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FTEOMETPNSI KOHEUYHOMEPHDBIX
HOPMHNPOBAHHLIX ITPOCTPAHCTB
N HEIIPEPLIBHDLIE #YHRKINN

HA EBKJMIOBOUW C®EPE

O6o3naueHu.
e R” — craHgapTHOE N-MEPHOE €BKJIMA0BO MPOCTPAHCTBO.
e O € R" — HavaJa0 KOOPAUHAT.
e S"~1 CR" — cranmapTHas equHnuHad chepa ¢ mentpom O.

§1. O TrEOMETPUU TAPBI HOPM

Haunem ¢ HECKOJILKMX BO3MOYKHBIX OHpeﬂeJ’[eHI/Iﬁ OPTOTOHAJBHO-
CTW IpPpsAMBIX B KOHEYHOMEPHOM BEIMECTBEHHOM HOPDMWPOBAHHOM IIpO-

CTpaHCTBeE.
Haszosem aBe mpoxoasamme uepe O mpsamere {1 u {3 B HOpMUPOBaH-
HoMm mpoctpancTBe (R™) || -|) || - ||-opmozonaasnsimu, ecmm ana Hux

BEITIOJIHAETCA 0IHO U3 HUAKEIEPeUNCAeHHBIX ycaoBuid 1—4.

1. Jlas KoslIMHeaPHBIX UM OPTOB €] W €y BBITOJHAETCA ||e1 +es| =
ller — eqf|.

2. Ilpsavele {1 m {3 HenAaT MIIOMAlb €IVMHUYHOTO Kpyra ¢ HEeHTPOM
O B nx miockocTy Ha 4 paBHbLIE YACTH.

3. lpambie {1 n ¢y AeJTAT MepPUMETP €AMHUYHON OKPYKHOCTU C
nentpoM O B MX INIOCKOCTH Ha 4 paBHbIE YACTH.

4. Jlobrie mBe rumepmimockoctu B R™ mpoxozgsdmmue dyepes O u
OPTOrOHAJbHBIE TPAMBIM £ U £5 0OTHOCUTEIHHO HEKOTOPOHA 3aUKCHU-
poBanHOl B R" eBEAMAOBOH CTPYKTYPHI, AEHAT 00bEM €IUHUIHOTO
mapa HOpMEI || - || Ha 4 paBHBIe YacTwH.

Teopema 1. IIpu 41060M EBLUEONUCAHKOM NORUMAHUY OPMOZOHALLH O-
cmu 6 R™ watidemes wabop uz n npamuir, nonapuo-opmozonaiLbHbls om-
Hocumeavno 0eyr waneped zadannsir ¢ R™ wopm.

3ameuanue 1. [Ipu 9yeTBepTOM ompenesleHUU OPTOTOHATHLHOCTA MBI
nojydaem yTBepskienue u3 [6] o ToM, 4TO miiA JIOGBIX MEHTPaJIbHO-

Pa6ora uacTuuno momnepskana rpantom HIIT-1914.2003.1.
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108 B. B. MAKEEB

CUMMETPUYHBIX BBINYKJALIX Tesl Ky, Ko C R” ¢ obmmuM 1IEHTPOM CUM-
MeTpuu O HalAyTCA n TUOEPIIIOCKOCTER, Tpoxoaanux yepes O, rio-
Oble 2 13 KOTOPHIX JAesAT 06beM Kaxkmoro us tei Ky, Ko Ha 4 paBHBIE
gactu. OTcrona B cuiy IeHTpaidbHol cuMMerpuu Ten Ki, K» aBTO-
MAaTWUYeCKM CcJenyeT, 4To JI0Oble 3 TUMEPHIOCKOCTH NeJAT 06beM
raxkgoro u3 Ten Ki, Ky Ha 8 paBHBIX dacTeil.

O6o3naueHu.

e RP"~! — MoZemb IPOEKTUBHOIO HPOCTPAHCTBA, COCTOAIMIAA L3
npAMBIX B R™, mpoxomanux depes O.

e M — “B3pesaHHoe mpousBeseHume” n sE3eMIIAPoB RP'T! (T.e.
noaMHoMkecTBO npousseaenus (RP?~1)"  cocrosmee us Touek ¢ pas-
JMYHBIMA KOOPIMHATAMM), TPOGAKTOPM3OBAHHOE IO CHUMMeETpUYe-
CKOIi TpyIille TePeCTAHOBOK KOO P AUMHAT.

e 1 — MHOroOGpa3re HEYMOPAMOUEHHBIX HAGOPOB M3 N B3aUMHO-
MePIEHINKY IAPHBIX MPAMEBIX B R™ | mpoxonamux yepe3 0. OueBuaHoO,
dimMN = n(n - 1)/2.

e [IycTh

N € Hpno1)/2(M; Zo)

— KJacc I'oMoJIOTUi ZQ—HI/IK.Ha, peaJin30BaHHOT O MHOFOO6pa3I/IeM m

YrBepskmeane. Hudexc camonepecenenus wukaa [MN] 6 muozoobpasuy
M pacen 1 € Z5.

HoxrazareancrBo. Paccmorpum adprunoe npeobpazoBanme A: R”
— R, mepeBosmiee map ¢ mnearpom O B pa3sHOOCHBINA samuncons F
c Tem ke nenrpom. IlpeobpazoBanme A mHaynupyer npeobpasoBa-
Hre RP?~1 — RP*~! u, ciegoBaTesnbHO, Ipeobpa3oBaHue B3pe3aH-
Horo mpousBenenusa: M — M. Oboznaunm vepes A(IN) obpaz MHOTO-
obpasusa N npu mocaeanem npeobpaszoanun. OUEBUIAHO, YTO TIAKIIHI,
npedctaBienuble B M mMHoro06pasuavmu 91 u A(N), romMosornyHs,
Tak Kak apPrHHOEe NpeobpazoBanne A MOMKHO T'JIaKO NTPOaedopMu-
poBaTh B TokmecTBeHHOe. flcHO, uro 91N A(IM) cocTouT M3 oAHOIM
Tourn — Habopa oceii snnmiconga . Tpancsepcanprocts N u A(N)
npoBepsercsa 6e3 tpyaa (cp. [7]). O

IHoxraszanmoe YTIBepHKIACHUE MOXKHO CUUTATH TOIIOJOTMYECCKMM Ba-
PHUAHTOM TE€OPEMBI O CYIIECTBOBAHUN Ha6opa 13 N IMoImapHO-OpPTOTo-
HaJbHBIX 0Cell OTHOCUTEJNbLHO ABYX CKaJAPHBIX HpOI/I3B€ﬂ€HI/II31 B R"™.

JoxkazaTeancTBo TeopeMsl 1. PaccMoTpum cHavaja ciaydaii, Kormaa
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HODMBI ABJIAIOTCA TJIAJKUMU QYHKIMSAMMU BHE HYJIS, YTO MBI U IIpeji-
mojaraeM B AajbHEUIIIEM.

[Mokaxkem, uTo B cuTyalu OOIIEro MONOKEHNA UMEETCA HEUETHOE
YMCJI0 M UCKOMBIX HEYIIOPAIOYEHHBIX HAG0OPOB MPAMBIX.

3aMeTuM, YTO pa3sMepHOCTb MHOT006pa3usa HEYITO PAMOUEHHBIX Ha-
60poB U3 n IPAMEIX, IpoXoaamux depes (), pasHa n? —n. Tpebosa-
HUA TeopeMbl HaJlaraloT Ha HUCKOMEI Ha6op IpAMEIX n’ — n He3aBU-
CUMBIX ycioBuid. [losToMy B TUMIMYHOW CUTYAIIUM MMEETCA KOHEUYHOE
yncigo m TpebyeMmbix HabopoB mpaMEBIX. [lo cTaHmapTHBIM TOTIOJIO-
TUYECKUM COODpasKEHUAM YETHOCTh UMCJa M He 3aBUCUT OT BBIGO-
pa TUMWYHOW CUTyallMM, TaK KaK BCEe BBINIEPaCCMaTPUBaeMble HOP-
MBI [JIaJAK0 AePOPMUPYEMBI APYyr B JApPYTa, & YCJIOBUA TeOpeMbl He
MMO3BONAIOT MPAMBIM U3 HAGOPOB HEOIPAHUYEHHO COIMAATHCH, UTO
rapaHTUPYeT KOMIAKTHOCTb MCKOMBIX HaBOPOB MPAMBIX B ITPOIECCE
AedopMaly 0JIHON HOPMEBI B APYIYIO.

Kak xopoio mM3BeCTHO, eCJIM HOPMBI €BRJIWIOBEI U OOIIETO MO0~
PKEHUA, TO UCKOMBII Habop oceli e MHCTBEHEH.

Takum o6pazomM, Teopema HAoKa3aHa A BCIOAY MJIOTHONO MHOMKE-
CTBa Tap HOPM, & B OCTAJBHBIX CIyYadX AOKA3LIBAETCH ITPeLeTbHBIM
mepexo oM. (I

Sameuanue 2. /11 IpAMBIX B HOPMUPOBAHHOM MPOCTPAHCTBE MOK-
HO BBECTU MHOTO CUMMETPUYHBIX OTHOINEHU opToroHadbHoCcThH. Kak
BUJIHO U3 BBIMTECKA3aHHOTO, JJIA BBITOJTHEHWUA A HUX TEOPEMBI O CY-
IMECTBOBAHUN N TIOTIAPHO OPTOTOHAJIBHBIX MPAMBIX B R™ o 1HOBpEMeH-
HO JJIA JABYX 3aJaHHBIX HOPM HE0oOX0AMMO, YTOOBI A eBRIMIOBHIX
HOPM 9TW OTHOIIEHUA COBMAJAINA C OOBIYHBIM M “Tiagko” 3aBUCEIH
oT “raankoii” HOPMBI, T.e. YTOOLI B THUIIMYHOM IJIaAKOM OIHOIIApa-
MeTPHUYECKOM ceMelicTBe HOPM || - ||¢, mae 0 <t < 1, Takue HaAGOPHI
MPAMBIX COCTABISAINA GBI TJIAIKOE KOMIIAKTHOE U € KPaeM I10JAMHOTO-
obpasue B M x [0, 1] pasmeprocTr n(n — 1)/2 + 1, rpaHcBepcanpHOe

K Kpato (M x [0,1]) =M x 0U M x 1.

§2. UETHBIE ®YHKIIUM HA EBKJINI0BON CHEPE

HasoBem umcioByio ¢yurmmio f: S"~1 — R wemwot, ecom amia
mo6oii Toukn x € S"~! Bemonnserca f(—x) = f(x). lpumep rakoii
dyHKIMK daeT mobas HopMa B R™.

Teopema 2. /Jag awbol wnenpeprienold wemuol wucaosol @ymrxyuy
f: 871 = R natidemes opmonopMuposanniid 6asuc ey, ..., e, maxoi,
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wmo npu awovz 1 <1< j < n apnosngemes

ei—ej

V2

e + €

Y

=f

CaencrBue. /Jlag scaxoeo ewvinykaozo meaa K C R™ u ezo eny-
mpennedl mouku O nafldymesd n NONAPHO-0PMOZOHAABKBLL OPMOE €1,

., €n makuz, 4mo dag awbwr 1 < i< j < n meao K evicexaem pae-
Hote ompesku na aywar, nporodsuur wepez O 800ab sekmopos €; + €
U e; —e;j. O

Y TBepsKAeHNE T€OpPEMBI HEIMOCPEACTBEHHO BHITEKAET U3 JOKa3aH-
HOW HIWKe JIEMMBEL.

MMycts M — MHOTOOGPA3ME TONOKNTENBHO-0PUEHTUPOBAHHBIX (TTpa-
BUJIbHBIX) 27-papoB B R” ¢ 3aHyMepOBaHHBIMYM peGpaMy U [EHTPOM
O. I'pynma G coXpaHAIOMMUX OPUEHTAIMIO CaMOCOBMelleHni 2" -sapa
HeliCTBYeT MepecTaHOBKAMU B MHOKecCTBe ero pebep. Pacemorpum ee
neitcteue B R2?("~1) epecranoBRaMy KOODAMHAT TOUEK C HOMEDaMH,
COBNAIAIOMMUMYU ¢ HOMepaMu pebep 2"-sapa. Ilycrs L; ¢ R2#(n=1)
— HOAIPOCTPAHCTBO pasMepHOCTH n(n — 1), cocTodAllee U3 TOYeK, y
KOTOPBIX PaBHBI KOODJAWHATHI ¢ HOMepamu pebep 2"-sapa, cuMme-
TPUYHBIX OTHOCHUTENBHO eHTpa. [lycts Ly C L — moampocTpaHCTBO
pasmeprocTd n(n — 1)/2 ¢ paBHBIMM YeTBepPKaMU KOODIMHAT TOYEK,
C HOMEpPaMU, COOTBETCTBYIOMIME pebpam 2"-sapa, COCTaBIAIONINMA
KBazpaT ¢ meHTpom O.

Jdemma. [Tyems f: M — R0~ — yenpeprianoe G-axausapuanmmuoe
omobpaxcenue, u nycms f(M) C Ly. Tozda f(M)N Ly # 0.

JokazaTteancTBo. JleMMy mocTaTouHO H0Ka3aTh MAJA DIAJAKAX OTO-
Gpaskenunii. B ocTalbHBIX cay4dasaXx oHa MOKA3BIBAETCA MpeaellbHBIM
epexoa0M.

Tak rax

dimM =dimL; —dimLs = n(n —1)/2,

TO B CHMTyaIrmu OO6IEero moJoxKeHusa (T.e. Korjga f TpaHCBEPCAJTBHO
K Lo) MHOkecTBO f(M) N L2 COCTOMT M3 KOHEYHOT'O YMCIA TOYEK, A
ero npoo6pas f~1(f(M) N Ls) cocrour us komeunoro umcia m G-
opbur. Tak Kak Bce paccmarpuBaemble (G 3KBUBapUaHTHEIE [JIAIKIE
orobpaskenusa f: M — L riazko roMoTolHBI (HApUMED, JUHEHHO



I'EOMETPUA KOHEYHOMEPHBIX HOPMMPOBAHHBIX 111

FOMOTOHHBI), TO YETHOCTBbL 4HHKCJIa M He 3aBUCUT OT BbI60pa f B CHU-
Tyalnuu1 O6H_[eFO IIOJTOMKEHN A,
HOK&}KGM, uyTo m HederHo. asa sToro PacCMOTpUM 0T06pa>1<;eHMe

fl:M_>L1a

JULA KOTOPOTO -1 KoopanHaTa Touku f(m) mug 2”-sapa m € M pabna
JUIMHE ero i-ro pebpa OTHOCUTENLHO HEKOTOPOW HOBOW e€BKJIMIOBOWMA
HODMEI || - ||2. OueBuano, uro ycaopue f(m) € Ls paBHOCUIBHO TOMY,
uTo ocm 2"-3apa M 0pTOroHAJBHEl OTHOCUTEILHO HOBOT'O CKAJIAPHOTO
MpOW3BEIeHNA, & A €BRINAOBON HOPMEI || - ||2 B curyanuu obimero
MOJIOKEHNA TaKol Habop oceli eqMHCTBEHEH, W HyKHasd TpaHCBEep-
CaJILHOCTEL TIpoBepseTca 6es Tpyaa. Jlemma mgokazaHa. O

JoxazaTeascTBO TeopeMbl. Jliid KasKI0T0 MOT0KATENHLHO-0PUEHTH-
pPOBAHHOTO OPTOHOPMMPOBaHHOTO Gaszmca (e1,...,€,) PaccCMOTPHUM
n-MepHBIH 27-51ap, ABIAOIIMIACA BHIIYKIOH 0600UKOR KOHIIOB BEK-
TOpoB {ei,...,e,, —e1,...,—e,}, u 3aHymepyem ero pebpa. Te-
Mepb OCTAETCA MPUMEHUTH JeMMY K oTobpaskenuro [ MHoroo6pa-
3ud M ToJaoEKUTENHHO-0PUEHTUPOBAHHBIX OPTOHOPMUPOBAHHLIX Ga-
3UCOB ey, ..., e, B RZ("=D goopaunaruele GYHEIIUU KOTOPOTO CyTh

teite; o
f (T)’ npuyeM HOMepa KOODAMHATHBIX (QYHKIMA COBIAJAIOT C
HoMepaMmu pebep 2"-sapa, MOCTPOEHHOI'O TI0 peNepy e1,...,€e,. L[l
TlpumMenss mokasanHyio Teopemy 2 k ¢ymriwmn (f(z) + f(—x))/2

IS IPOUBBOJILHOM HelpephIiBHOW PyHKIMM [ Ha eBKAMIOBOW chepe,
nmoJiydaeM CJje/CTBHUE.

Caencreue. /Jas awboli nenpepwenot dynxyuu f: S"~1 — R nai-
demcs opmonopMuUposannsil 6asuc e, ... e, maxol, ¥mo npu 2066
1 <1<y < n entnoangemed

f(eij;f') +f(_ei¢;ej) :f(—ei;;f) +f(7ef'¢‘;i). 0

§3. JIonONHEHUE: TTOKPBIIIKU 1A
MHOMKECTB HAHHOI'O AUAMETPA

Y neMMbl U3 TpeAbLAyIiero naparpada ecThb ellle 0JHO IpUMeHe-
He. MBI mocTpouM ceMeiicTBo 2n’-rpaHHMKOB B IR, O paHMYEHHBIX
n? mapaMu yJaJdeHHEIX APYT OT APyra Ha PaccTofHMe HapallelbHBIX

d rumepnIoCcKoCTeR, TaKoe, UTO BCAKOE MOAMHO¥kecTBO R” nuamerpa
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d MOKHO MOMECTUTH MMOCPEACTBOM ABIWKEHUA B OAMH M3 MHOTOTPaH-
HUKOB CeMeNCTBA.

Kak u3BecTHO, BCsAKoe moaMHOXKecTBO R” nuamerpa d comepRUATCA
B BBIMTYKJIOM MHOKECTBE IOCTOAHHONW MUPUHBL d, T.€. C pacCTOAHNEM d
MeXRAY JIO6BIMA TapaMy MapaiielbHbIX OMOPHBIX TUIEPIIIIOCKOCTER.
[MosToMy B manbHelieM BO3MOMKHOCTD MIOMECTUTEH B MHOTOT DaHHUKHA
U3 ceMelcTBa M0CTATOYHO MPOBEPUTH JWINB JJA MM0AMHOXKeCTB R”
MMOCTOAHHOW T PUHBI.

[posens k miocko#t durype K C R? mocToAHHON IMMPUHBI ABE Ma-
DBl TIEPIEHANKYJIAPHBIX OMOPHBIX TPAMBIX, MBI OMUIITEM BOKDPYT Hee
kBagpaT. llpoBems k K [Be maphl OMOPHBIX MPAMBIX, TePIEHANKY-
JAPHBIX IUATCOHAJNAM MOCTPOEHHOTO KBAaJApaTa, MbI OIHUIIEM BOKPYT
K paBHOyroabHbid BochbMuyroidbauk. OQdeBuaHble CoobpaskeHnsa He-
MIPEPBIBHOCTHU IMOKA3BIBAIOT, UTO BOKPYr K MOMKHO ommcaTb pPaBHO-
YTOJBHBIA BOCBMUYTOJBHUK, TTONYYEHHBIA U3 KBaApaTa OTCEeYeHUEM
IBYX Tap pPaBHBIX PaBHOOEIPEHHBIX MPAMOYTOJbHBIX TPEYTrodbHU-
koB (puc. 1).

Puc. 1.

HI/I}'KGC.HeﬂyIOH_[aH TeopeMa ABJAECTCA MHOI'OMEPHBIM aHaJOl'OM
9TOr'o yTBEPHKIACHUS.

Teopema 3. llycms K CIR™ — guinykaoe meso nocmosnuotl wupumsl.
Tozda naidemes opmonopmuposannsiil 6azuc ey, ... e, maxot, ¥mo

(1) napw opmozonassuuiz opmam €; u onopuuiz x meay K zunep-
naockocmedl ozpanuvusaiom onucannniii eoxpyz K xy6 @ ¢ ywenmpowm
O, npuvem

(2) dag 1 <1< j < n cepedunn opmozonaavninr npoekyull meaa K
na npamoie, nporodsuyue vepez O u napansiesvnbie sekmopam €; +e; u
e; —ej, Harodamea na pasusr paccmosnuar om O.
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JokazarenbcTBo. 1A KaKIOTO MONOKUTETBHO-0PUEHTUPOBAHHOTO
OpPTOHODMUPOBaHHOTO 0a3uca €p,...,€,, Kak W BBHIIeE, MOCTPOUM
IO JIOKUTENBHO-0 PUEHTUPOBAHHBIN 2" -2 1p m, 3aHyMepyeM ero pebpa
W COMOCTAaBUM ¢ m Toury f(m) € R27%("=1) go0pauHATE KOTOPOH paB-
HBI paccTodgHUAM 710 () OT CepeauH OPTOTOHAJbHBIX MPOEKIUA Teia
K Ha npAMble, MapajlelbHEIe BeKTopaM €; +e; amd 1 < ¢ < j < n,
TPOXOAANIMM Yepe3 IEHTP ONMMCAHHOTO BOKPYT Tena K Kyba (), orpa-
HUYEHHOT'O OTOPHBIMU K Tely K 1 0pTOrOHAaJLHBIMU BEKTODAM €; TH-
MEPIIIIOCKOCTAME, KaK BTO OMMCAHO B TeOpeMe, IIPUUeM HOMEpPa KO-
OopAMHAT paBHBI HOMepaMm pebep 2”-sapa.

Temepb A AOKa3aTelbCTBA TEOPEMBI IOCTATOYHO ITPUMEHUTH
JIEMMY K ITOCTPOEHHOMY 0TOOpaskeHUIo MHoroobpasusa 2%-sapos. [

3ameuanume. [lycte K C R" — teno mocrosHHo# mmpuabl. Jlo-
Ka3aHHad TeopeMa TapaHTUPYeT CYIIeCTBOBAHME OIMMCAHHOTO BO-
kpyr K 2n’-rpammmra, orpaHmdenHorTo n’ mapaMy mapailelbHEIX
OMOPHBIX THUIEPILIOCKOCTEN, W3 OMUCAHHOTO B Teopeme n(n — 1)/2-
HapaMeTpUIecKoro ceMeiicTBa 2n’-TpPaHHMKOB, KOTOPLIe IapaMeTp-
syrorca n(n—1)/2 paccToAHUAMN CepeUH OPTOTOHANBHBIX TP OEKINI

tema K ot neaTpa O yKa3aHHOTO B TeOpeMe OIMMCAHHOTO BOKPYT Teja
K kyba Q.

§4. HENIPEPBIBHBIE ®YHKIIMW HA EBKJIWIOBOM CR®EPE

HenaBHo Gblsia ompoBeprHyTa cTapasd TUMOTE3d O TOM, UTO JII06kIE
n Todek Ha cdepe S"T1 MosxkHO BpamenueM cdepbl IOMECTUTh B OIUH
ypoBeHb 1060 HempepblBHOW (yHKIMU Ha 2To# chepe [4, 3]. On-
HaKO /Ul HEKOTOPBIX KOHKDETHBIX KOHPUIYpaluii Todek cdepbl 5TO
yTBepxaeHne BepHo. (O630p MOA0GHBIX Pe3yabTaToB MMeeTcA B [5].)

Hwke MBI paccmaTpuBaem Gojiee obIyo 3amady, KOrjaa A 3a-
JAHHBIX Touek cdepbl S?~! myTem ee BpaleHua Mbl 106MBaeMCA BhI-
ITOJIHEHU HEKOTOPBIX JIMHERHBIX COOTHONIEHWH € KOo®(PuUIMeHTaMn
41 Mekny 3HAUYEHWAMM B 3TUX TOYKAX 3a/aHHOW Ha cepe Hemlpe-
PBIBHO# (QyHKINMN.

Hamra ocaoBHas 1enb B §§4—6 cocTonT B M0KA3aTEIbCTBE CIENY-
IOMMUX ABYX TEOPEM.

Teopema 4. yems f: S?71 — R — npou3eoasuas Menpepulonas -
caoead Pynxyug. Tozda natidemes (n — 1)-meprund xy6 ¢ yewmpom O,
enucannnd & cdepy S"T1 u maxodi, wmo ace cymamn snavenudi Gynryuu
f 6 eepwunar ezo (n — 3)-mepuuniz epanetl pasns Mexncdy cobod.
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3ameuanus. 1. [Ipy n = 3 yTBep&IeHme TeopeMbl MpeBpallaeTCsAa
B Teopemy [aficona [l] o Tom, 4To Besikas HempepbiBHAA (YHKIMA
f: S? — R mpummMaeT paBHBIe 3HaUeHMS B BepIIMHAX HEKOTODPOTO
KBaJpaTa, BIMCAHHOTO B GOJBIIYIO OKPYMHHOCTEL cdephbl S2.

2. Illpy n = 4 Teopema 4 yTBep:kIaET, UTO AJA JI0OOM HETPEPHIB-
Hoit ¢ymrmmum f: S® — R Haitmercs Tako#t BMMcaHHBIE B 60JBITYIO
ABYMepHYyIo cdepy chepbl S® TpexmepHbIii Ky6, TIpyU maxMaTHOH pac-
KpacCKe BepIIMH KOTOpOoro PyHKIMA [ NpUHMMaeT paBHble 3HAYEHWA
BO BCeX ero “Oenblx” BepllMHAX, & TakkKe MPUHUMAET paBHBIE 3HAUE-
HUA BO BCEX ero “JdepHbIX’ BepIIMHAX.

na geTHBIX QYHENUN MMeeT MecTo Hojlee CUIBHBIA pe3yJbTaT.

Teopema 5. Iyems f: S77! — R — nenpepulamads wemuad wUCA08aT
Pynxyus. Toeda natidemes enucannunil e cdepy ST~ n-mepuni xy6 ma-
Koll, wmo ece cymmer swavenull Pynxyun f e sepwunar ezo (n — 3)-
MepHBLE 2parell paenbl Mexncdy cobod.

3ameuanua. 1. [Ipy n = 2 yTBep:IeHMe TeopeMbl MpEBPAIIAETCHA
B Teopemy [2] o Tom, uTo uerTHas (QYHKUMA Ha ABYMepHOW cdepe
IPUHUMAaEeT PaBHbIe 3HAYEHUA B BEPINMHAX HEKOTOPOTO Kyba.

2. IIpu n = 4 Teopema yTBepkKIAAET, UTO JJIA HEMPEPHIBHOW YETHOMN
Gynrmm f: S — R HaiimeTcA Takoit BIMCAHHLIA B cdepy UeThIpex-
MepPHBIA Ky0, IpU IMIaXMaTHON pacKpacKe BEPIIMH KOTOPOTo GyHKINA
f mpuHMMaeT paBHbIe 3HAUYEHMSA BO BceX ero “Genlx” BepIIMHAX, a
Takke IPUHMMAET paBHBIE 3HAUEHNA BO BCEX €ro “UepHBIX’ BepIIn-
HaX.

Ocrapmasca yacTb paboThl MTOCBAIIEHA HOKA3aTEIbLCTBY TeopeM 4

u b.

§5. JIOKABATEJIBCTBO TEOPEMBI b

O6o3zuaunm depes 9N MHOTOOOpaA3Ue MOIOKUTETHHO-O0PUEHTHAPO-
BaHHBIX € IMHUYHBIX Ky60B B R” ¢ mteaTtpom O. Bepiuubr kyba uz M
6ynem obosnauaTh depe3 Ay, ..., Asn. [lycts G — rpynma coxpans-
IOIMAX OPUEHTAIMIO caMocoBMernenuii kyba. Oua meiictByer B M u
B mpoctpanctBe R?" | mepectaBias KOODJIMHATELI TOUEK Tak e, KaK
BepIIMHBL Ky60B A1, ..., Asn. Ilycts L1 C B? — moAnpocTpaHCTBO,
cocrosIee n3 Todek X € B2 ¢ paBHBIMM CyMMaMy KOODIMUHAT C HO-
MepaMmu, paBHBIMKA HOMEpPaM BEPIIWH rpaHeii Kyba cTapiieil pasMmep-
wHoctu n — 1. Hakonen, nycts Lo C L1 — moanmpocTpaHCTBO, COCTOA-
mee u3 Touek X € R?" ¢ paBHEIMM CyMMaMU KOODAWHAT ¢ HOMEDaM,



I'EOMETPUA KOHEYHOMEPHBIX HOPMMPOBAHHBIX 115

PaBHBIMU HOMepaM BePINWH r'paHell Ky6a pasmepHocTr n — 2. Jlerko
MIpOBEPUTH, UTO

-1
dim L, — dim L, = %
Jdemma 1. ITyems f: M — R — uenpepusnoe G-sxeusapuanmuoe
omobpaxcenue maxoe, wmo f(IM) C Ly. Tozda fF(M)N Ly £ 0.

JokazarenscTBo. /locTaToyHo paccMOTpeTb CAydYail, KOraa OTO-
6paskenme f — rjaakoe, UTO MBI M TpPEANOJiaTaeM B AaJbHEUIIIEM.
B ocrampHBIX caydadx oHa AOKA3BIBAETCA MPeNebHBIM ITEPEX0IOM.

Tak kark dimM = n(n — 1)/2, 1o B cuTyarmn o6IIETO TOTOKEHNAA
J=1(Ls) npencrasasier coboii kKoneunoe (G-MHBAPUAHTHOE MHOMKECTBO
Touek. [lokaskeM, UTO B cHUTyaluu OBIIETO TOJNOKEHNUA BTO MHOMKE-
CTBO COCTOUT U3 HedeTHoro ducia { G-opbut.

[To cranzapTHBEIM TOMONOTUUECKAM CO00bpaskeHnAM BbrdeT £ mod 2
He 3aBUCUT OT TUIIAYHOTO 0To6pakeHus f, IOCKOJIBKY BCE TAKUE OTO-
GpaskeHns T71a,1K0 1 (G-3KBUBAPUAHTHO JepOPMUDPYEMBI APYT B ApYyra
(HampuMep, JTMHEHAHO TOMOTOIIHEI).

IMpusenem npumep orobpaskenusa ¢ £ = 1 mod 2. Sadurcupyem
KaKoW-HUOYAb pa3HOOCHBIN sinunconsn £ ¢ mearpom O. PaccMmorpum
mpousBoJibHBIA Ky6 m € M. Torma n B3aMMHO-0PTOTOHAIBHBIX TH-
MEPIIIIOCKOCTEMN, TIpoX o AAmuX yepe3 (O mapajielbHO IpaHAM Ky 6a m,
NenAT 06 beM, orpaHUYeHHbBIN aaaunconnoMm F, Ha 27 vacreii. [lycTb
f(m) — Touka, i-A KOOpAWHATA KOTOPOI paBHA 06beMY YaCTH, COAEP-
wareit Bepmmay A; kKy6a m. [Mokamkewm, uTo aiiA TakKoro oTobpaskeHus
f mveem £ = 1.

Oycts Pi,..., P, — B3aMMHO-OPTOrOHAJBHBIE THUITEPIIIOCKOCTH,
npoxonamue yepes O W Takve, YTO JIOOBIE /[Be U3 HUX HEIAT 06H-
eM, OrpaHWYeHHBLIH sianaurncounaoMm F, wa 4 pasable vactu. IlycTh
a: R?" — R" — adpdurHOE IpeobpaszoBaHne, ITepeBoAAINIEe BIITUNICON
E B cpepy. Torma runepnnockoctn a(Py), ..., a(P,) Takke B3anM-
HO OPTOTOHAJBHBI, MOCKOJBKY JI00BIE IBEe W3 HUX JEJAT 0O'beM Ia-
pa Ha 4 paBHble yacTu. Cile 10BATENBHO, MCXOAHBIE TUEPIIIIOCKOCTH
Py, ..., P, neplneHauKyAAPHBEL 0CAM sJaunconna k.

To, uro paccMaTpuBaeMasd CUTyallAd — OOIMIEr0 TOIOKEHUA, CIie-
AyeT W3 TOTO, YUTO MPW ABWKEHWM BHIMIEYKa3aHHOTO Habopa TuUiep-
IIJIOCKOCTEN C HEHYJIEBOUW CKOPOCTHIO HAUMHAET HAPYIIATHCA XOTA OB
0HO M3 YCJOBUI paBeHCcTBa 06beMoB. Jlemma 1 mokasaHa. (I
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JokazarenscTBo TeopeMsl 5. OroxaectBum N ¢ MHOTOO0GpazmeM
n-MepHBIX Ky6oB, BOMCAHHBIX B chepy S” 1.
Temepb M0CcTaTOYHO TPUMEHUTH JTeMMY 1 K 0TOOpaskeHUIO

F: M —RY (A, Aw) = (F(AL), ..., f(Azn)),

rae Ay, ..., Agn — BEPIIUHBI COOTBETCTBYIONIETO Ky0a.

Mockonbky PpyHKIMSA [ — YeTHAHA, TO U3 TOTO, YTO CYMMBI €€ 3HAYe-
HWA B BepimHaX (n — 2)-MepHBIX I'paHeil Ky6a 0JANHAKOBEI, CJIENYeT,
YTO OJMHAKOBBI M CYMMBI 3HAUEHW B BepIIMHAX ero (n — 3)-MepHBIX
rpaHeii. (I

§6. /IOKABATEJBCTBO TEOPEMBI 4

MMyctes Temeps M — mMHOTOOGpPA3Me eArHWUHBIX (n — 1)-MepHEIX
Kyb6oB c BepmmHamMu Aq, ..., Agn-1 1 nenTpom O, a G — rpymnma co-
XPAHAIONUX OPUEHTAINIO ABWKEHWN mpocTpaHcTBa R™ mepeBoas-
[MKAX HEKOTOPHIA (pUKCUpOBaHHBIA (n — 1)-MepHBIA Ky B cebs.

n—1
Jdemma 2. Iyems f: M — R? nenpepsienoe (G-9K8UBAPUGHMHOE

omobpancenue. Tozda f(IM') N La # 0.

JoxkazarenscrBo. Kak u B memme 1, mpoBepsercs, 4To AJIA TUIWY-
HOTO raankoro f WMeeTCA HeYeTHOE UMCJI0 TPebYyeMBbIX MOJIOMKEHUH
Kyba.

Mopnenbaoe oTtobpaskenue f: I — RZ" CTPOUTCA AHAJIOTUYUHO
C TIOMOINBIO CEYEHWH Pas3HOOCHOTO siiuincouaa B R” ¢ mearpom O
n — 1 momapHO-0PTOrOHAJIBLHBIMA TUIEPIIIIOCKOCTAMM, TIPOXO0 AAIIMMA
gepe3 oramuHyIo oT () TOUKY Ha OAHOW M3 €ro OCEW. |

JoxkazatesnbcrBo TeopeMbl 4. OtoxaectBum M’ ¢ MHOroobpasmem
(n—1)-MepHBIX KyGoB, BIMCAHHBIX B Goibinue (n— 2)-MepHBIe CHepHI.
IlocTaTouHO MPUMEHNUTE JIEMMY 2 K 0T00parKeHuIo

F:o —RYT . (Ar, ..., Agecr) — (F(A1), .., F(Agnn),

rae Ay, ..., Agn — BEPIIUHBI COOTBETCTBYIONIETO Ky0a. |
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Makeev V. V. Geometry of finite-dimensional normed spaces and con-
tinuous functions on the Euclidean sphere.

Let R™ be the n-dimensional Euclidean space, and let || - || be a norm
in R™. Two lines ¢; and £5 in R™ are said to be || - ||-orthogonal if their
[| - ||-unit directional vectors e; and ey satisfy ||e; + es| = ||ler — ez||. Tt
is proved that for any two norms || - || and || - || in R™ there are n lines
ly, ..., ¢, that are || - ||- and || - ||~orthogonal simultaneously.

Let f: S"~! — R be a continuous function on the unit sphere S*~! C
R™ with center O. It is proved that there exists an (n—1)-cube C centered
at O, inscribed in S”~', and such that all sums of values of f at the
vertices of (n — 3)-faces of C' are pairwise equal. If the function f is even,
then there exists an n-cube with the same properties. Furthermore, there

exists an orthonormal basis ey, ... ,e, such that for 1 < i < j < n we
e;te; _ e;—e;

havef( ﬂ)_f( ﬂ)
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