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LIMIT THEOREMS FOR SPECTRA OF RANDOM MATRICES
WITH MARTINGALE STRUCTUREY

Mul n3yyaeM Kiaccuyeckuil arRcaMO/b BEIIECTBEHHBIX CHEMMETPHY-
HBIX CTy9YaitHEIX MaTpul, Beemeruuit }O. Burmepom. B paGore pas-
pnBaercs Meron Y. CreitHa [/ M3yYeHUs ACAMITOTHKM OXHIAEeMOR
CIIEKTPAJILHOM (YHKUMM pacnpelelieHHs MaTpHIl 6ObINOA pasMepHO-
cta. Meron ocHoBan Ha muddepeRUNMaTLHOM YPABHEHMH, KOTOPOMY
YIOBJIETBOPSAET IVIOTHOCTH HOTYKPYTOBOTO 3aKOHA.

Kaouesvie caosa u Ppasvi: crydainnie MaTpunsl, Meron Creiina,
MOJIyKPYTOBOi 3aKOH.

1. Introduction. Let X;;, 1 < j < k < oo, be triangular array of
random variables with EXj; = 0 and EX2, = 0%, and let Xi; = Xy, for
1< j < k< oo. For afixed n > 1, denote by A\; < -+ < A, the eigenvalues
of the symmetric n x n matrix

W= (WG, k) ey W0EK)=n""2X;, for 1<j<kgn, (L1)

N

and define its empirical spectral distribution function by

1 n
Fu(z) = HZI{A,@}, (1.2)

j=1
where I'g denotes the indicator of an event B. We investigate the convergence
of the expected spectral distribution function EF,(z) to the distribution
function of Wigner’s semicircle law.
Let g(z) and G(z) denote the density and the distribution function of
the standard semicircle law, that is,

o(z) = % VIZ@ Iy,  Clo) = / m gwdu. (13
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The goal of this paper is to illustrate the possibilities of Stein’s method
for the investigation of Stieltjes transform of empirical spectral distribu-
tion function of random matrices and some of its applications. A similar
approach based on the representation of type (7.5) and (7.6) in random ma-
trix theory was used for the first time by Pastur for investigation of the
Stieltjes transform of random matrices of the Wigner ensemble (see, for in-
stance, [12], [7], [10]).

We state some general conditions of the convergence of the expected
distribution function of random matrices to the semicircle law (of not nec-
essarily independent entries) and give some applications of the main result.
In Section 2 we derive a Stein-type equation for the semicircle law and pro-
vide on this basis some criteria of convergence to this law. We shall assume
that EX;; = 0 and 0, := EX}, for 1 < j <l < m. Introduce, for any j,1,

1<j<l<n, the a-algebras FU =o{Xy 1 <k<qg<n, (kq) # (G,1)}
and FO = o{X;;: 1<k<qg<nk#jandq#j},1<j<n. Weintroduce
as well Lindeberg’s ratio for random matrices, that is, for any 7 > 0,
1 n n
EZZEXJ?,IUXﬂprm. (1.4)
j=1l=1

Furthermore, we use the notation X ](,T) = X x1<rvmy — BXil x,1<rvm)
(o (‘r))z E(X(T))z
Theorem 1.1. Assume that the random variables X;;, 1 < j < n,
1<l < n,n > 1, satisfy the following conditions:
(a) for any T >0
E(X] | #00) =0, (L5)

1 n
max max —» o5 <C < oo, (1.6)
I1Sn<oo 1jSn N =

e i= Y S EE(XD)? | F9) - 0| —0  as n-oo

n2

j=11=1 (1 7)
(b) there ezists 02 > 0 such that
1 n n
e® = ~ le loZ, — o’ —0  as n— oo, (1.8)
]=1 =1
- ()2 ()
€® = n3 > EE{((x) - ExD))

j=1 1<l;£k<n

x (X2 -EXD))|#9} —0 e nooo; (19)
(c) for any fized T > 0
L,(r)—>0 as m — oo. (1.10)



. T
Spectra of random matrices with martingale structure 173

Then
A, :=sup |EF,(z) — G(zo™')|—0 as n— oo.

By |W/| we denote the Frobenius norm of a matrix W: [[W]* =
Z;;l |’\J'|2 = Z;k=1 |W (5, k)|
Remark 1.1. Note that condition (1.8) implies that

lim n'E|W||? = 0? < co.
n—oo

Corollary 1.1. Let X;;, 1 <1< j < oo, be independent and EX;; = 0,
EX} = o®. Assume that, for any fized T > 0, La(t) —0 as n — oo.
Then the ezpected spectral distribution function of matriz W converges to
the distribution function of the semicircle law, that is,

A, :=sup |EF,(z) - G(zo™')|—0 as n— oo.

The investigation of the convergence of the spectral distribution func-
tions of real symmetric random matrices with independent entries has a long
history. For details see, for example, [1]. Convergence assuming Lindeberg’s
condition (Corollary 1.1) was proved in [13].

Another application of Theorem 1.1 is the distribution of spectra for
the unitary invariant ensemble of real symmetric n X n matrices W, =
(n=1/2 X,(;’)) induced by the uniform distribution on the sphere of the ra-
dius VN in R" with N = n(n + 1)/2, that is,

Y o&XM2=nN. (1.11)
1<I<isn
Rosenzweig in [14] defined this class of random matrices as a fixed-trace

ensemble and proved the semicircle law using Wigner’s method of moments.
This class is described in [9, Chap. 19] as well.

Corollary 1.2. Let X,(;‘), 1<1l<j<n, for any n > 1, be distributed
as above. Then

A, :=sup |EF,(z) — G(z)| —0 as n — oo.

We may consider the ensemble of real symmetric n x n matrices deter-
mined by the uniform distribution in the ball of the radius v/N in R" with
N =n(n +1)/2, that means that AVJIS,SJ.@(X,(;‘))2 < N. This class of ran-
dom matrices was introduced by Bronk in [2] as a bounded-trace ensemble.
The eigenvalue density for the bounded-trace ensemble is identical to the
density of zeros of Hermite-like polynomials. Using this fact, Bronk proved
the semicircle law for such matrices. See also [9, Chap. 19].

Corollary 1.3. Let X,(j"), 1 <1< j < n, be distributed uniformly in the
ball of the radius VN in RN with N = n(n+ 1)/2, for anyn > 1. Then

A,—0 as n — oo.



174 Gétze F., Tikhomirov A. N.

2. Proofs of the Corollaries.

Proof of Corollary 1.1. It is easy to check that all conditions
of Theorem 1.1 hold.

Proof of Corollary 1.2. To prove the corollary we have to
examine the conditions of Theorem 1.1 only. Since all one-dimensional dis-
tributions are symmetric and the random variables X ,(;'), 1<1<j<n, are
exchangeable, conditions (1.8) and (1.6) hold with C = ¢? = 1. It is easy to
see that the conditional distribution of X;; given &9 is symmetric. This
yields condition (1.5). To check conditions (1.7) we note that, since X; are
exchangeable,

P i== > EIB{X}| V) - 0’| = EB(XE | SO} -1
1<jgign

Furthermore, using equality (1.11), we get
E(X}| £} =N-Y E{X}| £V} - ¥ X},
1=2 2g1<jgn
This implies that Y, E{X3|F®} = YL, X3 Since Xy, | =
1,...,n, are conditionally exchangeable given (), we have E{X} | FW} =
n-l Zr:l Xlzl'
Applying Cauchy’s inequality, we get
2\ 1/2
o= )
1=1
Direct calculations show that, for ! # j, E(X%—1)(X%—1) = 2/N. The last
relation yields E|E{X} | FM} — 1| < C//n. Checking of condition (1.9) is
similar. The Lindeberg condition (1.10) follows from the symmetry of the

distribution and the boundedness of the random variables. This concludes
the proof.

Proof of Corollary 1.3. We have to check the conditions of
Theorem 1.1. Conditions (1.5), (1.8), and (1.10) hold by the same reason as
in Corollary 1.2. We now check condition (1.7). Since Xy, ..., X1, have a
conditionally exchangeable distribution given F1), we get

1 n
B{X}| F} = ;E{ > X W}-
=1

n

ElE{X} | £M}-1|< % (E

This implies that
EE{X} | #M} -EX%|<E

1 n
- (Xﬁ—EXﬁ
A simple calculation shows that
2N?
EX121X]?2 - EXlzlEXfZ = —(N + 4)(N + 2)2
This implies that E|E{X? | #1} — EX}| < C/+/n, which completes the
proof.
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3. Stein’s equation for the semicircle law. We start from a sim-
ple characterization of the semicircle law. Let C(R) (respectively, C'(B),
B C R) denote the class of continuous functions on R (respectively, the class
of differentiable functions on B with bounded first derivatives on all compact
subsets of B). Introduce a class of bounded functions without discontinuity
of second order via

Clsa = {fi R R: f € CY(R\ {-2,2})
Tm |y f(y)| < oo; limsup|4—y?|f ()| < C}.
|ly|—o0 y—+2
At first we prove the following result.

Lemma 3.1. Assume that a bounded function ¢(z) without disconti-
nuity of second order satisfies the following conditions:

2
o(z) s continuous at the points T = £2, / e(u) V4 —u?du=0.
-2

Then there exists a function f € C%—m} such that, for any ¢ # £2,

(4 -2 f'(z) - 3zf(z) = ¢(2). (3.1)
If o(£2) = 0, then there ezists a continuous solution of the equation (3.1).
P roof. We define the following function f(z). Let £ < —2. Then

e -en{- [ 325 oo [ 85) 525

After integration we get

f(z) = — et e / o(u) Va? — 4 du. (3.2)
Analogously, we define for x> 2
f(z) = —ﬁ/—z /: o(u) Vu? — 4 du. (3.3)
For z € (—2,2), we have
f(z):= 413/2/ o(u) V4 — u? du. (3.4)

It is straightforward to show that the above function f(z) satisfies the equa-
tion (3.1). We calculate now

a:=lmf(z), b:=lim f(z), c:=limf(), di= lim f(a)

According to de I’Hopital’s rule, we get a = —c = —-<p(2) b=-d=

§ ©(—2). The function f(z) has jumps at the point z = +2 if (£2) 3 0 only.
The representation (3.2)—(3.4) together imply that limsup, ., |yf(y)| < oo
and limsup,_, 4, |(y*—4) f'(y)| < oco. This concludes the proof of the lemma.
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Proposition 3.1. The random wvariable £ has distribution func-
tion G(z) if and only if the following equality holds, for any function
feC_oq:

E(4-¢%) f'(¢) - 3E&f(6) = 0. (3.5)

Proof At first we proof the necessity. Assume that £ has dis-
tribution function G(z). By definition of the class C}_,,;, the func-
tion (4 —y%) g(y) f'(y) = (2m)7*(4 = ¥*)**f'(y) [;-2,21(¥) is continuous and
E|(4 - €2) f'(¢)] < oo. Integrating by parts, we get

B4-€)7(©) = [ (1-1)9(6) W)y

2
= - /_ W= 2u9(y) + (4 - y*)g'(y)ldy. (3.6)
Using definition (1.3), it is easy to check that, for y € [-2, 2],

4-v")9'W) = —y9(v). (3.7)
Substituting (3.7) in (3.6) we obtain (3.5). Now we prove the sufficiency

of condition (3.5). According to Lemma 3.1, for any fixed number z, there
exists a function f)(y) € C}_, 5y such that the following equation holds:

4=-9*)(FP W), - 3yfP(y) = ha(y) — G(), (3.8)
where h;(y) is the indicator function of the interval (—oo, z).

Evaluating the expectation of (4 — £2)(f® (y)).(&) — 36 f®)(€), we get
that, for any z, P{¢ < £} = G(z), which proves the proposition.

3.1. A Stein equation for random matrices. Let W denote a
symmetric random matrix with eigenvalues \; < --- < A,. f W = U™1ATU,
where U is an orthogonal matrix and A is a diagonal matrix, one defines
f(W) = U'f(A) U, where f(A) = diag(f(\1),.--, f(An)). We denote
by I, the identity matrix of order n x n.

We can now formulate the convergence to the semicircle law for the
spectral distribution function of random matrices.

Theorem 3.1. Let W, denote a sequence of random matrices of order
n X n such that, for any function f € C}_m},

n ' ETr(41, - W2) f/(W,) =3n'ETT W, f(W,) —0 as n— oo.
(3.9)
Then
A, :=sup |EF,(z) — G(z)| —0 as n— oo.

Proof. For any function f € C%—2,2}1 introduce the operator
Z.(f) :=n'ETr(4L, — W2) f(W,) — 3n'ETT W, f(W,,).
There exists, for any z, a solution of equation (3.8) f® € C%—z,z} such that
Zo(fP) = Ga(z) - G(2), (3.10)
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where G, (z) := EF, (z). To prove (3.10) we introduce a random variable J,
which is uniformly distributed on {1, ..., n} and which is independent on X;;,
1 <l < j < n. Note that

1< 1 ¢
=1

i =1
Consider equality (3.8) for y = A;:
(4 =X (DN, =3 fD(Ng) =h(\) = G(z).  (3.11)

Taking expectation of the both sides of (3.11), we obtain (3.10). Rela-
tions (3.9), (3.10) together complete the proof.
For any L > 0, consider the class of function C}_, , 1, := {f € C{_, 5

f(y) =0, fory ¢ [-L, L]}.
Corollary 3.1. Assume that, for some positive constant C,

1
limsup — E||W,||* < C.
n—oo T

Assume that, for any L > 0 and for any f € C{_351y, Zu(f) = 0 as
n — oo. Then

A, :=sup |EF,(z) - G(z)| —0 as n— oo.

Proof Let L > 0 be fixed Consider the function f (y) =
F®(y) Ii-1,1)(y). According to (3.8) we have

. 18
Zu(fs) = =Y E(Ip <o) — G(@)) Igpyicry
n —1

J
1 n
= Ga(z) - G(z) - oy ZE(I{MSI} - G(z))l{l)\jl?L}'
Jj=1
This equality implies that

. 1< 1 13
limsup|G,(z) = G < li — , < —1li 2 12
n_mp| (z) - G(=)] im sup — JZ:;EI{IA,I?L} < 7 limsup - ; E|)\|

1 . 1
< + limsup = E||W,, || (3.12)

L2 n—ooo N

Since the last limit on the right-hand side of (3.12) is finite and L is arbitrary,
we get limsup,,_, , |Gn(z) — G(z)| = 0. This concludes the proof.

Let W, = UTA,U,, where A, = diag()\;,...,\,). We introduce the
truncated matrix W := UTAQPIU,, where AQ) = diag(A", ..., A®D)) and
/\§L) = AjI{a;1<r)- The expected empirical spectral distribution function of
the matrix W) is defined by

1 n
EF{H)(z) := ~ Y El g,
=1 !
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It is easy to see that

11

= ZE[W,*

1 n
|EF,,(:D) - EF,£’“’(:c)| < n EEI{P‘:'I?L) S
Jj=1
4. The Stieltjes transform. Introduce the Stieltjes transform of a

random variable £ with distribution function F(z): for any z = u+iv, v # 0,
1 © 1
T(z) = = .
() =By /_mm_zdF(m)
In random matrix theory the Stieltjes transform of random variables

was used for the first time by Marchenko and Pastur [8].
Note that T'(z) is analytic for nonreal z and satisfies the conditions

ImT-Imz >0, Imz#0, supv|T(iv)|=1.
v2>1

It can be shown that for any continuous function ¢()) with compact support

/ " p()dF(Y) = lim -71; /_ ” o(A) InT(A + iv) dX.

Furthermore, the one-to-one correspondence between distribution functions
and their Stieltjes transforms is continuous with respect to the weak con-
vergence of distribution functions as well as with respect to the uniform
convergence on compacts sets in C\R.

4.1. The Stieltjes transform of a semicircle law. Introduce the
function f,(z) = (z — z)~!, for any nonreal z. Note that (f.(z)), =
—(f:(z)), = —=1/(z — 2)%. Denote by S(2) the Stieltjes transform of the
semicircle law. By definition of the Stieltjes transform, we have

o o] 1 ,
S@= [ 56 =ELE,  SE)=-ELO.=Eg
(4.1)
where ¢ is a random variable with the distribution function G(z). Applying
now equation (3.5), we obtain

4-¢ §
E({—z) +3E€ > =0. (4.2)
Combining (4.2), (4.1), and the obvious relations
4-¢& —2 % 4.3
Rl e ()
and
147 (4.4)

-2 E-2’
we obtain a differential equation for the Stieltjes transform of the semicir-
cle law

(22 —4)S'(2) —28(z) —2=0. (4.5)
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Solving this differential equation we obtain, for z and 2 such that Imz -
Im z, > 0,
( — 4)1/2 z du
S(z) = CENE S(z0) +2(23 — 4)*/? @)
where vVu2 — 4 = y/u — 2 v/u + 2 (principal argument). Since S(Z) = 5(2),
it is sufficient to calculate this integral for Im z > 0 only. Puttingu = {+¢™!
and ((u) = 3 (u + vu? — 4), we obtain

z du ¢ ¢d¢ 1 1 1
(@t~ =ilom=1 am=1) @9
It is easy to check that

u—+vu2—-4

(Pw)-1)7" = BN vk

Substituting (4.7) in (4.6), we obtain

S(z):ﬁg—:g;g(f}(zo)+%<zo— z§—4>)—%(z— z2—4). (4.8)

Since Im /zZ — 4 > 0,
1 2 2 2 -1
—lz0—\2—4|= < < 2up .
2 |Z° 0 I |20 + V22 — 4]  Im{z + 25 — 4} 0

According to (4.1), for 2o = ug + vy, we have |S(z)| < vy!. Passing to
the limit in equality (4.8) in 2y = ug + v, as vy — 00, we get the following
formula for the Stieltjes transform of the semicircle law, for all z such that
Imz > 0: §(z) = —} (2— /22 —4). This formula implies a simple algebraic
equation for the Stieltjes transform of the semicircle law, namely

S5%(z) +28(z) +1=0.

5. The Stieltjes transform of the spectral distribution function
of a random matrix. In what follows we shall omit the subindex n in the
notation of matrices. Recall that the spectral distribution function of a
random symmetric matrix W is defined as

1 n
Fn(.’t) = ',’; zI{,\,gz}a
j=1

where A;,..., A, are the eigenvalues of W.
We introduce the resolvent matrix for a symmetric matrix W: for any
nonreal z,

(4.7)

R(z) = (W - 2I)™!

where I denotes the identity matrix of order n x n. Introduce the Stieltjes
transform of the spectral distribution function as

* 1 1S 1 1
Mn(Z) = ./;oo’m—_—zan(.’B) = ;;AJ > = ; 'I&'R(Z).
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We shall consider also the Stieltjes transform of the expected spectral dis-
tribution function

S(2) = EM,(2) = /_: -z—i;dEF,,(a:) - %ETrR(z).

5.1. Estimation of the variance of the Stieltjes transforms of
spectral distribution functions of random matrices with dependent
entries. Let z = u + iv. Let W; denote the submatrix of W which is
obtained from W by elimination of jth column and jth row. Put R; =
(W; — 2I,_;). We are interested in a bound for the quantity

A=n"?E|TtR - ETrR[%.

We start with the following representation:

. 1 .
R(j,5) = TYNE) (1 -n;R(3,4)), (5.1)
where 7; = 0 +1$? + 7 + 9\, with
1 1
773(1) = TXJJv 77.?) =T (a?Riaj - UzTrR) '

n® = ZE(T‘rR—’I‘rR,-), 77,(4)=—0 (TR-ETrR).

At first we prove the following lemma.
Lemma 5.1. Assuming the conditions of Theorem 1.1 we have

Z E|17J(4)|2 —0 as n—oo.
]—1
P roof. Introduce the matrix with truncated entries,
we = (n-1/2(X(Z) _ EXJ(;))) .

where X7 := X;ilyx,.\<rvm)- Let WO = W — W(°) and R(®) = (W) —
2I,)7! and R®) = (W® — 21,)~1. Note that En~! Tr(W®)? < %, (7). By
resolvent equality we have

R =R - :ROWOR, (5.2)
This implies

Eln ! (TtR - ETrR)]? < Ej[n}(TrR® — ETrR)|?
+Cv~n'ETY(W®)? < Eln ™ (TrR©@ — ETrR©O)? + Cv™* Z, (7).

Let A© := Ejn ! (TtR©® — ETrR©®)|%. At first we assume that v > 2.
Using representation (5 1), we get

A© ¢ |z+S z)|2 ZE RO, j) — En{O RO, J)l 42 Eln{|?

n
, 3
_A(C) + ZEl (¢ 1)|2 = ZE'WJ('t 2)12 = ZEI (¢ )|2
p o

j=1
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where n](.t’l) =n"12X J(;),

n D = —n7 (&) RPa? ~o* T RY), 7" = o’n  (TrRO-TrR}?).

It is easy to see that E|77](."1)|2 <o?/n— 0asn— oo.

To bound s; = TrR — TrR; we need some auxiliary lemma. Let A
be an n X n symmetric matrix, and let A%) denote a principal submatrix,
obtained from A by deleting k-th row and column.

Lemma 5.2. The following bound holds: for z =u+iv, v > 0,
| Tr (A = 21,) 7 = Tr (A® — 21,,) 7| < v
Proof. Applying a Schur complement formula (see [6, Chap. 08,
p. 21]) with a] = (Xk1,- -, Xk k=1y Xk k+1y - - -» Xkn), W get
det(A—zI,) = (72X, —z—n"'al (A®) — 21, _;) 'a;) det (A®) — 21, _,).

Taking the logarithm of both sides of this equation and taking derivatives
we obtain

1+al (A% — 21, ;) 2a;
Ak — 2 — a{(A(k) - zIn_l)—lak '

Tr(A — 2I,)" ' = Tr(A® —21,_)) ! =

Let T be an orthogonal transformation which transforms A into diago-
nal form. Denote by p; < -+ < pn-; the eigenvalues of A, and let
(Y1, -+, Yn-1) = aF TT. Then

n-—1
11+ af (AW — 21, _5) ek = 14+ ) yf(m — 2) 72
=1
n-1

<1+ >y —u)? +0?) 7 <1+al (AP — oI, ;)* +v°L,_,) a;.
=1

Since for any commuting matrices A, B such that A%+ B? is nondegenerate
(A+iB)™!= (A -iB)(A?+ B?)},
we can directly verify that
Im (ap; — 2z — al (A® — 2I,_;) " 'ay)
=—v(l+a] (A® —ul,_,)? +v°L,_,) ay).

The last two relations yield the result.
Applying Lemma 5.2 with A = W and A®) = W®), we get

EARE

Similarly, we have Elnj(-t’s)l2 <n 2w ?250asn— oo.
Now we prove that

ElnU?2—0 as n— oo.
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We have
, 1 d c Zz j
Eln9?? = —2.E {((XJ(I:))2 ""2)2' (J)}'Rj(k’ 2l

k=1

%ZEE{(( DY — o?)(XF)? - 0% | 20}
k#l
X |B;(k, K| R; (1, 1)

+ 5 Y BB{(XQY(X$) | O HR, (k)
k#l
= B + BY) + BY) + BY.
For B, the bound
—ZB(’) < Z EX} <Cr
J—l nv l,j=1
holds. Analogously,
ZB(’) <72 EZE( XD Rk, P < T -1—2 S S EX:<cC
i=1 kAl W* iSik=1
We have the obv1ous bound

_E BY « =3 ZEEIE{( XJ(,?)Z (c)) )((XJ(;:))Z (U(c)) ) Ig(i)}l

j=1 J=1 k#l

+ s 2o 200"~ B[B{ (57" - o57)7) | £}

=1 ksl
3ZZV@ - o||o* - (@527

In view of the assumptions of Theorem 1.1 we have

n

‘ZB(’) < Ce® + C(e +¢® + £,(7) = max 3%,

1<j<
nisIsm o

< Ce® + CeW + @ + Z,(7)).

Collecting the last inequalities we get

_1—1

lim sup = Z Eln®?2<Cr?  limsup— Z Epnf*2<C
j=1 ]=1
where n(t ) = —¢2n~}(TrR© — ETrR©). The last inequality and inequal-
ity (5. 2) together imply that E[n"!(TrR — ETrR)|?> — 0 uniformly in all
compact subset in {z = u+iv: v > 2}. As simple implication we obtain that
for any v > 1 and for z = u + v with v > 4

n?E|TrR" -ETrR*|*—0 as n — oo. (5.3)
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To prove this we may use the Cauchy integral formula. We have
1 dv- -1

Y Y ETrR
TR’ -ETYR’ = g5 7o (DR - )
1 TrR(¢) - ETrR(()
27 Ji-zl=(v-2)/2 (€-2)
Since Im({ — z) > 2 we obtain (5.3). We now consider the obvious equality
1 1 . 1 1

z—2 z-(2+iV) +ZV:c—(z+iV) r—z
This equality yields the following representation:
TrR(z) = TrR(z +iV) +iVTYR*(z +iV) + - - + (iV)* TT R(z + iV)
+ (iV)* T R(2)R*(z + iV). (5.4)
Let v < 4. We take V = 4 — v. Note that

1

VE~ TrR(2) RH @ +iV)) < (1—“:@5.

We may choose k such that the last term will be less than €. The variances
of the first k terms on the right-hand side of (5.4) tend to zero. This implies
that, for any v > 0, n=2E| Tr R(u +iv) — ER(u +iv)|> — 0. This completes
the proof.

Proposition 5.1. Assume that, for any v # 0,

Ro(W)(2) := n'ETr(4I - W2) R2(2) + 3n~'E Tr WR(z) — 0
as n — oo uniformly on compact sets in C\R. Then
A,—0 as n — o0o.

P roof. Without loss of generality we consider the case Im z > 0 only.
In view of relations (4.1)-(4.5) we have
Zn(W)(2) = (2% — 4) S, (2) — 25n(2) - 2, (5.5)
where S,,(z) := nT'ETr(W — 2I)~!. Write 1,(2) := %,(W)(2). Rewriting
the representation (5.5) in integral form we get, for any fixed z, such that
Imzy > 0,

(2 -4 * (24 np(u)) du
$:(2) = gy (Snteo) + (3 - s [ BEBUIE),
Let S(z) denote the Stieltjes transform of the semicircle law. According
to (4.5), S(z) satisfies the equality

(2 -4)S'(z) —28(z) —2=0. (5.7)
The equations (5.7) and (5.6) together imply that
Su(z) ~ (z) = (———4)-/- (Sn(z0) = S(zo)) + (2 — )72 [ 1=l ge

( 5 20 (Cz - 4)3/2
(5.8)
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By definition of the Stieltjes transform, we have, for z = z + v,

max {|Sx(2)], [S(2)]} < v7". (5.9)
Let € > 0. Using (5.9), we choose 2o with Im zy > 2/¢ such that
|Sn(20) — S(20)| < &. (5.10)

Without loss of generality we may assume that |22 — 4| > 1.

Let 2z belong to some compact set K in the upper half-plane. It is easy
to check that there exists some constant C(K) depending on this compact
set K only such that, for all n > 1, the first summand in (5.8) satisfies the
following inequality:

( 4)1 /2

@-97
In order to bound the second term on the right-hand side of (5.8) we consider
a point z such that |22 —4| > 1. Let the integral f denote integration along
the any path I'(2, z) from z, to z in the upper half—plane Without loss of
generality we assume that, for all { € I'(2, z), the inequality [¢* — 4| > 1
holds. Then there exists a constant C(K') depending on the compact set K
only such that

(Sn(z0) — S(2))| < C(K)e. (5.11)

2 12 [F nn(C) dg¢
@ -4 [ ] <o) sp @ 12
If 0 < |2®2 — 4] < 1 we have
* na(¢) d¢ % 1a(¢) d¢ * mn(¢) d¢

(5.13)

vyl D WA cc e ] N P vy e

where zj, denotes some point in the upper half-plane such that |(zg)?—4| = 1.
It is straightforward to check that there exists an absolute constant C; such
that, for |22 —4| <1

|2% — 412 <Ch. (5.14)

[ 1 -4
The relations (5.7), (5.12), and (5.14) together imply that

z d(
2 _4|1/2 7(C) <C(K n +C (0]
|22 — 4| R cEE ( )<e§2£z3> 7€) lctlzszggmln (9]
(5.15)

Furthermore, the relations (5.9)—(5.15) imply that
limsup|S,(2) — S(2)| < C(K)e
n—00
uniformly on z € K. That means that S,(z) = S(z) as n — oo uniformly on

the all compact sets in C \ R. Note that for any distribution function F(z)
with Stieltjes transform T'(2) we have, for z = z + v,

ImT(z) = F * Fy(z),
where F, denotes Cauchy’s distribution function with parameter v and
F!(z) = m~'v(z® + v?)~!. This concludes the proof.
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6. A truncation of random variables. In this section we prove the
following useful statement. Consider some symmetric matrix D of order
n X n. Put

W=W+n"12D, R(z)=(W-2zI)""

Define the Stieltjes transform of the expected spectral distribution function
of matrix W by

S.(z) = n'ETrR(2).

Lemma 6.1. For any z = u + v with v > 0 the following inequality
holds:

18a(2) = Sa(2)| < n v (ETr D?)V/2,

Proof Note that
R(z) = R(z) + n"R(z) DR(z). (6.1)

Denote by || - ||, the spectral norm of a matrix. For resolvent matrices we
have, for z=u + v, v > 0,

max {|R(2)lls, IR(2)lls} < v (6.2)
Inequality (6.2) implies that
n~%?| Tr R(z) DR(2)| < n~'v™?(Tr D?)/2. (6.3)

The relations (6.3) and (6.1) together conclude the proof.

For a random variable X, define X© = X I{;x|<c} — EX I{;x|<c}, Which is
a truncated and recentred random variable. Introduce the matrix W() with
the truncated entries: W) (j,1) = n=1/2X © Let RO)(z) = (W© — 2I)~!
and S9(z) = nT'ETrRE(2).

Corollary 6.1. For any z = u + v with v > 0,

1/2
1S)(2) — Sa(2)| < ( ZE lI{IXnI>c}> :

Jil=1

Proof. The result follows from Lemma 6.1 with W = W and
n"2D = W — W.
We define S(M(2) := S¢V)(2).
Corollary 6.2. For any z = u + 1w with v > 0, |S((z) — §,(2)| <
—2L1/2(7.)

Proof. The result follows from Corollary 6.1 with ¢ = 7/n.
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7. The proof of Theorem 1.1. Without loss of generality we may
assume that 02 = 1. Recall that, for fixed 7 > 0,

X7 = XaIyxacrvm = BXpIxaicryvmy- (7.1)
Define the symmetric matrix W(") of order n x n by W(’)(l j)=n"72x{D,
for 1 <1 < j < n Let RM(z) = (WO — 2I,)"! and S(’)(z)
n~'ETrR™(2). According to Corollary 6.2 we have, for any z = u + v,

v >0,

1857 (2) = Sa(2)] < v™2Ly/*(7). (7.2)
Note that

SM'(2) =n 'ETY(R™)? and S.(z) =n'ETrR2 (7.3)

Using Cauchy’s integral formula, we get

1557 (2) = S,.()] < 4= LY*(). (7.4)
Introduce the matrices U®), for 1 < I < j < n, with entries U%)(m, k) = 1 if
and only if {m, k} = {l, 5} or {m, Ic} {j,1} and U%)(m, k) = 0 otherwise.
Define the matrices (W) = W) — n-1/2X,. UM and (RM))(2) =
((W™)t) — 21.)-1. In what follows we shall omit z in the notation of

resolvent matrices. The resolvent matrix R(" may be represented as

. 1 . . .
R™ = (RM)#) - —_ xD(RM)EYEL)(RM)E)
vroY

1,0 N
+= (Xl(j N2(RM)EDYHDRM, (7.5)

For the matrix R("), notice that
-—E’I‘rW(’)R(’) =F Y @-0EXPRTGL.  (7.6)

1<ji<ign

Using (7.5), we obtain

n'ETTWOR®M = A; — A, + As, (7.7)
where

A === 3 (-G EXDED)PG,

1<J<l<n

1 T T T
4= — 3 (2- &) EXD)RO) DU (RD) ),
1<I<J<‘n

As z (2-6;) E(X(f))s(R(r))(lJ)U(lJ)R(f)(l 7).

=3
n \/— 1<i<i<n

Here and in what follows d;; is defined by &; = 1, k = j, and &; = 0
otherwise. At first we estimate Aj;. It is easy to see that

max{||(R(’))('j)U(’j)(R("'))(‘j)||s, ||(R<f>)(tj)U(zj)R(r)||'} <v?  (7.8)
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According to the definition of X, ,(.T) and inequality (7.8), we get
sl < 55 3. E(X)< ( +e). (7.9)
1<l<]<n
By condition (1.5), 4; = 0. Using relations (7.8) and (RM)®) = R(™ +
n~12X ](Z) ROVUGDRD, we get

|4y — As| <C(1+€Q) v, (7.10)
where 1
A= Y (2-8)BXROUPRO@).  (711)
1igign

A simple calculation shows that

ROUDRO (1) = RO, 5) ROW 1) + 85 (RDP(L5).  (7.12)
Substituting (7.12) in (7.11), we get
A4 = A5 + Aa, (713)
where
1 - e o plr
As = — (2 - &) B(X,7)* R (5, ) RO(1, 1),
1igjisn
.2 r - .
Ag = — E(X)*(RM)(, j).
1<i<jgn
Using that |X] (T)I < T4/n, we get
1
|[4sl < 7= > (2-6;) E[RT (G, k)|* < 277072 (7.14)
™ 1<i<ksn
For fixed j = 1,...,n, introduce the symmetric matrix D§~T) =

(D57 (4 k)ikm, with DIV (G, k) = n2XD if j < k < m, D (k,j) =
n‘l/zX,(c;) if1 < k<j,and D;T)(l,k) =0, for 1 <! < k < n, otherwise.
Define the matrices W) = W(") — D§-T) and R(™) = (W) — 21,)-1.
Using these notation we have, for 5,/ =1,...,n and [l # j,

R™(1,1) = R™)(1,1) - ROIDORO(1, 1) (7.15)

and
7,3 T T 1 - T T,J . T
ROIDOR (1, 1) = 77 2 Xk RO (.3) ROk,
k=1
1 () pen (4
t ,;Xj,k RTI(1,k) R7(4,1).  (7.16)
Substituting equalities (7.15) and (7.16) in (7.14), we get
A5 = A7 - Ag - Ag, (7.17)
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where
1 r
Ar = (2 - &) E(X()*RD(j, 5) R™(1, 1),
1<z<j<n
4 = f > (2- 51:)ZE(X(T))ZX;Z)R(T'j)(l,j)R(T)(k,l),
1<IGgn
4o = nz\/— Y. (2= 8y) Y EXDPX DR, k) ROG1).
1KI<ign k=1
Applying (7.5), we obtain
Ag = Ay — An — Ay, (7.18)
where
Ao = f > (- 51:)ZE(XzT))zx(T)R(T”)(l,J') (B k, ),
1I<ign
1 T T T,
An=— > (2- au)Zqu XG0V RO k)
" <i<ign
X (R(f))(jk)(j, k) R(")(k, ),
An=—= ) (- 51:)21‘3 (X5 )2 (X50)? BT (1, k)

1<l<]<‘n
x 8;k(R™)9*)(k, k) R™)(4,1).
It is not difﬁcult to check that

|Awl < = Z E(x(‘r))ZZIR(T) k,1) R(”)(l k)|

J,k=1
2> n 1/2 4 o 1/2
n_' Z E()(J(I:))2 < Z IR(T) (k1 l)lz) (Z |R(T'])(k’ l)lz)
k=1 =1 =1
n 72
)< = (1+Q). (7.19)
] k=1 v

Analogously we obtain the estimate
2
[Asa] < (1 +€2). (7.20)
By (1.5), we have
Ay =

= f >, (2= 8,) E(X)RT(1,5) (RT)P,1).  (7.21)
1<Iisn

This equality yields
2T r
Al < 5 3 BXD) < 5 (1+6D). (7.22)

1KISisn
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Relations (7.18)—(7.22) together imply

T T 2
|As| < = (5 + 1)(1 +€@). (7.23)
Analogously we get
T (T 2
ol < (2 +1) 1+ (7.24)

Repeating the arguments (7.15)—(7.24) with R(")(j, j) in the definition of A,
(see (7.17)), we obtain that

As = Az + Ay, (7.25)
where
A== Y (2-6)BXVROGH)ROIQY,  (120)
1<Igign
and
|A14] < 0—2 ( + 1) (14€@). (7.27)

For any 1 < j < I < n, introduce the o-algebra FUh{} ;= ¢{X;: 1 <
k < m < n, and {k,m} N {j,i} = @}. Note that FUH{} c FU and
FUhit ¢ ZO, Then we have

E(X) R™0(, 5) R™(1,1) = B(B{(X[? )R (1,1)| #0} RTO(, )
_ E<E{( X2 R, l)l g{j},m} R, l))
= E(E{E{(XJ({)) ‘ym}Rm)( )’g{:} {z}}R(rn(J ]))
This gquality implies that
[BOGPROG,5) R ~ BB R, 5) RI(L1)|
< %EIE{(X},”)’ | F} - E(X;,’))2|. (7.28)

Combining inequalities (7.2), (7.4), (7.17), (7.25), (7.27) and (7.28), we ob-
tain

nTETTWOR® = A5 + Ay, (7.29)

where

Als— Z ERTI(L,1) R™(5,5), |Awl < Z 1|+ L, (7).

Consider now A;5. Applying (7.15) again yields
Ais = Ai7 + Asg + Ay, (7.30)
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where
Ay = = Z ER™(1,1) R™(j, j),
],l—l
n n
Ay = EXS R™D(j,1) R‘”(y,k)
I
n n
Apg Z Z EX{ R (5, k) R™ (G, 1).

For A;; we have the following representation:

1 n o n i
Ay = B;EE[R‘*’(J,J)ZR‘ '”(t,l)]
j=1

1 O |
= (= () 2: (r) (ri) _ = ()
< TR ) + =) ER'(j, ])( TrR TrR ) (7.31)

1—1
Applying Lemma 5.2, we get
2
Ay = (-1- 'DrR“)) + 4
n nv

with some 6, |0| < 1. Furthermore,

(7.32)

n n 1/2 n 1/2
T T . T . T
sl < o5 D E( > IR ’l)(J,l)lz) (2 RS ’(J,k)l"’) <57 (1+ed).
Jj=

k,l=1 j=1

Analogously,
r
|A19| < ﬁ (1 + 85‘2)).
Relations (7.28)—(7.34) imply that

2
%E’I‘rW"’R") = —E(% 'nR(”) + As

with c c
Al < 5 (14 55) 1+ ).
Applying Corollary 6.2, we obtain
nlETTWORM = —E(n~ TTR™M)? + 4,
with

|Az1] < C’(1+——)<1+ eP) + o ()1 +1e)).

Here we have used the equality
WR=2R+1L

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)



Spectra of random matrices with martingale structure

191

Finally, by Lemma 5.1, we obtain
n'ETTWR = —(En~ ' TrR)? + Ay,

where ’Azzl |A21| + 5 and (5 — 0 asn — oo.
Note that d

% ETrWR?(z) = P E Tr WR(z2).
Applying Cauchy’s integral formula, we obtain
n'ETrWR?(z) = —2(En~' TrR?)(En"' TrR) + Azs,
where

Al < S (14 )+ ) + S LB+ ),

Furthermore,
n~'ETr(41, - W?)R?(z) + 3n'E Tr WR(2)

= 4n'ETrR?(2) — zn 'ETr WR?(z) + 2n"'E Tr WR(2).

Substituting (7.40) and (7.41) in (7.43), we get
n~'ETr(4I - W2) R%(z) + 3n~'E Tr WR(2)
= 45)(2) + 225,,(2) Sa(z) — 252(2) + Asq,
where

C C
Aad < 55 (1+ ) 1+ 60) 4 S LN + 12,

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

Relation (7.38) and (7.39) together imply that S%(z) + 2S,(2) + 1 = Ag;s,

with

| Ags| < (1+—)(1+ @)+ C L)1+ 2P?).

The last equality may be rewritten as
24 25,(2) = —Sn(2)(2 + 2Sn(2)) + 2A5.
Relation (7.44) and (7.46) together imply
n'ETr(4I - W?) R%(2) + 3n'E Tt WR(z)
= —25,,(2) Sa(2)(2 + 25n(2)) — 253(2) + Az,

where

|Aze| < (1 + -—)(1 + @) += ¢ = LY/ (1)(1 + |2]%).

Note that
Sa(2)(z+ 250(2)) + 8a(2) = < {2 + 25,(2) +1}.

(7.46)

(7.47)
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Applying Cauchy’s integral formula we get
S1,(2) (2 + 28,(2)) + Sn(2)| < (1 + —) (1+2) + LI/Z(T)(I +2]%).

Finally, using that |S,(z)| < v™!, we obtain
[n~'E Tr(4I — W?)R?(2) + 3n"'E Tr WR(2)|
S: <1 + Q)(1 +e@) + %L,l,/z(f)(l + |2]%). (7.48)
From relation (7.48) it follows that
lim |[n"'ETr(41 - W?) R?(2) + 3n'ETr WR(2)| = 0,
uniformly on all compacts in C\R. Applying Proposition 5.1 concludes the
proof.

\
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