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Аннотация

Работа посвящена «равномерному» приведению гладких функций на двумерных много-
образиях к каноническому виду вблизи критических точек этих функций. Функция 𝑓(𝑥, 𝑦)
имеет особенность типа 𝐴𝑘, 𝐸6 или 𝐸8 в своей критической точке, если в некоторых локаль-
ных координатах с центром в этой точке ряд Тейлора функции имеет вид 𝑥2+𝑦𝑘+1+𝑅2,𝑘+1,
𝑥3+𝑦4+𝑅3,4, 𝑥

3+𝑦5+𝑅3,5 соответственно, где через 𝑅𝑚,𝑛 обозначена сумма мономов более
высокого порядка, т.е. 𝑅𝑚,𝑛 =

∑︀
𝑎𝑖𝑗𝑥

𝑖𝑦𝑗 , где 𝑖
𝑚 + 𝑗

𝑛 > 1. Согласно результату В.И. Ар-
нольда (1972), эти особенности просты и гладкой заменой переменных приводятся к кано-
ническому виду, в котором член 𝑅𝑚,𝑛 равен нулю.

Для особенностей типов 𝐴𝑘, 𝐸6 и 𝐸8 мы явно строим такую замену и оцениваем сни-
зу (через 𝐶𝑟-норму функции, где 𝑟 = 𝑘 + 3, 7 и 8 соответственно) максимальный радиус
окрестности, в которой определена замена. Наша замена является «равномерным» приве-
дением к каноническому виду в том смысле, что построенные нами окрестность и замена
координат в ней (а также все частные производные замены координат) непрерывно зависят
от функции 𝑓 и ее частных производных.

Ключевые слова: правая эквивалентность гладких функций, ADE-особенности, нор-
мальные формы особенностей, равномерное приведение к нормальным формам.
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Abstract

The paper is devoted to “uniform” reduction of smooth functions on 2-manifolds to canonical
form near critical points of the functions by some coordinate changes in some neighborhoods of
these points. A function 𝑓(𝑥, 𝑦) has a singularity of the type 𝐴𝑘, 𝐸6, or 𝐸8 at its critical point
if, in some local coordinate system centered at this point, the Taylor series of the function has
the form 𝑥2 + 𝑦𝑘+1 +𝑅2,𝑘+1, 𝑥

3 + 𝑦4 +𝑅3,4, 𝑥
3 + 𝑦5 +𝑅3,5 respectively, where 𝑅𝑚,𝑛 stands for

a sum of higher order terms, i.e., 𝑅𝑚,𝑛 =
∑︀
𝑎𝑖𝑗𝑥

𝑖𝑦𝑗 where 𝑖
𝑚 + 𝑗

𝑛 > 1. In according to a result
by V. I. Arnold (1972), these singularities are simple and can be reduced to the canonical form
with 𝑅𝑚,𝑛 = 0 by a smooth coordinate change.

For the singularity types 𝐴𝑘, 𝐸6, and 𝐸8, we explicitly construct such a coordinate change
and estimate from below (in terms of 𝐶𝑟-norm of the function, where 𝑟 = 𝑘 + 3, 7, and 8
respectively) the maximal radius of a neighborhood in which the coordinate change is defined.
Our coordinate change provides a “uniform” reduction to the canonical form in the sense that
the radius of the neighborhood and the coordinate change we constructed in it (as well as all
partial derivatives of the coordinate change) continuously depend on the function 𝑓 and its
partial derivatives.

Keywords: right equivalence of smooth functions, ADE-singularities, normal form of
singularities, uniform reducing to normal form.
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1. Introduction

Definition 1. A smooth function 𝑓 = 𝑓(𝑢, 𝑣) has a singularity type 𝐸𝑘 (𝑘 = 6, 7, 8) at its
critical point 𝑃 ∈ R2 if

(i) the first and second differentials 𝑑𝑓(𝑃 ) and 𝑑2𝑓(𝑃 ) vanish, and the third differential 𝑑3𝑓(𝑃 )
is a perfect cube (non-zero);

(ii) one the following coefficients of the Taylor series of 𝑓 at 𝑃 does not vanish (the upper black

points in Fig. 1): 𝑓
(4)
𝑦4

(𝑃 ), 𝑓
(4)
𝑥𝑦3

(𝑃 ), and 𝑓
(5)
𝑦5

(𝑃 ), where (𝑢, 𝑣) → (𝑥, 𝑦) is a linear coordinate

change such that 𝑑3𝑓(𝑃 ) = 6(𝑑𝑥)3. More specifically: the singularity type is 𝐸6 if 𝑓
(4)
𝑦4

(𝑃 ) ̸= 0

(equivalently, there exists a tangent vector 𝑣 ∈ Ker 𝑑3𝑓(𝑃 ) at 𝑃 such that 𝑣4𝑓 ̸= 0, where 𝑣4𝑓

2The author is a Fellow of the Theoretical Physics and Mathematics Advancement Foundation “BASIS”.
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denotes the fourth derivative of 𝑓 along the vector 𝑣); the singularity type is 𝐸7 if 𝑓
(4)
𝑦4

(𝑃 ) = 0

and 𝑓
(4)
𝑥𝑦3

(𝑃 ) ̸= 0; the singularity type is 𝐸8 if 𝑓
(4)
𝑦4

(𝑃 ) = 𝑓
(4)
𝑥𝑦3

(𝑃 ) = 0 and 𝑓
(5)
𝑦5

(𝑃 ) ̸= 0. The
vanishing coefficients of the Taylor series correspond to the points beneath the oblique line
(except the origin) in Fig. 1.
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Fig 1: Taylor coefficients of a function with a singularity 𝐸6, 𝐸7, and 𝐸8: the triangle of zeros

From the definition of 𝐸𝑘 we have 𝑓
(𝑎+𝑏)

𝑥𝑎𝑦𝑏
(𝑃 ) = 0 for 0 < 𝑎

3 + 2𝑏
𝑘+2 < 1, 𝑓 ′′′𝑥3(𝑃 ) = 6 (𝑘 = 6, 7, 8)

and 𝑓 (1+𝑘/2)
𝑦1+𝑘/2 (𝑃 ) ̸= 0 (𝑘 = 6, 8), see Fig. 1. We will assume that 𝑃 = 0 = (0, 0) in the coordinates

𝑥, 𝑦.

Assumption 1. For singularities 𝐸𝑘 (𝑘 = 6, 8), assume that 𝑓
(1+𝑘/2)

𝑦1+𝑘/2 (0) = ±(1 + 𝑘
2 )!.

Theorem 1 (Reducing 𝐸𝑘 to normal form [1]). Let a function 𝑓(𝑢, 𝑣) have a singularity 𝐸𝑘
(𝑘 = 6, 7, 8) at a critical point 𝑃 . Then, in some neighborhood of 𝑃 , there is a local coordinate system
𝑥̃, 𝑦 in which the point 𝑃 is the origin, and the function has the normal form 𝑓 = 𝑓(𝑃 )+ 𝑥̃3±𝑦1+𝑘/2
for 𝑘 = 6, 8, 𝑓 = 𝑓(𝑃 ) + 𝑥̃3 + 𝑥̃𝑦3 for 𝑘 = 7.

In [1], the existence of a coordinate change was proved using the Tougeron theorem [14]. In view
of this, obtaining a formula for the corresponding coordinate change requires solving the Cauchy
problem for a system of ODE’s. We construct our coordinate change explicitly, without using the
Tougeron theorem.

Lemma 1 ([1]). In the case of a singularity 𝐸𝑘 (𝑘 = 6, 8), under the hypotheses of Assumption
1, there exist coordinate changes (𝑥, 𝑦) → (𝑥1 = 𝑥+ 𝑑0𝑦

2, 𝑦) → (𝑥1, 𝑦1 = 𝑦 + 𝑑1𝑥1) → (𝑥2 =

= 𝑥1 + 𝑑2𝑦
𝑘/2−1
1 , 𝑦1) → (𝑥2, 𝑦2 = 𝑦1 + 𝑑3𝑥

2
2) where 𝑑𝑗 ∈ R and 𝑑0 = 0 for 𝑘 = 6, such that

𝑓
(𝑎+𝑏)

𝑥𝑎2𝑦
𝑏
2
(0) = 0 for all 𝑎, 𝑏 ∈ Z+ with 𝑎+ 𝑏 > 0, 𝑎 < 3, and 𝑏 < 1 + 𝑘

2 .

A proof of Lemma 1 is schematically shown in Fig. 2.

Theorem 2 (Estimating the radius of a neighborhood for the coordinate change). In the case
of singularities 𝐸𝑘 (𝑘 = 6, 8), under the hypotheses of Assumption 1, let (𝑥, 𝑦) → (𝑥2, 𝑦2) be the
coordinate change from Lemma 1. Suppose that, in a neighborhood 𝑈0 = {(𝑥2, 𝑦2) | max(|𝑥2|, |𝑦2|) <
< 𝑅0} of 0, the following estimates hold: 𝐶𝛼𝛽 := sup𝑈0

⃒⃒
𝑓
(𝛼+𝛽)

𝑥𝛼2 𝑦
𝛽
2

(𝑥2, 𝑦2)
⃒⃒
6𝑀 for

(𝛼, 𝛽) ∈ {(0, 5), (1, 4), (3, 1), (3, 2), (3, 3), (4, 0), (4, 1), (4, 2), (4, 3)} if 𝑘 = 6,

(𝛼, 𝛽) ∈ {(0, 6), (1, 5), (3, 1), (3, 2), (3, 3), (3, 4), (4, 0), (4, 1), (4, 2), (4, 3), (4, 4)} if 𝑘 = 8,
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Fig 2: Coordinate changes killing the coefficients inside the rectangle: 𝐸6: (a) 𝑦 = 𝑦1−𝑑1𝑥, 𝑑1 = ±𝑎
4 ;

(b) 𝑥 = 𝑥2 − 𝑑2𝑦
2
1, 𝑑2 =

𝑏
3 ∓ 𝑎2

8 ; (c) 𝑦1 = 𝑦2 − 𝑑3𝑥
2
2, 𝑑3 = ± 𝑐2

4 ; 𝐸8

where 𝑅0 > 0, 𝑀 > 0. Then, in the neighborhood 𝑈 = {(𝑥2, 𝑦2) | max(|𝑥2|, |𝑦2|) < 𝑅}, with
𝑅 = min{𝑅0,

2
𝑀+2}, there is a coordinate change of the form

𝜑 : (𝑥2, 𝑦2) → (𝑥̃ = 𝑥2
3
√︀
ℎ(𝑥2, 𝑦2), 𝑦 = 𝑦2𝑔(𝑥2, 𝑦2)

2
2+𝑘 )

that reduces 𝑓 to the normal form 𝑓 = 𝑓(𝑃 ) + 𝑥̃3 ± 𝑦1+𝑘/2 of 𝐸𝑘. In more detail:

(a) the functions ℎ(𝑥) and 𝑔(𝑥) are positive in 𝑈 , thus the change 𝜑|𝑈 is well-defined and is
𝐶∞-smooth;

(b) ‖𝜑′(𝑥)− 𝐼‖ < 𝐶 < 1 for all 𝑥 ∈ 𝑈 , where 𝐶 = 2
5 , thus 𝜑|𝑈 is 𝐶1-close to the identity;

(c) the coordinate change 𝜑|𝑈 is injective and regular, i.e., it is an embedding and det𝜑′(𝑥) ̸= 0
for all 𝑥 ∈ 𝑈 , moreover 𝜑(𝑈) contains the open disk of radius (1− 𝐶)𝑅 centered at 0.

Further in Section 4, Theorem 3, we prove a similar result for the singularity type 𝐴𝑘. Our
coordinate change 𝜑|𝑈 from Theorems 2 and 3 provides a “uniform” reduction of the function 𝑓 at
a singular point of type 𝐸𝑘, 𝑘 = 6, 8, and 𝐴𝑘, 𝑘 > 1, to the canonical form 𝑓 = 𝑓(𝑃 ) + 𝑥̃3 ± 𝑦1+𝑘/2

and 𝑓 = 𝑓(𝑃 ) ± 𝑥̃2 ± 𝑦𝑘+1 in the sense that the neighborhood radius and the coordinate change
we constructed in this neighborhood (as well as all partial derivatives of the coordinate change)
continuously depend on the function 𝑓 and its partial derivatives. A uniform reduction of smooth
functions near critical points to a canonical form was known earlier for several singularity types
[2, 11, 12], [13, Sec. 8].

The uniform Morse lemma [4] was applied in [5]–[8] for studying topology of the spaces of Morse
functions on surfaces and decomposition of these spaces into classes of topological equivalence. Our
results have similar applications for studying topology of the spaces of smooth functions [9] and
gradient-like flows [10] with prescribed local singularities of 𝐴𝐷𝐸-types.

The author is grateful to Elena Kudryavtseva for suggesting the problem and useful discussions,
advice and help in writing of this paper.

2. Key lemmas

Lemma 2. Let 𝑓 (𝑎+𝑏)
𝑥𝑎𝑦𝑏

(0) = 0 for all 𝑎, 𝑏 ∈ Z+ with 𝑎 < 𝑚 and 𝑏 < 𝑛, where 𝑚,𝑛 ∈ N. Then
the function 𝑓 |𝑈 has the form 𝑓(𝑥, 𝑦) = 𝑥𝑚ℎ(𝑥, 𝑦) + 𝑦𝑛𝑔(𝑥, 𝑦) where 𝑈 is a neighborhood of 0 in
R2 and
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𝑔(𝑥, 𝑦) =
1

(𝑛− 1)!

∫︁ 1

0
𝑓
(𝑛)
𝑦𝑛 (𝑥, 𝑠𝑦)(1− 𝑠)𝑛−1 𝑑𝑠, (1)

ℎ(𝑥, 𝑦) =
1

𝑥𝑚

𝑛−1∑︁
𝑖=0

𝑦𝑖

𝑖!
𝑓
(𝑖)

𝑦𝑖
(𝑥, 0) =

1

(𝑚− 1)!

𝑛−1∑︁
𝑖=0

𝑦𝑖

𝑖!

∫︁ 1

0
𝑓
(𝑚+𝑖)

𝑥𝑚𝑦𝑖
(𝑠𝑥, 0)(1− 𝑠)𝑚−1 𝑑𝑠. (2)

x x x2 3

y

y

y

y

2

3

4

4R (x,y)

4 S (x,y)

Fig 3: Constructing functions 𝑆𝑛(𝑥, 𝑦) = 𝑥𝑚ℎ(𝑥, 𝑦) and 𝑅𝑛(𝑥, 𝑦) = 𝑦𝑛𝑔(𝑥, 𝑦) (for 𝑚 = 3 and 𝑛 = 4)

Proof. We represent 𝑓 as a function of 𝑦 with a parameter 𝑥. We write down the Taylor formula
at the point 𝑦 = 0 with the remainder term in the integral form:

𝑓(𝑥, 𝑦) = 𝑆𝑛(𝑥, 𝑦) +𝑅𝑛(𝑥, 𝑦) = 𝑥𝑚ℎ(𝑥, 𝑦) + 𝑦𝑛𝑔(𝑥, 𝑦),

𝑆𝑛(𝑥, 𝑦) = 𝑓(𝑥, 0) + 𝑓 ′𝑦(𝑥, 0)𝑦 + 𝑓 ′′𝑦2(𝑥, 0)
𝑦2

2!
+ · · ·+ 𝑓

(𝑛−1)
𝑦𝑛−1 (𝑥, 0)

𝑦𝑛−1

(𝑛− 1)!
= 𝑥𝑚ℎ(𝑥, 𝑦),

𝑅𝑛(𝑥, 𝑦) =
1

(𝑛− 1)!

∫︁ 𝑦

0
𝑓
(𝑛)
𝑦𝑛 (𝑥, 𝑡)(𝑦 − 𝑡)𝑛−1 𝑑𝑡 =

𝑦𝑛

(𝑛− 1)!

∫︁ 1

0
𝑓
(𝑛)
𝑦𝑛 (𝑥, 𝑠𝑦)(1− 𝑠)𝑛−1 𝑑𝑠 = 𝑦𝑛𝑔(𝑥, 𝑦).

The functions 𝑆4(𝑥, 𝑦) = 𝑥3ℎ(𝑥, 𝑦) and 𝑅4(𝑥, 𝑦) = 𝑦4𝑔(𝑥, 𝑦) appearing in the case of a singularity
type 𝐸6 are schematically shown in Fig. 3. The lemma is proved. 2

Lemma 3. Let 𝜑 : 𝑈 → R𝑛 be a smooth mapping, where 𝑈 is a convex open subset of R𝑛. Let
the differential of 𝜑 have the form 𝜑′(𝑥) = 𝐼 + 𝐴(𝑥), where 𝐼 is the unit matrix of dimension 𝑛,
‖𝐴(𝑥)‖ < 𝑐, 0 < 𝑐 < 1. Then 𝜑 is injective and det𝜑′(𝑥) ̸= 0 at every point 𝑥 ∈ 𝑈 , i.e., 𝜑 is a
diffeomorphism to its image 𝜑(𝑈). Moreover, ⟨𝜑(𝑥)− 𝜑(𝑦),𝑥− 𝑦⟩ > (1− 𝑐)‖𝑥− 𝑦‖2 for any pair
of points 𝑥,𝑦 ∈ 𝑈 .

vt
a

b
U

φ( )a

 bφ( )
φ( )U

φ

Fig 4: The mapping 𝜑 on the segment [𝑎, 𝑏]

Proof. Take any two points 𝑎, 𝑏 ∈ 𝑈 , 𝑎 ̸= 𝑏, and consider the mapping 𝜑 on the segment [𝑎, 𝑏].
Consider the velocity vector

𝑣𝑡 =
𝑑
𝑑𝑡

(︀
𝜑(𝑎+ 𝑡(𝑏− 𝑎))

)︀
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along the 𝜑-image of this segment, see Fig. 4. Let us look at the projection of the velocity vector
𝑣𝑡 onto 𝑏− 𝑎:

⟨𝑣𝑡, 𝑏− 𝑎⟩ =
⟨︀
𝑑
𝑑𝑡

(︀
𝜑(𝑎+ 𝑡(𝑏− 𝑎))

)︀
, 𝑏− 𝑎

⟩︀
=

= ⟨𝜑′(𝑎+ 𝑡(𝑏− 𝑎))(𝑏− 𝑎), 𝑏− 𝑎⟩ = ⟨(𝐼 +𝐴(𝑎+ 𝑡(𝑏− 𝑎)))(𝑏− 𝑎), 𝑏− 𝑎⟩ =
= ⟨𝑏− 𝑎, 𝑏− 𝑎⟩+ ⟨𝐴(𝑎+ 𝑡(𝑏− 𝑎))(𝑏− 𝑎), 𝑏− 𝑎⟩.

Let us find an upper bound for the absolute value of the second term. Note that by the Cauchy-
Schwarz inequality and by the definition of the matrix norm:⃒⃒
⟨𝐴(𝑎+ 𝑡(𝑏−𝑎))(𝑏−𝑎), 𝑏−𝑎⟩

⃒⃒
6 ‖𝐴(𝑎+ 𝑡(𝑏−𝑎))(𝑏−𝑎)‖ · ‖𝑏−𝑎‖ 6 ‖𝐴(𝑎+ 𝑡(𝑏−𝑎))‖ ‖𝑏−𝑎‖2.

Let us go back to the estimation of ⟨𝑣𝑡, 𝑏− 𝑎⟩:

⟨𝑣𝑡, 𝑏− 𝑎⟩ = ⟨𝑏− 𝑎, 𝑏− 𝑎⟩+ ⟨𝐴(𝑎+ 𝑡(𝑏− 𝑎))(𝑏− 𝑎), 𝑏− 𝑎⟩ >
> ‖𝑏− 𝑎‖2 − |⟨𝐴(𝑎+ 𝑡(𝑏− 𝑎))(𝑏− 𝑎), 𝑏− 𝑎⟩| >
> ‖𝑏− 𝑎‖2 − ‖𝐴(𝑎+ 𝑡(𝑏− 𝑎))‖ ‖𝑏− 𝑎‖2 > ‖𝑏− 𝑎‖2(1− 𝑐) > 0,

from which 𝑣𝑡 ̸= 0, thus Ker𝜑′(𝑎) = 0, therefore det𝜑′(𝑎) ̸= 0.
By hypothesis ‖𝐴(𝑥)‖ < 𝑐 < 1. Let us look at the dot product ⟨𝜑(𝑏) − 𝜑(𝑎), 𝑏 − 𝑎⟩. As

⟨𝑥(𝑡),𝑎⟩′𝑡 =
[︀∑︀

𝑥𝑖𝑎𝑖
]︀′
𝑡
=
∑︀
𝑥′𝑡𝑎𝑖 = ⟨𝑥′,𝑎⟩, we have

⟨𝜑(𝑏)− 𝜑(𝑎), 𝑏− 𝑎⟩ =
∫︁ 1

0
⟨𝑣𝑡, 𝑏− 𝑎⟩ 𝑑𝑡 > (1− 𝑐)

∫︁ 1

0
‖𝑏− 𝑎‖2 𝑑𝑡 = (1− 𝑐) ‖𝑏− 𝑎‖2 > 0.

In other words, the injectivity condition is satisfied: 𝜑(𝑎) ̸= 𝜑(𝑏) for each point 𝑏 ∈ 𝑈 ∖{𝑎}. Lemma
3 is proved. 2

Lemma 4. Under the notations of Theorem 2, the following inequality is true for all points

(𝑥2, 𝑦2) ∈ 𝑈 : |𝑓 (𝑘+𝑙)
𝑥𝑘2𝑦

𝑙
2
(𝑥2, 𝑦2)− 𝑓

(𝑘+𝑙)

𝑥𝑘2𝑦
𝑙
2
(0, 0)| 6 𝑅(𝐶𝑘+1,𝑙 + 𝐶𝑘,𝑙+1) 6 2𝑀𝑅.

Proof. By abusing notations, denote (𝑥2, 𝑦2) by (𝑥, 𝑦). We have

|𝑓 (𝑘+𝑙)
𝑥𝑘𝑦𝑙

(𝑥, 𝑦)− 𝑓
(𝑘+𝑙)

𝑥𝑘𝑦𝑙
(0, 0)| = |𝑓 (𝑘+𝑙)

𝑥𝑘𝑦𝑙
(𝑥, 𝑦)− 𝑓

(𝑘+𝑙)

𝑥𝑘𝑦𝑙
(0, 𝑦)− 𝑓

(𝑘+𝑙)

𝑥𝑘𝑦𝑙
(0, 0) + 𝑓

(𝑘+𝑙)

𝑥𝑘𝑦𝑙
(0, 𝑦)| 6

6 |𝑓 (𝑘+𝑙)
𝑥𝑘𝑦𝑙

(𝑥, 𝑦)− 𝑓
(𝑘+𝑙)

𝑥𝑘𝑦𝑙
(0, 𝑦)|+ |𝑓 (𝑘+𝑙)

𝑥𝑘𝑦𝑙
(0, 𝑦)− 𝑓

(𝑘+𝑙)

𝑥𝑘𝑦𝑙
(0, 0)| =

=

⃒⃒⃒⃒ 𝑥∫︁
0

𝑓
(𝑘+𝑙+1)

𝑥𝑘+1𝑦𝑙
(𝑡, 𝑦) 𝑑𝑡

⃒⃒⃒⃒
+

⃒⃒⃒⃒ 𝑦∫︁
0

𝑓
(𝑘+𝑙+1)

𝑥𝑘𝑦𝑙+1 (0, 𝑡) 𝑑𝑡

⃒⃒⃒⃒
6 𝑅(𝐶𝑘+1,𝑙 + 𝐶𝑘,𝑙+1).

The lemma is proved. 2

Lemma 5. For any square 𝑛 × 𝑛 matrix 𝐴 = {𝑎𝑖𝑗}𝑛𝑖,𝑗=1, the Euclidean norm of the linear

operator given by this matrix can be estimated as follows: ‖𝐴‖ 6
√︁∑︀𝑛

𝑖,𝑗=1 𝑎
2
𝑖𝑗 =

√︀
tr(𝐴𝐴𝑡).

3. Proof of Theorem 1 for 𝐸6, 𝐸8 and Theorem 2

By Lemma 1, after the change (𝑥, 𝑦) → (𝑥2, 𝑦2), we have 𝑓 (𝑎+𝑏)
𝑥𝑎2𝑦

𝑏
2
(0) = 0 for all 𝑎, 𝑏 ∈ Z+

with 𝑎 + 𝑏 > 0, 𝑎 < 3, and 𝑏 < 1 + 𝑘
2 . By Lemma 2, 𝑓 = 𝑓(𝑃 ) + 𝑥32ℎ(𝑥2, 𝑦2) + 𝜂𝑦

1+𝑘/2
2 𝑔(𝑥2, 𝑦2)

for some functions ℎ, 𝑔 ∈ 𝐶∞(𝑈0), where 𝜂 = ±1 is defined as 𝜂 = sgn 𝑓
(1+𝑘/2)

𝑦1+𝑘/2 (0). Observe
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that ℎ(0) = 𝑔(0) = 1 due to the definition of 𝐸𝑘 singularity (𝑘 = 6, 8) and Assumption 1. This
immediately reduces the function to the required normal form 𝑓 = 𝑓(𝑃 ) + 𝑥̃3 + 𝜂𝑦1+𝑘/2 by the

coordinate change 𝜑 : R2
𝑥2,𝑦2 → R2

𝑥̃,𝑦 with 𝑥̃ = 𝑥2
3
√︀
ℎ(𝑥2, 𝑦2), 𝑦 = 𝑦2𝑔(𝑥2, 𝑦2)

2
2+𝑘 . Thus we proved

Theorem 1 for 𝑘 = 6, 8.
By abusing notations, we will denote (𝑥2, 𝑦2) by (𝑥, 𝑦). By Lemma 2, we have explicit formulas

(1), (2) for 𝑔, ℎ (with 𝑚 = 3 and 𝑛 = 1 + 𝑘/2), namely:

𝜂𝑔(𝑥, 𝑦) =
1

(𝑘/2)!

∫︁ 1

0
𝑓
(1+𝑘/2)

𝑦1+𝑘/2 (𝑥, 𝑠𝑦)(1− 𝑠)𝑘/2 𝑑𝑠, ℎ(𝑥, 𝑦) =
1

2

𝑘/2∑︁
𝑖=0

𝑦𝑖

𝑖!

∫︁ 1

0
𝑓
(3+𝑖)

𝑥3𝑦𝑖
(𝑠𝑥, 0)(1− 𝑠)2 𝑑𝑠.

It remains to apply Lemma 3 to the coordinate transformation 𝜑 and to the neighborhood
𝑈 from the formulation of Theorem 2. In other words, it remains to check the fulfillment of the
assumptions of Lemma 3. By using the above formulas for the coordinate change 𝜑 and the functions
𝑔, ℎ, the bound 𝐶𝛼𝛽 6 𝑀 and Lemmas 4 and 5, as well as the Taylor expansion formula with
a remainder in the Lagrange form or an integral remainder, we will prove the required bound
‖𝜑′(𝑥)− 𝐼‖ = ‖𝐴(𝑥)‖ < 𝐶 < 1 for each point 𝑥 ∈ 𝑈 .

Let us proceed with detailed estimations, separately for the cases of 𝐸6 and 𝐸8.

3.1. The case of 𝐸6

For simplifying notations, we will give the proof for the case 𝜂 = 1, i.e. 𝑓 (1+𝑘/2)
𝑦1+𝑘/2 (0) > 0. In the

case 𝜂 = −1, the proof is similar.
We compute the elements of the Jacobi matrix of 𝜑:

𝜕𝑥̃

𝜕𝑥
= ℎ

1
3 + 𝑥 · 1

3
ℎ−

2
3 · ℎ′𝑥, (3)

𝜕𝑥̃

𝜕𝑦
= 𝑥 · 1

3
ℎ−

2
3 · ℎ′𝑦, (4)

𝜕𝑦

𝜕𝑥
= 𝑦 · 1

4
𝑔−

3
4 ·
(︂
1

6

1∫︁
0

𝑓
(5)
𝑥𝑦4

(𝑥, 𝑠𝑦)(1− 𝑠)3 𝑑𝑠

)︂
, (5)

𝜕𝑦

𝜕𝑦
= 𝑔

1
4 + 𝑦 ·

(︂
1

4
𝑔−

3
4 · 1

6

1∫︁
0

𝑠𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)(1− 𝑠)3 𝑑𝑠

)︂
. (6)

If 𝑀 = 0, then 𝜑 = id and everything is proved. Let further 𝑀 > 0, and therefore 𝑅 < 1. By
Assumption 1, we have ℎ(0, 0) = 1, 𝑔(0, 0) = 1. Thus, the Jacobi matrix at 0 is the unit matrix 𝐼.

By using the above formulas (3)–(6) for Jacobi matrix’ elements, let us estimate the elements
of the Jacobi matrix 𝜕(𝑥̃−𝑥,𝑦−𝑦)

𝜕(𝑥,𝑦) and prove item (a) for the case of 𝐸6.

Step 1. Here we find an upper bound for |1− 𝜕𝑥̃
𝜕𝑥 |. Remind that:

𝑥̃ = 𝑥 3
√︀
ℎ(𝑥, 𝑦) =

3

√︂
𝑓(𝑥, 0) + 𝑦𝑓 ′𝑦(𝑥, 0) +

𝑦2

2
𝑓 ′′
𝑦2
(𝑥, 0) +

𝑦3

6
𝑓 ′′′
𝑦3
(𝑥, 0).

Denote ℎ̃ = ℎ̃(𝑥, 𝑦) = ℎ(𝑥, 𝑦)− 1.
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Let us estimate ℎ̃(𝑥, 𝑦). In the expression for ℎ(𝑥, 𝑦), we apply the Taylor expansion formula in
𝑥 with a remainder in the Lagrange form to the coefficients of powers of 𝑦:

|ℎ(𝑥,𝑦)− 1| =
⃒⃒⃒⃒
𝑓 ′′′𝑥3(0, 0)

6
+ 𝑥

𝑓
(4)
𝑥4

(𝑐0, 0)

24
+

3∑︁
𝑘=1

𝑓
(𝑘+3)

𝑥3𝑦𝑘
(𝑐𝑘, 0)

6
· 𝑦

𝑘

𝑘!
− 1

⃒⃒⃒⃒
=

=

⃒⃒⃒⃒
1 + 𝑥

𝑓
(4)
𝑥4

(𝑐0, 0)

24
+ 𝑦

𝑓
(4)
𝑥3𝑦

(𝑐1, 0)

6
+ 𝑦2

𝑓
(5)
𝑥3𝑦2

(𝑐2, 0)

12
+ 𝑦3

𝑓
(6)
𝑥3𝑦3

(𝑐3, 0)

36
− 1

⃒⃒⃒⃒
6

6
𝑀𝑅

12

(︂
5

2
+𝑅+

𝑅2

3

)︂
<

5

24
· 𝑀𝑅

1−𝑅
6

5

24
· 2𝑀

𝑀 + 2
· 1

1− 2/(𝑀 + 2)
=

5

24
· 2 < 1

2
.

Hence ℎ(𝑥, 𝑦) ∈ (0.5, 1.5). Therefore 3
√︀
ℎ(𝑥, 𝑦) ∈ (0.79, 1.21).

Item (a) of Theorem 2 is proved for the function ℎ(𝑥, 𝑦). Set 𝑐 = 0.5. Then |ℎ̃(𝑥, 𝑦)| < 𝑐.
By the formula (3) we have

𝜕𝑥̃

𝜕𝑥
= ℎ

1
3 + 𝑥 · 1

3
ℎ−

2
3 · ℎ′𝑥 = (1 + ℎ̃)

1
3 + 𝑥 · 1

3
(1 + ℎ̃)−

2
3 · ℎ′𝑥.

Let us estimate |ℎ′𝑥|. We use Taylor’s formula with an integral remainder:

|ℎ′𝑥| =
⃒⃒⃒⃒(︂ 3∑︁

𝑘=0

𝑦𝑘

𝑘!

𝑓
(𝑘)

𝑦𝑘
(𝑥, 0)

𝑥3

)︂′

𝑥

⃒⃒⃒⃒
=

⃒⃒⃒⃒(︂ 3∑︁
𝑘=0

𝑦𝑘

𝑘!

1

2

1∫︁
0

𝑓
(𝑘+3)

𝑦𝑘𝑥3
(𝑠𝑥, 0)(1− 𝑠)2 𝑑𝑠

)︂′

𝑥

⃒⃒⃒⃒
=

=

⃒⃒⃒⃒ 3∑︁
𝑘=0

𝑦𝑘

𝑘! · 2

1∫︁
0

𝑠𝑓
(𝑘+4)

𝑦𝑘𝑥4
(𝑠𝑥, 0)(1− 𝑠)2 𝑑𝑠

⃒⃒⃒⃒
6

3∑︁
𝑘=0

𝑅𝑘𝑀

𝑘! · 2

1∫︁
0

(𝑠− 2𝑠2 + 𝑠3) 𝑑𝑠 <

<
𝑀

24

(︁
1 +𝑅+

𝑅2

2
+
𝑅3

6

)︁
<

1

24
· 𝑀

1−𝑅
6

1

12𝑅
.

Set 𝑐𝑥 = 1
12𝑅 . We obtain a bound for |𝜕𝑥̃𝜕𝑥 − 1| using the estimate of 3

√
ℎ:⃒⃒⃒𝜕𝑥̃

𝜕𝑥
− 1
⃒⃒⃒
=
⃒⃒

3
√
ℎ− 1 + 𝑥 · 1

3(1 + ℎ̃)−
2
3ℎ′𝑥
⃒⃒
6 | 3

√
ℎ− 1|+

⃒⃒
𝑥 · 1

3(1 + ℎ̃)−
2
3ℎ′𝑥
⃒⃒
<

< 0.21 +
𝑐𝑥𝑅

3

(︀
1− 𝑐)−

2
3 = 0.21 +

2
2
3

3 · 12
< 0.21 + 0.05 = 0.26.

Step 2. Let us estimate 𝜕𝑥̃
𝜕𝑦 from the formula (4).

a) First we estimate |ℎ′𝑦| when 𝑥 ̸= 0. We use Taylor’s formula with an integral remainder:

|ℎ′𝑦| =
⃒⃒
(𝑓(𝑥, 0) + 𝑦𝑓 ′𝑦(𝑥, 0) +

𝑦2

2
𝑓 ′′𝑦2(𝑥, 0) +

𝑦3

6
𝑓 ′′′𝑦3(𝑥, 0))

′
𝑦/𝑥

3
⃒⃒
=

=
⃒⃒
(𝑓 ′𝑦(𝑥, 0) + 𝑦𝑓 ′′𝑦2(𝑥, 0) +

𝑦2

2
𝑓 ′′′𝑦3(𝑥, 0))/𝑥

3
⃒⃒
=

=

⃒⃒⃒⃒
1

2

1∫︁
0

(︂
𝑓
(4)
𝑥3𝑦

(𝑠𝑥, 0) + 𝑦𝑓
(5)
𝑥3𝑦2

(𝑠𝑥, 0) +
𝑦2

2
𝑓
(6)
𝑥3𝑦3

(𝑠𝑥, 0)

)︂
(1− 𝑠)2 𝑑𝑠

⃒⃒⃒⃒
6

6
𝑀

6
(1 +𝑅+𝑅2) <

1

6
· 𝑀

1−𝑅
6

1

3𝑅
.

Set 𝑐𝑦 = 1
3𝑅 .
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b) In the formula (4) for 𝜕𝑥̃
𝜕𝑦 we expand ℎ

− 2
3 in a Taylor series in ℎ̃ and take 𝑐ℎ̃ = 𝑐ℎ̃(𝑥, 𝑦) ∈

∈ [0, ℎ̃(𝑥, 𝑦)] from the Taylor-Lagrange formula:⃒⃒𝜕𝑥̃
𝜕𝑦

⃒⃒
=
⃒⃒
𝑥 · 1

3

(︀
1 + ℎ̃

)︀− 2
3 · ℎ′𝑦

⃒⃒
=
⃒⃒𝑥
3

(︀
1− 2

3 ℎ̃+ 5
9(1 + 𝑐ℎ̃)

− 8
3 ℎ̃2
)︀
ℎ′𝑦
⃒⃒
6

6
𝑅

3

(︀
1 + 2

3𝑐+
5
9(1 + 𝑐ℎ̃)

− 8
3 𝑐2
)︀
𝑐𝑦 <

𝑐𝑦𝑅

3

(︀
1 + 2

3𝑐+
5
9(1− 𝑐)−

8
3 𝑐2
)︀
=

=
1

9

(︀
1 + 1

3 + 5
92

8
3 /4
)︀
< 0.25.

Step 3. Let us estimate 𝜕𝑦
𝜕𝑥 from the formula (5). Let us first estimate separately the factors of

this expression.
a) Auxiliary Assessment. By Lemma 4, we have⃒⃒⃒⃒ 1∫︁

0

(︂
𝑓
(4)
𝑦4

(𝑥, 𝑠𝑦)− 𝑓
(4)
𝑦4

(0, 0)

)︂
(1− 𝑠)3 𝑑𝑠

⃒⃒⃒⃒
6

1∫︁
0

2𝑀𝑅(1− 𝑠)3 𝑑𝑠 =
𝑀𝑅

2
< 1.

b) By Assumption 1, we have 𝑓 (4)
𝑦4

(0, 0) = 24. We get the following lower bound:

6|𝑔| =
⃒⃒⃒⃒ 1∫︁
0

𝑓
(4)
𝑦4

(𝑥, 𝑠𝑦)(1− 𝑠)3 𝑑𝑠

⃒⃒⃒⃒
=

⃒⃒⃒⃒ 1∫︁
0

(︂
𝑓
(4)
𝑦4

(𝑥, 𝑠𝑦)− 𝑓
(4)
𝑦4

(0, 0) + 𝑓
(4)
𝑦4

(0, 0)

)︂
(1− 𝑠)3 𝑑𝑠

⃒⃒⃒⃒

> 6− 𝑀𝑅

2
> 5 > 0.

Item (a) of Theorem 2 has been completely proved for 𝐸6. Set 𝑐 = 1− 𝑀𝑅
12 . Then

⃒⃒𝜕𝑦
𝜕𝑥

⃒⃒
=

⃒⃒⃒⃒
𝑦
1

4

(︂
1

6

1∫︁
0

𝑓
(4)
𝑦4

(𝑥, 𝑠𝑦)(1− 𝑠)3 𝑑𝑠

)︂− 3
4
(︂
1

6

1∫︁
0

𝑓
(5)
𝑥𝑦4

(𝑥, 𝑠𝑦)(1− 𝑠)3 𝑑𝑠

)︂⃒⃒⃒⃒
6

6 𝑅
1

4
𝑐−

3
4
𝑀

24
<
𝑀𝑅

96

(︂
1− 𝑀𝑅

12

)︂− 3
4

<
1

48

(︂
1− 1

6

)︂− 3
4

< 0.03.

Step 4. Let us estimate |1− 𝜕𝑦
𝜕𝑦 | from formula (6).

⃒⃒⃒𝜕𝑦
𝜕𝑦

− 1
⃒⃒⃒
=

⃒⃒⃒⃒
⃒ 4

√︃
1

6

∫︁ 1

0
𝑓
(4)
𝑦4

(𝑥, 𝑠𝑦)(1− 𝑠)3 𝑑𝑠− 1+

+
𝑦

4

(︂
1

6

1∫︁
0

𝑓
(4)
𝑦4

(𝑥, 𝑠𝑦)(1− 𝑠)3 𝑑𝑠

)︂− 3
4 1

6

1∫︁
0

𝑠𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)(1− 𝑠)3 𝑑𝑠

⃒⃒⃒⃒
⃒ 6

<
(︁
1 +

𝑀𝑅

12

)︁ 1
4 − 1 +

𝑀𝑅

80

(︁
1− 𝑀𝑅

12

)︁− 3
4
<
(︁
1 + 1

6

)︁ 1
4 − 1 + 1

40

(︁
1− 1

6

)︁− 3
4
< 0.07.

Step 5. By Steps 1–4, for each point 𝑥 ∈ 𝑈 , we have:

‖𝜑′(𝑥)− 𝐼‖ = ‖𝐴(𝑥)‖ 6
√︀
0.262 + 0.252 + 0.032 + 0.072 =

√
0.1359 < 0.4 = 𝐶 < 1,

that proves item (b) of Theorem 2 for 𝐶 = 2
5 . By Lemma 3 the coordinate change 𝜑 is injective in

𝑈 , that proves item (c), except for the properties of 𝜑(𝑈).
From the last assertion of Lemma 3 and [5, Cor. 8.3, Step 1], we conclude that 𝜑(𝑈) contains

the open disk of radius (1− 𝐶)𝑅 centered at the origin.
This completes our proof of Theorem 2 for the case of a singularity 𝐸6.
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3.2. The case of 𝐸8

For a singularity 𝐸8, the coordinate change 𝜑 is given by the formulas 𝑥̃ = 𝑥 3
√︀
ℎ(𝑥, 𝑦) =

= 3

√︁∑︀4
𝑘=0

𝑦𝑘

𝑘! 𝑓
(𝑘)

𝑦𝑘
(𝑥, 0), 𝑦 = 𝑦 5

√︀
𝑔(𝑥, 𝑦) = 𝑦

[︁
𝜂 1
24

∫︀ 1
0 𝑓

(5)
𝑦5

(𝑥, 𝑠𝑦)(1− 𝑠)4 𝑑𝑠
]︁ 1

5
, where 𝜂 = sgn 𝑓

(5)
𝑦5

(0).

Like in the case of 𝐸6, we will further assume that 𝜂 = 1 (for 𝜂 = −1, the proof is similar).
Step 1. As in the case of 𝐸6, we find a bound for the term ℎ̃(𝑥, 𝑦), in order to estimate |1− 𝜕𝑥̃

𝜕𝑥 |.
The difference from the case of 𝐸6 is an additional term in the sum of absolute values that can be
bound by 𝑀𝑅4

144 , then the sum can be bound by the same geometric progression. In more detail:

|ℎ(𝑥, 𝑦)− 1| =
⃒⃒⃒⃒
𝑓 ′′′𝑥3(0, 0)

6
+ 𝑥

𝑓
(4)
𝑥4

(𝑐0, 0)

24
+

4∑︁
𝑘=1

𝑓
(𝑘+3)

𝑥3𝑦𝑘
(𝑐𝑘, 0)

6
· 𝑦

𝑘

𝑘!
− 1

⃒⃒⃒⃒
6
𝑅𝐶40

24
+

+
𝑅𝐶31

6
+
𝑅2𝐶32

12
+
𝑅3𝐶33

36
+
𝑅4𝐶34

144
6
𝑀𝑅

12

(︂
5

2
+𝑅+

𝑅2

3
+
𝑅3

12

)︂
<

5

24
· 2 < 1

2
.

The bound from before holds: ℎ(𝑥, 𝑦) ∈ (0.5, 1.5) or |ℎ̃| < 0.5. Then 3
√︀
ℎ(𝑥, 𝑦) ∈ (0.79, 1.21).

Similar arguments work for the estimation of the term |ℎ′𝑥|. Thus we can bound it as we did it
in the case of 𝐸6:

|ℎ′𝑥| <
1

12𝑅
.

Set 𝑐𝑥 = 1
12𝑅 .

The element 𝜕𝑥̃
𝜕𝑥 has the same representation in terms of the function ℎ as in the case 𝐸6 and

the same estimation for every term. Hence the following bound holds:⃒⃒⃒𝜕𝑥̃
𝜕𝑥

− 1
⃒⃒⃒
< 0.26.

Step 2. a) For estimating the term |ℎ′𝑦| when 𝑥 ̸= 0, we can use the bound from the case of 𝐸6:

|ℎ′𝑦| =
⃒⃒(︂ 4∑︁

𝑘=0

𝑦𝑘

𝑘!

𝑓
(𝑘)

𝑦𝑘
(𝑥, 0)

𝑥3

)︂′

𝑦

⃒⃒
6

1

3𝑅
.

b) The element 𝜕𝑥̃
𝜕𝑦 has the same representation in terms of the function ℎ as in the case of 𝐸6.

Hence the following bound holds: ⃒⃒⃒𝜕𝑥̃
𝜕𝑦

⃒⃒⃒
< 0.25.

Step 3. In this step, we have orders of partial derivatives and a constant 𝑐 that differ from the
case of 𝐸6.

a) Auxiliary Assessment. By Lemma 4, we have⃒⃒⃒⃒ ∫︁ 1

0

(︂
𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)− 𝑓
(5)
𝑦5

(0, 0)

)︂
(1− 𝑠)4 𝑑𝑠

⃒⃒⃒⃒
6
∫︁ 1

0
𝑅(𝐶15 + 𝐶06)(1− 𝑠)4 𝑑𝑠 =

(𝐶15 + 𝐶06)𝑅

5
6

2𝑀𝑅

5
.

b) By Assumption 1, we have 𝑓 (5)
𝑦5

(0, 0) = 120. We get the following lower bound for 24|𝑔|:

⃒⃒⃒⃒∫︁ 1

0
𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)(1− 𝑠)4 𝑑𝑠

⃒⃒⃒⃒
=

⃒⃒⃒⃒∫︁ 1

0

(︂
𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)− 𝑓
(5)
𝑦5

(0, 0) + 𝑓
(5)
𝑦5

(0, 0)

)︂
(1− 𝑠)4 𝑑𝑠

⃒⃒⃒⃒
> 24− 2𝑀𝑅

5
.
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Thus |𝑔| > 0, and item (a) of Theorem 2 is proved for 𝐸8. Set 𝑐 = 1− 𝑀𝑅
60 . Then

⃒⃒𝜕𝑦
𝜕𝑥

⃒⃒
=

⃒⃒⃒⃒
𝑦 · 1

5

(︂
1

24

∫︁ 1

0
𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)(1− 𝑠)4 𝑑𝑠

)︂− 4
5

·
(︂

1

24

∫︁ 1

0
𝑓
(6)
𝑥𝑦5

(𝑥, 𝑠𝑦)(1− 𝑠)4 𝑑𝑠

)︂⃒⃒⃒⃒
6

6 𝑅
1

5
𝑐−

4
5
𝐶15

120
<
𝑀𝑅

600

(︂
1− 𝑀𝑅

60

)︂− 4
5

<
1

300

(︂
1− 1

30

)︂− 4
5

< 0.004 < 0.03.

Step 4. Let us estimate |1− 𝜕𝑦
𝜕𝑦 |:

⃒⃒⃒𝜕𝑦
𝜕𝑦

− 1
⃒⃒⃒
=

⃒⃒⃒⃒
⃒ 5

√︃
1

24

∫︁ 1

0
𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)(1− 𝑠)4 𝑑𝑠− 1+

+
𝑦

5

(︂
1

24

∫︁ 1

0
𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)(1− 𝑠)4 𝑑𝑠

)︂− 4
5 1

24

∫︁ 1

0
𝑠𝑓

(6)
𝑦6

(𝑥, 𝑠𝑦)(1− 𝑠)4 𝑑𝑠

⃒⃒⃒⃒
⃒ 6

6

⃒⃒⃒⃒(︂
1

24

∫︁ 1

0

(︂
𝑓
(5)
𝑦5

(𝑥, 𝑠𝑦)− 𝑓
(5)
𝑦5

(0, 0) + 𝑓
(5)
𝑦5

(0, 0)

)︂
(1− 𝑠)4 𝑑𝑠

)︂ 1
5

− 1

⃒⃒⃒⃒
+ | . . . | 6

6
⃒⃒⃒(︁
1− (𝐶15 + 𝐶06)𝑅

120

)︁ 1
5 − 1

⃒⃒⃒
+𝑅𝑐−

4
5

𝐶06

5 · 24 · 30
<

< 1−
(︁
1− 𝑀𝑅

60

)︁ 1
5
+
𝑀𝑅

3600

(︁
1− 𝑀𝑅

60

)︁− 4
5
<

< 1−
(︁
1− 1

30

)︁ 1
5
+ 1

1800

(︁
1− 1

30

)︁− 4
5
< 0.008 < 0.07.

Step 5. From Steps 1–4, we get the required bound for a singularity of the type 𝐸8:

‖𝜑′(𝑥)− 𝐼‖ <
√︀

0.262 + 0.252 + 0.0042 + 0.0082 < 0.4 = 𝐶 < 1.

The rest of the proof is the same as in the case of 𝐸6.
Theorem 2 is completely proved. �

4. The case of 𝐴𝑘

Definition 2. A smooth function 𝑓(𝑢, 𝑣) has a singularity type 𝐴𝑘 (𝑘 > 2) at its critical point
𝑃 ∈ R2 if

(i) the first differential 𝑑𝑓(𝑃 ) vanishes and the second differential 𝑑2𝑓(𝑃 ) is a perfect square
(non-zero);

(ii) some condition on coefficients of the Taylor series of 𝑓 at 𝑃 holds (see below).

Consider a linear change (𝑢, 𝑣) → (𝑥, 𝑦) such that 𝑑2𝑓(𝑃 ) = ±2(𝑑𝑥)2. By using a non-linear change
(𝑥, 𝑦) → (𝑥1 = 𝑥+𝑦2𝑄(𝑦), 𝑦1 = 𝑦) for some polynomial 𝑄(𝑦) of degree 6 𝑘−3

2 , one can achieve that

𝑓
(𝑖+2)

𝑥1𝑦
𝑖+1
1

(𝑃 ) = 0 for all 𝑖 with 1 6 𝑖 6 [𝑘−1
2 ]. Notice that 𝑓 ′′

𝑥21
(𝑃 ) = ±2. The condition on the Taylor

series coefficients is as follows: 𝑓
′′′

𝑦31
(𝑃 ) = · · · = 𝑓

(𝑘)

𝑦𝑘1
(𝑃 ) = 0 and 𝑓

(𝑘+1)

𝑦𝑘+1
1

(𝑃 ) ̸= 0 (if 𝑘 = 2, then this

condition means that 𝑓
′′′

𝑦3(𝑃 ) ̸= 0).

We will assume that 𝑃 = (0, 0) = 0 in the coordinates 𝑥, 𝑦.
Due to the splitting lemma [1, Lemma 4.1], there exists a 𝐶∞-smooth coordinate change

(𝑥, 𝑦) → (𝑋,𝑌 ) (which in fact can be constructed by an explicit formula by using a parametric
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version of the Morse lemma) such that 𝑃 = (0, 0) in the coordinates 𝑥, 𝑦, and 𝑓 = 𝑓(𝑃 )±𝑋2+𝐹 (𝑌 )
where 𝐹 (𝑦) is a smooth function such that 𝐹 ′(0) = 𝐹 ′′(0) = 0. The condition (ii) in the above
definition is in fact equivalent to the following: 𝐹

′′′
(0) = · · · = 𝐹 (𝑘)(0) = 0 and 𝐹 (𝑘+1)(0) ̸= 0

(see also [3, Assertion 6.1] for another condition equivalent to this condition). It is an easy exercise
that there exists a 𝐶∞-smooth coordinate change 𝑌 → ̃︀𝑌 (which in fact can be constructed by an
explicit formula) centered at the origin that reduces 𝑓 to the normal form 𝑓 = 𝑓(𝑃 )±𝑋2 ± ̃︀𝑌 𝑘+1.

We say that a smooth function 𝑓(𝑢, 𝑣) has a singularity type 𝐴1 at its critical point 𝑃 ∈ R2 if
this point is non-degenerate (i.e., Morse). For 𝑘 = 1, we can find a linear change (𝑢, 𝑣) → (𝑥1, 𝑦1)
such that 𝑓 ′′

𝑥21
(𝑃 ) = ±2 and 𝑓 ′′𝑥1𝑦1(𝑃 ) = 0, thus 𝑓 ′′

𝑦21
(𝑃 ) ̸= 0.

Assumption 2. For singularities 𝐴𝑘 (𝑘 > 1), assume that 𝑓 (𝑘+1)

𝑦𝑘+1
1

(0, 0) = ±(𝑘 + 1)!.

Similarly to Lemma 1, one can construct a coordinate change (𝑥1, 𝑦1) → (𝑥2 = 𝑥1 + 𝑦21𝑄1(𝑦1),

𝑦2 = 𝑦1) for some polynomial 𝑄1(𝑦1) of degree 6 𝑘, such that 𝑓 (𝑎+𝑏)
𝑥𝑎2𝑦

𝑏
2
(𝑃 ) = 0 for all 𝑎, 𝑏 ∈ Z+ with

𝑎+ 𝑏 > 0, 𝑎 < 2, and 𝑏 < 𝑘 + 1.
The following theorem extends the uniform Morse lemma [4, 5] to the case of the infinite series

of singularities 𝐴𝑘 for all 𝑘 > 1.

Theorem 3 (Estimating the radius of a neighborhood for the coordinate change). In the case
of a singularity 𝐴𝑘 (𝑘 > 1), under the hypotheses of Assumption 2, let (𝑥1, 𝑦1) → (𝑥2, 𝑦2) be the
coordinate change from above. Suppose that, in a neighborhood 𝑈0 = {(𝑥2, 𝑦2) | max(|𝑥2|, |𝑦2|) < 𝑅0}
of 0, the following estimates hold: 𝐶𝛼𝛽 := sup𝑈0

⃒⃒
𝑓
(𝛼+𝛽)

𝑥𝛼2 𝑦
𝛽
2

(𝑥2, 𝑦2)
⃒⃒
6𝑀 for all

(𝛼, 𝛽) ∈ {(0, 𝑘 + 2), (1, 𝑘 + 1), (2, 𝑖), (3, 0), (3, 𝑖) | 1 6 𝑖 6 𝑘},

where 𝑅0 > 0, 𝑀 > 0. Then, in the neighborhood 𝑈 = {(𝑥2, 𝑦2) | max(|𝑥2|, |𝑦2|) < 𝑅}, with
𝑅 = min{𝑅0,

3
4𝑀+3}, there is a 𝐶

∞-smooth coordinate change of the form

𝜑 : (𝑥2, 𝑦2) → (𝑥̃ = 𝑥2
√︀
ℎ(𝑥2, 𝑦2), 𝑦 = 𝑦2𝑔(𝑥2, 𝑦2)

1
𝑘+1 )

that reduces 𝑓 to the normal form 𝑓 = 𝑓(𝑃 )± 𝑥̃2±𝑦𝑘+1 of 𝐴𝑘. In more detail: the coordinate change
𝜑|𝑈 satisfies the conditions (a), (b), (c) from Theorem 2 with 𝐶 = 0.93.

Proof. By abusing notations, we will denote (𝑥2, 𝑦2) by (𝑥, 𝑦). Let 𝜂ℎ = sgn 𝑓 ′′𝑥2(𝑃 ), 𝜂𝑔 =

= sgn 𝑓
(𝑘+1)

𝑦𝑘+1 (𝑃 ). Due to Lemma 2, we have 𝑓 = 𝑓(𝑃 ) + 𝜂ℎ𝑥
2ℎ(𝑥, 𝑦) + 𝜂𝑔𝑦

𝑘+1𝑔(𝑥, 𝑦), where the
functions 𝜂ℎℎ, 𝜂𝑔𝑔 are given by the explicit formulas (1), (2) (with 𝑚 = 2 and 𝑛 = 𝑘 + 1). Thus
ℎ(0) = 𝑔(0) = 1 due to the definition of 𝐴𝑘 singularity and Assumption 2.

Like in the case of 𝐸𝑘 (𝑘 = 6, 8), we will further assume that 𝜂ℎ = 𝜂𝑔 = 1 (for 𝜂ℎ = −1 or
𝜂𝑔 = −1, the proof is similar).

Consider the coordinate change

𝑥̃ = 𝑥
√︀
ℎ(𝑥, 𝑦) =

⎯⎸⎸⎷ 𝑘∑︁
𝑖=0

𝑦𝑖

𝑖!
𝑓
(𝑖)

𝑦𝑖
(𝑥, 0), 𝑦 = 𝑦 𝑘+1

√︀
𝑔(𝑥, 𝑦) = 𝑦

[︂
1

𝑘!

∫︁ 1

0
𝑓
(𝑘+1)

𝑦𝑘+1 (𝑥, 𝑠𝑦)(1− 𝑠)𝑘 𝑑𝑠

]︂ 1
𝑘+1

.

We extend our proof of Theorem 2 (about singularities 𝐸6, 𝐸8) to the case of singularities 𝐴𝑘.

Step 1. a) Let us estimate ℎ̃(𝑥, 𝑦):

|ℎ(𝑥, 𝑦)− 1| =
⃒⃒⃒⃒
𝑓 ′′𝑥2(0, 0)

2
+ 𝑥

𝑓 ′′′𝑥3(𝑐0, 0)

6
+

𝑘∑︁
𝑖=1

𝑓
(𝑖+2)

𝑥2𝑦𝑖
(𝑐𝑖, 0)

2

𝑦𝑖

𝑖!
− 1

⃒⃒⃒⃒
6

6
𝑅𝐶30

6
+

𝑘∑︁
𝑖=1

𝐶2𝑖𝑅
𝑖

2 · 𝑖!
6

2𝑀𝑅

3(1−𝑅)
6

1

2
.
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Thus ℎ(𝑥, 𝑦) ∈ (0.5, 1.5), or |ℎ̃| < 0.5 =: 𝑐. Then
√︀
ℎ(𝑥, 𝑦) ∈ (0.7, 1.3).

We have
𝜕𝑥̃

𝜕𝑥
= ℎ

1
2 + 𝑥 · 1

2
ℎ−

1
2 · ℎ′𝑥 = (1 + ℎ̃)

1
2 + 𝑥 · 1

2
(1 + ℎ̃)−

1
2 · ℎ′𝑥.

Let us estimate |ℎ′𝑥|:

|ℎ′𝑥| =
⃒⃒⃒⃒(︂ 𝑘∑︁

𝑖=0

𝑦𝑖

𝑖!

𝑓
(𝑖)

𝑦𝑖
(𝑥, 0)

𝑥2

)︂′

𝑥

⃒⃒⃒⃒
=

⃒⃒⃒⃒(︂ 𝑘∑︁
𝑖=0

𝑦𝑖

𝑖!

∫︁ 1

0
𝑓
(𝑖+2)

𝑦𝑖𝑥2
(𝑠𝑥, 0)(1− 𝑠) 𝑑𝑠

)︂′

𝑥

⃒⃒⃒⃒
=

=

⃒⃒⃒⃒ 𝑘∑︁
𝑖=0

𝑦𝑖

𝑖!

∫︁ 1

0
𝑠𝑓

(𝑖+3)

𝑦𝑖𝑥3
(𝑠𝑥, 0)(1− 𝑠) 𝑑𝑠

⃒⃒⃒⃒
6

𝑘∑︁
𝑖=0

𝑅𝑖𝐶3𝑖

𝑖!

∫︁ 1

0
(𝑠− 𝑠2) 𝑑𝑠 6

𝑀

6(1−𝑅)
6

1

8𝑅
.

Set 𝑐𝑥 = 1
8𝑅 . Let us estimate |

𝜕𝑥̃
𝜕𝑥 − 1|:⃒⃒⃒𝜕𝑥̃

𝜕𝑥
− 1
⃒⃒⃒
=
⃒⃒√
ℎ− 1 + 𝑥 · 1

2(1 + ℎ̃)−
1
2ℎ′𝑥
⃒⃒
6 |

√
ℎ− 1|+

⃒⃒
𝑥 · 1

2(1 + ℎ̃)−
1
2ℎ′𝑥
⃒⃒
<

< 0.3 +
𝑐𝑥𝑅

2

(︀
1− 𝑐)−

1
2 < 0.3 +

2
1
2

2 · 8
< 0.3 + 0.1 = 0.4.

Step 2. a) Let us estimate |ℎ′𝑦| when 𝑥 ̸= 0:

|ℎ′𝑦| =
⃒⃒(︂ 𝑘∑︁

𝑖=0

𝑦𝑖

𝑖!

𝑓
(𝑖)

𝑦𝑖
(𝑥, 0)

𝑥2

)︂′

𝑦

⃒⃒
=
⃒⃒(︂𝑘−1∑︁

𝑖=0

𝑦𝑖

𝑖!

𝑓
(𝑖+1)

𝑦𝑖+1 (𝑥, 0)

𝑥2

)︂⃒⃒
=

=

⃒⃒⃒⃒∫︁ 1

0

(︂𝑘−1∑︁
𝑖=0

𝑦𝑖

𝑖!
𝑓
(𝑖+3)

𝑥2𝑦𝑖+1(𝑠𝑥, 0)

)︂
(1− 𝑠) 𝑑𝑠

⃒⃒⃒⃒
6

1

2

𝑘−1∑︁
𝑖=0

𝑅𝑖𝐶2,𝑖+1

𝑖!
6

𝑀

2(1−𝑅)
6

3

8𝑅
.

Set 𝑐𝑦 = 3
8𝑅 .

b) Let us estimate |𝜕𝑥̃𝜕𝑦 |:⃒⃒𝜕𝑥̃
𝜕𝑦

⃒⃒
=
⃒⃒
𝑥 · 1

2

(︀
1 + ℎ̃

)︀− 1
2 · ℎ′𝑦

⃒⃒
=
⃒⃒𝑥
2

(︀
1− 1

2 ℎ̃+ 3
8(1 + 𝑐ℎ̃)

− 5
2 ℎ̃2
)︀
ℎ′𝑦
⃒⃒
6

6
𝑅

2

(︀
1 + 1

2𝑐+
3
8(1 + 𝑐ℎ̃)

− 5
2 𝑐2
)︀
𝑐𝑦 <

𝑐𝑦𝑅

2

(︀
1 + 1

2𝑐+
3
8(1− 𝑐)−

5
2 𝑐2
)︀
=

=
3

16

(︀
1 + 1

4 + 3
82

5
2 /4
)︀
< 0.4.

Step 3. a) Auxiliary Assessment. By Lemma 4:⃒⃒⃒⃒ ∫︁ 1

0

(︂
𝑓
(𝑘+1)

𝑦𝑘+1 (𝑥, 𝑠𝑦)− 𝑓
(𝑘+1)

𝑦𝑘+1 (0, 0)

)︂
(1− 𝑠)𝑘 𝑑𝑠

⃒⃒⃒⃒
6
∫︁ 1

0
𝑅(𝐶1,𝑘+1 + 𝐶0,𝑘+2)(1− 𝑠)𝑘 𝑑𝑠 6

2𝑀𝑅

𝑘 + 1
.

b) By Assumption 2 we have 𝑓 (𝑘+1)

𝑦𝑘+1 (0, 0) = (𝑘+1)!. We get the following lower bound for 𝑘!|𝑔(𝑥, 𝑦)|:⃒⃒⃒⃒∫︁ 1

0
𝑓
(𝑘+1)

𝑦𝑘+1 (𝑥, 𝑠𝑦)(1− 𝑠)𝑘 𝑑𝑠

⃒⃒⃒⃒
=

⃒⃒⃒⃒∫︁ 1

0

(︂
𝑓
(𝑘+1)

𝑦𝑘+1 (𝑥, 𝑠𝑦)− 𝑓
(𝑘+1)

𝑦𝑘+1 (0, 0) + 𝑓
(𝑘+1)

𝑦𝑘+1 (0, 0)

)︂
(1− 𝑠)𝑘 𝑑𝑠

⃒⃒⃒⃒
>

> 𝑘!− 2𝑀𝑅

𝑘 + 1
> 𝑘!

(︂
1− 3

2(𝑘 + 1)!

)︂
> 0.

Thus |𝑔| > 0, and we proved item (a) of Theorem 3.
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Set 𝑐 = 1− 2𝑀𝑅
(𝑘+1)! . Then the following sequence of inequalities holds:

⃒⃒𝜕𝑦
𝜕𝑥

⃒⃒
=

⃒⃒⃒⃒
𝑦 · 1

𝑘 + 1

(︂
1

𝑘!

∫︁ 1

0
𝑓
(𝑘+1)

𝑦𝑘+1 (𝑥, 𝑠𝑦)(1− 𝑠)𝑘 𝑑𝑠

)︂− 𝑘
𝑘+1

·
(︂

1

𝑘!

∫︁ 1

0
𝑓
(𝑘+2)

𝑥𝑦𝑘+1(𝑥, 𝑠𝑦)(1− 𝑠)𝑘 𝑑𝑠

)︂⃒⃒⃒⃒
6

6 𝑅
1

𝑘 + 1
𝑐−

𝑘
𝑘+1

𝐶1,𝑘+1

(𝑘 + 1)!
6

6
𝑀𝑅

(𝑘 + 1)(𝑘 + 1)!

(︂
1− 2𝑀𝑅

(𝑘 + 1)!

)︂− 𝑘
𝑘+1

<
3

4 · 4

(︂
1− 3

2(𝑘 + 1)!

)︂− 𝑘
𝑘+1

6
3

8
.

Let us prove the latter inequality in this sequence. For 𝑘 = 1 this inequality is in fact an equality.

For 𝑘 > 1 we have 𝑐−
𝑘

𝑘+1 < 𝑐−1, moreover the function 𝑐−1|𝑀𝑅= 3
4
of 𝑘 is monotone decreasing.

Since 𝑐−1|𝑀𝑅= 3
4
< 2 for 𝑘 = 2, we have the same for all 𝑘 > 2. This proves the desired inequality.

Step 4. Let us estimate |1− 𝜕𝑦
𝜕𝑦 |:

⃒⃒⃒𝜕𝑦
𝜕𝑦

− 1
⃒⃒⃒
=

⃒⃒⃒⃒
⃒ 𝑘+1

√︃
1

𝑘!

∫︁ 1

0
𝑓
(𝑘+1)

𝑦𝑘+1 (𝑥, 𝑠𝑦)(1− 𝑠)𝑘 𝑑𝑠− 1+

+
𝑦

𝑘 + 1

(︂
1

𝑘!

∫︁ 1

0
𝑓
(𝑘+1)

𝑦𝑘+1 (𝑥, 𝑠𝑦)(1− 𝑠)𝑘 𝑑𝑠

)︂− 𝑘
𝑘+1 1

𝑘!

∫︁ 1

0
𝑠𝑓

(𝑘+2)

𝑦𝑘+2 (𝑥, 𝑠𝑦)(1− 𝑠)𝑘 𝑑𝑠

⃒⃒⃒⃒
⃒ 6

6

⃒⃒⃒⃒(︂
1

𝑘!

∫︁ 1

0

(︂
𝑓
(𝑘+1)

𝑦𝑘+1 (𝑥, 𝑠𝑦)− 𝑓
(𝑘+1)

𝑦𝑘+1 (0, 0) + 𝑓
(𝑘+1)

𝑦𝑘+1 (0, 0)

)︂
(1− 𝑠)𝑘 𝑑𝑠

)︂ 1
𝑘+1

− 1

⃒⃒⃒⃒
+ | . . . | 6

6
⃒⃒⃒(︁
1−

(𝐶1,𝑘+1 + 𝐶0,𝑘+2)𝑅

(𝑘 + 1)!

)︁ 1
𝑘+1 − 1

⃒⃒⃒
+𝑅𝑐−

𝑘
𝑘+1

𝐶0,𝑘+2

(𝑘 + 2)(𝑘 + 1)(𝑘 + 1)!
<

< 1−
(︁
1− 2𝑀𝑅

(𝑘 + 1)!

)︁ 1
𝑘+1

+ · · · = 1− 𝑐
1

𝑘+1 +
𝑀𝑅𝑐−

𝑘
𝑘+1

(𝑘 + 2)(𝑘 + 1)(𝑘 + 1)!
<

<
3

2 · (𝑘 + 1)!
+

3 · 2
4 · 3 · 2 · 2

6
1

2
6

5

8

if 𝑘 > 1. And when 𝑘 = 1, we get 1− 𝑐
1
2 6 1

2 , therefore |
𝜕𝑦
𝜕𝑦 − 1| < 1

2 + 1
8 = 5

8 .

Step 5. From Steps 1–4, for 𝐴𝑘 we have ‖𝜑′(𝑥) − 𝐼‖ <
√︁
0.42 + 0.42 + 3

8

2
+ 5

8

2
< 0.93 < 1 for

all 𝑘 > 1. The rest of the proof is the same as for Theorem 2. Theorem 3 is proved. 2

5. Conclusion

For singularities 𝐴𝑘, 𝐸6, and 𝐸8 there are explicitly constructed (in Theorems 1–3) a coordinate
change reducing a function to normal form and estimated (in terms of 𝐶𝑟-norm of the function,
where 𝑟 = 𝑘+3, 7, and 8 respectively) from below a radius of a neighborhood where this coordinate
change is well-defined.
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