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ON THE MAXIMAL IDEAL SPACES OF H* ON COVERINGS
OF BORDERED RIEMANN SURFACES

© A. BRUDNYI

The paper describes the topological structure of the maximal ideal space of
the algebra of bounded holomorphic functions on a covering of a bordered
Riemann surface. Some applications of the obtained results to the theory
of bounded operator-valued holomorphic functions on Riemann surfaces
are presented.

§1. Introduction

1.1. Let 7: R — R be an unbranched covering of a bordered Riemann sur-
face R. Our main goal in this paper is to give a topological description of the
maximal ideal space 9M(H>(R)) of the Banach algebra H>(R) of bounded
holomorphic functions on R equipped with pointwise multiplication and the
supremum norm. Most of the present results were established in the author’s
earlier papers. In this paper, we provide a brief overview of these results.
Recall that 9(H(R)) is the set of nonzero homomorphisms
¢: H°(R) = C

endowed with the Gelfand topology, the weak* topology induced by (H™(R))*.
It is a compact subspace of (H*®(R))*. The algebra H*(R) separates points
of R and each evaluation functional &, of functions in H*(R) at z € R
is an element of 9M(H>(R)). Hence, the correspondence x — &, embeds R
into 9M(H>(R)) as an open subset. The corona theorem proved in [4] states
that R is dense in 9(H>°(R)). This result is derived from the classical Car-
leson corona theorem [15] for H*°(ID), where D is the open unit disk in C, by

Karoueswie crosa: maximal ideal space, interpolating sequence, Blaschke product, Gleason
part, analytic disk, covering dimension, cohomology, Freudenthal compactification.
Research is supported in part by NSERC.
159



160 A. BRUDNYI

means of a Forelli-type projection constructed in [4] applied to functions in
H®°(DD). The functions in H>®(R) are continuously extended to 9M(H>(R)) by
means of the Gelfand transform ™ H®(R) — C(M(H>(R))), a(p) := ¢(a).
Here C(9M(H>°(R))) is the algebra of continuous complex-valued functions on

M(H>(R)) equipped with the supremum norm.

1.2. The topological structure of the maximal ideal space MM(H> (D)) is well
understood. In the current paper, we focus on properties of SJT(HOO(ﬁ)) anal-
ogous to the following properties of M(H>(D)).

Recall that for a commutative unital complex Banach algebra A the Gleason
parts are the equivalence classes in its maximal ideal space defined by the
relation ||¢ — &[4 < 2.

(a) Each Gleason part of M(H°(ID)) is either an analytic disk or a point. The

former case means that there is a continuous one-to-one map L¢: D — P(§)

onto the Gleason part P(&) containing £ such that fo Le € H*(D) for every
f € H>*(D). Moreover, P(§) is an analytic disk if and only if & belongs to
the closure of an interpolating sequence for H*°(D). In particular, the set of
nontrivial Gleason parts is an open dense subset of M(H>°(ID)). These classical
results are due to Hoffman [19].

(b) The covering dimension of M(H*°(D)) is 2, the set of trivial Gleason
parts of 9MM(H>(D)) is totally disconnected, and the Cech cohomology group
H2(OM(H> (D)), Z) is trivial. These important results are established by Sudrez
[27, 28] (see also [7] for alternative proofs).

(c) M(H>(D)) is the Freudenthal (end) compactification of the set of its
nontrivial Gleason parts, see [7].

In a forthcoming paper, we will use the present results to develop a Stein-
like theory and the Oka-Grauert principle on 9(H*°(R)) analogous to those
on M(H>* (D)), see [8, 9].

1.3. It is well known (see, e.g., |29, Section 8|) that R can be regarded as a
domain in a compact Riemann surface S such that

S\RZI_IDi, (1)

where the D; are open disks with analytic boundaries 0D; and R C S is the
closure of R.

Let A(R) be the Banach algebra of bounded holomorphic functions on R
continuous up to the boundary equipped with the supremum norm. Since an
open proper neighborhood of R in S is Stein, A(R) separates points of R. The
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pullback by r (hereafter denoted as r*) maps A(R) isometrically into H*°(R);
hence, the transpose of * induces a continuous surjective map

7 OM(H®(R)) — R

such that 7|5z = r. Thus,

k
M(H>(R)) =7 '(R) U |_|r“1<aDz->. (2)

The paper is organized as follows.

In §§2 and 3, we describe the structure of 7~!(R) and 7~ 1(0D;).

In §4, we formulate some results on dimension, cohomology and the end
compactification for M(H>*(R)).

§5 contains some applications of the obtained results in the theory of boun-
ded operator-valued holomorphic functions on Riemann surfaces.

In §6, we collect some results on interpolating sequences for H>°(R).

Finally, §7 contains proofs of new results of the paper.

§2. Structure of T !(R)

For proofs of results of this section, see, e.g., [3, Subsection 2.1], [5, Subsec-
tion 2.2|. Also, for basic properties of fiber bundles, see, e.g., [21].

We consider the covering r: R — R as a fiber bundle over R with a discrete
fiber F, the quotient of the fundamental group m(R) by the action of its

subgroup 7 (R) by left multiplications. Let E(R,3F) be the space obtained
from R by taking the Stone-Cech compactification of fibers under 7. Then the

following holds:
(2.A) E(R,BF) is alocally compact Hausdorff space of covering dimension 2;
(2.B) r extends to a continuous map

TE: E(R,,BF) — R
such that (E(R, BF),R,rg, ﬁF) is a fiber bundle over R with fiber SF’;

(2.C) R embeds in E(R, 8F) as an open dense subbundle.

Recall that for a normal space X, the covering dimension dim X is at most n
if every open cover of X can be refined by an open cover whose order is at
most n + 1. If dim X < n and the statement dim X < n — 1 is false, then
dim X = n.

If K C S is a compact set and K = 7~ 1K), Kp = r (K), then K is dense
in Kg and a bounded continuous function on K admits a continuous extension
to the compact set K if and only if it is uniformly continuous with respect
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to the path metric on R induced by the pullback by 7 of a Riemannian metric
on S. In particular, this is valid for restrictions to K of bounded holomorphic
functions defined on U = r~}(U), where U is an open neighborhood of K.
Hence,

(2.D) every function f € H°(R) admits an extension fe C(E(R,BF));
moreover, the algebra formed by these extensions separates points of
E(R,BF).

Thus, there is an injective continuous map ¢ of E(R, BF) in M(H*°(R)) sending

~

x € E(R,BF) to the evaluation functionals J, of functions f at x. In fact,

(2.E) v: E(R,BF) — M(H®(R)) is a topological embedding whose image
coincides with the open set 7 1(R).

Therefore, without loss of generality we may identify 7~ !(R) and E(R,SF);
hence, rg = 7|g(r gF)-

Next, a path-component of a topological space X is an equivalence class
of X under the equivalence relation: & ~ y if there is a path from z to y, i.e.,
a continuous map : [0,1] — X such that v(0) = z and v(1) = y.

The space E(R,SF) is the disjoint union of nontrivial path-components.
Moreover, if C' is a path-component of E(R,SF), then rg|c: C — R is a
subbundle of rg: E(R,BF) — R with a fiber Fo C SBF, the orbit of a point
under the right action of 71 (R) on SF extending by continuity the right action
of m1(R) on F: (g,m1(R) - h) = m1(R) - (h - g); here w1 (R) - h € F is the orbit
of h € 71 (R) under the left action of 7 (R). In particular, if F' is infinite, then
the cardinality of the set of path-components of E(R, SF') is the same as that
of BF = AN, i.e., 2°. By the definition, we also have

(2.F) for every path-component C there is a connected unbranched covering
rc: C' — R with a discrete fiber Fov and a continuous injective map
ic: C' — E(R, BF) such that ic(C’) = C and r oic = r¢.

The map i¢ is not necessarily a topological embedding (but clearly it is a local
embedding), see [3]. In addition, if 71 (R) is a normal subgroup of 71 (R) (in this

case the covering r: R — R is said to be regular), then all C’ are biholomorphic
to R.

Let U C 9M(H*°(R)) be an open set. A continuous function f on U is
said to be holomorphic if its restriction to U N R (which is an open dense

subset of U by the corona theorem) is holomorphic in the standard sense.
The space of functions holomorphic on U is denoted by O(U). Next, if X is

a complex analytic space, then a continuous map F': X — 9MM(H*(R)) is said
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to be holomorphic if for every open U C 9M(H*(R)) and every f € O(U) the
function F*f = f o F is holomorphic on the open subset F~}(U) C X.
In accordance with this definition, every map

ic: C' — E(R,BF) C M(H™(R))
in (2.F) is a holomorphic injection (see, e.g., [3, Lemma 3.2] for the proof). In
particular, if r: R — R is the universal covering of R, i.e., if R is biholomor-
phic to I, then every C” is biholomorphic to D and ¢: €' — M(H®(R)) =
OM(H>(D)) is a maximal analytic disk in the sense of Hoffman.! In this case,
the image of C” is a Gleason part of M(H°(R)). In general, every Gleason part
of M(H>(R)) intersecting E(R, BG) is the union of some path-components of
E(R, 5G). However, it is still unknown whether there are Gleason parts of

IM(H>®(R)) containing more than one path-component of E(R, BQG).

§3. Structure of T 1(0Dj;)

Let us choose some open disks D} C S containing D; such that each
A; = D\ D; C S is biholomorphic up to the boundary to an annulus

A={z€C:c<|z| <1}
with 0D; homeomorphic to the outer boundary circle, see (1). We set
.Z{i:"f’_l(Ai), 1 ézék

By definition, each connected component of ZZ is biholomorphic either to an
annulus or to D. If the covering is not regular, then these components are not
necessarily biholomorphic. We cover A; by two open sets A;1, Ao biholomor-
phic (by the above chosen biholomorphism between A; and A) to

Alz{z:reweA: —7T<(9<g} and AQZ{Z:T€i06A20<9<3§},

respectively, and set
Aij = r 7Y (Ay).
Then, each connected component of ﬁij is biholomorphic by means of r to A;;;
hence, A;; is biholomorphic to A;; x F.
We denote by 0,4;; = A;; N 0D; the part of the ‘outer’ boundary of A;;.
Now, |10, Proposition 3.2] implies that

(3.A) every function in H*(A;;) has a continuous extension to
;“;1(141']' U &,Aij).

I This follows from (4.A) of §4.
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Let gj: M(H>(Ai;)) = M(H*(R)) be continuous maps transposed to the
isometric embeddings H*(R) — H°(A;;) defined by restrictions of func-
tions on R to A;;, j = 1,2. Here, qj\g” is the natural inclusion of A;; into

ij

M(H>(R)). Then, due to the corona theorem for H*(R), the image of g,
coincides with 771(4;;). Now, as a consequence of (3.A) one obtains that ¢;
maps (7o q;) "1 (Ai; U 8,4;5) bijectively onto 71(A;; U 9,A4;5), see [10, Corol-
lary 3.4]. Hence, ¢; maps every compact subset of (7og;) 1 (A;; U8,4;;) home-
omorphically onto its image, and since (7 o q;)"!(A;; U 8,4;;) is o-compact
as it is the union of countably many compact subspaces (7 o ¢;)~!(K), where
K C A;; U0,A;; is compact,

(SB) q;: (?O q]')_l(Aij @] 80./47;]') — /T'\_l(Al'j U 80Aij) is a homeomorphism.

Next, by the Caratheodory theorem, A;; is biholomorphic up to the bound-
ary to D and this biholomorphism maps 9, A4;; homeomorphically onto an open

arc v C 0D. Hence, there is a map ¢;;: D x F' — Zij biholomorphic up to the
boundary that can be extended to a homeomorphism

Pij: MHZ(D x F)) — M(H>(Ai5))
such that
Bt ((Foaqp) (A UdpAij)) =D (D U7). (3)

Here p: M(H>®(D x F)) — D is the continuous extension of the projection
onto the first coordinate p: D x F — D.
Thus,

(3.C) gj o p;; maps p (D U+) biholomorphically onto 7 1(A;; U 8 4;;).
This means that the pullback (g; o @;;)* of the homeomorphism g; o ¢;; sends

holomorphic functions on open subsets of ?‘1(1427- U 0,A4;;) to holomorphic
functions on their preimages in p—1(D U 7).

The structure of M(H (D x F')) was described in [11]. Specifically, since the
algebra H>°(D x F') is logmodular on its Shilov boundary (see |2, Lemma 2]),
the general result of Hoffman [20] implies that the Gleason parts of
M(H>* (D x F)) are either points or analytic disks. Moreover, a point belongs
to an analytic disk if and only if it is in the closure of an interpolating sequence
for H*(D x F'), and the set of trivial (i.e., one-point) Gleason parts is compact
and totally disconnected, see [11, Theorems 2.4 and 2.6]. Hence, since by (3.C)
771(0D;) is covered by two open sets biholomorphic to p~H(ID U ), using (3)
we obtain

(3.D) 7 1(0D;) is the disjoint union of the set containing all analytic disks
and a compact totally disconnected set.
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Moreover, all analytic disks in 7~!(0D;) lie in the union of closures of interpo-

lating sequences for Hoo(gij), j = 1,2. We strengthen this as follows (see §7
for the proof).

Theorem 3.1. A point belongs to an analytic disk in 7 1(0D;) if and only if

it 1s in the closure of an interpolating sequence for H*(R).

Finally, in connection with the classical Hoffman theorem [19] for (H>(DD)),
it is natural to ask whether every mazimal analytic disk in 7 1(0D;) is a Glea-

son part of M(H*®(R)) and the complement in 7 1(0D;) of the set of mazimal
analytic disks consists of one-point Gleason parts of M(H>(R)).

84. Other properties of Dﬁ(HOO(E))

Let M, C M(H>*(R)) be the union of E(R,BF) and the set of maximal
analytic disks in 771(8D;), 1 < i < k, and let M, = M(H>®(R)) \ M,.
Then (3.D) implies that 9, is totally disconnected. Also, by the construction
of the proof of [11, Theorem 2.4], one deduces that 915 has the same cardinality
as the set of trivial Gleason parts of MM(H>(D)), i.e., 2°. In turn, M, is an

open dense subset of M(H>*°(R)) satisfying the following property.

(4.A) The image of a connected and locally connected space under a contin-
uous map into 9N, lies either in a maximal analytic disk in »~1(0D;),
i=1,...,k, or in a path-component of E(R, 5F) (see (2.G)).

This result follows straightforwardly from |3, Proposition 2.3 (c)] and [11, The-
orem 2.5(d)] applied to the open subsets E(R, 3F) and 7 1(A;; U9, Aij) \ M
of M,

Next, due to [4, Theorem 1.9] every fiber of r: R — R is an interpolating
sequence for H*(R). Since these fibers are dense in fibers of 7: E(R, 8F) — R,
see §2, each point of E(R, SF) lies in the closure of an interpolating sequence
for H Oo(]A?:) Combining this with Theorem 3.1 we get the following fact.

(4.B) A point belongs to 9, if and only if it is in the closure of an interpo-
lating sequence for H*°(R).

Next, we describe MM(H°(R)) as the end compactification of 9.

Let X be a semicompact Hausdorff space, i.e., every point of X has arbi-
trarily small neighborhoods with compact boundaries. The Freudenthal com-
pactification y(X) of X is a unique (up to homeomorphism) Hausdorff com-
pactification of X, i.e., a compact Hausdorff space containing X as an open
dense subset, having the following properties:
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(a) v(X) \ X is zero-dimensionally embedded in v(X), i.e., for each point
x € y(X) \ X and a neighborhood U of z there exists a neighborhood
V C U of x whose boundary lies in X;

(b) v(X) is maximal with respect to (a). That is, if ¢(X) is a Hausdorff
compactification of X such that ¢(X)\ X is zero-dimensionally embed-
ded in ¢(X), then the identity map on X has a continuous extension
from v(X) to ¢(X).

Also, the Freudenthal compactification v(X) can be defined as follows.

Let Cgy(X) be the closure in Cy(X) of the algebra Cg,(X) of all functions f
for which there is a compact subset K C X such that f(X \ K) C C is finite.
Then the maximal ideal space of Cg,(X) is homeomorphic to v(X).

The following result is analogous to |7, Theorem 4.1].

Theorem 4.1. M(H*(R)) coincides with v(9M,).

The proof of this result is given in §7. N
Now, we formulate a result on the dimension and cohomology of MM(H>(R))
proved in |10, Theorem 1.3] and similar to results of Sudrez |27] for M(H>(D)).

(4.C) The covering dimension dim M(H>(R)) equals 2, and the Cech coho-
mology group H?(MM(H*(R)),Z) is 0.
Further, as proved in [13, Theorem 1.1] by means of the Treil theorem [30],

the Bass stable rank of H*°(R) is 1 (this means that for every f,g € H>*(R)
satisfying f1f 4+ g1g = 1 for some f1,91 € Hoo(ﬁ), there exists G € Hoo(ﬁ)
such that ® = f + gG is invertible in H*®(R), sce [1]). From here by the
cohomological interpretation of the Bass stable rank, see [16], we deduce the

following property of M(H>(R)).

~ ~

Let Z(I) = {{ € M(H>(R)) : f(§) =0Vf € I} be the zero set of a proper
ideal T C H*(R).
(4.D) The inclusion Z(I) < 9M(H>(R)) induces an epimorphism of the co-

homology groups H(OMM(H*(R)),Z) — HY(Z(I),Z).
Let Hp® = C + I be the unital closed subalgebra of H> (R) generated by

a proper closed ideal I C H*(R). In particular, if I is a maximal ideal, then

H® = H*(R). The corona theorem for Hp® can be derived from the corona
theorem for H*°(R) by the argument of the proof of Theorem 1.6 in [24]. Then,
using (4.C) and (4.D) and arguing exactly as in the proof of [9, Proposition 2.1]

one deduces that there is a continuous surjective map
Qr: M(H>(R)) — M(H}®)

sending Z(I) to a point and one-to-one outside of I(Z). Moreover,
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(4.E) dim9M(HS®) =2 and H2(M(H®),Z) = 0.

8§5. Applications

5.1. In this section, we formulate a corollary to |14, Theorem 1.7|, which relies
heavily on property (4.E) of M(H).

In what follows, for a complex Banach algebra A with unit 1 we denote
by A~! the group of invertible elements. It is a complex Banach Lie group.
By A, ' c A! we denote the connected component containing 1. Also, by
A7t ={a € A: 3be Asuch that ba = 1} we denote the set of left-invertible
elements of A and by id A = {a € A : a® = a} the set of idempotents of A.

The group Ay Lacts on Al_1 by left multiplications:

Ayt x A7t 3 (g,a) v ga € AT

The stabilizer of a € Al_l under this action is a complex Lie subgroup A, Ya) C
Agl of elements g satisfying ga = a.
In turn, A, L acts on id A by similarity transformations:

Ayt xid A > (g,a) — gag™' € id A,

and the stabilizer of a € id.A under this action is a complex Lie subgroup

Ayt(a) € Ayt of elements g satisfying gag™ = a.

Let Hp° C H*(R) be the subalgebra generated by a proper ideal I C H*(R).
For a complex Banach algebra A with unit 1, we denote by C'(9(H?°), A) the
Banach algebra of A-valued continuous functions F' on 9M(H$°) equipped with
the norm

F|:= max | F()|a-
17 = o 1P
Let H}x’@gA be the injective tensor product of H?® and A. It is naturally
identified with the closure in C(9(H), A) of the subalgebra of functions of
the form

Zfiai, fZ'EH‘?O, a; EL(X), n € N.
i=1
Now, using property (4.E), we obtain (see [14, Theorem 1.7| for the proof):
(5.A) let F € id(H?®.A) be such that for some ¢ € M(HX) the stabi-
lizer Ayt(F(£)) € Ay! of F(€) € id A is connected, then there exists
G € (H®.A)y! such that GFG~! = F(¢);
(5.B) let F € (HP®.A); ! be such that for some & € M(H) the stabi-
lizer Ay (F(€)) C Ay' of F(€) € A" is connected, then there exist
G € (H®.A)y" such that GF = F(€).
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5.2. Example. Let L(X) be the Banach algebra of bounded linear opera-
tors on a complex Banach space X equipped with the operator norm. By
Ix € L(X) we denote the identity operator and by GL(X) C L(X) the set
of invertible bounded linear operators on X. Clearly, L(X)™! = GL(X). By
GLyo(X)CGL(X) we denote the connected component of Ix. Each F €id L(X)
determines a direct sum decomposition X = XOE ® X1, where XOE = ker F and
Xt =ker (Ix — E). It is easily seen that the stabilizer GLo(X)(E) C GLo(X)
consists of operators B € GLo(X) such that B(X%) C X%, k = 0,1. In par-
ticular, restrictions of operators in GLo(X)(FE) to X% determine a monomor-
phism of complex Banach Lie groups Sg: GLo(X)(E) = GL(X%) ® GL(X}).
Moreover, Sg is an isomorphism if GL(X%), k = 0,1, are connected.

Now, (5.A) leads to the following statement.

(A) Let F € id(HX®.L(X)) be such that for some ¢ € M(HX) and E =
F(¢) € id L(X), the groups GL(X%) and GL(X},) are connected. Then there
exists G € (HP®.L(X))y ' such that GFG~! = E.

In particular, this is valid if X is one of the spaces: a finite-dimensional
space, a Hilbert space, ¢g or £, 1 < p < oo. Indeed, GL(X) is connected if
dimcX < oo and contractible for other spaces of the list, see, e.g., [23] and
references therein. Moreover, each subspace of a Hilbert space is Hilbert, and
if X is either ¢y or /P, 1 < p < 00, then its infinite-dimensional complemented
subspaces are isomorphic to X as well, see [26, 22|. This provides the required
condition in (A). Note also that there are complex Banach spaces X with
disconnected groups GL(X), see, e.g., [17].

Further, each E € L(X )l_1 determines a complemented subspace X; =
ran £ C X isomorphic to X. Then the stabilizer GLo(X)(E) C GLy(X) of E
consists of operators B € GLo(X) such that Blx, = Ix,. If Xo C X is a
complement to X1, then each B € GLyo(X)(E) has a form

0 D

here L(X2, X1) is the Banach space of bounded linear operators Xo — Xj.
Thus GLo(X)(E) is homotopy equivalent to the subgroup of GL(X3) (iso-
morphic to GL(X/X)) of operators D such that diag (Ix,,D) € GLy(X). In
particular, this subgroup coincides with GL(X3) if the latter is connected.
Now, (5.B) leads to the following statement.
(B) Let F € (H®®.L(X)); " be such that for some £ € M(H®) and E =
F(¢) € L(X); ! the corresponding group GL(X/X1) is connected. Then there
exists G € (HP®.L(X)), ' such that F = GE.
We identify X with X7 by F and regard F' as an element of

B— ( IX1 C >’ where D € GL(XQ) and C € L(X27X1); (4)
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H}’°®€L(X1,X1 @ X9) and F as an operator in L(X7, X7 @ X2). Then
_(F _(G11 G2 ([ Ix,
F = <F2> , G= <G21 G and F = 0 )

F€ H°®.L(X1,X;) and Gy € HP®.L(X;), i=1,2,

where

Gij € HX®.L(X;,X;), 1,7 €{1,2}, i#j.
Now, the equation F' = GE implies that
Fy =Gn, F=Ga,
i.e., F' extends to an invertible element
G € (HP®:L(X: © X2))y '
Thus, statement (B) and the Bochner-Phillips—Allan-Markus-Sementsul the-

ory, see, e.g., |25, Theorem 9.2.7|, yield:
(B’) let UCOM(H®) be a dense subset and let £ € U. Suppose that

F e HF®.L(11,Y2),

where Y;, ¢ = 1,2, are complex Banach spaces, is such that for each A € U
there is a left inverse G of F'(\) € L(Y1,Y3) satisfying

sup |Gl L(va,vi) < oo (5)
AU

Let Y = ker G¢ be such that GL(Y") is connected. Then, there exist elements
H € HP®.L(V18Y,Ys), G € H¥®.L(Y2, Y1®Y) such that for all v € M(H)

we have
Hv)G(v)=1Iy,, Gw)H(v)=Iy,sy and H(v)ly, = F(v).

Statement (B’) is obtained from (B) if we set X1 =Y;, Xo =Y, and X =Y5.

Note that GL(Y') is connected in the following cases (see, e.g., [6, Corollary|
for the references): (1) dimcY < oo; (2) Y3 is isomorphic to a Hilbert space or
co or one of the spaces /7, 1 < p < 00; (3) Y3 is isomorphic to one of the spaces
LP[0,1], 1 < p < o0, or C[0,1] and Y7 is not isomorphic to Ya.

86. Interpolating sequences for H*(R)

We recall the following definition.
Let X be a complex analytic space such that the algebra of bounded holo-
morphic functions H*(X) separates points of X. A sequence {x, }peny C X is
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said to be interpolating for H*°(X) if for every bounded sequence {c;, }nen C C
there is a function f € H*(X) with

flxy) =¢, forall neN. (6)

By the Banach open mapping theorem such an f € H*°(X) can be chosen to
satisfy
| £l o (x) := sup | f| < Lsup |en|
X neN
for some L depending only on {z,},en. The optimal L here is called the
constant of interpolation of {z, }nen.

Let r,: D — R be the universal covering map. Due to [4, Theorem 1.9], for
every z € R the sequence 7, '(z) € D is interpolating for H°°(ID). Thus, we
can define a Blaschke product B, € H®(D), z € R, with simple zeros at all
points of 7, 1(z). If B’ is another Blaschke product with the same property,
then B, = aB, for some a € C, |a] = 1. In particular, the logarithmically
subharmonic function |B,| is invariant with respect to the action on D of the
deck transformation group Wl(ﬁ). Hence, there is a nonnegative logarithmically
subharmonic function P, on R with the only zero at z such that 7P, = |B.|.
It is also clear that P,(y) = Py(z) for any y,z € R, and sup; P, = 1. Now,
Proposition 1.13 of [4] asserts that

(6.A) a sequence {2 }ien C R is interpolating for H*®(R) if and only if

inf{ 11 sz(zj)} =:6>0.

RNy

The number §, the characteristic of the interpolating sequence {z;}°,, plays
the same role as its counterpart for H>(D), see, e.g., [18], [4, Subsection 1.3].

Next, as follows from [4, Theorem 1.9],

(6.B) a sequence in R is interpolating for H*°(R) if and only if its preimage
under 7, is an interpolating sequence for H>°(D).

Now, we present a new result on interpolating sequences for H*°(R) that
will be used in the proof of Theorem 3.1.

Given F = {f1,..., fu} C H*®(R), we set

I, (F) := {z € R : max |f;(2)] < 1/}, v > 0. (7)

1<i<n

Theorem 6.1. A sequence {z; }ien C I, (F) is interpolating for H>(I1,/(F))

for some V' > v if and only if it is interpolating for H*®(R).
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§7. Proofs
7.1. Proof of Theorem 6.1.

Proof. If ( C II,(F) is an interpolating sequence for H*°(R), then clearly it is
interpolating for H*°(II,/(F)) for all v/ > v. Thus, we must prove the converse
statement only.

To this end, due to (6.B) it suffices to prove that if

¢ = {zitien C I (F)

is an interpolating sequence for H*(IL,, (F)) for some v/ > v, then
w = {w; =y () }ien

is an interpolating sequence for H*(D).

By definition, w is a subset of II,(F), F = {r*f1,...,r*fn} C H>®(D).
Since ( is an interpolating sequence for H*°(Il,/(F)), arguing exactly as in the
proof of Theorem 1.9 of [4] we conclude that w is an interpolating sequence for
H> (L (F)).

Hereafter, for a function h € £°°(w) its norm is denoted by ||h/sc.

Since w is an interpolating sequence for H*>(IL,(F)), we get

(7.A) for every h € (*°(w) there is a function H € H*®(IL,/(F)) such that
HHHHOO(H () S L||h||x and H|, = h; here L is the constant of
interpolation of w.

We also use the following simple corollary to [12,Theorem 1.10] (with M=C):

(7.B) given H € H*(IL,(F)), there is H € H>®(D) of norm at most
CHHHHOO(H (7)), Where C is independent of H, such that

1

H(ﬁ a H)|Hv(f)HHoo(Hy(f)) S spl e, 7))

Next, given g € £*°(w) we define sequences

{gr}ken C (W), {Grlren C H¥(IL/(F)), and {Gj}ren C H¥(D)

by the following algorithm:

g1 = g, and for every k € N: (i) Gy is the function H in (7.A) for h = gi;
(ii) Gy is the function H in (7.B) for H = Gy; (iii) grs1 = gk — Gilw-

Due to norm estimates in (7.A) and (7.B), for k € N we obtain

~ 1
||Gk||Hoo(Hu,(]~:)) < L||gk |l oo ||Gk||H°°(IDJ) < CL||gklloos  llgr+1lloo < 5”91@“00

These imply that the series Y p2 ék converges uniformly on D to a function
G € H*(D) such that G|, = g.
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Thus, we have proved that w is an interpolating sequence for H*°(D) and

so ( is an interpolating sequence for H*°(R) due to (6.B).
The proof of the theorem is complete. O

7.2. Proof of Theorem 3.1.
Proof. Let £ € M, N7 1(9,4;5), see (3.A). Then there is an interpolating

sequence {zy}ren for H*°(A;;) whose closure in MM(H*°(R)) contains £, see
[11, Theorem 2.4|. By definition, 7(£) € 0,A4;; (C 0D;). Let f be a bounded
holomorphic function defined in an open neighborhood O C S of R and having
a zero at 7(§). Then there is some € > 0 such that

I.({f}) :={z e R : |f(2)| <&} C Ay
Passing to a subsequence of {zj}reny whose closure contains &, if necessary,
without loss of generality we may assume that

{2k bren C I ({r7f}).
Moreover, it is an interpolating sequence for H°(II.({r*f})). Therefore, due
to Theorem 6.1, {z;}ren is an interpolating sequence for H*(R). Since
0D = 9,An1 U 9,A;2, the last statement implies that every point of an an-
alytic disk in 771(dD;) belongs to the closure of an interpolating sequence
for H(R).

Conversely, assume that & € 7~1(0D) belongs to the closure of an interpo-
lating sequence {z;}geny for H°(R). Then there is a subsequence {zg }nen
of {zx}ren lying in some Kij, j = 1,2, whose closure contains £ as well.
Since clearly {zk, }nen is an interpolating sequence for H OO(/A(U), by [11, The-
orem 2.4] £ belongs to an analytic disk.

The proof of the theorem is complete. O

7.3. Proof of Theorem 4.1.
Proof. The proof is based on the following claim.

Lemma 7.1. Let U C M(H>®(R)) be an open set and let f € H®(U N R).
Then there exists a unique function f € C(U) that extends f.

Proof. Since M(H*>(R)) is covered by the open set E(R,SF) and finitely
many open sets biholomorphic to an open subset of M(H > (D x F)), it suffices
to prove the result for open subsets U of these two sets. Now, if U C E(R, 5F),
the required result follows by [3, Lemma 3.1] and the fact that the base of
topology of E(R,F) consists of open sets biholomorphic to D x H, where
H C BF is clopen. In turn, if U C M(H>(D x F)), the required result is given
in [11, Lemma 8.1]. O
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Using that lemma and the fact that 91, is totally disconnected and arguing
word-for-word as in the proof of Theorem 2.7 of [11], we complete the proof of
the theorem. O
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