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Pa3pemumocTs cTaiimoHapHoii KpaeBoii 3aaaun AJis
MO/IEJIN JIBU2KEHUS ChINy4deil cpeabl

Jloka3bIBaeTCsa CyIecTBOBaHe ODOOIEHHBIX PEITeHnH KPaeBoi 3a1a49u /151 ypaBHEHUH, OIIH-
CHIBAIOMINX CTAIMOHAPHOE IBUKEHNE BA3KOM HECKUMAEMON CPE/Ibl ¢ BHYTPEHHUMHU CTETEHSI-
MU CBOOOJIBI.

Knrodaessie cioBa u dpassr: ypasnenue Hasve-Cmoxca, modeas coinyueti cpedos, 060bwértoe
pewenue.

1. ITocranoBka 3amaun B [1| 6bta mpe/ioykena Mo/e/ib, OMUCHIBAIOINIAS BUKEHIE HECHKNI-
MAaeMOi CPeJIbl C BHYTPEHHUMHA CTEMEHSIME CBOOOIBI. B CTAIIMOHAPHOM CJIy4ae YypPaBHEHUS MOIEIN
MMEIOT BUI:
(u-Vu=f—Vp+rvAu+ Ky (w x u), divu =08 Q, (1)
(u-V)w=—F(p)w B Q. (2)

3/ech 4 BEKTOpP CKOPOCTH JIBUXKEHWUs, W  BEKTOD YIJIOBOW CKOPOCTH BPAIEHUS YaCTHUI], P
gapjieHue, f  [JIOTHOCTH BHENIHUX CHUJI, JIEHCTBYIOIIMX HA Cpey, CKajspHas (yHkius F
XapaKTEPU3yeT TPeHWe MeKy JacTuiiamu, v — Ko3dduineHT KnHeMaTn4ueckoi Bsa3koctn, Ky
koaddurnment Marnyca, 2 orpanmdennas obgacts B R? ¢ rpanuneit I'. Bagagum ma T

TPAHUYHBIE YC/IOBUA:
u=gunal, w=wynaly. (3)

Smech 'y — yJacTok BTeKaHWS KUIKOCTH, T. €. ¢, = ¢ - n < 0 vHa I'1, n — eguHUYHBIN BEKTOD
BHermHel HopMmaau K . Tak Kak gaBjieHne OMpeessieTcs ypaBHEHNEM UMITYJIbCA ¢ TOIHOCTHIO
10 AJUTUBHOM TOCTOSTHHON, TO HYKHO 33aTh JOMOJHUTEILHOE yCJIOBHUE, (DUKCUPYIOIIEE 3Ty
nocrosaayio. Hampumep, takoe:

sup p(z) = po. (4)
z€Q

[esibio paboThI SIBISIETCS JOKA3ATEIHLCTBO CYIIECTBOBAHUS DEIEHNsT U, P, W KPAEBO 3a/1a4u
(1) (4). @yuxnuu f, F, g, wp u xkoabdbunmenrsr v, Ky 3a1anbl.

HauansHo-KpaeBast 3a/1a9a JJist HeCTalnoHapHeIxX ypasaenwii (1), (2) paccmarpuBanach B |2]
(cm. raxxke [3]). ITo cBoum maremarmueckum cpoiicrBam cucrema uddepeHInaIbHBIX yPaB-
menwii (1), (2) cxoxka co cranmonaproit cucremoii Harbe—CroKca HEOTHOPOAHOIN HECKMMaeMOit
KUJKOCTH, KPAeBble 33/1a4u JIIg KOTOPOH paccMmarpusanuchk B [4, 5, 6]. B nacrosimeii pabore
JIOKA3ATEJIbCTBO MPOBOJUTCS € HOMOIIBIO SJLIMIITUYECKON Peryisipu3anum, NpeioKenHoit B [6].

* Macruryr npukiaagaoit Mmaremaruku Jlaspaesocrounoro Ompenenusi Poccuiickoi
Axkamemnn wayk, 690041, r. Bmagmsocrtok, yn. Pagwo, 7. DiekTpoHHast modTa:
anil@iam.dvo.ru
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2. ®opMyJINPOBKAa OCHOBHOrO pe3yJjabTraTa. llycrs W;(Q) npocrpanctso Cobosesa (SER,

q € [1,00]) ¢ mopmoit || - ||s,q,Q- Byaem ncronan3osats cieyromnmme 0603HATEHMS:
W5(Q) = H*(Q), W (Q)=LYQ),
I lsao =1 lsa - lsz=1-ls I - lls2e=1"lse-

Bnech gepes () obo3HaveHbl 001acTh {2 nbo rpannna [ win vacts rparuel. Beemem ciegyrormme
IPOCTPAHCTBA BEKTOP-QYHKITHIA:

V={veH(Q):v[p=0, dive=08Q}, V;" =V W (Q),

HOPMBI B KOTOPBIX BBOAATCA €CTECTBEHHBIM 06p330M.
,Z[aﬂee Ha IIPpOTAZKEHUN BCEN cTaThby CYUTAEM BbIIIOJIHEHHBIMU cjieayromuye yCjaoBuUsd:

(i) T € 0%, Ty =T'\T'1, muoxectro 'y \ I'; mmeer 2-mepryio mepy Hoab 1o Jlebery, I' coctonr
u3 koneunoro Np umcia komnounent csszuocru 10 1 < i < Np;

(i) fFeL"(Q) (3<r<6),wye L>(T);
(iii) g€ W2"(T), o gnds =0,1<i < Nr, g, <0 maly, g, >0 ma y;
(iv) F — menpephiBHas W HEOTpUIATEIbHAs Ha [po, +00) DyHKIWSI.

Onpenenenne. Oynxmmn u € HY(Q), p € L2(Q), w € L*®(Q), ynoBaeTRopsiomue yparHe-
nuio (1) B cmbicsie pacnpegenennii, ycaosuto (4), rpaHMYHOMY yCI0BHIO U = ¢ HA ' B cMbICIe
CJIJIOB U MHTErPaJbHOMY PaBEHCTBY

~ [ owdet [ Fopwdes [ g6 wo)ds =0 Vo e HQ), o =0 ()
Q Q I

Oy/zem Ha3BIBATH 00OOIEHHBIM perenneM Kpaesoit 3agaqn (1)—(4).

Herpynuo nposeputh, 4ro Jit0b0e KJIACCHYECKOE PEIleHrne KPaeBo#l 3ajauu siBiasercs 0000-
IEHHBIM 7 JIF000E JOCTATOYHO TIaKoe 0DODIIEHHOE pereHne sIBIsTeTCS KIACCHIECKIM.

Bgenem obo3nauenus:

M; = max{0, ess suppwp;}, m; = min{0,essinfwy;} (i =1,2,3).
3Jech U jjajnee wy;  i-9 KOMIOHEHTa BEKTOPa wy.

Teopema 1. Cywecmeyem obobwennoe pewenue u € W2(Q), p € WHQ), w € L>®(Q) wpaesoti
sadauu (1) (4), npuvem
m; <w; <M; ns sQ (i=123). (6)

Teopema Oymer moKa3aHa B KOHIE PADOTHI.

3ameuanue. Tpebosannst TOTOJHUTENIBHON NIAQIKOCTH (DYHKINH g U [ BHI3BAHBI yCJIOBHEM
(4). Hns ero BbInoJHEHUsT HYZKHO, 4TO0OBI JaBjaenue ObL10 orpanudenHoil dyunxnueii. B mkase
npoctpancts Cobosiera, it 3TOro gAoctatouno, atobnl p € WH(Q), r > 3. Ecin ycnorne (4)
3aMEHUTH, HAIPUMED, HA HEJOKAJbHOE OrpaHUYeHUeE: prdx = myg, 70 0O0OIIEHHOE DeIeHne
6yaer cymectroBath, ecin g € HY2(I), f € LS/5(Q), Ho npu 0MOMHATEILHOM TP ITOI0KEeHAT:
F orpanmdennast QyHKITHSI.

Sameuanue. /Jokazaresbcrso TeopeMbl 1 Oyzaer nposejgeno B cayuae pg = 0. Ecaum py # 0,
T0, Jenast 3aMeny: p = p + po, F(p + po) = F(p), mpuxommv k ciywaio pg = 0.
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3. PeryngapuzoBanHasi 3aga4ya Paccmorpum ciie/yIoniyio pery/isgapu30BaHHy0 3a/a4y € Ma-
JIBIM TTapaMeTpoOM €:

(u-Vu=f—Vp+vAu+ Ky (w x u), divu=08Q, (7)
6/Vw-V¢d:L"+/((u-V)w—i—F(p)w)-gbdﬂc:/ on(w — wo) - B ds Vo € HY(Q), (8)
Q Q I
u=gmual, supp=0. (9)
e

Hess sT0ro pasgena  A0Ka3arh CAEAYIONIYI0 TEOPEMY.

Teopema 2. Cywecmeyem pewenue u € W2(Q), p € WHQ), w € HYQ) N L>®(Q) sadauu
(7)=(9) u cnpasedausv, caedyrouue anpuopHvie OUEHKU:

[ullzr + [Pl < Ch, (10)
m; < w; < M; n.e. 6, (11)
e|Vw|i§ < Co. (12)

Hocmosnnwvie Cq, Co ne 3asucam om €.

Oynxmuio u 6y1eM UCKATh B BUAE: U = v + ug, rae v € V.2 HoBas HeuspecTHasi (DyHKIHS,
a us BhIOpAHa W3 CJAEMYIONINX YCIOBWI:

us € W2(Q), divus =08 Q, us|r =g, ‘/(w Vus - wdz| < 8wl} YweV, (13)
Q

rge 0 jgoctaTodHo Manoe uucao. 3 ycnosmii (i), (iil) Beirexkaer, uro dynkums g cosenou-
JaTkEBM 06pazoM TpoosKaerces B §) o dyrkmm kmacca W2(2). Tlostomy, moKa3aTennCcTRO
CYIIECTBOBAHUS Ug, yaoBiaerBopsionieii (13), mpoBoauTcs TOYHO TaKKe KAK U B KJIACCHYECKOId
naemme Xorda (em., mampumep, [6, 7]).

ycrs w € V2(), ¢ € WHQ). Pacemorpum cieyiontyio sajady: naiitu v € W2(Q), p €
W), w € HY(), yaoBneTROpSIONTE ypaBHEHHSIM:

5/QVw-V¢dx+/Q((w~l—u(;)-V)w-qbdx+/QF(q)w-¢d:r:

— [ gulw—w0)-0ds Vo e H(®), (14)

Iy

—vAv+ Vp=®(w,w) divo=08KQ, v[p=0, supp=0, (15)
€N

O(w,w) = —(w~+us) - V)(w + us) + f + vAus + Kpr(w X (w + us)).

Ecim oxkaxkercs, amo w = v, p = ¢, T0 Tpoiika DyHKImit © = v + ug, P, W ABISAETCA pEIIEHTeM
sazaan (7) (9).

Jdemma 1. Jlaa mobvx w € V.2, g € WHQ) cywecmesyem eduncmesennoe pewenue sadawu (14),
NPUNEM BUNOAHAEMCA NPUHYUN makcumyma (11) u oyenka

1
e|Vwllf 2 < 5/ |gn | ds. (16)
Iy

Hoxkazarenbcrro. Jlokaxkem mpuHImn Makcumyma. Bribupast B (14)

¢ =wn, wm,;=max{w; —M;0}, i=1,2,3,
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[OJIy 9aeM
6/ ]VwMIQda:—i-/(u-V)wM-dea:—i-/ gnwnr - (wo —w)ds = —/ F(q)wwyy dx.
Q Q I Q

Baech u = w+ us. Tak kak dynknus F neorpunarensna, o F(q)wwys > 0 m.s. B Q. Ucnonbsys
dbopMyTy MHTErPUPOBAHUST TI0 YACTAM U YIUThIBasA, uto u = g Ha ', g, < 0 ma 'y, g, > 0 ma [y,
In(wo — w)war > —w3,g, na Iy, mostyaaem

1
/(u-V)wM-dex—i—/ gan-(wo—w)dSZ——/ gnw?wds.
Q I 2 Jr,

CremoBaTenbHO,
1
E/ \Vwar|? dx + —/ |gn|w3; ds < 0.
Q 2 I

Buauur, wyr = 01.8. B Q, 1. e. w; < M; 1.8, B §). HepaBencrBo w; > m; J0KA3bIBAETCH aHAIOIMY-
Ho. VI3 mpuHImMna MakcuMyMa n ajbrepHaTuBbl PpearoabMa BhITEKAET Pa3pernnmMoCTh SJLIHITH-
geckoii 3ajaun (14) [8]. Hdus nokazareascrsa ouenku (16) pocrarouno seibpars B (14) ¢ = w u
y4eCcTh, 9To

F(q)w? >0, /(u Vw-wdr > %/ gnw?ds, w-wy < w?/2+wi/2.
Q I
Jlemma jokasana.

Ecin w € L®(Q), w € W2(Q), 1o bynximsa ®(w,w) € L"(Q) u, ciejgosaresbho, cymecrsyer
pemenne v € W2(Q), p € W(Q) cucrembr Crokca (15). Takum 06pazom, MOXKHO BBECTH Oliepa-
top T : W2(Q) x WHQ) — W2(Q2) x W), koropwiit xawoit mape dbynkmmit (w,q) cTaBuT B
coorsercrBre napy (v,p), sBisionryiocs symecre ¢ gyuknuei w € H(Q) N L®(Q) pemennenm 3a-
naun (14), (15). Iapa (v,p) siBIsIeTCst HEMOABUYKHON TOUKOI oreparopa 1', ecin W TOJIBKO eCjin
u =v+us, p, w pemrerne perynasapuzosannoii 3agauu (7) (9). dua gokazarenbcrsa cyie-
CTBOBAHUS HEMOJBVXKHON TOUKM puMennM Teopemy Jlepe-ITlaymepa. Vcnoap3ys KOMIAKTHOCTE
BJIO2KEHUTT

W2 Q) c '), WHQ) cc'®), H'(Q) c L(Q), H'*(I) c L} (1),
HempepHIBHOCTH omeparopa caesa H(Q) — HY/2(T), a takxe crexymomyio onerky |9, 3, 7]:

[vll2,s + [lpllLs < C(Q, 8)]| — vAv + Vpllo,s

weVh pewl@), [pdo=0. se (1,0, (17)
Q

HETPYAHO BUIETH, 9TO OTIEPATOP T ciabo CXOOAIIECHd TTOCJIeJ0BATECJIHBHOCTN TTEPEeBOANT B CUJIHBHO
CXOgdmuecd m, Cjaea0BaTe/JIbHO, ABJIACTCA BIIOJIHE HEIIPEPBbIBHBIM. Ocrajiocn A0Ka3aTb, 94TO BCe
BO3MOZKHBIE DEMIEHNA YPDABHEHUSA!

AT (v,p) = (v,p) (18)
paBHOMepHO orparndensbl o A € [0, 1]. Ypasuenne (18) skBuBajseHTHO CHCTEME

E/QVw-V(ﬁdx—k/Q((v—ku(;)-V)w-¢dx+/F(p)w-qﬁda::

Q
:/ gn(w —wpy) - ¢pds Yo € H, (19)
I
—vAv+ Vp = AP(v,w) divo=08Q, vlp =0, supp =0, (20)

€
(v,w) = —((v+us) - V)(v +us) + f +vAus + Ky (w x (v + ug)).
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13 semMmbr 1 BoITEKAET

lwlloo < max{|M],ml}, [M|= /M2 + M} + M3, |m|=1/m3 +m3+m3

Torma ckamapro B L2(Q), ymuokas meproe ypasrenne B (20) Ha v, mCnoib3ys (hOpMysTy WHTe-

rpupoBanus 110 4actsam u reopemy CoboJIeBa O BIOKEHUAX, MOJIyIAEM
V/ Vol2 dz < 6][v]2 + C|lo.
Q

Cnenorarennbho, ||[v||; < C npu gocraroano masom §. 3aeck u gasee yepes C' 0603HAUEHBI TOCTO-
saHHBIE, He 3aBucame or € u A. Torga, ucnonb3ys wepasenctso (17), koropoe BepHO npu JIHO6OM
r € (1,00), n reopemy CobosieBa 0 BIOKEHUSIX, HETPY/IHO TIOJIYYUTh CJIELYIONIYIO0 [EMOYKY OIEHOK

[®llo3/2 < C = [[v]lag2 <C = ||@llo2 < C = |v]22 <C =
= 2o, < C = [vll2r <C (2= 2(v,w)).

Orerka a7t v noaydena. V3 ypasrennst (15) Beirexaer nepasenctso || Vpllo, < C7, 3 KoToporo,
a TaKKe U3 yCJIoBUs: SUDP,cq P = 0 caeayer ||p|l1, < C. Takum obpasom, Bce pernenus ypaBHeHUs
(18) orpanmnuens pasromepro 110 A € [0,1] (u € > 0). Teopema 2 nokasana.

4. TokazarenncTso Teopembr 1 Ilycrs u. € W2(Q), p. € WHQ), w. € HY(Q) — pemenne
peryisipuzoBannoii 3azaun (7) (9). U3 ouenok (10), (11) BeiTekaer cynecTBOBaHUE 110CJIEL0BA-
TeJIbHOCTEN

ue, —u  cmabo B W2(Q),  cumbno B C1(Q)
p:, —p cmabo s WHQ),  cuasno 8 CY(Q)
We, — w  *-ciaabo B L*(Q2)  upu g, — 0.

)
)

OdeBnIHO, UTO U, P, W YAOBJIETBOPSIOT ypaBHeHusiM (1) mouTn Bcioay, cooTHomennio (4) n rpa-
HUIHOMY yCa0Buio 4 = ¢ Ha ['. 13 (8) BbiTekaer paBeHcTBO

5;@/9Vw5k-v¢dx—/g(u€k'V)¢-w5kd:ﬂ+/ﬂF(p€k)wek-¢d$+/r gnwo - dds =0
1
Vo € HY(Q), ¢|r, =0,

nepexojisi K mpejiesly B KoropoM u uctosib3yst (12), mosywaem (5). Teopema 1 jgokazana.
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ABSTRACT

The solvability of the boundary problem for equations describing the stationary
moving of incompressible medium with inner degrees of freedom is proved
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