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1. Introduction

A map ®: [0,1]° — [0,1]® is called uniform distribution preserving (u.d.p.) map if for every
uniformly distributed (u.d.) sequence x,, n = 1,2,..., the image ®(x,) is again u.d. Let H be
a Hilbert space of real functions f(x), x € [0,1)®, with a reproducing kernel K(x,y), and let
Xg,-.-yXN-1 € [0,1)® be an N-terms sequence. In the quasi-Monte Carlo (QMC) integration the
following mean square worst-case error

1 Nl 2
/ sup ‘ Z f(x, ® o) —/ fx)dx| do (1)
[0,1]s feH n—0 [0,1]®

FlI<1

is studied for digital shift x ® o.! This quantity is the mean value of the L? discrepancy in QMC
integration in a Hilbert space, see Section 5. For some u.d.p. ®(x) the following mean square

worst-case error

N-1 2

1
“ - [} Xn — x dX d 9
/[0’1]5 5%1‘]\[ n; fee s e) /[0,115 flx) 7 (2)

is less than (1). For example, Cristea, Dick, Leobacher and Pillichshammer [1] consider a Sobolev
space of functions for which the second partial derivatives are square integrable, van der Corput
sequence T, n = 0,1,...,N — 1, with base b = 2 and N = 2” and the u.d.p. map? ®q(z) =
1 — |22 — 1|. They found (1) as O(1/N?) and (2) as O(1/N%).3 A similar result for z,, = n/N and
Zn + omod 1 instead of x,, ® o has previously been shown by Hickernell [2]. The aim of this work
is to analyze a role of ®¢(x) = 1 — |2z — 1| in this improvement O(1/N*). Generally, we study an
influence of u.d.p. maps ®(x) on the mean square worst-case error (2). Applying the method of
Fourier—-Walsh expansion? we express® the mean square worst-case error (2) in the form

R | N1 2
Z Kq(k, k)’N Z waly (x,,)]| , (3)
keNg n=0
k+£0

Supported by APVV Project SK-BG-0019-08.
1This is also u.d.p. map.
2Tt called the tent or baker’s transformation.
3Precisely, for any € > 0 there exists a digital net zo,...,zx_1 such that (1) is O(1/N27¢), and a digital net
such that (2) is O(1/N*~¢).
4The idea of using Walsh functions stems from Larcher [3].
5Partially known formula, see [1; Theorem 4].
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where K (k, k) are Fourier-Walsh coefficients of K (®(x), ®(y)). Here K (x,y), ®(x) and x¢, X1, . . .,
xn_1 are arbitrary. Thus, in (3) the role of kernel, u.d.p. map and sequence are separated. In
Section 3 we apply (3) to the ®(x) = x, ®(x) = b*xmod 1 and to a generalized tent function
®(x). In Section 4.1, for dimension s = 1, for kernel K(z,y) = 1 — max(x,y) and for the van der
Corput sequence xg, x1, . ..,TN—_1, we give explicit formulas of the mean square worst-case errors.
Theorem 8 shows that the best result is attained for shift 2 @ o. In Section 4.2% for a Sobolev space
with reproducing kernel

2 2
K (.y) = 1+ B (x) Bi(y) + - Ba(w)Ba(y) — - Balla — y))
we see that the rate O(1/N*) of mean square worst-case error for the tent u.d.p. map ®¢(z) is
not only given by special properties of ®y(x), but it is also a consequence of a selection of exactly
N = 27 initial terms of the van der Corput sequence. Finally, in Theorem 10, for N = 27 + 1 we
obtain the mean square worst-case error only O(1/N?).
Note that in all parts of this paper we carefully compute mean square worst-case errors exactly.

2. Basic objects

2.1. Notations. In this paper we use the following notations:

e s is a dimension of the unit cube [0, 1)%;

o x=(x1,T2,...,%5), Yy = (Yy1,Y2, - -, Ys), and o = (01,09, ...,05) are vectors in [0, 1)%;

o k= (ki,ka,...,ks) is a vector with nonnegative integer coordinates;

e b =(by,by,...,bs) is a vector with positive integer coordinates; we call it a vector of bases;

e b®xmodl = (b{"z1,...,b%zs)mod1l, where o = (a,...,qs) has nonnegative integers
coordinates;

e b* | k is equivalent to b5 | k; for i = 1,2,...,s;

o k/b™ = (ki /b7, ... ks/b%);

o v =x0/b+ x1/b?+ --- is a b-adic representation of x € [0, 1);

e oc=09/b+o1/b>+ -

o k=ko+kib+ kob®+ -+ k,b" is a b-adic expression of the integer k, ky, £ 0;

o waly(z) = e@mi/O)(kozotkizit+knen) j5 the k-th Walsh function walg: [0,1] — C in the

base b;

o walk(x) = []7_; waly, (z;);
e x® o= (x9+ a9 (modb))/b+ (z1 + o1 (modb))/b? + -+ ;
° X@U:(Jfl @0'171'2@0'27-“,1'5@05);
e x+omodl = {1+ o01},{za+02},...,{xs + 0s}), where {z} is the fractional part of z;
® X0,X1,...,Xy—1 I8 an N-terms sequence in [0, 1]%;
o No=1{0,1,2,...};
o if k=Fko+kib+ -+ kyb" then
—k=—koy—kib— - —kpb", ok = ki + Kb+ + k0",
where ko + k) = k1 + k) =--- =k, + &k, = 0(modd).

2.2. Hilbert space with reproducing kernel K(x,y). The basic properties of Hilbert
spaces can be found in monographs [4] and [5]. In this paper we consider the following two Hilbert
spaces:

1
H = {f: [0,1] — R, f absolutely continuous, f(1) =0, / (f'(x))? dz exists}
0

6Using a Fourier—Walsh expansion of the kernel K (®g(z), ®o(y)) in [1; p. 447].
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[5; pp. 30-31] with scalar product f(z fo x) dx and reproducing kernel K(z,y) =
1 — max(x,y);

1
H, = {f: [0,1] — R, f absolutely continuous, / (f" (2))? da exists}
0

[1] with scalar product

! ! 1 1 ! 1 1
- / f(x) da / o) do + = (F(1) = FO)(g(1) = 9(0) + 75 / (@) () da

and reproducing kernel

K(e,9) = 1+ 7B ()Biy) + 1 Bo(@)Baly) ~ L Billz — ).

where B,, is the n-th Bernoulli polynomial” and v € [0,1] is the weight. This H, is called the
weighted Sobolev space of the order a = 2.

2.3. Uniform distribution preserving map ®: [0,1]° — [0, 1]°. Map ®: [0,1]° — [0, 1]®
is called uniform distribution preserving (u.d.p.) map if for every uniformly distributed (u.d.)
sequence x,, n = 1,2, ..., the image ®(x,) is again u.d. For one-dimensional case basic properties
of u.d.p. maps can be found in [6; 2.1, (VII)] and [7; 2.5.1].

For example, if ®(x), ¥(z) are u.d.p. transformations and « is a real number, then ¥(®(z)),
1—®(z), ®(x) + amod1 are also u.d.p. Also, as we mentioned in the Introduction,

Bo(z)=1-[22—1], xe0,1], (4)

is u.d.p. map called tent map or baker’s map, see [2].
Examples of multi-dimensional u.d.p. functions:

(i) (x) =x®a;

(i) ®(x) = (P1(x1),...,Ps(xs)), where @, (z) are one-dimensional u.d.p. map;

(iii) ®(x) = baxmodl = (0 x1,..., 0% xs) mod 1;

(iv) ®(x) =x+omod1l = (x; +01, .., &5+ 0s)mod 1;

(v) ®(x) = (Ax)T mod 1, where A is an s x s nonsingular integer matrix, cf. Steinerberger [8;
Theorem 2];

(vi) ®(x) = m(x), where 7(x) = (Zx(1), .-, Tr(n)) is @ permutation.

The main criterion of u.d.p. map directly follows from Weyl’s limit relation (see [7; pp. 1-62]).

THEOREM 1. A map ®(x) is u.d.p. if and only if ®(x) is Riemann integrable and for every
Riemann integrable f: [0,1]° — R we have

/H F(®(x)) dx = /H £(x) dx. (5)

3. General results

3.1. The mean square worst-case error and u.d.p. maps ¥(x,0). By the Sloan and
Wozniakowski [9] formula the square worst-case quasi-Monte Carlo error can be expressed as

| N1 2
sup |— f(xn —/ f(x)dx
sup anzo (xn) o (%)
lfl<1
N—1 | Nl
K(x y)dxdy—* K(xp,y)dy + K(xm,%p).  (6)
/[01]é [0,1]° Z [0,1] NZ Z

n,m=0

"Bernoulli polynomials: Bi(z) =z — 1/2, Ba(z) =22 —z +1/6, Ba(z) = 2* — 223 + 22 - 1/30, ... .
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Replacing the sequence xg,...,xy_1 in (6) by ¥(x¢,0),...,¥(xNy_1,0), where ¥(x, o) is a u.d.p.
map with respect to both x and o, and integrating (6) by o the mean square worst-case error can
be expressed as

N-1 2
[ s |y X o) - [ x| do
o1 fer | N = 0,1)¢
llFl<1
| N2
—3i [ KWeno) Weeo)do— [ K(xy)dxdy. (7)
N n’m_o [071]5 [0’1]25
This follows from
N-1
2
N > / K(¥(xp,0),y)dy do = 2/ K(x,y)dxdy, (8)
n—o “[0,1]¢ J[0,1]® [0,1]2s
which holds for every u.d.p. map ¥(x, o) and arbitrary xg,...,xy—1 in [0, 1)*, where we apply the

u.d.p. characteristic integral equation (5).

3.2. The mean square worst-case error expressed by Fourier—Walsh coefficients. For
u.d.p. function of the type x@o we compute (7) analogously as in [2] using Fourier-Walsh expansion
of the kernel K(x,y), see [5; Theorem 12.4]:3

K(x,y) = Z [A((k, k' )waly (x) waly: (y),

k,k/ENg
where
K(k,X) = / K(x,y) waly (x)wal (y) dx dy. (9)
[0’1]25
THEOREM 2. For every sequence Xo, ...,Xn—1 in the unit cube [0,1)° and an arbitrary kernel

K(x,y) with Fourier—Walsh expansion (9)° we have

N-1 2 N-1 2
1 ~ 1
/ sup ’N fxn®o)— / f(x)dx| do = K(k, k)‘N walk(x,)| ,  (10)
o JERI & o &

k£0

where

K(k,k) = / K(x,y) walk(x)walk(y) dx dy.
[0,1]25

Proof. Using the following elementary properties of Walsh functions
walk (x @ o) = walk(x) walk (o),
Walk@k/ (X) = Walk(x) Walk/ (X),
—_— if k £k’
/ waly (o) waly (o) do = 0 1 7 )
[0,1]® 1 ifk=k 5

81n the literature (see [5; p. 364]) it is preferably used opposite

K(x,y) = Z K (k, K )waly (x)wal (y)-
k,k/ENg

9 Assuming that the convergence rate of (9) admits integration by terms.
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we express

/ Kx®o,ydo)do
[0,1]*

Z Kk K) / walk (x ® o) waly (y ® o) do

Kk, k/ENS [0,1]°
_ 0 ifk#£K,
=2 K<k7k’>{ 7 (11)
Kk eNg walk (x) walk(y) if k=K'

Thus in (7) we have

K(x;, ®o,x, ®o)do = Z I?(k, k)waly (X, ) waly (x,,)
[0,1)° keN;

and K 0,0) f[o 12 K(x,y)dxdy, and the result (10) follows.

In the following theorem we extend [1; Theorem 4] or [5; Theorem 12.7], which was proved for
Sobolev weighted spaces.

THEOREM 3. For every sequence Xg,...,Xny—1 in the unit cube [0,1)° and every u.d.p. map
®(x) and an arbitrary kernel K(x,y) with Fourier—-Walsh expansion (9) we have

N-1 2 N-1 2
1 ~ 1
[ sy S oo [ | do= 3 Rik| g Y walx)| . (12
(0.1]c feH n— [0,1]° keNg n=0
Irli<t kA0
where

Ki(k k) = / K(®(x), (y)) waly (x)wali (y) dx dy.
[0,1)25
Proof. We express K(®(x),®(y)) to the Fourier-Walsh series

K(@(x),®(y) = > K (k, K )waly (x) wali (),
kk/'€Ng
where

Rk, K) = /[ 1, KOO0, 903wl (o v ) ey

and as in (11) we express'®

K(0(x& 0),d(y & o)) do
[0,1]*

= Z I?l(k, k') / walk(x @ o) waly (y ® o) do = Z K, (k, k)waly (x) wal (y)
k,k/€EN [0,1]¢ keNg

and then by (7) now we find (12).

10 Tn [1] or [5; Theorem 12.7] the authors use a new kernel
Kxy) = [ K@xee), oy 0)do
[0,1]*

We have I/(\*(k, k) = 1?1(k7 k) and thus Theorem 3 is a consequence of Theorem 2.
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3.3. U.d.p. map ®(x @ o), where ®(x) = b*xmod 1. Here x @ o and wali(x) are in the
same base b.

THEOREM 4. For ®(x) = b*xmod 1 and for a kernel K(x,y) of the type

S
x,y) = [ K;(x5,5)
j=1

and for an arbitrary sequence Xg,X1,...,Xny—1 in [0,1)° we have

/[01] S“P‘]if%:lf(@(xn@a))—/ f(x)dx2da

1)s fEH - [0,1]*
ifl<t =0

X AR e

keNg
k#0, b* |k

> Kk, k)‘ Z waly (P(x,,))

keNg
k#£0

2

2

where

K(k k) = / K(x,y) wal(x)waly (y) dx dy.
(0,1]
Proof. We use Theorem 3. For this we need to compute Fourier—Walsh series

K@), 0(y) = 3 Rk K)wal(x) wale (y),
kk’'€Ng

what follows from the one-dimensional Fourier—Walsh series for the kernel

K(®(z),0(y) = Y Ki(k,k)walg(z) walp (y),
k,k’€Np

where u.d.p. ®(z) = b’z mod 1. For coefficient K (k, k') we have
1
Rik) = [ [ K(®(), 0()) waly (0wl () dw dy
o Jo

k / 1 ) .
K(bi , :Z) = / / K (z,y) waly i (x)waly i (y) drdy  if b° | k and b* | K/,
= o Jo

0 if b {k or b' K.

(15)

Proof of (15). We have
11
/ / K(®(z), ®(y)) walg(x)waly (y) dz dy
0

bl ! bl Loplatny/ot (3160 ‘
/ / K{'z — a,b'y — ) walg (z)waly (y) de dy
a— 0 g—0 /b B/bt
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and by substitutions b’z — a = u, b’z — 3 = v we find

bi—1b'—1

1,1 T /L AN
1
ZZ/ / K(u,v)5; waly uta waly/ ﬂ du dv.
— 0 0 bz bz bz
a=0 =0
For « (7)) a7 (673}
—_— — —_— DRI =
b b +b2 + + b
u:%+%+~--, ko= ko + kib+ -+ kbt
we have U+« o « o U U
% M % Yo L
b b +b2 + + pi +bi+1+bi+2+ ’

which for Walsh function walg(x) in base b gives

waly, <u + a) = (@mi/b)(koaot - +hi—1ai—1tkiuotthn-1un—1-i)

— 6(27”;/[7)(k0a0+"‘+k1‘,—10¢i—1) Wal[k/bL] (u)7

where [k/b?] is the integer part of k/b’. Thus

R S _
1

Z Z/ / K(u,v) 5 waly, <W>Walk/<v+ﬁ> du dv
= 0 0 b2t bt bt

1 bi—1 bi—1

_ = Z e(27’l’i/b)(k0a0+“'+k'i—1ai—1) Z e—(27Ti/b)(k650+"‘+k£,157:—1)
bQi
a=0 B=0

1,1
X / / K(u, ’U) Wal[k/bz] (u)wal[k,/bq (U) dudv.
0 Jo

Since
bi-1 b—1 b—1
Z e(2ﬂ'i/b)(koao-i-w-i-ki,lai,l) _ ( Z e(2‘n’i/b)k0a0> L ( Z e(ZTri/b)kila,i1> (16)
a=0 ap=0 a;—1=0
and the right hand side of (16) is non-zero if and only if b | ko, ..., b | k;—1, which implies
ko =+ = k;—1 = 0, and this is equivalent b° | k, which gives (15).

Now, using (15), assumption K(x,y) = H;zl K;(xj,y;) and that u.d.p. map has the form

®(x) = (P1(z1),...,Ps(xs)), then for Fourier—Walsh coefficients K (k, k') of K(®(x),®(y)) we
have

Ki(k, k) = / K(®(x), ®(y)) walk (x)wal (y) dx dy

[0,1]2
SN s Ty ~(k ¥

= HKLj(xjayj) = HKJ(baJ,bofj> = K(b“’b“) (17)
j=1 j=1 J J

if b* | k and b* | K'. Others K (k,k’) = 0. This implies

—~ k kK \—
K@), 0(x)= 3 K(M,M)Walkmwalk(y).
k,k’eNg
b |k, b™ Kk’

Then by (12) from (17) follows (13).
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The expression (14) directly follows from that b® | k implies

waly (x) = waly /pe (b*xmod 1). (18)

Proof of (18). Assume that for s =1

k=ko+kib+-+kb",  w= %OJF%JF... 7
then waly (z) = e(7#/V)(kozotkizitthnzn) bi | | equal to kg = ky = --- = k;j_1 = 0,

b"mzmob"‘l+x1bi‘2+~-~+xi,1+%+---,

then
6(277i/b)(kizi+ki+l$i+1+-n ) — Walk/bz ({b’bx}).

This completes the proof of Theorem 4.

EXAMPLE. Let xg,...,Xxy_1 be a sequence in [0, 1)® such that every coordinate z; , of x,, has
the form .
Tip = blcf s 0< Ajn < b?i, Qi n € Ng. (19)
i

Then (13) has the form

N-1 2
1
sup |— f(®(x, Do —/ f(x)dx| do
/[0,1]s feH ‘N ; (® 2 (0,1]¢ )
lflI<1
= K(X,x)dx—/ K(x,y)dxdy. (20)
[0,1]° [0,1]2s

Proof. For an arbitrary term x, of the sequence (19) we have (b®x, mod1) = 0 and thus for
an arbitrary k we have walx(b®x,, mod 1) = 1. Thus, for the sum (13) we have

> K(kk)= Y K(k k)wal(0) wal(0)

keNg keN;
k#0 k#0
= K(0®o,000)do — K(0,0) = K(x,x)dx — K(0,0) (21)
[0,1)¢ [0,1]°

and K (0, 0) f[o 12 K(x,y)dxdy.

REMARK 1. Hickernell [10] notes that the mean square worst-case error with respect to all
sequences Xo, . ..,Xy—1 in [0,1)® becomes

N—
1 /
sup | —= f(x)dx
/[0,115N<feH ‘N z; [0,1]¢

(WIS

2
> dX() . dXN_1

1 < K(x,x)dx — / K(x,y)dx dy) . (22)
NV, [0,1]

Note that the error (20) of the sequence (19) is much worse than the mean square worst-case error
n (22).
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3.4. U.d.p. map ®(x P o), where ®(x) is the tent map. The simple tent map $¢(z) in
(4) can be extended to the map ®(x) with the graph in Fig. 1 and defined by following: Putting

i—1 1 .
I = [ - ,b), i=1,2,...,b,
we define
Si(x)=bxr—(:—1) if I, 2|1
U, (x) =—bx+i ifxel;, 24i.
1
@1 \1/2 ¢)3 \114
0
%11%12%13%14%...
Fig. 1. Graph of ®(z) tent function
Remind that if &k = kg + k1b+ - -+ + k,b", then
k= —ko—kib— - —knb", Ok =kl + Kb+ + Kb,
where ko + k{ = ki1 + k= =k, + k&, = 0(modb). If
- o T In
m_?+b72+.'.+b”+1 +,
then ‘
wal_(z) = e(2mi/b)(=kozo—kimw1 = —kntn) _ walgy () = walg (z) (24)
and in the following we use, e.g., K (k, —k) instead of K (k, k).
THEOREM 5. Let K(x,y) be an arbitrary continuous kernel with a Fourier—Walsh series
K(z,y) = Z K (k, K Ywalg (z) waly: ()
k,k’€Ngp
in base b, 2 | b, and let ®(x) be the tent function (23). Then for every sequence Tg,...,Tn—1 in
the unit interval [0,1) we have
1 1 Nl 1 2 o | Nl 2
sup |— Pz, ® — r)dx| do = Ki(k k)| — alg(z,)]
[ s | s oo - [ sy dr= 32 Fathb)| g 3 walsten

llF1I<1
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where't

(R} B1) 5 )y
(L] [ menn) -

for (b/2) | k and I?l(k,k) = 0 otherwise. Here k = ko + kib+ -+ k0", k,, #0 and x ® o and
®(x) are in the same even base b.

Proof. We start with Fourier—Walsh expansion

K@), 0@) = S Rk, ¥)waly(a) wali (1),
k,k’€Ng

where
f{l(k,k’):/o /0 K(®(z), ®(y)) walg (z)waly (y) dz dy.

Then by the graph in Fig. 1 of the tent function ®(z) we express
1,1 .
[ [ K@@, @) waly(ojwal () dady
0o Jo

b b b b
N Z //Iix1j+ Z //Iix1j+ 132':31 //Iix1j+ ”2231 /»/Iixlj. (26)

3,j=1 i,j=1
i even, j odd

4,7 odd i,j even % od(’i,j even

Thus, we have distinguish four cases, namely I-1V.

I) If 4, § both odd, the first integral in (26) is of the form
/ / K(®y(x), @, (y)) waly (a)waln (5) da dy
I; x1;
’ 1 1
- / / K () waly( L (x) waly (2 1(5) |d®] ) (2) dD; (1)
0 0
dx dy (27)

11
:/ / K(Jc,y)e@”/b)k‘)(i_l) Wal[k/b](x)e(%i/b)k()(j_l)wal[k//b](x) A
o Jo

In (27), for k = ko + k1b + kob? + - - + Kk, b", we use

waly, (®; ! (2)) = eP™/DR =D waly ) (2).

Proof of (28). By Fig. 2, waly(®; ! (x)) = waly,((i — 1)/b + /b) and from

1 Alternately
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o
L
—
8
=
Il
i
-
+
Sk

< ‘

<
@" |

-
ol

Fig. 2. ®;(z) and inverse function of ®;(z)

and by the definition of Walsh functions we have

Walk(z B ]‘ 4 z) — e(27‘r’i/b)(k)()(i71)+klxo+k)211+k31}2+-~)
b b
— e(27‘r’i/b)k}0(i71)6(27Ti/b)(k1I0+k2x1+~-+ann71) — e(?ﬂ'i/b)k}o(ifl) Wal[k/b] (I).
Summing (27) over me-:l and from
4,7 odd
b b b
b 2 o2 Z
S~ o |3 175 (=5 10).
Sl 0 otherwise,
we find
b S —
[ K@), w) vl vl ) de dy
i,j=1 IiXIJ
1,7 odd
1 . !/
K E,]i ifé‘k’é“f/)
=4 b b 2 2 (29)
0 otherwise.
This gives the first term in the parenthesis (25).
IT) If ¢, 5 both even, then
[ K@), ) vl @)l G do dy
Ii XI]‘
1 1
— [ [ Keg) w07 ) waleo (0 ) a0 ) 45 )
0o Jo
1,1
= / / K(Ly)@(%i/b)ko("*1)e’(%i/b)(’“+k2+“'+k")wal[;€/b] ()
0o Jo
« o~ (@mi/b)kg (1) o (2mi/b) (K| +ky++-+k7,) walgr /5 () ’ (dm dy‘ (30)

(=b) (-b)
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In (30) we use
Walk(qjifl(w)) - e(2ﬂi/b)ko(i—l)e—(%i/b)(kl+k2+~-~+kn)wa1[k/b] (z). (31)
Proof of (31). By Fig. 3, waly,(V; ! (x)) = walg(i/b — x/b), and from

r=+ St

i1 b—1+b—1+b—1+ Ty x Tp
b b2 b3 b* b b b
_’L—].+ b—l—m0+b—1—x1+b—1—x2+
b b2 b3 b4 ’
and by the definition of Walsh functions we have
wal, <Z _ x) o2 /B) (ko (i=1) 1 (b—1—w0) +ka(b—1—w1 ) +---)
‘\b b
= (2 /D)koli=1) o= (2mi/0) (ks -k ) STy
1
| Vil =3 - %
5
i1
3
0 1
0
i—1 i
b b
Fig. 3. ¥,(z) and inverse function of ¥;(z)
Submitting in (30) the sum
, b b b
b —(2mi/b)ko 2 3f Z k o~k
3 elzmiltkoli-n) - 2 gk ( 21*) (32)
i=1 0 otherwise,

1 even

and

1 1
/ / K (2, y)waliy g (@) walye iy () de dy = K (i, ), (33)
0 0
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where i & [k/b] = 0,7 @ [k’ /b] = 0, we find

Z /I I.K(\Pi(x)a\Pj(y))walk(x)Md.Idy

i,7=1 LR
i,J even
1[?(1 ]) —(2mi/b)(kot+ki+-+kn) (27Ti/b)(k6+k£+~~-+k’n,)
g\ i k/
= M . _ / . v _ . r _ 34
lf2|k’2|kvl@{b] O,J@[b] 0, (34)
0 otherwise.

This gives the second term in the parenthesis (25).
Proof of (33). Starting with K(z,y) = Z;’E—:O I?(i,j)wali(m) wal;(y) we find

/ / K Wal k/b]( ) Wal[k//b] (y) dx dy
1

0o 1
= Z K(Lj)/ wal; () walp, /p) () dw/ wal; (y) walp b1 (y) dy.
4,5=0 0 0

Because
wal; (y) walje /5 (y) = waljg k) (y)
and if fol wal; (y) walp /) (y) dy # 0, then j & [k'/b] = 0.
Similarly, if [ wal;(x) waly, s (z) da: # 0, then i & [k/b] = 0.

III) For odd ¢ and even j we have

Z /1 . K(®;(z), V;(y)) waly(z)waly (y) dz dy

i,j=1
i odd, j even

1,1
70 /6) (K 4K 4ok b b
f/ / K (x,y) waly, /() wal[k//b](y)e(2 ) (ko tkyte 4k g dy 1f§ ‘ k, B | K,
0o Jo
0 otherwise.
(35)
Now, using the Fourier—Walsh expansion K (z,y) = Z?}ZO I?(i,j)wali(x) wal;(y), we find
1,1
//K(x,y)Wal[k/b](fﬂ)Wal[k//b](y)dxdy
o Jo
1
= Z K(i, )/ wal; () waly, p) (z )dx/ wal; (y) walp sy (y) dy
1,5=0 0
k K
—1,7) ifj® [} =0,
= (M ) b (36)

otherwise.

Proof of (36). If fol wal; () walpy, p) () do # 0, then i = [k/b]. If fol wal; (y) walp /) (y) dy # 0,
then j & [K'/b] = 0.
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Thus (35) is equal to

1]?([k:|7]')e(27ri/b)(k6+k’1+-~+k;/) ifg | &, g K, je [k/] =0,

4 b b (37)
0 otherwise.
IV) Similarly, for even ¢ and odd j we have

b S —

S [ K@), ) walk ol ) de dy

i,j:l Ii XI]'

i even, j odd
/
L2 (i 1E] e-erimotbittrny 3 0 K é|k’ P L

=104 R 21720 b ’ (38)

0 otherwise.

Summing up (29), (34), (37), and (38) we find

br- 3 B ) A A
n f(<_ {’;] , {’ﬂ)e—(2m/b)<ko+k1+~-+kn))_ (39)

Inserting (39) into (12) we find (25).
Now, the proof of Theorem 5 is complete.

For some control of a Fourier—-Walsh expansion of a kernel K(x,y), the following theorem can
be used.

THEOREM 6. For an arbitrary u.d.p. map V(x,0) and an arbitrary kernel K(x,y), for N =1
we have

2
do = K(x,x)dx — / K(x,y)dxdy. (40)
[0.1)® [0,1]>

[ s ]f(xIU(xO,a))— [ s
[0,1]s feH [0,1]s
[[flI1<1

Proof. For N = 1, the equation (7) implies

2
[ s ]f(xIV(xO,a))— | rax do
[0,1]s feH [0,1]s

[[fI1<1

— [ K(Wx0.0) W0, 00 do — [ Kixy)dxdy
[0,1]¢ [0,1]2s

= K(x,x) dx—/ K(x,y)dxdy.
[0,1]* [0,1]2¢

REMARK 2. Theorem 6 implies the following.
By Theorem 2 and Theorem 3 we have that (40) is equal to

keNg keNg
k#0 k#0

for an arbitrary u.d.p. map ®(x) and a common kernel K(x,y).
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By Theorem 4 we have

~ ~(k k
keNg keNg
k+#0 k+#0, b°‘|k

for ®(x) = b*xmod 1.12
By Theorem 5, for one-dimensional tent map ®(x), we have (41) of the form

if{kk

+ [/(\'(_ |:]Z:| , |:IZ:|)e—(2#i/b)(ko+k1+"‘+kn)) . (43)

Another proof of (43). Let k = ko + kib+ -+ + kpb™, k,, # 0. For (b/2) | k we have kg = 0 or

ko = b/2. Put
a= o [H]nt [4]0)

A [5) === (5 [5)
i) === D)

k )e(QTfi/b)(ko-‘rkl-i-m-i-kn)
b

Then

=)

k
92 b
b

=)

2

=
VRS
| — |
S
I—I??.
|
| —— |

= I?([ﬂ — []Z:|)e(27rz‘/b)(k-1+-~~+kn)(e(zm/b)o 4 eCr/me/2)y o)

k:|> —(2Tr7,/b)(k0+k71+ -‘rk}n) — O
b .

4. Numerical results

4.1. The mean square worst-case error for the kernel K(x,y) = 1 — max(x,y).
In this Section we apply Theorems 2, 3, 4 and 5 to the Fourier—Walsh expansion of the simple
kernel K (z,y) =1 — max(z,y).

THEOREM 7. Let K(z,y) = >} pen, K (k, k' Ywalg (z) waly (y) be the Fourier—Walsh series of
the kernel K(x,y) =1 — max(z,y). Then for k # 0, k = ko + k1b+ - - + k,b", k,, # 0, we have

~ 1 1 1 1
Kk, k) = =5 (3 - SmQ(/@n(w/b))) (44)

12This holds for an arbitrary function I?(k, k) directly.
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and
0 if not 2kg = -+ = 2k,,—1 = 0 (mod b),
1

. b
I/(\'(k, —k) = { 3p2(n+1) if kn ==, 2ko=--- =2k,_1 = 0(modb), (45)

2 )
1 . b
b2(n 1) (e(2n/D)kn — 1)2 if kn # 5

2]€0 === 2kn,1 =0 (modb)

Proof of (44). Let the kernel K (z,y) be rewritten in the form

r+y+|r—yl

K —1—
(z,y) 5

(46)
By [5; (12.15)] for k = ko + k1b + - - - + k,,b" we have

Lot S 1 1 1
/0 /0 = vl wali(@)wals(y) de dy = g, (3 - sinz(kn(ﬂ/b))) 7

For k # 0 we have

1ol
/ / x waly (z)walg (y) dedy = 0
o Jo

then (47) implies (44).
Proof of (45). We have

IA((k, —k) = /0 /0 K(z,y) walg(z)wal_(y) dx dy

11 1/t
= / / K(z,y) walg (z) walg (y) de dy = -3 / / |z — y| walg(x) walg (y) dz dy.
o Jo o Jo

(48)
Now, k = ko + kib+---+ k0", k, #0,
A . il
i—[W,W>7 Z—O,l,Q,...,b —1,
o | T T, i To X1 T
x ?+bf2+~~+bn+1+~~61i bnﬁ7?+b72+.”+bn+17
_ Y% W0 Yn _ J _ Y% Y%, Yn
y_?+b72+“.+bn+1+.“61j bnﬁ—?—‘rbj"‘ +bn+1~
Using these notations we continue to calculate (48).
1 /1
- f/ / |z — y| walg(x) walg (y) dz dy
2Jo Jo
1 i1 ‘
-5 Z e(2mi/0)((zo+yo)ko+(z1+y1) kit +(zn+yn)kn) // |z — y| dzx dy, (49)
i,jIO IiXIj
where
1 i
3p3(n+1) e=7
|z —yldxdy = i (50)
LixI; Y )

p3(n+1)



V. Baldz, J. Fialova, V. Grozdanov, S. Stoilova, O. Strauch

46

I) For i = j in (49) we have

bn+1_1
11 Z (271 /) (2o ko + 221Ky - 2k
2 3p3(n+l) L

_ b—1 b—1

_ (2mi/b)2zok (2mwi/b)2z1 k L (27i/b)2xpn ky

- 23b3<n+1>(z (X ) (Y )
= x1=0 z,=0

1 1 .
_ ) T3 3pm if 2k = 2k1 = -+ - = 2k, = 0 (mod b), (51)
0, otherwise.

IT) For ¢ # j in (49) we have

pntl_2pntl_q

1 2 ;
2 b2 n+1) Z Z (bn+1 bn+1

)e(27rz/b)((a:0+110)k0+($1+y1)k1+ A (Tn+Yn)kn)

7j=0 i=j+1
prtt_opntl g
N Zo — Yo 961—3/1 TIn — Yn
b 3 3 (g SE o )

=0 i=j+1

« e(27rz/b)((xg+yo)ko+(:r1+y1)k1+ JF(anryn)k)n). (52)
Now, for fixed zg,z1,...,Tn—1 and Yo, Y1,---,Yn—1, We assume that
Zo — Yo 1 — U1 LTn—1 — Yn—1
i ——>0. 53
b + b2 Tt b (53)
Similarly, as in [5; (12.11)] the following partial sum of (52) is zero.
b—1 b-1
D> (“"0 “Y ., ) (2 /D) (@0-+90) o+ (@ +9n o)
anrl
Zyn=0y,=0
=1 b=l
0 0 .. - Z7 (273 /b)(xn+yn)kn
>Y (Mt B
z,=0y,=0
o —y - y b—1 b—1
— (=2 n-l (27i/b) (@n+yn)kn
= |(B s )z > e
z,=0y,=0
b—1 b—1
278 /) (T +Yn)kn | _
¢ 5 5 i) e < o)
z,=0y,=0
since the final double sums in (54) are equal to zero, bearing in mind &, # 0.
IIT) Note that from (53) follows that
To—Y , 1 — W Tn — Yn
cen - Y O
b + 12 + + b >
for arbitrary x,,y, = 0,1,...,b— 1. Thus it remains to consider the case
X — x] — Tn-1— Yn—
0 — Yo 1 11/1_’__._+ 1—Y 1:07 (55)

R b
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ie, g = Yo,T1 = Y1,---,Tn—1 = Yn—1, but in this case for j < i we need y,, < x,. For such
subsum we have

pntl_2pntl_q

Z 3 (xo —Y0 Ly T yn>6<2m'/b>((ro+yo)ko+~~+<zn+yn>kn>
bn+1
= _J+1

b—1  b—2 —

Z Z Z ( ) (2mi/b)(2z0ko+-+2xn—1kn—1+(Tn+yn)kn)
bn+1

Tn—1=0yn=0z,=yn,+1

b—1 b—1
_ < e(27ri/b)27;0k0) L ( Z e(QWi/b)2$n1kn1>
0

To= Tp—1=0

b—2
x> Z ( o )e@m/b)(wﬁyn)kn

Yn=02x,=yn+1

b—2 b1
Hm Z Z ( b’ﬂ_+1 ) (@mi/b)(@ntyn)kn  if 2kg = --- = 2k,_1 = 0 (modb),
- Yn=0 T, =yn+1 (56)
0 otherwise.

Replacing x,, — y, = j, the final double sum in (56) can be expressed as

b—2 b—1-yn ]
Z e(27r7,/b)2ynkn Z bnT e(QTrl/b)]kn. (57)
Yn=0 J=1

Then we use the following summation formula

n ) _ B(n—1) _ 1 Bn __ 1
. pj_ n—1 e e
;]e T1 Bl (1_eBaiyp T B (58)
which holds for n = 0,1,2,... and for an arbitrary nonzero complex number B. Inserting (58) into

(57) we find

bf i ( = ) (2 /5) (o

Yn=02,=yn+1

- b—2
S e” i/t 3 elemi/zunk,
T b+l (1 — e~ 2mi/b)ka )2
Yn=0
1 —(27i/b)kn —(47i/b)kn,
+ — (b — 1) © - — Z 6(271'1/!) Ynkn
pn+1 1— 67(27.”/17)]617. (]_ — e (2mi/b)k A
Yn=
1 e —(27i/b)ky, i /b
— ™ ) nk n
pntl ] — o—(2mi/b)k Z YT (59)
Yn=0
Here
. b
b=2 b—1 if ky, = =,
Z e(2m1/0)2ynkn _ 2
Yn=0 767(47”;/1))}6" lf k'n, 7& g’
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—2
Z e(27ri/b)ynkn — _e—(27ri/b)kn’

Yyn=0
. -1 e—(6mi/b)kn _ 1 e—(@ni/b)ky
(27r7f/b)ynk7n — _ _ e
ZO Yn€ 1 — e—(2mi/b)kn (1- 67(2772'/17)1@”)2 +(b-1) 1~ o—C@ri/b)kn (60)
Yn=

Inserting expression (60) into (59) we find

,b67(47ri/b)k:n )
) ' itk # 2,
§ Z <w>e(2“i/b)(rn+yn)kn 1 (1 — e~ Cri/b)kn)2 £ 5
" oot — (271
Yn=0Tp=yn+1 b b (b — 2)6 (27wi/b)kn N ei(Zﬂi/b)kn . é
1 - 6_(2”i/b)kn n — 2
(61)
For ky, = b/2 the relevant part of (61) is equal to —b/2. Finally, summing up (51), (56) and (61)

we find (45).
This completes the proof of Theorem 7.

THEOREM 8. Let b > 2, a and 3 be integer numbers, o < 3, and
(1) K(l’,y) =1- max(x7y);

(i) N =b7;
(iii) @, x1,...,2N_1 be the van der Corput sequence in base b.*>
Then
N-1 1 2 1
su T, Bo)— r)dr| do=—=, 62
/ofe?z’NZOf( - [ f@ = (62)
lflI<t
1
| ?‘QE’NZf o)~ [ flin] a0 = gy (63
(IS
for ®(z) = b*xmod1 and o < B;
1
n d d 64
/O?EE’N;f (@0 @ 0)) /f 3| do = oy (64)

7t

for the tent function ®(z), 2| b.
Proof of (62) By (10), in one-dimensional case, the left hand side of (62) is equal to

0 1 N-1 2
> K(k, k)‘N > wali(wn) (65)
k=1 n=0
For N = b” and for the van der Corput sequence x, we have
—1 .

1 0 if b’ 1k,

n=0 !

13This is the same sequence as

0 1 P —1
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Inserting (44) into (65) we find

(oo} —

~ 1
K (k, k) Z b2(n+1) Z ( SH1(7T/b))> (67)

k=1, b5k n=1

Here the term b"~# is the number of k, b° | k, for which

kg =0,1,....b—1, kg1 =01,....b—1, ..., ko1 =0,1,...,b—1.
Since [5; Corollary A23|
b—1
-1
Z ; 3 (68)
P sin? 7r/))

we find (62).
Here we add

Proof of (66). Let N =% and x¢,x1,...,2x_1 be the van der Corput sequence,

n=n0+n1b+-~-—|—nﬁ,1b5_1, n;=0,1,...,b—1,

xn:%+%+m+n§gl, k = ko + kb + kb +
‘We have
b—1 b—1
Z waly (1) = ( Z e(zm/b)noko) ( > e(zm/b>mk1> ( T e(m/b)nwksl)
no=0 n1=0 ng_1=0
From this if k; # 0 for some 0 < ¢ < 8 — 1, then Z 0 walk(xn) =0.Ifky=Fk =---=kg_1 =0,

i.e. b | &, then (1/b%) 320 ! waly(x,) = 1.14

Proof of (63). By one-dimensional case of (13) of Theorem 4 the mean square worst-case error
(63) is

oo

S R g:walk(xn) 2

k=1,b|k
By (66) the sum (69) is equal to

(69)

> R (e ) (70)

k=1, bo|k, b3k

Assuming a < (3,
n k B—a n—o
k=kg+- -+ k", b—a:kﬁb 4+ 4 k0T
then (70) has the form

> K(r) = mewn”ﬁZ(mlwb») )

k=1,b8|k

which gives (63). Here the exponent in b2("~**+1) is given by (44) after transformation k — k/b°.

MFor an arbitrary N, see (88).
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REMARK 3. The formula (63) follows also from the second expression (14) in Theorem 4 using

p b 0 if Aotk
e ZW&I’“ (@) =1, if b9 | k. (72)
Proof of (64). We start with
- ~(k k — ~( k k 1
> i) X () 7
k=k b+t ke b™ k=kbP + ke b™
and
= ~(k k . = PN k k :
K2 _2)e@mi/b)(kpttkn) — B8 ) o—@ri/b)(kpttkn)
Z (b’ b)e ; b'b)°
k=ksb? + +knb" k=kgb’ 4. 4k, b"
1
R CEGEDE (74)

Inserting (73) and (74) into (25) then by Theorem 5 the mean square worst-case error is

(7

1/ 1 1 1 1 1
ANTECED! 6b2(671) T 19p28-1) T 19p2(B-1) | T 94p2(B-1)°
which gives (64).

Proof of (74). By (45), if 2kg = -+ = 2k,—1 = 0(modb), then the value of K (k/b,—k/b)
depends only on k,,, thus

K2 2 e@ri/b)(kst-+kn)
Z <b ) b>6

k=1
k=kgb®+-- 4k, b"

oo o . |
2 : Kl=.—= (2mi/b)(kg+--+kn)
Z (b ) b)@

n=Bks=0,b/2, ..., kn_1=0,b/2
2k k
_ (@2mi/bks \ .. (27 /b) k1 SOk RN (rib)k.,
< Z e > < Z e >ZK(I)’ b)e (75)
k5=0,b/2 kn71=0,b/2 kn=1

and every sum in parenthesis is equal to zero. But for n = § the set of such parenthesis is empty
and by using (45) we have that (75) is equal

b—1 b1 _
~(k k ; 1 e(2mi/b)kn
E Mo MY @ri/b)k, e
K(b ’ b)e T 3p28 + Z (e(2wi/b)k~n —1)2 : (76)
=1 kn=1, kn#b/2

Note that we apply (45) for k/b = kgb® +- - -+ k,b" ! and for n = 8 we have 1/6>("~1+1) = 1/p25,
Moreover, by elementary operations (all the time k,, # 0)
6(27Ti/b)kn - 1
(e(@mi/b)kn —1)2 Asin®((7/b)ky)

Using (68) we find
b—1 (2mi/b)kn, 1
e R v
! (6(2m'/b)kn _ 1)2 o 12(b 1)' (77)

n=
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For the sum in (76) we need to omit in (77) the term for k,, = b/2, which is —1/(—=1 —1)? = —1/4.
Summary,

o° ~/(k k , 1 1 -1 1 1
o i (2mi/b)(kg+--+kn) — _ — = —
Z K(b ! b>e %% w3 tww - e (Y

k:kgb5+ Ak, b™

Final notes. By definition of Fourier—Walsh coefficients we have
R 11 1,1
K(k,—k) = / / K(z,y) walg(z)wal_(y) de dy = / / K (z,y) walg (z) walg (y) dx dy,
0o Jo o Jo
R 1,1 - 1,1 -
K(-k,k) = / / K(x,y)wal_(z)walg(y) de dy = / / K (z,y)walg (z) waly (y) dx dy.
o Jo o Jo

Since the kernel K (z,y) is real we have K (—k, k) = K (k, —k). Then by (45) we have

1
K(~kk) = G2 D) (o= @n/0kn — 1)2
if ky, # b/2. Since
e—(2mi/b)kn e(2mi/b)kn

(e~ @mi/bkn — 1)2 = (e@mi/b)kn —1)2

we have (74).
The Theorem 8 follows.

REMARK 4. For the weighted Sobolev space with the reproducing kernel given by

KGeg) =1+ (5 Ballo -+ (o= 3) (v-3)):

Dick and Pillichshammer [11; Theorem 10| proved that for every e > 0 there exists a digital net
such that the mean square worst-case error is bounded by O(1/N?7¢). But in (62) the € does not
occur.

4.2. The mean square worst-case error for the weighted Sobolev space of order 2.

THEOREM 9. Let b, a and 3 be integer numbers, a < 3, and
(i) K(x,y) be a kernel of the form

2

K(z,y) =1+vBi(z)Bi(y) + %Bz(l‘)Bz( ) — ﬂBéx(lx —yl);
(ii) b=2, N = 2°;
(iil) zo,x1,...,2Nn—1 be the van der Corput sequence in base b = 2.
Then
? v o8
n dr| d ;
/0 ?EE‘NZOM ®o) /f | 97T 1295 T 360 29 (79)
<y h
~2
/0 ?gg ’N Zof (n ®0)) / f(z)dx da TR 22(/3 5 T 360 240—a) (80)

lFII<1
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for ®(z) = 2%*xmod 1 and a < f;

1 1 N—-1 1 2 2 (81)
3 — P(x), — dz| d 82
[ s |5 X st e /Of(x)x 7= 5l (52)
llflI<1
for the tent transformation ®(x) = ®o(x) =1 — |22 — 1].
Proof. In [1; p. 447] we have, for k > 1,1
2
v gl .

+ if k= on

~ . 92(n+1) . 94(n+1) ’
Rk k) = 4.2 . 120 -2 - (83)

12. 22(nF1+5+1) + 20 - 24(n+1) ifk=ko+ki.24---+27 42" 0<j<n,
and for the tent transformation ®g(x)
v 7
ifk=1+42"
127 13020 e
7 7 7
1(k, k) 12.22(n+j)+20.24n ifk=ky+k .2+ - 427 42" (84)
1<j<n, 2|(ko+ki+---+kj_1),
0 otherwise.

Proof of (79). Again, for the van der Corput sequence z,,, n =0,1,...,N —1, N = 2%, we have

(see (66))
2 o 281k,
1 if 28 |k,

| N-1
— Z walg (x,,)
‘N n=0

and by (10), in one-dimensional case, the left hand side of (79) is equal to

) N-1
> K (k, k) ’zlv > waly (@)
k=1 n=0

2

oo oo

=Y K(kk) = ZKQ” 2"+ Y > K(k, k)
k=1

n=F+1 g=kz204...4-29 y2"

20|k ﬂ<j<n
00 2
o i j—1—p+1 Y
- Z (4 . 22(n+1) 120 - 24( n+1)> Z Z 2 (12 22(n+1+]+1) 20 - 24(n+1) )’
n=p n=p+1j=p0
(85)
which gives (79).
Proof of (82). By the tent transformation ®q(x) and by (12), the error (82) has the form
© 1 N-1 2 ©
> Ki(k, k)‘ N D walk(zn)| =D Ki(k. k) (86)
k=1 n=0 k=1
27k

151n this case K (k, —k) = K (k, k) and (83) and (84) related by Theorem 5.
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= K1(2°,2°) + Ky (2771274 ) + Ky (27 + 2071 27 120+ ST Ky (28 20,20 4 2n)
n=p£3+2

+ 3 N Ki(kp2® 4+ 27 27 kg2 27 4 27)

n=£+2 j=p
9 2 e’} 2 2
=0+0+ (12 T92(B+1+8) + 20 - 24(ﬁ+1)> + —zﬂ:ﬁ<12 . 22(n+p3) + 20 - 24")
0o n—1 51 ,72 72
j—

which gives (82).

Proof of (80). We use (69) in the form

0 N N—-1 2 ') N kj k fo%e) N
> Ay e - X R(Eg)- X Rww
k=1,2%|k n=0 k=1,28|k k=1,26-2|k

Thus, Theorem 9 is proved.

REMARK 5. Thus we must take into the sum (85) also the terms K (27,2"), 8 < n, in which the
sum has the order O(N~2). In (86) by (84) we do not take into account the terms K (1+2",1+2").
This gives that the error (82) is better than the error (79) without special properties of the tent
function ®g(z). The sums (87) in the both cases are of the order O(N~%).

Finally, we also show that the result O(N~*) in (82) also depend on the number N = 27 of
terms xg,x1,...,xn_1. Naturally, N can be selected arbitrary too, e.g.

N = Ny + Nib+ Nob® + -+ + Ng_1b°7 1+ Ngb®, N #0.

Then, for an arbitrary k = kg + k1b + - -+, and the van der Corput sequence xg,x1,...,TN_1 We
have

Z_ walg(zn,)

n=0

b—1 b—1 Ng—1
_ (Z 6(27Ti/b)kon0> ( 3 e(zm'/wk@mal)( 3 e(%i/b)kﬁnﬁ)
no=0 nﬂ—IZO ngzo
b—1 b—1 Ng-1—1
+< T e(Qﬂi/b)kono) ( 3 e(m/b)kmngz)( 3 e(m/b)kgmw)e(zm/b)kw
no=0 ng_1=0 ng=0

b—1 Ni—1
Feet ( Z e(27ri/b)kono> < i: e(27ri/b)k1n1)e(?ﬂ'i/b)(k2N2+...+kﬁNB)

no =0 ni =0

b—1
+ ( Z e(27ri/b)kon0)e(27ri/b)(k'1N1+k2N2+~~+ngﬁ)’ (88)

TL():O



54 V. Baldz, J. Fialova, V. Grozdanov, S. Stoilova, O. Strauch

where n = ng +n1b+--- and (Zanj;é e@mi/bkini) = 0 if N; = 0. Putting N = 2° + 1 in (88) we
find
1

(26 +1)2
={1 if 20 | k, kg =0,

8 _ 2
(ZBJFD if 26 | k, kg = 1.

For such N = 27 + 1, summing > o IIA{l(k k)|(1/N) Zn 70 waly xn | over Ki(k, k) in (84) w
see that the mean square worst-case error has only the order O(N~2). In the follovvlng theorem

if 28 1 k,

1 N-1
— Z walg(x,,)
‘Afn—o

b8
we compute mean square worst-case error exactly dividing the sum ano walg(x,) into two parts

fo:_ol waly (x,,) and waly(xys).

THEOREM 10. Let
(i) K(x,y) be a kernel of the form

2 2
K () = 1+7Bi(x)Bu(y) + - Ba(2) Ba(y) — 32 Balle — y);

(i) b=2, N =2°+1;
(iil) xo,x1,...,xN—1 be the van der Corput sequence in base b = 2.

Then for the tent transformation ®q(x) = 1 — |22 — 1| we have

N-1 1 2
sup f(®o(z, Do —/fx dx| do
/OfEH]NE_ju( )= [ s
I7l<1
28 2 2 1 28 > 7
= S 12 T (89)
26 +1)30.246 12 7360 ) (20 +1)2 (28 +1)2 245 240

Proof. The following part holds for an arbitrary base b and an arbitrary k. Divide

b? b%—1
Z walg(x,) = Z walg (x,) + walg (zys)
n=0 n=0

then we have

b%—1

Z waly ()
+ (bgzl Walk(xn))vmlk(xba)+ (bﬁzl walk(xn)) walg(z6).  (90)

n=0 n=0

2
—|— waly (zy6 )waly (246)

b
E walg (zn,)
n=0

As we have proved

bl {bﬁ it 58 | k,

Z walg (z,,) =
n=0

0  otherwise,
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95

and for b%|k we have waly(zys) = e(>7/P)¥s  Inserting (90) in (12) we find

o0

> K

2

bo—1

Z walg (xy,)

1 ~
D Z Ky (k, k)
k=1

b7 -1
1
mZKl k :ZC <Z Wa,lk xn)>2008<bk5>

n=0

bm 2ZK1kk

Now, by (82) the term (91) is equal to (here b = 2)

b8 2 ~?
(bﬁ+1> 302487

By Theorem 6 for the term (92) we have

[e'e] 1 1 1
SRk = [ Ko~ [ [ Ky
1 0 o Jo

and for Sobolev kernel we obtain

2
oA
12~ 360
The final term (93) we express in the form

e (3 Bk -2 Kien),
keA

where A is the set of all £k satisfying
k=ko+ki 24+ ---+29 42" 1<j<n,
2 (ko+ki+-+ki1), 27|k kg=0,
and B is the set of all &k satisfying
k=ko+ki 24 ---+29 42" 1<j<n,
20 (ko+ky+---+kj1), 2°|k, kg=1.

Uj»—\

2

(94)

2j—1-8

o 72 Y
D Kk k) Z (12 22D T30 24n> Z Z (12 22057) 2020

]lgzl =B+ n=3+3j=p+2

2

)

2

9i—1-8

00 Sl 2

~ . Y v
2 Kilkk) = D (12.22(n+5> 20 - 24”) Z Z (12 22004 2020
k=1

= =B+1 +3j=0+2
= n=43 n=p+3j=4

which gives (94) in the form
o VT
(% +1)2 248 240

)

2
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5. Concluding remarks

This section contains several remarks inspired by comments of referees.

5.1. Classical method. The classical rectangular method of integration, for dimension s =1
and 179
xn:%, n=01,...,N -1,

gives

2 1
< oz [ (@) s, (95)

2

‘;gﬂxn) [ s

\Jbgﬂxn) [ s

It can be compared with (62) and (82) so that for van der Corput sequence zg,z1,...,ZN_1 in
base b, N = b?, there exists 0, € [0, 1] such that for every f € Hy, ||f|| < 1, we have

1 ! " 2
< g0 | (@) da. (9)

2 1

< —
6N?2

1 N-1 1
T n - d
¥ 2 S ooy - [ s@as

and there exists oy € [0,1] such that for every f € Hs, ||f|| < 1, we have

| Nl 1 2 9
¥ X SOt o) - [ @] <557

for the tent transformation ®g(z) = 1—|22—1| and b = 2. Here for f € H; there exists fol (f'(x))? dx

and for f € Hy there exists fol(f”(x))2 dx.

If we construct a product rule for s dimensions based on an N-point rule in one dimension, it
requires N points to achieve the same degree of accuracy (see Antia [12; p. 243]). Identifying N*°
as N, then from (95) we obtain O(1/N?/%) and from (96) we obtain O(1/N*/%). So, to get the
errors O(N~2%¢) for Hy, s > 1, and O(N~%*¢) for H,, s > 1, one has to consider complicated
sequences T, e.g. lattices or digital nets (see [1], [2]).

Note that sequences z,, n = 1,2,..., like van der Corput sequence have the advantage over
sequences like 2, = (n + 1/2)/N: to estimate the integral using N’ > N points, we do not need
to re-calculate f(z,) for n < N. This and the following limit relation (97) is the basis of the
quasi-Monte Carlo method (QMC).

5.2. quasi-Monte Carlo method. Define the s-dimensional step d.f. as
1
Fn(x) = N#{O <n<N:x,€[0,x)}.

If f:[0,1]° — R is continuous, then the Riemann—Stieltjes integral gives

1 N
¥ S = [ 500,

Then Second Helly theorem (see [7; Theorem 4.1.0.11]) shows that the weak limit Fy(x) — x
implies

/[0 " f(x)dFn(x) — f(x)dx (97)
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for every continuous f: [0,1]* — R. This is called Weyl’s limit relation [7; Theorem 1.11.1.1]. For
the rate of convergence of (97) it can be used.

Koksma-Hlawka’s inequality [7; Theorem 1.11.3.1]: Let f: [0,1]° — R be of the bounded
variation V' (f) in the sense of Hardy and Krause. Then for any sequence xg,...,xy—1 in [0,1)% we

have Nt
.
NT f n) — f d
\Nn}_jo () /H (x) dx

where the star discrepancy D} (x,) is defined by

S V()P (xn), (98)

Dy(x,) = sup |Fy(x)—x].
x€[0,1)®

The limit D} (x,) — 0 characterizes uniform distribution of the sequence x,, n = 0,1,..., in
[0,1)%.

5.3. L? discrepancy. a) The star-discrepancy D7 in (98) can be replaced by L? discrepancy
D](\?) (xn) = f[071]5(FN(x) —x)% dx expressed as [7; Item 1.11.4]

© 1 1 N s 1 N s
DN :§+ﬁ Z H(l—max(mm,j,l‘n,j)) _WZH(I

m,n=1j5=1 n=1j =1

where x,, = (Ty.1,...,%n,s). Let x;”, n=20,1,..., N — 1 minimize DJ(\?) (xn). Let ®(x) be a u.d.p.
map and P(x (2))7x%),nf0 1,...,N —1. Then

DR@OE) < D). DR < D (06d)),

bl n

Thus any u.d.p. map ®(x) does not improve all sequences x,,. For s = 1 we have [7; Theorem
1.9.0.4]
1
<V [ (a2 da
0

Py aty  |r—yl
2 2 2

]}Viﬂxn)—/ol ) da

and D(Q) (1/N?) Zm ne1 Fo(xm,zy), where

Fo(z,y) = 3+

b) Hickernell [10] suggested, for Hilbert space integration, look at the square worst-case
quasi-Monte Carlo error (6) as analogy of L? discrepancy:

N-1

N-1
2 1
D]{f:/ K(x, y)dxdy——z K(xn,y)dy—l—m Z K (X, Xn,)
[0,1]2¢

[0 1] n,m=0

and he found that for every f € H and Xq,...,Xxy—1 in [0,1)° we have

1 N
— Xn) — x)| <
’N;f( ) /[071)5f<>

where Vi (f) = || f(x) — 1(f(x) - 1)/(1 - 1)]|, see [10; p. 117]. The limit D — 0 characterized
uniformly distributed sequences in [0, 1)*, too.

DEVK(f),
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c) Let W be a space of functions f: [0,1]®* — R equipped with a measure of the Wiener type df
and x,, n=0,1,..., N — 1, be a sequence in [0,1)®. To characterize a rate of convergence

1 N-1
v > fxn) = f(x) dx
n=0

it can be used the integral

For s = 1, Temirgaliev [13] proved that

1 Nt n 2 k  m2\ 1 1
/W\N;)f(zv) ‘/[o,usf“)d“‘ &= (mw)m”(m)'

Here he used: F(z) is an infinitely divisible distribution function, m = fj;oudF (u), K =

S :r;; u? dF(u) —m?2, W is a family of real valued functions f(z) defined by Kolmogorov’s theorem
on the existence of stochastic processes and df is a measure on W designed by F'(z). Methods of
construction of df Temirgaliev discuses in [14], too.

5.4. Multivariate integration. In this example we shall see, again as in Theorem 10, that
the tent map does not improve the following multidimensional sequence (99). Let x, be an

s-dimensional sequence,
ny N2 s
Xp = ( . ) (99)

b?17b§27. "bgs

where n; =0,1,..., bfj —1,j=1,2,...,s. Let K(x,y) be a kernel of the type
K(x,y) = HKj(l'j,yj),
j=1

where x = (21, 22,...,2) and y = (y1, Y2, ..., ys) and let ®(x) be a u.d.p. map of the type
D(x) = (P1(21), Pa(22), - -, Ps(25)),
where ®;(z) are one-dimensional u.d.p. maps. To short we denote N; = b? 7. Then the number of

terms of (99) is N = N1 Ny --- N and simplified x,, = (n1/Ny,n2/Na,...,ns/Ns). By definition
in Section 2, for fixed k = (k1, k2, ..., ks), we have

waly (x) = H walg; (Z;),
=1 i

where the Walsh function waly; (z) is defined with respect to base b;. Then

N—1 s N;j—1
1 1 N
- E 1 = — E 1. [ =L
N = walkGn) E(Nj n:owa kj(Na))

and by means of one-dimensional result (66) we have

N-1 .
1 0 ifbP Ik
= (%) = ’ 100
N;W“(X) {1 if b? | k. (100)
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Also

Ki(k, k) = /0 - K(®(x), ®(y)) walk(x)waly (y) dx dy

*H/ / K (@ (), @5 () wal, () wal, (3;) der; dy; = HKu

Applying (100) in Theorem 3 we find

N—1 2
1
sup |— f(®(x, B o —/ f(x)dx| do
[, s COWLCTIRY S
lFl<t
= Y f{l(k,k)_H< > fq](kj,kj)> K1(0,0)
keNg j=1\ k;=0
k#0, bP |k bf]‘ k;
= H< > 1?1,j<kj7kj>+KJ(0,0>> -1 %;0.0
=1\ k;=1 Jj=1
b9 1k,
s 1 1 ! N 1 2 1,1
= / sup ’N Z f<¢j<]\;_@a>> —/ f(z)dx dU—l—/ / K;(z,y)dzdy
j=1\70  FEH 12 5 =0 J 0 o Jo
lFl<t ’
—/ K(x,y)dxdy (101)
[0 1]25
because

1?1(0,0)_/[0 , K(Cb(x),cb(y))dxdy_/[ou K(x,y)dxdy = K(0,0).

Now, putting

bi=by=---=b=2  fi=--=0=0  N=(@2,
2 2
K;(.y) = K(z.y) = 1+ yB1(2)Bi(y) + 1 Ba(2)Ba(y) — 2 Ba(lz —y)),

and using the s-dimensional tent u.d.p. map
P(z) = Po(x) = (1 — 221 — 1|, 1 — [220 — 1,...,1 — |2z, — 1]),

and inserting (82) to (101), also using fol fol K(z,y)dxdy = 1, we find the s-dimensional mean
square worst-case error (101) as
2 s
g
—F+1] -1
(30 . 948 + )

Thus, for the sequence (99) and applying the tent u.d.p. map ®¢(x), we obtain the error O(1/N*/%)
what is contrary to the [1], where in [1; Theorem 5] is proved that for every € > 0 there exists a
digital net such that the mean square worst-case error is bounded by O(1/N*7¢).

We thank the anonymous referees for their many helpful suggestions.
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