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ON THE ALGEBRAIC IDENTIFICATION
PROBLEM: RESULTS AND PERSPECTIVES

ABSTRACT. As shown by M. Fliess, the input/output behaviour of the
nonlinear analytical dynamical systems can be symbolically encoded in
a non commutative formal power series. We get so, for the non linear
dynamical systems, an equivalent of the Laplace transform. Here we are
concerned by the converse process: starting from some input/output be-
haviour, is it possible to effectively compute its symbolic description,
starting from some finite panels of input/output data?

More specifically, we present here several ways for effectively comput-
ing the terms of the generating series, taking as data the jets of some
input at time O and the jets at time O of the corresponding output. And
we restrict ourselves to the theoretic case of numerically exact data.

First we give a commutative approach, based on the representation of
the output as an analytical expansion on a basis of the shuffle algebra.

Then we present a noncommutative combinatorial approach, based
of the analysis of recurrence relations via Chen series and its successive
derivatives. By this way, we have obtained a very compact and efficient
identification software.

These results should have mainly two types of applications (not yet
developed). We can use them as an help for real identification softwares.
It would also allow to test real process, in order to decide if they reflect
the behaviour of some unknown causal analytic functional.

1. INTRODUCTION

The “causal analytical functionals” were defined by M. Fliess [2] as the
description framework of input/output behaviour of analytical systems,
affine in the inputs.

1.1. Analytical systems
Let us consider an evolution equation system (X) of the form:

¢ =fol@)+ filg) ar(t) + -+ finlq) am(?)
y(t)=h(q),

where
e the ¢ belongs to the state space V,
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e the f; are analytical vector fields on V
e h 1s an analytic function from V in R.

The function is a(t) = (aj(t))j=1..m is the input function, and it deter-
mines the solution y(¢) of the differential system, which is called the
output function.

The system is called “homogenous on the input” if fo(q) = 0. If it
is not the case, we can give all the same an homogeneous treatment by
setting a fictious input component ag(¢) = 0.

1.1.1. The symbolic encoding

The computation of the “output” y (see for instance [6]) can be ob-
tained by the mean of two families of coefficients, indexed by an encoding
alphabet Z = {zq, 21 -+ - z;» }, and summarizing respectively the system,
and the input contribution.

1. Firstly, we compute the “system contributions”, that summarized
in a noncommutative formal power series, called the Fliess series of
the system:

GE: Z<G2|w>wa

wEL*

where for each word w = #z;, 0z;, 0 ---0z;  we have set:
(Gs |w) = fi, oj"i20~~~ofimoh|qD

is the iterated Lie derivative of the observation function.

2. Secondly, regarding the input of the system as being [a(t) =
= (aj(t))j=0..m], we “evaluate” G by replacing each word w by
its “nput contribution,” namely the iterated integral fot baw, the
recursive definition of which 1s given as follows:

These iterated integrals depend only on the input a. They define
also a noncommutative power series which is call the Chen series
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Ca(t) of the input a:

1
Yw € Z* (Ca(t) | w) = /6a(w).
0
And the output corresponding to the input a is given by the infinite

sum:
w(t) = 3 (Gs | w) (Calt) | w) = (Gs || Calt).
wEL*

1.1.2. Causal functionals

In the same way, for any noncommutative power series G on the encod-
ing alphabet Z = {29, 21, -+, zm} (up to some convergence condition on
its coefficients), we can define a causal functional as follows: its value on
the input function a(t) = (aj(t))j=..m is given by the same summation
formula:

y(t) = (G || Ca(1)).

1.2. Identification problem

Conversely, any unknown dynamical system can be considered as a
black-box, defining a functional a(t) — y(¢). Then, in so far as we are
able to measure or compute as many as required informations on this
“input/output behaviour,” two questions have to be set:
e are the symbolic coefficients (Gs | w) univeally defined?
e is there a finite algorithm to compute (exactly) any finite set of them?

The answer to the first question is: yes. Three different proves was given
of this fact (that we have summarized in [4]). The first (Fliess [3]) uses
generalized inputs, that are similar in the use as Dirac function. The sec-
ond (Reutenauer [4]) requires the use of the main properties of analytical
functions. The third (Sonntag and Wang [9]) is based on the definition of
some noncommutative derivations. In brief, these three proves required
computations of limits, and continous topological properties. They prob-
ably could allow a numerical approximated computation of the coefficients
of the generating series. But no algorithm is actually developed on these
tools.

The second question is the Algebraic Identification Problem ([4,
5]). It can be precised as follows:

For each word w, can we determine a finite panel set of corre-
spondences between selected inputs and corresponding outputs,
that will be sufficient for computing the coefficient (G | w) of
the generaling series?
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A positive answer to this second question would immediately produce
a new positive constructive answer to the first question.

1.3. Content of the paper

After a short presentation of the formulas allowing to symbolically
compute the iterated derivative of the Chen series (Sec. 2) (and then of
the output y(t)), we present two computation methods. The first (Sec. 3)
is based on a commutative analytical description of the output. It requires
a presentation of the shuffle algebra. The second approach (Sec. 4) is
based on a joint use of the combinatorial description of the differential
monomials on the input, and the description of noncommutative recursive
equations.

2. OUTPUT AND INPUT ITERATED DERIVATIVES

In this section we give the ground of the symbolic computation of the
iterated time derivatives of the Chen series, with an example of compu-
tation. It allows to anounce the two ways proposed here for solving the
Algebraic Identification Problem.

2.1. Time derivatives of the Chen series
For any input function a, the Chen series C4 ([8]) satisfies the differ-
ential equation:
—Calt) = Calt) Lalt
% u(t) = Cult) £alt)
with the initial condition:

Ca(0) =1,

where La(t) = Zjez a;(t) z; is a time dependent noncommutative poly-
nomial on the encoding alphabet Z. Then the iterated time derivatives
of Ca(t) can be recursively computed in the form:

dn
—Ca(t) = Ca(t) Apn(t),
O Calt) = Calt) An)
where the noncommutative polynomials A,, are defined as:
ALt) = Lalt) = 3 0s(0) 5
je€Z
the recursive equations

Anir(1) = Lal)An(t) + - An(t).
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The algebra of noncommutative polynomials (resp. noncommutative se-
ries) on Z will be noted k{Z) (resp. k{{Z))). They are non commutative
associative algebras for the “Cauchy product” (induced by the concate-
nation of words). These two vector spaces can also be considered as com-
mutative algebras for the shuffle product (see (3.1)), and will be then
rather noted Sh(Z) (resp. Sh{{Z)})).

2.2. Example. In order to underline the combinatorial concepts used
fully in the paper, we specify the cases n = 2 and n = 3:

f

A2:£a£a+_£a
= E a;a;j . zlz]—l—g a]z]
z<]
2
= E a;a;j . zizj—i—zjzl + E aj . z + E a]z],
1< J

d d d
As :Eaﬁaﬁa—i—ﬂia(—ﬁ ) + (dtﬁ )E + - d t*La

= E a;a;ay . zzz]zk—l—QE aa] zlz]—l—g aa] zlz]—l—g a; . %

6,5,k

= E a;a;ay . 22 25 + E aa] 2z2z]—|—z]zz + E a; . %

6,5,k

Then clearly appears the fact that each A, i1s a polynomial term on
the commutative algebra generated by the input components a; and their
derivatives, as well as on the noncommutative words w € Z*.

We recover the third derivative ¥ (0) by applying the G-contribution
on Az as follows:

Y(0) = Z a;ajap (G| zizj2p)
et
—|—Za a; G| (2ziz; + 2;2)) —|—Zal G| z).

i,

And we infer a way of computing the generating series coefficients from
some panel tests on the iterated derivatives at time¢ = 0 of the input, and
corresponding iterated derivatives at time ¢ = 0 of the output. Indeed,
we have to achieve two computation steps:
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e The first consists in computing such polynomials contributions as (G |
(22525 + zj2)) by a good choice of the input panel set.

e The second consists in recovering each word coefficient (G | w) of the
series (. This can be done by showing that the set of polynomials oc-
curing (as z;2j 2, (22;2; + 25 2;), ete.) is a basis in the vector space k({Z).

We present in the sequel two ways for carrying out this computation. The

first (Sec. 3) one is by by interpreting the noncommutative polynomials

mto commutative ones, thanks to the the shuffle algebra. The second way

(Sec. 4) is purely noncommutative, and uses specific tools in combinato-

rial algebra.

3. FIRST APPROACH VIA COMMUTATIVE ANALYSIS

For sake of simplicity, from now and in all the paper, we specialize,
all the following developments on the system:

¢ =folg)+ fi(g) ar(t)
y(t)=h(q).

This system is nonhomogenous with a single input a1(¢), and we shall
specify a fictious input ag(¢) = 0. Then the encoded alphabet is 7 =
{Zo, Zl}.

The conversion of the problem into commutative computation is ob-
tained by rewriting the output function y in the commutative shuffle

algebra Sh{{Z)).

3.1. The shuflle algebra

The shuffle products becomes from the law of integration by part. The
shuffle product of two words v and v is the non commutative polynomial
u LW v that satisfies:

Definition 3.1. The formal recursive definition of the shuffle product is
as follows:

Yu e 7%, ulle=¢ Wu=u
Ve,y € Z, u,v € Z*, uzx Woy = (uz Wo)y + (u Woy)z.
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3.2. Generating sets of the commutative shuffle algebra

We use for example the Shirshov basis (But Lyndon basis, or Hall bases
as well would be suitable): the first elements of this basis are given here
with their interpretation (via Evaluation tranform) in terms of iterated
integrals:

W) = [mter=
e = [t

hr ) = 0/}1<T>GO<T>CZT
crn ol O/EM%WT

t
212140 5110(15):%/5%(7-)%(7')&'.
0

By a theorem of Radford (see [7]), the set of Lyndon words is a tran-
scendence basis of k(Z). As a corollary, the output y(¢) of a dynamical
systemn can be expressed as an analytical expansion (on an infinite basis)

y(t) = ¢(€0,1, 610, €100, €110, 7).

If the output y(¢) depends only on a finite subset of the set of Lyndon
words, this expansion becomes an analytical function of the correspond-
ng .
3.3. Computational example

We show as example how the computation is done if the output depends
only of the three Lyndon words zy, 21, 2021 -
Then we have:

y = ¢(€0,&1,€2), where we have set €3 = £1p.
We have ag(t) = 1, and the first derivatives are given by:

50:0, 51201, 522510251
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and with initial conditions: &5(0) = £1(0) = £2(0) = 0. We adopt the

index notation for the partial derivatives, for instance:

o0 9°°
Porz2 = Eogz?f’

Then we get as follows the derivatives of y(¢) at time ¢ = 0:

y(0) = ¢(0,0,0).
The first derivative of y is: y = éo + éd1a1 + ¢2&1 and then
9(0) = ¢0(0) + ¢1(0)a1(0)
For an input that satisfies a1(0) = 0, we get y(0) = ¢0(0).
For an input that satisfies a1(0) = 1, we get $(0) = ¢0(0) + ¢1(0).
Mixing these results, we deduce the values of ¢¢ and ¢;.

The second derivative is:

§ = ¢oo+ 1107 4 ¢22€F + 2d01a1 + 2¢09E1 + 26120161 + 1a1 + Paay.

Specialized in ¢ = 0, we obtain:

5(0) = doo + a1(2¢01 + ¢2) + aip11 + a1¢1.

By getting the value of §(0) for some few choices of a; and d;, (and by
inverting some Vandermonde matrix), we get, at time ¢ = 0, the values of
oo and ¢11, and we get anew the value of ¢;. We deduce also the value

of 2é01 + ¢2.
The third derivative is:

Y = dooo + ¢11105 + $222E] + 3do01a1 + 3600261 + 301107
+ 360296 + 36112a7€1 + 361220167 + 2¢11a101 + 2¢22a1E1 + 20011
+ 2¢02a1 + 241207 + 2612011 + Prin + Podn.
Specialized in ¢ = 0, we obtain:
Y(0) = ¢ooo + a1(36001 + 2¢02) + ai(3do11 + 2612a3) + a1
+ a1(2¢01 + ¢2) + d1¢1 + a1a12¢1:.

By getting the value of ¥'(0) for some few adequate assignments of aj,
a1 and ay, we deduce, at time ¢t = 0, the values of ¢ggp and ¢111, we find
new computations of ¢1 and ¢11 and (2¢o1 + ¢2), and we get finally the
values of the combined expressions:

(36001 +2002) (3011 + 2012a7).

The computation must continue, and we hope that can be done without
encounter contradictory values.
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3.3.1. Commentaries

The identification by this way, besides the hypothesis on the finite set
of basis element, requires
e the iterated calculus of derivatives of composed function,

e a factorisation property allowing to separate and identify the involved
linear combinations of partial derivatives of ¢,

e alinear inversion algorithm for isolating these partial derivatives them-
selves from their occuring linear combinations.

It seems that this process will be carried out only for some simple
cases. Moreover, this computation is specific to the selected finite set of
Lyndon words. The computation is lost if we have to take in account
additional Lyndon words.

4. A NON COMMUTATIVE COMBINATORIAL COMPUTATION

In these part, we shall define a family of noncommutative polynomi-
als g, ., describing the system contribution relative to each differential
monomial in the inputs and its derivatives. The algorithm that we present
now is working on two steps:

e the first one is devoted to identify all the contributions (G' | g,,,,),
by chosing an adequate panel of iterated derivatives of the input at
time ¢ = 0. The algorithm has been completely presented in [4], and
an implementation is in progress.

e the second step is devoted to acquire separetely the contribution of
each non commutative word w € Z*, by expanding each word w a
linear combination of the non commutative polynomials g, . We
shortly present here summarily the computations and results that we
present with more details in [5].

We begin that part by giving the combinatorial interpretation of the
multiderivatives of the Chen series.

4.1. Combinatorial analysis of differential monomials

4.1.1. Homogeneous case on a single input
On a single input a1 = a, the differential monomeals must be written:

at = (a<h—1>)“ (a<i2—1>)€2 . (a“q—”)eq, 1< <in< ... < iy
Such a monomial ¢ is indexed by the following increasing integer se-
quence, that is called partition:

po= (65152 i) 1<y <y < ... <.
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4.1.2. Derivation law

The derivation law D on partitions reflects the effect of time deriva-
tive % on differential monomials.
e For a differential letter: %(a(ik)) = a("+1) and then: D(iy) = iny1-

e We extend D to any partition by the Leibnitz derivation rule.

Then we can write:

1 - e . 0 +
Dp=D (111122, . ,zqq) = Z ek |:Zk+1%(/,t):| .

k=1...q

Thus, Dy is a linear combinations of partitions. For example, we have:
D(112%3%61) = 2*3%6" + 31127336 4 2112331416 + 11233271

We obtain so a linear equation, with adequate definition of the coeffi-
cients {u|7):

Dy = Z (p|m)yr  with  (pu|r) € N,

TEpartitions

Remark. If (u|7) # 0, then size(p) = size(r). In other words, the oper-
ator ) preserves the size.

4.1.3. Nonhomogenous case and single input

In this case, we use a fictious input ag(¢) = 1. Thus there are in fact
two inputs ag and a1, and we have to use two-colors partitions. But the
differential symbol aq is not free: it 1s subject to the relations ap = 1
and ag = 0.

Hence the 2-colored mutiplicities of weight n must be written as:

po =1°
R=poOV Where{ wgt (1) = p+ wgt (v).

The derivation law must be adapted. Indeed, we have to set D(ug) = 0,
and then:
D(1?P @ v) =17 @ D(v).

The integer p is called the depth of the colored partition 17 @v. In addition
we have:

wgt (1P @v)=p+ wgt(v) and size(1¥ @ v) = p+ size(v).
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4.2. Output derivatives and the generic equation

4.2.1. Iterated output derivatives

Since the generating series Gy does not depend of time, we get the
following formula for computing the iterated derivatives of the output
y(t) of the functional:

dr dr
—uy(t) = —Ca(t)) = 2(T)A, (T
S(t) = (s || SCal)) = (G || Cal)An(t) >
and if we compute in time ¢ = 0, that becomes:
dn

“9(0) = (G || An(0).

4.2.2. The generic equation
Let us denote by A the infinite sum

A= Z A, where weset Ay =1.
n€eN

This series satisfy the following generic equation:

d .
A=14+L A+ E.A ou La= Ze:za]'(t),z]'

This equation sums up a lot of recurrence relations. We underline the
expansion of A on the differential monomials by setting:

proclaimDefinition 4.1 We define as follows the family of polynomials
(8,54, ) by the expansion:

_ 1PQv
A= Z a 8iron

vE€partitions

Theorem 1 ([4]). By adequate choice panels of the inputs, we can ef-
fectively compute each of the coefficients (G | g,,, )

This theorem is proved in [4], and an implementation of this result is
in progress.

4.2.3. Analysis of the generic equation

We analyse the generic equation by factorizing, in the two members,
the multipliers (in fact non commutative polynomials) involving the same
multiplicity. We obtain:

Birgy = Zogw—l@u + Zlg11p®u>1 + Z<O’|V>gf®‘7’
o
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where the symbol b is used a follows:

c if lo=v,
vel=

0 1n other cases.

The coefficients (o|v) rely o to its derivatives and v to its primitives.
Thus, in the right hand side, the first term vanishes if p = 0.
The second term vanishes if the partition v has no part equal to 1.
The third sum, extended to the “primitives” o of v, is finite.

Let us rewrite these equations as follows:

Bires — D _(oIV)8] © 0 = 208101600 + #181 10501

g

Now the left member is a linear combinations of partitions of the same size
n = p + size(v). The right member is a linear combinations of partitions
of size n — 1. Thus this equation expressed the left member in terms of
“smaller ones.” We shall use this fact to put the partitions occurring in
this left member into a triangular set.

4.3. Matricial computation

The matrix computation of the algebraic identification problem is done
by a vector encoding of the recursive equation. This is make easy by a
natural bijection between partitions and words.

4.3.1. Partitions and words ordering
For any integers m and k, let ME, the set of partitions that can be
written in the form:

Jijzodm with 1< < << . <ink

ordered by the lexicographical ordering.

Let us set z; < zp, and let Z™* the set of words on Z, of length m
in z; and £ — 1 on zp, ordered by the lexicographical ordering. Then the
application defined by

I L L
J1 Z]2 ]121263 ]2.

.. . S b
J1J2Jm 7 & 214y gt I

L 21%y Z1%g

is a ordered bijection of M¥ on Z(E=1) Their common cardinality is

equal to (mts_l) :
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4.3.2. Vector encoding

Let k a fixed integer. For any integers m, p we note G™/p(k) the
column vector of all the polynomials g, for v € ME presented in the
lexicographical ordering. We obtain then a vector equation:

(Id = PL,) o GJi(k) = z1ext (G771 (k), 0) + 20 G, (k)

where we denote by ext (G%_l(k),O) the column vector G%_l(/@) (of

m+k—2
m—1
(mts_l). The transformation 7% = (Id —PF ) is represented by a matrix
JE  where appear only some primitive coefficients, and which is sparse
and lower triangular, with 1 only on the main diagonal. We denote by

k : : k
T the inverse matrix of J7 .

dimension ( )) completed by polynomials equal to 0 up to dimension

4.3.3. The recursive splitting

The previous matrix equation leads to a very easy recursive computa-
tion of the matrices of the polynomials g, . It leads also to an analysis
of these matrices by a recursive spitting, and to compute so the vector
G%(k) on the basis Z7* In the right member of the previous equation,
the splitting sum with the prefixes z; and zy must then be interpreted
as horizontal concatenation of sub-blocks (that we note here by /). We

obtain so:
" o) =TI :(c.%;)l(p))// %_1(19)]
A <G7;-6§<p>) Jar _2@]
)= T :(c.;nl;)l(p)) //G%(p)]

1
m Gm—l 0
o=, () e = |
0

A development of these techniques allows to achieve a recursive splitting
of the main matrix. In [5], we were albe to identify so all the words of
length less or equal to 11. (A set of 2048 words).

5. CONCLUSION

We have presented two way of solve the Algebraic Identification Prob-
lem. The commutative analysis allows to solve the problem (if we suppose
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that a solution exists) in the hypothesis that the output function depens
only of a small finite numbers of Shirshov words.

The second way appears as a generic method that allows to precise a
priori the required choice panels of input derivatives at time ¢ = 0. And
the second part is completely generic, and can be done once for all.
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