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c© 2004 £. �.�. �®«ã¡ç¨ª∗, �.�. �®ª®«®¢†������������ ������� Ǳ������ ������������� ��������� ��Ǳ� �������� ª ¦¤ë¬ à §«®¦¥­¨¥¬  «£¥¡àë �¨ àï¤®¢ �®à ­  á ª®íää¨æ¨¥­â ¬¨ ¨§ ¯®«ã¯à®áÄâ®©  «£¥¡àë �¨ ¢ áã¬¬ã ¯®¤ «£¥¡àë, á®áâ®ïé¥© ¨§ àï¤®¢ �¥©«®à  ¨ ­¥ª®â®à®© ¤®Ä¯®«­¨â¥«ì­®© ¯®¤ «£¥¡àë, á¢ï§ë¢ ¥âáï ¨¥à àå¨ï ¨­â¥£à¨àã¥¬ëå £ ¬¨«ìâ®­®¢ëå ­¥Ä«¨­¥©­ëå ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. � á«ãç ¥  «£¥¡àë �¨ so(3)­ è  áå¥¬  ®å¢ âë¢ ¥â ¢á¥ ª« áá¨ç¥áª¨¥ ¨­â¥£à¨àã¥¬ë¥ á«ãç ¨ ¢ § ¤ ç¥ �¨àå£®ä  ®¤¢¨¦¥­¨¨ â¢¥à¤®£® â¥«  ¢ ¨¤¥ «ì­®© ¦¨¤ª®áâ¨. �à®¬¥ â®£®, ¤ ­­ ï ª®­áâàãªæ¨ï ¯®§Ä¢®«ï¥â áâà®¨âì ¨­â¥£à¨àã¥¬ë¥ ¤¥ä®à¬ æ¨¨ ¨§¢¥áâ­ëå ¨­â¥£à¨àã¥¬ëå ¬®¤¥«¥©.�«îç¥¢ë¥ á«®¢ : ¨­â¥£à¨àã¥¬ë¥ ­¥«¨­¥©­ë¥ ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï,¯ à  � ªá ,  «£¥¡à  ¯¥â¥«ì. 1. ��������� áâ âì¥ à áá¬ âà¨¢ îâáï ¨­â¥£à¨àã¥¬ë¥ ­¥«¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥Ä­¨ï, ¯à¥¤áâ ¢«¥­¨¥ � ªá  ¤«ï ª®â®àëå § ¤ ¥âáï à §«®¦¥­¨¥¬  «£¥¡àë G� àï¤®¢ �®à Ä­  ¯® ¯ à ¬¥âàã � á ª®íää¨æ¨¥­â ¬¨ ¨§ ¯®«ã¯à®áâ®©  «£¥¡àë �¨ G ¢ ¯àï¬ãî áã¬¬ã¢¥ªâ®à­ëå ¯à®áâà ­áâ¢

G� = G+ ⊕ G−; (1.1)£¤¥ G− { ¯®¤ «£¥¡à  àï¤®¢ �¥©«®à ,   G+ { ­¥ª®â®à ï ¤®¯®«­¨â¥«ì­ ï ¯®¤ «£¥¡à  �¨.�«¥¤ãï â¥à¬¨­®«®£¨¨ �¥à¥¤­¨ª  [1], ¬ë ¡ã¤¥¬ ­ §ë¢ âì â ª¨¥ ¯®¤ «£¥¡àë ä ªâ®à¨§ãÄîé¨¬¨. � áâ ­¤ àâ­®© á¨âã æ¨¨ G+ á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ Gst+ , á®áâ®ïé¨¬ ¨§ ¯®«¨Ä­®¬®¢ ®â �−1 á ­ã«¥¢ë¬ á¢®¡®¤­ë¬ ç«¥­®¬.� á«ãç ¥, ª®£¤  ä ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  ¨§®âà®¯­  ®â­®á¨â¥«ì­® ¨­¢ à¨ ­â­®©­¥¢ëà®¦¤¥­­®© ä®à¬ë
〈X(�); Y (�)〉 = res(X(�); Y (�)); X(�); Y (�) ∈ G�; (1.2)£¤¥ ( · ; · ) { ä®à¬  �¨««¨­£  ­  G, ¨¬¥îâáï â¥á­ë¥ á¢ï§¨ ¬¥¦¤ã ä ªâ®à¨§ãîé¨¬¨ ¯®¤- «£¥¡à ¬¨ ¨ à¥è¥­¨ï¬¨ ª« áá¨ç¥áª®£® ãà ¢­¥­¨ï �­£ {� ªáâ¥à  [2]. �¥¨§®âà®¯­ë¥ä ªâ®à¨§ãîé¨¥ ¯®¤ «£¥¡àë, ¯®-¢¨¤¨¬®¬ã, á¥àì¥§­® ­¥ ¨§ãç «¨áì.

∗� èª¨àáª¨© £®áã¤ àáâ¢¥­­ë© ¯¥¤ £®£¨ç¥áª¨© ã­¨¢¥àá¨â¥â, �ä , �®áá¨ï
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4 �. �. ��������, �. �. �������� ¨¡®«¥¥ ¨§¢¥áâ­ë¬ ª« áá®¬ ¨­â¥£à¨àã¥¬ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ç áâÄ­ëå ¯à®¨§¢®¤­ëå, á¢ï§ ­­ëå á ä ªâ®à¨§ãîé¨¬¨ ¯®¤ «£¥¡à ¬¨, ï¢«ïîâáï ãà ¢­¥­¨ïâ¨¯  � ­¤ ã{�¨äè¨æ  [3]. Ǳà¥¤áâ ¢«¥­¨¥ � ªá  ¤«ï ­¨å ¨¬¥¥â ¢¨¤Lt = Ax + [A;L]; (1.3)£¤¥ L, A { ­¥ª®â®àë¥ í«¥¬¥­âë ä ªâ®à¨§ãîé¥©  «£¥¡àë G+. �¢ï§ì ¬¥¦¤ã ä ªâ®à¨§ãÄîé¨¬¨ ¯®¤ «£¥¡à ¬¨ ¨ á¨áâ¥¬ ¬¨ â¨¯  ãà ¢­¥­¨ï ª¨à «ì­®£® ¯®«ï ¡ë«  ãáâ ­®¢«¥­ ¢ à ¡®â¥ [4].� á«ãç ¥, ª®£¤  à¥è¥­¨¥ ãà ¢­¥­¨ï â¨¯  � ­¤ ã{�¨äè¨æ  ­¥ § ¢¨á¨â ®â x, á®®â­®Äè¥­¨¥ (1.3) à¥¤ãæ¨àã¥âáï ª Lt = [A;L]: (1.4)�á«¨ ¤«ï ãà ¢­¥­¨ï � ªá  (1.3) ¥áâ¥áâ¢¥­­® áç¨â âì, çâ® ¨ L, ¨ A ¯à¨­ ¤«¥¦ â ®¤­®©¨ â®© ¦¥  «£¥¡à¥ �¨, â® ãà ¢­¥­¨¥ (1.4) á ¬®á®£« á®¢ ­­® ¨ ¢ â®¬ á«ãç ¥, ¥á«¨ A ¯à¨Ä­ ¤«¥¦¨â  «£¥¡à¥�¨,  L «¥¦¨â ¢ ­¥ª®â®à®¬¬®¤ã«¥ ­ ¤ íâ®©  «£¥¡à®©. �¤­® ¨§ ­ è¨å®á­®¢­ëå ­ ¡«î¤¥­¨© á®áâ®¨â ¢ â®¬, çâ® ªà®¬¥ ãà ¢­¥­¨© (1.4), £¤¥ L;A ∈ G+, ¨¬¥¥âáï¢â®à®©, ¬®¦¥â ¡ëâì ¡®«¥¥ ¨­â¥à¥á­ë©, ª« áá ¨­â¥£à¨àã¥¬ëå ­¥«¨­¥©­ëå ®¡ëª­®¢¥­Ä­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¤«ï ª®â®àëå A ∈ G+, L ∈ G⊥+ . �¤¥áì ⊥ ®§­ ç ¥â®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ ®â­®á¨â¥«ì­® ä®à¬ë (1.2). � á«ãç ¥ ¨§®âà®¯­ëå ä ªâ®à¨Ä§ãîé¨å ¯®¤ «£¥¡à íâ¨ ¤¢  ª« áá  á®¢¯ ¤ îâ. �¥£ª® ¢¨¤¥âì, çâ® G⊥+ { ¬®¤ã«ì ­ ¤ G+.�á®¡¥­­® ¢ ¦­® ¤«ï ­ á â®, çâ® ãà ¢­¥­¨ï ­  G⊥+ ®¡« ¤ îâ ¥áâ¥áâ¢¥­­®© £ ¬¨«ìâ®­®Ä¢®© áâàãªâãà®©, § ¤ ¢ ¥¬®© «¨­¥©­®© áª®¡ª®© Ǳã áá®­ . � ®¡é¥¬ á«ãç ¥ ãà ¢­¥­¨ï¢â®à®£® ª« áá  ­¥ ¤®¯ãáª îâ ¤¢ã¬¥à­®£® ®¡®¡é¥­¨ï (1.3).�à ¢­¥­¨ï � ªá , £¤¥ L ∈ G⊥+ , ¯®-¢¨¤¨¬®¬ã, ¢ë¯ «¨ ¨§ ¯®«ï §à¥­¨ï á¯¥æ¨ «¨áâ®¢.� ª ¯®ª § ­® ¢ à §¤¥«¥ 4, ¨¬¥­­® â ª¨¥ ¯à¥¤áâ ¢«¥­¨ï � ªá  ¤«ï G = so(3) á®®â¢¥âÄáâ¢ãîâ ª« áá¨ç¥áª¨¬ ®¤­®à®¤­ë¬ ª¢ ¤à â¨ç­ë¬ ¨­â¥£à¨àã¥¬ë¬ £ ¬¨«ìâ®­¨ ­ ¬ ¤¨Ä­ ¬¨ª¨ â¢¥à¤®£® â¥«  (  ¨¬¥­­® ¢®«çª ¬ �©«¥à , �¨àå£®ä , �«¥¡è  ¨ �â¥ª«®¢ {�ï-¯ã­®¢ ). �á¥ ä ªâ®à¨§ãîé¨¥ ¯®¤ «£¥¡àë ¤«ï G = so(3) ¯à®ª« áá¨ä¨æ¨à®¢ ­ë ¢ à ¡®Äâ¥ [5]. �ª § «®áì, çâ® ª« áá¨ç¥áª¨¥ ¢®«çª¨ ­ å®¤ïâáï ¢® ¢§ ¨¬­® ®¤­®§­ ç­®¬ á®®â¢¥âÄáâ¢¨¨ á ä ªâ®à¨§ãîé¨¬¨ ¯®¤ «£¥¡à ¬¨. �à®¬¥ â®£®, ®ª § «®áì, çâ® à §«¨ç­ë¥ ¤¥ä®àÄ¬ æ¨¨ ¨§¢¥áâ­ëå ¨­â¥£à¨àã¥¬ëå ¬®¤¥«¥©, ­ ©¤¥­­ë¥ ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï [6]{[8], â ª¦¥¯®à®¦¤¥­ë ­¥¨§®âà®¯­ë¬¨ ä ªâ®à¨§ãîé¨¬¨ ¯®¤ «£¥¡à ¬¨ (á¬. à §¤¥« 5).� à §¤¥« å 2 ¨ 3 à §¢¨¢ ¥âáï ®¡é ï  «£¥¡à ¨ç¥áª ï â¥®à¨ï ¨­â¥£à¨àã¥¬ëå ¬®¤¥«¥©,á¢ï§ ­­ëå á ä ªâ®à¨§ãîé¨¬¨ ¯®¤ «£¥¡à ¬¨, ¢ ç áâ­®áâ¨, ¤ ¥âáï ®¯¨á ­¨¥ ª®¬¬ãâ¨Äàãîé¨å ¯®â®ª®¢ ¨ «¨­¥©­ëå áª®¡®ª Ǳã áá®­  ­  ª®­¥ç­®¬¥à­ëå ®à¡¨â å. �­â¥à¥á­®®â¬¥â¨âì, çâ® ¢ á«ãç ¥, ª®£¤  ä ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î�−mG+ ⊂ G+ (1.5)¤«ï ­¥ª®â®à®£®m > 1, ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï £ ¬¨«ìâ®­®¢ë ®â­®á¨â¥«ì­® ¥é¥ ®¤­®© «¨Ä­¥©­®© áª®¡ª¨ Ǳã áá®­ . �â®â ä ªâ ®¡êïá­ï¥â áãé¥áâ¢®¢ ­¨¥ ­ ©¤¥­­ëå �®¡¥­ª® [9]«¨­¥©­ëå § ¬¥­, á¢ï§ë¢ îé¨å ¨§¢¥áâ­ë¥ ¨­â¥£à¨àã¥¬ë¥ á«ãç ¨ ­  e(3) ¨ so(4). �®Ä£« á®¢ ­­®áâì ¤¢ãå «¨­¥©­ëå áª®¡®ª Ǳã áá®­  ¯®«®¦¥­  ¢ ®á­®¢ã ¯®¤å®¤ , à §¢¨â®£® ¢à ¡®â¥ [10] (á¬. â ª¦¥ [4]).



������������ ������� Ǳ����� � ������������� ��������� 5�á«¨ á®®â­®è¥­¨¥ (1.5) ¢ë¯®«­¥­® ¯à¨m = 1, ä ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  G+ ­ §ëÄ¢ ¥âáï ®¤­®à®¤­®©. � à §¤¥«¥ 6 à áá¬ âà¨¢ îâáï ®¤­®à®¤­ë¥ ¯®¤ «£¥¡àë. � ç áâ­®áÄâ¨, ¯®ª §ë¢ ¥âáï, çâ® ä ªâ®à¨§ãîé ï ¯®¤ «£¥¡à , á®®â¢¥âáâ¢ãîé ï «î¡®© ª®­¥ç­®©£àã¯¯¥ à¥¤ãªæ¨© (á¬. [11]), íª¢¨¢ «¥­â­  ®¤­®à®¤­®©.2. ����� �����Ǳãáâì A {  áá®æ¨ â¨¢­ ï  «£¥¡à  á ­¥¢ëà®¦¤¥­­®© ¯®«ãäà®¡¥­¨ãá®¢®© ä®à¬®©
〈 · ; · 〉. Ǳ®á«¥¤­¥¥ ®§­ ç ¥â, çâ®

〈a; b〉 = 〈b; a〉; 〈a; b ? c〉 = 〈a ? b; c〉:�¥à¥§A(−) ®¡®§­ ç¨¬ ¯à¨á®¥¤¨­¥­­ãî  «£¥¡àã�¨ á® áª®¡ª®© [a; b] = a?b−b?a. �¥£ª®¢¨¤¥âì, çâ® 〈 · ; · 〉 ¨­¤ãæ¨àã¥â ¨­¢ à¨ ­â­ãî ä®à¬ã ­ A(−). �àã£¨¬¨ á«®¢ ¬¨,
〈[a; b]; c〉 = −〈b; [a; c]〉: (2.1)Ǳãáâì U { ¯®¤ «£¥¡à  �¨ ¢ A(−) â ª ï, çâ® ®£à ­¨ç¥­¨¥ 〈 · ; · 〉U ä®à¬ë 〈 · ; · 〉 ­  U­¥¢ëà®¦¤¥­­® ¨

A(−) = U ⊕ U⊥: (2.2)Ǳà¥¤¯®«®¦¨¬, çâ®
U = U+ ⊕ U−; (2.3)£¤¥ U− ¨ U+ { ­¥ª®â®àë¥ ¯®¤ «£¥¡àë �¨. �¡®§­ ç¨¬ ç¥à¥§ �− ¨ �+ ¯à®¥ªâ®àë ­  U− ¨

U+, á®®â¢¥âáâ¢¥­­®.Ǳãáâì I− ¨ I+ { ¨¤¥ «ë ª®­¥ç­®© ª®à §¬¥à­®áâ¨ ¢ U− ¨ U+. � áá¬®âà¨¬ ¯®¤¯à®áÄâà ­áâ¢® ¢ U ¢¨¤ 
O = I⊥− ∩ I⊥+ ; (2.4)£¤¥ ⊥ ®§­ ç ¥â ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ ¢ U ®â­®á¨â¥«ì­® ä®à¬ë 〈 · ; · 〉U . Ǳ®áª®«ìªãI⊥− ∩ I⊥+ = (I− + I+)⊥;â® ¯à®áâà ­áâ¢®O ª®­¥ç­®¬¥à­®.Ǳà¨¬¥à 2.1. ǱãáâìA { ¯à®¨§¢®«ì­ ï  áá®æ¨ â¨¢­ ï  «£¥¡à , U {  «£¥¡à �¨ àï¤®¢�®à ­  ®â­®á¨â¥«ì­® ¯ à ¬¥âà  � á ª®íää¨æ¨¥­â ¬¨ ¨§ A, r { ä¨ªá¨à®¢ ­­ë© ¯®áâ®Äï­­ë© í«¥¬¥­âA. �¥£ª® ¢¨¤¥âì, çâ®

U+ = { p
∑i=1 ai�−i(1 + �r) ∣

∣

∣

∣

ai ∈ A; p ∈ N

} (2.5)ï¢«ï¥âáï ä ªâ®à¨§ãîé¥© ¯®¤ «£¥¡à®© �¨ ¢ U , ¤®¯®«­¨â¥«ì­®© ª ¯®¤ «£¥¡à¥ U− ¢á¥åàï¤®¢ �¥©«®à . �®¦­® ¯à®¢¥à¨âì, çâ®
U⊥+ = { q

∑i=1(1 + �r)−1ai�−i ∣

∣

∣

∣

ai ∈ A; q ∈ N

}: (2.6)



6 �. �. ��������, �. �. ��������¯à¥¤¥«¨¬ ®à¡¨âãOn á ¯®¬®éìî ¯ àë ¨¤¥ «®¢I+ = U+; I− = �nU−:�§ (2.4) á«¥¤ã¥â, çâ®
On = �−nU− ∩ U⊥+ :� ª¨¬ ®¡à §®¬,

On = { n
∑i=1(1 + �r)−1ai�−i ∣

∣

∣

∣

ai ∈ A

}:Ǳãáâì L ∈ O, f(L; �1; : : : ; �k) { ­¥ª®â®àë© ¬­®£®ç«¥­ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­Äâ ¬¨, �i { ¯à®¨§¢®«ì­ë¥ í«¥¬¥­âë ¨§ æ¥­âà  A. �¡®§­ ç¨¬ ç¥à¥§ �f ¯à®¥ªæ¨î f ­  U ,á®®â¢¥âáâ¢ãîéãî à §«®¦¥­¨î (2.2). �ëà ¦¥­¨ï â¨¯  �f ¡ã¤¥¬ ­ §ë¢ âì á¯¥ªâà «ìÄ­ë¬¨ ¨­¢ à¨ ­â ¬¨ L. Ǳ®áª®«ìªã [f; L] = 0, ¨¬¥¥¬ â ª¦¥ [ �f; L] = 0. �á«¨ �g { ¥é¥®¤¨­ á¯¥ªâà «ì­ë© ¨­¢ à¨ ­â, â® ¨§ [ �f; L] = 0 á«¥¤ã¥â [ �f; g] = 0. �®£¤  ¨§ à §«®¦¥Ä­¨ï (2.2) ¢ëâ¥ª ¥â, çâ® [ �f; �g] = 0.�¥®à¥¬  2.1. �­®¦¥áâ¢® O ï¢«ï¥âáï ª®­¥ç­®¬¥à­®© ®à¡¨â®© ®â­®á¨â¥«ì­®¯®â®ª , § ¤ ¢ ¥¬®£® ãà ¢­¥­¨¥¬ � ªá Lt = [�+( �f); L]; (2.7)£¤¥ �f { ¯à®¨§¢®«ì­ë© á¯¥ªâà «ì­ë© ¨­¢ à¨ ­â L.�®ª § â¥«ìáâ¢®. �«ïâ®£® çâ®¡ë¤®ª § âì, çâ®O { ®à¡¨â , ¬ë¤®«¦­ë¯®ª § âì,çâ® ¥á«¨ L ∈ O, â® [�+( �f); L] ∈ O. Ǳ® ®¯à¥¤¥«¥­¨î �+( �f) ∈ U+. �§ ¨­¢ à¨ ­â­®áâ¨ä®à¬ë 〈 · ; · 〉 á«¥¤ã¥â, çâ® I⊥+ ï¢«ï¥âáï ¬®¤ã«¥¬ ­ ¤ U+. Ǳ®íâ®¬ã [�+( �f); L] ∈ I⊥+ . �§[ �f; L] = 0 ¯®«ãç ¥¬ [�+( �f); L] = −[�−( �f); L]. � ª ª ª I⊥− ï¢«ï¥âáï ¬®¤ã«¥¬ ­ ¤ U−,¨¬¥¥¬ [�+( �f); L] ∈ I⊥− . �âáî¤  [�+( �f); L] ∈ O.� ª ¬ë ã¢¨¤¨¬ ­¨¦¥, ãà ¢­¥­¨¥ � ªá  ®¡« ¤ ¥â ¡®£ âë¬ § ¯ á®¬ ¯¥à¢ëå ¨­â¥£à Ä«®¢ ¨ ª®¬¬ãâ¨àãîé¨å ¯®â®ª®¢.Ǳà¥¤«®¦¥­¨¥ 2.1. �«ï «î¡ëå ¤¢ãå á¯¥ªâà «ì­ëå ¨­¢ à¨ ­â®¢ h = �g1 ¨ �g2 ¢ëÄà ¦¥­¨¥ 〈�g1; �g2〉 ï¢«ï¥âáï ¯¥à¢ë¬ ¨­â¥£à «®¬ ãà ¢­¥­¨ï (2.7).�®ª § â¥«ìáâ¢®. Ǳ®áª®«ìªã gi { ¬­®£®ç«¥­ ®â L, ¨¬¥¥¬ (gi)t = [�+( �f); gi]. �§à §«®¦¥­¨ï (2.2) á«¥¤ã¥â, çâ® (�gi)t = [�+( �f); �gi]: (2.8)�§ ¨­¢ à¨ ­â­®áâ¨ (2.1) ä®à¬ë 〈 · ; · 〉 ¯®«ãç ¥¬ht = 〈�g1; [�+( �f); �g2]〉+ 〈�g2; [�+( �f); �g1]〉:



������������ ������� Ǳ����� � ������������� ��������� 7�¥®à¥¬  2.2. �«ï «î¡ëå á¯¥ªâà «ì­ëå ¨­¢ à¨ ­â®¢ �g1 ¨ �g2 ¯®â®ª¨ ­  ®à¡¨Äâ¥ O Lt = [�+(�g1); L] (2.9)¨ L� = [�+(�g2); L] (2.10)ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©.�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï á®®â­®è¥­¨ï (2.8){(2.10), ¯®«ãç ¥¬Lt� − L�t = [�+[�+(�g2); �g1]− �+[�+(�g1); �g2]− [�+(�g2); �+(�g1)]; L]:Ǳ®áª®«ìªã ¢ à §«®¦¥­¨¨ (2.3) ®¡  á« £ ¥¬ëå ï¢«ïîâáï ¯®¤ «£¥¡à ¬¨, ¯®á«¥¤­¥¥ à ¢¥­Äáâ¢® ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥ á®®â­®è¥­¨ïLt� − L�t = [�+[�g2; �g1]; L]; (2.11)¯à ¢ ï ç áâì ª®â®à®£® à ¢­  ­ã«î, ¯®áª®«ìªã, ª ª ®â¬¥ç «®áì ¢ëè¥, [�g2; �g1] = 0.�ª §ë¢ ¥âáï, çâ® ¯à¨ ¥áâ¥áâ¢¥­­®¬ (áà. á (2.4)) ¤®¯®«­¨â¥«ì­®¬ ãá«®¢¨¨
O⊥ = I− + I+ãà ¢­¥­¨¥ (2.7) ï¢«ï¥âáï £ ¬¨«ìâ®­®¢ë¬. �¯à¥¤¥«¨¬H ä®à¬ã«®©

H = U−=I− ⊕ U+=I+;£¤¥  «£¥¡à  U+ ¯®«ãç ¥âáï ¨§ U+ § ¬¥­®© áª®¡ª¨ [a; b] ­  [b; a]. Ǳ®¤ç¥àª­¥¬, çâ® ¢ íâ®©ä®à¬ã«¥ á¨¬¢®«⊕ ®§­ ç ¥â ¯àï¬ãî áã¬¬ã  «£¥¡à�¨,   ­¥ ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢, ª ªíâ® ¡ë«® ¢ ä®à¬ã«¥ (2.3).� ¤ ¤¨¬ ­¥¢ëà®¦¤¥­­ãî ¡¨«¨­¥©­ãî ä®à¬ã, á¯ à¨¢ îéãî ¬¥¦¤ã á®¡®©  «£¥¡àã
H ¨ ®à¡¨âãO, ä®à¬ã«®©((a− + I−; a+ + I+); L) = 〈a+ + a−; L〉: (2.12)� ª ª ª 〈I− ⊕ I+;O〉 = 0, ä®à¬  (2.12) ª®àà¥ªâ­® ®¯à¥¤¥«¥­ . �ª®¡ª �¨à¨««®¢  ­ O§ ¤ ¥âáï ä®à¬ã«®©

{';  }(L) = ([gradL '; gradL  ]; L); L ∈ O; gradL '; gradL  ∈ H: (2.13)Ǳà¥¤¯®«®¦¨¬, çâ® ¡ §¨áë f i ¨ ei ¢ O ¨H á®¯àï¦¥­ë ®â­®á¨â¥«ì­® ä®à¬ë (2.12),[ei; ej ] = ckijek¨L = qif i. �®£¤ , ¯®áª®«ìªã gradqi = ei, áª®¡ª¨Ǳã áá®­ ¬¥¦¤ãª®®à¤¨­ â­ë¬¨äã­ªÄæ¨ï¬¨ § ¤ îâáï ä®à¬ã«®©
{qi; qj} = ckijqk: (2.14)



8 �. �. ��������, �. �. ��������¥®à¥¬  2.3 (áà. á [12]). 1. �ã­ªæ¨®­ «ë ¢¨¤ Hg = 〈g; 1〉; (2.15)£¤¥ g(L; �1; : : : ; �k) { ¯®«¨­®¬ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ®â ¢á¥å  à£ã¬¥­Äâ®¢, L ∈ O, ­ å®¤ïâáï ¢ ¨­¢®«îæ¨¨ ®â­®á¨â¥«ì­® áª®¡ª¨ (2.14).2. �à ¢­¥­¨¥ � ªá  Lt = [�+( �f); L]; (2.16)£¤¥ f = −
dgdL(L; �1; : : : ; �k); (2.17)­  ®à¡¨â¥ O £ ¬¨«ìâ®­®¢® ®â­®á¨â¥«ì­® áª®¡ª¨ (2.14) á £ ¬¨«ìâ®­¨ ­®¬ Hg.�®ª § â¥«ìáâ¢®. ǱãáâìHg1 ¨Hg2 { ¤¢  äã­ªæ¨®­ «  ¢¨¤  (2.15). �®£¤ gradHgi = −(�−( �fi) + I−; �+( �fi) + I+); (2.18)£¤¥ fi ¨ gi á¢ï§ ­ë ¬¥¦¤ã á®¡®© ä®à¬ã«®© (2.17). �®£« á­® ä®à¬ã«¥ (2.13)

{Hg1 ; Hg2} = 〈

−[�+( �f1); �+( �f2)] + [�−( �f1); �−( �f2)]; L〉 == 12〈[(−�+( �f1) + �−( �f1)); �f2]− [(−�+( �f2) + �−( �f2)); �f1]; L〉:�§¨­¢ à¨ ­â­®áâ¨ä®à¬ë 〈 · ; · 〉¨ á®®â­®è¥­¨© [ �f1; L] = [ �f2; L] = 0 á«¥¤ã¥â, çâ® ¯®á«¥¤Ä­¥¥ ¢ëà ¦¥­¨¥ à ¢­® ­ã«î. Ǳ¥à¢ë© ¯ã­ªâ â¥®à¥¬ë ¤®ª § ­. � ¬¨«ìâ®­®¢  á¨áâ¥¬  á£ ¬¨«ìâ®­¨ ­®¬Hg ¨¬¥¥â ¢¨¤d	(L)dt = {	; Hg}(L) = (gradL	; Lt):� ¤àã£®© áâ®à®­ë, gradL	 = (�−(a) + I−; �+(a) + I+) ¤«ï ­¥ª®â®à®£® a ∈ U . Ǳ®íâ®¬ã
(gradL	; [�+( �f); L]) = 12((�−(a) + I−; �+(a) + I+); [�+( �f)− �−( �f); L]) == 12〈[�−(a) + �+(a); �+( �f)− �−( �f)] + [�−(a)− �+(a); �f ]; L〉 == 〈[�+(a); �+( �f)]− [�−(a); �−( �f)]; L〉 == ([gradL	; gradLHg]; L) = {	; Hg}(L):� ¯à¥¤¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ¬ë ¢®á¯®«ì§®¢ «¨áì ä®à¬ã«®© (2.18). �§ ­¥¢ëà®¦¤¥­­®áâ¨ä®à¬ë ( · ; · ) á«¥¤ã¥â, çâ® ãà ¢­¥­¨¥Lt = [�+( �f); L] £ ¬¨«ìâ®­®¢® ®â­®á¨â¥«ì­® áª®¡ª¨(2.13). �¥®à¥¬  ¤®ª § ­ .Ǳà¥¤¯®«®¦¨¬, çâ® ¨¤¥ «ë I+ ¨ I− ®¡« ¤ îâ ¤®¯®«­¨â¥«ì­ë¬ á¢®©áâ¢®¬�I+ ⊂ G+; �I− ⊂ G−; �−1O ⊂ U (2.19)¤«ï ­¥ª®â®à®£® ®¡à â¨¬®£® í«¥¬¥­â  � ¨§ æ¥­âà   áá®æ¨ â¨¢­®©  «£¥¡àëA.



������������ ������� Ǳ����� � ������������� ��������� 9� ¬¥ç ­¨¥ 2.1. �à¡¨â  O�, ¯®áâà®¥­­ ï ¯® ¨¤¥ « ¬ �I+ ¨ �I−, á¢ï§ ­  á O ä®àÄ¬ã«®©
O� = �−1O:� ¬¥ç ­¨¥ 2.2. �à ¢­¥­¨¥ ~Lt = [�+(F (~L; �1; : : : ; �k)); ~L] ­  ®à¡¨â¥ O� á®¢¯ ¤ ¥âá ãà ¢­¥­¨¥¬ (2.16) ­  ®à¡¨â¥O, £¤¥ ~L = �−1L, f(L; �1; : : : ; �k) = F (~L; �1; : : : ; �k).� ¬¥ç ­¨¥ 2.3. Ǳà¨ãá«®¢¨¨ (2.19) ãà ¢­¥­¨¥� ªá  (2.16)®¡« ¤ ¥â ¤¢ã¬ï £ ¬¨«ìÄâ®­®¢áª¨¬¨ áâàãªâãà ¬¨, ®¯¨á ­­ë¬¨ ¢ â¥®à¥¬¥ 2.3. Ǳ¥à¢ ï áâàãªâãà  á®®â¢¥âáâ¢ã¥â¯ à¥ ¨¤¥ «®¢ I+; I−, ¢ â® ¢à¥¬ï ª ª ¢â®à ï á¢ï§ ­  á ¯ à®© �I+, �I−. �®¯à®á ® â®¬,á®£« á®¢ ­ë «¨ íâ¨ áª®¡ª¨ Ǳã áá®­ , ®áâ ¥âáï ¯®ª  ®âªàëâë¬.3. ������ ������� Ǳ������ íâ®© áâ âì¥ ¢ ª ç¥áâ¢¥ ®á­®¢­®£® ¯à¨¬¥à   «£¥¡àë�¨ U ¬ë à áá¬ âà¨¢ ¥¬  «£¥¡Äàã ¯¥â¥«ì ­ ¤ ¯®«ã¯à®áâ®©  «£¥¡à®©�¨G. �ã¤¥¬ áç¨â âì, çâ®G ¢«®¦¥­  ¢  «£¥¡àã¬ âÄà¨æMatk×k ¯à¨ ¯®¬®é¨ ¯à¨á®¥¤¨­¥­­®£® ¯à¥¤áâ ¢«¥­¨ï. � íâ®¬ á«ãç ¥  áá®æ¨ â¨¢­ ï «£¥¡à  A { íâ® ¬­®¦¥áâ¢® ¢á¥å ä®à¬ «ì­ëå àï¤®¢ �®à ­  ®â­®á¨â¥«ì­® ¯ à ¬¥âà  �á ª®íää¨æ¨¥­â ¬¨ ¨§ Matk×k. �¨«¨­¥©­ ï ä®à¬  ­ A ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

〈X(�); Y (�)〉 = res(tr(XY )): (3.1)�ë ¢ë¡¨à ¥¬
G� = { ∞

∑i=−n gi�i ∣

∣

∣

∣

gi ∈ G; n ∈ Z

}; (3.2)
G− = { ∞

∑i=0 gi�i ∣

∣

∣

∣

gi ∈ G

} (3.3)¢ ª ç¥áâ¢¥ U ¨ U−. Ǳà¥¤¯®«®¦¨¬, çâ® ª ª ¢¥ªâ®à­®¥ ¯à®áâà ­áâ¢® G� ï¢«ï¥âáï ¯àï¬®©áã¬¬®© G− ¨ ­¥ª®â®à®© ¤®¯®«­¨â¥«ì­®© ä ªâ®à¨§ãîé¥© ¯®¤ «£¥¡àë G+.�â ­¤ àâ­®© ä ªâ®à¨§ãîé¥© ¯®¤ «£¥¡à®© ï¢«ï¥âáï
Gst+ = { n

∑i=1 gi�−i ∣

∣

∣

∣

gi ∈ G; n ∈ N

}: (3.4)�¥£ª® ¢¨¤¥âì, çâ® ª ª G−, â ª ¨ Gst+ ï¢«ïîâáï ¨§®âà®¯­ë¬¨ ®â­®á¨â¥«ì­® ä®à¬ë
〈X;Y 〉 = res(tr(adX · adY )); X; Y ∈ G�: (3.5)�¯à¥¤¥«¨¬ ®à¡¨âãOn á ¯®¬®éìî ¯ àë ¨¤¥ «®¢I+ = G+; I− = �nG−: (3.6)�§ (2.4) á«¥¤ã¥â, çâ®

On = �−nG− ∩ G⊥+ : (3.7)



10 �. �. ��������, �. �. ��������«ï áâ ­¤ àâ­®© ä ªâ®à¨§ãîé¥© ¯®¤ «£¥¡àë Gst+ ¨¬¥¥¬
On = { n

∑i=1 gi�−i}:�¯¥ªâà «ì­ë¥ ¨­¢ à¨ ­âë § ¤ îâáï ¬­®£®ç«¥­ ¬¨ f(L; �1; �2), £¤¥ �1 = �, �2 =�−1. �®®â¢¥âáâ¢ãîé ï «¨­¥©­ ï áª®¡ª  Ǳã áá®­  (2.14) á¢ï§ ­  á ª®­¥ç­®¬¥à­®©  «Ä£¥¡à®© �¨
H = G−=�nG−: (3.8)Ǳ®áª®«ìªã G− {  «£¥¡à  àï¤®¢ �¥©«®à ,  «£¥¡à  H ¨§®¬®àä­   «£¥¡à¥ ¬­®£®ç«¥­®¢

G["], £¤¥ "n = 0. � ç áâ­®áâ¨, ¥á«¨ G = so(3),   n = 2, â®H ¨§®¬®àä­   «£¥¡à¥ �¨ e(3)¤¢¨¦¥­¨© ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  R
3.� ¬¥ç ­¨¥ 2.3 ®§­ ç ¥â, çâ® ¥á«¨ ¯®¤ «£¥¡à G+ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1.5) ¤«ï ­¥Äª®â®à®£® 0 6 m 6 n, â® ¬®¦­®¯®áâà®¨âì á®®â¢¥âáâ¢ãîéãî«¨­¥©­ãî áª®¡ªãǱã áá®­ 

{ · ; · }m, ¤«ï ª®â®à®© á¯¥ªâà «ì­ë¥ ¨­¢ à¨ ­âë ®¯¥à â®à  L ­ å®¤ïâáï ¢ ¨­¢®«îæ¨¨.�ª®¡ª  Ǳã áá®­  { · ; · }m á®®â¢¥âáâ¢ã¥â ª®­¥ç­®¬¥à­®©  «£¥¡à¥ �¨
Hm = G−=I ⊕ G+=J; (3.9)£¤¥ I = �n−mG−, J = �−mG+. �«£¥¡à  G+ ¯®«ãç ¥âáï ¨§ G+ § ¬¥­®© áª®¡ª¨ [a; b] ­ [b; a]. �¨¬¢®« ⊕ ®§­ ç ¥â ¯àï¬ãî áã¬¬ã  «£¥¡à �¨. �á«¨ G = so(3), n = 2 ¨m = 1, â®

H1 ¢ á«ãç ¥ ®¡é¥£® ¯®«®¦¥­¨ï ¨§®¬®àä­   «£¥¡à¥ �¨ so(4).Ǳà¨m = 0 ãá«®¢¨¥ (1.5) ¢á¥£¤  ¢ë¯®«­¥­®, ¨ ¬ë ®ª §ë¢ ¥¬áï ¢ á¨âã æ¨¨, ®¯¨á ­­®©ä®à¬ã«®© (3.8). Ǳ®¤ «£¥¡àë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (1.5) ¯à¨m = 1, ¬ë ­ §ë¢ ¥¬®¤­®à®¤­ë¬¨. �¬ ¯®á¢ïé¥­ à §¤¥« 6.4. ������� Ǳ����� ��� so(3) � ������������ ������� íâ®¬ à §¤¥«¥ ¬ë à áá¬®âà¨¢ ¥¬ á«ãç © G� = so(3). � ä¨ªá¨àã¥¬ ¡ §¨áe1 = 



0 0 10 0 0
−1 0 0

 ; e2 = 



0 0 00 0 10 −1 0

 ; e3 = 



0 1 0
−1 0 00 0 0

¢  «£¥¡à¥ �¨ so(3). �¥£ª® ¢¨¤¥âì, çâ®[e2; e1] = e3; [e3; e2] = e1; [e1; e3] = e2:�¯à¥¤¥«¨¬ ¨­¢ à¨ ­â­ãî ä®à¬ã«ã ­  so(3) ª ª(x1e1 + x2e2 + x3e3; y1e1 + y2e2 + y3e3) = x1y1 + x2y2 + x3y3:�ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ­   «£¥¡à¥ ¯¥â¥«ì G� § ¤ ¥âáï ä®à¬ã«®©
〈X;Y 〉 = res(X;Y ); X; Y ∈ G�:



������������ ������� Ǳ����� � ������������� ��������� 11�ç¥¢¨¤­®, çâ® ¢áïª ï ä ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  G+ á®¤¥à¦¨â ¥¤¨­áâ¢¥­­ë¥ í«¥Ä¬¥­âë ¢¨¤  E1 = 1�e1 +O(1); E2 = 1�e2 +O(1); E3 = 1�e3 +O(1); (4.1)ª®â®àë¥ ¯®à®¦¤ îâ ¥¥ ª ª  «£¥¡àã�¨. �á­® â ª¦¥, çâ® ¥á«¨¬ë ¢®§ì¬¥¬¯à®¨§¢®«ì­ë¥àï¤ë (4.1) ¨ ¯®à®¤¨¬ á ¨å ¯®¬®éìî¯®¤ «£¥¡àã�¨G+, â® áã¬¬ íâ®©  «£¥¡àë¨  «£¥¡àëàï¤®¢ �¥©«®à  á®¢¯ ¤ ¥â á® ¢á¥©  «£¥¡à®© ¯¥â¥«ì. �¤¨­áâ¢¥­­ ï ¯à®¡«¥¬  á®áâ®¨â ¢â®¬, çâ®, ¢®®¡é¥ £®¢®àï, íâ  áã¬¬  ­¥ ï¢«ï¥âáï ¯àï¬®©.�§ ¨­¢ à¨ ­â­®áâ¨ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï 〈 · ; · 〉 á«¥¤ã¥â, çâ® G⊥+ ï¢«ï¥âáï ¬®¤ãÄ«¥¬ ­ ¤ G+. �ç¥¢¨¤­®, çâ® G⊥+ á®¤¥à¦¨â ¥¤¨­áâ¢¥­­ë¥ í«¥¬¥­âë ¢¨¤ R1 = 1�e1 +O(1); R2 = 1�e2 +O(1); R3 = 1�e3 +O(1); (4.2)ª®â®àë¥ ¯®à®¦¤ îâ G⊥+ ª ª ¬®¤ã«ì ­ ¤ G+.Ǳà¨¬¥à 4.1. �®¦­® ¯à®¢¥à¨âì, çâ® ®¡à §ãîé¨¥E1 = 1�e1(1 + q�)1=2(1 + r�)1=2;E2 = 1�e2(1 + p�)1=2(1 + r�)1=2;E3 = 1�e3(1 + p�)1=2(1 + q�)1=2§ ¤ îâ ä ªâ®à¨§ãîéãî ¯®¤ «£¥¡àã (á¬. [4]). �àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ ¯®à®¦¤ ¥âáïí«¥¬¥­â ¬¨ R1 = 1�e1(1 + q�)−1=2(1 + r�)−1=2;R2 = 1�e2(1 + p�)−1=2(1 + r�)−1=2;R3 = 1�e3(1 + p�)−1=2(1 + q�)−1=2:Ǳà®áâ¥©è ï ®à¡¨â  § ¤ ¥âáï ä®à¬ã«®© (3.7)¯à¨n = 1. �­  á®áâ®¨â ¨§ ®¯¥à â®à®¢ ¢¨¤ L =M1R1 +M2R2 +M3R3:�ã­ªæ¨ï H� = (L;L) { ¬­®£®ç«¥­ ®â � = �−1, ª®íää¨æ¨¥­â ¬¨ ª®â®à®£® ï¢«ïîâáïäã­ªæ¨¨ H1 = res(�H�) =M21 +M22 +M23 ;H2 = res(H�) = pM21 + qM22 + rM23 :Ǳ®áª®«ìªã ¢ íâ®¬ á«ãç ¥  «£¥¡à  (3.8) ¨§®¬®àä­  so(3), íâ¨ ¬­®£®ç«¥­ë ª®¬¬ãâ¨àãîâ®â­®á¨â¥«ì­® áª®¡ª¨ Ǳã áá®­ :
{Mi;Mj} = "ijkMk; (4.3)



12 �. �. ��������, �. �. �������£¤¥ "ijk { ¯®«­®áâìî ª®á®á¨¬¬¥âà¨ç¥áª¨© â¥­§®à.�ë¡¨à ï ¢ ª ç¥áâ¢¥ A ®¯¥à â®àA = �+(L) =M1E1 +M2E2 +M3E3;á¢ï§ ­­ë© á £ ¬¨«ìâ®­¨ ­®¬H2 ä®à¬ã«®© (2.17), ¯®«ãç ¥¬ ¯ àã� ªá  ¤«ï ¢®«çª  �©Ä«¥à  Mt +M× VM = 0;£¤¥ V = 



p 0 00 q 00 0 r

 : (4.4)�à¡¨â  (3.7) ¯à¨ n = 2 á®áâ®¨â ¨§ ®¯¥à â®à®¢ ¢¨¤ L = 
1S1 + 
2S2 + 
3S3 +M1R1 +M2R2 +M3R3; (4.5)£¤¥ í«¥¬¥­âë Si ­ å®¤ïâáï ¨§ ãá«®¢¨ï á®¯àï¦¥­­®áâ¨ ¡ §¨á®¢ ¢O ¨H (á¬. à §¤¥« 2):S1 = [R3;E2]+12(q−r)R1; S2 = [R1;E3]+12(r−p)R2; S3 = [R2;E1]+12(p−q)R3:�ã­ªæ¨ï H� = (L;L) ï¢«ï¥âáï (á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï) ¬­®£®ç«¥­®¬ ®â � = �−1.Ǳ®áª®«ìªã  «£¥¡à  (3.8) ¨§®¬®àä­  e(3), ª®íää¨æ¨¥­âë íâ®£® ¬­®£®ç«¥­  ª®¬¬ãâ¨àãÄîâ ®â­®á¨â¥«ì­® áª®¡ª¨ Ǳã áá®­ :
{Mi;Mj} = "ijkMk; {Mi; 
j} = "ijk 
k; {
i; 
j} = 0: (4.6)�¢  ­¥âà¨¢¨ «ì­ëå ª®íää¨æ¨¥­â  ¨¬¥îâ ¢¨¤H1 =M21 +M22 +M23 + pM1
1 + qM2
2 + rM3
3 ++ 14(q − r)2
21 + 14(p− r)2
22 + 14(p− q)2
23 ;H2 = pM21 + qM22 + rM23 + p(q + r)M1
1 + q(p+ r)M2
2 + r(p+ q)M3
3 ++ 14p(q + r)2
21 + 14q(p+ r)2
22 + 14r(p+ q)2
23 :�â  ¯ à  ª®¬¬ãâ¨àãîé¨å ª¢ ¤à â¨ç­ëå ¬­®£®ç«¥­®¢ ®¯à¥¤¥«ï¥â ¨­â¥£à¨àã¥¬ë© á«ãÄç ©�â¥ª«®¢ {�ï¯ã­®¢  ¢ § ¤ ç¥�¨àå£®ä  ®¤¢¨¦¥­¨¨ â¢¥à¤®£® â¥«  ¢ ¨¤¥ «ì­®©¦¨¤Äª®áâ¨. �à ¢­¥­¨ï ¤¢¨¦¥­¨ï, § ¤ ­­ë¥ £ ¬¨«ìâ®­¨ ­®¬ H1, á®®â¢¥âáâ¢ãîâ ®¯¥à â®àãA ¢¨¤  A = �+(�L) =M1E1 +M2E2 +M3E3:Ǳ®â®ª, § ¤ ­­ë© £ ¬¨«ìâ®­¨ ­®¬H2, § ¤ ¥âáï ®¯¥à â®à®¬A = �+(L).



������������ ������� Ǳ����� � ������������� ��������� 13Ǳà¨¬¥à 4.2. �®¦­® ¯à®¢¥à¨âì, çâ® ®¡à §ãîé¨¥E1 = 1�e1√1− p�2; E2 = 1�e2√1− q�2; E3 = 1�e3√1− r�2§ ¤ îâ ä ªâ®à¨§ãîéãî ¯®¤ «£¥¡àã. �â  ¯®¤ «£¥¡à  ¨§®âà®¯­  ®â­®á¨â¥«ì­® ä®à¬ë
〈 · ; · 〉, ¨ ¯®íâ®¬ãRi = Ei. �à¡¨â  (3.7) ¯à¨ n = 2 á®áâ®¨â ¨§ ®¯¥à â®à®¢ ¢¨¤  (4.5), £¤¥S1 = [E2;E3] S2 = [E3;E1]; S3 = [E1;E2]:�ã­ªæ¨ï H� = (L;L) ¯à¨¢®¤¨â ª ¤¢ã¬ ­¥âà¨¢¨ «ì­ë¬ ª¢ ¤à â¨ç­ë¬ ¬­®£®ç«¥­ ¬H1 =M21 +M22 +M23 − (q + r)
21 − (p+ r)
22 − (p+ q)
23 ;H2 = pM21 + qM22 + rM23 − qr
21 − pr
22 − pq
23 :�â ¯ à ª®¬¬ãâ¨àãîé¨å®â­®á¨â¥«ì­® áª®¡ª¨ (4.6)ª¢ ¤à â¨ç­ëå¬­®£®ç«¥­®¢ § ¤ ¥â¨­â¥£à¨àã¥¬ë© á«ãç © �«¥¡è  ¢ § ¤ ç¥ �¨àå£®ä  ® ¤¢¨¦¥­¨¨ â¢¥à¤®£® â¥«  ¢ ¨¤¥ «ìÄ­®©¦¨¤ª®áâ¨. �à ¢­¥­¨ï ¤¢¨¦¥­¨ï, § ¤ ­­ë¥ £ ¬¨«ìâ®­¨ ­®¬H1, á®®â¢¥âáâ¢ãîâ ®¯¥Äà â®àã A = �+(�L). Ǳ®â®ª, á®®â¢¥âáâ¢ãîé¨©H2, § ¤ ¥âáï ®¯¥à â®à®¬A = �+(L).Ǳà¨¬¥à 4.3. Ǳãáâì R = 



0 r3 r1
−r3 0 r2
−r1 −r2 0 

 (4.7){ ¯à®¨§¢®«ì­ë© ¯®áâ®ï­­ë© í«¥¬¥­â so(3). �®£¤  ®¡à §ãîé¨¥E1 = e1� + �[R; e1] + 12[R; [R; e1]];E2 = e2� + �[R; e2] + 12[R; [R; e2]];E3 = e3� + �[R; e3] + 12[R; [R; e3]]§ ¤ îâ ä ªâ®à¨§ãîéãî ¯®¤ «£¥¡àã. �¡à §ãîé¨¥ ®àâ®£®­ «ì­®£® ¤®¯®«­¥­¨ï § ¤ Äîâáï ä®à¬ã« ¬¨ R1 = e1� + �[R; e1]− 12 [R; [R; e1]]− (R;R)e1;R2 = e2� + �[R; e2]− 12 [R; [R; e2]]− (R;R)e2;R3 = e3� + �[R; e3]− 12 [R; [R; e3]]− (R;R)e3:�à¡¨â  ¯à¨ n = 2 § ¤ ¥âáï ä®à¬ã«®© (4.5), £¤¥S1 = [E2;R3] + 12(r22 − r23)R1; S2 = [E3;R1] + 12(r23 − r21)R2;S3 = [E1;R2] + 12(r21 − r22)R3:



14 �. �. ��������, �. �. ��������®íää¨æ¨¥­âëH� = (L;L) £¥­¥à¨àãîâ ¤¢  ­¥âà¨¢¨ «ì­ëå ª¢ ¤à â¨ç­ëå ¬­®£®ç«¥­ H1 ¨ H2, ª®¬¬ãâ¨àãîé¨å ®â­®á¨â¥«ì­® áª®¡ª¨ Ǳã áá®­  (4.6). �¥âàã¤­® ­ ©â¨ «¨Ä­¥©­ãî ª®¬¡¨­ æ¨îH1 ¨ äã­ªæ¨© � §¨¬¨à  áª®¡®ª (4.6), à ¢­ãî ª¢ ¤à âã «¨­¥©­®£®¨­â¥£à « I = r1M1 + r2M2 + r3M3 + 12r1(r22 − r23)
1 + 12r2(r23 − r21)
2 + 12r3(r21 − r22)
3:� ª¨¬ ®¡à §®¬, ä ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  ¨§ ¯à¨¬¥à  4.3 ¯à¨¢®¤¨â ª ¯à¥¤áâ ¢«¥­¨î� ªá  ¤«ï ¨­â¥£à¨àã¥¬®£® á«ãç ï �¨àå£®ä  ¢ § ¤ ç¥ ® ¤¢¨¦¥­¨¨ â¢¥à¤®£® â¥«  ¢ ¨¤¥- «ì­®© ¦¨¤ª®áâ¨.� ªâ®à¨§ãîé¨¥ ¯®¤ «£¥¡àë ¨§ ¯à¨¬¥à®¢ 4.2, 4.3 ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® ã¬­®Ä¦¥­¨ï ­  �−2, ¢ â® ¢à¥¬ï ª ª ¯®¤ «£¥¡à  ¨§ ¯à¨¬¥à  4.1 ¢ë¤¥à¦¨¢ ¥â ã¬­®¦¥­¨¥ ­ �−1. �®£« á­® § ¬¥ç ­¨î 2.3 á®®â¢¥âáâ¢ãîé¨¥ ¯®â®ª¨ £ ¬¨«ìâ®­®¢ë ®â­®á¨â¥«ì­®¥é¥ ®¤­®© «¨­¥©­®© áª®¡ª¨, § ¤ ¢ ¥¬®©  «£¥¡à®©�¨H = G+=�−2G+, ª®â®à ï ¢ á«ãç ¥®¡é¥£® ¯®«®¦¥­¨ï ¨§®¬®àä­  so(4). �â®â ä ªâ ®¡êïá­ï¥â áãé¥áâ¢®¢ ­¨¥ ­ ©¤¥­­ëå�®¡¥­ª® [9] «¨­¥©­ëå § ¬¥­, ª®â®àë¥ á¢ï§ë¢ îâ ¨§¢¥áâ­ë¥ ¨­â¥£à¨àã¥¬ë¥ á«ãç ¨ ­ e(3) ¨ so(4).� ª ¯®ª § ­® ¢ à ¡®â¥ [3], ¢áïª ï ä ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  ¤«ï so(3) ¯à¨¢®¤¨â ª¨­â¥£à¨àã¥¬®¬ã ãà ¢­¥­¨î ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå â¨¯  ãà ¢­¥­¨ï � ­¤ ã{�¨äè¨æ ¤«ï ®¤­®© ¢¥ªâ®à­®© ­¥¨§¢¥áâ­®© ¢¥«¨ç¨­ë s = (s1; s2; s3), £¤¥ |s| = 1. �¯¥à â®à L ¢íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤ L = s1E1 + s2E2 + s3E3; (4.8)  ®¯¥à â®à A { á«¥¤ãîéãî áâàãªâãàã:A = s1E2 ×E3 + s2E3 ×E1 + s3E1 ×E2 + q1E1 + q2E2 + q3E3; (4.9)£¤¥ qi { ­¥ª®â®àë¥ (á¢®¨ ¤«ï ª ¦¤®© ä ªâ®à¨§ãîé¥© ¯®¤ «£¥¡àë) ¤¨ää¥à¥­æ¨ «ì­ë¥¬­®£®ç«¥­ë ®â ª®¬¯®­¥­â ¢¥ªâ®à  s. �å ï¢­ë© ¢¨¤ «¥£ª® ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨ï� ªá  (1.3).Oª §ë¢ ¥âáï, çâ® ¢ á«ãç ¥ ¯à¨¬¥à  4.2 á®®â­®è¥­¨¥ (1.3) íª¢¨¢ «¥­â­® (á â®ç­®áâìî¤® ¢®§¬®¦­ëå § ¬¥­ §­ ª®¢ ã ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå) ãà ¢­¥­¨î � ­¤ ã{�¨äè¨æ st = s× sxx + s× V s;£¤¥ ¬ âà¨æ  V § ¤ ­  ä®à¬ã«®© (4.4). �â® ¯à¥¤áâ ¢«¥­¨¥ � ªá  ¤«ï ãà ¢­¥­¨ï � ­Ä¤ ã{�¨äè¨æ  ¢¯¥à¢ë¥ ¡ë«® ­ ©¤¥­® ¢ à ¡®â¥ [13].Ǳ®¤ «£¥¡à  ¨§ ¯à¨¬¥à  4.1 ¯à¨¢®¤¨â ª ãà ¢­¥­¨îst = s× (sxx + 12(V [sx; s] + [sx; s]V ) + 12[s; V sx + sxV ] + [sx; V s+ sV ]): (4.10)� ª®­¥æ, ¯®¤ «£¥¡à  ¨§ ¯à¨¬¥à  4.3 á®®â¢¥âáâ¢ã¥â ãà ¢­¥­¨îst = s× (sxx + 12(Z[sx; s] + [sx; s]Z) + 12 [s; Zsx + sxZ] + [sx; Zs+ sZ] + cZs);
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

r21 r1r2 r1r3r1r2 r22 r2r3r1r3 r2r3 r23 

 ; c = �2 + r21 + r22 + r234 :�àã£¨¬¨ á«®¢ ¬¨, ¬®¦­® áª § âì, çâ® Z { ¯à®¨§¢®«ì­ ï ¬ âà¨æ  à ­£  1,   c { ¯à®¨§Ä¢®«ì­ ï ª®­áâ ­â . Ǳ®«ãç¥­­ë© ¢ëè¥ á¯¨á®ª ¨§ âà¥å ãà ¢­¥­¨© á®¢¯ ¤ ¥â á® á¯¨áª®¬¨§ à ¡®âë [14], ¢ ª®â®à®© ¡ë«¨ ­ ©¤¥­ë ¢á¥ ãà ¢­¥­¨ï â¨¯  � ­¤ ã{�¨äè¨æ , ®¡« ¤ Äîé¨¥ ¢ëáè¨¬¨ § ª®­ ¬¨ á®åà ­¥­¨ï.5. ������ Ǳ������5.1. �¡®¡é¥­¨¥ ¯à¨¬¥à  4.1 ­  á«ãç © so(n). � ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  ¨§¯à¨¬¥à  4.1 ¬®¦¥â ¡ëâì § ¤ ­  ä®à¬ã«®©
U+ = (1 + �V )1=2Ust(1 + �V )1=2; (5.1)£¤¥ Ust ®¡®§­ ç ¥â ¬­®¦¥áâ¢® ¢á¥å ¬­®£®ç«¥­®¢ ¯® ¯¥à¥¬¥­­®© �−1 á ª®íää¨æ¨¥­â ¬¨¨§ so(3),   ¬ âà¨æ  V § ¤ ­  ä®à¬ã«®© (4.4). �¥âàã¤­® ¯à®¢¥à¨âì, çâ® ä®à¬ã«  (5.1),£¤¥ V { ¯à®¨§¢®«ì­ ï ¤¨ £®­ «ì­ ï ¬ âà¨æ , § ¤ ¥â ä ªâ®à¨§ãîéãî ¯®¤ «£¥¡àã ¨ ¢á«ãç ¥ G = so(n). �àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ ª U+ § ¤ ¥âáï ä®à¬ã«®©

U⊥+ = (1 + �V )−1=2Ust(1 + �V )−1=2:Ǳà®áâ¥©è ï ®à¡¨â  (3.7), á®®â¢¥âáâ¢ãîé ï n = 1, ¯à¨¢®¤¨â ª £ ¬¨«ìâ®­®¢ã ­  so(n)ãà ¢­¥­¨î Mt = [V;M2]; M ∈ so(n);á ¯ à®© � ªá L = (1 + �V )−1=2M� (1 + �V )−1=2; A = (1 + �V )1=2M� (1 + �V )1=2:�à ¢­¥­¨¥ Mt = [V;M2] + [M;�]; �t = VM�− �MV; M;� ∈ so(n);á®®â¢¥âáâ¢ãîé¥¥ ®à¡¨â¥ á n = 2, ®¡« ¤ ¥â ¯ à®© � ªá L = (1 + �V )−1=2(M�2 + ��)(1 + �V )−1=2; A = (1 + �V )1=2M� (1 + �V )1=2:�£® ¥áâ¥áâ¢¥­­® áç¨â âì so(n)-®¡®¡é¥­¨¥¬ ¢®«çª �â¥ª«®¢ {�ï¯ã­®¢ . �¨­ ¬¨ç¥áª¨¥¯¥à¥¬¥­­ë¥ ¢ íâ®¬ á«ãç ¥ ®¡à §ãîâ ¯ àã ¬ âà¨æ ¨§ so(n),   «¨­¥©­ ï áª®¡ª  Ǳã áá®­ § ¤ ¥âáï  «£¥¡à®© �¨ so(n)⊕ �so(n), £¤¥ �2 = 0.�«ï ®¡®¡é¥­­®£® ãà ¢­¥­¨ï � ­¤ ã{�¨äè¨æ St = Px +PV S− SVP; Sx = [S;P];á¢ï§ ­­®£® á ¯®¤ «£¥¡à®© (5.1), ¯à¥¤áâ ¢«¥­¨¥ � ªá  ¨¬¥¥â ¢¨¤L = (1 + �V )1=2S� (1 + �V )1=2; A = (1 + �V )1=2( S�2 + P� )(1 + �V )1=2:�«ï  «£¥¡àë �¨ so(3) ­  ®à¡¨â¥ (S;S) = 1 ¨¬¥¥¬ P = [S;Sx] + qS, £¤¥ ­¥¨§¢¥áâ­ ïäã­ªæ¨ï q ­ å®¤¨âáï ¨§ ãá«®¢¨ï (S;St) = 0. � à¥§ã«ìâ â¥ (á â®ç­®áâìî ¤® § ¬¥­ë t →
−t) ¯®«ãç ¥âáï ãà ¢­¥­¨¥ (4.10).



16 �. �. ��������, �. �. �������5.2. Ǳà¨¬¥à ­   «£¥¡à¥ � æ {�ã¤¨, á¢ï§ ­­®© á so(n;m). Ǳãáâì
G = {A ∈ Mat(n+m)×(n+m) | AT = −SAS};£¤¥ S = (En 00 −Em ) :�á­®, çâ®  «£¥¡à  �¨ G ¨§®¬®àä­  so(n + m). � áá¬®âà¨¬ ¯®¤ «£¥¡àã U ¢  «£¥¡à¥¯¥â¥«ì ­ ¤ G, á®áâ®ïéãî ¨§ àï¤®¢ �®à ­  â ª¨å, çâ® ª®íää¨æ¨¥­âë ¯à¨ ç¥â­ëå (­¥ç¥âÄ­ëå) áâ¥¯¥­ïå � ¯à¨­ ¤«¥¦ â V1 (V−1). �¤¥áì ç¥à¥§ V±1 ®¡®§­ ç¥­ë á®¡áâ¢¥­­ë¥ ¯®¤Ä¯à®áâà ­áâ¢  ¢­ãâà¥­­¥£®  ¢â®¬®àä¨§¬  ¢â®à®£® ¯®àï¤ª  G → SGS−1, á®®â¢¥âáâ¢ãîÄé¨¥ á®¡áâ¢¥­­®¬ã §­ ç¥­¨î ±1. �  á ¬®¬ ¤¥«¥ íâ® ®§­ ç ¥â, çâ® ª®íää¨æ¨¥­âë ¯à¨ç¥â­ëå áâ¥¯¥­ïå � ¨¬¥îâ ¡«®ç­ãî áâàãªâãàã

( v1 00 v2) ;£¤¥ v1 ∈ so(n), v2 ∈ so(m),   ª®íää¨æ¨¥­âë ¯à¨ ­¥ç¥â­ëå áâ¥¯¥­ïå ¨¬¥îâ ¢¨¤
( 0 wwT 0 ) ;£¤¥ w ∈ Matn;m.� ª ç¥áâ¢¥ ­¥¢ëà®¦¤¥­­®© ¨­¢ à¨ ­â­®© ä®à¬ë ­  U ¢ë¡¥à¥¬ res(�−1 tr(XY )). � Ä¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥ ä®à¬  res(tr(XY )) ¢ëà®¦¤¥­­ .Ǳãáâì U− { ¬­®¦¥áâ¢® ¢á¥å àï¤®¢ �¥©«®à , ¯à¨­ ¤«¥¦ é¨å U ,

U+ = (1 + �r)1=2Ust(1 + �r)1=2;£¤¥ Ust { ¬­®¦¥áâ¢® ¢á¥å ¬­®£®ç«¥­®¢ ¯® ¯¥à¥¬¥­­®© �−1 ¨§ U ,   r { ¯à®¨§¢®«ì­ ï ¯®Äáâ®ï­­ ï ¬ âà¨æ  ¢¨¤  r = ( 0 r1
−rT1 0 ) :Ǳ®¤®¡­ë©¢ë¡®àä ªâ®à¨§ãîé¥©¯®¤ «£¥¡àëï¢«ï¥âáï ¥áâ¥áâ¢¥­­ë¬®¡®¡é¥­¨¥¬ á¨âãÄ æ¨¨ ¨§ ¯à¨¬¥à  2.1 ­  á«ãç ©, ª®£¤  áâàãªâãà  ª®íää¨æ¨¥­â®¢ àï¤®¢ ¨§ U ®¯à¥¤¥«¥­ ¤®¯®«­¨â¥«ì­ë¬  ¢â®¬®àä¨§¬®¬ ¢â®à®£® ¯®àï¤ª .Ǳãáâì I− = �2U−,  I+ = {(1 + �r)1=2 k
∑i=2 qi�−i(1 + �r)1=2}:�®£¤  ®à¡¨â  (2.4) á®áâ®¨â ¨§ í«¥¬¥­â®¢ ¢¨¤ L = (1 + �r)−1=2(�−1w + v + �u)(1 + �r)−1=2: (5.2)



������������ ������� Ǳ����� � ������������� ��������� 17�®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨¥ � ªá Lt = [�+(L); L] (5.3)íª¢¨¢ «¥­â­® á¨áâ¥¬¥ ãà ¢­¥­¨©wt = [w;wr + rw − v]; vt = [u;w] + vwr − rwv; ut = uwr − rwu: (5.4)�¥£ª® ¢¨¤¥âì, çâ® íâ  á¨áâ¥¬  ¤®¯ãáª ¥â à¥¤ãªæ¨îu = ( 0 r1rT1 0 ) ;ª®â®à ï íª¢¨¢ «¥­â­  ¬®¤¥«¨, ­ ©¤¥­­®© ¢ à ¡®â¥ [8]. � á«ãç ¥ r = 0 á¨áâ¥¬  ¨ ¥¥ ¯à¥¤Äáâ ¢«¥­¨¥ � ªá  à áá¬ âà¨¢ «¨áì ¢ áâ âì¥ [15].� áá¬®âà¨¬ á«ãç © so(3; 2) ¡®«¥¥ ¤¥â «ì­®. � âà¨æë u ¨ r ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áÄâ¨ ¬®¦­® ¢ë¡à âì ¢ ¢¨¤¥u = 











0 0 0 a1 00 0 0 0 a20 0 0 0 0a1 0 0 0 00 a2 0 0 0 











; r = 











0 0 0 k1 00 0 0 0 k20 0 0 0 0
−k1 0 0 0 00 −k2 0 0 0 











; (5.5)£¤¥ a1k2 = a2k1. � áá¬®âà¨¬ ç áâ­ë© á«ãç © k2 = k1 = k, a2 = a1 = a, ª®â®àë© § ¬¥Äç â¥«¥­ â¥¬, çâ® á®®â¢¥âáâ¢ãîé¨© £ ¬¨«ìâ®­¨ ­ ¤®¯ãáª ¥â ¤®¯®«­¨â¥«ì­ãî £ ¬¨«ìÄâ®­®¢ã à¥¤ãªæ¨î (á¬. [12]). �¯¥à â®à L ¢ íâ®¬ á«ãç ¥ § ¤ ¥âáï ä®à¬ã«®© (5.2), £¤¥w = 











0 0 0 
1 Æ10 0 0 
2 Æ20 0 0 
3 Æ3
1 
2 
3 0 0Æ1 Æ2 Æ3 0 0 











(5.6)¨, ª ª ¯®ª §ë¢ îâ ¯à®áâë¥ ¢ëç¨á«¥­¨ï,v = 











0 −M3 M2 0 0M3 0 −M1 0 0
−M2 M1 0 0 00 0 0 0 M4 + k(
2 − Æ1)0 0 0 −M4 − k(
2 − Æ1) 0 











:�à¥¤¨ á¯¥ªâà «ì­ëå ¨­¢ à¨ ­â®¢ ¨¬¥¥âáï ¨­â¥£à « (M4 −M3)2. �¥¤ãªæ¨ï, ® ª®â®à®©£®¢®à¨«®áì ¢ëè¥, á®áâ®¨â ¢ â®¬, çâ® ¬ë ä¨ªá¨àã¥¬ ¥£® §­ ç¥­¨¥: M4 −M3 = z. �â¬¥Äâ¨¬, çâ® ¤«ï â®£® çâ®¡ë ¤¨­ ¬¨ª , § ¤ ­­ ï ãà ¢­¥­¨¥¬ � ªá  (1.4), ¡ë«  á®£« á®¢ ­ á à¥¤ãªæ¨¥©, ª ®¯¥à â®àãA = �+(L) ­ã¦­®¤®¡ ¢¨âì ¯®¤å®¤ïéãîª®á®á¨¬¬¥âà¨ç¥áªãî¬ âà¨æã (áà. á [12]).



18 �. �. ��������, �. �. ��������®¦­® ¯à®¢¥à¨âì, çâ® ¯®á«¥ à¥¤ãªæ¨¨ trL2 ¯à¨¢®¤¨â ª £ ¬¨«ìâ®­¨ ­ã (á¬. [8])H =M21 +M22 + 2M23 + 2k(M3
2 −M2
3) + 2k(M1Æ3 −M3Æ1)− 2a
1 − 2aÆ2 + 2zM3;¢ â® ¢à¥¬ï ª ª trL4 ¤ ¥â ¤¢  ¨­â¥£à «  ç¥â¢¥àâ®© áâ¥¯¥­¨, ®¡¥á¯¥ç¨¢ îé¨å ¨­â¥£à¨Äàã¥¬®áâì ¯® �¨ã¢¨««î íâ®£® £ ¬¨«ìâ®­¨ ­ . � «ì­¥©è ï à¥¤ãªæ¨ï Æ1 = Æ2 = Æ3 = 0¯à¨¢®¤¨â ª ¨­â¥£à¨àã¥¬®¬ã á«ãç î ¢ § ¤ ç¥ �¨àå£®ä , ­ ©¤¥­­®¬ã ¢ à ¡®â¥ [6]. �ª®¡Äª  Ǳã áá®­  ¤«ï íâ®© à¥¤ãªæ¨¨ á®®â¢¥âáâ¢ã¥â  «£¥¡à¥ �¨ e(3) (á¬. ä®à¬ã«ã (4.6)).�¤­® ¨§ ¢®§¬®¦­ëå ¨­â¥£à¨àã¥¬ëå ®¡®¡é¥­¨© íâ®£® à¥¤ãæ¨à®¢ ­­®£® £ ¬¨«ìâ®­¨Ä ­  ­  á¥¬¥©áâ¢® áª®¡®ª
{Mi;Mj} = "ijkMk; {Mi; 
j} = "ijk
k; {
i; 
j} = �"ijkMk (5.7)¡ë«® ¯à¥¤«®¦¥­® ¢ à ¡®â¥ [16]. �ª §ë¢ ¥âáï, çâ® ®¯¥à â®à � ªá  ¤«ï íâ®© ¬®¤¥«¨ ¬®Ä¦¥â ¡ëâì ¢ë¡à ­ ¢ ¢¨¤¥ L = R−1=2(�−1w + v + �u)R−1=2; (5.8)£¤¥ R = 











1 0 0 k1� 00 1 0 0 k2�0 0 1 0 0
−k1� 0 0 1− ��−2 00 −k2� 0 0 1 











:Ǳ à ¬¥âà � ¨§ áª®¡®ª Ǳã áá®­  (5.7) á¢ï§ ­ á k1, k2 ä®à¬ã«®©� = k21 − k22k42 :M âà¨æ  u § ¤ ­  ä®à¬ã«®© (5.5), £¤¥ a1k2 = a2k1. � âà¨æ w ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©(5.6) á Æ1 = Æ2 = Æ3 = 0. � ª®­¥æ, ¬ âà¨æ  v ¨¬¥¥â ¢¨¤v = 











0 −M3 M2 0 0M3 0 −M1 0 0
−M2 M1 0 0 00 0 0 0 �M3 + k2
2 + z0 0 0 −�M3 − k2
2 − z 0 











;£¤¥ � = k1=k2. �¯¥ªâà «ì­ë¥ ¨­¢ à¨ ­âë ®¯¥à â®à  L ª®¬¬ãâ¨àãîâ ®â­®á¨â¥«ì­®áª®¡ª¨ (5.7). �¤­¨¬ ¨§ ­¨å ï¢«ï¥âáï £ ¬¨«ìâ®­¨ ­H = �2M21 +M22 + 2�2M23 + 2k1(M3
2 −M2
3)− 2a1
1 + 2�zM3:� á«ãç ¥ � = 1 áª®¡ª  Ǳã áá®­  á®®â¢¥âáâ¢ã¥â  «£¥¡à¥ e(3), ¨ ®¯¥à â®à L á®¢¯ ¤ ¥â á®¯¨á ­­ë¬ ¢ëè¥. � ®¡é¥¬ á«ãç ¥  «£¥¡à ¨ç¥áª ï ¯à¨à®¤  ¬ âà¨æë R ®áâ ¥âáï § £ Ä¤®ç­®© (áà. á [17]).�¢­ë¥ ä®à¬ã«ë¤«ï ¤àã£¨å ¨­â¥£à¨àã¥¬ëå ¤¥ä®à¬ æ¨©¬®¤¥«¥© ¨§ à ¡®âë [15] ¬®¦Ä­® ­ ©â¨ ¢ à ¡®â å [8], [18]. �¤­ ª®¯à¥¤áâ ¢«¥­¨ï� ªá , ãª § ­­ë¥¢ íâ¨å à ¡®â å, ¬¥Ä­¥¥ ¨§ïé­ë ¨  «£¥¡à ¨ç­ë, ç¥¬ (5.2). �¥á¬®âàï ­  â® çâ® ®­¨ ¢ë£«ï¤ïâ ¯®å®¦¥ ­  (5.2),¬ âà¨æ  r ¢ ­¨å ï¢«ï¥âáï ¯¥à¥¬¥­­®©.



������������ ������� Ǳ����� � ������������� ��������� 196. ���������� Ǳ����������«ï â®£® çâ®¡ë íää¥ªâ¨¢­® ®¯¨á âì ª®­¥ç­®¬¥à­ë¥ ®à¡¨âë, á®®â¢¥âáâ¢ãîé¨¥ ä ªÄâ®à¨§ãîé¥© ¯®¤ «£¥¡à¥ G+, ­¥®¡å®¤¨¬® ï¢­® ­ ©â¨ ¯®¤¯à®áâà ­áâ¢® G⊥+ . �â® «¥£ª®¬®¦­® á¤¥« âì ¢ á«ãç ¥, ª®£¤  G+ { ®¤­®à®¤­ ï ¯®¤ «£¥¡à  [4].� ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  G+ ­ §ë¢ ¥âáï ®¤­®à®¤­®©, ¥á«¨ ®­  ã¤®¢«¥â¢®àï¥â ãáÄ«®¢¨î 1�G+ ⊂ G+: (6.1)Ǳà¨¬¥àë ®¤­®à®¤­ëå ¯®¤ «£¥¡à ¬®¦­® ­ ©â¨ ¢ à ¡®â¥ [4].Ǳãáâì A(�) { ä®à¬ «ì­ë© àï¤ ¢¨¤ A = E +R�+ S�2 + · · · ; (6.2)£¤¥ ª®íää¨æ¨¥­âëR;S; : : : ï¢«ïîâáï ¯®áâ®ï­­ë¬¨ «¨­¥©­ë¬¨ ®¯¥à â®à ¬¨ ¨§ G ¢ G, E{ â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à.�¥®à¥¬  6.1 (á¬. [4]). 1. �î¡ ï ®¤­®à®¤­ ï ¯®¤ «£¥¡à  G+ ¬®¦¥â ¡ëâì ¯à¥¤Äáâ ¢«¥­  ¢ ¢¨¤¥
G+ = { k

∑i=1 �−iA(gi) ∣

∣

∣

∣

gi ∈ G; k ∈ N

}; (6.3)£¤¥ A(�) { ­¥ª®â®àë© ä®à¬ «ì­ë© àï¤ ¢¨¤  (6.2).2. Ǳà®áâà ­áâ¢® G+ ï¢«ï¥âáï ¯®¤ «£¥¡à®©, ¥á«¨ ¨ â®«ìª® ¥á«¨ ¤«ï «î¡ëåX;Y ∈ G ¢ë¯®«­¥­® â®¦¤¥áâ¢®[A(X); A(Y )] = A([X;Y ] + �[X;Y ]1); (6.4)£¤¥ [ · ; · ]1 { ­¥ª®â®à ï áª®¡ª  �¨, á®£« á®¢ ­­ ï á® áª®¡ª®© [ · ; · ].3. �«ï ¢áïª®© ®¤­®à®¤­®© ¯®¤ «£¥¡àë áª®¡ª  [ · ; · ]1 § ¤ ¥âáï ä®à¬ã«®©[X;Y ]1 = [R(X); Y ] + [X;R(Y )]−R([X;Y ]); (6.5)£¤¥ R { á®®â¢¥âáâ¢ãîé¨© ª®íää¨æ¨¥­â àï¤  (6.2).� ¯®¬­¨¬, çâ® á®£« á®¢ ­­®áâì ¤¢ãå áª®¡®ª®§­ ç ¥â, çâ® ¨å ¯à®¨§¢®«ì­ ï «¨­¥©­ ïª®¬¡¨­ æ¨ï ï¢«ï¥âáï áª®¡ª®© �¨.�«ï ¢á¥å ®¤­®à®¤­ëå ¯®¤ «£¥¡à G+ ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ G⊥+ ¢ëç¨á«ï¥âáï á ¯®Ä¬®éìî ®¤­®© ¨ â®© ¦¥ ä®à¬ã«ë.�¥®à¥¬  6.2. Ǳãáâì G+ { ®¤­®à®¤­ ï ¯®¤ «£¥¡à . �®£¤ 
G⊥+ = (A−1)T(Gst+ ); (6.6)£¤¥ A { àï¤ (6.2), § ¤ îé¨© ­ èã ®¤­®à®¤­ãî ¯®¤ «£¥¡àã á ¯®¬®éìî ä®à¬ã«ë (6.3),áâ ­¤ àâ­ ï ä ªâ®à¨§ãîé ï ¯®¤ «£¥¡à  Gst+ ®¯à¥¤¥«¥­  ä®à¬ã«®© (3.4) ¨ T ®§­ Äç ¥â âà ­á¯®­¨à®¢ ­¨¥ ®â­®á¨â¥«ì­® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï (3.1).



20 �. �. ��������, �. �. ��������®ª § â¥«ìáâ¢®. �®£« á­® ä®à¬ã«¥ (6.3) ¨¬¥¥¬ G+ = A(Gst+ ). Ǳ®íâ®¬ã
〈A(Gst+ ); (A−1)T(Gst+ )〉 = 〈Gst+ ;Gst+ 〉 = 0;â.¥. G⊥+ ⊃ (A−1)T(Gst+ ). � ¤àã£®© áâ®à®­ë, ¥á«¨ g ∈ G⊥+ , â® 〈A(Gst+ ); g〉 = 0. �âáî¤ AT(g) ∈ (Gst+ )⊥ = Gst+ ¨«¨ g ∈ (A−1)T(Gst+ ).6.1. �à¡¨âë ¢ á«ãç ¥ ®¤­®à®¤­ëå ¯®¤ «£¥¡à. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ã¤®¡Ä­® ¨á¯®«ì§®¢ âì ¤«ï ­ å®¦¤¥­¨ï ï¢­®© ä®à¬ë ãà ¢­¥­¨© � ªá , á®®â¢¥âáâ¢ãîé¨å ®¤Ä­®à®¤­ë¬ ¯®¤ «£¥¡à ¬.Ǳà¥¤«®¦¥­¨¥ 6.1. Ǳà¥¤¯®«®¦¨¬, çâ® A ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (6.4).�®£¤  ¢ë¯®«­¥­® á«¥¤ãîé¥¥ â®¦¤¥áâ¢®:[A(X); (A−1)T(Y )] = (A−1)T([X;Y ] + �X ∗ Y ): (6.7)�¤¥áì ¤«ï «î¡ëå X;Y ∈ GX ∗ Y = [R(X); Y ]− [X;RT(Y )] +RT([X;Y ]); (6.8)£¤¥ R { ª®íää¨æ¨¥­â àï¤  (6.2), T ®§­ ç ¥â âà ­á¯®­¨à®¢ ­¨¥ ®â­®á¨â¥«ì­® ¨­Ä¢ à¨ ­â­®© ä®à¬ë ­  G.�«ï ¤®ª § â¥«ìáâ¢  â®¦¤¥áâ¢  (6.7) ¤®áâ â®ç­® áª «ïà­® ã¬­®¦¨âì ®¡¥ ¥£® ç áâ¨­  A(Z) ¨ ¯à¥®¡à §®¢ âì «¥¢ãî ç áâì, ¨á¯®«ì§ãï ¨­¢ à¨ ­â­®áâì áª «ïà­®£® ¯à®¨§¢¥Ä¤¥­¨ï 〈 · ; · 〉 ¨ â®¦¤¥áâ¢® (6.4).�â¬¥â¨¬, çâ® X ∗ Y = −(ad1X)T(Y );£¤¥ ad1X(Y ) = [X;Y ]1,   áª®¡ª  [ · ; · ]1 § ¤ ­  ä®à¬ã«®© (6.5). �àã£¨¬¨ á«®¢ ¬¨, ®¯¥Äà â®à −(ad1X)T § ¤ ¥â ª®¯à¨á®¥¤¨­¥­­®¥ ¤¥©áâ¢¨¥  «£¥¡àë �¨ á® áª®¡ª®© [ · ; · ]1 ­  «£¥¡à¥ �¨ á® áª®¡ª®© [ · ; · ].�áïª¨© í«¥¬¥­â ®à¡¨âë

O = �−1G− ∩ �2G⊥+ ;á®®â¢¥âáâ¢ãîé¥© ®¤­®à®¤­®© ¯®¤ «£¥¡à¥ (6.3), ¨¬¥¥â ¢¨¤L = (A−1)T(�u+ v + �−1w):�¥£ª® ¢¨¤¥âì, çâ® �+(L) = A(�−1w).�á¯®«ì§ãï â®¦¤¥áâ¢® (6.7), ¬®¦­® ¯à®¢¥à¨âì, çâ® ãà ¢­¥­¨¥� ªá  (5.3), § ¯¨á ­­®¥¯®ª®¬¯®­¥­â­®, ¨¬¥¥â ¢¨¤wt = [w; v] + w ∗ w; vt = [w; u] + w ∗ v; ut = w ∗ u: (6.9)�¥à­¥¬áï ª ¯à¨¬¥àã 2.1.� á¨âã æ¨¨ ¯à¨¬¥à  2.1 A { ®¯¥à â®à ã¬­®¦¥­¨ï á¯à ¢  ­ 1+�r, (A−1)T { ®¯¥à â®à ã¬­®¦¥­¨ï á«¥¢  ­  (1+�r)−1, ¨ í«¥¬¥­â ®à¡¨âë ¨¬¥¥â ¢¨¤L = (1 + �r)−1(�u+ v + �−1w): (6.10)



������������ ������� Ǳ����� � ������������� ��������� 21�®à¬ã«  (6.8) ¢ë£«ï¤¨â ª ªX ∗Y = rXY −Y Xr. � ¯¨á ­­®¥ ¢ ª®¬¯®­¥­â å ãà ¢­¥­¨¥� ªá  (5.3) íª¢¨¢ «¥­â­® á¨áâ¥¬¥wt = [w;wr + rw − v]; vt = [u;w] + vwr − rwv; ut = uwr − rwu: (6.11)�â¬¥â¨¬, çâ® ãà ¢­¥­¨¥ � ªá  íª¢¨¢ «¥­â­® âà¨ ¤¥ � ªá Pt = P�−1w(1 + �r) − (1 + �r)�−1wP; (6.12)£¤¥ P = �u+ v + �−1w.Ǳà¥¤¯®«®¦¨¬, çâ® ¢  «£¥¡à¥A § ¤ ­  ¨­¢®«îæ¨ï ∗1). �®£¤  á¨áâ¥¬  (6.11) ¤®¯ãáª Ä¥â ¤¢¥ á«¥¤ãîé¨¥ à¥¤ãªæ¨¨:1) r á¨¬¬¥âà¨ç¥­,   u, v, w ª®á®á¨¬¬¥âà¨ç­ë ®â­®á¨â¥«ì­® ∗;2) r ¨ v ª®á®á¨¬¬¥âà¨ç¥­ë,   u ¨ w á¨¬¬¥âà¨ç­ë.� ª ç¥áâ¢¥ ¯à¨¬¥à  â ª®© à¥¤ãªæ¨¨ ¬®¦­® à áá¬®âà¥âì á«ãç © u; v; w ∈ so(3), r =diag(r1; r2; r3).�àã£®© ª« áá à¥¤ãªæ¨© á¨áâ¥¬ë (6.11) § ¤ ¥âáï ãá«®¢¨¥¬ u = const. �§ (6.11) á«¥¤ãÄ¥â, çâ® ¢ íâ®¬ á«ãç ¥ â®¦¤¥áâ¢® uwr−rwu = 0 ¤®«¦­® ¢ë¯®«­ïâìáï ¤«ï ¢á¥åw. �à¨¢¨Ä «ì­ ï à¥¤ãªæ¨ï u = const · r á¤¢¨£®¬ v á¢®¤¨âáï ª á«ãç î u = 0. �¤­ ª® áãé¥áâ¢ãîâ¨ ­¥âà¨¢¨ «ì­ë¥ ¬ âà¨ç­ë¥ à¥¤ãªæ¨¨.Ǳà¥¤¯®«®¦¨¬, çâ® í«¥¬¥­âë r,w ¨ v ¨¬¥îâ á«¥¤ãîéãî¬ âà¨ç­ãî ¡«®ç­ãî áâàãªÄâãàã: r = ( 0 r1r2 0 ) ; w = ( 0 w1w2 0 ) ; v = ( v1 00 v2) :�®£¤ , ¢ë¡¨à ï u = const · ( 0 r1
−r2 0 ) ;¬ë ¯®«ãç ¥¬ á ¬®á®£« á®¢ ­­ãî à¥¤ãªæ¨î á¨áâ¥¬ë (6.11). �®§¬®¦­  ¤ «ì­¥©è ï à¥Ä¤ãªæ¨ï vT1 = −v1; vT2 = −v2; w2 = wT1 ; r2 = −rT1 ;£¤¥ T { ¬ âà¨ç­®¥ âà ­á¯®­¨à®¢ ­¨¥. Ǳ®á«¥¤­ïï à¥¤ãªæ¨ï ¨ á®®â¢¥âáâ¢ãîé¨¥ £ ¬¨«ìÄâ®­®¢ë áâàãªâãàë ®¯¨á ­ë ¢ à §¤¥«¥ 5.6.2. �àã¯¯ë à¥¤ãªæ¨© ¨ ®¤­®à®¤­ë¥ ¯®¤ «£¥¡àë. Ǳà¨¬¥àë ®¤­®à®¤­ëå ¯®Ä¤ «£¥¡à ¬®¦­® áâà®¨âì ¨áå®¤ï ¨§ â ª ­ §ë¢ ¥¬ëå £àã¯¯ à¥¤ãªæ¨© [11]. Ǳãáâì T { ª®Ä­¥ç­ ï ¯®¤£àã¯¯  ¢ £àã¯¯¥ ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© ¯ à ¬¥âà  �. �¥§ ®£à Ä­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® ­¨ ®¤¨­ í«¥¬¥­â T , ªà®¬¥ ¥¤¨­¨æë, ­¥ á®åà ­ï¥ââ®çªã � =∞.� áá¬®âà¨¬ ¢¥ªâ®à­®¥ ¯®¤¯à®áâà ­áâ¢® G ¢  «£¥¡à¥ ¯¥â¥«ì G�, á®áâ®ïé¥¥ ¨§ í«¥¬¥­Äâ®¢ ¢¨¤  a = m

∑n=0 ∑t∈T qn;tt(�−n); qn;t ∈ G; m ∈ N: (6.13)�¯à¥¤¥«¨¬ G+ ª ª ¬­®¦¥áâ¢® ¢á¥å ­¥¯®¤¢¨¦­ëå í«¥¬¥­â®¢ G ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï£àã¯¯ë T . �á­®, çâ® ¬­®¦¥áâ¢® à §«®¦¥­¨© ¢ àï¤ �®à ­  ¢ â®çª¥ � = 0 í«¥¬¥­â®¢ ¨§
G+ ï¢«ï¥âáï ¯®¤ «£¥¡à®© ¢ G�. �¥ ¬ë â ª¦¥ ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ G+.1)�.¥. (ab)∗ = b∗a∗ ¨ (a∗)∗ = a.



22 �. �. ��������, �. �. �������Ǳà¥¤«®¦¥­¨¥ 6.2. Ǳãáâì T ¤¥©áâ¢ã¥â ­   «£¥¡à¥ �¨ G ¡¥§ ­¥¯®¤¢¨¦­ëå ­¥Ä­ã«¥¢ëå í«¥¬¥­â®¢. �®£¤  ¯®¤ «£¥¡à  G+ ï¢«ï¥âáï ä ªâ®à¨§ãîé¥© ¯®¤ «£¥¡à®©¢  «£¥¡à¥ ¯¥â¥«ì G�, ¤®¯®«­¨â¥«ì­®© ª ¯®¤ «£¥¡à¥ àï¤®¢ �¥©«®à  G−.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ í«¥¬¥­âZq = ∑t∈T t(q�−n):�á­®, çâ® ®­ ¯à¨­ ¤«¥¦¨â G+ ¨ ¨¬¥¥â à §«®¦¥­¨¥ ¢ àï¤ �®à ­  ¢¨¤  Zq = q�−n +o(1). � ª¨¬ ®¡à §®¬, G+ á®¤¥à¦¨â àï¤ë á «î¡®© £« ¢­®© ç áâìî, ¨ ¯®íâ®¬ãG� = G++
G−. �áâ ¥âáï ¤®ª § âì, çâ® G+ ∩ G− = {0}. Ǳãáâì a ∈ G+ ∩ G− ¨ á®¤¥à¦¨â á« £ ¥¬®¥¢¨¤  qt(�−n), q 6= 0, n > 0, ¢ à §«®¦¥­¨¨ (6.13). Ǳ®áª®«ìªã a ∈ G+, ¨¬¥¥¬ a = t−1(a).Ǳ®íâ®¬ã a á®¤¥à¦¨â á« £ ¥¬®¥ t−1(q)�−n ¨ ¯® íâ®© ¯à¨ç¨­¥ ­¥ «¥¦¨â ¢  «£¥¡à¥ àï¤®¢�¥©«®à G−. Ǳà¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® a ∈ G+∩G− ¨ ­¥ § ¢¨á¨â ®â � (â.¥. a ∈ G). �®£¤ a { ­¥¯®¤¢¨¦­ë© í«¥¬¥­â ¨§ G ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë T , ¨ ¯® ãá«®¢¨î a = 0.�¯à¥¤¥«¨¬ �� ä®à¬ã«®© ��−1 = ∑t∈T t(�−1): (6.14)�ã­ªæ¨ï �� ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï £àã¯¯ë T , ¨ ¯®íâ®¬ã��−1G+ ⊂ G+: (6.15)�¥£ª® ¯®ª § âì, çâ® § ¬¥­  ¯ à ¬¥âà �→ �+ k2�2 + k3�3 + · · · (6.16)¯¥à¥¢®¤¨â ¢áïªãî ®¤­®à®¤­ãî ¯®¤ «£¥¡àã á­®¢  ¢ ®¤­®à®¤­ãî ¯®¤ «£¥¡àã. �¢¥ ¯®¤ «Ä£¥¡àë, á¢ï§ ­­ë¥ â ª®© § ¬¥­®©, ¬®¦­® à áá¬®âà¨¢ âì ª ª íª¢¨¢ «¥­â­ë¥.�¥£ª® ¢¨¤¥âì, çâ® �� = � + o(�). � ª¨¬ ®¡à §®¬, ä®à¬ã«  (6.14) § ¤ ¥â § ¬¥­ã ¢¨Ä¤  (6.16). �§ (6.15) ¢ëâ¥ª ¥â, çâ® G+ íª¢¨¢ «¥­â­  ®¤­®à®¤­®© ¯®¤ «£¥¡à¥.Ǳà¨¬¥à 6.1. � áá¬®âà¨¬ ª®¬¬ãâ â¨¢­ãî £àã¯¯ã T = Z2 × Z2, á®áâ®ïéãî ¨§ í«¥Ä¬¥­â®¢ 1, t1, t2 ¨ t3 = t1t2. �¯à¥¤¥«¨¬ ¤¥©áâ¢¨¥ T ­   «£¥¡à¥ �¨ so(3) á ¯®¬®éìî á®Ä¯àï¦¥­¨© ¤¨ £®­ «ì­ë¬¨ ®àâ®£®­ «ì­ë¬¨ ¬ âà¨æ ¬¨diag(1; 1; 1); diag(−1;−1; 1); diag(−1; 1;−1); diag(1;−1;−1):� áá¬®âà¨¬ á«¥¤ãîé¥¥ ¢«®¦¥­¨¥ £àã¯¯ëT ¢ £àã¯¯ã¤à®¡­®-«¨­¥©­ëå¯à¥®¡à §®¢ ­¨©.Ǳãáâì s1(�) = −�; s2(�) = 1� ; s3(�) = −

1�; �(�) = a�+ bc�+ d :�®£¤  í«¥¬¥­âë £àã¯¯ë T ®â®¦¤¥áâ¢«ïîâáï á ¯à¥®¡à §®¢ ­¨ï¬¨ ti = �−1◦si◦� . �á«®Ä¢¨¥ ti(∞) 6=∞ íª¢¨¢ «¥­â­® â®¬ã, çâ® ac 6= 0 ¨ a4 6= c4. �¡à §ãîé¨¥ (4.1) ¯®¤ «£¥¡àë
G+ ¨¬¥îâ ¢¨¤E1 = e1� + 3

∑i=1 ti(e1� ); E2 = e2� + 3
∑i=1 ti(e2� ); E3 = e3� + 3

∑i=1 ti(e3� ):



������������ ������� Ǳ����� � ������������� ��������� 23� ¬¥­  ¢¨¤  (6.16), § ¤ ­­ ï ä®à¬ã«®©��−1 = 1� + 3
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