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Abstract.

In the paper, we present a probabilistic proof of the Voronin theorem on joint

universality of Dirichlet L-functions, and prove the universality for some composite

functions.

1 Introduction

For the �rst time, I met Sergei Mikhailovich Voronin in 1974 at the conference
"Problems of analytic number theory and its applications"held in Vilnius. At that
moment, I was a doctoral student, and his lecture on the functional independence
of zeta-functions made a great impression for me. In 1975, the remarkable paper
[13] on the universality of the Riemann zeta-function appeared, I begin to study
it and obtained some related results. In 1983, during the conference "Theory of
transcendental numbers and applications"at Moscow Lomonosov University, Sergei
Mikhailovich invited me for a dinner, and from this moment we became good friends.

S. M. Voronin was extremely talented mathematician, and his early death is a
very big loss.

The present paper is related to Voronin's work [14] on the joint universality and
functional independence of Dirichlet L-functions.

Let χ be a Dirichlet character modulo q, and let L(s, χ), s = σ + it, denote
the corresponding Dirichlet L-function. In [13], Voronin observed that the function
L(s, χ) is universal in the following sense. Let 0 < r < 1

4
, and let f(s) be a continuous

1The author is partially supported by grant No. MP-94 from the Research Council of Lithuania
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non-vanishing function on the disc |s| ≤ r which is analytic for |s| < r. Then, for
every ε > 0, there exists a real number τ = τ(ε) such that

max
|s|≤r

∣∣∣∣L(s+ 3

4
+ iτ, χ

)
− f(s)

∣∣∣∣ < ε.

The latter result has a joint generalization. First such a generalization in non-explicit
form has been given in [14]. The full statement with proof is presented in [5].

Theorem 1. Let 0 < r < 1
4
, let χ1, . . . , χn be pairwise non-equivalent Dirichlet

characters, and let f1(s), . . . , fn(s) be functions which are analytic for |s| < r and
continuous for |s| ≤ r and which have no zeros in the disc |s| < r. Then, for every
ε > 0, there exists τ > 0 such that for all j = 1, . . . , n,

max
|s|≤r

∣∣∣∣L(s+ 3

4
+ iτ, χj

)
− fj(s)

∣∣∣∣ < ε.

Gonek in [4] also obtained a joint universality theorem for Dirichlet L-functions.
We remind a Bagchi's version [2] of Theorem 1.

Theorem 2. Let q ≥ 1, and let χ1, . . . , χn be distinct Dirichlet characters modulo
q. For j = 1, . . . , n, let Kj be a simply connected compact subset of the strip D =
{s ∈ C : 1

2
< σ < 1}, and let fj(s) be a non-vanishing continuous function on Kj

which is analytic in the interior of Kj. Then the set of all τ ∈ R for which

sup
1≤j≤n

sup
s∈Kj

|L(s+ iτ, χj)− fj(s)| < ε

has a positive lower density for every ε > 0.

An another proof of Theorem 2 based on probabilistic arguments was given in
[1].

A modern version of Theorem 1 is of the following form [11].

Theorem 3. Let χ1, . . . , χn be pairwise non-equivalent Dirichlet characters. For
j = 1, . . . , n, let Kj be a compact subset of the strip D with connected complement,
and let fj(s) be a non-vanishing continuous function on Kj which is analytic in the
interior of Kj. Then, for every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

1≤j≤r
sup
s∈Kj

|L(s+ iτ, χj)− fj(s)| < ε

}
> 0.

Here meas{A} denotes the Lebesgue measure of a measurable set A ⊂ R.
As usual, denote by H(G) the space of analytic functions on a region G ⊂ C

equipped with the topology of uniform convergence on compacta. The space H(G)
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is metrisable. It is well known that there exists a sequence of compact subsets {Kl :
l ∈ N} of the region G such that

G =
∞
∪
l=1

Kl,

Kl ⊂ Kl+1, l ∈ N, and, for every compact subset K ⊂ G, there exists Kl such that
K ⊂ Kl. For g1, g2 ∈ H(G), de�ne

ρ(g1, g2) =
∞∑
l=1

2−l
sups∈Kl

|g1(s)− g2(s)|
1 + sups∈Kl

|g1(s)− g2(s)|
.

Then it is easily seen that ρ is a metric which induces the topology of uniform
convergence on compacta in H(G).

For g
1
= (g11, . . . , g1n), g2 = g21, . . . , g2n) ∈ Hn(G), n ∈ N, we use the metric

ρn(g1, g2) = max
1≤j≤n

ρ(g1j, g2j).

The aim of this paper is to describe the functions F : Hn(D) → H(D) such
that the shifts F (L(s + iτ, χ1), . . . , L(s + iτ, χn)) will be approximants of a given
analytic function.

Let
S = {g ∈ H(D) : g−1(s) ∈ H(D) or g(s) ≡ 0}.

Denote by U the class of continuous functions F : Hn(D) → H(D) such that, for
every open set G ∈ H(D),

(F−1G) ∩ Sn ̸= ∅.

Theorem 4. Suppose that χ1, . . . , χn are pairwise non-equivalent Dirichlet cha-
racters, and that F ∈ U . Let K be a compact subset of the strip D with connected
complement, and let f(s) be a continuous function on K which is analytic in the
interior of K. Then, for every ε > 0,

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|F (L(s+ iτ, χ1), . . . , L(s+ iτ, χn))−

f(s)| < ε

}
> 0.

Theorem 4 is theoretical, it is di�cult to check its hypotheses. We will give a
simpler version of Theorem 4. Let V > 0 be an arbitrary number. De�ne a bounded
strip

DV = {s ∈ C :
1

2
< σ < 1, |t| < V }.

Moreover, let

SV = {g ∈ H(DV ) : g
−1(s) ∈ H(DV ) or g(s) ≡ 0}.
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Denote by UV the class of continuous functions F : H(DV ) → H(DV ) satisfying,
for each polynomial p = p(s), the condition

(F−1{p}) ∩ SnV ̸= ∅.

Theorem 5. Let χ1, . . . , χn be pairwise non-equivalent Dirichlet characters, and
K and f(s) be the same as in Theorem 4. Suppose that V > 0 is such that K ⊂ DV ,
and that F ∈ UV . Then the assertion of Theorem 4 is valid.

Theorems 4 and 5 describe the classes of universal operators on the space of
analytic functions. It is easy to present an example. Let n = 2, and, for f1, f2 ∈
H(DV ),

F (f1, f2) = c1f1 + c2f2, c1, c2 ∈ C, c1c2 ̸= 0.

Then, clearly, the function F is continuous. Moreover, for each polynomial p = p(s),
there exist two polynomials q1(s) and q2(s) such that (q1, q2) ∈ F−1{p}. Varying the
constant terms of q1 and q2, we may obtain that the polynomials q1(s) and q2(s) do
not vanish for s ∈ DV . Thus, by Theorem 5, the linear combination c1L(s, χ1) +
c2L(s, χ2) is universal in the sense of Theorem 4. Similar assertion is also true for
c1L

2(s, χ1) + c2L
2(s, χ2).

Proofs of Theorems 4 and 5 are based on the probabilistic approach to universali-
ty of zeta and L-functions. Unfortunately, a probabilistic proof of Theorem 3 is not
published, therefore, we will present some of its parts.

2 Limit theorems

A probabilistic way of the proof of universality for zeta and L-functions is based
on limit theorems in the sense of weak convergence of probability measures with
explicitly given limit measures in the space of analytic functions. Proofs of such
theorems are standard, therefore, we state a joint limit theorem without proof.

As usual, denote by B(S) the class of Borel sets of the space S. Let

Ω =
∏
p

γp,

where γp = {s ∈ C : |s| = 1} for each prime p. With the product topology
and operation of pointwise multiplication, by the Tikhonov theorem, the in�nite-
dimensional torus Ω is a compact topological Abelian group. Therefore, on (Ω,B(Ω)),
the probability Haar measure mH can be de�ned, and we obtain a probability space
(Ω,B(Ω),mH). Denote by ω(p) the projection of ω ∈ Ω to the coordinate space
γp, and, on the probability space (Ω,B(Ω),mH), de�ne the Hn(D)-valued random
element L(s, ω, χ), χ = (χ1, . . . , χn), by the formula

L(s, ω, χ) = (L(s, χ1), . . . , L(s, χn)) ,
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where

L(s, χj) =
∏
p

(
1− χj(p)ω(p)

ps

)−1

, j = 1, . . . , n.

Let PL be the distribution of the element L(s, ω, χ), i. e.,

PL(A) = mH

(
ω ∈ Ω : L(s, ω, χ) ∈ A

)
, A ∈ B(Hn(D)).

For A ∈ B(Hn(D)), de�ne

PT (A) =
1

T
meas {τ ∈ [0, T ] : (L(s+ iτ, χ1), . . . , L(s+ iτ, χn)) ∈ A} .

Lemma 1. PT converges weakly to PL as T → ∞.

Lemma 1 implies a limit theorem in the space Hn(DV ). To see this and for the
sequel, we remind a simple property of weak convergence of probability measures.
Let S1 and S2 be two metric spaces, and let h : S1 → S2 be (B(S1),B(S2))-
measurable function. Then every probability measure P on (S1,B(S1)) induces the
unique probability measure Ph−1 on (S2,B(S2)) de�ned by Ph−1(A) = P (h−1A),
A ∈ B(S2).

Lemma 2. Suppose that P and Pn, n ∈ N, be probability measures on
(S1,B(S1)), h : S1 → S2 is a continuous function, and Pn converges weakly to P as
n→ ∞. Then Pnh

−1 also converges weakly to Ph−1 as n→ ∞.

The lemma is a particular case of Theorem 5.1 from [3].
For V > 0, denote by PT,V and PL,V the restrictions to the space

(H(DV ),B(H(DV ))) of the measures PT and PL, respectively.

Lemma 3. For every V > 0, PT,V converges weakly to PL,V as T → ∞.

Proof. The lemma is a result of Lemmas 1 and 2 because the restriction of
Hn(D) to Hn(DV ) is a continuous function.

For A ∈ B(H(D)), de�ne

PT,F (A) =
1

T
meas {τ ∈ [0, T ] : F (L(s+ iτ, χ1), . . . , L(s+ iτ, χn)) ∈ A} .

Lemma 4. Suppose that F : Hn(D) → H(D) is a continuous function. Then the
probability measure PT,F converges weakly to the distribution of the random element
F
(
L(s, ω, χ)

)
as T → ∞.

Proof. By the de�nitions of PT and PT,F , PT,F = PTF
−1. This, the continuity

of F , and Lemmas 1 and 2 show that PT,F converges weakly to PLF−1 as T → ∞.
However, for A ∈ B(H(D)),

PLF
−1(A) = PL

(
F−1A

)
= mH

(
ω ∈ Ω : L(s, ω, χ) ∈ F−1A

)
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= mH

(
ω ∈ Ω : F

(
L(s, ω, χ)

)
∈ A

)
.

Thus, PT,F converges weakly to the distribution of the random element F
(
L(s, ω, χ)

)
as T → ∞.

For A ∈ B(H(DV )), let

PT,F,V (A) =
1

T
meas {τ ∈ [0, T ] : F (L(s+ iτ, χ1), . . . , L(s+ iτ, χn)) ∈ A} .

Denote by LV (s, ω, χ) the random element having the distribution PL,V .

Lemma 5. Suppose that F : Hn(DV ) → H(DV ) is a continuous function. Then
PT,F,V converges weakly to the distribution of the random element F

(
LV (s, ω, χ)

)
as

T → ∞.

Proof of the lemma uses Lemmas 2 and 3, and completely coincides with that of
Lemma 4.

3 Supports

For the proof of universality, we need to know the support of the limit measures
in limit theorems in the space of analytic functions. Suppose that S is a separable
metric space, and P is a probability measure on (S,B(S)). We remind that the
minimal closed set SP ⊂ S, P (SP ) = 1, is called a support of the measure P . The
support SP consists of elements x such that, for every open neighbourhood G of x,
P (G) > 0. The support of the distribution of a random element is called its support.

In this section, we will prove that the support of the Hn(D)-valued random
element L(s, ω, χ) is the set Sn. For this, the non-equivalence of the characters
χ1, ..., χn will be essentially used.

We start with statements of some known general results. Denote by Sξ the
support of a random element ξ.

Lemma 6. Let {Xm : m ∈ N} be a sequence of independent Hn(D)-valued
random elements such that the series

∞∑
m=1

Xm

converges almost surely. Then the support of the sum of this series is equal to the
closure of the set of all g ∈ Hn(D) that can be written as the sum of a convergent
series,

g =
∞∑
m=1

g
m
, g

m
∈ SXm

.
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The lemma is a particular case of Lemma 5 from [9].

Lemma 7. Suppose that the sequence {g
m

: m ∈ N} = {g1m, . . . , gnm : m ∈
N} ∈ Hn(D) satis�es the following conditions:

1◦ If µ1, . . . , µn are complex-valued Borel measures on (C,B(C)) with compact
supports contained in D and such that

∞∑
m=1

∣∣∣∣∣
n∑
j=1

gjm(s)dµj(s)

∣∣∣∣∣ <∞,

then ∫
C

sldµj(s) = 0

for all j = 1, . . . , n and l ∈ N0 = N ∪ {0};
2◦ For every compact subset K ⊂ D,

∞∑
m=1

n∑
j=1

sup
s∈K

|gjm(s)|2 <∞;

3◦ The series
∞∑
m=1

g
m

is convergent in Hn(D).
Then the set of all convergent series

∞∑
m=1

amgm

with |am| = 1 is dense in Hn(D).

The lemma is a particular case of Lemma 6 in [9].

Lemma 8. Let µ be a complex-valued Borel measure on (C,B(C)) with compact
support contained in the half-plane {s ∈ C : σ > σ0}, and

g(s) =

∫
C

eszdµ(z).

If g(s) ̸≡ 0, then

lim sup
x→∞

log |g(x)|
x

> σ0.



ON JOINT UNIVERSALITY OF DIRICHLET L-FUNCTIONS 131

The lemma is Lemma 6.4.10 from [7].
We remind that an analytic function g(s) in an angular region | arg s| ≤ θ0,

0 < θ0 ≤ π, is called a function of exponential type if

lim sup
r→∞

log |g(reiθ)|
r

<∞

uniformly in θ, |θ| ≤ θ0.

Lemma 9. Suppose that g(s) is a function of exponential type, and

lim sup
x→∞

log |g(x)|
x

> −1.

Then, for all coprime l and k, ∑
p≡l(mod k)

|g(log p)| = +∞.

The lemma is Lemma 4.1 of [8].
We also recall the Hurwitz theorem.

Lemma 10. Suppose that {gn(s) : n ∈ N} is a sequence of analytic functions
in a region G bounded by a simple closed contour, and that

lim
n→∞

gn(s) = g(s)

uniformly on G, where g(s) ̸≡ 0. Then an interior point s0 of G is a zero of g(s)
if and only if there exists a sequence {sn} ⊂ G such that sn → s0 as n → ∞ and
gn(sn) = 0 for n > n0 = n0(s0).

The lemma is the Hurwitz theorem, for the proof, see [12].

Lemma 11. Suppose that φ1, . . . , φn are distinct homomorphisms from a group
G to the multiplicative group of non-zero complex numbers. Then φ1, . . . , φn are
linearly independent over C.

Proof of the lemma is given in [6].
Now we are ready to consider the support of the random element L.

Lemma 12. Suppose that the characters χ1, . . . , χn are pairwise non-equivalent.
Then the support of the random element L (or of the measure PL) is the set S

n.

Proof. We have that

L(s, ω, χ) =

(∏
p

(1 + g1p(s, ω))
−1 , . . . ,

∏
p

(1 + gnp(s, ω))
−1

)
, (1)
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where

gjp(s, ω) = −χj(p)ω(p)
ps

, j = 1, . . . , n.

For |z| < 1, de�ne

log(1 + z) = z − z2

2
+
z3

3
− · · · .

Then the functions log(1 + gjp(s, ω)) are well de�ned for s ∈ D, j = 1, . . . , n, and
we can consider the support of the random element(

−
∑
p

log (1 + g1p(s, ω)) , . . . ,−
∑
p

log (1 + gnp(s, ω))

)
. (2)

The proof that ∏
p

(1 + gjp(s, ω))
−1

is an H(D)-valued random element, j = 1, . . . , r, contains a statement that the
product converges uniformly on compact subsets of the strip D for almost all ω ∈ Ω.
Denoting

g
p
(s, ω) = (g1p(s, ω), ..., gnp(s, ω)) ,

hence we have that there exists a sequence b = {bp : |bp| = 1} such that the series∑
p

g(s, b) (3)

converges in Hn(D). Moreover, for every compact subset K ⊂ D,∑
p

n∑
j=1

sup
s∈K

|gjp(s, b)|2 <∞.

This, and the convergence of the series (3) show that the hypotheses 2◦ and 3◦ of
Lemma 7 are satis�ed by the sequence {g

p
(s, b)}. It remains to verify the hypothesis

1◦.
Let p0 be a �xed positive number. Suppose that µ1, . . . , µn are complex-valued

Borel measures on (C,B(C)) with compact supports contained in D such that

∑
p>p0

∣∣∣∣∣∣
n∑
j=1

∫
C

gjp(s, b)dµj(s)

∣∣∣∣∣∣ <∞. (4)

Let d be the product of the moduli of the characters χ1, . . . , χn. Using the de�nition
of gjp(s, b), the periodicity of the characters χ1, ..., χn with period d, and (4), we �nd
that ∑

p>p0
p≡l(mod d)

∣∣∣∣∣∣
n∑
j=1

χj(l)

∫
C

1

ps
dµj(s)

∣∣∣∣∣∣ <∞ (5)
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for all l = 1, . . . , d with (l, d) = 1. For A ∈ B(C), de�ne

νl(A) =
n∑
j=1

χj(l)µj(A), l = 1, ..., d, (l, d) = 1.

Then ν1, . . . , νn are again complex-valued measures with compact supports contained
in D, and (5) implies∑

p>p0
p≡l(mod d)

|ρl(log p)| <∞, l = 1, . . . , d, (l, d) = 1, (6)

where

ρl(z) =

∫
C

e−szdνl(s), l = 1, . . . , d, (l, d) = 1.

Since the functions ρl(z) are of exponential type, in view of Lemma 8, we have that
either ρl(z) ≡ 0, or

lim sup
x→∞

log |ρl(x)|
x

> −1, l = 1, . . . , d, (l, d) = 1.

If the last inequality holds for some l = 1, . . . , d, (l, d) = 1, then, by Lemma 9, for
this l, ∑

p>p0
p≡l(mod d)

|ρl(log p)| = ∞,

what contradicts (6). Thus, we have that ρ(z) ≡ 0 for all l = 1, . . . , d, (l, d) = 1,
and, by the de�nitions of ρl(z) and νl,

n∑
j=1

χj(l)

∫
C

e−szdµj(s) ≡ 0, l = 1, ..., d, (l, d) = 1. (7)

In this place, we use the assumption that the characters χ1, . . . , χn are pairwise
non-equivalent. This, Lemma 11 and (7) lead to the equality∫

C

e−szdµj(s) ≡ 0, j = 1, . . . , n.

Di�erentiating this equality, we easily �nd that∫
C

smdµj(s) = 0
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for all m ∈ N0 and j = 1, . . . , n. This means that the hypothesis 1◦ of Lemma 7 also
holds for the sequence {g

p
(s, b) : p ≥ p0}. Therefore, the set of all convergent series∑

p>p0

â(p)g
p
(s, b) (8)

with |â(p)| = 1 is dense in Hn(D).
Let x0(s) = (x10(s), ..., xn0(s)) be an arbitrary element of Hn(D), ε > 0 and

K ⊂ D be arbitrary compact set. Then there exists p0 such that

max
1≤j≤n

sup
s∈K

(∑
p>p0

∞∑
k=2

|gjp(s, a)|k

k

)
<
ε

2
(9)

with a = {a(p) : |a(p)| = 1}. The denseness of the set of series (8) shows that there
exists â = {â(p) : |â(p)| = 1}, such that

max
1≤j≤n

sup
s∈K

∣∣∣∣∣xj0(s)−∑
p≤p0

log(1 + gjp(s, 1))−
∑
p>p0

â(p)gjp(s, a)

∣∣∣∣∣ < ε

2
. (10)

Denoting

a(p) =

{
â(p)bp if p > p0,
1 if p ≤ p0,

and a = {a(p)},

we �nd from (9) and (10) that

max
1≤j≤n

sup
s∈K

∣∣∣∣∣xj0(s)−∑
p

log(1 + gjp(s, a))

∣∣∣∣∣
≤ max

1≤j≤n
sup
s∈K

∣∣∣∣∣xj0(s)−∑
p≤p0

log(1 + gjp(s, 1))−
∑
p>p0

â(p)gjp(s, b)

∣∣∣∣∣
+ max

1≤j≤n
sup
s∈K

∣∣∣∣∣∑
p>p0

∞∑
k=2

gkjp(s, a)|
k

+
∑
p>p0

â(p)χj(p)bp
ps

−
∑
p>p0

χj(p)ap
ps

∣∣∣∣∣ < ε.

This means that the set of all convergent series

−
∑
p

(log(1 + g1p(s, a)), . . . , log(1 + gnp(s, a))) (11)

with |a(p)| = 1 is dense in Hn(D).
By the de�nition, {ω(p)} is a sequence of independent random variables de�ned

on the probability space (Ω,B(Ω),mH). Hence,

{log(1 + g1p(s, a)), . . . , log(1 + gnp(s, a))}
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is a sequence of independent Hn(D)-valued random elements on the probability
space (Ω,B(Ω),mH). Since the unit circle is the support of every random variable
ω(p), the set

{(g0, . . . , gn) ∈ Hn(D) : gj(s) = log(1 + gjp(s, a)), j = 1, . . . , n}

with a = {a(p) : |a(p)| = 1} is the support of the Hn(D)-valued random element

(log(1 + g1p(s, ω)), . . . , log(1 + gnp(s, ω))) .

Thus, by Lemma 6, the support of the random element (2) is the closure of all
convergent series (11). Since the latter set is dense in Hn(D), the support of the
random element (2) is the whole of Hn(D).

Let u : Hn(D) → Hn(D) be given by the formula

u(g1, . . . , gn) = (eg1 , . . . , egn), (g1, . . . , gn) ∈ Hn(D).

Then u is a continuous function sending the vector(
−
∑
p

log(1 + g1p(s, ω)), . . . ,−
∑
p

log(1 + gnp(s, ω))

)

to the vector (∏
p

(1 + g1p(s, ω))
−1, . . . ,

∏
p

(1 + gnp(s, ω))
−1

)
, (12)

and mappingHn(D) onto (S \ {0})n. This and a result on the support of the random
element (2) show that the support of the random elements (12) contains the set
(S \ {0})n. However, the support of (12) is a closed set. Since, by Lemma 10, the
closure of (S \ {0})n is Sn, the support of the random element (12) contains the set
Sn.

The products ∏
p

(1 + gjp(s, ω))
−1, j = 1, ..., n,

consist of non-zero factors and converge uniformly on compact subsets of D for
almost all ω ∈ Ω. Therefore, in view of Lemma 10, the set Sn contains the support
of the random element (12). Combining this with the opposite inclusion, we obtain
the assertion of the lemma.

In the same way as Lemma 12, the following statement follows.

Lemma 13. Suppose that the characters χ1, . . . , χn are pairwise non-equivalent.
Then the support of the measure PL,V is the set SnV .
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Lemma 14. Suppose that χ1, . . . , χn are pairwise non-equivalent Dirichlet cha-
racter, and that F ∈ U . Then the support of the random element F (L(s, ω, χ)) is
the whole of H(D).

Proof. Let x be an element of H(D), and G be any open neighbourhood of x.
Since the function F is continuous, we have that F−1G is an open set, too. By the
de�nition of the class U ,

(F−1G) ∪ Sn ̸= ∅,

therefore, there exists an element y which belongs to Sn and F−1G simultaneously.
This means that F−1G is an open neighbourhood of the element y. Consequently,
in virtue of Lemma 13,

mH(ω ∈ Ω : F (L(s, ω, χ)) ∈ G) = mH(ω ∈ Ω : L(s, ω, χ) ∈ F−1G) > 0.

This and properties of a support prove the lemma.
The investigation of the support of the random element F (LV (s, ω, χ)) leans

essentially on the famous Mergelyan theorem on the approximation of analytic
functions by polynomials.

Lemma 15. Let K ⊂ C be compact set with connected complement. Then every
function g(s) which is continuous on K and analytic inside K can be uniformly
approximated on K by polynomials in s.

The lemma is the Mergelyan theorem, see [10], [15].

Lemma 16. Suppose that χ1, . . . , χn are pairwise non-equivalent Dirichlet cha-
racter, and that F ∈ UV . Then the support of the random element F (LV (s, ω, χ)) is
the whole of H(DV ).

Proof. Let G be any open neighbourhood of x. Then F−1G also is an open set
of Hn(DV ). We have to prove that (F−1G)∩SnV ̸= ∅. For this, we apply Lemma 15.

From the de�nition of the metric ρ in H(DV ), it follows that in H(DV ) it su�ces
to consider an approximation on compact subsets of DV . Indeed, let ε > 0 be an
arbitrary �xed number.Then there exists l0 ∈ N such that∑

l>l0

2−l <
ε

2
. (13)

Suppose that

sup
s∈Kl0

|f(s)− p(s)| <
ε

2
, f, g ∈ H(DV ).

Since Kl ⊂ Kl+1, l ∈ N, this implies the inequality

sup
s∈Kl0

|f(s)− p(s)| <
ε

2
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for all l = 1, . . . , l0. Therefore, in view of (13),

ρ(f, g) < ε.

This shows that if the functions f and g are near one from another on Kl with
su�ciently large l, then they are near in the sense of H(DV ). We note that the sets
Kl can be chosen with connected complements.

So, let K ⊂ DV be a compact subset having a connected complement, and f ∈
H(DV ). Then, by Lemma 20, we can �nd a polynomial p = p(s) which approximate
the function f with a given accuracy uniformly on K. Hence, we have that if f ∈ G,
then p ∈ G, too. By the de�nition of the class UV ,

(F−1{S}) ∩ SnV ̸= ∅.

Since p ∈ G, hence we obtain that

(F−1G) ∩ SnV ̸= ∅.

Thus, by Lemma 13,

mH

(
ω ∈ Ω : F (LV (s, ω, χ)) ∈ G

)
= mH

(
ω ∈ Ω : LV (s, ω, χ) ∈ F−1G

)
> 0.

This proves the lemma.

4 Proof of Theorems 4 and 5

A proof uses limit theorems in the space of analytic functions as well as supports
of the limit measures, and is standard.

Proof.[Proof of Theorem 4] By Lemma 15, we can �nd a polynomial p(s) such
that

sup
s∈K

|f(s)− p(s)| < ε

2
. (14)

De�ne
G = {g ∈ H(D) : sup

s∈K
|f(s)− g(s)| < ε

2
}.

Then the G is open. Therefore, Lemma 4 and the equivalent of weak convergence of
probability measures in terms of open sets yield

lim inf
T→∞

1

T
meas {τ ∈ [0, T ] : F (L(s+ iτ, χ1), . . . , L(s+ iτ, χn)) ∈ G} ≥ PF (L)(G) > 0

(15)
where PF (L) is the distribution of the random element F (L(s, ω, χ)). In view of
Lemma 14, the polynomial p(s) is an element of the support of the measure PF (L).
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Therefore, the de�nition of G and properties of a support show that PF (L)(G) > 0.
This and (15) imply

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|F (L(s+ iτ, χ1), . . . , L(s+ iτ, χn))− f(s)| < ε

}
> 0.

Combining this with (14), we obtain the theorem.
Proof.[Proof of Theorem 5] The theorem follows in the same way as Theorem 4

by using Lemmas 5 and 16 in place of Lemmas 4 and 14.
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