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Uccnenytorcst orpaHnyeHus HEMPUBOAMMBIX IIPEACTABICHUN CIIENUATBHON JTMHEHHOW TPYIIIbI
HaJ aJireOpandecKn 3aMKHYTBIM IIOJIEM MTOJIOXKUTETHHON XapaKTEPUCTUKU P HA MOJICUCTEMHbBIE
moarpynnel Tuna A; X Ap . JlokazaHa CHMMETPUYHOCTH MHOYKECTBA CTAPIINX BECOB KOMITO3HITH-
oHHBIX (pakTOpoB. Haiimennr "60/bImme” KOMIO3UITHOHHBIE (DAKTOPHI TAKUX OTPAHUYCHHH IJIs
MPOW3BOJIBHBIX P -OTPAHUYEHHBIX MPEACTABIECHUN. DTU PE3YAbTATHI OYAyT MCITOIH30BAHDL I
ITOJTHOTO OMMCAHUSA OTPAHUIEHUIL.

1. Introduction. The description of the restrictions of modular representations to subsystem
subgroups is one of the main problems in the representation theory of algebraic groups. It is closely
connected with the unsolved problem of describing characters and dimensions of modular irreducible
representations. Therefore it is reasonable to develop methods of investigating representations, which
do not require their characters. Shchigolev in 2009 [6] found the condition under which some Weyl
submodules can be embedded in the restrictions of simple modules of the special linear group.

The paper is the part of the study of the restrictions of irreducible modular representations of
algebraic groups to subgroups, whose ranks are small enough with respect to a rank of an initial
group. Such restrictions for representations of special linear groups to subgroups of type A; and
Ay were described by us earlier in [3] and [5]. Here we describe the restrictions to the subgroups of
type Al X A1 .

Let K be an algebraically closed field of characteristic p > 0, G be a simply connected
algebraic group of type A, over K, ie. G=SL41(K), r>3; ai,...,q, be the simple roots of
G numerated in the standard way; wi,...,w, be the corresponding fundamental weights; and let
©(w) be an irreducible rational representation of G with the highest weight w = ajw1 +. ..+ a,w; .
The weight set of a group of type A; x A; can be identified with the set of pairs of integers with
the help of the following map (zjwi,xowi) — (x1,22) and the set of all dominant weights can be
identified with the set N? of pairs of nonnegative integers. The symbol Irr¢) denotes the set of
highest weights of composition factors for a representation 1 of G and |11 denotes a restriction
of 9 to a subgroup Il C GG.

If B1,...,08s areroots of G, then G(f,...,[s) is asubgroup in G generated by root subgroups
associated with roots +51,...,£08s. Note that the roots f1,...,5s are chosen in such a way that
they constitute a basis of a root system for G(81,...,[s) . Such subgroups G(81,...,0s) are called
subsystem subgroups. Set

G(il, ce ,is) = G(Oéil, ce ,ais).
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In what follows H is a subsystem subgroup of G of type A; x A;. All such subgroups are
conjugate in G . Therefore, we can put, for instance, H = G(1,n). Taking into account the above
identification, one can write Irr(y(w)|H) C N2. Recall that the weight w is p-restricted if a; < p
for 1<i<r.Set m=a1+...+a., m =a; +2as+...+2a,_1+a,, and

S(w) = {(z1,22) € N* | 21,29 <m, 21+ 22 <M}

In [4] the following theorem describing the restrictions for representations of the special linear
group with locally small highest weights with respect to characteristic was obtained.
Theorem 1. [4, Theorem 1] Let r > 6 and a;+ajy1+1<p forall 1 <i<r—1. Then

Irr(p(w)|H) = S(w).

Here we examine such restrictions for representations with arbitrary p-restricted highest weights.
Recall that for p =0 and r > 3, Irr(p(w)|H) = S(w) (see Theorem 3).
Suppose that r > 5. Define a series of subsystem subgroups

G=P.DP_1D>..DPD>P, DD

as follows. Let p = bywi + ... + bjw; be the restriction of w to P, 3 <[ <r.1If by > b, put
P_1 =P(1,...,1 — 1), otherwise set P_1 = Pi(2,...,1). Eventually we get P; = G(i,i+ 1,i +
2,i4+3,i+4) =2 A5(K) forsome 1 <i<r—4, P,=G(j,j+1,j+2,7+2) with j=1d or i+1,
and Ps = G(k,k+1,k+2) with k=7 or j+ 1. Fix such i,j,k for the next theorem. Our main
result is as follows

Theorem 2. Let r > 5 and w be p-restricted. Then

S(w)\ N C Irr(M(w)|H)
with
N = {(x1,79) € N* | w1, @9 < @ + ajy1 + aj2 + ajy3, 1422 < aj + 2011 + 2aj49 + a;13}-

If r > 6, then moreover
S(w)\ N C Irr(M (w)|H)

with
N’ = {(21,22) € N* | 21,22 < ap, + g1 + apro, 1+ 22 < ap + 20511 + apro}

2. Some properties of the set of highest weights of composition factors. First introduce
some notation. The symbol 7Z is the set of all integers and N is the set of all nonnegative integers.
Let S be a subsystem subgroup of G and V be a G-module. For the group G denote by
L(p) the irreducible module with highest weight u, by A(u) the Weyl module with such highest
weight, and by ch(V) the formal character of V. Put ch(u) = ch(L(n)), x(n) = ch(A(w)),
ch(p|S) = ch(L(w)]S), and x(u|S) = x(A(w)|S) . Denote by X (V) the set of weights of V' and
by V? the weight space of a weight A € X(V). Given a weight vector v € V denote by w(v) and
ws(v) its weight with respect to G and 5.

For a root a of G and a positive integer k the symbols X, , X,, and X, denote the root
element of the Lie algebra of G associated with «, and the element of the hyperalgebra of G
associated with the pair (o, k), respectively. For k& < p one has X, = (X)F/RN T o = +ay,
we use the notation X4;, Xy;, and Xy .

The vector v € V is called a primitive vector with respect to S if v is a nonzero weight vector
and X, fixes v for every positive root a of S.
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Denote by M (p) an indecomposable G -module generated by a vector of highest weight . It
is a quotient of A(u) [2, Part II, Lemma 2.13(b)]. Fix a highest weight vector v+ in the module
M(p) . Recall that L(p) = M (p) = A(p) in characteristic 0.

Suppose that M = M (w) with w = ajwi+...+a,w, and 1 <4,5 <r. Assume that 0 < a; <p
for some j. For an integer d with 0 < d < a; define the vector v(i,7,d) as follows. Put d; =d.
If i<j,set dp=ap+dp1 for i<k<j.If i>j,put dp =ar+dr_1 for i >k > j. Now take

0(ijyd) = X i, X gy X jav*

For i = j put v(4,7,d) = X_; qut. Then v(i,j,d) is primitive with respect to G(1,...,i —1,i+
1,...,r) by [8, Lemma 2.46]. Observe that if a; > p, then v(i,j,d) is nonzero and primitive with
respect to G(1,...,i—1,i+1,...,r) if w—da; is a weight of M .

Let C be the field of complex numbers, G¢ = SL,+1(C), Hc C G¢ be a subsystem subgroup
of type A; x A, and let L(w)c be the irreducible module over G¢ with the highest weight
W=a1W1 + ...+ QW .

Theorem 3.

(i) For r =3

Irr(L(w)c|He) = {(z1,22) € S(w) | [a1 — ag| < 1 + 22,
|1 — 22| < a1 + as,

1 + x2 = a1 — az(mod 2)}.

(i) For r >3
Irr(L(w)c|He) = S(w).

Proof. The result is proved in [9, Theorems 1.1 and 1.2], but it is a mistake here. Theorem 1.1
from [9] is formulated as follows
Theorem 4. [9, Theorem 1.1] Let G = A3(K). Then

Irr(L(w)@]HC) = {(1’1,:1:2) € N? | 0<z,22 <ai +as+as,
la1 — az| < x1 + x2 < a1 + 2a2 + as, (1)
x1 + x2 = a1 — ag(mod 2)}.

For a1 > ag we have

az2—1 as a1+a2—k+j
Ir(L(w)c|He) =Y (k+1)) . Y (a1 +2az +ag — 2k — i, i)+
k=0 j=0 i=as—k+j

as ag—k al*k‘i“j

+(a2+1)zz Z (a1 + ag — 2k — i,1).

k=0 j=0 i=j

In [9] the next form of (2) is given as well. It specifies the explicit values of composition factor
multiplicities.

as+as a1+az+az—k+min(0,a2—k)
Irr(L(w)c|He) = 3 > Cix(a1 + 2az + a3 — 2k — 4,1), (3)

k=0 i=max(0,a3—k)
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where for 0 <k <ag + as

min(az + 1,k 4+ 1)(¢ + 1 — max(0, as — k))
if max(0,a2 — k) <i<ag+ a3 —k,
min(az + 1,k 4+ 1)(asg + 1 + min(0, ag — k))

Cik = ifas+as+1—k<i<aj+as—1—Fk, (4)
min(as + 1,k 4+ 1)(a1 + a2 + az — k + min(0,a2 — k) — i+ 1)
L ifa; +ax—k<i<a+ay+as3—k+min(0,as — k).

Formula (1) is incorrect. At the same time, the proof of Theorem 1.1 in [9] (where actually (2)
is proven) is true. Formulas (3) and (4) follow from (2) and are true as well. It follows from (3)
that for r = 3 one should add the inequality |z1 — 2| < a1 + az in the set from (1), thus we get
Item (i). Theorem 1.2 in [9] is proved with the help of (1), but when we change (1) to the correct
formula, the proof remains valid. This completes the proof.

In characteristic p the composition factors of L(w)|H may not coincide with characteristic 0.

Example. Let » =3, w = ajw1 + asws + agws, with a1 +as +2 <p and as +az3+2 < p,
but a1 +as+as+3>p. Then

Irr(L(w)\H) = {(.1'1,1'2) S Irr(L(w)@]HC) ’ 20— a1 —2a2 —az — 6 < x1 + 1‘2}.

Indeed, in this case ch(w) = x(w) — x(w') with W’ = (p—az —a3 —3)wi +aswas + (p — a1 — az — 3)ws
(see |2, Part II, 8.20]). Restricting x(w) and x(w’) to H and using Formulas (3) and (4), we get
the required.

Lemma 1. Let p > 0, r > 3, and let w be an arbitrary dominant weight. If (x1,z2) €
Irr(M(w)|H), then (x2,z1) € Irr(M(w)|H) as well and composition factors with these highest
weights have the same multiplicity in the restriction M (w)|H .

Proof. First let r =3.1If p=0, then L(w) = M(w) = A(w). It follows from (4) that

ch(w/H) =) c(z1,22) ch(zy, z), (5)

(w1,22)

where (x1,22) are some dominant weights of H , coefficients c(x1,22) € N, and c(z1,22) =
c(xa,z1). If p>0, Formula (5) implies that

X(wH) = Z(m’m) c(@1, 2)x (21, 22). (6)

On the other hand,
(M) = x(@) + Y ex(), (7

where \; are some dominant weights of the group G and ¢; € Z. Restricting (7) to H and
using (6), we obtain

ch(M(w)|H) = 3

with d(z1,z9) € Z and d(z1,22) = d(x2,x1) . Observe that if L(y1,y2) is a composition factor of
A(z1,22), then L(ya,y1) is a composition factor of A(zg,z1) with the same multiplicity. Taking
this into account, finally we get formula

ch(M(w)|H) =3

d(xy, z2)x(x1, 22)

(w1,w2)

e(r1, z2) ch(zy, z2)
(w1,22)

with e(z1,22) € N and e(xy,z2) = e(z2,21) .
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Now suppose that » > 3. Put I' = G(1,2,3) = A3(K). Then

ch(M()|T) = 3 kich(yu)

with some dominant weights p; of I' and coefficients k; € N. Since G(1,n) and G(1,3) are
conjugate, one can assume that H = G(1,3). Restricting ch(p;) to H and using the result for
r =3, we get the assertion of the lemma.

Lemma 2. Let I' = SLy(K), a<3p—1.

(i) If a<p—1 or i =2p—1, then ch(a) = x(a).
(i) If p<a<2p—1, then ch(a) = x(a) — x(2p—a —2).

(i5) If 2p < a < 3p — 1, then ch(a) = x(a) — x(4p — a — 2) + x(a — 2p) for p > 2 and
ch(a) = x(a) —x(4p—a—2) for p=2.
Proof. Items (i) and (ii) follow from [3, Lemma 3.4].
(iii) Assume that 2p < a < 3p — 1. First let p > 2. Then, by the Steinberg tensor product
theorem [7, Theorem 41|, L(a) = L(a—2p)® L(2)P . Here L(2)P denotes the module obtained from

L(2) with the help of the field morphism of T' associated with raising the elements of K to the
power p. The module L(2)? is the direct sum of one-dimensional weight spaces of weights

2pa Oa *2])
and L(a — 2p) is the direct sum of one-dimensional weight spaces of weights
a—2p,a—2p—2,...,—(a—2p—2),—(a —2p).

Hence the tensor product L(a) is the direct sum of one-dimensional weight spaces of the following
weights

a,a—2,...,4p—a;a—2p,a—2p—2,...,—(a—2p—2),—(a —2p);—(4p —a),...,—(a —2),—

By [2, Lemma 2.13(b)], we have L(a) = A(a)/M where M is a submodule. Hence M is a direct
sum of one-dimensional weight spaces with weights

dp—a—24p—a—4,...,a—2p+2;—(a—2p+2),...,—4p—a—4),—(4p —a — 2).

We have p<4p—a—2<2p—1.ByItem (ii) M2 L(4dp—a—2)=A(dp—a—2)/L(a—2p).

Now let p = 2. Then a =4 and by [7, Theorem 41|, L(4) = L(1)*. Therefore it is the direct
sum of one-dimensional weight spaces of the weights 4 and —4. Hence ch(4) = x(4) — x(2) . This
concludes the proof.

Lemma 3. Let r > 3. Then Irr(M(w)|H) C Irr(L(w)c|Hc) -

Proof. By [2, Lemma 2.13(b)], M (w) = A(w)/M , where M is some G-module. Therefore it
suffices to prove that Irr(A(w)|H) C Irr(L(w)c|Hc) . By Theorem 3, Irr(L(w)c|He) C S(w) . For
p > 0 this implies that

X(W’H) = Z(ml msa) C(mla m2)X(m1)m2)a

where (mq,mg) € S(w) and c(mqy,mz) € N. We need to prove that

x(mi,mo) = Z(wl 22) d(z1,x2) ch(xy, z2)
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with (z1,22) € S(w) and d(z1,z2) € N. Since (z1,x2) is a weight of A(mq,m2), it is obvious
that (z1,x2) = (mq — 2k1, me — 2ky) with k1 and ko € N. Therefore (z1,z2) € S(w) and the
lemma holds for r > 3.

It remains to consider r = 3. In this case it is clear that z; + 2o = my + mo(mod 2)
a; — az(mod 2) .

We can assume that a; > a3 (otherwise consider the dual module). To prove that a; —ag <
T1+x9 and —a1 —az < x1 — r9 < a1 + ag first suppose that w is p-restricted. Observe that this
inequalities apparently hold for p = 2. Therefore let p > 2. Theorem 3(i) implies that c(my,msa) #
0 iff (mqy,me) € Irr(L(w)c|Hc) -

Since m; and mo < 3p — 3, it follows from Lemma 2 that

x(m1, mg) = ch(my,ma) + ¢1 ch(2p — mq — 2,ma) + cach(4dp — m1 — 2, ma)+
+ cgch(my,2p —ma —2) + c4ch(2p —my — 2,2p — ma — 2)+
+ esch(dp — my — 2,2p — my — 2) + ¢g ch(mq,4p — mg — 2)+
+crch(2p—my —2,4p — mg — 2) + cgch(dp — my — 2,4p — mg — 2)

with ¢; € N.

L) If (z1,29) = (2p—m1 —2,m2), then Lemma 2 implies that ¢; > 0 for p <m; <2p—1. We
have z14+x9 =2p—2—m1+mo > 2p—2—a1—a3 > a1 —ag since a1 < p—1, r1—x2 =2p—2—m1—
mo > 2p—2—a1 —2as—az > —aj—ag since as <p—1, x1—x0o=x1—m2 < m;—mo < a1 +as.

2.) Now put (z1,22) = (4p — my — 2,m2). Then co > 0 if 2p < m; < 3p — 1. We have
T1+x2 =4dp—2—mi+mo > 4dp—2—aj—a3 > a1 —ag since a; < p—1, x1—xr9 =4p—2—m1—mg >
dp—2—ay —2a3 —a3 > —a; —ag since aa <p—1, r1 —xo =21 —mao<m; —mo < a; +as.

3.) Suppose that (z1,z2) = (m1,2p — mg —2). Then ¢35 > 0 if p < mg < 2p — 1. In this case
Tl F+xo=2p—24+m;—mo>2p—2—a1—a3>a; —az since a1 <p—1, x1 —x0 =m1 —x9 >
mp—mg > —aj—az, x1—Ta=mi1+ma—2p+2<a;+2a2+az3—2p+2<a;+az as aa<p—1.

4.) Let (x1,22) = (2p —m1 —2,2p — mg —2). Then ¢4 > 0 if p < m; < 2p—1 and
p<mg<2p—1.Wehave z1+ax0=4p—4—m1—mo >4p—4—a; —2a, —az > a; —as as aj
and as < p—1.8Since r1 —x9 =mg —my, we get —a; —az < x1 — 22 < aj +as.

5.) Suppose that (x1,z2) = (dp—m1—2,2p—ma—2) . The coefficient ¢5 > 0 if 2p < my < 3p—1
and p<mg <2p—1. Then 1 +20 =6p—4—m; —mg > 6p—4 —ay; —2a2 —ag > a1 — as
because a; and as < p—1. We have 1 — a2 =2p—m1 +mo > 2p — a1 — ag > —aj; — ag and
1 —x2<my—x2=m1+mo—2p+2<ay3+2as+a3—2p+2<a;+asg since ag <p+1.

6.) Put (z1,22) = (m1,4p — ma —2). We have ¢ > 0 if 2p <mg <3p—1. Then z + 22 =
dp—2+mi—mo > dp—2—ai1—as > a;—ag since a1 < p—1, x1—To =mi—x2 > M1—Mo > —a1—as,
and 1 —zo=my1+mo —4p+2<a;+2as+az—4p+2<ai+az as aa<p—1.

7.) Let (z1,22) = 2p —m1 — 2,4p — ma — 2). Then ¢ > 0 if p < m; < 2p—1 and
2p<mg <3p—1.Wehave 1 +20=06p—4—m1 —mg >6p—4—a; —2as —a3 > a; — ag since
ap and as <p—1, x1—2x9>21—Mo=2p—2—m1 —Mmo >2p—2—aj; —2a2 —az > —aj — as
since ag <p+1,and 1 —xzo=-2p—m1+mg <aj;+az3—2p<a;+as.

8.) Finally, let (x1,22) = (4p —mq —2,4p — mg —2). Then cg > 0 if 2p < m; < 3p—1 and
2p<m9 <3p—1.Wehave x1+20=8p—4—m1—mo >8—4—a; —2as—a3z > a1 —az as aj
and ao < p—1. Since 1 — 9 = mo —m1, we obtain —a; —az < z1 — 22 < aj +as.

Hence for the p-restricted highest weight w, (x1,z2) € Irr( (w)c|He) -

Now suppose that w is not p-restricted. Then w=w 4+ pwl + ...+ pFwF where all w/ =
a1w1+a2w2+a3w3 are p-restricted. Therefore A(w) C ®§:0p7A(w9) (here P’ A(w?) means a tensor

product of p’ copies of A(wj)) Hence Aw )\H C ®k Oij wj)\H For any factor (27,20 €
Irr(A(w?)|H) , a{ - ag and af — al < xl + 332 and —a1 —a} <af— :1:2 <al+ a3 Consequently,
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for (z1,2z2) € Irr(A(w)|H), a1 —ag and ag —a; < x;+ 22 and —a; —az < x; — 22 < aj +ag as
well. The lemma is proved.

3. Auxiliary lemmas.

Lemma 4. Let r >3, a1 <p, and a, <p. Then

T = {(x1,72) € N? | 21,29 <m, o1 + 29 =m'} C Trr(M(w)|H)

and for any weight from T there exists a primitive with respect to H wvector of such weight.
Proof. First let r = 3. We can suppose that H = G(1,3). The vector vy = v(2,3,d) with
0 < d < ag is primitive with respect to H, w(vg) = w — (a2 + d)ag — das, and wgy(vg) =
(a1 + a2 + d, a2 + a3 — d) . Similarly, u. = v(2,1,e) with 0 < e < a; is primitive with respect to
H, w(u,) =w—eay — (e + ag)as, and wy(ue) = (a1 + a2 — e,a2 + ag + ¢e). Thus, for r = 3 the
lemma is proved.
If r>3,choose I'=G(a1, a2+ ...+ ap_1,0,) =2 A3(K) . Then

M = KTv" = M(a1w1 + (ag + ... + ar_1)wa + a,ws3)

is a submodule of M (w)|I" and its highest weight satisfies the assertion of the lemma. Restricting
M to H , we get the required primitive vectors.
Lemma 5. Let r >4 and a; <p for i € {1,r — 1,7} . Suppose that a1 > a, . Then

S C Irr(M(w)|H)
with
S={(z1,72) eEN*|m—a; —a,_1 —a, < w19 <m, m' —a,_1 —a, <z + a2 <M’}

Proof. First assume that » = 4. Set I'1 = G(1,2,3), A\ = ajw1 + agws + asws, and H =
G(1,3) € T';. Then M; = KT'jv™ = M()\;) is a submodule of the restriction M (w)|T';. By
Lemma 4, w; € M (A1), where w; is primitive with respect to H and

wr(wj) = (ag + j, a1 + az + az — j),

0 < j < a1+ ag. Moreover, wguy(wj) = as if weg)(wy) > az +az and we(w)) = as + k if
was)(wj) =az+az —k, 0 <k < az. Denote wg(wy) by d.

By |6, Theorem A(i)] applied to the group G(3,4) and the module KG(3,4)v", A(as + k) =
KG(4)X_3 vt for 0 < k < az. Hence the vectors w} = X_4,wj with 0 < a < d are primitive
with respect to H in all cases and

wH(w;-) = (a2 + j,a1 + a2 + a3z — j + a).
Therefore

II”I“(M(W”H) D5 = {(.1‘1,:E2) S N2 | as < x1 < ay + ag,
a1 +2a2 4+ a3 <z +x2 < ay +2a2 + az + aq}

nd Irr(M(w)|H) D So = {(x1,22) € N? | a4+ 1+ as < 21 < aj + as + as,
x2 < a2 + a3z + aq,
a1 + 2as + a3 < w1 + x2}.

By Lemma 1,

Irr(M(w)|H) D S5 = {(21,22) € N? | ag < 29 < a1 + as,
a1 + 2a9 +agz <1+ 29 §a1+2a2—|—a3—|—a4}
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and

Irr(M(w)|H) D Sy = {(x1,22) € N* | 21 < ag + az + aq,
a+1+ay <w2 <ay+as+as,
ai +2a2 + a3 < 1+ 22 < a1 + 2a2 + az + as}.
Put
S = {(x1,22) €N?| ag < w1,29 < ay +az + a3 + ay,
ai +2a2 + a3 < x1 + 22 < a1 + 2a2 + az + as}.
If a1 +a3>ay,then S"C S1USUS3USy C Irr(M(w)|H) .

To find remaining factors one can suppose that H = G(1,4). Put G; = G(1,2) and v; =
v(3,1,dy) with 0 < d; < aj. The vector vy is primitive with respect to G; and

wa, (v1) = (a1 + az — di)wy + azws.

For 0 < s3 < a3 and a subgroup G1 put w; = X_5 ,,v1. The vector w; is primitive with respect
to H and
wH(wl) = (a1 4+ a9 —di + s3,d1 +as + az + CL4>.

Hence Irr(M(w)|H) D Ty with

Ty = {(z1,22) € N* | ap + a3 + as < 23 < a1 + az + az + au,
a1+2a2+a3—|—a4§x1+m2§a1+2a2+2a3+a4}.

It follows from Lemma 1 that Irr(M(w)|H) D T with

Tzz{(ifl,l’z)GNQ | ag +az+ag <x1 < ay+az+az+ ag,
a; + 2az + a3+ ag <z +x2 < ag + 2az + 2a3 + aq}.

We get Irr(M(w)|H) D T\T' =T, UTy with

T = {(z1,22) € N* | ag < 21,22 < ay + az + a3 + ag,
a1 +2as + ag + ag < 1+ 22 < ay +2as + 2a3 + aq}

and
T = {(x1,22) € N? | 1,29 < ag + a3 + ag,

a1+2a2+a3+a4§x1+x2§a1+2a2+2a3+a4}.

As a1 > ayq, we get T' C Sy . Consequently, T' C Irr(M (w)|H) . Now, since S = S'UT , we get the
required for r =4.
If r>4,take ' =G(aj, a0+ ...+ ap_2,00-1,0,) = Ag(K) . Then

M = KT'wt = M(a1w1 + (ag + ... + ar_2)ws + ar_1w3 + arwy)

is a submodule of M (w)|I" and its highest weight satisfies the assertion of the lemma. Restricting
M to H , we obtain the required factors.

For an algebraic group I' and a I'-module M put m()\) = dim M* .

Lemma 6. Let I' = As(K), p = biwy + bows be a dominant weight of T', and by < p. Then
there exist primitive with respect to T'(1) wvectors v(ki, k) € A(u), 0 < k; <by, 0<ky <by,
with weights w(v(ky,ka)) = p— kion — (k1 + ka2)ag .
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Proof. For any weight A of ', m(\) = dim L(u)2 since the characters of modules A(u) and
L(p)c coincide. It follows from [1, Ch. VIII, §7, Proposition 10| that

X (L(p)c) = biX(L(wi)c) + bo X (L(w2)c)
(the sum of b; copies of X (L(wi)c) and by copies of X (L(wz)c ). By [1, Ch. VIII, §13.1],

X(L(wi)c) = {wi,w1 — a1,w; — a1 — az}

X(L(UJQ)(C) = {OJQ,UJQ — g, Wy — (1 — 012}.

X(A(n) = X(L(p)c) = {pp — rwr —rowe | 0 < ryyrg < by +bg, —by < g — 11 < bl
Applying the formula for weight multiplicities [1, Ch. VIII, §9.3|, we get that for A € X(A(u))
m(\) = m(A + a1) + m(\ + az) — m(\A + 201 + az) —m(A + a1 + 2a2) + m(X\ + 201 + 2a3).

One can easily deduce that

+
—

if0<r; <by, 0<ry < by,
min(r; — by — 1,re)  ifry > 01,0 <1y <bg, 1 — 19 < by,

<
[y

<
N

m(A) = < min(ry, ro

(r1,72)
min(ry, 72)
( ) —min(ry, 72 —by —1)  if 0 <7y < by, o > bo, 12 — 11 < b,

min(ry,re) — min(r; — by — 1,79)—
—min(rl,rg—bg—l)—l if b1 <71 < b+ by, by <19 < by + bo.

The latter formula yields that m(A) = m(A+a;)+1 if and only if 0 <73 <b; and 0 < ry—rp < bg.
Hence weights of the form pu — kjaq — (k1 + k2)as € X(A(w)) for 0 < k3 < by, 0 < ko <by and
there exist weight vectors v(k1,k2) € A(n) with these weights such that Xjv(k1,k2) = 0. Using
formula from [7, §3| for x;(¢) and the fact that by < p, we get that v(k1,k2) are primitive with
respect to I'(1).

Lemma 7. Let = mjwi + ...+ mpwy be a p-restricted dominant weight of A,(K), n >3,
and S C A, (K) be a subsystem subgroup of type A1. Then M(u) contains primitive with respect
to S wectors with weights 1, 0 <i<mi+mo+...+m,.

Proof. Put S=G(n) and v =v(n —1,k,d;) with 1 <k<n-1, 0<di <mj. Then

ws(v) =di +mpy1 + ...+ my.

Therefore it remains to get primitive vectors with weights d,, , where 0 < d, < m,, .

If mp_1+my, <p—2,0r my_1 =p—1,o0r m, =p—1, then by |3, Lemma 3.1|, KG(n —
1L,n)vt = L(my_1w1 + mpws) = A(my,_1w1 +mpws) . Lemma 6 implies that in this module one can
find primitive with respect to G(n) vectors v(dy) € M (p)#~n(@n-1ten) with weights m, — d,, .

Let mi+ ...+ mp2+my_1 >p—1. Put w=vn-2jd with 1 <j <n-—2 and
d+mjq1+...+mu_1 =p—1.By [3, Lemma 3.1], KG(n — 1,n)w = L((p — 1)wi + myws) =
A((p — Dwy + mpw2) . As above Lemma 6 implies that in such module there exist primitive with
respect to G(n) vectors with weight m,, — d,, .

Finally suppose that mi1+...+mp_o+m,_1 <p—1, m, <p—1,and my_1+m, >p—1.
Choose 1 < b < my_1 such that b+ m, = p—1 and put v = v(n — 2,n — 1,b). Then u is
primitive with respect to G(n—1,n) and KG(n—1,n)u = L((mp—2+mu—1 —b)wi + (p—1wa) =
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A((mp—2 +mp—1 —b)wi + (p — 1)wa2) as above. Applying Lemma 6, we get primitive with respect
to G(n) vectors with required weights. The lemma is proved.
Lemma 8. Let 7 > 5 and let a; <p for 2<i<r—1. Then

RUR C Irr(M(w)|H),

where
R = {(1‘17272) € N2 | Iy =m, T2 < m' _m}v

R/ = {(331,.752) c N2 ‘ 1 < m/ —m, Tg = m},

and for any weight from RU R’ there exists a primitive with respect to H wvector of such weight.

Proof. We can assume that H = G(1) x G(n). Take a vector v = v(2,7,a,). It is primitive
with respect to G7 = G(1) x G(3,...,r) and its weight with respect to this subgroup equals
(m, agw1 + agwa + ... + ap—1wy—2) . Applying Lemma 7 to the group G(3,...,r) and p = asw; +
aswz + ...+ ar_1wyr_o, we get primitive vectors for all weights from R.

Similarly, one can get primitive vectors with weights from R’.

Lemma 9. Let r =4 and let ao, ag <p. Then

Ry UR] C Irr(M(w)|H),

where )
Ry = {(z1,22) € N* | 21 = m, min(az,a3) < z2 < az + as},

Ry = {(z1,22) € N | min(ag, a3) < x1 < ag + a3, xa = m},

and for any weight from RU R’ there exists a primitive with respect to H wvector of such weight.

Proof. The arguments are similar to the same of Lemma 8.

First assume that H = G(1) xG(4) and take a vector v = v(2,4, a4) . It is primitive with respect
to G1 = G(1) x G(3,4) and its weight with respect to this subgroup equals (m, asw; +asws) . Now
for 0 < d < az put wg = X_34v. Such vectors are primitive with respect to H as well, and
wr(wg) = (m, a3 +d) . If we assume that H = G(1) x G(3) and for 0 <c¢ < a3 put ue=X_44v,
then wy(ue) = (m,as + ¢) . Hence Ry C Irr(M (w)|H) . Similarly, R} C Irr(M(w)|H) .

4. Proof of the main theorem.

Lemma 10. Let » > 5 and w be p-restricted. Suppose that a1 > a, . Then

S(w)\ M C Irr(M(w)|H),

where
M = {(z1,22) € N? |z, 20 <m —a,, 21 + 20 <m —a,_1 —a,}.

Proof. Set I' = G(1,2,...,7r—1), A = aqwi +aswa+...+a,—1wr—1,and H =G(1)xG(r—1) C
I'. Then L = KTyv™ = M()) is a submodule of the restriction M (w)|T.
1) First suppose that r > 6. By Lemma 8, w; € M(\), where w; are primitive with respect
to H and
wH(wj) = (]vm - aT)v

0<j<as+...+ar—2. It follows from the proof of Lemma 8 that one can choose w; so that
wa(r)(wj) = ar . Hence the vectors fw;- = X_,,w; with 0 <a < a, are nonzero and primitive with
respect to H and

WH(w;‘) = (j,m —ar +a).

Therefore
Irr(M(w)|H) D My = {(x1,29) € N* | 21 <m — a1 — ar_1 — ay,

m—a, < x9 < m}.
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By Lemma 1 we obtain that

Irr(M(w)|H) D My = {(21,29) € N? | m — a, < 1 < m,

Ty <M —ay — ar—1 — Gy}

Now, applying Lemma 5, we deduce that M; UMy U S = S(w)\ M C Irr(M(w)|H) .
2)Let »=5.Put I"=G(1) x G(3,4,5) and vg =v(2,5,d) with 0 < d < as. Then

wr(vg) = (a1 + ag + az + a4 + d, aswi + agwz + (ag + a5 — d)ws).
If ay+ a5 —d < p, then, applying Theorem 1.2 from [3], we get
wrg(vg) = (a1 +as + a3 + aq + d, k)

with 0 <k <as+as+ag+as—d. For ag+ a5 —d > p using Theorems 1.2 and 1.3 from [3], we
obtain the same weights with 0 < k < as+az+ag+a5—d—p. Since as+as+as+as—d > as+as
and as+ag+as+as—d—p > az+as, in both cases we get Irr(M(w)|H) D Ms. Lemma 1 implies
that Irr(M(w)|H) D M; . Asin Item 1, one can get from Lemma 5 that M; UMyUS = S(w)\ M C
Irr(M (w)|H) .

Now recall a series of subgroups G =P, D P,_1 D ... D P; D Py D Ps from Introduction. We
have Ps = G(i,i+1,i+2,i+3,i4+4) = A5(K) forsome 1 <i<r—4, P,=G(j,j+1,j+2,j+2)
with j =4 or i+1,and Ps =G(k,k+1,k+2) with k=3 or j+ 1. Fix such 1,5, k.

Lemma 11.

(i) Let r =5, w be p-restricted and k=1 or 3. Then
S(w)\ M' C Trr(M(w)|H),
where

2
M' = {(z1,72) € N° | 21,22 < ag + apy1 + agr2, T1+ T2 < ag + 2ap41 + g2}

(i) Let r =6, w be p-restricted and k= j+ 1. Then

S(w)\ M’ C Irr(M(w)|H).

Proof. (i) We can assume that a3 > a5 and j = 1. This implies ¥ = 1 and a1 > a4. By
Lemma 10, S(w)\ M C Irr(M(w)|H) , where

M = {(z1,22) € N* | 21,22 < a1 + ag + a3 + a4,
x1 + xo < ay + 2a2 + 2a3 + aq}.

Using Lemma 5 for » =4, we get N’ C Irr(M (w)|H) with

N' = {(z1,22) € N? | apy1 < z1, 20 < a1 + ag + a3 + ag,
ap + 2ap41 + apro < 21+ 22 < a1 + 2a2 + 2a3 + CL4}.

Put I'=G(1) x G(3,4,5), H=G(1) xG(4) CI', and vy =v(2,4,d) with 0 <d < as. Then
wr(vg) = (a1 + ag + a3 + d, agwi + (a3 + a4 — d)wz + (as + d)ws).
If a3+ a4 —d<p and as + d < p, then, applying Theorem 1.2 from [3], we get
wr(vg) = (a1 + a2 + a3+ d, k)

186



with 0 < k < as+az+ag+as. For ag+as—d > p and as+d < p or ag+ags—d < p and as+d > p
using Theorems 1.2 and 1.3 from [3], we obtain the same weights with 0 < k < as+as+as+as—p.
For as+ays—d > p and as+d > p the same theorems imply that 0 < k < ao+as+aqg+as—2p.
In all cases 0 < k < ao are present. Hence

Irr(M(w)|H) D My = {(z1,22) € N? | a1 + ag + a3 < 1 < a3 + as + a3 + ag,
) S CLQ}.

Lemma 1 implies that

Irr(M(w)|H) D My = {(x1,22) € N? | 21 < ag,
ai+az+ a3 <xo < ay +ax+az+as}.

Now MUN' UM UMy =8S(w)\ M CIrr(M(w)|H) .

(ii) Here we can suppose that a; > ag. If j = 2, then k = 3 and the assertion follows from
Item (i) and Lemma 10. Hence it suffices to consider the case j =1 and k = 2. By Lemma 10 for
r==6 and 5, S(w)\ M C Irr(M (w)|H) and by Lemma 5 for r =4, N’ C Irr(M(w)|H) .

Put I'' = G(2) xG(4,5,6), H=G(2)xG(5) C I, and u, = X_1v(3,4,a4) with 0 <b<ay.
Then

wr (ub) = (b + a9 + az + a4, a3wy + (a4 + a5)w2 + (IGW3).

If a4+ a5 < p, then by |3, Theorem 1.2]
wr (up) = (b+ az + a3 + a4, k)

with 0 <k <as+ a4+ as + ag . For as + a5 > p, using Theorems 1.2 and 1.3 from [3], we obtain
the same weights with 0 < k < as+ a4+ as+ag—p. In both cases 0 < k < a3 are present. Hence

Irr(M(w)|H) D N1 = {(z1,x2) € N? | a2 + a3+ ag < x1 < ay + ag + az + aq,
T2 §a3}.

Lemma 1 implies that

Irr(M (w)|H) D No = {(z1,22) € N* | 21 < a3,
az + a3 +ay <xo < ay +az+ a3+ ag}.

Now M UN'UN;UNy = S(w)\ M' C Irr(M(w)|H) .

Proof of Theorem 2. The assertion follows from Lemmas 10 and 11.

The condition that w is p-restricted is essential in the proof of Theorem 2.

Lemma 12. Let 7 > 3 and w = \g+ pA\1 + ... + pF )\, where all Ny = a1,swi + ... + ap swr
are p-restricted. Then (x1,x2) with x1 + xo = m' lies in Irr(L(w)|H) if and only if (x1,22) =
(m' —m+i,m—1i) and i can be represented in a form i =ig+itp+...+irpp®, 0 <iy < a1 s+ar; .

Proof. By the Steinberg tensor product theorem |7, Theorem 41|, L(w) = L(Ag)@L(A)P®...®
L()\k)pk .Here L()\s)?" denotes the module obtained from L()\s) with the help of the field morphism
of G associated with raising the elements of K to the power p°. It follows from Lemmas 3 and 4
that (z15,225) With 15+ 225 =a1s+2a25+...+2a,-15+ars liesin Irr(L(As)|H if and only
if (x16,225) =(ags+...+ar—1s+is,a15+...+ars—is) € Irr(L(As)|H with 0 <is <ajs+ars.

Observe that for small r the composition factors of L(w)|H may not coincide with characteristic 0.

Example. Let » > 3 and w = pw; . Observe that for » = 3 it follows from Lemmas 3 and 4 that
Irr(L(w1)|H) = {(1,0),(0,1)} . If >3, then (0,0) € Irr(L(w1)|H) since wg)xa)(v™) =(0,0).
Now Lemmas 3 and 4 imply that

ITY(L(W1)|H) = {(O)O)v (170)7 (07 1)}
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in this case. By the Steinberg tensor product theorem, L(w) = L(0) ® L(w;)?. Restricting this
module to H , we obtain that for r =3

Irr(L(pw1)|H) = {(p,0), (0,p)}

and for r > 3
Trr(L(pw1)|H) = {(0,0), (p,0), (0,p)}.

The research is supported by the State Research Program "Convergence-2020 1.1.01".

References

1. Bourbaki N. Groupes et algebres de Lie, Chaps. VII-VIII. Paris: Hermann, 1975.
2. Jantzen J.C. Representations of Algebraic Groups. Second edition. Providence: Amer. Math. Soc., 2003.

3. Osinovskaya A.A. Restrictions of irreducible representations of classical algebraic groups to root Aj -
subgroups // Commun. in Algebra. 2003. Vol. 31. b 5. P. 2357-2379.

4. Osinovskaya A.A. Restrictions of modular representations of special linear groups to A; x A; -subgroups
// Siberian Mathematical Journal. 2010. Vol. 51. » 5. P. 892-898.

5. Osinovskaya A.A. The restrictions of representations of the special linear group to subsystem subgroups
of type As // Journal of Mathematical Sciences. 2018. Vol. 234. » 3. P. 203-218.

6. Shchigolev V. Weyl submodules in restrictions of simple modules // J. Algebra. 2009. Vol. 321. P. 1453—

1462.
7. Steinberg R. Lectures on Chevalley groups, Mimeographed Lecture Notes. Yale Univ. Press, 1968.

8. Suprunenko I.D. The minimal polynomials of unipotent elements in irreducible representations of the
classical groups in odd characteristic // Memoirs of the AMS. 2009. Vol. 200. » 939.

9. Zheleznaya T.M. On the restrictions of irreducible representations of algebraic groups of type A, in
characteristic 0 to subgroups of type A; x A; (in Russian) // Trudy Instituta matematiki. 2007. Vol. 15.
b 1. P. 56-67.

A. A. Osinovskaya
The restrictions of representations of special linear groups to subsystem
subgroups of type A; x Ay

Summary
The restrictions of irreducible representations of the special linear group over an algebraically closed field
of positive characteristic p to subsystem subgroups of type A; x A; are studied. The symmetry of the set
of highest weights of composition factors is proven. The "big" composition factors of such restrictions for
the arbitrary p-restricted representations are found. These results will be used for the complete description
of such restrictions.
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