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AJEPEBO PASBUEHUA IBYCBA3HOI'O T'PADA

§1. BBEIEHUE

B pafoTe paccMaTpUBarTCA HEOPUEHTUPOBAHHBIE I'Padbl 6€3 IeTelb u
KpaTHBIX pébep. Mer OynreM NpUMEHATH CTAHIAPTHLIE OOO3HATCHUA.

Muoxecrso Bepmun rpada G Mel Oy gem obosnadars depes V(G), a ux
Koam4aecTBO — depe3 v(G). [laa MHOXKeCTBa U KoiudecTsa pébep rpada G
MBI OyieM npuMeHaTh o6o3Hadenus E(G) u e(G) cooTBETCTBEHHO.

Crenenn Bepumebl ¢ B rpade G Mbl Oyaem 0603Ha4aTh Uepes dg (), a
MaKCUMAJIbHYIO CTeneHb Bepunbl rpada G o6o3nadum depes A(G).

Oxpecmuocmy Bepiunsl & B rpade G (TO ecTb, MHOXKECTBO BCEX Bep-
LIKH, CMEXKHBIX ¢ ) MbL Oygem obo3uadars depe3 Ng(z).

Yepes x(G) mbr 0603HaaeM XpoMaTraeckoe duciao rpada G, To ecTs,
HAUMEHBIIEE KOJTMIECTBO IBETOB B MPABMILHON PACKPACKE BEPIIMH I'Da-
da G.

WungyuumpoBanubit noarpad rpada G Ha MHOXKECTBE BEPIIUH
U C V(G) mbr 6y zem o603ragars gepes G(U).

Ilepen TeMm, Kak OOBACHATH, YTO MBI XOTHM CAEIATHL B DTOU paboTe,
HATIOMHUM KJIACCUYECKUE MOHATHUA ONOKA U TOYKU COWICHEHWUS CBA3HOI'O
rpada, & TakxKe psg UX CBOUCTB.

Onpeaenenne 1. 1) Ilyemv XY C V(G), R C V(G) U E(G). Yepes
G — R mvt 0603nauwum 2pad, nosyuennvii uz G 6 pesyabmame ydasenus
scexr sepwun u pébep uz R, a maxace ecer pébep, unyudenmuur 6epuiy-
nam u3 R.

2) Iyemv z,y € V(G), zy ¢ E(G). epez G + zy mvr 0003nawum
epad G, x komopomy dobasaeno pedpo xy.

Ounpepgenenne 2. [Iycmv G — ceazubiii epad. Bepwuna a € V(G) nazvi-
saemca moukot couaenenusa epaga G, ecau epap G — a necesasen.

Baokom wazvisaemcea a10601% MAKCUMAALHLIE N0 8KA0UEHUIO Nodepad
epada G, ne umenuut mouex couaeHeHUA.

Katouesbie ca06a: CBA3BHOCTH, ABYCBA3HBbIN rpad, pasbueHue, OJIOKH.

MccnenoBanrs BBIIIOIHEHBI IIPY IO/ EPXKKE IPOrpaMMbl (PyHJaMEHTAJIbHbBIX UCCIe-
nopagmin OMH PAH, rpamra IIpesmgmenTa PP HIII-3229.2012.1 n rpanta PDDPU
No. 11-01-00760-a.
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Bioku u TOYKU COWIEHEHUS — KIACCHIECKUE MOHATHUA, 8 TAKXKe BaXK-
HEUIINY MHCTPYMEHT paboThl ¢ rpadgaMu, ¢ MOMOMIIBI0 KOTOPOrO I0Ka3a-
HO MHOXKECTBO (pAKTOB, IPUIEM HE TOABKO U3 TEOpUu CBA3HOCTU. B mo-
Ka3aTeJbCTBaX IaCTO UCIOAL3YETCA NePEBO OJOKOB U TOYEK COICHEHUS,
KOTOPOE MBI CEMYIaC OMPEIeInM.

Omnpepenenune 3. /Jepeso O6a0k06 u mouex couaenenus epaga G — amo
deydoavnuiii epad B(G), eepuunbt 00notl doau komopozo coomeemcmey-
10M 6CEM TOUKAM COUAEHEHUA G1, - .., 0y 2pada G, a dpyeoti — ecem eeo
baoxam By, ..., By (mor 6ydem 00031a4aMb MU BEPUUKDL TVAK Hee, KAK
u 6aoku). Bepwunbl a; u Bj cmexcnpt, ecau u moavko ecav a; € V(Bj).

Hecnoxuo nokaszars, 9TO nepeBO GIOKOB M TOYEK COWICHEHHUS — DTO
IEeACTBUTENLHO JEPEBO, BCE BUCAYINE BEPIIMHLI KOTOPOr'O COOTBETCTBYIOT
610KaM (OKa3aTeIbCTBO MOXKHO HANTY, HAIpuUMeD, B [7]). VIMeHHO cTPyK-
Typa IepeBa IMOMOTAeT paboTaTh ¢ OJOKAMEA W TOIKAME COICHEHUA.

ITosTOMY HEONHOKPATHO BO3HUKAJIM X BO3HUKAIOT IONMBITKU MOCTPOE-
HUA 1711 TPadOB GOIBIIEN CBA3HOCTH CTPYKTYPhI, AHAJOIMIHON II0 CBOUM
CBOMCTBaM IepeBy OJOKOB U Touek couneHenus. B 1966 rogy Tart [4] mo-
CTPOUI IEPEBO, 0TOOPAKAKIIEE CTPYKTYPY PACIOJIOKEHUA JBYXBEDPIINH-
HBIX Pa3Ie/IAilnX MHOKECTB B IBYCBA3HOM rpade.

MEr npenoKuM HAII B30VIAL HA DTy IPOOJIEMy U HOCTPOUM Jdepeso pas-
buenus mas IBYCBA3HOTO rpada, a Takxke B Oosmee oOmeM CIydae — s
HabOpa U3 MMOMAPHO HE3aBUCHMBIX Pa3AeMAOININX MHOXKECTB B k-CBA3HOM
rpade. B mesom Hammma KOHCTPYKIMA TOX0XKA HA IEPEBO, TTOCTpOeHHOe TaT-
TOM, HO MBI UCIOJIB3YEM OPYTHE CPEACTBA [JA OMUCAHUA CTPYKTYPHI —
HOHSATUE ¥acmy pa3buenus, npugymanaoe B [10].

B pesyabTaTe MBI MOLyIuM I€PEBO, KOTOPOE HECKOABKO OOJIEE IOXOKE
HA KIACCHMIECKOE NEPEBO OJOKOB M TOYEK COWICHEHUsA. BaXKHO HE TOIBKO
HOCTPOUTE CTPYKTYPY, HO ¥ MOKA3aTh, KAK OHA TPUMEHACTCA. Y TUBATETb-
HO, HO CTPYKTypa TarTa NpakTuIecKy He HAILIA TPUMEHEHUA 33, CTOIBLKO
aet. BoaMOxkHO, MaIo KTO pa306pascsa B COOTBETCTBYIOIEM Pa31e/ie KHUTH
Tarra. Mbl npuMeRnM 1epeBO pa3bueHns IBYCBA3HOrO rpada A ONEHKA
ero xpomMaTmaeckoro ducaa. C moMompio nepesa pa3ObueHns MBI IONMEM,
KAaK BEINVIAIAT KPUMUYECKUE TBYCBA3HEE Tpadsl. [lepen popMymmpoBkon
PEe3yIbLTATOB IAIUM OCHOBHBIE OIPEIEeJCHUA.

1.1. OcHoBHbIe onpeaeneHusa. OTMeTUM, 9TO MBI UCIOJIb3YEM HE CO-
BCEM KJIACCHIECKOE OIPeNeIeHNE KOMNOKEHMbL C8A3HOCTY — NI YI0OCTBA
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B HaIIen paboTe 3TO He MAKCUMAJILHLIN 10 BKIIOYEHNIO CBA3HLIN IOATpad,
a MHOXKECTBO €0 BEPIINH.

Onpeaenenne 4. [Iycmv R C V(QG).

1) Hazosem muoncecmeo R pasdeasouwun, ecau epaf G — R necesazen.

Ob6osnauum wepez R(G) nabop, cocmosuwut u3 6ces pazdeastouyus MHo-
acecms 2pada G, a wepez Ry (G) — nabop, cocmoswutl uz écex k-sepurun-
HOIT pasdeastouus muoxncecms epaga G.

2) IIyemv XY C V(G), X ¢ R, Y ¢ R. Bydem 2060pums, umo R
omdesasem muoxcecmeo X om mmoxncecmsa Y, ecau wukaxue deée 8epuiu-
not Uy € X uw vy €Y ne aexcam 6 00nol KOMNOKERME CBAZKOCTIU 2pada
G — R.

3) Bydem 2osopumv, wmo R pazdeasem muoxncecmseo X C V(G), ecau
ne ece sepuwunbt muoxcecmea X \ R aescam 6 0dnol Komnonewme cess-
nocmu 2paga G — R.

4) I'pad G naswisaemca k-ceasnvim, ecau v(G) > k u on ocmaemca
CBAZHBIM NPU YIAAeHUY 4100020 MHOHNCECNEA U3 He Oosee uem k — 1 sep-
ULUHBL,

OHpe,Z[eJIeHHbIe BBIIIE TOYKH COWJICHEHNUA — 3TO0 KaK pa3 OJHOBEPDIINHHBIC
pa3gendarmne MHOXKEeCTBaA.

Onpepenenune 5. I[lycmv G — k-ceasubiii epad. Hazosem mmoxncecmea
S, T € Ri(G) nezasucumvimu, ecau S e pazdeasem T u T ne pazde-
asem S. B npomusnom cayuae mvi Oydem na3vl8aMb IMU MHOHCECNEA
3a6UCUMBIMU.

K coxanenuio, pa3aesiomnme MHOKECTBA, COCTOAIINE U3 k > 2 BepIINH,
MOryT OBITH 3aBUCUMBIMUA. I/IMeHHO C 9THUM CBA3aHBLI OCHOBHBIEC TPYOIHOCTH
B udydenuu k-cBssubix rpados npu k > 2. B paborax [6, 9] gokasamno,
aro gua mHOXkecTB S,T € Ry (G) BO3MOXKHBI IBa BapuaHTa: JubO OHU
HE3ABUCUMBI, JuO0 KaxKI0e W3 HUX paspeaseT apyroe. /[loxasarTeibCcTBO
3TOro (paxKTa — OYeHb IIPOCTOE.

1.2. OcHoBHBIE pPe3yabTaThbl. VIMEHHO HATHYME MAP 3aBUCUMBIX MHO-
KECTB MEIIaeT MOCTPOMTh Ha MHOXKecTBax u3 Ri(G) m gacTax us
Part(?R;(G)) orobpaxarlee ux CTPyKTypy AEPEBO, IMOXOXKEE HA LEPEBO
OJIOKOB M TOYEK COWICHeHWA. [MaBHAA MPUYMHA — A 3aBUCHMEBEIX MHO-
xectB S, T € Ry (G) me cymecrsyer vactu A € Part(S), comepxamen
MHOkecTBO 1. O IHAKO, MOXOXKYIO Ha AEPEBO OJOKOB U TOYEK COWICHEHUS
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CTPYKTYPY MOXKHO IOCTPOUTD A HAO0PA U3 MOMAPHO HE3ABUCUMBIX MHO-
KECTB, 9TO MBI [OKaxeM jajiee. JacTHBIM CLydaeM DTON KOHCTPYKIUU
OymeT gepeBO pa3bueHus ABYCBSI3HOTO rpada.

Caegyomue pe3yabTaThl HOLIEPKHYT AHAJIOIMIO MEXKAY KIACCAIECKU-
MU [IBYCBA3HBIMU OJOKAMU CBA3HOrO rpada U 9acTAMUA DA3OUEHUs IBY-
CBA3HOTO I'pada.

O4eBUHO, HECBA3HBIA rpad IUIAHAPEH TOTAa U TOJBKO TOrJa, KOrIa
[UIAHADEH WHIYIUPOBAHHBIN noArpad Ha KaX IO U3 ero KOMIOHEHT CBS3-
Hocru. [loHATHO, 4TO CBA3HBIUA Ipad MIAHAPEH TOIAA U TOIBKO TOLAA,
KorZa miaHapeH Jobon ero 6mok. B 1937 rogy Makuens [1] uccrenosan
mpolecce pa3bueHns IBYCBA3HOrO Ipada Ha amombl U TTOKA3AT C IIOMOIIBIO
Teopembl KypaToBCKOro o xapakTepu3aluy HEIUIAHAPHBIX padOB, UTO
ABYCBSI3HBIU I'pad [LIAHAPEH TOra U TOAbKO TOIA, KOIJa IUIAHAPHBL BCE
ero aroMbl. MBlL mMOKaxeM CBA3b MEXAY YaCTsAMU ABYCBA3HOIO rpada u
aromamu u nepedopmyaupyem teopeMmy MakienHa B HALIMX TEPMUHAX.
OTMerum, 9TO A KPUTEPUA IAHAPHOCTY HYKHBI UMEHHO 9aCTU Pa30u-
€HUsd, a He JepeBO pa30meHusa, oToOpaxKawInee CTPYKTYPY UX B3aUMHOI'O
PAaCIIOIOXKEHUS.

IMousTHO, 9TO XPOMATUYECKOE UUCJIO CBABHOIO Ipada PABHO MaKCH-
MyMy XPOMATUIECKUX 9HUCEJ €r0 ABYCBSI3HBIX OJOKOB. B paszmeme 5 Mbl
IOKaXKeM BEPXHUE OLEHKYU Ha XPOMATUYECKOEe IUCIO pada Iepe3 XpoMa-
TUYECKUE YUCIA er0 MOArPAdOB, MHIYINPOBAHHBIX HA IaCTAX PA3OHMeHUA.

Cnucounvie packpacky (list colorings) moABMINCE OTHOCUTEABHO HELAB-
HO U SBJSIIOTCS CEMYAC BECbMA IIOILYLIPHBIM OOBEKTOM UL UCC/ICLOBAHUIL.
Kax non Bepruusne rpada v € V(@) crasurcs B coorBeTcTBHE CIUCOK L(v)
u3 k UBETOB, MOCJE 9er0 pacCMaTPUBAETCA MPABUIBHAA PACKPACKA BEpP-
IKH, B KOTOPOU KaXK 1as BEPIINHA U JOKHA OBITH MOKDAIICHA B LBET U3
cnucka L(v). MunuMmaabHOEe Takoe HATypadbHOE GUCIO K, ITO AJIA JIE0-
ObIX CIMCKOB 43 k LBETOB CYLIECTBYET HNPABWIbHAA PACKPACKA BEPLIMH
rpada G, obosnadercs depes ch(G) (1 Hocur HazBanme choice number).
OueBnpgno, ch(G) > x(G). C nomoupio gepeBa pa3OUEHUs MBI JOKAKEM
onenky u Ha ch(G).

Kpowme Toro, ¢ moMomp0 gepeBa pa3OueHus ABYCBA3HOIO Ipada MBI
JIOKAXKeM HECKOIbKO (PAKTOB O CTPYKTYPE KPUTUIECKUX ABYCBI3HBIX I'Da-

¢oB.

Ounpepgenenne 6. k-ceasnvii epad G ¢ v(G) = k + 2 naswisaemea xpu-
muueckum, ecau das 41060t sepwuntt © € V(G) epad G — = ne asanemces
k-cea3nbim.
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Kpurudeckue k-cBsi3HBIe rpadbl UCCIELOBATICEH B paboTax [2, 3], B [3]
OBLIO JOKA3AHO, YTO KPUTUIECKUN Kk-CBA3HBIN rpad 06sA3aTEIBHO comep-
JKUT XOTs ObI [Be BEPIIMHBEL CTEIIEHU MEHee 3197—1 [l [ByCBSIBHBIX I'Da-
doB 310 03HaUaeT HaMMuue ABYyX BepiuwH crernenu 2. C mOMOLIBIO HAen
KOHCTPYKIINN [epeBa pa3bUeHnA MBI JTeIKO JOKaXKeM, 9TO B KPUTHICCKOM
IBYCBSI3HOM rpade Ha He MeHee YeM 4 BepIINHAX €CThb XOTA ObI 4 BePIIMHEI
crenenn 2. OTMeTuM, 9TO TOT PAKT MOXKHO ObLIO OBI HECTOXKHO TOKA-
3aTh ¥ C IOMOLIBI0 KOHCTPYKiuu Tarra [4], 04HAKO paHee 3TOro CaegaHo
ue 6p110. Kpome Toro, Ml onuieM CTPyKTYPy KPAUTHIECKUX [BYCBSI3HBIX
rpad0OB, B KOTOPHEIX POBHO 4 BEepUIIVHEI CTENEHU 2.

1.3. YacTu pa3bueHus, rpaHuiia ¥ BHyTpeHHOCTh. Cienyromnue no-
HATHUsA, onpefeaeHHbe B [10], y40OHBI 1/ OMMCAHUS B3AMMHOI'O PACIOJIO-
JKEHUA Pa3JesIIIoIINX MHOXKECTB B rpade.

Omnpepgenernne 7. [lycmv G — 1ab0op u3 HECKOAKUL PA30EAAOUUT MHO-
acecms zpaga G.

1) Muoxcecmso A C V(G) nazosem wacmvio S-pazbuenus, ecau Huka-
Kue dee sepuunbt u3 A neavaa pazdesumv HuraKuMm mroxcecmeom uz S,
#o a00as dpyzas sepwuna 2pada G omdesena om mmoxcecmea A Toms
ob1 odnum u3 Mrozxcecms nadopa S.

Mmnoaxcecmso scex wacmet pazbuenus epada G Habopom pa3deasouus
mnoncecms S mvr 6ydem ob6oznauams uwepes Part(S). (B cayuae, xozda
neouesudno, Kaxot epad pazbusaemcs, mvr 6ydem nucams Part(G; G).)

2) Bepwunbt wacmu A € Part(&) nazosem snympennumu, ecau onu ne
8L00AM MU 6 00HO U3 MHuoNcecms nabopa S. Muoxcecmeo maxur sepulum
HA308EM BHRYMPEHHOCTILIO wacmu A u 6ydem o6o3nauamo wepes Int(A).

Bepuunvt, sxodawue 6 kakue-aubo muoxcecmsa uz & mbt 6ydem Ha-
3bIBAMb 2PAHUYHBIMY, G BCE UL MHOHCECMBO — 2paruyeti 4 0603HauaMb

uepez Bound(A).

JTOKa3aTeIbCTBO CIeAYOMEN JeMMbL HECIOKHO U MOXKET ObITh HAJEHO
B [11, Teopema 2].

Jemma 1. Ilycmv & — nabop pazdeasowus mmoxcecms 6 2pade G, a
A € Part(8). Toeda 6binoansames caedyouue ymeeprcoeHus.

1) Bepwuna x € Int(A) ne cmencna wu ¢ 0dnoti u3 sepuwun MHo¥*CE-
emea V(G) \ A. I'panuya Bound(A4) cocmoum u3 ecex sepuun wacmu A,
umeruus cuexcuvie sepwunbt 8 V(G) \ A.

2) Ecau Int(A) # &, mo Bound(A) omdeasemn Int(A) om V(G) \ A.
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PaccMOTpuM B Ka9eCTBe WLTIOCTPAIIAY 3TUX MOHATUN CAMBIA TIPOCTON,
U B TO XK€ BPEMA OYEHb BAXKHBLIM CIydall: pasbuenme k-CBA3HOrO rpada
omHUM k-BEPIIMHHBIM pa3aeraiommM MHOXKecTBoM S. YUTo Takoe Torma
qacrb A € Part(S)? Jlerko noraTs, 4To ee BHyTperHOCTb Int(A) — sr0
KOMITOHEHTa CBsA3HOCTH rpada G — S, a cama vacTb A momydaercsa mo-
OaBJeHMEM K DTOM KOMIIOHEHTe BepmuH MHOXKecTBa S. CrenoBarenbHO,
uHAYyIupoBaHHbIN moarpad G(A) cBA3eH, U U3 KaXIOU BEPIIUHLI MHOXKE-
cTBa S BBIXOAUT XOTs OB O4HO pebpo Kk BepmmHam u3 Int(A).

Bepuewmcs k cayuato k = 1. Touku counenenus cBs3uoro rpada G — s1o
ero pas[esolue MHOXECTBa, u3 Hux coctouT R (G). MuoxkecTBa Bep-
muH Beex 6J0KkoB — »To vactu Part(R (G)). C moMompo noHATHA 9acTh
pa3bueHusa yIo0HO OMUCHIBAIOTCA CBOUCTBA OJOKOB U TOYEK COWICHEHUA.
BcnomuuM ogHO u3 HuX (IOKA3aTEABCTBO OYEBUIHO U MOXKET OBITH HAU-
JEHO B KJIACCUYECKOU JUTEPATYDE).

Jlemma 2. Iycmv a, b — mouku cousenenus epada G, npuuwem
U € Part({a}) — wacmo, codepacawan b. Tozda svinoanaromes caedyio-
wWue YmeepHcoenu.

1) Bepwuwna b — mouxa couaenenus epagpa G(U).

2) Jlw6as mowka cousenenus epada G(U) asasemes moukot cousene-
nus epagda G.

§2. /IEPEBO PA3BUEHUA

Ounpegenenne 8. Ilycmp G - k-ceasuviii epad, S C Ri(G), npuuwem sce
MHOHCECTNBA HAb0pa S NONAPHO HE3ABUCUMDL.

1) Hocmpoum depeso pazbuenus T(G,S) caedyrowum obpazom. Bep-
wunbt 00not doau T(G,S) — amo muoncecmsa uz S, a sepwunvt Jpy-
20l doau — wacmu Part(S). Oboswauame sepuunst T(G, S) mvr Oydem
max Kce, Kak coomeemcmeyrouue mnoxcecmea sepwun 2pada G. Bepwu-
ot S € 6 u A € Part(8) cmexcnvr mozda u moavko moeda, xoeda S C A.

2) Iocmpoum 2pad G na mmoxcecmee sepuun V(G) caedyouum o6-
pazom: 8o3omem epad G u dasn xaxcdoeo muoxncecmsa S € S dobasum sce
pébpa, coedunarouue NaApsvl ePULUR MHOHNCECNEa S,

IMocrpoenue T(G, ) aHATOrXYHO HOCTPOEHUIO 1€PEBa OIOKOB U TOIEK
COWIEHEHNA. AHAJIOrUYHBIMU Oy Iy T U €r0 CBOUCTBA.

Teopema 1. IIycmo G — k-ceasnwiii epad, a & C R (G) — nabop, cocmo-
AUt U3 NONAPHO He3a8UCUMBIT muoxcecms. Tozda evinoansomes caedy-
ouue Ymeeprcoernus.



92 . B. KAPIIOB

1) T(G, &) — amo depeso.

2) Jas xkancdozo mmoncecmea S €S svinoansemes dr(g,s)(S) = |Part(S)].
Boaee mozo, dasn xancdoti wacmu A € Part(S) cywecmeyem eduncmeen-
nas wacms B € Part(S), makas wmo B C A u B cmexcna ¢ S 6 T(G,6).
Bee sucauue sepwunvt depesa T(G,S) coomsemcemeyiom uacmam
Part(&).

3) Munosxcecmso S pazdeasem 6 epade G wacmu B, B’ € Part(S) mozda
u moavko mozda, xoeda S pazdeasem B u B’ 6 T(G,S).

[lepen mokazaTeabCTBOM TEOPEMBI OTMETUM HECKOJIBKO CBOMCTB Ipa-

da G°.

Jemma 3. IIycmo G — k-ceasuwiii epad, a S C R (G) — nabop, cocmoa-
wul U3 NONAPHO He3a8ucCuUMbIT MHoxcecms. Toeda evinoansomes caedy-
ouue Ymeeprcoernus.

1) & C Ri(G®). Boaee moeo, Part(G; &) = Part(G®; &).

2) ITycmv» T C &, B € Part(G; %), a R € R(G®(B)). Tozda R € R(G).
B uacmunocmu, 2pag G (B) asasemcs k-cea3mbim.

HJoxkasareabcTBo. 1) Paccmorpum mo60e muOkecTtBO S € 6. Tak xak
MHOXecTBa HabOopa G momapHO HE3aBUCUMBI, HUKAKOe pPeO6po u3
E(G®)\ E(G) ue MOXeT COeIuHATEL BHYTPEHHUE BEPIINHBI BYX PA3BHEIX
gacren Part(G;S). Takum 06pa3oM, BEPIIUHLL Pa3LeIeHbl O THAM 13 MHO-
xecTB HaGopa G B rpade G TOrza u TOIBKO TOrAa, KOI1a OHU Pas3LeleHbL
sTuM MEOKECTBOM B G© | OTKYyZa OMEBUAHO CICIYIOT yTBEPK ACHNA MLy HK-
Ta 1.

Puc. 1. Ilocrpoenune nytu B rpade G (B).

2) llycte z,y € B, a muOX)ecTBO R He oTgenser x oT y B rpade G,
a cregoBaTensHo, u B G€. PaccmoTpum kparuanmmi zy-myTh P B Ipa-
de G — R. lIpeanonoxum, 9T0 OH conepKuT Bepimuy 2 ¢ B (cu. puc. 1).
Torga cymecrByer muoxkectBo I' € ¥, orgemstomee z or B. Ilpu gemxe-
HUU OT z B 00€ CTOPOHBI IO MyTH P MBI MOMajgeM B BEPIIUHBEI MHOXKECTBA,
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T, xotopsre B G cmexuer. Ho Torga cymecTsyer 6o1ee KOPOTKHUI My Th:
MOKHO 3aMEHUTDb YIaCTOK IIyTH, COTEPKAIMMA 2, Ha PEOPO MEXKIY OBYMSI
BepmmHamu MHOX)ecTBa 1. [IpoTuBopedne ¢ Buibopom myTu P moka3siBa-
er, uro V(P) C B, a smauut, P — nyts B G®(B) — R.

B 3aBepuieHnu 10Ka3aTeIbCTBA OCTAETCA OTMETUTE, 9T0 Ri—1(G) = &
(rpad G — k-ceasuerit), a smasmt u Ri_1 (GC(B)) = J, 10 ecTs, Tpad
G®(B) Takxe ABIACTCA k-CBA3HBIM. O

HdokazaTenbcTBo Teopembl 1. Bynem 10Ka3biBaTh BCE yTBEDKICHUA
TEOPEMBI MHIYKIWEN IO KOJAUIECTBY MHOXKECTB B Habope &, mpudeMm He
dukcupys k-cesizHein rpadp G. Ba3a nis mycToro HabOpa OYEBUIHA.

MokaxeM undykyuonubiii neperod. Pacemorpum rpad G = G©. U
aemMH 1 cremyer, 9To pazbuenna rpados G u G’ mabopom & omuHaKo-
BbI, Oy 1eM 0603Ha4aTh 510 paszbuenue depes Part(&). Boxee Toro, Torga
T(G,6) =T(G',6). HosroMy IOCTATOYHO NOKA3aTh YTBEPXKICHUA TEO-
pemer mus rpadga G

IIycte S € &, Part(S) = {A1,...,4,}, Gi = G'(4;). Kak mb1 3HaeM,
Bce oru rpadul k-csasubl. Ilycts HAG0Op G; cocTouT M3 BCEX MHOXKECTB
Habopa G, pexamux B A; u orumanaeix or S. Torga xaxmgoe MHOXKECTBO
u3 G\ S nexuT poBHO B 0fHOM u3 HaGOpoB &1,...,6,.

Puc. 2. Ilepeso T'(G, ©).

Iycte U; € Part(G4;6;) — gacTe, comepxkamasn S. Ilo nemme 3 s
mobou gactu U € Part(G;; S;) rpad G'(U) apaserca k-CBA3HEIM, a 3HA-
YUT, ero He pasfgesiseT Hu OTHO W3 MHOXKecTB Habopa O, He rexamux B
U. MuoxectBo S sexur B gactu U;, HO TaKKe HE Pa3JeIsier ee, TaK KaK
U; C A; € Part(G; S). 9o osmauaer, uro Part(G;;S;) C Part(G'; 6),
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npuyueM uMeHHO JacTh U; comepxkut S. CrenoBaTensbHO,

n
Part(G'; 6) = U Part(Gy; &;),

i=1
npuieM o0beiuHEHWE — AU3BIOHKTHOE, a 4dactu Part(S), comepxamue
MHOXk€eCTBO S — 910 Uy, ..., U,. Takum 06pa3om, yTBepxK IeHUE 2 TEOPEMEI
TOKA3aHO IJIA MHOXKECTBA S, IIA OCTAILHLIX MHOXKECTB 13 & MOKa3aTelb-

CTBO aHAJOTUIHO.

Kax nas qacrs Part(G;; 6;), xpome U;, cmexuas T; = T(G;, ;) ¢ remu
xke BepumHamu, 4ro B 1(G,6). Mas gacru U; B T(G,S) pobasisercs
pebpo k muoxkectBy S. IlosTomy T'(G,S) — S pacmagaercsa poOBHO Ha 7

ces3HBIX noarpados: aro rpadsl T; (rae i € {1,...,n}) (cM. pucyHOK 2).
ITo MHAYKIIMOHHOMY NIPEIIIONOKEHMUIO, BCE OTU Ipadbl — I€PEBbs, & 3HAYUT,
BBIIIOJIHEHB] Y TBEPIK JEHUA IIyHKTOB 1 ¥ 3 T€OpEMBL. O

Kak MBI BUAuM, CBOUCTBA AepeBa pa3OUEHUA aHAJIOTUIHBI XOPOIIO U3-
BECTHBIM HAM CBOMCTBAM KJIACCUIECKOTO MepeBa OJOKOB U TOYEK COYICHE-
HUS.

§3. I EPEBO PA3BUEHUA ABYCBSI3BHOT'O I'PADA

Hdanee rpadp G Oymer aBycBasHbiM. OOBEKTOM pPacCMOTpeHUs: OyIyT
mHOXKecTBa 13 Ra(G).

Onpepenenne 9. Hazosem muoxncecmeo S € Ray(G) odunounvim, ecau
OHO HE3ABUCUMO CO 8CemU Ipy2umy mrorcecmsamy u3 Rq(G). O603nauum
wepez O(G) nabop, cocmoswuti u3 scex 00UROURLIL Mroxcecms epada G.

B 1966 roagy Tarr [4] onucan cTpykTypy B3aMMHOIO DACIIOJIOXKEHUS
IBYXBEPIIMHHBIX Pa3Ie/IAiOMMUX MHOKECTB B IBYCBA3HOM rpade MMEHHO
C IOMOIIBIO AepeBa, KOTopoe oH HazBal 1'(G). DTo nepeBo — mOuTH UTO
IEepEBO Pa3OUEeHns MBYCBA3HOrO rpada OMMHOIHLIME Pa3IeIAIIIIMA MHO-
XKecTBaMu (TOMBLKO DTU MHOXKECTBA U CaMO [IEPEBO OBLIM ONDPEIEIEHBI B
kuure Tarra Gostee caokHBIM 06pasoMm). Mel nocTpoum moxoxee nepeBo
C mo3unuyu paspaboOTAHHON BBINIE TEXHUKU.

[ToHATHO, 9TO OOUHOYHLIE MHOXKECTBA MOMAPHO HE3ABUCUMEI, ITO IO~
3BOJSET HAM [NATh CICIYIOUIEe ONpeIeICHYe.

Onpegenenne 10. 1) Aepeso pasduenus BT(G) deyceasnoeo epaga G
— amo depeso T(G,O(Q)).
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2) Bydem ucnoavzosampb obosnauenue Part(G) smecmo Part(OD(G)) u
HA3bIBANL WACTY 3MO20 Pa3buenus npocmo uacmamy epapa G. Hacmo
A € Part(G) nazosem kpaiinet, ecau ona coomsememsyem sucauet sep-
wune depesa pazbuenus BT(G).

3ameuanue 1. 1) U3 reopemer 1 crenyer, uro BT(G) — mepeso, Bce
BUCAYUE BEPIIMHBI KOTOPOI'O COOTBETCTBYIOT KpanHuM dacTam Part(G).

2) Ecmm A € Part(G) — xpanusas gacts, To Bound(A) — oxunOuHOE
MHOXeCTBO rpada G.

Jlemma 4. IIycmv S — odunounoe mmoscecmeo deyceasnozo 2paga G, a
x € S. Toeda svinoanstomes caedyouyue ymeeprcoenus.

1) Ecau odunounoe muoxcecmeo S umeem cmenensv dgr(g)(S) = d, mo
da(x) = d. Ecau dg(x) = d, mo sepwunvt muoxcecmea S HeCMENCHDL.

2) dg(z) = 3.

HoxazaTembcTso. 1) Ilo Teopeme 1 mer umeem |Part(S)|=dpr ) (S) =d,
a BO BHyTPEHHOCTH Kaxkaou u3 d gacten Part(S) ecTs BepmmHa, cMexxHAA
¢ x (unade rpad megsycasen). [losTomy dg(x) > d, a B ciaydae paBeHCTBA
BCE CMEXKHBIE C I BEDIIWHEI JEXKAT BO BHYTPEHHOCTAX dacTen Part(S).

2) Iycre dg(xz) = 2. IIo nyakry 1 rorga |Part(S)| = 2, u Bepumus
MHOXKeCTBa S HecMexkHbl. 3HaIUT, Ng(z) € Ro(G) — MHOKECTBO, 3aBUCH-
Moe ¢ S, IpoTUBOpETIne. O

Temepsb Haima 3aga4va — TOHATHL CMBICT dacTen rpada G.

Omnpegenenne 11. Jaa dsycsasnozo 2paga G ob6oznauum uepes G' epad
G2 (mo ecmv epaf, noayuennviii uz G dobasaenuem ecer pebep 6u-

da ab, 2de {a,b} € O(G)).

Omuimem BaxXHOE CBOUCTBO YaCcTen rpada U O TUHOIHBIX MHOXKECTB, aHA-
JIOTMYHOE CBOUCTBY OJOKOB M TOYEK COWICHEeHUs (CM. JeMMmy 2). DTO CBOU-
CTBO TO3BOJUT HaM “pa3pe3ars”’ IBYCBA3HBIU rpad MO OIUHOTHOMY MHO-
KECTBY.

Jlemma 5. Jas deycsasnozo epagda G svinoansiomes caedyouyue ymeep-
Hcoenus.

1) Muowcecmeo S € Ra(G) pazdeasem sepwunbt a,b € V(G) 6 epa-
die G moeda u moavko moeda, xkoeda S pasdessem ux 6 G'. B wacmuocmu,
Ry (G) = R (G).

2) Ilyemv S € R(G) - neodunoumoe MHOHCECTNBO, NPUUEM
S C A € Part(G). Toeda S € Ry(G'(A)), npuuem amo mwuoxrcecmso —
neodunounoe u 6 G'(A).
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HokazareancrBo. 1) [Ipu nocrpoernu G’ MbI coeauHAEM NOIOIHUTEIb-
HBIME PEOPAMU TOJBKO IAPBI BEPIIWH, COCTABIAKMNX OIUHOIHOE MHO-
KECTBO, & TAKWE BEPIIMHBEI HE PA3IeJeHEl HU OTHMM U3 MHOXKECTB HabO-
pa Ra(G). Orcoma Jerko creayoT JOKA3BIBAEMBIE YTBEDK TCHUs.

2) IIycts S’ € R3(G) — 3aBucumoe ¢ S muHOkecTBO. ITo myHKTY 1, MBI
umeem S, S" € Ro(G'), mpuuem >Tu MHOXKECTBa 3aBucuMbl U B rpade G'.
Tax xak rpad G'(A) OBYCBA3€H, HETL3A PA3JICIUTEL OBE BEPIIMHLI MHO-
xectBa S C A B rpade G’, ynamup MeHee IBYyX BEpIIMH U3 dacTu A.
Caemosarensno, S C A. Torga S u S’ pasmenaoor apyr apyra u B rpa-
de G'(A). Cregosareasno, S,S" € R2(G'(A)), npudem >Tu MHOKECTBA
3aBUCUMHI. O

Caenyomas jJeMMa XapaKTepU3yeT HEeOIMHOYHBIE MHOkKECTBa. 11oxo-
KYI0 XapaKTEPUCTUKY UCIOAb30Bal B cBoen kuure [4] Tarr.

Jlemma 6. IIycmv S € R2(G) - neodumounoe mmoxcecmso. Tozda
|[Part(S)| = 2, das kaxcdot wacmu A € Part(S) epad G(A) nedsyces-
3EH U UMEETN TNOYKY COUAEHERUR, omdeasowyro a om b.

MokazaTeabcTBo. Tak Kax S — HEOMUHOYHOE, CYIIECTBYET 3ABUCAMOE C
HUM MHOXKECTBO S’ € Ry (G). MuoxKecTBO S’, KaK MBI 3HAeM, pa3aeier S.
3HaunT, He cywecTeyeT ab-nyTu no sepwuHam A B rpacde (G, KOTOpbLIA He
nepecekaetcsa ¢ S'. Onnako, ecam S’ me mepecexaet Int(A), To Takou My Th,
OYEBUIHO, CymeCTByeT. IIpoTuBopeune.

Taxum 06pazom, S’ mepecexkaeT BHYTPEHHOCTD Kaxaon qactu Part(S),
OTKyna CJAeIyeT, d9TO dYaCTel PpOBHO naBe. bDoaee Toro, ecam
{z} = S’ N Int(A), To & orgerser APyr OT Apyra BEPUIMHLL ¢ U b B
G(4). O

Teopema 2. Ilycmv G — deyceasubiii epad 6e3 00UHOUHBLE MHOHCECTNS.
Tozda aubo G mpéxcesazen, aubo G — amo npocmot yura.

3ameduanue 2. 1) HanoMmuuM, 4T0 110 HamIeMy ONpPEIEIEHUIO TPEXCBA3HLLN
rpad JOMXKEH COMepPXKaTh XOTA ObI 4 BepmnHbl. B wacTHOCTH, TPEYTONBHUK
He ABJIAETCSI TPEXCBA3HBIM I'padOM U AB€ AJIbTEPHATUBEI U3 TEOPEMEI 2 —
B3aUMHO KCKIIOYAIOIINE.

2) Pesyabrar TeOpeMbI MOXKHO IIOLYIUTh B KAYECTBE CJEACTBUS PE3Ylb-
TATOB, HOLY4IeHHBIX B pabore [11] mis ciaydas npoussoasroro k. Ogaako,
MBI IPEANOYATAEM NATH OOJee IPOCTOE NOKA3aTEIbCTBO, YINTHIBAIOIIEE
crienuduKy ABYCBA3HBEIX IDAdOB.
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[MokaszaTeabcTBo Teopemsbl 2. [Ipegmonoxkum, aro Ham rpad G He
rpéxceasen. Jas xancdoz2o mmoxcecmsa S = {a,b} € Ry(G) u wacmu
A € Part(S) mwr dokancem, umo G(A) — amo npocmot ab-nymo.

Puc. 3. [IBycBsasubil rpad 6e3 OQUHOYHBIX MHOXKECTB.

HokazareabcTBO OygeT wHaykumen mo |A|, 6asa 41 ciaydas, Korga
9acTh A MMeeT DOBHO OJHY BHYTPEHHIOI BEpLIMHY, O4eBuiHA. [lokaxem
nepexox. [Tycrs Mbr xoTHM g0OKa3aTh yTBepxK AeHue nust yactu A € Part(S),
a IUIA MEHBINUX YacTell yTBEpkKiAeHue yxke nokasauo. llycrs H = G(A).
Tak xak S — Heoxuuo4HOE, 1O JemMme 6 rpad H mMeeT TOUKY COUICHE-
Husa ¢, orgensiomyo a ot b. llycts U, u Uy — KOMIOHEHTHI CBA3HOCTH
rpapa H — z, cogepxkamue a u b coorBeTcTBeHHO (CM. pucyHOK 3a). U3
aBycssHOCcTH rpada G crenyer, 9TO APYTrUX KOMIIOHEHT CBA3HOCTHU B I'Da-
de H — z mer (Takas KOMIOHEHTA BbIAEIMIACH ObL U B G — ).

ycrs U, = U, \ {a} # @. Torga R, = {a,z} orgenser U, ot ocrans-
BeIX BepummH B rpade G. CrenoBaTeabHO, MO MHIYKIUOHHOMY IIPENTIO-
aoxenuto, rpadp G(U, U R,) = G(U, U {z}) — npocron az-nyrs. Ecin
U, = {a}, ro Ny (a) = {2z} u G(U, U {z}) — Taxxke npocron az-myTs.
Ananoruuno, G(U,U{z}) — mpocron bz-nyrs. Cregosarensno, rpap G(A)
— 5T0 mpocTon ab-myTh (cM. puCyHOK 3b).

ITo nemme 6 met 3HaeM, aTO0 Part(S) = {4;, A2 }. Kak Mer 1okazanu, o6a
rpada G(A;1) u G(Ay) — mpocTHIE Iy TH MEX1y BEPIIMHAMYI MHOXKECTBA, S,
OTKYa O9E€BUAHO caepyer, 970 G — IPOCTOU LUK, (]

Caepcrsue 1. Jas xancdoi wacmu A € Part(GQ) epad G'(A) aubo mpéz-
c8A3EH, AUOO ABAACTNCA YUKAOM.

MoxaszateabcTso. I[lo semme 3 M 3maeM, ato rpad G'(A) aBycesasen.
penmonoxum, S € Ry (G'(A)). o memme 3 mer umeem S € R2(G). Muo-
KECTBO S He MOXKeT OBITh OAUHOYHBIM B (G, TaK Kak pPas3ierdeT dacThb
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A € Part(O(G)). o memme 5 Torga S — HEONUHOYHOE PA3eJAIOIIEe MHO-
xectBo B G'(A). CaegoBarensno, B G'(A) HET OQMHOYHBIX MHOXKECTB, &
3HAYUT, [0 TeopeMe 2 >TOT rpad Jaubo TPEXCBsA3eH, JUOO ABIAETCS IIH-
KJIOM. (]

Ounpegenenne 12. Hazosém wacmov A yukaom, ecau epap G'(A) — npo-
emoth yuka u 6aokom, ecau 2pad G'(A) mpérceaszen. Ecau wacmv A —
yuka, mo mbi 6ydem wasvisamys |A| daunot yuraa A.

Takum o6pa3om, Mbl 3HAEM, YTO KaxAasi 4aCTb [ABYCBA3HOro rpada G —
UMK unmn 6n0K.

Cnegcrue 2. Ecau wacmv A € Part(G) — yuka, mo ece eepuunbt u3
Int(A) umerom cmenensv 2 6 epagie G.

HokazareascrBo. Ecau z € Int(A), To pébpa rpadpa G BHIXOLAT U3 T
TOJBKO K BepimmHaM Jactu A, a Takux pébep, O9eBUIHO, POBHO ABa. [

N3yuuM, Kak pacHIoNOXKeHBI HEOJAMHOTHLIE Da3Ae/AIoIIe MHOXKECTBA

rpada G.

Jlemma 7. 1) IIycmv A € Part(G) — yuka daunbt zoma 6wy 4. Toeda ato-
6as napa e2o mecocednur eepwur 00pasyem Heodunouroe pasdessousee
muosxcecmso epaga G.

2) Jwooe neodunounoe mmoxcecmso R € Ry(G) aemcum 6 wacmu
A € Part(G), asasowetica yukaom daunbt zomsa 0vt 4 u codeparcum dee
HECOCeOHUE BEPULLHBL IMO20 YUKAG.

HMoxaszateabcTsBo. 1) Iycte A = {aj,az,...,a;}, OIpUIeM BepUIMHBI
yKazaHel B mukamdeckom nopsagke, R = {ay,an}, rae 2 < m < k.
Torga R € R2(G'(A)) u gemur rpadp G'(A) poBHO Ha aBe HUacTH:
Uy ={a1,as,-..,an} u Us = {am, @m+t1,--.,a1}. Ho remme 3 MbI umeem
R € Ry (G). Ouesugno, R ¢ O(G).

2) MuoxecTBO R HE3aBHCHMO CO BCEMH OIMHOYHBIMU MHOXKECTBAMIE
rpada G, a noromy Jgexur B oguon us dacren A € Part(G). Ilo remme 5
torga R € Ro(G'(A)). U3 mamen knaccudukamu (caeicraue 1) ACHO, 4TO
Torga A — mukn gaveb XoTa Obr 4. Teneps mouATHO, uTO R cocTouT u3
IBYX HECOCEIHUX BEPIIUH DTOrO IUKIA. O

Ha sToMm 3akoH4YNM m3ydeHue COOCTBEHHO nepeBa Pa3OueHus ABYCBS3-
HOrO rpada 1 nepengéM K ero MPUMEHEHUIO.
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§4. YACTU PA3BUEHUA U [JIAHAPHOCTb

[MousTHO, 9TO CBA3HBIU I'pad IUNIAHAPEH TOrJA U TOJBKO TOIAA, KOI'AA
IIaHapeH Jabou ero 6jaok. B sToMm pasgene MBI 0OCYIMM aHAJOrUIHBIN
KPUTEPUU TUIAHAPHOCTU [/ IBYCBA3HBIX IpadOB — B TEPMUHAX TACTEU
pa3buenusa >Toro rpada.

Ounpepenenne 13. 1) I'pagp H' nasvisaemca nodpazbuenuem 2pagda H,
ecau H' mooxcem 6bimov noayuwen uz H zamenoti nexomopuix pébep na npo-
cmuie nymu. IIpu smom, 6ce snympennue seputunvt dobasasembls nymet
PA3AUYUHDL, UMEIOM cenenb 2 U He codeprcamced 6 epage H.

2) Bepwunvt epada H', asasowuecs sepuunamu epaga H (mo ecmo,
HE ABAAOUUECA BHYMPEHHUMY BEPULUHAMY 000ABACHHBIT NYymel), 1a3bi-
BAIOMCA 2AABHBLMU.

3) Hepez G D H 6ydem oboznawams, wmo 2pad G codeprycum 6 kaue-
cmee nodepaga nodpazbuenue 2pada H.

Jlemma 8. Ilycmbe G — dsycsasnwii epad, A€Part(G). Toeda GDOG' (A).

[MokasareabcTBo. Ilycre ab € E(G'(A)) \ E(G). Torga a,b € A n
{a,b} € O(G). Uycte U, € Part({a,b}) — gacrs, me cogepxamas A.
Torxa cymectByeT ab-nyth S,; mo BepmmuaMm dactu U, B rpade G.
SamenuM pebpo ab Ha Iy Th Sg p.

B pesyabrare HECKOABKUX TAKUX 3aMeH MbL noaydum nonrpad H rpa-
da G. lycrs ab u zy — nBa pa3sHBIX 3aMEHEHHBIX Pebpa (BO3MOXKHO, OHU
umeroT obmmu xoren). Torga wactu Uy p u Uy, paseneneHsl 9acToio A B
BT(G), nosromy He uMeroT obmmen BHy TperHer BepmunHbl. Clie 10BaTeIBHO,
HUKAKUe TBa JOOABICHHBIX Iy TU HE MMEIOT OOLIeN BHY TPEHHEN BEPIITUHEL,
a s3HauwT, rpad H ssrsercs nogpasbuenmem G'(A). O

Crenyrommas TeopeMa IOYTH IOBTOPSAET TEOPEMY, JOKa3aHHYyIo Makien-
oM B 1937 roxy [1].

Teopema 3. /Jsycsasubiii 2pap G naanapen moeda u moavko moeda,
K020a daa 4106020 6aoka B € Part(G) epad G'(B) naanapen.

EnuacTBeHHOE OT/IMYME HAIIEW BEPCUM OT T€OpeMbl MakienHa coCcTouT
B TOM, uT0 y Maksnenna Bmecto noarpados suga G’ (B) GurypupyoT Tak
HA3LIBAEMBIE GIMOMbl, KOTOPLIE HA CaMOM [eJe ABIAITCA IOAPa3OueHus-
mu moarpados G’ (B). [oka3aTelbCTBO TEOPEMBL 3 HECIOXKHO CICAYET U3
TeopeMbl KypaTOBCKOr0O 0 XapaKTepu3allii HETIAHAPHEIX T'PadOB.
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§5. YACTU PABBUEHUA U XPOMATUYECKOE YUCJIO

IMousiTHO, YTO XPOMATHUIECKOE IUCJIO CBSIBHOIO rpada PABHO MAKCUMY-
MYy XPOMATHYECKUX UHCE] €r0 KIACCUIECKUX IBYCBA3HBEIX OJOKOB. B sTOoM
paszese MBI TOKaXKeM BEpPXHUE OLIEHKU Ha XPOMATUIECKOE UUCIO IBYCBI3-
HOro rpada Uepe3 XpoMaTHuIecKue 4ucia ero noarpadoB, NHIYIIUPOBAH-
HBIX HAQ YACTAX pas3OueHus. OTU OLEHKU C MOMOIIBIO CTPYKTYPHI AEPEBA
pa3bueHusa MOIyvaloTCsa OYeHb IIPOCTO.

Teopema 4. [as dsycesasznoeo epagda G svinoansaomes caedyouue ym-
6EPHCOCHUA.

1) X(G) <x(@) = Aerlglaagic)x(G’(A)),
2) x(G) < acmax x(G(A)) +1, (1)
3) x(G) < max(?), , Max Gx(G(A)) + 1).

HokazareancTrBo. Pazobrem nepeso BT(G) mHa ypoBHE, myCTb ypo-
Berb 0 cocrour u3 aobon gacru B € Part(G), B Kaxgel ciaexyonmn
ypoBeHb /+1 BouayT Bepiuussl, He Boreauue B ypoBHu 0, . . ., £ 1 cMeKHBIE
x0T Obl ¢ ogmou Bepumuou yposHa . Ilo mocrpoenuto gepesa BT(G)
HOHATHO, 9TO YETHBIE YPOBHU COCTOAT U3 IaCTEN Pa3OMeHUs, & HEIETHBIE
— U3 OQUHOYHBLIX MHOXKECTB. MBI Oy1eM KpaCUTh BEPUIMHLI YacTen rpada
G B mopsAgKe, 33JaHHOM Pa30MEHNEM HA yDOBHM.
1) JocTaToIHO MOCTPOUTE MPABUILHYIO packpacky rpada G’ B
!
k= Aerl?a%i((G) X(@'(4)
ueeros. I'pad G’ (B) Mbl, 09€BUIHO, MOXKEM HOKpacuThb B k nBeToB. IlycTs
BEPINMHLL YacTen u3 yposHen MeHee 20 > () yxke mokpariensl. PaccmMoTpum
gacTb A € Part(G) yposua 2¢, Torga ona cmexkua B BT(G) poBHO ¢ ogarM
OMHOYHBIM MHOXKecTBOM S ypoBHs 2/ —1 u B qacTu A IOKPAIIEHBI TOJBKO
IBE BEPIIMHBLI MHOXKECTBA S, IPUIEM B PA3HBIE UBETA, TAK KAK OHU CMEXK-
uel B G'. TlorATHO, 9TO CymecTBYeT NpaBuabHaA packpacka rpada G (A)
B k uBeToB. [I0CKONBKY BEpIIMHEI MHOXKECTBA S B DTOU PACKPACKE DA3HO-
[BETHEI, MOXKHO CIATATHL, 9TO UX I[BETA MMEHHO TAKWUE, KAK B PACKPACKE
BEPIIMH YaCTeN NPEILIIYIINX YPOBHEN.
2) [locTaTo4vHO HOCTPOUTDH IPABUIBHYIO packpacky rpada G B

1= A 1
mA1= e XGA) +
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useToB. ['pad G(B) Mbl MOXKEM MOKPACATH JaxKe B 11 uBeTOB. IlycTb Bep-
IIWHBL YacTed u3 ypoBHen menee 2¢ > ( yxke nokpamessl. Paccmorpum
qacrb A € Part(G) yposusa 2¢, rorga ona cmexsa B BT(G) posHO ¢ ox-
HUM OQUHOYHBIM MHOXeCTBOM S ypoBHi 20 — 1 u B yacTu A MOKpAIIEHEBI
TONBKO ABE BepIiuHbl MHOXecTBa S = {a,b}. IIycTs Bepmuusbl a u b no-
KpAIIeHBI B IIBETA ¢ X j, BO3MOXKHO, COBIIA,JAIOIIINE.

Ecau i = j, To nokpacum Bepumasl G(A) npaBuibHEIM 06pa3oM B 1M
[BETOB, HE KCIOJAb3YS IBET i, 4 MOTOM IEPEKPACAM BEpIIMHBL G U b B
user i. Ecau i # j, o nokpacum Bepmunbl G(A) npaBuibHBIM 00pasoM
B /M IBETOB TAaK, YTOOLI ¢ OBbLIA MOKPAIIEHA B IBET §, HE MCHIOIb3YS IIPU
STOM IBET j, a IIOTOM IepekpacuM BeprmHy b B mper j. B mrobom ciy-
“Jae MOHATHO, YTO IOMYYNATCS IPABIUIBHAA PACKPACKA BEPIIMH dacTh A,
COIIACOBAHHASA C PACKPACKOU BEPIIMH YaCTEd IPEeIbIIYIINX YPOBHEN.

3) EguncrBeHHoe oTardue OT MyHKTA 2 COCTOUT B TOM, 9TO €CJIU PAC-
cMaTpuBaeMas 9acTb A — MUKJ, y KOTOPOrO KAK-TO IMOKPAIIEHBI IBE Bep-
IIIUHEBI, TO OCTAJTLHBLIE HECIOXKHO NOKPACUTH, HE HAPYIIAsd MPABUILHOCTD
PACKPACKU U UCIOJL30BAB IPU DTOM TPU IIBETA. O

3amedganue 3. B nokasarenbcTBe yTBEpKAEHUS 2 TEOpEMBI 4 MBI MO-
KEM MPOU3BOJBHO BEIOPATH YaCTh B, ¢ KOTOPOU HAYUHAETCA MOKPACKA, a
IUIA DTOU YACTY HE HYKHO UCIONb30BATH JOMOMHUTEALHBIN 1IBET. [lopTOMY
npu BhlYucaeHUH MakcuMyMa B dopmyde (1) moxuO He npubasiarh 1 K
xpomaruieckomy uuciy rpada G(A) mius ogson u3 gacren A € Part(Q)
(MMEHHO DTy YaCThb HYXKHO Oyzger BeIOpaTh B KadecTse B).

Ananoruvuo, B yTBEpK IeHUM 3 MOXKHO HE MPUOABIATEL 1 K XpOMaTHIe-
CKOMY YHCJIY OTHOI'O U3 OJIOKOB.

Caeacreue 3. Ecau sce wacmu deyceasmozo epada G — yukavl, mo
x(G) < 3.

[Tepengem K oLlEHKAM HA CHUCOYHOE XPOMATUIECKOE YUACIO ABYCBI3HOIO
rpadga.
Teopema 5. Jas dsycesasznoeo epada G svinoansatomes caedyouue ym-

BEPHCOCHUA.

1 h(G) < h(G(A)) +2.
) ch(G) <, max . ch(G(4)) +

2) ch(G) € max <3, max ch(G(4)) + 2).

A - 6ok G
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HokazareabcTBo. 1) Anamoruduo teopeme 4 MBI Pa300bEM BEPIIAHEBL
IepeBa pasOueHus HA YPOBHU, Ha4MHAsA ¢ 4acTu B u OygeM Kpacurb da-
cru 110 ypoBHaAM. IlycTs BepiimHEL YacTen u3 ypoBHen menee 2¢ > 0 yxke
nokparensl. Pacemorpum gacts A € Part(G) yposus 2, Toraa ona cMex-
sa B BT(G) poBHO ¢ OZHUM OQMHOYHBIM MHOXKECTBOM S ypoBHA 20 — 1 u
B 9acTu A MOKpalleHbl TOJIBKO ABE BepluHbl MHOXKeCTBa S = {z,y}.

B crnucke xaxgou sepruns rpada G(A) xora 661 ch(G(A)) + 2 usera.
Y gaauM u3 CIUCKOB IBETA BEPIIVH X U Y, OCTABLIUXCS [BETOB XBATUT MAJIS
[IPABUJIBLHON PACKPACKM OCTABLIUXCS BEPLIMH dacTu A.

2) Orimaue oT myHKTa, 1 COCTOUT B paCKpacke dacTen-uukios. [lycrs A
— nuka. Torga panee mokpameso gse sepumHuel Yactu A. Temeps mokpa-
CHM OCTAaJbHBIE BEPIIMHBLI: DTO BO3MOXKHO, TAK KaK B MOMEHT IIOKDACKH
O4YEPEeIHON BEPIIMHLI TOKPAIIEHO He 00Jee ABYX ee COCEIed, a B CIUCKE
€CThb TPU IBETA. O

3ameuanue 4. B 1okasaTenbCcTBe TEOPEMBI 5 MBI MOXKEM IIPOU3BOIBLHO
BBIOpPATH YaCTh B, ¢ KOTOPOU HAYMHAETCS NMOKPACKA, & IJS 3TOM YaCTH
He HyXKHO HCIO/Jb30BATh JONOJHUTEIBHBIE ABa IBeTa. [03TOMYy mpu BhI-
YUCJICHAM MAaKCHMyMa MOXKHO He IpubaBiaiarTh 2 kK ch(G(A)) mia ogHon u3
gacren A € Part(G) (umenHHO 5Ty 9acTb Hy:KHO OyaeT BHIODATb B Kade-
cTBe B).

§6. KPUTUYIECKUE [BYCBSI3HBIE 'PADDI

Hepeso BT(G) nmomoraer HOHATH, KAK yCTPOEHBI KPUTUYECKUE IBY-
CBA3HBIE DAL

Teopema 6. 1) Jeyceasuviii epad G asasemca xpumuweckum moeda u
moavko mozada, K02da 6ce €20 waAcmu-640KY U YACMU-MPEY20AbHUKY NY-
cmut (Mo ecmb, UMEIOM NYCYI0 8HYMPEHKOCTD ).

2) ITycmv A € Part(S) — xpatinas wacmep Kpumuueckozo déyces3noeo
epaga G, cmencnasn 6 BT(G) ¢ odunounvim mmoncecmeom S. Toeda A —
YuKa ¢ Toms 0vr 4 sepuwunamu, u 6ce sepwunbt A, Kpome Jeyr sepwiun
muoxHcecmea S, umerom 6 epage G cmenendb 2.

3) Kpumuueckuii dsycesasnbiii epad umeem tomas 6bl wempipe 6epULLHbL
cmenenu 2.

MokazareabcTBo. 1) U3 meMMbr 7 09€BUAHO, YTO BEPIIUHLI, HE BXOIA-
mue B MHOKecTBa U3 Ro(G) (TO ecTh BEpUIMHBI, yAaleHAE KOTOPBIX He
HAPYLIAET ABYCBI3HOCTH I'pada () — 3TO0 KaK pa3 BHYTPEHHUE BEDPIIMHEBL
0JIOKOB U TPEYTrOAbHUKOB r'pada G.
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Puc. 4. Kpuruieckue nBycBs3HbIe IPadBbL.

2) IIycre A — kpanuss gactes rpada G. Ilo nyakry 1, Torga A — uuki
IUIUHBL XOTs OBl 4, a S COCTOUT M3 OBYX COCEQHUX BEPILUH HTOrO HUKIA.
Ocranbubie (X0Ta OB AB€) BepIIMHBL A — BHYTpPEHHUE U 1O CJAECACTBUIO 2
umeroT crenesb 2 B rpade G (cM. pucyHOK 4a).

3) Ecau rpad G umeer x0T OBl OJHO OQMHOYHOE MHOXKECTBO, TO Y
rpada G He MeHee [ByX KPDAWHUX YaCTeH, YTBEPK ICHUE OUEBU THO CICAYeT
u3 myukTa 2. [Iycrs oguaouHBIX MHOXKECTB y rpada G ver. Kpuruaeckun
IBYCBS3HBIN I'pad, OIEBUIHO, HE ABIAETCA TPEXCBABHBIM U COIAEPKUT XOTS
Obl 4 BepmIUHBL. 3HAYUT, 10 Teopeme 2 rpadp G — UMK NIWHBL HE MeHee 4,
B DTOM CJIydYae YTBEDKICHUE OUEBUIHO. O

Bouee Toro, reneps moHATHO, KAK yCTPOEHBL KPUTHIECKUE [BYCBI3HBIE
rpadbl, y KOTOPLIX POBHO 4 BepIIMHLBI cTeneHu 2. Bo-mepBBIX, 5TO MUK
u3 deThipex BepiuH. Temeps paccMoTpuM Takou rpad G He MeHee YeM C
naTeo BepumHamu. Torga nepeso BT(G) nomxHO uMeTh POBHO IBE BUCH-
e BEPIIUHBI, TO €CTh, BCE HEKPAUHUE OJOKY U BCE OUHOIHBIE MHOXKECTBA
umertoT crenedsb gsa B BT(G). 3HauuT, Kaxg0€ 0 AMHOTHOE MHOKECTBO Je-
auT rpad POBHO HA ABE YacTHU (41 HEOQMHOYHBIX MHOXKECTB DTO BCEIAA
TaK).

Paccvorpum mexpanmon vactb A€ Part(G). Tak xax dpp(a)(4)= 2,
rpaauna A COCTOUT POBHO U3 ABYX OQUMHOYHBIX MHOMXKECTB, TO €CTb, UMe-
er 3 wiu 4 Bepmmabl. [JokaxeM, uro Int(A) = . Eciu A — 6uok nin
TPEYrOIbHUK, TO 3TO NOKa3aHo B Teopeme 6. Eciu A — uukn mauHbBl XOTS
ObL 4, TO €ero BHYTPEHHS BEpIINHA UMeeT cTeneHb 2 B rpade G, Kak yxe
IOKAa3bIBAJIOCH BHIIIE, TO €CTh, KOIUIECTBO BEPIIUH CTEIeHN [BA YBeINIn-
BaeTcs.

Takum obpazom, Hekpansssa dacTb Part(G) moxer ObITH TPEyroibHU-
KOM, YeTBIPEXYTOJbHUKOM WIX OJOKOM M3 YeTHIPEX BEPIIVH, IIPUYEM ee
BEPIINHBI TOKPHIBAIOTCA ABYMS OJUHOYHBIMUA MHOXECTBAMU, CMEXKHBIMU C
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sron dacTeio B gepese BT(G). Ilpumep KpuTUIeCcKOro ABYCBABHOIO I'Da-
da G ¢ 4 BepummHAMU CTENeHU 2 NPUBEAEH Ha pucyHke 46.
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Karpov D. V. The tree of decomposition of a biconnected graph.

The tree of decomposition of a k-connected graph by a set & of pairwise
independent k-vertex cutsets is defined as follows. The vertices of this tree
are cutsets of G and parts of decomposition of the graph by the set &, each
cutset is adjacent to all parts that contain it. We prove, that the graph
described above is a tree.

The tree of decomposition of a biconnected graph is a particular case of
this construction: it is the tree of decomposition of a biconnected graph by
the set of all its single cutsets (i.e., 2-vertex cutsets, that are independent
with all other 2-vertex cutsets).

We show that this tree has much in common with the classic tree of
blocks and cutpoints of a connected graph. With the help of the tree of
decomposition of a biconnected graph we prove a planarity criterium and
find some upper bounds on the chromatic number of this graph. Finally,



NEPEBO PA3BUEHUSA IBYCBA3HOI'O 'PADA 105

we study the structure of critical biconnected graphs and prove that each
such graph has at least four vertices of degree 2.
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