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Òðóäû VIII Ìåæäóíàðîäíîé êîíôåðåíöèè
Àëãåáðà è òåîðèÿ ÷èñåë: ñîâðåìåííûå ïðîáëåìû è ïðèëîæåíèÿ,

ïîñâÿùåííîé 190-ëåòèþ Ïàôíóòèÿ Ëüâîâè÷à ×åáûøåâà è
120-ëåòèþ Èâàíà Ìàòâååâè÷à Âèíîãðàäîâà
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Â ñòàòüå èñïîëüçóþòñÿ îáîçíà÷åíèÿ è ðåçóëüòàòû ðàáîòû [3].
Ïóñòü α = a+ θ, a− öåëîå ðàöèîíàëüíîå, 0 < θ < 1− èððàöèîíàëüíîå.

θ =
1

a1 − 1
a2−...

ai ≥ 2, i = 1, 2, ... � íàòóðàëüíûå.
Îáîçíà÷åíèÿ:

x0 = 1, x1 = a1, ..., xn+1 = an+1xn − xn−1, ...

y0 = 0, y1 = 1, ..., yn+1 = an+1yn − yn−1, ...

(n ≥ 1).

Èçâåñòíî, ÷òî ëþáîå íàòóðàëüíîå x åäèíñòâåííûì îáðàçîì ïðåäñòàâëÿåòñÿ
â âèäå

x = x0t1 + x1t2 + ...+ xktk+1

ñ óñëîâèÿìè:

1. 0 ≤ ti ≤ pi, i = 1, ..., k + 1, ti ∈ Z;

2. pi = ai − 1, i = 1, 2, ...;

3. Äëÿ ëþáûõ i è j, 1 ≤ i < j ≤ k + 1

(ti, ti+1, ..., tj−1tj) ̸= (pi, pi+1 − 1, ..., pj−1 − 1, pj).

Òåîðåìà 1. Ñïðàâåäëèâî ðàâåíñòâî

[αx] = ax+ y,

ãäå

x = x0t1 + x1t2 + ...+ xktk+1,

y = y0t1 + y1t2 + ...+ yktk+1.
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Äîêàçàòåëüñòâî.

αx = (a+ ω0)x =

= ax+ ω0x = ax+ ω0t1 + ω1t2 + ...+ ωktk+1 + y0t1 + y1t2 + ...+ yktk+1.

Òàê êàê 0 < ω0t1 + ω1t2 + ...+ ωktk+1 < 1, òî

[αx] = ax+ y

Òåîðåìà äîêàçàíà
Ïðèìåð. e = [2; 1, 2, 1, 1, 4, 1, 1, 6, ...] � ðàçëîæåíèå ÷èñëà e â îáûêíîâåííóþ

áåñêîíå÷íóþ öåïíóþ äðîáü. Èçâåñòíî [4], ÷òî åñëè

q +
1

q1 +
1

q2+...

= p+
1

p1 + 1− 1
p2+1...

òî p = q, p1 = q1, pq2+1 = q3 + 1, pq2+q4+1 = q5 + 1, ..., pq2+...+q2k+1
= q2k+1 + 1, ...,

à îñòàëüíûå pi ðàâíû 1. Ñëåäîâàòåëüíî

e = [2; 2, 2, {3, 4n+ 2, 3, 2, ... , 2}∞n=1]

Ýòî ðàçëîæåíèå âî âòîðóþ ïîëóðåãóëÿðíóþ öåïíóþ äðîáü. Çäåñü â ôèãóð-
íûõ ñêîáêàõ ÷èñëî äâîåê ñîîòâåòñòâåííî ðàâíî 4n+1. Íàéäåì, íàïðèìåð [88e],
çäåñü

x0 = 1, x1 = 2, x2 = 3, x3 = 7, x4 = 39, x5 = 110, ... .

y0 = 0, y1 = 1, y2 = 2, y3 = 5, y4 = 28, y5 = 79, ... .

x = 88 = x21 + x31 + x42

y = y21 + y31 + y42 = 2 ∗ 1 + 5 ∗ 1 + 28 ∗ 2 = 63

Ñëåäîâàòåëüíî
[88e] = ax+ y = 2 ∗ 88 + 63 = 239

Çàìåòèì, ÷òî ïðåäñòàâëåíèå x â óêàçàííîì âèäå ïîëó÷àåòñÿ ïóòåì äåëåíèÿ
ñ îñòàòêîì x íà x4, x3, x2, x1, x0, ãäå x4 íàèáîëüøåå èç xi íå ïðåâîñõîäÿùèõ x.

ÑÏÈÑÎÊ ÖÈÒÈÐÎÂÀÍÍÎÉ ËÈÒÅÐÀÒÓÐÛ

[1] Slater N. B. The distribution of the inteqers N for which {ΘN} < φ.− // Proc.
Cambridge Phil. Soc., 1950, 46, p. 525 � 534.

[2] Thoger Bang. On the sequence [nα], n = 1, 2, ... supplementary note to the
preceding paper by Th. Skolem // Math.Scand. 5. 1957, p. 69 � 76.

[3] Èëüÿñîâ È. È. Ñòðóêòóðíàÿ ôîðìóëà äëÿ ïîñëåäîâàòåëüíîñòè {nθ} è åå
ïðèëîæåíèÿ â âîïðîñàõ òåîðèè ÷èñåë // ×åáûøåâñêèé ñáîðíèê, Òðóäû VII
ìåæäóíàðîäíîé êîíô. àëãåáðà è òåîðèÿ ÷èñåë: ñîâðåìåííûå ïðîáëåìû è
ïðèëîæåíèÿ. Òîì XI, âûï.1(33), Òóëà 2010, C. 152 � 173.



Î ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ [nα], n = 1, 2, ... 17

[4] Èëüÿñîâ È. È. Î ñòðóêòóðå ïîñëåäîâàòåëüíîñòè {nθ}. Òåîðèÿ íåðåãóëÿðíûõ
êðèâûõ â ðàçëè÷íûõ ãåîìåòðè÷åñêèõ ïðîñòðàíñòâàõ // (Ñáîðíèê ñòàòüåé),
Àëìà-Àòà. 1979, C. 44 � 52.

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê. Æóáàíîâà, Àêòîáå, Êàçàõ-
ñòàí
Ïîñòóïèëî 13.10.2011


