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AnHOTanMs

B 1872 roxy P. Jlenekuumom ObLIa TOCTPOEHO MHOXKECTBO BEIECTBEHHBIX Uncesl R Kak HEKO-
TOPOE PACIIMPEHHE MHOXKECTBA PAUMOHAIbHBIX duces Q crocoboM B3siThsi CYETHBIX MOPSIIKO-
BBIX PETYJISPHBIX CEUeHUIT. DTOT Crocob ObLT 00001mEH n mpuMenéH . MakHeitjioMm K HEKOTOPHIM
YIOPSIIOYEHHBIM MaTEMAaTHIeCKuM cucTeMaMm. B mannoit crarse ciocob denexkunga— Makneiira
OpUMeHsieTcsl K MaremMarndeckoil cucreme C, nmopoxaéunoit cemeiicrsom Cy(T,G) BCex Hempe-
PBIBHBIX OorpaHudeHHbix (Gyanuit f: T —= R Ha THXOHOBCKOM TOIOJIOTHYECKOM MTPOCTPAHCTBE
(T,G).

PaccmarpuBaercs dedexundoso pacwupenue C>—> D(C), a takke cuémmo-dedexundoso
pacwupenue C=—= D°(C'), xak Gonee 6Mu3KHil aHANOT KIaccudeckoro pacimmpenns Q=—s R.
Jarorcs byHKIINOHATIBHO-(DAKTOPHBIE OMUCAHNS YKA3AHHBIX PDACIITUDPEHUI Yepe3 ceMeiiCcTBa, paB-
HOMEPHBIX (DYHKIIHI OTHOCHTETHLHO aHCAMOJIEH TOIMHOKECTB MHOXKECTBa T, 0014 JAI0MINX CBOM-
crBom CroyHa u KOHYIb-cBoOficTBOM CTOyHA.

Jlaorcs xapakTepu3anuy YKa3aHHbIX PACIIUPEHUH KAK HEKOTOPBIX MOMOJHEHUN PEeIéToqHO-
ro smHeiHoro mpoctpaHcTBa C, HAJEIEHHOTO HEKOTOPOH A0KAALHOU cmpykmypol udeasbHnozo
UBMENDYEHUSA.

QO YHKIMOHAJIBHOE OMMCAHNE W XAPAKTEPU3AIlnsi CIETHO-AEAeKNHI0Ba, paciupenus C >

> DY(C') okazpIBAIOTCA YIUBATETBHBIM 00PA30M COBIATAIONIHAM ¢ (DyHKITHOHATBHBIM OTTHCAHH-

eM U xapakrepusanueil pumanosa paciuupenus C>—= R,,, 10poKIEHHOIO GaKTop-cemeiicrBoM
BCex GYHKIMIA Ha THXOHOBCKOM mpoctpancTie (T,G), p-mHTerpupyemMbix mo PumMamny oTHOCH-
TEJBHO TOJIO?KUTEJIbHOW OrPAHNYEHHON PAJOHOBCKOI MepBhI .

Karouesne crosa: PpaBHOMEPDHDbIE (byHKHI/II/I, JIATIAHEAJIbI, Cr'y-IIOIIOJTHEHHE.
Bubauoepagus: 17 HazBanuii.
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Abstract

In 1872 R. Dedekind constructed the set of real numbers R as a certain extension of the set
of rational numbers QQ by taking countable order regular cuts. This method was generalized and
applied by G. MacNeille to some ordered mathematical systems. In this article the Dedekind —
MacNeille method is applied to the mathematical system C' generated by the family Cy (T, G)
of all continuous bounded functions f: T'— R on the Tikhonov topological space (T, G).

We consider Dedekind extension C > D(C), and also countably Dedekind extension
C > D°(C) as a closer analogue of the classical extension Q > R. Functional-factor
descriptions of these extensions are given through families of functions uniform with respect
to ensembles of subsets of the set T' having the Stone property and the Stone cozero property.

Characterizations of these extensions are given as some completions of the lattice linear
space C endowed with some local structure of ideal refinement.

The functional description and characterization of the countable Dedekind extension
C>= D°(C) turn out to be surprisingly similar with the functional description and characte-
rization of the Riemannian extension C>— R,, generated by the factor-family of all functions
on the Tikhonov space (T, G) p-Riemann integrable with respect to a positive bounded Radon
measure .
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1. BBenenue

Emé B 1872 romy P. JenekunmoM ObLaa MOCTPOEHO MHOYKECTBO BEIECTBEHHBIX dncea R Kax
HEKOTOPOE PACIIMpPEHUe MHOXKECTBA PALMOHAILHBIX dnces QQ crocoboM B3siTus CYETHBIX ITOPSIKO-
BhIX ceuenuit. B 1937 roay sror criocob 6611 0606m1éH 1 npuMenén . MakHeHI0M K ITPOU3BOJIBHBIM
YIOPsiIoUeHHbIM MHOXKecTBaM u pemmérkam [1]. 3arem criocod depexnnia—Makneitia 6b11 paciipo-
CTPaHEH Ha yIOpaI0UYeHHbIe abe/IeBbl IPYIIL U Ha PEIIETOYHbIE JJUHEHHBIE IPOCTPAHCTBA.

HamoManM, 9TO petwémounvim Aunetinom npocmpancmseom (KOpoUe AGmAuHeasom) HA3bIBAETCS
Takasi MmaTemarnueckasi cucrema (A, R, 0,4+, g, V, A), gro:
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|A,R, 0,4+, ‘r| siB/sIeTCS IMHEHHBIM TPOCTPAHCTBOM HaJL TOJIEM R;

|A, V, A| aBrsierca perméTkoii;

Va,b,ce A(aVb+c=(a+c)V(b+c)uVa,bcec A(aNb+c=(a+c)N(b+c));

Vr e Ry Va,be A (r(aVvb)=raVrbuVr € Ry Va,b€ A (r(a Ab) =raArb).

B narnuneasne A BBoguTCa omnuowenue nopadka: a < b, ecim aAb = a. Fcorma € A, ro ay = aV0
u a_ = aA0. B natnuHeasie BBITTOJHEHBI DABEHCTBA @ = a4 + a_ # |a| = aV (—a) = a4 —a—.

[Tapa moamuo)kecTs (P, Q) ymopsigodeHHOro MHOKeCTBa, (A, <) Ha3bIBaeTCs cevenuem 6 A, ecin
p < qanseeex p € Puqé€ Q. Ceuenne (P, Q) HasbiBaercst ceuenuem Marxnetiig nim pe2ysaproim,
ectn Q=P =fheA|YWwePh=2piuP=Q={gecA|YeQ(g<q} B[]
6b110 IocTpOeHo pacwupenue /ledexunda — Maxnetiaa w: A= D(A), B koropom D(A) siBisiercst
YTIOPSITOYEHHBIM MHOYKECTBOM BCEX DETyIAPHBIX CEUCHUI YIOpAJ0IeHHOT0 MHOXKecTBa (A, <), K
koTopeiM obasienst muoxkecrsa Al u A, a w(a) = ({a}™, {a}*) mas moboro a € A.

Kpome knaccuueckoro pacmupenus w: Q> D(Q) ocobwiii maTEpEC npeacraBisier dedexun-
doso pacwupenue w: C>= D(C) cemeticmea C = Cy(T,G) 6cer nenpepuienvir 02paHuernvl
dynryut f: T — R HA TUXOHOBCKOM (BIIOJTHE PErYJISIPHOM) TOMOIOrHYecKoM mpocrpatnctse (T, G)
¢ aHcaM0bJjIeM OTKPBITHIX TIOJIMHOXKECTB §.

Jlosiroe BpeMst (pyHKITMOHAJIBLHOE OTMMMCAHIEe aOCTPAKTHOTO IeIeKUHI0BA paciuperust w: C—
> D(C) guepes kakue-1u60 GyHKImu Ha T 661710 HemsBecTHO. KpaTKue n3/10:KeHNsT 9TOTO OMUCAHWST
6elan anbl B pabore [2] B obiuem Buge, a B padore [3] — yepes dakrop-cemeiicTBo Z paBHOMEPHBIX
dyHKM orHOCUTEIBHO ancaMbig SP noaMHuoKecTB MHOXKecTBa T co cBoiictBom Croyra. [loHoe
n3s0KeHne 37oro PyHKIMOHAJBHOTO ONMCAHAA JTAETCA B pa3jene 2 HACTOAEH CTAThY.

TMocae naxoxaenusi pyHkimonanabaoro onucanus D(C) ~ Z Bo3HUKIA 3ada%a Tapaxkmepusa-
yuu dedexundosa pacuwupenus u: C>— Z maremarudeckoil cucrembl C' B TepMuHax crpykTyp O,
1, +, -, R, V, A\, QHATOTHYIHAS 3400%€ TAPAKMEPUIGUUL KAGCCUNECKO20 0e0eKUHO06G PACULUPEHUA
u: Q>R mamemamuuecrot cucmemot payuonasonox wucea Q B repmuaax ctpykryp 0, 1, +, -,
v, A

ITocrpoenne kiaccuyeckoro jgenekunoBa paciupenns u: Q > R obuagaer ogHoil BaxKHOIA
ocobenHOCTBIO: peryiagpuble cedenus (P, Q) B R apiaiorcesa cuémmuvmu. [losTomy B Kadectse 6o-
Jiee Bm3koro anasiora pacumpenus u: Q= R B pazgesne 2.3 nis cemeiicrBa C' paccMarpuBaercst
cuémmno-dedexundoso pacwupenue u: C== DY(C) n maéres GyHKIMORATBHOE OTMCAHNE MHOYKe-
crBa DO(C) Beex cuérHO-TecHBIX cedenmii cemelicta C uepes dakTop-cemeiicTBo Z° paBHOMEPHBIX
byukimit orHocHTeMbHO ancambus SPY nomvuokecTs MHOkecTBa T’ ¢ Komy/b-ceoiicrBoM CToyHA.

yKa3aHHbIe BBIIIE CTPYKTYPbI JJ1s CUCTEMBI C Pa3aeaAI0TCA Ha ABEe MMPUHIUITNAJIBHO Pa3HbIe
vactr. Ecim 6parh TOABKO KOJIbIEBBIE CTPYKRTYphl 0, 1, +, «, TO OHM CBA3aHBI IUCTPUOYTUBHBIM
paBeHcTBOM a(b + ¢) = ab + ac. Ecan e 6parb TOJBKO CTPYKTYPbI DEIIETOYHOIO JIMHEHO-
ro mpoctpamctsa 0, 1, 4+, ‘g, V, A, TO OHW CBSI3aHBI JHUIIL JUCTPUOYTUBHBLIM HEPABEHCTBOM
aN(b+c) < aNb+aAec To 310#t mpuunre pabora ¢ TOCAETHUMU CTPYKTYPAME SBISETCS
KOHITETITYaIhbHO 00Jiee CI0KHON, 9eM ¢ TIepPBBIMUA.

[TosTomy BHavase B paborax [5]—[9] 6pl1a mana xapakrepusanus QyHKINOHATHHO-(DAKTOPHBIX
pacmupennii u: C>—> Z n u: C>~ Z° kak HEKOTOPBIX JemMbIxX 060m04ek u: C—> A xombia C.

Hanuuue y permérounpix JUHEHHBIX TPOCTPAHCTB TOJBKO AUCTPUOYTUBHOIO HEPABEHCTBA @ A
A(b+¢) < aAb+aAc Bmecro nucrpubytusHoro pasenctsa a(b+ c) = ab+ ac y KoJiel npuBoguT K
TOMY, 9T0 KaXKYIIUNCS Ha TIEPBBIA B3MJIs TAPAJIIEIN3M MEXKy CBOHCTBOM K0AbUE60U JesuMocmu,
KaK XOPOIIEro mpoaoizkerns romomopdusma ¢ € Homg (D, A) mag ugeana D B A no romomopdus-
Mma 1 € Homy (A, A), u CBOICTBOM TIOPSIKOBOI MOTHOTHI, KAK CYIIECTBOBAHUST XOPOIIeH 3a30pHoti
epanuuynt P < a < Q s cevernns P < Q B A, Ha HEKOTOpPOM 3Tare Tepsiercs. [losromy mosroe
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BpeMsI He yIaBajoCh HANTH CBOWCTBO, XapaKTepU3yIOIiee y30cms 3a30pa B ceuernnn P < Q) u mo3-
BOJISIONIEE CO3IaTh B 3TOM 3a30pe yKaszaHHLId sgement a € A. Takoe cpoiicTBo 6LLIO HaliIeHO B
pa6ore [10] (cm. Takxke [11]).

Pazmen 3 mannoi#t paboThI TMOCBSIIEH XapaKTepU3ary (DYHKITHOHAIBHO-(DAKTOPHBIX PACIIApE-
Huit w: C—> Z u u: C>—> Z% KaK HEKOTOPHIX HOPSTKOBBIX HOMOMHEHNUH 1: C>—> A perméTounoro
muneitroro mpocrpanctsa C. ITpejcrasiennas xapakrepusaiys Obla aHoHCHpoBana B [12].

B nannoit pabore cucreMaTndecku UCHOIb3YIOTCS TOHATHS W 0003Hadenus n3 Kuur [13] u [14].

2. PyHKIIMOHAJIbHOE OMNHNCaHue JeJIeKUHI0BA PpacCHIUpPeHus ceMeri-
CTBa HENPEPBLIBHBIX OrpaHWYEHHBIX (PyHKHOuii. CIETHO-IeTeKNH-
JIOBO pacIiupeHune

2.1. PyHKIMOHAJIbHOE OIIMCAHNE AEAEKMHA0BA PACHINPEHUA

Yepez U obozraamm momaacaMOIb aHcaMbist G, COCTOSIIIH U3 BCEX BCIOY TIOTHBIX OTKPBITHIX
muOKecTB U. Pacemorpum nmueanprelit ancambins (14, 214 R={RC T |3U €U (RC T\ U)},
COCTOHH_[I/Iﬁ U3 BCEX TIOAMHO2KECTB HUT A€ HE TIJIOTHBIX 3aMKHYTHIX MHO2KECTB. PaCCMOTpI/IM aHC‘aM6J'[b
SP={PCT|3Ge€G3IReR (P=GUR)} Bcex maOKeCTB 13 1" co csoticmsom Cmoyna.

Pacemorpum cemeiicteo U (T, SP) Beex SP-pasromepnoir ¢ynkyudi, T.e. Takux (DyHKIuU, 910
s aroboro n € N cymecrByer koreunoe nokpoitue (S, € SP | k € K) muoxecrsa T, mjs
koroporo kosiebanue w(f, Sk) = sup{|f(t) — f(s)| | s,t € Sk} menbie 1/n aua awboro k € K [14,
2.4.1]. ®akrop-cemeiictso U (T, SP)/R 1o npearsromy ancamb6iiio R |14, 2.2.6] obo3natmm gepes Z.
OmnpemennM HHBEKTUBHOE oTOOpaxkenue u: C> 7, mojaras uc = ¢ mod R.

O6oznauny wepes SCi (T, G) u SCH(T, G) mopicemeiicTBa BCX MOIyHEIPEPLIBHBIX CHA3Y U, COOT-
BETCTBEHHO, cBepxXy byHKuii cemeiictBa Fj(1') Bcex OrpaHWUYEHHBIX BEIIECTBEHHO3HAUYHBIX (DYHK-
mmit f: T — R. Nmeer mecto snoxkenne SCL(T,G) U SCH(T,G) C U(T,SP).

Ecmu (P, Q) — ceuenne B C, TO eMy MOXKHO COMOCTaBUTH (byHKInu g = sup P u h = inf @, rae
cynpemyM u uaGuUMyM GepyTcs B ynopamodeHHOM MHOXKeCTBe Fp(T) OTHOCHTENBHO MOTOYEYHOTO
nopsika. Jlerko mposepurs, uto g € SCH(T,G), h € SCHT,G) n g < h.

TeEOPEMA 1. ITyems (T,G) — muzonoscroe npocmpancmso u C = Cy(T,G). Tozda:

1) ecau (P,Q) € D(C) mo daa onpedeaénnmz eviwe dynkyut g u h umeem mecmo pasencmeo
gmod R = hmod R & gaxmop-mroorcecmee Z;

2) omobpasicenue v: D(C) —= Z, makoe wmo v(P,Q) = a = § = h, acaaemca Guexmuensim;

3) (vow)e = ¢ dan amobol dynryuu c € C.

JOKABATENBLCTBO. Pacemorpum muo)kectBa Up,={t€T|Ip€ PIq€Q(q(t) —p(t)>1/n),n € N}.
[Mpeanonoxkum, aro S =T\ clU,, # @. Torna ¢(t) — p(t) = 1/n pus awobbix p u ¢ n awobdoro t € S.
Tak Kak Hallle IPOCTPAHCTBO TUXOHOBCKOE, CYIECTBYeT Takas HeHysesas gpyHkiusg r € Cy, 910
cozx CS,x<1/(Bn)m S, ={teS|z(t)=1/3n)} # 2.

Pacemorpum dynknun ¢ = g — x. Zdcno, uro ¢ > p ana moboit p € P. Ilo yenosuwo ¢ € P* = Q.
Crenosarensho, jns t € S, umeem h(t)=inf(q(t) |¢ € Q)=inf(q(t) | ¢ € Q)—x(t) = h(t)—1/(3n) <
< h(t) (em. menmy 18 [13,1.4.5]). C apyroit CTOPOHEI, B CHTY PETYISPHOCTH cedennd, n3 ¢ € P* = Q)
BoiTekaer h(t) = h(t). I3 nosyuennoro nporusopeuus: caeayer R = @, r.e. Uy, € U.

Ecnu t € Uy, 1o h(t) — g(t) < q(t) — p(t) < 1/n. Buaunr, R, ={t € T | h(t) — g(t) > 1/n} =
=T\ U, € R sreuér R, € R nasa aoboro n € N. ITosromy g ~ h mod R.

ITo reopeme 1 u3 [14, 2.5.2] umeem g, h € QUy(T', G, R), /e nocieinee ceMeiiCTBO Ope/IesIsieTcs
KaK MHOXKECTBO orpaHuveHHbIX dbyukuii (f: T — R), Takux uro mis mwoboro € > 0 cymecTsy-
10T MHOXKecTBO R € R n komeunas kostekuust ((G; € G | ¢ € I)), ayist KOTOPBIX KOJLIEKIIUST
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((GinD | i € I)) sasnsercs mokpwrtuem muoxkectsa (D =T\ R) n (w(F, GiND) < €) s Kaz0ro

(¢ € I). Ilo mpemoxkenuto 5 u3 (14, 2.5.2] QUy(T,G,R) = U(T,SP). llosromy g =h € Z.
g=heZ

Takum obpasom, peryasipaomy cedenuto (P, () Mbl COIOCTABUIN JIEMEHT 4 =
Orobpaxkenne (P, Q)+ a u3 D(C) B Z obo3naaum depes v.

Véemumcs B CIOpbeKTHBHOCTH oTobpaxkenns v. [lycts a = f € Z. Ilo Teopeme 1 u3 [14, 2.5.2]
cymecrsyior takue ynxmm g € SCHT,G) u h € SCHT,G),wr0o g < f < hug=a = f.
[To mpennoxenuto 2 u3 [14, 2.3.8] aist dyukwmii g u h cymecrBytor Takue Muoxkectsa P u @ B C,
yro g =sup P u ¢ = inf Q B F3(T).

[Mockosbky ceuenne (P, Q) we obsizarenbno peryisapro, paccemorpum napy (P, Q') 8 C, rae
P={peClp<hinQ ={q€Q|g<q}

Ecmm p € PP uqg e Q, 0p < hugqg > g Ilodstomy q —p > g — h Baeuér
q(t) — p(t) = g(t) — h(t) > —1/n gna moboro t € U,, OTKysa B CUJIy HENPEPHIBHOCTU (DyHK-
Wit p ¥ ¢ U WIOTHOCTH MHOXKecTBa U, cienyer, uro ¢(t) — p(t) = —1/n mma secex t € T. Jlaree,
B cujty apxumenoBoctu R v npowmssosbrocTH N nosaydaem ¢(t) = p(t) u g = p. Creposarenbho,
(P, Q') aBngerca cevennem.

ITposepum ero peryngprocts. Ilycts y € P, re. y € Cup < h Brewér y > p. Ecm p € P,
To p < g < hmreudr y > p, 1.e. y = g. Cneposarensho, y € Q'. Takum obpazom, P C Q. Iycrs
ye @, re.g<y lyctb p e P',rre.pe Cup<h Huat e U, umeem h(t) — g(t) < 1/n.
Crenosarensto, y(t) = g(t) > h(t) — 1/n = p(t) — 1/n. B cuny nnoraoctn U,, u HeNpepbIBHOCTH
dbyuxmit y u p noxyuaem y(t) = p(t) — 1/n anst Becex t € T, r.e. y > p. [losromy y € P™. Takum
obpazom, Q' C P™. B urore P = (@Q'.

IIycrs Teneps z € Q" re. z € C u q > g Brewér z < ¢, T.e. z < h. Cremosarensho, z € P’
Taxum o6pazom, Q"' C P . Mycrs z € P 1e. z < h. Myt ¢ € Q', rne. € Cu g < q. dnate U,
umeeMm h(t) — g(t) < 1/n. Cnenosarennuo, z(t) < h(t) < g(t) +1/n < q(t) + 1/n. Kax u Bbiie
9TO HEPABEHCTBO BJIECUET HEPABEHCTBO 2 < ¢. llosromy z € Q" Takum obpazom, P’ C Q". B nrore
Q/l - P

Hna peryngpuoro ceuenus (P’, Q") paccmorpum cootsercrryionme dbyukuun ¢ = sup P’ u
B =inf Q' B Fy(T). dcno, aro g’ < 1.

ITycts p € P. Torma p < g < h Baeuér p € P’. 3umaunt, P C P'. [lycts ¢ € Q. Torna g < h < g
BieuéT ¢ € Q'. Bnaunt, Q C Q.

Orcroma cnenyer, uro g < ¢’ u h > h'. Ilostomy mepasencTso g < ¢
a=g =h' re a=v(P, Q).

IIposepum, urto orobpaxkenune v wmHbeKTHBHO. llycts (P1,Q1) um (P2,Q2) — Takme pery-
JdpHBbIE Ce4YeHud, 4TO g1 — El, g2 = l_LQ u g1 = ¢go. Torma cyImecTByiOT Takme ILIOT-
HBle OTKpBITBIe MHOXKectBa UL, U2 u V,, uro hi(t) — gi(t) < 1/n ans moboro t € UL,
ha(t) — ga(t) < 1/n ans moboro t € U2 u |g1(t) — g2(t)| < 1/n ans moboro t € V,,. Pacemor-
PUM IUIOTHBIE OTKpHITBIe MHOKectBa W, = Ul NU2NV,. llycte p; € PL u t € W,. Toraa
pi(t) < hi(t) < g1(t)+1/n < g2(t) +2/n < ha(t) +2/n < g2(t) +2/n nna moboit g2 € Q2. Ilo mior-
HocTn W, ¥ HENPEPBIBHOCTH P1 U g2 3akiodaeM, 410 p1(t) < g2(t)+2/n nas seex t € T. B cuiy ap-
xumenoBocTu R 3akmodaeM, ITO p1 < @2, T.€. p1 € QZQ = P,. 3uaunt, P| C P». llogobubiM obpazom
yCTaHaBIMBaeTcd n obpaTHoe BKatodenue. Takum obpazom, P = Po. Torga Q1 = P' = Py = Q.
B wrore nonygem pasercrso (Pr, Q1) = (P2, Q2). O

ITo nemme 1 u3 (14, 2.4.3| narnunean U (T, SP) asiaserca pasaomepno noaubiM. [To crencrsmio 2
geMMbl b u3 [14, 2.2.7] cemeiicTBo Z siBisieTcss GaHAXOBBIM JIATIHHEAIOM U OaHAXOBOH JaTaaredpoit
c epnmieit 1 u nopmoit ||f||; = inf{z € Ry | |f| < 21}. Jlerko nposeputs, 4T0 paBHOMEpHas
CXOZIMMOCTD B Z ¥ CXOJUMOCTB 110 HOpMe || - || paBHOCHIBHBL. 1losTOMY Z sBiIsieTcs c-TaTanHeas oM

e}

/ /
< h' < h ozmagaer, 910

u c-maranrebpoit ¢ egunmIIeh 1.
OnpenenuMm c-pacmupenne u: C>— Z, nonaras uc = ¢ 1 ¢ € C'. Hazosém ero dedexundosvim
PACWUPEHUEM C-AGMAUHEAAT U C-aAamanzebpor C.
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2.2. Ilepexom K TECHBIM CE€UYEHUAM

CsoiicTo peryiasprocTr cedenus (P, Q) sBisieTcst CIUMKOM CHIBHBIM. [IJist Toro, 9robsl 1aTh
XapaKTePU3aLKUIO AeAeKuHI0Ba pacmupenns u: C> Z cpeau Bcex c-pacimupenuii u: C>— A,
paccmorpum 6oJiee ciraboe CBOHCTBO.

Ceuenne (P, Q) B narnuneane A ¢ expmauneii 1, raxkoit uro Ya € A In € N (Ja| < nl), Hazo-
BéM mechbim unn t-cewernuem (“t”7 ot cmosa “tight”), ecmm mng moboro x € Ay m aroboro n € N
u3 cpoiictea Vp € P Vg € Q ((1/n+p — q)+ AN x = 0) caenyer paserncrso = = 0.

JIEMMA 1. Hycmo |AH| — c-aamaunean u (P, Q) — peeyaaproe ceuenue 6 A. Tozda cenenue
(P, Q) asasemca mecHvim.

JOKA3ATEJILCTBO. O603HAUYNM yIOPSTOYEHHOE MHOXKECTBO BCEX MaKCUMAJIBHBIX COOCTBEHHBIX
nyeasos garanneana A uepes T. Tlo treopeme Kpeitnos —Kakyrann [15, XIL.5] naraunean A uso-
mopden marauneany C = Cy(T,G). llosromy 6ynem cautarh, uro A = C. PaccMoTpuM mioTHBIE
orkpeiTbie MHOXKecTBa U, = {t € T | 3p € P 3¢ € Q (q(t) — p(t) < 1/n)} u3 nokazarenbcrsa
teopembl 1. [lycrs Vp e PVqe Q (14+p—q)+ Ax=0) mua z € Cy..

IIpenmnonoxum, uro x > 0. Torga jurs jwoboro t € cozx € G u Jyist JOOBIX P U ¢ UMEET MECTO
pasenctBo (1/n+p(t) —q(t))+ = 0. Tockombky MuO)eCTBO Uy, 1LI0THO, CymecTByer t € cozx NU,.
Torna umeer mecto HepaBeHCTBO ¢(t) — p(t) < 1/n st HeKOTOPBIX p u g. VI3 mosrygenHoro mpoTn-
Bopeund caejayer, 9yro = 0. O

JIEMMA 2. ITyems (P,Q) — cewenue 6 C u g = sup P u q = inf Q — mounwe sepruas u
nuotchan epanube muooicecms P u Q 6 Fy(T). Toada caedyrougue 3aKA10MeHUA PABHOCUADHDL:

1) ceuenue (P, Q) asasemes mechvim;
2) g ~ hmod R;
3) g~hmodR ug,heU(T,SP).

JIOKABATEJBCTBO. 1) F 2). Pacemorpum orkpeithie MuoX)ectBa Uy, = {t € T' | Ip € P Jq €
€Q (q(t)—p(t) < 1/n)}. Torma h(t) — g(t) < 1/n ans xkaxgoro t € Uy,. [osromy h(t) —g(t) = 1/n
st mroboro t € Ry, = T\ U,. lpeanonoxum, uto R, ¢ R, t.e. S =T \ clU,, # @. [lockoabKy
HaIe TPOCTPAHCTBO SIBISETCST THXOHOBCKWM, CYTITECTBYeT Takad HeHymenasd dyukiwa x € Cy, 910
cozz C S. Torga mst obeIx p n g u t € cozx Bepro 1/n+p(t) —q(t) < 1/n+g(t) —h(t) <0, T.e.
(1/n+ p(t) — q(t))+ = 0. CnenoBarenbho, (1/n + p(t) — q(t))+ A z(t) = 0. Ecan xe t ¢ cozz, To
takxke (1/n+p(t) —q(t)+ ANz(t) =0. llostomy Vp e PVqe Q (1/n+p—q)+ Ax=0)umz > 0.
Ho sTo nporusopeunt recuore (P, Q). 3uauur, R, € R. B utore g ~ h mod R.

2)F1). Iycrbx € CruVp e PYqe Q ((1/n+p—q)+ Az = 0). llockonbky g ~ h mod R, muo-
skectBo Uy, apnsercs wioraeiM. Bosemém t € U,,. Torga maiigyrea takue p u ¢, aro ¢(t)—p(t) < 1/n.
[Mosromy (1/n + p(t) — q(t))+ > 0. U3 yciosust va x reueps caenyer, uro z(t) = 0. 3Hauwur,
cozxNU, =@ n cozx € G. I3 mnornoctu U,, BuiTekaer cozx = @ n x = 0.

2)  3). TIo Teopeme 1 u3 [14, 2.5.2] dbyukuuu g n h npunagiaexar QUy(T, G, R). TTo npesgo-
xernnio b u3 (14, 2.5.2] nmeem QUy(T,G, R) = U(T, SP).

3) - 2). Dra BEIBOAMMOCTH OUYeBHIHA. O

2.3. CuéTHO-IeIEKNHI0BO paciiupeHne n ero pyHKIMNOHAJIbHOE ONNCAHUEe

Orka3 0T peryJisipHbIX CEYEHUN U HEPeXojl K TECHbIM CEYEeHUsIM B JIATJIMHEAIAX C €AUHUIAMU
MO3BOJIAET BBECTH MOHATHE CYETHO-IIe/IeKMHI0Ba paciupenns garinaeana |A, 1.
Ceuenne (P, Q) B A mazosém nodcevenuem ceuernua (P, Q'), ecrm P C P'n Q C Q'.
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Ceuenne (P, Q') B A Ha30BEM CuEMMHO-MECHDIM, €CJTE Y HETO CYIIECTBYET TAKOE CIETHOE TOJ-
ceuenne (P, Q) co ceoiicramu cardP < wp u card@ < wp, gro cevenus (P,Q), (P,Q) u (P,Q")
ABJIAKOTCA TECHBIMU.

Paccemorprm momvuoxkectso DO (A) Muoxectsa D(A), cocrosmmee n3 BCeX CU8THO-TECHBIX Cete-
Huit maTinHeana |A, 1).

ITycrb a € A. Pacemorpum muoxkectBa P, = {p € A |p < a} u Q, = P¥. Tapa (P,,Q,) siBisi-
eTCsT PEryJISIPHBIM cedenneM, puaém wa = (P,, Q,), tae w — Bioxkenne lenexknuna—Makneitna n3
Beejenns u reopemsl 1. Ceuenne ({a}, {a}) asagerca cuérubiv moncewennem cevenns (P,, Qq). Io-
ckonbky cevenns ({a}, {a}), ({a}, Qa) u (Ps,{a}) aBnsrorca tecubivu, cedenne (P,, Q) sBisieTcst
cuérro-TecHbM. [losromy wa € DY(A).

Taxum obpaszom, Biokenne w[A] C DY(A) ozmauaer, 9T0 MBI MOKEM PacCMOTPETH bojee y3Koe
pacmupenne wg: A== D°(A). HazoséM ero cuémmo-dedexundosuim pacuiupeniem AGmMAUNEain
|A, 1.

Jljis mac mHTEpeC IpeACTaBIteT cuémno-dedexundoso pacwupenue wy: C——= DO(C) aamaume-
ana |C, 1.

Janum ero dynknuoxambHoe omucanne. epes GO obozHaumM aHcaMbib KOHY/Ih-MHOXKECTB
cozf ={te€T]| f(t) # 0} € G ncex bymxmmit f € C. Yepes U° oboznaumm nogancambrs an-
cambast GY, cocroammuii w3 Beex mIoTHEIX B T KoHy/Ib-MHOXKecTB U € GO, PaccMoTpuM uea bHblii
ancambie R = {R € T | 3U € U° (R C T\ U)}, cocrosmmit u3 BCex MOJAMHOXKECTB HHTIIE
He TWUIOTHBIX Hysab-MHOXKecTB z f = {t € T | f(t) = 0} dbyukunit f € C. Pacemorpum ancam6ib
SP'={PcT|3GcG"3RcR’ (P=GUR)}.

Paccmorpum cemeiicrso U(T,SPY) Beex SPU-pasromepnbix dynximii. DaxTop-ceMeicTBo
U(T,SP%)/R° oboznasmm wepes Z°.

JIEMMA 3. IIycmo (P, Q) — cuémnoe cenenue 6 C u g = sup P u g = inf Q — mounwvie seprnan
u HUdHCHAA 2panuybs muoocecme P u Q ¢ Fy(T). Tozda caedyrowue 3aKA10M€HUA PABHOCUNDHDL:

1) ceuenue (P, Q) asasemca mecrvim;
2) g ~ hmod RY;
3) g~hmodR® u g,h € U(T,SP).

JIOKABATENBCTBO. 1) F 2). Paccmorpum mMuoxkecrsa Uy, = {t € T | Ip € P g € Q (q(t) —p(t) <
< 1/n)}. o yreepsxaenmnto 6) mpemnoxkenns 1 u3 [14, 2.2.5] mveem U,, € G°. lamee J0oKa3aTeabCTBO
IPOBOJIMTCS TAK JKe, KAK B BbIBOJE 1) F 2) m3 nokasarenbCTBa geMmbl 2.

2) F 1). BeiBog mOJIHOCTBIO COBHAaeT ¢ BHIBOIOM 2) - 1) M3 10Ka3aTesbCTBa JEMMBL 2 Ipn
samene R na RY.

2) I 3). Ilo Teopene 1 mu3 [14, 2.5.2| bdyskmun g u h mpuragrexar QUy(T, GO RY). Ilo npemo-
aennio 5 3 [14, 2.5.2] mmeem QUy (T, G, RY) = U(T, SPY).

3) F 2). Dra BEIBOAMMOCTH OueBHIHA. [

JIEMMA 4. Tyemo (P,Q) — cuémmo-mecnoe peeyaspnoe cevenue ¢ C u g = sup P u

W = infQ ¢ Fy(T). Toeda cywecmeyom maxue dynwyuu g € SCHT,G%) u h € SCHT,GY),
wmo g < g’ <h <h, g~hmodR® ug, hecUT,SP.

JIOKABATEJNBCTBO. Ilo ycnosuio cymecteyer Takoe cuérnoe nojcedenue (P, Q) cevenus (P, Q)'),
uro ceuenus (P,Q), (P',Q) u (P,Q’) asnsiorca Tecabivu. Pacemorpum dyukiun g = sup P u
h = infQ B Fy(T). o mpeanoxenmo 1 u3 [14, 2.3.6] mmeem C = M(T,G°). Hostomy, B cmry
npesioxenns 1 us [14, 2.3.8], g € SCL(T,G%) u h € SCH(T,G°). Ho nemme 3 umeem g ~ h mod R°
ug,hecU(T,SPY. O

Hna xaxgoro cewenma d = (P',Q') € D°C) paccmorpum mHOMXKecTBO Fy Tex byHK-
it f € U(T,SPY), nas xoropwix cymectsyior takue dynkmmm g € SCL(T,G%) N U(T,SPY)
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uh € SCHT,G°) NU(T,SPY), uto f ~ gmod R®, g < ¢ < W < h, g ~ hmod R". Tlo siexme 4
ono me nycro. Bcmu fi, fo € Fy, o u3 f1 ~ ¢’ mod R u fo ~ ¢’ mod R° cienyer fi ~ f» mod RY.
[osromy MHOKecTBO Fjy COep:KUTCS B HEKOTOPOM Kjacce sxsupasentaoctn X € Z°. Ecmm x € X,
10 o ~ f mod R° nna mexkoroporo f € Fy. Bozpmém g dynknuu f by g < ¢ < ' < h n3
ompenerenns Fy. Torna x ~ g mod RC sneuér x € Fy. Buaunt, x € Fy, r.e. F;=X € Z°.
TToaTOMY MBI MOMKEM OMpeienTh oTobpaskerue vy: D (C)=—= Z°, nomraras vod = Fy.
Ciienyromas TeopeMa TaéT (pyHKIMOHAIBHOE OIMICAHIe CISTHO-TeIeKnH10Ba MHoxKecTBa DO (C).

TEOPEMA 2. Omo6pasicenue vy: D°(C) — Z9 6uexmusno.

JIOKABATE/BCTBO. YCTaHOBUM CHaYasa UHLEKTUBHOCTD vg. [lycrs di = (P], Q) u de =(P5, Q4) —
areventrl 3 DO (C), amst KoTopwIX vod; = vodz. Bosbmém cooTseTcTByIomme dbyHKIHN ¢} = sup P
u g = sup P} u3 F,(T). Tlo onpegenenuto orobpaxkenns v nmeem vd; = gy mod R n vdy = gh mod
R. IlockombKy vod1 = voda, CyTIeCTByeT Takast GyHKIHS f W3 9TOT0 MHOMKecTBa, aTo f ~ gf mod R°
u f ~ g, mod RY. Cremoparemsno, g; ~ ghmod RY. Mz R C R smrexaer, uro vd; = §; mod
R? = g, mod R° = vdy. Ilo Teopeme 1 oTobpaskenne v mHLeKTHBHO. [losTomy di = da.

TIpoBepuM Tereps CIOPBEKTHBHOCTD vg. Ilycts a € ZY. Bozsmém f € a, T.e. f € U(T,SPP).

ITo mpennoxenuto 5 u3 [14, 2.5.2] umeem f € QUy(T,G, R). 1lo yreepxkaenuto 5) mpemmoxe-
wust 1 w3 [14, 2.2.5] ancam6is GY apsercs oTemMoit COBEpPITeRHO# 0-0CHOBOIE. [109TOMY, CONTacHO
Teopeme 2 u3 |14, 2.5.2|, mag f cymecrByioT Takue cuaérable Kosekimu 7 = (p; € C | i € I) n
w=(g€C|je]),arop; < f<qug~hmodR’ rme g=supm u h = inf 5. Paccmorpum
muoxkectBa P = {p; |i€ I} u@Q ={q; | j € J} B C. Ilo nemme 3 ceuenue (P, ()) sBIAETCS TECHBIM.

Pacemorpum muoxkectBa P/ ={u e C |u < f}u Q" ={ve C| f <wv}. Ous uux P C P’
n Q C Q". Bosvmiém dymkmun ¢” = sup P’ € SCL(T,G) u b = inf Q" € SCH(T,G). Torna u3
g < ¢ <f<h <hwng~ hmodR surekaer ¢’ ~ f ~ h” mod R. [lockoabKy cedenue
(P",Q") me obszarensro perymapuo, pacemorpum mapy (P,Q'), rme PP = {p € C | p' < 1"}
u@ ={q¢ €C|g’"<q} Tak xe, Kak 310 GBbLIO CIEJAHO B JOKA3ATETHCTBE TEOPEMbI 1, IPOBEPSI-
erca, uro (P, Q') asnaerca perynapuabiv ceuennem, P C P'u Q" C Q.

Pacemorpum byukuuu ¢ = sup P/ u b’ = inf Q' B Fy(T). Anst nux ¢” < ¢’ u b’ < h”. Tosromy
nepasencteo ¢ < ¢” < ¢ < W < h" < h u sxsusanenrnocts g ~ h mod RY o3mauaior, uro Bce
o1 yHKImU dKBuBagenTHbl. Kpome Toro, P C P” C P'u Q C Q" C Q. Crenosarensuo, (P, Q)
SBJISIETCs CUETHBIM Mojicedenuem peryagpaoro cedenust (P, Q).

[Tockobky g ~ W' u g’ ~ h, no nemme 2 cevenna (P, Q') u (P, Q) asasrorcs recabivu. [1osTomy
d= (P, Q) e D(C).

o mocrpoermio g € SCLH(T,G%) N U(T,SPY), h € SCHT,G°) NU(T,SP°) n g < f < h.
[ockonsky g ~ hmod R?, umeem f ~ g mod R°. Ilostomy f € Fy. B urore vod = F; = f mod
RV =a. O

s marnuneana |A, 1| MOXKHO TIOCTPOUTD €r0 KaHmMoposo cexsenyuaavioe nonoanenue Cg(A)
TOYHO TaK e, Kak 910 jgesnaercs g Q (cm. [13, 1.4.3]). M3 reopemsbr 2 u crarbu [16] ciaemyer, aro
cuérHO-TenexkuHaoBo pacmmpenne C' > D?(C) coBmazaeT ¢ ero KaHTOPOBBIM CEKBEHIHAIBHBIM
nonosnernem C— Cy(C).

Kpome Toro, s xombha |C,1| MOXKHO B3aTH ero aaccuueckoe xoavuo wacmuviz Q(C)
(cm. [16]) u B Hém B3saTh ero oepanuuennyio wacmv QF(C). Tockonbky naranredpa QF(C) e 3a-
MKHYTa OTHOCHTEIbHO 1-paBHOMEPHOH CXOJMMOCTH IIOC/Ie0BaTeILHOCTeN, MOKHO B3AThL eé 1-
PaBHOMEepPHOe TIOMOTHEHNE @ZZ(C). B yxazanHoii pabore 66110 JaHO €ro GpyHKIIMOHAJIBHOE ONUCAHNIE

—cl 0
B Bujie nzomopduzma Qp (C)— Z°.

Bosee Toro, ara kosbma |C) 1| MOXKHO B34Th €10 payuorasbro-noanoe koavyo wacmuos Q(C)
(cm. [5] u [7]) u B HéM B3s1TH ero orpanuuentyio dacrb Qp(C). IMockonbky saranrebpa Qp(C)
He 3aMKHYyTa OTHOCHTeJbHO 1-paBHOMEPHOI CXOIUMOCTH II0C/Ie[0BaTeLHOCTel, MOXKHO B34Th €& 1-

pasHOMepHOe monoarerne Q,(C). B pabote [5] 661710 gaH0 ero BbyHKIMOHAIBHOE OTIHCAHTE B BHIO
Qp(C)—Z.
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3. Xapakrepu3alud AeJeKNHI0BA M CUYETHO-IeJeKNHI0BA pacilupe-
HU c-JIATJIMHEAJa HeIIPEPBLIBHBIX OTPAHMYEHHBIX (OyHKITHIA

B pasmene 2 6nutn jmambl byHKIHOHATLHBe ommcanms Mmuoxkects D(C) m DO(C) B Bume
bynkimonaabHO-bakTopHEIX cemeiicts Z u Z°. Ha 9Tux cemeiicTBax MOXKHO PACCMATPUBATEH €CTe-
cTBennble CTPYKTYPHl 0,1, +, +, R, V, A. DTH CTPYKTYPbI Pa3IeIAI0TCS Ha IBe MTPUHIUTHAIBHO pas-
Hble acTu. Kosbiesbie CTPYKTYPBI + U - CBSI3aHBI ANCTPUOYTUBHBIM paBeHcTBoM a(b+c) = ab+ac.
B 10 ke BpeMmst JaTInHEATBHBIE CTPYKTYPBI + U A CBSI3aHBI JIUIIH JUCTPUOYTHBHBIM HEPABEHCTBOM
aA(b+c) < aAb+aAc. Tlo aroit npuumrne paboTa ¢ NOCJIEIHUMEI CTPYKTYPAMHE SIBJISIETCST KOHIEIITY-
ambHO BoJiee CI0XKHOf, YeM ¢ nepBbiMu. [109TOMY HaX0XKIeHHE JTATIHHEATHHBIX aHAJIOTOB BaXKHBIX
KOJIBIIEBBIX CBOMCTB 1 paboTa ¢ HUMU 3aHUMAIOT TOPa310 OOJIbIE BPEMEHH.

B wacrHocru, ewg B 1956 rogy FO. Vrymu [17| pacimpui noHstue Kiaaccudeckoi e uMocTu
B KOJBIAX W ONPEJEIUI TOHIATHAE JCAUMOCTIU OMHOCUMEADHO NA0MH020 udeara D xonbua A. D10
TIO3BOJIIIO B CTaThe |7| JaTh KOMBIEBbIe XapaKTepH3alun paciapennii u: C— Z u ug: C— 20,

JlarmnneaabHLIi agajor “ropu3oHTAJLHOr0” CBOMCTBA IJIOTHOCTH Haeata D B KoJablle A B BHIe
“peprukasbHOro” cBOiicTBa maoTHOCTH ceuennst (P, Q) B c-nmarnuneane |A, 1| 6bur Hafinen B cTa-
Te [3] 1 B Bize Gosee o61mero “BepTuKagIbHOTO” CBOCTBA IIOTHOCTH cevenud (P, ()) B IPOU3BOIIb-
HoM JstariuHease |A, 1| 6bu1 Hafijgen B crarsbe [11].

3.1. IlpuBiaedenne JOKAJbHBIX CBOICTB

Tanee 6ysem paccMaTpuBarh TOIBKO ¢-pacwupenua u: |C, 1= |A, 1|, 1. e. "HbEKTUBHBIE 0TO6-
paxkernnst u: C'>—> A, coxpaHSOIINE BCE C-JIATJIHHEATbHBIE CTPYKTYpHI c-jariuaeanos |C, 1| u
|A, 1.

Emé B cratesx |7, 6, 3] 6b10 OKA3aHO, UTO JJIsl XapakTepu3anun pacimmpennii u: C> Z u
ug: C>—= Z° obmux jaTanHeaybHBIX CBOMCTB HEJOCTATOYHO U HYKHO MPUBJIEKATEL “JIOKAILHBIE
CBOWCTBA, OTPEIETIeMbIe YePe3 CTPYKTYPY USMEADUEHUA.

Wnean B narauneana |A, 1| Ha3bIBAETCS 3aMKEHYMbIM, €CITH [T JTOOOTO 3aeMenTa a € A u 1j1s
moboit nocienosarensuoit (b, € B |n € N)uz ycnosua Vk e NIn e NVpe N (p>n=|a—by| <
< 1/k) BBITEKaeT MpUHAIIEKHOCTE ¢ € B. Ancambib Beex 3aMKHYTBIX muaeayoB B A obosHadmM
uepes C(A).

Hamee Ay Oyner o603HaUATH HEKOTOPYIO BBIIEJEHHYIO OTKPBITYIO T-6a3y B mpocrpanctse (T, G),
T. e. nojancambsb ancambiasa G rakoit, uro V G € G 3E € Ay (F C G). Hagenum ero nopsiikom
10 BJIOKeHMI0. DyieMeHT E € Ay HasbiBaeTca eepuiunoti koarexyuu (Ee € Ay | £ € 2), ecmn Ee C E
qutst ioboro € u s yioboro L € Ay, takoro, uto @ # L C E, cymectsyroT & u M C Ay, Takue,
yro @ # M C L u M C E¢, (cM. [7]). Oboznadanm 310 cBoiicTBo yepe3 I = top(E¢ | £ € E).

Koanexkuua (0 = (Ag € C(A) | E € Ap) HA3BIBAETCA OA3UCHBIM USMEABYEHUEM C-AGTLAUHEANA
A, ecou:

a) Ap = A, ecim u Tonbko eciin B = &;
6) N(Ag | E € %) = {0}
B) Ey C Ey Bneuér Ag, C Ag,;

r) E =top(E¢ | § € E) sreuér Ap = ((Ag, | € € E).

c-Jlatnmuean A ¢ 6asucubiv u3measuenueM (I HazoBéMm cry-aamauneasom (6yxsa “r”’ or ciosa

“refinement”) u obozuaunm uepes |A,J|.
Ha wucxomnom c-nmaramueanse C' paccMOTPHM HCXOTHOE BBIIENEHHOE OGA3UCHOE W3MEJbUCHIE

{y=(Cg €C(C) | E €Ny), B xoropom Cp ={ce C|clENcozc= }.
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c-Pacmupenne u: C > A, B xoropom |A,U| apasercs cry-narimHeanoMm, Ha3bIBAETCS CTy-
pacwupernuem cry-aamauneana |C,Ly|, ecmn: a) u[Cg| C Agp ang moboro E € Ay u 6) uc € Ag
Bieuér ¢ € Cg. Takoe paciupenne obosnaunm depes u: |C, L= |A,d]|.

IIycts B C A. Pacemorpum muoxectso B = {a € A | Vb € B (|a| A |b] = 0)}. Kosrexius
( mazLIBaeTCA Hacvuennot, ecan Iasa Tob0To HeIyCToro MHOXKecTBa [ € Ay u jjia 06010 IH3h-
IOHKTHO 3aMKHYTOrO MHO)KecTBa B = Bt takoro uro B+ ¢ Ap, cymecTByer Takoe MHOKECTBO
F e Ay, aro @ #F C Eu B C Ap. cry-Pacmmpenue u: |C, L= | A,0| nasbizaercs nacwoiuenmnvim,
ecin mamesbuenue (I aBageTcs HaChIIEHHBIM.

JlaJiee, jiist TOro, 9TOOb! JATh Mapa/IeTbHbIe ONPeIeeHnus u aas Z, u aasa Z°, GyaeM HCIob-
30BaTh 31240K 0 € {@,0}. Ecn 0 = @, to Z% = Z, ecmu § = 0, to Z% = Z°. Dror 3mauox B TOM
JKe CMBICTIe Oy/IeM MCIOTh30BaTh U B JPYTHX MECTaX.

Ha c-marmmneane Z% pacemorpum 6asucroe msmenbaenne Olg = (2% € C(Z% | E € Ay), Taxoe
ato 29 = {f € Z% |¥n € N (clENcoz, f € RY)}, rae coz, f = {t € T | |f(t)| > 1/n} (cm. [14,
2.2.5]). Torma ucxomHoe IeneKUHIOBO pacimupenue u: C>— Z9 mpesparmaercs B cry-pacuupenue
w: |C,Ly—|2%,00).

TIycts u: C>—= A un u: C > A smasmorca c-pacmmpenusivu  c-natauaeana C. Mopgus-
Mmom us c-pacuupenus u: C > A 6 c-pacwupenue U: C —> A HasblBaercs roMoMopdusm
v: |A 1| — \g, i| JIATJIMHEAJIOR € €JIMHUAME, TAKOH, 9T0 vou = u. Mopusmom us cry-pacuiupenus
w: |C, Lol |A, 0] 6 cry-pacwupenue u: |C, Ly | A, 0] nazosém Taxoit Mopdmam v u3 u: C—> A
B U: C—= A, ut0 v[AEg| C Ap nns moboro E € Ay. Mopdusm v u3 u B @ HazoBoM bumoppus-
MOM, eciii 0TOOpazKeHne MHOXKecTB v: A —= A sB/sieTcst GUEKTHBHBIM H CHCTEMHOE 0TOGpasKeHune
v | A, Qf—> | A, (| sBasercs MopdusMom u3 i B u.

Ecin B106aB0K 0TOGpasKete v HbEKTHEHO U va € A B1eddT a € Af, To CKazKeM, UTo BTOpOe
Cry-pacmpenne 60abuwe TEPBOTO WIN MEPBOE CI'y-PACIIUPEHIE 6KA400b6aEMCA BO BTOPOE.

3.2. CaoiicTBa HOJIHOTHI U rpaHUYHOCTH THHA Z7°

IMycrs crauana |A, 1| — nataurean ¢ eauHunedi.

DnemeHT a € A Ha30BéM t-masicopanmoti mmoocecmea P, ecim mapa (P,{a}) saBaser-
ca t-cegenmem. OO03HAUMM 3TO CBONCTBO 4epe3d a = t-majP. Diement a € A Ha30BéM t-
Munopanmot muoocecmea @, ecim napa ({a}, Q) asasgercs t-cedernnem. OBO3HATNM 3TO CBOHCTBO
uepes a = t-min Q.

JIEMMA 5. Tyemov (P, Q) — t-cevenue 6 A, a € A up < a<gq das mobuzrp € P uqe Q.
Tozda a = t-maj P v a = t-min Q).

JOKABATENLCTBO. llycrs Vp € P ((1/n+p —a)s Az = 0) masa wekoroporo x € Ay, Tak kax
a<gq 1Vp e PVqgeQ ((1/n+p—q)+ ANx =0). 3aaunr, a = t-maj P. Bropoe paBeHCcTBO
BBIBOJIUTCST TaKUM ke obpazoMm. O

ITycts teneps |A,U| — cry-natmunean. Cevenne (P, Q) Ha30BEM r-mechvim, eciu Jjis JT1060ro
E € Ay, moboro z € Ay umoboron € NusVp e PVqg e Q (1/n+p—q)+ Nz € Ap) crenyer
x € Ag. V3 BTOpOTO CBOHCTBA M3MEBUEHUS CAEAYET, UTO I'-TECHOE CEUEHUE SIBJISETCS TECHBIM.
r-TecHoe ceuenne HaA30BEM TAKKE T1-ceueHUEM.

DnementT a € A HAZ0BEM r-mecHoll Madcopanmoti Wan rt-mascopanmoti muosicecmea P C A,
ecau napa (P, {a}) asnsierca rt-ceaeanem. O603nauMM 910 CBOMCTBO yepe3 a = rt-maj P. Daement
a € A Haz0BEM r-mechot Muroparmot nan rit-munoparmot muoscecmsa Q, ecom mapa ({a}, Q)
sBysgercs rt-cedenneM. O603HAUNM 3TO CBOUCTBO depe3 ¢ = rt-min Q.

JIEMMA 6. ITycmw |A,0) — cry-aamaunean, (P,Q) — rt-cenvenue 6 A, a € A up<a<q daa
a0bur p € P u g€ Q. Toeda a = rt-maj P u a = rt-min Q.
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JIOKABATENBLCTBO. Ilycts Vp € P ((1/n+p—a)y ANz € Ag) ans Hekoroporo x € A . Tak kak
a<gqg,roVpePVqe® (1/n+p—q)+ Nz € Ap). Buaunr, a = rt-maj P. Bropoe paBeHcTBO
BBIBOJUTCS TAKUM ke obpazom. O

Hasee 6ymem ucmob30BaTh BBeICHHBIH panee 3HaU0K 0 € {J, 0}. Craxewm, uro ceuenne (P, Q)
B A sBasercsa cewenuem muna 0, ecan ipu 0 = & mHOXKecTBa P 1 () NMEIOT MPOU3BOIBHBIE MOIII-
HoctH, a pu § = 0 ceuenne (P, Q) SABISETCT CIETHBIM.

IIycrs B erp-narmuneane |A,J| seimeneno noamuoxectso B. MuoxkecTso Beex ri-cevenuii (P, Q)
tuna 0 B A, rakux, uro P C B u Q C B, o6osnaunm uepes Cut? (B, A).

cry-Jlarmaean |A, 0| masosém noanvm muna Z% ommocumesvro B, ecim s mo6oro rt-
ceuermst (P, Q) € Cut’(B, A) cymectByer saement a € A, Takoii, at0 @ = rt-maj P = rt-min Q.
Ipu B = A nonyuum ompegenenue (abcosromno) noanozo muna “Z% cry-aamauneana |A,0). cry-
Pacmmpenne u: |C, L) | A, | nazosém noanvim muna 2%, ecima cry-narmunean |A, (| ssasercs
nosmbIM THIA Z%¢ oTHOCHTETBHO TIoAMHEOKecTBA u[C]. cry-Pacmmpenne u: |C, L= |A, 0| nazosém
(abcomommno) noanvim muna °Z%, ecim cry-aamaunean |A,0l| seasercs mommbiv Tama ¢ 2%

Dement a € A nazosém zpanuumvim muna Z%¢ ommocumenvno B, ecn cymecTByer rt-cederme
(P,Q) € Cut’(B, A), Taxoe, ut0 a = rt-maj P = rt-min Q. PaccMorpum B A ero c-moiarimHeat
Z OC(B, A), NOPOXKAEHHBIH MHOXKECTBOM BCEX I'DAHUYHBIX 9JIEMEHTOB TN, Z O¢ graocurensro B. cry-
Pacmmpenue u: |C, L= | A, | nazosém epatusnvm cry-pacusupenuem muna Z% cry-ramauncana
|C, L], ecnin A = Z9¢(u[C], A).

cry-Ilonoanernuem muna Zec|“Z9'3 cry-aamauneana |C, Ly| HA30BEM HACHITIEHHOE CT'y-pACIIUPEHEE
w:|C, Ly | 4,0, xoTopoe aBaserca:

a) HaHGOJIBIINM M3 BCEX TPAHMYHBIX Cry-pacimpenuit tuma Z% cry-narmmeana |C,L|;
6) HAWMEHBITAM W3 BCEX MONHBIX CTy-pacimpennii tuna Z% cry-narmmeana |C,L|;
B) moiHBIM THIa “Z%¢.

TEOPEMA 3. 0-/edexundoso cry-pacwupenuve u: |C, Ly \Ze,Olz| ABAACTNCA EOUHCTNEEHHDIM
(¢ mounocmuvro do Gumoppusma cry-pacwuperudi cry-aamauneana |C,dp|) cry-nonoanenuem muna
z9%|97% cry-namauneana |C, L.

JIoKa3aTeanLCTBO 3TOH TEOPEMBI TPOBOIUTCA MTPAKTUIECKH TAK JKe, KaK T0KA3aTeIhCTBO TEOPEMBI
Xapakrepusaluy pumanosa cry-pacwupenus |C, L= |R,,A,,|, nsnoxennoe s [10].

3.3. PaBHOCHNJIBLHOCTDL CBOMCTB TECHOTHI M IIJIOTHOCTHU CEUYCHUN B c-JIaTjIMHeaJIax

B pa6orax [3| u [4] xapakTepm3anus 0-1eeKIHI0BEIX pacimpenuit u: C——= Z 1 ug: O Z°
ObLI1a JIaHa HE YePe3 CBOWCTBO TECHOTHI CEUEHMIT, 4 4epe3 CBOWCTBO MX IJIOTHOCTH.

ITokazkeM, 4TO JJIs C-TATTUHEATOB 3TH CBONCTBA PABHOCHIbHBI.

[Tycts A — narnuuearn. Ceuenne (P, Q) B A Oynem Ha3bIBaTh naomuvim, ecu inf{g—p | p € PA

ANgeQ}=0.

[IPEANIOKEHUE 1. ITycmo |A, 1| — c-aamaunean u (P, Q) — ceuenue ¢ A. Toeda caedyrousue
BAKMOUEHUA PABHOCUNDHDL:

1) cewenue (P, Q) asasemea mecrvim;
2) ceuenue (P, Q) A8AsEMCH NAOMHBIM.

HOKABATEJBLCTBO. Ilo ymomsanyToit B mokazaTenbcTBe JeMMBI 1 Teopeme Kpeitnos — Kaxkyranu c-
nariuaean A msomopden c-narmuneany C = Cp(T, G) 171st HEKOTOPOTO THXOHOBCKOTO MMPOCTPAHCTBA
(T, G). Hosromy Gyaem cumrars, uro A = C.
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1) F 2). Paccmorpum otrpbhiThie MmuOXKecTBa Uy = {t € T | Ip € P 30 € Q (q(t) — p(t) < 1/n)}.
Tak ke Kak B JI0Ka3aTeJIbCTBE JEMMbI 2 IIPOBEPSIETCsI, YTO MHOXKeCTBa, Uy, SIBJISIIOTCS ILJIOTHBIMU.

IMycrb a € C ua < g —p ana awbwix p u q. Torna a(t) < q(t) — p(t) < 1/n ana HEKOTOPBIX P
u q u Bcex t € U,. U3 wiornocru U,, u HenpepbiBHOCTU @ cjejyer HepaBeHCTBO a(t) < 1/n s
moboro t € T. Uz apxumenosoctu R ciaenyer, uro a(t) < 0 must moboro t € T, 1.e. a < 0. Takum
06paz3oM, mMeer MecTo 2).

2) F 1). ycts x € Cy uw (1/n+p—q)+ ANz = 0 ana Becex n € N u jr06bix p u q. Ipen-
nosoxkum, uro x > 0, T.e. @ # G = cozx € G°. Eam t € G, ro (1/n + p(t) — q(t))+ = 0
Biaedér 1/n + p(t) —q(t) < 0, e. ¢(t) —p(t) > 1/n. Bosemém 0 < y =z A (1/n) € C4. Torga
q(t) — p(t) = y(t) naa moboro t € G u q(t) — p(t) = 0 = y(t) ana aoboro t € T\ G. 3Hauwur,
q—p = y nns a00bIxX p u q. llockonbky cevenne (P, Q)) siBisiercs twrorabiM, y < 0. VI3 moayuenHorO
MpoTUBOpeUnd caeayer, 9to © = 0. O

CneacTBUE 1. ITyems |A, 1] — c-aamaunean u P,Q C A, a € A. Tozda caedyrowue 3axaroue-
HUA PAGHOCUADHDL:

1) a=t-majP [a = t-minQ];
2) a=supP [a =inf Q).

JIOKABATENBCTBO. 1) F 2). Tlycre a = t-maj P, T.e. napa (P,{a}) aBigercs recHblM cede-
uueMm. [lo mpemmoxkennio 1 cegenwe (P,{a}) mnorno, T.e. inf{a —p | p € P} = 0. Orcioma
O=a+inf{-p|peP}=a—sup{p|pe€ P} =a—supP, r.e. a=supP.

2) - 1). IIycte a = sup P. Torna kax u eiute inf{a—p | p € P} = 0. Orcrona 1o npeiokenuto 1
Boirekaetr, uro cedenue (P, {a}) sBasiercsa recubim, 1.e. a = t-maj P. O

MMPEANIOXKEHUE 2. [Tycmo |A, 1| — c-aamaunean v I — samxnymud udeas 6 A. Tozda
A= A/l asaaemea c-aamauneanom.

JOKABATENLCTBO. Pacemorpum mopmy |lal|; = inf{z € Ry | |a| < 21}. Hamee mbr 6ymem
‘ .

onuparbcs Ha cBefenust u3 nynkra 2.2.7 xuuru [14]. Cucrema |4, || - ||| 4| aBaserca Ganaxosbim
k)

npocrpancteom. Jlarmunean |A, 1| aagerca apxumenosbiv, e 1 = 1 mod I. Jlerko nposepstercs,
YTO OH SIBJISIETCsI OUPAHUYECHHBIM.
Nwmeewm || - ||y 5 = || - [|[z- Hosromy cucrema |A, 1| sBnstercst 6anaxoBbiM mpocTpancTBoM. Io-
)

cKobKy 1 aBisierca emummieii, naramaean |A, 1| aBasercs paBHOMEPHO MOJHBIM OTHOCHTEILHO
PaBHOMEpHOTT CXOMMOCTH TIoceaoBaTebrocTel. Crenosarenso, |A, 1| asnserca c-marimHeamom.
O

Hanee gast B C Aua € A obpaser w[B] u 7(a) 8 A npu daxrop-otobpaxkennn 7: A —= A/l
0603HaYaIOTCS KPaTKo depe3 B u a 6e3 ykazanud I u 7.

CJIEACTBHUE 2. IIycmo |A, 1| — c-aamaunean, I — samxnymorti udean 6 A, A = A/T u (P,Q) —
cevenue 6 A. Tozda dan c-anamauneana |A, 1| caedyrowue 3axar0MenUs PABHOCUNDHYL:

1) cenenue (P,Q) 6 A asasemea mechvim;
2) cemenue (P, Q) 6 A aeasemca naommvim.
HOKABATEJILCTBO. YTBepxKIeHne cienyeT u3 npeajoxkenuit 2 u 1. O

CJIEACTBUE 3. Iycmo |A, 1| — c-aamaunean, I — samxnymonti udeas 6 A, A= AJI, P,Q C A
ua € A. Tozda dan c-aamauneanra |A, 1| caedyrowgue 3aKM10M€HUA PAGHOCUADHYL:

1) @ =t-majP [a=t-minQ];

2) a=supP [a=infQ].
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JIOKABATEJIBCTBO. YTBepKACHUE CACAYET U3 TPEeIoKennd 2 u caeAactsusd 1 npemioxkenns 1. O
IIycts Teneps |A,U| — crp-natmumean. Jna E € A, 6ynem paccmarpuBaTh (hakTOp-c-JTMHEANT
A/Ag no zamkuyromy maeany Ap u dakrop-orobpaxkenue mp: A —= A/Ap.
Ceuenue (P, Q) B A Hazosém r-nnorusiv, ecnu inf{rg(Q)—7g(P) |p € PA\qe Q} =08 A/AE
Juta gioboro B € Ay,

TTPE/IOXKEHUE 3. ITycmw |A,U| — cry-aamaunean u (P, Q) — ceuenue 6 A. Tozda caedyrousue
BAKNIONENUSA PAGHOCUALHDL:

1) ceuenue (P,Q) asasemca r-mechvim;
2) ceuenue (P, Q) A6AAEMCA T-NAOTIVHOIM.

HOKABATEJILCTBO. YTBepXKIeHUe cleyeT u3 npeajoxkenunit 2 u 1. O

Iycrs |A,0| — cry-natnunean. duement a € A HazoBéM r-cynpemymom muoscecmsa P C A
[r-unpumymonm mroocecmea Q C Al, ecm wg(a) = sup ng[P] [rp(a) = inf 15[Q]] B c-narimueasne
A/AEg nns soboro E € Ay. O6o3Haumm 310 cBoiicrso vepe3 a = r-sup P [a = r-inf Q).

[IPEAJOXKEHUE 4. [Tycms |A,0] — cry-aamaunean, P,Q C A u a € A. Tozda caedyrousue
BAKAIOUEHUA PABHOCUNDHDL:

1) a =rt-maj P [a = rt-min Q;
2) a=r-sup P [a = r-inf Q).

JOKA3BATEJBLCTBO. YTBepXK/JIeHUE BBITEKAET U3 CJAEICTBUS 1 mpeiokeHns 1 u caecTBud 3 pe-
Jjgoxennd 2. O

N3 mpemnoxenntt 3 u 4 cieayer, 9To BBEIEHHBIE BBIIE MOHATHAS TMOJHOTH U TPAHHIHOCTH MOK-
HO PaBHOCHJILHO TEPEOTPENenTh He Uepes3 CBOMCTBO r-TEeCHOTHI CEUEHU, a Yepe3 CBOHCTBO WX 7-
mioraoctd. Torga Teopema 3 mpuoOpeTET BUJ, TIPUBEIEHHBIN B cTaThe [3].

4. 3akKJIr04YeHue

Teopema 3 n Teopema XxapaKTePH3AINN, YITOMSHYTOrO B pas/ene 3.2 PUMaHOBa CT'y,-PACIITHPEHTsT
|C, Lyl | Ryu, Ay |, m3moxennas B crarbe [10], m0oKa3bIBAIOT yAUBUTENIBHOE CXOACTBO MEXK Iy BOSHIUK-
IIAMHT B PA3HBIX 0BIACTSIX MATEMATHKY W B PA3HOE BpeMst O-1eeKnHioBbiM pacimmpernen C—s Z°
U puMaHOBBIM pacumpenneM C>— R, c-narimueana C. A UMeHHO, CY4ETHO-JICIEKUHIOBO PaCIIH-
perne C>— Z° u pumanoso pacumperne C>— R, 0bnamaor oIMHAKOBBIME OOIIMME JIATIAHE-
aJbHBIMU CBOHCTBaMU. OHE OTJIMYAIOTCS TOJBKO JIOKATBLHBIMU CBONCTBAMHU, BHIPAYKAEMBIMU Yepes3
OTJIMYHBIC JIPYT OT APYTa CTry-U3MEJIbYCHUA U CT#-I/I3MGHBLIQHI/IH.
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