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A. M. Bunorpanos

OBOBINEHHLIN KBAJIPAT N3ETA-&YHKIIA.
CIIEKTPAJIbHOE PA3JIOKEHUWE

BBEJEHUE

B paBore [1], a) GbI70 MOIYYeHO CMEKTPAIBHOE PA3TOKEHNE A
kBajpaTa azeTa-pyuknun Pumana (?(s). 31ech MBI lepeHeceM ero Ha
Cllydail npousBeleHUsA ABYX A3eTa-(YHKINUNA ¢ pa3HbIMU apryMeHTa-
MU

C(s1) - C(s2). (0.1)

Hast yno6crBa uMTaTess Mbl CHOBA MOBTOPUM HAaUaJjbHBIE IMArU Pa-
Gorer [1], a). Hanbomee BakHBIM mmarom pabotwl [1], a) ABasercsa
tpansutusHoe pasenctso (1.1), [1], a), koTopoe nepesommr ((s)
B ABOWHYI cymmy mo Bbrderam (modc) ¢ BblAeTeHWEM capBHEHUA
a-d = m(modc) u npousBeneHreM ABYX CABUHYTBIX A3eTa-(yHKIWA.
Takoli nepexoa obeceunBaeT kKiaaccudeckas OYHRAAA YMCITA, U~

i)=Y 1= > 1L (0.2)
dln

n=d;-ds

OHa BXOAWT B IEHTPAIBHYIO YacTh TPAH3UTHBHOTO paBeHcTBa (1.1),
[1], a). B nanbHeifimmem, mocie MepeBOPOTa CABUHYTHIX I3€Ta-
GYHKIMH 10 QYHKIMOHAIBLHOMY YPaBHEHUIO, ABOMHAS CyMMAa I10 BbI-
geraM (modc¢) mopoxaaer o6obIeHAbIe cyMMBI KioocTepMaHa.

Ina Toro, 4T06Hl TMOMYyYNTH aHajgor paseHctBa (1.1), [1], a) musa
npowmsseeansa (0.1) »T0il paboThl Ha 0 BOCHOIB30BATHCA 0606IIEH-
HOM QYHKIMell uncia geamuTeiieii:

ru(n) = n@= 9 37 g0= = 30 gt g (0.3)
dln

n=d; -ds

O6o6mennasa pyrarima uncia aeaureieii (0.3) uMeer TpousBoILHEII
aHAJUTUYECKUA mapaMerTp w. B wacTHOCTH, ipw w = % MOy YaeTCs
riaccudeckuii caydaii (0.2).
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Mpowussenenne (0.1) Ha A3bike GpyHEIMN (0.3) TpUHUMaeT BUA:

on) Clon) = 3 "l (0.4)
rae )

1
wy = 5(52 —s1+1), wy= 5(51 + s2).

Ob6paTHasa K HEW cUCTeMa MMeET BUI:

1 1
s = (wz—w1—|—§), Sz = (w2+w1—§).

Wcxognaa crcTeMa IapaMeTpoB MOAGUPAETCA TAK, UYTOOBI B ®TOIA
cucTeMe U B HOBOW — (w1, wa) BCe PAALI ObLIM abCOMIOTHO CXO AAINIU-
mucsa. Ha Asvike npapoii vactu (0.4) TpansutubHOEe paBeHcTBO (1.1)
[1], a) mpuHUMaeT BUI:

(o) () = 30 Tnlt) gy Tmlmte k)

= n' Kot (m+c- kv
1 ¢ ¢ " p
= csitsz Z Z C(Slaz) 'C(SZ,E), (0.5)
m=1 a,d=1
a-d=m(mod ¢)
rae ((s, &) — caBuHyTas A3eTa-(QyHKIA:
C(s,a):;m, a>0, Res> 1. (0.5)

IIpaBas yacTh TpaH3UTUBHOTO paBeHcTBa (0.5) cTaHeT Takoi ke, Kak
B (1.1) [1], a), ecaut MONOKNATE $; = S3 = §, & M-Majoe B CpaBHEHUN

a-d=m(modc) (0.6)

3aMeHnTb Ha M-Gonbinoe. flcHo, uro cpasHenune (0.6) ABigeTcs aHa-
JOTOM TakoTo ke cpapHenua B (1.1) m3 [1], a).

B pa6ote [1], a) aBTOop He TpWBEN J0Ka3aTeldhCTBa TOTO (aKTa,
uro cpapHenune (0.6) meficTBUTENbHO cleyeT M3 HAIWUNA (YHKIAN
uncia geaureieii 7(n) B TpaHsuTuBHOM paseHcTBe (1.1) us [1], a),
mojaras ®ToT (aKT OUYEBUAHBIM. 3A€Ch MBI IPUBEIEM 5TO HOKA3a-
TeJLCTBO JJISA TOTO, YTOOBI CTAJIO SCHO, YTO NP Tepexomae K 0606-
MmeHHO QyHkmn umncna arnnreneid (0.3) cpasuerne (0.6) coxpats-
eTcs.
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Ilns »TOr0 BBeJEM pa3pBIBHOW CUMBOJ JJIA cpaBHeHUA 1o (mod ¢):
1, n=m(mode)
S.(n—m) = .
0, n#m(modc)
Torma A BHYTpEeHHEro pAla LHEHTPadbHOM YacTH TpPaH3UTHUBHOIO

paserctBa (0.5), mpu ¢urcupoBarHoM m € [1,¢] cnpaBeanuBo mpe-
cTaBIIeHUE:

(0.7)

oQ

"N T, (M A+ k) Tw, (1)

Zm Z s 8.(n —m). (0.8)

k=0 1
Moacrasias B (0.8) mocileHIO0 YacTh TPAH3UTUBHOIO DaBEHCTBA
(0.3) ¢ ydeToM 3aBUCHMOCTI MEKLY apamMerpaMu (wi, wa) u (81, 52),
moJiyyaeM NpejacTabieHne mpapoii yactr (0.8) B HOBOM Buje:

ZZ dﬂdizs: m) (0.9)

di=1dy=

PasbuBasa pagno d; > 1 B (0.9) Ha mporpeccuu Buma di = a+ ¢ - ky,
k1 > 0, u coorBercTBenHHO 1O dy > 1 — Ha mporpeccuu Buga ds =
d+c ko, ko >0, rae a u d — Beruerh u3 unTepBada [1,¢], npuBeaem
(0.9) k BUIY:

ci ' Z be(a-d—m) ~C(51,%) ~C(52,§), (0.10)

a,d=1

BcemomuHas ABHBIA BuA cuMBosa é.(a - d —m), moiy4aeM HpPaByIo
JacTh TpaH3WTWBHOrO paBeHcTBa (0.5) mpm PuECUpoBaHHOM m €
[1,¢]. Cymmupys ee o BceM BerdeTaM m(mod ¢), moiydaeM BCIO Mpa-
ByIo dacTh paBeHctBa (0.5).

Ceituac xopoino usBecTHO [2], UTO CABUHYTBIE A3eTa-()YHKIUM
npaoii yacty (0.5) aHAIUTUYECKH TP OTOIBKAMEL B JIEBYIO MOTYIIIOC-
KOCTb Kak Ilejible QYHKIMU C €IMHCTBEHHBIM IIPOCTBIM ITOJII0COM B TOY-
ke s = 1 ¢ Boierom 1. IosTtomy paBenctso (0.5) crpaBeiannBo u B
OBOMHON seBoil moaynaockocTdd Res; < 1, Resy < 1 ¢ ¢pyHEIMOHANE-
HBIM y paBHEHUEM LA KAXKI0W CABUHYTOMR n3eTa-GyHKIMN IIpaBoil ya-

ctu (0.5):
((5,0) = F;lr)_ ) [(i w;?&) sin -+
n=t! (0.11)

(
= 2
+ (Z sn;liom) cos %] ,
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a d
rae s = 81,89, @ = 1, ¥y — e
IMoapobuocTU MoxkHO HadiTu B [2, Ta. 1T, §17].
Kpome Toro, ¢pynrrmmonansHoe ypabHenue (0.11) MoskHO mepenn-
caTh B HOBOM BUJe, 3aMeHUB TPUTOHOMEeTpUYeCKre (PYHKIMM MHUMBI-
MU 3KCIIOHeHTaMu 1o GopmynaM Ditnepa. B pesynbrare paBeHCTBO

(0.11) mpumer BUI:

I'(1-— . .
C(s,a) = ﬁ [C*(l —s,a)- €2 —("(1—s,—a)- e~ 2| (0.12)
rae .
C*(w,a):zniwfzma", Rew > 1. (0.13)
n=1

Orvernm, uro mia paga dupuxie (0.13) MOKHO MONYYUTH YKOPO-
UeHHO (QYHKIMOHAJIbHOE ypaBHeHUe Ha myTu paborwl [3] U Tem ca-
MBIM TIPOA0JKATH €0 Ha BCIO W-TIJIOCKOCTh. Ho uTo6kI He TIpeprIBATH
OCHOBHYIO HUTH PaCCYKIEHUM, MBI 3TO CHejaeM B KOHIle paboThl B
TEXHUYECKOM TIpUjokeHnn. [loka ke MepeBeneM MpaBylo YacTb pa-
BerctBa (0.5) Ha A3bIK cymMMm KioocTepmana.

§1. CYMMBI KJIOOCTEPMAHA

TMMoacrasnas (0.12) B (0.5) monydaem HoBoe MpeJACTaBIEHUE ANPA
NBOWHOW CyMMBI IpaBOi 4acTu

C(s1,01)-C(s2, a0) = T(s1,82) - [C*(1 =51, 01)-C* (1 =52, a9) - e Fils1H52) 1.

C*(1=s1, —a1) (" (1=50, —an)-e™ 312D (" (151 a1)-(*(1—s2, —az)-
eFems2) (1 — sy —an) - (1= 89, 4an) - ce” T (1)

riae

F(l — 51) . F(l — 52)
(20)2 - (2m)2—51-%2
IIapaMeTpPEI (x; U vy OIIpeaesiICHBI B (05)
a d

a1 =—, as=—; a-d=m(mode); a,d,mell . (1.2)
e e

F(Sla 52) =

W3 onpenenennsa mapaMeTpoB «; W «g B (1.2) serko BuaeTh, 4TO
cpejiHee 110 HUM /Jis pousBeaenns ¢*-GyHKIM Buia

(1= s1,a1(-¢C*) (1 — 59, 9) (1.3)
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CBOJMUTCA K CYMMHUPOBAHUIO CYMM KioocTepMaHa MOAYJA ¢ IO ee
nmapamMeTpam:

Z Z C*(l—sl,a1)~C*(1—52,a2): Zcm(c)a (14)

m=1 g-d=m(mod ¢c)

riae oo
Se(ni,na;m)

mlc) = _ 1.5
C ( ) nug;:l n%_SI : né_82 ( )

Sc(nl, no; m) — cymma Kioocrepamua 060611eHHON0 BUAa 13 paboThl
[4]:
a-ny+d- nz)

C

Se(ny, no;m) = Z exp (271'2' (1.5)°

a-d=m(mod ¢)

W3 pasencrBa (1.5)% BUIHO, 4TO 0JHOBPEMEHHAaA CMEHA 3HAKA y Tia-
paMeTpoB a u d He MeHAeT cyMMBI Kitooctepmana (1.5)%. TosTomy
CIIpaBeJNBO PABEHCTBO:

Se(—ny, —na;m) = Sc(ny, no;m). (1.6)
CnemoBaTesbHO, cpeaHee MJIA IPOU3BeAcHIA
C*(l—51,—0[1)(~C*(1—52,—Oz2) (17)

coBmagaer ¢ »TuM cpeaanm A (1.3). Orciona ciaeayer, 4To cpeiHee
(1.4) mma ABYX TepBBIX cjaraeMblX B CKoOke mpapoii vactu (1.1)
paBHO BeJMUYKHE:

2 cos g(sl + 52) Z (m(e), (1.8)

rae (m(e) — mBoiinoii pan (1.5).
CoBepllleHHO aHAJOTUYHO MosydaeM cpenadee (1.4) nia nmpousbe-
nperns (1.3) ¢ pasHbBIMK 3HAKAMH U3 MAPAMETPOB &1 W (p:

> Y Cl=sian) (=52, —an) = Y Comle), (1.9)

m=1 g-d=m(mod ¢c)

riae

(= 30 S (1.10)
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Samensaa BbideTsl ¢ u d Ha (¢ — a) u ¢ — d), MBI, ¢ OIHOW CTOPO-
HBI, He MeHsAeM cyMMy KioocrepmaHna S.(ny, —ng;m), a, ¢ Apyroi —
nosnydaeM cymMmmy Se(—ny,na;m). IlosToMy clipaBeaIuBO PaBEHCTBO:

Se(—n1,na;m) = Se(ny, —na; m). (1.11)

OHo mosBosAeT JoKa3aTh WACHTUYHOCTE cpearero (1.9) ¢ anamgoruy-
HBIM CPEeJIHUM JJIs Tpou3BeeHusa (*-QyHKIMHA ¢ TPOTUBOIOIIOKHOMN
KOMOWHAIMEH 3HAKOB Y MapaMeTpoB oy M az: — (—a, ae. losTomy
TpeThe 1 YeTBEPTOE cllaraeMble B ckoOKe mpaBoii gactu (1.1) MoskHO
06’ beIMHATEL B OJIHO CJaraeMoe BUA:

—2cos g(sl — $9) Z C—m(e). (1.12)

Ham ocraioch TOJBKO 3aMeTHTh, uTo paBeHcTBo (1.11) mpomoimka-
eTcA A0 TPAH3UTUBHOIO DaBEHCTBA:

Se(—n1,n2;m) = Se(ny, —ng;m) = Se(ny, na; —m). (1.13)

DTO PaBEHCTBO ONpaBAbIBaeT (GOPMAJbHLIA OTPUNATENLHBIA 3HAK Y
WHIEKCA M B CHMBOJIE ABOHOTO pAna (_m(c) n3 (1.10) u y anamgo-
FUUYHOI'O JBOWHOTO pAja C IMPOTHUBOIOJOMKHON Hapoii 3HAKOB y Ia-
paMeTpoB N1 M Nz B cyMMe Rioocrepmana. Bece »To BMecTe mpuBo-
gut K pesynbrary (1.12) ¢ emunoii cymmoii Kmooctepmana (1.13)
Se(ny,ne;—m) miasg oboux ciaydaen. TeM caMbIM MBI IPe06pas3oBaiin
cpeanee ama pasenctBa (1.1) Kk HoBoMY BUIY:

Yoo D Slsan) (lsza0) = (1.14)

m=1 g-d=m(mod ¢c)

= T(s1, 52) [cos g(sl —55) (n; C_m(c)) —cos g(sl +52) (n; Cm(c))] .

HamomuumM, uro MHOXUTEND (81, s2) onpeenen B paBenctse (1.1).

llna 3aBepiiennsa sTUX NpeobpaszoBaHWii HAM OCTAJOCh BCITO-
MHWTH, 4T0 Jebas yacTh (1.14) pasna npasoii vactu (0.5) ¢ HOp™mE-
pPOBOYHBIM MHOMUTeeM ¢~ *17 %2, TlosTomy paBeHcTBO (1.14) B OKOH-
YaTeJqhbHOM BUIE TAKOBO:

o gt = () TR

rJe KBaJpaTHasA cKoOka B mpapoii dactr (1.15) Ta ke camas, 410 U
B mpaBoil wactu (1.14).
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§2. IIEPBOE YCPEJHEHUE

Ins Toro, 4ToGH MepeBecTH NMpeacTaBienne (1.15) Ha crieRTpadib-
HBII A3BIK, HAM HEOOXOAMMO YCPEIHWTL €ro Mo mapaMerpy ¢ > 1.
Kpome Toro, co crekTpajbHOW TOYKM 3pEHUA HAM MeEITAET 3aBUCH-
MOCTh Mpefejia CYMMMPOBAHHUA MO M < ¢ OT mMapaMeTpa ¢, 1Mo KO-
TOPOMY MBI NOJKHBI yCpeaHAThb. [losToMy cHadaia Mbl u3baBumcs
oT orpaHudeHus m < ¢ B npapoif vactu (1.14) u (1.15). Jlua storo
PaccMOTPUM HOBYIO CYMMY:

V(N,e) = i Cou(e) exp (%) (2.1)
M=1

rae (,,(¢) — o10 mBoiiHOW pan (1.5), B KOTOpOM CHMBOJ m-Majoe
saMeHen Ha M-6oabimoe. W3 onpemenenua cymmel KaoocTepmana
Se(ni,n2;m) BUAHO, YTO A Hee CHPABEINNBO PaBEHCTBO:

Se(ny,na; M) = Se(ny, na;m), (2.2)
ecmt M = m(modc). (2.3)

CuenoBaTellbHO, CIpaBeJJIUBO TaKHKe paBeHCTBO
Cac(e) = (o) (2.4)

npu ycaopun (2.3). Iostomy cymmy (2.1) MoskHO Tpeobpas3oBarth,
pa3buB mapaMeTp CyMMHpoBaHUA M Ha IMpOrpeccHu:

M=m+ck, me[l,e, k>0
B pesynbrare cymma (2.1) mpuBemeTca K BULY:
- = m+c~k>
V(N,c) = mlc ex - . 2.5
(V.00 = 3 n(@) 3 p(- 2% (25)

SareM BOCIIOJIB3YyEMCs MHTET pAJIBHBIM OII€EpPATOPOM BHAA:

exp(—x) L / 27 *T(s)ds (2.6)

T 2w
Res>1

_ mtek
u noxcrasum (2.6) Bo BHyTpeHHIOO cymMmy (2.5) mpu x = 5. B

pesyiibTaTe MBI IPUBeJEM BTY CYMMY K MHTEIPabHOMY BUIY:

iexp (_ %"k) - % / (%)sr(s) (s )ds,  (2.7)

k=0 Res>1
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rae o = 7, ((s,@) — caBuHyTas A3eTa-yHKIUA. 3aTeM HepeHeceM
KOHTYD (2.7) BileBO Ha MHUMYIO 0Ch, ¢ 06X0g0M Touku s = 0 1o
npaBoil ayskke paamyca rg = 1/log N. B pesyibrare npaBas 4acTh
(2.7) mpumer BUI:

N

- + r(c, m), (2.8)
rae r(c,m) — ocTaTok B Bhae WMHTerpaia (2.7) mo MHUMOR ocu ¢
o6xomoM Toukr s = () o MpaBoil AyKKe:

r(z,m) = —— / (ﬁ)sr(s).c(s,a)ds, (2.8)"

2mi c
Res=0
Moacrasnas (2.8) B (2.5) Ha MecTo BHYTPeHHEH CYMMBI, IPUBEAEM
(2.5) K HOBOMY BUWIY:

c

V(N,¢) = g > o)+ = rleym) - Gule)], (2.9)

rae r(e,m) us (2.8)%.
Temneph yMHO¥KUM 06e yacTu paBeHcTBa (2.9) Ha ¢/N u neperpyn-
MIPYeM ero 4ileHbl, IpuBead paBeHcTBO (2.9) K BUAy:

> Gnle) = T VN €)= R(e)], (2.10)

riae
c

R(e) =Y r(c;m) - Gm(e). (2.11)

m=1
Hamomuuwm, uro n3 (1.4) cienyer paBeHCTBO:

(n(0)= > C(I=s1,00) (L= 53, 03). (2.12)

a-d=m(mod ¢)

TTosToMy ompeenAoliee pPaBEHCTBO A ocTtaTka (2.11) MoxHO 3a-
micaTh B TepMuHAX (*-QYHKIWMIA U CIBUHY THIX A3eTa-pyHKmi ((s, o),

o = " w3 aapa unTerpaga (2.8)%:

Re)= rlem) S (L—sia1)-¢(L—sp,a0). (2.13)

m=1 a-d=m(mod c¢)
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ABHel B octatka (2.13) mo3BoiAeT OMEHNUTH €ro B M0G0 ToUKe
JIBYMepHoii TiockocTu (s1,52) € C? ¢ moMoIIBbIO YKOPOUYEHHBIX ypaB-
HeHMIA Kak miis (*-QYHKIMA, Tak U A0 CABUHY THIX (-(yHKIUA, KOTO-
pBle BXOJAT B AApo mHTerpaa (2.8)%.

Insa Toro 4T06BI MOMYUNTh aHaior paBeHcTBa (2.9) ama (_pm(c)
n3 (1.12) mamo samenuTh cymmy (2.1) Ha cymmy:

V(N,e)= Y ¢mle)exp (— %) (2.14)
M=1

B sT1om cayuae, mo anamoruu ¢ (2.4), cnpaBeainBO PaBEHCTBO:

C_pmle) =C(omle), M =m(mode),

a BMecTo papeHcTBa (2.10) Bo3HMKAET €ro aHAJOL:

c ¢ - -
> Comle) = S [F(N )~ ), (2.15)
m=1
rue
R(e) =" r(e;m) - (om(o). (2.16)
m=1
OcoGo ormernM, uro B paBeHcTBe (2.16) — aHajgore paBeHCTBA

(2.11), MeHseTCA 3HAK TApAMETDA M TONBKO ¥ {m(€), HO He B r(c, m).
MMosToMy miiA ToJydeHUsA aHajora pabeHcTBa (2.13) cienyer wmc-
MoJIb30BaTh aHajor paBeHcTBa (2.12):

Coml(e) = T = s1,00) (1= sa,0). (2.16)*

a-d=—m(mod ¢)

Temneph HAM 0CTAI0CH TOACTaBUTH pabeHcTBa (2.10) u (2.15) B mpa-
By1o dacTh (1.14) u npuBecTn KBapaTHyIO cKOORY B (1.15) kK HOBOMY

BUIY:
c

[)= | (7)) = (R R)(e) (2.17)

(?,V)(c) = [17(]\7, ¢) - cos g(sl—sz)—V(N, ¢) - cos g(sl—i—sz)], (2.17)@

™ ™

(R, R)(c) = [E(c) cos (51— 83) = R(c) - cos (51 + 52)]. (2.17)"
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Moacrasnsas (2.17) B (1.15), nprBeneM 2To paBEHCTBO K BUIY

C(s1) - C(s2) =
_(2m\sitse=2 (1 — 51)[(1 — s3)
- (_) 2-N-¢
a5t TOTo YTOBEI MONYUNTE CIEKTPabHOE pasiloskeHne TIepBoro cia-
raeMoro B ckobke (2.18), T.e. pasnoctu (2.17)%, HaM 0CTANOCH YCPe-

HUTH paeHcTBO (2.18) 1o BceM ¢ > 1 ¢ THagEmM BecoM. DT0 MEI
clenaeM B ciledyloleM naparpade.

[(V,V)(e) = (R, R)(c)].  (2.18)

C

§3. BTOPOE YCPEJIHEHUE

Ina ycpennenus pabencTsa (2.18) mo mapamerpy ¢ > 1 yMHOKNAM
obe ero yacTl Ha (QYHKIUIO:

o) = exp | - (Q;Y)z], (3.1)

rae Y > 1 — npou3sBoabHLI (UKCHMpOBaHHLINM MapaMeTp U3 MHTepBa-
ja:

I1<Y <N. (3.2)

FEro ontumainbHoe 3HaUYeHME TTOAOUPAETCA IPU PENTEHNN KOHKDETHOMN
3a/1a4n.

Tocne ymHoxkenusa paseHcTBa (2.18) ma f(c), ycpeanum obe ero
YacTH MO BCeM IeiibiM ¢ > 1. B pesynbrare paseHcTBo (2.18) mpe-
obpasyercda K HOBOMY BUIY:

V(1) (o) = DAL =) iGyy - sy (3.3)

2-N
riae .
V=3 fo), (3.4)
VYY) =Y (oW, v)e), (3.5)
RY) =Y F ()R, R)(e), (3.6)

rro =122y (37)
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Wcnonb3ysa nHTer padibHoe npeacTabienne (2.6), e BMeCTO & CTOWT

2, = 57y, JIETKO BBIUMCIMUTH ABHEIA B Y paBeHcTBa (3.4):
= 1
Y=o / (27Y) T (s)¢(28)ds =
Res>1 (3.8)

W3 pasenctsa (2.17)% caenyer, uto cymma (3.5) pacnagaercs Ha ABe
YacTH:

~ ~

V(Y) = —Vi(Y) - cos g(sl +59) 4+ Voi(Y) - cos g(sl — ), (3.9)
riae

Vi(Y) =" f(e) V(N,0),
=l (3.10)
Vo (Y) =3 f(e) - V(N ¢).

e=1

B cucreme (3.10) o6e cyMMBI BHIUKCIAIOTCA B IPUHIIAIE 0AUHAKOBO,
IMO®TOMY MBI OCTAHOBUMCS MOAPOOHO TOJIBKO HA BEIYUCJIIEHUU ITEPBOM
CYMMEI 171, a JIIA BTOPOW TOTOM KPATKO MOACHUM OTIWYMUA IIPU €€
Boruncaenun. Hamomuanwm, uro V(N, ¢) asigerca cymmoii (2.1). Tloa-
CTaBWB €€ B IpaBylo 4YacTb MHepBoii cymmbl (3.10) mpuBegeMm ee K
BUIY:

By)=3 e (- %) > G (@f (). (3.11)

M=1

CroBa HamoMHMM, uTo (,,(¢) ABIAeTCA ABOWHBIM psamoMm (1.5), rae
CMMBOJI m-MaJdioe 3aMeHeH Ha M-6oabmmoe. [loacraBnsasa ee ABHBIA
BuaB (3.11) u menas cymmupoBaHue o ¢ > 1 BHYyTpeHHUM, IIPUBEIEM
(3.11) & Bumy:

- 3 M\ Fi(ny, nz, M)
ni,na,M=1 1 2

riae

Fl(nl,nz,M):ZSc(nl,nz;M)~f*(c). (3.13)
c=1
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Crenepp 3 misg cymmbl (3.12) osHadaeT, 4To OHa TpoiiHad, MO Ka-
HIOMY M3 TpeX MHIekcoB cymmupoBanua. Cymma (3.13) aBnsercs
criekTpadibHoi. HaM ocTanoch mpuaath eif KAHOHUYECKYIO GOPMY pa-
Gornl [4]. Jlis »Toro BBeAEM CHEKTpaJbHBIA HapaMerTp & U3 paboThl
[4] (Teopema 2), KOTOPHIA oNpelenaeTcAa PABEHCTBOM:

dr/ M - ny - ng
r=_—" "7

C

(3.14)

Ha sA3bike oToro mapamerpa paBeHCTBO (3.1) MOKHO TepenucaTh B
HOBOI (QopMe:

f(e) = exp [— (27W)2] (3.15)
A papencrso (3.7) — B dopue:
[ (e)= f(cc) : <2vM 'xnl '"2)2_81_82. (3.16)

Moxcrasaas (3.16) B (3.13) moiydaeM KaHOHUYECKYIO CIIEKTDAIh-
Hy10 Gopmy cymmbl (3.13) Ha Asbike mapamerpa x u3 (3.14)

 Se(ny, no; M
F1(n1,n2,/\/l)22%'80(1’)a (3.17)
c=1

rje ¢ — cuekrTpaJbHad YHKIUA TeopeMbl 2 u3 [4]:

WM i 'n2)2_81_82 (3.18)
x

ooy = 1)
Mpu e1om ana ¢yurmmu f(c) B (3.18) Hamo WMCHoONBb30BaThH ONpeie-
aAolee paBeHCTBo (3.15) Ha A3BIKE CIIERTPANBLHOTO TapaMeTpa &.
Bropas cymma u3 cuctemsbl (2.10) cBomuTcA K aHAJOLY CYMMBI
(3.12) mpu moacTaHoBEe B Hee paBeHcTBa (2.14). B pesyapraTte 1mo-
aydaercs aHajgor paBeHcTBa (3.12), B KoTopoMm mapamerp M MeHAET
3Hak B cymme (3.13):

Voi(Y) = i3 exp (— M)M (3.19)

N 1—s4 . 1—s52
ni,nz, M=1 ! M
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CoOTBETCTBEHHO CIEKTpajibHAA KaHoHWYecKad (opwma (3.17) musa
cyMmMmbl (3.13) makke 6ymer ¢ TPOTHMBOIOJOMHBIM 3HAKOM y Tapa-
Merpa M:

o~ Se(n1, na; —M)

Fi(ny,ny, —M) = —_ . , 3.20

1(n1, no ) ; - e(a) ( )

rae p(x) onpenenena B (3.18). Ilpu sTom n3 paseHcTs (3.18) u (3.15)
BUHO, YTO B JICBOM ABYMEPHO MOJYILIOCKOCTH

Res; <0, Ress <0 (3.21)

GyuEIMA P(2) yAOBAETBOPAET HEOGXOMMMBIM TPeBGOBAHUAM TEOPEMBI
2 [4] rak B Toure # = 0, Tak W B Touke & = oo. Jlanpime ocTaercsa
NpUMeHUTH TeopeMy 2a) m3 [4] K cymme (3.12), a ee BapuaHT B) — K
cymme (3.20).

§4. SIBHBLIN BUA CUEKTPAJBHOTO PA3JTOKEHUS

B stom maparpade Mbl mpuBegeM ABHBIA Bua Teopembl 2 u3 [4] B
HallleM KOHKpeTHOM citydae. Jlna cymmer (3.17) Teopema 2 a) us [4]
6y/eT BHITIANETH Tak:

Fi(ni,ng, M) = (F"P + F{™ 4 Ffon) ). (4.1)

B mpagoit wactn (4.1) cToAT TpU CHeKTpasbHBIE KOMIIOHEHTH B TOM
e MOPAIKe, 9To U B TeopeMe 2 a) u3 [4]. IIpu oToM ABHEIA BUI He-
IpepLIBHOM KOMIOHEHTH F[°" cTaHOBUTCA CyIMIeCTBEHHO Ipolle, T.K.
MBI paboTaeM ¢ WMHBapuaHTHOW rpymmoit PSL(2,7Z), mostomy mpo-
nagaeT CIOMKHAA 3aBUCAMOCTb OT apu(PMeETUKN KOHI'DYIHI-MOIY A ¢
rpymme! To(q), T.k. y Hac ¢ = 1:

FEon(4) = / K (s) 22 (cﬂ(;li)Tcigl—);S)lZ) ds. (4.2)

_1
Res=3

3mech sKe 3aMeTWM, 4YTo B pabeHcTBe (4.2) MBI 3aMEHWIN JIUII-
HUIi HOPMHUPOBOUHBLIM MHOKUTENb SIN7TS B 3HaMeHaTede AApa Ha
I€(25))? = ¢(25)¢(2 — 2s). Dra oneuaTka MpousoULIa 110 HELOCMOTPY
aBTOpoB Tpu KoppekType. (Ilo MoBoAy MHOMKMTENA B 3HAMEHATEJE
anpa |¢(2s)|? cm. [6, Teopema 2].)
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SBmbrit BuA crekrpagbroi Gy h(H) (s) B sape (4.2) Takoii:

oQ

A (s) = w/k<+>(x,5)¢(x)d§, (4.3)
rae 1
K (2, 5) = ——[ae1(®) = Jioas(3)], (4.4)
To(n) = nTHAN " g (4.5)
dln

B mpaBoii wactu (4.4) cumson J — riaccudeckasa QpyHrmma Becce-
aa [5].

uckpeTHad KOMIIOHEHTA FldISC B paBeHcTBe (4.1) uMeeT BUI:

Fldisc(SD) _ Zh(+) (% + i%j)ﬁj(M)Pj(nl) - pj(na). (4.6)

B npasoii wactu (4.6) Takke yOpaH JIUITHUA HOPMUPOBOYHEIA CUHYC
B 3HaMeHaTese. OTMETHM, YTO B HAMMX GOPMYJIax Mbl IIPUIEPKABA-
eMcsa cumBoaukn pabotel [4]. B wactHOCTH, pij(n) — »T0 Koo(dUI-
enr ®Pypbe j-oil coberBennoil ¢pyurnmu fj(z) DUCKPETHOTO CIIEKTPA
onepatopa Jlamnaca. CuMBoa 17;(n) — coGCTBEHHOE YUCIO N-TO Olle-
patopa I'ekre Toit e ¢ymrmmu f;(z). DT mBa CUMBOJIA CBI3AHBI
MeXIy cobOoil JIMHENHON 3aBUCUMOCTBIO!

pi(n) = pj(L)n;(n). (4.7)

Kos¢duunent p; (1) onpemensercsa HOPMUPOBOUHLIM PaBEHCTBOM:

[ e Paut) =1, (4.8)

F

dx - dy
du(z) = 7

r+iy=z¢€ H. (4.9)

Cuwmboa F' B (4.8) — kiaccudeckad QyHIaMeHTaIbHAA 061aCTh IPYTI-

met Tg(1) = PSL(2,7)

1
F={s=atiyy>0lal< g 2 +y" > 1},
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H B (4.9) — BepxHsis nodymiockocTs y > 0, cusp-kommonenta F; " B
(4.1) — Ta ske camasd, 9To 1 B TeopeMe 2 a) u3 [4] mua rpymmer ['p(1) =
PSL (2,7). TlosToMy ee ABHBIA BUA YnTaTENh HaiizeT B pabote [4].

Amnastor paserctBa (4.1) mas cymmbr (3.20), T.e. Teopema 2 B) u3
[4] 6yaer BbITIsAAETH TAK:

Fi(ni,ng, =M) = (F35< 4+ 7177 ). (4.10)

OrcyTcTBre cusp-KOMIOHEHTHI B mpagoii wactu (4.10) rosopur o
ToM, 4To cyMMbI Kioocrepmata B (3.20) ¢ pasHBIMEM 3HAKaMHU y CBO-
X TapaMeTpoB MeHee apUPMeTHUUHBI, YeM BTHU Ke CYMMBbI U3 ITpaBoii
gactu (3.17).

O mByX cIeKTpasbHBIX KOMIOHeHTax mpaBoii yactu (4.10) n mo-
JUGURATN UX BHUAA, O CPABHEHWIO ¢ TeopeMoil 2 B) u3 [4], MOKHO
CKa3aTh TO ke camoe, uro u B caydae (4.1). TloeTomMy MBI Takke
IpUBEIEM WX ABHBIN BUI:

Fron(p) = ﬁ / B(s) (Cﬂ(;i;zgl_)zg?)ds. (4.11)

riae
h)(s) = w/k<—>(x,s)¢(x)d§, (4.12)
k(_)(x,s): %~sinﬂ'5~K25_1(1‘), (4.13)

Orvernm, uro K-dyHKIMA B npaBoil vactu (4.13) ABaderca usBect-
Hoi (pyHKIMeld MakmgoHanbaa n3 teopun pyHrimn Beccens [5]. M-
MpaBJIeHHBIA BUI JUCKPETHON KOMITOHEHTE! MpaBoii yactu (4.10) BBI-
TJIAIAT TaK:

G COEDI (% + i%z') -5 (M)pj(n1) - pj(n2). (4.14)

HamomumM, uTo 3¢5 = (/A; — %, rle A; — coGcTBeHHOe 3HaUeHNe PyHK-
mn f;(z).
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§5. sIBHBIIA BUA eyHKUMI A(H) n A=)

MMoapo6HOCTN BHIYMCIIeHMA criekTpadbHoi Gymkrwmm h(+)(s) npu-
BeseHr! B pabBore [1], B), III. Tam ona obosHaueHa cumBomoM @(r),
rae r = Ims. IlosToMy 3/€Ch MBI O PAHMYMMCA BEIYMCIEHIEM TOJIbKO
$ymrmmu h()(s), a aas pymrman h(F)(s) cpasy npuBesem ee sBHBIA
BU, B3ATHIA 13 paborsl [1], B), 11T

1 1
h(+)(5)zr cosww~F(w—|—5—§)><
i
Rew>|Re(s—1/2)|

X F(w —s+ %) ~Jw(e)dw, (5.1)

riae

(o]
z\ 2w dx
T = [ (5) " w0 5.2
o= [(5) e (5:2)
0
Ecau Teneps moacraButh B (5.2) ABHEI Bua GyHEIMM ¢ u3 (3.18) u
MpPOBECTH CUEP6OMMIECKYIO 3aMeHy ITepeMeHHO MHTEr pUpOBaHUA B
anape maTerpaga (5.2), To MOTYyUMTCA PABEHCTBO:

s1 + 52) . y2wtl)—s1—s2

2.]w(g0):F(w+1— 5 (./\/l~n1~n2)w.

(5.2)°

Ecau Temepnb BCMIOMHWTE, YTO § ABJAETCA epEMEHHON MHTET pUpOBa-
HIA B (4.2) ¢ ycaoBreM s = %—i—ir, 7 € (—00,0), TO CTAHOBUTCA ACHO,
UTO Hallla CHeKTpajbHad QyHKIMA (5.1) AeficTBUTENBHO COBIAMAET C
pyurmmeit p(r) us paborsi [1], B), IIT (paBercTBo (9.8)), ToNBKO TaM
ApyTras TepeMeHHasd MHTET PUPOBaHWA.

Temeps o6paTWMca K CHeKTpaJbHON (QYyHKINN (=) us (4.12) n
ee sapy k=) m3 (4.13). Dro sapo npome sapa k) uz (4.4) u we
TpebyeT TeX CIOMKHBEIX Mpeobpa3oBaHnil, KOTOPHIE GLIJIN MTPOBEAEHBI
s k) B pabore [1], B), ITI. B sape (4.13) mbI Bocmosdb3yemcs
M3BECTHBIM TIpecTaBienneM 1id K-¢yarimm Maknonaibaa [5]

Kas_1(z) =
:% F(w—i—s—l) F(w—s—l—%) (g)_zwdw

Rew>|Re(s—1/2)]
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3arem moactasuM (4.13) B (4.12) v npuBeneM 5TO PABEHCTBO K HO-
BOMY BULY:

h(_)(S)ISIHﬂ'S / F(w—i_s_%)x

2me
Rew>|Re(s—1/2)|

X F(w —s+ %) ~Jw(e)dw. (5.4)
B anpe (5.4) mosBuiica o1 ke mHTerpas (5.2), uyro u B aape (5.1),
¢ ABHBIM BraoM (5.2)%.

TTosTOoMy MOMXHO CUMTATh, YTO pabBeHCTBO (5.4) AaeT ABHBIA BUI
¢yurmm h(~) — apamor pasencrsa (5.1) nas R

Haiins ABHBIA BUA CleKTpaibHbIX (ymEImiA h(E) MbI, TeM cambiM,
HAIIM ABHbIA BUJ| CIIEKTPAJBHLIX KOMITOHEHT NMpPaBLIX dacTeid (4.1) u
(4.10). TMoactaBuB o1 pabercTBa B (3.12) u (3.19) cooTBeTCTBEH-
HO, MBI TIOJIYYMM ABHBINA BUJ CIIEKTPAJIbHOT0 PA3JIOKEHUA JJIA JEBBIX
yacTeli 9TUX paBeHCTB.

Cryuaii a) Teopembl 2 3 [4] ama (3.12):

~

Vi (Y) _ (ﬁlcusp + ‘A/ldisc + ‘A/lcon) (Y) (55)
Curyuaii B) Teopembl 2 u3 [4] aus (3.19):
Vo (v) = (Ve 4+ 7Y (v), (5.6)

CriekTpaiibHEIE KOMITOHEHTE! IIpaBbIx dacteid (5.5) u (5.6) Aapnsaworca
TPOWHBIMK CyMMaMHU KOMIOHeHT TpaBbix dacrteii (4.1) u (4.10) mo
napameTpamMu (M, ny,n2) co CBOUMU BecaMU. DTU PAABI ABIAIOTCH
abcomoTHO cxoaammMucia, T.K. Res; < 0, Resy < 0 1 Rew > 0. Ilo-
DTOMY IEepPEBOJL PAAOB Ha A3BIK A3eTa-PYHKIUA U panoB ['ekke sABJs-
eTCs »JIeMeHTapHLIM, XOTA M IPOMO3JIKMM. B KauecTBe KOHKpETHOTO
npuMepa TpWBeAeM ABHBIN BUJ HEMPEPEIBHEIX KoMmoHeHT FF™Y) u
F™Y) us npaseix dacreii (5.5) n (5.6). Jlna sToro MEe! mepeiinem
OT TlapaMeTpa S-TIEpEMEHHON MHTEr pUpOBAHUA B HEIPEPLIBHBIX KOM-
noHeHTax (4.2) u (4.11) &k mapamMeTpy r, KOTOpble CBA3AHBI JUHEAHOM
3aBUCHMOCTBIO:

1
5= 5—1—2'7“, r € (—00,0). (5.7)

Takas 3aMeHa ynpornaeT GopMyJibl CIIEKTPAJNbHBIX KOMIIOHEHT, T.K.
mepeMeHHas § BCIOJAY BXOAWT B Buae pasHoctu (s — 1/2) = ir. Tlo
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9TOM sKe NpUYMHE Takasd 3aMeHa Oblia caeilaHa u B pabore [1], B),

III.

B pesynbTare 715 con-KOMIIOHEHTH 13 (5.5) monydyaeM ABHEIA BUI:

Y2—sl—52
Vcon( )_ // Y cos ﬁwr(w’r)CN(w,r) ds dw. (58)

271'1

B anpe apoiiHoro nHTerpada (5.8) cumponsl I'(w,r) u {(w,r) o3na-
yaioT 6JiokM [-PyHKIMA M (-QYHKIMEA; MBI TakKe COXPAaHMIN A
S-MHTerpaJjia ero Mmpeieibl MHTErPUPOBAaHUA BUuaa Res = % I TIPO-
CTOTBI CHUMBOJIHAKH.

r(w,r):r(w—ir).r(wﬂr)T(Wﬂ—%), (5.9)
(nv(w,r)=Cn(w) - C(1—s1+w—1ir) (1 —s; +w—+ ir)x

XC(1 — sy +w—1ir)- (1 —s2 4+ w—+ir), (5.10)

(v (w) = %em(—%). (5.11)

Ocranpuble g3era-GyHenuu B (5.10) ABIAIOTCA KIACCUYECKUMM (-
¢yarmuamMu Pumana.
OTa ke KOMIIOHEHTa B MpaBoil yacTu (5.6) BHINIAANT TaK:

N 2—s51—82
V(Y ) = Y // Ysin wsT(w, r)¢y(w,r)dwds  (5.12)

271'1
Res=
Rew>0

t\:|>—A

¢ Temu ke 6iaokamu (5.9) u (5.10) B Aape. B Apyrux CHeKTpabHBIX
roMImoHeHTax (5.5) m (5.6) moABaAOTCA GioKM pANOB ['eKke BMeCTO
Giora m3era-pyHriwmii (5.10), a ABoiiHbIE MHTET PAJIBI CTAHOBATCA O~
HOKPATHBIMHU C W-KOHTYpaMu. BTopoii mHTerpas mo s-KOHTy Py 3ame-
HAETCA CYMMO 110 3; B AMCKPETHOW KOMIIOHEHTE U ABOMHON CyMMOMA
B CUSP-KOMIIOHeHTe (110 BecaM M HoMepy cobcrenHoi Gyrkmmn). [pu
®TOM BTOpasd CyMMa KOHEYHA, T.K. PEYb UJIET O KIACCUIECKUX KOHEY-
HOMEPHBIX IpocTpatcTBax. [logpobHocTr MoxKHO HaliTh B pabore [1],

B), II.



OBOBIIEHHBIA KBAJPAT JI3ETA-®YHKIWU 35

§6. YKOPOUEHHBIE YPABHEHUA. (TEXHUUYECKOE NPUJOKEHUE)

Haa Toro, 4To6HI MOAYYUTHL YKOPOUYEeHHOEe ypaBHeHWEe AJA N3eTa-
¢yuEIIMN, ompeneneHHol pasencTBoM (0.13), BBemeMm aBe HOBBHIE
GyHEIIAN:

Gw, @) = C(w, @) + C(w, —a),
Ci (w’ a) = C* (wa a) - C*(wa _a)

MMepnyro pyHKIMO crcTeMbl (6.1) MoskHO 3amicarh Kak pAx Jnpuxie
mo BceM n # 0:

(6.1)

2mian
N e
Chalw,a) =) e (6.2)
n#0 77,|
Bropyio ¢pyurmmo n3 (6.1) MoxkHO 3amucaTh Tak:
* n Tian
Ca(wa) =Y |n|w+162 . (6.3)
n#0

TMoacrasnas B (6.2) uHTerpaibHOe MpeACTABIEHIE BIAA:

LW
[nl* T(%)
1 moBopaumBas 3areM KOHTYD (6.4) Ha yron

1

™
@:i(g—(‘:), rae &€ = m, (CM. [3]),

(VT) "2 ™ dy (6.4)

0\8

w8

npuseneM pan Jupuxie (6.2) k¥ MHTErpAIbHOMY BUIY:

(Vm)*
)

S

Ny

[z 0) 1] dz, (6.5)

i) = 57

|8

xr
riae z = z e'¥ 3Hak ¢ 3aBucuT oT 3Haka Imw (cm. [3]):
O(z,0) = Y emmenitamion, (6.6)
nez

MMocae gero pasaenum uHTerpas (6.5) Ha ABe yacTH:
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¥ BO BTOPOM MHTerpaje mpaBoil yactu (6.7) Bocmonb3yemca Gpopmy-
joit mepeBopoTa flkobu:

0(z,) = 7 Zexp [— ;(n —a)?|. (6.8)

Hanee 3ameTum, 4To o = ¢ AMCKPETHO, T.K. TapaMeTp a Ipoberaer
a

nosHyio cucremy BeraeroB modc Buga (1 < a < ¢), nosromy a = £
JIEKUT B UHTepBaJe (% < a < 1) Ecim o = 1, Torma ncxoaHbIA
pan Mupuxie (6.2) pasen 2((w), a tora-¢pysarima (6.6) craHOBUTCA
kJaccuukcoit pyrkmmeit fAkob6u. IlosToMy yKopoUeHHOe ypaBHEHUE B
®TOM cilydae coBlaZaeT ¢ ypasuenueM P. Kaydman [3].
Fcau « nexur B mHTEpBae
1 1
cSsesl-g

, (6.9)

TorAa MBI IojydaeMm obobiienue ypasuenus Kaypman [3] wa cayuaii
(6.9). TIpu sToM momroc B Touke w = 1 GyJaeT OTCYTCTBOBATH, T.K.
B 9TOM cily4ae Bce uieHbl paga (6.8), Brmrodas caydam n = 0,1,
OyAyT ®KCHOHEHIMAIOHO YObIBaTh, Koraa |z| =  — +0:

* w —w 2mian
C+1(w,a):Zan(—)|n| e? +

2
n#0

(5 ()

nen

(6.10)

Koaddurmenter a, npu n # 0 u b, npu Bcex n € Z onpenensioTcs

paBeHCTBAMU:
wy (VT _(w n? .
“”(2)_ F(%)F(Q’Tc)’ (6.11)
1—w (Vo) /1—w 5
b = T . - A1)?
( 5 ) T(Z) ( 5T e(n a)), (6.11)
rie
F(s,r)_/zs_l e 7 dz, z=uz- €%,
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na genonnoit ['-pyHKIMM B IpaBoil yacTu (6.11)b napamMeTp 2 = & -
'Y nomeH GBITH 3aMEHEH Ha, KOMILICKCHO-COIPAMKEHHbINA: 7 = &-e 0%
7.k Im(—w) = —(Imw). Kpome Toro, HWKHAA TpaHuUIla HemomHOH I'-
dynrmm B (6.11)" umeer Tot ke BUA, uTo U B cayuae (6.11)%, ecom
5Ty TPaHWIy TIEpeBeCTW Ha A3BIK OTHOIIEHMS IEJbIX 4dmcesn. Harro-
MHEUM, 4TO & = %, a € [1,¢— 1], 105TOMY NOMHOMMB U Pa3[elB 5Ty
TpaHuIly Ha ¢, Mbl [T0JyYaeM paBeHCTBO:

2
o(n—a)= o= (6.11)°
c
B unciurene (6.11)° cToAT KBaApaTHl MENBIX YKMCET W3 TPOTpec-
cu —a(mod ¢) BMeCTO BCeX IeNBIX YhCel, Kak ¥ Koo(QPUImeHTa ay
us (6.11)%.

Ocrajock OTMETUTH, uTO HocienHee ciaraemoe ao(y) B (6.10)
noposknaerca siaeMenToM (—1) B aape [0(z, o) — 1] BToporo nHTETrpa-
na (6.7).

Ias Toro 4TOBHI MOJMYyYNTh YKOPOUYEHHOE ypaBHEHME IS BTOPOii
¢yrEIMN B cucteme (6.1) Ha1o TOACTABUTH B €€ ONpeAeIeHIe AHATOT
WHTerpadbHOro TpeacTaBienna (6.4):

n

et (@Z_L)'” /(ﬁ)w‘1~e‘”"2 de. (6.12)

3aTeM CHOBa MOBEPHYTH KOHTYD (6.12) Bokpyr Touku x = 0 Ha yron
¢ Kak u B paBeHcTBe (6.4). B pesyabraTe MONYYUM HHTErpAbHOE
peacTaBIeHnE:

Ci(wa) = % /(\/Z)w_lﬁl(z,a)dz, (6.13)

r=

o

riae
01(z,0) = Y m-emmeniHEmion, (6.14)
nen

HankHeliie BHIYKCIEHNA o MepeBoay paBeHcTBa (6.13) B ykOpoO-
YeHHOe ypaBHEHME Te e caMble, 4YTo 1 Ipu mepexone ot (6.5) k pa-
BeHcTBY (6.10) ¢ HeGONBUIMMY TEXHUYECKUMH TOTPABKAME, CBA3AH-
HBIMH ¢ oTanureM ToTa-pyHriwmil fAxobu (6.6) u (6.14). B pesyiub-
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Tate n3 (6.13) monmydaerca yrkopodeHHoe ypaBHeHMe aisd (*(w, «):

* n 1+w Tian
Ca(wa) =3 W“”(T) T
n#0

n—a o, w
+HZ€% |n—a|2—wb"(_ 2)'

Koo puimentsl a, B (6.15) omnpenensiorca pasernctsom (6.11)%) B
KOTOPOM CHMBOJI w Haa0 3aMeHNTh Ha (w+ 1); koo durmenTrr b} oT-
augaTcd oT b, B (6.11)b GoJiee CyNIeCTBEHHO, TOBTOMY MBI BLITIAIITEM
WX SBHBIA B!

w—+1

b;‘l(l - %) = %F(l - g;71'~c(n —oz)z).
(43=) 2

Ias Toro, 4To6BI MOJYYNTH YKOPOUYEHHOE ypaBHEHWE A CIABUHY-
Toii m3era-pyHriwn ((s, &) u3 ypasHerna (0.5)%, BBemeMm mapHyio ei
pyurmmo ((s,a — «). Ypapuenue (0.5)% nina Hee mpeobpasyercsd K
BULY:

(6.15)

C(s,1—a)= % eT (1 — 5, —a) — e 2¢* (1 — 5,a)|. (6.16)
DTo paBeHCTBO ABIAETCA CileCTBUEM PaBEHCTBA
C(w, 1 —a) =" (w, —a), (6.17)
KOTOpOe, B CBOIO oUepelb, ClleflyeT U3 OIPeIelAIoNero paBeHcTBa
(0.13).

W3 nousniennoro cnosxkenus papercts (0.12) u (6.16) caenyer Ho-
BOE PaBEHCTBO:

2l—s) .«
C(s,0)+C(s,1 —a) = #sm 55(’:_1(1—5,(1), (6.18)

rae ¢ynrmms (3, — u3 nepporo pasencrsa (6.1). [lounennoe Bbrum-
ranue pasercts (0.12) u (6.16) npuBoMT K APYroMy paBeHCTBY:
21 —
C(s,0) = (8,1 — ) = #cos%s{il(l—s,a), (6.19)
rae (¥, — u3 Broporo pabeHcTBa cucreMbl (6.1). M3 cucremer pa-
BercTB (6.18) u (6.19) monyuaem ypabaenus 1 ((s, o) u (s, | —a):

. o) = T'(l—s)
o) = o= (6.20)°

x Cil(l_Saa)'Siﬂgs—i~Ci1(1—5,a)~cos gs ,
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5,1 —« :L(l—s)x
(ol —e) (2m)t=s (6.20)"

X Cil(l—s,a).sing5—|—i.<’j1(1_5’a).cos gs ’

TMoacrasias ykopoueHHrle ypasHernus (6.10) u (6.15) B mpaBble ua-
ctu cucteMsl (6.20), mony4yaeM yKopoUeHHBIe ypaBHeHUA 1A (s, «)
n((s,1—a).

W3 obpamienns cucremel (6.1) monydaeMm o6paTHYIO CHCTEMY:

¢ (w,a) = %[Cil(w,a) + 2 (w,a)] (6.21)°

& (=) = 3 [Gw,0) = ¢, ()], (6.21)

CHoBa, noacrasiaas paserncrsa (6.10) u (6.15) B mpaBble YacTu cu-
crembl (6.21), monydaeM yKopodeHHBle ypaBHeHWA 1A (F(w,a) u
(*(w, —a) BO BCell KOMIITIEKCHON W-TIITOCKOCTH.

OrMernM, 4To B HpaBbIX YacTAx cucTeMbl (6.20) momaroc B To4-
ke s = 1 maer ['(1 — s), mosTOMYy yKOpOUEHHBIE yPABHEHWUA JJIA Jie-
BEIX YaCTeil ®TOM CUCTEMEI TakkKe CIIpaBeluBhl BO BCEH S-TIIIOCKOCTH,
BKJIIOYasa TOUKY S = 1.

Crenyer 3aMeTnTh, 4To 06a paBeHcTBa (6.20) ABAATCA Hpe-
obpasoanHoii popmoii ypasrenus (0.12); meppoe — miA capura o,
Bropoe — miA (1 — «). VI3 oTuX ypaBHEHWA CPaBHUTENBHO MPOCTO
clleyeT paBeHCTBO:

1
¢(0,0) = ({a} - 5), (6.22)
KOTOpOe 0606IMaeT M3BECTHOE KilaCcCUYeCcKoe PaBEHCTBO (cM. [2]):

1
0)=—-
() =3
KOTOpOE cpa3y cieayeT U3 paBeHcTBa (6.22) mpm o = 1, T.K. B 8ToM
cayyae {a} =0, mosTOMY CIpaBeNIMBO PABEHCTBO:

(6.23)

0.1 = ¢(0) = 1. (6.24)
PyurrmonanrHele ypasHerna (0.12) u (6.20) qia cABUHYTHIX J3eTa-
QyHEIMT He MMEIOT MpocToW M KpacuBoii GopMBI, Kak B KiaccHude-
ckoM caydae: £(s) = £(1 —s) mnA camoii A3eta-pyHKIWMKM PuMana, rie
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£(s) = (Vm)7°T(5)¢(s). ! kak cieacTBHe 9TOro, He MMEIOT Hyllei
B LeJBIX TOUKaX JIEBOM IMOJYIJIOCKOCTH. B To e BpeMA y CYMMBI
(6.18) u pasnoctu (6.19) Takue Hyau ecTb. B mepBoM ciydae — B
Tourax (—2n), n > 1, Bo BTopoMm — B HeueTHBIX Todrax (1—2n), n > 1.
DTo NPUBOANUT K CHCTEME PABEHCTH:

C(_Qna a) = _C(_Qna I- Oé), n 2 1a
((1=2n,0)=—=C1-2n,1—«), n>1.

Hakomnerl oTMeTUM, 4TO MBI IIOJIYYUIU CUCTEMY YKOPOUEHHBIX ()YHK-
[MOHAJBHEIX YPaBHEHUA AA CABUHYTHIX Azera-pyHriwmii (6.20) Ha
ocHoBe pAnoB Jupuxie (6.21) 1 yKOpOUEHHBIX ypaBHEHWIA A HUX:
(6.10) m (6.15). OHu ABAAIOTCA CHEACTBUEM QYHRIIMOHAIBHEIX yDaB-
Henmit (0.11) un (0.12). D710 mo3BoNAET OIMEHUTH OCTATKA B CIIEK-
TpaJbHLIX ACUMITOTUKAX C €IMHON TOUKM 3PEHNS KaK B IEPBOM CJly-
Jae, Tak M Bo BTopoM. Ho B To e BpeMs yKOpOYeHHBIE ypaBHEHWA
JULA CABUHYTHIX A3eTa-GYHKIWA (S, ®) MOKHO TOJYYNTH W HE3aBU-
cuMo oT GpyHKIMOoHaNBHBIX ypabHenuii (0.11) u (0.12), orupaBnadck
TONBKO OT KJIACCUYECKOr0 ONpeaesleHrs WX B MPaBOi MOJYIIOCKO-
cta Res > 1:

C(s,a)zzm, 0<a<l. (6.25)

n=

B sroMm caydae, mo aHajorum ¢ cucreMmoii (6.1), ciemyer 3amaTth
cUCTeMy BUIA:

C+1(5’ a) = C(Sa a) + C(S’ 1- Oz),
Co1(s,0) =C(s,0) = (5,1 — )

Jlerko BUuaeTh, YTO MEPBYIO QYHKIMIO cucTeMbl (6.26) MosKHO 3amm-
caThb Kak enuHnit pan Jdupuxie mo BceM n € Z:

(6.26)

Cr1(s, @) Z |n—|—0z|5 Res > 1. (6.27)
nen

Hna sropoit QyHrimu cucrembl (6.26) crnpaBeaawB aHAJIOT paBeH-

crBa (6.3)
n—i—a
2
C Z |n_|_a|s+1 (6 8)

Jambine HauMHaeT AeCTBOBATH Ta ke TeXHUKA MHTET PaJbHBIX TIPe -
crapiennit (6.4) u (6.12), Tonbko BMecTo n Hago 6parth (n + «).
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HanbHelllvie BEIYUCIEHUA UAYT 110 To# ke cxeme pabornl [3]. To-
BTOPATH MX CHOBa MBI He ByleM, OTMETHM TOJbKO, UTO YKOPOUEH-
Hoe ypaBHenue anf (41(s,«) us (6.26) 6ymer anasormuno (6.10),
TOJIBKO OTpe3KM clpaBa B ypaBHeHnn (6.10) moMeHAIOTCA MeCTaMMu.
AHasoruuHoe 3aMedaHue CrpaBeluBo A (_1(s, &) 1 yKopodeHHO-
ro ypasHennd (6.15) musa pana Jdupuxie & (w, ) u3 (6.3) u (6.13).

Ilepexoa K yKOpPOUEHHBIM ypPaBHEHUAM CAMMUX CIBUHYTEIX A3eTa-
Gyurmmit ((s, o) m (8,1 — ) monmydaerca B pesyabTaTe 0GpalleHnA
cucreMsl (6.26):

C(S’O‘) = %[C+1(5’0‘) + C_1(5, 1- a) )

(o1 =) = 5 [ (o) = s,

T.e. MoNHaA aHajoruaA ¢ cucremamu (6.1) u (6.21).

(6.29)

§7. 3AKIFOUEHUE

CrerrpaiibHoe pasioxkenne npousBenennsa (0.1) MOKHO MCIIOIh-
30BaTh JJIA PelIeHUA MpoBIeMbl KpyTa U ToUeK 1o rumepbooii [1],
MOJIOKUB §1 = §3 = . Ho jiaA npobieme! kpyra npoussenenne (0.1)
ABIAETCA MOJIEIbHBIM BAPUAHTOM, B KOTOPOM HAJ0 3aMEHUTH OJIHY
nzeta-yHKIMIO Ha pax Jdwpuxie L(s,y) ¢ NPpUMWTUBHBIM KBaJApa-
TUYHBIM XapaKTeEPOM Y IO MOIAYIIO ¢ > 4

(1) - L(s2,x)- (7.1)

B a1oM ciydae pasbuenne Ha nporpeccun (0.5) mug pana Jdupuxie
L(s, x) Hamo mpooanTh 1o mapamMerpaM ¢ = 0(modq) mna cucremer
BHIYeTOB a € [1, ¢], mpuBeneHHOI o Moy IO ¢, T.e. (a,q) = 1:

1 a
L) == 3 wax(s2). (7:2)
(a,9)=1
Hna anagorudtoro pasbuenus ((s) yao6HO BBIAENNUTH B €€ 2iiepoB-

CKOM IIPpOM3BEACHUN IMPOCTBIE MHOMXKHNTEJN, ACJAINNE ¢!

=66 (1- %) (7.3)
rle
riae

Go=TI(-5)= ¥ = (7.4)
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Ona ¢yurmmu (7.4) cunpaBeminB aHaiorl pa3buUeHUs Ha Mporpec-

cun (7.2)
1 d
G = D [s5) (75)
(d,9)=1
PabenctBa (7.3) u (7.4) cBOAAT 3a/a4y CHEKTPATBHOTO PA3IOMKEHIA
(7.1) ® Mpou3BeAEHNIO

Cq(s1)L(52, X)- (7.6)

A pasbuenus Ha porpeccun (7.2) u (7.5) cBoaAr (7.6) k cleRTpaib-
HOM cxXeMe, KoTopas OBLIa M3J0MKeHa B »Tol paboTe, HO yke A
KOHIpysHI-Tpynnsl ['g(¢) ¢ MynbTuninkaTopoM x. PaGora [4] Hanu-
caHa Jyia rpymiel Io(g) 6e3 MyabTUIAMKATOPA, HO OHA MTEPEHOCHUTCA
n Ha caydaii rpymnbl Io(g) ¢ MyiabTuiamkaTopoM x. B aToM ciy-
gae 06o6uieHHble cyMMbl Kiooctepmana (1.5)* u (2.2) ¢ yciaoBuem
(m,q) = (M,q) = 1 3amenstorca aHasorudubivu cymMmmamu Cadnbe.
ITonosxmB B T0M cxeMe ¢ = 4 MOJMyYMM pelIeHne KIacCUIeCcKon mpo-
6JIeMBI KpyTa.

Ilajee 3aMeTHM, YTO OCTATOK ]%(Y) B mpaBoii dactu (3.3) Mowk-
HO OIEHUTH, M0Jb3YACh TOILKO YKODOUEHHBIMU ()YHKIIMOHAILHBIMEI
ypaBHeHnaMu. Ho B »ToM ciydae olleHKa ocTaTka He OymeT OITH-
MaJIbHOM 1o mapaMerpy Y m3 mHTepBasa (3.2). DT10oT uHTEpPBAI NMpPH-
JeTcs yMeHbITH g0 pasmepa (1 < Y < +/N), uro cymecrBenno
YCOMKHUT CUET TIPU pellieHnu mpobiaemMbl. Y106kl TOAYUYNTHL Y B WH-
tepBadie (VN <Y < N) Haio BOCIOIb30BATHCS CIIEKTPATbHBIM Das-
JOKEHNEM U JJIA OIEHKM OCTaTKA R(Y) B (3.3). Ina sToro ciemyer
3aMETUTh, YTO 0CTaTOK B (3.3) ABAAETCA CYMMOH OCTATKOB, yCpe-
HEHHBIX 1o ¢ w3 pabeHcTs (2.11) u (2.16), KoTophle, B cBOIO ode-
pellb, CBOAATCA K ocTaTky (2.8)% mpu GpuUKCUPOBAHHOM ¢. DTOT ocTa-
TOK MOYKHO Pa3JIOKUTE 110 BEIYeTaM B Moiiocax GpyHkmmu I'(s) B neBoit
MOJNYIIIOCKOCTH, CABUHYB KOHTYD (2.8)® BieBo Ha GECKOHEUHOCTD:

r(e,m) = C(0,0) + Y (_711!)” (5) c=na). (7.7)

rae a = 7.
B srom ciyuae octatkn (2.11) m (2.16) Takke pasmaraloTcA B
PAIEI BUIA:

(=n"
!

n

R(¢) = Ro(c) + i (%)" Ra(0), (7.8)
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riae

Rp(c) = iC(_na%)Cﬂ:(C)~ (7.9)

Wcnonbaysa asublii Bua (6.22) mua (0, «) MOXKHO MOJTYUNTH ABHBIA
BUJ BCEX OCTaNbHBIX {(—n,a) npu n > 1. OHK GyayT MOJWHOMAMHN
crenenu (n + 1) ot ((0,«). VIX ABHBIA BUA TO3BOJAET Pa3OKUTH
ocTaTok cpearero (7.9) mo CIeKTpy W HOAYYWTH JJA Hapamerpa Y
ONITUMaJIbHOE 3HaUEHME, KOTOPOe ONpeAelAeTCA PABEHCTBOM:

Yy = N%/3, (7.10)

Takoe 3HauveHuUe mapaMeTpa Y CYIIECTBEHHO YIPOIMAET BCIO TEXHU-
YEeCKYIO YacTh PeNleHus TpobaeMbl KPyra W TOYEK IO TuiepboIoi.

OrTMeTM, YTO TpU peasibHOM CYeTe A0CTATOYHO HCIOJB30BATh
CIEKTPAIBbHOE Pa3iIOyKEHNE TOJIBKO JIA MEPBBIX ABYX CIIaraeMBIX Ps-
na (7.8), m.e. mpy n = 0,1. Jlna Bcex oCTANbHBIX cjaraeMeix (n > 2)
pana (7.8) xBaTaeT OIEHOK, KOTOPEIE CIEAYIOT W3 YKODOUEHHBIX
GyHKIMOHATBHBIX ypabHeHuid. Jpyrumu ciosamu, KoHTYD (2.8)% mo-
CTATOYHO CABUHYTH BII€BO Ha NpAMyo Res = —2.

Hakomerr oTMeTuM elre 0AHY AeTajb, AOMOJHAIONIYIO PABEHCTBO
(7.10). Peub mmer 06 ocHoBHOM mapameTpe X B mpoGieMe Kpyra u
Touek HoJ rumepboioii. B mepsoM cayuae X = r?, Tae r — paamyc
Kpyra, B KOTOpPOM MBI paboTaeM:

a? +b* < 2. (7.11)

Bo BTopom cayuae X — mapamerp rumep6obl, T01 KOTOPOM MBI pa-
boTeM:

a-b< X (7.12)

B ommom m mpyrom caydadx mexay mapamerpom N W3 paBeHCTBa
(7.10) v mapameTpoM X CYIIECTBYET ONTUMAJIBHAA 3aBUCUMOCT:

N = X3/, (7.13)

Papencra (7.10) u (7.13) maroT HaM TPaH3UTHUBHOE ONTMMAIBHOE
PaBEHCTBO MeMXIy TpeMs OCHOBHBIMU IapaMeTpaMu B KamKI0W M3
5TUX TIpobHITeM:

Y = N3 =VX. (7.14)
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