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MATPUYHDBIE KOHEYHO3OHHBIE ONNEPATOPbBI

B. A. IOy6poeun

BBEJEHHE

Ho cpaBHuTenbHO HemaBHero BpeMenH (A0 Kouna 1973 r.) B
CIeKTPAaNbHOH TEOPHH ONepaTOPOB C MepPHOIHYeCKHMH K03(h¢HIH-
€HTAMH MPAKTHYECKH OTCYTCTBOBAJKM NPUMEpH], TAE CIHEKTP H Co6-
CTBeHHHIE (DYHKUUH TAKHX ONEPATOPOB MOXKHO OO GBI SIBHO BHI-
YHCAHTL (uYepes KaKHe-THO0 cnenuadnusie QyHxkuuy). OTCYyTCTBOBAJH
Kaxue Opl TO HH Obuio 3Q@eKTHBHBIE METOABI HAXOXKAGHHT KO-
3¢ GHUHEHTOB ONepaTOPOB IO CHEKTPaJbHBIM HaHHBIM. s onepa-
TOPOB C IIOYTH IIEPHOAMIECKHMH K03( (PHLHEHTAMH 3TH BOIPOCHI HH-
KOorjga H He CTaBHJIHCh.

CHryauys HaMeHHnacr, Korxa B 1974 rogy B mukae paboT
C. Il. Hoeuxosa, B. A. Iy6posuna, B. B. Matseea, A. P. Hr1-
ca [34, 18, 12, 23] u II. Jlakca [48, 49] 6wt BBefleH H H3y4eH
KJlaCC «KOHEYHO30HHBIX® NEPHOLWUECKHX H KBaSHIEPHOAHUECKHX
noreHUHanos oneparopa Upénunrepa (UIrypma—JlnyBunis, XuJa-
Jaa), Ha 6ase sroro xnacca 6euia chopMynnpoBaHa H peajiH30Ba-
Ha IporpaMMa MOCTPOCHHS IIHPOKOTO Kjacca pelleHHH yPaBHEHHSA
Koptesera—pe ®pusza (Kn®). (Hexoroprie peaynbTaThl 3THX HC-
caefoBaHuil GhIJIH TOJYUeHH Taxwe MaxxuHoMm H Ban MepGeke B
1975 romy [52]. Kak Owno crporo mokasano mospmee B. A. Map-
genxko u M. B. Octposckum [31], mMuOXKeECTBO NepHOJHYECKHX KO-
‘HeYHO30HHHX ITOTEHIHAJ/0B IJIOTHO B NPOCTPaHCTBE HEPHOMHYECKHX
dyarnuil ¢ ZaHEBIM NepHoJoM.) B- srHx paBotax Ghiia - yCTaHOB-
JI€HA CBf3b CHEKTPAJIbHON TEOPDHH OIEpATOPOB C NEPHOAHMUYECKHMH
kKoaduuyenTaMH ¢ aarebpaHueckofl reomerpuell, TeopHe#l XOHeU-
HOMEDPHBLIY BIOJIHE HHTETPHPYMBIX CHCTeM H TeopHel HeJaHHeNHBIX
ypasuenufi Tuma Kn®. O6olienne 3Tol TeOpHH HA NPOCTPAHCTBEH-
HO aByMepHble (2-+1)-cucremn Guiio ocymecTBieno M. M. Kpu-
yeBepom (27, 28]. IToaxon Kpuueepa naer Takke dYpe3BHITANHO
METOlONIOTHUECKH YA0OHOe M IpospavHOe H3JOXKeHHe asrebpo-
TeOMeTPHYeCKOH NpoledypEl NOCTPOEHHA YIOMSHYTHIX BhIE KO-
HeUHO30HHHMX pellenu#l ypaBHeHus Knd u eroc MHOTOYHCIEHHBIX
AHAJOTOB.

ITepeuncieHnble paGOTE COCTABHJH OCHOBY NEPHOSHYECKOrD
34845 a3



aHajora Merofa oOpaTHOH 3aJaud B TEODHH HEJMHEHHBIX ypaB-
HeHHf [1B] (HasniBaeMOro Takke METOLOM «KOHEUHO3OHHOI'O HH-
Ter‘pHpOB&HHH» Wi «aare6po-reoMeTpHYEcKoro mmerpupoaarmﬂ»)
CyTh 3TOTO Merofa (AJIsi cayyas CHCTeM C OLHOH MNPOCTPAHCTBEH-
HO#t IepeMeHHOH) COCTOMT B CAELYIOLIeM:

1) naxoxpeune (anre6po-reOMeTpPHYECKHM METOILOM) IIHPOKOH
COBOKYMHOCTH TOUYHBIX PelIeHHH HCCJAELYEeMOro HeJHHEHHOro ypas-
HEeHHs, KOHEUHO30HHHX ¢ TOYKH 3PEHHS CIEKTPaJbHOH TEOPHH co-
OTBETCTBYIOIIUX JIMHEHHBIX OIEPaTOPOB C NEPHOJLHYECKHMH HJIH
KBa3HIEePHOAHIECKHIMH KoacpcpHuHeHTaMH

2) M3yyeHMe CNEKTPaJLHLIX CBOHCTB ONEPATOPOB ¢  OOIMME
MJafiKHMH [epHoAHYecKUMH Ko3(p(dHIHeHTaMH H annpoKCHMHpYye-
MOCTH NPOH3BOJLHOIO MEPHOAMUECKOT0 pPelleHHs IJIaIKHMH KOHed-
HO30HHBIMH pelieHHsMH,

Ciefyer NpusHATH, YTO AO CaMOIO IIOCJENHEr0 BPEMeHH 3Ta
IporpaMMa KOHEUHO3OHHOT'O HHTETPHPOBAHHS B IOJHOM o00BeMe
Ghlja OCYLIeCTBJACHA JIMIIb A5 ypasHeHus Kopresera—pge ®pusa u
cBsi3aHHOTO ¢ Hum omepartopa UIpénunrepa. Ileno B ToM, uTO modU-
TH BCe HeJHHeHHble YpaBHEHHsS, HHTerpHpPyeMble METOLOM o6par-
HOW 3ajiayu (HenuHeHHoe YypaBHewMe [lpénunrepa, ypaBHeHHe
sine-Gordon, ypaBHeHHS HeJHHEHHOro B3aHMOJEHCTBUS BOJIHOBBIX
[AKETOB M Jp.), ACCOLMHPOBAHEI CO CHEKTPaNbHON TeopHeil MaTpHd-
HBEIX JUHeHHHX AuddepeHuuaNbHEX ONEpaTOpPOB, KOTOpHE 3aya-
CTyIO Aae He SBJAIOTCA CAMOCONDSKGHHBIMH. XOTS IIOCTPOHTE.
KOMILIEKCHEIE ajiTe6poreoMeTpHUECKHe pelieHHst STHX YpaBHeHHH
CPaBHUTEJLHO HecJaoXHo (cm. [14, 21, 22, 24, 11]), MONHTKH BH-~
LeJUTh H3 HH¥X BEIeCTEEHHBIE IVIafKHe pelleHHS HaTaJKHBAJIHUCH
Ha cepbesHble TPYLHOCTH. BOSHHKAIOWHe 34eCh 3aQauH BelleCTBEH-
HO#l ajreGpanueckolf I'eOMeTPHH OKas3aJHCh COBEpIIEHHO Hepaspa-
GOTaHHLIMH (NEPBLIE CCPLESHEIE NPOJBHXKEHHA B DEIICHHH STHX 8a-
fau B NPHMeHeHHH K HeJHHeHHOMY ypaBHEHHIO H_Ipclmnrepa LBy~
MepHoMy onepatopy Ulpénunrepa u x ypaBHerHI0 sine-Gordon Gwi-
au cgenansl M. B. Uepennukom [38—41], xXoTs noayueHHble B
sTux pabotax pesyanTaThl H Janekd ot sdodexrusroct). Touwo
TAK JKe IOYTH HHYEro He OBUIO H3BECTHO O CHEKTPAJbLHBIX CBOHCT-
BaX HECAMOCONDSIKEHHBIX ONepaTOPOBR € MepuoiudeckuMu koaddu-
OHEHTAMH, T. €. O CBOHCTBAX BO3HHKAIONIHX PUMAaHOBLIX IOBEPXHO-
creft H 00 aHaJIHTHUECKHX CBOHCTBAX OJOXOBCKHX COOCTBEHHHIX
dyurunii, MepoMop(PHEIX Ha ITHX NMOBEPXHOCTAX.™ ‘
- IlepBple cepnesHBle NPHMEHEHHS KOHEUHO3OHHBIX peUICHHH 1
KOHEUHOSOHHBIX OMEPATOPOB — B 3ajayax CTaTHCTHYECKON  (DH3H-
KH, Da3BUTHM HeJHHelHOro anajora merofna BKDB u xp. — cnenann
0COBEHHO aKTyaJIbHEIM JOBEJEHHE JO KOHUA KOHEYHO3OHHOTO WHTEr-
PHPOBAHUS PSfa HEJIHHEHHBIX ypaBHeHHH, MMEIOIIMX BaxHble (u-

t

.- * B HaCTHOCTH, NPaBHJLHAS MOCTAHOBKA BOMPOCA O PACIOJOIKEHHH MOJIOCOB.
6.10X0BCKHX quHKuHﬁ Oela Haliiena TOJIBKO B camoe moclefnee BpeMs B pabore:
C I'I HOBHKOBa Rt B.. A ,E[yépomma [17].
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BHYECKHE IDHJIOXEHHs, H HCCIeJOBAHUC CNEKTPa  COOTBETCTBYIO-
IHX JIHHEHHBIX ONepaTopoB. 3To GbLIO CHENaHO B psife pabot ca-
MOTO MOCJEAHEro BpeMeHH: I ypaBHesus sine-Gordon B paborax
[16, 17], nna neauneiinoro ypasHenus Ilpénunrepa B [17]; mior-
HOCThL KOHEUHO3OHHBIX pelleHuit ypaBHeHus sine-Gordon B mpo-
CTPAHCTBE BCEX NEPHOJHMYECKHX pelleHuil moxkasaHa B [10]. B stnx
XKe paborax BIEpPBLEe OMHCAHEL CNEKTpasbHble CBOMCTBA BO3HHKAIO-
LUIHX 34eChb HeCaMOCONPSIKEHHBIX MATDHUHBIX OIEPATOPOB BTOPOTO
nopsaaka. B macrosmem o630pe ML NPHBEAEM OCHOBHBIE HICH ITHX
pabor. Mpl mpuBeieM 37ech TaKKe NOJYUEHHEIE aBTOPOM HA OCHO-
Be [11]%* pesy/IbTaThl 0 CBOMICTBaxX CIIEXKTPa MAaTpHUHBX J-caMoOCO-
NPAYXKEHHBIX JHUHEHHLIX NYYKOB ONepaTopoB GoJjiee BEICOKOro nopﬂll-
Ka. DTH pesy/bTaThl A0 CHX NOD He ny6/iHKOBAaJHCh,

Crnenyer cxasaThb HECKOJBKO CJIOB O HEeJHHEHHBIX yDaBHEHHSX,
dCCOLHMPOBAHHBIX ¢ MATPHUHBIMH JIHHEHHLIMH ONepaTopaMH GoJiee
BBICOKHX TOPSLKOB. IlepBrIe TpUMepsl TAKHX YDABHEHHH — ypaBHe-
HHS HeJHHeHHOro B3aHMOMEHCTBHs BOJHOBBIX IIaKeTOB («3anaya
Tpex BOJMH») — OblAH Haltpenn B. E. 3axaposwmim u C. B. Manaxo-
oM (cm. B [35]). Bnocnencreun C. B. Manakos samerusn [30],
YTO CTAUHOHAPHLIE YPABHEHHS 341AYK A BOJH COBNALAKT C M-MEp-
HelM ofobiiennem (aas anrebput Jlu so(n)) ypaBHeruit Dinepa
JIBHKEHUS TBEpPHOro TesMa C 3aKPenyeHHOH TOUKO{ M Mo3TOMY TaK-
JKe HHTerpupyemel, IIpsimasi npoBepka He3aBHCHMOCTH M WHBOJIO-
THBHOCTH noctpoeunsix C. B. MaHakoBEHIM HHTErpasioB fi-MepHBLIX
ypaBHenu#t ditnepa Ovwia crenana A, C. Muuenko u A. T. ®omen-
ko B paBore [33]. B aroift xe paBore meTox Manaxosa 6wt HC-
MONL30BAH AJS JOKA3ATEJbCTBA NOJHON HHTETPHPYEMOCTH Ha ApY-
rHX ToJynpocTeix anrebpax JIu. B panbuefimeM 3TOT  MeTOR
o6obiiancs TaKXKe H IS HEKOTOPHIX HEIOJNYNmpocTelX anrebp Jlu
[37]. Tlpumenenust 9THX PE3Y/bTATOB WIS IOCTPOSHHS HHTErPHPYE-
MBIX TIOTOKOB HA CHMMETPHUECKHX NpPOCTpaHCTBaxX HafiieHs B [3].
(Hanmomuum [19, 25], uTO raMHAbTOHOBA CHCTEMa C i CTENEHSMH
CBOGOALl HA3LIBAGTCS BIOJIHE MHTErpPHpyeMol, eciu y Hee eCTh 1l
HE3ABHCHMLIX [OTAPHO KOMMYTHDYIOUIHX TEPBHIX MHTErpasos. D10
NOHSATHE, BO3HHKLIEe B NpPOIIOM Beke (B paborax JInyBuans W
Dypa) ma 6Gase Meroja pasfesieHHs NepeMEHHBIX, OKasaJsoch MpPH«
MEHHMBIM K G0Jiee IIMPOKOMY RKJIACCY CHCTEM, HE [ONYCKAIOUIHX,
BoOOI1IE TOBOpSA, pasAeleHHs IepeMeHHBX (HanbGojee APKUM INpH-
mepom cayxkur 3agaua C. B, Kosanescko#t — cm. B [7]). 3amerum,
YTO, HECMOTPSl Ha MOJIHYIO HHTETPHPYEMOCTL TaKHX CHCTEM, TOJY-
yeHHe fBHBIX (POPMYJ AJS HX PELIeHHH OKasblBaeTcs ypesBHUaHHO
CJ0XKHOH 3ajgauell; emle 6oJsee CNOXKHLEIM OKa3bIBAGTCS /IS HHX HA-
XOXKJAEHHEe KaHOHHUECKHX IIePEMEeHHBIX [AelicTBHe — yron  (HampH-
mep, B 3ajaue KoBasieBckoil 9TH NepeMeHHBIe BIIOTHL A0 TOCHEIHE-
ro BpeMeny He GBI BBIUHCAEHEBI). Bce 9TO OrpaHMYMBAET BO3MOXK-
HOCTH NPHMEHEHHS TAKUX HHTEIPHPYEMBIX CHCTEM [Jst pelledHs

* Ocuosusle uged patorst [11] nanoxkenst B . 3, § 2, o6aopa [1B]L
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KOHKPETHBIX MeXaHHUYECKHX H (DH3HYECKHX 3aau. B cBA3H C 3THM
ciaefyer OTMETHTh, UTO AJIS ['aMHJBTOHOBBIX CHCTEM, BO3HHUKAIOLIHX
B TEOPHHM KOHEUHO3OHHOTO HHTErDHPOBAHHS, MOXKHO He TOJbLKO
CTPOHTL KOMMYTHDYIOLIHE HHTErpajbl, HO H IOJAy4aTh sBHEIE (hop-
MyJibl AJIS pelieHH# 9THX CHCTEM Yepes ToTa-(QyHKLUH PUMAHOBBIX
noepxuocrtefl. [lepemensble AeficTBHSI B 9THX cuHCTeMax OTHOCH-
TeNBHO WHpoKoro knacca cko6ox Ilyaccowa, xak 510 craJio sICHG
nocjie padorer C. IT. Hoenxosa u A. Il. Becenosa [4], Takxe no-
lycKaloT ajrefporeoMerpHyeckoe BHUHC/ICHHE, |

B mociennee Bpems Oblia ony6inkoBawa cepus paGor Alnepa
u Ban MépBexe [42, 43, 44], B XKOTOpHIX H3yuanach anrebpanue-
CKas CTPYKTYPa HHBaPHAHTHLIX TOPOB A Halisenuwx C, B. Mana-
KOBBIM HHTETpHpyeMbiX ypasuenufi dinepa. (Coayuafi anre6psl Jlu
50(4), re uHrTerpupyeMocTh Obljia LOKasaHa ewle B paborax [33,
9], boJiee jperanpHO H3yYeH B HeAaBHeM npenpuuTe Xaime (Haine,
Geodesic flow on SO(4) and abelian surfaces). $SBuEx opmys
JJIST pelleHHil B HHX IIOJy4eHO He OblI0, Bomnpoc © BbIIEAEHHH
«BELIECTBEHHLIX» pPeIleHHlI aBTOpaMH He crapujcs., Bojee CI0¥XK-
Hple HeJHHellHble ypaBHEHHS, CBSI3aHHBIE C MaTPUUHBLIMH OIIEPATO-
pamMi HOpsiiKa BEIe BTOpOro, mayuanucs B ({1, 5], rme crpomics
TAKXKe raMHALTOHOB (DOPMANH3M JUIST STHX ypaBHEHHH.

Kax o6mapy:kui aBTop, MHOTOMEpHBIE ypaBHeHHS Dijepa OKa-
3aJlUCh UYPe3BbIMAfiHO HHTEPECHBEIMHM H € TOUKH 3PEHHS BO3MOXKHBIX
asre6poreoMeTpuyecKHx npunaoxenui, Jemo B ToMm, YTO COOTBETCT-
BYIOILHE PHMAHOBHl IOBEPXHOCTH CIHEKTpa  aCCOLMMPOBAHHBIX
MaTPHYHBIX JIHHEHHBIX ONEPATOPOB OKa3hIBAIOTCS IJIOCKHMH HEOCO-.
GLIMH BelleCTBeHHBIMH anrebpanyeckKMMH KpusbiMu. Hanpumep, nmas
ypapuenuit dftnepa Ha Su (k) BellecTBeHHbIe OBaJEl 3THX KPHBHIX
BJGKGHB APyl B Apyra (T. e. o6pasyloT «rHe3zo» u3 k/2 oBaJoB).
B0o3MOMKHOCTL HPHUMEHEHHS CIEKTPanbHOIl TEOPHHM MATPHYHBIX OIe-
paTopoB K 3ajlaue 0 KJIacCH(PHKAIMH IJIOCKHX BEIIECTBEHHBIX KpH-
BBIX NMOJABepraercs cefiyac TIIATEJbHOMY aHaJIH3Y.

OG30p cocTOMT M3 WIECTH NaparpadoB u NpHJOKeHHs. B nep-
BoIX UBYX naparpadax H3JI0XKeHbl NPOCTeHIIHe HAGH METoxa KO-
HEUHO30HHOIO HHTETPHPOBAHUS B TPHJIOKEHHHM K MATPHUHBLIM OIle-
paTopaM BTOPOrO TMOPSAIKA H CBSI3AHHEIM ¢ HHMH HEJXHHEHHOMY
ypasnenmnio Ipénuurepa u K ypaBHeHHIO sine-Gordon. Marepuan
sTHX maparpados ocHoBam Ha pa6orax [21, 22, 24, 11, 16, 17].
B cnenyomem maparpade Mpl pasfupaeM OCHOBHbBE NPHMepbl He-
JHHeHLIX YpaBHEHH, CBA3AHHLIX ¢ MATPHYHLEIMH onepaTopaMH Go-
Jjiee BBICOKOro mnopsifka, Ilpocrefiiuye CHeKTpajbHble CBOHCTBA Ta-
KHX ONEPATOPOB C NEPHOAMUECKHMH K03(dunueHTaMH 06CYyXAAIOT-
e (camenya [11]) B § 4. Komeunozonnnle (KOMIJIEKCHBIE) MATPHY-
Hbie onepaTopsl crposdrcs B § 5. Mpl cienyeM 3[echb B OCHOBHOM
paboram [11, 26], XOTa A/Is MOJNydYeHHs ABHBIX (OPMYJ B XOpOLIEM
BHJe METOAL 3THX paboT IPHIIIOCE BO MHOTOM yCOBEPLIEHCTBO-
BaTh. Haxouei, B § 6 pasobpaHnl yCJIOBHS THIA J-CAMOCOTIPSXKEH-
HOCTH CTPOSLLHXCS MaTPHYHEIX KOHEUHO3OHHBIX JIMHEHHEIX ONEpaTo-
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POB U DpELIEHHIl COOTBEeTCTBYIOUWIMX HEJHHeAHHX ypaBHenu#t. Oco-
GeHHO NOAPOOHO H3YUeHHl YCJOBUS «BELIECTBEHHOCTH» s pelle-
HUIt MHOTOMEDHBIX ypaBHEeHHH Jifiiepa B CBSI3H C NOABJARLIHMUCH
34eCh TIJIOCKHMH ajre6paqueckKMMy KPHBLIMH., B TNDHJIOKEHHH K
0630py Mbl coBpanu, aas yAO6CTBA UMTATENS, CHHMCOK OCHOBHEIX
ONMpeleNeHHil U3 TeOPHH PUMAHOBHIX NOBEpXHOCTEll M Tesra-QyHK-
uuf; 6ojee MOLPOBHO ¢ STHMH MOHSATHAMH MOMKHO IT03HAKOMUTLCS,
panpnmep, no o6zopy [13].

Asrop Bbipaxkaer Gaarozaprocts O. I, Bupo, C. M. Harauso-
ny 1 A. H. Tiopuny sa pag noaesHsix o6cyxaeHuil.

§ 1. Oneparop Hdupaka w HeauHeiinoe ypasuenne LIpénunrepa

Hemunefinoe ypasuenue Illpénunrepa (HII,)

irye=—ryp £ 2rpPr (1.1)
NOJIyuaeTCss M3 «KOMNJeKCHDUIIMPOBAHHORY CHCTEMBI
L _ 2
er— s +2r2g } (1.2)
Iq,==qcc—2q%

penykuuell ¢== +r. Cucrema (1.2) npeicrapiserca Kak yCJOBHS
KOMMY THPOBAHHst A-nyukoB |[33]

[0,—U, 0,—V]=0, . (1.3)
rie .
- _afl 0N, (0 —g 1
U—U ) m(o _1)+L<r . ) (1.4)
_ =.210__.0—--41 0 —gq, .frqg O i
V=V (\) =20k <0_1> \m(r O)(rx . >+z(0 __rq). (1.5)

Hawm mosesna Gyuer Takme Jpyras HOPMHPOBKA 3TOIO KOMMYTa-
IIMOHHOTO NpeJCcTaBJeHus, noayvamiomascs u3 (1.3) oueBHAHLIM Ipe-
o6pasoBaHieM

U=cCcwuc, V=C-vC, (1.6)
rie
c.—:.(I —_i), | (1.7)
1 i
v f O N\iL(ir—9) r+tg
U(M"x(-'l 0)+2(r+q i(q_r>)' (%)

Beenem B paccmoTpenve CBsi3aHHLIE ¢ Teopuelt ypasuesms HIII
JUHEeHHBI MaTpPHUHLIA ONepaTop, 3aBHCAMH OT CHEKTPaJbHOrO na-
pamerpa A: '

L0)=0,—U (), (1.9)
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MJIM, B ApYroM NPEACT aBJIeHUH,
~ - , )
LA)=0,—U(@). (1.9
Ipu g= +7 onepatop L obr1amaet cuvmerpuelt

. 1 1 0
L* A= —J L LMY 2 J-:( 0), J+z=(0 _1). (1.10)

01
Y paBHenne. 11 «cofc TBeHHBIX (QYHKUMA» umeeT BHIL
L =05 =1, )7 (1.11)
HJIY
Loyb=0, b=, $)7- (1.11)

[lycTe xosdduunenTs 7, ¢ onepatopa L (A) NEPHOAMuHEL € TE-
pPuonom T, r(x-{—T = r (X, q(x—}_T) q (x)- Toraa Ha mpoCTpaH-
CTBe pemeﬁpm ypasuenua (1.11) geficteyer onmepaTop MOHOLPOMHH

T (x)=1P (x+T). (1.12)
Y (X5 Xor M) thig (o6, x5 M)

EéﬂHYx,x,?»=( .
( o 2 o1 (Xs Xov AN) Yoo (X, Xo» A)
Ha#na ManHua pewenpfi ypaBHeHus (1.11) ¢ HauaJbHLIMH yCIJIOBHAMH

) —(hynsamMentaib-

(O 1 B TOUKE X = xo, TO MaTpHILa T(xo, A) onepartopa MOHOA-

pomun (1.12) B Gasuce (Y11, Ya1)'» (Yoo Yoo)T WIMEET BHAL

T(x()’ 9\’):(’["21 122> =Y(3C0“l— T, .X:O, %).

EFe marTpuudble 5JeMeHTBl fABJAAIOTCS NO3TOMY ILEJBIMH (DYHKLHAMH
OT cHeKTpajbHoro napamerpa A. Marpuna T YyHHMOAYJsIpHA.

IMNpu g=4F nas MaTPHULI MOHOLLpOMIfIH BBITIONHAIOTCA CJEAY-
JOLIHe YCJIOBHA YHHTAPHOCTH:

= e ®b _re=6 _Y

g=—7, T @7 o=(5 %) (1.13%)

(3Be3ouka 0603HAYAET DPMUTOBO conp;m(eHHe)

YpOBHH CIeKTpa nepno,unqecuon H aHTHIIe PUOIHUECKOH 3amau
HMILYyTCA H3 YCJIOBHSA

A(R)E‘«Spf‘(xo, M= 1. (1.14)

T11 Tz

Ormeram [21], uTO AJst cayuast q-——r sagauya ua COOCTBEHHbLIE
suavenns (1.117) camocomnpskernnas (4 TOAXOMSMUK  PAHHUHLIX

Y CJIOBHH — NMepHOJARIECKUX HJH Hy/IeBBLIX D1 (0) = 1§, (T) =0).
Tlepuopuueckas sagada (1.11) pas g=r TaKXe CaMOCOUPSIKEHA
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opnaxo sagaua P (0) =1y, (7)=0 yxe ve ABAAETCA CAMOCONPSKEH-
HOH. [nasa cayuasg ¢=—r (HUI) sapgaua (1.11/) ssasercs J-camo-

ek 4
CONPSDKEHHOR, J =, 0 ) Taxum 06pasoM, AJsi CaMOCON PANEHHOIO

ciydas g=r Bce yposHu-cnekrpa (1.14) nepuomuueckoft u aHTH-
_TIEPHOJHYECKOH 3amaud BeIeCTBEHHW W yXOLAT Ha + oo C
ACHMITOTHKON A,=mn/T, — oo <n < oo. JlJ5 HECAMOCOIPHIKEH-

“HOrO ciayuasi g=—r cmyau;nﬂ yCTpO€Ha CJIoXKHEE, B Mpl €€
QIHIIEM HHKE,

BJI0XOBCKHE COBCTBEHHEE dYHKIHH UMEIGT BHI

Tpe ()= (x+T) =€ T (x), - (L13)

rae - p=p(A) — KBa3HAMIYJbC (BJOXOBCKHI 3aKOH AHCIEPCHH), OI-
peleNeHHE!l ¢ TOYHOCTBIO O TepHOoxa 06paTHOH peleTky, prr p-+
+27n/T. TIpn TpoM3BONBLHOM 3HAUEHHH A UMEIOTCS, BooBLie roBo-
‘pA, mBe pasaHynble GM0XOBCKHEe DVHKUHE P, ¥ Y-, CAHBAIOLIHecsd
B OLHYy B TOYKAX CHEKTPa IEPHOLHYECKOH H aHTHIEepAOAHUECKOH
3amay (HedeTHOH KpartHOCTH). PaspellleHHble 30HBEI CIleKTpa OTpe-
JensiioTcst M3  YCJIOBHSL  BELIECTBEHHOCTH KBasuuMmysnca p(A).
‘B camoconpskeHHOM. clyyae g=7 3TH 30HH 06pasymoT, Booblie ro-
BOpA, 6eCKOHEUHOE CEMEHCTBO OTPe3KOB BEILEeCTBEHHOH OcH —oo<C
“<A<{co C KOHIIAMH B IPOCTHIX TOUKAX CIEKTPa HepHOAHYecKOH H
AHTHNEpHOAHYECKOH 3aiau (cM. puc. la). Ilpu |n|—-oco anudbl sa-

LA Ag Ay A Ay Ay

6)

Puc. 1

KyH OBICTPO yébmaror CKOPOCTh - yOLIBAHHA ONpereseTcs Taj-
KOCTBIO MOTEeHOHajga f. PaCCMOTpIIM Teleph HecaMOCOMPSIKeHHBIH
caydait g=—7¥. 3/ech MaTpHUA MOHOIPOMHMH T (x0, A) YHHTapHA
TPH BELIECTBEHHBIX A; TO3TOMY BCS BEIUIECTBEHHAS OCh ABJASETCH
paspellleHHOH 30HOK (co6CTBeHHbIe ugcsna exiPT yHHTapHOH MaTpH-

ubl 1o Moiyaw paBee enumnne). Lemas dymxuus A(A) (1.14)
o6siafaet cBMMeTpHeH ‘

ARy=A®, | (1.16)
noatomy yporHu (1.14) cmexTpa mnepuOJHYECKOH H AHTHIEPHOIH-
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BeCKOH 38744 paclOfioXNeHbl CUMMeTPHUHO OTHOCHTEJBHO BELIECT-
keuno#t ocu, Ilpu aToM Bce BelleCTBEHHEIE TOUKH CHEKTPa YeTHO.
KPATHO BBIPOXAEHH! (MHAUE HA BEWIECTBEHHOH OCH Guii Obl JAKYHEL).
Bce mpocThie TOYKM BETBJEHHS  PACIHOJIOKEHE  OTHOCHTENLHO
BeIeCTBEHHOH OCH CHMMETPHUHHIME Tapam A,*, A,”=A," C acuMi-
TOTHKON Af=mn)T npu Gombumx 7. MunMble uacTa AF TpH
|7 |- o0 OHCTPO yG6HBAIOT; CKOPOCTh YOHBAHHA ONpereseTCs
T/aLKOCThIO TnoTennuana r. Kpome BemecTBenHOH OCH, KBasu-
AMIyJasc p (h) IPUHHMaeT BELIECTBEHHBIE 3HAYEHHS] HA HEKOTOPHIX
AyraxX, COeIMHSIOLMX maphel A," u A,” TOYex BeTBJeHus (wa 0O0OMX
JUCTAX PUMAHOBOH ITOBEPXHOCTH; CM. puC. 1, 0).

PaccMorpum Teneps cBoitctBa Ga0x0BCKUMX (yHKUMH. JJaA UX
OJHO3HAUHOrO ONpelLeJenys HYXHO 3a4aTk HOPMHMPOBKY, [oJaras,
HanpuMep,

Py pmie = 1. (1.17)

Wmeer MecTo npocras

Jlemma 1.1. Tlpr nr06BIX KOMMJIEKCHEIX nepuommecmx dYHK-
uusx 7(x), q(x) 6noxosckas cobcTBeHHAs (QYHKUHMS TPOLOJIKAET-
cad (mo A) KO onMO3HAYHOH MepoMopdHOH (YHKUMH Ha [BYJIHCT-
HO} pHMaHOBOIl moBepxHocTH I' BHJA:

w?—2A (M) w--1=0, o (1.18)
HUMeouled  TOUKH BETBJIEHHS B TOYKAaxX CIeKTpa (HeueTHOR Kpar-

HOCTH) NEPHOAMYECKOH M aHTHIepnommueckol sanay (1. 14) IMoJsrocer
QyHKNUY p HA NOBEPXHOCTH I' UMEIOT BHA:
h=1,(X0),  Tia (Vi (X0)s X0)=0, (1.19y
W ==, (Xo) == Tgg (Vi (Xo)s X0)- (1.19)
Hynu nepBoli KOMNOHEHTH 1 (X, Xg, A) HMEIOT BHJI, AaHAJOTHYHbLL
(1.19), (1.19) c 3zameHo#t xy—~x. [lpu A—> oo dyHKuUT P="P,
HMeeT 9KCTIOHEHIMAJNLHYIO ACHMITOTHKY eXiM{¥—io},
JoKasarenbCTBO JEMMEl AHAJOTHUHO JOKA34TEJNbCTBY CBOHCTB
Gnox0oBcKOM coGerBenHol Qyuxkuun omepatopa Llrypua~—JluyBun-
asa (em. [15], a raxxke [35]) :
Pumanonpy nosepxHoctbh I', Ha KoTopoH MepomophHa O6J10XOB-
ckasg Gyurnus, Mb Oydem HaseBaThL CIeKTPOM oneparopa L, a
pacnoJioXeHnsle Ha Hell NOJIOCH 6/0XOBCKOH GYHKIHH — LOINOJ-
HHTEeJLHBIM CIIEKTpOM 3T1oro omeparopa. Ma (1.19) oueBupno, 4TO
TOUKH A=+%;(Xo) ZLONOJHHTENLHOIO CIEKTpPa HABJISIOTCH CcOBCTBEH-
HbIMM 3HAUeHHAMH omeparopa (1.11) Ha oTpeske [Xo, Xo+T] ¢ Hy-
JIEBLIMH TPAHHYHEIMH YCIOBHAMH -

Py (o) =Py (xo+T)=0. (1.20)

W3 npeibloymEX pacCMOTPEeHHH BBEITEKaeT, UTO B CAMOCOIPSIKEH-
HOM cJyuae ¢=F Bce TOYKH BETBJEHHS PHMAHOBON noBepxHocTH I'
BeLUECTBEHHEl, a B HECAMOCONIPSXKEHHOM Ciaydde ¢=—F BCe TOUKH
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BETBJICHHS HEBEIUECTBEHHbl H DAaCHOJOKEeHBH CHMMETPHUHBIMH OT-
HOCHTEJIBHO BellecTseHHofi ocH mapamu (cm. pue, 1).

Anasornynple TOCTPOEHHS MOMHO TPOAEIATh AJIA TIPeoGpasoBaH-
noro ypaenewuwsa (1.117). Cuextp— —pHMaHOBa noBepxHoCcTh I
O4EBHAHO, MOJYYHTCSH TOT e Cambii, uT0 W BhIUE, @ JONOJHHTEJb~-
Hblff CIIeKTp v, (*0)» -wj (%)) usmemurcs. B 4ACTHOCTH, B CaMo-

CONPSKEHHOM CJ/lyuae ¢==r BCE TOUKH A==Yy,(X,) Ji€xaT Ha Be-
ILEeCTBEHHOK OoCcH 1O omHolt B Kaoft JaKyHe (Ha OJHOM H3 JIHCTOB
PHMAHOBOM IOBEPXHOCTH). DTO BEITEKAET W3 TOUOG, YTO OHH SIBJSIOT~
Csl YPOBHSMH CIEKTpPA CAMOCONPSIKEHHON 3ajauH

WPy (X) =1, (xo+T)=0. (1.20%)y
Pacnonoxenye IONOMHATENLHONO CHEKTPA B HECAMOCOTPSKEHHOM:
cnyq?e Gosiee caoMHO. Jlerko HAXOOMTCH JMIIE ACHMITOTHKA BETHUHH
'Yn(x() :

Yo (X0) ~7n/T, |n|— co.

HesdderrTnpHoe coOTHOUIEHHe HaA pAaCNONONKEHHE AOMOJHHTENb-
HOTO CIleKTpa wy; Aaercst ycaosuem yuurapuocrn (1.137): mas we-
AblX (yHRuHl sKcnoHenguansHoro Tumna 1—A%(A) 1 T2(A), HMe-
JOLIMX HYJAHM B TOUKAX BETBJEHHA pHMAHOBOM IOBEPXHOCTH H B
TOYKAX JIONOJIHHTENLHOTO CIIEKTPA COOTBETCTBEHHO, BHIpaXKeHHe

_ 1—A? (M) — 719 (M) 712 (M) (1.21)
JOMKHO OHTH TOJHEIM KBAJPATOM HEKOTOPOM menoff hyHKIHA
(2 MMEHHO, QYHKIHM A ==(T;;— Ty)/2{). DTO COOTHOILIEHHE MOMKHO
nepenucaT B BHAE! TOUKH JONOJHHTEALHOTO CHEKTPa JOJIKHBK
OBITH PACIHOJOXEHB HA PHMAHOBOH nomBepxHocTn I' B HYasx «aud-
(depenuyasa BTOPOro popa» BHAA

( +o 28, (1.217y
VI-a 0y

He uMejomero ocoGensocrell B KoHeuHOH wacty I' W HA GeCKOHey-

HOCTH uMelouero acumntoTHkY Buga dA (140 (A1)). Takaa sanucs.

oJsiee yIo0Ha, TAK KAK B HEM y4acTBYIOT TONLKO TOUKH BETBJACHHIL

nosepxuoctn I' (kparubil cnekrp cokpamaercs). KoMniexcHo

COTIPSKEHHLIE TOUKH (Y, W;) TalkKe SBAIOTCA HyJaMu xudgdepen-
nuaaa £,

Lo cux nop Mbl OBOPHJIH TOJBKO O NMEPHOAHYECKHX IOTEHIHA~
nax ¢, r. MoXHO BBeCTH B paccMOTpeHHe M IIOYTH NEepPHOAHYECKHE
MOTEHIMAJL; B 3TOM CJyuYae HaJHuHe Yy HHX cOOCTBeHHOH (yHK-
1IHH, MepOMOp(l)IIOH Ha ,HBYJIXICTIIOII pumaﬂoaon TIIOBEPXHOCTH H
oGnanaomeli Ha Hell aHaJHTHUECKHMH CBOMCTBAMH THIIa ONHCAH-
HBIX BLIIE, ABJSIETCA ONpEIeJeHHeM H3ydaeMoro Kjacca INOTeH-
uHanop (NMOTEHHMAJL € «IPABHJLHBLIMH  AHAJHTHYECKHMH CBOIi-
crBamu», cp. [15]).
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Bpenennas Bblllle DHMaHOBa MoBePXHOCThb criekTpa HMeer, BOoG- -
e rosops, GeCKOHeuHwiit pox. BpeleM Temeph LEHTPAJbHOe 11
JlaJbHeHLIEro NOHATHE KOHEYHO30HHHIX ONlepaTopoB (HA mOpHuMepe
.oneparopos Buaa (1.9)). S ‘

Onpenenenue 1.1, Oneparop L(A) wnasbBaeTcsl KOHeYHO-
/30HHEIM, ec/il OH 06Janaer cobcrpeHHON (ymKuHed, MePOMOpGhHOR
_(mo A) nHa pUMaHOBOH noeepxuocry I' KOHEUHOro pona.

Onpenenenue 1.1, Oneparop L(A) HassBA€TCH KOHEYHO-
_BOHHKIM, €CJIH HAHALTCH ManHU.a ’

?\'1 1 ?\a,
M= )= (s 3 7 3)

TOJMHOMHAJBHO 3aBHCANIAA OT A, KOMMYTHUpyioMas C ONepaTopoM
L(N): : ‘
[L(A), M(A)]=0. 1 (1.22)
Hmeer mecTo ‘ ‘ S
Teopewma L1. Onpenenenuss 1.1 u 1.1’ 5KBHUBAJIGHTHH,
ChopmynpOBaBHOE YTBEPXKAEHHE BAMXKHO H XOPOIIO H3BECTHO
B TeOpPHH KOHEYHO30HHOTI'0 I'IHTEI‘pI'IpOBaHHH; OHO IIOAIBHJIOCLE H
6BJI0 HCTIONIB3OBAHO BrepBhie B paBoTe C. I1. HosuxoBa [34] mus
cayuas onepatopa Ilpénunrepa (cm. Takxke [15]). Hamum snech
HabpocOK [0Ka3aTeJabCcTBa TOrO, 4TO H3 onpeneseHus 1.1/ peire-
Kaer omnpefenende 1.1. Bpezmem xapakTepucTHUECKHH MHOFOUJEH

 RMv)=det(iv—M(, x))=—vfdet M, x)  (1.23)
‘Matpubi M (M, X), He sapucsmmit oT X, B cuay (1.22). Co6creen-
HHlE BEKTOPH MaTpunbl M==M (A, x) HMEIOT BHUI:

, ) ‘

Mg = ivE, g':(iv—mu(x)), E=E(h, X) (1.24)
i1 (1)

®, TM03TOMYy, MepoMOpdiil Ha puMmaHoBo¥ nosepxuoctu I' BHga

, R v)= -—v2i—1—detM(?», Xx)=0. (1.25)
QOuepuzpyo, AByavcraas (Haj A-IJIOCKOCTBIO) IOBepXxHOCTL I' ajre6-
paHyeckas; T. €. HMeeT KOHewHBH poA. PaccmoTpum GyHKuUMIO AP,

SBARIOILYIOCH 001iel co6cTBeHHOA DYHKUMEH KOMMYTHPYIOIIHX Olle-
.paropoB L(A) m M(A):

| LM w=0, M@ x)p=ivh, p=(p, )" - (1.26)
€ yCJ/IOBMEM HOPMHDOBKH C ‘
Yy le=r,=1. (1.26%)
Dra Hysku us UMeeT B
" P (x, X0 M) =Y (X, X0, M) E (A X0). ' ‘ 1.27)

Tloatomy OHa MepoMopdHa Ha puMaHOBOH noBepxHoctd I'. Ee ana-
JIETHYECKHE CBOHCTBA HCCAEAYIOTCH 6es TpyAa. - - o
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O6parHoe ciefcTBue (BHIBOL ompefenenrs 1.17 ua onpegesenys
1.1) noxaswiBaercsi Gosee caoxuo (cM. [15]). @akTHuecKH, OHO
BBITEKAET H3 TOrO, YTO KOHEYHO3OHHHE (B CMBICAE OMNpeaeseHHs
1.1) moreHUMAJIE FABJASIOTCS DeUIeHHAMH HEKOTOPHIX BIIOJHE OIpe-
HeNeHHBIX HeMHHeHHbIX mnddepernyanbHbX ypaBHeHHU.,

PasGepem Temeph CoBCeM IPOCTON, HO BAaxKHBU npumep. ITycTs
matpunia M (A), KoMmyrupyomas ¢ L()), UMeer BHUA:

M) = — o) ((1) #?)4_(9 _g). (1.28)

Ycnosue xommytanuu [L (M), M(M)]=0 ppusoguT K Cjesyiomum
dopmyaam aaa r, q:

r..:roe——‘?lmx, q=q062icﬂx, (1_29)
TJe ro, go— KOHCTAHTBEL PACCMOTPUM HECAMOCONpPMMKEHHHEH cayda
qo=—ro. Ilomoxum  ryg=pee~i®%. PuMaHoBa  NOBEPXHOCTb

I'—cnexrp omepatopa L(A) ¢ xosdpduuwenramu Buna (1.29)
HMEEeT BuA: ‘

det [v—M(A) | =2 — (b — )2 — pg? =0. (1.30)

DTo ABy/mcTHas noBepxuocTs popa 0. Ee TOuKH BeTBJACHUA Ay
HMEIOT BUJ:

hy=a + Lpy. ' (1.31)

Hmeerca omua TouKA JOTMOJHHTENSHOrO cmektpa (Y, v) (AJs HOP-
muposku (1.9')) Buga ... -

Y (Xo) ==+ L pg sin (2ouxg+@g), v (Xg) = —ipj c0s (20660 - Po)-

Tlpn usmenenns xo Todxa (y(Xo), v(Xo)) GEXUT IO LHKIY, CKICCH-
HOMY M3 ABYX 9K3eMMiuspoB orpeska «[A_, A,] mo HX KoHnam (TO4-
KaMm BerpsienHs). OpHeHTHpYeM 3TOT IHKJ Tak, 4To0B IpH Iepece-
UEHHH ¢ BEIeCTBEHHOH OChIO A Ha BepxueMm JucTe, rae v>>0, moJo-
JKATEJLHOMY HaNpaBJIeHHIo 06xola oTBeyaao 6nl yOnBauue MHUMOH
yactd A. O603HAUHM TaK OPHEHTHPOBAHHLIH LMK/ 4yepes a.
PaccmorpuM GoJiee BHMMATeJIbHO NEpPHOAHUSCKME cayuailt, TAe
a=naN/T, T —nepuon, N —uenoe yucao. Toria MOMXKHO cuUuTaTh,
410 pumanosa noBepxrocts (1.30) ¢ Toukamu BerBaenHs (1.31) mo-
JIyueHa u3 PUMaHOBOH NOBepPXHOCTH v2=A? HyJeBOro IOTEHIlHala C
po=0 packpbiriemM N-ro ABYKpaTHOrO COOCTBEHHOrO YROBHS Ay =
=nN/T nepuoiuueckofi (WiH aHTHNepHOAMueckoi) sanaum. Obpa-
THM BHMMAaHHe, 4TO NpH npoxoxienus neproga [0, TT Touka (y(Xa),
v(Xp)) HaKpyuMBaeTCs Ha OPHEHTHDOBAHHBLIH IHKJI & CO CTENEHBIO
2N. dpyrumu ciaoBaMH, IOJIOC GJ0XOBCKOH (YHKIMH, TOSBJISAIONAH-
£5 NPH BO3MYUIEHHH HYJIEBOTO MOTEHIHasa, MOMHHT «MECTO CBOEro
POXKIEHHS> HA OCH A Yepe3 CTeINeHb HAKPYYHBAHHS HA COOTBETICTBY-
founii Q-nHKAI. SIcHO, YTO TO XKe CaMOe CIpaBeJJIMBO NI JHOOro
TepHOJMYeCKONo NOTeHIHana r(X), B CHIy CBASHOCTH COBOKYIHOCTH
onepatopos (1.9) ¢ g='—f7. bBosee TOUHO, IPH NPOXOXKAECHHH NEPHO-
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na [0, T] nomocul (y;(Xo), v; (%)) Gn0X0BCcKOH (DYHKIHE HAKPYUH-
BalTCA HA HEKOTOpble LHKJIB @; Ha PHMAHOBOH moBepXHOCTH T,
pacrnojioXeHde KaxKJI0r0 M3 3THX UMKIOB AHAJOIMYHO ONMHCAHHOMY
BHIIe PACHOJOMKEHHIO IHKJIa a. B xaaccax roMonoruit 3THX UHKJIOB
MOXKHO BBEIOpAaTh TakKue npelcraBuTesu (0003HAYEM HX TAKXKe Uepes
@;), KOTOPHIe NPH MPOEKIHH Ha A-IJIOCKOCTh NEpexoiiT B HOMapPHO
HenepeceKaloulnecss AyrH C KOHUAMH B KOMIVIEKCHO COTPSAXKEHHBIX
mapax TOYEK BeTBJCHHA [A;*, A,~=A;t]. Ymopsimounm sTH HUKABL IO
WX MEePecEeueHi0 ¢ BEUECTBEHHOM OChI0 A ¥ OPHEHTHpPYeM aHaJIOrHY-
HO TOMY, KaK BLIIle OblJ OpHEHTHpOBaH LHKJ a. Torfa creneHu
HaKpYUHBAHHA NOJI0COB GJIOXOBCKOH (DYHKLIHH Ha COOTBETCTBYIOILME
HM Q-IHKJL 6yLYT MOHOTOHHO BO3pacraTh™.

AHanoruynoe yTBepKJIEHHE CNpPAaBefJiHBO ¥ B IIGUTH NepHOoAHYe-
CKOM ciiy4ae, eCiu NPaBHJbHO ONPEReNHTb UHMCaAA HAKPYUMBAHMA.
DT0 MOMKHO HCINOAL30BATEL /ST OJHO3HAUHOTO ONpeneseHHsl KJIaCCOB
TOMOJIOTHH @-UHKJIOB, 0O KOTOPHIM JBHXKYTCS NOMIOCH GJIOXOBCKHX
QyHKIHI Ha PHUMaHOBOH moBepXHOCTH (cM. moxpoGmee B [17]).

Haub6oJee xapaKkTepHble CROHCTBA KOHEUHOZOHHBIX MMOTEHIHAJOB,
pasofpanubie BHe Ha TipocTelilieM mnpuMepe, OCTAIOTCH B cude ¥
o451 061lero KOHEeUHO30HHOro NOTeHHHasa. IIpuBeZeM B 3ax/JrOue-
yue storo mnaparpada siBHble (OPMYJNBl AT KOHEUHO3OHHEIX ITO-
TennnanoB oneparopa L (A) Buma (1.9).

1) HIO,. PumanoBa nosepXHocTh ' pola g HMeeT B 3TOM CJy-
yae BHA

V= Py (N =N .., (1.82)
rae BCEe HYM Ap ..., Agg,y MHOrOUIEHA Pyg.o (M) BeIIECTBEHHBI U
pasaaunel. [lyeTb Ay <. .. <Agpyo. JIAKYHBL B CHEKTPE HMEIOT BHJ,
hojn <A<hAgp 1</ <g 1. Hap xaxpoft makyHo# cugut pOBHO
oaut momoc (v, v,) Groxoscxofi dynxnuu onepatopa (1.9). O6o-
aHauuM uepes P,, P. OecxOHeYHOyAaseHHhe TOUKH NOBEPXHOC-
1 (1.35): Py=={A==oco, VA€ 1=+ 1}, Tlycte KaHOHHYECKHH 6asuc
IHKJIOB @1y +v vy Bpy b1y o vy b, umeeT TaxKof BHX, K4K HA pHC. 2a.

[Mox metictsuem awtuuuBomonnu v:(h, v)->(A, v) 3TOT 6asuc mpe-
ofpasyeTcs Tak:

T (@)= —a, T(bl)':bg, =1, ..., g, (1,33)1
Marpuua nepuonoB B=(B,) Bemectsenna. [loTennmuan r=g
nMeeT BHA:

i , P 0 (@xU+ 20+ A)
r (x)==rgexp sz]iQ O(ixU+zo)82P+, 57 (1.34y

rie Qzﬁgl-—QSZ——HOpMHpoBaHHmﬁ aGener audhepenuuan BTO-
poro poma c¢ xBoiHmpMu mnomocamum B P, P_; U-—ero BexTop

* Iast ypasuenusn sine-Gordon asajsornyHoe HabmogeHHE OLLIO  CRENAHO:
B pa6ore (1],
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b-nepuonos, A=A (P)—A(P.) (rne A —orobpaxenne Abens);
&(P,, P_)— HEKOTOpAs KOHCTAHT4, 3ABHCALNAS TOJBKO OT PHMAHO-
BOil TOBEPXHOCTH (Cp. § O Huxe), |r¢|==1, 2p—uYHCTO MHMMDIi
BEKTOP.

by

Puc. 2

2) HL.. Pumanoma noepxHocTs I' posa g UMEET B 9TOM CJly-
vae Bug (1.32), rae Bce mysm muorouneHa Py, (M) HeBELIECTBEH-
Hol, Aym=MA;" j=1, ..., g-+1. Brbepem 6asnc LUKIOB @, ..., &,
&y, ..\ b, TaK, Kak nokasano wa puc. 26. ITox gedcTBHEM AHTH-
HHBOJIOLHH T: (A, V)—(h, V) STH LUK NPEoGPasyIOTCA CJelyIouiuM
06pazom:

T(@)=—a, v(b)=b-4 X (1.35)
kel
Marpuua nepHonos obaajgaer CUMMETpHell Buna
01...1
B=2uni %O"' : +B. (1.36)
11...10
Tlorennuan r= —gq umeer sug (1.34), rae BeKTOP 2, MOXKET MpH-
HUMATHL TAKUE SHAYEHHA: ' ,
Zo=1irg, ro€RE. (1.37)

Fnangue pewenus ypasuewnit HII, n HII- nomyyaiores  Ha
3THX GopMyan 3aMeHok
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Py Py a.
zorr 2o+ itV, exp ixj“ Q+ exp [ixj Q+it§ Q(?)},

raie Q@ =00 —Qf) —uopunposannmifi  auddepennuan  BTOPOTC
poza ¢ HOMOCAMH TPeTLero mopsaka B Toukax P,, P_; V—ero
BEKTOP b-TepHOJIOB.

§ 2. HecamoconpskeHHEIe onepaTophl, CBA3aHHbIE
¢ ypaBHenuem sine-Gordon

Vpagueunne sine-Gordon (sG)

Ity — 1ty +sinue=0 2.1y

JoryckaeT, KaK Opuio oOHapy:xeHo B padore [20], KoMMyTamuoHHOE
npejacrasienue Jlakca

=[A, Z] (2.2)
HA MATPHUHBIX ONEPAaTOPaxX UETBEPTOro MOPSAKA
i0, 0 ’ wo expmo"
9 Z V1 5 U3
$=~(")a 4 277, 2.3
00 X+(expl—§c3 0 (23)

‘

—10 [ 0 [0y exp i—”c; :
A=< )a 2 27, 4
, 00 a ( (exp 03) oy 0 ')’ 24

2

3JleCh U= t;-|-U,; Oy, Oy Oz—MaTpuus Iaym,

01 0—i 1 0 :
Gl:(lo ’ O‘2=(i 0 >’ 03=(0_1> ' (2'5)
Oneparop &£ spaserca J-camoconpsienHen, L*=J%J, rue

7 g, 0
~\00y)

CnexrpaibHan sajaua £f=Af pna oneparopa (2.3) cmogurcs
K 3ajaue

LM y=0, Z(W=0,—T ), 2.6):
UM\)= ~—i7»02—-%’c3——1%ﬂ (Cos uoy,— sin uoy). 2.7).

lpepcrasnenwe Jlakca (2.2) mepenucenaeTcss B BHIE YCJOBHS-
KOMMY THPOBAHHSA A-ITyUKOB

=T Q) 0=V M]=0,  @8)
riae o
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V ()= — ihoy— 2 64+ = (cos uo, — sin ua). 2.9)

B konycHbIX nmepeMeHHbX &= % (x+1), n'=~‘-32— (x—1), roe ypasHne-

e sQ mepenuchiBaercd B BHIe

: ' = sinu, (2.10)
Gonee yao6HO NOML30OBATLCA APYTOH HOPMHPOBKOH KOMMYT AL HOHHOTO-
NPEACTABICHUS:

- [0 —U (), 0n—V (A)]=0, @.11)
ceasannot ¢ U, V npeo6pasosammem tuma (1.6): U (A) umeer
Bun (1.4) c r=-—q=-;—ug,

1 cosu —isinu \
VW:W(L‘Sinu —cosu)' - 12)

Hecamoconpsennocts onepatopa L(A) agech BO3HUKAeT H3-3a He-
TPHBHAJLHOTO BXOXKIEHHA CIEKTpasbHoro napamerpa A (daxtu-
YeCKH, ¥M3-32 TOrO, 4TO HCXOAHBIE onepatop & Onla Hecamocolpf-
Xken). Oneparop L(A) obunamaer (NpH BelleCTBEHHBIX L, U) CHM-

METPHSMH

L* M) =—L), | (2.18)
I (—M)=—0c.L Mo (2.14)
Hannuue Bropoil cnvmerpru (2.14) Ye/oHAET CHEKTPAAbHbIE CBOH~
cTBa omepaTopa L (A), MO CPaBHEHHIO CO CNEKTPAJbHHMU CBORCT-

Bamu oneparopa L(A) us § 1.

YCaoBHA TIEPUOAHUYHOCTH UMEIOT BHI:

(x4 T)=1(x)+2nQ, v (x-+T)="0(x), (2.15)
rae Q—uesoe wWHCI0, HA3LBAGMOE TONOJOMYECKHM 3apsmoM (T. e.
exp iu— nepuosuueckas ¢ysinus). MaTpuna MOHOXAPOMHH 7 ome-
paropa L (\) yHHMOAY/spHA M, B CTaHmapTHOM 06asuce pemeHHd ¢
HAYQJLHLIME YCJIOBHAMH | ') B TOUKE Xy, obnafaer CBOHCTBOM: -

yaurapuoctn Buga (1.137). Yuumtesas cummerpuio (2.14), noaydaem
BMJ, MATPUILI MOHOJPOMHMH:

P 2 a (%9, A  Ab (xp A?) )

e Xos == — — —

(<o —Mb (x00 A2 a(xg M) )’

e a(fg 2), b(Xe, 2) aHaiuTHuHLl Mo z==A? BCOAY, Xpome O m

0, I'fle Yy HHX CYUECTBEHHbE OCOGEHHOCTH SKCTIOHEHIHAJbHOrO:

THIA.
yecre

(2.16)

agr(z %%—(a(xq, 2)+a(x, ‘z—)), z2=22 2.17).
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—TO/0BMHA CJleld MATPHILLl MOHOADPOMHUH,
ar (%o z)z%(a(xo, 2)—a (%o, 2))- (2.18)

‘CHeKTP MEPHOIMYECKOR H AHTHIEPHOAHUECKON 38X DACTOJONKet
'CHMMETPHYHO OTHOCHTEJILHO BelleCTBEHHOH N MHHMOI ocelt A u
‘HMeeT BUJ

}\‘nz iVE;1 1—(13\)(2,,)——-:0, (2.19)
THe TOYKH 2, PACTIONONEHH CHMMETDPHMYHO OTHOCHTGILHO BeulecT-
BeHHOH OCH 2. Bce BemecTBeHmhe TOUKH 2, C Z, >0 ueTHOKpaTHO
BbIpOXAEHE. OCTaMbHEIE TOUKH 2, PACMOJIONKEHLl TaPaMH Wi
KOMIIJIGKCHO CONPSDKEHHBIMU, 2,7, 2,”=2,", WIH ofa qnfna 25"
.2,” BEUIECTBEHHL M OTPHIATEeJbHH. [IpH 72— co TOUKH 2, HMEIOT
acuMnrtoTuky [10, 51]

z$=§$+Aw+oCQ, (2.20)
ctomr [ B o))

e
rie Ay, Ao — BellleCTBEHHble KOHCTAHTH. MHHMDLIe HaCTH BEJHYHH
2p* Manel MpH |n|—>co, CKOpOCThp HX YOBIBAlUHfA ONpPEUCJIseTcs
THAJKOCTBIO U,

B cuny aTHX acHMNITOTHK, Ha OTPHIATeJbHOIl BEUIECTBEHHON
MOJYOCH JIEXKMT JIHUIb KOHEUHOe WHCJIO TOYEK CIeKTpa repuojuye-
‘CKOH M aHTHIepHOAHUEecKOHl 3ajay. Kpome TOro, OTCIONA e BLITE-
KaeT, YTO NpH GoJbIIHX || Bce HeBeLlECTBEHHbIE TOUKH CHEKTpa
TPOCTHIE. ‘

Bioxosckue co6cTBeHHBle (GYHKUHH Wi OIPEULENSIOTCS  yeio-
BHAMH

L(pe=0, pu (x+T)=exp[+ip MT]Pr (%), (220
rhe p=T~larccos @, — KBa3HUMIYyJbC, PaspelleHHLIE 30HBl  CIeK-
Tpa moayuaiorest npu Bewecrenubx p(A). Kak n 8 § 1 (mas cny-

yas ¢=-—F), U3 YHMTAPHOCTH MaTpHubl T IOJyYyaem: BCS BellecT-
‘BEHHAsl OCb A ABJsieTcs paspewreHHoH 3oHofi. Ha 2-10CKOCTH 8T0
‘03HAYAET, YTO BEIUeCTBEHHAS NOAYoch 2 oT 0 Ao oo sBasteTcs: pas-
pelleHHOH 30HO0H.

Pumanora moBepXHOCTh L' GMOXOBCKOH GYHKIMA Y (A), vOpMuU~
|POBAHHON YCJOBHEM Yi|emy, =1, UMeeT BHJ

b)) = £V 1=a% (W @.21)

-(cnextp omepatopa L(A). Yao6Ho BBECTM B paccMOTpeHHe ApY-
TYI0 PUMaHOBY moBepxHocTe [' Bupa

p2)= £V z(1—ai(2), (2.22)
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JIBYMHCTHO HAKPLIBAIOULYIO 2-NJOCKOCTh (POJb CIEKTPAaJLHOrO Ia-
pameTpa B AabHelilem 6YaeT UrpaTh HMEHHO 2).

TunnyHel BUL PUMaHOBOH nosepxHoCTH I' M306paeH Ha pPHC.
3. TuuMYHOCTbL 3KeCh O3HAYAET, UTO KOMIIEKCHO CONPSHKEHHBIR

napsl TOYEK BETBJICHHA (2,7, 2,7==2,7) u(z;,’{, Zm=2z% ) He cau-

BAIOTCA. 3aMETHM, UTO CJMSHHE TAKAX Nap B NPOCTPAHCTBE pH-

ozt
013
Ch Pl Y S
3

-Z"l;
Puc. 3

MaHOBBIX TOBEPXHOCTEH NaHHOTO PoJa TPOMCXOAHT Ha HOAMHOXKECT-
BE KOpasmMepuocTu 2.

TTosmocst (v, (Xg)y W (Xg)) Gioxorckoilt Qynxiiuu Ha I' MMEIOT BULL
b (%ar Yo (X)) =0, pn(X0)= —ar (Lo, Yn (X0)) (2.23)
(TouKH JonosHuTeNLHOr0 cnexTp a). [Ipu [r]— oo uMeeM:

 We(x =z ( .24)
ToukH NOMONHHTEJILHOIO CHEKTPa HaXOAATCS BO B3AMMHO OJHO-
3HAaYHOM COOTBETCTBHH € NapaMH 2,%, 2,”.
lyers na orTpuuaTtenbHOll BelleCTBEHHON NMOJYOCH 2 HUMeeTcs R
BelECTBEHHBIX 30H cnextpa [2", 27],..., [& , 2~]. Torna co-
BOKYIHOCTL oneparopoi L(A) ¢ MaHHEIM crnekTpoM I' COCTOMT H3
2" xomnonenr cpaanocty ([40, 10]. DTH KoMnoHeNTH MOMKHO 3auy-
MepoBath uabopamu o= (0y, Oy ..., Ox), e Bce g;==1. Toraa
CYILECTBYIOT £ TOMAPHO PA3/JHYHLIX LeJbIX Ydcel §i, ..., §p TaKHX,
YTO TONOJOTHUECKHH s3apsyx Q NOTeHnHasa #, OTBEUAIONIEro KOM-
HoHeHTe ¢ HoMepoM o, pasen ([10])

3

3
Q=Q(0)=2, 01, (2.25)

{=u1
H()JIHI;II"’I CITHCOK BEUIeCTBEHHLIX KOHEeUMO30HHBIX pG_LUEHI'II‘»'I ypaB-
HeHUSs SG BMeCTe ¢ fABHBIMH TE)Ta-(I)yHKIJ;HOHaJIbHI:IMH (pOpMYJIaMI{

MOxHO ualith B [16] (cxoHble pe3y/bTaThl HE3aBHCHMO IIOJIYYEHEl
B [2]) .

§ 3. MpuMepsl HeNHHEHHBIX YPABHEHMH, CBA3AMHBIX
C MATPHYHLIMH ONEPATOPAMH BBLICIIKHX NOPSJIKOB

PaccmoTpUm MaTpHUHBIE n X 1 JUHEHHBI onmepaTop
La(A)y=10,+ Ah—U a. 3.1
3nece
A=diag (a,...,an) (3.2)
— NOCTOSIHHAA BeLleCTBEHHA AMArOHA/MbHAA MATPHILA A-TO TMOpAis
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ka. Bynem cumtate BesnMuvHBI @, NONAPHO pas/udHEIMH. MaTpuna
Ua uMmeer HyneBhe AMATOHA/LHMLIE 3JEMEHTHL.
Paccmorpum apyrofi Taxoft onepatop

Ls(\) =i0,+ Bh—Usg, (3.3}
B..—_—'diag(bl,..., bﬂ)? )

rae Matpunsl B, Up YAOB/IETBODPSIOT YCJOBMAM, aHAJOTHUHBLIM.
COPMYJIHPOBAHHEIM BHILE. ¥ CJOBHE KOMMYTHpOBAHMS A-IIyUKOB

[LZa (), Lp(W)]=0 (3.4)

3KBHBAJEHTHO CHCTEMe
o A, Usl=[B, Ual, (3.5)
Ua,—Us —i[Ua Usl. (3.6)
Ypaprenve (3.5) sBHO paspelaercsi B BHIE .
Ua=[A, V], Us=[B,V], (3.7}

rie JHarOoHaNpHble 3JeMeHTh MaTpHUE V=V (X, ) Takxke MOXKHO
cyHTaTh HyweBnIMH. Ilocse sTOro moayuaeM OZHO MAaTpHYHOE He-
JIHHeliHOe ypaBHeHHe Ha (yHxuuio V: :

[A, V=18, V,]=t[[A, V], [B, V]]. (3.8)

st mpuJoXKeHHE NpelcTaBASIOT HHTepec pewreHuss cHcTemsl (3.8),
VAOBJIRTBOPSIOUIHE KYCJHOBHSIM BELLECTBEHHOCTI»

F—— VI, (3.9)

riie sBeafouka 0603HAUAET SPMHTOBO conpsxenue, a J-— gHAaro-
HaJMbHAS MAaTpHLUA C eJHHHIAMH HJIH MHHYC €IMHHIAMH Ha JHa-
roHaJH,

J=diag (£1,..., £1). (3.10y

Jasi onepatopoB La(A), Lp(h) B 3TOM CaAyuae MMEET MeCTO CHM-
MeTpus

La®y=JLaW)J, La®=JLa(A) /. (3.11)

Bynem waswpBares cummerpuio (3.11) J-3pMHTOBOCTBRIO ONEpaToOp-
HBIX IyukoB L4 (A), Ly(A). Hampumep, npu n=3 (mycTb a;=>ay>
>a;), =1 wm J=diag (—1, 1, 1), unu J=diag (1, —1, 1), cu-
crema (3.8) ommcHBaer pasjaHUYHble THIBL B3aHMOJEHCTBHA Tpex
BOJIHOBLIX - TAKETOB B Cpefe C KBaApPATHUHOH  HeJHHeHHOCTLIO
i[35]. ®usuueckM HHTEpPECHEIM OKa3bIBAeTCs TAKXKe Cay4ad 4HCTO:
MHEMOH Matpuusl V=(V, rie ypaBHenus (3.8) cBousrcst K ypas-
HEHHAM Ha YHCTO BEILECTBEHHYIO CHMMeTpPHUeCKyro marpuuy V.
Anasiornuuyio unTepnperanuio cicreMa (3.8) ¢ YCJIOBHAMY BelIECT-
BeHnoctH THna (3.9) nonyckaer w npu n>3 ![6, 35].

Jlpyroe BaxXHOe NpHMeHeHHe 5THX YypaBHEHHH, HaHAeHHOe
C. B. Mauakosum {[30], — uHTerpupoBanne ypasHenuil Dfinsepa
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ABHIKEHHSI MHOTOMEPHOTO TBepaoro Tesia [l]. Dt ypasHeHHs1 ume-
10T BHJ,

.

M=[M, Q], M=IQ4QJ, (3.12)
rpe [ —omnepaTop MHepUHM TBEpAOTO TeJd,
I =diag (I,,..., Ipn). (3.13)
Onu noayuaiorea U3 (3.8), ec/m DONOMKHTE ‘
A=7% B=I, [I,V]=iQ, (3.14)

TPUUEM 3aBHCHMOCTBL OT X OTCyTCTByeT. LISl TNpHUJIONEHHH mpefm-
CTABJISIOT HHTEpec M ofuiue pellenuss cHCTeMbl (3.8) ¢ ycaoBuaMu
BeulecTBeHHOCTH (3.9), He 3aBucamme oT x [35],

[A, V,]=i[l4, V], [B, V]l (3.15)

§ 4. O cHeKTPaJbHLIX CBOHCTBAX MATPHUHBIX OMEPATOPOB
€ NepHOIHMYECKHME KoadduuueHTaMy

Pacemorpum  J-spmuros onepatop L (M =La(d) Buga (3.1)
¢ mepuopmueckum notennuatom Us==Uy,, U(x+T)=U (x). I1ycTs
Y=Y (x, x5, A\) —pyunamesransuas MaTPHILA DPRIICHH YPABHEHHA

LO\:)Y=O, le=xu:l- . . (4"1)

Paccmorpum maTpuny monoapoMunt 7 =1 (xq, A)=Y (Xo+ T, xq, A).
,D,J[f[ MaTpUUbl MOHOALDOMHH BBLITIOJIHEHO COOTHOLIEHHE YHUTAPHOCTH

sy JT (M) =. (4.2)
[Mycre J=diag (o, ...,0,), 0Op==41. BBezem AUATOHAJILHYIO
matpuuny e==dlag (e, ...,&,) Takylo, 4TO
8l = f ‘ (4.3)
Kak w B §§ 1, 2, noxaspBaercs, uTo GJOXOBCKas COGCTBEHHAS
dbynuxus = (P!, ..., "’ ¢ ycioBHeM HOPMHPOBKH
‘ P .o e ) ey =1 , (4.4)
MepoMopgHa Ha pumasoBot mosepxuocet ' BHAA ‘
F (M, p)=det (n—7T" (1)) =0. (4.5Y

Srta n-1HCTHASE DHMAHOBA. NMOBEPXHOCTh I' HA3BIBAETCS CNEKTPOM |
oneparopa L(A) ¢ mepuomuueckuMH kod(druuentamu. OTMeTHM,
YTO TOUKH BETBJVIEHHS STOH MOBEPXHOCTH NIPH n>2 yIKEe HE CBA34HHI,
BoOOLIE TOBOPS, CO CIEKTPOM IIEPHOAHUECKON WM AHTHIECPHOLHUE-
ckoit sapau. Us cummerpun (3.11) omeparopa L(A) BriTekaer
«BEIIECTBEHHOCTbY HTON PUMAHOBOH NoOBepXHOCTH I

Jlemma 4.1. Pumanosa nosepxnocts I' Buga (4.5) momyckaer
AHTHIOJOMODPGHYIO HHBOMIONMIO T BHIA ; :

o0 W= ph). . (4.6)
4 o .-



Hoxasarenscrso. B cuny (4.3), umeem:
0=F (b, py=det |p—T* )| =det|p—JT1 (M) J |=
= (—Dprdet T-1det | pt — 7 () = const- F (b, pY).
JlemMma joKasaua.

Paspemenssle 30HBI (JANyHOBCKHE 30HL yCTOHYMBOCTH) Ha PH-
MaHOBOH nOBePXHOCTH I' onpene/eHs yCaAOBHEM

|1 ()] =1=Tm p () =0 (4.7)

(p(A)=(iT) Unp (L) —xBasuumnyasc). [Ipuw srom Gnoxosckas
‘(pyHxuus GyleT orpanuueHa Ha Beeit npsmoil, Ma memmu 4.1 nemen-
JIGHHO BHITEKAET

Caencrrue. Ilyers J=1. Toraa noausii npoobpas Belect-
BEHHOH oCH A Ha noBepXHocTH I' ABJseTcsd paspelieHHON 30HON, Ha
.I(OTO])O]IJI HET TOUYCK BETBJEHHA.

Hokaszarensbctso. B cuay (4.2), npu /=1 u BellecTBeHHEIX

» Marpuna T'(A) yuurapua, Ee co0cTBeHHLIe 3HaUGHHS Bcerja yHH-
moayasipnnl, TloxkaykeM, uTo NpH BeleCTBEHHBIX A HET TOYEK BETB-
Jerns. JelcTBHTeNbHO, TOUKH BETBJEHHS PHMaHOBO! IOBEPXHOCTH
I' mMoryr BO3HHKATH JUWIL TTPU CAHSHUH Naphbl COOCTBEHHDLIX UIHCEN
Wi, u; Marpuukl 7. Ho gaxe ecan Takoe ciusiHHe H IPOHCXOMIMT,
TO COOTBETCTBYIOLIHE COOCTBEHHBlE BEKTOPL! OCTAIOTCS HE3ABHUCHMDI-
MI, T. €. BETBJEGHHe He BO3HHKAeT (BO3HHMKaeT OCOOEHHOCTL  IPH
paoxennn B C?). ClelcTBHe I0Ka3aHo. '

Taxum oOpasowm, npn J=1 Bce TOUKH BeTBJEHHS PHMaHOBON MO-
BepXHOCTH [ HeBellleCTBEHHL H pAacloJOXKeHBl mapaMH, CHMMET-
PHUHBIMI OTHOCHTEALHO aHTHHHBOMOLHH (4.6).

Pumanona nosepxuoctb I' HMeer npH n—>co 1 «BECKOHEYHO yha-
JeHHBIX Touexk» Py, ..., P, rae npu P—P, (A—-00) KBAa3ZHHMIIYJLC
p{\) ~igyh (HaTOMHHM, WTO BCe YHCAA Q) PasJHUHLI), OTMETHM,
YTO 9TH TOYKH HEMNOABIDKHLI OTHOCHTEJNLHO aHTHHHBOJNAOLHH T (4.6).
ITo apanoruu ¢ § 1, moxasniBaeTcs

JleMvma 4.2, [Momocs Ha nosepxHOCTH I' 6J10XOBCKOM (DYHKIIUH
Pp=(Pp!,..., p"*) T, HOpMupoBaHHOl ycnoBHeMm (4.4), HAXOASTCA BO
B2ANMHO OMHO3HAYHOM COOTBETCTBHM C HapaMH TOYCK BETBJCHHSA
pumanosoii nosepxuoctn I’ Ilpn P—Py (A--00) dynKuHA 1) HMeeT
ACHMIITOTHKY BHAA '

P =gt (Sfej*FLx(x’)""FO (7"—2)> g!hentem ), j=1, cea it (4.8)

3necs V =(v,/) onpenensercs ycaosuem [A, V]=U (cM. § 3).

PaccMoTpuM pasee Golee NOAPOGHO KOHEUHOSOHHBIE CJ/yuaf,
rae, N0 ONPEJIeJEHMIO, CyLIIeCTBYeT INOJMHOMHAJIBHO 3aBHCALLAS
or A matpuna M=M (@}, x) rakas, uTo

[L (M), M, x)]=0. (4.9)
Moo ClIl;ITaTI), HTO MaTpuna M (7») HMEET BHJ,
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M Q) =CAN - mragmme wienw, C==diag(cy, ..., ¢p). (4.10)

ME(Ny=TM@R)J. (4.11)

Mpl pacCcMOTPHM JMLUL Cayuall, KOrAa BCE YHCAA Cy, - .., Cp [IONAP-

HO pasnuunbl. Ko HUHEHTH XapaxTepPHCTHUECKOTO MHOMOUYJEHa

mMaTpuusl M (A, X) SIBASIOTCS «HHTErpajaMu», T. e, He 3aBHCAT OT X.

Onu ompepensior crektp omeparopa L(A) (cMm. mmxe dopmyay
(4.12)), T. e. puUMaHOBY noBepxHOCTL I'.

Onpenenenune. Inagkuit norenumnan V=V (x) onepartopa
L(A) wasnBaeTCs CHABHO OTPAHUUEHHBIM, €ClTH s JNio6oH Belwect-
BeHHOH AHArOHa/JbHOH Matpuie B ypasHeuue (3.8) ¢ HauaJAbHLIM
yeaosreM V|;—o=V(x) umMeeT riagxue OrpaHHuYEHHBE pPeLICHHS
V=V{(x, t).

Jans CHNbHOR  OTPAHHUEHHOCTH KOHEYHO3O0HHOIO ITOTEHIHAJSa
V(x) ¢ nausniM cnexrpom I' focTaTouso, 4TOOH ONHCAHHEE BhHILIE
«HHTErpadbly — KosdGpHuueNTH ypaRHeHHs nosepxuocth I'— 3apa-
BaJK KOMIIaKTHOE MHoroofpasue B mpocrpancTtse matpuu V. Ha-
nmpumep, M J=1 moboii rmankuil moreHuHan OyAeT CHJILHO Orpa-
HUUeHBBEIM, B Aanbunefiiier Mul GyjeM PACCMATPHRATL AWML CHALHO
OrpaNHueHHbe KOHEUHO3OHNLIE NOTEHILHAJLI.

Hwmeer MecTo

Jlemma 4.3. Marpuna M (L) KOMMYTHPYeT C MaTpHlieli MoOHO-
npomud T ().

Hoxasareanctno cm. B [15]. Orciona BumiTeraer

Teopema 4.1. a) Pumanosa nmosepxsocts I' suna (4.5) sa-
Jaercs anre6pandyecKUM ypaBHEHHEM

R (A, v)=vtfr Ay v id ... 71, (M) =det|v—M(@A, x)
n(n—1)
2

=0 (4.12)

H, B YACTHOCTH, HMEET KOHEUHBIN poj (panﬂm‘»’l N — (. —1),

B cJayuae OGUIEro IOJOXEHHS).
6) Awrunupomouns (4.6) sapaercst B xoopaumartax (A, v) pa-

BEHCTBOM :

T, V)=, V). (4.13)

B) PumanoBa nosepxmocTs I' ¢ aHTHHHBOJIIOLHEHR T OTHOCHTCS
K pasiessiolleMy THILY.

Haxum naGpocog LokasaTenbcTBa 31O TeopeMbl. ITyHKT a) BHI-
Texaer H3 nemMMbl 4.3, Tax Kax cobcrBeHHble BEKTOPLI MaTpHIbl M
OynyT OGNOXOBCKHMHM (PYHKUMSAMH (3fech MBI HCIOJbL3YEM TO, 4TO
npu Goabwnx A coberBenuble BexTOpnl MarpHusl M (A) nomapmo
nesapucumel B cuny (4.10)). Tlosepxunocts (4.12) unBapuanTtHa
OTHOCHTENLHO auTHHHBoJMOuHH (4.13), B cuny (4.11). Dta auTHHH-
BOJIIOUHS coBrajfaer ¢ anThunsomounel (4.6), Tax xak p=p (A, p)
BELIECTBEH NPH BEIECTBEHHKIX A, W (9TO MOKHO NoKasark, eMm. [11],
Gopmyant (26), (32), 36)). D10 moraswiBaer nyHkT 6). s no-
Ka3arTejLCTBA B) PACCMOTPHM KoMmmytHpylomu# ¢ L{A) omeparop
L(A\) Buna
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LW=id,+IA—[/, V], [A, V]=U, [L}),LM]=0. (4.14)
Ero 6s0xoBckue (PyHKIMM MepoMOpdHL HA Tol Ke camoff noBepx-
roctu T\, [lis onepatopa L (M) (B mepuOAMYECKOM CJ/yuae) 3amaua

Y (y+-T)=exp ipTy (y) (4.15)
camoconpsieHa. IJosTromy npu BeumecTBeRHBIX F (T. e. B paspe-
IIeHHBIX 30HAX) COOBCTBEHHOE uHCA0 A 00f34aTe/bHO BEIECTBEHHO.
Takum obpasom, B 3TOM cJjlydae paspelleHHble 30HBI COBNAlaiOT C

BellecTBeHHLIMH oBadaMu { (A, v) = (A, v)} nosepxHoctd I'. Ho sTu
paspenieHHbie 30HDLI 338A0TCA ypaBHeEHHEM

Im p=0, (4.16)

rie p-——kBasuuMnyaec njs onepartopa L(A) (Imp—omuosnayuasn
dysxiust Ha 1'). Taxum o6pasoM BCH PHMAHOBA TIOBEPXHOCTL I
nocse ynaJeHus BEUleCTBEHHOH YacTu pacnajfaercs Ha JiBe HECBsI3-
e KOoMmoHeHTsl [*={Im p >0} u I'~={Im p < 0}. Teopema moxa-
3auna. B

3ameuanne. lna J=1 oneparop L () umeer pug L (A) =
=10y -\, p=N~. Ypasuende ImA=0 B TOUHOCTH BHIAEJIET BelIle-
CTBCHHBIC OBaJel NOBepxHOCTH I' (cM. ciefcTBHe W3 JemMsl 4-.1).

Herpyzso mnoxasars, dro nuddepenuuans KBa3HUMNYJILC A dp
siBnsiercs abejennM muddepennunascy va I' (ep. [198]). Om coxpa-
HAeT 3HAK HA BEUleCTBEHHOM wyacTH mnoBepxHocTH 1' W pmaske
SIBAACTCS BCIOLY HEOTPHILATENLHBIM NPH eCTECTBEHHOH OPHEHT aliHH
na 3Tol BemecTsenuoll uactu xax kpas I ={Im p>0}. B oKpecT-
HOCTAX Touek Py,..., P, o uMeer BuA:

d;—;”:O"/ng\:-[‘ ooy 'P%pk- (417)

Brrsoa. 3Hak nuddepenunana. dh B OKPecTHOCTH TOUKH Py
paBeH o, k=1,..., n.

ITO yTBepIKAGHHE ONpelessieT YCJAOBHe Ha BHlGOp Ha NOBEPX-
HOcTH ' CMeKTpanabHOro napamerpa A, NPHBOASUIHM K NMOCTPOEHHIO
J-3pMHUTOBEIX ONepaToOpHHIX Nyukos, J=diag (oy,..., on).

Paccmorpum Teneps Gosee noapoluo csoficrBa GJIOXOBCKOW
byrxnHu p. Kak yiKe roBopHJIOCH, NOJIOCH (YHKUHUH W) HAXOLATCS
BO B3AMMHO OJHO3HAUHOM COOTBETCTBHH C NapaMH TOYEK BeTBJIie-
wug, OTcioga MOXHO BBIBECTH, UTO KOJHYECTBO IIOJIOCOB P PaBHO
g+n—1, roe g— pon. Tloxaxkem, Kak MOMKHO NOJYUHTE HeOoDXO-
JUMEIE YCJIOBHS HA PACNOJNONKEHHE HTHX IOJIOCOB,

IMyers (A, 1),..., (A, n) —Touxku momepxuoctd I, JexalliHe
Hajg Touko# A. MM oTBewaior 1 GJOXOBCKHX COGCTBEHHBIX (PYHKILMIT
Pi{x, A),..., Pa(¥, A), HODMHPOBAHHKIX, HaNpHMep, YCIOBHEM

(4.4). Mu cqnfraeM 4TO A OTJNHYHMA OT TOYKH BETBJIEHHS, -TaK HYTO
5TH (YHKOHYM JHHEHHO HE3aBUCHMEL BLICTPOMM HX KOOPAHHATBI B
matpuny (P (x,A)). yers (@i (%, }»)) — obpaTHass MaTpHlUa.
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Tlomoxum

(e, yo PYy=vw (%, M2 (Y, b), P=( k). (418

DTo onpejesiedde He 3aBHCHT OT MePBOHAYAJBHOIO YHNOPSLOYEHHS
rouex (A, 1),..., (A, n), a rakxke OT HOPMHDPOBKH cOOCTBEHHBIX
GyHKIHH, ManﬂqﬁosﬂaqHaﬂ byuxnus 1]&f()c Yy, P) =W/ (x, y, P)),

TakiM 00pasoM, SIBIseTcss OAHO3HAYHOH GyHKuuell Ha PHMaHOBOMH
noBepxHoctd I'. OTMerHM, UTO eciiu

G (x, y, W)= ?‘:1 Ty (b B), x<y (4.19)

0, x>y,
To ¢ynxkuua G (x, y, A) ects marpuna [I'puHa omeparopa L (A).
3ameruM, uto cronbiik Matpuus ¥ (x, y, P) aBasorcs coOCTBEH-
HBIMH (DyHKUHAME AJs onepaTopa L (A), OT/IMYAIOMIMMHCS JHIIL HOP-
MUpOBKOH. CTpPOKH #BJ/ISIOTCA COOCTBEHHBIMH (QYHKIMAMH IAd ¢op-
‘MaJIbHO CONPSDKEHHOrO OnepaTopa

LY (A= —id,+MA —UT. (4.20)
Panr marpunm W paBer emunune.
[Mosoxum
gx, P)y="(x, x, P). (4.21)

Jlemma 4.4. Marpuurosnaunasn dysxnus g(x, P)=(g/ (x, P))
da I’ obaajgaer CaeLyIOMHMH CBOI?ICTBEIMI/I

a) 3uavenna ¢ynkun g (x, P) npu CI)I/IKCI/IDOBEIHHOM A ua pas-
HBIX JMCT4X TOBEPXHOCTH I' ABJSIOTCA CHCTEMOH NDOEKTOPOB AJs
marpuust M), T. e. gil=g, g'(x, M R)g(x, (& 0))=0 npu
k£l (k, | —nomepa smcToB),

Jelx (b A)=1, Jv( Bals b B)=M®). (*22)
k=1 Re==]
6) JuddepeHmuast '

Q) (x; P)=g/ (x, P)dh (4.23)
Mepomopcpum Ha .I", UMEIOT TOJOCH TOJMBKO B GECKOHEUHO ynanen-
HEIX TOukax Pi,..., P, pumaxoBoft moBepxuoctn I':Q/} (x, P) nveet

JBOHHOH moJioC B Tom(e P, ampu i==j QJ(x, . ) HMeeT Ipo-
CTHE TOMOCH B Toukax P;, P, mpuueMm

Qt(x, P)=dh(1-+-0(2), PP, (4.24)

j o/ () W+ O (M) dh, PP,
e p)={—“’l’ )W +O0(NWY)dh, PP,

B) [TycTe
Sp(M=rs()Fre () MO+ +MEQ), k=1, ..., n—1, (4.26)
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roe MHOTOUMeHst ri(A) ompemeneHst B opmysae (4.12). Torza
Marpuna g (x, P) umeer BHL :

-1 8 (A Vb S (W)
g(x, P)== R (*20)

IoxazaremcTeo cM. B [11].
Baoxosekue (yHknuy P/ (£, P), HODMUDOBaKHbIE ycaoBueM (4.4)

HMEIOT BHI
qrjj (xv KXoy P)

Y (x P)=— 5y (4.28)
rie
g;(x, P)= D eg/iix P). (4.29)
=0
Ananoryyno, 6soxoBckue dyskuun V" (y, P), ..., vt (y, P) dop-
MAJIEHO compsxeHHoro omnepartopa (4.20), HODMUPOBAHHLIE YCJOBHEM
(El'll)l+ + .04 gu"pn'k)y:xo =1, (430)
HUMEIOT BHA
vy (%0, 4, P)
(Y, P)=—m, 4.31
) = e By . (31
rne
n
g (x, P)= X e.g/ (x, P). (4.32)
i=1

B-_Benem MepoMopduei  nudibepennnan Q=Q (¥, P), moxaras

2i(x PYgl (%, P 4
o, P)= BT d = S ol (483)

Ryl=1

Ero ceoficTBa TaKOBH:
a) Oudpdepenuuas Q umeer ABOHHLIE MOMOCH B Touxax Py, ...
.+ P, BUpRA

Q=0 dh (1+0 (1Y), PPy k=1, ...,n.  (4.34)

0) Hususop mynell nudipepennnana Q(xy P) nmveer sux D -
+ D", roe D—nomockr ¢yukmuit W/, a D*—nomocs (GyHKUHE
P;*; cremenu puBu3opos D u D' pasust g-+n—1.
Ormerum, uto auddepenuyan Q=Q (x,, P) csazan ¢ nudde-
penunanamu £,/ Buma (4.23) cooTHomeruaMHA
W (x, P) ¥, (x, P)Q=Q/ (x, P). (4.35)
Bepremcst X TOMy4eHMIO HEOGXOAMMEIX yCJAOBUH J-3PMHTOBOCTH
KOHEYHO30HHOT'O OonepaToproro nyuxa L (). B J-apMuTOBOM cayyae

¢opmaasHO  HBOHCTBEHHBE (YHKIMH P, (x, P), HOpMHPOBaHHue
ycaoBuem (4.30), umeioT BuR
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P (X5 Py=/ (x, T (P))o;, (4.36)
rae 4epra 0003HAYAGT KOMIIEKCHOE CONpPSDKEHHE, a T— AHTHHHBO=
mounst (4.13). Tlostomy mubdepennuan Q(x, P) CHMMETpPHUHBIA,

Q()C, T(p))=9('x’ p)v (437)
H €ro AHMBH30P HYJH UMEeT BH[I
D4 (D). (4.38)

Tem cambiM oKazaua

Teopema 4.2. Heofxonumble yC/aOBHA HA DACHOJOKEHHE H-
BH30pa D moyiocoB GJIOXOBCKOH (YHKLHH 1)), HOPMUPOBAHHOM ycJI0-
BueM (4.4), umeor Bum: D-+t(D) ecth muBu3op HyJell mepo-
mophuoro aguddepennuana ¢ ABYKPATHLIMH MOJIOCAMHM B TOUKAX
Py, ..., P, v rnaBHEIME yacTaMu Buga (4.34).

Ormernm raxxke, uto auddepeHumanm Q.7 =g/ d)A obnanawor
CHMMETpHeH BHJA \

Qf (v (P))=0,0 2} (P). (4.39)
DTO OYEBMIHO, BhiTeKaer U3 (opMyJn (4.35).

Hwxe Oyner nokasano, YTo 9TO YCJIOBHE SABJIAETCH TAKXKE W
OO0CTaTOUNLIM.

PaccMoTpum Teneph KOCOCHMMETpHUeCKHi ciyuald
Ur=—U, VI=V, J=I, (4.40y
rae Marpuunl U, V' uucto wmumMel. Oneparop L (A) oBragaer
B 3TOM Cayyae MONOJHHTQARHON CUMMETpHel
LY (N)=—L(—M\) (4.41y
(HaTOMHHM, YTO KPECT HCHOMLBYETCsl JJist 00O3HAUEHHA opMadb--
HOro conpspkenus). JlJs MaTpHIBlL MOHOIpOMHM [ (A) BBLINOJHAETCS:
«COOTHOLIEHHE OPTOrOHAJNLHOCTHY
ToyTT (—a)=1. (4.42):

Ha pumanosoii nopepxHoers 610X0OBCKOH (yHKUHH Gyper nei-
CTBOBATL TOJIOMODP(QHAA HHBOJIOLHA O, Ile

o (b p)=(—n, p ). (4.43)
Wusomonus ¢ KoMMyTHpyer ¢ aHrtHuHBoJionHefl tv. ToukM Py, ...

..., P, HenoXBMKHLI OTHOCHTENbHO HHBOJMIOWHH ¢ :0(P;) =P,
Ipu neueTHoM n A0BaBasieTcsl elle HEMOABIMIKHAA TOUKa Pp=

= (0, 1)€T.
B xoneunosonuom ciayuae marpuuny M (L) MOXKHO B3ATL BHIA
MO)=Ca1 . M (—h)=—MQ). (4.44)
B xooppumarax (A, v) uHBOJIONMS O JeHCTBYeT TaK:

o, v)=(—h —W). (4.45)
Torna pumanosa mnoBepxHocth I' Buma (4.12) xomeunoro poaa
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g-—:(Zk—l—l)ﬂf—;—lz—w(n.——l) HAKpLIBAET JBYJIUCTHO PHMaHOBY IO-
BepxHoCTE Iy pona gy I'=1y=T'/0, roe
go=km (2m —1)+m?—2m--1, n=2m, (4.46)
go=m 2km-+-k4+m—1), n=2m-1 (4.47)
{Bce dopmynn pawoTcad Aas cayyas ofmero mogoxKenus). Ilosy-

YHM HeoOXOJHMBlE YCJOBHS Ha PaclojoxkeHHe KHBM3opa D TOJI0-
OB 6J0X0BCcKOH (yHKuuH. MMeeT MecTo ‘

Teopema 4.3. Tlocrpoeunblit Bhiwe anddepenuuan Q BHLA
14.33) anrucEMMeTpHUEH OTHOCHTENLHO HHBOJIOUMH O
Qx, o(P))=—8(x, P). , (4.48)
Ero Hymm umeor Bux

D 4o (D). (4.49)
HdokazatenbcTBO 3T0f TeopeMbl 4HAJONHYHO IOKA3ATRJb-
TBY TeopeMH 4.2, M MBl ero omyckaem. OTMeTHM, YTO KJACCH

SKBHBAJIEHTHOCTH LHBH30DOB, ONHCAHHLIX B 3TOH Teopeme, o6pasy-
10T MHorooGpasne Ilpuma gBymucTHOro HaxpuTHS I'~-T.

§ 5. IocTpoenne (KOMNJEKCHbIX) KOHEYHO3OHHBIX ONEpPATOPOB

B mpexbigyueM naparpade H3ydasuch CHeKTpPaibHEeE CBOHCTBA
MaTpHYHLIX omeparopoB Buza (3.1) c nepHopmMuecKHMH Ko3(dH-
uuenTamH. B stom naparpade Mbl 3aliMeMcs pelleHHeM «0GpaTHOH
3ajayH», T, & BOCCTAHOBJAeHHEM KO3()(OHIHEHTOB KOHETHO30HHOTO
OHepaTopa o ero CrIekTpy — pPUMaHOBOH mosepxHocTd T', M JomoJ-
HMHTEJNLHOMY CNeKTPy — noJgiocaM 6saoXoBckoil Gynkuuu: ITpe sToM,
"Kak Oyler BHAHO M3 HafjbHelfmiero, OyXyT noJy4aThesd, BooGule
roBOps, KBasurepHolyuveckue Koa(pQHIHEHTH, DTa CUTyauHs Xa-
DarTepHa IJsI peluenHst oGpaTHEIX 3ajad TEOPHH KOHEUHOBOHHEIX
onepaTopos [34].

ITycts I' — nponsposbHas pHMAaHOBA INOBEPXHOCTL pofja g.
DurcupyeM Ha Hell 1 pasAHURKX To4YeX Py,..., P, Ilycts
RyY, oL, Ryl — JIOKANBHBLE lapaMeTpel B OKPECTHOCTAX ITHX TO-
yex. Bm6epeM NPOY3BOMLHLIA HecrenuasbHbll QHBH30p D creneHH
g+n—1, Tycrp P =ypi(x, P)— dynruus Bem&epa——AXKesepa
{BA) ¢ nomocaMH B TOYKax 3TOrO JHBH30pPA M C ACUMIITOTHKOH
npﬂ P—-P, Buna

'llJ/(X P)___E__leilllx (61-—]— _}_O(kl—Q)), l:l, N (2 (51)

(HamoMHHM, 4TO Takas (yHKIusS 10 - juBuH3opy D ompegmensercs
wopnosnayno). - 3xecs x=(«',..., x"),&,..., ep—UHCJIA BHIA
1(4.3). Cupasenausa

Jlemma 5.1. Hdas dyuxuui 1p’ BLINOJHSAIOTCS JHHEAHEIe ypaB-
CHeHHs
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oy .
i A ! / .2
74! iv Pl 147, (5-2)
HoxasaTenbcTBO 3TO# JeMMB COBEPUIEHHO CTaHIAPTHO
s reopuu Qyuknuit BA (cp. [26]).
Ilpu n=2 ypasuenus (5.2) Bcerja cobmectasi, Ilpu na=>2
YC/IOBHST COBMECTHOCTH 3alIHCHIBAIOTCA B cJjefylolleM BHIE:

. Oyt ., .,
P00 =0, i, kL . (5-3)
X
dra cHCTeMa — npocrefiliasg, CBA3aHHAA € A-TOUEUHBIMH (YHKIHA-
M BA ¢ n>2 (nogo6Ho ToMmy, kak ypasrenie Kanomnesa—IleT-
BHAIUBHJIM SIBJISIETCS NPOCTEHINHM B TEOPUH OAHOTOYEUHBIX (DyHX-
uuit BA). TIpy nasoxenun JOMOMHHTENLHOTO YCJAOBHS

n

Q0

|

=0 (5-4)

‘Z}ji
xR

[>7)

k=1
orpamiiende Marpuubl V' =(v;) Ha 2-mepHyi MJOCKOCTH BHJA

xt=ax+b,t, k=1,....1, (5.9)

yAoBJerBopsier ypasHenumio (3.8). Hduas noayyenust JOTOJHHTEJIb-
HOro ycJsioBHSl (5.4) HyXHO moTpe6oBaTh, uTOGH Ha moBepxHocTH I'
cyulecTsosana mMepoMmopdHas ¢ynknus A=»A(P) ¢ momocamu rmep-
BOro rnopsaika B Touxax Py, ..., P, (4 He uMeomas APyrHx moJIio-
cos). Torna dynkuus A peanusyer [' B Buie n-JUCTHOTO HaKpHI-
THA KOMINIeKCHOH rockoery. (Tax mosywaroTesl Bce 7-JIHCTHLHE Ha-
xpriTig). B atom cayuae B xavecrse By, ...,En MONXHO B3FITDL
camy Qyuguuio A. Torga nas (yHxuuit ! 6yIoeT BHHOJHATBCH pPa-
BEHCTBO

n i

SN g, j=1,...,0 (5.6)

et O x®

Busona Hus n-tucTHpx nosepxuoctelt I' orpanuuenne ¢y HK-

UK ) Ha npsMmylo Xt=aqx, k=1,...,n, dgBaserca coBCTBEHHOH
bynkuiHelt onepatopa ‘

L\ =id,+MA-U, U=[A,V], L})yp=0. (5.7)
ITycre wa mnosepxHocTH I', KpoMe OyHKDHH A, CYLMIECTBYET

apyras QyHKiusg po== (P) ¢ TOMOCAMH IEepPBOrO INOPsAKa B T O4Y-
xax Py, ..., P,, nprieMm

p=crtd,+0 N, PP, (5.8)
Torpa BexTop 1 OyAeT COOCTBEHHHIM AJSI MaTPHILEI
M@Rp)=rC—][C, V][4 D, (5.9)

C =diag (c1s .., €n), D=diag(d,, ..., dn), (5.10)

¥ pHMAHOBA IOBepXHOCTh I' fABJAETCA MWJIOCKOH aaredpanyeciKoit
KpHBOH cTelleHH £, 3a1aBaeMOR ypaBHEHUEM
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det (w—M (1)) = 0. (5.11y

Bce 311 (paKTH ABJAAIOTCH COBEPLIGHHO CTAHIAPTHLIMH I TEOPHH
dyuaxuufi BA. OrMernM, uTo ecJH pOA ToBepxHOCTH [ paseH
(n—1) (n—2)/2, To naockas kpusasa (5.11) Heoco6a. [TocTpoeHHast
no mnocko#l Kpueoii I'CP? crenenmu n marpuna V= (v;i) Oyner
VAOBJETBOPSATh KOMIVIEKCHOMY YDaBHEHHIO THITa Diljiepa:

—i[C,V ]+iD+[[A V], [C,V]+D]=0, (5.12)

rpe xh=aux. Toukn Py, ..., P, nojaydaloTcs B NMepeceyeHHd KPHBOMH
" snoGoit npsamoft B CP2. Brifop «cneKTpasbHOro mapamerpa» A Ha
kpuBoll I' sxkBHBaJeHTeH BHOOpPY mnyuxka npsMumix CP?2  (ogHa u3
IPSIMBIX 3TOTO NyuKa M mepecexaer kpuByio I' B rouxax Py, ..., Pa)
Lns 3agaunsg Taxkoro myuka Heo®XOAMMO (MHKCHPOBAThL TOUKY B
CP2, ne nexamyio wa I, Takum oBGpasom, kaxpasd nJjockas KpH-
Bas [' ctenenn n u touka B CP2, me neskamas na T, 3amaer OOHO-
napaMmeTpuyeckoe ceMeficrso ypasHeHHil Buia (5.12) (xoadduunu-
eutsl C, D 6yAyT 3aBuceTb 0T BEIGOpa CeKyulell mpsMoli B My41Ke)
Hans toro, utoBul Matpuua D o6paTunach B HYJb, HY¥KHO, UTOOBI
KacaTteapHele K I' B Touxkax Py, ..., P, NMPOXOZHIU.yepes OfHY TOUY-
Ky. DTo HaJjaraer n—] JONOJHUTENLHOE YCIAOBHE HA MJIOCKYIO KPH-
Bylo I

Ecunu norenguan V He 3aBHCHT, K TOMY 3Ke, OT ¥, TO Mhl IOJY-
HaeM crauuOHapHble pellenus ypaBHeuuit (5.12). Ias toro, 4TobLI
MOCTPONTL TakHe pelleHuss, Ha ' J0/KHa CYLIECTBOBATh TpPeThA
(pYHKUHg ¢ OPOCTHIMH HoJjocaMu B Py, ..., P, He cBojpamasaca X
A, u. Ha BeocoBnX NJIOCKHMX KPHBHIX Takux (yHKIME He GpIBAeT.

Brron CraunonapHeiM pellennsM ypaBHeHu#t (5.12) TuHna
Dhinepa oTpeualoT ocobrie KpHuBhe T\

BepreMcsl K cayualo TPOH3BOILHON PUMaHOBOH IOBepxHOCTH I'.
Onpenenum  dopmansHO ABOHCTBEHHYIO GyHRUHIO  BA  pt=
=(Pi™ ..., Pat) CTEOYIOUINMH YCIIOBHAMHU:

1) dynkimu p;* uMEIOT aCHMITOTHKH BHAA

¥ =9t (x P) =gl (6'+ +0 (k7 )) P—P; (5.13)

2) dyHxuuH ;" UMEIOT TOJMIOCHI B TOYKAX HEKOTOPOTO JHBH30~
pa D' crenenn g—{~/z——

3) CymectByer Mepomopdmmﬁ muddepennuan £ c nosocaMu
BTOPOro nopsiika B Toukax Py, ..., P, Bupa

Q=o0,dk, (1--0(k")), P-P, (5.14)

TAKOH, UTO ero Hyau umeiorT Buj D-+D*. STuM ycnoBueM AUBH3OP
D+ B cayuae oOuIero IOJOKEHHS Ompelensercsd OJHO3HAYHO W Ha-
3biBaercs NHBHBODOM, ABOHCTBeHHBIM K D.

Omnpenenum Mepomopdueie guddepeHHaIb

Qf(x, Py=1,"(x, P)p!(x, P)Q, I, j=1,...,n (515)
Ha 6eckoneurocTH 3TH AH(depeHLIHaAE HMEIOT NOJIOCH (M Apy-
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rux ocoGenuocreft He umeior). Ilpu i+ nuddepennuan Qf uMeet
NpOCTHIE TOMOCH B Toukax P, u P npu i = j nudbdepennuan Q

uMeeT ABOUHON momoc B Touke P;. Us (6.1), (5.13), (5.14) nerxo
U3BJECKAGTCS, YTO

oL k=F, PP,
Qf =1 (;k (5-16)
vl - e k=k, PP,
Qt=dk(14-0 k"), k=k, P—P, (6.17)
Tlpumensist k puddepennnany Q! TeopeMy 0 BhUETax, NONydaeMm:
| v = —ut (5.18)

OrMeruM, Haxouew, uTo panr Marpuusl ;! suga (5.15) pasen I,
[Monyuum sBHBIC (QOPMYJBL A MaTpHL Q1

JJemma 5.1 Marpuuwm puddepennnanos (Q4(P)), yrosrer-
BOPSIOLIHX MCPCUHCACHHLIM BEHILUE YCJIOBHAM, 00PasyioT ceMeHCcTBO
pasmepHocTH g-+n—1. Kaxpmaa takas MarpHia onpefesseTcs: To4-
Koit sixkoBuana J(I') oBmero nosioxenHa W HAGOPOM  HEHYJEBBIX

KOMIJIEKCHBIX KOHCTaHT Aq, ..., An, ONPEfEJEHHBIX ¢ TOUHOCTLIO JO
MUOKHTEJST, H UMEeT BHL

i M 0(AP)—AP)—2)0(AP)—A(Py)+2)

Q; (P)::”XT e
I03(2) E(Py, PYE(P, Py} dkT 1)/ dk}!
JokasaTeaneTBo YTBEPKACHAS JIEMMEl O DasMEPHOCTH MOXKET
GLITh JIETKO BhBelelo w3 teopemMbl Pumana—Poxa, Jlerko mpose-
pserca Takixe, uro marpuna (5.19) mmeer panr 1 H HYKHOTO BHJA

MOMIOCH. 3jiech BEKTOP 2 CBSA3aH C HCXOAHBIM JAuBH3opoM D coort-
wolenneM Ha sikobuane J(I')

(5.19)

2=A (D._E‘pj) s (5.20)
=t
OTMeTHM TaKxKe, 4To
szA(D"“_ZPj)—}—f/f. - (5.201)
J=1

B oTux Qopmyaax # — pHUMaHOBEl KOHCTAHTEL. BeauuHbl Ay, vv.ydy
HUMEIOT BHJL,

g4n—1 Qs o+n—1 -
1n xj= EI 5‘ QQOPj—‘a%ji 'D = 21 Qs’ j = 11 LECEE | n/’ (5.20”)
& 0 S==

rae Q)—rnpousBoJsHas Touka mnosepxuocTH I', Qg,p,—HOPMUDPO-

BaHHLE AudpepeHIHANL TPEThero poAa C NPOCTHIMU IOJIOCAMH
B TOuKax Qp P, a4 %;—HeCyUeCTBEHHbE KOHCTaHTH.
SaMmeuanue. Orobpaxenne D+ (2, My ..., A,) BHLA -(5.20),

61



(5.20"), rne deg D==g-+n—1, asngerca anasoroM npeoGpasosa
uus Afenst (CM. TIpUIOXKEHHe), ONPENeJEHHBIM C TOMOILbIO AU
(eperuuaoB nepeoro W Tperteero pogon Ha TN (P U ... UP,)
(cp- [46]). Ha6op mapamerpoB (2, Ay, ..., M), e 26CE, onpege-
JIEH HeOJHOSHAYHO C TOUHOCTBIO A0 NpeobpasoBauui
2w z+2niN -+ BM, (5.21)
Aehexp (M, AP) ), j=L...n,
rae N, MGZE. Dro o3Hayaet, YTO COBOKYNHOCTL BCEX ONHCAHHBIX
Boile MaTpun, (R, paccaauwpaercs uan axobuanom J (I') co croem
(C*)r~1; coornomenus (5.21) ecTh Qopmysbi Tiepexopa 3TOrO pac-
caoenus. [To-gpyroMy MoxHO 06BACHHTD [26] nporcxomIeHHe 3TOro
pacc/oeHust Tak: 3aMeHA AMBH3OD D Ha JMHENHO IKBHBAACHTHLIY
nuBu3op D/ ~D, Mer GyneM noayuath (ynxuuu BA, oranuaiomue-
cs1 Ha MepoMOP(HBI MHOXHUTE/]b. DTO INPHBELET K H3MEHEHHIO
matpun, (o) w () uHa nopobume, (vf)—A-l(vHA, (Qf)~
> ATQAHA, tie A=diag (A, ..., A,). Kaacen sunefinoft sxsuBa-
JIEHTHOCTM AHBU30pOB H o6pasyior axobuan J (I').
YureMm Tenepb SIBHO 3aBHCHMOCTB OT X==(x!, ..., x%).

Jlemma 5.2. TMyers UV, ..., U™ —pexroput  mepuonos  mop-
MHPOBaHHLIX MepcMop¢Hex Kuddepenuuanos Qp,, ..., Qp, c meot-
HBIME momocaMH B Toukax P, ...,P,, coorsercrsenHo. Torma
3aBHCHMOCTL NapaMeTpoB (2, A, ..., A4,) B (5.19) or x', ..., x*
Jaercs CuefyOWHMA (OpPMYyIaMH:

n
z=i NN 4z, , ' (5.22)
J=1
(2o— MpOM3BO/IBLYLIA g-MEpHLI BeKTOp),
Aj=M\pexp 2 Lxmy m, (5.23)
Mmsps |
THe
d .
W= ——NE (P, P)|pur (5.24)
d (km ) : "
AS, i==1, ..., n—TIPOU3BOJLHLIE HEHY/IEBLIE KOHCTAHTHL.

Hoxasareabcrso. dusuzop wuyneit auddepennnania Qp
Buia (5.19) npepcramasercs B Buie cymmnl Di4-D, rae D,
D ,— nuBusopsl cTeneUn g raxue, uTo

A(D'—P )=z —2, (5.25)
AD;—P)=—z—2% (5.26)

(% — puManoBbl KoHCTAHTH). JJsi TOUKH 2 OBLIEro MOJOMKEHHS 3TH
IMBH3OpH HecrmenuaspHeie. [loctpoum mo HiiM dyuxuun BA ¢f
" ¢;* coorsercTBeHno, rie
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J
(Pl (X, P):eikx i(cjl+o(k’1))1 k'—:-‘k], p—>-pj, (5.2’]}3
9 (x, Py=e " (e L O@®Y), k=k., PP, (5.28)
rae ¢il=c} =1. Toraa
QF(x, P)=0'(X, P)9;/(x, P)Q}(P), (5.29%-

rae Q' (X, P) uveer Bui (5.15), a QF(P)—(5.19), ¢ samenofi
(2, M) (2o Ag). na cdysxuuii ¢ @.F nogydaem:

P n ‘
0 (A (P)—A (P +Bxp U + 2,
9l (x, P)=oal(x) eXP( YEkuPlz) ( 0)(A (P)—I)A (tpgizo) %)
Po b= (5.30)-

(Pj+ (X, )—*OL eXP (_'L.S‘E )C;,,ka>

Py k=1

0 (A(P)—A (P)—iZsp U™ — 2y
RN AE = AP =z (5.31)-

rae al(X), ;" (X) — HOPMHDOBOYHEIE MHOMNHTEJH, UMEIOHe B

noo ( S‘x"U("‘)—{—z )
(o ()t =exp (—i > vkix") tl (5.32) -

Tl 0 (2) ’

- 0 (z0)

( > \"U(")-i—z.,) ‘
(o) (O = exp( > ka) i . (533
Py

\thl‘=j‘ ka (5‘34)‘ ?

]

grpu k==i WHTErpaJ NOHUMAETCS B CMLICJAE TJABHOTO B3HAYEHUSA)..
BoipaXenue (5.29) BKAaA AaLyT TOMBLKO DABHOCTH

2y

Vet ""}k/:j‘ Qp,. (5.85)
Py

Broiuncasis 10T HHTerpas uepes npum-popmy E (P, Q), nonydaem
dopmyast (5.24). Orcioga v us (5.29) BhITeKaeT [LOKa3aTEJLCTBO -
JIEM MBI,

CyMMHpY# AOKA3aHHLIE JEMMED, rnoayuaeM:

Teopema b1 a) COBOKyIIHOCTb KOMIIEKCHEIX KOHEYHO30H~
HEIX oneparopoB Buja (5.2) c¢ pamusM crnexktpom I' ob6pasyer -
{n—1)-MepHoOe paccjoeHue BHAR (5.21) nan sxobuanom J(I').

B6) PyarLuH V
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6 (A (P —A(P;) +1 3, x*U®) +zo>

R=1

7»1 (X)
Fx)=

Y S——

&) (z N gkye) -!—zo) E(Pi, Py ]/a'ki~1 dejfl

\ k-—-l

(5.36)

{i¥j), roe BeqHYHHH A;(X) ompeleseHbl paBeHcrBamMu (5.23), aB-
Jistiotest K0a(PdHLUHeHTaMI 3THX KOHeYHO3OHHBIX ONMepaTopoB H, TeM
-CaMBIM, pelIeHHsAMH cHcTeMHBl (5.3).

Hanomuum, 4ro AJAf A-JHCTHBRIX pPHMAHOBBIX noBepxHocrelr T
3TH (YHKUHE OPH Xx*=a;X MaloT Bce KOMIUIEKCHBIE KOHEYHO3OHHBIE
noTeHIHanbl oneparopos Buma (3.1), (3.3) u, TeM caMBM, BCce KO-
HEUHO30HHBIE PeLIeHHd cHcTeMul (3.8),

Bamewanus 3aMeHaM JOKaNbHLEX NapaMeTpoB

kel b, i=1,..., n, (5.37)
‘OTBeyaeT rpynna npeofpa3oBaHMil WCXONHOH CHCTeMEl BHIA

i i —1 )
VI CS XTI (5.38)

§ 6. Kpurepuit J-9pMHUTOBOCTH CTPOAIUXCH KOHEUHO3OHHBIX
onepaTopHbIX NyuKoB. Ilaockie BellecTBEHHBIE KPHBLIE,
OTReYalOWHe PeLieHHAM ypaBHeHMil Sinepa

Teopema 6.1. Ilycts T'— nmpousBOMbHAS PHMAHOBA IOBEpX-
HOCTb pPOAA £ C AHTMHHBOJIOIMel T pasjaensiomiero tuna. Ilycts
"TOUKH Py, ..., P, HeNOABHKHE OTHOCHTENbLHO T. BuifepeMm noxradb-
Hble mapaMeTpw £;7Y, ..., ky™! B OKpeCTHOCTSX ITHX TOUCK CHMMET-
PHUHBIME OTHOCHTENBHO T,

T*kj::kj: v (6.1)
nprueMm 3HaK Aub¢epenunana dk;~! B OKPECTHOCTH TOUKH P; paBeH
o;==x1, j=1,..., n Ilycrs napamerps (2, M% ..., M), ompene-
JISIOIIHe coryiacHo Qopmynaam (5.36), (5.23), (5.24), xOHEYHO30H-
HbI moTeHmuan V= (v;’), NOAYHHAIOTCA CAEAYIOHM TPeGOBaHHAM:
1) BekTop 206/ (I') mmeer Bux (I1.36) mpuioenus (6asuc WHKJIOB B
Hy(T") sudupaerca B Bume( I1.31), (I1.32)); 2) xoucrantw 1% ...
.. A% mo Monymio paBeEl egmHHUe. Torxa  Qopmynn  (5.36),
(5.23), (5.24) onpenensiior raanxkuit KOHEUHOSOHHBIH INOTEHLHAR

= (v,) onepaTopOB (5.2) ¢ ycnosueM J-3pMHTOBOCTH

‘Z)j = '—O'iO'j'Uij ' (6'2)
B cayuae, xorna #a I' cymectsyer MepOMOpgHAas QyHKIMS A ¢ IIPO-
CTEIMH MOJIO¢aMH B TouRax Py, ..., Pn, THe Rj=)\ B OKPeCTHOCTH
ToukM P;, j=1,..., n, nepeuHcHeHHBIE YCAOBHS HA PHMAHOBY IO-
BepxHoCTh I', aHTHHHBONIOLHIO T, PACNOJOXKEHHe Ha T Touex
Py, ..., Py, 3HaKH d) B OKPECTHOCTSX TOUeK P; M sHAyeHHH napa-
MeTpoB (20, M° .- ., Ax®) SBJAAIOTCS TAKKE H HEOOXOLUMBIMH,
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HdokxasareabcTBo. JlOKaxeM CHauaJa JOCTATOYHOCTD
ycnoBuit TeopeMrl. Ilpn nepeuncienubix ycaosusx mis apddeped-
L{HAJIOB Qﬁ::Qdekl—lV dk7' Buna (5.19) uMeer mecto cummer-
pus Buaa

QEPY=Q/(P), i, j=1,...,n. (6.3)

OTO HEeMea/IeHHO BhITEKAeT u3 sfBHBX dQapmya (5.19), (5.23), (5.24).
ec/u ucnosszopath cumMerpuio (I1.34) rtara-pyuxunn u npum-gop-
mel (I1.37). Jdust camux nubdepenuuatos QF, B Culy yCJIOBAA

Ha 3Haku dir), ...,dks", GyneT BBNOJHATLCH TAKOE COOTHOIEHME;

Orciona u us ¢popmyn (5.16) ans sBeideToB M BhiTekaer (6.2).
Ilycts Temeph wa I' cyumiecTByer mepomopdHas (QyHKUEA A C
IPOCTBIMH IIOJIIOCEMH B TOuKax Py, ..., P,. Torna us teopems 4.1
cpaay BbiTexkaloT YCJIOBHA Ha PHMAaHOBY noBepxHocts I, pacmosozxe-
HHe Touek Pi,..., Pp W 3HaK#H dA B OKPECTHOCTSIX 3THX TOUEK.
Janee, ua Teopemnl 4.2 BuTeKaeT JHHeHAHAS SKBUBAJEHTHOCTD

D+v(D)~K+2 X P, ' (6.5)
j=1

B cuny (5.20), aTo osmayaer, WTO BEKTOp 2 HOJIKEH JeXaTh HA
OIHOI 13 MHMMBIX KOMNOHeHT siko6uana J(T'). To, uro ata KoM-
nonenra umeer BuA (I1.36), BeiTekaer w3 raamgoctd vu;i  (MHAYe
OblIH 6Ll 0cOBEHHOCTH 3a cuer Hyxaedr 0(2); cm. [46]). ITokaweM
Tenepb, YTO KOHCTAHTHI A%, ..., Ax® yHEMORynsipuel. [eftcrBuTens-
Ho, npu A=1, i=1,..., n, ans guddeperunansos Q;' suna (5.19)
3aBelaMO BhinoauAeTcs cuMMmerpusn (6.4). Crement HeoIHO3HAUHO-
CTH ONpeje/enyss MaTpunbl (Q;%) paHra 1 no BeJHuMHE 27 3aKJIO-
yaercst B npeofpasopanHuax Brga Q;'-1.9Q;i(A%) "l BTH mpeobpa-
30BaHMs coXpanslor cummerpuio (6.4), ecau M TONBKO ecqad BCE
koncrauTul A0 ysuMmonmyaspuel. Teopema nokasana. ‘

AHaJjorggHo IONy4aloTcsi AOCTATOYHBIE YCJIOBHS JJIsi CHMMEeTPUH
Marpuun vyl (kocolt cummerpun L+ (—A) =—L(A), J=1), a TakxKe
HX HeoOGXOANMOCTb JJIsi PHMaHOBLIX nosepxuocredl I', gBasiomuxes
A-JUCTHBIMH HaKPLITHAMH,

- Teopema 6.2. Ing nmonyyeHus CHMMETPHYHBIX MaTpun V=
= (v;!) K nepevyHCJCHHLIM YCNOBHAM HAa DHMAHOBY IOBEDPXHOCTDL T,
pacrmosioXKenne TOUCK Ha Hel, HAa 3HAKH JOKAJLHBIX [4PaMeTpoB X
Ha napamerps (20, A% ..., Ay") HyXHO 106aBHThL CJIEAYIOULEE: Ha
IIOBEPXHOCTH I’ noinxHa O6BITh 3ajlaHa  HMHBOJIOLHSA g, rue 0”l:='v0;,
ag(P;)=P;, j=1,..., n. Bexrop 2, ROJIKeH JeXaTh Ha HEYeTHOM
gyactn siko6uana J(I), o(20)=—2, (MHOroo6pasne IlIpnma), H
A0)2=l1, i=1,..., n.

JlocTaTouHOCTh 3THX YCJOBHH MOXKer OBITb JIErKO INOJIyueHa #3
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ABHBIX (popMyJ (5:36) u a/leMeHTApHBIX: cBOMHCTB [46] pPUMAHOBBIX
NMOBEepXHOCTEH ¢ HHBOMNIOUMEH W HX TIra-QyHKNMi. HeobxoauMOCTh
(LIl n~THCTHBIX HAKPHITHE) JIerKO BHITEKAeT H3 pe3yabTaToB § 4,
Ilpu J=1 nonyuenHsle yCJIOBHS MOXKHO cllenath eme Gosee ap-
(beKTHBHLIMH, OMHCaB HeOOXOJMMble M JOCTaTOYHbIE YCJIOBHSA Ha
puMaHOBHI TOBepXHOCTH I', Jajollue SpMUTOBH NyYKH ONeEPaTOpOB
L ()). PasbepeM 3jech B KauecrTse IpHMepa NpoCTeHINHe KOHEUHO-
somnkle onepatopul L(A), ANs KOTOphIXx MaTpuna M(A), KOMMYTH-
pyrowmas ¢ L(A), umeer BUA v
M@A)y=AC—[C,V]+D, V*=-V, 1 (6.6)

i‘,ue C=diag(cy, ..., cn)y D=diag(d,, ...,d;)—BemecTsennble
ManHIl,bI, ¢is=c; npu i+ j. Kax yxe roBopuioch, KoshduuueHTs
V=(v;) onepaTopa L (M) yROBJIETBODPSHOT ypPaBHEHHAM BHIA

. i[C, V,]—iD, =[[A vVl [C, V]—DI. (6.7}
Ipu D=0 noayyawrcs na#aennsie C. B. MaHaKoBBIM HHTErpHpye-
Mble ypaBHeHHs Diiepa.

Pumanosa nosepxnocte I' cmexrpa omepatropa L(A) umeer B
3TOM CJyYae BHE

R (A, v)=det (v—M (1)) =0. (6.8)

2T0 — mjockas asnreGpanueckas KpuBas CTENEHH T. Vmeer Mecto

Jlemma 6.1. Jasi xocoapMuTOBOH MaTpuuml V obulero moso-
H(eHHs BCE TOYKH BeTBJEHHSI PHMAaHOBOH nmoBepxHoctH I' BuAa (6.8)
HeBELeCTBEHNB U NMONAPHO PA3JIMYHBL.

HokazartenbcTBO, HeBellecTBeHHOCTb - TOUEK  BETBJICHHA
AoxkasaHa Bbile (cM. § 4). HecoBnagenwe Touek BeTBJIEHHS BbiTe-
KaeT H3 TOTO, uTo KOd(QQHUIHEHTH RHCKpUMHHAHTA A (A) MHOrOYIe-
Ha R(A, v) (degA( )=n(n—1)) HesapucuMH KaK (pyHKuu# or V.

Crencrane. Hdas KOCOIPMHTOBOH MAaTPHUB V 06IULEro mo-
JIOXKEHHs TIOCKas BelllecTBeHHas KpuBasa I' Brga (6.8) wHeocoba.
Ilonyyawmuecs nIOCKHe BellleCTBEHHBle HeOCOOble KpHBHIE CTeme-
HH 1 NPHHAAMNEexAaT K OJHOMY H30TONHYECKOMY KJ/accy.

HoxazarteabcTBo. B cuny neMmut 6.1, n-nucTHas puMano-
Ba noBepxHocTh I mujaa (6.5) umeer, B cayuae OSLIErO MOJMOKEHHS,
n(n—1) rouex Bersiedus. Ee pox g paseH rTorga g=
=(n—1) (n—2)/2 no ¢opmynre Pumauma—Iypsuua. Ho msockas
KPHBasl CTEIEeHH 7 TaKOoTo poia obgasareisHO Heocoba (BO3HHKHO-
Benre ocobGeHgocTell mouuKano Oul pox). Janee, BOIHHKHOBEHHE
0CcO0eHHOCTH Ha BelIeCTBEHHOH OCH MOXKeT IPOHCXOIHUTh JIHIIbL NIpH
CJIHSIHMM Maphl cOOCTBEHHBIX UHCes Vi, v; Marpuusl M(A) Buia
(6.6). Ho mpu BemiecTBeHHBIX A 3Ta MaTPHLa SPMHTOBA. JPMHUTO-
BB MaTPHLUBl ¢ COBNAAAIOWHMH COOCTBEHHBIMHM YHCJAMH HMEIT
KOPa3MepHOCTs 3 B IIPOCTPAHCTBE BCeX 3PMHUTOBHIX MaTpHLU. ITo-
STOMy AJa ofmek  OXHONApaMeTPHYECKOH JAedopMauuy MaTPHIE
V y cemelictBa marpuy M=M (%) Buxa (6.6) (A — BeuleCTBEHHO)
CIUSTHUY - COOCTBEHHLIX UHCEN IPOMCXOAMTh He OHymer. Ciusiuue:
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KOMIJIEKCHO CONPSIKEHHBIX nap TOYeK BETBJEHHA NPOHCXOAHMT Ha
noaMuoroo6pasmu KODa3aMepHOCTH 2 B NPOCTPAHCTBE KPHBHIX BHAA
(6.5). Dro H OsHayaer, yTo ofulas OAHONapaMmeTpuueckas Iedop-
Malusa ONHOH Kpusol Buga (6.8) B Apyryio Taxyio e GyieT Aa-
BaTh HeocoOnle kpusble. CiefcTBHe A0KAa3aHO. ' S

Hsyunm TenephL BONpOC o pacnojioxeHud Ha RP? BelleCTBEeH:
HBIX KOMMOHEHT KpuBmx Buia (6.8) ¢ V*=—V (coraacto crnepn-
CTBHIO, 3TO pacnoJioxeHHe OAMHAKOBO MOJA BCEX KPHBBEIX TaKOTO
Buaa). Cnpasegausa ' o

Teopema 6.3. Ilpn n=2m BeliecTBEHHbE KOMIOHEHTHl HEOCO-
6bix KpUBBIX I'RP? Brpa (6.8) COCTOAT U3 M BJQMKEHHBIX Apyr
B Jpyra OBaJjioB («rHeafo» us m oBasos), [Ipu n=2m+1, kpome
ruesja M3 /1 OBaloB, HMeeTcd e€ule OAMH OJHOCTOPOHHHH UHKJ B
RP? («npoextuBnas npamasn»).

Hoxasarteanncrso. Kpusas (6.8) nepecekaer OeCKoHeuHO
yhaneHHyio npsmyio B RP? B n pasauuHBIX TOUKax Py, ..., P, P,;=
= {A=o00, v/A=c¢;}. YuuTeBag OTCYTCTBHE BELIECCTBEHHBIX TOUEK
BETBJIGHHSA, MBI NOJydaeM MO3TOMY: Kaxzaasd npsamas A=const Ha
RP? mepecexkaer xpuByw I' B n pasqnuHbX TOYkax. Bylem cuu-
TATh, UTO UHCJHA ¢; YHOPSAOUEHH HO YOBIBAHHIO! €)>>C9>> ... > Cp.
Ms cxasaHHOro Bhlle BBITEKAET, UTO BeTBb KpHBOH I', HMerouias
ACHMIITOTOH TPH A—>-+o0 TpAMYI0 v=CA-d;, npa A—>—o0 HMeer
acuMIITOTOR npsimylo v=cA+d; rae j=n—i+1 (cm. puc. 4).
Orclolla, OYCBHAHO, BHITEKAET YTBEPIKACHHE TCOPEMEL ‘

Puc. 4

M3 JoKasaTesbcTBa TAKMXKE BBITEKAET, YTO TOUKH Py,..., P,
paCNOJIOKEHEl Ha BEUIeCTBeHHBIX KOMIMOHeHTax Kpusoft I' coeny-
UM 06pasoM: NPH n=2m 0apbl To4eK P; ¥ P,_;.1 Jexar Ha
j-m osane (cuurast cHapyxu). Ilpn n=2m-+1 pacnojyoxenne Iap
P; u P, upH js=m+1 raKoe XKe, KaK H LJs 4eTHOro f, a TOU-
Ka Puyi ONNA JIEXKHT HA OXHOCTODPOHHEH KOMIOHeHTe Kpuso# I
(HamoMuuM, Mbl CUHTaeM, 4TO UHCJAA Ci, ..., Cn YNOPALOYEHBI; 3TO
onpejensieT NopAaLoK Touek Py, ..., P,). ‘

O6parno, nycts I — MJOCKAA BellecTBeHHas Heocobas KpH-
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Bas crenenn n ¢ [(n+1)/2] xoMnouentamu, pacrnONOXEHHBIMH
TaK, KaKk onucaHo B TeopeMme 6.1, Torma cooTBeTcTByOIAasf KOMII-
JIeKCHAsl PHMaHOBa NOBePXHOCTb I' MPHHAAMEXHT K Pa3AeNsiolemMy
tHny [36]. Msl Bugesnu B § 5, uTO mas NpencTaBieHHs MAOCKOH
KpHBO# cTenmenn n B BHAe (6.8) HyXkuo mpi6paTh Ha Helt «chek-
TpaibHBH TmapaMeTp» A, T. €. IYYOK NpSAMHIX, NMPOXOXAILMX yepes
HexoTopyio Touky B CP?. Bribepem sty touky B RP?cCP? jexa-
uiell BHYTPH camoro BHyTpeHHero oBaja kpuBo# I'. KoopmuuaTh!
A, v B RP? Brifepem Tak, yToOH 3Ta TOUKA JEXaJa HA HeCcOGCTEEH-
Ho#t npamo#. Ilyers Py, ..., P, — HecoBcTBeHHBle TOUKH KpuBoi I,
rae npu P—P; A—oco, v=c;A+d;+ O (A1), Bpbepem 6a3uc UHKIOB
a;, b; na pumanoBo# moBepxHoctH I' Tak, KaKk OMHCAHO B MPHJIONe-
HHH JJI1 KPUBEIX pasjedsiouiero Tena, Ma reopeMnt 6.1 nHemennenno
BLITEKAaeT

Teopema 6.4. [IpH nmepeyncNEHHBIX YCIOBHSIX HAa PHUMAHOBY
noBepxHOCTL ', BHIOOP CHEKTPAJILHONO MapaMeTpa A Ha Helf M TOUeK

Py,..., P,, a Taxxe Gasuc uuxyos tana (I1.30), qgopmynn (5.36)
AanyT xospHUHeNTH SPMHTORA TyuyKa omepatopos L(A) Buna
(5.7) npu x*=a,x, rae xoucrautsl 1nk%, ..., InA,® wHCTO MHHMEL,

BEKTOD 29 HMEET BHI

= — E—1)2, n=2k,
2= 1, 0, LeCP\ R, p={{ (k—)l), 24+ 1. 6.9)

Hanomuum, uro eciu ToukH Py, ..., P, ua kpusoit I' Takoswl,

YT0 KacaTtesbHble B HHX MepeceKkalorTes B OAHOR TOYKe, TO MATPHUA
D moxer OHITL cleaHa HYJNeBOH NOAXOAIHM BEIGOPOM KOOpAHHA-
TH V. ‘
IoGaBuM Tenepb K YCAOBHIO KOCOPMHTOBOCTH V' YCJIOBHE CHM-
merpuu V. Torza Ha mJIOCKOH KpPHBOK I' BOSHHKHET HHBOJIOLHS
o: (A v) (—\ —v). Duaronancuas marpuua D npu arom aBro-
MaTHUeCKH paBHa HYJIO, €ClM TOUKH Py, ..., P, HeNOABHKNE OTHO-
CHTeJIbHO 0. T1M0CKYe BelecTBeHHEIE KpUBbIE ¢ HHBOMIOUHEH 0, HMe-
Jomell n Touek BETBJAEHMS NpPH YeTHOM n M n+1 OpH HeueTHoM A,
KaaccHOHUUPYIOTCS 10 YHCRY YHCTO MHHMBIX TOYEK BeTBJEHHS.
ITpu n=4%k+2, 4k-+3 Bcerja uMeercsl ofHa Napa MHHMBIX TOUEK
serpaenus Wy, Wo—=1(W,). Kpome Toro, umeercss & 4HcTO MHH-
MBIX UETBEPOK TOUEK BETBJEHHS, PAcHOJOMKEHHbIX CHMMETPHUIO OT-
nocurensno 1, 0<K4 kK{n®—n—2. Ilpu n=4%k, 4k+1 umeercs &
YHCTO MHHMEIX YeTBepOX ToYeK BeTnJenus, 04 k{n?—n. Bo Bcex
cAyYasix YHCHO R SIBJSETCS TOMOJOTHUECKHM HHBADHAHTOM TPOHKH
(T, v, 0), TAe T ~— aHTHHHBOMIOUMS Ha MOBEPXHOCTH I, 0 — HHBOJIO-
uus. JIpyrux TONOJOrHYeCKHX HHBAPHAHTOB (KpoMe CTemeHH) A
TJIOCKHX KPUBBIX I' CTENEHH 1 C HeBelleCTBEHHBIMH TOYKAMH BeTBJIE-
HHS HeT, '

[Tnockne kpHBLE I' CTENENH 7 C HHBOJMIOUMEH OMHCAHHOIO BbILle
THNA NO3BOJAIOT CTPOUThL NPOCTeHINMe 35PMHTOBBI KOHEYHO3OHHLIE
onepatopsl L(A) c ycaoBuem xocoft cummerpun L+ (—A)=—L(}A).
KosduuueHTE STHX ONEpaTopoB, KAK yXe MHOTOKDATHO OTMeya-
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JIOCh B HacTrosfilleM 0030pe, ABJAIOTCS PelieHHAMH ypaBHeHHH Dilae-
pa (3.15) A5 NMpaBOMHBAPHAHTHEIX MeTPHK Ha rpynie SO (n), Hall-
nennpix C. B. ManakosbiM [30]. Kaxnoe uHBapHaHTHOE MHOro06-
pasue (MHBADHAHTHBIA TOP) TAKHX CHCTEM OIpeeNsieT BellleCTBeH-
HY10 DHMaHOBY noBepxHocTh [' ¢ HHBogOUHMell ¢ Buaa (6.5), rae
Ko3(ppuuHeHTH MHOrouseHa R (A, v) SABAKIOTCA HHTErpasaMH
cucremul (3.15). Kaxpoe Takoe mHBapuanTHOE MHOroo6pasie H30-
MOpP(pHO COBOKYNMHOCTH KOHEUHO30HHBEIX ornepaTtopoB L (A) co chek-
tpoM I'. DTo mosBosger noKasaTh, YTO MHBAPHAHTHBIE TOPLI ypaB-
HeHH# Jiaepa Ha rpymne SO(n) suma (3.15), omseualomue puma-
HoBelM noBepxHocTam I' Bupa (6.8), u30MOPQHBI HAKPHITHAM HaJ
mHoroo6passem Ilpuma nosepxuoctd I' ¢ mHBostonued ¢. Jokasa-
TeJIbCTBO 3TOrO YTBEPXKJAGHHS, a TaKkKe aHAJIH3 SIBHBIX GhopMya IJs

pelreHui ypasueHuit Ditnepa Ha SO(n) Mbl nUpHUBeleM B cielyioliel
pabore, :

NPUJOXEHHE. HEKOTOPBIE CBEIXEHHA H3 TEOPUH
PHUMAHOBBLIX IMOBEPXHOCTEH U TATA-GYHKIUA

[Tyctes I’ — xoMmaKTHas$i pUMAHOBA TIOBEPXHOCTS poja g == 1.* Ec-
au I' — pumanoBa noBepxHOCTh anreSpanyeckol GyHKIHH w=w (),
3ajaBaeMoll ypaBHeHHeEM

R (2, @)= w"-- & (2) w4 ...+ a, (2)=0, (I.1)
rae R(z, w) — mHorowsed, to adduuuasg uacts I' coBmajaer ¢
KoMIiekcHol anre6panueckoft kpuso#t (I1.1) B C? B cayuae, ecan
5Ta KpuBas HeocoGas (ruajnxas). Bamusl naa Hac npHMep — IJIO-
CKHe KpHBBIe CTeNeHH n, TAe CTeleHH MHOIOWIEHOB a;(Z) paBHH
((=1,..., n). Tosepxuocrs (Il.1) n-nucTHO HaKpBIBAeT Z-IJIO-
CKOCTb IIPH ECTECTBEHHON NpoeKUuHH (2, @) ~ 2, T. e. LaHHOMY 3Ha-
YeHHI0 2 oTBeyaloT n BOOOUIe TroBOPS  PA3JHYHLIX 3HAUEHHH
w((2),..., W.(2) anrebpauueckofi QyHxuHr w(2), ompene-
naemblx M3 ypasHenns (I1.1). Tlpe caMAHMH HEKOTOPHX H3 3THX
perpelt wa roBepxHocTH I' o6pasylorcs Toukd BerBiaenus. OHH
ONpelesioTes U3 ciefyloulell CHCTeMH:

R (2, w)=0, R, (2, w)=0. (1.2)
I maockol neoco6oit KpHBOH cremeHH n MBI noayunm n(n—I)
touek BerBaeHusi. Pox (KOMMYECTBO pydek) TaKoH PHMaHOBOH MO-
pepxHocTH paBen g= (n—1)(n—=2)/2. B oaHOMEPHBIX TOMOJOTHSX
H{(T)=Z+ ... +Z (2g cnaraeMblx) MOXHO BLIOpaTh 6asuc WHK-

J0B (3aMKIIYTHIX KOHTYPOB) @i, ..., Qg b1,..., by CO CICAYIOMIHMA
HHJEKCAMH TepeceyeHHl
aioa’.j————-bpbj:‘—:o, aicbj:::&ij; i, jzl, ...,g. (I—I.B)

Basuc rosiomopdusix gudieperinaios (NepBoro poaa) Ha MJIOCKOH
HeocoBol KpUBOH CTEIIeHH 1 MMeeT BUA

* B paneHefiueM GYAyT BCTPeYaThbeAd TOMBKO — KOMIAKTHEIE DHMAHOBHL M0~
BEPXHOCTH, W Mb He GyleM Kax<ablf pas o0 TOM HAMOMHHATE. ‘
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2! L .
= -j<n—3. 1.4
| =Ry 0% tH/<n—3 (I1.4)
. : N
Beps noaxopsiiue JHHefHple KOMOMHAIHH Zcijn,j, MLl . TTOJMYYHUM
KaHOHMYeckuit Gasuc rojoMopdHEIX nudhepennnanos

@15« vy mgv (n.5)
HOPMMPOBAHHEIX Y CAOBUSIMH '
$oj=2misy; j, k=1, ....g. | (I1.6)
a.k )
Marpuna B=(B,,¢), ‘
B,k=a§m,.; Jr k=1,...,g (I.7)

by
HasblBaeTcsl MaTpHUeH nepHofoB puManoBof nosepxHoctd I Dra
MarpHlia CHMMEeTpPHUHAa H HMeeT OTPHLATEJBLHO ONpeLeseHHyIo Be-
IWecTBeHnyI0 yactb. ITo 3TO# martpuue crpoMTcss 2g-MepHHIH TOp
T%=](T'), HasbiBaeMblli MHOrooGpasuem $SIKoGH (MM AKOGHAHOM)
pumMaHoBO#l ToBepXHOCTH I': Mosaraem

J (T)=C#/{2niN + BM| N, MEZt). (T1.8)

Tora-dpynkuus (Pumana) nosepxnoctn I' cTpPoOHTCA IO MaTpHUe
nepHoaoB B=By,):

0()= X exp{z (BN, N) + (N, 2)};
NEzZE '
2=(2p ..0r 2, (T1.9)

N=(Ny....Np), (N,z)=QNgz,

(BN,N) = % B,NN,.

Ilpy capure aprymeHTa 2 Ha BEKTOD PEIUIGTKH NEpHOXOB T3Ta-
dyHKIUA mpeofpasyercs Mo CJAeAYIOIEMY 3aKOHY:

0 (2 2miN + BM) = exp {——;— (BM, MYy — (2, M) }0 (2);
| N, Mele. (T1.10)
Uacro HCno/b3yoTCs Takime TITA-PYHKUHH C XAPAKTEPHCTHKAMH
0 [, B] (2) = exp {%— { Ba, &) -+ ( 2--2nif, o ) }0 (2 -+ 2niB - Bet);
o, PERE. (IL.11)

Xapaxrepuctuku [o, B], A9 KOTOPLIX BCe KOOpAMHATH paBHbt O
u 1/2 (Mel Gynem sanuceiBaTh 370 Tak: 206((Z,)8, 2B6(Z;)8), Ha-
spiBaloTCH  noaynepuopamu. [loaynepuon |«, f] uerHsft, ecau
4 (o, p)=0(mod2), u HeueTHr!l B POTHBHOM CJy4ae.
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. Oro6paxenne  AGeas -pHMaHOBOl - noBepxHoeTH I' B ee MHOTO-
obpasue flxoou J (), A (P)=(A;(P), .., Ag(P)), umeer Bux .
P ) i

Ak(P)zgmfe" \ k=10 '0'1g1 (H.12)

rne P,—duKcHposannas ‘Touka Ha I L .
Jusuzop wa T'—370° QopMaibhas WeNOUHC/EHHAs JMHEHHAs
Kombunauus tTouex It : S

N . S
D -‘T-"Zntpi, mEZ- (I—'[‘IS)

i==1

Hanpamep, nas moBo#t mepomopdmo#t na I' yHkuun f ompeénenen
nuBusop (f) ee uyaeit Py, ..., P, u momocoB Q; ..., Q, Kkpar-
HOCTeH Pis «.vy Py M 15 o« vy @, COOTBETCTBEHHO (pr+-in. +p,==
=q+ ... Fqn) : o :

F)=pPr+ .. A pPy— Q= —4uQy . ([1.14)

(takHe AHBH30DHl HasbBalOTCA rJaBHLIMM). IHBH30PH 06pasyloT,
oueBHANHM 00pasom, abenesy rpynmy. Cremenbio aususopa D=
=3n;P; Ha3plBaCTCA UHCIO '

deg D =2ni. (I.15)

Otobpaxenne AGens (I1.12) nuseino NPOJNOJNKAGTCS Ha TPyHNIy
BCEX JMBH3ODOB.

IBa puBH3Opa Ha3LBAIOTCA JHHEHHO SKBHBAJIEHTHBIMH, €CNIH HX
PAa3HOCTL eCTh IVIaBHBI AMBH30DP. CorsacHO KJIacCHYECKO# TeopeMme
Abens, Heo6XOAMMBIe H A0CTATOUHBlE YCJOBHA JIHHEHHOH SKBHBA-
JleHTHOCTH JAHBU30poB D W D’ umeror BHL

1) deg D=degD’, 2) A(D)=A(D’) (I1.16)

3uax = 3jech ¥ jajee OYAET HMCNONL3OBATLCS HJisi PABEHCTBA Ha
MHorooGpasuu $Ixko6u, T, e. paBeHcTBa MO MOAYJIO DEIUETKH Ie-
pPHOJOB.

[Tpumep. [JUBH3OPH HyJeH H MOJIOCOB ABYX MepoMOpGHEX Ha
I' nudepenuuanos o, o JAMHEHHO SKBHBANEHTHEL OTOT KJace
JIHBH30POB HA3LIBAETCSl KAHOHMUECKHM KJaaccoM nosepxuoctd I' u
oBosnauaerca uepes K (deg K=2g—2).

[MonoxurenpHbiM  (HAH 3(P(peKTHBHHM) Ha3bIBAGTCA JHBH30D
D=3n;P;, 117 KOTOPOro BCe KPATHOCTH 14 NOJOXHTeNbHBL [Ba
nuBusopa D, D’ ceasaum mepasenctsom D=D’, ecam, no onpene-
JIeHH1o, ux passocth D—D’ ecTh moJoXKHUTeNbHEH AuBA30D. OT-
MeTHM I[I0JIe3HOe CBOHCTBO AMBH30POB CTENEHM Z=g: JII0OOH Takol
. JUBH30P JHHEHHO SKBHBAJICHTEH IOJIOXHUTEILHOMY, Hns monoxu-
TeJLHBIX AHBH30pOB D =ZXn,P; mpencrapifaer HHTEPEC PasMePHOCTh
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(D) mpoctpancTBa TakHx MepoMopdHbXx Ha I’ byukuui  f, oas
KOTOPBIX BHINOJIHSETCSA HEPaBEHCTBO

(fy=—D. (I1.17)

D10 MPOCTPAHCTBO COCTOHT H3 TeX MEPOMOPOHEIX (pYyHKUHH, KO-
TOpbie MOTYT HMETh IOJIOCHl TOJBKO B TOYKAaX P; KPaTHOCTH He BbI-
me n; (B 3TO NPOCTPAHCTBO BXOAAT TaKXe KOHCTaHTH). Ilas mo-
JIOKHTeNLHOr0 AHUBH30pa OOLIEro NOJOXKEHHS pasmepHOCTh [(D)
HMeeT BHA:

1, degD\<_ga
1D)= degD—g+1, degD>g. (I.18)

(BTopas ¢opMysa TakXKe CnpaBefaHBa AJs Jio6oro pususopa D,
ecam  deg D >2g—2). [HOususops [), pas xoropex (D)=
=deg D—g-+1, HagHBAIOTCA ellle HECMELHAJILHBIMH.

Mpumep. Has n-mictHot pumaHoBol nosepxuocTu Buua (I1.1)
mususopsl D, Buga D, =P+ ...+ P, P;=(2y w,(20)):
i=1, ..., n,—0poobpassl TOUKH 2, BCE JHHEHHO 3IKBMBAJECHTHBI
ApYT Ipyry TpH PasHeiX 2. PyHKuuA [ (2) = (2 —2()"! uMmeer mo-
JIOCHl TEPBOTO TNOpAAKa B Toukax JuBHM3opa D,. ITostoMy
I(Dg)>2. Has naockoil KpuBOH CTeneHH #  GylIeM HMeTh
I1(D,)>8 (#a camoM jese, B HeocOOOM CJyuae BCErfa MMeeT
MecTo paBeHcTBO). [IlefcTBHTE/BHO, BO3bMEM 2y== co, TOrJa
(yHKIHH 2 M @ UMEIOT IOJIOCH He BhIILUE NEePBOro Nopsika B «Gec-
KOHEYHOY/aNeHHbIXy TOuKax mosepxHocTH I'. Hepageuctso (D) >3
LM HEKOTOpOro xuBusopa D creneny A ABJASAETCS XaPaKTEPUCTH-
YECKHM /1 TIJIOCKHX KPHBBIX CTEIeHH /.

®uxcupyem Ha NOBEPXHOCTH I' HEKOTOPYIO TOUKy Py H paccMoT-
pum -orobpaxkenne AGens, 3ajaHHOe Ha HEYNOPSANOYEHHBIX HA6O0-
pax (Py,...,Pg) Touex T', T. e. Ha g-H CHMMETPHUECKON CTeneHH
SéT'. Oro6paxeune Abels onpefensieT TaK¥Ke oToGpaskenie

g
ASETT T (T); APy ..., P)=2A(P).  (L19)
o=l

3azaua obpallleHHsi 3TOro OTOGparkeHHST H3BECTHA KaKk 3ajava
obpaenns Slko6u. Ee pemrenne (Puman) paercsi Ha ssblKe T9Ta-

dyuxuuit. Mvenuo, ecsn ans Bexktopa == (&, ..., &) (yuxuus
0 (A (P)—{) He paBHA TOMKIECTBEHHO HYJIO HA PHMAHOBOH TMOBEPX-
Hoct# [Y, 70 ona umeeT Ha I' poBmo n Hynell Py, ..., P, Hawiux
pelliedde 3afayu obpalleHus

AP)+ ...+ AP)=t—%, (I1.20)
rpe H=(%y,...,#H,)—TaK HA3LIBAEMbI BEKTOP DUM aHOBLIX KOH-

craut [13], saBHCAIHI TONBLKO OT PHMAaHOBOH IIOBEPXHOCTH, BHIGO-
Pa Ha Heji Gasnca UUKJIOB W HauanbHOW TOYKH Py B atoMm ciyuae
nusuzop D=P;+ ... 4P, HecneyuanbHelt u Touku Py, ..., P,
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onpenensirorca H3 cHeremnl (I1.20) 0AHO3HAYHO € TOUHOCTBIO AO
IepecTaHOBKH.

OTMeruM Temepb HeKOTOpHie CBOHACTRa MepomopGhHEX rudde-
peHlIHaNoB Ha pHMaHOBOH nosepxHocTH, s Jnwboro Mepomopd-

HOrO JH(epernuana o CnpaBefJHBO BayKHOE COOTHOUIEHHE (Teo-
peMa O BhIUETaX)

ReS (D=O (n.21)1
O(P)=co P
(CYMMHPOBAHHE BEAETCA NO BCEM IOJIOCAM o).

Bynem naswaTh MepoMopbHeill guddepeniual HOPMHPOBAHHEIM,.
eCJH

$o=0, i=1,...,g (I1.22)
at .

Takass HODMHpOBKa BMecCTe C 3aJaHHeM INOJIOCOB H COOTBETCT-
BYIOLIHX TVIaBHRIX "acTell ompefenser Mepomopdueiit AubdepeHIn-
ay ojHosHayHo. Jlio6oft MepomopdHEIE mupdepeHiHas MoOXKer
OBiTh npelcTaBied B BHAe CYMMBl HEKOTOPOTO T[OJAOMOPQHOTO H

JIMHERHOf KOMOMHAUHHE CleAyoIuX GasHCHBIX MEPOMOPGHEIX KU~
(hepeHNANOB:

a) AGesesn nucdepednuans BTOporo poga QYY)  umeorT  ommm:
nomoc kpaTtHocTH #-}1 B Touke Q M TJABHYIO 4YaCTh BHA&:
zlde (n>1). '

6) Abenesn auddepeHuHanst TPEThEro poia Qpg HMeIOT mapy
IIPOCTHIX TIOMNIOCOB B TOuKax P, @ ¢ BHUETAMH, COOTBETCTBEHHO, 1
u—1.

[Tpu Beuncnennax ¢ MepoMopdHuiME auddepesnuanamu  no-
Jle3Ha WX <INPOH3BOAAINAA (DYHKUHS» — OPUM-(POPMa INOBEPXHOCTH
I' [46]. Ecomu P, Q — rouku I, 2, w — Joka/ibHble IapaMerpsl B.
OKPECTHOCTAX 3THX TOYEK, TO NoJaraem

1 1

EP, Q=:(P,Q2) * (dw) * =
SN U1 il e W (%)) _ (T1.23)
VS o:(P)o v (0) )/ Xw; Q)8 vl (0)

1 . \ .
31ech ve»g(Zg)?!»’ 1060 WeueTHnH (CM. BLIIlE€) HEBEDOXAEHHHIA

(r. e. grado[v](0)=£0) noaynepuop (cM. [46]); umpexcw £, J y
rara-pyuxiuli 0s3Hauaior AngdepeHnnpoBaHNe 10 COOTBETCTBYIO-
LIHM TIEPEMEHHLIM Z2;, 25 0. . .,mg~6a3ncnme roJsioMopduse Jud-
(epennuane. Bemuuna E (P, Q)= —E (Q, P) opuosHaysa (mo
KQXJOMy NMEepEMEHHOMY) HA pPacCeUeHHOH N0 LMKAaM @; PMMaHO-
Bofi mopepxuoctu I', ofpamaercs B HyJb TOMBKO mpu P=Q; npu.
obxome 1m0 HMKIY O; OHA TIPHOGPETAET MHOMHTEJDL
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! P \. .
exp(—--}—BU——.Ym]). ) (T1.24)
- ) Q . ‘
ILJm AH@JcpepeHunaJla TPETHEro pPoid Qpo mosyuaeM BHIpAXKEHUE

EX, P)
Qpq (X)=dIn 5559 (XeT). (I'. 25)
Juddepennuans Broporo poaa MoryT ObiTh MOJMYYEHLI M3 CJeAyIo-
iero OumHelinoro auddepenuunana

0P, Q=0@Q, P)= ( = 4 InE (P, Q))dza’w (I1.26)

{2, w—/0KalbHEE TIapaMeTpsl B OKpecTHOCTAXx Touek P, Q). Tor-
Ja, HanpHMmep,
QU (py— 24P 289, ([1.27)

W T. . YKaXeM TakxKe I0Je3HOE BpIPaKEHUe MAJs1 MNPOH3BOJLHOTO
(He HOPMHpPOBAHHOrO) ,zmcbcl)epeﬂuma.na TPETLEr0 poja Wpg C IIPO-
‘CTBIMH TOJIOCAMM B TOHKAX P,
BAX)—AP)—)0(A (X)--A(Q)-*-C) (I1.28)
" E(X,P)E@Q X)VdzV dw ’
rae §€Cf— npou3BosbHBIH BekTOp 06HIero nosoxKeHus (ecan 0 (g) =
=0, to pupdepenwman (I1.28) mpespauraercs B roJoMOpOHBLIH).
Eean Touxy P u Q cuuBaiores, To ([1.28) mpespamaerca B audde-
PeHUHAJ] BTOPOTO pPOAA ¢ JLBONHLIM MOJNIOCOM B TOuKe P=Q,

OcHOBHEIM a/re6poreOMeTPHYecKHM HHCTPYMEHTOM B TEOPHH KO-
'HEUHOBOHHDLIX ONEPATOPOB M CBASAHHBIX C HHMH PELICHHH HeMHEel-
HbIX ypaBHeHHH sBasiorcest QyHkiupn Befikepa—Axuesepa (BA). Dtu
‘pyuxuun Geuin BBegensl M, M. Kpmuesepom [27] ma ocroBe 0606-
IEHHS AHAJTHTHUECKHX CBOHCTB OJIOXOBCKHX COOCTBEHHBLIX (OYHKIMI
‘ONepaTOpPOB ¢ NEPHOLHUECKHMH H IOUTH NEPHOAMUECKHMH KO3 (H-
uuentamu. Jagum X ofliee onpejesieHHE H MepeuHCaAHM Ipocrelt-
Juxe cBoOicTBA.

Wpg =

Onpeneneunne. Ilyers Py,...,P,—TOUKM HA PHMAHOBON
mosepxnoctu T, AT',..., ky' —JOKa/blble mapaMeTps B OKpeCT-
HOCTAX 3TUX ToOueK (rae R, (P))= ), qi(k),...,q,(k)—uabop

MHOrousMeHoB, D —puBu3op Ha I'. r-roueusas (CKaJspHasi, paH-
ra 1—cm. [29]) dynkuus BA, 34J4BAEMas 3THMH JAHHBIMH — 3TO
Mepomopduas ma TN\ (P U...UP,) dyuxuus =1 (P) rakas,
YTO: &) MUBH30p P> — D 6) mpu PP, npousnep;el-me
P{P)exp(—gq,(k; (P)) anamuruuso (i==1,...,n).

© Ecam D — Hecnennanbuuifi nuBusop cremend N, To pasmepﬂocm
TPOCTPAHCTBA M-TOUEUHBIX OGYHKUWHE DA ¢ sajauHBIM BHIOM CY-
IEeCTBeHHbIX ocobenunocredt (¢, ..., g.) paBua N—g+1 [26] nan
‘TIOUTH BCeX MHOTOWJIEHOB {§y,..., ¢, B uacthHoctH, ecau D=
=Qi+ ... + ... +Q, — HecreuHanbHBi AHBH3OP CTENEHH g, TO
coome’rcmyfomaﬂ n-toueyag dQyuxkuus BA cymecTyer u omnpe-
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AeNfeTcs. ONHO3HAYHO ¢ TOYHOCTRIO Jo MHOXHTens. OHa HMeeT
BHLI

Lo n

" 0(A (P)+ X, Ut)—p)

YP(P)=cexp| VL j=1 [1.29

Pl ) ™

rue Q,U—HOpMHpOBaHHbIﬁ‘aﬁéJIEB IZudpepennuan BTOPOrO poaa ¢

TJABHOH YacTbIO B T%‘IICQ P; wupa dg;(k), U —ero Bexrop b-
p .

nepnogos; A (P) = f Wiye ooy ymg —oro6paxenne Abeas ([1.12);
Py )

, b, .
{=A(D)-}-%, % —Bexrop pHMAHOBMX KOHCTAHT; C—IpO-
H3BOJILHLIH MHOMUT eJIb. _

ITepeuncnum Tenepp BasKHEHIIME CBOHCTBA BEILECTBEHHLIX PHMA-
HOBHIX IOBepxHocTell. - PumanoBa nosepxuocTs I' HasbBaeTcH Be-
LIeCTBEHHOH, ec/iH Ha Helf 3aflaHa auTHroJoMop(dHAas HHBOJIOLHA
{unu, Kopoue, amtHuHBoMOUUs1) 7:[—T, 2=1. [Iyctp amTHuHBO-
JIOUHsT © MMeer Ha I’ n  HeNoOMBMMKHLIX KOMIIOHeHT (OBaJOB),
O=<n<g+1. Doamoxuer gBa caywas: 1) obbeiHHeHHe BelECTBEH-
HBIX oBasoB pasjender I' Ha aBe kommoueHTH It u I'=<I't; II)
obbepuHenHe oBajos He pasienser I'. Ilosepxuoctu tana I mur Gy-
JleM Ha3blBATh TAKKE INOBEpXHOCTAMH pas3feJsIollero THIA, a THIA
II — nepaspensiomwiero THIA. .

Ha nosepxmoctu tuna I (rae 0<<n) MoxHO BLIGpaTh Oaswuc
UHKJIOB . g

Qy, bh- LR am bp; ap+1, bp-}-l,- o0 a'p+n—l, bp+rl-1;
a/, b/,..., ap’, bo's (I'1.30)
rpe g=2p-+n—1, Tako#t, 4T0 @pip, k=1,..., n.—1—Bemecr-

BEHHbIE QBaJIblv ;
a;,, b, va)=a,/, v(b)=—b/, i=1..., p), (L31)
T (a‘),{_’;) == a‘) ko T (bp-l—k)z —‘bp.i_k (k = 1, ceey B— 1), (n.32)

AHTUHHBOMIOMS T NOPOXIAET aH THUHBOMOLMIO Ha sxobuane [ (T'),
KOTOPYI0 Mul oBo3HauuM ToH ke Gywso#t v. B ecrecrsenHsix Koop-
IHHATAX Z1y..+y Zp5 Zpplse s Bpn—1y &y see-r Zp' LEHCTBHE T Ha
ArobuaHe uMeer BUJ L

T(Z1se vy Zpy Bpploeror Zpga—1s B1'aeeor Bpf)=
e (Z1se e ey Zp) Bpblserer Zpgumls Zae-or o) ([1.33)
Tara-pyukuus nosepxHoctd I' obragaer CHMMETpPHEH
| 0 (1(2))=10 (2)- (I1.34)
MHHMbIe KOMMOHeHTH siwofuana J (I') omperesmsnoTC s YCJ/IOBHEM
‘ T(2)=—=%. (I1.35)
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d10—2""1 pemepecexalmuxcs g-MEPHBIX BEIIECTBEHHRIX TOPOB.
Ha opHom u3 Takux TOPOB BHJA :

2=(C; m; ©), LECP, nER#1] ([1.36)
dbynxuus 6 (z) Bcerna nosoxutensua [46]. TTpum-hopma E P, Q)
ofnanaeT cumMmeTrpHel

E (z(P), = (Q)=E (P, Q). (I.37)
BexTop pHMaHOBBIX KOHCTAHT OYAET BeLLECTBEHHEIM, eclTd  Ha-
yaJpHyl0 TOuKy oToOpa)eHns AGess B3SATb BEILECTBEHHOH.

Ha noBepxHOCTH Hepasiessiowero tuna ¢ n osanamu (0<n<g)

MOKHO BCerjia BLIGpaTh Gasuc WHKJIOB &y, b;, mpeo6pasyommiics
noj, AeHCTBHEM AHTHHHBOJIIOIMH IO 3aKOHY

—b, I<ign,
—bita, n+1Li<g. |

(T1.38)
Tara-hyHKkuus 0 (2) TAKHX pPUMAHOBHIX MNOBEPXHOCTel obaamaer
cummerpuelt [16] :

T(ag)_’-—“a], I::1a---1 g9 T(bi)={

0(2) =0 (24, (1.39)
rAe NOAYNEPHOJ A MMEET BHE
x=;_(o,..., 0, 1,...,1) ([1.40)

(Hy/1 ¥a TepBLIX A MECTAax).

JUTEPATYPA

1. Aproasd B. M., Maremaruueckie METOJMsl KJaccHueckoil mexamuxn, M., Hay-
ka, 1974, 431 c. (PXXMar, 1975, 6B433K)

2. Beaoosoc E. ., Bnoavckuii B, 3., OGoGmenunil amsatn Jlam6a, Teop.
mar. (us., 1982, 53, Ne 2, 271—282 (P)KMar, 1983, 35755)

3. Bpauscs A, B., Tlosnas HHTCrpHPYEMOCTh HEKOTOPLIX ypasnenuii Diinepa u
npuaoxenys, Dok, AH CCCP, 1983, 268, Ne 5, 1043—1046

4. Beceaos A. I1, Hosuxos C, I1., O cxobrax [Tyaccoua, cormacosanmmx c
aareGpandeckolt reomerpuelt w guwamuxoil Kopresera-pe ®pmsa mna muo-
JKeCTBE KOHCHULO3OHHLIX norcuuuasnos, oxa. AH CCCP, 1982, 266, Ne 3,
533—637 (P)KMar, 1983, 261028)

5. Teavtpand M, M., [uruwi JI. A., Pe3osbBeHTa ¥ TaMHALTOHOBLI CHCTCMLL
Gyuxi, ananms u ero npu, 1977, 11, Ne 2, 11—27 (P)KMar, 1977, 11B801)

6. I'redsep E. B, Hoawancxui . B., Obyxos A. M., Cucremu THAPORHHAMH-
UECKOrO THIA ¥ MX mpumenenne, M., Hayka, 1981, 368 c.

7. Toaybes B, B., JIeKUHH NO HHTCTPHPOBAMKIO YPABHEHH{ ABHKCHHS TAIKEIO-
IO TBEPIOTO Teaa OKOJO uemoABH:KHOH ToukH. M., Tocrexusmar, 1953, 287 c.
(PoKMar, 1953, 739K)

8. I'putpgurc &., Xappue Hox., Tlpununnnt anre6pantecxoi reoMerpud. T. 1. M,
Mup, 1982, 496 ¢, (PJKMar, 1983, 2A321K)

76



10.
1.
12,

13.

. —, Kpuuesep H. M., Hosuxos C. Il., Ypasuenne IIpénunurepa B nepuojuyec-
15.
16.

17.

18.

19.
20,

21,
22,
23,
24,

25,
26.

27,

28.

. Huruid JI. A, 3ameuanna o raMRAbTONOBBIY CHCTEMAX, CBA3SAHHBIX C TPyIHof

BpameHyl. DYNKU. anamus B ero npui., 1972, 6, Ne 4, c. 83—

173, 35336& p 6, Ne 4, c¢. 83—84 (P)XMar,
Aybposun b. A., Ananurnueckie croitersa CIIEKTPAJMBHBIX HLAHHBIX IS He-
CaMOCONPSKENHBIX JIMHEHIBIX ONepPaTOPOB, CBA3AHHLIX C BEULECTBEHHBIMH [1€-
PHOJUUECKHMH pelicHUAMH ypaBHenus sine-Gordon. Hoxka., AH CCCP, 1982,
265, Ne 4, 789—793 (P>KMar, 1982, 12B783) .

—, Bnojse nHTErpUPYEMbie TaMMJNLTOHOBL CHCTGMBI, CBS3AHHLE C MaTpHi-
ILIMH OllepatopaMi, W afesesnl MHOTOOGPAsHA, @yuKIl, aHajus M €ro Mpui.,
1977, 11, Ne 4, 28—41 (P)KMar, 1978, 75910)

—, epnomuueckasn sapaua maa ypabuenns Kopresera-me @pnsa B raacce
KOHEUHO3OHHBIX NOTEHLHANOB. DyHKU, aHanuz ¥ ero npmwi., 1975, 9, Ne 3,
41—51 (P)KMar, 1976, 1B727) ’
—, Tara-QyuKunH o, HenHHefiHple ypaBHeHHs. Ycnmexu Mar. Hayk, 1981, 46,
Ne 2, 11—80 (PyKMar, 1981, 8A432)

KOM ToJie H pHMaHoBel noBepxuocrd. Hokn, AH CCCP, 1976, 229, Ne 1, 15—

18 (P)XMar, 1977, 1B537)

—, Margeea B. b., Hoguxos C. IT., Henuneyuule ypasuenuns tvma Kopresera-

jge @pusa, KOHEUHO3OHHHIC JHHEHRHLIE oneparopm W abeneBhl MHOrooGpasus.

Ycnexn matem. Hayx, 1976, 81, Ne 1, 55—136 (P)KMar, 1976, 75972)

—, Haranson C. M., BeumlecTsennnie ABYX30HHDIE DELICHHs YpABHEHHS Sine-

Gordon. ®yxi. auaaus u ero mpuy., 1982, 16, Ne [, 27—43 (P)KMar, 1982,

65166}

—, Hosuxos C. II., AnrcGpo-reomerpuyeckue cxofxu [lyaccoma nas  Be-

HLECTBCHHLIX KOHNQHUHO3OHHLIX penleHuil ypabuenus sine-Gordon k Hesauuekuo-

ro ypashenns Ulpémumrepa. Hoxn. AH CCCP, 1982, 267, Ne 6, 1295—1300

(P>KMar, 1983, 4B366)

—, —-, [TepHOAHYECKHE H YCJIOBHO TEPHOLHMYECKHE AaHAJOTH MHOTOCOIHTOHHBIX

pcnae}mﬁ ypapuenust Kopresera-ne ®pusa. )KOT®, 1974, 67, N 12, 2131—

214

—, —, Domenxo A. T. CoBpeMennas reomerpuss. MeTOAb U TPHIOMEHUS.
., Hayka, 1979, 759 c. (P)KMar, 1980, 5A623K)

Baxapos B. E., Taxradwan J. A., Paddeeg JI. [, Tloanoe omucanue pe-

wienufi sine-Gordon ypasnenus. Iloxn. AH CCCP, 1974, 219, Ne 6, 1334—

1337 (P)KMar, 1975, 415629)

Hre A. P., OGpamcHHC THICPIAHOTHYECKHX HHTETPAJSOB W HHTETPHPOBAHHE
HCJIHHCHHBIX  BHOQEPenLHaibHEX ypasnennt, Becrn, Jicnunrp., ya-ta, 1976,
Ne 7, 39——46 (P)KMar, 1976, 55324)

—, Koraspos B. I1., $Ipunie GopMynnl AiS perueynit HeiHNEHHOrO ypaBHEHHS
Wpéaunrepa. Hoxa. AH YCCP. Cep. 1976, A, Ne 11, 965—968 (PJKMar,
1977, 55293) '

—, Muarsees B. Bb., Oneparopn Ulpéaunrepa ¢ KOHEUHO3OHHLIM CIEKTPOM U
N-comwromnule pemennst ypapuenus Kopresera-ne ®dpusa. Teop. ® MaT. ¢us,,
1976, 23, Ne 1, 51—68 (P)KMar, 1975, 95485)

Koaer B. A, Koraspos B. Il., Tlourth nepyompueckve pellleHHs YDaBHCHHSA
Ug——txx+sinu=0, oxn, AH YCCP, 1976, A, N 10, 878—881 (P)KMar,
1977, 4B5338)

Kosaos B. B., WurerpupyeMocTs ¥ HEHHTETPUPYEMOCTh B FaMHJILTOHOBOH Me-
XanHKe, Ycnexw mareM. payx, 1983, 38, Ne 1, 3—67

Kpuuesep H. M. Anrefpanueckne KpPHBLIE H KOMMYTHPYIOmME MAaTpHUHbie
I depeHIHanbLHbe OIEPaATOPH. Oyuxil. awanns u ero npua., 1976, 10,
N 2, 78—T6 (PX(Mar, 1976, 115951) _

—, Auare6po-reoMerpauecKoe NOCTPOGHHE YpapHenuit 3axapopa — Hlafata u
ux nepuojuueckux peurennit, Hoxn AH CCCP, 1976, 227, Ne 2, 291—204
(PXMar, 1976, 7B501)

—, Meroan ajrefpanueckoff TCOMETPHH B TEOPHH HelHHeHHLIX ypaBHEHUH.
Yenexu mar. Hdyk, 1977, 32, Ne 6, 183—208 (P)KMar, 1978, 95687)

7



29.

30.

31.
32.
33.
34.

35.
36.

a7.

38.

39.

40.
41.

42,

45.

46.
47.
48.

—, Hosuxos C. II., TonoMopohuble paccloends Hajx aareGpanyeCKHMH KpH-
BbIMH W HeqMHefiHble YpaBHGHHS, YCNexs Matr. Hayk, 1980, 35, Me 6, 47—68&
(PKMar, 1981, 5AR37) S
Manakos C. B., 3ameuanue 06 WHTeTPHPOBAHHE ypaspeHwdi Dijiepa AdHaMH-
KH R-MEpHOro TRepAOro Tteia, OyHKN, awanus # ero npan, 1976, 10, Ne 4,
93—-84 (P)XMar, 1977, 35764)

Mapuenxo B, A., Onepatops Wrypma — Jipysuans u ux npuioxenns. Kues,
Hayx. aymga, 1977, 332 c¢. (P2KMart, 1978, 95632K) .
Muwenco A. C., WuTerpannl reo/ie3Hueckix OOTOKOB Ha rpymmax JIM. @yHKU.
aHaimu3 ¥ ero npwui, 1970, 4, Ne 3, 73—77 (P)KMar, 1971, IB767)

—, @omenxo A. T, Ypaphenus Dilnepa Ha KoHeunoMepHHX rpymmax Jim.
Mas. AH CCCP. Cep. mar.,, 1978, 42, 396—415 (PXMar, 1978, 8b857)
Hoguxos C, [1., llepuopuueckan 3afiaua i ypaBHenus KopreBera-ae CDpLIg—
3a. OyHKU, aHanus u ero Ipwi, 1974, 8 Ne 3, 54—66 (PP)KMar, 1975,
15962 .

—_ (pzm.), Teopus CONHTOHOB, Merox ofpaTmoli aagaun. M., Hayka, 1980,
319 c. (P)KMar, 1980, 85459K) ‘
Poxaun B. A., KoMniekcHple TONOJOrHYECKHE XAPaKTEPHCTHKH BCUICCTBEHHEIX
anre6panueckuX KPHBLIX, YCIexu Mar. Hayk, 1978, 33, Ne 5, 77—89 (P)KMar,
1979, 2A438)

Tpogpumoe B. B., Ypabuenna Diinepa na GopeteBcKHX nojajarefpax Moy~
npoetux are6p Jlu. HMas. AH CCCP. Cep. mar., 1979, 43, Ne 3, 714—732
(P)XMar, 1979, 9A588)

Yepednurx H. B., Anrefpauueckne acuerThl ABYMCPHBIX KHPaJLHLIX MOJIEH.
I, Uroru wayku u tex, BUHUTH. Anre6pa. Tonomormsa. Deomerpus., 1981,
18, 73—150 (PXKMar, 1981, 6A406)

—, Huddepenunanpasie ypasHenus nis (yukuuf Befikepa — Axueaepa an-
refpandeckex KpuBbiX, OyHKI. aHaxua u ero npmia., 1978, 12, Ne 3, 45—b4
(PXKMar, 1978, 12B}161) .

—, O6 ycioBHAX BELIECTREHHOCTH B «KQHEUHOZ0HHOM HHTerpHpOBaHHH», ILoKJI.
AH CCCP, 1980, 252, Ne 5, 1104—1108 (PJKMar, 1980), 105868)

—, O DeryiaspHOCTH <KOHEYHO3OHHBIX» PELI?HH{l MHTETPHPYEMLIX MATPHUHBLIX
auddepenunansupix  ypasnennf, Joxa, AH CCCP, 1982, 266, Ne 3, 593—
597 (P)KMar, 1983, 2B378)

Adler M., Moerbeke P. van, Completely integrable systems, Euclidean Lie
algebras and curves., Adv. Math., 1980, 38, Ne 3, 267317

. —, —, Linearization of Hamiltonian systems, Jacobi varieties and represen-

44,

tation theory. Ady. Math., 1980, 38, Ne 3, 318379 (PKMar, 1081, 8A431).
—, —, The algebraic integrability of geodesic flow on SO (4). Invent. Math,,.
1982, 67, Ne 2, 297—331 (P)KMar, 1983, 1A432)

Dubrovin B, A, Krichever I. M., Novikov S. P., Topological and algebraic
geometrical methods in modern mathematical phisics, II. In: Soviet Scien-
tilic Reviews, v. 3. New York, Harwaod Acad. Publisher 1982.

Fay J., Theta-functions on Riemann surfaces” Lect, Notes in math., Sprin~
ger, 1973, 352, 137 pp. (P>KMar, 1974, RA485)

Forest G., McLaughlin D. W., Spectral theory for the periodic sine-Gordom
equation: a concrete viewpoint. J. Math. Phys., 1982, 23, Ne 7, 1248

Lax P. D., Periodic solutions of Korteweg-de Vries equation. Comm, Pure
and Appl. Math, 1975, 28, 141—188.

49, —, Periodic solutions of KdV equation. Lect. in Appl. Math., 1974, 15,

50.

51,

52,

78

85—96 :
Matveen V. B, Abelian functions and solitons. Preprinf Ne 373 Inst. Teor.
Phys., Wraclaw, 1976. -

McKean H. P, The sine-Gordon and sinh-Gordon equations on the circle.
Comm, Pure and Appl. Math, 1981, 34, Ne 2, 197—257 (P>XMar, 1982,
1B817) ‘

—, Moerbeke P. van, The spectrum of Hill's equation. Invent. Math., 1975, .
30, Ne 3, 217—274 (P>KMar, 1976, 5B758)



