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Èññëåäóþòñÿ îãðàíè÷åíèÿ íåïðèâîäèìûõ ïðåäñòàâëåíèé ñïåöèàëüíîé ëèíåéíîé ãðóïïû
íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì ïîëîæèòåëüíîé õàðàêòåðèñòèêè p íà ïîäñèñòåìíûå
ïîäãðóïïû òèïà A1×A1 . Äîêàçàíà ñèììåòðè÷íîñòü ìíîæåñòâà ñòàðøèõ âåñîâ êîìïîçèöè-
îííûõ ôàêòîðîâ. Íàéäåíû �áîëüøèå� êîìïîçèöèîííûå ôàêòîðû òàêèõ îãðàíè÷åíèé äëÿ
ïðîèçâîëüíûõ p -îãðàíè÷åííûõ ïðåäñòàâëåíèé. Ýòè ðåçóëüòàòû áóäóò èñïîëüçîâàíû äëÿ
ïîëíîãî îïèñàíèÿ îãðàíè÷åíèé.

1. Introduction. The description of the restrictions of modular representations to subsystem
subgroups is one of the main problems in the representation theory of algebraic groups. It is closely
connected with the unsolved problem of describing characters and dimensions of modular irreducible
representations. Therefore it is reasonable to develop methods of investigating representations, which
do not require their characters. Shchigolev in 2009 [6] found the condition under which some Weyl
submodules can be embedded in the restrictions of simple modules of the special linear group.

The paper is the part of the study of the restrictions of irreducible modular representations of
algebraic groups to subgroups, whose ranks are small enough with respect to a rank of an initial
group. Such restrictions for representations of special linear groups to subgroups of type A1 and
A2 were described by us earlier in [3] and [5]. Here we describe the restrictions to the subgroups of
type A1 ×A1 .

Let K be an algebraically closed �eld of characteristic p > 0 , G be a simply connected
algebraic group of type Ar over K , i.e. G = SLr+1(K) , r ≥ 3 ; α1, . . . , αr be the simple roots of
G numerated in the standard way; ω1, . . . , ωr be the corresponding fundamental weights; and let
φ(ω) be an irreducible rational representation of G with the highest weight ω = a1ω1+ . . .+arωr .
The weight set of a group of type A1 × A1 can be identi�ed with the set of pairs of integers with
the help of the following map (x1ω1, x2ω1) 7→ (x1, x2) and the set of all dominant weights can be
identi�ed with the set N2 of pairs of nonnegative integers. The symbol Irrψ denotes the set of
highest weights of composition factors for a representation ψ of G and ψ|Π denotes a restriction
of ψ to a subgroup Π ⊂ G .

If β1, . . . , βs are roots of G , then G(β1, . . . , βs) is a subgroup in G generated by root subgroups
associated with roots ±β1, . . . ,±βs . Note that the roots β1, . . . , βs are chosen in such a way that
they constitute a basis of a root system for G(β1, . . . , βs) . Such subgroups G(β1, . . . , βs) are called
subsystem subgroups. Set

G(i1, . . . , is) = G(αi1 , . . . , αis).
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In what follows H is a subsystem subgroup of G of type A1 × A1 . All such subgroups are
conjugate in G . Therefore, we can put, for instance, H = G(1, n) . Taking into account the above
identi�cation, one can write Irr(φ(ω)|H) ⊂ N2 . Recall that the weight ω is p -restricted if ai < p
for 1 ≤ i ≤ r . Set m = a1 + . . .+ ar , m

′ = a1 + 2a2 + . . .+ 2ar−1 + ar , and

S(ω) = {(x1, x2) ∈ N2 | x1, x2 ≤ m, x1 + x2 ≤ m′}.

In [4] the following theorem describing the restrictions for representations of the special linear
group with locally small highest weights with respect to characteristic was obtained.

Theorem 1. [4, Theorem 1] Let r > 6 and ai + ai+1 + 1 < p for all 1 ≤ i ≤ r − 1 . Then

Irr(φ(ω)|H) = S(ω).

Here we examine such restrictions for representations with arbitrary p -restricted highest weights.
Recall that for p = 0 and r > 3 , Irr(φ(ω)|H) = S(ω) (see Theorem 3).

Suppose that r ≥ 5 . De�ne a series of subsystem subgroups

G = Pr ⊃ Pr−1 ⊃ . . . ⊃ P5 ⊃ P4 ⊃ P3

as follows. Let µ = b1ω1 + . . . + blωl be the restriction of ω to Pl , 3 ≤ l ≤ r . If b1 ≥ bl , put
Pl−1 = Pk(1, . . . , l − 1) , otherwise set Pl−1 = Pk(2, . . . , l) . Eventually we get P5 = G(i, i + 1, i +
2, i+ 3, i+ 4) ∼= A5(K) for some 1 ≤ i ≤ r− 4 , P4 = G(j, j + 1, j + 2, j + 2) with j = i or i+ 1 ,
and P3 = G(k, k + 1, k + 2) with k = j or j + 1 . Fix such i, j, k for the next theorem. Our main
result is as follows

Theorem 2. Let r ≥ 5 and ω be p -restricted. Then

S(ω) \N ⊂ Irr(M(ω)|H)

with

N = {(x1, x2) ∈ N2 | x1, x2 < aj + aj+1 + aj+2 + aj+3, x1 + x2 < aj + 2aj+1 + 2aj+2 + aj+3}.

If r ≥ 6 , then moreover
S(ω) \N ′ ⊂ Irr(M(ω)|H)

with

N ′ = {(x1, x2) ∈ N2 | x1, x2 < ak + ak+1 + ak+2, x1 + x2 < ak + 2ak+1 + ak+2}.

2. Some properties of the set of highest weights of composition factors. First introduce
some notation. The symbol Z is the set of all integers and N is the set of all nonnegative integers.
Let S be a subsystem subgroup of G and V be a G -module. For the group G denote by
L(µ) the irreducible module with highest weight µ , by ∆(µ) the Weyl module with such highest
weight, and by ch(V ) the formal character of V . Put ch(µ) = ch(L(µ)) , χ(µ) = ch(∆(µ)) ,
ch(µ|S) = ch(L(µ)|S) , and χ(µ|S) = χ(∆(µ)|S) . Denote by X(V ) the set of weights of V and
by V λ the weight space of a weight λ ∈ X(V ) . Given a weight vector v ∈ V denote by ω(v) and
ωS(v) its weight with respect to G and S .

For a root α of G and a positive integer k the symbols Xα , Xα , and Xα,k denote the root
element of the Lie algebra of G associated with α , and the element of the hyperalgebra of G
associated with the pair (α , k ), respectively. For k < p one has Xα,k = (Xα)

k/k! . If α = ±αi ,
we use the notation X±i , X±i , and X±i,k .

The vector v ∈ V is called a primitive vector with respect to S if v is a nonzero weight vector
and Xα �xes v for every positive root α of S .
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Denote by M(µ) an indecomposable G -module generated by a vector of highest weight µ . It
is a quotient of ∆(µ) [2, Part II, Lemma 2.13(b)]. Fix a highest weight vector v+ in the module
M(µ) . Recall that L(µ) =M(µ) = ∆(µ) in characteristic 0.

Suppose that M =M(ω) with ω = a1ω1+. . .+arωr and 1 ≤ i, j ≤ r . Assume that 0 < aj < p
for some j . For an integer d with 0 < d ≤ aj de�ne the vector v(i, j, d) as follows. Put dj = d .
If i < j , set dk = ak + dk+1 for i ≤ k < j . If i > j , put dk = ak + dk−1 for i ≥ k > j . Now take

v(i, j, d) = X−i,di . . . X−k,dk . . . X−j,dv
+.

For i = j put v(i, j, d) = X−i,dv
+ . Then v(i, j, d) is primitive with respect to G(1, . . . , i− 1, i+

1, . . . , r) by [8, Lemma 2.46]. Observe that if aj ≥ p , then v(i, j, d) is nonzero and primitive with
respect to G(1, . . . , i− 1, i+ 1, . . . , r) if ω − dαj is a weight of M .

Let C be the �eld of complex numbers, GC = SLr+1(C) , HC ⊂ GC be a subsystem subgroup
of type A1 × A1 , and let L(ω)C be the irreducible module over GC with the highest weight
ω = a1ω1 + . . .+ arωr .

Theorem 3.

(i) For r = 3

Irr(L(ω)C|HC) = {(x1, x2) ∈ S(ω) | |a1 − a3| ≤ x1 + x2,

|x1 − x2| ≤ a1 + a3,

x1 + x2 ≡ a1 − a3(mod 2)}.

(ii) For r > 3

Irr(L(ω)C|HC) = S(ω).

Proof. The result is proved in [9, Theorems 1.1 and 1.2], but it is a mistake here. Theorem 1.1
from [9] is formulated as follows

Theorem 4. [9, Theorem 1.1] Let G = A3(K) . Then

Irr(L(ω)C|HC) = {(x1, x2) ∈ N2 | 0 ≤ x1, x2 ≤ a1 + a2 + a3,

|a1 − a3| ≤ x1 + x2 ≤ a1 + 2a2 + a3,

x1 + x2 ≡ a1 − a3(mod 2)}.
(1)

For a1 ≥ a3 we have

Irr(L(ω)C|HC) =

a2−1∑
k=0

(k + 1)

a3∑
j=0

a1+a2−k+j∑
i=a2−k+j

(a1 + 2a2 + a3 − 2k − i, i)+

+ (a2 + 1)

a3∑
k=0

a3−k∑
j=0

a1−k+j∑
i=j

(a1 + a3 − 2k − i, i).

(2)

In [9] the next form of (2) is given as well. It speci�es the explicit values of composition factor
multiplicities.

Irr(L(ω)C|HC) =
a2+a3∑
k=0

a1+a2+a3−k+min(0,a2−k)∑
i=max(0,a3−k)

Cik(a1 + 2a2 + a3 − 2k − i, i), (3)
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where for 0 ≤ k ≤ a2 + a3

Cik =



min(a2 + 1, k + 1)(i+ 1−max(0, a2 − k))
if max(0, a2 − k) ≤ i ≤ a2 + a3 − k,

min(a2 + 1, k + 1)(a3 + 1 +min(0, a2 − k))
if a2 + a3 + 1− k ≤ i ≤ a1 + a2 − 1− k,

min(a2 + 1, k + 1)(a1 + a2 + a3 − k +min(0, a2 − k)− i+ 1)
if a1 + a2 − k ≤ i ≤ a1 + a2 + a3 − k +min(0, a2 − k).

(4)

Formula (1) is incorrect. At the same time, the proof of Theorem 1.1 in [9] (where actually (2)
is proven) is true. Formulas (3) and (4) follow from (2) and are true as well. It follows from (3)
that for r = 3 one should add the inequality |x1 − x2| ≤ a1 + a3 in the set from (1), thus we get
Item (i). Theorem 1.2 in [9] is proved with the help of (1), but when we change (1) to the correct
formula, the proof remains valid. This completes the proof.

In characteristic p the composition factors of L(ω)|H may not coincide with characteristic 0.

Example. Let r = 3 , ω = a1ω1 + a2ω2 + a3ω3 , with a1 + a2 + 2 < p and a2 + a3 + 2 < p ,
but a1 + a2 + a3 + 3 > p . Then

Irr(L(ω)|H) = {(x1, x2) ∈ Irr(L(ω)C|HC) | 2p− a1 − 2a2 − a3 − 6 < x1 + x2}.

Indeed, in this case ch(ω) = χ(ω)−χ(ω′) with ω′ = (p−a2−a3−3)ω1+a2ω2+(p−a1−a2−3)ω3

(see [2, Part II, 8.20]). Restricting χ(ω) and χ(ω′) to H and using Formulas (3) and (4), we get
the required.

Lemma 1. Let p ≥ 0 , r ≥ 3 , and let ω be an arbitrary dominant weight. If (x1, x2) ∈
Irr(M(ω)|H) , then (x2, x1) ∈ Irr(M(ω)|H) as well and composition factors with these highest
weights have the same multiplicity in the restriction M(ω)|H .

Proof. First let r = 3 . If p = 0 , then L(ω) =M(ω) = ∆(ω) . It follows from (4) that

ch(ω|H) =
∑

(x1,x2)
c(x1, x2) ch(x1, x2), (5)

where (x1, x2) are some dominant weights of H , coe�cients c(x1, x2) ∈ N , and c(x1, x2) =
c(x2, x1) . If p > 0 , Formula (5) implies that

χ(ω|H) =
∑

(x1,x2)
c(x1, x2)χ(x1, x2). (6)

On the other hand,

ch(M(ω)) = χ(ω) +
∑
j

cjχ(λj), (7)

where λj are some dominant weights of the group G and cj ∈ Z . Restricting (7) to H and
using (6), we obtain

ch(M(ω)|H) =
∑

(x1,x2)
d(x1, x2)χ(x1, x2)

with d(x1, x2) ∈ Z and d(x1, x2) = d(x2, x1) . Observe that if L(y1, y2) is a composition factor of
∆(x1, x2) , then L(y2, y1) is a composition factor of ∆(x2, x1) with the same multiplicity. Taking
this into account, �nally we get formula

ch(M(ω)|H) =
∑

(x1,x2)
e(x1, x2) ch(x1, x2)

with e(x1, x2) ∈ N and e(x1, x2) = e(x2, x1) .
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Now suppose that r > 3 . Put Γ = G(1, 2, 3) ∼= A3(K) . Then

ch(M(ω)|Γ) =
∑

i
ki ch(µi)

with some dominant weights µi of Γ and coe�cients ki ∈ N . Since G(1, n) and G(1, 3) are
conjugate, one can assume that H = G(1, 3) . Restricting ch(µi) to H and using the result for
r = 3 , we get the assertion of the lemma.

Lemma 2. Let Γ = SL2(K) , a < 3p− 1 .

(i) If a ≤ p− 1 or i = 2p− 1 , then ch(a) = χ(a) .

(ii) If p ≤ a < 2p− 1 , then ch(a) = χ(a)− χ(2p− a− 2) .

(iii) If 2p ≤ a < 3p − 1 , then ch(a) = χ(a) − χ(4p − a − 2) + χ(a − 2p) for p > 2 and
ch(a) = χ(a)− χ(4p− a− 2) for p = 2 .

Proof. Items (i) and (ii) follow from [3, Lemma 3.4].

(iii) Assume that 2p ≤ a < 3p − 1 . First let p > 2 . Then, by the Steinberg tensor product
theorem [7, Theorem 41], L(a) ∼= L(a−2p)⊗L(2)p . Here L(2)p denotes the module obtained from
L(2) with the help of the �eld morphism of Γ associated with raising the elements of K to the
power p . The module L(2)p is the direct sum of one-dimensional weight spaces of weights

2p, 0,−2p

and L(a− 2p) is the direct sum of one-dimensional weight spaces of weights

a− 2p, a− 2p− 2, . . . ,−(a− 2p− 2),−(a− 2p).

Hence the tensor product L(a) is the direct sum of one-dimensional weight spaces of the following
weights

a, a− 2, . . . , 4p− a; a− 2p, a− 2p− 2, . . . ,−(a− 2p− 2),−(a− 2p);−(4p− a), . . . ,−(a− 2),−a.

By [2, Lemma 2.13(b)], we have L(a) = ∆(a)/M where M is a submodule. Hence M is a direct
sum of one-dimensional weight spaces with weights

4p− a− 2, 4p− a− 4, . . . , a− 2p+ 2;−(a− 2p+ 2), . . . ,−(4p− a− 4),−(4p− a− 2).

We have p ≤ 4p− a− 2 < 2p− 1 . By Item (ii) M ∼= L(4p− a− 2) = ∆(4p− a− 2)/L(a− 2p) .

Now let p = 2 . Then a = 4 and by [7, Theorem 41], L(4) ∼= L(1)4 . Therefore it is the direct
sum of one-dimensional weight spaces of the weights 4 and −4 . Hence ch(4) = χ(4)− χ(2) . This
concludes the proof.

Lemma 3. Let r ≥ 3 . Then Irr(M(ω)|H) ⊂ Irr(L(ω)C|HC) .

Proof. By [2, Lemma 2.13(b)], M(ω) = ∆(ω)/M , where M is some G -module. Therefore it
su�ces to prove that Irr(∆(ω)|H) ⊂ Irr(L(ω)C|HC) . By Theorem 3, Irr(L(ω)C|HC) ⊂ S(ω) . For
p > 0 this implies that

χ(ω|H) =
∑

(m1,m2)
c(m1,m2)χ(m1,m2),

where (m1,m2) ∈ S(ω) and c(m1,m2) ∈ N . We need to prove that

χ(m1,m2) =
∑

(x1,x2)
d(x1, x2) ch(x1, x2)
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with (x1, x2) ∈ S(ω) and d(x1, x2) ∈ N . Since (x1, x2) is a weight of ∆(m1,m2) , it is obvious
that (x1, x2) = (m1 − 2k1,m2 − 2k2) with k1 and k2 ∈ N . Therefore (x1, x2) ∈ S(ω) and the
lemma holds for r > 3 .

It remains to consider r = 3 . In this case it is clear that x1 + x2 ≡ m1 + m2(mod 2) ≡
a1 − a3(mod 2) .

We can assume that a1 ≥ a3 (otherwise consider the dual module). To prove that a1 − a3 ≤
x1 + x2 and −a1 − a3 ≤ x1 − x2 ≤ a1 + a3 �rst suppose that ω is p -restricted. Observe that this
inequalities apparently hold for p = 2 . Therefore let p > 2 . Theorem 3(i) implies that c(m1,m2) ̸=
0 i� (m1,m2) ∈ Irr(L(ω)C|HC) .

Since m1 and m2 ≤ 3p− 3 , it follows from Lemma 2 that

χ(m1,m2) = ch(m1,m2) + c1 ch(2p−m1 − 2,m2) + c2 ch(4p−m1 − 2,m2)+

+ c3 ch(m1, 2p−m2 − 2) + c4 ch(2p−m1 − 2, 2p−m2 − 2)+

+ c5 ch(4p−m1 − 2, 2p−m2 − 2) + c6 ch(m1, 4p−m2 − 2)+

+ c7 ch(2p−m1 − 2, 4p−m2 − 2) + c8 ch(4p−m1 − 2, 4p−m2 − 2)

with ci ∈ N .

1.) If (x1, x2) = (2p−m1−2,m2) , then Lemma 2 implies that c1 > 0 for p ≤ m1 < 2p−1 . We
have x1+x2 = 2p−2−m1+m2 ≥ 2p−2−a1−a3 ≥ a1−a3 since a1 ≤ p−1 , x1−x2 = 2p−2−m1−
m2 ≥ 2p−2−a1−2a2−a3 ≥ −a1−a3 since a2 ≤ p−1 , x1−x2 = x1−m2 ≤ m1−m2 ≤ a1+a3 .

2.) Now put (x1, x2) = (4p − m1 − 2,m2) . Then c2 > 0 if 2p ≤ m1 < 3p − 1 . We have
x1+x2 = 4p−2−m1+m2 ≥ 4p−2−a1−a3 ≥ a1−a3 since a1 ≤ p−1 , x1−x2 = 4p−2−m1−m2 ≥
4p− 2− a1 − 2a2 − a3 ≥ −a1 − a3 since a2 ≤ p− 1 , x1 − x2 = x1 −m2 ≤ m1 −m2 ≤ a1 + a3 .

3.) Suppose that (x1, x2) = (m1, 2p−m2 − 2) . Then c3 > 0 if p ≤ m2 < 2p− 1 . In this case
x1 + x2 = 2p− 2 +m1 −m2 ≥ 2p− 2− a1 − a3 ≥ a1 − a3 since a1 ≤ p− 1 , x1 − x2 = m1 − x2 ≥
m1−m2 ≥ −a1−a3 , x1−x2 = m1+m2−2p+2 ≤ a1+2a2+a3−2p+2 ≤ a1+a3 as a2 ≤ p−1 .

4.) Let (x1, x2) = (2p − m1 − 2, 2p − m2 − 2) . Then c4 > 0 if p ≤ m1 < 2p − 1 and
p ≤ m2 < 2p− 1 . We have x1 + x2 = 4p− 4−m1 −m2 ≥ 4p− 4− a1 − 2a2 − a3 ≥ a1 − a3 as a1
and a2 ≤ p− 1 . Since x1 − x2 = m2 −m1 , we get −a1 − a3 ≤ x1 − x2 ≤ a1 + a3 .

5.) Suppose that (x1, x2) = (4p−m1−2, 2p−m2−2) . The coe�cient c5 > 0 if 2p ≤ m1 < 3p−1
and p ≤ m2 < 2p − 1 . Then x1 + x2 = 6p − 4 −m1 −m2 ≥ 6p − 4 − a1 − 2a2 − a3 ≥ a1 − a3
because a1 and a2 ≤ p − 1 . We have x1 − x2 = 2p −m1 +m2 ≥ 2p − a1 − a3 ≥ −a1 − a3 and
x1 − x2 ≤ m1 − x2 = m1 +m2 − 2p+ 2 ≤ a1 + 2a2 + a3 − 2p+ 2 ≤ a1 + a3 since a2 ≤ p+ 1 .

6.) Put (x1, x2) = (m1, 4p −m2 − 2) . We have c6 > 0 if 2p ≤ m2 < 3p − 1 . Then x1 + x2 =
4p−2+m1−m2 ≥ 4p−2−a1−a3 ≥ a1−a3 since a1 ≤ p−1 , x1−x2 = m1−x2 ≥ m1−m2 ≥ −a1−a3 ,
and x1 − x2 = m1 +m2 − 4p+ 2 ≤ a1 + 2a2 + a3 − 4p+ 2 ≤ a1 + a3 as a2 ≤ p− 1 .

7.) Let (x1, x2) = (2p − m1 − 2, 4p − m2 − 2) . Then c7 > 0 if p ≤ m1 < 2p − 1 and
2p ≤ m2 < 3p− 1 . We have x1 + x2 = 6p− 4−m1 −m2 ≥ 6p− 4− a1 − 2a2 − a3 ≥ a1 − a3 since
a1 and a2 ≤ p− 1 , x1 − x2 ≥ x1 −m2 = 2p− 2−m1 −m2 ≥ 2p− 2− a1 − 2a2 − a3 ≥ −a1 − a3
since a2 ≤ p+ 1 , and x1 − x2 = −2p−m1 +m2 ≤ a1 + a3 − 2p ≤ a1 + a3 .

8.) Finally, let (x1, x2) = (4p −m1 − 2, 4p −m2 − 2) . Then c8 > 0 if 2p ≤ m1 < 3p − 1 and
2p ≤ m2 < 3p− 1 . We have x1 + x2 = 8p− 4−m1 −m2 ≥ 8p− 4− a1 − 2a2 − a3 ≥ a1 − a3 as a1
and a2 ≤ p− 1 . Since x1 − x2 = m2 −m1 , we obtain −a1 − a3 ≤ x1 − x2 ≤ a1 + a3 .

Hence for the p -restricted highest weight ω , (x1, x2) ∈ Irr(L(ω)C|HC) .

Now suppose that ω is not p -restricted. Then ω = ω0 + pω1 + . . . + pkωk , where all ωj =
aj1ω1+a

j
2ω2+a

j
3ω3 are p -restricted. Therefore ∆(ω) ⊂ ⊗k

j=0p
j∆(ωj) (here pj∆(ωj) means a tensor

product of pj copies of ∆(ωj) ). Hence ∆(ω)|H ⊂ ⊗k
j=0p

j∆(ωj)|H . For any factor (xj1, x
j
2) ∈

Irr(∆(ωj)|H) , aj1 − aj3 and aj3 − aj1 ≤ xj1 + xj2 and −aj1 − aj3 ≤ xj1 − xj2 ≤ aj1 + aj3 . Consequently,
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for (x1, x2) ∈ Irr(∆(ω)|H) , a1 − a3 and a3 − a1 ≤ x1 + x2 and −a1 − a3 ≤ x1 − x2 ≤ a1 + a3 as
well. The lemma is proved.

3. Auxiliary lemmas.

Lemma 4. Let r ≥ 3 , a1 < p , and ar < p . Then

T = {(x1, x2) ∈ N2 | x1, x2 ≤ m, x1 + x2 = m′} ⊂ Irr(M(ω)|H)

and for any weight from T there exists a primitive with respect to H vector of such weight.
Proof. First let r = 3 . We can suppose that H = G(1, 3) . The vector vd = v(2, 3, d) with

0 ≤ d ≤ a3 is primitive with respect to H , ω(vd) = ω − (a2 + d)α2 − dα3 , and ωH(vd) =
(a1 + a2 + d, a2 + a3 − d) . Similarly, ue = v(2, 1, e) with 0 ≤ e ≤ a1 is primitive with respect to
H , ω(ue) = ω − eα1 − (e+ a2)α2 , and ωH(ue) = (a1 + a2 − e, a2 + a3 + e) . Thus, for r = 3 the
lemma is proved.

If r > 3 , choose Γ = G(α1, α2 + . . .+ αr−1, αr) ∼= A3(K) . Then

M = KΓv+ =M(a1ω1 + (a2 + . . .+ ar−1)ω2 + arω3)

is a submodule of M(ω)|Γ and its highest weight satis�es the assertion of the lemma. Restricting
M to H , we get the required primitive vectors.

Lemma 5. Let r ≥ 4 and ai < p for i ∈ {1, r − 1, r} . Suppose that a1 ≥ ar . Then

S ⊂ Irr(M(ω)|H)

with

S = {(x1, x2) ∈ N2 | m− a1 − ar−1 − ar ≤ x1, x2 ≤ m, m′ − ar−1 − ar ≤ x1 + x2 ≤ m′}.

Proof. First assume that r = 4 . Set Γ1 = G(1, 2, 3) , λ1 = a1ω1 + a2ω2 + a3ω3 , and H =
G(1, 3) ⊂ Γ1 . Then M1 = KΓ1v

+ = M(λ1) is a submodule of the restriction M(ω)|Γ1 . By
Lemma 4, wj ∈M(λ1) , where wj is primitive with respect to H and

ωH(wj) = (a2 + j, a1 + a2 + a3 − j),

0 ≤ j ≤ a1 + a3 . Moreover, ωG(4)(wj) = a4 if ωG(3)(wj) ≥ a2 + a3 and ωG(4)(wj) = a4 + k if
ωG(3)(wj) = a2 + a3 − k , 0 ≤ k ≤ a3 . Denote ωG(4)(wj) by d .

By [6, Theorem A(i)] applied to the group G(3, 4) and the module KG(3, 4)v+ , ∆(a4 + k) =
KG(4)X−3,kv

+ for 0 ≤ k ≤ a3 . Hence the vectors w
′
j = X−4,awj with 0 ≤ a ≤ d are primitive

with respect to H in all cases and

ωH(w′
j) = (a2 + j, a1 + a2 + a3 − j + a).

Therefore

Irr(M(ω)|H) ⊃ S1 = {(x1, x2) ∈ N2 | a2 ≤ x1 ≤ a1 + a2,

a1 + 2a2 + a3 ≤ x1 + x2 ≤ a1 + 2a2 + a3 + a4}

and
Irr(M(ω)|H) ⊃ S2 = {(x1, x2) ∈ N2 | a+ 1 + a2 ≤ x1 ≤ a1 + a2 + a3,

x2 ≤ a2 + a3 + a4,

a1 + 2a2 + a3 ≤ x1 + x2}.
By Lemma 1,

Irr(M(ω)|H) ⊃ S3 = {(x1, x2) ∈ N2 | a2 ≤ x2 ≤ a1 + a2,

a1 + 2a2 + a3 ≤ x1 + x2 ≤ a1 + 2a2 + a3 + a4}
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and

Irr(M(ω)|H) ⊃ S4 = {(x1, x2) ∈ N2 | x1 ≤ a2 + a3 + a4,

a+ 1 + a2 ≤ x2 ≤ a1 + a2 + a3,

a1 + 2a2 + a3 ≤ x1 + x2 ≤ a1 + 2a2 + a3 + a4}.

Put
S′ = {(x1, x2) ∈ N2 | a2 ≤ x1, x2 ≤ a1 + a2 + a3 + a4,

a1 + 2a2 + a3 ≤ x1 + x2 ≤ a1 + 2a2 + a3 + a4}.

If a1 + a3 ≥ a4 , then S′ ⊂ S1 ∪ S2 ∪ S3 ∪ S4 ⊂ Irr(M(ω)|H) .

To �nd remaining factors one can suppose that H = G(1, 4) . Put G1 = G(1, 2) and v1 =
v(3, 1, d1) with 0 ≤ d1 ≤ a1 . The vector v1 is primitive with respect to G1 and

ωG1(v1) = (a1 + a2 − d1)ω1 + a3ω2.

For 0 ≤ s3 ≤ a3 and a subgroup G1 put w1 = X−2,s3v1 . The vector w1 is primitive with respect
to H and

ωH(w1) = (a1 + a2 − d1 + s3, d1 + a2 + a3 + a4).

Hence Irr(M(ω)|H) ⊃ T1 with

T1 = {(x1, x2) ∈ N2 | a2 + a3 + a4 ≤ x2 ≤ a1 + a2 + a3 + a4,

a1 + 2a2 + a3 + a4 ≤ x1 + x2 ≤ a1 + 2a2 + 2a3 + a4}.

It follows from Lemma 1 that Irr(M(ω)|H) ⊃ T2 with

T2 = {(x1, x2) ∈ N2 | a2 + a3 + a4 ≤ x1 ≤ a1 + a2 + a3 + a4,

a1 + 2a2 + a3 + a4 ≤ x1 + x2 ≤ a1 + 2a2 + 2a3 + a4}.

We get Irr(M(ω)|H) ⊃ T \ T ′ = T1 ∪ T2 with

T = {(x1, x2) ∈ N2 | a2 ≤ x1, x2 ≤ a1 + a2 + a3 + a4,

a1 + 2a2 + a3 + a4 ≤ x1 + x2 ≤ a1 + 2a2 + 2a3 + a4}

and
T ′ = {(x1, x2) ∈ N2 | x1, x2 ≤ a2 + a3 + a4,

a1 + 2a2 + a3 + a4 ≤ x1 + x2 ≤ a1 + 2a2 + 2a3 + a4}.

As a1 ≥ a4 , we get T
′ ⊂ S2 . Consequently, T ⊂ Irr(M(ω)|H) . Now, since S = S′ ∪T , we get the

required for r = 4 .

If r > 4 , take Γ = G(α1, α2 + . . .+ αr−2, αr−1, αr) ∼= A4(K) . Then

M = KΓv+ =M(a1ω1 + (a2 + . . .+ ar−2)ω2 + ar−1ω3 + arω4)

is a submodule of M(ω)|Γ and its highest weight satis�es the assertion of the lemma. Restricting
M to H , we obtain the required factors.

For an algebraic group Γ and a Γ -module M put m(λ) = dimMλ .

Lemma 6. Let Γ = A2(K) , µ = b1ω1 + b2ω2 be a dominant weight of Γ , and b1 < p . Then
there exist primitive with respect to Γ(1) vectors v(k1, k2) ∈ ∆(µ) , 0 ≤ k1 ≤ b1 , 0 ≤ k2 ≤ b2 ,
with weights ω(v(k1, k2)) = µ− k1α1 − (k1 + k2)α2 .
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Proof. For any weight λ of Γ , m(λ) = dimL(µ)λC since the characters of modules ∆(µ) and
L(µ)C coincide. It follows from [1, Ch. VIII, �7, Proposition 10] that

X(L(µ)C) = b1X(L(ω1)C) + b2X(L(ω2)C)

(the sum of b1 copies of X(L(ω1)C) and b2 copies of X(L(ω2)C ). By [1, Ch. VIII, �13.1],

X(L(ω1)C) = {ω1, ω1 − α1, ω1 − α1 − α2}

and
X(L(ω2)C) = {ω2, ω2 − α2, ω2 − α1 − α2}.

Hence

X(∆(µ)) = X(L(µ)C) = {µ− r1ω1 − r2ω2 | 0 ≤ r1, r2 ≤ b1 + b2, −b1 ≤ r2 − r1 ≤ b2}.

Applying the formula for weight multiplicities [1, Ch. VIII, �9.3], we get that for λ ∈ X(∆(µ))

m(λ) = m(λ+ α1) +m(λ+ α2)−m(λ+ 2α1 + α2)−m(λ+ α1 + 2α2) +m(λ+ 2α1 + 2α2).

One can easily deduce that

m(λ) =



min(r1, r2) + 1 if 0 ≤ r1 ≤ b1, 0 ≤ r2 ≤ b2,

min(r1, r2)−min(r1 − b1 − 1, r2) if r1 > b1, 0 ≤ r2 ≤ b2, r1 − r2 ≤ b1,

min(r1, r2)−min(r1, r2 − b2 − 1) if 0 ≤ r1 ≤ b1, r2 > b2, r2 − r1 ≤ b2,

min(r1, r2)−min(r1 − b1 − 1, r2)−
−min(r1, r2 − b2 − 1)− 1 if b1 < r1 ≤ b1 + b2, b2 < r2 ≤ b1 + b2.

The latter formula yields that m(λ) = m(λ+α1)+1 if and only if 0 ≤ r1 ≤ b1 and 0 ≤ r2−r1 ≤ b2 .
Hence weights of the form µ − k1α1 − (k1 + k2)α2 ∈ X(∆(µ)) for 0 ≤ k1 ≤ b1 , 0 ≤ k2 ≤ b2 and
there exist weight vectors v(k1, k2) ∈ ∆(µ) with these weights such that X1v(k1, k2) = 0 . Using
formula from [7, �3] for x1(t) and the fact that b1 < p , we get that v(k1, k2) are primitive with
respect to Γ(1) .

Lemma 7. Let µ = m1ω1 + . . .+mnωn be a p -restricted dominant weight of An(K) , n ≥ 3 ,
and S ⊂ An(K) be a subsystem subgroup of type A1 . Then M(µ) contains primitive with respect
to S vectors with weights i , 0 ≤ i ≤ m1 +m2 + . . .+mn .

Proof. Put S = G(n) and v = v(n− 1, k, dk) with 1 ≤ k ≤ n− 1 , 0 ≤ dk ≤ mk . Then

ωS(v) = dk +mk+1 + . . .+mn.

Therefore it remains to get primitive vectors with weights dn , where 0 ≤ dn < mn .
If mn−1 +mn ≤ p − 2 , or mn−1 = p − 1 , or mn = p − 1 , then by [3, Lemma 3.1], KG(n −

1, n)v+ = L(mn−1ω1+mnω2) = ∆(mn−1ω1+mnω2) . Lemma 6 implies that in this module one can
�nd primitive with respect to G(n) vectors v(dn) ∈M(µ)µ−dn(αn−1+αn) with weights mn − dn .

Let m1 + . . . + mn−2 + mn−1 ≥ p − 1 . Put w = v(n − 2, j, d) with 1 ≤ j ≤ n − 2 and
d + mj+1 + . . . + mn−1 = p − 1 . By [3, Lemma 3.1], KG(n − 1, n)w = L((p − 1)ω1 + mnω2) =
∆((p − 1)ω1 +mnω2) . As above Lemma 6 implies that in such module there exist primitive with
respect to G(n) vectors with weight mn − dn .

Finally suppose that m1 + . . .+mn−2 +mn−1 < p− 1 , mn < p− 1 , and mn−1 +mn ≥ p− 1 .
Choose 1 ≤ b ≤ mn−1 such that b + mn = p − 1 and put u = v(n − 2, n − 1, b) . Then u is
primitive with respect to G(n− 1, n) and KG(n− 1, n)u = L((mn−2+mn−1− b)ω1+(p− 1)ω2) =
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∆((mn−2 +mn−1 − b)ω1 + (p− 1)ω2) as above. Applying Lemma 6, we get primitive with respect
to G(n) vectors with required weights. The lemma is proved.

Lemma 8. Let r ≥ 5 and let ai < p for 2 ≤ i ≤ r − 1 . Then

R ∪R′ ⊂ Irr(M(ω)|H),

where
R = {(x1, x2) ∈ N2 | x1 = m, x2 ≤ m′ −m},
R′ = {(x1, x2) ∈ N2 | x1 ≤ m′ −m, x2 = m},

and for any weight from R ∪R′ there exists a primitive with respect to H vector of such weight.
Proof. We can assume that H = G(1) × G(n) . Take a vector v = v(2, r, ar) . It is primitive

with respect to G1 = G(1) × G(3, . . . , r) and its weight with respect to this subgroup equals
(m, a2ω1 + a3ω2 + . . .+ ar−1ωr−2) . Applying Lemma 7 to the group G(3, . . . , r) and µ = a2ω1 +
a3ω2 + . . .+ ar−1ωr−2 , we get primitive vectors for all weights from R .

Similarly, one can get primitive vectors with weights from R′ .
Lemma 9. Let r = 4 and let a2 , a3 < p . Then

R1 ∪R′
1 ⊂ Irr(M(ω)|H),

where
R1 = {(x1, x2) ∈ N2 | x1 = m, min(a2, a3) ≤ x2 ≤ a2 + a3},
R′

1 = {(x1, x2) ∈ N2 | min(a2, a3) ≤ x1 ≤ a2 + a3, x2 = m},

and for any weight from R ∪R′ there exists a primitive with respect to H vector of such weight.
Proof. The arguments are similar to the same of Lemma 8.
First assume that H = G(1)×G(4) and take a vector v = v(2, 4, a4) . It is primitive with respect

to G1 = G(1)×G(3, 4) and its weight with respect to this subgroup equals (m, a2ω1+a3ω2) . Now
for 0 ≤ d ≤ a2 put wd = X−3,dv . Such vectors are primitive with respect to H as well, and
ωH(wd) = (m, a3 + d) . If we assume that H = G(1)×G(3) and for 0 ≤ c ≤ a3 put uc = X−4,dv ,
then ωH(uc) = (m, a2 + c) . Hence R1 ⊂ Irr(M(ω)|H) . Similarly, R′

1 ⊂ Irr(M(ω)|H) .
4. Proof of the main theorem.

Lemma 10. Let r ≥ 5 and ω be p -restricted. Suppose that a1 ≥ ar . Then

S(ω) \M ⊂ Irr(M(ω)|H),

where
M = {(x1, x2) ∈ N2 | x1, x2 < m− ar, x1 + x2 < m′ − ar−1 − ar}.

Proof. Set Γ = G(1, 2, . . . , r−1) , λ = a1ω1+a2ω2+. . .+ar−1ωr−1 , and H = G(1)×G(r−1) ⊂
Γ . Then L = KΓ1v

+ =M(λ) is a submodule of the restriction M(ω)|Γ .
1) First suppose that r ≥ 6 . By Lemma 8, wj ∈ M(λ) , where wj are primitive with respect

to H and
ωH(wj) = (j,m− ar),

0 ≤ j ≤ a2 + . . . + ar−2 . It follows from the proof of Lemma 8 that one can choose wj so that
ωG(r)(wj) = ar . Hence the vectors w

′
j = X−r,awj with 0 ≤ a ≤ ar are nonzero and primitive with

respect to H and
ωH(w′

j) = (j,m− ar + a).

Therefore
Irr(M(ω)|H) ⊃M1 = {(x1, x2) ∈ N2 | x1 ≤ m− a1 − ar−1 − ar,

m− ar ≤ x2 ≤ m}.
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By Lemma 1 we obtain that

Irr(M(ω)|H) ⊃M2 = {(x1, x2) ∈ N2 | m− ar ≤ x1 ≤ m,

x2 ≤ m− a1 − ar−1 − ar}.

Now, applying Lemma 5, we deduce that M1 ∪M2 ∪ S = S(ω) \M ⊂ Irr(M(ω)|H) .
2) Let r = 5 . Put Γ′ = G(1)×G(3, 4, 5) and vd = v(2, 5, d) with 0 ≤ d ≤ a5 . Then

ωΓ′(vd) = (a1 + a2 + a3 + a4 + d, a2ω1 + a3ω2 + (a4 + a5 − d)ω3).

If a4 + a5 − d < p , then, applying Theorem 1.2 from [3], we get

ωH(vd) = (a1 + a2 + a3 + a4 + d, k)

with 0 ≤ k ≤ a2 + a3 + a4 + a5 − d . For a4 + a5 − d ≥ p using Theorems 1.2 and 1.3 from [3], we
obtain the same weights with 0 ≤ k ≤ a2+a3+a4+a5−d−p . Since a2+a3+a4+a5−d ≥ a2+a3
and a2+a3+a4+a5−d−p ≥ a2+a3 , in both cases we get Irr(M(ω)|H) ⊃M2 . Lemma 1 implies
that Irr(M(ω)|H) ⊃M1 . As in Item 1, one can get from Lemma 5 that M1∪M2∪S = S(ω)\M ⊂
Irr(M(ω)|H) .

Now recall a series of subgroups G = Pr ⊃ Pr−1 ⊃ . . . ⊃ P5 ⊃ P4 ⊃ P3 from Introduction. We
have P5 = G(i, i+1, i+2, i+3, i+4) ∼= A5(K) for some 1 ≤ i ≤ r−4 , P4 = G(j, j+1, j+2, j+2)
with j = i or i+ 1 , and P3 = G(k, k + 1, k + 2) with k = j or j + 1 . Fix such i, j, k .

Lemma 11.

(i) Let r = 5 , ω be p -restricted and k = 1 or 3 . Then

S(ω) \M ′ ⊂ Irr(M(ω)|H),

where

M ′ = {(x1, x2) ∈ N2 | x1, x2 < ak + ak+1 + ak+2, x1 + x2 < ak + 2ak+1 + ak+2}.

(ii) Let r = 6 , ω be p -restricted and k = j + 1 . Then

S(ω) \M ′ ⊂ Irr(M(ω)|H).

Proof. (i) We can assume that a1 ≥ a5 and j = 1 . This implies k = 1 and a1 ≥ a4 . By
Lemma 10, S(ω) \M ⊂ Irr(M(ω)|H) , where

M = {(x1, x2) ∈ N2 | x1, x2 < a1 + a2 + a3 + a4,

x1 + x2 < a1 + 2a2 + 2a3 + a4}.

Using Lemma 5 for r = 4 , we get N ′ ⊂ Irr(M(ω)|H) with

N ′ = {(x1, x2) ∈ N2 | ak+1 ≤ x1, x2 < a1 + a2 + a3 + a4,

ak + 2ak+1 + ak+2 ≤ x1 + x2 < a1 + 2a2 + 2a3 + a4}.

Put Γ = G(1)×G(3, 4, 5) , H = G(1)×G(4) ⊂ Γ , and vd = v(2, 4, d) with 0 ≤ d ≤ a4 . Then

ωΓ(vd) = (a1 + a2 + a3 + d, a2ω1 + (a3 + a4 − d)ω2 + (a5 + d)ω3).

If a3 + a4 − d < p and a5 + d < p , then, applying Theorem 1.2 from [3], we get

ωH(vd) = (a1 + a2 + a3 + d, k)
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with 0 ≤ k ≤ a2+a3+a4+a5 . For a3+a4−d ≥ p and a5+d < p or a3+a4−d < p and a5+d ≥ p
using Theorems 1.2 and 1.3 from [3], we obtain the same weights with 0 ≤ k ≤ a2+a3+a4+a5−p .
For a3+ a4− d ≥ p and a5+ d ≥ p the same theorems imply that 0 ≤ k ≤ a2+ a3+ a4+ a5− 2p .
In all cases 0 ≤ k ≤ a2 are present. Hence

Irr(M(ω)|H) ⊃M1 = {(x1, x2) ∈ N2 | a1 + a2 + a3 ≤ x1 ≤ a1 + a2 + a3 + a4,

x2 ≤ a2}.

Lemma 1 implies that

Irr(M(ω)|H) ⊃M2 = {(x1, x2) ∈ N2 | x1 ≤ a2,

a1 + a2 + a3 ≤ x2 ≤ a1 + a2 + a3 + a4}.

Now M ∪N ′ ∪M1 ∪M2 = S(ω) \M ′ ⊂ Irr(M(ω)|H) .
(ii) Here we can suppose that a1 ≥ a6 . If j = 2 , then k = 3 and the assertion follows from

Item (i) and Lemma 10. Hence it su�ces to consider the case j = 1 and k = 2 . By Lemma 10 for
r = 6 and 5 , S(ω) \M ⊂ Irr(M(ω)|H) and by Lemma 5 for r = 4 , N ′ ⊂ Irr(M(ω)|H) .

Put Γ′ = G(2)×G(4, 5, 6) , H = G(2)×G(5) ⊂ Γ′ , and ub = X−1,bv(3, 4, a4) with 0 ≤ b ≤ a1 .
Then

ωΓ′(ub) = (b+ a2 + a3 + a4, a3ω1 + (a4 + a5)ω2 + a6ω3).

If a4 + a5 < p , then by [3, Theorem 1.2]

ωH(ub) = (b+ a2 + a3 + a4, k)

with 0 ≤ k ≤ a3 + a4 + a5 + a6 . For a4 + a5 ≥ p , using Theorems 1.2 and 1.3 from [3], we obtain
the same weights with 0 ≤ k ≤ a3 + a4 + a5 + a6 − p . In both cases 0 ≤ k ≤ a3 are present. Hence

Irr(M(ω)|H) ⊃ N1 = {(x1, x2) ∈ N2 | a2 + a3 + a4 ≤ x1 ≤ a1 + a2 + a3 + a4,

x2 ≤ a3}.

Lemma 1 implies that

Irr(M(ω)|H) ⊃ N2 = {(x1, x2) ∈ N2 | x1 ≤ a3,

a2 + a3 + a4 ≤ x2 ≤ a1 + a2 + a3 + a4}.

Now M ∪N ′ ∪N1 ∪N2 = S(ω) \M ′ ⊂ Irr(M(ω)|H) .
Proof of Theorem 2. The assertion follows from Lemmas 10 and 11.
The condition that ω is p -restricted is essential in the proof of Theorem 2.
Lemma 12. Let r ≥ 3 and ω = λ0 + pλ1 + . . . + pkλk , where all λs = a1,sω1 + . . . + ar,sωr

are p -restricted. Then (x1, x2) with x1 + x2 = m′ lies in Irr(L(ω)|H) if and only if (x1, x2) =
(m′−m+ i,m− i) and i can be represented in a form i = i0+ i1p+ . . .+ ikp

k , 0 ≤ is ≤ a1,s+ar,s .
Proof. By the Steinberg tensor product theorem [7, Theorem 41], L(ω) = L(λ0)⊗L(λ1)p⊗. . .⊗

L(λk)
pk . Here L(λs)

ps denotes the module obtained from L(λs) with the help of the �eld morphism
of G associated with raising the elements of K to the power ps . It follows from Lemmas 3 and 4
that (x1,s, x2,s) with x1,s + x2,s = a1,s +2a2,s + . . .+2ar−1,s + ar,s lies in Irr(L(λs)|H if and only
if (x1,s, x2,s) = (a2,s+ . . .+ar−1,s+ is, a1,s+ . . .+ar,s− is) ∈ Irr(L(λs)|H with 0 ≤ is ≤ a1,s+ar,s .

Observe that for small r the composition factors of L(ω)|H may not coincide with characteristic 0.
Example. Let r ≥ 3 and ω = pω1 . Observe that for r = 3 it follows from Lemmas 3 and 4 that

Irr(L(ω1)|H) = {(1, 0), (0, 1)} . If r > 3 , then (0, 0) ∈ Irr(L(ω1)|H) since ωG(2)×G(4)(v
+) = (0, 0) .

Now Lemmas 3 and 4 imply that

Irr(L(ω1)|H) = {(0, 0), (1, 0), (0, 1)}

187



in this case. By the Steinberg tensor product theorem, L(ω) = L(0) ⊗ L(ω1)
p . Restricting this

module to H , we obtain that for r = 3

Irr(L(pω1)|H) = {(p, 0), (0, p)}

and for r > 3
Irr(L(pω1)|H) = {(0, 0), (p, 0), (0, p)}.
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A. A. Osinovskaya

The restrictions of representations of special linear groups to subsystem

subgroups of type A1 ×A1

Summary

The restrictions of irreducible representations of the special linear group over an algebraically closed �eld

of positive characteristic p to subsystem subgroups of type A1 ×A1 are studied. The symmetry of the set

of highest weights of composition factors is proven. The "big" composition factors of such restrictions for

the arbitrary p -restricted representations are found. These results will be used for the complete description

of such restrictions.
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