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The paper des
ribes the topologi
al stru
ture of the maximal ideal spa
e of

the algebra of bounded holomorphi
 fun
tions on a 
overing of a bordered

Riemann surfa
e. Some appli
ations of the obtained results to the theory

of bounded operator-valued holomorphi
 fun
tions on Riemann surfa
es

are presented.

�1. Introdu
tion

1.1. Let r : R̃ → R be an unbran
hed 
overing of a bordered Riemann sur-

fa
e R. Our main goal in this paper is to give a topologi
al des
ription of the

maximal ideal spa
e M(H∞(R̃)) of the Bana
h algebra H∞(R̃) of bounded

holomorphi
 fun
tions on R̃ equipped with pointwise multipli
ation and the

supremum norm. Most of the present results were established in the author's

earlier papers. In this paper, we provide a brief overview of these results.

Re
all that M(H∞(R̃)) is the set of nonzero homomorphisms

ϕ : H∞(R̃) → C

endowed with the Gelfand topology, the weak

∗
topology indu
ed by (H∞(R̃))∗.

It is a 
ompa
t subspa
e of (H∞(R̃))∗. The algebra H∞(R̃) separates points

of R̃ and ea
h evaluation fun
tional δx of fun
tions in H∞(R̃) at x ∈ R̃

is an element of M(H∞(R̃)). Hen
e, the 
orresponden
e x 7→ δx embeds R̃

into M(H∞(R̃)) as an open subset. The 
orona theorem proved in [4℄ states

that R̃ is dense in M(H∞(R̃)). This result is derived from the 
lassi
al Car-

leson 
orona theorem [15℄ for H∞(D), where D is the open unit disk in C, by
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means of a Forelli-type proje
tion 
onstru
ted in [4℄ applied to fun
tions in

H∞(D). The fun
tions in H∞(R̃) are 
ontinuously extended to M(H∞(R̃)) by

means of the Gelfand transform :̂ H∞(R̃) → C(M(H∞(R̃))), â(ϕ) := ϕ(a).

Here C(M(H∞(R̃))) is the algebra of 
ontinuous 
omplex-valued fun
tions on

M(H∞(R̃)) equipped with the supremum norm.

1.2. The topologi
al stru
ture of the maximal ideal spa
e M(H∞(D)) is well

understood. In the 
urrent paper, we fo
us on properties of M(H∞(R̃)) anal-
ogous to the following properties of M(H∞(D)).

Re
all that for a 
ommutative unital 
omplex Bana
h algebra A the Gleason

parts are the equivalen
e 
lasses in its maximal ideal spa
e de�ned by the

relation ‖ϕ− ξ‖A∗ < 2.
(a) Ea
h Gleason part ofM(H∞(D)) is either an analyti
 disk or a point. The

former 
ase means that there is a 
ontinuous one-to-one map Lξ : D → P (ξ)

onto the Gleason part P (ξ) 
ontaining ξ su
h that f̂ ◦ Lξ ∈ H∞(D) for every
f ∈ H∞(D). Moreover, P (ξ) is an analyti
 disk if and only if ξ belongs to

the 
losure of an interpolating sequen
e for H∞(D). In parti
ular, the set of

nontrivial Gleason parts is an open dense subset of M(H∞(D)). These 
lassi
al
results are due to Ho�man [19℄.

(b) The 
overing dimension of M(H∞(D)) is 2, the set of trivial Gleason

parts of M(H∞(D)) is totally dis
onne
ted, and the

�

Ce
h 
ohomology group

H2(M(H∞(D)),Z) is trivial. These important results are established by Su�arez

[27, 28℄ (see also [7℄ for alternative proofs).

(
) M(H∞(D)) is the Freudenthal (end) 
ompa
ti�
ation of the set of its

nontrivial Gleason parts, see [7℄.

In a forth
oming paper, we will use the present results to develop a Stein-

like theory and the Oka�Grauert prin
iple on M(H∞(R̃)) analogous to those

on M(H∞(D)), see [8, 9℄.

1.3. It is well known (see, e.g., [29, Se
tion 8℄) that R 
an be regarded as a

domain in a 
ompa
t Riemann surfa
e S su
h that

S \ R̄ =
k⊔

i=1

Di, (1)

where the Di are open disks with analyti
 boundaries ∂Di and R̄ ⊂ S is the


losure of R.
Let A(R) be the Bana
h algebra of bounded holomorphi
 fun
tions on R


ontinuous up to the boundary equipped with the supremum norm. Sin
e an

open proper neighborhood of R̄ in S is Stein, A(R) separates points of R̄. The
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pullba
k by r (hereafter denoted as r∗) maps A(R) isometri
ally into H∞(R̃);
hen
e, the transpose of r∗ indu
es a 
ontinuous surje
tive map

r̂ : M(H∞(R̃)) → R̄

su
h that r̂|
R̃
= r. Thus,

M(H∞(R̃)) = r̂−1(R) ⊔

k⊔

i=1

r̂−1(∂Di). (2)

The paper is organized as follows.

In ��2 and 3, we des
ribe the stru
ture of r̂−1(R) and r̂−1(∂Di).
In �4, we formulate some results on dimension, 
ohomology and the end


ompa
ti�
ation for M(H∞(R̃)).
�5 
ontains some appli
ations of the obtained results in the theory of boun-

ded operator-valued holomorphi
 fun
tions on Riemann surfa
es.

In �6, we 
olle
t some results on interpolating sequen
es for H∞(R̃).
Finally, �7 
ontains proofs of new results of the paper.

�2. Stru
ture of r̂
−1(R)

For proofs of results of this se
tion, see, e.g., [3, Subse
tion 2.1℄, [5, Subse
-

tion 2.2℄. Also, for basi
 properties of �ber bundles, see, e.g., [21℄.

We 
onsider the 
overing r : R̃ → R as a �ber bundle over R with a dis
rete

�ber F , the quotient of the fundamental group π1(R) by the a
tion of its

subgroup π1(R̃) by left multipli
ations. Let E(R, βF ) be the spa
e obtained

from R̃ by taking the Stone-

�

Ce
h 
ompa
ti�
ation of �bers under r. Then the

following holds:

(2.A) E(R, βF ) is a lo
ally 
ompa
t Hausdor� spa
e of 
overing dimension 2;

(2.B) r extends to a 
ontinuous map

rE : E(R, βF ) → R

su
h that

(
E(R, βF ), R, rE , βF

)
is a �ber bundle over R with �ber βF ;

(2.C) R̃ embeds in E(R, βF ) as an open dense subbundle.

Re
all that for a normal spa
e X, the 
overing dimension dimX is at most n
if every open 
over of X 
an be re�ned by an open 
over whose order is at

most n + 1. If dimX 6 n and the statement dimX 6 n − 1 is false, then

dimX = n.

If K ⊂ S is a 
ompa
t set and K̃ = r−1(K), KE = r−1
E (K), then K̃ is dense

in KE and a bounded 
ontinuous fun
tion on K̃ admits a 
ontinuous extension

to the 
ompa
t set KE if and only if it is uniformly 
ontinuous with respe
t
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to the path metri
 on R̃ indu
ed by the pullba
k by r of a Riemannian metri


on S. In parti
ular, this is valid for restri
tions to K̃ of bounded holomorphi


fun
tions de�ned on Ũ = r−1(U), where U is an open neighborhood of K.

Hen
e,

(2.D) every fun
tion f ∈ H∞(R̃) admits an extension f̂ ∈ C(E(R, βF ));
moreover, the algebra formed by these extensions separates points of

E(R, βF ).

Thus, there is an inje
tive 
ontinuous map ι of E(R, βF ) inM(H∞(R̃)) sending

x ∈ E(R, βF ) to the evaluation fun
tionals δx of fun
tions f̂ at x. In fa
t,

(2.E) ι : E(R, βF ) → M(H∞(R̃)) is a topologi
al embedding whose image


oin
ides with the open set r̂−1(R).

Therefore, without loss of generality we may identify r̂−1(R) and E(R, βF );
hen
e, rE = r̂|E(R,βF ).

Next, a path-
omponent of a topologi
al spa
e X is an equivalen
e 
lass

of X under the equivalen
e relation: x ∼ y if there is a path from x to y, i.e.,
a 
ontinuous map γ : [0, 1] → X su
h that γ(0) = x and γ(1) = y.

The spa
e E(R, βF ) is the disjoint union of nontrivial path-
omponents.

Moreover, if C is a path-
omponent of E(R, βF ), then rE |C : C → R is a

subbundle of rE : E(R, βF ) → R with a �ber FC ⊂ βF , the orbit of a point

under the right a
tion of π1(R) on βF extending by 
ontinuity the right a
tion

of π1(R) on F : (g, π1(R̃) · h) 7→ π1(R̃) · (h · g); here π1(R̃) · h ∈ F is the orbit

of h ∈ π1(R) under the left a
tion of π1(R̃). In parti
ular, if F is in�nite, then

the 
ardinality of the set of path-
omponents of E(R, βF ) is the same as that

of βF ∼= βN, i.e., 2c. By the de�nition, we also have

(2.F) for every path-
omponent C there is a 
onne
ted unbran
hed 
overing

rC : C ′ → R with a dis
rete �ber FC′
and a 
ontinuous inje
tive map

iC : C ′ → E(R, βF ) su
h that iC(C
′) = C and r ◦ iC = rC .

The map iC is not ne
essarily a topologi
al embedding (but 
learly it is a lo
al

embedding), see [3℄. In addition, if π1(R̃) is a normal subgroup of π1(R) (in this


ase the 
overing r : R̃ → R is said to be regular), then all C ′
are biholomorphi


to R̃.

Let U ⊂ M(H∞(R̃)) be an open set. A 
ontinuous fun
tion f on U is

said to be holomorphi
 if its restri
tion to U ∩ R̃ (whi
h is an open dense

subset of U by the 
orona theorem) is holomorphi
 in the standard sense.

The spa
e of fun
tions holomorphi
 on U is denoted by O(U). Next, if X is

a 
omplex analyti
 spa
e, then a 
ontinuous map F : X → M(H∞(R̃)) is said
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to be holomorphi
 if for every open U ⊂ M(H∞(R̃)) and every f ∈ O(U) the
fun
tion F ∗f = f ◦ F is holomorphi
 on the open subset F−1(U) ⊂ X.

In a

ordan
e with this de�nition, every map

iC : C ′ → E(R, βF ) ⊂ M(H∞(R̃))

in (2.F) is a holomorphi
 inje
tion (see, e.g., [3, Lemma 3.2℄ for the proof). In

parti
ular, if r : R̃ → R is the universal 
overing of R, i.e., if R̃ is biholomor-

phi
 to D, then every C ′
is biholomorphi
 to D and ι : C ′ → M(H∞(R̃)) ∼=

M(H∞(D)) is a maximal analyti
 disk in the sense of Ho�man.

1

In this 
ase,

the image of C ′
is a Gleason part ofM(H∞(R̃)). In general, every Gleason part

of M(H∞(R̃)) interse
ting E(R, βG) is the union of some path-
omponents of

E(R, βG). However, it is still unknown whether there are Gleason parts of

M(H∞(R̃)) 
ontaining more than one path-
omponent of E(R, βG).

�3. Stru
ture of r̂
−1(∂Di)

Let us 
hoose some open disks D′
i ⊂ S 
ontaining Di su
h that ea
h

Ai = D′
i \Di ⊂ S is biholomorphi
 up to the boundary to an annulus

A := {z ∈ C : c < |z| < 1}

with ∂Di homeomorphi
 to the outer boundary 
ir
le, see (1). We set

Ãi = r−1(Ai), 1 6 i 6 k.

By de�nition, ea
h 
onne
ted 
omponent of Ãi is biholomorphi
 either to an

annulus or to D. If the 
overing is not regular, then these 
omponents are not

ne
essarily biholomorphi
. We 
over Ai by two open sets Ai1, Ai2 biholomor-

phi
 (by the above 
hosen biholomorphism between Ai and A) to

A1=
{
z=reiθ∈ A : − π<θ<

π

2

}
and A2=

{
z=reiθ∈A : 0<θ<

3π

2

}
,

respe
tively, and set

Ãij = r−1(Aij).

Then, ea
h 
onne
ted 
omponent of Ãij is biholomorphi
 by means of r to Aij ;

hen
e, Ãij is biholomorphi
 to Aij × F .

We denote by ∂oAij = Aij ∩ ∂Di the part of the `outer' boundary of Aij .

Now, [10, Proposition 3.2℄ implies that

(3.A) every fun
tion in H∞(Ãij) has a 
ontinuous extension to

r̂−1(Aij ∪ ∂oAij).

1

This follows from (4.A) of �4.
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Let qj : M(H∞(Ãij)) → M(H∞(R̃)) be 
ontinuous maps transposed to the

isometri
 embeddings H∞(R̃) →֒ H∞(Ãij) de�ned by restri
tions of fun
-

tions on R̃ to Ãij , j = 1, 2. Here, qj|Ãij
is the natural in
lusion of Ãij into

M(H∞(R̃)). Then, due to the 
orona theorem for H∞(R̃), the image of qj

oin
ides with r̂−1(Aij). Now, as a 
onsequen
e of (3.A) one obtains that qj
maps (r̂ ◦ qj)

−1(Aij ∪ ∂oAij) bije
tively onto r̂−1(Aij ∪ ∂oAij), see [10, Corol-
lary 3.4℄. Hen
e, qj maps every 
ompa
t subset of (r̂ ◦qj)

−1(Aij ∪∂oAij) home-

omorphi
ally onto its image, and sin
e (r̂ ◦ qj)
−1(Aij ∪ ∂oAij) is σ-
ompa
t

as it is the union of 
ountably many 
ompa
t subspa
es (r̂ ◦ qj)
−1(K), where

K ⊂ Aij ∪ ∂oAij is 
ompa
t,

(3.B) qj : (r̂ ◦ qj)
−1(Aij ∪ ∂oAij) → r̂−1(Aij ∪ ∂oAij) is a homeomorphism.

Next, by the Caratheodory theorem, Aij is biholomorphi
 up to the bound-

ary to D and this biholomorphism maps ∂oAij homeomorphi
ally onto an open

ar
 γ ⊂ ∂D. Hen
e, there is a map ϕij : D× F → Ãij biholomorphi
 up to the

boundary that 
an be extended to a homeomorphism

ϕ̂ij : M(H∞(D × F )) → M(H∞(Ãij))

su
h that

ϕ̂−1
ij

(
(r̂ ◦ qj)

−1(Aij ∪ ∂oAij)
)
= p̂−1(D ∪ γ). (3)

Here p̂ : M(H∞(D × F )) → D̄ is the 
ontinuous extension of the proje
tion

onto the �rst 
oordinate p : D× F → D.

Thus,

(3.C) qj ◦ ϕ̂ij maps p̂−1(D ∪ γ) biholomorphi
ally onto r̂−1(Aij ∪ ∂oAij).

This means that the pullba
k (qj ◦ ϕ̂ij)
∗
of the homeomorphism qj ◦ ϕ̂ij sends

holomorphi
 fun
tions on open subsets of r̂−1(Aij ∪ ∂oAij) to holomorphi


fun
tions on their preimages in p̂−1(D ∪ γ).

The stru
ture ofM(H∞(D×F )) was des
ribed in [11℄. Spe
i�
ally, sin
e the

algebra H∞(D× F ) is logmodular on its Shilov boundary (see [2, Lemma 2℄),

the general result of Ho�man [20℄ implies that the Gleason parts of

M(H∞(D× F )) are either points or analyti
 disks. Moreover, a point belongs

to an analyti
 disk if and only if it is in the 
losure of an interpolating sequen
e

for H∞(D×F ), and the set of trivial (i.e., one-point) Gleason parts is 
ompa
t

and totally dis
onne
ted, see [11, Theorems 2.4 and 2.6℄. Hen
e, sin
e by (3.C)

r̂−1(∂Di) is 
overed by two open sets biholomorphi
 to p̂−1(D ∪ γ), using (3)

we obtain

(3.D) r̂−1(∂Di) is the disjoint union of the set 
ontaining all analyti
 disks

and a 
ompa
t totally dis
onne
ted set.
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Moreover, all analyti
 disks in r̂−1(∂Di) lie in the union of 
losures of interpo-

lating sequen
es for H∞(Ãij), j = 1, 2. We strengthen this as follows (see �7

for the proof).

Theorem 3.1. A point belongs to an analyti
 disk in r̂−1(∂Di) if and only if

it is in the 
losure of an interpolating sequen
e for H∞(R̃).

Finally, in 
onne
tion with the 
lassi
al Ho�man theorem [19℄ forM(H∞(D)),
it is natural to ask whether every maximal analyti
 disk in r̂−1(∂Di) is a Glea-

son part of M(H∞(R̃)) and the 
omplement in r̂−1(∂Di) of the set of maximal

analyti
 disks 
onsists of one-point Gleason parts of M(H∞(R̃)).

�4. Other properties of M(H∞(R̃))

Let Ma ⊂ M(H∞(R̃)) be the union of E(R, βF ) and the set of maximal

analyti
 disks in r̂−1(∂Di), 1 6 i 6 k, and let Ms = M(H∞(R̃)) \ Ma.

Then (3.D) implies that Ms is totally dis
onne
ted. Also, by the 
onstru
tion

of the proof of [11, Theorem 2.4℄, one dedu
es that Ms has the same 
ardinality

as the set of trivial Gleason parts of M(H∞(D)), i.e., 2c. In turn, Ma is an

open dense subset of M(H∞(R̃)) satisfying the following property.

(4.A) The image of a 
onne
ted and lo
ally 
onne
ted spa
e under a 
ontin-

uous map into Ma lies either in a maximal analyti
 disk in r−1(∂Di),
i = 1, . . . , k, or in a path-
omponent of E(R, βF ) (see (2.G)).

This result follows straightforwardly from [3, Proposition 2.3 (
)℄ and [11, The-

orem 2.5(d)℄ applied to the open subsets E(R, βF ) and r̂−1(Aij ∪ ∂oAij) \Ms

of Ma.

Next, due to [4, Theorem 1.9℄ every �ber of r : R̃ → R is an interpolating

sequen
e for H∞(R̃). Sin
e these �bers are dense in �bers of r̂ : E(R, βF ) → R,
see �2, ea
h point of E(R, βF ) lies in the 
losure of an interpolating sequen
e

for H∞(R̃). Combining this with Theorem 3.1 we get the following fa
t.

(4.B) A point belongs to Ma if and only if it is in the 
losure of an interpo-

lating sequen
e for H∞(R̃).

Next, we des
ribe M(H∞(R̃)) as the end 
ompa
ti�
ation of Ma.

Let X be a semi
ompa
t Hausdor� spa
e, i.e., every point of X has arbi-

trarily small neighborhoods with 
ompa
t boundaries. The Freudenthal 
om-

pa
ti�
ation γ(X) of X is a unique (up to homeomorphism) Hausdor� 
om-

pa
ti�
ation of X, i.e., a 
ompa
t Hausdor� spa
e 
ontaining X as an open

dense subset, having the following properties:
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(a) γ(X) \X is zero-dimensionally embedded in γ(X), i.e., for ea
h point

x ∈ γ(X) \X and a neighborhood U of x there exists a neighborhood

V ⊂ U of x whose boundary lies in X;

(b) γ(X) is maximal with respe
t to (a). That is, if c(X) is a Hausdor�


ompa
ti�
ation of X su
h that c(X)\X is zero-dimensionally embed-

ded in c(X), then the identity map on X has a 
ontinuous extension

from γ(X) to c(X).

Also, the Freudenthal 
ompa
ti�
ation γ(X) 
an be de�ned as follows.

Let C̄fin(X) be the 
losure in Cb(X) of the algebra Cfin(X) of all fun
tions f
for whi
h there is a 
ompa
t subset K ⊂ X su
h that f(X \K) ⊂ C is �nite.

Then the maximal ideal spa
e of C̄fin(X) is homeomorphi
 to γ(X).
The following result is analogous to [7, Theorem 4.1℄.

Theorem 4.1. M(H∞(R̃)) 
oin
ides with γ(Ma).

The proof of this result is given in �7.

Now, we formulate a result on the dimension and 
ohomology ofM(H∞(R̃))
proved in [10, Theorem 1.3℄ and similar to results of Su�arez [27℄ forM(H∞(D)).

(4.C) The 
overing dimension dimM(H∞(R̃)) equals 2, and the

�

Ce
h 
oho-

mology group H2(M(H∞(R̃)),Z) is 0.

Further, as proved in [13, Theorem 1.1℄ by means of the Treil theorem [30℄,

the Bass stable rank of H∞(R̃) is 1 (this means that for every f, g ∈ H∞(R̃)

satisfying f1f + g1g = 1 for some f1, g1 ∈ H∞(R̃), there exists G ∈ H∞(R̃)

su
h that Φ = f + gG is invertible in H∞(R̃), see [1℄). From here by the


ohomologi
al interpretation of the Bass stable rank, see [16℄, we dedu
e the

following property of M(H∞(R̃)).

Let Z(I) = {ξ ∈ M(H∞(R̃)) : f̂(ξ) = 0 ∀f ∈ I} be the zero set of a proper

ideal I ⊂ H∞(R̃).

(4.D) The in
lusion Z(I) →֒ M(H∞(R̃)) indu
es an epimorphism of the 
o-

homology groups H1(M(H∞(R̃)),Z) → H1(Z(I),Z).

Let H∞
I = C + I be the unital 
losed subalgebra of H∞(R̃) generated by

a proper 
losed ideal I ⊂ H∞(R̃). In parti
ular, if I is a maximal ideal, then

H∞
I = H∞(R̃). The 
orona theorem for H∞

I 
an be derived from the 
orona

theorem for H∞(R̃) by the argument of the proof of Theorem 1.6 in [24℄. Then,

using (4.C) and (4.D) and arguing exa
tly as in the proof of [9, Proposition 2.1℄

one dedu
es that there is a 
ontinuous surje
tive map

QI : M(H∞(R̃)) → M(H∞
I )

sending Z(I) to a point and one-to-one outside of I(Z). Moreover,
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(4.E) dimM(H∞
I ) = 2 and H2(M(H∞

I ),Z) = 0.

�5. Appli
ations

5.1. In this se
tion, we formulate a 
orollary to [14, Theorem 1.7℄, whi
h relies

heavily on property (4.E) of M(H∞
I ).

In what follows, for a 
omplex Bana
h algebra A with unit 1 we denote

by A−1
the group of invertible elements. It is a 
omplex Bana
h Lie group.

By A−1
0 ⊂ A−1

we denote the 
onne
ted 
omponent 
ontaining 1. Also, by

A−1
l = {a ∈ A : ∃ b ∈ A such that ba = 1} we denote the set of left-invertible

elements of A and by idA = {a ∈ A : a2 = a} the set of idempotents of A.

The group A−1
0 a
ts on A−1

l by left multipli
ations:

A−1
0 ×A−1

l ∋ (g, a) 7→ ga ∈ A−1
l .

The stabilizer of a ∈ A−1
l under this a
tion is a 
omplex Lie subgroup A−1

0 (a) ⊂

A−1
0 of elements g satisfying ga = a.

In turn, A−1
0 a
ts on idA by similarity transformations:

A−1
0 × idA ∋ (g, a) 7→ gag−1 ∈ idA,

and the stabilizer of a ∈ idA under this a
tion is a 
omplex Lie subgroup

A−1
0 (a) ⊂ A−1

0 of elements g satisfying gag−1 = a.

Let H∞
I ⊂H∞(R̃) be the subalgebra generated by a proper ideal I⊂H∞(R̃).

For a 
omplex Bana
h algebra A with unit 1, we denote by C(M(H∞
I ), A) the

Bana
h algebra of A-valued 
ontinuous fun
tions F on M(H∞
I ) equipped with

the norm

‖F‖ := max
ξ∈M(H∞

I
)
‖F (ξ)‖A.

Let H∞
I ⊗̂εA be the inje
tive tensor produ
t of H∞

I and A. It is naturally

identi�ed with the 
losure in C(M(H∞
I ), A) of the subalgebra of fun
tions of

the form

n∑

i=1

fiai, fi ∈ H∞
I , ai ∈ L(X), n ∈ N.

Now, using property (4.E), we obtain (see [14, Theorem 1.7℄ for the proof):

(5.A) let F ∈ id(H∞
I ⊗̂εA) be su
h that for some ξ ∈ M(H∞

I ) the stabi-

lizer A−1
0 (F (ξ)) ⊂ A−1

0 of F (ξ) ∈ idA is 
onne
ted, then there exists

G ∈ (H∞
I ⊗̂εA)

−1
0 su
h that GFG−1 = F (ξ);

(5.B) let F ∈ (H∞
I ⊗̂εA)

−1
l be su
h that for some ξ ∈ M(H∞

I ) the stabi-

lizer A−1
0 (F (ξ)) ⊂ A−1

0 of F (ξ) ∈ A−1
l is 
onne
ted, then there exist

G ∈ (H∞
I ⊗̂εA)

−1
0 su
h that GF = F (ξ).
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5.2. Example. Let L(X) be the Bana
h algebra of bounded linear opera-

tors on a 
omplex Bana
h spa
e X equipped with the operator norm. By

IX ∈ L(X) we denote the identity operator and by GL(X) ⊂ L(X) the set

of invertible bounded linear operators on X. Clearly, L(X)−1 = GL(X). By
GL0(X)⊂GL(X) we denote the 
onne
ted 
omponent of IX . Ea
h E∈ idL(X)
determines a dire
t sum de
omposition X = X0

E ⊕X1
E, where X

0
E = kerE and

X1
E = ker (IX −E). It is easily seen that the stabilizer GL0(X)(E) ⊂ GL0(X)


onsists of operators B ∈ GL0(X) su
h that B(Xk
E) ⊂ Xk

E , k = 0, 1. In par-

ti
ular, restri
tions of operators in GL0(X)(E) to Xk
E determine a monomor-

phism of 
omplex Bana
h Lie groups SE : GL0(X)(E) → GL(X0
E)⊕GL(X1

E).

Moreover, SE is an isomorphism if GL(Xk
E), k = 0, 1, are 
onne
ted.

Now, (5.A) leads to the following statement.

(A) Let F ∈ id(H∞
I ⊗̂εL(X)) be su
h that for some ξ ∈ M(H∞

I ) and E =
F (ξ) ∈ idL(X), the groups GL(X0

E) and GL(X1
E) are 
onne
ted. Then there

exists G ∈ (H∞
I ⊗̂εL(X))−1

0 su
h that GFG−1 = E.

In parti
ular, this is valid if X is one of the spa
es: a �nite-dimensional

spa
e, a Hilbert spa
e, c0 or ℓp, 1 6 p 6 ∞. Indeed, GL(X) is 
onne
ted if

dimCX < ∞ and 
ontra
tible for other spa
es of the list, see, e.g., [23℄ and

referen
es therein. Moreover, ea
h subspa
e of a Hilbert spa
e is Hilbert, and

if X is either c0 or ℓp, 1 6 p 6 ∞, then its in�nite-dimensional 
omplemented

subspa
es are isomorphi
 to X as well, see [26, 22℄. This provides the required


ondition in (A). Note also that there are 
omplex Bana
h spa
es X with

dis
onne
ted groups GL(X), see, e.g., [17℄.

Further, ea
h E ∈ L(X)−1
l determines a 
omplemented subspa
e X1 =

ranE ⊂ X isomorphi
 to X. Then the stabilizer GL0(X)(E) ⊂ GL0(X) of E

onsists of operators B ∈ GL0(X) su
h that B|X1

= IX1
. If X2 ⊂ X is a


omplement to X1, then ea
h B ∈ GL0(X)(E) has a form

B =

(
IX1

C
0 D

)
, where D ∈ GL(X2) and C ∈ L(X2,X1); (4)

here L(X2,X1) is the Bana
h spa
e of bounded linear operators X2 → X1.

Thus GL0(X)(E) is homotopy equivalent to the subgroup of GL(X2) (iso-

morphi
 to GL(X/X1)) of operators D su
h that diag (IX1
,D) ∈ GL0(X). In

parti
ular, this subgroup 
oin
ides with GL(X2) if the latter is 
onne
ted.
Now, (5.B) leads to the following statement.

(B) Let F ∈ (H∞
I ⊗̂εL(X))−1

l be su
h that for some ξ ∈ M(H∞
I ) and E =

F (ξ) ∈ L(X)−1
l the 
orresponding group GL(X/X1) is 
onne
ted. Then there

exists G ∈ (H∞
I ⊗̂εL(X))−1

0 su
h that F = GE.

We identify X with X1 by E and regard F as an element of
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H∞
I ⊗̂εL(X1,X1 ⊕X2) and E as an operator in L(X1,X1 ⊕X2). Then

F =

(
F1

F2

)
, G =

(
G11 G12

G21 G22

)
and E =

(
IX1

0

)
,

where

Fi ∈ H∞
I ⊗̂εL(X1,Xi) and Gii ∈ H∞

I ⊗̂εL(Xi), i = 1, 2,

Gij ∈ H∞
I ⊗̂εL(Xj ,Xi), i, j ∈ {1, 2}, i 6= j.

Now, the equation F = GE implies that

F1 = G11, F2 = G21,

i.e., F extends to an invertible element

G ∈ (H∞
I ⊗̂εL(X1 ⊕X2))

−1
0 .

Thus, statement (B) and the Bo
hner�Phillips�Allan�Markus�Sementsul the-

ory, see, e.g., [25, Theorem 9.2.7℄, yield:

(B

′
) let U⊂M(H∞

I ) be a dense subset and let ξ∈U. Suppose that

F ∈ H∞
I ⊗̂εL(Y1, Y2),

where Yi, i = 1, 2, are 
omplex Bana
h spa
es, is su
h that for ea
h λ ∈ U
there is a left inverse Gλ of F (λ) ∈ L(Y1, Y2) satisfying

sup
λ∈U

‖Gλ‖L(Y2,Y1) < ∞. (5)

Let Y = kerGξ be su
h that GL(Y ) is 
onne
ted. Then, there exist elements

H ∈ H∞
I ⊗̂εL(Y1⊕Y, Y2),G ∈ H∞

I ⊗̂εL(Y2, Y1⊕Y ) su
h that for all ν ∈ M(H∞
I )

we have

H(ν)G(ν) = IY2
, G(ν)H(ν) = IY1⊕Y and H(ν)|Y1

= F (ν).

Statement (B

′
) is obtained from (B) if we set X1 = Y1, X2 = Y , and X = Y2.

Note that GL(Y ) is 
onne
ted in the following 
ases (see, e.g., [6, Corollary℄

for the referen
es): (1) dimCY < ∞; (2) Y2 is isomorphi
 to a Hilbert spa
e or

c0 or one of the spa
es ℓ
p
, 1 6 p 6 ∞; (3) Y2 is isomorphi
 to one of the spa
es

Lp[0, 1], 1 < p < ∞, or C[0, 1] and Y1 is not isomorphi
 to Y2.

�6. Interpolating sequen
es for H∞(R̃)

We re
all the following de�nition.

Let X be a 
omplex analyti
 spa
e su
h that the algebra of bounded holo-

morphi
 fun
tions H∞(X) separates points of X. A sequen
e {xn}n∈N ⊂ X is
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said to be interpolating for H∞(X) if for every bounded sequen
e {cn}n∈N ⊂ C

there is a fun
tion f ∈ H∞(X) with

f(xn) = cn for all n ∈ N. (6)

By the Bana
h open mapping theorem su
h an f ∈ H∞(X) 
an be 
hosen to

satisfy

‖f‖H∞(X) := sup
X

|f | 6 L sup
n∈N

|cn|

for some L depending only on {xn}n∈N. The optimal L here is 
alled the


onstant of interpolation of {xn}n∈N.

Let ru : D → R̃ be the universal 
overing map. Due to [4, Theorem 1.9℄, for

every z ∈ R̃ the sequen
e r−1
u (z) ∈ D is interpolating for H∞(D). Thus, we


an de�ne a Blas
hke produ
t Bz ∈ H∞(D), z ∈ R̃, with simple zeros at all

points of r−1
u (z). If B′

z is another Blas
hke produ
t with the same property,

then B′
z = aBz for some a ∈ C, |a| = 1. In parti
ular, the logarithmi
ally

subharmoni
 fun
tion |Bz| is invariant with respe
t to the a
tion on D of the

de
k transformation group π1(R̃). Hen
e, there is a nonnegative logarithmi
ally

subharmoni
 fun
tion Pz on R̃ with the only zero at z su
h that r∗uPz = |Bz|.

It is also 
lear that Pz(y) = Py(z) for any y, z ∈ R̃, and sup
R̃
Pz = 1. Now,

Proposition 1.13 of [4℄ asserts that

(6.A) a sequen
e {zi}i∈N ⊂ R̃ is interpolating for H∞(R̃) if and only if

inf
j

{ ∏

k : k 6=j

Pzk(zj)

}
=: δ > 0.

The number δ, the 
hara
teristi
 of the interpolating sequen
e {zi}
∞
i=1, plays

the same role as its 
ounterpart for H∞(D), see, e.g., [18℄, [4, Subse
tion 1.3℄.

Next, as follows from [4, Theorem 1.9℄,

(6.B) a sequen
e in R̃ is interpolating for H∞(R̃) if and only if its preimage

under ru is an interpolating sequen
e for H∞(D).

Now, we present a new result on interpolating sequen
es for H∞(R̃) that

will be used in the proof of Theorem 3.1.

Given F = {f1, . . . , fn} ⊂ H∞(R̃), we set

Πν(F) :=
{
z ∈ R̃ : max

16i6n
|fi(z)| < ν

}
, ν > 0. (7)

Theorem 6.1. A sequen
e {zi}i∈N ⊂ Πν(F) is interpolating for H∞(Πν′(F))

for some ν ′ > ν if and only if it is interpolating for H∞(R̃).
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�7. Proofs

7.1. Proof of Theorem 6.1.

Proof. If ζ ⊂ Πν(F) is an interpolating sequen
e for H∞(R̃), then 
learly it is

interpolating for H∞(Πν′(F)) for all ν ′ > ν. Thus, we must prove the 
onverse
statement only.

To this end, due to (6.B) it su�
es to prove that if

ζ = {zi}i∈N ⊂ Πν(F)

is an interpolating sequen
e for H∞(Πν′(F)) for some ν ′ > ν, then

ω = {wi = r−1
u (zi)}i∈N

is an interpolating sequen
e for H∞(D).

By de�nition, ω is a subset of Πν(F̃), F̃ = {r∗f1, . . . , r
∗fn} ⊂ H∞(D).

Sin
e ζ is an interpolating sequen
e for H∞(Πν′(F)), arguing exa
tly as in the

proof of Theorem 1.9 of [4℄ we 
on
lude that ω is an interpolating sequen
e for

H∞(Πν′(F̃)).
Hereafter, for a fun
tion h ∈ ℓ∞(ω) its norm is denoted by ‖h‖∞.

Sin
e ω is an interpolating sequen
e for H∞(Πν′(F̃)), we get

(7.A) for every h ∈ ℓ∞(ω) there is a fun
tion H ∈ H∞(Πν′(F̃)) su
h that

‖H‖
H∞(Πν′ (F̃))

6 L‖h‖∞ and H|ω = h; here L is the 
onstant of

interpolation of ω.

We also use the following simple 
orollary to [12,Theorem 1.10℄ (withM=C):

(7.B) given H ∈ H∞(Πν′(F̃)), there is H̃ ∈ H∞(D) of norm at most

C‖H‖
H∞(Πν′ (F̃))

, where C is independent of H, su
h that

∥∥∥(H̃ −H)|
Πν(F̃)

∥∥∥
H∞(Πν(F̃))

6
1

2L
‖H‖

H∞(Πν′ (F̃))
.

Next, given g ∈ ℓ∞(ω) we de�ne sequen
es

{gk}k∈N ⊂ ℓ∞(ω), {Gk}k∈N ⊂ H∞(Πν′(F̃)), and {G̃k}k∈N ⊂ H∞(D)

by the following algorithm:

g1 = g, and for every k ∈ N: (i) Gk is the fun
tion H in (7.A) for h = gk;

(ii) G̃k is the fun
tion H̃ in (7.B) for H = Gk; (iii) gk+1 = gk − G̃k|ω.
Due to norm estimates in (7.A) and (7.B), for k ∈ N we obtain

‖Gk‖H∞(Πν′ (F̃)) 6 L‖gk‖∞, ‖G̃k‖H∞(D) 6 CL‖gk‖∞, ‖gk+1‖∞ 6
1

2
‖gk‖∞.

These imply that the series

∑∞
k=1 G̃k 
onverges uniformly on D to a fun
tion

G̃ ∈ H∞(D) su
h that G̃|ω = g.
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Thus, we have proved that ω is an interpolating sequen
e for H∞(D) and

so ζ is an interpolating sequen
e for H∞(R̃) due to (6.B).

The proof of the theorem is 
omplete. �

7.2. Proof of Theorem 3.1.

Proof. Let ξ ∈ Ma ∩ r̂−1(∂oAij), see (3.A). Then there is an interpolating

sequen
e {zk}k∈N for H∞(Ãij) whose 
losure in M(H∞(R̃)) 
ontains ξ, see
[11, Theorem 2.4℄. By de�nition, r̂(ξ) ∈ ∂oAij (⊂ ∂Di). Let f be a bounded

holomorphi
 fun
tion de�ned in an open neighborhood O ( S of R̄ and having

a zero at r̂(ξ). Then there is some ε > 0 su
h that

Πε({f}) := {z ∈ R : |f(z)| < ε} ⊂ Aij.

Passing to a subsequen
e of {zk}k∈N whose 
losure 
ontains ξ, if ne
essary,
without loss of generality we may assume that

{zk}k∈N ⊂ Π ε
2

(
{r∗f}

)
.

Moreover, it is an interpolating sequen
e for H∞(Πε({r
∗f})). Therefore, due

to Theorem 6.1, {zk}k∈N is an interpolating sequen
e for H∞(R̃). Sin
e

∂D = ∂oAi1 ∪ ∂oAi2, the last statement implies that every point of an an-

alyti
 disk in r̂−1(∂Di) belongs to the 
losure of an interpolating sequen
e

for H∞(R̃).
Conversely, assume that ξ ∈ r̂−1(∂D) belongs to the 
losure of an interpo-

lating sequen
e {zk}k∈N for H∞(R̃). Then there is a subsequen
e {zkn}n∈N
of {zk}k∈N lying in some Ãij , j = 1, 2, whose 
losure 
ontains ξ as well.

Sin
e 
learly {zkn}n∈N is an interpolating sequen
e for H∞(Ãij), by [11, The-

orem 2.4℄ ξ belongs to an analyti
 disk.

The proof of the theorem is 
omplete. �

7.3. Proof of Theorem 4.1.

Proof. The proof is based on the following 
laim.

Lemma 7.1. Let U ⊂ M(H∞(R̃)) be an open set and let f ∈ H∞(U ∩ R̃).

Then there exists a unique fun
tion f̂ ∈ C(U) that extends f .

Proof. Sin
e M(H∞(R̃)) is 
overed by the open set E(R, βF ) and �nitely

many open sets biholomorphi
 to an open subset of M(H∞(D×F )), it su�
es

to prove the result for open subsets U of these two sets. Now, if U ⊂ E(R, βF ),
the required result follows by [3, Lemma 3.1℄ and the fa
t that the base of

topology of E(R, βF ) 
onsists of open sets biholomorphi
 to D × H, where

H ⊂ βF is 
lopen. In turn, if U ⊂ M(H∞(D×F )), the required result is given

in [11, Lemma 8.1℄. �
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Using that lemma and the fa
t that Ms is totally dis
onne
ted and arguing

word-for-word as in the proof of Theorem 2.7 of [11℄, we 
omplete the proof of

the theorem. �
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