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A summation pro
edure is des
ribed for the 
onstru
tion of the optimal

solution in the null 
ontrollability problem for a di�erential equation with

distributed delay.

�1. Introdu
tion

We 
onsider the 
ontrol problem for di�erential equation with distributed

delay

ẋ(t) = x(t− 1) +

0∫

−1

x(t+ τ)ϕ(τ) dτ + u(t), t > 0 (1.1)

with the initial 
onditions

x(t) = x0(t), t ∈ (−1, 0); x(0) = ξ, ξ ∈ C, x0 ∈ L2(−1, 0). (1.2)

The distribution of delay is de�ned by the fun
tion ϕ ∈ L2(−1, 0) and the


ontrol fun
tion u is to be 
hosen to steer the initial 
ondition (ξ, x0(t)) to the

desired state.

Let M = C× L2(−1, 0) be the Hilbert spa
e of all initial data

M =
{
~x =

( ξ
x(t)

)
, ξ ∈ C, x0 ∈ L2(−1, 0)

}

Êëþ÷åâûå ñëîâà: delay di�erential equation, null 
ontrollability, exponential system,

summation method.
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with the natural inner produ
t:

〈~x, ~y〉M = ξη̄ +

0∫

−1

x(t)y(t) dt for ~x =
( ξ
x(t)

)
, ~y =

( η
y(t)

)
.

Equation (1.1) always has a solution x(t) = x(t; ~x, u) and we deal with the

null 
ontrolability problem: given T > 1 and ~x ∈ M, �nd a 
ontrol fun
tion u
that steers the initial data to zero, i.e., x(t; ~x, u) = 0, t ∈ (T − 1, T ).

It is known (see, e.g., [1℄) that su
h a 
ontrol fun
tion always exists, and 
an

be given by a bounded operator. A
tually there exist many su
h fun
tions. We


onsider the problem of �nding the optimal 
ontrol. In other words we look for

the problem

‖u‖L2(0,T ) → min, u ∈ U(~x0;T ), ~x0 =
( ξ
x0(t)

)
, (1.3)

here U(~x0;T ) stays for all 
ontrol fun
tions that steer the initial data (1.2) to

zero at the moment T .
Problems of this kind have been investigated in various settings by many

authors. We refer the reader to [5, 7, 8, 10℄ to mention a few. We also refer the

reader to [5, 7℄ for a 
omprehensive survey and des
ription of the 
urrent stay

of the art.

We 
ombine the semigroup te
hniques from [6℄ with the proje
tion te
h-

niques, see, e.g., [2℄ and [9℄. These te
hniques lead one to the study of the

eigenfun
tion expansions for the 
orresponding nonselfadjoint operator. Sin
e

the 
orresponding systems of eigenfun
tions do not form a Riesz basis, the

expansions diverge, generally speaking. In [2℄ the authors proved the pointwise


onvergen
e on the inner intervals of the segment [T − 1, T ], yet the problem

of 
onstru
tion of the optimal 
ontrol on the whole interval remained open.

In this arti
le we suggest the re
onstru
tion pro
edure whi
h 
onverges in the

whole L2(0, T ).
We adjust the te
hniques in [4℄ for this 
ase, this te
hniques 
annot be

applied dire
tly be
ause the generating fun
tion does not satisfy the Mu
k-

enhoupt 
ondition. Also it is worth to mention that when 
onstru
ting the

optimal 
ontrol for a single eigenve
tor we arrived at an already familiar prob-

lem, whi
h appeared in the study of the hereditary 
ompleteness of sets of

exponentials: given a set of exponents Λ ∈ C su
h that the 
orresponding

exponentials {exp(iλt)} are in
omplete in L2(0, T ) we need to 
onstru
t a

fun
tion that is in the span of {exp(iλt)} and is orthogonal to all but one of

these exponentials. The existen
e of su
h fun
tion is, of 
ourse straightforward,

simply take any fun
tion in L2(0, T ) that is orthogonal to all but one fun
-

tions in {exp(iλt)} and then proje
t this fun
tion to the span of this system.
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However for the expli
it 
onstru
tion of the problem one needs the expli
it

expression for this proje
tion. Finding this expression is a 
ompli
ated task,

generally speaking. In the present arti
le we present its 
onstru
tion in the

simplest model 
ase where ϕ = 0. It should be also mentioned that in a very

general setting (and from a di�erent perspe
tive) similar fun
tions appeared

in [3℄ where the authors 
onsidered a system {exp(iµt)}µ∈M that is 
omplete

and minimal in the whole spa
e L2(0, T ). They split the set of exponential into

two disjoint sets M =M1 ∪M2 and studied the fun
tions that are orthogonal

to the exponentials {exp(iµt)}µ∈M1
and to the elements of the biorthogonal

system {ψµ}µ∈M2
.

�2. The homogeneous problem

The 
orresponding homogeneous problem has the form

ẋ(t) = x(t− 1) +

0∫

−1

x(t+ τ)ϕ(τ) dτ, t > 0,

with the initial 
onditions

( x(0)
x( · )

)
= ~x0 ∈ M.

This problem admits the unique solution x(t) = x(t; ~x0) and also generates the

natural semigroup

St = eAt : M → M, St~x0 =
( x(t)
x(t+·)

)
.

The in�nitesimal generator of the semigroup is de�ned by the relation

A : ~x0 7→



x0(−1) +

0∫
−1

x0(τ)ϕ(τ) dτ

ẋ0(τ)


 . (2.1)

Its domain is given by

DA =
{
(

ξ
x(t)

)
, x ∈W 2

1 (−1, 0), ξ = x(0)
}
.

Let

D(z) = −iz + e−iz +

0∫

−1

eiτzϕ(τ) dτ

be the 
hara
teristi
 fun
tion of the homogeneous problem. Its indi
ator dia-

gram is [0, i]. We denote the set of all zeros of D by Λ = {λn}. It 
an easily be

seen that

λn = −π/2 + 2πn + i log |n|+ o(1), n ∈ Z.
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Here and in what follows we refer the reader to [11℄ for fa
ts about entire

fun
tions. For simpli
ity, we assume that Λ ⊂ C+ and that D has no multiple

zeros, this may be not true for a �nite number of zeros only.

We also have

|D(z)| ≍

{
|z| for z = x+ iy ∈ C+, y < log x, dist(z,Λ) > ǫ,

ey for z = x+ iy ∈ C+, y > log x, dist(z,Λ) > ǫ.
(2.2)

The propositions below are straightforward (again we refer to [11℄ for the

proof of 
ompleteness and minimality).

Proposition 2.1. The spe
trum of A is simple and 
oin
ides with iΛ. The

orresponding eigenve
tors are of the form ~eλ =

( 1
exp(iλτ)

)
, λ ∈ Λ.

Let ẼΛ = {~eλ}λ∈Λ be the set of all eigenfun
tions.

Proposition 2.2. The system ẼΛ is 
omplete and minimal in M.

By XΛ = {~xλ}λ∈Λ ⊂ M, ~xλ =
( ξλ
xλ(τ)

)
we denote the system biorthogo-

nal to ẼΛ.
We will use the relations

eAτ~eλ = eiλτ~eλ, eA
∗τ~xλ = e−iλ̄τ~xλ, λ ∈ Λ.

Proposition 2.3. We have the following relations:

ξλ =
−i

D′(λ)
, (2.3)

0∫

−1

eiztxλ(t) dt =
1

D′(λ)

e−iz +
0∫

−1

eizτϕ(τ) dτ + iλ

z − λ
. (2.4)

Sin
e D(λ) = 0, one 
an rewrite (2.4 ) as

0∫

−1

eiztxλ(t) dt =
1

D′(λ)

[
e−izt − e−iλt

z − λ
+

0∫

−1

e−izt − e−iλt

z − λ
ϕ(t) dt

]
. (2.5)

In what follows we use both (2.4) and (2.5).

Even after being normalised, the system ẼΛ does not form a Riesz basis

in M. However, for ea
h ~x ∈ M we 
an 
onsider it formal Fourier series

~x ∼
∑

λ∈Λ

〈~x, ~xλ〉~eλ. (2.6)
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�3. Stru
ture of the optimal solution

Denote the operator B : C → M by Ba =
(
a
0

)
, a ∈ C. Problem (1.1), (1.2)


an now be written as{
~̇x(t) = A~x(t) + Bu(t), t > 0,

~x(0) = ~x0.
(3.1)

Its solution has the form

~x(t) = eAt~x0 +

t∫

0

eA(t−τ)Bu(τ) dτ.

Fix now T > 1. The admissibility 
ondition u ∈ U(T ; ~x0) reads as

eAT~x0 = −

T∫

0

eA(T−τ)Bu(τ) dτ.

The set of exponentials EΛ = {eiλt} is in
omplete in L2(0, T ). Let EΛ(T ) be
the 
losure of its span in L2(0, T ), and let EΛ(T )

⊥ = L2(0, T )⊖ EΛ(T ).
The following theorem was proved in [2℄, see also [9, Chapter 7.4℄. We in
lude

the proof in order to make the presentation self-
ontained.

Theorem 3.1. Let uλ ∈ L2(0, T ) solve problem (1.3) for ~x0 = ~eλ, and let

vλ(t) = −uλ(T − t). Then

vλ ∈ EΛ(T ),

and also

T∫

0

eiµtvλ(t) dt = δλ,µ, µ ∈ Λ.

Lemma 3.2. Let v ∈ L2(0, T ) be su
h that

0 =

T∫

0

eAtBv(t) dt. (3.2)

Then v ∈ EΛ(T )
⊥
.

Proof. Given λ ∈ Λ, relation (3.2) yields

0 =

T∫

0

〈
eAtBv(t), ~xλ

〉
dt =

T∫

0

〈
Bv(t), eA

∗t~xλ
〉
dt =

T∫

0

〈
Bv(t), e−iλ̄t~xλ

〉
dt.
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It remains to observe that

Bv(t) =
(
v(t)
0

)
, ~xλ =

( ξλ
xλ(t)

)
,

therefore 〈Bv(t), e−iλ̄t~xλ〉 = ξλv(t)e
−iλ̄t

and ξλ 6= 0. �

Lemma 3.3. Let λ ∈ Λ and v ∈ L2(0, T ) be su
h that

eAT~eλ =

T∫

0

eAtBv(t) dt.

Then

T∫

0

v(t)e−iµ̄t dt = ξ̄−1
λ eiλtδλ,µ, µ ∈ Λ.

Proof. The proof is similar to that of the previous lemma. We write

eiλtδλ,µ =
〈
eAT~eλ, ~xµ

〉
=

T∫

0

〈
eAtBv(t), ~xµ

〉
dt

and then apply similar arguments. �

Corollary 3.4. The optimal 
ontrol linearly depends on the initial data: if u1
and u2 are solutions of problem (1.3) for ~x = ~x1, ~x2 respe
tively, then u1 + u2
solves this problem for ~x = ~x1 + ~x2.

Now in order to solve the general problem we need to re
onstru
t an arbi-

trary initial data ~x ∈ M from its expansion (2.6).

�4. Summation method

4.1. Formulation of the result. In this se
tion we des
ribe a linear sum-

mation method for the series (2.6), i.e., we des
ribe matri
es (wn(λ))n∈N,λ∈Λ
with the following properties:

wn(λ) → 1 as n→ ∞, for ea
h λ ∈ Λ; (4.1)

#{n : wn(λ) 6= 0} <∞, for ea
h n ∈ N; (4.2)

Sn~x→ ~x as n→ ∞, here Sn~x =
∑

λ∈Λ

wn(λ)〈~x, ~xλ〉~eλ. (4.3)
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We start with any sequen
es {ln}, {Rn} satisfying the 
onditions

ln, Rn → ∞ as n→ ∞, (4.4)

l2n/n→ 0, n/Rn → 0 as n→ ∞, (4.5)

e−πln/2Rn → 0 as n→ ∞. (4.6)

It su�
es, for example, to take ln = |n|1/4, Rn = n4.
Consider the fun
tion

Wn(z) = e−lnπ−iln log z−n

z+n , z ∈ C+.

Theorem 4.1. For λ ∈ Λ, let

wn(λ) =

{
Wn(λ), |λ| < Rn,

0, otherwise,
(4.7)

and let the operator Sn be de�ned by

Sn~x =
∑

λ∈Λ

wn(λ)
〈
~x, ~xλ

〉
~eλ. (4.8)

Then Sn~x→ ~x as n→ ∞.

4.2. Preliminary estimates.

Lemma 4.2.

Wn(z) ⇒ 1 as n→ ∞, on ea
h 
ompa
t set K ⊂ C+. (4.9)

Lemma 4.3.

|Wn(z)| < e−πln/2, z ∈ C+, |z| = Rn. (4.10)

These lemmas are straightforward.

On the real line we have

Wn(t) =

{
eiln log| t−n

t+n
|, |t| < n,

eiln log
∣∣ t−n

t+n

∣∣−lnπ, |t| > n.

Lemma 4.4.

sup
n

∣∣∣∣
∫

1<|t|<n

Wn(t)
dt

t

∣∣∣∣ <∞.

Lemma 4.5.

sup
n

∣∣∣∣
∫

|t|>n

Wn(t)
dt

t

∣∣∣∣ <∞.
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Proof of Lemma 4.4. We have

In :=

∫

1<|t|<n

Wn(t)
dt

t
=

( ∫

1<|t|<n/ln

+

∫

n/ln<|t|<n

)
= In,1 + In,2.

The estimate of In,1 is straightforward. For |t| < n/ln, we have

ln log
∣∣∣t− n

t+ n

∣∣∣ ≺ ln
n
|t| ≪ 1,

Respe
tively,

In,1 =

∫

1<|t|<n/ln

[
1 +O

(
ln
n
|t|

)]
dt

t
= O(1).

When estimating I2,n, we 
onsider ea
h interval ±[n/ln, n] separately. Con-
sider the integral

I ′n,2 =

∫

n/ln<t<n

eiln log
∣∣ t−n

t+n

∣∣ dt
t
.

By 
hanging variables

u =
n− t

n+ t
; τ = 1− u; v = log(1− τ),

and extra
ting the main term on ea
h step, we �nally arrive at the integral∫∞
1/ln

eilnv dv
v , whi
h is bounded uniformly in n. �

Proof of Lemma 4.5. Proof goes in the same vein. We write

∫

|t|>n

Wn(t)
dt

t
=

( ∫

|t|>nln

+

∫

n<|t|<nln

)
Wn(t)

dt

t

and use similar arguments. �

4.3. Proof of Theorem 4.1.

a. Let an operator Sn be de�ned by (4.3). From (4.9), it follows that Sn~x→ ~x
as n → ∞ on the dense set of �nite linear 
ombinations of ~eλ. So it su�
es

to prove the uniform boundedness of all operators Sn. Consider instead the

adjoint operator

S∗~y =
∑

λ

wn(λ)〈~y,~eλ〉~xλ.

A
tually it is more 
onvenient to deal with the 
onjugate obje
ts:

S∗~y =
∑

λ

wn(λ)〈~eλ, ~y〉~xλ =: ~sn.
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Put ~sn =
( σn

sn(t)

)
and ~y =

( η
y(t)

)
. Sin
e ~xλ =

( ξλ
xλ(t)

)
, we have

σn =
∑

λ

wn(λ)ξ̄λ +
∑

λ

wn(λ)ξ̄λ

0∫

−1

eiλty(t) dt = σ(1)n + σn(2), (4.11)

sn(t)=
∑

λ

wn(λ)xλ(t)+
∑

λ

wn(λ)

0∫

−1

eiλτy(τ) dτ xλ(t)=s
(1)
n (t)+s(2)n (t). (4.12)

Ea
h of the four summands on the right-hand side of (4.11), (4.12) should be

estimates separately.

Consider the 
ontour Γn= Ln∪Cn. Here LnRn, Rn], Cn={Rne
iθ; θ∈ [0, π]}.

The ar
s Cn satisfy the Carleson 
ondition uniformly in n, hen
e, for any

fun
tion h in the Hardy spa
e H2(C+), we have

(∫

Cn

|h(ζ)|2|dζ|
)1/2

6 Const ‖h‖.

We also assume that dist(Λ,Γn) > 0 uniformly in n.

b. Estimate of σ
(1)
n . We use (2.3). Cal
ulation of the residues gives

2iπσ(1)n =

∫

Γn

Wn(ζ)

D(ζ)
dζ =

(∫

Cn

+

∫

Ln

)
Wn(ζ)

D(ζ)
dζ = In + Jn. (4.13)

That In is bounded (and even tends to zero as n → 0) is very 
lear, this

follows from (4.6), (4.10), and (2.2). In order to see the boundedness of Jn, it
su�
es to mention that, a

ording to Lemma 4.5, the integral

∫

Ln

Wn(t)

it+ 1
dt

is bounded uniformly in n. Therefore, it su�
es to establish the boundedness of

∫

Ln

Wn(t)

{
1

D(t)
−

1

it+ 1

}
dt.

The latter is evident be
ause the expression in bra
es is uniformly O(t−2) as
t→ ∞.
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. Estimate of σ
(2)
n Denote

Y (z) =

0∫

−1

eizτy(τ) dτ. (4.14)

As before, we have

2iπσ(2)n =

∫

Γn

Wn(ζ)
Y (ζ)

D(ζ)
dζ =

(∫

Cn

+

∫

Ln

)
Wn(ζ)

Y (ζ)

D(ζ)
dζ = In + Jn.

The estimate of Jn is now straightforward be
ause Y ∈ L2(R) uniformly in y
in the unit ball of L2(−1, 0) and |D(t)| ≍ |t| as t→ ±∞.

In order to estimate In, we observe that the fun
tion Ψ(ζ) = eizY (ζ) be-
longs to the Hardy spa
e H2(C+) and has the same L2(R) norm as Y . Also,
from (2.2) it follows that

∣∣∣Y (ζ)

D(ζ)

∣∣∣ ≺ |Ψ(ζ)|, ζ ∈ Cn.

Now we use that all Cn's are uniformly Carleson 
urves in C+ and also (4.10).

We obtain

[Jn|≺e
−lnπ/2

∫

Cn

|Ψ(ζ)||dζ|6e−lnπ/2|Cn|
1/2

(∫

Cn

|Ψ(ζ)|2|dζ|

)1/2

≺ R1/2
n e−lnπ/2‖Ψ‖.

It remains to refer to (4.6).

d. Estimate of ‖s
(1)
n ‖. We apply the Fourier transform and use the represen-

tation (2.5):

(s(1)n )̂(x) =
∑

λ

wn(λ)
1

D′(λ)

(
e−izt − e−iλt

z − λ
+

0∫

−1

e−izt − e−iλt

z − λ
ϕ(t) dt

)
.

Therefore it su�
es to obtain estimates of ‖Φn,t‖L2(R) uniform in t where

Φn,t(x) =
∑

Λ

wn(λ)
1

D′(λ)

e−ixt − e−iλt

x− λ
.

Sin
e Λ ⊂ C+, this fun
tion belongs to the Hardy spa
e H2(C−) and

‖Φn,t‖L2(R) = sup

{∣∣∣∣
∞∫

−∞

Φn,t(x)h(x)dx

∣∣∣∣ : h ∈ H2(C+), ‖h‖ = 1

}
.
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We obtain two terms to be estimated:

∑

Λ

wn(λ)

D′(λ)
eiλt

∞∫

−∞

h(x)

x− λ
dx = 2iπ

∑

Λ

wn(λ)

D′(λ)
eiλth(λ) =: a1,n,

and

∑

Λ

wn(λ)

D′(λ)

∞∫

−∞

eixth(x)

x− λ
dx =: a2,n. (4.15)

On
e again we have

a1,n =

(∫

Ln

+

∫

Cn

)
Wn(ζ)

eiζt

D(ζ)
h(ζ)dζ.

The estimate of the �rst integral follows bluntly from the S
hwarz inequality.

In order to estimate the se
ond one we observe that

∣∣eitζ/D(ζ)
∣∣ ≺ 1, ζ ∈ Cn

uniformly in t and n and then again use the fa
t that all Cn's are uniformly

Carlesonian together with (4.6):

∣∣∣∣
∫

Cn

Wn(ζ)
eiζt

D(ζ)
h(ζ)dζ

∣∣∣∣ ≺
∫

Cn

|Wn(ζ)||h(ζ)||dζ| ≺ e−πln/2R1/2
n ‖h‖ ≺ ‖h‖.

In order to estimate an,2 we represent h as h(x) =
∫∞
0 eiξxω(ξ) dξ for some

ω ∈ L2(0,∞).
For t ∈ [−1, 0] we have

h(x) =

0∫

t

eiξxω(ξ − t) dξ +

∞∫

0

eiξxω(ξ − t) dξ = h−t (x) + h+t (x). (4.16)

Then h±t ∈ H2(C±), ‖h
+
t ‖ 6 ‖h‖, and

a2,n =
∑

λ

wn(λ)
h+t (λ)

D′(λ)
.

The rest of the estimate is similar to that of an,1.

e. Estimate of ‖s
(2)
n ‖. Again, we apply the Fourier transform but now use the

representation (2.4):

(ŝ
(2)
n )(x) =

∑

λ

wn(λ)
Y (λ)

D′(λ)

e−ix +
0∫

−1

eixτϕ(τ) dτ + iλ

x− λ
,

here Y (λ) was de�ned in (4.14).
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The duality reasons yield

‖ŝ
(2)
n ‖ = sup

{∣∣∣∣
∞∫

−∞

ŝ
(2)
n (x)h(x)dx

∣∣∣∣, h ∈ H2(C+), ‖h‖ 6 1

}
.

Let the fun
tions ht be de�ned as in (4.16). Consider the fun
tion

f(x) = h−1 +

0∫

−1

ht(x)ϕ(t) dt.

We have f ∈ H2(C+), ‖f‖ ≺ 1, and
∞∫

−∞

ŝ
(2)
n (x)h(x)dx =

∑

λ

wn(λ)
1 + iλ

D′(λ)
Y (λ)f(λ).

This expression 
an be estimated mu
h as ‖sn,1‖. �

We have proved the following statement.

Theorem 4.6. Given the 
ontrol problem (1.1), (1.2), let u0(t) be the optimal

solution de�ned by (1.3). Let, further, Λ and ẼΛ be the 
orresponding eigenval-

ues and eigenve
tors and also let

~x0 ∼
∑

λ∈Λ

〈~x0, ~xλ〉~eλ

be the formal Fourier expansion of the initial data ~x0.
Then

u0(t) = lim
n→∞

∑

λ

wn(λ)〈~x0, ~xλ〉uλ(t),

here the wn(λ) are de�ned in (4.7) and the fun
tions uλ ∈ L2(0, T ) are de�ned

by the relations

uλ(t) = −vλ(T − t); vλ ∈ E(Λ),

T∫

0

eiµtvλ(t) dt = δλ,µ, µ ∈ Λ.

The limit exists in the L2(0, T ) sense.

�5. A model 
ase

a. In this se
tion we 
onsider the simplest model 
ase

ẋ(t) = x(t− 1) + u(t), t > 0; (5.1)

x(t) = x0(t), t ∈ (−1, 0), x(0) = ξ0. (5.2)
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For this 
ase we give an expli
it 
onstru
tion of the 
orresponding fun
tions vλ
for T ∈ (1, 2). We denote δ = T − 1. The 
hara
teristi
 fun
tion has the form

D(z) = −iz + e−iz. (5.3)

b. Des
ription of E(Λ)⊥. Let g ∈ L2(0, T ), g ∈ E(Λ)⊥. Then the entire fun
tion

G(z) =

T∫

0

eiztg(t) dt

vanishes on Λ and the standard arguments on 
omparing its growth with that

of D(z) yield

G(z) = eizD(z)Ω(z), (5.4)

where Ω runs through the set of all fun
tions of the form

Ω(z) =

δ∫

0

eiztω(t) dt, xΩ(x) ∈ L2(R). (5.5)

The last folmulas yield

ω ∈W 2
1 (0, δ), ω(0) = ω(δ) = 0, (5.6)

and, by (5.3)�(5.4), we obtain

g(t) =





ω′(t− 1), t ∈ (1, 1 + δ),

ω(t), t ∈ (0, δ),

0, otherwise.

This is the des
ription of E(Λ)⊥.


. Des
ription of the biorthogonal system. Fix λ ∈ Λ and let a fun
tion

vλ ∈ L2(0, T ) satisfy

T∫

0

eiµtvλ(t) dt = δλ,µ, µ ∈ Λ.

Denote

Vλ(z) =

T∫

0

eiztvλ(t) dt.

As before we have

Vλ(z) =
1

eiλD′(λ)

eizD(z)

z − λ
Pλ(z),
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where the fun
tion

Pλ(z) =

δ∫

0

eiztpλ(t) dt, pλ ∈ L2(0, δ)

satis�es

Pλ(λ) =

δ∫

0

eiλtpλ(t) dt = 1. (5.7)

We remind the reader that D(λ) = 0. Therefore

eixD(x)

x− λ
= −ieix − i

ei(x−λ) − 1

x− λ
= −i

[
eix +

1∫

0

eixte−iλt dt

]

and, denoting aλ = 1/(eiλD′(λ), we obtain

vλ(t) = −iaλ

[
pλ(t− 1) +

t∫

t−1

e−iλ(t−u)pλ(u)du

]
.

When pλ runs through L2(0, δ), the fun
tion vλ runs through all fun
tions

in L2(0, T ) orthogonal to EΛ \ {eiλt}. The 
ondition vλ ∈ E⊥
λ leads one to a


ondition on pλ.

d. We assume that the fun
tions ω, pλ are de�ned on the whole R and vanish

outside of (0, δ). The 
ondition vλ ∈ EΛ takes the form

0 =

T∫

0

[ω(t) + ω′(t− 1)]

[
pλ(t− 1) + e−iλt

t∫

t−1

e−iλτpλ(τ) dτ

]
dt, (5.8)

for all ω ∈W 2
1 (0, δ), ω(0) = ω(δ) = 0.

When opening the parenthesis, we obtain four summands Ai, i = 1, 2, 3, 4.
Consider ea
h of them separately.

A1 =

T∫

0

ω(t)pλ(t− 1) dt = 0,

be
ause the supports of ω(t) and pλ(t− 1) are disjoint.
Denote ελ(t) = e−iλtχ(0,∞)(t). Then

A2 =

T∫

0

ω(t)

t∫

t−1

pλ(τ)e
−iλ(t−τ) dτ =

δ∫

0

ω(t)(pλ ∗ ελ)(t) dt;
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A3 =

T∫

0

ω′(t− 1)pλ(t− 1) dt = −

T∫

0

ω(t− 1)p′λ(t− 1) dt.

Here we assume that p′λ exists. With this assumption we will arrive to equation

with respe
t to p′λ whi
h has smooth solution. This su�
es, be
ause we already

know that there is only one pλ satisfying all 
onditions.

When 
onsidering A4 we use (5.7). We have

A4 =

T∫

0

ω′(t− 1)e−iλt

t∫

t−1

pλ(τ)e
iλτ dτ dt

=

T∫

1

ω′(t− 1)e−iλt

δ∫

t−1

pλ(τ)e
iλτ dτ dt

= e−iλ

δ∫

0

ω′(t)e−iλt

(
1−

t∫

0

pλ(τ)e
iλτ dτ

)
dt

= e−iλ

[
iλ

δ∫

0

ω(t)e−iλt dt−

δ∫

0

ω(t)(pλ ∗ ελ)
′(t) dt

]
.

We 
olle
t these relations together and remark that ω 
an be any fun
tion

in W 2
1 (0, δ) satisfying (5.6). We then arrive at the equation

−pλ
′(t)− e−iλ(pλ ∗ ελ)

′(t) + (pλ ∗ ελ)(t)− e−iλε′λ(t) = 0, 0 < t < δ. (5.9)

The left-hand side of this equation is well de�ned for all t > 0. Denote it by α(t).
Let Pλ(s) and e−δsA(s) be the Lapla
e transform of pλ and α respe
tively.

Taking on
e again into a

ount that D(λ) = 0, we transform (5.9) into an

equation for Pλ(s):

Pλ(s)(1 − s2) =
(
λ2 − iλpλ(0)

)
+ spλ(0) + e−δsA(s).

The last summand on the right-hand side does not in�uen
e the values

of pλ on (0, δ). Therefore

pλ(t) =
[
λ2 − iλpλ(0)

]
sinh t+ pλ(0) cosh t, t ∈ (0, δ).

The value pλ(0) should now be 
hosen to meet (5.7). We omit the 
orre-

sponding 
al
ulation.
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