1/H,.
Orciona Cen(i,C)(xs, /) = Cen(i,C)(xx) = Xi*x = Zj XS, 1/H;
(eMm. 3.5.3,c) m b)). Ternepb MOKHO HNPEITOKNATH CIEAYIONNNA MTIIAH
NelcTBUI:

1. IlepebpaTh BCeBO3MOMKHBIE TTONXOAANIME HAGOPHI BUPTYalb-
HEIX TOATPYII (X &, _, /H; )1<j<k (MBI y#e MOCTPONIN BCe BUP-
TyaabHble moarpynnsl B &, 1, Tak 4TO HaM 5TO HECJIOMKHO
cHenaTh; KpoMe TOro, eCTeCTBEHHbIE OT PAaHUYEHNA Ha T10 pAI-
KN U KOJNYecTBo H; TakKoBBI, UTO He NpUAeTCA MepebUparh
CIWIITKOM MHOT'O BapUAHTOB).

2. Jlna raskzaoro takoro Habopa ompenennth Cen(é, O)(y) rak
CYMMY BCeX X@&,_,/H;; ONPEeTNTb OTCIona Yuv(1) = X{(p V
(1)) = (Cen(i,@)(x)) (pt) mnsA Beex p € part,_; (cm. 3.4.7; Ml
MONTb3YyEMCH TEM, UTO i_l(Cuv(l)) =Cu).

3. IlpomsBectu mepeGop BO3MOMKHBIX 3HAUEHUN (Y, ) LA TeX f €
part,,, KoTopble He 3amuchiBatoTcA B Buae i’V (1) (tarux p He
oYeHb MHOTO, & ycioBusa 1)—12) u3 3.5.9 m03BoNAIOT CUIBHO
CORDPATUTH Mepefop).

4. Mposepurhy ycmosua 1)-12) mu3 3.5.9 (B meiicTBUTEIHHO-
CTH TEJOUNCIEHHOCTE Ko® GpPUIMEHTOB (&) ), WK, 9T0 PaBHO-
CUITBHO, (2, ), MOXKHO ITPOBEPATH 0 X0y Mepebopa, MPpOU3Bo-
JUMOTO B MPeNbIAyINeM TyHKTe, MOCKONBKY corjacuo 4.1.19
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Zy 3aBUCUT TOMBKO OT Y, C f = V; 3TO MO3BOJMAET OTCEKAThH
[0 X0y 3aBeIOMO HEIO X0 JAINe BETBY mepebopa).

5. llpoBepuThb, yAOBAETBOPAET U TOJy4YeHHAA BUPTYyadbHASA
rpynna T-kputepuio 3.6.6. Ecim ma, To 1o6aBUThH ee B CTIW-
COK BUPTYaJbHBIX moarpyma &, .

Ilnsa saBepinennsa omucanna Metoaa (b) HaAM cileyeT U3y4nTh, Ka-
Kre MOTYT OBITh HmopAnkm moarpymm H; C &,_;, B 3aBUCHMOCTH OT
nopagka H C &,.

Ipengmosxkenue 4.3.1. Ilycms G — xouewnas zpynnae, Go C G — noo-
epynna, -Gy — G — xanonuueckoe saomcenue, 7 = GGy - G-
onepamopnoe Muoxcecmeo, n = |Z| = (G : Gy). Hyems H C G -
ewe odua nodepynna G, X = G/H, i*X — Go-onepamoproe Mmnoxnce-
cmeo, noayuennoe uz X cymcenuem zpynnwt onepamopos (cm. 3.1.3).
Tozda:

a) Cyuwecmeyem ecmecmeennas GUeRyUs Mencoy MHONCECTNEOM
Komnonenm cegsmwocmu (m.e. Go-opbum) Go-muomcecmea * X
U MHOHCECNBOM KoMRoHwenm cagsnocmu G-muoxcecmeaa 11" X
2 X xZ (em. 3.1.11.2). Tounee, ecan ©*X = Xj U...U X}
geagemed pazaoncentem ¥ X Ha KOMROWENMBL CEAZHOCTU, MO
X xZ 24X = oX{ U...UidX| 7eadgemes pasaoscenuem
X X 7 na xoMnonmenwms ceg3nocmu.

b) Cywecmeyem ecmecmeennads Guekyud Mencoy MHONCECTNEOM
H-opbum Z u muomcecmeom G-op6um (m.e. KoMRoNeRM c8H3-
noemu) X x 7.

¢) Hyems Z; — H-opbuma Z, coomeememeyowas X]’» OMHOCU-
MEAVHO KOMROZULUY OUEKYUY, PACCMOMPENHBL 8 NYRKMAT a)
u b). Hoaoncum vy = |Z;]. Toeda (G : Go)|X}| = |6 X]] = (G :
H)|Zi| w | X = (G : H)vj/n; kpome mozo, Z?Il v; =n.

d) Bubepem & rwancdom X| npousgoaswuiii saemenm rj u noao-
acum H; = Stabg,(2;). Toeda i*(G/H)=4X =2 Gy/H1U...U
Go/Hy, (Go: Hy) = |X)| = (G : H)wy /n u |H,] = |H|/v.

e) Bunoanenn coommowenus 1 < v; < n u Ele vj = n, ece v;
deasm nopsdox zpynnet H u deasmes na n/ gcd(n, (G H))

f) I'pynna H mpansumueno deficmeyem wa 7 mozda % moabko
moezda, kozda k =1 w vy = n; e smom cayuae |Hy| = |H|/n u
(G : H) = (Go : Hl)

g) IHodepynna H C G codepaucumed e nexomopoll nodepynne, co-
npgucennoll ¢ Gy, € mom 4 moavko mom caywae, ecanw H uateem
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HENOOBUNCHYI MOUKY Ha 2, m.e. ecat V=1 0ag nekomopozo j.

JHoxazarenbcTBo. a) CylecTBoBaHNE KAHOHUYECKOTO M30MOpQU3Ma
G-muoxkectB 10" X =2 X X 7 ycramoBaeno B 3.1.11.2; rKpome Toro,
coramacuo 3.1.10,a), b) ¢yHKRTOD @ COXpaHAET CYMMEI M IE€DPEBOUT
HEIyCThIE CBA3HBIE 06HEKTHI B HEIyCThle CBA3HLIE 00HEKTEI; 0TCIONA,
HEMeJTEHHO TIOJIyYaeM yTBePKICHNE TyHKTA a).

b) DToT MyHKT HeMeIEHHO TOMyYaeTCA U3 TyHKTA &), CI MTOMe-
HATH poismu Gy ¢ H (a sHaunt, u 7 ¢ X).

¢) Orobpaskenne i:Gy — (G MHBEKTUBHO, W TOTOMY COTJACHO
3.1.10.1 [aX}| = (G : Go)|X]|; mensa pomamm Go m H, xak B 10-
KazaTesmbcTBe TyHKTa b), momyuaem |0 X}| = (G : H)|Z;|. Tlockombry
(G :Go) =nmul|Zj| =vj, orciona caenyer |X}| = (G : H)v;/n. Kpome
roro, n = |Z| =37 |Z;| =3, v

d) Bce, kKpoMe MocCieAHEr0 PABEHCTBA, ysKe HOKA3aHO B C), IO-
croabky |X]| = (Go : Hj). Octanock sametnts, uro |H;| = |Gol/(Go :
Hj) = n|Gol/((G : H)y;) = n|Gol|H|/(|Glv;) = |H|/v;, nockonbky
n=(G:H).

e) Mur yxe 3HaeM, uro v; = |Z;] > 1 m uto Z]' v; = n. Kpome
Toro, cornacuo d), uucaa (G : H)y;j/n u |H|/v; ABAAIOTCA IeNbIMY;
OTCIONA CHEAYIOT MOCHETHNE ABA YTBEpPHKIACHUA TYyHKTA.

f) HeiicTBUTENBHO, TPAH3UTUBHOCTE AeficTBuA H Ha 7 Kak pas u
03Ha4aeT, 4To Z COCTOWUT POBHO M3 OJHON opOWTEI, T.e. uTo k = 1;
ocTalbHBIE YTBEPMKACHNA ClleAyIoT Toraa u3 d) u e).

g) HeiictBurensHo, H 0CTaBIAET HEMOABKHON HEKOTOPYIO TOUKY
9Go € Z = G/Gy Torma u TonbKo Toraa, korga H comepskuTcA B
crabuamsarope Stabg(g9Go) = gGog~t. C apyroit cTopoHsl, MoHATHO,
urto H-HenoaBuKHBIE TOUKM ./ — 5TO B TOYHOCTH OJHOBJIEMEHTHBIE
H-opbuthl Z;, coorBercTBylomue v; = 1.

Ham ocTaeTca TOJBKO IPUMEHHTL 5TO IPEIJIOMKEHHE B CJydae
G =6,, Go = 6,_1. OTmMeTnM, UTO MBI MOKEM COKOHOMUTH MHO-
ro ycHUauii, paccMaTpUBas TOJLKO Te pasbuenusa v = (v;) umcia
n=(6, :6,_1), B KOTODHIX BCe V; > 2, IOCKOJBKY €CIU HEKOTOPOE
v; = 1, T0 IO HyHKTY g) TOJNBKO YTO MOKA3aHHOTO IpeiioskeHus H
COIpAXKEHa ¢ HEKOTOpoli moarpynmoii &, _1, a Bce TaKue M0l PYIIILI
yKe HaiifeHbl MeTOOM (&), M3IOMKEHHBIM B HPEAbLAYINEM TOApa3ie-
ie.

KpoMe Toro, MBI MokeM OIpeAeinTh, KaKue U3 II0CTPOEHHBIX BAP-
TYaJbHBIX MoArpymin &, MOTYT COOTBETCTBOBATH (MM 06A3aTEIBHO
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COOTBETCTBYIOT) TPAH3WTHMBHEIM (T.€. TPAH3UTUBHO JAEACTBYIOMNM
Ha Z ={1,2,...,n} =2 6,/6,_1) noarpynmam H C &,: »10 Te BHp-
TyaJbHBIE TOArPYINIbI, KOTOphIe GBI MoaydeHbl MerogoMm (b) misa
pa3buenus v = (n) XoTA 6B 0AMH pa3 (MW GBIAN MOJYYEHBI TOIBKO
meTogoM (b) u TonbKoO A TAaKOTO pasbuUeHNs).

OTMeTnM, 4TO HEKOTOpPBIE BUPTYaJbHbIE TIOATPYIITHI MOTYT OBITH
mosydeHsl MeToaoM (b) HeCKoNbKO pas I pasHBIX pasbueHuit (v;)
¥ BUPTYATLHBIX MOATPYIT X, _, /H, -

UnraTesb MOMKET TIOMHTEPECOBATELCA, a 3aUeM BOODIe Hy:KeH Me-
Tox (¢)? Meton (b) W Tak mMo3BOJNAET MOJYUYUTh BCE BUPTYAbHBIE
noarpynnsl &,, a MeTo (a) Mo CYMECTBY UCIOIB3YEeTCA TOABKO A
ontuMusanuu Merona (b), 4ro6rl He mepebupaTh pasbuenus (v;), B
KOTOPHIX v; = 1 1y HeroToporo j. [lonywaercs, uro Ges Merona (c)
MOFKHO OBIIO 6LI coBceM 060iTHCE. .. OTBET 316Ch CileAyIOMMUiA: Me-
701 (¢) AaeT BO3MOMKHOCTE MOIYUNTh AOTMOTHATENBHYIO MH(O PMAIIIO
0 TIONYYaoMUXCA BUPTYAJILHBIX TIOATPyNIax. Tak, ecam HEKoTopas
BUDTyasbHad MOACpYMa X OBlIa MoJMydeHA MeTOHOM (¢) M3 BHAPTY-
aJbHLIX ToArpynm Y’ m x” W HaM W3BECTHO, YTO ®TU BUPTYyaJbHBIE
MOATPYTNIBL CYIECTBEHHBI (T.€. COOTBETCTBYIOT KAKAM-TO DeaibHBIM
noarpynnam H' C &, u H" C &,,), 10 1 x ABAAETCA CYIECTBEHHOIM,
mockosbKy X coorBercTByeT H' X H" C &ppm. Meton (a) Takke
CTPOUT M3 CYMIECTBEHHBEIX BUPTYAJbHBLIX TIOATPYII CyIeCTBEHHBIE,
4Jero Hesb3f ckaszaTb o Merote (b).

5. HAXOKJIEHUE PARBUEHUA \(P)

Teneps ana moboro MHorouseHa I € (Q(T) crenenn n u mo6oro
mpoctoro umciaa p € P MBI XOTMM HayYUTHLCA OBICTPO OMPeneifaTh,
ABIAETCA JIN p UCKIIOUUTENBHEIM 1A F (T.e. JgennTesieM 3HaMeHa-
Tesld KaKoro-anbo m3 Koo QPUIUEHTOB [’ UaM neluTeeM TUCKPUMU-
HaHTa F'), M B cilydae OTPUIATEIBHOTO OTBeTA (T.€. PETYIAPHOCTH
p) HAXOAUTH pas3breHne A = AP) g part,, o6pazoBaHHOE CTeleHAMM
HEMTPUBOIMMBIX COMHOMKUTENEH peayKimu I 1o Mooy o p.

ITockoabKy onpeneanTh, BXOOUT WK HET p B pa3loKeHNEe 3HaAMe-
HaTenell KoopPUIMEHTOB MHOTOYNIeHA [, 0oUeHb MpocTo (Mo CyIie-
CTBY 9Ta IpoBepKa IMPOUCXOAUT caMa cOoboi MpU BHIUMCIECHUN pe-
AYKIWW F 110 MOJYJIIIO p), MBI MOMEM TIPEANONATraTh, YT0 P HE HEUT
HU OJWH M3 3HaMeHaTeJNel, Tak UTo olpeaelieHa pemayKIsa Fe F, [T
MHOToUYNIeHa F 10 MOAYJIO P; KpoMe TOTO, MBI CUMTAEM, UTO p He
AeqnT crapimii kosddurment F'| Tak uro F Takke ABIACTCA MHO-
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rouneHoM cTernerr ['. Takike MoEHO cUMTaTh, UTO [ — yHUTADHBIA
MHOT'0YJIeH CTelleH! N, IpU HeoOX0IUMOCTHU pa3AeiuB [ Ha cTapIIAi
Ko»QPUIMEHT.

Takum 06paszoM, HAM 0CTAJOCH PENMUTE CIEAYIONYIO 3a0a4y: TPO-
BEPUTH cenapabelbHOCTh JAHHOIO YHUTAPHOTO MHOToUNeHa [ € k[T
CTEINEHU N, M B CJIyYae MONOKUTEIBHOIO OTBETA HAWTH pa3bueHue A,
ob6pa3oBaHHOE CTENMEHAMU HEMPUBOAMMBIX COMHOMXUTeel F. 3mech
k = F, — npousBoibHOE KOHEUHOE II0JIe XapaKTepPUCTHEM p, ¢ = p'.
Hac, komeuno ke, B mepBYyIO odepenbh WHTEpeCcyeT ciydaii ¢ = p,
OJTHAKO BCE HAIM MeTOAbl paboTaioT Mid MPOU3BOJIBHOTO KOHEYHO-
ro mojs Koa(pPUIMEHTOB, YTO MOMKET IPUrOAUTHLCH, HAIPUMeEp, I
BLIUNCIeHUA Ipynnsl [anya Muorounena ¢ kospdunmentamu B Fy (7).

[MepedopmynupyeM nocTaBileHHYIO 3a,/1a4y CJIeAYIONUM 06pasoM.
Paccmorpum n-mepuyto k-anrebpy A := k[T]/(F); acHo, 4To cema-
pabenpHOCTE F' paBHOCWIBHA cenapabelbHOCTH, UM, YTO B JAHHOM
ciydae OJHO U TO ke, mpuBenennoctu A. Kpome Toro, eciim A cema-
pabeibHa, To oHa npeicTaBiieTca B Buge A =[x, X - x Foao, rae
Al,...,As — BTO B TOYHOCTHU CTeIEHU HEMPUBOAUMBIX COMHOMKUTENEN
MHoTo4YseHa F'.

Mgl paccMoTpuM aBa cmocoba mpoBepku cemapabenbHocTH A M
HaxoxIeHnA pas3buenns A = (A1,...,A;). O6a oHU OCHOBAHEI HAa pac-
cMoTpeHUU cTeleHeilt sunoMmopdusma Ppobennyca Froby k-anrebpb
A, ompeneiienHoro, Kak ob6brdno, dopmysoir Froby:z — x? nosto-
MY MBI OIIMIIIEM, KAKMM 06Pa30oM BLIUMCIAWTEL MAaTPUILY SHAOMOP(PU3-
Mma Ppobenmyca. Ilpekmge Bcero, obosHaumm uepes 6 obpas T B
A = k[T)/(F); rorna snementsl (6?)o<j<n—1 06paszyror k-6azuc A,
OTHOCUTEJBHO KOTOPOTO MBI Oy/IeM BBIYUCIAATH MaTpuily Frobs. 3a-
MEeTHM, YTO CIIOMKEHWE U BHIYMTAHWE BJeMeHTOB A, 3ammMcaHHBIX B
»TOM Gasnce, TPOU3BOIUTCA TOKOMIIOHEHTHO 1 Tpebyer O(n) omepa-
Uil clHoXeHWA M BBIYMTAHNUA B KOHeUHOM mone k = [F,. YMHoXeHNe
BJIeMEHTOB A MPOWM3BOAUTCA TMOCPEACTBOM IMEPEMHOMKEHNUA COOTBET-
crBytommx MHorousenoB us k[T] cremenu < n — 1 ¢ mocienymomum
B3ATUEM OCTaTKa OT fAejleHus Ha F'; Bce oo Tpebyer O(n?) oneparnwuii

LA

CIIOYKEHUA, BEIMUTAHUA U YMHOKeHU:A B k. OObrunbiii “ ABowgHbIA" aJi-
rOPUTM BO3BejeHUA B cTeleHb (0CHOBaHHBIA Ha paBeHcTBaX al = a,
a* = (a*)? u ot = a®* . ) nosBonser BeruMcIuTL ¢ 32 O(logq)
onepanuii ymuoskenus B A, 1.e. 3a O(n?logq) apupmeruyeckux ore-
pamuii B k. 3aTeM MOMKHO, MOCHEAOBATEIbHO YMHOKaA Ha 07, HaliTu

Bce 0% nmpu 0 < j < n—1; Bce a0 MOTpebyer O(n) omepanmii ymHO-
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sxenus B A, 1.e. O(n®) onepanuii B nose k. OcTanoch 3aMeTUTh, UTO
j-biii cronbery marpuinl ¢ suaomopdusma Ppobennyca Froby orHo-
CUTEJBLHO pPacCMaTPUBaEMOTo 6a3uca COCTOUT KaK pa3 M3 KOOpAUHAT
09 orHOCHMTENBHO 3TOr0 Gasuca. B urore Ml Hamum marpuiy P 3a
O(n® + n?logq) onepanmii B noste k.

PaccmoTpum Temeph 1Mo 0TAeIBHOCTH HAIM JBa METOAA.

5.1. MeTon, OCHOBAHHBIM HA BBLIUMCJICHUU PAHTOB

[Ipeskne Bcero, 3ameTum, UuTo cenapabelbHOCTh, WIW, YTO OIHO U
TO 3Ke, IPUBEIEHHOCTL A paBHOCUIIBHA TPUBUAJIbHOCTU sAapa Frob,,
T.€. HEBBIPOKIAEHHOCTH MATpuilbl ®, UM, 4TO PABHOCUIBLHO, YCIIO-
Buto rank ® = n. Ocraerca 3aMeTUTH, YTO PAHT MATPUIILI BHIUKACIIA-
ercs MetogoM [aycca ¢ nomombio O(n®) onepanuii B k, us uux O(n)
omepanuii AeleHus.

[penmomnoxum remepb, uro A cemapabenbHa u uto A = [Foa, X
- X Fya. s MBI XOTHM ompefesmT™h A = (A1,..., Ay), WM, YTO OJIHO 1
TO e, HabOop IeJbIX HeOTpUIATedbHBIX nced ¢ = card{i : A; = k}.
fcHo, uro Y .5, kegp = n, Tak 9ro ¢ = 0 mpu k > n. Borumcaum s
MpOoW3BONBHOTO M > 1 panr MaTpunsl ® — F, HomolHeHNe KOTOPOTo
[0 1 MBI 0603HAYNUM YepE3 Ay, . i 9Toro Mel paccMoTpuM Gasmc A,
cocTaBJIeHHbIH N3 HOPMaJdbHBIX 6asncos IF x, Ham IF,, u 3aMeTnM, UTO
Froby mepecraBiseT siaeMeHTHI 9TOr0 6a3nca Kak HEKOTOPAS MO ACTA~
HOBKa 0 IWKIWdeckoro Tuma A. OTcCioma HEMeIJEHHO CJEAYeT, UTO
am = n —rank(®™ — F) = n — rank(Frob’} —14) coBnanaer ¢ konnde-
CTBOM IIMKJIOB B MOJCTaHOBEe 0’ T.€.

Gy, = Zs:gcd(/\i, m) = Z er ged(k, m).

i=1 E>1

34ech MbI BOCIIOJIb30BAJIUCH TeM (GaKTOM, UTO IMKJ JJIWHLI k 1ociie
BO3BeJIcHUA B M-yI0 CTelleHb pacnagaerca Ha ged(k, m) nukiaos oam-
HAaKOBOW NJIWHHI.

Insa mo6oro m > 1 momnoxum by, = Zk21ckm~ 3aMeTuM, 4TO B
JEeACTBUTENBHOCTH 5Ta CyMMa KOHEUHa, TOCKONbKY ¢ = 0 ipu k > n,
by = 0 npy m > n 1o TOH ke mpuunHe. BHIpasuM Temepb (dn)
aepes (b)) am = gy ckged(k,m) = 350 €k D ap gear,m) £(d) =
2ok 2ok, dim Pk = D gpm P(d) 2o Chra = 3 gy #(d)ba, ve p(n)
— QyurIMa Ditsgepa; B 9TOM [eNoYKe PABEHCTB MbI BOCIIOIb30BAJKUCH
TeM GaKTOM, UTO Zd|n o(d) = n ana moboro n > 1. 3aMeTnM Temeps,

uTO PaBEHCTBA @, — Zd|m o(d)bg m by, = 351 Chm TMO3BOJIAIT 0JI-
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HO3HAYHO ONPeNeNUTh (Ck)i<k<n MO (Gm)i<m<n; HOCKOIBKY ¢ = 0
npu k > n, 8T0 03HAYAET, YTO A OMHO3HAYUHO OMpeaeaeTca HabopoM
(@m)1<m<k- MbI MO¥eM AIBHO BbIPasuTh (b, ) uepes (ap,) u (cx) depes
(bm), Bocmosnb3oBaBumch popmynamu obparnienns Mebuyca: monyda-
eM b, = ﬁ Zd|m plim/d)ag v ey = Zk21 #(k)bpm, nae p — GyHEIMA
Mebuyca. D1t GopMyIbl AefACTBUTENBHO oNpeaensoT Bee (by, ), Bee
(cp) m A 110 @y, ds, ..., Gp, HTOCKOJBKY MBI 3HAEM, UTO 3aBEOMO by, = 0
a ey =0 opu m > n.

Wrak, MBI BUAMM, YTO MEPBBIE N UJEHOB IMOCIEN0BATENBHOCTH
am = n — rank(®™ — F) oqHO3HAYUHO OMPENENAIOT A, UTO JaeT HaM
BO3MOkHOCTh Haiitu A ¢ momombio O(n? + n?logq) oneparwmii, mo-
cKoJIbKY s Haxoskaenus @ nyskao O(n® + n?logq) onepanwmii, u 3a-
TeM IJA TocilegoBaTelbHoro Bbrumciaenusa 2 &3 ... ®" u panros
matpurt @7 — E myskHO Kasabiii pas eme O(n®) omeparmii.

B neiictBUTENBHOCTH YACTO MOMKHO COPKOHOMHUTH YaCTh DTUX OITe-
paluii, MOCKOJIbKY OOBIYHO A yiKe ompenesdeTcs HECKOJIBKUMU TIep-
BBIMM YJIEHAMH MOCJIEA0BATENBHOCTH (A, ). DTO TO3BOINAET 3apaHee
MOCTPOUTL “HepeBbA pacHo3HaBaHWA W MCIOJIb30BaTh WX AJA BbI-
uncienns A. [loscHuM ckaszaHHOEe MPUMEPOM HJA 1 = H:

A a=(ay,as,...) | upeduKc pacrnosHaBaHUA
L LLL1) ]| (55555 )] 5.

(2,1,1,1) | (4,5,4,5,4,...) | (4,...)

(2,2,1) (3,5,3,5,3,...) | (3,5,...)

(3,1,1) (3,3,5,3,3,...) | (3,3,...)

(3,2) (2,3,4,3,2,..) | (2,,4,...)

(4,1) (2,3,2,5,2,..) | (2,%,2,...)

(5) (1,1,1,1,5,..) | (1,...)

YKakeM UMb, YTO TIPU NpaKTWdecKodl peaau3aliii HAa KOMITLIOTe-
pe yoobHO XpaHWUTL AePeBbA MOWCKA B CTPYKTYPpe NaHHBIX, KOTOpas
Ha3bIBaeTCA trie.

5.2. MeTon, OCHOBAHHBIM HA BBIUMCJICHUU CJIEIOB

B ornvdme oT mpeablAyIero MeToAa, 3TOT MeTO I TPUMEHUM TOJb-
KO B TOM ciydvae, eclAM XapaKTePUCTUKAa p I0JA Kod()pPUIMEHTOB
6oJibIlie cTelleHn n MHoOToYIeHa F'. D10 menaeT ero ocobeHHO MOAXO-
JAMVM JUTA Pa3sHOXapPaKTEPUCTUIECKOTO ciiydasd (CKaskeM, JIA Bbl-
unciaeHudA Tpynnsl ['ajya MHoroudaeHa ¢ palloHAILHBIMUA K05 §QUIm-
eHTaMM), TOCKOJIBbKY MBI MOKEM BBHIKMHY Th KOHEUHOE UMCIIO MPOCTHIX
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YKrCces, U MOYTU TOIHOCTHIO HEMNPUTOAHBIM B PaBHOXapaKTePUCTAIE-
CKOM CIIydae.

CyTb mpemiaraeMoro MeToa 3aKJII0YaeTcsa B ONpEeNelIeHurn A 110
cremaM cremeHeil sHmoMopdusma Ppobennyca: t, = TrFrob’y =
Tr®™. OxaspiBaeTrcs, 9T0 B ciydae p > n HaA60P (y)i<m<n OJHO-
3HAYHO OTpPeNeAeT A U K TOMY 3Ke [T03BOJAET YCTAHOBUTD, ABIIAETCH
au anrebpa A cemapabelabHOI.

IMyctb n — Huiabpaaukan k-anre6pot A, Apeq := A/n — npusenen-
Has anrebpa, accormumpoBanuasa ¢ A. [locrkosnbky p > n, N coBmanaer
¢ aapom sHaomMopdusma Ppobennyca; oTCIoMa HEMEJJIEHHO CIeNyeT,
uro TrFroby = Tr FrObXed A Bcex m > 1. PaceMoTpuM pasiiorke-
HUe NpUBeAeHHON aire6pel Areq = For, X -+ X [Fa, auis1 HekoToporo
pazbuennua A umciaa n’ = dim A..q < n. Paccmorpum 6asuc Apeq, co-
cTaBIIeHHBI! 13 HOpMaJdbHEIX 6asncoB I x, Hang k = [F,; aBToMopduam
Ppobenuyca Frobs, , neiicTByeT Ha 2TOM 6asmMce Kak HEKOTOPAS 1101~
cTaHOBEKa ¢ € &, IMKINYECKOTO TUIA A; OTCIOAA MOJyYaeM, UTO
tm = TrFrob’y | coBmamaer ¢ o6pasom B npocrom noamnode [, C IF,
KOJIMUECTBA HENOABWAKHBIX Touek i), mnoncranosku o™. Tlockoubky
0 <, <n <n < p, MBI MOKEM OJIHO3HAYHO BOCCTAHOBUTH i, 110
tym = 1, mod p.

Momowum ¢ = card{i : A; = k}; Torma > v, kep = |[A] = n' < n,
Tak uto ¢, = 0 mpu k > n. Kpome rtoro, t/ = Zizkllm A=
Zd|m degq, oTryna 1o Gpopmyiie obparnennsa Mebuyca mojiydaem ¢, =
%Zdlm p(m/d)t;. Dro nokaspBaeT, uro 3HaHMe HaGopa (1],)i<m<n,
WJIM, 9TO PABHOCHUJIBHO, 3HaHME HAG0Pa (I, )i<m<n MO3BOJAECT OHpe-
AeuTh Bce ¢ (MockombKy ¢ = 0 mpm k > m), a 3Ha4UMT, U A, a
rarke n' = 3 ., key. Ilpu oaToM cemapabenpHocTs anrebpol A Tak-
e TIpoBepsAeTCA TAKUM CIIOCO60M, IOCKOILKY 2Ta celapabelbHOCTh
paBHOCHUIIBHA paBEHCTBY 1’ = n.

DTO MOKa3bIBAET, YTO JAHHBIA MeTo ] Gojlee ohPeKTUBEH, UeM Ipe-
ABLAYIMUR, TTOCKOJNBKY OH KCIIOJb3YET TOJBKO YMHOMEHWE MAaTpPUIl
n X N ¥ BBIYKUCJEHUE WX CIENO0B, XOTA ACUMIITOTUUECKA YUCIO WC-
nosib3yembix oneparmii ecth O(n*+n?logq), Kak u 1us npeabLIyIero
MeTOoIa.

Kpowme Toro, Kak 1 1A TpeabIAYIIErO METOAA, YACTO cenapabensb-
HOCTH airebpel A u pasbueHne A (KOTopoe HAC MHTEPECYET TOIBKO B
cenapabellbHOM cilydae) ONpeelAI0TCA yiKe TePBbIMIA HECKOIBRAMU
YjleHAMU TTOCIEM0BATENBLHOCTH CIe0B (1),). DTO MO3BONAET CTPOUTH
HepeBbA MOUCKA, B KOTOPhIE BRIIOYAIOTCA BCe pa3buenus A umcia n,
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a Takke Bce pasbuenusa g = (p1,...,ps) uncen n' < n, Takde, YTO
n=cip1+- - Fesphs A HEKOTOPOTO HaBopa HATY PAIbHEIX Ynced (¢ )
(MORHO 0BOWTHMCH TONBKO TAKAMU [, TOCKOJBKY (i — 5T0 Habop cTe-
MeHell pa3siUYHbIX HENPUBOAMMEIX COMHOKNUTeNeR MHEOToUneHa F'(T'),
W IOTOMY TaKWe 4YUCHa C JOJKHBI CYIIeCTBOBATH — MOKHO B3ATb
KPATHOCTH COOTBETCTBYIOINX COMHOMUTENEH); IPU 9TOM B JepeBe
MMOMCKA TaKWe ( He pa3jnvyaloTCA, a TONbKO IIoMeYyaeTCsa, YTO OHU CO-
OTBETCTBYIOT HecelapabeldbHOMY ciiydaio. BoT mpumep Takoro me-
peBa TOUCKA A n = 5:

=) ] v |

(0,0,...) 71
0,2,...) 5 1(3,2)
(1,1,1,1,..) | -1
(1,1,1,5,...) 6 | (4,1)
(1,1,4,...) -1
(1,3,...) -1
(1,5,...) 3 1(2,2,1)
(2,2,2,...) -1
(2,2,5,...) 4 1(3,1,1)
(2,4,...) -1
(3,3,...) ~1
(3,5,...) 2 (2,1,1,1)
4,..) -1

(5,...) 1| (1,1,1,1,1)

3meck v — 810 —1 n5a HecenmapabenpHOU adrebpbl A MM HOMED pas-
OUEeHNA A IPU TEKCUKOT PapUIeCcKoM YIIOPATOYEHUN BCeX pa3brueHnii
urciia n; ACHO, YTO MpU paboTe Ha KOMIBIOTEpe yaobHee UMETh Jeilo
He C¢ A, a cv.

OTMeTnM, YTO CYIIECTBYET TaksKe MEeTOH, KOTOPBIA MCIIONb3yeT
cHavaJjJa MeTon ['aycca miid mpoBepkn cemapabeilbHOCTH, KaK 9TO
JAeJaaoch B MeTOAe, OCHOBAHHOM Ha BBIUMCJIEHWM PAHTOB, & 3aTeM
BBIUMCJIAET Cilefbl cTelleHell apToMopdusma Ppobermyca amis onpe-
JeJeHnA pa3brueHna A Yncia n; Ipr 9TOM HYKHO BHIUMCIATH MEHBIIIEE
KOJIMYeCTBO cTeleHell aBToMoppuama PpobeHuyca, MOCKOIbKY yikKe
n3BecTHa cemapabenbHocTh A. BoT BosHmKkaloliee gepeBo paciosHa-
BaHuA IJIA N = H:
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6. CTATUCTUYECKUA AHAJIW3 PE3YJbTATOB

Mbl XoTUM Ternepb 06CYAUTH, TOCe KAKOTO KOJIUYeCTBa TpoaHa-
JU3UPOBAHHBIX TIPOCTBIX UUCEJ Mbl MOKEM OIpPeAeiuTh UCKOMYIO
rpymny Danya (To4Hee, COOTBETCTBYIOMYIO BUPTYaIbHYIO [OATPYII-
ny 6,). Ina »Toro Mbl pacCMOTPHM CIEAYIONYIO AOBOJNBHO 6ii3-
KYIO CTATUCTUUECKYIO 3aaauy. [IpearnosoKuM, 4To Mbl XOTUM OIpe-
AeJUTh HEKOTOPBIA HEM3BECTHLIN mapaMeTp 7), TPUHAIITEKAINA He-
KOTOPOMY 3apaHee (UKCMPOBAHHOMY KOHeUHOMY MHokecTBY H (B
HareM ciyvae H — MHOMKECTBO BCeX BUPTYaJbHBIX moarpynm &,
a 1) COOTBETCTBYeT MCcKoMoi Tpyme [amya). Insa »Toro Mel IpoBoO-
UM CEPUIO DKCIEPUMEHTOB &1,&s,...,&;, ... (UCIOBITAaHUN peryiaap-
HBEIX [POCTLIX UHCeN), Pe3yAbTaT {; KaKIOTO M3 KOTOPLIX IPUHA.-
JERUT HEKOTOPOMY 3apaHee U3BECTHOMY KOHEUYHOMY MHOMKECTBY =
(y mac E = part, — MHO:KecTBO BceX pa3bueHmil umcia n, a & —
570 pazbuenne AP) | cooTBETCTBYIOIIEE OUEPeIHOMY MIPOCTOMY UHCIY
p). Hpenmnonosknum, yto aisd Kaskmoro h € H HaMm m3BecTHA ()YHKINA
pacnpenenennsa BepoATHocTel pp:E — [0,1] (T.e. Tarkaa QyHrIMA,
uro P(§; = z|n = h) = pp(x)), 1 9TO0 pa3NIUIHBIM h COOTBETCTBYIOT
pasiudHBle p, (MHadYe HaM HUKaK He pasinuamTh Takde h # h', uro
Ph = pr). lKpoMe Toro, MBI cumraeM, uro ecau py(x) = 0, 10 & He
MOKET IPUHUMATEL 3HAUEHKe & TP 1) = h (B HallleM cIydae 5TO yCIIo-
BUE BBITIOJHEHO, TIOCKOIBKY ecau noarpymnna [anya G cummerpude-
croil rpymmbl &, He COMEP:RUT TOACTAHOBOK HEKOTOPOTO IMUKIUUE-
CKOTO THIMa A, TO HM TPH KAKOM DEryiapHoM p paBencTBo AP) = )
HEBO3MOYKHO, TaK KaK OHO 03HAUYAJ0 ObI, YTO COOTBETCTBYIOMIUMA »Ie-
Mment Ppobenuyca Frob, € G C &,, aABiAeTCA HOACTAHOBKON LIUKIN-
deckoro Twia A). Eile ofHO TpeanososkeHMe, KOTOPOe MBI A€M,
3aKIIOUAETCA B TOM, UTO PE3YIbTATHI PA3JTUYHBIX SKCIIEPUMEHTOR He-
3aBHCHMBI (MBI ellle 06Cy MM, 9T0 9T0 O3HAYAET B HAIIEH CUTYAIMN).
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3apUKCUpyeM HEKOTOPOe Majoe TOJNOKUTEIbHOE £ (HAIpUMeD,
£ = 107%) u 3ama mMMcs CIeayIoNMM BOIIPOCOM: MOXKeM Ji MbI 110 N
y#Ke TIpoJeaHHbIM KCIIEPUMEHTAM OTPEAeJUTh 1) C BEPOSTHOCTHLIO
ommbKM, MeHbIel €, B Ciydae MOJOKATEILHOT0 OTBETA OIpPedeUTh
7, a B Ciydae OTPUIATENbHOTO OTBETa HAWTU NpUMEpPHOE KOJIMde-
CTBO KCIIEPMMEHTOB, KOTOPBIE HAO0 €Ile CAeJaTh JJS OIIpe e eHIs
7.

ITycte N — KOMH4ecTBO y#ke TpoAelaHHbIX 9KCIIEPUMEHTOB, My =
card{l < j < N : & = 2} — KOIMYECTBO HKCIEPUMEHTOB, B KO-
TOpBIX OBl ToJdiydeH pesyabTaT T € =. CocTaBUM ITOJAMHOMKECTBO
H' C H, obpaszoBanHoe TeMu h € H, mas KoTopwhx pp(x) > 0 mia
Bcex ¥ € I, Takmx, 4To my > 0. flcHo, uro 3aBegomo n € H' (Ha-
OMHMM, YTO MEI IpeAlojaraeM, 4To IpW 1) = h BeauduHa &; He
MOMKET TPUHUMATEL 3HAaYeHWsA &, A KoTopbix pp(z) = 0). Paccmo-
TPUM yCHoBHBIE BepoATHoCTH Pp, := P(A|n = h) monydenus naHHOTO
Habopa (m;) npu ycaosuu 1 = h. flcwo, uro P = [[ ez pa(z)™s u
log P, = erz my logpp(#). Eciu (Qn)hey — HEKOTOpOE AlpUOpHOE
pacrpemeiieHne BepoATHOCTEH Toro, 4to ) = h (1.e. Qp = P(n = h);
MBI TIpeosiaraeM, uto Bee @ > 0; KoHeuHo ke, ) ;,x Qn = 1), T0
o Gopmyne Baiieca

_ __ PAln=ho)P(n=ho) _ Pn@ne
Pr=hold) = s =P =) ~ Spep PO

MEr XoTeau OBl IMOJYUYATL yCJIOBHE CyIlecTBOBaHMUA Takoro hg € H,
uro P(n = hy|A) > 1—¢; BMecTO 2TOro MBI 6y.A6M M3y4YaTh MOYTH PAB-
HocuabHoe ycosue P(n = h|A)/P(n = ho|A) < € npm Bcex h # hy (ma
CaMOM JleJle U3 8TOT0 yCIoBUA cienyet, uro P(n = holA) > 1—¢-|H]|;
MBI CUMTaEM, YTO £ OYeHb MaJlo, a BO MHOkecTBe [ ropasmo MeHb-
e siemenToB, uem £-1). Ilo ¢popmyine Baiieca P(n = h|A)/P(n =
holA) = PrQn/(ProQhn,); TOTApUGMUDYS, TTONYUIAEM YCITOBHE

Z my logpp(x) — Z My log py, < loge +log Qr, — log Q.

TEZ =t

[Mockonbky TIpo 3HAUEHUA (), HAM HUYETO HE U3BECTHO, €CTECTBEHHO
B ©TOM BbIpasKeHUM 3aMeHUTh log Qp, — log Qp Ha Hyab. Bor Heko-
Topoe 0GOCHOBaHME Takoro Imara: ecium Bce Qp > § > 0 (cramkeMm,
§ = 1073), To saBemomo log Qs — log Qn, < —logé, u noromy, eciu
jieBasdg YaCTh PaCCMOTPEHHOrO HepaBeHCTBa MeHbIne loge 4 logéd, To
ona Menblite 1 loge 4 log Qp, — log @p; mosTOMY MOMKHO, 3aMeHUB TIpY
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He0oOXOMMMOCTH £ Ha €0, pacCMaTpUBATL yCJIOBUE

Z my logpp(z) — Z mg log pn, < loge.

TEZ =t

Monoswum Vy 1= my - (—logph(x)), M := —loge; Torma monydeH-
HO€e YCJIOBME MOMKHO Iepernucatb B Buge Vi, < Vi — M.

Wrak, npeamaraemMbiii MeTO PENEHUA MOCTABIEHHON 3a4ayn Ta-
KOB: BBIUMCIAEM JsA Bcex h € H (a Ha caMoM jejie TONBKO A
he H) V=5, my - (—logph(x)), M := —loge (uro-To Bpoue 20),
BEIGUpaeM WHIEKCH hg U hy # hg w3 H, takue, uto Vi, < Vi, <V
i Bcex h € H, oTaWYHBIX OT hg M hy, W HpoBepsAeM yCIOBUE
Vi, — Vo, > M. Ecim o710 ycnoBue BBINIOJNIHEHO, Bo3BpalaeM hg
B KadeCTBe 3HAYEHWUA 1), €CIIM K€ HeT, IIPOU3BOJAWM EIlEe IMOPAIKA
N - (M/(Vh, — Vi,) — 1) skcmiepumenToB (sydime BCEro yMHOMKUTE
®TO YUCJO HAa KAKYIO-HUOYIh KOHCTAHTY, GOIBINYIO €IWHUIIBI, CKa-
skeM, 1.2, u no6aBUTh HeGOJIBIIOE YMCIO BpOJE IMATU, KpOMe TOTO,
€CJI TOyYaeTCA CIUITKOM MHOTO— CEaxkeM, Goubiiie 2N — TO MBI
JfeiiaeM TOJBKO 2N 9KCIIEPUMEHTOB). 3aTeM MBI CHOBa aHAIU3UPYEM
MOJIyYeHHbIE JaHHBIE, TPU HEOOXOAMMOCTH CHOBA JAejlaeM JOTIOJIHU-
TelbHBIE DKCIEPUMEHTHI, W TAK A0 TEX MOp, MOKAa MBI HE CMOMKEM
OTIPEIENUTD 1] C HYKHOU CTEINEHBIO YBEPEHHOCTH.

MEbI MOMEM OIEHUTH YKCIO DKCIEPUMEHTOB, He0OXOaMMoOe s
ompeniesieHnA 1) B ciydae 1) = hg, ciaeaywomwmm obpasom. 3ame-
HUM M, Ha €ro MareMaTudeckoe oxumanue Npp,(z); Torma V, =
N>, pho(x) - —logpp(x), m ycmosue Vy, < Vi — M npu Bcex h oxka-
3BIBAETCA PaBHOCUJILHEIM ycjoBuo N > Ny = (1rninh;,,ghD > e Phol(T) -
(—logpn(2)) = 32, pha(2) - (= log pi, ()

MHTepecHO, YTO OIEHKN YMC/ia SKCIEPUMEHTOB (T.€. PeryIspHBIX
MPOCTHIX YKMCelN), HEOOXOAMMBIX JUIA onpeneieHnsa rpymmel [anya
MHOTousleHa cTemleHn n < 10 ¢ BepoaTHOCTEIO ommbin < 107°, BEI-
JKCIleHHbIE 110 YKAa3aHHOW BhIe GOPMyJie C ITOMOMIBIO YKe MOCTPO-
eHHoOl Tabaunel BUpTyadpHbXx moarpymm &,, n < 10, okaswBaoT-
cA Ha yauBieHne Hebombmumu — nmopaaka 100-200, a mambonabinee
3HaveHue paBHO H513.7. D10 MOKa3kIBAET, HACKOIBLKO BaKHO JUJIA Pac-
CMaTpPHUBAEMOTO METO 1A ITPeABAPUTENLHOE OMIPeeeHAE CITUCKA BCEX
BO3MOKHBIX BUPTYAJJIbHBIX MOATPYII, TMTOCKONBKY 6€3 TaKoTO CIMCKA
nmoTpeboBaiioch 6B ACTPOHOMUYECKOE KOJTUUECTBO BKCIIEPUMEHTOB —
nopstaka 10! (10°)2.

Jlnsg mpuMeHeHUA PAcCMOTPEHHOTO METOIA aHAJM3A PE3YIIhTATOB
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K 3ajade ONpelesieHWA Ipynnbl lalya cilenyeT craejaTh elle He-
CKOIIBKO JZOTIOoNHeHu. Bo-TIepBhIX, Kak Jydllle BCENO BLIOUPAThH MPO-
cThle unciia p aisd skciepuMmenToB? [Ipeamaraercsa BoibupaTh UX Mo -
pAMN, HauWHAA C HEKOTODPOW HWKHEH TpaHWIB], Goablieil n (4To6E!
MOKHO OBIJIO TI0Jh30BATHCA METOIOM U3 pasfieiia 5.2); Takoe Npeio-
JKeHMe, TOMUMO CBOEM MPOCTOTHI, OCHOBAHO HAa M3BECTHHIX CBOMCTBAX
AHAJIUTUYIECKOW MIOTHOCTHU MHOMKECTB IMPOCTBIX YKCE] W3 TEeOPEMBI
naoTHocT YeboTapena.

Kpome Toro, mpensmaraercA cieayiolmad onTuMusaima. Bcsakmii
pa3, Korja MBI IOJydaeM pe3yJbTaT sKcllepuMeHTa (T.e. pasbue-
Hile A), HUKOT/a He MOJYYaBIIUiicA paHee, MBI IPOCMATPUBAEM CIIV-
COK BUPTYaJbHBIX moArpynn &, , KOTopble MOTYT OKa3aThCAd MCKOMOM
rpymnmoii T'amya, 1 BHIKMABIBAEM W3 HEr0 BCe viieMeHTH b ¢ pp(A) = 0,
TMOCKONBKY Takue BUPTYaJbHbIE MOATPYIIHI 3aBeIOMO HE MOTYT OBLITH
nckomoit rpynmo# I'anmya. Ecam B Kako#i-To MOMEHT B ®TOM CIHCKe
ocTaeTcA POBHO OJMH »JIeMeHT (MM MOMKET OKa3aThCA TONBKO CHMMe-
Tpuyeckasa rpymmna Sy ), MBI €0 Cpa3y BBLAAEM B KadeCTBE OTBETA.
Kpowme Toro, 3sHaveHuns BbIpaskeHUWA V}, MBI BBIYUCIAEM TOJNBKO I h
W3 ®TOr0 CIMCKA, UTO MO3BOJIAET COKOHOMUTH MHOT'O YCUJIIMIA.

Fime oamH MOMEHT: MOMKET TaK IOJYYUTHCHA, UYTO BCE paccMa-
TpUBaeMBbIe ITPOCTHIE YMCIIA OKA3BIBAIOTCA MCKIIOUNTENBHBIMEU. Kciun
IpOM3BEAEHNE BCEX PACCMOTPEHHBIX MCKIIOYUTENBHBIX YUCEN §0Jhb-
1lle HEKOTOPOU OIEHKHA CBEPXY MOAYJA AMCKPUMHHAHTA MHOTOUJIEHA
F(T), e10 o3HadaeT, YTO WMCXOJHBIA MHOTOYNEeH F He GBI cemapa-
6elbHBIM, Ha YeM BBLIYMCIEHWE TPYNNbl |'ajya MOMKHO MPEKPATUTH.
BMmecTo aTOTO aBTOpP cUUTAET, UTO €CJIU MTEPBBLIE CTO PACCMOTPEHHBIX
IIPOCTHIX YMCEJN OKA3aJUCh UCKIIOUNTENLHBIME, TO F' HecemapabeiieH;
B TOM ciiyvae, ecii koaddunmentr! F(T) oTHOCHTENBbHO HeGoMbIIMe,
TaKO 110 X0 OMpaBIaH; eCIIH 3Ke BTO He TaK, HEOOXOAUMYIO I'DAHUILY
KOJIMYECTBA MCKIIOYUTENBbHBIX MIPOCTBIX YHUCEN CIEAYET OMpPENENATH
UCXOJA U3 pasMepa Kod(PPUIMeHTOB MHOTOYJIEHA.

Kakoe MMHMMAaJbHOE KOJIMUECTBO IIPOCTBIX UMCEN CIeAyeT pac-
cMoTperh? MHade ToBopA, KakoBa M3HadaJbHAad OLEHKAa HA UYMCJIO
sKcrepuMenToB N7 PaccyskaeHWA, aHAJOTMUHBIE NTPUBEICHHBIM BhbI-
ITe, TIOKA3LIBAIOT, UTO MCKOMAA PAaHUIla 3aBUCUT OT pa3Mepa Kodd-
(UIMEnTOB MHOTOUNIeHa TPUMEPHO TaK ke, KaK MPaHnIa KoJIudecTBa
MCKIIOUMATEINBHBIX ITPOCTRIX YMCEJ, PACCMOTPEHHAA TOJILKO 4To (Mpu
5TOM T0JI€3HO paccMoTperh Muorousen F(T) =T? —(pips---py +1),
rae pi,...,pN — mepBble N paccCMOTPeHHBIX TpocThiX 4yncen). Ilo-
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5TOMY aBTOD IpeajaraeT WM3HAYaJdbHO Hcmodab3oBaTh N = 100 musa
MHOT'OYJIEHOB C OTHOCUTENbHO HeGONbIMMI Koo QPUImeHTaMm, a Ko-
JMYECTBO AOMOJHUTENBHBIX 9KCITEPUMEHTOB PACCUYNTHIBATH IO METO-
[VKe, M3J0KEHHONW BHIIIE.

[Mocneanwii Bompoc, KOTOPBIA HaM CleAyeT oOCYIWTh, TAKOB: B
KaKOM CTelmeHrd CTATUCTUYECKAA MOJeIb, IPUBEIeHHAA BBIIE, COOT-
BETCTBYET CUTYAIIMK, BO3HUKAIOIIEN IPH HAIIIEM METOI€ BHIUKCIEHUA
rpymmsl l'anya? Bosiee ToHKMEI aHAJIW3 MMOKA3bIBAET, YTO BMECTO He-
3aBUCUMOCTH {; MOCTATOUHO Tpeb6oBaTh, YTOOHl AWCIIEPCUA M, Olle-
HUBaJach JWHeWHOW ¢yHENUedl oT N, T.e., Tpy6o TroBops, UTOOH
my = Npp,(2) + O(N'/?). TIpu srom Teopema miorHocTn YeGora-
peBa Ha caMOM Jejle yTBepkaaeT, 4To ecau (-pyHknmsa Pumana He
umMmeeT HyJeld B mogoce Rez > 1—¢, To MokHO HamucaTh OIEHKY BUAA
mg = Npp,(2) + O(N'=%); ecau runoresa Pumana BepHa, TO MOMKHO
6paTh € CKOJIb YIOAHO BIU3KUM K 1/2, 4TO NpaKTUYECKUA TOJHOCTHIO
060CHOBBIBAET TIPOU3BENEHHYIO BBINIE 3aMEHY MCXOMHOW 3a1adun Ha
CTATUCTUYECKYIO 3a7a4y.

Takum 06pazom, IpoU3BeqeHHBIE OMEHKHA KOJIUYECTBA PETYIAPHBIX
qncesi, HeoOXOMUMBIX JUIA OTpenelieHuA Tpymnbl l'ajya, Ha camMoMm
Hejie BEPHBI, TONBKO eCiii runoTe3a Puvana BepHa. DTo He o3HaUa-
€T, YTO HAIIl METOJ BEIYUCIIEHUA TPYIIHI ['ajya ocCHOBaH Ha TUIIOTE3E
Pumana: on 6yaer paborarh u 6e3 runoressl Pumana, ToIbKo ropas-
mo moibitie. Bripouem, mpakTWKa MOKAa3bIBAET, YTO IJIA OTpPeaeeHns
rpynnbl ['anya muorousnena cremenn < 10 o6LIvyHO AelicTBUTENHHO
HAOCTATOYHO PACCMOTPEHUA ABYXCOT MPOCTHIX YKUCEJN, YTO, B 06IIeM,
MOMKET PACCMATPUBATHCA KaK ellle 0JHO MOATBEp:KAeHNE (BIPOUEM,
JIOBOJIBHO KOCBEHHOE) UCTUHHOCTHU TMIOTe3Rl PrMaHa.

A. Tapaunel

A.l. Tabauue xapakrepos S, npu n < 6

Jnsa kaxkmoro 3uadennsa n oT 1 g0 6 MBI IPUBOINMM JBe TabIIUIHI,
BBIUKUCJIEHHBIE C TIOMOIBIO MeToaa, onrcanHoro B 4.1.18. IlepBas u3
HUX — »T0 Tabiuma xapakrepoB &, . Ke cTpoku cooTBETCTBYIOT po-
CTBIM XapaKTepaM XA, & CTOJBIBI — KJIacCaM COTPMKEHHBIX 9JIeMeH-
ToB C,, TAe A 1y — pa3buenns uncia n. lkak o6BI9HO, MEI pacmoiara-
eM Bce pa3bueHUs duciia n B JeKCUKorpaduueckoM mopsiake. [Tomu-
Mo sHaueHUA Y (Cp), IIA KGKIOTO KiIacca COUPKEHHBIX 5IeMEHTOB
yEa3aHO KOIMYecTBO 3leMeHToB B HeM — d, = cardC,. BTopasa Ta-
Giuna coCTOUT U3 Koo pPUImeHToB My, = (i, x,u) (cM. 4.1.18). Has
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n =5 u 6 MBI UCTIONIL3YEM COKpallleHHble 0603HAUYEHUA A 3aIUCHA
pa3buenuii, cCOOTBETCTBYIOMINUX CTONAOIIAM Tab A

1.
d, 1
(C) | (1) my, | (1)
(1) 1 OHE!
2.
d, I |1
(@) | (1L,1) [ (2) ma | (1,1) ) (2)
(1,1 T [ -1 Tn| 1 |1
(2) 1|1 (2) 0 |1
3.
d, T [3 2
XA(CN) (1’1’1) (2’1) (3) Mip (1’1’1) (2’1) (3)
(1,1,1) 1 -1 |1 (1,1,1) 1 2 1
(2,1) 2 |0 ~1 (2,1) 0 1 1
(3) 1|1 1 (3) 0 |0 1
4.
d, 1 6 3 8 6
XA(CM) (1717171) (27171) (272) (371) (4)
(1,1,1,1) 1 -1 1 1 -1
(2,1,1) 3 -1 -1 0 1
(2,2) 2 0 2 -1 |0
(3,1) 3 1 -1 0 | -1
(4) 1 1 1 1 1
W (1,1,1,1) (2,1,1) (2,2) (3,1) (4)
(1,1,1,1) 1 3 2 3 1
(2,1,1) 0 1 1 2 1
(2,2) 0 0 1 1 1
(3,1) 0 0 0 1 1
(4) 0 0 0 0o |1




24
(5)
(5)

(4,1)
(4,1)

30

20
(3,2)

(3,2)

20
(3,1%)
(3,1%)

15
(22,1)
(2°,1)
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10
(2,1%)

(2,1%)

(1%)
(1%)

du
xA(Cp)
’r)’L)\M
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A.2. Bupryaasusie nogrpyunst S, opu n < 6

MBI IPUBOMM CIIUCOK BCEX BUPTYAJIbHEIX moarpynn &, npun < 6,
BBIYMCJIEHHBINA ¢ TToMoIbI0 MeToa0B (), (b) u (¢) n3 paszmenos 4.2 u
4.3. DTU CIUCKU MOTYT COJEepP/KATh JIUIIMHUE BIEMEHTHI, T.€. HECYIIe-
CTBEHHBIE BUPTYaJbHBIE [TOATPYIIEI;, aBTOP HAMEPEHHO OCTaBUJ He-
KOTOPBIE 3aBEAOMO HECYIECTBEHHBIE BUPTYAJbHBIE IO PYIIIHI BPO 1€
BUPTYAJIbHON MOArpyIibl #76, 4T06BI MPOAEMOHCTPUPOBATE CYIIle-
CTBOBAaHME TAKUX BUPTYAJIbHBIX moarpynm. Temu ke MeTomaMu BhI-
YMCIAETCA CIMCOK BCEX BUPTYalbHBIX TToarpynn &, npu n < 10, npu-
4eM A BBIYUCIEHUA MOTpe6oBaIoch 0KoJIo 15 MUHYT paboThl KOM-
nbroTepa Pentium I1I-850. DToT crimcok He MPUBOAUTCA 3/1€Ch TOJIBKO
0 TIPUYWHE CBOET0 GONBIIOTO pa3Mepa — B HeTo BXoaUT 4587 BUPTY-
anbHpix moarpynm! Tem He MeHee, aBTOP TOTOB MPEAOCTABUTH 9TOT
CIHUCOK B 9IIEKTPOHHOM BUJIE.

BupryaabHbie o AT P YIIIBL YIIO PAMOYEHEI 10 BO3PACTAHUIO 1, & IS
OJIMHAKOBEIX N — 0 BO3PaCTAaHWIO MOPAAKA. BUpTyaJbHBIE MOATPYII-
nbel &, omHOTO M TOrO Ke MOPAAKA YIOPAMOUMBAIOTCA O JIEKCHUKO-
rpapuuecKoMy yOBIBAHUIO BEKTOPA Y = (Yu ).

Kaxnasa Bupryanbuas noarpyinmna H nipencraBiieHa Tabiuiiein cie-
AYIONIETro BUAA:

#33: nopsamok 12, ungerc 10; — (30); cpoiicTBa: Ex, Pe.

yu/d, | 1/1 4710 3/15 2/20 2720 0/30 0/24
v, 0 4 2 1 1 0 0
T 0 0 0 0 1 1 1

pasa. 1 | (b} 3(13) + 2(16)

pasa. 2 | {c) 3(8)+2(4)

MOATP. 24, 28, 29, 30

CHadgaia yKa3blBaeTCA MOPAIKOBBIA HOMED BUPTYAJbHOW MOI-
DPYMIEL B OBINEM CITUCKE, €€ MOPAIOK W WHAEKC (HAIOMHIM, YTO I10-
PANOK W WHIAEKC BUPTYAJbHOW MOATDPYIITEl KOPPEKTHO OMpeIeeHbl).
3aTeM A MONONRUTENBHBIX (T.€. COMEPHKAIMXCA B 3HAKOIIEpEMEH-
Ho#i rpynme A, C &,) BUPTYaJbHBIX MOATPYII 3aMMCHIBACTCA 3HAK
“47, a A oTpWIATeNBHBIX 3amuchiBaetca “— (v)”, rme v — HOMeD
BUPTYaJbHOM moArpynmel, coorBeTcTByIoMeir H N2, . [lepBasd ctpoka
3aBePIIAETCHA ITePEYNCIEHNEM M3BECTHBIX CBOMCTB JaHHOW BUPTYaJIb-
HOW TOATPYIIIHI, KAKI0€ U3 KOTOPHIX KOAWPYETCHA ABYMA OyKBaMU:

Ex BupryaibHad TOArpynma cyImecTBEHHA (T.e. COOTBETCTBYET
KaKoW-To HacToAlleld moarpymme Sy, ).
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Un BuprtyaibHasd MoATPYIa COOTBETCTBYET He Gojee o AHOM HACTO-
AMER moArpynrie.

Cy BupryaabHasa moArpynma COOTBETCTBYET IMKAWYECKOW TIOM-
rpymie (KoTopad B 9TOM Cliydae OJHO3ZHAUHO OTPEIeseHa).

Pe BuptyaibpHad moarpymina uMmeeT Bua Sy A HEKOTOPOTO pas-
Guenna A € part, (cm.4.1.8).

Tr BupryaabHad TOATPYITa MOMKET COOTBETCTBOBAThH TPAaH3UTUB-
Holt moarpyrtre B &, .

No BupTyaabHad MOATPYNIa COOTBETCTBYET HOPMAJBLHON MOATPYII-
ne.

Crenyromue Tpu CTPOKU comepskatT 3Hadenud y, = |[HNC,| (B Bume

—_ !/ —_ .

Yu/du, vae dy = |Cul), ¥y = X, /0 (Cu) mxx = (X, /m,X2) (cM.3.5.9);

IIp1 ®TOM CTOH6HBI Ta6HHHbI COOTBETCTBYIOT pa36I/IeHI/IHM qnciia n,
PacCIIOJIOKEHHBIM B HeKCMKOFpa(queCKOM IIOpsIOKeE.

lanee caenyroT HECKOBKO CTPOK, MEPEUUCIAIONINE “Pa3T0KeHUA”
H. Tlo cymecTBy, Kaskaad CTpOKa OTpaskaeT OJWH U3 ITyTei mocTpo-
eHMA AAHHOW MOATDPYIIBI ¢ ToMOIbIo MeTo 0B (a), (b) mma (c). dua
MeToaa (a) 3ammMch BHINAAANT Tak: {(a) (v), nae v — HOMEp BHPTY-
anbHOM moarpynnsl H' B &,_1, n3 KoTopoii 6blia momydeHa H (cM.
omicanne Meroaa (a) B 4.2). lna meroxa (b) samuch ycTpoeHa cite-
aytommM obpaszom: (b) v1(v1)+- -+ vs(vs), Dae v — pasbueHne yncia
n, a v; — HOMepa COOTBETCTIBYIOINNX BUPTYAaJbHEIX MoArpyun H; B
Sy, —1 (cMm. ommcanue metona (b) B 4.3). Hakoner, ana MmeTona (¢) 3a-
mick ycrpoeHa Tak: {¢) ny(v1) + na(vs), TAe Ny U Ny — HATYpAJIbHBIE
uncya, TaKue, YTo N1 + Ny = N, v W Vs — HOMEpa BUPTYAJTbHBIX TI0 JI-
rpynn Hy B &, u Hy B &,,,, Tarkux, uro H = Hy X Hs (cM. onmcanme
Mmeroma (¢) B 4.2).

Ilocmennas cTpoka MepedynciigeT Bce BUPTYaJdbHBIE II0ATPYIIIBI
H; # H, KoTopble MOI'yT COLEP¥ATbCA B H COIVIACHO T-KPUTEPHUIO
3.6.9. [TockOMBbKY TOT CHUCOK CIMINKOM BEJUEK, Mbl YKa3bIBAEM TOJIb-
KO €ro MaKCUMAJbHBIE 9JIEeMEHTHI; OCTaJbHbIe MOATPYIILI MOMKHO
Y3HATh, €ClIi TPOCMOTPETh CIUCOK MOATPYIIN AIA Kawk a0 ns H;, nna
KaKI0¥ M3 9TUX IMOATPYIIT CHOBA MPOCMOTPEThH CIMUCOK MOATPYIIT 1
T.10.



BBIUMCJIEHUE I'PYIIIBI TAJIYA 119

Bupryansasie noarpynnsr Sy:

#1: mopsanor 1, munekc 1; +; cBoiictBa: Ex, Un, Cy, Pe, Tr, No.

Yu/du | 1/1
Yy |1
T 1

Bupryansasie noarpynnst Sy :

#2: mopsanor 1, munekc 1; +; cBoiictBa: Ex, Un, Cy, Pe, Tr, No.

Yu/du | 1/1
/
v, |1
T 1

Bupryansasie noarpynnst S

#3: mopsanok 1, munerc 2; +; cBoiictBa: Ex, Un, Cy, Pe, No.
Yu/du | 1/1 0/1
!
Y, 2 0
T 1 1

#4: nopsanor 2, maaekc 1; — (3); cpoiicra: Ex, Un, Cy, Pe, Tr, No.

Yu/dy /1 1/1
Y 1 1
iy 0 1

paza. 1 | (b) 2(2)
moarp. | 3

Bupryansasie noarpynnsr S;:

#5: mopsanok 1, munerc 6; +; cBoiictBa: Ex, Un, Cy, Pe, No.
y./dy | 1/1 0/3 0/2

v, |6 0 0
ey |12 1
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#6: nopanok 2, uaznekc 3; — (5); cpoiicTBa: Ex, Un, Cy, Pe.

#7: opsanok 3, uHIeKC 2; +;

#8: mopanok 6, mumekrc 1; —

yu/dy | 1/1 1/3 0/2
Yy 3 1 0
Y 0 1 1

paza. 1 | {a) 1(4)
moarp. | 5

cBomicTBa: Ex, Un, Cy, Tr, No.

yu/dy | 1/1 0/3 2/2
Y 2 0 2
Y 1 0 1

pasza. 1 | (b) 3(3)
moarp. | 5

(7); cmoiicTBa: Ex, Un, Pe, Tr, No.

vuld, [1/1 _3/3 2/2
v, |11 1
T 0 0 1

pasza. 1 | (b) 3(4)

moarp. | 6, 7

Bupryansasie noarpynnst Sy

#9: mopanok 1, munerc 24; +; cBoiictBa: Ex, Un, Cy, Pe, No.

yu//du
Yu
T

1/1 0/6 0/3 0/8 0/6

24 0 0
1 3 2

0
3

0
1

#10: nopsanok 2, uaznerc 12; — (9); cBoiicTBa: Ex, Un, Cy, Pe.

yu/dy | 1/1  1/6 0/3 0/8 0/6
Yy 12 2 0 0 0
Ty 0 1 1 2 1

paza. 1 | (a) 1(6)

pasa. 2 | {c)2(4)+2(3)

oArp.

9
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#11: nopanok 2, ungekc 12; +; cBoiictBa: Ex, Un, Cy.

y./dy | 1/1  0/6 1/3 0/8 0/6
Y 12 0 4 0 0
Y 1 1 2 1 1

pasa. 1 | (b) 2(5)+2(5)

moarp. | 9

#12: nopanok 3, ungekc 8; +; cBoiictBa: Ex, Un, Cy.

y./dy | 1/1 0/6 0/3 2/8 0/6
Yy 8 0 0 2 0
Y 1 1 0 1 1

paza. 1 | {a) 1(7)

moarp. | 9

#13: nopsanok 4, uunerc 6; — (11); coiicTBa: Ex, Pe.

yu/dy | 1/1 2/6 1/3 0/8 0/6
Y 6 2 2 0 0
T 0 0 1 1 1

pasa. 1 | (b)2(6)+2(6)

pasza. 2 | {c¢) 2(4)+2(4)

moarp. | 10, 11

#14: nopanok 4, ungekc 6; +; cBoiictBa: Ex, Un, Tr, No.

va/d, | 1/1 0/6 3/3 0/8 0/6
v, 6 0 6 0 0

zy 1 0 2 0 1
pasza. 1 | (b) 4(5)
moarp. | 11

#15: nopsanok 4, uanerc 6; — (11); cpoiicrBa: Ex, Un, Cy, Tr.

y./dy | 1/1 0/6 1/3 0/8 2/6
Y 6 0 2 0 2
Ty 0 1 1 0 1

pasza. 1 | (b) 4(5)
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#16: nopsamok 6, uunerc 4; — (12); cpoiicTBa: Ex, Pe.
y./dy | 1/1 3/6 0/3 2/8 0/6
yL 4 2 0 1 0
Ty 0 0 0 1 1
pasza. 1 | {a) 1(8)
moarp. | 10, 12
#17: nopsanok 8, uaznerc 3; — (14); cpoiicra: Ex, Un, Tr.
yu/dy | 1/1 2/6 3/3 0/8 2/6
y; 3 1 3 0 1
T 0 0 1 0 1
paza. 1 | (b) 4(6)
moarp. | 13, 14, 15
#18: nmopsanok 12, ungekc 2; +; cBoiictBa: Ex, Un, Tr, No.
y./d, | 1/1  0/6 3/3 8/8 0/6
Y 2 0 2 2 0
T 1 0 0 0 1
paza. 1 | (b) 4(7)
moarp. | 12, 14
#19: nopsanok 24, ungerc 1; — (18); cBoiictBa: Ex, Un, Pe, Tr, No.
y./dy | 1/1 6/6 3/3 8/8 6/6
Y 1 1 1 1 1
Ty 0 0 0 0 1
paza. 1 | (b) 4(8)
moarp. | 16, 17, 18

Bupryansasie noarpynnst Ss:

#20: mopsanok 1, uaaekc 120; +; cBoiictBa: Ex, Un, Cy, Pe, No.

va/d, | 1/T 0/10 0/15 0/20 0/20 0/30 0/24
v, | 120 0 0 0 0 0 0
zx |1 4 5 6 5 4 1
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#21: nopsamok 2, uunerc 60; — (20); cBoiicTtBa: Ex, Un, Cy, Pe.

y.,/d, |1/1 1/10 0/15 0/20 0/20 0/30 0/24
yL 60 6 0 0 0 0 0
T 0 1 2 3 3 3 1
pasza. 1 | {a) 1(10)
moarp. | 20
#22: nopanok 2, ungekc 60; +; cBoiictBa: Ex, Un, Cy.
y.,/d, |1/1 0/10 1/15 0/20 0/20 0/30 0/24
yL 60 0 4 0 0 0 0
T 1 2 3 2 3 2 1
pasza. 1 | {a) 1(11)
moarp. | 20
#23: nopanok 3, ungekc 40; +; cBoiictBa: Ex, Un, Cy.
y./d, | 1/1 0/10 0/15 2/20 0/20 0/30 0/24
3/;1 40 0 0 4 0 0 0
zy 1 2 1 2 1 2 1
paza. 1 | {a) 1(12)
pasa. 2 | {c} 3(7) + 2(3)
moarp. | 20
#24: nopsanok 4, uanerc 30; — (22); cBoiicTBa: Ex, Pe.
y.,/d, | 1/1 2/10 1/15 0/20 0/20 0/30 0/24
yL 30 6 2 0 0 0 0
T 0 0 1 1 2 2 1
paza. 1 | {a) 1(13)
moarp. | 21, 22
#25: mopanok 4, uaaekc 30; +; cBoilicTBa: Ex.
y.,/d, | 1/1 0/10 3/15 0/20 0/20 0/30 0/24
yL 30 0 6 0 0 0 0
zy 1 1 2 0 2 1 1
paza. 1 | {a) 1(14)
moarp. | 22
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#26: nopsanok 4, uunerc 30; — (22); cBoiictBa: Ex, Un, Cy.

y.,/d, | 1/1 0/10 1/15 0/20 0/20 2/30 0/24
Y 30 0 2 0 0 2 0
zy 0 1 2 1 1 1 1
pasza. 1 | {a) 1(15)
moarp. | 22

#27: nopanok b, ungekc 24; +; cpoiictBa: Ex, Un, Cy, Tr.

y./d, | 1/1 0/10 0/15 0/20 0/20 0/30 4/24
Y 24 0 0 0 0 0 4
zy 1 0 1 2 1 0 1
pasza. 1 | (b) 5(9)
moarp. | 20

#28: nopsanok 6, uanerc 20; — (23); cBoiicTBa: Ex, Pe.

y./d, | 1/1 3/10 0/15 2/20 0/20 0/30 0/24
Yy 20 6 0 2 0 0 0
T 0 0 0 1 1 2 1

pasza. 1 | {a) 1(16)

pasa. 2 | {c} 3(8) + 2(3)

moarp. | 21, 23

#29: nopsanok 6, uunerc 20; — (23); cBoiictBa: Ex, Un, Cy.

yu/d, | 171 1710 0/15 2/20 2720 0/30 0/24
Yy 20 2 0 2 2 0 0
Ty 0 1 0 1 1 1 1
pasa. 1 | (b) 3(10) + 2(12)

pasza. 2 | (¢} 3(7) + 2(4)

moarp. | 21, 23

#30: mopsanok 6, uagekc 20; +; cBoilicTBa: Ex.

y./d, | 1/1 0/10 3/15 2/20 0/20 0/30 0/24
Y 20 0 4 2 0 0 0
zy 1 1 1 0 1 1 1

pasa. 1 | (b) 3(11) + 2(12)

moarp. | 22, 23
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#31: nopsanok 8, uanerc 15; — (25); cBoiictBa: Ex, Un.

y./d, | 1/1 2/10 3/15 0/20 0/20 2/30 0/24
yL 15 3 3 0 0 1 0
T 0 0 1 0 1 1 1
pasza. 1 | {a) 1(17)
moarp. | 24, 25, 26
#32: mopanok 10, uaaekc 12; +; cpoiicrBa: Tr.
y.,/d, | 1/1 0/10 5/15 0/20 0/20 0/30 4/24
3/;1 12 0 4 0 0 0 2
T 1 0 1 0 1 0 1
pasza. 1 | (b) 5(11)
moarp. | 22, 27
#£33: mopanok 12, uagekc 10; — (30); cBoiicTBa: Ex, Pe.
y./d, | 1/1 4/10 3/15 2/20 2/20 0/30 0/24
yL 10 4 2 1 1 0 0
Ty 0 0 0 0 1 1 1
pasa. 1 | (b) 3(13) + 2(16)
pasa. 2 | {c} 3(8) + 2(4)
moarp. | 24, 28, 29, 30
#34: nopanok 12, uaaekc 10; +; cBoiicTBa: Ex.
y.,/d, | 1/1 0/10 3/15 8/20 0/20 0/30 0/24
3/;1 10 0 2 4 0 0 0
T 1 1 0 0 0 1 1
pasza. 1 | {a) 1(18)
moarp. | 23, 25
#35: mopsanok 15, uanekc 8; +; cpoiictBa: Tr.
y.,/d, | 1/1 0/10 0/15 5/20 0/20 0/30 9/24
yL 8 0 0 2 0 0 3
T 1 0 0 1 0 0 1
pasza. 1 | (b) 5(12)
moarp. | 23, 27
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#36: nopsanok 20, unaekc 6; — (32); cBoiicTBa: Tr.

y./dy | 1/1  0/10 5/15 0/20 0/20 10/30 4/24
yL 6 0 2 0 0 2 1
T 0 0 1 0 0 0 1
pasa. 1 | (b) 5(15)
moarp. | 26, 32
#£37: mopamnok 24, uHIEKC H; — (34); cBoiicTBa: Ex, Pe.
y./d, | 1/1  6/10 3/15 8&/20 0/20 6/30 0/24
yL ) 3 1 2 0 1 0
T 0 0 0 0 0 1 1
pasza. 1 | {a) 1(19)
moarp. | 28, 30, 31, 34
#38: mopsanok 60, ungekc 2; +; coiictBa: Ex, Un, Tr, No.
y./d, |1/1 0/10 15/15 20/20 0/20 0/30 24/24
yL 2 0 2 2 0 0 2
X 1 0 0 0 0 0 1
pasza. 1 | (b) 5(18)
moarp. | 30, 32, 34
#£39: mopamor 120, urgekc 1; — (38); cBoiicTBa: Ex, Un, Pe, Tr, No.
y./d, | 1/1 10/10 15/15 20/20 20/20 30/30 24/24
3/;1 1 1 1 1 1 1 1
T 0 0 0 0 0 0 1
pasa. 1 | (b) 5(19)
noarp. | 33, 35, 36, 37, 38
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Bupryansasie noarpynnst Sg:
#40: nopapox 1, unaexe 720; +; ceoficrsa: Ex, Un, Cy, Pe, Ho.
¥u/d, | L/10/15 0/45 0/15 0740 0/120 0/40 0/90 0/90 0/144  0/120
Uy 720 0 a 0 0 0 0 0 0 0 0
25 1 5 9 5 in 16 5 10 g 5 1
#41: nopsizox 2, ungexe 360; — (40); esolicrsa: Ex, Un, Cy, Pe.
wefde 1 1/1 1715 0/45 0/15 0/40 07120 0/40 0790 0/90 0/144 0/120
Y, 360 24 0 O O 0 0 0 0 o 4]
3N 0 1 3 2 4 8 3 6 6 4 1
pazr 1| {ay 1(21)
noarp. | 40
#42: nopsaok 2, unnexe 360; - croficTsa: Ex, Un, Cy.
yu/d, | 1/1 0715 1745 0/15 0740 0/120 0740 0/90 0/90 (/144 6/120
Vi 360 4} 8 0 G 0 O 0 0 0 O
E2Y 1 3 5 3 4 8 3 4 5 3 1
pasi. 1| (a) 1(22)
nogrp. | 40
#43: nopsisok 2, argexe 360; — (40); ceoficrea: Ex, Un, Cy.
yufdy 1 1/1 0716 0745 1716 0/40 0/120 0/40 0790 0/90 0/144  0/120
y,; 360 4] G 24 0 0 0 0 0 0 a
5 0 3 3 4 6 8 1 4 8 2 1
pasi. 1 | (b) 2(20) + 2(20) + 2(20)
noarp. | 40
44 nopagor 3, wupexe 240; +; ceofiersa: Ex, Un, Cy.
yuld, | 1/1 0715 0/45 0715 2740 0/120 0/40 0790 0/90 0/144 0/120
i 240 0 0 G 12 0 0 g 0 G ]
Ty i 3 3 1 4 4 1 4 3 3 1
pasa. 1 | {a) 1(23)
pasm. 2 | {c) 3(7) + 3(5)
nmoxrp. | 40
#45: nopapok 3, wapere 240; +; ceodicrsa: Ex, Un, Cy.
yu/d, | 1/1 0715 0745 0/15 0740 07120 2740 0/90 0/90 0/144 0/120
Y, 240 0 ¢ Y g 0 12 0 [y 0 0
o9} 1 1 3 3 4 4 3 4 3 1 1
pasa. 1| (b) 3(20) + 3(20)
noarp. | 40
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#4680 nopaack 4, sraexe 180; — [42); ceoficiea: Fx, Pe.

walde | L1 2735 174 G715 0740 G/1200 0740 0790 0790 D/ud /120
i, 8 24 4 0 0 0 o ] & 4] 0
3 o 1] 1 1 1 4 2 3 4 i

pasn, 14 (ay 124}

sopep, | 41, 42

AT nopsiok 4, wwpexe 180, - (42),

el [ 1/L L5 174560 17150 0740 071200 07400 0700 0/90 0/144 07120
U 86 12 4 12 ¢ 1] a 0 4 ¢ o
i, ] 1 1 2 2 4 1 2 4 2 1

pea, b | by {21) ¢ 20211+ 22D

TR, 41, 4%, 43

#48: nopsinox 4, wanexe 180; -+ cpoficrsa; Ex.

uefds | 1/Y 0 0/15 0 3/45 0715 0740 0/1200 0/40 0700 0/90 (/144 0/120
e 180 & 12 0 0 O 5] 4] G 4 ]
£y 1 £ 3 2 1 4 2 1 3 2 H

{ay 1(25)
(b 2{22) + 2022} + 2022}
{cy 4(143) + 2(3)
wosrp. | 42
#40: nopsox 4, wuxere 180; — (42).

wedd, 11700715 1745 315 0/40 071200 6740 0790 07090 0/144  0/120
A 180 0 4 24 4] 4] 0 0 g 0 a
Y ] 2 4 3 3 4 0 1 4 1 i

peent, 1 (g 400 - 220

noarp. | 49, 43

F00: popagor 4, weaere 180 - crsa: Bx, Un, Cy.
/1 0/1a /4 boOO/1800 G4l 27000 /90 0/144 B/120
180 0 Q it 4 a 0 &
0 1 3 4 1 2 2 2 1
(a) 126}
pass, 2| (o} 40157 + 2(3)
agrp. | 42
51 nopanor 4, nuaexe 180 - enoiiorsar Ex, Un, Oy,

yufdy |11 0/15 0 1745 150740 07120 0/40 0790 2/90 O/144  0/120
Yy 180 0 4 0 0 G 0 0 4 0 8]
2 i 1 3 i 2 4 1 2 3 1 1

i 1 () 40200 + 2022)

nosrp. | 42

; -+; caofiersa Ex, Un, Cy.

e/t 07400 07120 0/40 0/90 0/90 4/144 D/120
s 144 ; 9 0 ] 4 4] 4 4
E2N 1 1 ¥4 4 i 2 1 i 1

paan 1 ()

pogrp. | 4D

F05: nopsuok B, mugere 1205 — (44); cooiicrsa; Ex, Pe.

veldy, 1170 3150 07450 G715 2740 0/130 07400 06750 0/90  0/144  0/130
A 20 24 0 0 8 4] G 0 O g 0
T3 5 0 0 0 1 2 i : 3 3 1

pamn. 1| (ay 1(%
a2 Loy AE) - 3(5)

k3

aomrp. | 4L 44
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#od: nopaaok 6, unpere 120,

— {44}; csodicrsa: Ex, Un, Cy.

yeld, |1/ 1715 0/45 O/15 2/40  2/120  0/40  0/90  0/90 0/144  0/120
A 120 & 0 0 8 2 0 Q g [\ 4]
e 0 1 1 0 2 2 1 2 2 2 1
pasa. 11 (a) 1(29)
pazd. 2 | {ey 37} + 3(8)
moarp. | 41, 44
#:55: nopanor 6, nunexc 120; +; ceoficrea: Ex.
ya/ds 1 1/1 B/150 3745 0715 27400 01200 0740 /90 0/90 0/144  0/120
i), 120 0 8 0 6 0 0 0 0 0 0
T, 1 2 2 1 1 2 1 1 2 2 1
pasa 1 | {ay 1030}
ROAID. 42, 44
#56: nopaaok 6, nugere 120; 4.
wSds LU/ 0/15 0 3/45 0718 0/40 G120 2740 0780 0/90 0/144 0120
Yh 120 0 8 0 G 0 6 0 4] 5} 0
5, 1 1 2 2 1 2 2 1 2 1 1
pasi. 1| (b) 3(22) + 3(22)
nomep. | 42, 45
57 nopsok 6, wiaexe 120, —~ (45); csofiersa: Tr.
yufd, | 1/1 0715 0/45 3/15 0/40 0/120 2/40 0/90 0/9¢ 0/144 G/120
Vi 120 0 0 24 0 0 6 0 0 G O
£ 0 1 [1} 3 3 2 Y] 1 3 0 1
paan. 1] (by 6(20)
nomrp. | 43, 45
B8 nopsaek 6, nuuexe 120; — (45); caolicraa: Ex, Un, Cy, Tr.
yo/d, 1 1/1 0715 0/45 1/15 0/40 0/120 2/40 0/80 ©/90 0/144 2/120
iy 120 4] ¢} 8 0 0 8 0 0 0 2
s 1] 1 1 2 2 2 1 2 2 0 1
paza. 1 | (b) 6(20)
nomrp. | 43, 45
A59; nopaaok &, mxaexre 93, — {48),
wadde 1171 37150 3745 1/16 0 0/400 0/1200 4740 0/80 0/90 0/144  O/120
Vi 90 18 [ 6 i} 0 0 0 a 0 0
2y 0 0 0 1 0 2 1 1 3 2 1
pasa. 1 (b 2024) + 2(24) + 2(24)
nonrp. | 46, 47, 48
#60: nopaaox 8, waaese 90; ~ {48); ceofiorsa: Ex.
yo/d, |1/ 2/15 0 3745 0/15 0/40  0/120 0740 2790 0790 0/144 07120
Yy 90 12 6 0 0 0 0 2 4] 4 0
T 0 0 1 1 0 2 1 1 2 2 1
s 1 (ay 1(31)
pasa. 21 (b 2(24) + 2034) + 2(28)
pasa. 3 | (c) 4(17) + 2(3)
jiteeeu o 46, 48, 50
#61: wopuaox 8, mupexc 90; ~ (51).
ye/d, | 3/12/16 1745 2/15 (/40 0/120 0740 0/90 2790 0/144 07120
A a0 12 2 12 1] 0 O 4] 2 G &
T 2] 0 0 1 1 2 ] 1 3 1 1
pasit. 1| (b) 4(21) + 2{24)

nomrp. | 46, 47, 49, 51
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#62: nopsaox 8, maexe 90; — (48); csolicTea: Ex,

‘;u/liﬂ /1 1/15  3/45 3/15 0740 0/120 0740 0/90 0/90 0/144 0/120
90 6 6 18 0 0 0 0 0 0 0
0 1 0 2 1 2 0 0 3 1 1
{b) 4(21) + 2(25)
(b) 4(22) + 2(24)
(e 4(34) + 2(4)
nogrp. | 47, 48, 49
#63: mopsaox 8, ungexe 90; — (51); esoliersa: Bx.
v /d, | 171 1715 1745 1/15 0740 0/120 0/40 2/90 2/90 0/14d (/120
! 90 6 2 6 0 0 0 2 2 0 0
0 0 1 1 1 2 0 1 2 1 1
(b) 4(21) + 2(26)
{c) 4(15) + 2(4)
poxrp. |47, 50, 51
#64: nopsiaox 8, uuzexc 90; 4 crolicrsar Ex.
ueld, 111 Oji5 545 0Ji5 0j40 0/i20 0740 0790 2/80 0/idd 07130
y;i G0 0 10 0 a 0 0 0 2z o Q
EZ 1 1 1 0 2 1 0 2 1 1
paasn. 11 (by 4(22) -+ 2(25 )
noarp. | 48, 61
#65: nopanox B, ungexc 90; — (48).
vo/d, [1/1 0/15 37456 2/15 0/40 0/120 0/40 2/90 0/90 0/144 0/120
Yy 90 0 6 12 0 0 0 2 0 0 0
5 0 1 1 2 1 2 0 0 2 1 1
pasa. 1 | (by 4(22) + 2(26)
noarp. |48, 49, 50
#66: nopaaok 9, wapexe 80; -+ caoitersa: Ex, Un.
yld, | 1/1 0715 G/45 6/15 4740 0/120 4/40 0/90 0/90 0/144  0/1%
1A 80 0 0 i} 8 0 8 0 0 0 0
ESY 1 1 1 1 2 0 1 2 1 1 1
paga. 1 > 3(23) + J(ZI
pasn. 2 ] {¢) 3(7)+3
HOAD. 44, 45
H#67: nopsior 10, wagere 725 k.
1;,5/(:’“ /10715 B/45  0/15 0/40 071200 0/40 6/80 0/80 47144 0/120
Vi 72 0 & 0 0 0 0 0 0 2 0
33 1 1 1 1 0 2 1 O 1 1 1
pas. b | () 1{32)
uomrp. | 42, 52
#£68: nopagox 12, muaexe 60; — (55); croficrsa: Ex, Pe.
v /d, |11 4715 3745 0715 2/40 2/120 0/40 0/90 0/90 0/144  0/120
Y 60 16 4 0 3 1 0 0 0 0 0
£ 0 0 0 0 0 1 1 1 2 2 1
pasit. 1| (a) 1(33)
paan. 2 | {o) 3(B) + 3(6)
nonep. | 46, 53, 54, 55
#69: nopsor 12, muaexe 60; — (56).
yo/d, | 1/1 3715 3/45 1/15 0/40 07120 2/40 0/90 0/90 0/144 2/120
Vi 6( 12 4 4 0 [ 3 0 0 0 1
Za 0 0 1 0 1 1 1 2 1 1
pasa. 1 i)} 3(24) + 324
wonrp. | 47, 56
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#70: nopsaek 12, uwgese 60; — (56); csoiicrsa: Tr.

vi/de | 1/1 0/15 3/45 4/15 0/40 0/120 2/40 0/90 0790 0/144 2/120
Yl 60 0 4 16 0 0 3 0 0 0 1
Tx 0 1 0 2 1 1 0 0 2 0 1
pazn. 1| (b) 6(22)
nogrp. | 49, 56, 57, 58
71 nopspox 12, unpexce 60; 4 cooficrsa: Ex.
y./d, 1171 0/15 3/45 0/15 8/40 0/120 0/40 0/90 0/90 0/144 0/120
Y 60 0 4 0 12 0 0 0 0 0 0
1 2 1 0 1 0 0 1 1 2 1
(a) 1(34)
(c) 4(18) +2(3)
HOurp. 48, 55
H#72: nopsnox 12, nagexc 60; .
ve/de 11/ 0715 3/45 0715 4740 0/120 4740 0/90 0/90 0/144  0/120
v, 60 0 4 0 6 G 6 0 0 0 0
Y 1 1 1 1 1 0 1 1 1 1 1
paza. 1 | (b} 4(23) + 2(30)
noarp. | 48
#73: nopsnox 12, unzexe 60; +; epoficrea: Tr.
yu/d, 1 1/L 0715 3745 0715 0/40 0/120 8/40 0/90 0/90 0/144 0/120
Yy 60 4] 4 0 0 0 12 0 0 0 o
N 1 0 1 2 1 0 2 1 1 9 1
pasa. 1 | {b) 6(22)
noarp. | 48, 56
F£74: nopsanox 15, nugexc 48; .
ve/d, 1 1/1 0715 0745 0/15 5740 0/120 0740 0/90 0/90 9/144 0/120
Yy 48 0 0 0 6 0 0 0 0 3 0
E2 1 1 0 0 1 1 0 1 0 1 1
paza. 1| {a) 1(35)
nomrp. | 44, 52
#75: nopaaox 16, manexe 45; — (64); csoffersa: Ex, Un.
vu/de 1 1/1 3/15 5745 3/15 0/40 07120 ©0/40 2/90 2/90 0/144 0/120
i 45 9 5 9 0 0 0 1 1 0 0
Zx5 0 0 0 1 0 1 0 0 2 1 1
pasi. 11 (b) 4(24) + 2(31)
paan. 2 | (o) 4(17) + 2(4)
monrp. | 89, 60, 61, 62, 63, 64, 65
#76: mopsiaor 16, wipexce 48; — (64); csoficrsa: Un.
yu/d, 1 1/1 1715 5745 1715 0/40 0/120 0/40 6/90 2/90 0/144 0/120
v, 45 3 5 3 0 0 0 3 1 0 0
Ty 0 0 1 1 4 1 0 0 1 1 1
pasn. 1| (by 4(26) + 2(31)
noarp. | 47, 50, 64
7T nopagox 18, uuaexce 40; — (66); csoficrsa: Ex.
yo/d, 1 1/1 3/15 0/45 0/15 4/40 6/120 4/40 0/90 0/90 0/144 /120
Yy, 40 8 0 0 4 2 4 0 0 0 0
E2Y 0 0 0 0 1 0 1 1 1 1 1

pasi. (b 3(28) + 3(29)
pasa 2 | {e) 3(8) + 3(D)

moarp. | 53, b4, 66
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#78; nopanox 18, unpeke 40; -+; ceolictsa: Ex.
y/de [1/1 0/15 6/45 0/15 4740 07120 4/40 0790 0/90 0/144 0/120
Yy 40 0 g 0 4 0 4 0 0 0 0
Ty 1 1 1 1 0 0 1 0 1 1 1
pazm, L | (by 3(30) -+ 3(3)
noarp. |55, 56, 66

#£79: nopsiaok 18, mraexke 40; ~ (66); ceoficrsa: Tr.
yu/d, | 1/1 0715 0745 3/15 4/40 0/120 4/40 0/90 0/90 0/144 6/120

Yy 40 0 0 8 4 0 4 0 0 0 2
Ty 0 1 0 1 1 0 0 1 1 0 1

pasr. 1| (b) 6(23)

nogrp. | A7, 58, 66

80 nopajon 20, wupexe 36; — (67).

Yaldn 1171 0715 B/i5 0715 0/40 0/120 0/40 10790 0790 4144 07120
v, 136 0 4 0 0 0 0 4 0 1 0
3 6 0 1 1 0 1 0 0 0 1 1

pasi. 1| (a) 1{36)

BOACP. 50, 67

#81: nopagox 24, mngexe 30; — (71); ceoiicrea: Ex, Pe.

vald, | 1/16/15 3/45 0/1p 8/40 07120 0740 6/90 0/90 0/idd 07120

i 30 12 2 0 6 0 0 2 0 0 0
Ty 0 0 0 0 0 O 0 1 1 2 1
pazt. 1| (a) 1(37)
paza. 2 | (¢} 4(19) + 2(3)
noarp. | 53, 60, 71

#82: nopsyiok 24, nuaexe 30; — (73); esoficrsa: Tr.
vnfd, | 1/1 3715 /45 1/15 0740 07120 8/40 0/50 0790 07144 87120

9, 30 6 2 2 0 0 6 0 0 0 2
I 0 D 0 1 0 0 1 1 1 0 1

paza. 1 | {b) 6(24)
noarp. | 58, 89, 73

#83: nopanox 24, unaexc 30; — (71); cpoiicrna: Ex.

yu/d, [ 1/1 /15 3745 3/15 8/40 8/120 0740 0/90 0/90 0/144 (/120
Yy 30 2 2 6 6 2 0 0 i} 0 0
5, 0 1 0 0 1 0 0 0 1 1 1

pasi. 1 {b) 4(29) + 2(34)

pasa. 2 | {¢) 4(18) + 2(4)

nonarp. | 54, 62, 71

#84: nopapox 24, wanexc 30; -+ ceoficrsa: Ex.
vn/d, | 1/1 G715 9745 0)15 &40 /120 0740 0790 6/90 0/144 0/120
Yy, 30 0 6 0 6 0 0 0 2 Q 0
T 1 1 1 G O 0 0 0 1 1 1
paza. 1| (b) 4(30) + 2(34)
mogrp. | 64, 71

#85: nopsnox 24, wugexc 30; +; croficrea: Tr.
yu/d, | 1/T 6/15 9745 0/15 0/40 0/120 8740 0790 6/80 0/144 0/120

Yy 30 0 6 0 0 0 6 0 2 0 0
E2) 1 0 1 1 0 0 1 0 1 0 1

paza. 1 1 {b) 6(25)
noarp. | 64, 73
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H86: nopsaok 24, wagexe 30 ~ (73); ceolicrsa: Tr.

Unlde | 1/1 0715 8745 615 0j40 07120 8740 6790 0790 0;i44 07120
Uy 30 a 2 12 i} o [} 2 i} 0 0
5% 0 0 0 2 1 0 0 0 1 O 1
pasa. 1 | (b} 6(26)
HONTR. | 57, 65, 73
#87: nopanox 36, nenexe 20; — (78); croftersa: Ex, Pe.
Uildy 11/1767/13 9745 0/15 4740 127120 4740 0790 0/90 /144 07120
ZUL 20 8 4 0 2 2 2 & 0 g 4]
] 4] 0 0 0 0 0 1 0 1 1 1
A3, {by 3{33) + 3(33)
pasi. 2 {o) 3(8) + 3(8)
noarp. | 68,77, 78
488 nopsgox 36, nunere 20; — (78} csoficrsa: Tr.
va/d, | 1/1 0/15 9/45 6/15 4740 0/120 4740 0790 0/90 0/144 127120
Yy 20 i} 4 & 2 0 2 0 0 0 2
3% 0 1 4] i Q 0 ] O 1 0 1
pasa. 1| {b) 6(30)
uogrp. | 70, 78, 79
#89: nopaaor 36, mpexe 20; -+ cpoficrsar Tr.
ye/de | 3/1 0715 9745 0/15  4/40 07120 4/40 0790 18/90 0/14d4  0/120
Y 20 i 4 0 2 0 2 0 4 G [y
2 1 0 1 0 0 0 4 ] 1 0 1
pasa. 1 | (b) 6{30)
monrp. | 51, 78

#90: nopswok 48, urpexe 15; — (84); cso#ersar Ex, Pe.

w, 57 3 3 3 1 0 1 1
N o 0 0 0 0 0 0 0 1

Y
1

Uulde | 171 7/15 9745 3/15 8/40 87120 0/40 6/00 6/90 /144 0/120
st .

1

pazn, 1 [ (b)Y 4(33) + 2(37)
pasi. 2 | (e} 4{19) + 2(4)

wonurp. | 68, 75, 76, 81, 83, 84

#91: nopsutox 48, wagexe 15, — (85); ceoficrsa: Tr.
wuldy |1/ 3715 7/15  0/40 07120 8/40 6/90 6/90 0/144 8/120
Yy 15 3 7 0 0 3 L 1 1] 1
E2 O 0 H 0 0 0 0 1 4] 1
paza. 1] {b) B(31)
goarp. | 69, 70, 75, 76, 82, 85, 86
#92: nopsigok 60, wnpexc 12; +; colictea: Ex.
ye/de | 1/1 0715 15745 07156 20/40 07120 0740 0790 0790 24/144  0/120
Yy 12 0 4 0 6 0 0 0 g 2 4]
EDY 1 1 0 0 0 0 0 0 0 1 1
pasa. 1) (a) 1{38)
nomrp. | 67,71
#93: nopsiaoxr 80, unpene 12; -+ croficrsa: Tr.
yu/d. | 1/1 0715 15/45 0/16 0/40 07120 20/40 0790 0/90 24/144 07120
il 12 0 4 0 0 0 6 g )] 2 4]
Ty 1 0 0 1 0 0 1 G 0 4] 1

paszi. 1| (b) 6(32)

moaep. | 67, 73
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£94: popagoxk T2, waaese 10; — (89); esolicrna: Tr.

1/1 09/45 6/15 4740 12/120 4740 0790 18/90 0/144  12/120
10 2 4 1 1 1 0 2 0 i
0 0 0 0 0 0 0 1 0 1

(55 6(33)

61, G0, 72, 87, 88, 80

o 120, maexe 6; — (92); ceoficrsa: Ex, Pe.

/1 10718 0/15 20/40 20/120 0740 30/50 0790 247144 07120
§ 4 0 3 1 0 2 0 1 0
0 0 O 0 0 0 0 0 1 1

pzm’:L 1] {a) 1{39)

noArp. | 68, 74, 80, 81, 92

#96: nopagox 120, unnexe

s - {93); csofiersa: Tr.

yu/de | L/1 0715 15745 10/15 0/40 0/120 20740 30/90 0790 247144 20/120
Yy 6 0 2 4 0 0 3 2 0 1 1
L2y 0 0 0 1 0 0 Y 0 0 0 1

pasr. 1 | (b) 6(36)

noarp. | 70, 80, 86, 83

#97: nopraoxk 360, wnaexe 25 4+

ceoficra: Ex, Un, Tr, No.

2 0 2 0 2 0 2 i) 2 2 0
1 0 0 0 0 1] Q0 0 0 0 1

Unldy | 1/1 0715 45/45 0715 40740 07120 40740 0790 90790 144,144 07120
W :

7 6058)

72, 74, 84, 85, 89, 92, 93

#98: nopagox 720, mugexc 1; — {97); cvoficrsa: Ex, Un, Pe, Tr, No.

yufde T 1/1 1B/15 0 45745 15/15 40740 120/120 40/40  80/90 90/90  144/144
A 1 1 1 i 1 1 1 i 1 1
Ty 0 0 0 0 0 0 0 0 a 0

1267120
1
1

pasa. 1| {b) 6(39)

noxrp. | 90, 91, 94, 95, 96, 97
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Durov N. V. Computation of the Galois group of a polynomial with

rational coefficients, II.

A new method, which enables us to compute rather efficiently the
Galois group of a polynomial over ), respectively, over Z is present-
ed. Reductions of this polynomial with respect different prime modules
are studied, and the information obtained is used for the calculation of
the Galois group of the initial polynomial. This method uses an original
modification of the Chebotarev density theorem and it is in essence a
probability method. The irreducibility of the polynomial under consider-
ation is not assumed. The appendix to this paper contains tables which
enable one to find the Galois group of polynomials of degree less than or
equal to 10 as a subgroup of the symmetric group.

Here the final part of the paper is published. The first part is contained
in the previous issue (see Vol. 319 (2004)).
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