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0 KYCOYHO ITOCTOSTHHO ATIIIPOKCUMAIINI
B PACIIPEJEJIEHHBIX 3AJJAYAX OITUMU3AIINN!

A.B.Yepnos

CraTbsl IIOCBSAIIEHA 3aJadYaM ONTHMAJIBLHOIO YIIPABJIEHUS PACIIPEIEIEHHBIMU CHCTEMAMH, IIPEICTABUMBIMI
GYHKIMOHAJIBHO-OIIEPATOPHBIM ypaBHeHneM Tuiia 'amMMeprinTeiina B 6aHaXOBOM IPOCTPAHCTBE, KOMIIAKTHO BJIO-
2KEHHOM B J1e6eroBo IpoCTpaHCTBO. PaccmarpuBaercs 3ajada MUHUMHU3AIUNA UHTEIPAJIbHOIO (hbyHKIMOHAA HA
MHOXKECTBE IIap “COCTOsIHME — YIIPAaBJIEHUE”, yIOBJIETBOPSIOMINX YIIPABJISIEMOMY YPAaBHEHUIO YKA3aHHOTO THIIA.
Jloka3biBaeTCsi SKBUBAJIEHTHOCTD STOH 3aa4n 3a/1a49€e ONTUMUBALUY, [I0JIydaeMOil U3 UCXOAHOM IIyTeM Iepexoza
K OIHMCAHMIO YIPABJISEMON CHCTEMBI C MOMOLIbIO PYHKIMOHAIBbHO-OnepaTropHoro ypasuenus B.J1.Cymuna B ste-
OEroBoM IIPOCTPAHCTBE. DTa SKBUBAJEHTHAs 3aJada ONTUMH3AIUM HA3bIBAETCH B CTaTbe S-aBoiicTBeHHOM. s
S-IBOMCTBEHHON 3a/1a91 ONTUMUBAINN UCCIIEAYETCS KYCOYHO ITOCTOSTHHASL AIIIIPOKCUMAIHS 10 Iape “COCTOsTHIE —
yupassieane”. Jjisi TaKoro crocoba arnpoKCUMAIUMK yCTAHABINBAIOTCS CJIEAYIONUE PE3yJIbTAaThl: 1) CXOAMMOCTD
KYCOYHO IIOCTOSIHHBIX AIMIPOKCUMAITUH 10 (PyHKIIMOHALY U IO YPABHEHHIO IJIs S-IBONCTBEHHON 3aaU OITUMU-
3ayd; 2) CyIIEeCTBOBAaHHUE IVIO0AJILHOIO PENIeHUs alllIPOKCUMUPYIOIIEl KOHEUHOMEPHOMN 3a/1a4i MaTEeMaTHIECKO-
IO IPOrpaMMUPOBAHUS; 3) CXOAUMOCTD 110 (PyHKIHOHAJTY PEIICHUI allpOKCUMHUPYIOMIEH 3a/1a491 ONTUMU3AIUHA K
PELIEHHIO UCXOAHON 3aja4uu. B KadecTBe BCIIOMOraTelbHOIO PE3YJIbTAaTa, IPEICTABIISIIONIETO CAMOCTOITEILHBIN
HMHTEpeC, JOKA3bIBAETCS TEOPEMa O TOTAJIbHOM (IO BCEMY MHOXKECTBY JOILyCTHMBIX YIPABJICHUi) COXpAHEHUN
Pa3pennMOCTH yIPaB/IsSeMOro ypaBHeHusl Tuia 'amMmMepinreiina. B KadecTBe mpumepa CBeJeHUsI yIPaBIIAEMO
pacCIpeieIeHHONW CHCTEMBI K YKa3aHHOMY yPaBHEHMIO PacCMaTpuBaeTcs 3ajada Jlupuxie AJisl OJLyJIMHEHHOro
SJUIMIITUYECKOrO ypaBHEHUs Tulia Juddy3un-peakiun.

KuroueBble ciioBa: KyCOYHO IOCTOsIHHASI AlllIPOKCUMAIUsI, OIITUMAJIbHOE YyIIpaBJIeHUe, ypaBHeHUe Tuia ['am-
MepIITEHHa, CXOJUMOCTh 10 (DYHKITMOHAJY, TOTAJbLHOE COXPAHEHUE PA3PEIIUMOCTHU, MOJIYJUHEHHOe CTAIMOHAD-
HOoe ypaHeHue Iuddy3un-peaKkiy.

A.V.Chernov. On piecewise constant approximation in distributed optimization problems.

The paper is devoted to optimal control problems for distributed parameter systems representable by
functional operator equations of Hammerstein type in a Banach space compactly embedded in a Lebesgue
space. The problem of minimizing an integral functional on a set of “state—control” pairs satisfying a control
equation of the mentioned type is considered. We prove that this problem is equivalent to an optimization
problem obtained from the original one by passing to a description of the control system in terms of V.I. Sumin’s
functional operator equation in a Lebesgue space. The equivalent optimization problem is called S-dual. For an
S-dual optimization problem, we investigate a piecewise constant approximation for the “state—control” pair. For
this approximation method, we state the following results: (1) convergence of piecewise constant approximations
with respect to the functional and the equation for the S-dual optimization problem; (2) existence of a global
solution of an approximating finite-dimensional mathematical programming problem; (3) convergence with
respect to the functional of solutions of an approximating optimization problem to a solution of the original
problem. As an auxiliary result of independent interest, we prove a theorem on the total (over the whole set
of admissible controls) preservation of solvability for a control equation of Hammerstein type. The Dirichlet
problem for a semilinear elliptic equation of diffusion—reaction type is considered as an example of reducing a
distributed parameter control system to such an equation.

Keywords: piecewise constant approximation, optimal control, equation of Hammerstein type, convergence
by functional, total preservation of solvability, semilinear stationary diffusion—reaction equation.

BBenenune

[Ipu unceHHOM perreHny pacipeIe/IeHHBIX ONTUMU3AIMONHBIX 33129 YaCTO MPUMEHSIOT Ty WX
VHYIO KOHETHOMEDHYIO AIMIPOKCHUMAITMIO TaKNX 3a7ad 3aJadaMi MaTeMaTHIeCKOTO IPOTrpaMMIPO-
Banus (cM., Hanpumep, |1, rr. 3, 4; 2;3; 4, § 8.11; 5-8|). [Ipu 9T70M MOXKHO BBIIEJIUTH J[BA OCHOBHBIX
oaxona. IlepBeIil cOCTONT B KOHETHO-PA3HOCTHON AIMIPOKCAMAIINNA BCEH YIPABJISIEMON CUCTEMBI U

IPabora momnepxKana dunancobo MOH P® B paMKax IPOEKTHOI YaCTH I'OCYJAPCTBEHHOIO 3aaHMUs
B cdepe HayuHoil mesitessHOCTH B 2014-2016 rr. (mpoekt Ne 1727) um rpanTtom (corsarmenue ot 27.08.13
Ne 02.B.49.21.0003 mexx iy MOH P® u HHTY).
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10 YIIPABJIEHUIO, ¥ [0 COCTOSIHUIO (CM., HarpuMmep, [2;3;5;9]). st Takux anmpokcumanuii JoKa3biBa-
JIACH CXOJMMOCTH B PA3JIMYHBIX CMbICJIaX (110 (DYHKIMOHAJLY, [0 YIPABJIEHUIO, TI0 HOPME COIPSIZKEH-
HBIX [POCTPAHCTB U T.J1.). Peasmsanus Takoro mojixoja CBs3aHa C OIPEJEJEHHBIMU TPY/HOCTIMU.
IIpexkne Bcero, aTo 60bIIas PA3MEPHOCTD MOy YaeMbBIX 33129 MaTEMATHIECKOI'O IIPOrPaMMUPOBa-
nusg. Kpome Toro, B HeTHHEHHOM CJIydae MPUXOAUTCA YINTBIBATD HA KAYKJIONH NTepaIii HeJTHHERHY IO
CHCTEMY OrpaHHYEHUIl OOJIBIIONH pa3MEpPHOCTH, KOTOpas IMOIYyYaeTCs B PE3YJIbTATE INCKPETU3AIIN
13 yrpaBJ/isieMoii cucreMbl. OTMeTHM, UTO B CJIy4ae JIUHEHHON yIIpaBIseMOil CHCTeMbI COOTBETCTBYIO-
asl CUCTeMa, OrpaHUYeHN B AlllIPOKCUMUPYIOIIEH 3a1a4e ToxKe OyIeT JUHEHHON, 1 IPpK ee pEelIeHNN
MOKHO UCITOJIB30BATDL 9P PEKTUBHBIE METObI JTUHEHHOM aareOphl, O3BOJISIONINE CYIIEeCTBEHHO CHU-
JKaTh TPYJI0EMKOCTh BBIYUCJEHUH Jlazke B YCJIOBHUSIX OOJIBIION pasmepHocTH (cM., Hanpumep, [10]).
Bropoii nogxon 3akr0uaeTcs B TOM WM WHOM aIIIPOKCUMAIIAN TOJIBKO JIUIIb YIIPABJICHUS B IIPEJIIIO-
JIO?KEHUH, 9TO COCTOSTHUE OJHO3HATHO 3aBUCUT OT YIIPABJICHHS, U TEM CAMBIM (DYHKIIMOHAJIBI UCXO/I-
HOIl OIITUMM3AIIMOHHON 33184 00paliaioTcsa B 00bIYHbIE (DYHKIINKA MHOIUX IIEPEMEHHBIX — IIapaMeT-
POB JIUCKPETH3AINNA [IPU OTPAHUIEHUSIX JOCTATOYHO MIPOCTOrO BU/IA OTHOCHUTEIBHO ITUX I[T€PEMEH-
HBIX. YKA3aHHBIN [I0JIX0Jl M3BECTEH KaK METHUKA NAPAMEMPUIAUUL YNpasierus (CM. KpATKuii 0630p
B [11]). K sTOMYy 1m0OIXO0/y MOXKHO OTHECTH M3BEeCTHBIE CBOEl 3(MEKTUBHOCTHIO METO/| MOMEHTOB 1
06001IeHHBIIT MeToJ, MOMEHTOB (cM., HampuMmep, [4, § 8.11; 1, . 3, 4]). K coxasnenuto, B ciayuae,
KOIJIa eJIMHCTBEHHOCTh PEIeHNs] YIPABIISIEMON Hauaivho-kpaesotl sadavu (HK3) He nmokasana, tex-
HHKa IIapaMeTPU3allid YIIPaB/JIeHUsI HEIIPUMEHUMA. B CBSI3W C YIOMSIHYTBHIME BBIIIE TPYIHOCTSIMHU
MIPEJICTAB/ISETCS aKTyaJbHBIM ITOUCK 0ojiee 3¢hdeKTUBHBIX crocob0B ammpokcuManui. Hackosbko
U3BECTHO aBTODY, IPEJUIArauCh, B YaCTHOCTH, cieytomue uzien. [lepsas [12;13] cocrout B ncmosb-
30BAHMU IOJIBUKHBIX (YIPABJISIEMBIX) CETOK, UTO [O3BOJISIET OIPAHUIUBATHCS HE CJIMIIKOM MEJKUM
[IArOM JIMCKPETHU3AIU, & KPOMe TOro, PellaTh 3aadi ¢ Bapbupyemoii obsactbio (1mogpobHee 06
9TOM, BKJIIOYAsi COOTBETCTBYMOIIyI0 Gubsmorpaduio, cm. B [13]). CymiecTByior KOHKpPETHbIE HPU-
Mepbl [12;14], cBugerenserByiomue 06 abdexrusrocT 510i niaen. OIHAKO CTPOroe UCCIIEI0BAHIE
[TOKA3bIBAET, YTO, HAIIPUMED, IIAIKOCTh (PYHKIUI AIIPOKCUMHUPYIOMIEH 38491 yAaeTCsl 00eCIeunThb
JINIIG TIPY JIMHEWHOCTH TTPaBoil YacTu 1uddepeHnnajibHOr0 ypaBHEeHUs 110 YIIPABJISIONIEH mepeMeH-
Hoit [13]. Ipyrasi ujesi COCTOUT B MCIIOJIb30BAHUN CILIANH-AINPOKCUMANNK (MHAYE TOBOPSI, METOJIA
KOHEYHBIX 3JIEMEHTOB) JIJIsl COCTOSIHUST U, CKazKeM, KYCOYHO [IOCTOSIHHOM AllPOKCUMAIIUH JIJisl yIIPaB-
nennsi (cum., Hanpumep, [8]). OmHAKO 37€Ch NPUXOIUTCS CIEIUTH 33 HEMPEPBIBHOCTHIO CTHIKOBKU
OTJIEJIbHBIX YIACTKOB CILJIAMHA W PellaTh APYTHUe BOIPOCHI, OTHOCAIINECS K CILIAWH-MHTEPIIOISIINN
(cm., manpumep, [15]). Vinomsinem, nakoser, pabory [16], rue st cocpesoToueHHol yrpaBiisieMoii
CUCTEMBI B JIMHEHHO-KBAJIPATUIHOM CJIydae MCIIOJIb30BAJACH KYCOUHO TOCTOSTHHAS AlIPOKCUMAIINS
00paTHOM CBSI3U 110 COCTOSTHIIO. DTa paboTa, XOTS U OTHOCUTCS K COCPEIOTOUEHHOMY CJIYUal0, IIPHU-
BOJUT HAC K CJEIAYIOIIEMY BOIIPOCY: HEJIb3sl JIU MPEJICTABUTH COCTOSTHUE KAK PE3YJIbTAT JIeHCTBUS
HEKOTOPOIO CIIaXKUBAOIIEro orneparopa (G Ha COCTOsIHHE z HEKOTOPOH JAPYroil yIpapjsieMoil cucre-
MbI, KAKIM-TO 00pa30M CBSI3aHHOMI C UCXOIHON yIIpaBJIIEMOll CUCTEMOM M TaKoi, 9TO Ijist PYHKIUA Z
KYCOYHO ITOCTOSIHHAST AIIMTPOKCUMAIINS COBEPIIIEHHO €CTECTBEHHA ITO00HO TOMY, KAK OHA €CTEeCTBEHHA
JIst yupaBjieHus u B jeberoBom mpocrpancTee? Takoit moaxo/1 mo3BomI Obl IPOU3BECTH KYCOIHO
HOCTOSTHHYTO AIIPOKCHMAIIMIO HCXOIHON yIpaBisieMoit cucteMbl 1o nape (z,u). IIpu sTom 3a cuer
adpderTa criaakupanusi He ObLTO OBl HEOOXOMUMOCTH OpPATh Al TUCKPETU3AIMH CJIUIITKOM MEJTKIM,
He TOBOPS YK€ O TOM, UTO He HY?KHO OBLJIO ObI CJeIUTh 3a COOJIIOIEHIEM HEIPEPLIBHONW CTHIKOBKH,
VUIUTBIBATH OOJIBIITYIO HEJIMHEHHYIO CHCTEMY OTPDAHUYEHU Ha IMapaMeTphl U T. . dTobbI Oojee KOH-
KPETHO IOSICHUTL CyTh IPEIIaracMoro IOIX0a, PACCMOTPUM B KadeCTBe IPUMEpPa YIPABJISIEMYIO
sagaqay upuxie mjis oy imHefHOrO CTAaIlMOHAPHOTO ypaBHEHNs THHA 1M dy3Un-peaKIiui:
L[z](t) = —div (AVz) + bz = f(t,z(t),u(t)), tell, ueD; = o 0. (0.1)
Baecw I C R™ — 3amannas 061acTh, OrpaHUYeHHAs U CTPOTO JIMIIIHUIEBast (sl STOrO JOCTATOYHO
BoiTyKI0CTH, CM. [17, ¢. 30-31]), n > 2, D = {u € Li(I): u;(t) € [ov; Bi] pmsa mp.t €11, i = 1,5 } —
MHOKECTBO JIOIYCTHMBIX yupapnienuit, r > 23 A = A(.) = {a;;(.)}7,;—; € L (1) — marpuunas
byHKImMA, TPI HeKoTopoM ¢ > () yzoBaeTBopsiomas yciopmio: A(t)€-€ > o €] nns Beex € € R™ 11.5.
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t € II (“-” o3nauaer ckaJjsipHOe npousBesieHne B R™); MHOXKECTBO BCEX TAKMX MATPUYHBIX (DyHKIIUI
6yaem obozuadarh A(0); b € Lo (1), b > 0. Uro kacaercs npasoii yactu f(t,y,u) : IXRxR® — R,
GyzieM TIpe/osaraTh, 9To oHa usMepuMma 1o t € II, menpepsisaa 110 nepemertbiM {y;u} € R X R® u
Takosa, uTo f(.,y,u) € Lo(Il) Yy € Lg(Il), u € Li(II); s € N, 2 < g < 2n/(n — 2).

VYpasuenue (0.1) u3BecTHO Kak craruoHapHOe ypaBHeHUe Tuna Audy3un-peakiun. 31ech JJist
KPATKOCTUA HU3JI0YKEHUsI MbI PacCMaTpUBAEM CJIydail OJHOTO YpaBHEHHUs, OJJHAKO BCE MOCTPOEHUS
JIerko 0bobIIaTes Ha ciay4vaii cucrembl ypasaennit Bua (0.1). Cucrema craruoHapHBIX ypaBHEHU
b Py3Un-peakIiny UMEET BayKHOE MIPUKJIAJHOE 3HAUCHNE U [IOTOMY SIBJISIETCS OOBEKTOM IIPUCTAIb-
HOTO u3yveHus (cM., Harpumep, [18, § 2]), B ToM ducsie ¢ 103uIMii TEOPUU ONTUMAJIBHOIO YIIPABJIEHUS
[19;20]. Yrobsb! onpeenuts nonsitre perternst 3a1aun (0.1), paccMOTPUM BCIOMOTATEIbHY IO 38749y

Llz)(t) = 2(t), tell, :c( — 0. (0.2)

Pemenne 3amaun (0.2) ecrecTBEeHHO NOHUMATH B OOOOIIEHHOM CMBIC/IE, & MMEHHO Kak (DYHKIHIO
r € H}(IT), ynosnersopstiontyio s Beex w € HE (1) unrerpassnoMy ToXKIecTBY

Blz,w] = [ z(t)w(t)dt; Blz,w]= [ [AVz - Vw + bzw]| dt.
/ /

[Tosb3ysic Teopemoii Jlakca — Mubrpama, MOXKHO MOKa3aTh (CM. pasi. 8), 4TO I KasKJIOro
z € Lo(Il) 3amaua (0.2) mmeer exmHCTBEHHOE pemieHue; obosnaumMm ero ¢ = G|z]. Tem cambim,
onpesesnen smneinbiii onepatop G : Lo(II) — HE(II). Bosee Toro, 3ToT onepaTop oKasbBaeTcs
Takzke U orpaHndeHHbIM. COOTBETCTBEHHO, pelenue ucxoaHoii 3amsa4an (0.1) MOXKHO MOHMMATH KaK
pemenne GyHKIMOHAILHO-OIIEPATOPHOTO ypaBHEHNs THUIIa [ aMMepuTeiina,

z=G[f(,z,u)], xeH(I)=WiII). (0.3)

Ilo Teopeme Broxkenust Cobosesa npocrpancrso ‘H = HI(II) = WH(II) saoxkeno 8 X = L, (II)
orpamienno (r.e. 3C > 0: ||z||z, < Cllzfly; Vo € W) u, 6osee Toro, kommakTHo. OTCIONA SICHO,
9TO JAHHOE HAMHU OIPEJeJIeHUe DeIIeHNsI KOPPEKTHO B CHILy yCJoBuii Ha (QyHKIHMIO f U TOro, 9TO
H} C H. ®axruuecku penrenne 3aiaqn (0.1) IOHUMAETCS B CMBICTE HHTErPATLHOTO TOXKIECTBA

Blz,w] = /f(t,a:(t),u(t)) w(t)dt Yw e H(ID).
i

ByzeMm cunrarh Tenepb, 4TO MEIbI0 yIPaBIEHHs SB/IAETCs MUHUMU3AIMS HHTETPAJTBHOIO (DyHKIHU-
onana Buga J{z,u] = [ F(t,x(t),u(t)) dt na muoxecrse nap (z,u) € H X D, yI0BICTBOPIONIX

ypasuenuto (0.3); dyukuust F' yaoBaeTBopsieT TaAKOro »Ke THUIla yeJoBusiM, Kak (yuknus f (¢ 3ame-
Hoit Lo Ha Lj1). Coorrecem ypasrenuto (0.3) ypaBHenue tuna npemiozkernoro B. . CymunbiM jiist
OIIMCAHVs YIPABJIsIeMbIX HAYAJIbHO-KPAEBbIX 3aja4 [21-23]:

z= f(.,Glz],u), =z € Ly(Il). (0.4)

Pacemorpum 3ajiaty muanMmusanuu dbyskionana Iz, ul = J [G[z],u] Ha mapax (z,u) € Ly X D,
yaosisierBopsitonux ypasaeruio (0.4). Takyio 3aja1y MUHUMHU3AIMA Mbl HAa3bIBAEM S-/[BOIICTBEHHOMN
10 OTHOIIEHWIO K MCXOAHOH. B maHHO# cTaTbe, B 9YaCTHOCTH, YCTAHABIUBAETCS SKBUBAJIEHTHOCTD
HUCXOIHON U S-IBOMCTBEHHOM 38,184 OITUMU3AIMA. B CBOIO o4Yepeb, Jjisd S-IBOMCTBEHHON 3a1a4un, B
OTJINYME OT MCXOIHOM 3aJa4i ONTHUMHU3AIMY, BIIOJHE €CTECTBEHHON SIBJIAETCA KYCOYHO ITOCTOSTHHAS
AIIIPOKCUMAIINS 110 Tape ‘cocrostane — yupasienne” (z,u). Hanpumep, ecam cantars, 9T0 KOHETHO-
MepHbBIE BEKTOPBI &, 1) TIPEJICTABJISIIOT apaMeTphl auckperudarnuu, z{{}, u{n} — Kycouno mocrosit-
HbIE alpokcuManun (GYHKIMA 2, 4 COOTBETCTBEHHO, TO (C y4eTOM peJlakcanun ¢ rmapamerpom d > 0)
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B KaueCcTBE AIPOKCUMUPYIOIIEH 3a/1a4M MOYKHO B3ATh KOHEYHOMEPHYIO 3aJIa9y MATeMaTHIECKOTO
uporpammvuposanust [{&,n} = I[z{¢}, u{n}] — min npu orpannuenun

Ui {e,n) = [|=4€) — £ (. GlAN, ufm)) |2, < 6.

Ecnu ke ussecTHo, 9TO yupasigemas cucrema Vu € D umeer pemenue r = x|ul, ||x[u”|W21 < 7,

TO pas3ymHO j0baBuTh orpanudenue Wo{& n} = HG[z{&}} < (Cvy 4+ 6)4. Takum obpazoM, moJry-

I1
Lq
JaeM 3aJady MUHEMA3AIUA (DYHKIUE MHOTUX IIEPEMEHHBIX BCETO JIMIIL MIPU JABYX OTPAHUTICHUSIX
THIIA HepaBeHCTBa (IIOMHEMO yC/IOBHIl Ha HapaMeTpsl quckperusanun). Ecm (€;7) — npubimkennoe
pelllenne aImpoKCUMUPYIOIIEi 3a/1a491, TO B KA4eCTBe MPUOIMKEHUA K PEMICHUIO NCXOMHOM 3a1auu
ecrectsenno B3aTh (T,7) = (G[2{€}],u{n}). Baxno, uro npoussommsie dynxmuit 1{£,n}, U1{&, 1}
u Uo{&,n} (upu coorercrBytomeii ruagkoctu dyHKimu f) mo napamerpam {&, 7} BBIUUCIAOTCA
TpuUBHAILHO. 3ech omeparop (G BHICTYIIaeT B KadeCcTBe CrUIazKUBalollero omeparopa. @akTuyecku
G|[z] — aro pemenne ognopomuoit HK3, ceszannoii ¢ smneiinbiv ypasaeruem (cm. (0.2)). fcuo, uto
pelIaTh Takyio 3aJady CyIeCTBEHHO Hpolie, deM ucxoanyio neauneiinyio (0.1). ITpu srom moxkHO
HCIOJIBE30BATh, BOOOIIE TOBOPsI, JTIOOOM MTOAXOMSIINN METOM, B YACTHOCTH TaKoit 3 PEeKTUBHBIN, KaK
MEeTOJ, KOHEIHBIX 3JIEMEHTOB, Jn60 (IpU IMpakTUIecKoii peajm3anun) 060l roTOBLIN MaTeMaThe-
ckuil naxer. [eficTBUTEILHO, 9TO BCErO JIMMIL OTIEJbHAA AuHelinas MoA3a1ada, aJrOPUTMUIICCKN
OTJIeJICHHAST OT AIIPOKCUMUPYIOMIEH 3a4a9i MaTeMaTHICCKOrO IIPOrPAMMUPOBAHUSL.

A6crparupysics ot koHkpeTHoit 3ama4au (0.1), Mbl paccmarpuBaeM najee ypashenue Buja (0.3)
C IIPOU3BOJILHLIM JIMHEIHBIM OrpaHUYeHHBIM omeparopoM (G, IefiCTBYIOMNUM U3 J1e0eroBa IPOCTPaHt-
crBa m-BekTop-yuknumit 2™ B 6anaxoBo IpocTpaHcTso {-BexTop-dyukmuit HY, npeamonaras, 4o
'H KOMITaKTHO BJIOYKEHO B JieberoBo npoctpanctso X. [Ipu aToM ycraHaBimBaioTcs Caeayionme pe-
3YJILTATHL: 1) CXOAMMOCTD KYCOYHO TIOCTOSTHHBIX AIPOKCUMAII 110 (DYHKIIMOHAY U [0 YPABHEHUIO
JUTst S-7IBONCTBEHHOM 3871841 ONITUMU3AIMN; 2) CYIIeCTBOBAHNE TIODAIBHOIO PelleHtsl allllPOKCHMU-
pyIoleii KOHETHOMEPHOM 331441 MATEMATHIECKOrO IPOrPAMMUPOBAHUS; 3) CXOAUMOCTD 110 (DyHKIIU-
OHAJIy PeleHuil alpoOKCUMHUPYIONE 3a1a91 ONTUMHU3AINE K PEIIeHII0 MCXOAHOM 3amaun. B kade-
CTBE BCIOMOIaTe/ILHOIO pe3y/bTaTa, IIPeICTaB/ISIoNero CaMOCTOATe/ILHLI NHTepec, T0KA3bIBACTCA
TeopeMa 0 TOTAJILHOM (II0 BCeMy MHOXKECTBY JIOIYCTHMBIX yIIPABJICHUIT) COXPAHEHUN PA3PEITNMOCTH
YIIPABJIAEMOro ypaBHEeHUs ThIa [aMMepinTeiina.

Eciu obparurbes K 3azgade (0.1), mocratouno B obmux HhOpMyJIUPOBKAX TEOPEM CYUTATDH, UTO
l=m=1, X =L,1I), Z = Lo(Il), U = L,(II); x = G[z] — pemtenue 3amauu (0.2).

st yno6eTBa auTaTesis IPUBEIEM CIMCOK HEeCTAHIAPTHBIX 0003HAYEHUIT, NCIOIB3YEMbIX J1aJIee.

[Iycrs n,m, ¢, s € N, p,q,r € [1,00) — 3azannble uncia, ¢ > p; II C R” — usmepumoe (31ech u
nasee B cMbicsie Jlebera) orpannmdennoe MuoxectBo; X = Lo(II), Z = L,(IT), U = L,(II);

D={uclU’: ut) € o;fi]maub.t €Il,i =15}

— MHOKECTBO JIONYCTUMbIX yrpasienuii. Oupenenum kiaace F(4, s, m; X, Z,U) Becex dyukuuii Buia
flty,u): I XxREXR® — R™, kazk/1as 03 KOTOPIX m3MepuMa 110 ¢ € I, HelpephIBHA IO IepeMEeHHBIM
{y;u} € R x R® u raxoBa, uTo f(yu) € 2™ Vy e XYID), u € U3(TD).

Yepes X' obozHagaeM KOHyC HeOTpHUIATEeJbHBLIX (pyHKIuil B npoctpanctse X. 1 BeKTOpOB
a,b € RY, a < b (BeKTOpHOE HEPABEHCTBO HOHMMACM HOKOMIIOHEHTHO), HCIOIb3yeM OOO3HAUCHHC
[a;b] = [a1;b1] X -+ X [ag; bg]. Momynb BeKTOpa HOHUMAEM KaK CyMMY MOJYJI€ii KOMIIOHEHT.

[Tycrs 'H = H(II) — GamaxoBo mpocTpancTBo (yHKnmii, n3mepumbix Ha lI, KOMOAKTHO BJIO-
xkernoe B X (II) (T. e. orpannyenuble MHOXKecTBa (DYHKIUH & € H OTHOCUTEJBHO KOMIIAKTHBI B X').
CrenoBaTebHO, TPOCTPAHCTBO 'HZ(H) KOMIIAKTHO BJIOKEHO B X' (IT). Msist onpeiesiennocTr Gy1eM
cuntath, aTo KomcranTa C' > 0 obecnieunsaet onerky ||z ye < C ||z|j4e Yz € HE.

IIycts kK € N — 3anmannoe uuncso, npudeMm MHOXKecTBO Il 11pejicTaBieHo B Bujie JU3IBIOHKTHOI'O

K

oobenunennst II = | | II;. Taxkoe mpencrasienne OygeM 0003HAUATh T U HA3BIBATH Pa3OUEHUEM
Jj=1
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mnoorcecmsa I1. Huciio k Gynem obo3uadars |7|. Haubosbinuii juameTp sjeMeHToB pasbuenus 0y1eMm
HA3BIBATb MEAKOCTBI0 pasdbuerus T u obosHadaTh p(7). OupeennM MHOKECTBO

V(TI’,S, [a;ﬂ]) = {u € L3 (II) : wi(t) =wjj € [oy; B3], t €y, i=1,s,j = 1,—/1}, (0.5)

IIOHMMAs €ro KaK MHOXKECTBO allllpOKCUMalyii yupasienns. [lomoxxum W(w, s, oy ﬁ]) — MHOXKECTBO
(8 K)-MEPHBIX BEKTOPOB W = {wll, W1k e Wely e - ,ws,./v} co ceoitcTBaMm: w;j € [ay; B3], 1 =1, s,
j =1,k. ®opmyia (0.5) ycranaBIuBaeT B3auMHO OJHOZHAYHOE COOTBETCTBHE MEK/Ly MHOMKECTBAMU
V u W. Aunpokcnmvario v € V, orBevarorityo Bekropy w € W, oboznaunm v{w}.

1. IlocranoBka 3aJja4uy OIITHUMU3AINNI

Bynem paccmarpusarh ciejyiomiee (yHKIMOHAIBHO-OLEPATOPHOE YpaBHEHHE THIA |ammepiri-
Teitna?, sBygATONTeeCs YI106HOM GOPMOit ONICAHHS MIPOKOTO KTACCa YTIPABIISEMbIX PACIIPETeTeHHBIX
cucreM (cM. [25-28]), a Takke nmpumep Bo BBeJeHHN (6osiee HOIPOOHO PasobpaHHbIH B pa3f. 8):

z(t) =0t + G[f (. z(),u()](), tell, zeH-. (1.1)

Brech u € D — ynpasienue; § € HY — samammbii smement; G 1 2™ — HY — samanHbIL AUHETHOL
oepanusennoits onepamop (JIOO); f € F(l,s,m; X, Z,U) — 3anannas dyuknus. OTHOCUTETHHO
JIOO G npenmosaraem, 9To

G) JIOO G : 2™ — H’ umeer monoxuTenbuyo Mazkopanty® Gf : Z — H.
OrnocuresbHo ypashenusi (1.1) mpezmosaraem ciejyrorree.

H) Cymecreyer dbyukuus ¢(t,€) @ II x RT — R, usmepumas no t € II, HenpepbiBHas U He
yosaromas no £ € RT n Takas, aro mueer mecto onenka | f(.,y(.),u(.))| < o(,|y()]) € Z
Vy € X, uw € D, u KpoMe TOro, PaspeIIuMO MAHCOPAHTIHOE YPAEHEHUE

a(t) = 10(t)| + G* (., x()](t), tell, zext, (1.2)

KOHCTPYKTUBHBIE JIOCTATOYHBIE YCIOBUS PA3PEHIMMOCTH MasKOPAHTHOIO YDABHEHUs IIOJIYUEHbI B
26, §4]. O6osHaunm = — muoKecTBO Beex map (z,u) € HE x D, yaosaersopsiomux ypasrenmo (1.1).
Bynem paccmarpuBarh 1esieBoil (hyHKIMOHAT BHIA

J[x,u] = /F(t,x(t),u(t)) dt, (x,u) € E,
I

e F e F(l,s,1; X, zZ JU); Z — j1e6eroso npocTpancTBo dyHKIu Ha 11 ¢ HHAEKCOM CyMMUPYEMOCTH
u3 [1;400) u Takoe, uro X C Z. IlocraBuMm 3a/1ady ONTHMI3AINN

J[z,u] — min, (x,u) € E. (1.3)
2. S-ABoiicTBeHHAasl 3aJa4a OITUMU3AI[AN

Cuesyoniee (byHKIMOHAIBHO-OIEPATOPHOe ypaBHenue? 6b110 BBeeno panee B. 1. CyMunbmM u
UCCJIE0BAJIOCh UM B Psijie PAOOT € TOYKU 3PEHUs] TAKUX BOIIPOCOB, KAaK YCTONYMBOCTDH CYIIECTBO-
BaHUs IJI00AJBHBIX PEIIeHn, 0OOCHOBAHUE CXOAMMOCTH UUCJCHHBIX METOJIOB ONTUMUBAINANA STOTO

2Cw., nanpumep, [24, rr. VI, m.19.2].

3To ectb G* : Z — H — JIOO, G*[2%] C HT u |G[2]| < G*[|2]] ans Beex z € Z™.

“TIpu 6 = 0 u ycI0BUM BOJILTEPPOBOCTH JIMHEHHOIO OrPAHIYEHHOro oneparopa (G, BXOJASIIEro B IpaByIo
4acTh U paccMaTpuBaeMoro Kax oneparop Ly'(I) — Lf; (IT), B cBA3U C YeM UMEHOBAJIOCH KaK (PYHKUUOHAAL-
HOE BOABMEPPOSO YDAGHENUE.
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YPaBHEHHsI, TIOJIyYeHne HEOOXOAMMBIX YCJIOBUN ONTUMAJBLHOCTH B COOTBETCTBYIONIMX 3a/1a9aX OIITH-
MAaJILHOTO yIpaBjieHusi U T. 1. (cM., Hampumep, [21-23]).

2(t) = f(t,0() + G[2](t),u(t)), tell, zeZ™ (2.1)

Onpenennm byukuuonan I[z,u] = J[0 + G[z],u], z € Z™, u € U*. O6osnadum T — MHOKECTBO
Beex map (z,u) € 2™ x D, ynosiersopsitonux ypasaernio (2.1). Bagady onrumusanun

I[z,u] — min, (z,u) €T, (2.2)

HazoBeM S-deoticmeenHnot 1o OTHOIIEHHIO K 3a1ade (1.3).
JBoiicTBennblit xapakrep 3ajadn (2.2) 1o oTHOIEHHUIO K 3aa4¢e (1.3) pacKpbhIBaeTCsl B CJIELYIO-
IIUX YTBEPXKICHUAX (UX JIOKA3ATEIBCTBA CM. B Pas/l. 4).

Teopema 1. [Tycmov (z,u) € 2, z = f(.,z,u). Tozda (z,u) € T.
Teopema 2. [Tycmov (z,u) € T, x = 0 + Gz]|. Tozda (z,u) € =.

Teopema 3. [Iycmo (T,u) € E — pewenue 3adavwy onmumuszayuy (1.3), 2aobasvroe usu s0-
kaavroe;, Z = f(.,T,w). Toeda (Z,u) — pewenue 3adauu (2.2), coomeemecmseenno 2400a1bHOE U
AOKANBHOE.

Teopema 4. ITycmwv (Z,u) € T — pewenue 3adavu onmumusdayuu (2.2), 2a0baivroe uiu A0-
kaavroe; T = 0 + G[Z]. Tozda (T,uw) — pewenue 3adavu (1.3), coomsemcemeenno 2aobarvroe Uiy
NOKANDHOE.

Bameuanue 1. S-gsoiicTBennas 3a1a4a (2.2) CyImecTBeHHO y00Hee Jisl AIIIPOKCUMAIIUH,
TaK Kak Jijis ypaBHeHusi (2.1) COBEPIIEHHO eCTEeCTBEHHO OIEHUBATH HEBA3KY [0 HOpME Jieberosa
npocrpanctea 2. T1oaroMy KyCOYHO MOCTOSIHHAS AIIPOKCUMAIIMsI JIJIs pelleHuit ypaBHenus (2.1)
ecrecrBeHHa. Ypapuenue (1.1) Hpu CIeTaAHHBIX MPEJIIOIOKEHUIX TOXKE MOXKHO PacCMaTPUBATL B
71€6er0BOM LIPOCTPAHCTBE — mpocTpancTse X', U jjist TOYHBIX pemenuit B 9ToM Het mpobiembl. Q-
HAKO OIIEHWBATH HEBs3KY /it ypasHenus (1.1) B Hopme mpocrpancTBa X ¢ 6b110 GBI HEECTECTBEHHO,
[IOCKOJIbKY M3 MAJIOCTH HEBSI3KH B 5TOfl HOPME He CJIELyeT MAJIOCTh HEBS3KH B mpocTpancrse HY.

3. ®opMyJMPOBKa OCHOBHBIX PE3YJIbTATOB

Crepyronee yTBep:KIeHIE JaeT JOCTATOYHBIE YCJIOBHsI TOTAJBHOIO COXPAHEHHsI PA3PEIIUMOCTH
ypastenus (1.1) (mokazaresbCTBO CM. B pasf. b).

Teopema 5. I[lycmv svinoanens, npednososcenus G), H); T € H — pewenue masrcoparmiozo
ypasrenua (1.2), T > 0. Toeda ypasnerue (1.1) das xasrcdozo ynpasaerus u € D umeem no kpatined
mepe 0dno pewenue x € H' maxoe, wmo |z| < T, ||z]lpe < v = 10l + 1Gllzm gt (-, T)] 2

O6o3Ha M Hf/ = {z € H': ||lz||x« < Cv}; Ey C E — muoxecTBO Beex map (z,u) € Hf; x D,
yJ0BJIeTBOpsiomux ypasuenuto (1.1).

Hasnee 6ynem npeamonarars, aro J(z[k], ulk]) — 400 npu k — 0o mist 1106010 BBIGOPa IOCTIe-
nosaremsuoctu {(x[k],u[k])} C H® x D Taxoit, uro ||z[k]||s¢ — oo mpu k — oo. Ouesmmno, UTO B
9TOM Ctydae MHOXkecTBO Z(c, J) = {(z,u) € E: J[z,u] < ¢} 6yner orpanmieno aust m060ro HCIA
¢ € R. Ionw3ysick Teopemoit 5 (wmum 060l Ipyroii Teopemoii, obecrednBaooIeil CymecTBOBAHIE
xoTs1 Obl OJIHOI Tapel (x,u) € =), MOXKHO HaiiTh 4uciao ¢ € R, npu KOTOPOM OHO OymeT He IyCTo.
st Takoro umucsa ¢ uCxoaHast 3a/1a4a ONTUMHU3AIUE Oy/IeT SKBUBAJICHTHA CJIeIyOMeii:

J[z,u] — min, (x,u) € E(c, J).
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ITpu 5TOM B CHILy OPAHUYEHHOCTH MHOXKecTBa Z(c, J) Haiigercs wnciao v > 0 takoe, 910 ||z]|ye < 7y
st Beex (z,u) € E(c, J), re. Z(c,J) C 2. C yueToM CKa3aHHOIO Jajiee BMECTO HCXOIHON 3a1adm
onTHMHU3AIMN OyeM PAcCMATPHBATD PABHOCUIIBHYIO 3314y

J[z,u] — min, (z,u)€Z,. (3.1)
AGcrparupysich OT IPOBEJIEHHBIX PACCYy?K/IeHNnil, Oy/ieM CIMTATb, YTO BHIIOJHEHO yCJIOBUE

I') MnoxecrBo 2, # @.

Criestyroree yTBepzKJIeHIE YCTAHABIUBAET BO3MOXKHOCTH KYCOYHO MOCTOSTHHON AIlIpOKCUMAIN
¢ J11000ii 3a/IaHHOl TOYHOCTBIO J1I060M mapel Buga (z,u), e z = f(.,z,u), (x,u) — OpousBOIbHASI
napa, yzoBJiaersopsitoias ypasaenuio (1.1), no ypasrenuo (2.1) u no dpynknuonasy. B arom cmbicie
MOZKHO TOBOPUTBH O CXOJMMOCTH aIlpoKcuManuii. Bojee Toro, yTBep:Kaaercst, 9To 9Ta CXOAUMOCTh
paBHOMEpPHA Ha KJiacce Iap yKasaHHoro Buja. JlokazareanecTso M. B pasi. 6.

Teopema 6. Jlaa awbozo wucsa € > 0 cywecmsyrom wucaa pe, Ae > 0 u napassesenuned
[a;b] € R™ makue, wmo, kakosv 6vi Hu Gviau padbuenus ™ u w muodcecmsa 11 meaxocmeti co-
omeememsenno p(m) < pe, p(w) < A, das am0bot napw (x,u) € =, u coomsememeywezo ne-
menma z = f(.,z,u) natidymea & € W(w,m,[a;b]), n € W(r,s,[a;8]) u coomsememeyrouyue
annpoxcumayuy z{&} € V(w, m, [a; b]), u{n} € V(TI’, s, [ ﬂ]) maxue, 4mo

[2(6} = f (-0 + GlA&} ] uln}) ||z <& (32)
10+ G[{e}] [ e < Cr e, (3.3)
[I[z,u] — I{{€} ufn)]| <. (3.4)

Sameuganue 2. Kak BUIHO U3 JOKA3aTEIbCTBA TeOpeMbl 6 U (GOPMYJIUPOBKU JIEMMBbI 4
(cM. zasiee), B OCHOBE 9TOIO JIOKA3ATEIbCTBA JIEXKUT BO3MOXKHOCTH JIJIsi BCsIKOro § > 0 HaiiTu dnc-
a0 A[0] > 0 u mapasutesenunesn [a;b] C R™ rakue, uro npu Jaob6oM pasbueHnn to MHOXKecTBa 11
mesikocTH p(w) < A[§] dysKumo z MoxkHO npubimsuts annpokcumanueii 2{¢} € V(w@,m, [a;b]) ¢
tounoctbio 0: ||z — z{&}||%,. < 6. Eciu ke Boimosnens: npeanosioxenne H) u yTBepzKienue Teo-
peMbl 5, TO, KaK BHJHO M3 JIOKA3aTeJbCTBA JIEMMbI 4, B KaueCTBe TAKOTo Hapasuiejenunena [a; b
MOZKHO B3sTb JIeKapTOBYy crernenb [a;b] = [a;b]™, rue [a;b] = {€ € R: |¢| < ks }, uncmo ks > 0 onpe-
nensiercst u3 yerosus [|Z — 25| z < 6/2, a 2K5) — s10 cpeska {Z(t), ecm |2(t)] < kg; 0, nmase}.
To, 4T0 Takasi cCpe3Ka CyIIECTBYET, BHHO U3 JIOKA3ATEIbCTBA JIEMMbI 4.

BadukcupyeMm IocTaTodHO Majoe 4uciao ¢ > 0 — TOYHOCTH BBIIOJIHEHHsI orpanmdenuii. B co-
OTBETCTBUH C TeopeMoil 6 annpokcumupyrowets 3adauet st 3amaau (3.1) HA30BEM CJIEIYIONLYIO
KOHEYHOMEPHYIO 33/1ady MaTeMaTHIeCKOro IIPOrPaAMMUPOBAHMSL:

1{&,n} = I[2{¢}, u{n}] — min (3.5)

upn orpammiaenusx £ € V(w, m,[a;b]), n € V(m, s, [o; 4]),
S1{&n} = [[=€) = £ (. 0+ GlHAEN, w{n})|[%.. <6, (3.6)
Do{&n} = |0+ G} ||% < (Cy+0)7. (3.7)

Teopema 7. I[lycmv mnooicecmeo = # & u evnoanero ycaosue I'). Tozda oz aobozo wucaa
e > 0 cywecmeyrom wucaa pe, e > 0, oo > 0, a makoce napasiesenuned [a;b] C R™ maxue,
wmo das aobwx pasbuerul ™ u w mHoocecmea I meaxocmetd p(m) < pe, p(w) < Ae cnpasedauen
caedyrougue ymeeporcoeHu.

1. Badaua (3.5)—(3.7) umeem 2nobarvhoe pewenue.
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2. ycmw (€,7) — npubausicenroe 2nobanvroe pewerue 3adawu (3.5)—(3.7) ¢ mounocmvro o
no gynryuu; zZ = 2{&}, u = u{n}, T = 0 + G[z]. Toeda (T,u) ecmv npubsusicernoe 2a0barvroe
pewerue 3adavu (3.1) ¢ mounocmvo € No GYHKYUONAAY NPU MOYHOCTIU § BLINONHEHUA 02PAHUMEHUL
6 cMvICAe

HE_H_G[JC('?E?E)]HHZ < HGH %7 (3'8)
[Z )| xe < Cy+0. (3.9)

HHoxaszaTeabcCcTBO TeOPEMBI 7 CM. B pa3m. 7.

4. Jloka3aTeJibCTBO TeopeM 00 S-ABOIICTBEHHOCTH

HoxaszareanbctBo meopembl 1. Ilycrs (z,u) € Z, me. (xr,u) — pelieHue ypaBHe-
mus (1.1). Torma anst 2 = f(., @, u) umeem z = f(.,0 + G[f(.,z,u) ,u) f(.,0 + G[z],u), e
(z,u) € T. Teopema 1 nokasana.

HoxaszareanbctBo meopembl 2. ITycrs (z,u) € Y, me. (z,u) — pelierue ypaBHe-
mus (2.1). Torma mas z = 6 + G[z] umeem z = 0 + G[f(.,0 + Glz],u)] = 0 + G[f(,,z,u)], re.
(z,u) € E. Teopema 2 jokazaHna.

JokaszaTeabcTBO TeopeMbl 3. B coorBercTBun ¢ (hOPMYIMPOBKOIT TEOPEMBI PACCMOT-
PHM CJIeIyTOIINE JIBa CIydas.

1. Ilycrs (Z,) € E — ruobanbhoe pemenne 3ana4an (1.3),Z = f(., T, u). [lo reopeme 1 (Z,7) € Y.
[TpeaooKum OT IPOTUBHOTO, 9TO Hapa (Z,U) He siBJsieTcsl MIOOAIbHBIM pelenueM 3ajadn (2.2).
Dro o3Havaer, uro Haiigercs napa (Z,u) € T, obecneunBatonias vepasencTso I[Z,u] < I[zZ, .

O6oznaunm = = 0 + G[z]. Io teopeme 2 (z,u) € =. Ilpu sTom

J[z,ul =J[0+G[z),u] =1[z,u] < I[z,u] = J[0 + G[z,u] = J[0 + G[f(.,z,0)],u] = J[Z,7.

[Tonydennast oneHKa MPOTUBOPEYUT yCJIOBUIO. Takum 0Opas3oM, HAIle MPEJITOI0KEHNE HEBEPHO.

2. llycrs (Z,u) € E — nokanbHoe pemenne 3anaun (1.3), Z = f(.,Z,u). Cormacuo Teopeme 1
(z,uw) € Y. IlpeanosoKumM OT TPOTUBHOTO, 9TO Hapa (Z,W) He ABJIAETCA JIOKAJIBHBIM DPEIleHHEM
sazaun (2.2). D10 O3HAUAET, YTO HAMEeTCsI [OCIeI0BATeIbHOCTD nap (2, ug) € T,

|z — Z||zm — 0, ||ux —Uljyys — 0 upum k — oo,

k)] < I[z,u]. O6osnaunm T, = 6 + G[zx]. Ilo Teopeme 2
(Tx,u) € E. YuursiBasi, uro napa (T,u) siBiasgercs pemenueM ypasaerus (1.1), MoxkeMm 3amnucarhb
1Ty — Zlpge = ||0 + Glzk] — 0 — G[f(..7,70)] HH‘ = |Gz — 7] HH" Torja B cHly OrpaHUYeHHOCTH
oneparopa G ||Z — T|j¢ — 0 upu k — oo. IIpu 5TOM aHAJIOIMYHO HPEBULYIIEMY IIYHKTY yCTa-
HaBJIUBaeTCsl HEPaBeHCTBO J [Ty, Ug] < J[T,T], KOTOpoe IPOTHBOPEUYNT JIOKAJIHHON ONTUMAJIBHOCTI
napet (T, ). Takum 06pazoM, HaIlle TPeJoJIoKeHre HeBepHo. Teopema 3 JoKa3aHa.

obecreunBaloIuX HePaBeHCTBO 1|2, U,
T

,HJIH JOKa3aTe/JIbCTBa COXPaHEHUA JIOKAJIbHOU ONTHUMAJILHOCTH B TeopemMe 4 Ham HOHa,HO6I/ITCH

CIIeIyIoIast
Jlemma 1. ITycmo ¢ym<:uu.ﬂ g(t,x) : x RY — maxoea, “mo g(.,ml(.),...,x,,(.)) e 7
ona ecex xj € Xj, j = 1,v, 2de X; X](H), Jj = , Z = Z(I) — aebezosvi npocmpancmea
¢ uHdeKCamMU CYMMUPYEMOCTIU U3 [ +o0); X = X1 X ... x X,. Toeda onepamop G : X — Z,
onpedeasemviti fopmyaot Glx] = ( x(. )), ABNACNCA HENPEPOIGHOM U 02PAHUMEHHBLM.

Hnga v =1 nemma 1 nokazana B [29, §1.2, Teopema 2.1, c. 31; Teopema 2.2, c. 35]. Ee cupasej-
JIMBOCTDH Jijisi v > 1 crieyer u3 aHajusa J0Ka3aTeabeTs [29, Tam wxe|.

HJoxasaTeabcTBso TeopeMmbl 4. B coorBercTBun ¢ hopMyJIMPOBKOIl TEOPEMbI PACCMOT-
PHUM cJle/lyolIue JBa, CIydasl.
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1. Hycrs (Z,1) € T — obasnbhoe pemtenue 3anaun (2.2), T = 6 + G[z]. Coracuo rteopeme 2
(Z,u) € Z. lpeanosoKum OT NPOTUBHOTO, 4TO napa (T,U) He ABIAETCS TVIODATBHBIM DPEelleHHeM
sazaun (1.3). Dro o3Hauaer, 4To Haiijercs napa (T, u) € =, obecrieunBarolas HEPABEHCTBO

J[z,u] < J[z,1) = J [0+ G[z],u] = I[z,7).
O6o3HauuM z = f(.,f, 17). ITo Teopeme 1 (z,u) € Y. Ilpu sTom
J[z,a) = J[0 + G[f(.,z,u)],u] = J[0 + G[z],ud] = I[z,q].
Takum obpasom, I[z,u] < I[z,u]. [onydennas onenka nporusopednt ycsiobuto. Crajo ObITh, HaIlle
IIPEIIOIOKEHAE HEBEPHO.

2. Ilycrs (z,w) € T — nokasnbHoe pemenue 3agaun (2.2), T = 6 + G[z]. CornacHo Teopeme 2
(Z,u) € Z. [peanosoxum OT MPOTUBHOTO, uTO Tapa (T, W) He ABJIAETCS JIOKAJIBHBIM DPEelleHHeM
sazaun (1.3). D10 o3HAUAET, YTO HANJETCsI OCIe0BATENBHOCTD nap (T, Ug) € E,

[Tk = Zllxve < CllZk = Zllgge — 0, g = Ulles — 0 mpu k — oo,

obecriednBalonuX HepaseHcTBo J [Tk, U] < J[T, .
Ob6oznaunMm zp = f(.,:fk,ﬂk). ITo reopeme 1 (Zx,ur) € Y. VuurbiBas, uro (Z,U) siBIAETCS
perenneM ypasHenust (2.1), MOxkeM 3amucarhb

Hgk — 5“ = Hf(,fk,’ljk) — f(,9 + G[?],ﬂ) H = Hf(,%k,ﬁk) — f(.,f,ﬂ)
rae ||.|| = . ||zm. Torma cornacuo memme 1 ||z — Z||zm — 0 upu k — oo. Ilpu srom anamornano

[PeJIbIILYINEMY [IYHKTY [OJydaeM HepaBeHCTBO [[Zk,ux] < I[Z,T], 9T0 HpOTUBOPEUUT JIOKATLHOM
onTuMasbHOCTH TAphl (Z,W). [losromy Harre npejanosoxkenue nesepuo. Teopema 4 gokazana.

)

5. Jloka3aTreJIbCTBO T€OPEMbI O TOTAJIbHOM COXPAHEHWU Pa3pPEHINnMOCTH

Cuienyroree yTBepzkienue u3sectHo kak reopema [laynepa [30, ri. XVI, §3, 1. 3.3, ¢.627].

Jlemma 2. Ilyemv X — nopmuposarnoe npocmparcmeo, 1 — 8unykioe 3aMKEHYMOE MHOHCe-
cmeo 6 wem, F 1 Q — Q — nenpepwisroe omobpasicenue. Ecau mmoorcecmso F(2) omuocumenvro
xomnaxmmo 6 X, mo omobpasicenue F umeem HENoIBUIMHCHDBIE TMOUKU.

IlokaszaTesbcTBO TeopeMbl 5. Bocronb3yemcst jgemmoit 2. 3apuKCHpyeM IIPOU3BOJIBHO
u € D u onpenennm oneparop F, : X4 — X! ¢ momompio dopmymst Fy[z] = 0+G[f(, z,u)],z € Xt
OrmernyM, 4ro 1o jemMe 1 omeparop F), mempepbisen. Yunresast, aro H! ¢ Xt ypasuenue (1.1)
PaABHOCIJILHO CJIEAYIOIEMY:
r=F,z], zeX’ (5.1)
OnpegenuM MHOXKECTBO ) = {x c X x| < f} MHuozkecTBO {2 He IIyCTO, IIOCKOJIBKY pEIleHHe
MaKopaHTHOro ypashenust (1.2) Heorpunarensro: T > 0, T.e. 0p¢ € Q. BbIIyK/I0CTh 1 3aMKHYTOCTD
MHOZKecTBa, () oueBHAHLL. MuoxkecTBo 3Hadenuit F,[Q)] orpanmueno B H':

1Fulalllze = [0 + G (]|l < 10l + 1G] zom e 1 (o 2, 0) [ 2m,

U [0 UJIeaJbHOCTH TpocTpancTBa Z, yeiaosuio H) u Mmonoronnoctu 1o & dyukuu ¢(t, §) nmeem

Hf(.,x,u)Hgm = H‘f(axﬂu)’HZ < H(P('? "TD”Z < ”90(75)“2

nst Beex x € Q. Torma B ey koMmmakTaocTH Biaozkenuns HY C XY muoxecrso Fy,[Q] oTHOCHTEIBHO
koMmakTHO B X, Ocraercst mpoBepuTh, 4To omeparop F, He BRIBOAUT 13 §). BaduKcHpyeM mpons-
BostbHO = € XY u monoxum z = f(.,x,u), y = Fy[x]. Cormacuo ycnosusm G), H) sicuo, |ro

lyl = |0+ GIf (. z,w)]| <16+ GHIf (2, w)l] < 18]+ Gl (., )],
Ucnonb3yst onpejiesenue MHOXKeCTBa ) 1 MOHOTOHHOCTD yHKIWU ¢(t, &) mo & > 0, a Tak)Ke ycaoBue
H), nomyuaem |F,[z]| = |y| < |0] + G*[p(.,T)] = T. Takum obpasom, F, : © — Q st Beex
u € D. Ilonpsysch meMMoil 2, 3aKII09aeM, 9TO OepaTop F, mMeeT HelonBUKHLIE TOYKU Ha (), T. €.
ypastenue (5.1) umeer pemenue x,, € € juist Beex u € D. Teopema 5 jnokasana.
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6. Jloka3zaTeJbCTBO TeOpeMbl O PABHOMEPHOM CXOAWMMOCTHU alNIPOKCUMAIIUA

[Tpexk e BCero, moOKazkeM HECKOJIBKO BCIIOMOTATEIbHBIX YTBEPIKICHUIA.

Jlemma 3. Ilycmo snemenm u € D npousdsosvho durcuposar. Toeda dasa aobozo wucaa 6 > 0
cywecmsyem wucao p[d] > 0 maxoe, wmo, karxoso 6v. Hu ObLi0 pasbuenue T mHoscecnsa 11 men-
kocmu p(m) < pld], natidymea n € W(m,s,[a;8]) u coomeememeyowan emy annpoxcumayus
u{n} € V(m,s,[a; 8]) marue, wmo ||u— u{n}H;S < 0.

Hoxaszareubctso. [Homoxkum u = max{|al,|5|}. B coorBercrsuu ¢ reopemoii H. H. JIy-
3MHa U ¢ abCOIOTHON HEempepbhIBHOCTBIO MHTerpasa Jlebera cymecrsyer komnakrt Iy C II Takoii,
9TO 2HaHZT/{(H\Ho) < §/2, u na Iy kaxxaas u3 dbynknumit u;(t), i = 1, s, HeIpepbIBHA, a CJIeJ0BATEIbLHO,
1 paBHOMEpHO HenpepbiBHa. Takum obpaszom, cymectsyer uucio p[d] > 0 Takoe, 4To

max|u;(t) — ui(7)]|" < 0

—— Vt,7elly, [t—1|<pld].
i=1,s 2s"mes I1 T 0 ’ T‘ - p[ ]

K JE—
[Iycrs pasbuenue 7 Buga II = | | II; umeer menkocts p(m) < p[d]. O6osnaunm Q; = Il N1,
j=1
Nij = tmgxui(t), i=1,s, j =1,k. Toraa sexkrop n € W(m, s, [a; f]), 1 o nocrpoennto
€

g%}ﬂuz( ) = il 2s"mes 11’

Taxum obpasoM,
[u = ufn}lye = v = el ) + e = Wl )

K K

) )

< 9llzll” r () — | L <

< 2““”24(1‘[\1‘[0) +5 ' 11{23{22;}?%(75) nij|" mes Q; < 5 + ST E mes Qj < 6.
Jj= ’ Jj=

JlemMa goKas3aHa.

Jlemma 4. Iycmo saemenm z € Z™ npouseorvro gurcuposan. Toeda dan a06020 wucsa 6 > 0
cywecmsyrom wucao N[0] > 0 u napanrresenuned [a;b] C R™ makue, wmo, kaxoso 6ot Hu 66110 pas-
buenue @ mmosrcecmea I meaxocmu p(w) < A[6], natidymes & € W(w, m,[a;b]) u coomeememey-
rowasn emy annporcumayus z{&} € V(w, m, [a;b]) maxue, wmo ||z — 2{&}||%. < 4.

HokaszaTenasbctTso. g kaxmgoro ynciaa k € N onpenenum GyHKITUIO

(k) (1) — z(t), ecmm |z(t)| <k,
200 { 0, ecn |z(t)] > k, tell

O6osnaunm Q = {t € I: 2(t) = (k) (t)}, k € N. Slcro, uro cucrema mMuOKecTB {Qf}72 | ynops-
JodeHa 110 Bioxenuio u upu sroM | Jpo; Qp = IL. ITosromy mes (II'\ Q) — 0 upu k — co. Torna B
cnity abCOTIOTHOMN HEIIPEPLIBHOCTH MHTerpasia Jlebera

Hz—z(k)HZ,m = Hz—z(k)Hpm( — 0 mopu k — oo.

mQy) — 12112 ™ (I1\Qx)

[Tosromy mitst mo6oro & > 0 mHaiimerca momep ks € N Takoii, 9To ‘z — z(k)Hpm < 0/2 Yk > ks.
Cuwuras ancsio 6 > 0 n1pousBosIbHO GUKCUPOBAHHBIM, BbIOepeM Joboil napasuienenumes [a; b C R™,
COJIEP2KAIINAN MHOYKECTBO {5 eR™: [ < k‘g}. Io nocrpoennio ¢ynxmus Zs = z%6) npumnmaer Bee
cBou 3HaueHus B [a; b]. CoBepIEHHO aHAJIOTMYHO TOMY, KaK 3TO ObLIO CIEJaHO IIPH JIOKA3ATEIbCTBE
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JIEMMBI 3, yCTAHABJIUBAETCSI, YTO CyIIecTByeT duciao A[d] > 0 Takoe, 4T0, KAKOBO OBl HU OBLIO Pa3-
ouenne w muozxkectBa 11 Meskocrn p(w) < A[0], maitnyres & € W(w, m, [a;b]) u coorsercrByiomast
emy anmpokcnmanust 2{¢} € V(w, m, [a;b]), obecneunsaromme onenky || Zs —z{&}||%m < §/2. Takum
obpazom,

6 0
2 = 24€Hm < 12— Zollm + 112 — (&} < 5+ 5 =4

JlemMa goKa3aHa.

HJoxasaTeabcTBo TeopeMbl 6. 3aduxcupyem npoussoiabno € > 0. ITo nemme 1 muO-
xecrBo Q = {J[z,u] : (x,u) € E,} orpanmicro, a CJIeIOBATEIBHO, NPEJIKOMIAKTHO B IPOCTPAH-
cree R. CraJio 6biTh, cymiecTByeT KoHeuHast (¢/2)-cetb Q. = {qj, j=1,M } C Q J1st MHOXKECTBa, Q

B nmpoctpanctBe R. Tem cambiM, mira kaxkaoro j = 1, M naiinercs napa (ZE(j ), ul )) € 2, Takad, 4TO
g = J[z0) u0)]. O6oznaunm zU) = f(.,m(j),u(j)), j =1, M. 3amernm, 9aT0

4 = J[zW) u0)] = J[0+ f(.,a;(j),u(j)),u(j)],
TaK Kak (a:(j T )) siBsisieTcst pernenneM ypasHenust (1.1). Muade rosopst,
g =J[0+ G[z(j)],u(j)] = I[z), 4],
Kpome Toro, corsiacHO onpe/ie/IeHIIO MHOZKECTBA, 2.
16+ G| = 10+ GLF (2, D) ]]| 4o = (|2 4 < C
Cornacno jemme 1 onepatop N : Z™ x US — Z™, onpejnensgemblii popmy1oit
Nzu] =2z— f(,0+Glz],u), z€Z™, uwel’,

HernpepbiBer. HenpepbiBabl Takzke u dyukimonan I [z, u] : Z™ xU* — R, u oneparop G : Z™ — X ¢
[Mosromy maiimercst ancyio 6, > 0 Takoe, ITO

H/\/[z,w] —N[z(j),u(j)]Hzm <&, ‘I[z,w] — I[z(j),u(j)” < HG[Z] — G[z(j)]HXe <e

€

57

ang BeexX j =1, M u z € Z™ w € U®, yIOBIETBOPSIONIUX YCIOBUIM
Iz = 2B < 6oy —uW|ffs <6

CorytacHo sleMMaM 3 1 4 CyIIecTBYIOT 9ucia ps = p[d:], Ae = A[d¢] m mapasenenunes [a; b] C R™
TaKHe, YTO KAKOBBI Obl HU OblIM pasbueHust m 1 w MHOKecTBa 11 Menkocreit p(m) < pg, p(w) < Ae
st 29 wl) waiinyres €9) e W(w, m, [a; b]), n\9) e W(w, s, oy ﬁ]) U COOTBETCTBYIOIIUE AITPOKCH-
varn 2{€0)} € V(w,m, [a; b]), u{n} e V(ﬂ', s, [ ﬂ]) TaKne, 9To

Hz(j) _ Z{f(j)}Hi’ém < 4., Hu(j) _ U{n(j)}\

ye <02 j=1,M.

Bosbaenm mobyto napy (z,u) € =,. Haitnem nunexc j € 1, M raxoit, uto | J[z,u]—J [z, u]| < /2.
O6osunaunm z = f(.,x,u). Tak kak (x,u) ecrb perierne ypauenust (1.1), Moxkem 3amnucarhb

Iz,u] = J[0+ Glz],u] = J [0+ G f(.,z,u)],u] = J[z,u].

Takum obpasom, |I[z, u] — I[z(j),u(j)” = |J[z,u] — J[a;(j),u(j)]‘ <eg/2
3amMeTnmM, 9TO B CUJLy T€OpeMbl 1 N[z(j),u(j)] = (, Tak KaK (x(j),u(j)) € 2y C E. C yuerom
9TOTO PACCMOTPUM

HN[Z{f(j)}au{ﬁ(j)}]Hgm — HN[z{f(j)},u{n(j)}] _N[Z(j)7u(j)]HZm < e
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Dro o3Havaer, uro BbIIOIHEHO (3.2). Ilpu sTOM
16+ GIAN][| e = (16 + G129 + Gl2{6DY = G219 .
< [0+ GO e + IGTAED} = 2P| < Oy +5,

T. e. Bumosasiercst (3.3). Kpome Toro,

|11z, u) = 112469}, u{n@Y)| < [1[z,0) = 1[0, )] + [1[=0,uD) = I[P} ufn DY) < = + =

N ™

T. e. BbinosHsiercst (3.4). Teopema 6 nokazana.

7. Jloka3aTeJIbCTBO T€OPEMbI O CXO/IMMOCTU PEIleHUsI allllPOKCUMUPYIOIIeii
3a/lauM K PEHIeHUI0 MCXO/THON 3aa4u

Hokaszareanbctso reopembl 7. [lockoibky = # & u BbinojHeHO yciaosue I'), To sicHO,
4910 =, # &. 3aduxcupyeM Ipomu3BoabHO unciao € > 0. V3 Teopembl 6 caemyeT, 9To CyMIECTBYIOT
qucia pe, e > 0 u mapaiienenunes [a; b] C R™ rakue, 4ro jyisi JIOObIX pasOUeHUl T U w0 MHOMKE-
crBa I meskocreit p(1) < pe, p(w) < A¢ smr06oit maper (,u) € Z, 1 cOOTBETCTBYONEro 2 = f(., 2, u)
HaliIyTCsa BEKTOPBI £ € W(w, m, [a; b]), n e W(TI’, s, [ B]) U COOTBETCTBYIOIINE UM AITPOKCUMAIAN
2{&} € V(w,m, [a;b]), u{n} € V(m,s, [o; B]) maxue, uro |I[z,u] — I[z{&}, u{n}]| < e/2,

246} = £( 0+ GlA& ] u{m) | Zn <6, |0+ GlA}]|| 5 < (Cy +0)%.

Orciona gIcHO, 9TO JOIyCTHMOE MHOXKECTBO B 3a1a4e (3.5)—(3.7) me mycro. Cornacuo jemme 1 dynk-
muoHast [z, u] HenpepbiBeH 10 (z,u) € Z™ x U*. V1 o4eBuiHO, 9TO 3aBUCUMOCTD AIIIPOKCHMAIAIL
2{&}, u{n} or Bexropos £ € W(w,m,[a;b]), n € W(m, s, [o; B]) cooTBeTcTBEHHO B METpUKaX IIPO-
crpancts Z™ n U° HenpepbIBHA, IIPUYEM MHOXKECTBA W(w,m, [a; b]) u W(TI’,S, [a; B]) ABJIAIOTCS
kommakTamu. OTcrona u u3 TeopeMbl Beliepmrpacca mojydaeM, 9TO CIPaBeIINBO yTBepzKIeHue 1.

Jokazkem yrBepxaenne 2. Ilycrs Teneps (€,7) — IpHOIIZKEHHOE IMI0GAIBHOE PEIICHHE 3a,a8H
(3.5)—(3.7) ¢ TounoctbiO 0, = €/2 n0o dbyukuun; z = z{{}, u = u{7}, T =0+ G[zZ].
Do 03HAYAET, BO-NIEPBBIX, 4TO npu & = &, 1) = 7] BbIIOJAHEHO (3.6), OTKY/1a

[7—0- G177 |, = |Gz - £ 7.7 | = [|G[Z = (.0 + G2 ||, < 1G] V5,
T. e. BbinosHeHo (3.8). Bo-Bropeix, npu £ = &, ) = T BBHIIIOJIHEHO (3.7), orkya

]l xe = [|0 + G[2]|| e < Cv +3,

e

T. e. BBIIOJIHEHO cooTHoterue (3.9). U, B-rperbux, [[z{{}, u{n}]—I[Z,u] > —&/2 nyst Bcex BeKTOPOB
e W(w, m, [a; b]), n e W(ﬂ', s, oy ﬁ]), yJoBjeTBopsitomux yciaosusaM (3.6), (3.7). Beibepem Tenepb
HIPOU3BOJILHO Hapy (z,u) € ZE4 u obosHaunMm z = f(.,z,u). Kak yxe O6bulo CckazaHo, HaiigyTcs
BekTopbl { € W(w, m, [a;b]), n € W(m,s, [o; 8]) u coorsercrBytomue uyM annpoxcumammn z{{} €
V(w,m, [a; b]), u{n} € V(?T,S, [ ﬂ]), yaosisierBopsitonte (3.6), (3.7) u Takue, 4TO MMEET MECTO
nepasenctso |I[z,u] — I[z{¢}, u{n}]| < e/2. Takum obpasom,

Jz,ul = J[E,° = J[0+G[f(.,z,u)],u] — J [0+ G[z],1]
= J[0+ Glz],u] — J [0+ G[z],u] = I[z,u] — I[z,7]
= Iz, u] = I[A{&}, ui{n}] + 1[{&} ui{n}] — Iz,u] = —

Teopema 7 mokazaHa.
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8. IIpumep: 3agaua JIupuxiie nJisi CTAlMOHAPHOTO yPaBHEHUsI TUMA
auddy3un-peaxium

O6parumcest k 3amade (0.1), obcyxkaasiieiicss Bo BBeJennn. Irobbl cTporo 060CHOBATH HEOOXOIU-
Mble HaM cBoiicTBa oneparopa G[z], npex/ie Bcero BCIOMHUM Hepasencmeo [Tyankape — @pudpuxca:
cymecrByer Koucranta Ry = R(mes H)l/ "™ tme R > 0 3aBuUCUT JIAIIB OT M, TaKasl, 9TO JJisi JTIOOOM
dbynxuun © € Hi(IT) cupasenmmsa onenka ||z 1,y < RulVa|| rpam- Homb3ysich sTuM Hepapen-
CTBOM, HETPY/JHO CKOHCTPYUPOBATH TOJOKUTEILHYIO KOHCTAHTY ( TAKYIO, YTO

IVllzy@m > Villzlwya Yo € Hy(l). (8.1)

OpHako c¢jieaTh 9T0 MOXKHO pasHbIMU crocobamu. Jlajee sjist IpOCTOTHI U3JI0KEHUS 9TY KOHCTAH-
Ty p > 0 Gygem cunrars 3azannoil. Ceegem 3amady (0.1) k ypasaenuto Buza (1.1) u mposepum
BBIIIOJTHEHHE TIPEIIOJIOKEHNT, CIeJTaHHbIX HaMH OTHOCUTE/ILHO 3TOro ypasHenus. s 3Toro nam
MOHAI00ATCS HECKOJIBLKO BCIIOMOTATEIbHBIX YTBEPXKIeHUH. [lepBoe M3 HUX M3BECTHO KakK TEOpeMa
Bioxkenns: CobosieBa — Kongpamosa (cm., manpumep, [17, . 11, Teopema 2.2]).

Jlemma 5. Jlas 6cexr oepanurennux cmpozo aunwuyesvs obaacmed I C R™ (a maxorce xo-
HEWHOLT CYyMM Takuz obaacmet) oeparuvennvie mnoxcecmea dyrruyuti x € W (II) ommocumensvio
5
womnaxmmuor’ 6 Ly(II) dan scex ¢ < pn/(n —p) npup < n.

Cuenyroree yrBepxkenne — 1o reopeMa Jlakca — Mubrpama [31, §5.8, Teopema 5.8, ¢.84].

Jlemma 6. Ilyemv H — sewecmseenmnoe esuavbepmoso npocmpancmeo; B : H x H — R —
ousuHeTHAA POPME, KOMOPAA ABAAECMCA 02PAHUMEHHOT U KOIPUUMUBHOU, M. €. CYULECTNEYIOM KOH-
cmanmu Y1, y2 > 0 makue, wmo |Blz,y]| < yellzl||yll, B(z,x) > vl Va,y € H. Tozda dan
amobozo Y € H* cywecmeyem eduncmsernut ssemenm x € H maxod, wmo Blx,.] = 1.

Criestyroree yTBEp:KIEHUE U3BECTHO KAK NPUHUUN MAKCUMYMA I SJUTANITHYECKUX YPABHEHNUT
(cm., manpumep, [32, . 2, Teopema 4.1|, a Takxke |31, Teopema 8.1]).

Jlemma 7. Jlaa mobwxr A € A(o) u b € LI (1) npu yeaosuu, wmo Blr,w] > 0 Yw € C{(IT),
w >0, umeem iIl_llfx > i(%ll_fx_, 2de v~ = min{x,0}.

Jlemma 8. Jlaa mobwx A € A(o), b€ LI (1), z € LI (I) scaxoe obobuennoe pewenue 3ada-
wu (0.2) neompuyamervro: x > 0.

HJokazaTenabcTtTso. HelicTBureabHO, MyCcTh T € HO1 (IT) — obobieHHOE pereHne 331~
u (0.2). Dro o3navaer, 4ToO

Blo,w] = / (Dw(t) dt
IT

st Beex w € HE (D). g mo6oro w € CH(IT), w > 0, oTciona, B 9acTHOCTH, omydaeM Blx,w] > 0.
ITocste 5TOro OCTAETCST BOCHOJIB30BATHC JIeMMOi 7. Jlemma jiokasaHa.

Tenepp a1t mpomsBosibHO bukcupoBannoro z € Z = Lo(Il) paccmorpum BeomoraresrbHyIo
samaay (0.2). Tax »xe, kax u pambie, snement € H{(I) HasbBaem 0GOGIIEHHBIM pelTeHIeM
sagasn (0.2), ecu 1 TOIBKO ey Ayt Kaxkaoro w € Hi (I1) BBIMOHsIeTCs: TORKIeCTBO

Blo,w] = / S(Bw(t) dt.

II

°B [17, rai. 11, Teopema 2.2| peub mier o KommaxTHOCTH. OTHAKO TaM HCIOJIb3yeTCs yCTApeBIIast TepMu-
HOJIOTHSI: HA CAMOM JieJIe UMeeTCs B BUJLy OTHOCUTEIbHAs CEKBEHIINAJIbHAsS KOMIAKTHOCTH, & OHA B CJIydae
METPHUIECKOTO TPOCTPAHCTBA PABHOCUIIbHA OTHOCHTENbHON KommakTHOCTH (eM. [30, § 1.5, caencrBue 2 Teo-
pembr 2, c. 45]).
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Ha npocrpancrse H} (IT) ¢ momomipio dbopmyabt w] = / z(t)w(t) dt oupemenum suHeHHBIH HelIpe-
i

pbiBHBIN dyHKIMOHAT ¢ € H* H = H&(H). [Monb3sysicy onpeenennem kiaacca A(o), a Takwxke
nepaBencrBamMu Komm — Bymskosckoro u ['enbnepa, HeTpyaHo mokasarhb, UTO OwamHeiiHas Gop-
Mma Bz, y| sBasercs orpanndennoit. [losb3ysich onpesenenneM kiacca A(o), HEOTPUIATETHLHOCTHIO
bynkiuu b € LT (I1) u nepasencrsom (8.1) it npousBobHOro © € H MOXKEM ONEHUTD

Blz,z] = /[AVx -V + bz?] dt > UHV:EHQLg > 01H:13||€V21, o1 = ol
I

Dro ozHavaer, uTo OminHeliHas dopma Blr,y| kospiurusHa. Takum o6pa3om, cOrIacHO Teopeme
Jlakca — Musrpama (emme 6) npu manaoM (mponsBosibHO (ukcupoBanuoM) z € Lo(II) cyme-
crByer enuncrsentoe pemenne © € HE(IT), koropoe mbr obosnatum G[z]. Tem cambim ompe/esen
omepatop G : Lo(Il) — HY(I) C H(I). Sleno, uro sro sumeiinbii omepatop. Kpome Toro, om
SIBJISICTCS TAKXKE M OrPAHHYICHHBIM. JlefiCTBUTEIBHO 10 JOKA3AHHOMY HMEEM

OlHG[z]HiV; < B[G[2].Gl2]] < / [2OGLA O] dt < ||z]|2, |Gl La < [2]]Ls 1GT Ty
II

1
I

OTKyZa HG [z < o1 ||#|lL,- IIpu sToM 3amada (0.1) cranoBurcst paBHocumibHON ypasuenuio (0.3)

v,
Hiw;
Buzia (1.1). Kpome Toro, B cooTBETCTBHU € JIEMMO# 5 MMeeT MecTo KOMIakTHoe Biaoxkenue H C X.

Cormacuo nemme 8 oneparop G sIBiIsleTCs TOJMOXKUTEIBHBIM B cMbicte Glz1] < G[za] ans Beex
21, 7y € Lo(I), 2 < 2. Takum 06pa3oM, B KadecTBe MazkopauThl G MoxkuO B3aTh Gf = G, u

ycaosue G) Bomosasiercst. MakopantHoe ypasrenune (1.2) u3 ycaosust H) paBHOCHIBHO 33/1a4€

Llz](t) = ¢(t,z(t), tell, = o 0; =€ HJI), z>0. (8.2)
Yenosue H) MOXKHO HOHHMATH KaK yCJIOBHE OTHOCHTEIBLHO (DYHKIMU f U CUATATH BBIIOJHEHHBIM.
Tem cambIM B cooTBeTcTBHU ¢ TeopeMoil 1 Oymer Bommoaaeno u yciosue I'). Takum obpasom, Bce
[PE/IIOJIOKEH I BBIIOTHAIOTCs. Clle/IoBaTe/IbHO, CHPABE/IUBBI yTBEPXKICHNsT TeopeM 57 npu £ =
m =1, X = Ly(Il), Z = Ly(II), U = L,(II); § = 0; upu G[z], noHnMaeMOM KaK pelleHne 3aa-
u (0.2); G* = G u npm 3amenax (1.1) — (0.3) mmu (0.1) (aro ommo u 1o xe), (2.1) — (0.4).
A MMEHHO, UMEIOT MeCTO CJIE/IYIOIIHe YTBEPIK ICHHsI.

Teopema 8. ITycmo cywecmeyem dynwuus o(t,€) : I x RT — R, usmepuman no t € 11,
nenpepuienan u ne yowsamowan no & € RY umaxan, wmo | f(.y(.),u(.))| < ¢(.ly()]) € La(IT) dan
scex y € Ly(IT), u € D, u, kpome mozo, mascopawmnasn 3adawa (8.2) umeem pewenue x = z. Tozda
npu nexkomopom y > 0 zadaqa (0.1) das kasrcdozo ynpasaerus u € D umeem no kpatinets mepe 00Ho
pewenue x € HE(IT) maxoe, wmo |z| < T, H:17||W21 <7.

O6osnaunm P, — MHOKecTBO Beex nap (x,u) € Hi(II) x D, ynosnersopstiomux cucreme (0.1)
H TaKux, uTo [[T]|ys < .

Teopema 9. /Jlas 06020 wucaa € > 0 cywecmeyrom wucaa pe, Ae > 0 u ompesox [a;b] C R
maxue, Wmo, Kaxoev, oot Hu ObLau padbuenus T u w muodcecmea 11 meakocmetds coomeememeento
p(m) < pe, p(w) < Ae, dns moboti napw (x,u) € Py u coomeememsyroujezo aremenma z = f(.,x,u)
natidymes eexmopol £ € W(w, 1, [a; b]), n e W(TI’, s, [ ﬂ]) U COOMBEMCMEYOULUE UM ANNPOKCUMA-
yuu 2{¢} € V(w, 1, [a;b]), u{n} € V(x,s,[a; B]) maxue, wmo

Hz{g}_f(7G|:Z{§}:|7u{n})HL2 <& HG[Z{S}]HL(I < C’Y"’_E? |[[Z7u] —I[Z{§}=U{77}H <¢,

2de G[z] nonumaemca xax pewenue 3adavu (0.2).
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Hna 3amansoro ¢ > 0 (TOYHOCTH BBIIOJHEHUs ONPAHUYEHNIT) AlPOKCUMUPYIOIIAs 3a/1a4a Oll-
TUMH3AIMU CTABATCS CJIEYIONMM 06pa3oM (CM. BBeJICHHUE):

{&,n} — min, £ €V(w,1,[a;0]), ne€V(m s, [:f]), Ui{&n} <6, Vof€ n} < (Cy+0)7. (8.3)

Teopema 10. ITycmov svinoarenovr npednososicerus meopemut 8. Tozda dasa 06020 wucaa € > 0
cywecmsyrom wucaa pe, Ae > 0, oo > 0, a maxorce ompesox [a;b] C R maxue, wmo das awobox
pasbuenuts ™ u w mnooicecmea 11 meaxocmet p(w) < pe, p(w) < A cnpasedausvi caedyrousue
ymeepoicdenua: 1) zadaua (8.3) umeem anobarvhoe pewenue; 2) nycmo (€,7) — npubaustcenroe
2nobanvroe pewenue 3adawu (8.3) ¢ mounocmuio o no dynkyuu; Z = z{}, u = u{n}, T = G[z].
Tozda (ZT,W) ecmb npubrusicernoe 2aobarvroe pewenue sadavu J{x,u] — min, (z,u) € Py, ¢ mou-
HOCTDBIO € NO PYHKUUOHAAY NPU TOYHOCTU O GOINOAHEHUS 02PAHUMEHUT 6 CMBICAE

[z~ Gl (.70 |y < IGIVS,  |7ll, < Cy +3,
2de G[z] nonumaemca xax pewenue 3adavu (0.2).
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