
×ÅÁÛØÅÂÑÊÈÉ ÑÁÎÐÍÈÊ
Òîì 13 Âûïóñê 3 (2012)

����������������������

ÓÄÊ 511.29

Î ÐÀÑÏÐÅÄÅËÅÍÈÈ ÝËÅÌÅÍÒÎÂ
ÏÎËÓÃÐÓÏÏ ÍÀÒÓÐÀËÜÍÛÕ ×ÈÑÅË1

Þ. Í. Øòåéíèêîâ (ã. Ìîñêâà)

Àííîòàöèÿ

Â ðàáîòå ðàññìàòðèâàþòñÿ ïîëóãðóïïû íàòóðàëüíûõ ÷èñåë, ïîðÿäîê

êîòîðûõ íà îòðåçêå [1, q] åñòü qν . Â ýòîé ðàáîòå ïîëó÷åíû íåòðèâèàëüíûå

âåðõíèå îöåíêè ÷èñëà òàêèõ ýëåìåíòîâ íà ìíîæåñòâå [1, t], ãäå t ìàëî ïî

ñðàâíåíèþ ñ ëþáîé ñòåïåíüþ q.

�1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü A ⊂ N � ïîëóãðóïïà, òî åñòü åñëè a1, a2 ∈ A, òî a1a2 ∈ A.
Â ÷àñòíîñòè, ìîæíî âçÿòü ìíîæåñòâî A = {n ∈ N : n ∈ G (mod m)}, ãäå

m ∈ N, à G � ìóëüòèïëèêàòèâíàÿ ïîäãðóïïà ãðóïïû Z∗
m.

Íàïðèìåð, åñëè ïîëîæèòü m = p2, ãäå p � ïðîñòîå ÷èñëî è

G = {g ∈ Z∗
p2 : g

p−1 = 1},

òî ìû ïîëó÷àåì

A = Ap = {n ∈ N : np−1 ≡ 1 (mod p2)}.

Íàñ áóäåò èíòåðåñîâàòü ñëó÷àé, êîãäà äëÿ íåêîòîðûõ äåéñòâèòåëüíûõ q;
ν < 1 âûïîëíåíî íåðàâåíñòâî:

|{n ∈ A;n ≤ q}| < qν . (1)

Íàïðèìåð, ïóñòü A = Ap. Òàê êàê ãðóïïà Z∗
p2 � öèêëè÷åñêàÿ, òî îòñþäà

ñëåäóåò, ÷òî |G| = p − 1. Çíà÷èò äëÿ ýòîãî ïðèìåðà |{n ∈ A : n ≤ p2}| = p − 1.
Çäåñü, êàê íåñëîæíî âèäåòü, ìîæíî ïîëîæèòü q = p2 è ν = 1

2
.

Ïóñòü äëÿ x > 0 îïðåäåëèì:

f(x) = |A ∩ [1, x]|.
1Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÔÔÈ�11-01-00329, à òàêæå ãðàíòîì âåäóùåé íàó÷íîé øêî-

ëû ÍØ-6003.2012.1
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Ìû õîòèì îöåíèòü ñâåðõó f(x) êàê ôóíêöèþ îò q è îò u.
Â ðàáîòå [3] ïîëó÷åíû îöåíêè íà êîëè÷åñòâî ÷èñåë íå ïðåâîñõîäÿùèõ n, êîòî-

ðûå ïðèíàäëåæàò ïîäãðóïïå ïîðÿäêà t ãðóïïû Z∗
p. Ýòè îöåíêè ñîäåðæàòåëüíû,

êîãäà t ìàëî ïî ñðàâíåíèþ ñ p. Èç íàøåé ðàáîòû âûòåêàþò îöåíêè â ñëó÷àå,
êîãäà t ðàñòåò êàê ñòåïåíü p, à n ìàëî.

Ïîêàæåì, ÷òî âåðíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü ïîëóãðóïïà A óäîâëåòâîðÿåò óñëîâèþ (1) è
x = (log q)u. Òîãäà

1) åñëè log log x = o(log log q), òî

f(x)

x
≤ exp{−(C + o(1))u(1− ν)2 log(u(1− ν)2)}

ãäå C � íåêîòîðàÿ àáñîëþòíàÿ êîíñòàíòà;

2) åñëè γ = log log x
log log q

è log x = o(log q), òî

f(x) ≤ x1−max{Lγ ,Cγ}+o(1), q → ∞,

ãäå

Lγ = γ

(
1− ν

1− γ +
√

(1− γ)2 + γ(1− ν)

)2

è Cγ =

{
(1−ν)2γ
4(1−γ) , åñëè γ ≤ 2

3−ν ,

2− ν − 1
γ
, åñëè γ > 2

3−ν .

�2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ïðåäïîëîæèì, ÷òî çàäàíî öåëîå y. Êàæäîå íàòóðàëüíîå n ïðåäñòàâèì â âèäå
n = n1n2, òàê ÷òî åñëè ïðîñòîå p äåëèò n1, òî p ≤ y, à åñëè äåëèò n2, òî p > y.
Ïóñòü òàêæå äàíû x, z. Îïðåäåëèì ìíîæåñòâî:

N(x, y, z) = {n ≤ x : n1 > z}.

Ìû õîòèì îöåíèòü ñâåðõó êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà N(x, y, z).
Íà äîâîëüíî áîëüøîé îáëàñòè èçìåíåíèÿ x, y, z áûëà ïîëó÷åíà àñèìïòîòèêà

N(x, y, z) â ðàáîòå [4]. Íàì íóæåí áóäåò áîëåå ãðóáûé ðåçóëüòàò, íî ïðè åùå
ñëàáûõ îãðàíè÷åíèÿõ íà ïàðàìåòðû x, y, z. Ìû áóäåì ñëåäîâàòü òåõíèêå, ðàç-
ðàáîòàííîé â [4].

Íàì ïîòðåáóþòñÿ îöåíêè äëÿ ìíîæåñòâ ÷èñåë, ó êîòîðûõ âñå ïðîñòûå äåëè-
òåëè ìàëû ëèáî íàîáîðîò, áîëüøèå. Äëÿ íàòóðàëüíîãî n ïóñòü P+(n) è P−(n)
ñîîòâåòñòâåííî íàèáîëüøèé è íàèìåíüøèé ïðîñòîé äåëèòåëü ÷èñëà n, P+(1) =
1, P−(1) = ∞. Äëÿ x > y > 2 ïîëàãàåì:

ψ(x, y) = |{n 6 x : P+(n) 6 y}|, φ(x, y) = |{n 6 x : P−(n) > y}|.
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Òàêæå íóæíû ñëåäóþùèå îöåíêè íà ψ(x, y) ([1]) è òàêæå îöåíêè íà φ(x, y)
(ñëåäñòâèå èç òåîðåìû 3, 3 ÷àñòü, 6 ãëàâà [5] ).

Òåîðåìà A [1]. Ïóñòü x ≥ y ≥ 2, v = log x
log y

Òîãäà äëÿ ëþáîãî ε > 0 íà

ìíîæåñòâå v ≤ y1−ε èìååò ìåñòî íåðàâåíñòâî:

ψ(x, y) = xv−v(1+o(1)),

åñëè v → ∞.

Òåîðåìà B [5]. Ïóñòü x ≥ y ≥ 2. Òîãäà

φ(x, y) ≪ xw(v)

log y
,

ãäå v = log x
log y

, w() � ôóíêöèÿ Áóõøòàáà.

Ëåììà 1. Ïóñòü ε > 0 è α0 < ∞ ôèêñèðîâàíû. Òàêæå ïóñòü èìåþòñÿ
ïîëîæèòåëüíûå α, β, γ, ïðè÷åì 0 < α < 1, α < α0, β < 1, γ < α(1−ε) è òàêæå
x = (log q)u, x ≤ exp{(log q)γ}, y = (log q)α, z = xβ. Òîãäà

|N(x, y, z)| ≤ xexp{−βu
α
(1 + o(1)) log(

βu

α
)}, u→ ∞.

Äîêàçàòåëüñòâî.

|N(x, y, z)| =
∑

z<n1≤x,P+(n1)≤y

φ(
x

n1

, y) =
∑

z<n1≤x
y
,P+(n1)≤y

φ(
x

n1

, y) + (ψ(x, y)− ψ(
x

y
, y)).

Ïîñëåäíåå ñëàãàåìîå íåñëîæíî îöåíèòü:

ψ(x, y)− ψ(
x

y
, y) ≤ ψ(x, y) = xexp{−u

α
(1 + o(1)) log

u

α
}.

Ðàñïèøåì ñóììó, èñïîëüçóÿ òåîðåìó B:

∑
z<n1≤x

y
,P+(n1)≤y

φ(
x

n1

, y) ≪ x

log y

∑
z<n1≤x

y
,P+(n1)≤y

w(u
α
− logn1

log y
)

n1

Ïðèìåíèì ê ïîñëåäíåé ñóììå ïðåîáðàçîâàíèå Àáåëÿ, îáîçíà÷èâ ÷åðåç S(t) =∑
z<n1≤t,P+(n1)≤y

1
n1
. Ïîëó÷àåì:

∑
z<n1≤x

y
,P+(n1)≤y

w(u
α
− logn1

log y
)

n1

= S(
x

y
)w(1) +

∫ x
y

z

w′(u
α
− log t

log y
)

t log y
S(t)dt≪
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≪ S(
x

y
) +

∫ u
α
−1

βu
α

|w′(
u

α
− s)|S(ys)ds.

Îöåíèì S(ys), äëÿ ýòîãî âíîâü âîñïîëüçóåìñÿ ïðåîáðàçîâàíèåì Àáåëÿ:

S(ys) =
∑

z<n1≤ys,P+(n1)≤y

1

n1

=
ψ(ys, y)− ψ(z, y)

ys
+ log y

∫ s

βu
α

ψ(yτ , y)− ψ(z, y)

yτ
dτ

≤ ψ(ys, y)

ys
+ log y

∫ s

βu
α

ψ(yτ , y)

yτ
dτ.

Òåïåðü âîñïîëüçóåìñÿ òåîðåìîé A, óñëîâèÿ êîòîðîé âûïîëíåíû, ïîëó÷àåì,

(ys) ≪ exp{−s(1 + o(1)) log s}+ (log y)

∫ s

βu
α

exp{−τ(1 + o(1)) log τ}dτ ≪

≪ (log y) exp{−βu
α
(1 + o(1)) log

βu

α
}, u→ ∞.

Òåïåðü ïîäñòàâëÿÿ ïîëó÷åííûå îöåíêè è èñïîëüçóÿ íåðàâåíñòâà íà w(v) (ñì
òåîðåìà 4, 3 ÷àñòü, 6 ãëàâà [5] )

|w′(v)| ≤ exp{−v(1 + o(1)) log v},

ìû ïîëó÷àåì òðåáóåìûé ðåçóëüòàò.
Òåïåðü äîêàæåì åùå îäíó ëåììó.

Ëåììà 2. Êîëè÷åñòâî äåëèòåëåé ÷èñëà n < Q, íå ïðåâîñõîäÿùèõ z, íå
ïðåâîñõîäèò ψ(z, (1 + o(1)) logQ), Q→ ∞.

Äîêàçàòåëüñòâî. Ïóñòü pt11 ...p
ts
s ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè, ïðè-

÷åì p1 < p2 < . . . < ps.
Ðàññìîòðèì îòîáðàæåíèå äåëèòåëåé ÷èñëà n

σ : pl11 ...p
ls
s → pl1(1)...p

ls
(s),

ãäå p(i) � i-îå ïðîñòîå ÷èñëî â íàòóðàëüíîì ðÿäó, òî åñòü p(1) = 2, p(2) = 3, p(3) =
5, ...

Ýòî îòîáðàæåíèå èíúåêòèâíî. Òàêæå, σ(d) ≤ d ≤ z.
Èçâåñòíî, ÷òî åñëè n := pt11 ...p

ts
s < Q òî p(s) ≤ (1 + o(1)) logQ. Îòñþäà êî-

ëè÷åñòâî ÷èñåë â îáðàçå îòîáðàæåíèÿ σ, êîòîðûå íå ïðåâîñõîäÿò z íå áîëüøå
ψ(z, (1 + o(1)) logQ). À ýòî è åñòü èñõîäíîå óòâåðæäåíèå. Ëåììà äîêàçàíà.

�3. Äîêàçàòåëüñòâî òåîðåìû
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Ïóñòü x = (log q)u. Îïðåäåëèì ε èç ðàâåíñòâà :

|A ∩ [1, x]| = εx.

Ââåäåì ïàðàìåòðû α, β ; β < 1 è ñîîòâåòñòâåííî y = (log q)α, z = xβ. Äëÿ
êàæäîãî íàòóðàëüíîãî n, êàê è ðàíüøå, n = n1n2, òàê ÷òî åñëè ïðîñòîå p äåëèò
n1, òî p ≤ y, à åñëè p äåëèò n2, òî p > y.

Íàïîìíèì, ÷òî N(x, y, z) = {n ≤ x : n1 > z} . Òåïåðü ðàññìîòðèì ìíîæå-
ñòâî A′ = A ∩ [1, x]\N(x, y, z). Ïîëîæèì òàêæå |A′| = ε′x. Èñïîëüçóþ ëåììó 1,
íåñëîæíî çàìåòèòü, ÷òî :

ε ≤ ε′ + exp{−βu
α
(1 + o(1)) log(

βu

α
)},

çäåñü o(1) ïî u→ ∞.
Ðàññìîòðèì B = {m1 . . .mr}, ãäå r = [ log q

log x
] è m1, . . . ,mr ∈ A′. Îöåíèì ñâåð-

õó ðàçìåð ýòîãî ìíîæåñòâà, èñïîëüçóÿ, ÷òî ïðîèçâåäåíèå ÷èñåë èç A ÿâëÿåòñÿ
÷èñëîì èç A : |B| ≤ |{m1 . . .mr}| ≤ |A ∩ [1, q]| ≤ qν . Òåïåðü îöåíèì ñíèçó |B|.
Ïóñòü êàæäîå mi = n1,in2,i, òàê ÷òî åñëè ïðîñòîå p äåëèò n1,i, òî p ≤ y, à åñ-
ëè p äåëèò n2,i, òî p > y. Îïðåäåëèì èç ðàâåíñòâà N1, N2 : m = m1 . . .mr =
n1,1 . . . n1,rn2,1 . . . n2,r = N1N2, ãäå N1 = n1,1 . . . n1,r è N2 = n2,1 . . . n2,r.

Âîçüìåì êîíêðåòíûé ïðåäñòàâèòåëü, íàïðèìåð ýëåìåíò m ∈ A′ . . . A′(r ñî-
ìíîæèòåëåé) è îöåíèì ñâåðõó ÷èñëî ïðåäñòàâëåíèé åãî â âèäå ïðîèçâåäåíèÿ
A′ . . . A′.

Ïóñòü m = N1N2, îöåíèì êîëè÷åñòâî ïðåäñòàâëåíèé äëÿ N2 â âèäå ïðîèçâå-
äåíèÿ r ÷èñåë n2,1 . . . n2,r , N2 = n2,1 . . . n2,r = p1 . . . ps ,ãäå âñå pi > y è ÿâëÿþòñÿ
ïðîñòûìè ÷èñëàìè. Âèäèì, ÷òî s ≤ s0 = [ log q

log y
].

Êàæäûé äåëèòåëü pi, i = 1, . . . , s ìîæåò âõîäèòü â ðàçëîæåíèå íåêîòîðîãî
n2,j, j = 1, . . . , r. Çíà÷èò êîëè÷åñòâî ïðåäñòàâëåíèé ÷èñëà N2 íå ïðåâîñõîäèò
rs ≤ rs0 .

Òåïåðü îöåíèì êîëè÷åñòâî ïðåäñòàâëåíèé äëÿ N1, N1 = n1,1 . . . n1,r. Êàæäîå
n1,i íå ïðåâîñõîäèò z è ÿâëÿåòñÿ y− ãëàäêèì ÷èñëîì. Çíà÷èò äëÿ êàæäîãî n1,i

èìååòñÿ íå áîëåå |ψ(z, y)| âîçìîæíîñòåé. Çàìåòèì òàêæå, ÷òî êàæäîå n1,i ≤ z ÿâ-
ëÿåòñÿ äåëèòåëåì N1. Çíà÷èò, ïî ëåììå 2 êàæäîå n1,i ìîæåò ïðèíèìàòü íå áîëåå
ψ(z, (1+ o(1)) log q) çíà÷åíèé. Îòñþäà ïîëó÷àåì, ÷òî êîëè÷åñòâî ïðåäñòàâëåíèé
äëÿ N1 íå ïðåâîñõîäèò êàæäîãî èç 2-óõ ÷èñåë |ψ(z, y)|r, |ψ(z, (1 + o(1)) log q)|r.
×èñëî æå ïðåäñòàâëåíèé äëÿ ÷èñëàm íå ïðåâîñõîäèò ïðîèçâåäåíèÿ ÷èñëà ïðåä-
ñòàâëåíèé äëÿ N1 è N2.

Îòñþäà ïîëó÷àåòñÿ è íèæíÿÿ îöåíêà äëÿ B :

|B| ≥
( ε′x
|ψ(z,y)|)

r

rs0
, |B| ≥

( ε′x
|ψ(z,(1+o(1)) log q)|)

r

rs0
.

Çíà÷èò äîëæíî âûïîëíÿòüñÿ 2 ñîîòíîøåíèÿ:

( ε′x
|ψ(z,y)|)

r

rs0
≤ qν (2)
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( ε′x
|ψ(z,(1+o(1)) log q)|)

r

rs0
≤ qν (3)

äëÿ ëþáûõ âûáðàííûõ ïàðàìåòðîâ (α, β). Èç ýòîãî íåðàâåíñòâà ìîæíî ïîëó-
÷èòü îöåíêó äëÿ ε′, à çíà÷èò è äëÿ ε. Òåïåðü íàéäåì ñîîòâåòñòâóþùèå çíà÷åíèÿ
ïàðàìåòðîâ (α, β), êîòîðûå äàþò íàèëó÷øóþ (íàèìåíüøóþ) îöåíêó äëÿ ε.

Ïåðâûé ñëó÷àé. Ïóñòü log log x = o(log log p). Â ýòîì ñëó÷àå, â (2)

èñïîëüçóÿ, ÷òî ψ(z, y) ≤ z ìû ïîëó÷àåì
( ε

′x
z

)r

rs0
≤ qν . Ðàñïèøåì ëåâóþ ÷àñòü è

íàïèøåì óñëîâèå íà ε′, ïðåäâàðèòåëüíî ñäåëàâ ïðåîáðàçîâàíèÿ.
( ε

′x
z

)r

rs0
≥ (ε′x1−β)

log q
log x

−1

( log q
log x

)
log q
log y

= exp{( log q
log x

− 1)(log ε′ + (1− β) log x)− log q
α log log q

(log log q−

log log x)} ≥ exp{log q( log ε′
log x

+ 1− β − 1
α
+ log log x

α log log q
− (1−β) log x

log q
)}.

Îòñþäà è èç (2) ïîëó÷àåì ñîîòíîøåíèå :

log ε′

log x
+ 1− β − 1

α
+

log log x

α log log q
− (1− β) log x

log q
≤ ν,

Âûðàçèì òåïåðü îòñþäà ε′ :

log ε′ ≤ log x(
1

α
− 1 + β + ν − log log x

α log log q
+

(1− β) log x

log q
).

Òî åñòü,

ε′ ≤ x
1
α
−1+β+ν− log log x

α log log q
+

(1−β) log x
log q (4)

À òîãäà ïîëó÷àåì îöåíêó íà ε:

ε ≤ x
1
α
−1+β+ν− log log x

α log log q
+

(1−β) log x
log q + exp{−βu

α
(1 + o(1)) log(

βu

α
)}.

Òàê êàê x ≤ exp{(log q)γ0}, γ0 < 1, òî ïåðâîå ñëàãàåìîå â íåðàâåíñòâå äëÿ ε
åñòü:

(x)
1
α
−1+β+ν

(log x)
log x

α log log q
(1+o(1))

=
(x)

1
α
−1+β+ν

(log x)
u
α
(1+o(1))

,

ïðè q → ∞. Çíà÷èò,

ε ≤ (x)
1
α
−1+β+ν

(log x)
u
α
(1+oq(1))

+ exp{−βu
α
(1 + ou(1)) log(

βu

α
)}.

Çäåñü â ïåðâîì ñëàãàåìîì o(1) ýòî ïî q, à âî âòîðîì ñëàãàåìîì o(1) ïî u.
Áåðåì ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ : α = 2

1−ν , β = 1−ν
2

− δ, ãäå δ > 0 -
ïðîèçâîëüíîå ôèêñèðîâàííîå. Òîãäà ïîëó÷àåì :

ε ≤ C(x−δ) + exp{−Cu(1− ν)2 log(Cu(1− ν)2)},
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ãäå C - íåêîòîðàÿ àáñîëþòíàÿ êîíñòàíòà. Ïåðâîå ñëàãàåìîå ìåíüøå âòîðîãî äëÿ
äîñòàòî÷íî áîëüøèõ q.

Ïîýòîìó, äëÿ ïåðâîãî ñëó÷àÿ ìû ïîëó÷èëè:

f(x)

x
≤ exp{−(C + oq(1))u(1− ν)2 log(u(1− ν)2)},

äëÿ íåêîòîðîé àáñîëþòíîé êîíñòàíòû C è ïðè q → ∞.

Âòîðîé ñëó÷àé. Ðàññìîòðèì ñëó÷àé, êîãäà γ = log log x
log log q

è log x = o(log q).

Ïóñòü α ≥ (1 + ε)γ äëÿ íåêîòîðîãî ε > 0. Âñïîìèíàÿ, ÷òî z = xβ =
exp{β(log q)γ}, y = (log q)α ñîãëàñíî òåîðåìå [A], ìû ïîëó÷àåì:

|ψ(z, y)| = z1−
γ
α
+o(1), |ψ(z, (1 + o(1)) log q)| = z1−γ+o(1).

Èñõîäÿ èç ýòîãî, çàìåíÿÿ β íà β(1 − γ
α
+ o(1)) â (4) ïåðâûé ðàç è β íà

β(1− γ + o(1)) , çàêëþ÷àåì 2 íåðàâåíñòâà :

ε′ ≤ x
1
α
−1+β(1− γ

α
+o(1))+ν− log log x

α log log q
+o(1)

ε′ ≤ x
1
α
−1+β(1−γ+o(1))+ν− log log x

α log log q
+o(1)

Îêîí÷àòåëüíî ïîëó÷àåì,

f(x)

x
≤ x

1
α
−1+β−βγ

α
+ν− γ

α
+o(1) + exp{−βu

α
(1 + o(1)) log(

βu

α
)}.

f(x)

x
≤ x

1
α
−1+β−βγ+ν− γ

α
+o(1) + exp{−βu

α
(1 + o(1)) log(

βu

α
)}.

Âî âòîðîì ñëàãàåìîì o(1) ïî u. Â íàøåì ñëó÷àå u = (log q)γ

log log q
, ïîýòîìó ìîæíî

ñ÷èòàòü, ÷òî o(1) çàâèñèò îò q.
Ïîñëåäíåå ñëàãàåìîå ýòî exp{−β

α
γ(log q)γ(1 + o(1))} = x−

β
α
γ(1+o(1)).

Èòàê, îäíîâðåìåííî âûïîëíÿþòñÿ

f(x)

x
≤ x

1
α
−1+β−βγ

α
+ν− γ

α
+o(1) + x−

β
α
γ(1+o(1)).

f(x)

x
≤ x

1
α
−1+β−βγ+ν− γ

α
+o(1) + x−

β
α
γ(1+o(1)).

Áóäåì èñêàòü ïàðàìåòðû (α, β).
Ðàññìîòðèì ñëó÷àé, êîãäà α ≥ 1. Òîãäà áóäåì ìèíèìèçèðîâàòü íàèáîëüøåå

èç çíà÷åíèé : −β
α
γ, 1−γ

α
+ β − βγ − 1+ ν. Åñëè α ≥ 1. òî áåðåì òàêèå ïàðàìåòðû

:  α =
1−γ+

√
(1−γ)2+γ(1−ν)
1−ν ;

β = α−1 = 1−ν√
(1−γ)2+γ(1−ν)+1−γ
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Ïîäñòàâëÿÿ ýòè ïàðàìåòðû ïîëó÷àåì: f(x) ≤ x1−Cγ+o(1), ãäå

Cγ = γ

(
1− ν

1− γ +
√

(1− γ)2 + γ(1− ν)

)2

Ïóñòü òåïåðü γ < α ≤ 1. Òîãäà áóäåì ìèíèìèçèðîâàòü íàèáîëüøåå èç çíà÷å-
íèé: −β

α
γ è 1−γ

α
+β− β

α
γ−1+ν. Â ñëó÷àå åñëè γ ≤ 2

3−ν , áåðåì òàêèå ïàðàìåòðû:

β = 1−ν
2
, α = (1 + η)2(1−γ)

1−ν , ãäå η > 0− ïðîèçâîëüíîå ôèêñèðîâàííîå. Â ñëó÷àå
åñëè γ > 2

3−ν , áåðåì òàêèå ïàðàìåòðû: β = 2 − ν − 1
γ
, α = γ(1 + η), ãäå òàêæå

η > 0− ïðîèçâîëüíîå ôèêñèðîâàííîå.
Ïîäñòàâëÿÿ òàêèå ïàðàìåòðû ïîëó÷àåì f(x) ≤ x1−Lγ+δ+o(1), ãäå δ > 0 �

ïðîèçâîëüíîå ôèêñèðîâàííîå è Lγ =
(1−ν)2γ
4(1−γ) , åñëè γ ≤ 2

3−ν , Lγ = 2− ν − 1
γ
, åñëè

γ > 2
3−ν . Â ñèëó ïðîèçâîëüíîãî δ îòñþäà ñëåäóåò èñõîäíîå íåðàâåíñòâî:

f(x) ≤ x1−Lγ+o(1), q → ∞.

Îòñþäà çàêëþ÷àåì íåðàâåíñòâî:

f(x) ≤ x1−max{Lγ ,Cγ}+o(1), q → ∞.

Òåîðåìà äîêàçàíà.

�4. Êîììåíòàðèè

1. Ïîêàæåì íà ïðèìåðå ïîëóãðóïïû ãëàäêèõ ÷èñåë, êàêèå åñòü îöåíêè ñíèçó
íà ôóíêöèþ f((log q)u).

Âîçüìåì ëþáîå ÷èñëî 0 < ν < 1 è ïîëîæèì Aq− ïîëóãðóïïà y - ãëàäêèõ
÷èñåë, ãäå

y = (log q)λ,

ãäå λ = 1
1−ν + ε, ãäå ε � ìàëîå ÷èñëî.

Ïîëüçóÿñü òåîðåìîé [A] î êîëè÷åñòâå ãëàäêèõ ÷èñåë ïðè ïðè q ≥ q(ν, ε)
ïîëó÷àåì,

|Aq
∩

[1, q]| < qν .

Òîãäà âûïîëíåíî íåðàâåíñòâî (1).
Âîçüìåì òåïåðü êàêîå-íèáóäü u, |Aq

∩
[1, (log q)u]| = (log q)uexp{−u(1 − ν +

ε′)(1 + o(1)) log u(1− ν)}, ïî u→ ∞, ε′ > 0 - íåêîòîðîå ìàëîå ÷èñëî.
Çäåñü, êàê âèäíî, ëèíåéíûé ïîðÿäîê ïî (1 − ν). Òåîðåìà äàåò ïðàâèëüíûé

õàðàêòåð çàâèñèìîñòè ïî u. Îäíàêî â íèæíåé îöåíêå çàâèñèìîñòü îò (1 − ν)
ëèíåéíàÿ, à â òåîðåìå êâàäðàòè÷íàÿ.

2. Åñëè x íàìíîãî áîëüøå q, òî îöåíèòü ñâåðõó f(x) íå óäàåòñÿ. Ýòî ñòàíî-
âèòñÿ ÿñíî åñëè ðàññìîòðåòü A = {n : n > q}. Åñëè x ðàñòåò êàê ñòåïåíü q c
ïîêàçàòåëåì, ìåíüøèì 1, òî èíîãäà òàêæå íåëüçÿ äàòü íåòðèâèàëüíóþ îöåíêó
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íà |A
∩
[1, x]|. Äëÿ ýòîãî âîçüìåì äîñòàòî÷íî áîëüøîå q è ðàññìîòðèì ïîëóãðóï-

ïó Aq, êîòîðàÿ ñîñòîèò èç ëþáûõ ïðîèçâåäåíèé ÷èñåë âçÿòûõ èç (q0.1, 1.5q0.1].
Çàìåòèì, åñëè n ∈ A

∩
[1, q], òî n = n1 . . . nr, r ≤ 9 è n1, . . . , nr ∈ (q0.1, 1.5q0.1].

Çíà÷èò |Aq
∩
[1, q]| ≤

∑
1≤r≤9

(0.5q0.1)r ≤ q0.9.

Òåïåðü âîçüìåì x = 1.5q0.1. Òîãäà

|Aq
∩

[1, x]| ≥ x

4
.

Òàêèì îáðàçîì, õîðîøèõ îöåíîê íà ôóíêöèþ f(x) ïðè x ïîðÿäêà ñòåïåíè q äëÿ
ïðîèçâîëüíûõ ïîëóãðóïï ïîëó÷èòü íå óäàåòñÿ.

ÑÏÈÑÎÊ ÖÈÒÈÐÎÂÀÍÍÎÉ ËÈÒÅÐÀÒÓÐÛ

[1] Hildebrand A., Tenenbaum G., Integers without large prime factors, J Theorie
des Nombres de Bordeaux, 5 (1993) no. 2 411-484.

[2] Ïðàõàð Ê., Ðàñïðåäåëåíèå ïðîñòûõ ÷èñåë, Èçäàòåëüñòâî Ìèð, 1984.

[3] Bourgain J., Konyagin S., Shparlinski I., Distribution of elements of cosets of
small subgroups and applications, International Math Research Notices, 1968-
2009, 2012:9 (2012).

[4] Shparlinsky I., Integers with a large smooth divisor, Electronic journal of
combinatorial number theory 7, 2007.

[5] Tenenbaum G., Introduction to analytic and probabilistic number theory,
Cambridge Universit Press, Cambridge, UK, 1995.

Ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò, Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñè-
òåò èì. Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ
Ïîñòóïèëî 29.10.2012


