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IMPEJCTABJIEHUE AHAJIUTUNYECKNX ®YHKIIUN B
OTrPAHMUYEHHBIX BBIIIYKJIBIX OBJIACTSIX
KOMIILJIEKCHOM IIJIOCKOCTMH

© A. C. KPUBOIIIEEB, A. B. PA®IIKOB

B pabore paccmarpuBaiorcs 1esble QyHKIUH SKCIOHEHITNAIHHOIO TUIIA 1
perynspHoro pocra. Mlccienyiorcs NCKIOYNTe/IbHbIE MHOXKECTBA, BHE KO-
TOPBIX 3TN QYHKIIAN UMEIOT OIEHKI CHIU3Y, ACHMITOTUIEeCKY COBIIAJAONIIe
C UX OLIEHKaMU CBEPXy. Y Ka3bIBAeTCd KOHCTPYKTUBHBII CII0CO0 IIOCTPOEHUS
HCKJIIOYUATE/IbHOIO MHOXKECTBA, KOTOPOE COCTOUT U3 KPYIOB C LEHTPAMU B
HyJIsX 1es10it dbyaknun. BBoauTcs monsTHe IpaBUIbHO COATAHCHPOBAHHO-
'O MHOYKECTBA, KOTOPOE SBJISeTCH eCTeCTBEHHBIM 00001eHreM TOHATUSL Pe-
ryssipaoro MHOXKecTBa B. 4. JleBuna. /loka3piBaeTcs, ITO IpaBUIbHA COA-
JIAHCUPOBAHHOCTH HYJIEBOrO MHOXKECTBA I1e/I0il YHKIUK SBJISETCS Heob-
XOIUMBIM H [IOCTATOYHBIM yCJIOBHEM JJjIs TOrO, 4To0bl Kaxkiad QyHKIwms,
AQHAJIMTUIECKAs BO BHY TDEHHOCTH COIIPSI’KEHHOMN JUarpaMMbl eJioil QyHK-
MY ¥ HEIPEPBIBHAS BIJIOTH IO IPAHMUIIBI, [IPEICTABJISAIACD PSIIOM KCIIO-
HEHIMAJIbHBIX MOHOMOB, II0KA3aTe/Id KOTOPOrO SBJIAIOTCH HYyJIAMU LEJIOH
dbysrnuu. ot pesynaprar 0600maeT Kiaaccudeckuii pe3yiasrar A. @. Jle-
OHTBHEBA O IIPEICTABICHUH (DYHKINI aHAJIUTHIECKIX B BBIIIYKJION 00/1aCTH
Ha Caydail KpaTHOrO HyJIEBOI'O MHOXKECTBA IeI0i OyHKIm.

§1. Beepenue

IIycrs f — memas dyHKIUS SKCIOHeHNHAILHOTo Tuma (To ectsb In |f(2)| <
A+B|z|, z € C) u perynsproro pocra (cM. [1, masa III)); A = {Ag, np e, —ee
KPaTHOE HyJIEBOE MHOXKECTBO (Nnj — KPATHOCTb HyJist Ak ). B pabore uzyuatorcs
OIIEHKM CHN3Y Ha DYHKIWIO f PEryssipHOrO poCTa, KOTOPBIE BBIIOIHEHBI BCIOLY
B IUIOCKOCTH 33 HCKJ/IIOYEHNEeM CIEHaJIbHOIO MHOXKECTBA KPYI'OB C I[EHTPAMU
B TOYKAX Ak.

[Mosty4enuble pe3y/IbTaThl IPUMEHSIIOTCS K [IPE/ICTABICHUIO (DyHKIHN aHAII-
TUYECKUX B 3aMbIKAHUU OFPAHUYEHHON BBIMY K0 oOactu D (a Takxe dyHK-
uuit aHaauTHYeckux B D M HENPEepPBIBHBIX BILIOTH JI0 IPAHUILBI) [IOCPEJCTBOM
PS/I0B 9KCIIOHEHIMAIBHBIX MHOTOYWIEHOB € HOKA3ATEISIMA .

Kmouesvie crosa: anammrudeckas QyHKIUs, Pl SKCIIOHEHT, PEryJIsApPHBIN POCT, KBA3H-
TIOJTMHOM, IieJiast (PyHKIS.
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Kuaccuueckuit pesynasrar B. . Jlesuna ([1, miasa II, reopema 2 u ria-
Ba III, reopema 4]) ycranasimBaer TeCHYIO CBsi3b MeXKJly [IOBEIEHUEM LE/IbIX
dyHKIME peryagaproro pocra f u ux wHysjaesbimu MHOXKecTBamu A. ITpu arom mo-
JIyYeHbI OlleHKM CHu3Y Ha DyHKnuio | f| BHe uckmounrebaoro Co-MHOKECTBA
([1, rrasa I1, §1]). ITo muenuto camoro B. ¢I. Jlesuna ([1, rnasa II, §1, §6]) neo-
CTATKOM 3TOI0 UCKJIOUUTETHFHONO MHOXKECTBA KPYXKKOB SIBJISIETCS] TO, YTO OHO
“me crpourcst apdexTusHO” (HE yKA3BIBAETCH, KAK 11OCTPOUTH C-MHOXKECTBO).
B s1o0it cBa3u B. . JleBunbiM ObLIO BBEJAEHO MOHSTHE PEryIsSPHOTO MHOKE-
CTBa, COCTOSINErO M3 MPOCTBhIX TO4YeK Mg (To ectb mp = 1). B cayuae sroro
MHOYKECTBA JAeTCs MOTHOE OMUCAHNE MCKTIOIUTEIHHBIX KPYKKOB (IIOMapHO He
[EPECEKAIOIHecs] KPYZKKH C [EHTPAMH B TOYKAX \j CIIEIUATHHBIX PaIUyCOB).
Ouako moJsiyueHHOe TaKUM 00pa30M UCK/IIOYUTETLHOE MHOXKECTBO YKE HE siB-
ngercss Co-MHOXKeCTBOM (HO €ro JIMHeiHas IJIOTHOCTH MOXKeT ObITh CeaaHa
CKOJIb YTOZHO MaJIoii).

Db deKTUBHOCTD TMOHATHS PErYJIIPHOIO0 MHOXKECTBA BO MHOI'OM IIPOSIBJISIET-
cs 6yrarogaps BO3MOKHOCTHU MIPEJICTABJICHUS aHAJIUTHIECKUX (DYHKIWI paMu
SKCIIOHEHT, MOKAa3aTej M KOTOpPHIX 00pa3yioT Takoe MHOXKecTBO. B wacTHOCTH,
MOHSITHE PErY/IIPHOTO MHOXKeCTBA MO3BOUT0 A. @. JIeOHTHEBY MOTYIUTDH JpY-
roit Kjaaccuyeckuii pesyabrar. OH jg0Ka3a/, 94To o0y PYHKINIO aHATUTHYE-
CKYIO B 3aMBbIKAHUHU OI'PAHUYEHHON BBINYKJION ob1acTu DD MOKHO HpEJCTABUTH
PSI0OM SKCIIOHEHT C (DUKCUPOBAHHBIMU [TOKA3aTE/IsIMU, KOTOPbIe 00pa3yioT pe-
ryasgpaoe MHOXKecTBo. Kpome Toro, A. @. JIeoHTHEB TOTYYn/T CIeAYIONAi pe-
syaprar (|2, rasa IV, reopema 4.6.4)).

[Iycrs f — memast QyHKIUS SKCIOHEHIMAIBHOTO THITA, C TPOCTHIM HYJIEBBIM
muokectBoM A = {A,1}7°,, K — ee conpsikennas guarpamma ([3, rmasa I,
§5, 1. 2|) ¢ memycroii BHyTpennocTbio D u hy — ee unaukarop ([3, rasa I,
§5, . 4]). Just Toro urobel Kaxaas OyHKIMS § AHAJIMTHYECKAsT B 3aMbIKAHUK
OrpaHUYEHHON BBIMYKJ/I0W obsiactu D mpeacTaBisiiach PaaoM

oo

g(z) = ; %6)‘“, z €D, (1.1)

HEOOXOIUMO U JJOCTATOYHO, YTOOBI f MMeJia PeryJisipHbIil POCT U Y0BJIETBOPSLIA
YCJIOBUIO

In|f'(\e)] = (hf(pr) —€)rk, A = ree¥r k> k(e), (1.2)

rge € > 0 — soboe. Buech wy(A, g) — n3BecTHas MWHTEPIOIUPYIOMAst ByHK-
ust A. @. Jleoursesa (|2, rasa IV, §2]). Ilpu ponosHuresbHOM yeaoBun Ha
[ (In|f(re®?)| < rhy(p) — plor,pu > 1) 910T pesynbTaT PacupoOCTPaHseTcs
Ha QpyHKIUU ¢ aHaauTudeckume B obsiactu [ m HenpepbiBHBIE BILJIOTH 10 €€
IPAHMILBI.
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Yenosue (1.2) Gyger BBINOJIHEHO, €CIM HyJI€BOE MHOXKECTBO (byHKIuu f siB-
nsiercst peryasapuabiM. [losromy npegcrasaenue (1.1) Gyger umers mecrTo, eciu
cymiecTByer neas GyHKIuS f ¢ 33JaHHBIM HHIUKATOPOM hjy n peryaspHbIM
HyJsieBbIM MHOKeCTBOM. [locTpoenue momobubix pyHKIHMI MOXKHO OCYIIIECTBUTH
upu J060M 3azanHoM uHauKarope ([2, riasa I, reopema 1.3.1]). B pabore [4,
reopeMa 2.2| 0Ka3bIBALTCs, YTO PEryJIsiPHOE HyJIEBOE MHOXKECTBO BCEIJIa MOXK-
HO BBIOPATH TAK, YTO KOOPJAMHATHI KaXKI0H TOYKM Ag OYILyT HETLIME YUCJIAMHA.

PeryasgprocTh MHOXKECTBA 03HAYAET, UTO €r0 TOYKHU CIENUaIbHBIM 00Pa3oM
orzpenensl Apyr ot apyra. [osromy dyHKIUA f ¢ pEryJIsapHbIM HYJIEBBIM MHO-
xectBom A = { )\, 1},;“;1 00./1a72eT XOPOIINMHY OIeHKAME CHU3Y BHE MCKJIIOUN-
TeJILHOTO MHOYKECTBA TIOMAPHO He TIePeCeKAUXCst KPYroB B (A, Yk ), PAIILyChl
KOTOPBIX OTHOCUTEJHHO MaJIbl, OECKOHEYHO MAJIBI [0 CPABHEHUIO C IMEHTPAMU
upu k — oo (|1, nmasa 11, §1, reopema 5|). Umenuo 13 91010 (hbaKTa BHITEKAIOT
orenkn (1.2). Ormernm, OTHAKO, 9TO PEryISPHOCTH HYJEBOTO MHOXKECTBA HE
SIBJISIETCS YCJIOBHEM, HEOOXOIUMBIM Jijist BhimoTHeHust (1.2).

B pabore ncmonb3yercs Apyroit MHCTPYMEHT, TTO3BOJISIIONINI OTAEIATH TOU-
K A\, YT OT Apyra — WHIAEKCh KougeHcarun Sy u Sy (U) mocremoBaresinb-
Hoctu A, BBeseHnbIe B paborax [5| u [6]. B omimdne or mOHATHS peryisapHOro
MHOYKECTBA, 9T WHIEKCHI TOAXOMAT JIIsT pabOTHI C JTIOOBIME MOCTET0BATETHHO-
CTIMW, B TOM YHCJIE€ U KPATHBIM.

Bropoit maparpad paboThbl MOCBAIIEH MOy IEHUIO OMEHOK CHI3Y JIJIsT CITeIHa-
JIBHBIX MHOTOYJIEHOB, OLIpeJe/seMbIX I0CaeA0BaTenbHocTbio A = {Ag, g},
(cmerayibHBIM 06pa30M HOPMUPOBAHHBIX “KYCKOB” GECKOHETHOIO MPOU3BE/Ie-
HUsE, TPEICTABIAIONIErO ey 0 (DyHKIMIO C KPATHBIM HYJIEBBIM MHOKECTBOM A ).
Uccnepyercss B3anMOCBsI3b MEXKJYy STUME OIEHKAMU W HUHJIEKCAMU KOHJEHCa-
nuu. CTPOsATCS MCKIIOYUTEBHBIE KPYKKH C IEHTPAMU B TOYKAX A, BHE KO-
TOPBIX YKA3aHHBIE MHOTOYJIEHBI MMEIOT MMOAXOASAIINE OUEHKHA CHU3Y.

B §3 Ha ocHOBe pe3ysbTaroB §2 HCCIEAYIOTCS ONEHKH CHUBY JJIsl [IEJIBIX
dyHKIMI 3KCIOHEHIMAJIBHOTO THUIIA, W PEryJIAPHOrO0 PocTa. BBOAMTCS TOHS-
THE NPABUILHO COAJIAHCHPOBAHHOTO MHOXKECTBA (IPABUILHO PACIPE/IeEHHOE
MHOKECTBO C HYJIEBBIM MHJEKCOM KoHgencaun Sy ). [lokazano, 4ro peryssp-
HOE MHOKECTBO SIBJISIETCS IPABUJIBHO cOaiancuposanubiM (Teopema 3.2). JToka-
3BIBAETCSI TAKXKE, 9TO MPaBUIbHASA COAJTAHCUPOBAHHOCTD HYJIEBOI'O MHOYKECTBA
A = { g, i} bynknun f siBisieTcss HEOOXOAMMBIM U JOCTATOYHBIM YCIOBH-
eM JIJIsE TOTO, 9T00BI CYIIECTBOBAIO CEMEHCTBO MOMAPHO HE IEPECEKATOIIUXCS
KPY’KKOB C IEHTPAMHU B TOYKAX Ag U OTHOCHTENHLHO MAJIbIMKU PaJNyCamMu, BHE
KOTOpbIX (byHKIWM |f| MMeer OneHKN CHU3Y, ACUMITOTUYECKU COBHAIAIONIHE C
ee OIEHKAaMU CBepXy BCIOAy B miockoctu (teopema 3.6). Takum obpasom, mo-
Ka3bIBALTCsI, UTO TOHITHE MPABUILHO COATAHCHPOBAHHOTO MHOXKECTBA SIBJISI-
eTCsT eCTECTBEHHBIM O0O0DIIEeHNeM TOHATHS PETYASPHOTO MHOXKECTBA HA CJIydaii
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NPOU3BOJIBHBIX MOCJAEJ0BATEILHOCTEH (B TOM unciae u kparubix). Oyuxnus f
PETYJIIPHOTO POCTA BHE MCKIIOIUTETHHOTO C)-MHOKECTBA MMEET OIEHKW CHU-
3y, ACHMIITOTHIECKHU COBIIAIAIONINE C ee OreHKamMu cBepxy. Llpu stom ee myte-
Boe MHOKeCTBO A = { A, ni 172, aBroMaTndeckn pasbusaercs zHa rpynibl Uy,
Ka2K/[asl U3 KOTOPBIX JIEXKUT B “‘CBOE” CBA3HON KOMIIOHEHTE UCKJIIOIUTE/THHOTO
MuOKecTBa. B Teopemax 3.3 u 3.4 npuBOIMTCA TPOCTOE U IMOJHOE OIMUCAHUE
crocoba paszbuenust A Ha PyIIbI, TPU KOTOPOM TOUYKHA Ap W3 PA3HBIX I'PYIII
OKa3bIBAIOTCH B PA3HBIX KOMIOHEHTAaX (rpynnoBoit nnjaekc koujgencarun Sp (U)
JIOJI2KeH OBbITh PAaBHBIM HYJ110). [IpUBOANTCS TaK:Ke KOHCTPYKTHUBHBIN Criocob
[IOCTPOEHUS UCKJIOYUTE/THHOIO0 MHOYXKECTBA, COCTOSIIEr0 U3 KPYXKKOB C II€H-
TpaMn B TOYKaxX A (Teopema 3.3). [lomobHoe nckimodmTesnsHOE MHOKECTBO
oka3bIBaeTcd dPOEKTUBHBIM B IIPOIECCE TPUMEHEHUS MEbIX (DYHKINA FKCII0-
HEHITUAJILHOTO TUIA K PA3JIOKEHUI0 (DYHKITUI B Psi/ibl SKCIIOHEHT, Psi/Ibl SKCIIO-
HEHITHAJIBHBIX MOHOMOB U 00Jiee 00111e psi/ibl SKCIOHEHI[UAbHBIX MHOTOUYIEHOB
(cMm., mamp., |5-7]). B Teopeme 3.5 m0Ka3bIBAETCS KPUTEPHil PETYISIPHOCTH PO-
CTa TeJI0i (PYHKINN SKCIIOHEHITHAILHOTO THUTA, e Co-MHOXKECTBA 3aMEHSIIOTCS
Ha 6oJjiee pocThie 1Mo (POpMe UCKIIOUNTE/IbHBIE MHOXKECTBA.

B nociieinem naparpadpe n3ydarorcs ycIoBus IpeicTaBienus (pyHKIIi aHa-
JUTUYIECKUX B 3aMBIKAHIN OTPAHIYEHHO BBIMYKJI0i obmactu D (a rakxke dyH-
KWl aHAIUTHYIeCKuX B D U HEMPEPBIBHBIX BIUIOTH J0 TPAHUIIBI) TTOCPEICTBOM
PSI0B BHUIA

oo ngp—1
Z Z Cp g2 e (1.3)
k=1 n=0
oo Nm

S dmjem(2), (1.4)

m=1 j=1

7€ €, j(2) — creruanabHas GUKCHPOBAHHAA JINHefiHasA KoMOUHAM (DyHKIII
2"eM? | oKazaTe/m KOTOphIX paszéuTel Ha rpymmel Uy, (mmHeiinag KoMGuHA-
U €, ; GopMupyercs mo ToukaM rpynibsl U, ). YKa3aHHOe IpeICTaB/IeHIe
OCYTIIECTB/ISIETCS TPU TIOMOIH uHTepHoaupyomeit ¢yukmm A. @. JleonThbe-
Ba. [lycth A — HEBBIPOXKIEHHOE MPABUIHHO PACIPEILTEHHOE MHOXKECTBO, TO
€CTh BHYTPEHHOCTH D) CONPSKEHHON AuarpaMMbl KAHOHUYIECKON PYHKIUU fA
MHOXkecTBa A He mycra. B Teopeme 4.6 jokasbiBaercs, 9T0 KaxKjasi (pyHK-
oud, aHaJINTUYIECKad B OKPECTHOCTHU 3aMbIKAHNA O6J'Ia.CTI/I l)A7 npeacraB/ideT-
ca pagom (1.4), cxoasgmmmcst aGCOMIOTHO U PABHOMEPHO HA KOMIAKTaX 00J1a-
ctu Dp. DTO npejcTaBjieHne BO3MOXKHO TOIJA W TOJBKO TOIJA, KODJIA Pas-
onenne U = {U,, }o0_; nocaegosarensaoctn A = {Ag, ng}32,, M0 KOTOPOMY
crpositcst (DYHKIWMHI €y, j, yaoBierBopsier ycaosuio Sp(U) = 0 (reopema 4.9).
Ormerum, 910 Takoe pas3bueHue BCerga MOXKHO OCYIIecTBUTh. JlokazbiBaeTcs
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Takyke ciaeayrommit pedysibrar. Kaxas yHKIMs, aHAIUTUIeCKas B OKPECT-
nocru Dy (mm anaimruyaeckas B Dp 1 HelpepbIBHAA BILIOTD JI0 IPAHUIBI DK
JIOIOJTHUTE/ILHOM YCJIOBUM Ha f ), npejacrasiasiercs psagom (1.4), koropsrit cxo-
IUTCA aDCOJIOTHO W PABHOMEPHO HA KOMHIakTax obsactu Dy, Torga u TOJIBKO
Torga, Korja A — npaBuibHO cOaTaHCMPOBAHHOE MHOXKeCTBO (Teopema 4.10).
Teopema 4.10 obobiiaer yrkasauHbiii Boiiie pesyibrar A. @. JleorTbeBa Ha City-
Yaif KPATHBIX MTOC/IEJI0BATEIHLHOCTEN.

Ormernm, uro npeacrasaenne psagamu (1.3) n (1.4) usyuanocs panee B pa-
6orax [8] u [9].

§2. OueHKn CHM3Y cneymanbHbIX MHOFOYIEHOB

IIycts A = {A\g,np}, — HOC/IEI0BATEIBHOCTD PABIAIHBIX KOMILIEKCHBIX
qucest A\, u ux KparHocreir ng. Cunraem, 4ro |\gx| He yObIBaeT u |A;| — 00,
k — oo.

[loBopsrt, 4To mOCaeH0BATEILHOCTE A IMEET KOHEUHYIO BEPXHIO IIJIOTHOCTD
n(A) (upu nopsnke oaum), ecin

) = i "0
rae n(r, A) — aucao Touek \; (€ y4erom ux KpaTrHOCTel ng) B Kpyre pajuyca T
C IIEHTPOM B HYJIE.

Cumsosiom U = {Up, }2°_; 0603naunM pasbuenue Hocse1oBaTebHocT { g }
Ha rpynmsl Uy, m > 1. [lepenymepyem djenst nociegoarenbaoctu A. Tou-
Ki A, nonasmue B rpymay Up,, Oygem 0003Ha9aTh Ay g, & UX KPATHOCTH —
Np,- 11epBbIit MHIEKC COBHAJaeT ¢ HOMEPOM IPYIIBI, a BTOPOH HHJEKC Me-
HdeTcsd B mpemenax or 1 go M,,, tme M, — 49ucio TO9eK A, TMOMABIINX B
rpyuiy Up,. Ionoxum ere

Mm
Nm: E N, 1-
=1

Takum obpazom, N,, — UHUCIO TOYEK Mg, momasimux B rpymmay U, m > 1,
¢ yaerom ux kparsocru. Pasbuenne U = {Up,}>°_, mocienosarensuocrn A
Oy/ZieM Ha3BIBATH TPUBHAIBHBIM, €CIH KaxKaasd rpymma U, COCTOUT JIUIIb W3
TOYKH Ay, 1, T 2> 1.
— o0 —
Hycalj nocstetoBarebaocts A pasobura na rpynust U = {Up, }o0_, tae Uy, =
{0}t Byaem rosopurs, uro Up,, m > 1, — rpymiisl OTHOCHTEILHO MAJIOro
JaMerpa, ec/u

A — A
lim max M =0
m—00 1<, | Am,1]

X VIm
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Byuewm rakzke ropoputs, 4r0 rpyiiibl Uy, OTHOCHTENHHO MaJIbl, €CJIU OHU siB-
JIAIOTCS IPYNIIAMU OTHOCUTEIBHO MAJIOr0 JUaMerpa U CIPABE/JINBO PABEHCTBO
N(AU) =0, rae

Ni,
N(AU) = lim

[Iycts B(z,r), S(2,7) — OTKPBITHI KPYT U OKPY?KHOCTD C IIEHTPOM B TOUKE Z
u paguyca 7. BBemeMm JOKanbHYI0 XapaKTEepUCTHKY IMOCIEA0BATENLHOCTH A,
pasburoit na rpynusl Uy, = {)\m,U}UM:"i, m>1. Cnenys paboram [5,6], nosoxunm

— A=A nk_ Z_>\m,v e
wown= T (i) - T (Gpzs)

)\kEB(w,(ﬂwD m,veB(wvélw‘)

B cayuae, xorga kpyr B(w,d|w|) He comep:xuT HE OmHON Ag, mojaraem
gr(A,w,0) = 1. Moaynb g (A, w,d) MOKHO MHTEPIPETUPOBATH KAK MEPY CIy-
miennst Touek A\, € B(w, §|lw|) okono A. Beqmuuna In |gp (A, w, 0)|/|w| ananorn-
YHA 10 CMBIC/LY JIOrapudMy CPEJHEro reOMeTpuIecKoro (cpeanemy apudmMern-
yeckoMy J1orapudMOB) HOPMUPOBAHHBIX PACCTOSHUIT 0T TOUeK A € B(w, §|w])
J10 TOYKH .

Ecm ¢ € (0,1), To MOay/b KazKa0ro coMHOKUTEN (DYHKIMU A B KPyre
B(w, §|w|) onenusaerca cepxy semmunnoit 2(3(1 — §))~ L. TTosromy

A—2A
P=Ml oy 3 a € Bw,slul), 6€(0,1/3). (2.1)
36[ Ak
Kpowme Toro, ogeBnaHo BEpHO HEPABEHCTBO
A—A
ﬁ >1, ¢ B(w,5d|w]), M € B(w,dlw|), 6€(0,1/3). (2.2)
k
13 (2.1) momygaem:
laa (A wi,61)] = |ga(A, w2, 02)], A € B(wa, da2|ws]), (2.3)

e 0 <0 <dy < 1/3, B(w1,51|w1|) C B(w2,52|w2|).
Beenem eme dynkipun (cm. [6,7]): Toaokum

m,l z — )\k,v Tty
U 9) = 11 <35|ka|> om=t

)‘k,veB(Am,lvé‘)‘m,l ‘)7
k#m

Ecmu kpyr B(Ap, 1, 0| Apm1|) He comeputr Touex A, K7#m, TO qu”[l](z, )=1.
OrmernM, 910 PyHKITUA q/r\n’(l](z, 0) B ormane oT GyHKIUA A (2, W, d) 3aBUCAT

ot paszbuenust U mociemoBaressaoctu A. B cuny (2.1) mosrywaem HepaBeHCTBO

x5 (2,00)] = ldi i (2,02)], 2 € B\, 82l Am,1), (2.4)
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ecam 0 < 91 < 02 < 1/3. Oupegenum nnjeke Kougencanun (cm. [5-7]):

In g™ (Mg, 6
S\U) = lim lim  ip A0 Gns0)
50 1700 L<I<Mm [Am. i

Oupesieienne KOPPEKTHO, TaK Kak B cuity (2.3) mpegen no § cymecrsyer. Orme-
M, uro BepHOo HEepaBeHCTBO SA(U) < 0. OHO BbITEKAET M3 HEIOJIOKUTETLHO-
CTH BEJIMIHUHBI In \qxl”[l]()\ml, d)| mpu § € (0,1/3). B caayuae, korga pasbuenue U
rpusnasibHo, Sp(U) coBuagaer ¢ Besmuaunoit Sy, sBejennoit B padore [5]. ITo-
9TOMY B Cjiydae TpuBHajbHOro pasbuenus U Bmecro cumBosia Sy(U) Gymem
HCIOJTB30BaTh CUMBOJT Sp. [Ipumepsr Beraucaenus Sy u S (U) nmerorcs B pa-
oorax |7| u [10]. IIpu ycroBun

S — A
lim lim M
60 |z|so0 2]

=0

(n(z,0,A) — umcsio Touek Ag ¢ yuerom mx kparHocreit ng B kpyre B(z,0|z|))
sesmanna Sp(U) me m3meHuTcs1, ecu B onpejenenny (pyHKIuI qT”[l] quUCIo 3
3aMEHHUTDH Ha JI000€ IPYTroe OTINIHOE OT Hy/Ist (CM. 110 3TOMY TTOBO/LY 3aMEYaHUE
K reopeme 5.1 B pabore [5]). Koadbdunpenr 3 Boibpan juib st ypobcrsa B
POLECCe PACCYZK/IeHUI. YKAa3aHHOE yCJIOBUE Oy/IeT BBINOJHEHO, HAIIPUMED, B
ciydae, Korjga A uMeer IJI0THOCTH (TO eCTh CYIIEeCTBYET Mpe/iesl B OIIPe/Ie/IeHIN
Besmaunel 7(A)).

Unnexcsl koupercarmu Sy 1 Sp(U) urparoT BazKHYIO pPOJIb MPH UCCIEI0-
BaHWUM 33/[a9 MHTEPIOIANNHA 1 (DYHIAMEHTAIbHOrO mpuHnuma (cM. [5]), mpo-
61eMbl cyIecTBoBaHus 6a3uca B MHBAPUAHTHOM MOAIpocTpancTse (cM. [6,7]),
a TaKKe IPH pElIeHUH 3aJa9d O PACIpPEIeJeHNN OCOOBIX TOYEK CYMMBI Psijia
SKCIIOHEHIUATBLHBIX MOHOMOB, PACIIOJIOKEHHBIX HA IPAHUIE €ro 00JaCTH CXO-
muvocta (cm. |10]). Pasnuansre cBoiictBa moctenosarensHocTn A, CBA3aHHbIE
c nagexcamu Sy u Sy (U), pacemarpusanucs B paborax |5-7| u [10]. [Ipusemem
elre HeKOTOPBIE Pe3yJIbTAThI, KACAIONIECS STHX WHEKCOB M HEOOXOIUMBIE JIsl
JAJbHENIINX UCCJIEIOBAHAI].

JIemma 2.1. ITycmwv nocaedosameavrocms A pasbuma na epynno U = {Up, },
ede Uy, = {Am,l}l]\iﬁnv Sa(U) = 0, u B — omxpwmoe mrooicecmso, Komopoe
codepaicum 6ce mouku A, ;. Toeda caedyrousue ymeepoicoenus IK6UCAACHMHYL:
1) dan waoicdozo € > 0 cywecmeytom wucaa R > 0 u 0 € (0,1/3), maxue,
4mo
In|ga(z,w,d)| > —¢|z|, z€C\B, |w|>R; (2.5)
2) dan kaorcdozo € > 0 cywecmsyrom wucaa R > 0 u § € (0,1/3), makue,
4mo
In|ga(z,w,d)| = —€lz], z€ B(w,dlw])NIB, |w| > R, (2.6)
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3) das Kaocdozo € > 0 cywecmsyrom nomep my u wucao € (0,1/3), maxue,
wmo 0as 1106020 M = My GEPHBL HEPABEHCTNEA

Z In

A 1 €B(Am,,8|1Am, )

Nom,1

Z = Amy

35|)‘m,l| E‘ 7]| ( )

ede 2 € B(Am j, 0| Am j|) NOB, j =1, My,;
4) dan xaoscdozo € > 0 cywecmsyrom wucaa R > 0 u § € (0,1/3), makue,
wmo das 106020 m = 1 eepho nepasencmeo

Z In

Am,leB(wvé‘wD

Nom,1

—Am
Z_mll s gls|, 2eC\B, |w|/>R,  (28)

35| >‘m,l |

ecau kpye B(w,d|w|) codeporcum zoms 6vi 00ny us movex Ay, 1, | =1, My,.

HokazareabcTBo. Ilycts Bepuo yrBepxkgenue 1. Torma, odeBmmHO, BEpHO
yrBepxaenue 2. 13 wero n nepasencrsa (2.1) ¢ yaerom onpeaenenus GpyHkimn
ga(z, w,0) mosydaem yrBepxKienue 3.

IIycrs Bepno 3. lokaxewm 4. Ilpenmosoxum, aro yrBepxaenune 4 HEBEPHO.
Torma st HEKOTOPOro wucsaa £ > ( CyHmIeCcTBYIOT TaKwe MOC/IeI0BATEIbHO-
cru {wg}, {2}, {m(k)}, {l(k)}, uro 2z, € C\ B, |wg| = 00, Ak €
B(wk, \wk\/k) n

Z In

Am (k)1 €B(wp,|wg|/k)

2l — Am(k) |"mO

kT Amlk)l < —2lml, k=1 2.9
3k Ak 1| 2 (29)

Cornacuo yrBepzxienuto 3) maiigem momep mg u uucao o € (0,1/3), rakue,
9T s J1I060ro m > myg Beimosneno (2.7). Torpa ¢ yuerom (2.1) ayst Bcex
m 2= mg UMeeM:

Z 1 y— )\m7l Nom,1 Z 1 s — )\m7l Nm,1
N |\——=—- n|\———m
5136 A | 36| A
)‘m,leB()‘m,jvél)‘m,lVE’) ’ )‘m,leB()‘m,jva‘)‘m,lVE’) ’
Z = )\ml "
> I [S 2 S ),
Z n 36 Am.t] €| Am,;

Am,leB(A’m,]' 76|>‘m,l|)

rae 2 € B(Amj,0|A\m,j|) NOB, j =1, M,,. Kpome Toro, B cuy (2.2)

Z In

)‘m,leB()\m,j 76|)‘m,l|/5)

z — )\m,l ot

o Aml 50, 2€S8(Nmi, 6 Amil), G=1, Mp,.
5 136] Am] 2 €5 olAms), g "
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W3 aByx mocsjieHUX HEPABEHCTB U MPUHIUIIA MUHUMYMA JIJIT TAPMOHUIECKUX
byHKIHM st BCEX M = My Oy IaeM:

Z In
Am,1€B(Am,;,01Am,11/5)
2 € BAmj: 0| Ams)\ B, j =1, Mpn.
IIycrs z € B(wg, blwg|/k). Umeem:

A — 2| < glol (11 _16|>‘m(k),l(k)| < 12|>\m(k),z(k)| L9
m(k),l(k) = k ~ k L X A 9 = 4.

AmnamornaHo moydaeM:

Nom,1

zZ—A
! > _€|)‘m,j|’

5_135|)\m,l|

(2.10)

Am
[Am(kyue) = 2| < 4%7 z € Bwg, lwg|/k), k>2.

CaegoBareibHo, npu k > 2 BepHbI BJIOXKEHUS

12|A,,
B <’wk, 5|ij|> CcB <)\m(k;),z(k), 7| lik)’l(k”) )

w A i) 1 (k) |
B <wk, %) CB <)‘m(k),l(k)a %) :

Touka 2y, npuaagIexut kpyry B(wg, blwk|/k), k > 1 B cuny (2.9) u nepasen-
crea (2.2). Beibepem Taxoit momep ko > 2, aro m(k) > mo n 20/k < § mpu
k > ko. Torma c yaerom (2.1) u (2.10) nmeem:

2k = Am(k) |
Z In W
Am(k) 1 EB(wh,[wy| /k) m(k),l
ZE— A T (k)1
> > In | 25— S
) 35|>‘m(k),l|
Am(k),1€B(wi,|wk|/k)
ZE— A Tn (k)1
= > In | A~ AmL
) 35‘)‘m(k),l|
Am(k) 1 €BAm (k) 1) 01 Am )10 1/5)
2k 3|2k
2 =& Ay | = —€ 2| 3zl k> ko.

€
1-06) "~ 2’
9r1o nporusopeunt (2.9). Takum obpasom, yrBep:aeHue 4 BepHO.
JlokaykeMm, HAKOHEII, UTO U3 yTBepKAeHnd 4 cienyeT yrBepxaenne 1. [Ipen-
mostokuM, 9To (2.5) mesepro. Torma qys HeKOTOPOro Unca € > 0 CyIecTByOT
takue nocieposarenasuoctu {wy}, {2z}, aro 2, € C\ B, |wy| — oo u

In |qa (2, wi, K7V < —elzi], k> 1. (2.11)
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Orcrofa u u3 onpejesieHust PYHKIUU A CAELYET, 9T0 JJTst KaxK1oro k > 1 kpyr
B(wg, |wg|/k) comepzxut X015 GBI 071HY U3 TOIEK Ay, 1 [LycTh Ay iy (1) — TOUKE
u3 kpyra B(wg, |wg|/k), Koropas HaxoiuTCs HAa MUHMMAJIBHOM DACCTOSIHUM
OT TOYKH Zj CPeau BCeX Apy; € B(wg,|wg|/k), k > 1 (ecam Takmx Touek
HECKOJILKO, TO [IPOU3BOJILHBIM 00pa30M BLIOEpEM OHY U3 HHEX).

[Tokazkem, uro (2.11) mporuBOpednT yC/g0BHAM JeMMbL. [Iasg 5TOro HEob-
XOZIMMO OIEHHUTH CHHU3Y JBe PYIIBl COMHOMKHTE e, 00pa3yoMuX BeIHIHHY
lga (2, wi, k~1)|. Ileppas us HuX cocTapiena Mo ToUKaM Ay, € B(wy, |wg|/k),
rie m # m(k), a BTOpag — 1O TOUKAM Ap,p); € B(wy, |wg|/k). Onennm
nepsyto. Corracuo yciosuio semMbl Sy (U) = 0. Torma o onpeesrenuio Besn-
anasl S)(U) maiigyres anciao 6 € (0,1/3) u nomep mg, Takue, IT0

1 A > . 2.12
1<Iln<11\1}[ n|qAU( mbs O/ Amal = —€/3,  m =mg ( )

BoiGepenm nHomep kg Tax, 4To BbinoaHsaoTcs coornomenus m(k) > mo, k > 2671
u B(wg, [wi]/k) C B(Ane), k) O Amk) i) 1) a1st Beex k > ko (nocsieanee Bos-
MOYKHO, TaK KaK Apk) (k) € B(wg, [wi]/k)).
IIycrs Ay € B(wg, |wg|/k). Ilpegmonoxum, aro
2 = Aml < 27 A ack) — Aml-
Torna cormacHo BBIOOPY TOUKH A,y (k) i(k) AMEEM:
Mm@ 106) = Al < 2= Amatl 2= Ay | < 2l26=Aml < An)ie) = Amil-
[Toxyamnn nporusopeune. CemoBaTennHo,
12k = Al = 27 A ak) — Amals  Amg € B(wg, Jwy| /k).
Orciona ¢ yuerom (2.1), (2.12) u BeiGopa HOMEDa k) MOJIydaeM:
T
3k—1I\
)‘m,leB(wkvlwkl/k)vm#m(k) ( ‘ m7l|)

Mm@y (k) = Amal ™!
> ) b
- 11 < (DY 1)) )

)‘m,leB(wkvlwkl/k)vm#m(k)

| Ame) i) — Aml|>nm‘l (2.13)
> ) ’ .
H < (35|>\m,l|)

)‘m,lEB(’IUk,|wk|/k),m75m(k)
Am(w).ar) = Aml ) Pt
> ) b}
H ( (35|>\m,l|)
Am  EB(Am(k),1(k) 10 A (k) 1 (k) ) sm#EmM(k)

— g E N 108 O = exp(=elAmipyam]/3), & > ko
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[ockombKY 2k, Am(k) (k) € B(wi, |wg|/k), k = 1, To mafizercss Takoit Homep
k1 = ko, uro

exp(—¢&|Am(r), k)| /3) = exp(—elzl/2), k= k1. (2.14)

Teneps Mbl OLEHUM BTOPYIO TPYIIY COMHOXKHUTENEH, KOTOPble 00pa3yior
|qa (2, wi, k71|, mocrpoennsix no Toukam Ay, € B(wg, lwy|/k). B cury
yrBepxkaenus 4 cymecrByior Homep ko > ki u umcso §1 € (0,1/3), rakue, uaro

Z In

Am(k),1 €EB(wi,01|wg])

2l = Ak |0

el
301 | A 1]

2 )

k> ko, (2.15)

Buibepem nomep k3 > ko u3 yenosua k~1 < 01, k > k3. Toraa cornacno (2.15)
u (2.1) umeem:

2k = Ay |
D T
A (k) 1€ B(wg,[wg| /F) m(k),l
2k — A\ Nn(k),1
Z Z In |2k Amk)
301 A1
Am (k) 1 € B(wi,|wg|/k)
2 = Akt [ el
Z In|——7 _ k> ks

Am(k),1 €B(wi,01|wg])
Orcioga ¢ yaerom (2.13) u (2.14) moxyvaem
In|qa (2, wi, k1) = —¢lzr], k= ks.

9r1o nporusopeunt (2.11). Takum obpazom, yreepxKaenue 1 BEepHO u jemma
IIOJIHOCTHIO JJOKA3aHA. U

Omnuinem MMUPOKUil KJIacC MHOXKECTB B u npuBejieM ycjioBusi, IPU KOTOPBIX
MMEET MECTO yTBep:KjeHue 3 u3 jeMmbl 2.1.

JIemma 2.2. ITycmwv nocaedosameavrocmos A pasbuma na epynnw U = {Up, },

ede Uy, = {A l}A{m. IIpednonooicum, wmo nocaedosamesbHoCmsb NOA0HCU-
m m, l—l )

My, ,00
meavnox wucen I = {vpm 1 1,27 ydosaemeopsaem ycao6usm:

TYm,l < |)‘m,l‘7 = 17Mm7 m = 17

M,
m 2.16
an’l ln<7m’l>—>0, m — o0. ( )
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Tozda svinoanero ymeepoicdenue 3 u3 aemmor 2.1, 20e nosazaem

00, Mm,
(A UF U B mla’)/ml)

m,l=1

Hoxka3zarenscrso. IIycrs § € (0,1/3), A\pj # 01 2 € B(Aj, 0| A, j|) NOB.
B cuy mepsoro yciaosug B (2.16) mveem:

Z In ol > Z In ‘ Ym,l
- 30 Am.1

)‘m,leB()"m,j 76|)‘m,l|) )‘m,leB()‘m,jvél)‘m,ll)

TYm,l

)‘m,leB(Am,jvé‘)‘m,lD )\m,leB(AmJ,é\)\m’l\)

Mpm
TYm,l
> E 1 : .
Z <\Am,z\>

T, 1

Z = )\ml
35)\ml

CanenoBarenbuo, ¢ yuerom BTOporo ycaosus B (2.16) nnus Beex j = 1, M,
HOJTY 4aeM:
M
1 Z—)\ml T, 1 - (f)/ml)
_ In > — N1 I :
|Am,j] 2 36l | T J|§: T Al

)‘m,leB()"m,j 76|)‘m,l|)

U |>\ml| Nl TYm,l o N1 Ym,l
=) o ’ ln< ’>>(1+5)Z : ln< >
= =

“ Al Amal Al < [Amal Al
4 n o
m,l m,l
- 1 : — 0, m — oo.
3 &l <|Am,l|> ’
OTO maeT HaM yTBepxkKaeHme 3 m3 jgeMMbl 2.1. JlemMa gokazama. O

3ameuanne 1. Hpe,ZI;HOJIO}KI/IM 9TO MOC/IE[OBATEIBHOCTD IIOJOKUTEIBHBIX
qHces {’le}l Py yrosiersopger (2.16). Kpowme roro, mis 1y, € (0,1),
l=1,M,,, m > 1, BbIIOJIHEHO COOTHOIICHIE

M,

‘Z | Inry,; —0, m— oo. (2.17)
m,l

T My, ,00

oria, Kak HETPYIHO 3aMETUTh TOCJIEI0BATETHLHOCTD {Tm,l'ym,l}l:1,m:1 TaK>Ke
yaosiersopsier (2.16). B gactaocTH, eciu rpymmst U, OTHOCHTEIBHO MAJIbI,
TO ISt JHOOBIX Tppy € (r,1), I = 1,M,,, m > 1, r > 0, Bemosneso (2.17).
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JleficTBUTETHHO, B 9TOM cnyqae opu m = Mg UMeeM:

M n n N
Z mut < Z ml — 50, m— oo.
2 Dot P

ml|

Bameuanne 2. Ilycrs Uy, OTHOCHTEIBHO MAJbl U Y| = min{|)\ml| N}y
I =1,M,,, m > 1. Torpa nociaeposareasnocrs I' = {7, l}l L m=1 Y/IOBJIETBO-
psier (2.16). HeiictBurenbHo, pu m = myg
Ny, Ny, Ny,

2|>\m,l| h |)‘ml| h |)‘m1|

TYm,l N1 N1 Nm
: 2
Z |)‘ml| <‘)‘m,l‘> Z ‘)‘ml‘ <‘)‘ml‘> Z |)‘m1| <2‘)‘m71|>

Nm N
=2 In —0, m — oo.
| Am,1 <2|>\m,1\>

Sameqganue 3. IlpenmosoxKum, 9T0 9NUCI0 TOYEK B IPyNIax (C yIeToM Kpart-
HOCTH) pasHOMepHO orpaumdeno (N, < N,m > 1). Torga mas Boimoanenus
ycoBus (2.16) mocrarodno noTpeboBaTh ITOOBI

In Tm,l
max
1<ISMom | Ay 1]

— 0, m — oo,

— 0, m — oo.

MoXHO B34Tbh, HAIIPUMED,

TYm,l = exp(_Eml‘)\mlDa Em,l > 07 l= ]-7Mma m = 17 (218)
— 0, — 00. 2.19
1<, ™ mereo (2.19)
[Tomoxnm |)\ |
2 m,l
Emy = In 2.20
m |)\ml‘ \/— ( )
Eciu ponosnnurensuao n(A) < 400, 10 psij
OO,Mm oo Mm
Z Am,l = Z R |2
m,l=1 m,l=1 ™l
cxomuresa. Takum obpaszom, B cirydae, korga Ny, < N, m > 1, u n(A) < o0,

uckounTebHoe MuOKecTBo B(A,U,T") u3 sleMMbl 2 cOCTOUT M3 KPYKKOB C
IMEeHTPaMH B TOYKAX Ay, , CYMMY PajlyCOB KOTODBIX MOXKHO CJeTaTh CKOJIb
YILOJTHO MAaJIOH.

Bameuanmne 4. [Iycrb umeer mecro (2.18), Ho upu srom (2.19) e Bepo. Torza
Em(k:),l(k) =a > 0, k‘} 1. Ecu 6 € (0, 1/3) " OKPY2KHOCTbH S(Am(k),l(k:)”ym(k),l(k))
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umeer 001LyI0 TOUKY 2k ¢ rpanuneii muoxecrsa B(A,U,T), To qys gocraroano
Gosbiux HoMepos k umeeM: zx € B(Apk) ik)» S Am(k), (k) |) 1

1 Zk_>\m(k) et

- In |25 Zmik).L

A Z 35|\,

| m(k)’l(k)‘ A (k) 1 EB (k)1 (k) 1 A (k)1 (k) |) | )t ‘

_)\m
B Y i YO ) I S W /O I
Am) ik | 361 Ay 1) | Ame)iey|l 30 Amk i)
|
< Wmmaw) _  Emk) (k) Amw) i) | <-a.

| A ) i (k) | \)\m(k, )|

D710 03HAUAET, UTO yTBepXKAeHue 3 jeMMbl 2.1 (a cormacuo jgemme 2.2 u yCaoBme
(2.16)) me nmeer mecTa.

[Tokaxkem, 910 B ycioBusgx jgemMMmbl 2.1 MHO)KeCTBO B MO2KHO BbIOPATH B BUJIE
00beMHEHUST TOMTAPHO HE TEPECEKAOIIIXCI MHOXKECTB By,, m > 1, Kaxmoe u3
KOTOPBIX COMEPAKUT Juib onuy rpynny Uy,. Ilpu stom yrBepKaeans ynoms-
HYTOW JIeMMBI Oy/IyT BBITIOJTHEHBI.

[Tycrs nocnepoBarensuocrs A pazbura wa rpynnst U = {Up,,}, tae U,

M
{)\mvl}l]‘irf7 u F:{’ym,l}l:?;iozl. s xazxporo m > 1 cuMBosoM By, 1, =1, My,
0003HAYNM MUHHMAJILHOE PACCTOSHUE OT TOYKU Ay, JI0 TOUEK Ag j, HE BXOJd-
wux B rpyuny Uy, (cp. [8, semma 2.3], [6, temma 3.2]). TTonoxum

Mm7 1
F0(7—) = {71(7]1,l(7—) 1217:;):17 ’Y?nJ(T) = Tmln{’)/m,lﬂ—ﬁm,l}a

(2.21)
€(0,27Y, 1=1,M,, m>1,

Mp,

Bn(A,U,To(7)) = | BOmts vona (7)),
=1

B(A,U,To(r)) = | Bm(A,U,To(r)).
m=1

B cuny (2.21) u onpeznenenus qucen (3, Mmuoxectsa By, (A, U,T'g(7)) nomapuo
He epecekatorcs. [pu srom Touku rpymmst Uy, npunasiexar By, (A, U, Ty(7)).

JIemma 2.3. ITycmo nocaedosamesvrocmo A pasbuma na omuocumenvio ma-
avie epynmo U = {Upn}, 20e Uy, = { Az, 7€ (0,271 w Sy (U) =0. Ipedno-
nootcum, wmo I' = {’Ym,l};\irf’,io:l ydosaemsopaem (2.16), u B = B(A,U,Ty(7)).
Tozda sepro ymeepwc@eHue’ 3 us aemmot 2.1.



IPEACTAB/IEHNE AHAINTUYECKUX OYHKIINN 89

HoxkazareabcTBo. lIpenmnonoxum, aro yrBepxkienue 3 u3 jemmbl 2.1 HeBep-
uo. Torma myis HeKoTOpOro yucsa € > 0 CyImecTByIOT TaKue MOCIe0BaTeIbHO-
cru {j(k)}, {m(k)} u {zx}, uro m(k) = oo, k — 00, 21 € Br = B(Ay(k),j(k)»
| An(k),j (k) /F) N OB u

' I

Am(k),1€ Bk

Tm (k)1

— >\m
i (k)L < _E|)‘m(k’),j(k’)|7 k>1. (2.22)

3k Ak 1|

s kaxucioro k > 1 rouxu rpymibt Uy, xy, nonasiiue B Kpyr By, pasiennm
Ha e rpynnbl Vi1 u Vi o. B nepsyio rpymniy orHeceM BCe TOUKH Ap(k) €
By, nas KOTOpBIX ’y?n(k)l = Ym(k),l- OCTaIbHBIE TOUKH (k) € By oTnecem

BO BTOpPYIO rpyiiy. PaceMorpum mocesoBareibHOCTh A, COCTOSINYIO0 U3 BCEX
TaKMUX TaP Ag, Mg TOCAETOBATEIBHOCTH A, 9TO Ay IPUHAJIEKUT OJJHON U3 IPYIII
Vi1, k = 1. Ilo nocrpoenuio sTa IIOCIEA0BATEILHOCTh PA30HMTa Ha I'DYIIIBI

V = {Vi1}. Momoxunm

U = %) R0 0 iy 1€V
ITo ycmosuto U, — orHOCHTEIBLHO MaJible rpymmsl u I yaosrersopsier (2.16).
[TockobKy Bce waeHbl CyMMBI B (2.16) OTpHIlaTebHBI, TO C YIETOM 3aMeda-
Hud 1 K jteMMe 2.2 DOCIe0BATEIBHOCTD I' Takske yaossiersopsier (2.16). Toraa
110 Jiemme 2.2 Jijisd 10C/1e/10BaTe/IbHOCTHU A BrImOSTHEHO yTBEpKIeHUE 3 U3 JIEM-
mpr 2.1 (rze momaraem B = B(A,V,T), a cormacuo mocaemeii BBITOTHEHO

takxke ee yrBepxaenne 4. Cieq0BaTesbHO, CyIIECTBYIOT HOMED kg M H9HCIIO
0 € (0,1/3), Takue, aro

> ! 2~ A € Vi "m0
n

1

Am (k) 1€ Vi1 S Am(e) (2.23)

2k = Am(k) 1 € Viga " ez '
= Z In 35|)\ | = T, k kOv

Am(k),1EVE,1 m(k).l

Baech Mbl yuau ToT baxr, uro zi € By \ B C By \ B(INX, V,f).

ITycts Apy(r),i(k) — TOUKA rpymibl Vi o, KOTOPast HAXOMUTCSA HA MUHUMATb-

HOM DACCTOSHUM OT TOYKM Zg CPeiu BCeX Apky; € Via, k = 1 (ecim ra-
KUX TOYEK HECKOJBKO, TO IPOU3BOJBHBIM 00Pa30M BbIOEpEM OHY U3 HIEX).
Cormacro onpejenenuio qucen [, Haiigem rakue nomepa p(k) # m(k) u t(k),
9TO | Ay (k),1(k) — Ap(k),t(k) \ = Bin(k),i(k)- B ciity BBIOODa Ay (k) 1(k) VI KaZKOr0
Amk), € Vi,2 nmeem:

[ Akl = Ap(), (k) [ I 0 — 2| 126k 1 00) |1 Ak ) — Ap) e i) |

2.24
<2\)\m(kl—zk\+ﬁm k), 1(k)- (2.24)
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[ycrs Apryy € Vi u s(k) # m(k),i ynoBnerBopsaior paBeHcTBY |Am k), —
As(k),il = Bm(k),- Torma
Btk i(k) < [Amk),i(k) — As(k)il

< 2k = M)l i) g — 26+ i) — As(r).il

< 2[A k)t — 2kl + Bn(i)
Hockonbry 2x € B(Am(k),1s TBm(k),s T [Amk) — 2kl = TAp),- [peamoiio-
KHAM, 9TO |)‘m(k),l - Zk| < T,Bm(k)’l(k)/z Torma /Bm(k),l < /Bm(k),l(k)/2 Orcrona ¢
YUETOM HPEebIAYIIEr0 HMEeM:
PRI

2

[omyunnu nporusopeune. Takum 06pasoM, BEPHO HEPABEHCTBO | Ay, (k) — 2k| =
TBm(k),i(k)/2- OTcroma ¢ yaerom (2.24) mveem:

Btk i (k) < 2| A k)t = 2+ Bmk) 0 < TBmk)i(k) T Bkt < TBm(k), (k) +

A -
| m(k’),l p(k)vt(k)‘ < 2+ <2

Brn(k) 1 (k) l+7 _4
| Amk)r — 2k] Mm@y — 26l 7 T

[losToMy, yanTbIBas erme BKIIOYEHUS 2k, Ay (k) € B, momydaem:

4 8
[ Akt = M)ty | < —\)\m(k 1= 2k < k\)\m(k),j(kﬂ, Akl € Viy2- (2.25)

ITo ycmosuto Sy (U) = 0. Cnenosarenbro, Haiixyrces momep ki > ko u 01 €
(0,1/3), Takue, aro

k. t(k
In |(J7\(,U) " )()‘p(k:),t(k:)’ 1)
| Ap(k), k)|

> —g, k> k. (2.26)

B cuiy Broporo Hepasencrsa B (2.25) umeewm:

[Mm(k)ik) = Apk) ()| < Tkt = Api),ee) |+ 1 Am@) 1 — Ame), i)l
8

1
< %p‘m(kz),j(kz” + E|>\m(k),j(k)|'

[losToMy MOXKHO cauTaTh, 9TO MpH k > k1 Kaxaasd TOUKA A, x); € Vi o npn-
HaaesKuT KPYry B(Apk).(k))s 011 Ap() ey ) 1 4(k7)~! < 41. Tosromy cortac-
HO (2.1) u nepBomy HepaseHcTBY B (2.25) nmeem s k > ky:

I et ) AT OR e
3k_1|>\m(k),l| - 12(k7)_1|)‘m(k),l|
Am(k),1EVE,2 Am(k),1€Vk,2 (2.27)
Amk),l = Ap(i)te) | pi) (k) '
> ’ ] > W) 5.
‘ 301 [ Ak 1] D Do, )

Am(k),1EVE,2
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U3 nepasencrs (2.25) cremyer, aro [2x|/[Apw) k)| — 1 mpu k& — oo. Tlosromy
JIJISE HEKOTOPOIro HOMepa, kg => k1 BepHa OLieHKa

€ 2e
—§|)\p(k),t(k)| 2 —§|zk|, k> k.

Orcioga ¢ yuerom (2.27) u (2.26) noayvaem:

21— \ Nm(k),1 9
A1 EVis ( | A i) i
Dto BMecte ¢ (2.23) nmporuBopeunt (2.22). Jlemma goxazama. O

M,
Bameuanne. B yciaosusx nemmbl 2.3 nocaegosarensuocts I = {yp, 11,2700

MOZKHO BBIOPATH TaK, 9TO TUAMETPHI d,y, MHOKeCTB B, (A, U,T'g(7)) OyayT yo-
BJIETBOPATH COOTHOLIEHUIO

lim 0" (2.28)

m—ro0 |>\m71| o

J1efiCTBUTEIBHO, MOJIOKUM Yy, = min{| Ay, 1|, N}, I =1, My, m > 1. Corac-
My, ;00

HO 3aMeYaHnio 2 K JeMMe 2.2 mocae10BarebHocTh I' = {7y, 1 },27 " | yioBie-

rBopsier (2.16). Mcnonn3ys onpenesnenne muoxkects By, (A, U, Ty(7)), nmeem:

d A — A
Im < max A = Amal 192 max Jm
[Am,1| — 1<GI<SMm | Am,1] 1<ISMim (A1 |
Ami — A N,
— max | mm] m7l| + 2 m .
1<GISMm | At [Am,1

[Mockonbky rpynubt Uy, OTHOCUTEIHHO MaJbl, TO OTCIOA moaydaem (2.28).

B komre maparpada mpuBegeM mpocToe yTBEPKIeHIe, KOTOPOe B HEKOTOPOM
cMbIcsIe (¢ ydaeroM jieMMBI 2.1) saBiserca oOpaTHBIM K jtemMe 2.3.
JIemma 2.4. ITycmov nocaedosamenvrocms A pasbuma na epynnow U = {Uy, },
2de Uy, = {)‘m,l}i\ffa u B, m 2 1,— omxpoimoie nonapro nenepecekaiousuecs
muoocecmea ¢ C. Ilpednonoowcum, wmo Uy, C By, m = 1, duamempor dp,
mnooicecme B, ydosaemsoparom (2.28) u daa xascdozo € > 0 cywecmsyrom
romep mo u wucao 0 € (0,1/3), makue, wmo

In|ga(z, Am,1,0)| = —¢€lz], 2z € B(Am1,0|Am,1|) NOB, m >mg, (2.29)
ede B = U | Bp,. Toeda Sy(U) =0 u U = {Up} — pasbuenue na ommocu-
MEABHO MAADLE 2DYNNDL.
HokazaresiberBo. [lycrs € > 0. Ilo ycnosuro Bepuo (2.29). Torma cormac-
HO (2.1) u ompenenenuio byHKIUT qT’[}(z, ) mmeem:

In |qi';(2,0)] = —elzl, 2z € BAn1,0Ama|) VOB, m>=mg.  (2.30)



92 A. C. KPUBOIIEEB, A. B. PAOIIKOB

B cuny (2.28) maiizerca takoit Homep my = myg, 4TO
B()‘m,l’51|>‘m,l|) CB()\m71,5|>\m71|), l= 17Mm’ mzmq,
rae 01 = 0/2. IMosromy u3 (2.30) ¢ yuerom (2.1) nosyuaem:
In |q/f\n7,(l](z’ 51)| > In |q/f\n7,(}(z’ 5)| = —€|Z|,
2 € B(Ap1,01|Amy|) NOB, 1=1,My,, m=>=m.

[Mockombky 01 € (0,1/3) u A,y € Uy, C By, 0 B crity (2.28) maiifgercs Takoii
HOMED Mg = M, 9TO

_€|z| = _2€|)‘m,l|’ zE ( ml,51|)‘ml|)
Bm - B(Am,la 51|)\m,l|) l=
Cnenosarennho, u3 (2.31) moaygaem:

ln\qT” (z,01)| = —2¢|Amyl, 2€0Bm, 1=1,My,, m=mo.

(2.31)

(2.32)

Mm, m = my.

Muorounen ¢)';(2,01) ne nmeer wyseit nHa By,. [Tosromy no npuxmuny mMusu-
K

MyMa JIJisi TAPMOHUYECKUX (DYHKIUN [MOC/IEHEeE HEPABEHCTBO MPOJI0/IXKAETCS

Ha, MHOXKECTBO B,,. B wacruocru,

ln|qAU()\ml,51)\ —2e|Amal, 1=1,My, m>=m.
Orcroga ¢ ydaerom (2.4) nosydaem:

1
‘ ) ) In |QXLU()\m,l)a)|
im lim min ’ > —2e.

B cuy npoussoabaocTu € > 0 310 o3navaer, uro SA(U) = 0.

[Mokazkem reneps, uro U, — orHocuresbHO Masble rpymibl. B cuiy (2.28)
U, — Ipynnsl OTHOCHTE/IBHO MaJIOro auaMeTpa. B qacTHoCTH, BepHO HepaBeH-
CTBO

|)\m 1| 2|>\ml| = 1,Mm, m 2 ms 2 ma. (2.33)

HOCKO.}Ibe U C By, 10 cormacuo (2.29) u (2.32) ¢ yuerom (2.1) umeem:

Zln

CJIG,ZI;OB&TGJH:HO, B cuity (2.33) u (2.32)

nm,l

> In|ga (2, Am,1,0)| = —2e|Am1l, z€ 0B, m=>ms.

35|>\ml|

N, 2., 1 YUnm

In >
‘)\m,1| 36|)\m,1‘ |)\m,1| =1

|Z_>\m,l|

36| Am. 1

N1 In > —2¢, z€0B,,, m>ms.

Torga u3 (2.28) caexyer, uro Ny, /|Am.1| = 0, m — oo, o ects N(A,U) = 0.
JlemMMa JoKa3aHA. O
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§3. OueHKM CHM3Y Lenbix PYHKLMIA SKCNOHEHLNAIBHOO TNa 1
perynsipHoro pocra

[Mycrs f — memast GyHKIUS SKCIIOHEHITUATBHOIO THUIIA U

o) — T U

r—4oo r
— ee unypukarop. Ormernm oo cBojicTBO MHAMKaropa (cm. [1, riasa I, §18,
reopema 28|): jyist kaxgoro € > 0 cymecrsyer takoe R(g) > 0, uro
In|f(re?)| < (hy(e) +e)r, @ e€(0,2n], > R(e). (3.1)
®ynknua hy coBnajaer ¢ onopHO yHKImElH

= —ip
Hr(p) max Re(ze™"?)

HEKOTOPOTO BhITTYKJIOro KoMmakTa 1’ C C, KOTOPBIi Ha3bIBAETCS WHINKATOPHOMN
guarpammoit pyrkiuu f. ConpsikenHasi quarpammva K Gyuaknuu [ siBjisiercs
KOMIIAKTOM KOMILJIEKCHO CONpsizKeHHbIM K Kommakry L (cm. [3, riasa I, §5,
reopema 5.4|). Takum o6pazom,

hf(SO) = HK(_SO)7 p e [07 277]' (32)

Orciona crexmyer, uro dyskiust hy HempepbiBHA (4 3HAYAT, W PABHOMEPHO
HenpepbiBHa) Ha orpeske [0, 27]. TTosromy jyist kaxgoro €9 > 0 Haiigercs Takoe
dp € (0,1), uro

[the() — he(p)| <eo, ¢ €0,27], te™ € B(e¥,8). (3.3)
Tosopsit (cm. [1, rasa III]), uro f umeer peryssipubiii pocr, eciu
: In |f(re*)]
h = 1 _ € [0, 27],
7(#) rgéE,Hngoo r v € [0,2n]

rae E C (0,4-00) — MHOKECTBO HYJI€BOiI OTHOCHTETbHOI Meps! ( Ep-MHOXKeCTBO),
TO €CTh ( 0.7
. mes (EN(0,r
lim ———>7% =
r—+00 T
(cumBout “mes” obo3Havaer eberoBy Mepy MHOKECTBA). [0BOPST Takxe, 9410 f
¥MeeT peryssipHblii pocr Ha jayde L, = {re'?,r > 0}, eciu
In|f(re’)|
hy(p) = lim _— (3.4)
r¢E,, r—+00 r
rae B, — Ep-muoxecrso. Ecim f mmeer peryngapHbBIl POCT Ha KaxKOM JIy-
ge, T0 MHOKeCTBO E,, Boobmie rosops, 3asucur ot ¢ € [0,27]. OkasbiBaercs,
OJIHAKO, YTO MOXKHO 110/100paTh UCK/IIOYUTENIbHOE Fj-MHOKECTBO, KOTOPOE 110/1-

xoput jist Beex ¢ € [0, 2] ([1, rasa III, §1, reopema 1|). Ipyrumu cioamu,
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dyHKIUsT f UMeeT peryJsipHbIii pOCT TOTJA W TOJBKO TOIJA, KO/l OHA WMeeT
peryJigpHbIfi POCT HA KaXKJA0M Jiyde. VI3BeCTHO Tak:Ke JIPyroe SKBUBAJIECHTHOE
ornpesesieHre MYHKINN PEryasapHOTO pocta. OHO BRITEKAET U3 CJIETYIOMIErO pe-
3yJ/bTara.

JIemma 3.1. ITyemo [ — ueaaa Gynkyus SKCNOHERUUGALHORO MUNG. JKEU-
BANEHMHL YMEEPAHCOEHUA:

1) ¢ynryua f umeem peeyaaprots pocm na ayywe Li;

2) cywecmeyem makas nocaedosamesvnocmo {zm, }5°_y, wmo

lim |z,,| =00, lim Emo e,
m—00 m—00 |zm| (3 5)
. |zmaa] . Inf(2m)] ’
1 =1 1 — 2 =h .
mso |zml " mee ol 7(¥)

HokazarenbcTBo. Ilycrs f umeer perynapnerit poct na ayde L. Torma sep-

0 (3.4). Obpazyem HOCIEA0BATEIBHOCTD { Py }o0 | BCEX HATYPAIbHbBIX YUCEIT
P TAKWUX, 9TO MOJIyHHTEpBAT [p — 1, p) He nexut nemukoM B Ey,. s kaxgoro
m = 1 1pousBoJIbHBIM 00pa30M BblOEPEM YUCIIO Ty, € [Dm — 1,pm) \ Ey. Io-
JIYUUIIH [IOCIE0BATEIBHOCTD {2y, = Tme?}>°_;. I1o mOCTPOEHUIO BBIIOJHEHO
mepBoe, BTopoe, a ¢ yaerom (3.4), u derBeproe paBerctso u3 (3.5). Ilokaxkewm,
YTO BBIIOJTHEHO TaKyKe TPeThe paBeHCTBO. IIpemookum, 94To 510 He Tak. To-
712 HaiieTCs IIO/IOCTIe[0BATETbHOCTD {2, }70, TaKasi, 9TO JjIs HEKOTOPOTO
« > 1 BepHBI HEPABEHCTBA |Zpm,+1| > |2y, |, | = 1. Torma mo mocrpoenuio ajsa
mo6oro | > 1 momyuarepsar [([|2m,|] + 1), [@|zm,|]) mexur ma maoKecTBE Ey,
([#] — nemag gacre uncna z). CregoBaTesbHO,

mes(E, N (0,r) < mes(E, N (0, [a]zm, |]))

lim > lim
r——+00 r l—o0 [a|zml H
2 g el = lemll =1 _ a1
=00 (|2, |] o

[lomyammun mporusopedne ¢ Tem, 4T0 F, apngerca Fo-muoxecrsom. Takmm
obpa3zom, (3.5) BepHoO.

[Tycrs Teneps umeer mecto yreepxaenue 2. MOKHO cauTarh, 9T0 |Znm41] =
|Zm|, m = 1. Tycrs k > 1. Buibepem 03, € (0,1) rakoe, uro st €9 = k™2 u
do = 0y Bemoaneno (3.3). Coracuo (3.5) maitgem nomep m(k), mais KOTOpPOro
BEPHbI HEPABEHCTBA,

Zm _ip 5]6 |zm+1| _ 5]43 >
ol 2 o <qgr M2 m(k), (3.6)
In | f(zm)] 1
P > he(p) — o m > m(k). (3.7)
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ycrs R(k™2) > 0 onpegeneno mepasencrsom (3.1). Moxuo cuurars, 40
(1= 6)lem| > R, m > mik). (33)

Paccvorpum dbynkmmn f,(2) = f(2)(f(zm))~t, m = m(k). B cuny (3.8),
(3.1), (3.3) u (3.7)

In|fr(2)| <372 2m|, 2 € B(zm,0klzm|), m = m(k).

Torga coryiacHO Teopeme 06 OlEeHKe CHU3Y MOJLYJ/IS aHATUTHIECKON (DYHKINU B
kpyre (|3, rmasa I, §4, Teopema 4.2|) BepHO HEpABEHCTBO

In|fm(2)] > —3k_2(2 + In(2¢ek))|zm|, =z € B(zm,6_15k|zm|) \ Bi,m

rjae By, — KOHEYHOe MHOXKECTBO KPYyroB, CyMMa PaJIiyCOB KOTOPbIX DaBHa
2(3k) "1k |2m|. Orcrona ¢ yuerom (3.3) u (3.7) nomyuaem:

In|f(re®)| = In|f(zm)] — 3k72(2 + In(2ek))| 2|
> hy(Y)r — 2k 2 — 3k (2 + In(2ek)) |z |(hp (¢) — ex)r,  (3.9)
er = 2k 2(8 + 61n(2ek)), 7re € B(2zm,6  0k|2ml|) \ Brm-

B cuny Broporo mepasencrsa B (3.6) Haiimercs Takas IOJIOC/IEOBATE b
HOCTB {2m, ; }321, 1TO

Zmr = Zm(kys (Bk) " zm | < Lzmy, | < (Br)|2me |,
O

14 %

Bk NETT

Otcroma u mepBoro HepaBeHCTBA B (3.6) ceayer, 9TO UMEIOT MECTO BJIOXKEHs

[(B) " Hzme €, (Br) [2m) €7) € Blzmy, 5,6 Splom 1), 5> 1.
Onpenenum muoxectBa Ey, j C (0,400) u3 paBeHCTB
{re’*,r € By} = [(Bk) amm €', (Br) |2m)l€) N Bim, j > 1.
[onoxum By = U2 By ;. B cnny (3.9) nveewm:
In|f(re’)] = hp(p)l2l —exlel, T € (J2myl +00) \ Bg. (3.11)
Iycrs (B)? |2m@) < 7 < (Br)? T zme)|- Toraa ¢ yuerom (3.10) mmeen:
mes(E, N (0,7)) . mes(Ex N (0, (Br)7 1 2w 1))

. (3.10)
Vi .

r h (Br) |2y |
T (Br) = 3k Jzmn| T 3k = (Br) |z

46, (Br)*  16(B)? .16
S 3k(B—1) 3k Tk
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Beibepem Takyio 1moc/es0BaTenbHOCTh { Ry }p2 |, 910

Ry > |z 162 k> 1. (3.13)
ITostoxxum

El =EN [|Zm(1)‘,R1) Ek = Ep N [Rk_1,Rr), k>1, E, = U Ek

k=1
IIycrs Ry <1 < Rpy1. Toma u3 (3.12) u (3.13) moygaem:
mes(E, N (0,7)) < Z mes(Es N (0, Rs)) n mes(E, N (0, Ry))
T Ry, Ry,
-l g
mes(Eg11 N (0,7) 16 R, 16 16 _ 33
- " SR ; s TETE ST
Takum obpasom, E, asisiercs Ep-muoxkecrsom. 13 (3.11) crenyer (3.4). Jlem-
Ma JIOKa3aHa. 0

IMycrs A = {Ag, 1 }52, uMeer KoHedHYIO BepxHIOIO maoTHOCTH 71(A). ToBo-
par (|1, omasa II]), aTo A mmeer yriaoByr IUIOTHOCTH ([IpH HOPSIIKE OJWH),
ec/Iu JIId BCeX 3HAYeHWil 1 < 2 3a UCK/IIOYEHHEeM, ObITh MOYKET, CUEeTHOIO
MHOXKecTBa P CymecTByer mpejest

1 n ) , T
na(r, o) = lim PPLE2T)

r—+00 r

rae n(e1,p2,T) — TUCTO TOUEK A\j (C yIETOM UX KPATHOCTEN 7 ), MOMABIIAX
B CEKTOP

F(QD17902) N B(O,’I"), F(Sol’@?) = {z = te'? wE (9017902)7 > 0}'
MuoxkectBo P cocrouT u3 TEX U TOJBKO TEX (0, JJisi KOTOPBIX

inf h_m TL(QD— a790+a’7a)
>0, 5150 T

> 0.

[MocsieroBaTebHOCTH A HA3BIBAETCS IPABUIBHO PACIIPEIETEHHBIM MHOKECT-
BoMm ([1, rasa II]), eciiu oHa MMeer yryIoByIO IJIOTHOCTH M CYIIECTBYET LPEJiesl
(ycnosue Jlunmenéda)

_ . ng

E(A) = lim —.

r——+o00 )\
‘)\k|<T

Kuaccnuaeckuit pesyiasrar B. 4. Jlesuna ([1, riasa II, reopema 2 u ruasa I11,

reopema 4]) yrBepxKjaer, 4ro f umeer pery/sipHblil POCT TOI/a U TOJBKO TOIJA,



IPEACTAB/IEHNE AHAINTUYECKUX OYHKIINN 97

KOIJIa ee KpaTHOe HyJjieBoe MHOKeCTBO A = {\g, ny}22 | SB/IsAETCS IPABUIBHO
pactpeneneHHbIM. [Ipr 5TOM BBITTOJIHEHO HEPABEHCTBO

In|f(re")| = rhy(p) +a(r), re'? € C\By, a(r)/r—0, r— o0, (3.14)
rpe By — Cp-MHOKECTBO, TO eCTh MOXKeT ObITh MOKPHITO Kpyramu B(zj, 1),
j = 1, TakuMu, 9TO

— 1
o(By) = Tim — > rj=o. (3.15)

IIycrs A = {Ag,n;}32, — OPaBUIBHO pACIpeeseHHoe MHOXKeCTBO. Iloso-
KAM

%)
H(, A) = a cos( — pn) — / (¢ — ©)sin(p — ©)dw(©),  (3.16)
p—2m

rae Tae A = E(A). Oyaxnua H (e, A) asiagerca omopuoil (yHKIHE HEKO-
TOPOro BbINYK/IOr0 KoMuakra (cM. [2, riasa I, §2, teopema 1.2.5]), Koropsiii
o6ozuauum cumsoom T'(A). Kanonnueckoit dpynkumeii muoxecrsa A Has3bisa-

ercs

[ ng

ne=mT(1-5) e (5)

s Ak Ak
(ecm A\, # 0, TO nepBbIi COMHOXKUTENb OTCYTCTBYET U OECKOHEUHOE MPOU3Be-
nenne naunHaercs ¢ k = 1). Oyuknus fp sBASETCS €107, HMeeT SKCIOHEeH U~
aJIbHBIA TUII U PEryJIdpHbIA POCT, €€ KPATHOE HyJ/1eBO€ MHOXKECTBO COBIIaIaeT
¢ A, a uagukaropras guarpamva — ¢ T'(A) (em. |1, rmasa [, §1, reopema 2], |2,
riaBa I, §2, reopema 1.2.5]). Takum 06pazom, BEpHO PaBEHCTBO

th (SO) = HT(A)(SO) = H(QO,A), wE [07 277]' (317)

[esb manHOoro maparpada — KOHCTPYKTUBHOE IIOCTPOEHHE UCKJIIOYHTE -
HOoro MHoxkecTBa By B dopme yno0HO# g ero npuMmenenud. B menax rTa-
KOI'0 KOHCTPYKTHBHOTO mnoctpoenus b. Z. JleBuHbIM OBLIO BBEEHO MOHATHE
perymspaoro muoxkecrsa (|1, rmasa 11, §1|). Dro mpaBmIbHO pacmpe/eeHHoe
MHOYKECTBO HPOCTBIX TOo4UeK (ny = 1) A, yaoBiaerBopsromiee OTHOMY XOTs Obl
OJTHOMY W3 JIBYX CJIEIYIOIIUX JOMOJTHUTEIBHBIX YCIOBU ([IPH TOPSIKE OJIH):

(C) Cymecrsyer takoe uucsiao d > 0, 4ro KpyKKu pajguycos r, = dr/|Ag| c
HEHTPAMU B TOYKAX Aj IIOMAPHO HE IIEPECEKATOTCH.

(C') Toukm Ag JiexkaT B 3aMKHYTBIX yraax (MX KOHEYHOE 4YHUC/I0) ¢ 00uieit
BEPIIMHON B HAUa/Ie KOOPMHAT, HE UMEIOIuX (II0IapHo) JPYruX 00X TOYEK.
HpI/I 9TOM JIJId BCEX TOYEK )\k(p), MOIMaBIINX B OAWH W TOT 2K€ yI'0JI, BBIIIOJTHECHO
HEPABEHCTBO

] = M| > d, (3.18)
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rie d > 0 He 3aBUCAT OT yTJIa.

MuoxkecrBo By, cocroginee B nepBoMm ciaydae u3 Kpyros B(Ag,dv/|Ag|),
k > 1, a Bo Bropom — u3 Kpyros B(\g,d), k > 1, nazeiBaercs Cr-MHOXKECTBOM.
OrmernMm, aro C'r-MHOKECTBO He siBisieTcst Cp-MHOKECTBOM. KT0 BepXHssa Jiu-
Heiinast miI0THOCTE 0(B)) ormmana or myna. Oxmako npu ycaosum (C’) 3a
caer BbIOOpa umcaa d > 0 Bennunna o (B ) MOXKeT OBITH C/Ie/IaHa CKOJIb YTOJI-
Ho Masioit. [lpu yenoBun (C) cKOIb yTOIHO MaJIol MOXKeT OBITE CIe/IaHa CyMMa
Iomaeil NCKII0YNTEebHBIX KPYKKOB. B. ¢, Jlesun mokazan ([1, rmasa II,
§1, Teopema 5|), 94To B cyUae, KOrja HYJI€BOe MHOKECTBO (byHKIWHA f sAB/ISET-
cst CR-MHOXKECTBOM, B KaueCTBe HCKJIIOUUTeBHOI0 MHOXKecTBa By B HepaBeH-
cree (3.14) moxHO B3siTh By .

[Tpocroe nck/oUnTEILHOE MHOZKECTBO B onieHke (3.14), cocrosiee u3 monap-
HO HE NEPECeKAIOINXC KPYKKOB, Bo3HuKaeT Oiarogaps ycaosusam (C) u (C),
KOTOPbIE OTAEISIOT IMPOCThIE TOYKU A IAPYr OT japyra. B macrosmeii pabore
UCIIOJIb3YETCsl CYIIECTBEHHO DoJiee cj1aboe yCI0BHe, TO3BOJIAIONIEE MOAXOAIIM
00pa3oM OTIe/NATh TOYKH A JPYD OT JAPyra JaKe B Cydae KPaTHBIX TOYEK.
D10 yCJI0BHE COCTOUT JIMIIEL U3 TPEOOBAHUSI PABEHCTBA HYJIIO MHJIEKCA KOH/ICH-
canuu Sy (U).

Ormerum, 4ro comiacHo jiemme 3.5 u3 paborsl [5] sobas nocsegoBaresb-
HOCTBH A, KOTOpasi SIBJISETCs 9aCThIO KAKOr0-In00 MPABUJILHO PACIIPEIEIEHHOIO
MHOKECTBaA, MOXKET ObITh pa3bura Ha OTHOCUTENBHO Masbe rpynnbl U = {Uy, }
TaK, 4To Oyjer BuinoaHeHo paserctso Sy (U) = 0.

[IpaBusibHO pacipejieneHHOe MEOXKECTBO A OyeM Ha3bIBATH IPABUIBHO COa-
JIAHCUPOBAHHBIM, ecjiu BblIoJHEeHO yciaoBue Sy = 0 (ro ecrb SA(U) = 0 uisa
TPUBHAJILHOTO pasbuenus U).

YCTaHOBUM B3aMMOCBSI3b MEKJIY MOHATUSIME PErY/ISPHOrO ¥ IPABUILHO cOa-
JIAHCUPOBAHHOIO MHOXKeCTBa. OTMETHM BHAYAJIE, 9TO B OTJIMYUE OT IIPABUIBHO
cOaTAHCUPOBAHHOIO MHOYKECTBA [TOHSTHE PEryJIIPHOrO MHOKECTBA OIPE/IEIEHO
JIAIIG JIJTS TIPOCTBIX TOTEK Aj.

Paccmorpum npumep u3 paborsr 7] (cum. §2). Ilycrs Ay = {Ag, 1}72,. IToso-
wuM Aoy =k u Aop_1 =k —e =Bk k> 1 rie 0 < e(k) — 0, e =Wk 0,
k — oo (nanpumep, (k) = 1/Vk). Hycrs eme Ay = {—\g, 113, Herpyno
3aMeTHUTh, UTO rocjenoBaresbHoCTs A = A U Ag umeer yryioByIo mI0THOCTb U
YJAOBJIETBOPsieT ycaoBuio JIuuzenéda, 1o ecThb siBIsSIeTCs IPABUIbHO PACIIpe/ie-
JIEHHBIM MHOZKeCTBOM. B pabore [7| 10Ka3bIBA€TCS, 9TO MMEET MECTO PABEHCTBO
Sa, = 0. Orcioma sierko cieayet, uto Sy = 0, To ectb A — npaBUILHO cOaTAH-
CUPOBAHHOE MHOXKeCTBO. IIpu 9T0M A He SBJISETCS PEryJsipHBIM MHOMKECTBOM,
TaK KaK Aop — Aop—1 = € F 50, k — oo (yeaosus (C) u (C) He BbinoHe-
HbBI).
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B pabore [7] nokasbiBaercs Takke, 4ro B caydae, korpa (k) =€, k > 1,
BepHO paBeHCTBO Sy = —e. [loaromy B 3TOM Cilydae MOCIe10BaTEIbHOCTD A
HE SIBJISIETCS NMPABMJIBLHO COAIaHCUPOBAHHLIM MHOXKeCTBOM. OHa HE ABJIAETCH
TAKZKE W PEryIsipHBIM MHOKECTBOM (Aop — Aop_1 = €% = 0, k — o00). Ecam
xke A paszburs wa rpynust Uz, = {A2m—1,A2m}, U2m—1 = {—A2m—1, —A2m },
m > 1, T0 ucnosib3ysi paccykieHus u3 paborbl 7], MOXKHO 1OKa3aTh, 4TO
Sa(U) =0.

Taxum 06pa3zoM, NPaBUILHO COATAHCUPOBAHHOE MHOXKECTBO (B CJlydae mpo-
CTBIX TOYEK) HE 0053aH0 ObITH PEry/IIPHBIM MHOXKECTBOM. B 06paTHyIo cTOpoHy
BEPHO CJIEIYIONIEE YTBEP2KICHNUE.

Teopema 3.2. IIycmo A = {\;, 1}, — peeyaaproe muoocecmso. Tozda A
— NPABUALHO COANGHCUPOBAHHOE MHOHCECTNBO.

HokazarenbcrBo. Hyxno aumb ycranosuts paBenctso Sy = 0. [lycrs BHa-
gasie Beinosaeno yeaosue (C'). 13 91oro yeaosus u ONpeIeeHns BeJIMauHbl Sy
cJleflyet, 4To JIOCTATOYHO JI0Ka3aTh paseHcTBo Sy, = 0 ara moboro yrma I,
dburypupyomiero B ycaosun (C'), rae Aj — wacrs nociegosareasHocT A, se-
wamag B yrae Iy, Hyers Aj = A = {Ayp), 1152

Cymecryior aucio oy € (0,1/3) u HOMEp pg, Takme, 4TO s BCEX O €
(0,00) m p = po Kpyr B(Ai(p), 0| Ak(py|) HE mepecekaer yrios u3 ycnosus (C'),
ormmanbix oT I'j. CriesoaTesibHO, MPH BBIYHCICHHH BEJTHYHHBI SA; MOXKHO
HMCIIOJIB30BATH TOJIBKO TOUYKH Ap(py. B cuity (3.18) u (2.1) nmeem:

Ak(s) = A Ak(s) — A
> 1 P = A _ > 1 )~ Ak

M) EB(Ni(p) 30| Mi() EBMp) 30Puo)
3| Ak(py1),s#p 3 Ak () )51 A () [<I Ak ()|
l
[Ak(s) — Akl z Id
by w el ey,
retey S B Okios 30[ Ak(s) | — 36(1 + 6)[ Akl
5|>‘k(p)|)7‘)‘k(s)|>‘)‘k(p)|
e I, — nenast wactb uncna 6| Ay |. Orciona nomyqaem:
1 [Ak(s) = M)l 2 ( dle >
In > In ( (7,)!
|>‘k’(p)| )\k(S)EEB:()\k(P% 35|)‘k’(8)| |>‘k’(p)| PT(3(1 + 5)|)‘k(p)|)lp
6|)‘k(p)|)757ép

l
ST ¥ L W PR
Ak N0 +8) M)’/ Akl 90(1 + 6) [ Aw) |
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CnenoBaresibHO,
1 [Ak(s) = Ak )\) d
lim ( Z In—22 " EP ) > 95ln———.
P—00 |)‘k(p | M5y EBMrp)s 35|)‘k(5)| 9(1 + 5)
Mk )), s#p

Otciona momyaaem pasenctso Sy, = 0. [lycts Tereps semosmeno yemosne (C).

®ukcupyem § € (0,1/3). B cuny sroro yemosus kpyr B(Ag, dv/|Ax|), k = 2, He
COJEPIKUT TOUYEK Ag 1IpU § # k, U 9UCTIO My TOIEK \g, MOMABIIAX B KOJIBIIO

K= B(Mg, (n 4+ 1)dv/|Xg|) \ B(Ag,nd/|Xk]), n>1,

He TIPEeBOCXOIUT OTHOIIEHUS TLJIOMAIN KOJIbITa
B(Ag, (n+ 1) + V1+8)dv/[Ae|) \ B(Ak, (n — V1 +6)d/|Ax])

(B ciaygae n = 1 310 nepsbiit Kpyr) K wiomaau kpyra B(As, dv/|As|) ¢ munn-
MaJIbHBIM PaycoM (Jisi Tex xke Ag). [Tocieusis oneHuBaeTcs: CHU3Y BeJr4u-
noit md%(1 — §)|\g|. Taxum obpazom, yunrsBas HepaseHcTso § < 1/3, mmeen:
mp <20 m

. (((n+1)—|—\/1+5)2 (n — V14 0)?)d?| M|
n S d?(1 — &) Ak
3((n+3)? - (n—2)?% _30n+15
2 = 2

Iycrb ji — uenast yacrs unciaa §|Ag|/(dy/|Ak]) = d718/|Ag]. Kombio Ky,
He nepecekaer kpyr B(\g, d|Ag|) mua scex n > ji. Cnenosarenbho, ais jio-
crarogno Gosbmux k B cuay (3.19) nmeem: my, < 167, mist Beex kosen K, g,
n > 1, koropseie nepecekaior kpyr B(Ag, | Ak|). omoxum

by = 2V Al o vl & (3.20)
163y, 16d 15/ 168

[Iycrs 1 > n < jg. g xaxporo Ag € Ky, ), BepHbl HepaBeHCTBA
[As = Akl = nd/| Ak = (n=1)dv/|Ag|+1by = (n—1)165kb + by, 1 =1,16p.
Torga ¢ yaerom (2.1) moxysaem:

2 lnzwu| /22 1+5MM

As€EB(Ak,0| k),
s#k

(3.19)
<15n+8< 16n, n>2.

<

e I = 16(jx)%. Orciona u u3 (3.20) Kax u B HEPBOM Ciyuae cieyer Tpebye-
Moe paBeHCTBO. Teopema J0Ka3aHa. O
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Teopema 3.2 o3mavaer, 4TO MOHATHE MPABUIHLHO COAJTAHCHUPOBAHHOTO MHO-
JKEeCTBA ABJIeTCs OoJiee ODOIIMM, YEM HOHATUE PEryJsipHOro Muoxkecrsa. Jlajee
MMOKaXKeM, B 9ACTHOCTH, ITO 00a MOHSITUST BBEIEHBI C OJHONW M TOM »Ke IeJIbI0.

Teopema 3.3. Ilycmo f — uesas Pyrkyus sKCNOHEHUUAADHOR0 MUNG U De2Y-

aapnozo pocma, A = {\g, np}e | — ee Kpamuoe nyaAe60e MHONCECTNEO, KOTO-
poe pasbumo na epynno U = {U,,}, 2de Uy, = {)‘m,l}l]‘iﬁna r= {’ym7l}l]\i’f7’%°:1
ydosaemeopsem (2.16), u T € (0,1/2]. Ipednoaoosicum, wmo Sy(U) = 0. Tozda
sepro (3.14), ede By = B(A,U,T'y(7)).

HoxkazaresibcrBo. Qukcupyem € > 0. Coryracuo ycaouto u jemmam 2.3, 2.1
cymiecTByIOT Takue dnciaa Ry > 0u 0 € (0,1/3), gro

Infga(z,w,0)| > —elz[/4, 2z € B(w,d|w|)\ B(A,U,To(7)), [w] > Ro. (3.21)

Buibepem Takoe dy € (0,0), aro nepaseHcTBo (3.3) BbIIOIHEHO Jyisi €9 = € /4.
Ilo ycnosuio f mmeer perynsphslii poct. B wactnocrn, Bepno (3.14), rne By
MOXKeT OBbIThb HOKDPBLITO Kpyramu B(zj,rj), j = 1, /Jyig KOTOPBIX HMeeT Me-
cro (3.15). Ilosromy cymecrByer Takoe Ry > Ry, 4ro

1 ]
=Y <3 =R (3.22)
r 3
|z;]<2r
Cornacuo (3.14) MOXKHO TakzKe CIUTATH, YTO
a(r) = —er/4, r=(1—7bdo)R;. (3.23)

Iycrs |z| > Ry u kpyr B(zj,r;) nepecekaer kpyr B(z,d0|z|) B Touke w.
IIpegmonozxkum, aro |z;| > |z|. Torma B cuny (3.22)
Ty 1 (50
[z~ Tzl A
’ 7 lesl <21
CrenoBaresHO,

5
(1= 3) Il <l < (1 + &)l

Orciona ¢ yuaerom nepasencrBa dg < 1/3 momyqaem: |z;j| < 2|z|. Takum 06-
pasom, corimacuo (3.22) cymma d amamerpoB Bcex Kpyros B(zj,7;), KoTOpbie
nepecekator B(z,d0|z]), yrosaersopsier onenke

d 1 200
— < = o < ==
Z T 3

[osromy naifinercs Taxoe t € (0, 1), uro okpyxuocts S(2, to|2|) He mepecexaer
muoxkecrBo By. IMomoxnm z = 19e’?. Torma B cumy (3.14), (3.3), (3.23) un
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HepaseHcTBa 0y < 1/3 numeem:
5 5

In|f(re")| = rhy(p) + aa(r) = rohys(vo) — 7077
3.24)
€ € 3e (
> rohs(po) — 10~ 1(1 + do)ro > rohs(wo) — 2o

e re¥ € S(z,td|2])-
Paccmorpum dbynxumio f(A) = f(A)(ga(A, 2,60)) . Ona anammruueckas B
kpyre B(z,00|z|) u B cuny (2.1) u (3.24) yuosaersopsier oreHke

~ . 3¢ .
In|f(re'?)| = rohs(po) — 70 re'? € S(z,tdp|z|).
IockonbKy [ He umeer Hyseii B kpyre B (z,00|2|), TO orcroga mo mpuHIMUITY
MUHUMYMA, JI/I1 TAPMOHUIECKUX (DYHKIMI Moy daeM:

~ 3e

In|f(2)] = rohs(¢o) — - 7o (3.25)

IMycrs z € B(A,U,T'o(7)) u |z| = R;y. Torna B cuny (3.21) u (3.25) ¢ yue-
tom (2.3) umeewm:

~ ~

In|f(z)| =In|f(2)| + In|qa(z,2,00)| = In|f(2)| +In|qa(z, 2,0)]

3e €
= rohs(po) — om0 = rohs (o) — ero.
Tak Kak € MoxkeT ObITh JIIOOBIM, TO 9TO JAaeT HaM TPeOyeMoe yTBepXKeHWUe.
Teopema mokazaHa. ]

Bameuanme. B ciyuae, korga rpynust {Upy, } orHOCHTEIBHO MasIbL, 110CIE10BA-
TeabHOCTD [ = {’yml}l]\;[’f’;o:l B TeopeMe 3.3 MOXKHO BbIOPATH TaK, YTO JUAMET-
pol dpy, MEOKECTB By (A, U, I'y(7)) OyayT yIoBIeTBOPSTH cOOTHOIIEHUIO (2.28)
(cM. Bamedanue K jeMme 2.3).

Eciu B Teopeme 3.3 paszbuenne U = {Up, } sBigercs TpuBHAJBHBIM (B 9TOM
ciaygae Sy = 0), to B(A,U,T'g(7)) aBiserca obbeuHenneM IONapHO He Iepe-
cexatoruxcst Kpyros B(Ag, 7Y (7)), rae
(1) = Tmin{vg, Br/2}, Br = min | A\g—Xs|, k=1, lim R L —

s#k k—ro0 |)\k| |)\k|
g npocrbix Touek (ng = 1) nociaennee paBeHCTBO PABHOCUJIBHO COOTHOIIIE-
HUIO
lim 27 _ g,
k—o0 ‘)\k|
B 5T0M Cilydae CyMMy PaycoB HCKIIOUHTeTbHBIX KPYToB B(Ag, ¥0 (7)) MoxHO
ClleJ1aTh CKOJIb yTOAHO Maioii (M. 3amedanue 3 k temme 2.2). B wacrnocru, 310
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MOXKHO CJiejiaTh, Korjga A — peryaspHoe MEOKecTBO. OTMETHM, YTO aHAJIOIUY-
HOE UCKJIFOYUTE/IbHOE MHOXKECTBO U3 TeopeMbl 5 B kuure [1] (cm. mrasa II, §1)
CyIIECTBEHHO Gosiblie (OHO MMeeT JIMIb KOHEYHYI0 BEPXHIOK JIMHEHHYTO I1JI0T-
wocrs o(By)).

Teopema 3.4. ITycmo f — uesas Ppynkyus sxcnorenyuaisvrozo muna, A =
{ Ak i }e, — ee Kpamnoe nyaesoe MHOJICECMBO, KOMOPOE Pasbumo na epynno
U ={Upn}, 2de Uy, = {)\m,l}l]\iT7 u By, m > 1, — omxpwumuie nonaphno nene-
pecexarougueca mnoocecmea, B = U By,. Ipednoaosicum, wmo Uy, C By,
m > 1, duamempui d,, mnosicecme By, ydosaemsoparom (2.28) u daa xascdozo
e > 0 cywecmeyem r(g) > 0, ydosaemesopaowee nepasencmey

In|f(re)| > (hf(p) —e)r, re'¥ € OB\ B(0,7(¢)). (3.26)

Tozda S\(U) = 0 u U = {Up} — pasbuenue na omHocumesbo manvie
epynnot.

Hoka3zaresnberBo. [Tokaxkem, uro nmeer mecro nHepaeHcTso (2.29). Pukcn-
pyem £ > 0. Bribepem raxoe 6y € (0,1/5), uro maua ey = € Bumosneno (3.3).
Beibepem Teneps takoe R(e) = r(e), uro sepuo (3.1). Beibepem, nakonern, ra-
Koit HOMep g, 9T0 |Am 1] > R(g)(1 — 5dp) ™! nmsa Beex m = my.

[ycts m = mo 1 A1 = rpme’®™. Pacemorpum dynximio f(2) = f(2)(qa(z,
Am.1,00)) "L B emy (2.2), (3.1) u (3.3) ¢ yuerom mepasenctsa §y < 1/5 mmeem:

In |f(rei‘p)| <In|f(re?)| < rhi(p) +er < rphi(om) + erm + (1 4 58)rm
< Timhy(om) + 3erm, 1% € S(Am1, 50| Am,1)-

Orcroma corlacHO TPUHIAIY MAKCUMyMa s CyOTapMOHWYECKUX (DyHKIi
u (3.3) nosyuaewm:

In |f(rei‘p)\ < Tmhy(om) + 3ery < rhe(p) +4ery, < rhy(p) + 4Eﬁ
— 0o

<rhy(p) + ber, re'¥ e B(An,1, 00| Am 1])-

Orciona ¢ yuerom (3.26) mosyuaem:

Infga(z, Am,1,00)] = In [f(2)[=In[f(2)| = —=6elz], 2z € B(Am,1,00|Am1])NOB.

Dro maer Ham (2.29). Takmm 06pa3oM, ¢ yIeTOM yCIOBHIA TEOPEMBI BBIIOTHE-
HBI Bce ycyoBus jieMMbl 2.4. CrieoBaTeibHO, BEPHO ee yTBep:k/ieHue. Teopema
JTOKa3aHa. O

Teopema 3.5. [Iycmv [ — yeaaa Pynkyua sKcnonenyuaivbrnozo muna, u A =
{ Xk, i}, — ee kpamnoe nyaeeoe mrovscecmeo, Komopoe pasbumo na 2pyn-
no U = {Upy}, 2de Uy, = {)\m,l}lj\i’f. Toz0a caedyrousue ymeepocoenus IK6U-
BANEHTNHDL:
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1) pynruyua [ umeem peeyasprod pocm, S\(U) =0 u U = {U,,} — pasbu-
EHUE HA OMHOCUMENLHO MAABLE 2DYNNDL;

2) cywecmsyrom omKEpuIMbLE NONAPHO HENEPECEKAIOUUECA MHONHCECTNEA By,
m = 1, maxue, umo U,, C Bp,, m > 1, duamempwi d,,, mnootcecmes By, ydosae-
meopatom (2.28), u ewnoaneno nepasencmeo (3.14), ede By = B = J,7_; Bp,.

Hoka3zareabcTBo. Ilycts nmeer mecro yrsepxkaenue 1. Torga coryiacHo Teo-
peme 3.3 ¢ yueToMm 3aMedaHus K Hell BEpHO yTBepxKJeHue 2.

IIycrs Teneps nmeer mecro yrsepzk/enue 2. Torja 1o reopeme 3.4 BbInoJI-
neno Sy (U) =0 u U = {U,,} — pasbuenne Ha OTHOCUTENHHO MaJIble TPYIIIIbI.
[Mokazkem, ato f — PyHKIHS peryaapHOro pocTa. st 9Toro, Kak 0TMeqaaoch
B Hadaje maparpada, TOCTATOYHO TOKA3aTh, ITO f MMEET peryagapHBI pocT
Ha KazKJloM Jyde L.

O6pasyem 1moc/ie/JoBaTeIbHOCTD {Ps 150 BCeX HATYDAbHBIX YHUCEIT P, TAKUX,
a0 momymETepBan [(p — 1)e'¥, pe'¥) me mexxut memmkom B B. Jlng KaxK10ro
s > 1 mpon3BOILHBIM 06pa30oM BEIOepeM TOUKY zs € [(ps — 1)e¥, pse¥) \ B.
[Tosyunim mocaes0BaTebHOCTb {2552 1. [0 HOCTPOEeHNIO BBIOJIHEHO TepBoe,
BrOpOE, a ¢ yuerom (3.14), u werBeproe pasencrBo u3 (3.5). Ilokaxkem, d4To
BBITIOJIHEHO TaKXKe TPeThe paBeHCTBO. llpemamosoxkuMm, 9ro 910 He Tak. To-
IJla HAlIeTCs TaKasl MOJIOC/Ie/I0BATe/IbHOCT {2, };?‘;1, 9TO I HEKOTOPOTO
« > 1 BepHbl HepaBeHCTBA |2, 41| > alz|, j = 1. Torma mo mocTpoenmro
mutst jioboro j = 1 mosyunTepBast [(st] H + 1) e, [oz ‘zs]. H ew) jexuT B B.
[Tockosibky Bj, momapHO HE MEPECeKaloTCs, TO TOT MOJyUHTEPBAJ JIEXKUT B
HekoTopom MuoKectse Bp,.. B cuy (2.28) |wj|/|Am; 1] — 1, j — oo, e
wj = (stju + 1) ' . Ilosromy

lim —™ S lim [O‘|ng” - HZSJ'H —1
Jj—o0 |)\mj,1| - J—o0 |)\mj71|
oo stju +1

9rto mporuBopeunt (2.28). Takmm obOpa3oMm, UMEOT MeCTO paBeHCTBa (3.5).
Torga o emme 3.1 pynxiua f umeer perynapublii poct Ha jayde L. Teopema
JIOKa3aHa. O

Paccmorpum Temneps ciy4ait TpuBHaIbHOIO pa3dbueHus.

Teopema 3.6. Ilycmo f — ueaas Gynryus sKCNOHEHUUAALHO20 Muna u A =
o0
{6, ni}ee, — ee kpamnoe nyaesoe mmoocecmeo. Toeda skeusarenmmse cae-
dyrougue ymeeporcoenu:
1) A — npasuavho coarancuposanmoe mnostcecmso (6 wacmmocmu, f umeem
peayasproiti pocm, Sp = 0, u ng/|Ag] = 0, k = 00);
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2) cywecmsyrom maxue wucaa v9 > 0, k = 1, wmo 7Y/|A\g| — 0, k — oo,
Kpyau B()\k,'yg) nonapro e nepecexatomcs u evinoaneno (3.14), ede By =
o Bk, YY)
Uk:l ks Vg) -
HokazaresibctBo. 1)=-2). [Iycts A — npaBmibHO COAJTAHCHPOBAHHOE MHO-
JKECTBO. D10 o3Ha4aer, 4ro Sp = 0 u A — npaBUILHO PacCIpPeIeJIeHHOE MHOXKe-
creo. Torya cortacHo ykazanHomy pasee pesysbrary b. 4. Jlesuna dyakius f
umeer perysspabiii pocr. Kpome toro, A umeer mwiorHocrs. [Tosromy

k—oo |[Ag|  k—oo | Ak|
k—o00 |)\k| +1 k—o0 |)\k|

Takum obpazom, TpuBHaJbHOE pa3bueHue dBjsgeTcs pa30ueHreM Ha OTHOCH-
TeTbHO MaJible rpymmbl. [losToMmy cormacHo Teopeme 3.3 ¢ yueToM 3aMeda-
HUA K Heil HaXoIuM, 4TO BepHO HepaseHCTBO (3.14), e By = B(A,U,Iy(7))
(1 € (0,1/2]), u qmamerpst dj muoxkects By (A, U,Ty(7)) yaoBiaerBopstor co-
ornomrennio (2.28). B namewm ciayuae, Korma pasbuenue U TpuBHAIBHO, ITO-
mapHO He mepecekarormuecs MuokectBa By (A, U,Ty(7)) aBmsaiorca xpyramn
B\, 72(7)), n di, = 272(7). Takum 06pazom, yTBep:K/enue 2) BepHo.
Nmmmkanust 2)=-1) Bepha coracHO Teopeme 3.5 ¢ y4eroM Onpejie/ieHust
MPaBUJIBHO COATAHCHPOBAHHOTO MHOXKeCTBa. Teopema JOKa3aHa. O

3ameuanue. [lo Teopeme 3.2 pery/isipHoe MHOXKECTBO SBJISIETCS YACTHBIM CJTY-
qaeM TPABUIBHO COATAHCUPOBAHHOTO MHOXKeCTBa. [lepBoe MHOXKECTBO TOSBH-
JIOCh JIMIIL C TOf 1e/Ibio, 4T00bl UCKIIIUnTEIbHOe MHOKeCTBO B (3.14) cocro-
fJI0 U3 TIOIMMAaPHO HE NEPECCKAIINUXCA KPYTIoB C IEHTPAaMU B HYJ/JIAX U OTHOCH-
TeIBbHO MabiMu paanycamu. CormacHo Teopeme 3.6 HeOOXOMMMBIM 1 TOCTATOY-
HBIM YCJIOBUEM JIJId 9TOT'0 ABJIACTCA IPAaBUJ/IbHAA C6aﬂa.HCI/IpOBaHHOCTb HYJIEBO-
ro mHOX)ecTBa pyHknuu f. Takum 00pa3oM, MOHSTHE MPABUIBHO COATAHCUPO-
BAaHHOI'O MHOZKECTBa dBJIAETCA €CTECTBEHHBIM O606H_LeHI/IeM TOHATULA DPEryJIdp-
HOIo MHOXKeCTBa. OTMETUM €eIle, YTO HOHATHE [IPABU/ILHO COaJIaHCUPOBAHHOIO
MHO>KECTBa S(b(i)eKTI/IBHO n B CJ/Iydae KPpaTHOI'O HYJIEBOI'O MHO2KECTBaA.

B zaksiogenne maparpada joKakem pPe3y/ibraT, KOTOPBIi, B 4aCTHOCTH, yC-
TAHAB/IMBAET TECHYIO B3aMMOCBsI3b Mexjly HepaseHcTBoM (1.2) m mmmekcom
KoHJIeHCauu Sy .

Teopema 3.7. Ilycmo f — ueaas Pynryus sKCNOHEHUUAALHO20 Tuna u A =
{Mesni}ee, — ee kpammnoe nyaesoe mmoorcecmso. Tozda eepmvl caedyroujue
ymeepotcoenus:

1) ecau ng /| k| — 0, k — 00, u umeem mecmo nepasencmeo

In|fOR (N = re(hy(or) —€), k= k(e), A =rge*, (3.27)
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mo Sx = 0 u cywecmeyrom makue wucaa v > 0, k > 1, wmo v2/|A\x| — 0,
k — 0o, xpyeu B(Ak,27Y) nonapno ne nepecexaromes u éepna oyenka

n[f(2)] > r(hs(p) =€), z=re¥ € IBO1), k=k(e);  (3.28)
2) ecau A — npasuavro coarancuposarnoe mrodcecmseo, mo eepro (3.27).

Hoka3zarenbcrso. Ilycts ng/|A\;| — 0 u Bepro (3.27). @ukcupyem € > 0. B
cuny (3.1) u (3.3) maiigercs takoe 0 € (0,1/3), aro

In|f(2)] < relhs(or) +€), 2 € BOwory), k=ki(e) > k(e).  (3.29)

e (=N
o) = — L hk<>—f<><(3m) ,

k . Z_)\s fts
Tlod) = 11 ( 30175 > '

)\SEB()\k, 517“k), s#k

B cumy (2.2) u (3.29) ¢ yuerom npuHImna MakCUMyMa MOJLYJIsl HMEEM:
lgk(2)| < ri(hy(er) +€), 2z € B(Ag, o), k= ki(e). (3.30)

HeHOCpe):[CTBeHHbIM moACYEeTOM II0JIydaeM:

(301m)"™ ¢ k hi(2)
he(\g) =~ f ) () &) = k> 1. 3.31
k( k) (nk)' f ( k)7 q (Z7 1) gk(z)7 ( )
Ouennm cauzy koaddunuent npu npousBoanoii. Tak kak ng/ri — 0, To
1 ng ng
_1DM /il (B01rg)™ — Dy 3017k = Dk | 2k >,
Tk (ng)! Tk (g, )"k Tk ng Te 3017

k> ko > ki(e).
Orciona u u3 (3.27), (3.31) momyuaem:
In|hp(Ai)| = ri(hy(er) —€), k= ko. (3.32)
Takum obpasom, ¢ yuerom (3.31) u (3.30) umeem:
I Jg" Ok 61)] = I s ()] — In Jgx ()|
2 ri(hy (o) —€) = ri(hy(or) +€) = —2ery.
CaepoBaresibho, B cuiy (2.4)

. . In|g" (O, a
a=0mooo P‘k‘
[Tockoabky € > 0 — moboe, To Sy = 0.
[Ipu ycnosun ng/|Ag| — 0 TpuBmanbhoe pasbuenue craHoBUTCS pPa3OueHu-

€M Ha OTHOCHUTEJIbHO MaJible I'pyiibl. [losromy corsiacuo Jsiemme 2.3 ¢ yyerom
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3aMedanust K Heil u oupegesnennst muoxecrsa B(A, U, I'y(7)) (npumenuresbHo
K CJIy4aio TPHBHAILHOTO PasbUeHns) CylecTByIoT Takue aucaa vo > 0, k > 1,
aro Y2 /|Ak| = 0, k — oo, kpyru B(Ag,27Y) nonapHo He mepecekaiorcs u

ng

zZ— A
35Tk

In > —erg, 2z € B(A,0rp)NOB, k= ko(e) = ko, (3.33)

rae e > 0 — moboe n § € (0,1/3) 3aBucut or €. YMeHbIIIAs, €C/IH 9TO HeOOX0IH-
MO, 9nCJI0 0 (3TO He HAPYIIUT OeHKH (3.33)), MOKHO CINTATH, 9TO BepHO (3.29)
u (3.3), e eg = € u §y = 0.

ITockosbky 79/|Ak| — 0, To MoxkHO Takxke cuurarh, 9ro B(Ajg,277) C
B(Ak, 011), k = ko(e). Takke xak u (3.30) mosygaem HepaBeHCTBO

In|hg(2)| < re(hf(er) +€), z€ (g, 0m%), k= ko(e). (3.34)

Paceyvorpuy dysxnmo hy(z) = hp(2)(he(Ar)) L. Oma me mveer mymeii B
kpyre B(A\g,27Y) u B cuiy (3.32), (3.34) yaosieTsopsier oremke

In |h(2)| < 2erk, 2z € B(A, 0r), k= ko(e).

Toraa mo jemme 00 OneHKE CHU3Y aHAJUTUYECKON (DYyHKIWHU, HE UMeOIeil Hy-
qeit (cm. |3, omasa I, §4, memma 4.3|), momyaaem:

In |hi(2)| = —dery, 2 € BArAY), k> kole).

Orcioga ¢ yaerom (3.32), (3.33) u (3.3) umeem:

Nk

In|£(2)] =In |y (2)|+1n

307y, ‘ = In|hg(z)|+In [hg(Ae)|+1n 351

> 1p(hy(pr)—6e) =r(hy(p)—Te), z=re?€dB\g, 7)), k=ko(e).

DT0 3aBEPIIALT JOKA3ATENIBCTBO yTBEPXKIeHusT 1).

[Tycts A — npaBuibHO chatancupoBaHHOE MHOXKeCTBO. Toraa o Teopeme 3.6
¢ yuerom (3.3) cymecrsyior Takue 9 > 0, aro 79 /| Ag| = 0, xpyrn B(Ag, VYY)
MOTTAPHO HE MEPECEeKAIOTCA 1

In|f(2)] = re(hs(or) —€), 2 € BN\, YY), k= ks(e). (3.35)
Mozno cantarb, ato B(Ag, 7Y) C B(Ak, 817%), k > ks(e). Toraa B cuy (2.1)
In|hg(2)| = | f(2)| = ri(hp(or) =€), 2 € OB R)s k= k(o).

Oyukrus hy He uMeeT HyJeil B 3aMbIKaHUU Kpyra B ()\k,’yg). CnemoBaTesbHO,
[0 TPUHITATY MUHUMYMa I TAPMOHWIECKUX (DYHKIWNH 9Ta OMEHKA MTPOIOJI-
waercs B Kpyr B(Ag,7Y). B wactHocTH,

In [hie(Ae)| = rie(hy(or) —€), k= ks(e). (3.36)
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[Mockonbky ng/rr — 0, TO

1 (nk)' 1 (nk)”k N N

E O A S )
I (3617)™ | 7 1 ! (9617g)™e I 7y 1950 © 3 > hale)
Orciona ¢ yuerom (3.36) u (3.31) nonyqaem (3.27). Teopema gokazana. O

3ameuanus. 1. CoracHo Teopeme 3.7 Ipu yCJAOBUM TPABUIBLHON PaCIpeje-
nernocTn MHOKecTBa, A = { g, 1172, HepasencTso (1.2) SKBHBAIEHTHO PaBeH-
crtBy Sp = 0.
2. Ecin umeer mecro onenka (3.28), To uncia 72 YAOBJIETBOPSIOT JIOTIOJIHU-
TEJLHOMY YCJIOBHIO: 0
. Inoyg
lim —+
Heiicteurensuo, u3 (3.28) u (3.3) cmemyer (3.35). Hna dyukuuum hi(z) =
f(2)(z = A\)71, xax w Beime, BEIOHEHO (3.34). CrlemoBaTeLHO, /IS TOCTA-
TOYHO OOJIBIINX HOMEPOB k MMeeM:

In~p _Infz— M| In[f(2)] — In|hk(2)|
|\l |\l | \k|

910 Jaer HaMm Tpebyemoe HEpPaBEHCTBO.

= 0.

> —2e.

§4. lMpeacraBneHmne aHaNNTUYECKUX PYHKLWIA

BakrounTe/bHBIN Taparpad MOCBsIeH 0000MEHNI0 YKA3aHHOTO BO BBEJE-
uun pesysbrata A. @. JleorTbeBa 0 npeacraBaeHun QYHKIUIT AHATUTAIECKUX
B OKPECTHOCTH 3aMbIKaHUsI OIPaHUIeHHO# BoIyKJ/10i obmactu D C C, a Takxke
dbyukuit ananTHdeckux B obsacTu ) v HENPEPBIBHBIX BILIOTH /10 €€ IPaHU-
upl. [lycrs f — nesnas dyHKIUs SKCIOHEHIMAIBHOIO TUIIA C MHIXKATOPOM hf.
B nanbreitiiem 6yemM cauTaTh, 9TO BHITYKJbIH KOMIAKT K, KOTOPBIH sAB/IsI€TCSA
CONpsizKeHHOW auarpammoit f, umeer Hemycryio BHyTpennocrs D. CumBosom
(¢, f) oboznauum dyHKIMIO, acconuupoBanuyio 110 Bopesio ¢ f (cm. [3, ria-
Ba I, §5, n. 1]). Komumakr K — 910 Bblnyk/as 060J09Ka MHOXKECTBA 0COOBIX
rouek Y(t, f). Takum obpazom, y(t, f) aABAETCS AaHAIUTHYECKONH BHE 3aMbIKa-
mus D = K obmacru D. Ilpu sTom nmeer mecro pasencrso (3.2). @yukrus f
JonycKaer cieyonee upejicrasiaenue (cm. [3, miasa I, §5, reopema 5.2])

FO) = / At et

~ 2mi
Q
rae 0 — koHTyp (IpocTas HempepbIiBHAs 3aMKHyTas CHpsM/IsieMas KpuBas),
oxBarsiBatonmii KommakT K. B noaymaockoctn Re(te'?) > hy(p) Bepra dop-
myaa ([3, rnasa I, §5, reopema 5.3|)
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aeW
V)=t / fledz
Eciu 0 € D, 1o npu J0N0JHUTEIEHOM YCIOBUU HA, f
Flrete)] < AZPTRE) o (4.1)

(mpu wekoropbix A > 0 u p > 1) byuxuus Y(t, f) sBasgercs HenpepbIBHO
BIUIOTH J10 rpanunbl 0D obiactu D (em. [3, rinasa I, §5, . 3]).

ycrs G — obmacrs B C. Cumsonavu H(G), H(G), Ho(G) obosnaunm co-
OTBETCTBEHHO NPOCTPAHCTBA (DyHKIUi anajnTnaeckux B (G, aHAJIMTUIECKUX B
okpecrHOCTH 3aMbikanus G, ananmuTuaecknX B G M HENPEPHIBHBIX BILIOTH JI0
rpauuiibl 0G.

[Iycrs g € H(G), f — nenas dyukus skcnonennuaabuoro tuma, 0 € D, u
a € C rakoBo, 4T0 caBur conpszkenHoit quarpammbl K (o) = K + « jexur B
obmactu G. [lonoxknwm (cum. [11, rmasa I, §2, m. 1))

t

Wi\ a,g) = 62_:: / (¢, f)< / gt +a— z)e’\zdz> dt, (4.2)
Q 0

rie ) — KOHTYp, OXBaTblBaloNuil KommakT K u jexamuii B obsactu G — a.
Oyuxmua wy(A, «,g) HazbIBaeTcs HHTepHOJIHpPYomeil dyHkmueir s QyHK-
yu g.

Ecau f ymosierBopsier momosauTebHOMY yeaoBuio (4.1), To mHTEpIONH-
pytomasa OYHKIUs OIPEIesIsiercs /g 00jiee mupoKoro kJacca pyHuit g €
Hy(D + ). B srom cayqae wr(, o, g) onpegenstercsa no dopumyae (4.2), rae a
dukcuposano u koutyp {2 coBnajgaer ¢ rpaauneit 0D.

[Iycrs w € D. Conpszkennas auarpamva dyaxknun fr,(2) = f(2)e™"* cos-
najgaer ¢ KoMmakTom K — w, a ee BHYTPEHHOCTh D — w COAEPXKHUT HAdaI0
koopaunatr. Torma o dopwmye (4.2) onpenensiercss dbynkims wy,, (A, o, g) st
Beex Takux o € C, uro kommakr K — w + « jsexur B obaacru G. Ormerum
HEKOTOpbIe cBoiicTBa GyHKInn wy, (A, o, g). 13 (4.2) crexyer, aro ona sBs-
ercs nesiolt u smHelina 1o rperbemy aprymenty. I[lycrs K. = K + B(0,e) —
e-pacmupenne komnakra K, Q = 0K, —w u Q(a) = Q+ o C G (npu gomos-
HuresbHOM yeaosun (4.1) Ha f, Q(a) = 0D —w + «). B cuiy (4.2) umeewm:

1
< —le M max [eM] ma z / t, t||dt
e ma || max [g(2)] [ 19(6 £u) 1

A
‘wfw( 7a7.g)| 27_(_

< 7. exp(rHa(~) — Re(aA)) max_|g(=) / Iy (¢, £) ]|
2€Q(e) o
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= A(f,¢) exp(rHi(—p) +er — Re(wh) — Re(al)) max |9(2)],

A =re'?,

e A(f,e) = (2n) " 17.(f)d., d. — muamerp obsractu K. u 7.(f) — nocienmit
urrerpaa. Orcioga ¢ yuerom paBeHcrsa (3.2) mosydaem:

wra (A s 9)| < A(f,€) exp(rhys(p) +er — Re((w + a)A)) max |g(2)],

A=re¥ eC.
Paccmorpum dyukmmo g(z) = €%, Oua mesmas. IIosToMy Ui Kazoro

a € C nmeem:

t
—al
wa(A,a,g) = 627_”- / tfw (/65 (tha=z2) AZdZ)dt
0

t

a(ﬁ)\
= /fytfw </ “f)Zdz)dt
T

Q
e(6—X) e(A=8t _ 1
T om /’thw —¢£ e &
Q
a(§ A) e§t
= T omi /’thw A—& 5
Q
— a(§ A) fw( ) fw(f)
.y .

OrmeTnm, HaKOHEI, TJIaBHOE CBOMCTBO uaTeproupyomei dynknun. Ilycrs
A = { g, ni}72, — KparHOe Hy/IeBOe MHOKeCTBO byHKImE f 1

p mnp—1

= Z Z g 2" e (4.4)

k=1 n=0
Torpa umetor mecro pasencrsa (cm. [11, riasa I, §2, reopema 1.2.4]):

np—1
— NN = s C, k=Tp, (45
2mi / f()\) Z“k ? a€ p, (45)

rae S(Ag,bg) — OKPY’KHOCTB, BHYTPH KOTOPOI HET TOUEK Ag, § # k.
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OcHOBHOE TIpeIHA3HAYEHNE WHTEPIOJUPYIOEel (PYHKIIUN BBITEKAET HEIO-
cpeacrBeHHO u3 ee cBoiicTB. [Ipeamosokum, 4T0 PyHKIMSA ¢ ABIAETCA MIPEIe-
JIOM TIOC/IE0BATEIBHOCTH SKCIIOHEHITNAIBHBIX MHOTOWIEHOB

ne—1

I I IR

m=1 \,eU,, n=0

KOTOpas CXOANTCA PABHOMEPHO Ha KOMITAKTaX BhITYKJI0# obnact G. JIjis KazxK-
poro k > 1 u seex | > (k) (I(k) onpesenserca us ycaosus: Ay € Uyyy) s
muorousena P = P sepuo pasencrso (4.5). Ecim obmacrs G conepxur casur
K + o conpsizkennoit jmarpammbl dyakiuu f, 1o B cuny (4.3)

ng—1

Z a. nznekkz:i / Mekzd)\ N i / Mg‘zd)\,
2,0 7o) i o)

S(Akbr) S(Akbr)
Taxum 06pa3om, ¢ HOMOIIBI0 HHTEPIIOIUPYIOMel QYyHKINI MOXKHO BHIUUC/IATD
ko3 durmentsr pasnoxenuii B pagsl (1.3) u (1.4).

Lenpro mamuoro maparpada BISeTCs HpeICTaBIeHne BeeX (QYHKIU g €
H(D) (Ho(D)) mocpenctsom psma (1.3). Eciu Takoe mpecTapieHne HeBO3-
MOKHO, TO PacCMaTPUBAIOTC TakzKe psibl Buma (1.4), rae ey, j(2) — cmenu-
asbHAs JIHHeHAsS KOMOMHAINS

Mm Nm, l_

em7] Z Z bn7l7m7.]zne)\m ® (4'6)

=1 n=0

uU={Up}, Un= {)‘m,l}z]\iTa — pasbueHue moc/Ie0BaTeIbHOCTH A HA IPYIIIHL.

pemonoxum, uro dbynxuus g € H(D) npexcrasisercs psgom (1.3) B 06-
mactu G, koropas cogepxur D. Ecmu n(A) < oo u ng/|M\i| — 0, Torma 1o
reopeme ADesisi Jisi PsijIOB IKCIIOHEHIMAIBHBIX MOHOMOB ([12; reopema 3.1])
obmacte Gy CXOAMMOCTH 3TOTO pgJla ABIAETCA BRITYKI0MH. Ecmm dynknua f
(compsizKenHas aumarpaMMa KOTOpOi coBmajaer ¢ D, a HyJeBOe MHOMXKECTBO
coBmazaer ¢ A) mmeer perymspubiii poct u Sy = 0, TO JTOCTATOYHO MHOTO
Todek rpaHunsl 0G, aBiaiorca ocodbiMu ayg dysknun g. [lo Teopeme 4.1
u3 paborer [10] mobas Touka z € 0Gy, KOTOPOil MOXKHO KOCHYTHCH CIBAIOM
KoMrakTa D u3nyTpE 061acTi Gy, aBgerca 0coboit g HyHKIUI g.

[Iycrs W(A, G) — 3ambikanue B npocrpancrse H(G) (¢ Tonosorueit pasHo-
MEPHOI CXOAMMOCTH Ha KOMIIAKTAX) JIMHEHHON 000/104KK CHCTEeMBbI

E(A) = {2"exp(\e2) } o -

Eciu G — orpanuuenHas BbliyK/as 06/acrb, T0 110 Teopeme 6.2 paborsi [6]
kaxgas Gyukuus g € W(A, G) npeacrasasierca psigom (1.3) Torga u TogbKO
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Torja, Korjga SA = 0 u A — 9acTh HyJIeBONO MHOXKECTBa, (DYHKIMK PEryJIsipHOTO
pocra. CoracHo Teopeme 6.1 910ii paborhl HOC/IE/IHEE YCJIOBUE DABHOCUIBHO
upescrasiaennto dbyukuuii g € W(A, G) psgom (1.4).

U3 ckazanHoro cieyer, 9ro npesjcrasienue (1.3) BO3MOKHO TOJIBKO B BbIILY-
k10it obmactu G. Ilpu srom s mupokoro Kiacca dynkuuit g € H(D) ¢ mero-
JXOJISIINM PACIPeJIeIeHneM MHOYKECTBa 0coObIX Tovek npescrasienue (1.3) B
obact G O D neBo3moxkno. 1o oTHOCHTCs, Hanpumep, K byukimmn g(z) =
(z —a)™!, rae a ¢ D. Opuaxo, Kak CieiyeT u3 OTMEYEHHOTO BO BBEICHUH
pesyabrara A. @. JleonrbeBa B ciiydae IPOCTBIX TOUEK A TAKOE [IPEJICTABICHUE
BO3MOYKHO B obyactu D s moboit bynxmun g € H(D) (Ho(D)).

Takum 06pa3oM, MOKHO PACCMATPUBATH JIMIIb 33/a4y IIpe/cTaBaeHus ByH-
kit g € H(D) (Ho(D)) pamavu (1.3) u (1.4), cxonammvucs B obiacta D.
MoXKHO czesaTh TakyKe BBIBOZ O TOM, 4ro mpesicraienns (1.3) u (1.4) cire-
JIyeT MCKaTh B KJIACCe MOCIe0BATEILHOCTE A, KOTOPBIE SIBJISIOTCS Hy/JIEBbIMU
MHOXKecTBaMU (DYHKIHIl PEryJIsipHOrO POCTA.

[Ipucrynum K pemreHuro ykaszaHuoil 3agadn. OHO Oy1er OCHOBBIBATHCS HA
onuoMm u3 pedynbratoB A. @. JleontneBa ([2, rmasa IV, §6, Teopema 4.6.8]).

CdopmyaupyeMm ero B 9aCTHOM CIydae.

Teopema 4.1. ITycmov [ — yeaas GyrKyus SKCNOHEHUUAALHOLO MUNG, CONPS-
orcenmnan ouaepamma K womopotl umeem menycmyro swympernnocms 0 € D.
Ipednoaooicum, wmo umeromes wowmypee I'p, p > 1, oxeamuisatoujue 1nawanro
Koopdunam u obaadarowgue CAOYIOUUMU CEOTUCTNEAMU:

1) xaorcooni ayw L, = {te' : t > 0} nepecexaem 060t xornmyp I’y 6 odnofi
mouke, u R, = min e, |2| = 00, p — 00;

2) a) ecau [ay(p), bp(p)|(ap(p) < bp(p)) — Hauborvwui ompesox aywa L,
Konuyw Komopozo ydasenv. om Iy na paccmosanue, pashoe edunuye (amom om-
bp(e)
ap(p)

b) npu donoanumenvrom ycaosuu (4.1) eeprvi oyenku max,e(o 2q] |bp(0) —

3) UMENTT, MECTNO HEPABEHCINBA

pesox nepecexaem I'y), mo max,e[0,2n] — 1, p = oo;

In \f(rei‘p)\ = r(he(p) —ep), re' e r,, p=21, & —0, p—oo.

Tozda dan moboti gynkuyuu g € H(D) (g € Ho(D) npu donoarnumenvrom
ycaosuu (4.1)) ewnoanenvs nepasencmea

‘g(z) - 2—; / Wwdx < AT exp(—(6 — 6,)Ry),  (4.7)

p

z€D, 6=p(2,0D), p=1, 0,0, p— o0,



IPEACTAB/IEHNE AHAINTUYECKUX OYHKIINN 113

ede T), — dauna wonmypa I'y u p(2,0D) — paccmosanue om mouxu z do epa-
Huyv, 0D.

Paccmorpum ciydam, Korjga BO3MOXKHO HMOCTPOEHHE CIENUAIbHBIX KOHTY-
pos I'y, KoTOpBIE yoBIeTBOPsiOT yeaoBusim 1) u 2) u3 reopemsr 4.1.

Jlemma 4.2. [lycmo Bj = B(zj,7;5), j = 1, — nonapro ne nepecexaroujuecs
kpyeu, |zj| — oo, rj/|zj| = 0, j = 00, u nocaedosamesvrocmo {z;} umeem
KoHewnyto eeprnioto naommuocms. Tozda cywecmeytom wowmypw L'y, ozpanu-
wusarougue coomsememsenno obaacmu Ay, p = 1, ozsamwisarouue 1Ha4a.A0
Koopdunam, obaadarowsue ceoticmeamu 1), 2a) us meopemv, 4.1 u maxue, wmo
npu nodxrodauset nepenymeparuy kpyeos Bj evinoanenv. coommnowenus

po+p

Ay CAp, | BicA, BinA,=2, s>pot+p, p=1, (48)
j=1
T, <C(Ry)? p21, (4.9)

ede C' >0, pg — nexomopoii purcuposarnon nomep u Y, — dauna xonmypa I'y,.

Joka3zaresnbcrBo. 13 ycnosuit |z;] — oo, r5/|z;] — 0, j — o0, ciexnyer,
9TO JII060E OrpAaHUIEHHOE MHOYKECTBO MOXKET MEPEeCeKaThCs JIMIh ¢ KOHEIHBIM
ancioM Kpyros Bj. Beibepem Takoit HOMep jo, aTo 75/|2;| < 1/2, j > jo. To-
raa kpyr Bj, j > jo, He comep:kuT Hadajgo Koopaunat. IlycTts <5, 7 > jo, —
JUIHHA OTPe3Ka KacaTelbHOl K S(2j,7;), IPOXOAdAIeil depe3 HAYAIO0 KOOPIU-
HAT, KOTOPBI COEMHSIET 3TO HAYAJIO U TOYKY KacaHnus. [logxoasimum obpa3oM
POHYMEpPOBAB KPYT'H, MOXKHO CYUTATDH, ITO

o+l S Gjo+2 <o Gjork S o (4.10)
13 rex »xe ycaoBmit, 94TO ¥ BbIIIE, IOIYHaeM: ¢ — 00, j — 00. Boibepem Taxoit
HOMED Po > jo, ITO
max || + 75 < Sp-

1<5<o
ITosroxxum
po+p oo
8= (Bos)U(UB))V (U 8) o=t
j=1 j=po+p+1

Tax xax B; nomapHo He IepecekaloTCs, TO 10 IOCTPOEHUIO BEPHO COOTHOIIC-
mne (4.8) w0 € Ap, p > 1. Tlokaxkewm, uro I', = A, — KOHTYDBI, KOTOPbIE
yzposaersopsior (4.9) u yciosusiv 1), 2a) u3z reopemsbr 4.1.

Paccmorpum kpyru Bj, Koropsie nepecekaior okpyKHOCT S(0, Spo+p). Hnc-
710 91X KPyroB KoHewHo. ObozHatnm ero m(p). Touxku nepeceaennst S(0, Spo4p)

NS(zj,r;j) oboznadnm wk’l u w£’2, k = 1,m(p). Kpusas I'), cocront u3 ayr
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okpyzuOCTH S(0, Spo+p) U OKPYKHOCTEH S(25,75), j > Po, C KOHIAME B 9THUX

toukax. llycrs H]’; — yroJi, TPaHuIeil KOTOPOro SBJSIOTCH JIy49W C Ha49aJIOM

1
B HyJle, IIPOXOJMINe 4Yepe3 TOUYKU wi’

u w£’2. ITockonbKy Bj; momapHO He
IEpEeCceKaroTCsl, TO BHyTperHocru yrios Hi, k = 1,m(p), Takxe momapuo e
[EPECEKAIOTCS.

Ecmu L,NS(zj,75) # @, j > jo To ny4 L, nepecekaer oKpyzkHOCTb S (25, 7;)
B JIBYX TOYKaX (BO3MOXKHO CJIMBAIOIIUXCS B OfHY). Momyab onHOil U3 HUX He
MEHbIIIE, 9eM Gj, a Apyroii — He npesbimaer ¢;. Ilostomy B cumy (4.10) n
oupeznenennst A, ykasaHuble ayru jexar B yrax Hp (kaxgas B “coem”), u
KaxK/iasl U3 9TUX JIyI' MOXKeT IepeceKarThcd ¢ JydoMm L, ne Gojee yem B O1HOI
rouke. Taxum obpasom, kaxkjblii jyd L, nepecekaer mo0yio xpusyio I'y B
0J1HO#T TOUKe Z(P, ).

IMycrs j > jo m rj = 6j]zj]. Torma 0; < 1/2. Kpyr B; jexur B KoJblie
(1 —=05)|2i] < |2| < (1 +5)|2;|. Ecu on nepecekaer oxpyzxuocts S(0, Spotp),
10 (1-0;)|25| < Spotp < (1405)|24|. CnenoBarensvro, S(z;,7;) IeKUT B KOJIbIE

16 149,
1 +5j<P0+P < |Z| < 1 _5j<P0+P'

Taxum obpazom, kpusasg ['), nexuT B KosbIe

1-m7
1+7

1+m7

T, ot (4.11)

Spo+p S 2| <

e T, = maxjsp 0; < 1/2, u nomep [(p) suibpan Tax, aro Bj C B(0,Sp4p)

aust Beex j = 1,1(p). Ilockombky 85 = 7;/|2i] = 0, j — o0, T0 7, = 0, p — 0.
[Tycrs rp, ap(p), bp(p) — uncia uz reopemst 4.1. B cuny (4.11)

1—7
R, = min |z(p, > P — 00, — 00. 4.12
pemﬂ\ (p.o)l = 5 T, ot p (4.12)

Kpowme Toro,

bp(e) _ (147, 1-7, =
1< P r 1) (—2 1] =1 — o0.
pel02n] ap() 1-1, pote T 147, Spo+p ; P— 0

Mar nokazanm, 4ro kpusbie Iy, yrosiaersopsior ycaosusm 1) u 2)a) u3 reo-
pembr 4.1.

Hoxazxem (4.9). Tlo ycaoBuio s HeKOTOPOro uucia ¢ > 0 BEPHO HepaBeH-
CTBO

n(R) < cR, R>0,
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rae n(R) — 4ncio touex z; u3 kpyra B(0, R). Eciu Bj nepecekaer S(0, Spo+p),
10 2; nexkur B Kosibie (4.11). TTosromy

1+

_ P

rj = dj|z;] < ™7 g Spo+ps
P

u ucio l, kpyros Bj, koropsle nepecekaior S(0, Sp,+p) YAOBIETBOPAET OIlEHKE

1+
lp\c—pgp +p> p> L.
1-m 0

CnenoBarebHO,

147

1+
p p

Tp < 2MGpotp + 20Ty T Spot©
p

Spo+p
1-— Tp

147 2
< 27Gp4p + 2meTy (—1§p0+p) .
1-— T1
Orciona ¢ yuerom (4.12) nonygaem (4.9). Jlemma jokazana. O

Bameuanns. 1. Eciu paguycer kpyros Bj orpanmdenst (1; < rg, j > 1), 10
I') mexxuT B KOIBIE Spotp — 270 < |z| < Spo+p T 279. CaenoBaTesbHO, B 5TOM
ciaydae kpusble '), yaosiaerBopsior ycnrosuio 2b) u3 teopemst 4.1, rne H = 4ry.

2. Kontypsn! I',, mocrpoennsie B gemme 4.2, B 00IeM ciiydae He yIOBJIe-
TBOPSAIOT ycioBuio 2b) u3 Teopemsr 4.1. [leiictBuresnsro, mycts By, , k> 1 —
TaKas IIOJII0CIE[0BATEIbHOCTD MOC/IeI0BaTeIbHOCTI KPYTOB By, 4p, P = 1, 9TO
Tp, — 00, k — oo. [na kaxoro k > 1 Beibepem sy4 Ly, , KOTOPbIiL JIEXKUT Ha
KacaTeJbHOMI K OKpyzKHOCTH S(2p, , Ty, ). Toukn ap, (¢k), bp, (Pk) pacmorozxKeHs!
Ha jiyde L,, CHMMETPUYHO OTHOCHUTEIBHO TOUKU KacaHus z(py, ), KOTOpasd
OpUHAIIeKAT KOHTYpYy 1), .

CuMBOJIOM W), 0GO3HAYUM TOUKY II€pecedeHus OTPe3Ka [Zp,, by, (Pk)] ¢ OK-
pyxKHOCTBIO S(2p,,Tp, ). Llo mOCTpOEHHUIO Ayra 3TOH OKPY’KHOCTH C KOHIIAMI
2(pk, px) 1 wy, 1exur Ha KouType I'), . UMeewm:

by (91) = 205 21)] = 1/ 109 (9) = 2, 2 = (72

B cuny onpenenenust Touku by, () BEPHO HEPABEHCTBO

[ps. (1) — wi| = 1.

CrenoBaresbHO,

|bpk(90k) — 2(prsor)| = \/(Tpk + 1)2 - (rpk)Q —+ 00, k — oo.

Taxum 06paszom, yciosue 2)b) HE BBINTOJHEHO.
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[Tpe o102k mM ermie, 9To 1711 CKOJIb YIOIHO DOJIBIINX HOMEPOB k NMEET MeCTO
caepyiomast curyarpst. OKpyKHOCTD S(2p, , T, ) KACAETCsi HEKOTOPOH OKPY K-
noctu S(2j(ky, Tj(k)) B TOUKe Z(Pk, Pk). MOXKHO 1OKa3aTh, 4TO B ITOM Cilydae
HEJIb35l TOCTPOUTH KOHTYPBI ')y, 1151 KOTOPBIX BEPHO yTBEPIK/IEHUE JTEMMbI 4.2
C 3aMeHoii ycioBusg 2)a) u3 reopembr 4.1 va 2)b). OHAKO NPK JONOJTHUTETHBHOM
ycaoBun Ha Kpyru Bj 910 MoxHO caenars. VMeer mecro ciefyiomee yTBep-
KJICHHE.

Jlemma 4.3. IIycmo o > 1. Ilpednosooicum, 4mo 0onosHumessHo & Yycao8uam
nemmovs 4.2 evinoareno caedyrowee: kpyeu B(zj, arj), 7 = 1 nonapro ne nepe-
cexaromesa. Toeda eepno ymeeporcdenue aemmor 4.2 ¢ samenoti ycaosua 2)a) us
meopemo, 4.1 na 2)b).

Hoxkaszarenncrso. Ilycts jo,po,Sj,j > jo, B Hymepamus Kpyros B, Takne
’Ke, KaK B JIoKazaTeabcTBe JeMMbl 4.2. PaccmorpuM kpyru B, KoTopble mepe-
cexafoT OKpyKHOCTE S(0,Sp,4p). Touku mepecederns S(0,<p,+p) N S(25, arj)
0bo3HATNM wk’l u w£’2, k = 1,m(p), tme m(p) — 9InUCI0 yKa3aHHBIX KPYTOB.
ITo ycnosuio nyru oxpyRuOCTH S(0,Sp4p) C KOHIIAMU wZ’l, w£’2 IONIAapHO He
nepecekatoTcst. CauraeMm, 9TO OHU MPOHYMEPOBAHBI B COOTBETCTBUY C IIOJIOKH-
TeJIbHBIM HAIIPABJICHHEM JBHKeHHs 110 OKPYKHOCTH S(0, §p4p) (A7 ymoberBa

IIOJ/IaraeM

D,1

Win(p)+1 - ) p’l( p72))-

(Whn(py41) = Wi (w5

ocrponM Kpusble [',. @urcupyem k = 1,m(p) u BbIbepeM OKPY2KHOCTDH
Hocrp p I'p. Qukcupy kl 1,21) Gep py
S(zj, ar;), KoTopas comep:KuT Touku wi u wi'". IIpeamonoxkum BHATALE, 9TO
Jjo < j < po+p. lycrs Li’l (Li’Q) — KacaresbHasg K OKpyzxHocTH S(25,7;),
1 2 1 [ep2
npoxozsmas depes wy (wh”), rakas, uro Touxa £y (£1°7) ee nepeceuenus ¢
9TOi OKPYKHOCTBIO J1eKuT BHE KpyTa B(0, Spotp).
1 pl 2 p2 1
Otpesox €07, wi™] ([€07, wh?]) obosmaunm I} (F%g’). JIyry OKpy»KHOCTH

71 72 p72 p74
S(zj,7;) c xoumamu &'~ u &§'° obosuaunm I')’". Hakomner, cumsosom I'"" 06o-

2 1
3HaquM Jyry okpyKHOCTH S(0,Spotp) C KOHIAME W}~ I wi;rl (BO3MOXKHO OHA
2 1
BBIDOZK/TAETCA B TOUKY W, ~ = W} ;).

[Iycts Teneps j > po+p. B otimame oT mpeapaymero cyvas KacaTeTbHyTo
1 2 )1 2 1 2
L (LP*) sbibepem rak, uro touka &y (E07) € S(zj,75) FlLi (L") upu-
nayytexur B(0, Gy, 4p). 3arem, kak u Bbuue, oupegensiem IV s = 1,4. Ilycrs
I'p) — obbepunenue kpusbix 7%, s = 1,4, k =1,m(p), u A, — obnacrs, orpa-
nuuennag kpusoit I'y,. Ilo nocrpoenunio I', — npocrasg 3aMxHyTas Kpusasd, u
BepHO (4.8).
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Cumsosiom H ,’; ¥ 06O3HAYMM yTOJI, TPAHUIIA KOTOPOIO COCTOUT M3 JIydeil ¢ Ha-
9aIoM B HyJIe, IPOXOSAIAX Yepe3 KoHIp! Kpusoil 1'%, Ilo mocTpoenuto, BHyT-
pennocru yrinos H}'® momapuo me mepecekatorcst. B cumy (4.10) kpusas I}
siexuT B yriue H f’s. [Tosromy, kKax u B emme 4.2, KaxKblit j1yq L, nepecexaer
mobyio kpusyio I'y, B onmoit Touke z(p, ¢). Kpome Toro, kak u B jiemme 4.2, Bep-

o (4.12), rae 7, HyKHO 3aMeHUTD Ha aT,. CiegoBaresnsuo, I'y, yrosaeTBopser
yeoBuio 1) u3 reopemsr 4.1.

Hmamer orpeskos 1Y), I')” me mpeBocxogar amamerpa Kpyra B(zj, arj), B
kKoTopoM oum JexkaT. [loaromy u3 Tex xe coobparkenuii, 4To u B jiemme 4.2,
nosygaeM (4.9).

Ocraerca nposeputh ycmosue 2)b) w3 Teopemsr 4.1. Pazbepem nanbosee “mo-
J03puTeabHbIN’ cirydaii. OcrajbHble CIydan pacCMaTPUBAIOTCHA AHAJOTUYHO.

1 2 3
IIycrs |2(p, )| > Spotp, Aya Ly, €2K0T B 011HOM 13 yIiIoB H]Z; UH]ZC7 UH]ZC7 , 1
1 2 3
z € Ly, |z| < |z(p, ¢)|- B arom ciyuae gyra TP UL UTY” nexur Bre Kpyra
B(Spy+p)- Haitnem omenky cuusy na p(z,I,) — paccrosuue or z g0 kpusoit I',.
JIyua L, npoxongamuii depe3 TOUKY zZ , 0bozHauuM Ly . IlycTs mi — TOYKA

. rpl [ 7p2
nepecedenus: Ly, u xacarensuoit L (L"), Cumsonamu zj, u rj 0603HaduM

LEHTD U Paauyc oKpyzuOCcTH S(24,7;), Jyroit KOTOPOil SB/ISETCH KPUBas F£’2.
ITockombky [2(p, ©)| > Spotp, TO 1O mOCTPOEHUIO jo < j < Po + P.

HyCTb ¥(p, k) — yron npu Bepmune zz B TPEYT'OJIbHUKE C BepIIMHAMU zz,

wz’ , 2% . Ilycrs eme Ck’l € S(zF,ar?)nS(0,<"), rae ¢ — uncno gj, coorsercrey-

fomee Opr)KHOCTI/I S (zk, rk,) u (p, k) — yrou npu sepriue 2} B TpeyronbHuKe
C BepIIMHAMH 2z}, Ck’ , oh. B ey (4.10) umeenm: s < gpy4p. [lo9TOMY BEpHO
uepasercTso Y(p, k) > ¢(p, k). Ilo ycaosuio r;/|z;| — 0, j — oo. ITosromy c

p,1 .
yderom BbIOOpa TOUKM (i~ MMeeM:

2 . 4.1
e D(p, k) = m/2, p— 00 (4.13)

Ciue0BaTe/IbHO, I KaxK40ro € > 0 BepHbl HEPaBEHCTBA,

< > . .
| Jnax Y(p, k) <m/2+¢e, p=ple) (4.14)

1
Z’ B IIPIMOYT'OJIBHOM TPEYT'OJIbHUKE

1
C BepUIMHaMMU zk, wk , £k’ (B TPEeyroJibHUKE C BEPHIMHAMU zi,wi’ .’L‘i) HE

3aBUCHUT OT HOMEPOB P, k, TaK Kak

ITo HOCTpOGHI/HO yron o0 HpI/I BepIINHE W

1

. _|Z£—5k|_7“5_1

sin ¢g = ’ ==
|zk wk’| ary, «
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[Iycrs ©(p, k) — yroa mexy jiydoMm Ly, j, # KacaTesbHOI Lz’l (Lz’2) (yroa
P BEpLIMHE T§ B TPEYTOJbHUKE C BEPIIMHAME zi,wz’l,xi), u ¢ > 0. Torma
u3 (4.14) moxyaem:

™

O(p.k) = 7 —v(p.k) —do > 7 — (T +2) =60 =5 — 60—,

k=1,m(p), p=pe).

Ormernwm, uyro B cuiy (4.14) nomep p(e) ne 3aBucur or k.
[Tycrs L(p,p) — upsivas, NpoxoAsaIias 4epes3 To4Ky z(p, ) napasuiesbHo

(4.15)

s 7l (7ps2 .
kacarenproit Ly (L") (BbIOOP KacareabHON 3aBHCAT OT IIOJIOXKEHHS TOUKH
Z(p, ) orHOCHTENBHO Jyda Ly k). Yrom Mexiy sydom Ly u 910if npsMoii He
menbiie, yem O(p, k). Ilosromy ¢ yuerom (4.15) st p > p(e) umeem:

p(z, TR UTR2UTY?) > p(2, L(p, ¢)) > |2 — 2(p, @)| sin(n/2 — ¢ — €). (4.16)

Ouenum Terepb pa,4(ZCTOS{HI/Ie OT TOYKHM 2 JI0 OCTaJIbHBIX Jyr kpusoit I'y. 113
onpese/IeHNs JIyT Ff " JIErKO cJiejlyer, 9To B ciaydae | = k BEPHO HEpPaBEHCTBO

4 A .

p(z, T UL = p(2, Lip, @) = |2 — 2(p, @)|sin(7/2 — do —¢,),  (4.17)
rae p = p(e). OTmernm, 910 TOBOPOT JIyT Ff * 1 # k, BOKpYT HauaJIa KOOPAUHAT
[0 HAIPABJIECHUIO K YIJIy H]f’l U H,f’Q U H,f’?’ HE YBEJINIMBAET PACCTOSHHUA OT
TOYKH 2 € H,f’l U H]f’2 U H,f’?’ 10 srux ayr. ITosromy (4.17) Bepro npu Beex
l=1,m(p). X ,

OneHnM, HAKOHEI[, PACCTOSHME OT TOYKUA 2 JI0 KPHUBOI Ff U Ff ’ 3U Ff ’f,
| # k. B culy CKa3aHHOTO MOXKHO CUMTaTh, 9T0 | = k + 1, m yroer H”, Hp'\y
nMeroT 06y cropory. PaccmorpuM citydail, Korga oKpyzxkHOCTE S(25, arj),
BHYTPH KOTODOIl JIGZKHT JIyra Fiil U Fi’il U Fi’i’l, uMeeT HOMep j > po + p
(mpyroit ciywait ouesuzien). B stom ciaydae sra gyra gexut B Kpyre B(Spo4p)-

2 pl
Hocrarouno ouennth TpebyemMoe paccTOSHUE Jlst TOYeK 2 # wy™ = wil .,
KOTOpbIe JiexKar “nesee” jyda Ly, k.

ITycts € > 0 u L(p, p,€) — upsimast, npoxogamas yepes z(p, ) nojg yriaom
/2 — ¢o — 3¢ k ayuy Ly. U3 (4.15) cremyer, 910 TOUKH 2 U w£’2 = wiil
JIEKAT 110 pa3Hble CTOPOHBI OT 3Toil mpsamoii. Iockombky 7;/|2;| — 0, j — oo

3 bl
u Hp>", H;’ | uMeoT o0ILyi0 CTOPOHY, TO yroa Mexnuy jaydamu Ly u Ly g1
CTPEMUTCs K HYJII0 pu p — 00 (paBaomepno no k). [Tosromy maiigercs rakoii
HOMED D1 (€), 9TO

~

O(p,k+1) <7/2—¢y—2, p=pi(e), (4.18)

e é(p, k+1) — yrox mexy sydoMm Ly, 41 u npsamoit L(p, ¢, €). B cuny (4.10)
AMEEM: <I€+1 > Gpo+p- LloaToMy Bepro Hepasencrso ¢(p, k+1) > ¢ (p, k+1), n,
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kak u Boime, u3 (4.13) nonyuaem (4.15). Toraa cormacuo (4.15) u (4.18) BepHo
HEPABEHCTBO

Op,k+1) < O(p,k+1), p=max{pi(e),ple)}. (4.19)

2 3
Ilo mocrpoenuto xpusas TPl U TP UTY)| Pacmo/ioxena B TpeyTroIbHIKe

k:—l—l k+1
C BepIITHAMHE wiil, wifl, xy 1. U3 (4.19) crexnyer, aro HpHMaH L(p, ©, € )

[epecekaer 3ToT Tpeyrojbauk. CjemoBaTebHo, KpUBas Fk Y F 1 U Fk i
TOYKA 2 JIEXKAT 110 Pa3Hble CTOPOHBI 0T mpsMoii L(p, ¢, ). Takum o6pa30M

p(z, 0L UTP2 UTR? ) > (2, L(p, ¢,€)) = |2 — 2(p, )| sin(m/2 — ¢ — €)

g Beex p = max{pi (), p(e)}. Orcrona ¢ yaerom (4.16) u (4.17) mas HeKoTO-
poro H > 0 mostyuaem:

p(z,Tp) = 2H 'z — 2(p,¢)|, z€ Ly, ¢e€l0,2n].
9to maer HaMm yciosue 2)b) u3 Teopemsr 4.1. Jlemma goxazama. O

Mg npencrasienns pagamu (1.3) u (1.4) Ham moHAIOOUTCS €I1Ie OJUH IPO-
MeKyTOUHBII pe3yabrar. [Ipexkie Bcero, BBEEM HEKOTOPHIE MOHATUS U OIpe-
nenuM (DYHKIHN e, ; 13 paga (1.4). Iyers A = {\g, ng}72, pasbura na rpyn-
uet U = {Up,}, tne Uy, = {)‘m,l}z]\iT- Caepyst [13], nosnoxum

L[ S wm(Q)—wm(N) Ti
Palh2) =5 [ a¢, wmN)=[[O=Amg)™, m>1,
(=g | W=IT0=Am
roe Iy, — kouTyp, oxBareiBalommii Touku rpymnsl U,. 1lo mepemennoit A

byukims P, (A, z) saBiasercs muorodnenom crenenn Ny, — 1 (ducio A\p,; c
yuerom ux KparHocreii). Ero npoussognast mopsiika 7, BbIYUCIEHHAS B TOYKE
Am,l, PaBHa, z”e)‘mlz, n=0,ny,,;— 1,1 =1, M,,. llomoxnum

(j — 1) Pr(), 2)d)
211 / ()\ - )\m71)j’

em,j(2) = PY ™ (N1, 2) =
A—Ammt|=1

OyHKIMH €, ; npeicTaBiadiorcsa B Buge (4.6). [losyduennyio takum ob6pazoM
m,j
N b

cucremy ynkumit {€y,;}; 27 o6osnaunm cumsosom E(A,U). Herpyano 3a-
METHTB, 4TO B CIy4ae TpuBuaabHoro pasbumenust (Up, = {A\pn1 = A\p}) cucre-
ma & (A, U) cosmamaer ¢ E(A). Ilpu ponosauTeIbHOM yCI0BUM Ha pa3buenue
dbynxiynm e, ; 06/1aJa10T cCHenuaAIbLHLIMI CBOicTBaMu. Onumem ux.

I[Tycrs G — Boimykitas obmacts n K(G) = {Kp}p2 | — nocieosaTebHOCTh

BBIIIYKJ/IBIX KOMIAKTOB, CTPOro uciepnsisaomasn G, To ects G = Up2 1K) n K
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JIEXKUT BO BHyTPeHHOCTH KoMimakTa Kpyq1, p > 1. Cucrema (mocienoBareiis-
Hocrb) yukuuii E(A, U) HazbiBaeTcs 109TH SKCIOHEHIMAIBbHOT B 06tactu G,
eCJIN BBINOJIHEHbI JBa ycuaosus (cm. [14])

1) st kaxaoro p = 1 cymecrByior ancao a > 0 u HOMEp S, TaKue, 4T0

sup |em,j(z)| <aexp(rmHr,)(—¢m)), Tmewm =Am1, J=1,Nyu,m>=>1,
zZEKp

2) mag kaxgoro p > 1 cymecrBytor qucao b > 0 u HOMEp S, TaKue, 9To

bexp(rmHr, (—¢m)) < Sup lem,j(2)l, j=1,Nm, m>L
z s

Yenosusa 1) u 2) oznagaior, uto cucrema E(A,U) B HEKOTOPOM CMBICIIE CXOZKA
C TIOCTIe/IOBATETLHOCTBIO SKCIOHeHT {e 12}, .

Psipr 110 o9TH SKCIIOHEHIHAIBHBIM CHCTeMaM (DYHKIHI pacCMaTPUBAJIICEH
B paborax [13-16]. B |16] mosyvenst ananoru reopem Abensa u Komn-A ramapa
JUTsl TAKUX PSIJIOB.

Bynem roBoputs, uto cucrema dyukmuit £(A, U) 0b61a1aeT rpynmoBbM CBOi-
creom Kere B obsactu G (cum. [13]), ecom g sroboro p cymectsyior ¢ > 0

HOMEp § TaKme, 4TO JjIsd KaxKa0ro m > 1 u Kaxkaoil dyHkmuu h,, BUIa

Nm
hn(2) = ) am jem,;(2)
j=1

BBIIIOJTHEHO HEPaBEHCTBO

N
Z |am,j| Sup lem j(2)| < ¢ sup |hm(2)]. (4.20)
ZGKP ZGKS

=1
Uwmeer mecto ciemyroree yrBepxaenue (cMm. [15, Teopemsr 3,5]).

JIemma 4.4. Ilyemov G — npousdeosvhas 6unykias 06AGCMY, U NOCACO06A-
meavrocmov A pasbuma na ommocumeavno maavie epynno U = {Upy}, ede
Un = {Aml}lj\i’?. Tozda E(A,U) asaaemces nowmu sKkCNOHENUUAALHOT NoCAE-
dosamenvrocmoro u obaadaem epynnosvim ceoticmsom Keme 6 obaacmu G.

Teneps MbI MOXKeM cHOPMYIUPOBATH U JIOKA3ATh YKA3AHHBIN BBIIIE TIPOMeE-
JKYyTOYHBIN pe3y/IbTaT, CBA3AHHBIN C “IpobjieHneM” 4/IEHOB CXOSAIIEr0Cs Psiia
“co ckobkaMu’ 6e3 IMoTepr CXOIUMOCTH.

Jlemma 4.5. IIycmo [ — uesas Gymryus sKCNOHEHUUAADHOR0 MUNG, CONDA-
orcennan Juazpamma K xomopoti umeem nenycmiyro enympennocmo D, ee ny-
neeoe mmoocecmeo A = { A\, np 12, pasbumo na epynnw U = {Up}, Bp,
m > 1, — omKpvimbie NONAPHO HENEPECEKAIOULUECH MHONICECTNGE, MAKUE, YUIMO
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Un C By, m = 1, duamempoi d,, mnoorcecms By, ydosaemsoparom (2.28),
OAUHDBL Ty KPUBHIE OBy, ydosaemeopaom ycaosuo

1
lim —2™ <, (4.21)

m—oo |>\m71| =
u 0as Kaotcdozo € > 0 6HINOAHEHO HEPABEHCTNEO
In|f(re®)| > (he(p) —e)r, re'¥ € OB,,, m > m(e). (4.22)
IHpednonootcum, umo das nexomopozo ag € C umeem mecmo npedcmasaenue
o] np—1
9(z) = Z < Z Z akmz"e)‘kZ), z € D+ a, (4.23)
v=1 N X\,eV, n=0

2de V.={V,} — pasbuenue A na omnocumeavno maavie epynno.. Ipu smom
ons Kascdozo p = 1

o] np—1
Z sup Z Z ap 2" e | < oo, (4.24)
v=1%€Kp 1\ cv, n=0

ede {Kp}p21 = K(D + o). Tozda eepro npedcmasaenue

ne—1
g9(z) = Z < Z Z akmz"e)‘kZ), z €D+ ap, (4.25)

Upmw#@ N ApE€Upm, n=0

2de Uy = Uy, NV, Ipu smom das xasicdozo p = 1

nk—l
Z sup Z Zakmz”e)‘kz < 0. (4.26)
Um0 2K | 5 U, n=0

HokazaresibectBo. UTo6bl mostyunTh mpejacTaBierne pagoMm (4.25), HyKHO
OIEHUTH CBEPXY €r0 WIeHBbl. JTO MOKHO CJIEJIaTh IIPU IIOMOIM HHTEPIIOJIN-
pyforeii byHKnum, nocrpoernoil mo ¢gyukrun f, u coorHomenuit (4.3), (4.5).
Onnako, B HepaBencTse (4.3) y4acTBYIOT OIEHKU (DYHKIMUA Ha OKPECTHOCTSIX
casura Komnakta K, HO HU OJjHA M3 ITUX OKPECTHOCTEH (1a M cam CaBur) HE
nomeraercs B obstacte D + ag. [Ipu sT10M 110 yC/I0BHIO KaKne-TO OIEHKU UMe-
IOTCSL TOJIBKO Ha KOMIIakTax 91oif obiacru (1o onenku (4.24)). Yrobel umers
BO3MOKHOCTH MCIIOJIb30BATH MHTEPIOJIUPYIONLYI0 (DYyHKIUIO, [IOCTYIIUM CJIe/Ly-
oM o6pazom. Pazgennm psas (4.23) va Tpu psiza, KazKplil n3 KOTOPBIX UMEET
6osee mmpokyio (aem D + o) 00/1aCTh CXOAMMOCTHU, U Jijisi KOMIAKTOB 9TO
obsractu BblosIHEH aHasor (4.24).
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_ M, .
[Mycrs V,, = {A,1},24- Ho anmamoruu ¢ cucremoii £(A,U) npu momormu To-
Ju,00
J,v=1
4ek A\; B rpynne V, ¢ yderom ux kparHocreii ng). I[lo yciaosuio, rpymmnsr V,,
orHOCUTEIbHO MaJibl. Torga no semme 4.4 cucrema E(A, V) obuiagaer rpyu-
nosbiM cBoiicrBom Kere B obnacru D + ag. CiienoBare/ibHO, KasKIblil 4/leH

psizia (4.23) MOXKHO HPEJCTaBUTH B BUJIE

qeK A, obpaszyem cucremy ¢yuxunmit E(A,V) = {€,;} (J, — gucao To-

Jy
Z g2 e = Z by i€y j(2), (4.27)
A EVL n=0,n—1 Jj=1
u B cuty (4.24), (4.20) ma moboro p > 1 nmeem:
oo Jy
ZZ by ;| sup |€,;(2)| < oo. (4.28)
v=1j=1 z€kyp
Pazjie/mam 31oT paj na tpu pajga. Hyers VI v > 1, — sce rpynust V,, Ko-
TOpbIE IMeIoT HermycToe Tepecedenue ¢ yriaom 1'(0,27/3). B amcro rpymm V2,
v > 1, oTHeCeM BCe OCTaBINUECs TPYIIbI V,,, KOTOpble UMEIOT HElyCToe Iepe-
cewenne ¢ yriaom 1'(2m/3,47/3). Bee ocrambueie rpymmbt V, obozmadmyv V2,
v > 1. CooTBercTByIONye MOTYIeHHBIM IDyIIaM (DYHKIHN €, ; 0003HATHM
&, j, a ux xoabummenter — bl . [ycrs p = 1,2, 3. Paccvorpum psijt

v,
Ju
DD vkl (2). (4.29)

vl j=1

B cuny (4.28) on cxopurest abGCOMIOTHO M PABHOMEDPHO Ha KOMIIAKTaX B 00/1aCTH
D + «p. TTokaxkem, 9T0 Ha CAMOM JIeJIe OH CXOIUTCsT B OoJtee mmpoKoit 00.1acTH,
u B Heil umeer mecro anauor (4.28). Buavasie nocrpoum sry obaacrs. [Tycrs
Ky = K + ag. Tlomoxnm

2 2T

?Ma—?(ﬂ— 1)]

Herpyamo samerurs, uro D, — HeorpanudeHHas BblLyKiasd 00acTs. [Ipu sTom
BEpHBI PABEHCTBA

HD,U,(SD) = HKO(@)? (RS Im HDM(SO) =400, @€ [07 271'] \I,U
Orcrosia JIerko 1oJiydaeM HepaBeHCTBO

Hr, () — Re(te™ e™™) < Hp,(¢), € [0,2n7],

D,={z: Re(ze_w) < Hg,(p),p€l}, 1,= [—

rae t > 0, ¢, = ¥, + m, u 1), — cepenuna orpeska I,. To 03HaUYAET, UTO
IMEIOT MECTO BJIOZKCHHST

Ko —te™» c D,, t>0. (4.30)
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[Tokazkem, aro psz (4.29) cxomurest B obmacru D). Cormacuo gemme 4.4 cn-
crema {éﬁ ;} ABJISETCS MOYTH SKCHOHeHNMabHOM. Bepxuss mnornocrs n(A)
KOHeYHa, TaK KaK A — HyJIeBoe MHOKECTBO IeJI0i (DYHKIUN SKCIIOHEHIINAb-
soro tuma (cM. |3, rasa I, §2, reopema 2.3]). Ecu

Avi),1 € U Vi iz Agya/Idvgal = e, j— o0,
v>1

TO B CHJIy OTHOCHTEILHON MAJIoCTH Ipymir V,, u onpejenenus V' BepHO BKJIIO-
genne @ € I, Takum 06pa3oM, BBIIOIHEHBI BCE YCA0BHA TeopeMbl Abess Jiis
Ps1J10B 9KCHOHEHIMAJIBHBIX MHOrO41eHOB (cM. [16, reopema 3.1]). Torua corsac-
HO 3T0if Teopeme psiz (4.39) cxogures B obmacru D,,. Ilpuaem ¢ yuerom (4.27)
I KaxKkioro komnaxrta K C D, BepHbI HEpaBEeHCTBA

oo Jy

Z g 2" e <ZZ| il sup &) ;(2)|<oo. (4.31)

v=1 A€EVE , n=0,n,—1 v=1j=1

Terepb MbI MOKEM HCIIOJIB30BATH MHTEPIHOJUPYIONLYI0 dyHKIMIO. [Tosoxnm

n_\ z
Pl(z) = E agp2er
A€V n=0,n)—1

Mycrs w € D. Pacemorpum dynxmmio fu,(A) = f(A\)e ™). @ynxaua PY(2)
— nenag. Takum o6pazom, no dopmyse (4.2) onpejenena nHTEPHOIUPYIOIIAsT
byukuust wy, (A, o, P)'), a € C.

Oycrs m > 1 u Ups = Uy NV # @ @yukuuio P)' moxHO 3anucarh B
suje (4.4), e ag, = 0, ecn A, € V', Tlockonbky By, COLEPKUT TOIBKO
Touku rpynibt Up,, 70 B cuiy (4.5) umeewm:

1 )\ Piu‘ nk—l

[ e P ey S Y @, aeC (432)
27 fw(N) ALEUm.s n=0

OBy, k=T

Ham #E00X0 MO 1MOJIy9unuTh OIEHKY CBEpXy Ha (DYHKIWIO, CTOMIILYIO CIPAaBa B
9TOM paBeHCTBe, Ha KoMmmakTax obsactu D + . g 3roro omenum JjieByio
YaCTh PABEHCTBA.

ITpexkie BCero, mpousBoJibHBIM 00pa3oM BbibepeM TOUKYy Ap € Uy, s 1 000-
3HAUUM ee &, s = rm,sewm@. Ilycrs K), € K(D + «ap). llockompky K, — KoM-
makT B obmactu D + o, TO A HekoToporo wmcia £, > 0 u ¢ € [0,2n]
BBITIOJTHEHO HEPaBEHCTBO

Hg,(p)+7ep, <Hp(p) + Re(ape ?) = Hg (p)+Re(ape ) = Hi, (). (4.33)
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CorniacHo onpejenenuio onopuoit dbynknuu Haiigerca rouka w(m, s) € D, Ta-
Kas, 9TO

Re(w(m, s)e™™*) > Hg(—pm.s) — &p- (4.34)
Janee B cuy (4.30) cymecrByer Takoe €, € (0,€p), 9TO KOMIAKT
K" =0K.,, —w(m,s)+a, a=w(m,s)+ay— epet¥n
nexut B obactu D,,. Ilomoxum

AP = max |P(z)], Qa)=K". (4.35)

2€Q(w)
Torpa B cuiy (4.3) umeewm:
(W oy (A5 0 PR < A(S €p) Al exp(rhig (9) + epr — Re((w(m, s) + a)A)),
A =re? e C.
Cornacuo (4.22) BEpHO HEPABEHCTBO
In |fw(m,s)(rew)| > rhy(p) —epr — Re(w(m, s)N), re'? € OB,,, m > m(ep).
IIycrs 2z € K. Torga mo onpeseneHnio onopHoil GyHKIHN
Re(ze'?) < Hi,(—¢), ¢ € [0,2m].

113 mocaepnnx oreHok ¢ yderom (4.33) mast m > m(ep) mommydaem:

L / wa(m’s)(A’a’g”)eAZdA‘
2mi fw(m,s)(A)
Om |wfw(m s) (A a, gu)| Az

< Im :

= o AIE%Bm < |fw(m7s)(>\)| ™| (4.36)
(oF .

< pZm _ — wp —

S A(f enp)Ay 5 - max exp((—bep — Re(ae™) + Hi, (—¢))r)
O' .

< pZm — — v — .

< A(f, ) AL i exp((—dey — Reuw(m, 5)6'%) + Hyc(~)))

B cuny (2.28), (3.2), (3.3) u (4.34) gz Bcex m = mo(p) = m(ep) BepHO
HEPABEHCTBO

max (—4e, — Re(w(m, s)e?) + Hx (—¢))r
AEOBnm, ' (437)
< (_352) - Re(w(mv s)ewm’s) + HK(_QDm,s))""m,s = _QEPTm,s-

Corstacto (4.21) MOXKHO CUMTATH, YTO

Om
A(f, ep)g < exp(eprm), m = mo(p).
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Torpa uz (4.36), (4.37) u (4.32) umeem:

nk—l
max E g a2 e < At exp(—eprm.s),  m = mo(p).
z
Pl XNe€Um.s n=0

ITocKOIbKY BepXHsIS IUIOTHOCTD IIOCIEA0BATENbHOCTH {5} HE IPEBOCXOIUT
wiorHoctu n(A), KoTopas KoHedHa, TO orciona ¢ yderom (4.35) u (4.31) mo-
aygaem (4.26). IlociemoBarenbHOCT JaCTHIHBIX CyMM psga (4.23) coBmagaer
C TIOZIIIOC/IEJOBATEIBHOCTHIO JaCTHIHBIX cyMM psiia (4.25). [Tosromy u3 (4.26)
caenyer (4.25). Jlemma mokasama. O

[Tepeiinem renepb K GOPMYIMPOBKAM M JOKA3ATETHCTBAM OCHOBHBIX PE3YJlb-
TaToB maparpada.
[Iycrs nocrepoBarensaocrs A pasbura rpynuet U = {Up}, tne U, =
i :
A b2t Amp = rpe’™, G — poimyxiag obmacts n {K 102 = K(G). Jna
KaxK0r0 p > 1 BBEJEM BaAHAXOBO MPOCTPAHCTBO YHCIOBBIX I1OCJIE0BATETHHO-
crei

Qo G) = {d = {555+ ldlly = 500 (1d | exP(rn Hic, (— o) <0 .

ITomoxxum

QA G) =) Qp(A,G).
p=1
[Tpocrpancrso Q(A, G) onpenensiercst 061acTbio G 1 He 3aBUCUT, OUEBUIHO, OT
nocaenosarenbaoctu K (G). Ormerum, uro B cayuae, korga U — TpuBraibHOE

-1
pasbuenne, nocaeosarensHocts a € Q(A, G) mveer sug {ag,}i % 72 . Kpome

TOTO, TPk = \j.

[IpaBuabHO pacnpeie/leHHOe MHOKECTBO A HA30BEM HEBBIPOXKJIEHHBIM, €C-
au kommakt T'(A) (ero onopnas dyHkius onpejensiercs 1o ¢popmyie (3.16))
MMEET HEIyCTYI0 BHYTPEHHOCTL. OB/1acTh, KOTOpas SBJISETCS KOMILIEKCHO CO-
IPSIZKEHHBIM MHOKECTBOM K 3TOH BHYTpPeHHOCTH, 0003HaunM Dy .

Teopema 4.6. ITycmo A = {\p,ni}2, — neswpoocdernoe npasusbro pac-
npedesenHoe MHOIICECMEO, nomopoe Pa36UMO 1A OMHOCUMEADHO MAADLE 2PYN-
no U = {Up}, Up = {)‘mﬂ}u 1, max, wmo Sy(U) = 0, u oy € C. Toeda

waorcoas dynwyus g € H(Dy + og) npedcmasasemea padom

oo Nm
= Z de,jemj(z), z € Dp + ay, (4.38)
m=1 j=1
2de
Nm7
{emj}jmer = EAU)
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{dm ;Y = d € Q(A, Da + ag).

Jm=1

Ipu smom dasn awbozo womnaxma K, € K(Dy + ap) cywecmeyrom wucao
¢ >0 u nomep s (onu ne 3asucam om g), maxue, 4mo

oo Nm

D dim gl sup lem ;(2)| < clld]ls. (4.39)
z€Ky

m=1 j=1

Kpome mozo umerom Mecmo paserHcmaea

S 1 wr, (A, 9)
w )’ Az
E dm,j€m,;(z) = E 5 / ) e dN, m>1,  (4.40)
=t AREUm 5 (A bi)

20e fu(A) = fa(N)e ™\ fo — wanonuueckan dynryus mroscecmea A, w € Dy,
a = w+ag, S(Ag, bp) — okpyorcrnocmo, enympu kKomopot nem movex \g, S # k.

HokazaresnbcrBo. Ilycts w € Dp. B cuny (3.17) u (3.2) conpskennas aua-
rpamva K dyuxmun f, cosmagaer ¢ kommakrom Dj — w. Kak ormedanoch
Boimie, dbyukiusa fo (a 3HauuT U f,) WMeer peryaspHsii poct. [losromy co-
riacHo (3.14) BepHO HepaBeHCTBO

In |fu(re’)| = rhy, (p)+a(r), re'¥ € C\By, @ — 0, 7 —o00, (4.41)

rne By = ;51 B(zj, ;) — Co-muoxecrso. COracHo CI€JCTBUIO U3 JeMMBI 1
B pabore [15| MHO)KecTBO By MOXkKeT OBITH HOKPBITO IIOINAPHO HE IepeceKalo-
IIUIMECS KPyraMu, KOTOpble TakKe 06pazytoT Co-MHOKEeCTBO. [loaTOMy MOXKHO
cunTarh, 4T0 Kpyru B; = B(zj,r;), j > 1, nonapuo He mepecekarorcs. MoxKHO
TaK2Ke CINTATD, 9TO KazKIblil KpyT B(2;,7;) CONep:KUT XOTs OBI OHY TOUKY A,
TaK KakK B IPOTHBHOM Ciiydae HepaBeHCTBO (4.41) mpomosrkasoch Obl BHYTPH
KpyTa CODJIACHO TIPUHITUIY MUHAMYMA I TADMOHUIECKUX (DYHKITHI 1 Hepa-
BercTBy (3.3). Orcioga ¢ yuerom (3.15) crexmyer, uro |z;| — oo, rj/|zj| — 0,
J — 00, U HOC/IE0BATEIBHOCTD {2} HMeeT KOHEUHYIO0 BEPXHIOK IJIOTHOCTD
(ona He nmpesocxoxuT miaoTHOCTH 7(A), KOTOpasi KOHEYHA).

Takum 06pa30M, MBI MOYXKeM MpUMEHHUTE JiemMy 4.2. CormacHo eif CyIecTBy-
10T KOHTYpbI [, orpannuunBaioriue obacru Aj, OXBaThIBAIOIINE HAYAIO KOOP-
auHaT, 00/1a1ai0mue ceoiicreamu 1), 2)a) u3 Teopemsl 4.1 u y10BaeTBOPSIONIIE
(4.8), (4.9). B cuny (4.8) xpussie I'; e nepecexaior kpyru B;. [Tosromy corac-
HO (4.41) u ycaosuio 1) BeinosineHo ycsiosue 3) reopembl 4.1. CiegoBaresbHo,
MBI MO2KEM TpUMeHUTH Teopemy 4.1.
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[ycrs g € H(Dp + ), §(2) = g(z +a), o = w+ ag, n T — 1pousBoJIbHbIIT
kommakT B obactu Dy — w. ITo Teopeme 4.1 nmeer MecTo mpeCcTaBIeHTE

5 .- 1 O‘)f ()‘7 07 5) Az
- Dr — — w
g(2) ;m(Z), z€Dy—w, ¢g1(z) 5l 7o) eMd,
. 0.0.5) X F(lk 0.5 (4.42)
- Wi, AU G) N, o Wi, (AU G) 5, > 9
g1(2) i) T h0) ed\ 5l EVE edN, 1> 2.
I -1

[Tpu sToMm cormacHo (4.7) BepHBI HEPABEHCTBA
max l91(2)| < AT exp(—(30 — &) Ry) + AT ;1 exp(—(36 — G1—1) Ri—1)
AT+ Y1) exp(—20Ry), [ >1,

rae Y; — pmna kourypa I'y, 36 = p(T,0D) u Ry = min¢r, |2| — o0, | = o0.
Orcioga ¢ yuerom (4.9) nosydaem:

max [gi(2)] < e, 1> 1. (4.43)
z€T

B cuny (4.8) kaxgoe muOkecTBO Ajpq \ A; COAEPKUT POBHO OJUH KPYyT
Biy+iq1. 3 (4.41) coegyer, 9ro BCe TOYKH A HPHHAJIERKAT O0bEIUHEHUIO
kpyros Bj. ITosromy cormacuo (4.42) nmeem:

1 Wy ()\,0,5) A
= — s 2 N, 1> 1, 4.44
AEVE (A )

rige V; — rpynna Bcex Touek Ay u3 kpyra Byyqy1, 1 > 2, u Vi — rpynma Bcex

;OZJFIIB]-. ITockonbky Kpyrum Bj, j > 1, momapHo He

nepecekatorcss u rj/|zj| — 0, o V = {V}} — pasbuenme A ma rpynmsl oT-

TOUYEeK A\, M3 MHOXKecTBa, U

HOCUTEJILHO MaJjioro amamerpa. Ilycts N; — uucio touek A B rpynne V) c
y4eTOM WX KpaTHOCTEH, u Xl,l € V;. Ilo ycmosuio MuOKecTBO A gB/I@TCSA mpa-
BUJILHO pacipejiejeHabiM. B yacraocru, ono umeer mwiorsocts n(A). Tlosromy
COTJIACHO OIPEEICHUIO IPYIIIBbI V], MMEEM:

m n(|zig i1l + Tigie1, A) — n(l2g1101] = Tig1111, A)

oo |A1| oo Y

n(|2tgit1| + Tig+i41, A) — lim n(|ztgit1| = Tig+i41, A)

I—o00 A1l I—o00 A1l
— lim n(|ztg+141] + o441, A) lim n(|ztg+141] — g 4141, A)
=00 [ 44| + Tigi1 I=oo  |zig 41| = Tig 141

=n(A) —n(A) =0.
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Bxech yureno to, 4ro 15/|2;| — 0. Cnenosarensho, V — pasbuenue Ha OTHO-
CUTEJIbHO MaJIbl€ I'DYHIIbI.
ITosnoxxum

ng—1

wa()\,o,g )\z n )\ z
Crolh D0 9) Az gy — § g, k> 1, 4.45
/ fuw(N) ’ (4.45)

Torpa B cuiy (4.42) u (4.44) BepHO upejcTaBieHe

g(z) = Z ( Z ”il ak, z”e’\kz>, z € Dy —w. (4.46)

=1 ‘A €V, n=0

IIpu sTom u3 (4.43) u (4.44) nomy4aem:

ng—1 0o
Zsup Z Z ap 2" e | < Ze_‘ml < 00. (4.47)
1=1, €T 1\, ev; n=0 1=l

[Tocnennee HepaBeHCTBO C/IEAYET U3 TOTO, YTO BEPXHS ILJIOTHOCTH [TOC/IEI0BA~
resibHOCTH {R;} KOoHeuHa (OHA COBIAJAET C BepXHeil IJIOTHOCTHIO MOC/Ie]0Ba~
TeabHOCTH {2;}).

Hamee HaM HEOOXOIMMO MPOBECTH IEPErPYIIUPOBKY IeHOB psga (4.46),
4T00b! Ipymnbl V) 3aMenuTts rpynmnamu U,,, COXpaHUB IIPU 3TOM COOTHOIIEHUS
(4.46) u (4.47). Hna sroro npumenum jemmy 4.5. [IpoBepuM BbIOTHEHHE €€
YCJIOBU.

Cortacao Teopeme 3.3 ¢ ydaeroMm 3aMedanus K jemme 2.3 JuaMerpsl dp, MHO-
JKECTB

Mm,
Bm = U B()‘m,,uv 72),,;1,)’ 721,,;1, = 2_1 min{|>\m,#|) Nm) 5m,,u}’
pn=1
M = 1’ Mm’ m > 1’

yoByerBopsitor (2.28) (B, — MHHEMAIBHOE PACCTOSHHUE OT TOUKU Apy , J0
TOYEK Ay j, He BXOAANUX B rpymmy U,,) u s KazkI0ro € > 0 BBIIOJHEHO
HEPaBEHCTBO

In |fw(rew)| > (hy, (p) —e)r, re' € OB,,, m > m(e). (4.48)

Oro naer nam (4.22). Ilo onpenenennto By, — OTKPBITHIE TIONAPHO HEIIEPECeKar-
foruecst MHOXKeCTBa, 1 Uy, C By,, m > 1. llposepum ycmosue (4.21). Umeem:

2772%# 27 My, Ny < 270(Npp )2
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[Mockonbky rpynner Uy, OTHOCUTENLHO MaJjbl, TO OTCioga moaydaem (4.21). B
cuiy (4.46) u (4.47) Beinosinensl coorHoutenus (4.23) st rouek z € Dy — w
u (4.24) nns komnakros T C D — w. Takum 06pa3oM, Mbl MOXKEM IIPUMEHHTD
aemmy 4.5. CorsacHo eif BEPHO IpejiCTaBIeHe

g(z) = Z ( Z nilak,nz"e)‘“), z € Dy —w, (4.49)

Um1#2 ~Ap€Up,; n=0

riae Uy, = Uy, NV n nepasencrso

ng—1
Z sup Z Zaknz” M2l < 0. (4.50)
Um0 *€T VA€l n=0

Orcioma u u3 (4.49) crepyer, aro

g(z) = i ( Z ”il ak,nz”e)‘k‘z), z € Dy —w. (4.51)

m=1 )\keUm,l n=0

Kpowme roro, uz (4.50) nosyuaewm:

[e) nE—1
sup Z Z ap 2" M| < oo. (4.52)
m=1%€T A €U, n=0
[Tonmoxkum
ne—1 ng—1
Z bk,nz”e)‘kz = Z agn(z — a)"eA’“(z_o‘), k>1. (4.53)
Ny, 00

ITo nemume 4.4 cucrema dbyukrmit E(A,U) = {e;, ;} 00.1a/1aeT TPYIIIOBBIM

csoiicreom Kere B obstactn Dy + ag. [losromy

7,m=1

ng—1 Nm,
Z Z bkmz"e)‘kz = de,jemd(z), (4.54)
A€Um n=0 j=1
u B cuiy (4.52) u (4.53) T C Dy — w umeem:
oo Npm ne—1
Z Z sup |dm jem,;(2)] < c Z Z sup Z Z bpn2'e M2 | < 0.
m=1 j= 1Z€T+ m=1m= 12€T+a A EUm

ITockosbky T + o — npousBoJibHBIN KOMIAKT B obsractu Dy + ag, TO OTCIO/Ia
c yaerom (4.54), (4.53) u (4.51) nonyqaem upescrasienne (4.38). Kpowme toro,
o siemme 4.4 cucrema E(A,U) siBisiercs 109TH 9KCHOHEHIMAIBHON 1OC/IE0-
BaTeJILHOCTBIO B 00siact Dp + ag. Torga u3z semmbr 2.2 B pabore [14] caenyer,
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;Vn"qb,:oi =d € Q(A,Dp + ), a coracHo Teope-
Me AbGests i 0B SKCIOHEHIMAIBHBIX MHOrOWIeHOB (cM. |16, Teopema 3.1])
umeer Mecto (4.39).

Ormernwm, HaKOHer, 9T0 B cuiay (4.2), (4.46) u (4.53) nmeem:

/ Ytw A\ a,g) M\ — / Wiy (A, 0,9) A=) g\

9TO BepHO BKJoYeHue {dp, ;}

Juw(X) Juw(X)
ng—1 np—1
Zaan—an Ak (z—a) Zbknzn )\kz'
Buecre ¢ (4.54) sro naer mam (4.40). Teopema nokazana. O

Bameuanme. Kak yxke 0rmMedasoch Bblille, IPABUIBHO PACHPE/IEJIEHHOE MHO-
KecTBO A Beerjia MOXKHO pa3burh Ha orHOCHTebHO Madble rpyunbl U = {U,, }
Tak, 4T0 Oymer BbimosHeno pasencrBo SA(U) = 0. Hampuwmep, pasbuenue
V = {V,}, koTropoe paccMarpuBajoch npu J0Ka3areabcTBe Teopembr 4.6, -
JsieTcs pa3bueHneM Ha OTHOCUTEbHO MaJible rpyiibl. IIpu srom B cuity (4.41)
u reopembr 3.4 Bepuo paBeHcTBo Sp (V) = 0.

Paccmorpum Teneps ciy4ait TpuBHaIbHOIO pa3dbueHms.

Teopema 4.7. ITycmo A={ )\, ni}72 | — nesvipoocdennoe npasuibro coarar-
cuposannoe mnosicecmeo, u ag € C. Toeda wasicdasn dynwuyus g€ H(Dp+ap)
npedcmasAaemcsa padom

oo nrp—1

= Z Z ak,nz”e)‘kz, z € Dp + ayp, (4.55)
k=1 n=0

2de {agn}t, Ok X =a € Q(A,Dp + ap). IIpu smom daa arwbozo xomnaxma
K, € K(Da + ao) cyweemsyrom wucao ¢ > 0 u womep s (onu me 3asucAm
om g), makue, 4mo

oo N — 1
D lakal sup "¢ < clalls. (4.56)
k=1 n=0 2€K

KpOM@ mozo, umMerom MeCcmo pacerHcmea

ng—1

1 we, (A, g)
neE = S D D0, k=1 4.57
Z agn2"e 5] / oy e , > 1, (4.57)
2de fu(N)=fa(N)e~ A — Kanonuueckas Pynryus muoocecmea N, we Dy,

a = w+ag, S(Ag, bk) — 0KPYIACHOCMD, BHYMPU KOTOPOT HEm Moyek Ag, S # k.
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Ecau donoanumennvro oas nexomopoti mouku w € Dp dynxuyus f = fu
ydosaemeopaem ycaosuro (4.1), mo coomnowenusn (4.55)-(4.57) umerom me-
cmo daa 060l dynkyuu g € Ho(Dpy + ap).

Joka3zareabCcTBO. B ycioBusgx jJanHOl TeOpeMbl, Kak U B Teopeme 3.6, Tpu-
BUAJIbHOE pas3bueHne siBJIsIeTCs pa3dneHneM Ha OTHOCUTETBHO MAaJjIble TPYIIIEL.
Cucrema E(A,U) B ciyuae TpuBnaibHOro pasbuennst U coBIagaeT ¢ CUCTEMOT
E(A). Takum 06pazom, neppast 4acThb T€OPeMbl 4.7 ABISIETCA YACTHBIM CJIy9aeM
reopembl 4.6. Jlokaxkem BTOPYIO 9acTh.

[Tycrs BbIOMHEHO gonosHUTEBHOE yeaoBue (4.1). Kak u npu jokasarennb-
crBe Teopembr 4.6, ucrnosb3dyem Teopemy 4.1. Iljist 31010 B omsimYue 0T TEOpPe-
Mmbl 4.6 HEeoOxouMo npuMmeruTsh gemmy 4.3. IIpoBepum BhItoIHEHNE €€ yCI0BHiA.
Coracao Teopeme 3.3 ¢ y4eToM 3aMeYaHUsi K HEll B Cy9ae TPUBUAIBHOIO
pazbueHns MMeeT MecTo HepaBeHCTBO (4.41), rje B KadecTBe MHOXKecTBa By
MOXKHO B3aTh o0bepunenue kpyros B(Ap,70(471)), k > 1. [Ipuuem kpyru
B(M,272(471)) monapuo me mepecekatorcsa, u vp(471)/[A\x] — 0, k — oo.
Takum o6pazom, Mbl MOXKEM IPUMEHUTH jieMMy 4.3, a 3arem u Teopemy 4.1.
JarpHeiinmee T0Ka3aTEILCTBO IOBTOPAET TOKA3ATEILCTBO TeopeMbl 4.6 ¢ HeKO-
TOPBIMU YIPOIIEHUSIMEU. DTU YIPOIIEHUS CBI3aHbI C TEM, YTO B JJAHHOM CJIydae
pazbuenust V = {V;} u U = {Uy, } nocnenosarensuoctu A comnagaror. I1osro-
My HET HEOOXOUMOCTH MPUMEHSITH JjieMMy 4.5 /i meperpyninupoBKU YI€HOB
psina (4.46). Teopema mokaszana. O

Ilepeiinem Temepb K BBISICHEHHIO HEOOXOAWMBIX YCJIOBHUIl /Il IIPEICTABIIE-
anit (1.3) n (1.4). Jloka3zarensbCcTBO CIeLYIONEro pe3yibTaTa OCHOBAHO HA Me-
TOJIe TIOCTPOEHNS CIENUAIbHLIX PSI0B IKCIOHEHINATLHBIX MHOIOUIEHOB, H3-
JIOXKEHHOM IIPH JI0Ka3aTeabcTBe Teopembl 3.1 B pabore [10].

Teopema 4.8. [lycmov [ — ueaaa Gynkyus IKCNOHEHUUAADHOR0 MUNG, CO-
npasicennas duazpamma K xomopoti umeem wenycmyro snympennocms D,
A = { Mg, ni}l, — nyaesoe mmoocecmeso f, Komopoe pazbumo na ommocu-
meavro maavie epynno, U = {Up}, u ag € C. Ipednososicum, wmo rasrcoas
pynwyus g € H(D + ag) npedcmasasemces padom

o] ng—1
g(z) = Z < Z kz: akmz”e)‘k‘z), z € D+ ag, (4.58)

m=1 X\ eU,, n=0
U UMENTT MECTMO PABEHCINEGA

ne—1

A
Z g 2N = i / we)‘zd)\, kE>1, (4.59)
n=0 fw()\)

271
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2de fu(N) = f(N)e ™™, w — nexomopas mouxa obaacmu D, o = w + ag,
S(Ag,bi) — oxpyorcnocmo, swympu Komopol nem mouek s, s # k. Toeda
Sa(U) =0.

Hdoka3aresibcTBO. Bblme oTMedanoch, 9T0 BCErja BBIIOJIHEHO HEPABEHCTBO
Sa(U) < 0. Ipeanomoxum, aro Sp(U) = =36 < 0. Torga cymecTBytoT mocie-
nosatenbrocTh {0p 0% 1, {Unp) tpls T {Ak(p) o1, YIOBTETBODSIONIHE YCIOBH-
am: 471 > 6, = 0, Ae(p) € Un(p), m g p > 1

A=\
—2B|Ar(p)| _ k
ap( M) < e ROl gp(A) = | | (35pMk|> : (4.60)
ALEB(Ak(p),

Il Me(p) D\Umn(p)
HepeXOﬂ;ﬂ K HO,Z[HOCJIe,Z[OBaTeJIBHOCTI/I, MOZKHO CLH/ITaTI)7 qgTo
Ak(p)
RV

—e %, p— 0o, Ml = e, p=1 (4.61)

[okazkem, uTo B 3TOM Ciiyuae cymecrsyer dynxnus g € H(D + o), ms
KOTOPOfi HeBo3MoxkHO npejcrapienne (4.58) mpu ycnosun (4.59). Ilosmoxkum
Ky =K + ag, >‘k’(p) = ,rpe—zgop7 S(p) = S(Ak(p)’ 55pr),

1 eMd\
S(p)

e ¢, = exp(—1p(Hr, (pp) +8)), p = 1,

g(z) = Zcpgp(z). (4.63)
p=1

OrmennM cBepxy |gp|. B cumy (2.2) mmeem: |gp(A)] = 1, A € S(p). Hosromy
Az ‘

e
gy(2)| < 5rpd, sup | ———| = sup [
R e T e (4.64)

< exp(Re(Agpy2) + 50pmpl2l), 2 €C.
[Mokazkem, uro psaz (4.63) cxoauTCsA PABHOMEPHO HA KOMIIAKTAX B MOJIYILIOC-

kocru II, = {z € C : Re(ze™ ) < Hg,(p) + B}. llycrs T — komnaxt B IL,.
Torna mna mekoroporo uucia y > (0 BEpHO HEPABEHCTBO

Hr(p) < Hio(p) + 6 — 37. (4.65)
B cuny (4.62), (4.64) u ompe/esiennst OMOPHON (DYHKITUH MEEeM:
cplgp(2)] exp(Re()\k(p)z) + 50prpl2| — 1p(Hi, (9p) + B))

<
< exp(rp(Hr(pp) — Hiy(0p) — B+5A6p)), z€T, p=>1.

(4.66)
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U3 nepsoro coornomenus B (4.61) n HENPepLIBHOCTH OMOPHON (DYHKIIUM KOM-
nakTa ciemyer. dro

Hr(pp) — Hio(pp) < Hr(v) — Hio(9) +7, P = po.

ITockompKy 0, — 0, TO MOXKHO cUnTaTh, 9T0 5AJ, < v, p > po. Torma c yaerom
(4.65) n (4.66) nmeewm:

S elan(2) < D explrp(Hr(9)—Hio(9)+7—B+7) < > e, z€T.
P=Po Pp=po P=po

[Tocmeauit psizi CXOAUTCH, TAK KK MOCIE0BATEIBHOCTD {1} NMeeT KOHEUHYTO
BEPXHIOI 1I0THOCTH (oHaA He npeBocxogut 7(A)). Takum obpazowm, psax (4.63)
CXOIMTCsI PABHOMEPHO Ha, KOMITAKTAX B HouyIockocTn Iy, n dyskius g sBis-
eTCsl AHAJUTUIECKONR B 9TOM MOJIYIJIOCKOCTH, KOTOPas COJAEPKHUT KOMITakT K.
CanenoBarenbro, s Kaxaoro w € D onpenenena uareprnoaupyiomasa GyHK-
st wy, (A, @, g), rae o = w+o. Ucnons3ys BerdeTst u onpeenenns byHKIui
9p, Gp, At p = 1 nosrygaem:

—1 z n z
B(2) = () e+ 3T dy e, (4.67)
ALEB(Ak(p),
Il M (p) D\Umn(p)

ITomoxxum l
Pr= " cpgp(2)-
p=1

[Mockonbky rpynubst Uy, OTHOCHUTEIHLHO MaJibl, TO u3 HepaseHcTBa B (4.61) n
yCJIOBUSI 5p < 471 CJIe/lyeT, 9TO Jjid BCeX § = P1 B JMHEHHBIX KOMOWHAIU-
ax (4.67) u3 mabopa yHKImit {z”e)‘kz}zkz_ol, At € Upy(s), TPECYTCTBYET JTAIIH
bynkmus e IIpn 5TOM OHA YYACTBYeT JIMIIb B JMHEHHO KOMOHHAIAK
s gs. Takum obpasom, B cuy (4.5) umeem:

1 / wa()\,a,Pl)

eMd\ = p (qp()\k(p)))_l M@ > p.

211 Fuw(N)
S(Ak(p)br(p))
1 wr, (N, B)
_ FIw\"H ™ 2 ) Az _ - -
2mi / fw()\) e dA 0’ )\k € Um(P)’ k 75 k(p)’ D = Pp1, l >1
S(Ak,bk)

Tak kak pag (4.63) cxoaurcs paBHOMEPHO B OKPECTHOCTH KoMmmakTa Ky, TO
OTCIO/TAa C y9eTOoM HepaBeHCTBa (4.3) mosrydaem:

1 wa()\,a,g) Az =1 X.v2
] T = o ) e
S(Xe(p) br(p))
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1 wr, (Ao, 9) o,
_ JwrN D I — > .
— / O e¥dAN=0, M €EUppy, k#k(D), p=m

ITo ycaosuio umeror mecro npesjcrasienue (4.58) u pasencrsa (4.59). Torza
B CHJLY [IOCJI€JIHMX COOTHOIICHUT MMeeM:

ng—1

—1
Z Z apnz"eM = ¢, (2 (M) M@ p>py.
)‘keUm(p) n=0

[Tpu srom u3 cxomumoctu psaga (4.58) ciemyer, aro

-1
Cp ‘(QP()‘k(p))) M
CoracHo ompeseaeHno OmopHOit MYHKINK HafigeM Takoe z € D + ag, IT0
Re(2¢7%) > Hpao(9) — B = Hr, () — B.

Orcrofa B crity HENPepBIBHOCTH OIOPHON (DYHKINH KOMIIAKTA U IIEPBOIO CO-
orHomtenust B (4.61) nmeem:

Re(ze ™#7) > Hyo(op) — B, p=p2.

CuenoBarenbho, ¢ yaerom HepaseHcTsa B (4.60) n onpesenenust ¢, HOIydaeM
AU P 2> P2

Cp ‘ (qp()‘k(p))) M

Do nporusopeunr (4.68). Takum 00pa3om, HaIEe TEPBOHAYATBHOE ITPEJIIIO0-
xkenme HeBepHO, TO ecth S (U) = 0. Teopema pokasana. O

—0, p—oo, z€D+ay. (4.68)

> exp(—rp(Hg, (¢p) + 8 —28 — Hi,(pp) + B)) = 1.

Henocpencrsenno u3 Teopem 4.6 u 4.8 moydaeM ClIemyIONIil pe3yaIbTaT.

Teopema 4.9. ITycmo A = {\p,np}32, — neswpoocdernnoe npasusbHo pac-
npedeaentoe MHOANCECMB0, KOMOPOe Pa3bumo Ha 0MHOCUMENLHO MAABIE 2PYN-
no U ={Upn}, u oy € C. Toeda sxeusasermmv, ymeeporcoenus:

1) ®aocdas dynwyus g € H(Dp + o) npedemasaaemea padom (4.38), 2de
{emj}jv;gj =E(A,U), u umerom mecmo pasencmea (4.40);

2) SA(U) = 0.
B zakouenne paboThl pacCMOTPUM CJIy4ail TPUBUAJIBHOIO PAa3OUEHMS.

Teopema 4.10. IIycmo f — yesas GyHKuus IKCNOHERUUAALHOZ0 TMUNG, CO-
npaoicennas Juaepamma K womopoli umeem wenycmyro enympennocms D,
A = { g, ng}2, — ee nyaesoe mmoorcecmso, u oy € C. Caedyrouwue ymeep-
AHCOCHUA IKBUBAAEHIMHDL.
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1) Kaoicdas dynmyusn g € H(D+ag) (9 € Ho(D+g), ecau das nexomopoti
mouku w € D dynrwyua f = fyu, ydosaemeopaem ycaosuro (4.1)) npedcmasas-
emcs padom (4.55), umerom mecmo pasencmsa (4.57), e2de Dy = D, fao = f, u
nk/| k] — 0, k — oo.

2) A — npasuavno pacnpedesennoe mroocecmso, ng/|A\g| — 0, k — 0o, u
ons xaotcdozo € > 0

In|f™ )| = re(hy(or) —€), k> k(e), A= rpe*. (4.69)
3) A — npasuavro cbararcuposartoe MHONCECMEO.

Hoka3zarenbcrBo. Vmivkanus 2)=-3) BblTekaer u3 reopembl 3.7. Ycjiosue
nk/| k| — 0, k — 00, kak nokazano B reopeme 3.6, caepyer us Toro, uro A nme-
er mIoTHOCTL. [Tosromy mvnukanus 3)=-1) nokazana B reopeme 4.7. Ocraercs
1oKa3arh, 4To u3 1) cuenyer 2).

Uraxk, nycrs yrBepxkaenue 1) sepro. B wacrrocru, 310 03Ha4Uaer, 4ro s
moboro & € C dyukmusa 8% € H(D+ag) C Hyo(D+ ag) upejcrasiasercs ps-
oM (4.55) (em. 2, roasa IV, reopema 4.6.4]). Tak kak ny/|Ag| — 0, 10 110 J1€M-
Me 2.3 u3 pabors! [12] nocseoBaresbHOCTL ero KoadduipenTos {ak,n}zg}éfl
(oma 3aBucur ot §) gBigercs smementoM npocrpanctsa Q (A, D + ag) (B obiem
ciydae jazke 6oj1ee y3KOro mpoCTPAHCTBA, KOTOPOE 3aBUCHUT OT [PEeJIEIbHBIX TO-
JeK II0C/IeI0BATEIbHOCTH Ak /| Ak | ). Beraucanm ay, , 1. s sroro Bocmons3sy-
emcs pasencTsom (4.57), rie o = w+ ag, 1 GOPMyIIOit st MHTEPIOMPYIOIETt
byuknun B cayuae, korma g(z) = €& (oma mosyuena B Hadase maparpada).
@uxcupyem takoe &, 9o |{ — Ag| > bi, k = 1. Vmeem:

o nk—l
% = Z Z akmz"e)‘kz, z €D+ ap,
k=1 n=0
nk—l af
noALZ e fw(A) — fw(g) )\(z—a)d)\
Z_% € omi FuNO =€) ©

Homosxum f(A) = (A — A\ )¥h()). Torma

nE—1 — _
Fru=1()\,) eAz—a0)
n_ Az __ k _ aoé
E pnpz et = —————= F(\) = ————e¢ .
CrenoBaresbHO,

L e f()eoon
el = TR O — O — D 2T




136 A. C. KPUBOIIEEB, A. B. PAOIIKOB

[Mycrs {K,} = K(D + ). Ilo onpegenennio npocrparcrsa Q(A, D + )
BEPHbI OlIEHKU
|agn—1| < cpexp (—riHg, (—pr)), k=1, p>1.
Iockomsky hi(Ae) = %) (M) ((ng)!) ™1, 10 orcioma momygaem:
e~ @0k g08 ng)!
g n—1(Ak — &) (g, — 1)!
> Ap(rk)_l exp (rk (HKP(—gok) — Re(aoew’“))) .
[Tycrs € > 0. Beibepem HOMED p Takoii, uro s joboro ¢ € [0, 27]
Hp,(—¢) — Re(aoe'?) > Hpay(—p) — Re(age’) — ¢
=Hp(—¢) —e = Hx(—p) —¢.

Torma u3 mpeapiymiero ¢ yaerom (3.2) mosydaem orenky (4.69).

[Tokazkem Temepb, 910 A — HPaBUJIBHO pacIpeesleHHOe MHOXKeCTBO. [1o-
ciesiHee paBHOCUIIBHO peryssipaoctu pocta dyuknuu f. Cormacuo (4.69), (3.3)
u Teopeme 3.7 cymectsyior c(e) > 0 u vY > 0, k > 1, takue, aro 7Y /| \g| — 0,
k — 0o, kpyru B(\g,27)) HonapHo He nepecekaroTcs u

P 2 ) explrlhplpn) =€), 2=0B(Af), k>1  (471)

IIycrs |§ — \g| > 272, k > 1. Torma u3 HepaBeHCTBA B 3aMedaHUu 2 K Teope-
Me 3.7 cieayeT oleHKa

€= A = coelEl, Ne SO, AY), k>1.

Iostomy ¢ yuaerom (4.70) (rae S(A, by) mensiem na S(Ak,v9)) u (4.71) moy-
qaem:

?’Lk—l

E ak,nz”e)‘kz

n=0

o

<Y

k=1

X Z(’)/]g max |€)\(z—a0)| exp (Tk(—hf(@k)—l—e?))), z€ D+ ag.
k=1

<(e(e)) " eoe e £(€)]

[ockombky 7Y /|Ak| — 0, To Haiinerca Takoe ¢; > 0, uTo

70 max  [eMFT0)) L epexp (rk(Re(zew’ﬂ) +¢), z€D, k>1

Homoxmm ca = (c(g)) " teger. Torma m3 mpeBIIyIIEro MOy dae:

€57 < ol £ (€)) Z (exp (1 (—hs(pr)+Re(2e"%)+2¢))), z€D. (4.72)
k=1
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IIycre

T(e) = {z: Re(ze ) < Hg(p) — 3¢, ¢ € [0,27]}.
MmuoxkectBo T'(€) — BBIMYKJIBI KOMITAKT, Jexamuii B obmactu D. B cumy
(4.72), (3.2) u oupenesennii T'(¢) u onopHO#i DyHKIMU UMeeM:

exp(rHr(o(—¢)) = max ¢
< eae PN (exp (re(=hs(on) + Hic(—or) = 32 +22) )
k=1

= el F(O1D e = e3(e)e | f(O), & =re” € BO,29), k>1.
k=1

[Mockosbky € > 0 — uoboe, u cucrema Komiaktos 1'(e) ucuepnbiBaer 06-
nactb D, To orciona ¢ yaerom (3.2) nosmyuaem nepasenctso (3.14),; rue

o
By = BOw 7))
k=1
Torga mo Teopeme 3.5 dpyHKIusd f UMeeT peryJisipHbI POCT. (]

Sameuanne. Teopema 4.10 obobuiaer pesyaprar A. @. Jleontsena (cM. |2,
rmaBa 1V, Teopema 4.6.4]) ma caywait KpaTHBIX TOCIeg0BaTe bHOCTEH. [Ipn
sToM Gs1arogapst HepaBeHCTBY (4.56) u3 Teopembl 4.7 9TOT pe3y/IbTaT HECKOIBKO
YCHJIUBAETCH B YaCTU XaPaKTepa CXOJAUMOCTU PAa SKCIOHEHT.
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