
×ÅÁÛØÅÂÑÊÈÉ ÑÁÎ�ÍÈÊÒîì 11 Âûïóñê 1 (2010)Òðóäû VII Ìåæäóíàðîäíîé êîí�åðåíöèèÀëãåáðà è òåîðèÿ ÷èñåë: ñîâðåìåííûå ïðîáëåìû è ïðèëîæåíèÿ,ïîñâÿùåííîé ïàìÿòè ïðî�åññîðà Àíàòîëèÿ Àëåêñååâè÷à Êàðàöóáû����������������������Î ÍÅÊÎÒÎ�ÛÕ ÑÂÎÉÑÒÂÀÕÝËËÈÏÒÈ×ÅÑÊÎÉ Ê�ÈÂÎÉ Â ÔÎ�ÌÅßÊÎÁÈÀ. Þ. Íåñòåðåíêî (ã. Ìîñêâà)nesterenko_a_y�mail.ruÏóñòü p > 3 ïðîñòîå ÷èñëî è λ 6≡ 0, 1 (mod p). �àññìîòðèì ýëëèïòè÷åñêóþêðèâóþ, çàäàííóþ â �îðìå ßêîáè îäíîðîäíûì ñðàâíåíèåì
Eλ : y2z ≡ x(x− z)(x− λz) (mod p). (1)Îñíîâíûì ðåçóëüòàòîì ïðåäëàãàåìîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëå-äóþùåãî ðåçóëüòàòà.Òåîðåìà 1. Ïóñòü çíà÷åíèÿ −1, λ, 1−λ ÿâëÿþòñÿ êâàäðàòè÷íûìè âû÷å-òàìè ïî ìîäóëþ ïðîñòîãî ÷èñëà p. Òîãäà ïîðÿäêè ãðóïï òî÷åê ýëëèïòè÷åñêèõêðèâûõ
Eλ, E 1

λ
, E1−λ, E 1

1−λ
, E λ

λ−1
, Eλ−1

λ
, (2)ñîâïàäàþò.Äàííûé ðåçóëüòàò èçâåñòåí è åãî äîêàçàòåëüñòâî ìîæåò áûòü íàéäåíî, íà-ïðèìåð, â êíèãå [2℄. Ìåòîä äîêàçàòåëüñòâà îñíîâûâàåòñÿ íà âû÷èñëåíèè â ÿâíîìâèäå è ñðàâíåíèè j-èíâàðèàíòîâ êðèâûõ èç (2).Ïðåäëàãàåìûé íàìè ïîäõîä ê äîêàçàòåëüñòâó òåîðåìû îñíîâàí íà äðóãèõïðèíöèïàõ. Ìû ïîêàçûâàåì, ÷òî ïîðÿäîê ãðóïïû òî÷åê ýëëèïòè÷åñêîé êðèâîé(1) ñîâïàäàåò ñ ïîðÿäêîì ãðóïïû òî÷åê ýëëèïòè÷åñêîé êðèâîé, çàäàííîé ñèñòå-ìîé ñðàâíåíèé

Sλ :=

{
u21 + u22 ≡ 1 (mod p),
λu21 + u23 = 1 (mod p),

(3)ãäå λ 6≡ 0, 1 (mod p). Äàëåå ìû ïðåäúÿâëÿåì â ÿâíîì âèäå ýëåìåíòàðíûå èçî-ìîð�èçìû ìåæäó êðèâûìè
Sλ, S 1

λ
, S1−λ, S 1

1−λ
, S λ

λ−1
, Sλ−1

λ
, (4)îòêóäà ñëåäóåò, ÷òî ïîðÿäêè ãðóïï òî÷åê êðèâûõ (4) ñîâïàäàþò, èç ÷åãî ñëåäóåòäîêàçàòåëüñòâî ñ�îðìóëèðîâàííîé òåîðåìû 1.Äîêàæåì ñëåäóþùåå óòâåðæäåíèå



Î ÍÅÊÎÒÎ�ÛÕ ÑÂÎÉÑÒÂÀÕ ÝËËÈÏÒÈ×ÅÑÊÎÉ Ê�ÈÂÎÉ ßÊÎÁÈ 203Òåîðåìà 2. Äëÿ ïîðÿäêîâ ðàññìàòðèâàåìûõ ãðóïï ýëëèïòè÷åñêèõ êðèâûõ
Sλ è Eλ âûïîëíåíî ðàâåíñòâî |Sλ| = |Eλ|.Äëÿ äîêàçàòåëüñòâî òåîðåìû 2 íàì ïîòðåáóþòñÿ âñïîìîãàòåëüíûå ðåçóëüòà-òû.Ëåììà 1. Ïóñòü p íå÷åòíîå ïðîñòîå ÷èñëî, òîãäà âûïîëíåíû ñëåäóþùèåðàâåíñòâà

p−1∑

u=0

um ≡
{

0, åñëè p− 1 6 |m,
−1, åñëè p− 1 |m, (mod p).

p−1∑

u=0

(
u2 + bu+ c

p

)
=

{
− 1, åñëè p 6 |d,

p− 1, åñëè p|d,ãäå d = b2 − 4c � äèñêðèìèíàíò ìíîãî÷ëåíà u2 + bu+ c.Äîêàçàòåëüñòâî. Ñì. [4℄, ãë. II, �10, ï.4, óòâåðæäåíèå III.Ëåììà 2. Ïóñòü m íàòóðàëüíîå, λ îòëè÷íîå îò íóëÿ è åäèíèöû öåëîå÷èñëî. Òîãäà ó ìíîãî÷ëåíîâ (x−1)m(x−λ)m è (1−x)m(1−λx)m êîý��èöèåíòûïðè xm ñîâïàäàþò è ðàâíû
Dm(λ) = (−1)m

m∑

k=0

(Cm
k )2 λk, (5)ãäå Cm

k =
m!

k!(m− k)! � áèíîìèàëüíûé êîý��èöèåíò.Äîêàçàòåëüñòâî. Èç ðàâåíñòâ
(x− 1)m(x− λ)m =(

m∑

i=0

(−1)m−iCm
i x

i

)(
m∑

j=0

(−1)m−jCm
j λ

m−jxj

)
=

=
2m∑

k=0

∑

i+j=k

(−1)2m−kCm
i C

m
j λ

m−jxk,ñëåäóåò, 
 ó÷åòîì ðàâåíñòâà Cm
i = Cm

m−i, ÷òî êîý��èöèåíò ïðè xm ìíîãî÷ëåíà
(x− 1)m(x− λ)m ðàâåí

∑

i+j=m

(−1)mCm
i C

m
j λ

m−j = (−1)m
m∑

i=0

(Cm
i )

2λi = Dm(λ).
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(1− x)m(1− λx)m = (x− 1)m(λx− 1)m =(

m∑

i=0

(−1)m−iCm
i x

i

)(
m∑

j=0

(−1)m−jCm
j λ

jxj

)
=

=
2m∑

k=0

∑

i+j=k

(−1)2m−kCm
i C

m
j λ

jxk,ïîëó÷àåì, ÷òî êîý��èöèåíò ìíîãî÷ëåíà (1− x)m(1− λx)m ðàâåí Dm(λ).Òåîðåìà 3 (Õàññå). Ïóñòü p > 3 ïðîñòîå ÷èñëî è f(x) ìíîãî÷ëåí òðå-òüåé ñòåïåíè, íå èìåþùèé êðàòíûõ êðàòíûõ êîðíåé ïî ìîäóëþ p. Òîãäà ïîðÿ-äîê ãðóïïû òî÷åê ýëëèïòè÷åñêîé êðèâîé E : y2 ≡ f(x) (mod p) óäîâëåòâîðÿåòíåðàâåíñòâó
|E| = p+ 1 + t, ãäå |t| < 2

√
p.Äîêàçàòåëüñòâî. Ñì. [4℄, ãë. II, �10, ï.6. èëè [1℄, ãëàâà 10.Î÷åâèäíûì ñëåäñòâèåì òåîðåìû Õàññå ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.Ëåììà 3. Ïóñòü p > 3 ïðîñòîå ÷èñëî è f(x) ìíîãî÷ëåí òðåòüåé ñòåïåíè,íå èìåþùèé êðàòíûõ êðàòíûõ êîðíåé ïî ìîäóëþ p, òîãäà

∣∣∣∣∣

p−1∑

x=0

(
f(x)

p

)∣∣∣∣∣ < 2
√
p.Ïåðåéäåì ê äîêàçàòåëüñòâó ñ�îðìóëèðîâàííîé íàìè òåîðåìû 2. Äëÿ ïîðÿä-êà ãðóïïû òî÷åê ýëëèïòè÷åñêîé êðèâîé Eλ, çàäàííîé óðàâíåíèåì (1), âûïîëíåíîðàâåíñòâî

|Eλ| = 1 +

p−1∑

x=0

(
1 +

(
x(x− 1)(x− λ)

p

))
≡

≡ 1 +

p−1∑

x=0

x
p−1
2 (x− 1)

p−1
2 (x− λ) p−1

2 (mod p).Ïîëîæèì m =
p− 1

2
è îáîçíà÷èì h(x) = (x−1)m(x−λ)m =

∑2m
i=0 hix

i. Òîãäà,èñïîëüçóÿ ïåðâîå óòâåðæäåíèå ëåììû 1 è óòâåðæäåíèå ëåììû 2, ïîëó÷èì
p−1∑

x=0

xm(x− 1)m(x− λ)m =

2m∑

x=0

2m∑

i=0

hix
m+i ≡

≡ −
∑

p−1|m+i, i=0,...,2m

hi ≡ −hm ≡ −D p−1
2
(λ) (mod p).
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|Eλ| ≡ 1−D p−1

2
(λ) (mod p). (6)Òåïåðü ðàññìîòðèì ñèñòåìó ñðàâíåíèé (3). Äëÿ |Sλ| âûïîëíåíî ðàâåíñòâî

|Sλ| = N1 +N∞,ãäå N1 ÷èñëî êîíå÷íûõ òî÷åê, à N∞ � ÷èñëî áåñêîíå÷íî óäàëåííûõ òî÷åê, ðàâ-íîå êîëè÷åñòâó ðåøåíèé ñèñòåìû
{

u21 + u22 ≡ 0 (mod p),
λu21 + u23 ≡ 0 (mod p).Âåðíî ðàâåíñòâî

N∞ =

(
1 +

(−1
p

))(
1 +

(−λ
p

))
= 1 +

(−1
p

)
+

(−λ
p

)
+

(
λ

p

)
. (7)Äëÿ ÷èñëà N1 êîíå÷íûõ òî÷åê âûïîëíåíî ðàâåíñòâî

N1 =

p−1∑

u=0

(
1 +

(
1− u2
p

))(
1 +

(
1− λu2

p

))
=

= p+

p−1∑

u=0

(
1− u2
p

)
+

p−1∑

u=0

(
1− λu2

p

)
+

p−1∑

u=0

(
(1− u2) (1− λu2)

p

)
=

= p+Q1 +Q2 +Q3.Ïðèìåíÿÿ âòîðîå óòâåðæäåíèå ëåììû 1 ïîëó÷àåì ðàâåíñòâà
Q1 =

p−1∑

u=0

(
1− u2
p

)
=

(−1
p

) p−1∑

u=0

(
u2 − 1

p

)
= −

(−1
p

)
,

Q2 =

p−1∑

u=0

(
1− λu2

p

)
=

(−λ
p

) p−1∑

u=0

(
u2 − λ−1

p

)
= −

(−λ
p

)
,îòêóäà ñëåäóåò ðàâåíñòâî

N1 = p−
(−1
p

)
−
(−λ
p

)
+Q3. (8)Ñóììèðóÿ âûðàæåíèÿ äëÿ N∞ è N1, ïîëó÷àåì âûðàæåíèå äëÿ |Sλ|

|Sλ| = p+ 1 +

(
λ

p

)
+Q3. (9)
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p− 1

2
, è îáîçíà÷èì g(u) = (1−u)m(1−λu)m =

∑2m
i=0 giu

i.Ó÷èòûâàÿ ïåðâîå óòâåðæäåíèå ëåììû 1 è óòâåðæäåíèå âòîðîé ëåììû, çàïèøåìäëÿ ñóììû Q3 ñðàâíåíèå
Q3 =

p−1∑

u=0

(
(1− u2) (1− λu2)

p

)
≡

p−1∑

u=0

(
1− u2

)m (
1− λu2

)m
(mod p) =

=

p−1∑

u=0

2m∑

j=0

gju
2j (mod p) ≡

≡ −
∑

p−1|2j, j=0,...,2m

gj (mod p) ≡ −gm − g2m (mod p).Èç îïðåäåëåíèÿ ìíîãî÷ëåíà g(u) ñëåäóåò, ÷òî
g2m = λm = λ

p−1
2 ≡

(
λ

p

)
(mod p).Òîãäà Q3 ≡ −D p−1

2
(λ)−

(
λ

p

)
(mod p). Ïîäñòàâëÿÿ ïîëó÷åííîå ñðàâíåíèå âðàâåíñòâî (9) è ñðàâíèâàÿ åãî ñ (6), ïîëó÷èì

|Sλ| ≡ 1−D p−1
2
(λ) ≡ |Eλ| (mod p).Ïîêà ìû äîêàçàëè óòâåðæäåíèå áîëåå ñëàáîå, ÷åì ñ�îðìóëèðîâàííîå â óñëî-âèè òåîðåìû 2. Èç òåîðåìû Õàññå òðèâèàëüíî ñëåäóåò, ÷òî |Eλ| íå ïðåâîñõîäèòâåëè÷èíû â 2p. Èç ðàâåíñòâà (9) è îïðåäåëåíèÿ Q3 òàêæå ñëåäóåò, ÷òî |Sλ| íåïðåâîñõîäèò âåëè÷èíû â 2p. Ñëåäîâàòåëüíî, çíà÷åíèÿ |Eλ| è |Sλ| ëèáî ñîâïàäà-þò, ëèáî îòëè÷àþòñÿ ðîâíî íà âåëè÷èíó p.Îáîçíà÷èì |Eλ| = p+1+ t, òîãäà èç òåîðåìû Õàññå è ñðàâíåíèÿ (6) ñëåäóåò,÷òî

|t| 6 2
√
p, (10)

|t| ≡
∣∣∣D p−1

2
(λ)
∣∣∣ (mod p) (11)Îöåíèì ñâåðõó âåëè÷èíó |Q3|. Ñäåëàåì çàìåíó ïåðåìåííûõ

u =
x

x− 1
èëè u =

u

u− 1
,êîòîðàÿ íå îïðåäåëåíà â òî÷êå x = u = 1. Ïîñêîëüêó

(
1− u2

) (
1− λu2

)
=

(1− 2x)(x2(1− λ)− 2x+ 1)

(x− 1)4
,
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Q3 =

p−1∑

u=0

(
(1− u2) (1− λu2)

p

)
=

p−1∑

u=0, u 6=1

(
(1− u2) (1− λu2)

p

)
=

p−1∑

x=0, x 6=1

(
(1− 2x) ((1− λ)x2 − 2x+ 1)

p

)
=

p−1∑

x=0

(
f(x)

p

)
−
(
λ

p

)
,ãäå f(x) = ((1− λ)x2 − 2x+ 1) (1− 2x) ìíîãî÷ëåí1 òðåòüåé ñòåïåíè. Âîñïîëüçî-âàâøèñü ëåììîé 3 ïîëó÷àåì íåðàâåíñòâî

∣∣∣∣
(
λ

p

)
+Q3

∣∣∣∣ =
∣∣∣∣∣

p−1∑

x=0

(
f(x)

p

)∣∣∣∣∣ 6 2
√
p, (12)èç êîòîðîãî, ó÷èòûâàÿ (9), (10), ïîëó÷èì íåðàâåíñòâî

||Sλ| − |Eλ|| =
∣∣∣∣
(
λ

p

)
+Q3 + t

∣∣∣∣ 6 4
√
p.Ñëåäîâàòåëüíî çíà÷åíèÿ |Eλ| è |Sλ| ñîâïàäàþò. Òåîðåìà 2 äîêàçàíà.Äëÿ ïîñòðîåíèÿ îòîáðàæåíèé ìåæäó êðèâûìè èç (4) íàì ïîòðåáóåòñÿ ðàñ-ñìîòðåòü êîíå÷íîå ðàñøèðåíèå ïîëÿ èç p ýëåìåíòîâ. Îïðåäåëèì ýëåìåíòû i, κ1,

κ2 êàê ðåøåíèÿ ñðàâíåíèé
i2 ≡ −1 (mod p), κ21 ≡ λ (mod p), κ22 ≡ 1− λ (mod p).Â ñëó÷àå, åñëè îäíî èç çíà÷åíèé −1, λ, 1−λ íå ÿâëÿåòñÿ êâàäðàòè÷íûì âû÷åòîìïî ìîäóëþ p, òî ñîîòâåòñòâóþùèé ýëåìåíò ïðèíàäëåæèò ðàñøèðåíèþ ïîëÿ èç

p ýëåìåíòîâ.Èñïîëüçóÿ ââåäåííûå îáîçíà÷åíèÿ, â ÿâíîì âèäå ïðåäúÿâèì îòîáðàæåíèÿ,çàäàþùèå âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó òî÷êàìè ýëëèïòè÷åñêîéêðèâîé Sλ è òî÷êàìè êðèâûõ èç (4).
S 1

λ
: v1 = κ1u2, v2 = κ2u4, v3 = κ2u1, v4 = u3,

S1−λ : v1 = u3, v2 = iκ1u2, v3 = κ1κ2u1, v4 = κ2u4,

S 1
1−λ

: v1 = u3, v2 = κ1u1, v3 = iκ1κ2u2, v4 = u4,

S λ
λ−1

: v1 = u2, v2 = u1, v3 =
u3
κ2
, v4 = u4,

Sλ−1
λ

: v1 = iκ1u2, v2 = u3, v3 = κ2u1, v4 = κ2u4,1Êîðíè ìíîãî÷ëåíà f(x) ðàâíû 1

2
, 1

1+
√

λ
, 1

1−
√

λ
. Ïðè λ 6= 0, 1 âñå êîðíè ðàçëè÷íû.



208 À. Þ. ÍÅÑÒÅ�ÅÍÊÎÂ ñëó÷àå, êîãäà çíà÷åíèÿ −1, λ, 1 − λ ÿâëÿþòñÿ êâàäðàòè÷íûìè âû÷åòîìïî ìîäóëþ p, ïðèâåäåííûå îòîáðàæåíèÿ îïðåäåëåíû íàä êîíå÷íûì ïîëåì èç pýëåìåíòîâ è ïåðåâîäÿò ðàöèîíàëüíûå òî÷êè êðèâîé Sλ â ðàöèîíàëüíûå òî÷êèêðèâûõ èç (4). Ñëåäîâàòåëüíî, ïîðÿäêè ãðóïï òî÷åê ýòèõ êðèâûõ ñîâïàäàþò.Èç ïîñëåäíåãî çàìå÷àíèÿ è óòâåðæäåíèÿ òåîðåìû 2, âûòåêàåò äîêàçàòåëüñòâîñ�îðìóëèðîâàííîé â íà÷àëå ñòàòüè òåîðåìû 1.ÑÏÈÑÎÊ ÖÈÒÈ�ÎÂÀÍÍÎÉ ËÈÒÅ�ÀÒÓ�Û[1℄ �åëü�îíä À.Î., Ëèííèê Þ.Â. Ýëåìåíòàðíûå ìåòîäû â òåîðèè ÷èñåë. �Ì.:Ôèçìàòãèç, 1962. � 272 ñ.[2℄ Ëåíã Ñ. Ýëëèïòè÷åñêèå �óíêöèè. � Ì.:Íàóêà, 1984. � 312 
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