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LIMIT THEOREMS FOR SPECTRA OF RANDOM MATRICES 
WITH MARTINGALE STRUCTURE1) 

Мы изучаем классический ансамбль вещественных симметрич­
ных случайных матриц, введенный Ю. Вигнером. В работе раз­
вивается метод Ч. Стейна для изучения асимптотики ожидаемой 
спектральной функции распределения матриц большой размерно­
сти. Метод основан на дифференциальном уравнении, которому 
удовлетворяет плотность полукругового закона. 

Ключевые слова и фразы: случайные матрицы, метод Стейна, 
полукруговой закон. 

1. Introduction. Let Xjk) 1 ^ j < к < оо, be triangular array of 
random variables with EXjk = 0 and EX2

k = a2

k, and let Xkj = Xjki for 
1 ^ j < к < oo. For a fixed n > 1 , denote by Ai ^ • • • < A n the eigenvalues 
of the symmetric n x n matrix 

W = (W(j,k))lk=v W(j,h) = n-1'2Xjtk, for l < j < * < n , ( 1 . 1 ) 

and define its empirical spectral distribution function by 

n i = i 

where Iв denotes the indicator of an event B. We investigate the convergence 
of the expected spectral distribution function EFn(x) to the distribution 
function of Wigner's semicircle law. 

Let g(x) and G(x) denote the density and the distribution function of 
the standard semicircle law, that is, 

I px 

9(x) = ^ \ / 4 - x 2 7 { | x | < 2 } , G(x) = J g(u) du. ( 1 . 3 ) 
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The goal of this paper is to illustrate the possibilities of Stein's method 
for the investigation of Stieltjes transform of empirical spectral distribu­
tion function of random matrices and some of its applications. A similar 
approach based on the representation of type (7.5) and (7.6) in random ma­
trix theory was used for the first time by Pastur for investigation of the 
Stieltjes transform of random matrices of the Wigner ensemble (see, for in­
stance, [12], [7], [10]). 

We state some general conditions of the convergence of the expected 
distribution function of random matrices to the semicircle law (of not nec­
essarily independent entries) and give some applications of the main result. 
In Section 2 we derive a Stein-type equation for the semicircle law and pro­
vide on this basis some criteria of convergence to this law. We shall assume 
that EXji = 0 and a2

{ := EX2

U for 1 ^ j ^ I < n. Introduce, for any j , I, 
1 < j ^ J < n, the сг-algebras = a{Xkq: 1 < к ^ q < n, (fc, q) ф (j, I)} 
and = a{Xkq: l ^ f c ^ g ^ n , к ф j and q ф j}, 1 ̂  j ^ n. We introduce 
as well Lindeberg's ratio for random matrices, that is, for any r > 0, 

(1.4) 

Furthermore, we use the notation X^ := Х^цх^ту/К} - E ^ f y x ^ l W n } * 

Й , ) а = Е Й ) ) 2 -
Theorem 1.1. Assume that the random variables X^, 1 < j < n, 

l < Z < n , n ^ l , satisfy the following conditions: 
(a) for any т > 0 

E{x£> I = 0, 
1 

max max — < J \ < С < oo, 

3—1 1=1 

(b) there exists a2 > 0 such that 

f : 4 Й Й - ^ Н 0 as п - ю о , 
« » 1 1 ч 

43,-4t £ E | E { ( ( X « ) 2 - B ( X < I > f ) 

x ( ( X < [ ) ) 2 - E ( 4 ^ ) 2 ) | ^ ) } | - ^ 0 

(c) for any fixed r > 0 

L n ( r ) -> 0 U5 П 4 0 0 . 

as n 

(1.5) 

(1 .6 ) 

oo; 

(1.7) 

(1.8) 

a s n oo; (1.9) 

(1.10) 
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Then 
Д п := sup \EFn(x) - Gixa'^l — • 0 as n -> oo. 

X 

By | |W|| we denote the Probenius norm of a matrix W : | |W| | 2 = 

E ; = 1 i A , i 2 = E - f c = i i ^ f c ) i 2 -
R e m a r k 1.1. Note that condition (1.8) implies that 

lim n - ' E l l W f = a2 < oo. 
Corollary 1.1. Let Xy , 1 ^ / ^ j < oo, be independent and EX^- = 0, 

EXj 2 = a2. Assume that, for any fixed r > 0, Ln(r)—>0 as n -> oo. 
Then the expected spectral distribution function of matrix W converges to 
the distribution function of the semicircle law, that is, 

An := sup \EFn(x) - G(xa'l)\ —> 0 as n -> oo. 
X 

The investigation of the convergence of the spectral distribution func­
tions of real symmetric random matrices with independent entries has a long 
history. For details see, for example, [1]. Convergence assuming Lindeberg's 
condition (Corollary 1.1) was proved in [13]. 

Another application of Theorem 1.1 is the distribution of spectra for 
the unitary invariant ensemble of real symmetric n x n matrices W n = 
(n~ 1 / 2 X/ J

n ^) induced by the uniform distribution on the sphere of the ra­
dius y/N in RN with N = n(n + l ) / 2 , that is, 

J2 ( 4 n ) ) a = *- ( i ; u ) 

Rosenzweig in [14] defined this class of random matrices as a fixed-trace 
ensemble and proved the semicircle law using Wigner's method of moments. 
This class is described in [9, Chap. 19] as well. 

Corollary 1.2. Let \ 1 < I < j n , for any n 5* 1, be distributed 
as above. Then 

Д п : = s u p | E F n ( x ) -G(x)\—>0 as n -> oo. 
X 

We may consider the ensemble of real symmetric nx n matrices deter­
mined by the uniform distribution in the ball of the radius y/N in KN with 
N = n{n + l ) / 2 , that means that Ег^к^Л^)2 < N. This class of ran­
dom matrices was introduced by Bronk in [2] as a bounded-trace ensemble. 
The eigenvalue density for the bounded-trace ensemble is identical to the 
density of zeros of Hermite-like polynomials. Using this fact, Bronk proved 
the semicircle law for such matrices. See also [9, Chap. 19]. 

Corollary 1.3. Let Хц \ 1 ^ / ^ j ^ n, be distributed uniformly in the 
ball of the radius y/N in KN with N = n(n + l ) / 2 , for any n ^ 1. Then 

An —> 0 as n -> oo. 
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2. Proofs of the Corollaries. 
P r o o f o f C o r o l l a r y 1.1. It is easy to check that all conditions 

of Theorem 1.1 hold. 
P r o o f o f C o r o l l a r y 1.2. To prove the corollary we have to 

examine the conditions of Theorem 1.1 only. Since all one-dimensional dis­
tributions are symmetric and the random variables X^\ 1 < / ^ j < n, are 
exchangeable, conditions (1.8) and (1.6) hold with С = a2 = 1. It is easy to 
see that the conditional distribution of Хц given is symmetric. This 
yields condition (1.5). To check conditions (1.7) we note that, since Xtj are 
exchangeable, 

E B I E K A J I ^ - ^ ^ B I B K ^ I ^ 1 ) } - ! ! . 

Furthermore, using equality (1.11), we get 

Е { Х 2

п \ ^ } = М - ± Е { Х 2

и \ ^ } - E Ц-
1=2 20^j^n 

This implies that £Г-1 ЩХ2

г \ = EJU-Y?,. Since Xlh I = 
1 , . . . , n, are conditionally exchangeable given we have E{X2

t \ = 

Applying Cauchy's inequality, we get 
2 \ 1/2 

Б | Е { ^ | ^ ) } - 1 | < ^ Е 
1=1 

Direct calculations show that, for 1фэ, E ( X £ - 1)(X^ - 1 ) = 2/N. The last 
relation yields E |E{X?| | - 1| < C/y/n. Checking of condition (1.9) is 
similar. The Lindeberg condition (1.10) follows from the symmetry of the 
distribution and the boundedness of the random variables. This concludes 
the proof. 

P r o o f o f C o r o l l a r y 1.3. We have to check the conditions of 
Theorem 1.1. Conditions (1.5), (1.8), and (1.10) hold by the same reason as 
in Corollary 1.2. We now check condition (1.7). Since X n , . . . , X i n have a 
conditionally exchangeable distribution given we get 

Е М | ^ 1 ) } = Ь | Е ^ 1 ^ ( 1 ) } -

^±(X2

U-EX2

U) 

This implies that 

E |E{X 1

2

1 I - EX^\ < E 

A simple calculation shows that 

TP V"2 V"2 IP V2 T v2 2N2 

(N + 4){N + 2)2 

This implies that E | E { X ^ | - EX^\ < C/y/n, which completes the 
proof. 
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3. Stein's equation for the semicircle law. We start from a sim­
ple characterization of the semicircle law. Let C(R) (respectively, Cl(B), 
B c R ) denote the class of continuous functions on R (respectively, the class 
of differentiable functions on В with bounded first derivatives on all compact 
subsets of B). Introduce a class of bounded functions without discontinuity 
of second order via 

C } _ 3 , 2 } = {/: R -+ R: / 6 C \ R \ {-2,2}); 

, ? m \yf(y)\ < oo; l i m s u p | 4 - y2\\f'{y)\ < c \ . 

At first we prove the following result. 

Lemma 3.1. Assume that a bounded function <p(x) without disconti­
nuity of second order satisfies the following conditions: 

r* 

(p(x) is continuous at the points x = ± 2 , J (p(u) v 4 — u2 du = 0. 
Then there exists a function f € Cj_ 2 > 2 } such that, for any x ф ± 2 , 

(4 - x2) f'(x) - 3 x / ( x ) = <p(x). (3.1) 

Ifip(±2) = 0, then there exists a continuous solution of the equation (3.1). 

P r o o f . We define the following function f(x). Let x < —2. Then 

After integration we get 

/(*) : = - ( х 2 Л ) з / 2 £ *w> v^7idu- w 
Analogously, we define for x > 2 

f { x ) = = ~ ( s » - 4 ) 3 / 2 £ *>(«0 d u - (3-3) 

For x e ( - 2 , 2 ) , we have 

f { X ) : = | S 2 - 413/2 £ ^ ^ ( 3 - 4 ) 

It is straightforward to show that the above function f(x) satisfies the equa­
tion (3.1). We calculate now 

a : = l i m / ( x ) , b := lim fix), с := lim fix), d := lim fix). 
x\2J 4 П xS~2JX " xS2JX П x\-2JK ' 

According to de l'Hopital's rule, we get a = - с = - | < p ( 2 ) , b = -d = 
I y>(-2). The function f(x) has jumps at the point x = ± 2 if </?(±2) ^ 0 only. 
The representation (3.2)-(3.4) together imply that l i m s u p ^ ^ \yf(y)\ < oo 
and l imsup y _> i 2 | ( y 2 - 4 ) f'(y)\ < oo. This concludes the proof of the lemma. 
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Proposition 3.1. The random variable £ has distribution func­
tion G(x) if and only if the following equality holds, for any function 

f e q _ 2 i 2 } : 
E ( 4 - £ 3 ) / ' ( 0 - 3 E £ / ( 0 = 0. (3.5) 

P r o o f . At first we proof the necessity. Assume that £ has dis­
tribution function G(x). By definition of the class CJ_ 2 f 2}> A c ­
tion (4 - y2) g(y) ff(y) = (2тг)- 1(4 - y2f/2f\y) / [ - 2 ,2 ] (y) is continuous and 
E|(4 - £ 2 ) / ' ( 0 1 < °°- Integrating by parts, we get 

E(4 - e) Л 0 = / V - y2) g(v) fb) dy 

= - f2 / (» ) [ - Ш У ) + (4 - у2) дЫ dy. (з.б) 
Using definition (1.3), it is easy to check that, for у € [—2,2], 

( 4 - y V ( y ) = -00(v)- (3.7) 
Substituting (3.7) in (3.6) we obtain (3.5). Now we prove the sufficiency 
of condition (3.5). According to Lemma 3.1, for any fixed number x, there 
exists a function f^x\y) € C|_ 2 2 } such that the following equation holds: 

(4 - У 2 ) ( / ( Х ) ( У ) ) ; - 3y/(*>(2/) = M v ) " G{x), (3.8) 

where hx(y) is the indicator function of the interval (—oo, x). 
Evaluating the expectation of (4 - £ 2 ) ( / ( ж ) Ы ) х ( 0 - 3£/<ж>(£), we get 

that, for any x, P{£ < x) = G(x), which proves the proposition. 
3.1. A Stein equation for random matrices. Let W denote a 

symmetric random matrix with eigenvalues Ai < • • • < A n . If W = U _ 1 A U , 
where U is an orthogonal matrix and Л is a diagonal matrix, one defines 
/ ( W ) = U - V ( A ) U , where / (A) = d i a g ^ A ^ , . . . , / ( A n ) ) . We denote 
by I n the identity matrix of order nx n. 

We can now formulate the convergence to the semicircle law for the 
spectral distribution function of random matrices. 

Theorem 3.1. Let W n denote a sequence of random matrices of order 
nxn such that, for any function f € C{_ 2 2 j , 

n ^ E ^ ^ - W ^ / ^ W J - S n ^ E T r W n ^ W n ) — > 0 as n -> oo. 
(3.9) 

Then 
Д п : = s u p | E F n ( x ) -G(x)\—>0 as n -» oo. 

X 

P r o o f . For any function / € C|_ 2 2y, introduce the operator 

Jfn(f) := n - 1 E I V ( 4 I n - W 2 ) / ' ( W n ) - З п ^ Е Т * W n / ( W n ) . 

There exists, for any x, a solution of equation (3.8) f^ G C^_22y such that 

#n(f(x)) = Gn(x)-G(x), (3.10) 
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= С И - - J f ] E ( / { M l } - < ? ( * ) ) / { l * i l > L } . 
n . _ 

This equality implies that 

1 n 1 1 n 

l imsup |G n (x ) -G{x)\ ^ l i m s u p - У " Е / { | Л ^ — l i m s u p - Y ] E l A i l 2 

< ^ l i m s u p i E | | W n | | 2 . (3.12) 

Since the last limit on the right-hand side of (3.12) is finite and L is arbitrary, 
we get l i m s u p ^ ^ \Gn(x) - G(x)\ = 0. This concludes the proof. 

Let W n = U £ A n U n , where A n = diag(A b . . . , A n ) . We introduce the 
truncated matrix Wf> := U£A№>Un, where A ^ = d iag(A (

1

L ) , . . . , A^>) and 
Aj L ) = A J - / { |A I «L}- The expected empirical spectral distribution function of 
the matrix is defined by 

j=i 

r 

where Gn(x) := E F n ( x ) . To prove (3.10) we introduce a random variable J, 
which is uniformly distributed on { 1 , . . . , n} and which is independent on Xtj) 

1 < I < j < n- Note that 

P{A, ^ x} = ~ E P { A ; < * } = ^ E E A A ^ X } = EFn(x). 

Consider equality (3.8) for у = \j: 

(4 - A j ) ( / W ( A j ) ) ; - 3 A J / W ( A J ) = fc,(Aj) - ОД. (3.11) 

Taking expectation of the both sides of (3.11), we obtain (3.10). Rela­
tions (3.9), (3.10) together complete the proof. 

For any L > 0, consider the class of function C j _ 2 2 L j : = { / G C | _ 2 2 j : 
/ ( y ) = 0, for у £ [ - £ , , £ , ] } . 

Corollary 3.1. Assume that, for some positive constant C, 

l i m s u p - E | | W n | | 2 < C . 
n-»oo П 

Assume that, for any L > 0 and /or any f € C J _ 2 , 2 , L } > ^n(f) 0 as 
n -> oo. TTien 

Д п := sup |EF n (x ) - G(x)| — » 0 as n -» oo. 

P r o o f . Let L > 0 be fixed. Consider the function / ж ( у ) = 
/ ( х ) ( у ) J[_ L ) L ](y). According to (3.8) we have 
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Jt is easy to see that 

|EF„(x) - EF?4*)\ < J E B / W < biEllWnl{2-
4. The Stieltjes transform. Introduce the Stieltjes transform of a 

random variable £ with distribution function F(x): for any z = u+iv, v ф 0, 

T(z) = E - J - = Г J-dF(x). 
£ — Z J-OQ X — Z 

In random matrix theory the Stieltjes transform of random variables 
was used for the first time by Marchenko and Pastur [8]. 

Note that T(z) is analytic for nonreal z and satisfies the conditions 

I m T - I m z > 0 r I m z ^ O , swpv\T{iv)\ = 1. 

It can be shown that for any continuous function (p(X) with compact support 

Г <p(\) dF(X) = lim - Г <p(X) Im Г(Л + iv) dX. 

Furthermore, the one-to-one correspondence between distribution functions 
and their Stieltjes transforms is continuous with respect to the weak con­
vergence of distribution functions as well as with respect to the uniform 
convergence on compacts sets in C\R. 

4.1. The Stieltjes transform of a semicircle law. Introduce the 
function fz(x) = (x - г )" 1 , for any nonreal z. Note that (fz(x))'x = 
—(fz(x))z = ~~ z ) 2 - Denote by S(z) the Stieltjes transform of the 
semicircle law. By definition of the Stieltjes transform, we have 
s{z)=Г v=~zdG{x)=ЕЛ(0'

 s'{z)
 = -E »̂*=Ejjzhp> 

(4.1) 
where £ is a random variable with the distribution function G(x). Applying 
now equation (3.5), we obtain 

* ( ^ + З Б ^ = 0 . (4.2) 

Combining (4.2), (4.1), and the obvious relations 

4 - £ 2 4 - г 2 2z 

and 

- 1 - - — (4.3) 

* = 1 + т ^ - , (4-4) 
t - z ' £-z> 

we obtain a differential equation for the Stieltjes transform of the semicir­
cle law 

(z2 - 4) S'(z) - zS(z) - 2 = 0. (4.5) 
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Solving this differential equation we obtain, for z and z0 such that Im z • 
Im z0 > 0, 

where \/u2 - 4 = 0 * - 2 \ /u + 2 (principal argument). Since S(z) = S(z), 
it is sufficient to calculate this integral for Im z > 0 only. Putting и = C + C " 1 

and C(u) = \{u + \Ju2 - 4), we obtain 

du _ /•«*> C<*C = 1 Г 1 1 ' 

ы ( С 2 ~ 1 ) 2 " " 2 к 2 Ы - 1 c 2 w - i / 

It is easy to check that 

Г du fi{ 

Л „ ( и 2 - 4 ) 3 / 2 - У с ( 2 

(4.6) 

Substituting (4.7) in (4.6), we obtain 

s{z)=w^{s{zo)+- J*-*)) - U* -v^)-(48) 

Since Im yjz\ — 4 > 0, 
1 П—7 2 2 о - l 
2 Fo + V^o ~ 4 I I m { * o + Vzo - 4) 

According to (4.1), for z0 = u0 + iv0, we have | £ ( г 0 ) | ^ V Q 1 - Passing to 
the limit in equality (4.8) in z0 = uQ + iv 0 as v0 -¥ oo, we get the following 
formula for the Stieltjes transform of the semicircle law, for all z such that 
Im z > 0: S(z) = — | (z — \ / z 2 — 4). This formula implies a simple algebraic 
equation for the Stieltjes transform of the semicircle law, namely 

S2(z) + zS(z)+ 1 = 0. 

5 . The Stieltjes transform of the spectral distribution function 
of a random matrix. In what follows we shall omit the subindex n in the 
notation of matrices. Recall that the spectral distribution function of a 
random symmetric matrix W is defined as 

1 n 

n . . 
•7=1 

where A b . . . , A n are the eigenvalues of W . 
We introduce the resolvent matrix for a symmetric matrix W : for any 

nonreal z, 
R ( z ) = ( W - z I ) - \ 

where I denotes the identity matrix of order n x n. Introduce the Stieltjes 
transform of the spectral distribution function as 

Mr {z) := Г - L - d F n { x ) = i £ - i - = ± TVR(s). 
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We shall consider also the Stieltjes transform of the expected spectral dis­
tribution function 

Sn(z) := EMn(z) = Г -!—dEFn{x) = - E T r R ( ^ ) . 
У-оо X - Z П 

5.1. Estimation of the variance of the Stieltjes transforms of 
spectral distribution functions of random matrices with dependent 
entries. Let z = и + iv. Let Wj denote the submatrix of W which is 
obtained from W by elimination of j t h column and jth row. Put R ; = 
(Wj — 2 l n _ i ) . We are interested in a bound for the quantity 

A := r T 2 E| TrR - ETrR| 2 . 

We start with the following representation: 

Z + Sn{Z) 

where r\$ = rfp + r)f* + rfp + r)f \ with 

I ? : = j=X», , f : = - i ( a j R , a , - ^ T Y R ) , 

Л 3 > : = a 2 - (TV R - TVR,) , т?7<4) := - a 2 - ( T V R - E T r R ) . 
n n 

At first we prove the following lemma. 
Lemma 5.1. Assuming the conditions of Theorem 1.1 we have 

A = -f^E\7]f\2—+0 as n-*oo. 

P r o o f . Introduce the matrix with truncated entries, 

W « = ( n - ^ ^ j ? - E X ^ ) ) " f c = i , 

where X $ :=. w * } - Let W<*> = W - W<c> and R<c> = (W<<> -
Л , , ) " 1 and R<*> = ( W ( t ) - Note that E n " 1 b ( W ( " ) 2 < -£f n(r). By 
resolvent equality we have 

R = R ( c ) - z R ( c ) W ( t ) R . (5.2) 

This implies 

E | n - 1 ( T V R - E T V R ) | 2 < E | n - 1 ( T V R ( c ) - ETVR<C>)| 2 

+ C v - 4 n - 1 E T r ( W ( t ) ) 2 < E | n _ 1 ( T V R ( c ) - E T r R ( c ) ) | 2 + С г Г 4 Х ( т ) . 

Let := E | n - 1 ( T V R ( c ) - ETVR ( c >) | 2 . At first we assume that v > 2. 
Using representation (5.1), we get 

A l c ) < j 7 7 ^ n £ E l ^ > B < ' ' ( " b ^ 

v v j=i v 3=1 J= l 
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where i7<M) = n'l'2Xf), 

= - n -4 ( a J c ) ) T R i c ) a ; c ) - - c 7 2 I V R ; c ) ) , r?f3 ) = ^ n ^ R ^ - I V R ^ ) -

It is easy to see that E | r / j t , : l ) | 2 ^ a2/n -> 0 as n -> oo. 
To bound Xj f = Tr R - TV R , we need some auxiliary lemma. Let A 

be an n x n symmetric matrix, and let A ^ denote a principal submatrix, 
obtained from A by deleting fc-th row and column. 

Lemma 5 . 2 . The following bound holds: for z = u + iv, v > 0, 

Tr (A - z l j - 1 - Tr (A<*> - zln.i)- 1 

Proof . Applying a Schur complement formula (see [6, Chap. 08, 
p. 21]) with a£ = ( X f c b . . . , Xktk-U X h M l i . . . , Xkn), we get 

det(A-zI n ) = ( п - ^ Х ^ - г - п - ^ 

Taking the logarithm of both sides of this equation and taking derivatives 
we obtain 

Tr(A - «Г»)"1 " Tr(A<*> - zl^r = ^ ^ ^ Г / " - ^ " ^ • 
akk - z - a£(A(fc) - Z I B - I ) " 1 ^ 

Let T be an orthogonal transformation which transforms A into diago­
nal form. Denote by < • • • < /zn_! the eigenvalues of A f c and let 
(yi,...,2/n-i) = a f T r . Then 

\l + ^(A^-zln.1)-2ak\ = 
n-1 

i=i 
n-l 

1 = 1 

Since for any commuting matrices А, В such that A 2 + B 2 is nondegenerate 

(A + iB)- 1 = (A - Ш)(А 2 + в 2 ) - 1 , 

we can directly verify that 

= -v(l + 4((AW - ul^)2 + л .Л. 
The last two relations yield the result. 

Applying Lemma 5.2 with A = W and A<*> = W ^ , we get 

Similarly, we have Е|^* , 3 ) | 2 < n~2y-2 -> 0 as n -» oo. 
Now we prove that 

(<i 0.\\0. л 

as n —»• oo. E|T7^'2>|2 • 
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We have 

+ ^ £ E E { ( ( X # ) 2 - а 2 ) ( ( 4 с У - «г2) I 

x | J2 , ( * ,* ) | |^ ( / , 0 I 

+ i £ E E { ( ^ ) 2 ( 4 c > ) 2 I ^ > } | д , ( * , Of 

= в^ + вы + вм + вр. 

For Bi the bound 

1 ^ 

holds. Analogously, 

£ £ ^ < ^ £ £ чх$т(к, i ) ? * i * ± ± ± E X 2 , < c r \ 
j=l j=l кф\ j = l fc=l 

We have the obvious bound 

< ^ E E E | E { ( ( X < ? ) ! - ( ^ > f ) ( ( 4 ^ - ( ^ > f ) | ^ ) } | 
j = l 3=1 кф1 

+ £ E i(<#)a - - 2 I E | E { ( ( 4 c ) ) 2 - (<#)2) I * U ) } \ 
u 1 1 J= l кф1 

+ ^ £ £ И ) ) 2 - - 2 * 2 - И с М 

In view of the assumptions of Theorem 1 . 1 we have 

1 £ < Ce? + C{e? + e<2> + J%(r)) I max £ <r2

fc 

Collecting the last inequalities we get 

l i m s u p - V > | T / < > 2 > | 2 < Cr\ l i m s u p - V E | r ; j M ) | 2 < C r \ 

where r/f , 4 ) = -a2^1 (Tr R ( c> - E T r R ( c > ) . The last inequality and inequal­
ity (5.2) together imply that E ln^^TrR - E T r R ) | 2 -> 0 uniformly in all 
compact subset in {z = u + iv: v ^ 2} . As simple implication we obtain that 
for any v ^ 1 and for z = и + iv with v > 4 

n"" 2 E|TrR I / - E T r R ^ J 2 — ^ 0 as n o o . (5.3) 
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To prove this we may use the Cauchy integral formula. We have 

Tr R" - E Tr R" = . * т~~~7 (TrR - E T r R ) 
{у - 1)! dz"" 1 v ' 

TrR(C) - ETrR(C) 
2i7T J\(-z\=(v-2 -2)/2 (C ~ Z)> 

Since Im(C - z) > 2 we obtain (5.3). We now consider the obvious equality 
1 1 . T r 1 1 

x — z- x — (z + iV) x - (z + iV) x — z' 

This equality yields the following representation: 

TrR(z) = TrR(z + iV) + i V T r R 2 ( z + i F ) H Ь ( iV) f e Tr R ( z + iV) 

+ (iV)kKR(z)Rk(z + iV). (5.4) 

Let v < 4. We take V = 4 - v. Note that 

- T r R ( z ) R * ( z + i F ) 
n 

(1 - v/4) к 

V 

We may choose к such that the last term will be less than e. The variances 
of the first к terms on the right-hand side of (5.4) tend to zero. This implies 
that, for any v > 0, n " 2 E | Tr R(u + iv) - E R ( u + iv)|2 —> 0. This completes 
the proof. 

Proposition 5.1. Assume that, for any v ф 0, 

^ n ( W ) ( z ) := n ^ E 1^(41 - W 2 ) R 2 (* ) + З п ^ Е Т г W R ( z ) —>0 

as n -» oo uniformly on compact sets in C \ R . Then 

Д п —> 0 0 5 n —> oo. 

P r o o f . Without loss of generality we consider the case Im z > 0 only. 
In view of relations (4.1)-(4.5) we have 

&n(W)(z) = (z2 - 4) S'n{z) - zSn(z) - 2, (5.5) 

where S n ( z ) := n ^ E T ^ W - s i ) - 1 . Write 7;n(z) := &n(W)(z). Rewriting 
the representation (5.5) in integral form we get, for any fixed z0 such that 
Im z0 > 0, 

n { ) " (г 2 - 4 ) V 2 W + № - 4) { u 2 _ 4 )3 /2 J. (5.6) 

Let £(;г) denote the Stieltjes transform of the semicircle law. According 
to (4.5), S(z) satisfies the equality 

(z2 - 4) S\z) - zS(z) - 2 = 0. (5.7) 

The equations (5.7) and (5.6) together imply that 

(5.8) 
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(5.9) 

(5.10) 

By definition of the Stieltjes transform, we have, for z = x + iv, 

m a i { | S n W I , № ) | } 0 - 1 . 
Let e > 0. Using (5.9), we choose z0 with ImzQ > 2/e such that 

\Sn(z0)-S(z0)\<e. 
Without loss of generality we may assume that — 4| > 1. 
Let z belong to some compact set К in the upper half-plane. It is easy 

to check that there exists some constant C(K) depending on this compact 
set К only such that, for all n ^ 1, the first summand in (5.8) satisfies the 
following inequality: 

( z 2 _ 4 ) i / 2 
(Sn(zo) - S(z0)) <C{K)e. (5.11) 

In order to bound the second term on the right-hand side of (5.8) we consider 
a point z such that \z2 - 4 | 1. Let the integral denote integration along 
the any path T(z0, z) from z0 to z in the upper half-plane. Without loss of 
generality we assume that, for all £ € T(z0,z), the inequality |£ 2 — 4| > 1 
holds. Then there exists a constant C(K) depending on the compact set К 
only such that 

..[zjh(Od<; 
L U 2 

( 2 2 _ 4 ) l / 2 

>z0 ( C 2 - 4 ) 3 / 2 

If 0 < \z2 - 4| < 1 we have 

<C(K) sup |7?n(C)|. 
С€Г(г 0 ,г) 

(5.12) 

/ 
J Zn 

/ 
JZo 

\ f (C2 - 4 )3 /2 p I Jzo ( C 2 _ 4)3/2 I • I Jz, ( C 2 _ 4 )3 /2 > ( 5 Л З ) 

where z'0 denotes some point in the upper half-plane such that \{z'Q)2 —4| = 1. 
It is straightforward to check that there exists an absolute constant C\ such 
that, for \z2 - 4| < 1, 

-3'2aX \z2 - 4 H / , 1С2 " 4| 

The relations (5.7), (5.12), and (5.14) together imply that 

y 2 _ 4 | l / 2 | Г *7п(С)<*С 

(5.14) 

| * 2 - 4 | ] / in , W 2 | ^ C W S U P MOI + C i sup |ib(C)| . 

Furthermore, the relations (5.9)-(5.15) imply that 

\ims\ip\Sn{z)-S{z)\^C(K)e 

(5.15) 

uniformly on z e K. That means that Sn(z) -> S(z) as n -» oo uniformly on 
the all compact sets in С \ R. Note that for any distribution function F(x) 
with Stieltjes transform T(z) we have, for z = x + iv, 

ImT(z) = F * F v ( x ) , 
where Fv denotes Cauchy's distribution function with parameter v and 
F„(x) = 7 r " 1 v ( x 2 + v2)'1. This concludes the proof. 
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6. A truncation of random variables. In this section we prove the 
following useful statement. Consider some symmetric matrix D of order 
n x n. Put 

W = W + n " 1 / 2 D , R(z) = ( W - ziy\ 

Define the Stieltjes transform of the expected spectral distribution function 
of matrix W by 

<?„(*) = п ~ 1 Е Т г В Д . 

Lemma 6.1. For any z = u + iv with v > 0 the following inequality 
holds: 

\Sn{z) - Sn(z)\ < n ' V ^ E T r D 2 ) 1 7 2 . 

P r o o f . Note that 

R(z) = R{z) + n-^Riz) D R ( z ) . (6.1) 

Denote by ||'• || s the spectral norm of a matrix. For resolvent matrices we 
have, for z = и + iv, v > 0, 

max{| |R(*) | |„ И В Д У ^ - 1 . (6.2) 

Inequality (6.2) implies that 

n's/2\TrR{z)DR(z)\ < n-V'C&D 2 ) 1 ' 2 . (6.3) 

The relations (6.3) and (6.1) together conclude the proof. 
For a random variable X, define X^ = XI^xi^c}— ЕХ1цХ\^с}> which is 

a truncated and recentred random variable. Introduce the matrix W( c ) with 
the truncated entries: W^(jJ) = n ^ x t f . Let R<c>(z) = (W<c> - s i ) " 1 

and 5<c>(s) = n^ETrR^(z). 

Corollary 6.1. For any z = u + iv with v > 0, 

\ j,i=i 

P r o o f . The result follows from Lemma 6.1 with W = W ( c ) and 
n~V2D = W<c> - W . 

We define := 5< T ^) (z ) . 

Corollary 6.2. For any z = u + iv xvith v > 0, \S£\z) - Sn(z)\ < 
v-2L\!\r). 

P r o o f . The result follows from Corollary 6.1 with с = Ту/п. 
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7. The proof of Theorem 1.1. Without loss of generality we may 
assume that a2 = 1. Recall that, for fixed т > 0, 

ХУ = XjiI{\xjt\^rV^} - EXjilQXflfcry/n}- (7.1) 

Define the symmetric matrix W^ r) of order nxn 
for 1 ^ I < j < n. Let R<r>(z) = ( W < R > - z ln )" 1 and S^{z) = 
n _ 1 E T r R ( T ) ( z ) . According to Corollary 6.2 we have, for any z = u + iv, 
v>0, 

| 5 M ( z ) - 5 n ( z ) | < V - 2 L y 2 ( r ) . (7.2) 

Note that 

S , ( r ) , (s) = n - 1 E I V ( R ( r > ) 2 and 5 ; ( s ) = n - 1 E I V R 2 . (7.3) 

Using Cauchy's integral formiila, we get 

^ W I ^ ^ L i ^ r ) . (7.4) 
Introduce the matrices U ( y \ for 1 < / ^ j < n, with entries I 7 ( w ) ( m , fc) = 1 if 
and only if {m, fc} = {IJ} or {m, fc} = { j , / } and J 7 W ) ( m , fc) = 0 otherwise. 
Define the matrices (W< T >)<«> = W « - n - ^ U ^ and (R<T>)«>(*) = 
( ( W ' T ' ) W — zln)"1. I n what follows we shall omit z in the notation of 
resolvent matrices. The resolvent matrix R( r ) may be represented as 

R ( r ) = ( R W ) ( « . l x W ( R W ) ( « u W ) ( R W ) ( » 

+ i ( 4 T > ) a ( R W ) « ) U ( « ) R W . (7.5) 

For the matrix RW, notice that 

— E T T W ( T ) R ( T ) = — ^ = 5 3 ( 2 - < 5 j 7 ) E X J , T ) i i ( T ) ( j , 0 . (7.6) 

Using (7.5), we obtain 

n ^ E T r W ( r >R ( T > = Аг - A2 + A 3 , (7.7) 

where 

^ i = A f E ( 2 - ^ ) E 4 T ) ( ^ > ) W ( ; - 0 , 

^ 2 = 4 E ( 2 - 5 J j ) E ( x / ; ) ) 2 ( ^ ) W ) u W ) ( i 2 ( r ) ) W ) ( 0 - ) ) 

^ 3 = " ^ E ( 2 - ^ ) B ( 4 r > ) » ( ^ ) ) ( W U « ) i l W ( i , j ) . 

Here and in what follows Skj is defined by fty = 1, fc = j, and 8kj = 0 
otherwise. At first we estimate A3. It is easy to see that 

m a x { | | ( R ( r ) ) W > U W ) ( R ( r ) ) W ) | | 8 , | | ( R ( r ) ) W ) U W ) R ( r ) | | 8 } < г;"2. (7.8) 
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According to the definition of and inequality (7.8), we get 

И з | < | ^ E E ( X £ > ) » (7.9) 

By condition (1.5), Ал = 0. Using relations (7.8) and (R<T))«> = R<T> + 

n - ^ l J ' R W ^ ' u C ^ R W , we get 

\ A 2 - A 4 \ ^ C ( 1 + S?)V-3T, (7.10) 

where 

A 4 = ^ E ( 2 - ^ ) E № ( ; ) ) 2 R W U « ) R M ( / j ) . (7.11) 
77* 

A simple calculation shows that 

RMUW)RW(JJ) = i * ( r ) ( j , j ) i? ( T )(Z, /) + Stj ( Д ( т ) ) 2 ( / , j ) . (7.12) 

Substituting (7.12) in (7.11), we get 

Л 4 = Л 5 + Л 6 , (7.13) 

where 

^ 5 = 3 E (2-*W)B(Xf>)aflW(j,i)rfT )(i,0. 

A° = i E B ( X « ) 8 ( ^ ) ) » ( « , J ) . 

Using that < Tyjri, we get 

И е | < т 2 1 £ ( 2 - ^ ) E | i ? « ( j , f c ) | 2 < 2 r V 2 . (7.14) 

For fixed j = l , . . . , n , introduce the symmetric matrix D* T ) = 
p j T ) ( Z , f c ) ) ^ = 1 ) with Df\j,k) = n" 1 ' 2 **? if j < fc < n, ^ T ) ( f c , j ) = 
n - 1 / 2 ^ ^ if 1 < fc < j , and D$T)(Z,fc) = 0, for 1 < I < fc < n, otherwise. 
Define the matrices W<TJ> = W<T> - D j T ) and R<r'J'> = (W<T"*> - zln)-K 
Using these notation we have, for j, I = 1 , . . . , n and l ф j, 

Я<т>(/, J) = R^j\l, I) - R(TJ'>DJT)R<T>(Z, 0 (7.15) 

and 

v n fc=l 

+4= E4T^(rj)c, ̂  яму, о- (7.i6) 
v n

 fe=i 
Substituting equalities (7.15) and (7.16) in (7.14), we get 

A 5 = A 7 - A 8 - A 9 , (7.17) 
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where 

^ 4 E ( 2 - ^ ) E ( X ^ ) 2 ^ ) ( j , j ) ^ ) ( Z , 0 , 
TL _ . . 

л 8 = 

4> = =r/Sf £ ( 2 - * « ) Е В ( 4 т У л - « ^ Л а , * ) Д < - ) ( ; , 0 . 

Applying (7.5), we obtain 

A 8 = A10 - An - A12, (7.18) 

where 

^ o = -Aj" E ( 2 - 5 o ) X ; E ( x W ) 2 x M i l W ) ( Z , ^ ( i l ( r ) ) ( i f c ) ( f c , 0 . 

^ = 4 E (2-5h)±E(X^)2(X^)2R^\l,k) 
l^Kj^n k=l 

x(R^)w(j,k)R^(k,l), 

^ i 2 = 4 E ( 2 - 5 y ) E E ( ^ > ) 2 ( ^ ) 2 ^ ) ( / , f c ) 

x5jk(R^k\k,k)R^(j,l). 

It is not difficult to check that 

I'M < £ E(^ ))2X:I^)(A ;,O^ )(/,A ;)| 
7 1 V Л L _ 1 I_1 

o n / n \ V 2 / n \ l / 2 

< i E E (* i* T ) ) 2 Ei*(r)(*>or) E\R(rJ)(k>or 
2 n , k ^ 2 < ^ E < ) 2 4 d + a . (7.i9) 

j,k=l 

Analogously we obtain the estimate 

+«?>) . (7.20) 

By (1.5), we have 

А" = -Гт E (2-S^)E(X^fR^\lJ)(R^k\l,l). (7.21) 

This equality yields 

l ^ o U j ^ E ВДУ>)2<£(1 + 4 2 ) ) . (7-22) 
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Relations (7.18)-(7.22) together imply 

w<£(£+i)(i+eS0)- (7-23) 

Analogously we get 

| A 9 L ^G + 1 ) ( 1 + 4 2 ) ) - (7-24) 

Repeating the arguments (7.15)-(7.24) with J? ( r ) ( j , j) in the definition of A7 

(see (7.17)), we obtain that 

A5 = A13 + AU, (7.25) 

where 

A " = 4 £ ( 2 - ^ ) В ( 4 т ) ) я Л ^ Л а , Л Л ( , г Л ( / , 0 , (7-26) 
77* 

and 

| ^ 4 | ^ ( ^ + l ) ( l + e<2>). (7.27) 

For any 1 ^ j < I ^ n, introduce the cr-algebra ^*^Ь{0 : = <j{X f c m : 1 ^ 
and {A;,m} П = 0 } . Note that c ^ 0 ) and 

^•{i}.W с ^"W. Then we have 

Е(4 т ) ) 2 д<^а j ) л<̂ >(/, о = Е(Е{(4 г ) ) 2 Д ( ^( / , О I д ^ о ; j)) 

= E ( E { E { ( X J [ ) ) 2 I J ^ > } i ? (^ (Z ,0 I ̂ Ш . Ш j R™(j,j)). 

This equality implies that 

< ^ E | E { ( X ^ ) 2 I - E ( ^ T ) ) 2 | . (7.28) 

Combining inequalities (7.2), (7.4), (7.17), (7.25), (7.27) and (7.28), we ob­
tain 

n - ' E T r W ^ ' R M = A16 + A16, (7.29) 

where 

A » = ^ t Ъ^И,l) R™(JJ), \Аге\ * J - £ \ o > l - l \ + ± Ln{r). 

Consider now A15. Applying (7.15) again yields 

Aw = A17 + A18 + A19, (7.30) 



190 Gotze F., Tikhomirov A. N. 

where 

A1r = ^J2ER^(l)l)R^(j,j), 

А " = ^ГяЕ E B X ^ R ^ j ^ R ^ k ) , 

A» = £ £Е^ т ) *(r,0(j> Л) Д < % о-
П Vnj,l=lk=l 

For ^ 7 we have the following representation: 

^ = 3EEkT)0'.j)E^(Tj)(^o 
n j=i L J=I 

= ( i TrR<T>) + ^ E E i ? ( T ) 0 ' . J ' ) Q T r R ( T j ) - ^ TrR< T >). (7.31) 
Applying Lemma 5.2, we get 

A17= f i l r R ( T ) V + — (7.32) \n ) nv 
with some в, \0\ < 1. Furthermore, 

T » / » \ 1 / 2 / " \ 1 / 2 r 
i ^ s i < £ Е д Е 1 * г Л о \ 0 1 а ] ( £ | д ( т ) о \ * ) 1 2 ] a+«?>). 

' J (7.33) 
Analogously, 

И 1 9 | ^ ( 1 + 4 2 >) . (7.34) 

Relations (7.28)-(7.34) imply that 

- E T V W ( T ) R ( T ) = - E ( - ЪП(т)) + A 2 0 (7.35) 
n \n J 

with 

l ^ o i ^ ( i + ^ ) ( i + 4 2 ) ) . ( 7 - 3 6 ) 

Applying Corollary 6.2, we obtain 

п-гЕЪ W ( T > R ( T ) = - E ( n - 1 , T r R ( r ) ) 2 + A21 

with 

| Л 2 1 | < ^ ( 1 + ^ ) ( 1 + 4 2 ) ) + ^ У 2 ( г ) ( 1 + Н ) . (7.37) 

Here we have used the equality 

W R = z R + I. (7.38) 



Spectra of random matrices with martingale structure 191 

Finally, by Lemma 5.1, we obtain 

n " 1 E T V W R = - ( E r r 1 , I V R ) 2 + >l 2 2 , (7.39) 

where | A 2 2 | < + Sn and 8n -> 0 as n -> oo. 
Note that 

- E T r W R 2 ^ ) = — ^ E T r W R ( z ) . (7.40) 
n az 

Applying Cauchy's integral formula, we obtain 

r r ^ E T r W R 2 ^ ) = - 2 ( E n " 1 I V R 2 ) ( E n - " 1 , I V R ) + A 2 3 , (7.41) 

where 

14.1 < 5 i1+v)(1+^2))+£ L-/2(r)(1+W)- {7A2) 

Furthermore, 

n ^ E T r ^ I n - W 2 ) R2(z) + З п ^ Е Т г W R ( z ) 

= 4n"" 1 ETrR 2 (z) - z n ^ E T r W R 2 ( z ) + 2 n - 1 B ' b W R ( 4 (7.43) 

Substituting (7.40) and (7.41) in (7.43), we get 

n - 1 E T r ( 4 I - W 2 ) R 2 ( z ) + З п ^ Е Т г W R ( z ) 

= AS'n(z) + 2zS'n(z) Sn(z) - 2S2

n(z) + A24, (7.44) 
where 

14.1 < ^ ( l + (1 + 42>) + £ 4 / 2 ( r ) ( l + \z\2). (7.45) 

Relation (7.38) and (7.39) together imply that S 2 ( z ) + zSn{z) + 1 = Л 2 5 , 
with 

^ < % i1 + v)(1+42))+£ L»/2(r)(1+|z|2)-
The last equality may be rewritten as 

2 + zSn(z) = -Sn(z)(z + 2Sn(z)) + 2A26. (7.46) 

Relation (7.44) and (7.46) together imply 

n" 1 ETr(4I - W 2 ) R2{z) + З п ^ Е Т г W R ( z ) 

= -2S'n(z) Sn(z)(z + 2Sn{z)) - 2S2

n(z) + A26, (7.47) 

where 

^ < ? i1 + T ) ( 1 + £ » 2 ) ) + £ ^ / 2 ( R ) ( 1 + | Г | 2 ) -

Note that 

S'n(z)(z + 2Sn{z)) + Sn(z) = -fz{S2 + zSn{z) + 1} . 
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Applying Cauchy's integral formula, we get 

\S>n(z)(z + 2 З Д ) + Sn(z)\ < ^ ( l + (1 + 4 2 ) ) + £ L]!\r){\ + | z | 2 ) . 

Finally, using that | 5 п ( г ) | < v'1, we obtain 

I n ^ E T r ^ I - W 2 ) R 2 ( * ) + З п ^ Е Т г W R ( * ) | 

« i1++£»})+£ L-/2(T)(1+|г|2)- (7-48) 

Prom relation (7.48) it follows that 

lim 
n—>oo 

n - 1 E T r ( 4 I - W 2 ) R2(z) + З п ^ Е Т г WR(z) = 0, 

uniformly on all compacts in C \ R . Applying Proposition 5.1 concludes the 
proof. 
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